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This is a review of the Sachdev-Ye-Kitaev (SYK) model of compressible quantum many-body
systems without quasiparticle excitations, and its connections to various theoretical studies of non-
Fermi liquids in condensed matter physics. The review is placed in the context of numerous
experimental observations on correlated electron materials. Strong correlations in metals are often
associated with their proximity to a Mott transition to an insulator created by the local Coulomb
repulsion between the electrons. The phase diagrams of a number of models of such a local electronic
correlation are explored, employing a dynamical mean-field theory in the presence of random spin
exchange interactions. Numerical analyses and analytical solutions, using renormalization group
methods and expansions in large spin degeneracy, lead to critical regions that display SYK physics.
The models studied include the single-band Hubbard model, the #-J model, and the two-band Kondo-
Heisenberg model in the presence of random spin exchange interactions. Also examined are non-
Fermi liquids obtained by considering each SYK model with random four-fermion interactions to be a
multiorbital atom, with the SYK atoms arranged in an infinite lattice. Connections are made to
theories of sharp Fermi surfaces without any low-energy quasiparticles in the absence of spatial
disorder, obtained by coupling a Fermi liquid to a gapless boson; a systematic large-N theory of such
a critical Fermi surface, with SYK characteristics, is obtained by averaging over an ensemble of
theories with random boson-fermion couplings. Finally, an overview of the links between the SYK
model and quantum gravity is presented, and the review ends with an outlook on open questions.
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29 I. INTRODUCTION
30
31 The discovery of high-temperature superconductivity in the
cuprate compounds in 1986 posed numerous challenges to
32 quantum theories of electronic matter. The greatest mystery, as
became evident early on, was the unusual metallic state of these
33 materials above the superconducting critical temperature. This
34 “strange metal,” as it has since come to be called, displayed
34 unusual temperature and frequency dependencies in its proper-
34 ties, which indicated that the strange metal was an entangled
34 many-body quantum state without “quasiparticles.” Almost all
36 of quantum condensed matter physics is built on the idea of
quasiparticles: this allows us to account for the Coulomb
g; interactions between electrons by assuming that their main
13 effect is to renormalize each electron with a cloud of electron-
39 hole pairs, after which we can treat each electron as a nearly
39 independent quasiparticle. This decomposition of the excita-
40 tions of a many-body system into a composite of simple
41 quasiparticle excitations is an assumption so deeply engrained
41 in the theoretical framework that it is usually left unstated.
41 The aim of this review is to present some recent advances in
42 describing quantum phases of matter that do not host any
quasiparticle excitations. Much has been understood theoreti-
43 cally in recent years about the properties of a solvable model
44 of a many-body quantum system without quasiparticle exci-
44 tations in the regime of strong interactions: the Sachdev-Ye-
Kitaev (SYK) model. We discuss some of these advances in
46 this review, along with a discussion of the application of these
47 advances to more realistic models of quantum matter without
48 quasiparticles.
48 The idea of employing a quasiparticle description of a
49 macroscopic many-particle system can be traced back to
50 Boltzmann (1872). Boltzmann was thinking of a dilute
51 classical gas of molecules, as that found in the atmosphere.
5 In 1872, he introduced an equation that described the time
5 evolution of the observable properties of a dilute gas in response
53 to external forces. He applied Newton’s laws of motion to
53 individual molecules and obtained an equation for f,, the
54 density of particles with momentum p. In a spatially uniform
55 situation, Boltzmann’s equation takes the following form:
57
0
i ngF-fop:C[f], (1.1)
58
58 where ¢ is the time and F is the external force. The left-hand
59 side of Eq. (1.1) is simply a restatement of Newton’s laws for
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individual molecules. Boltzmann’s innovation was the right-
hand side, which describes collisions between the molecules.
Boltzmann introduced the concept of “molecular chaos,”
which asserted that in a sufficiently dilute gas successive
collisions were statistically independent. With this assumption,
Boltzmann showed that

Clf] o - / Uty = oS (12)

for molecules with momenta p, p; colliding to momenta p,, ps.
The statistical independence of collisions is reflected in the
products of the densities in Eq. (1.2), and the second term
represents the time-reversed collision.

