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Oscillatory recurrent networks, such as the harmonic oscillator recurrent network (HORN) model, offer
advantages in parameter efficiency, learning speed, and robustness relative to traditional nonoscillating
architectures. Yet, while many implementations of physical neural networks exploiting attractor dynamics
have been studied, so far implementations of oscillatory models in analog-electronic hardware that utilize
the networks’ transient dynamics are lacking. This study explores the feasibility of implementing HORNs
in analog-electronic hardware while maintaining the computational performance of the digital counterpart.
Using a digital-twin approach, we trained a four-node HORN ir silico for sMNIST (sequential Modified
National Institute of Standards and Technology) classification and transferred the trained parameters to an
analog-electronic implementation. A set of custom error metrics indicated that the analog system is able
to successfully replicate the dynamics of the digital model in most test cases. However, despite the overall
well-matching dynamics, when using the readout layer of the digital model on the data generated by the
analog system, we observed only 28.39% agreement with the predictions of the digital model. An analysis
shows that this mismatch is due to a precision difference between the analog hardware and the floating-
point representation exploited by the digital model to perform classification tasks. When the analog system
was utilized as a reservoir with a retrained linear readout, its classification performance could be recovered
to that of the digital twin, indicating preserved information content within the analog dynamics. This proof
of concept establishes that analog-electronic circuits can effectively implement oscillatory neural networks
for computation, providing a demonstration of energy-efficient analog systems that exploit brain-inspired

transient dynamics for computation.

DOI: 10.1103/bg2h-5tt8

I. INTRODUCTION

Physical neural networks (PNNs) represent an emerg-
ing class of computational systems that leverage phys-
ical processes for information processing [1-3]. PNNs
are also closely related to neuromorphic and reservoir
computing [4,5]

In PNNSs, nondigital physical systems are engineered
such that their natural dynamics serve as the primary
computational mechanism to perform machine learning
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tasks such as classification and regression [6]. Vari-
ous physical platforms have been investigated for the
implementation of PNNs. These include analog-electronic
circuits [5,7-10], photonic systems [11,12], spintronic
devices [13], hybrid analog-digital architectures [14],
and even purely mechanical devices [15]. These sys-
tems are designed such that their time-evolving states
encode and transform information without relying on digi-
tal logic. Two main methods are commonly used to train
PNNs on a given task. The first is the “digital-twin”
approach, in which the physical system is simulated dig-
itally. The resulting digital model is then trained using a
gradient-based learning algorithm (backpropagation) and
the learned parameters are transferred to the analog hard-
ware [1]. The second method employs in situ techniques
that bypass backpropagation, allowing for direct training
on the physical substrate [16,17]. A comprehensive dis-
cussion on the training of PNNs can be found in Ref. [18],
and see Ref. [19] for a discussion about oscillatory neural
networks.
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In parallel to these advances in hardware, recurrent
neural networks (RNNs) composed of coupled oscil-
lators have been shown to possess compelling com-
putational advantages over nonoscillating architectures
[20,21]. These oscillator-based architectures exhibit
enhanced performance and parameter efficiency relative to
conventional nonoscillating RNNs. Specifically, the har-
monic oscillator recurrent network (HORN) model was
shown to reproduce many aspects of cortical dynamics
while outperforming nonoscillating RNNs in parameter
efficiency, learning speed, and robustness to perturbations
[21]. These performance gains can be attributed to the
unique dynamical features of oscillatory systems [21].
For example, phase-based encoding and synchronization
enable robust information representation [22,23], while
resonance and wave interference facilitate selective fre-
quency filtering [24,25]. Moreover, the properties of fading
memory in these systems facilitate temporal integration
across multiple time scales [21,26,27]. Unlike steady-
state, typically attractor-based computational models [28],
HORNSs utilize transient oscillatory dynamics for com-
putation, mirroring the operational principles observed in
biological neural systems [29—32]. HORNs are biologi-
cally inspired by the ubiquity of oscillatory activity in the
brain [22,33] and are particularly well suited for realization
in physical analog hardware [34] where such dynamics can
be implemented efficiently.

Although the computational benefits of oscillatory
architectures have been demonstrated in digital simula-
tions, their implementation in physical analog substrates
remains limited. To address this gap, we present an
analog-electronic implementation of a HORN model on
a hybrid analog-digital computer (the anabrid Model-1
[35]) that can be programmed digitally, but per-
forms all computations in an analog manner. The pro-
posed implementation employs a “digital-twin” approach
[36,37]. Implementing this solution involves addressing
key challenges, such as precision limitations, dynamic
range constraints, and parameter transfer protocols. Since
we have already demonstrated the effectiveness of the
HORN model in solving various machine learning tasks
across several datasets (see the supplementary information
of Ref. [21]), we have selected the SMNIST (sequential
Modified National Institute of Standards and Technology)
dataset as an exemplar in this study showcasing our proof-
of-concept analog-electronic implementation of the HORN
model.

To execute this proof of concept, we first trained a
HORN in silico on an sMNIST [38] pattern-recognition
task identifying optimal model parameters through super-
vised learning. Subsequently, we mapped the optimal
parameters determined by training to the analog hardware
and inferred the 10000 MNIST samples from the test
dataset using the analog implementation (see Fig. 3 later
for an example). To evaluate the fidelity of the analog

implementation in replicating the dynamics of the digi-
tal model, we defined and computed comprehensive error
metrics. To assess the predictive accuracy of the analog
implementation, we used two different readout mecha-
nisms. We utilized the trained readout from the digital
model within the analog implementation, but also inves-
tigated its potential as a reservoir [21,39,40].

The remainder of this paper is organized as follows. In
Sec. II, the harmonic oscillator recurrent network model
is introduced, including the adaptations necessary for its
implementation in analog hardware. Section III outlines
the experimental setup and the parameter-scaling proce-
dure essential to transition the parameters from the digital
model to the analog implementation. In Sec. [V, we assess
the ability of the analog implementation to replicate the
dynamics and task performance of its digital counterpart,
while also examining its suitability as a reservoir. The
paper concludes with a number of appendices.

II. NETWORK MODEL

The harmonic oscillator recurrent network model rep-
resents a recurrent neural network in which each node
exhibits the dynamics of a damped harmonic oscillator
(DHO unit) [21]; see Fig. 1(b). In a HORN consisting of
n nodes, the dynamics of each node 1 < i < n is governed
by the second-order ordinary differential equation (ODE)

(1) 4 2yi(0) + wfxi(1) = F(X,X, 1), (1

where ¢ € R represents time, x;(f) € R denotes the state
variable (that is, the amplitude) of the oscillator, w; > 0
indicates the natural angular frequency, y; > 0 refers
to the damping factor, and F(x,X,7) constitutes a forc-
ing function defined subsequently. Furthermore, x(¢) =
1 (D, ..., x,(O))T denotes the state vector of all oscilla-
tors in the network. Note that the hyperparameters w; and
y; can vary independently. Together, they determine the
relaxation dynamics of each node [21,41].

The nodes are subjected to a time-varying forcing
function

F(x,x,f) = atanh(Vx + Wx + Ls(?)), 2)

where I € R'” denotes the input weight matrix, that is, /;
is a linear projection of the external input signal s(7) € R to
the ith node. The matrices V, W € R"*" denote recurrent
weight matrices. Specifically, the entries Vj; (W};) rep-
resent the strength of the amplitude (velocity) coupling
from node j to node i; see also Refs. [20,21]. The diag-
onal entries of V (W) represent the amplitude (velocity)
feedback connection strengths of each node [21].

To accommodate the hardware limitations of the ana-
log computer utilized in this study (see Sec. III), we
simplify the model to allow its implementation. First, to
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Experimental setup and performance comparison of digital and analog HORN implementations. (a) Experimental setup

with four components: digital computer (1), signal generator (2), analog computer (3), and data logger (4). (b) Schematic of the four-
node HORN model with example dynamics for each node (inset plots). (c) MNIST preprocessing: original 28 x 28 sample (left) and
sMNIST version with registration signal and zero padding (right); time is in pixels, and amplitude is in a normalized gray-scale (range
[0, 1]). (d) Classification accuracy of digital model (blue), analog with digital readout (green), digital with SVM readout (orange), and

analog reservoir with SVM readout (red).

accommodate the limited number of computational ele-
ments (adders, integrators, and coefficients), we chose a
model consisting of # = 4 nodes. For the same reason, we
also eliminate all feedback connections (V;; = 0, W;; = 0).
Second, since an implementation of the tanh nonlinear-
ity is not available, we excluded this function from the
forcing function [Eq. (2)]. Third, all recurrent amplitude
coupling magnitudes (V) are constrained to the interval
[0, 1], prohibiting both inhibitory (negative) and amplify-
ing couplings. The restriction to non-negative values is
dictated by circuit limitations, while the prohibition of
amplifying couplings aims to prevent runaway dynam-
ics. These constraints enable the implementation of the
network on the Model-1 analog computer utilized in this
study [35]. For completeness, we also conducted tests
on a velocity-coupled network in which we removed all
amplitude couplings (V = 0) and velocity feedback con-
nections (W;; = 0). Details are provided in Appendix E.
We found that the amplitude- and velocity-coupled net-
works behaved similarly and only report on the findings
for the amplitude-coupled network in the main text.

We employ a digital-twin approach to obtain network
parameters for an sMNIST digit classification task by
simulating the network on a digital computer using a

time-discretized version of the HORN model. To simulate
the HORN model on a digital computer, we begin by con-
verting the second-order ODE [Eq. (1)] into a family of
first-order ODEs through the introduction of an auxiliary
variable x = y. Subsequently, we develop a time-discrete
representation of the resulting system using a microscopic
time constant /, as outlined in Ref. [21]. Integrating this
system through an Euler integration scheme and imposing
the experimental constraints leads to the network update
equations

Xigr1 = Xig + hYigt1,

n
Viert =Yie+h | > Vixig) + Lis(t) = 2yyi — fxiy |
J#i
3)

where i denotes the node index and ¢ is a discrete-time
index; see Ref. [21]. Note that a symplectic Euler integra-
tion [42] is needed here to guarantee numerical stability,
since the system is stiff [43].

When simulating the discrete-time model [Eq. (3)], we
establish a connection between the time scales of the
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input and the system by presenting one pixel (intensity
value) of an sMNIST stimulus s(#) per iteration step, effec-
tively setting 2 = 1 in Eq. (3). The choice of # = 1 allows
us to express all time-related quantities in “pixel” time
units, improving the interpretability of model quantities
and hyperparameters. In particular, this holds for the natu-
ral frequency parameters w;, which can then be specified in
radians per pixel, and the associated period T = 27 /(wh).
Note that the system remains invariant under changes in
h — K, provided that the system parameters are appropri-
ately rescaled according to
Y =cy, o =cw, o ="ca, 4)
where ¢ = h/l; see Ref. [21]. The frequency fy = 1/(2h)
represents the upper limit of observable frequencies within
the system, the Nyquist frequency. In practice, networks
should not operate at frequencies near fy, as the numerical
integration error increases when approaching this limit.
The networks were trained on an sMNIST handwritten
digit classification task, a common benchmark for RNNs
[20,21]. For sMNIST, the 28 x 28 pixel MNIST samples
are serialized into a time series of length 28 x 28 = 784
pixels by collecting the intensity values from top left to
bottom right in scanline order [Fig. 1(c)]. An affine readout
is performed at the last time step of stimulus presenta-
tion (z = 784 pixel) to perform digit classification, with
M e R denoting the readout matrix, and b € R” as
the output bias vector. The model was implemented in
PYTORCH [44] and the backpropagation through time
(BPTT) algorithm was used to train all model parame-
ters (I, V, b, and M). Following a digital-twin approach
[1], the learned weights (except M and b) are subsequently
transferred to the analog implementation of the model.