The notable fact is that Boltzmann’s equation also applies,
with relatively minor modifications, to the dense quantum gas
of electrons found in ordinary metals, as was argued in
Landau’s Fermi-liquid theory (Landau, 1957). Individual
electrons move in Bloch waves (Bloch, 1929) characterized
by a crystal momentum p. Now collisions become rare
because of Pauli’s exclusion principle, and the statistical
independence of collisions is assumed to continue to apply.
The main modification is that the collision term in Eq. (1.2) is
replaced by

cm«—/p b (L= £y ) (1= f,)

— oo (L= ) (1= £, (1.3)
where the additional (1 — f) factors ensure that the final states
of collisions are not occupied. Now the f, measure the
distribution of electronic quasiparticles, and a cloud of
particle-hole pairs around each electron renormalizes only
the microscopic scattering cross section. Such a quantum
Boltzmann equation is the foundation of the quasiparticle
theory of the electron gas in metals, superconductors, semi-
conductors, and insulators, and indeed almost all of condensed
matter physics before the 1980s.

Our interest here is in quantum materials in which the
description in terms of a quasiparticle distribution function
fp obeying a quantum Boltzmann equation breaks down.
The time between collisions becomes so short that the
quantum interference between successive collisions cannot
be ignored, and the collisions cannot be treated as sta-
tistically independent. Landau’s Fermi-liquid theory has the
feature that the quasiparticles are essentially dressed elec-
trons, but there are situations in which the quasiparticles are
emergent excitations of the many-body system with no
simple relation to the bare electrons; such systems can be
treated by extensions of Landau’s approach, and these will
also not be of interest to us.

Given a quantum many-body system, how do we ascertain
the absence of low-energy quasiparticles in any basis and the
associated universal diagnostics (if any)? The simplest diag-
nostic we might consider for detecting the presence of
electronic quasiparticles is via poles in the single-particle
Green’s function (sharp peaks in the spectral function).
However, the existence of a broad electron spectral function
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is, by itself, not sufficient to conclude that there are no
quasiparticle excitations. After all, interacting electrons in one
dimension have broad electron spectral functions (Giamarchi,
2003). This is understood in Luttinger-liquid theory using a
description in terms of a different set of quasiparticles: linearly
dispersing bosons associated with collective excitations. The
electron operator is an exponential of the boson operator, and
this leads to the broad spectral functions. The bosonic
quasiparticles describe all the many-body eigenstates, but
the electron operator has a complicated form in this repre-
sentation. Similarly, while the electron spectral function in
certain fractional quantum Hall phases and paramagnetic Mott
insulators (Broholm et al., 2020) can be complicated, at low
energies they might host emergent quasiparticle excitations
that are well defined but impossible to diagnose using a two-
point spectral function, as the latter quantity is not even a
gauge-invariant observable. These examples illustrate that the
electron spectral function is not a universal diagnostic for
detecting quasiparticles; it is useful when the overlap between
the wave function of the low-energy quasiparticle and the
physical electron is nonzero [as in a Landau-Fermi liquid
(Abrikosov, Gorkov, and Dzyaloshinskii, 1963)]. On the other
hand, when the two are orthogonal, as in the previously
highlighted examples, the diagnostic fails and the spectral
function is ill equipped to analyze the fate of the quasipar-
ticles. A further weakness in the spectral function diagnostic is
apparent when we consider disordered systems (such as even a
disordered Fermi liquid). Electronic quasiparticles are well
defined in such systems (Abrahams et al., 1981), but they are
not apparent in electronic spectral functions unless the spatial
form of the quasiparticle wave function is already known: they
are not plane waves, as in Fermi liquids in clean crystals.

These considerations make it clear that a system with
quasiparticle excitations is best characterized by an extension
of the original Landau perspective (Landau, 1957): the low-
energy states of a many-body system can be decomposed into
composites of single-quasiparticle states, and the energies of
these states are functionals of the densities of individual
quasiparticle states. In other words, quasiparticles are additive
excitations of a many-body system. Analyzing the spectrum of
low-lying eigenstates of a many-body quantum system for a
large but finite volume therefore provides a useful diagnostic
of the validity of a quasiparticle description or of its failure.
We use this “spectral fingerprint” in several places in this
review; see Sec. IV.B.