1. EXPERIMENTAL SETUP

This section outlines the hardware utilized (Sec. 111 A),
the circuit architecture for each DHO unit in the ana-
log implementation (Sec. Il B), and the methodology for
data preparation and presentation to the analog framework
(Sec. III D). Additionally, we also show the process by
which model parameters are scaled between the digital
simulation and the analog implementation (Sec. II1E).

A. Hardware setup

The experimental setup [Fig. 1(a)] consists of four main
parts: (1) a digital computer, (2) a signal generator, (3)
an analog circuit, and (4) a data logger. The digital com-
puter (1) controls the experiment and performs three dif-
ferent tasks as described below. First, it normalizes the
model parameters and configures the analog circuit (3) (see
Sec. III E). Second, it normalizes the sSMNIST input sam-
ples and transmits them to the signal generator (2) (see
Sec. III D). Third, it collects the recorded data from the

—@40 Ext. Source

Output

FIG. 2. Analog circuit implementation of a damped har-
monic oscillator node. The circuit contains integrators (triangular
shapes with rectangles), summers (triangular shapes), and coef-
ficients (circular elements) that can be digitally programmed
to values in [0, 1]. Note that summers and integrators perform
implicit sign inversion in this analog implementation.

data logger (4) following each inference run for subsequent
analysis.

The signal generator (2) is an ADALM?2000 [45]. This
device receives standardized sMNIST data [Fig. 1(c)] from
the digital computer (1) through a USB connection. Utiliz-
ing its signal generator functionality, it converts the digital
data into an analog voltage trace, which is then fed to the
analog circuit (3).

The analog circuit (3) was implemented using an
anabrid Model-1 hybrid analog-digital computer [35].
Each network node was implemented as a damped har-
monic oscillator (see Fig. 2 in Sec. I1II B).

The Teensy Logger [46] (4) in Fig. 1(a) is custom hard-
ware interfacing with the digital computer (1), the signal
generator (2), and the analog circuit (3). It connects to the
digital computer via USB and provides five analog input
channels that are used to record the voltage traces of all
four nodes as well as the input signal (to allow for precise
temporal registration of the input and the nodal dynam-
ics). Data are stored internally until retrieved by the digital
computer after each inference run.

B. Analog circuit

The HORN model was implemented on an anabrid
Model-1 analog computer, a modern, modular analog com-
puter [35]. An analog computer is composed of various
computing elements, such as integrators, summers, mul-
tipliers, and coefficients, that can be interconnected to
model and solve a given problem [47,48]. Analog comput-
ers operate nonalgorithmically, lacking explicit memory,
instructions, and a central processing unit, and are ide-
ally suited to solve problems that can be described as
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systems of coupled differential equations [47]. The “in-
memory computation” implemented in analog computers
is well suited to simulate recurrent dynamics and can over-
come the conceptual slowness of simulating dynamics on
digital von Neumann systems for which time has to be
discretized, and each dynamics step sequentially requires
loading, updating, and writing of system state. This makes
such a system an ideal substrate to model a HORN consist-
ing of a recurrently coupled network of damped harmonic
oscillator units [Eq. (1)]. Quantities in analog computers
are typically represented in abstract machine units confined
to the interval [—1, 1]; see Ref. [47].

The circuit diagram of one of the four oscillators imple-
mented in this study is presented in Fig. 2. The core
oscillator circuit (lower right) consists of two integrators, a
summer used for sign inversion, and two coefficients with
value w. This implements the basic differential equation of
a harmonic oscillator, ¥ = —w?x. The leftmost integrator
has an additional feedback path from its output to one of
its inputs by means of an additional coefficient of value y.
Since the integrator performs an implicit change of sign,
this feedback represents a damping term y controlling the
decay rate of the oscillator.

Each oscillator has one output and four inputs, which are
summed together using the summer shown in the upper
left of Fig. 2. This summer serves a dual purpose: First,
there are not enough inputs on the integrator to feed all
inputs directly to it. Second, the sign of the input sig-
nals must be flipped to have the oscillators run in phase
when coupled. The top input is the global excitation signal
(“Ext. Source”). The three lower inputs are connected to
neighboring oscillators.

The complete circuit implements an all-to-all connected
HORN on four nodes that are coupled on their amplitudes
using 12 coefficients, with an additional four coefficients
for controlling the coupling to the external input signal.
See Appendix E for the velocity-coupled case.

C. Physical units

Moving from the digital model to an implementation
in analog hardware requires proper conversion between
the units of the two systems, and between discrete- and
continuous-time formulations. This scaling is essential
to ensure that the analog implementation replicates the
dynamics observed in the digital simulation [47]. In analog
hardware, the unit system is established by the charac-
teristics of the component elements within the analog-
electronic circuit, such as the properties of integrators. In
contrast, the digital model employs a more flexible unit
system, as all quantities are represented by floating-point
numbers that can be arbitrarily scaled according to Eq. (4).
Since the digital model operates in discrete time and the
analog implementation operates in continuous time, we
first need to establish a relationship between the discrete-

and continuous-time parametrizations of the system. Sub-
sequently, we define the scaling relationships between all
other model parameters.

D. Temporal scale

In contrast to digital simulations, where time is
an abstract quantity, analog-electronic implementations
necessitate running system dynamics for a defined duration
T, measured in seconds. Although the physical parameters
of'the analog circuit are fundamentally constrained only by
the properties of its components (see Sec. III B), accurately
mapping the digital model to the analog implementation
requires the selection of a parameter (for example, y, ,
or /) to serve as the basis for this mapping. The selection of
this parameter is arbitrary; however, it has to be made with
the objective of replicating the dynamics of the chosen dig-
ital model. Consequently, once a parameter is established,
all remaining parameters are derived from this selection.
For example, if w is designated as a basis, then y will be
determined by the definition of w.

To achieve this, we fix the duration 7 for presenting an
SMNIST digit to the system in a way that meets several
constraints, as described below. This choice is equivalent
to setting the value of % in the digital model, as establish-
ing the total time is effectively the same as setting the pixel
input duration in real time. The critical quantity in this con-
text is the machine integration factor ky of the integrators
[47]. We opted to set the time scale of the analog com-
puter by setting kyp = 10, such that a value of wp.,x = 1
(the maximal possible natural frequency of a node, in
machine units; see Sec. Il B) corresponds to a frequency of
16 Hz. Since HORNSs exploit resonance for feature extrac-
tion, optimal natural frequencies for sSsMNIST processing
are near * = 2w /28 (in rad/pixel units), as previously
demonstrated [21]. Considering an analog implementa-
tion in which w* corresponds to a maximal value of the
frequency coefficient (wmax = 1), the duration of the exper-
iment must allow at least 28 cycles of a node, which
corresponds to a minimal duration of T, = 28/16 = 1.75
s. To avoid inaccuracies of the analog circuit occurring at
extreme parameter values, we set the experiment length
to 7= 6 s, and scale system parameters as described in
Sec. III E.

Our experimental setup incorporates components oper-
ating at three distinct sampling frequencies [Fig. 1(a)]. As a
result, each system component yields a different total num-
ber of data points given a duration 7" of an experimental
run. For instance, the number of stimulus samples for the
sMNIST digit is L, the number of samples from the sig-
nal generator is N;, and the number of samples recorded
by the data logger is Ny [Fig. 1(a)]. To ensure that the
different components of the experiment have a coherent
representation of time, these quantities should be commen-
surate—preferably they should satisfy N;/L,No/L € N.
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TABLE 1. Experimental parameters for the analog HORN
implementation.

Symbol Description Value

L SMNIST sample size 1000 pixels
T Total time of the experiment 6000 ms

fi Sampling frequency of the input 75000 000 Hz
S, Sample repetition 450000

N; Number of input data points 450 x 10°
70 Output sample interval 3 ms

No Number of output data points 2000

ko Computational integration factor 10

For example, given L and Ny, let No/L = a. Thus, a data
points recorded by the data logger correspond to the time
period associated with one pixel of the digital model.

To allow for a registration of the signal generator and
the data logger in the recorded data, a registration signal is
added at the beginning of each sMNIST sample [Fig. 1(c)],
as the data logger records the input generated by the signal
generator [Fig. 1(a)]. Moreover, we zero-pad the SMNIST
samples at the end to obtain samples of length L = 1000
pixels, as this simplifies the calculations of all time-related
quantities [Fig. 1(c)].

The signal generator internally operates at a frequency
of f =75 MHz [45]. To present the standardized input
consisting of L = 1000 data points [Fig. 1(c)] within the
time window 7, the signal generator repeats each input
data point S, = 450000 times, resulting in a total of
N; = 450 x 10% input data points.

The data logger has the capacity to store up to 16 535
samples across five recording channels [46]. Since we uti-
lize all five recording channels (input and amplitudes of
four oscillators), recording a single time step requires stor-
ing five samples (we call this a data point). This limits
the maximum number of data points to 16 535/5 = 3307.
To ensure that we can record an entire run, we configure
the data logger with a sampling interval of 7o = 3 ms,
resulting in Np = 2000 data points per run. This choice
also ensures that the temporal sampling is not too coarse,
resulting in two samples within the duration of each input
sMNIST pixel. The parameters are summarized in Table 1.

E. Scaling

This section describes the process of mapping all model
quantities to machine units, which is essential for the
operation of the analog computer. Analog computers typ-
ically code variables in the range [—1, 1] and parameters
in the range [0, 1], and physical dimensions are expressed
in “machine units”; see Ref. [47]. Values of variables
that exceed these limits result in clipping, which should
be avoided, to prevent this leading to invalid results. In
what follows, let AS = T/L denote the sample duration
(Table I), let ky denote the machine integration factor [47]

(see Sec. III B), let w denote the natural frequency, let y
denote the damping factor, and let V{;;, denote the cou-
pling strength from node i to j . To differentiate between the
parameters of the digital model (defined in discrete time)
and those of the analog implementation (defined in contin-
uous time), we use subscripts “M” and “E”, respectively.
The scaling relationship between the parameters of the dig-
ital model and their corresponding experimental values is
expressed by

Cc = ASko,
1 Iy
Ip=-2,
E C Wy
_Ym
YE = 7, (5)
Wy
CE= T
1 Viijym
Vijre = o
J >

The final quantity that requires scaling is the input
matrix /. This matrix governs the magnitude of the input
drive applied to each node, as described in Eq. (2), and con-
sequently determines the dynamic range of the network.
To prevent clipping, it is necessary to scale the entries
of I, ensuring that the dynamic range of all nodes in the
network remains within the valid range £1 (in machine
units) for each experimental run. Theoretically, a single
scaling of the entries of / would suffice, given the maxi-
mal dynamic range across all runs. However, this approach
may lead to very small dynamic ranges for some experi-
mental runs. Because of limitations in machine precision
(in our setup, it is A = £0.03 [35]), the analog computer
may not accurately reproduce the dynamics of experi-
mental runs characterized by a limited dynamic range.
Consequently, set-and-forget scaling may compromise the
model performance of the analog implementation.

To achieve optimal model performance in the analog
implementation, we distinctly scale the entries of / for
each experimental run. This approach guarantees that the
effective dynamic range of the analog computer is max-
imized given the sample-specific dynamic range of the
digital model.

The scaling of [ is performed through a sequence of
simulations utilizing the digital model. In this process,
we modify the scaling of the input matrix using a scalar
multiplier to achieve maximal nodal amplitudes in the
analog implementation, while ensuring that these ampli-
tudes remain within the valid range [—1, 1] (see Fig. 7 in
Appendix B). This scaling procedure exemplifies a hybrid
computing approach [48].