With this perspective, in a many-body quantum system
without quasiparticle excitations it is not possible to decompose
the low-lying states into any basis of quasiparticle excitations.
This is, however, a practical definition only when the full low-
lying spectrum is available. Furthermore, it may be possible to
exclude a candidate quasiparticle basis, but it is often difficult to
exclude them all. For a more positive and practical definition,
we consider the approach of a quantum many-body system to
local thermal equilibrium at a temperature 7" after the action of a
local perturbation. In a system with quasiparticle excitations
such as a Fermi liquid, the solution of the quantum Boltzmann
equation shows that this will happen in a time that is at least as
long as ~1/T? as T — 0. This long span of time is required for
individual quasiparticles to collide with each other. In a system
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without quasiparticles, we expect the length of time to be much
shorter. But how short can the local equilibration time get as
T — 0? Studies of numerous model systems without quasi-
particle excitations, some of which are described in this review,
show that the time is never shorter than a time of the order of the
“Planckian time” #/kgT, i.e., the minimum time associated
with an energy of the order of kzT according to the Heisenberg
uncertainty principle. On the other hand, it is clear from a study
of systems with quasiparticles that such systems can never
equilibrate as quickly as the Planckian time as long as
quasiparticles are well defined. Thus, we reach the proposal
that many-body quantum systems without quasiparticles are
those that locally equilibrate in a time of the order of #/kpT,
and no system can equilibrate any faster (Sachdev, 1999;
Hartnoll, Lucas, and Sachdev, 2016).

Our focus in this review is primarily on metallic quantum
many-body systems without quasiparticle excitations, i.e., non-
Fermi liquids. Section II presents a general perspective on non-
Fermi liquids, with a summary of some of their experimental
signatures and an overview of some theoretical ideas and their
relationship to the SYK models presented in this review. An
outline of the perspective of this review appears in Sec. II.C.
Readers wanting to focus on the SYK viewpoint can skip
directly ahead to Sec. II.C and then to Sec. IV. In Sec. III,
we qualitatively discuss the properties of “bad metals” and
“Planckian metals,” two forms of unconventional transport
often encountered in non-Fermi liquids. In Sec. IV, we first
review the random-matrix model for noninteracting fermions
that realizes a Fermi liquid with quasiparticles. The SYK model
system is introduced and reviewed in Sec. V. The insights
gained from this study are then applied to several extensions
thereof in Secs. VI, VII, VIII, X, and XI, with an eye toward
capturing certain universal phenomenological aspects of quan-
tum materials with strong electronic correlations. There are also
noteworthy connections between the SYK model and quantum
theories of Einstein gravity in black holes, and these are
reviewed in Sec. XII. In recent years, precise diagnostics of
a class of nonquasiparticle systems have appeared upon the
introduction of ideas from quantum chaos and quantum gravity
that are discussed in Sec. XILE.

II. TYPOLOGY OF NON-FERMI LIQUIDS

Numerous strongly correlated systems, such as materials with
partially filled d- or f-shell orbitals and, more recently, in moiré
systems, display a phenomenology that, while metallic, can
drastically deviate from the predictions of the standard Fermi-
liquid (FL) theory of metals. These non-Fermi liquids (NFLs)
raise a series of central challenges in condensed matter physics,
both experimentally and theoretically. As they are defined by
what they are not, they constitute a rich and diverse family of
systems. Conceptually, they are not characterized by a few
universal experimental traits, unlike Fermi liquids. In practice,
they cannot always be clearly identified using simple response
functions, unlike other familiar phases of quantum matter with or
without spontaneously broken symmetries (such as supercon-
ductors, antiferromagnets, and quantum Hall insulators).

The family of SYK models discussed in this review
constitute a solvable theoretical route to study a class of
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NFL behavior, as they have some of the major characteristics of
NFL metals. In particular, we discuss their relation to Planckian
metals, characterized by a linear dependence of resistivity with
temperature and a characteristic scattering rate ~kzT/h. To set
the stage for this review, we therefore start by discussing a
selection of the most important NFL behavior encountered
experimentally (Sec. II.LA). We then introduce the main theo-
retical routes that have been proposed to characterize and
explain them (Sec. II.B), along with their connections to the
aspects of SYK physics discussed in later sections. Finally, in
Sec. II.C, we present the general perspective of this review and
provide an outline. Readers wanting to go directly to the
theoretical models of this paper can skip ahead to Sec. II.C.