In the rescaled system, the variables, specifically the
amplitudes x [Eq. (3)], will be within the dynamic range
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of the analog machine. This observation is illustrated in
Fig. 3 and later in Fig 6.

IV. RESULTS

Given the limited number of computational elements of
the anabrid Model-1 analog computer used for this study,
we evaluated the proposed setup utilizing a HORN model
comprising four nodes (Fig. 3). We constructed a homo-
geneous HORN in which all nodes have the same values
for the natural frequency, wy = 0.22, and the damping,
vy = 0.01. The model was trained in silico using BPTT
[21], achieving a classification accuracy of 59.24% on
sMNIST [Fig. 1(d)]—a notable result given the small size
of the network. Following training, we use these parame-
ters in our analog implementation, referred to as the analog
twin (see Sec. III E). We then performed inference on the
10 000 sMNIST test samples using the analog twin (Fig. 3).

To perform the inference, we processed the recorded
time-series data from all nodes through an affine read-
out layer. This layer maps the configuration of nodal
amplitudes at pixel 7= 789 to predictions of MNIST dig-
its (0-9) [see Fig. 1(c)]. Applying the readout weights from
the digital model to the data produced by the analog imple-
mentation resulted in a 28.39% correspondence with the
predictions of the digital model. Among the 2839 samples
for which both the digital and the analog twin predicted the
same label, 1973 corresponded to the ground-truth MNIST
label (see Fig. 8 later). We will show that this limited
agreement between the predictions of the digital and the
analog twin when using the readout layer of the digital
model results from the digital model’s reliance on high-
precision floating-point representations. Furthermore, we
demonstrate that the analog twin preserves the dynamics
of its digital counterpart. Using alternative readout strate-
gies, we can implement a readout on the analog-generated
data using a newly trained linear support vector machine
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FIG. 3.

Time (samples)

Comparison of analog and digital HORN dynamics for representative SMNIST samples demonstrating different reproduction

outcomes: (a) case with matching predictions; and (b) case with mismatched predictions. The left-hand column shows input sMNIST
sample (top) and corresponding MNIST image (bottom). Subsequent columns display the dynamics of each of the four nodes, with
light traces showing analog implementation dynamics and dark traces showing digital-twin dynamics. Time is measured in pixels for
the digital twin and mapped to seconds in the analog implementation (7 = 6 s). Amplitudes are in machine units (with range [—1, 1]).
Error metrics quantify reproduction fidelity: 4, area between traces; Ax, amplitude mismatch at 7 = 789 pixel; r, correlation; and o,

average phase difference.
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FIG. 4. Analysis of the analog implementation of the HORN model. (a) Distribution of predicted labels showing class-specific
differences: analog implementation (Experiment), digital twin (Model), and true MNIST labels (Data). Digits 0, 3, 7, and 9 are under-
represented in the analog implementation due to precision limitations. (b) SVM readout accuracy over time demonstrating that both
digital and analog systems achieve similar reservoir performance (*=74%) when appropriate readouts are used, confirming preserved
information content. (c) Confusion matrix for the analog implementation with an SVM readout at 7 = 789 pixels, showing recovery
of all digit classification capabilities when trained directly on analog dynamics. (d) Error metric distributions comparing cases where
analog and digital predictions match (top, low error) versus fail to match (bottom, higher error): mismatch (Ax), area (4), phase
(©), and correlation (r) metrics. Dashed lines indicate medians. (¢) Volume occupancy analysis in four-dimensional amplitude space
(x1,x2,x3,x4) illustrates precision limitations. Small label volumes (digits 0, 3, 7, and 9) require higher precision than analog hardware
provides. Top: L = 2 (dense grid near origin). Bottom: L = 20 (wide dynamic range). (f) Error metrics visualization showing analog
(green) versus digital (orange) node dynamics in the [5, 789] pixel time interval. Displayed error metrics are: area difference (purple),

amplitude mismatch (red), and instantaneous phase difference (blue trace, right axis).

(SVM), which recovers the performance level of the ana-
log twin to the same extent as that of its digital counterpart.

To systematically evaluate the degree to which the
analog model replicates the dynamics of the digital twin
(Fig. 3), we introduce several error metrics calculated
on a per-node basis [see Fig. 4(f)]: (a) “mismatch,” the
difference in nodal amplitudes between digital and ana-
log implementations at 7 = 789 pixel [see Fig. 1(c)]; (b)
“area,” the difference in total area under time series of
nodal amplitude; (c) “phase,” average instantaneous phase
difference between the time series; and (d) “correlation,”
the temporal correlation between the time series. Here, (b),

(c), and (d) are computed on the interval [5,789] pixel
[see Fig. 1(c)].

After computing the error metrics for all nodes across
10000 test samples, we analyzed the distributions in
two scenarios: where the label predictions of the analog
and digital twins align, termed “Match,” and where they
do not, termed “Fail” (Fig. 5). Network-scale metrics
were derived by averaging nodal metrics [Fig. 4(d)]. As
expected, lower values of the error metrics were associ-
ated with greater agreement between analog and digital
predictions [Fig. 4(d)]. Notably, even when the digital
twin produces an incorrect prediction, the dynamics of

064055-8



ANALOG-ELECTRONIC IMPLEMENTATION OF A HARMONIC...

PHYS. REV. APPLIED 24, 064055 (2025)

Node 0 Node 1 Node 2 Node 3
0.25 7 7 025 025 T
! B Match 0.25 Em Match ’ BN Match ! B Match
3 —-- Median | 3 —-- Median | 3 --- Median | 3 —=- Median
@ 0.00 T i) i © 0.00 1 - © 0.001 0 A
3 7 § 0.00 - 3 ' 5 !
& i & i & i & i
1 1 1 1
0.25 1 L v T 0.25 1 v v T 0.25 ——1 r r y 0.25 - L, v T
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
Mismatch Mismatch Mismatch Mismatch
Node 0 Node 1 Node 2 Node 3
0.25 i 0.25 - 0.25 - 0.25 i
] mmm Match _j_'“| B Match L s Match ! s Match
z | Faild |z ’JJ ‘\1 Faild ez y—r {‘11 Faild |z _,—r_'_’—.j_ﬁr_":j‘L,‘ Faild ‘
2 0.00 = — —=-_Median | $ 000 —EF———=  -==- Median 2 0.00 _r*_‘__‘_ﬁ__--- Median__| S 0.00 f—=————— === Median |
2 ! S ! S ! S !
& i & i & i & i
1 ¥ } 1
0.25 T T f y T T 0.25 T A T T T 0.25 T — T T T T 0.25 y g L, T T T
20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120
Area Area Area Area
Node 0 Node 1 Node 2 Node 3
0.25
1 1
0.25 4 = Match 0.25 1 | = Match 0254 = Match = Match |
2z Fail z Fail 2" Fail z Fail
3 —-—- Median | 5 === Median 3 -—=- Median 3 0.004+==" Median
8 0.00 1 4 & 0.00+ 48 8o -
) 1 o 1 § 0.00 S 1
I i & fn & o & h
i i i i
0.25 T - y T 0.25 . 0.25 +— T 1L, 0.25 T L T
-0.25 0.00 025 0.50 075 100 125 -0.25 0.00 025 050 075 1.00 1.25 -0.25 0.00 025 050 0.75 1.00 1.25 -0.25 0.00 025 0.50 075 1.00 125
phase_error phase_error phase_error phase_error
Node 0 Node 1 Node 2 Node 3
0.25 T 05 0.25 "
= Match = Match . = Match ! == Match
2z Fail Z %251 Fail 2z Fail 2 i Fail
5 0.00 4~~~ Median - 5 === Median 5 000+==" Median 3 0.00 ___‘-I === Median |
8 I 2 0.00 ; 8 | 3 I
£ : £ o & W& :
I i 1 1 1
0.25 T T T —l— o224 T v T T . 0.25 - T T T T L 0.25 T T 1 T T
04 05 06 07 08 09 10 04 05 06 07 08 09 1.0 04 05 06 07 08 09 10 04 05 06 07 08 09 10
Correlation Correlation Correlation Correlation
FIG. 5. Node-wise error metric distributions for prediction agreement analysis. Probability densities of error metrics (mismatch,

area, phase, and correlation) for each of the four nodes, separated by cases where analog and digital predictions match versus fail to

match.

the analog implementation frequently replicate those of
the digital twin (Fig. 3). Visualization of the error met-
rics [Fig. 4(f)] reveals that inference runs with error values
near the median of these metrics [Fig. 4(d)] correspond
to cases where the analog implementation successfully
replicates the dynamics of its digital counterpart. Overall,
these findings indicate that the analog twin is capable of
reproducing the dynamics of the digital model in most
cases.

To better understand the differences between the predic-
tions of the digital model and its analog twin, we analyzed
the distribution of predicted labels for each digit class
[Fig. 4(a)]. We find that, at the digit class level, the analog
implementation systematically fails to predict some labels
(namely 9, 7, and 3), whereas these labels are predicted
correctly by the digital model. This phenomenon warrants
further analysis. Comparing the predictions by the digi-
tal and the analog twin results in four possible scenarios:
both twins accurately predicting the digit, both failing to
predict correctly, or one twin making a correct prediction
while the other fails (see Fig. 8 later). This study primar-
ily investigates the capacity of the analog twin to replicate
the dynamics of the digital twin. Consequently, we con-
centrate on instances where both twins produce identical

predictions, irrespective of their correctness with respect
to the ground truth.

To better understand the reasons for the limited agree-
ment between the predictions of the digital and the ana-
log twin (28.39%, Fig. 8 later), we analyzed the volume
that each label occupies in the four-dimensional ampli-
tude space (x1,x2,x3,x4) at the time step used for readout
(referred to as “decision space”). The volume associated
with each label represents the subspace where the network
predicts a specific digit class. To facilitate this analysis,
we created a four-dimensional grid by discretizing each
dimension x;, x;, x3, and x4 into N = 75 evenly spaced
bins, thereby covering the interval [—L/2,L/2] in each
dimension. We considered two lattice sizes: L = 10, which
spans a cube corresponding to the maximum amplitude of
any node in the analog system computed across all sam-
ples; and L = 2, which produces a smaller lattice with a
higher density of points near the origin (0, 0, 0, 0).

We observed that certain digit classes (0, 3, 7, and 9)
occupy significantly smaller volumes within the decision
space compared to other digits [Fig. 4(e)]. Accessing these
regions with small volumes necessitates high numerical
precision. This indicates that the digitally trained network
exploits floating-point precision capabilities for making its
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predictions. However, the degree of precision of the dig-
ital twin is orders of magnitude higher than the precision
of the analog implementation. Therefore, some labels with
small volumes in the decision space are not accessible to
the analog twin [see Fig. 9(b) later]. For this reason, we
can conclude that the difference in precision between the
digital and the analog twin is one of the factors that results
in incorrect predictions, which explains the discrepancy in
performance between the two twins.

However, this precision mismatch represents a solvable
limitation rather than a fundamental constraint. Appropri-
ate readout strategies can recover the performance of the
analog implementation to the same degree as that of its
digital counterpart, as demonstrated below.

To test whether the analog system preserves the same
information that is present in the digital system in its
dynamics, we discarded the affine readout layer trained as
part of the digital model and replaced it with a linear sup-
port vector machine trained on the data generated by the
analog implementation. Thus, the analog twin was utilized
as a reservoir [39]. For comparison and to avoid creating
an unfair advantage for the analog twin, the same pro-
cedure was applied to its digital counterpart [Fig. 4(b)].
The new setup with an SVM-based readout [Fig. 1(d)]
allows the analog twin to achieve the same level of perfor-
mance as its digital counterpart [Fig. 4(b)]. In particular, it
also recovers prediction accuracy across all digit classes
[Fig. 4(c)]. These results indicate that the analog twin
preserves the information present in the digital model.
Furthermore, this observation indicates that analog neu-
ral networks can attain performance comparable to digital
systems when utilized effectively.