A. Experimental signatures of non-Fermi liquids

We start by discussing a few experimental signatures of
NFLs, based on a variety of spectroscopic and transport
measurements. Since dc transport can be difficult to interpret,
it is important not to rely only on it exclusively to characterize
NFL behavior. The various signatures include the following.

* “Short” single-particle lifetimes for excitations near the
Fermi surface, as deduced from spectroscopic measure-
ments such as angle-resolved photoemission spectroscopy
(ARPES) (Damascelli, Hussain, and Shen, 2003). In FL.
metals, the inverse quasiparticle lifetime (i.e., the scatter-
ing rate) scales as I'y, = W (kpT/E})?, where g is a
dimensionless electron-electron interaction strength, W is
a bare electronic energy scale (bandwidth or hopping),
and E} is a characteristic energy scale below which
coherent long-lived quasiparticle excitations emerge. E
can be viewed as a degeneracy scale for the Fermi gas
of quasiparticles. In contrast, a strong departure from
the previously mentioned form that persists over a large
range of energy scales is an indication of breakdown
of FL behavior. In a number of experimental systems
that display NFL behavior, I',(w, T') ~ max(w, kgT /1)
(Valla et al., 1999; Wang et al., 2004).

* A power-law temperature dependence of the dc resis-
tivity deviating from the expected FL form ~7? (due to
umklapp scattering) over a broad range of temperatures,
without any signs of crossovers or saturation. One of the
most commonly reported behaviors is p = py + AT, over
an extended range T, < T < T, (Hartnoll and Mac-
Kenzie, 2021); see Sec. III.B. However, other power
laws Ap(=p — py) ~ T* have also been observed (Allen
et al., 1996; Lee et al., 2002). Identifying a material as a
NFL on the basis of an observation of 7-linear resistivity
above T, requires special care since electron-phonon
scattering in conventional metals leads to a trivial
example of the same (Ziman, 1960). However, T-linear
resistivity presents an indication of behavior at odds with
the Boltzmann theory of FL transport in examples where
T.on is significantly low compared to the Debye (or
Bloch-Griineissen) scale, the linearity persists without
any crossovers across multiple phonon energy scales,
and there are no obvious collective modes to which a
similar phonon-type argument can be directly applied.
We return to a discussion of the physical significance of
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T .on in subsequent sections. Note that in some materials,
such as optimally doped cuprates (Giraldo-Gallo et al.,
2018), certain heavy-fermion materials (Stewart, 2001)
and twisted bilayer graphene (Jaoui et al., 2022), this
behavior persists down to a low 7T, — O.
Bad-metallic behavior (Emery and Kivelson, 1995;
Gunnarsson, Calandra, and Han, 2003; Hussey,
Takenaka, and Takagi, 2004) with a resistivity that is
an increasing function of temperature with p 2 po
(po = h/e*a]*=?, where a is a microscopic length scale
and h/e® ~25.8 kQ is the quantum of resistance) is also
indicative of NFL behavior. A majority of the systems of
interest to us are quasi two dimensional (with appreci-
able transport anisotropy in the a-b plane versus along
the ¢ axis), and it is thus useful to quote the results for the
sheet resistivities in units of //e?. While bad metals can
arise at high temperatures for simple reasons, the key
puzzle is often related to their smooth evolution into a
low-temperature regime without any characteristic cross-
overs, which defies Fermi-liquid behavior. In the liter-
ature, the expression bad, or strange, is often used to
refer to certain NFL metals. In this review, we reserve
the term bad metals to designate systems in which the
resistivity is larger than the Mott-loffe-Regel value and
strange metals to indicate materials with a resistivity
smaller than this value but displaying a set of behavior
incompatible with the quasiparticle-based framework of
Fermi-liquid theory. We discuss bad-metallic transport in
the high-temperature regime in more detail in Sec. IIL.A.
An anomalous power-law dependence of the optical
conductivity o(w) ~ 1/w’ over an extended range of
frequencies, thus differing from conventional Drude
behavior. This is observed in cuprates (Schlesinger et al.,
1990; El Azrak et al., 1994; Baraduc, Azrak, and
Bontemps, 1996; van der Marel et al., 2003; Hwang,
Timusk, and Gu, 2007) and has also been reported in
other materials (Kostic et al., 1998; Schwartz et al.,
1998; Dodge et al., 2000; Mena et al., 2003; Limelette
et al., 2013; Phanindra, Agarwal, and Rana, 2018). This
is also often accompanied by w/T scaling as a function
of temperature, i.e., 6(®,T) ~ 1/o’F(w/T) (Lee et al.,
2002; van der Marel et al., 2003, 2006; Limelette et al.,
2013; Michon et al., 2022; van Heumen et al., 2022).
At higher energy or temperature, a transfer of spectral
weight over energy scales larger (sometimes much
larger) than kgT are also typically observed as temper-
ature is varied (Georges et al., 1996; Rozenberg, Kotliar,
and Kajueter, 1996; Basov er al., 2011). A simultaneous
analysis of both dc transport and optical conductivity (or
other frequency-dependent response functions) is often
crucial to reaching an understanding of the NFL phe-
nomenology in a specific material.