V. DISCUSSION

This study showcases an implementation of the har-
monic oscillator recurrent neural network model [21] in
analog-electronic hardware, demonstrating that the analog
implementation is able to reproduce the essential dynamics
underlying model performance. In particular, we employed
a digital-twin approach [1] to train a small-scale HORN
on a sequential MNIST (sMNIST) classification task. The
learned parameters were subsequently transferred to an
analog system for inference. For this proof of concept, we
utilized a HORN model in its simplest configuration, char-
acterized by a homogeneous network in which all nodes
possess identical natural frequencies and damping coef-
ficients. Additionally, we eliminated all feedback mecha-
nisms present in the original HORN model. Two network
architectures were considered and both were found to
faithfully reproduce the dynamics of its digital twin, an
amplitude-coupled one and a velocity-coupled one (see
Appendix E).

Quantitative analyses indicated that, despite hardware
constraints such as a finite number of circuit compo-
nents, a restricted dynamic range, and limited precision,
the analog implementation was able to replicate the tran-
sient oscillatory dynamics of the digital model with high
fidelity. Despite the small size of the model and the addi-
tional simplifications imposed by the limitations of the
analog computer, the digital model achieved an accuracy
of 59.24% on the sSMNIST digit classification task using
the low number of 66 trainable parameters (of which only
16 were used in the analog twin, and 50 belong to the
readout layer). This parameter efficiency of HORN mod-
els over other RNN architectures was previously demon-
strated [21], which makes this model particularly well
suited for implementation in resource-constrained analog
systems where parameter efficiency is crucial. Dropping
these requirements on model size and architecture necessi-
tated by constraints of the analog hardware allows HORN
models to achieve state-of-the-art performance on various
tasks for various datasets; see Ref. [21].

Error analysis indicates that the primary limitation of
the analog model stems from the limited precision and
dynamic range of its hardware, which results in reduced
performance when applying the original digital readout
weights to the analog model directly. This mismatch
particularly affected MNIST digit classes whose deci-
sion boundaries required fine-grained amplitude discrim-
ination (namely, the digits 0, 3, 7, and 9). Additional
limitations stem from the simplified network used here,
including the small number of nodes, the absence of
nonlinear activation functions, and the restricted connec-
tion weights, which were imposed by the limited number
of circuit elements of the analog computer used in this
study.

Importantly, these effects are not inherent to oscillatory
analog computation, but reflect constraints of the readout
strategy and hardware resolution. When used as a reser-
voir with a separately trained readout provided by a linear
SVM, the analog system achieved classification accuracy
equivalent to the digital model (75.50% versus 73.75%,
respectively), indicating that the dynamics of the ana-
log system preserves sufficient information for accurate
decoding. To address the limitations associated with read-
out, we propose that effective analog computation using
oscillator networks may necessitate task-specific decod-
ing strategies that exploit the full temporal structure of
the network, rather than relying on fixed-time-point linear
readouts [49]. Furthermore, we hypothesize that train-
ing with perturbed inputs or with intrinsic noise could
enhance robustness and improve generalization. However,
it is important to note that the implementation of such
strategies may require larger networks to maintain per-
formance. Finally, another approach involves training the
analog implementation directly. Prior work has demon-
strated the success of such physical training methods [50],
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which we plan to investigate in the context of HORNs in a
future study.

Our results have practical implications for the design
of analog neural networks. (i) We found that readout
mechanisms may be more critical than internal dynamics
for achieving target performance, suggesting that reser-
voir computing approaches may be particularly suited
for analog implementations. (ii) Our 16-parameter analog
implementation demonstrates the feasibility of deploying
neural networks in strongly resource-constrained environ-
ments where digital alternatives are impractical, such as
edge computing applications [51] or energy-limited sen-
sors. (iii) The implementation of the HORN model in
this setting supports the broader proposition that oscilla-
tory transient dynamics [32] offers a viable substrate for
robust, efficient, and real-time physical computation, in
contrast to networks based on the principles of steady-state
attractors [52].

The current work opens up several avenues for design-
ing energy-efficient, brain-inspired computing architec-
tures and hardware [53]. In particular, analog oscillator
networks with parallelized information processing might
benefit from neuromorphic computing approaches [4],
potentially enabling fully analog learning systems [3,50].
Future work may explore larger networks [54], the inclu-
sion of nonlinearities, spiking networks that implement
similar principles [43,55], and incorporating in situ learn-
ing methods to bypass the need for parameter transfer from
a digital twin and thereby potentially enabling the con-
struction of entirely analog systems capable of real-time,
low-power machine learning.

In summary, the proof of concept presented here
demonstrates that brain-inspired analog-electronic oscil-
lator networks and their transient dynamics can serve as
physically instantiated recurrent neural networks capa-
ble of performing machine learning tasks with extreme
power efficiency [6]. With continued advances in pro-
grammable analog hardware, oscillator-based recurrent
networks could become a practical building block for
real-time, energy-efficient, and fully analog neuromorphic
computing systems.

DATA AVAILABILITY
The data that support the findings of this article are
openly available [56,57].
APPENDIX A: ERROR METRICS

To assess the difference between the dynamics of the
analog implementation and its digital counterpart, we
defined the following error metrics, calculated node-wise
between the analog implementation and the digital twin:

(a) Mismatch, the difference in amplitudes at the last
time step.

(b) Area, the total area between the time series.

(c) Phase, the average instantaneous phase difference.

(d) Correlation, the correlation between the two time
series.

These metrics can be visualized as in Fig. 4(f), and net-
work samples (Fig. 6) provide an intuitive qualitative
understanding of how these values relate to dynamics
reproduction.

Comparative histograms of these error metrics for cases
where labels match versus fail to match between analog
and digital implementations are shown for each node indi-
vidually in Fig. 5. The concatenated data are presented in
a condensed format in Fig. 4(d).

APPENDIX B: SCALING ALGORITHM

Prior to any run of the analog implementation, the digital
computer [Fig. 1(a), item 1] loads the network parameters
and the input sample. With the network parameters, the
digital computer undergoes a simulation loop (Fig. 7) to
obtain a rescaling factor s. This rescaling factor is applied
to the input matrix / [Eq. (2)] to ensure that the net-
work dynamic range can fit into the analog implementation
nonclipping amplitude interval.

To illustrate the rescaling algorithm operation (Fig. 7),
consider the case where the digital computer loads the net-
work data and simulates the model for the first time. After
simulating the network for the first time, the digital com-
puter obtains the network dynamic range (max(|x|)). This
value should lie within a predefined range [floor, ceil ].
If max(|x|) < floor, the amplitude is insufficient, mean-
ing that the network dynamic range is comparable to the
machine precision limit. A rescaling correction, 7, is then
calculated to alter the scaling factor s. In the case of insuf-
ficient amplitude, s is increased and a new simulation is
run. If max(|x|) > ceil, the experiment might face clipping
problems; in this case s is reduced and a new simulation is
run. This process is repeated until max(|x|) lies inside the
desired experiment range (Fig. 7).

Since resonance effects are expected, we opted to set
ceil = 0.6, leaving a margin for the system before reaching
its limits, and set floor = 0.1.

APPENDIX C: ORIGINAL DECODER

The straightforward approach for decoding the analog
circuit output uses the same decoder as the digital twin:
an affine readout layer with readout weights determined by
the digital BPTT training procedure.

The decoding performance can be visualized using a
Venn diagram showing the coincidence of the ground-truth
labels, the label predictions by the digital twin, and the
label predictions by the analog twin on a per-class basis

(Fig. 8).
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FIG. 6. Additional examples of the analog and digital dynamics comparison across different input samples. The left-hand column
displays input in both SMNIST (serialized) and MNIST (image) formats. The central and right-hand columns show the corresponding
node dynamics, with light traces representing analog implementation and dark traces representing digital-twin dynamics.
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We next examine whether decoding performance is
consistent across all digit classes or if certain digits are
decoded with superior or inferior accuracy (Fig. 9). The
analog twin performs best for the digit classes 1, 4, 6,
and 8.

APPENDIX D: SVM DECODING

An alternative method for assessing the networks’ per-
formance involves utilizing the analog HORN as a reser-
voir. In this approach, an independent readout (linear
SVM) is trained on the output of a pretrained network
while keeping the network parameters fixed. The linear
SVM was implemented using the Scikit-learn PYTHON
package [58].

Data Model

Experiment

FIG. 8. Prediction agreement analysis using Venn diagram
representation. Overlap regions show the intersection between
predictions from the analog implementation, digital twin, and
true MNIST labels across the test dataset.

APPENDIX E: VELOCITY-COUPLED NETWORK

Here, we present the obtained results for the analysis of
the physical harmonic oscillator recurrent network with its
nodes velocity-coupled. See Fig. 10 for the circuit diagram.

In this network, the nodes are coupled through their
velocity terms. This coupling leads to a modified form of
the update equations [Eq. (3)], expressed as follows:

Xigrl = Xip + hyi,t+1,

n
Yier1 =Yig+h Z (Wiyis) + Lis(®) — 2yyis — o7y
J#i
(ED)

For the readout, we used a “Hilbert decoder.” The
Hilbert decoder computes the analytic signal by applying
the discrete Hilbert transform to each node’s amplitude
time series x;(#) to obtain the complex-valued analytic sig-
nal ¢;(¢) on a time window &7 (default window length 100
time steps) around the readout time #*. We then construct
an eight-dimensional feature vector by splitting ¢;(¢*) into
its real and complex parts. This feature vector is read
out by an affine readout layer as previously to perform a
digit class prediction. This readout exploits phase infor-
mation that is directly available in the velocity-coupled
network.

Once implemented, we can visualize some sample net-
work runs (Fig. 11). We then proceed with the analysis as
in the main text. First, we look at the performance of the
network (Fig. 12). Similar to the amplitude-coupled case,
we find that when used as a reservoir, the network performs
better. However, the performance of the velocity-coupled
network is better than that of the amplitude-coupled net-
work.
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FIG. 9. Digit-wise classification performance comparison across different evaluation scenarios. (a) Analog implementation per-
formance versus true dataset labels. (b) Digital-twin performance versus true dataset labels. (c) Agreement between analog
implementation and digital-twin predictions. (d) Accuracy of the analog-digital agreement subset when compared to true labels,
showing how well cases where both systems agree actually correspond to correct classifications.

A Venn diagram was computed using the same proce-
dure as in Fig. 8. The velocity-coupled network achieves a
better reproduction of the label of its digital twin (58.9%,
Fig. 13). The error metrics analysis (Fig. 14) shows that
the velocity-coupled network exhibits smaller errors than
the amplitude-coupled network [Fig. 4(d)].

Finally, the velocity-coupled network was used as a
reservoir with an SVM trained to decode the network

w0123

ext. source

s

wij

neighbor

:
/

wkl

dynamics (Fig. 15). The SVM was trained using the vari-
ables x and y, so that the readout has the same dimen-
sionality as the Hilbert decoder (“Exp. full” and “Model
full” curves in Fig. 15). The SVM was also trained using
only the x variable (“Exp.” and “Model” curves in Fig. 15)
for comparison with the amplitude-coupled network. Sim-
ilarly to the amplitude-coupled network, the SVM read-
out enables the analog and digital networks to achieve
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FIG.

10. Circuit diagram for the oscillatory unit of the velocity-coupled network.
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FIG. 11. Representative dynamics samples from runs of velocity-coupled network. The left-hand column displays input in both
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light traces representing analog implementation and dark traces representing digital-twin dynamics.
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comparable performance (Fig. 15), demonstrating that the
analog implementation preserves the information of its
digital twin.
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