An unconventional charge-density response exemplified
by a featureless continuum extending over a broad range
of energy scales, as measured in Raman scattering
experiments (Bozovic et al., 1987; Slakey et al., 1991).
Recent measurements using momentum-resolved elec-
tron energy-loss spectroscopy have further revealed a
featureless two-particle continuum and an overdamped

plasmon excitation (Mitrano et al., 2018; Husain et al.,
2019, 2020), which is at odds with the expectations for a
Fermi-liquid metal.

B. Theoretical models of non-Fermi liquids

Classifying insulating gapped phases of matter in terms of
their symmetry and topological properties using the lens of
many-body entanglement has been a highly successful venture
(Wen, 2017). On the other hand, classifying gapless phases of
matter, and non-Fermi liquids, in particular, remains an out-
standing challenge. We do not attempt to embark on such an
endeavor here. This review focuses on a few distinct classes of
NFLs without quasiparticles that can be described using various
generalizations of the solvable SYK model. We find it useful
nevertheless to first provide a broader overview of some of the
theoretical frameworks and routes that lead to examples of non-
Fermi liquids in clean crystalline systems without disorder.

* A class of models involves the quantum-critical
fluctuations of a bosonic degree of freedom coupled
to an electronic Fermi surface (Lohneysen et al.,
2007). These fluctuations are associated with the order
parameter corresponding to the spontaneous breaking
of a point-group (“nematic”), translational (spin-
density- or charge-density-wave), or spin-rotation
(ferromagnetism) symmetry. In the absence of any
other instability, such as pairing, the resulting ground
state is a NFL that controls the properties of the system
in a range of temperatures above the critical point. The
nature of the low-energy excitations near the Fermi
surface differs depending on whether the order param-
eter carries zero or a finite center-of-mass momentum
Q. This framework of an electronic Fermi surface
coupled to the low-energy fluctuations of a Landau
order parameter often goes under the name of Hertz-
Millis-Moriya criticality (Moriya, 1985; Millis, 1993;
Sachdev, 1999). A critical boson with @ = 0 (nematic
order) can destroy electronic quasiparticles around the
entire Fermi surface [Fig. 1(a)]. At the critical point,
the resulting state realizes a classic example of a
critical Fermi surface (Metlitski and Sachdev, 2010;
Mross et al., 2010) and provides an ideal setting for
studying the interplay of NFL physics and super-
conductivity (Metlitski et al., 2015; Wang et al., 2016;
Bergetal.,2019). The low-energy field theory for such
metallic criticality in 2 4+ 1 dimensions presents a
significant theoretical challenge (Lee, 2009). The
insights provided by the solvable SYK model into
such systems are reviewed in Sec. XI. A critical boson
with @ # 0 (density-wave order) destroys electronic
quasiparticles near only certain special points on the
Fermi surface (“hot spots”) as it gets reconstructed into
pockets, while much of the Fermi surface continues to
host long-lived quasiparticles. See Lee (2018) and
Berg et al. (2019) for some recent complementary
theoretical progress in both classes of such order-
parameter-based metallic criticality.
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e A different form of quantum criticality leading to
NFL behavior is associated with the disappearance
of entire electronic Fermi surfaces (Coleman et al.,
2001). Prominent examples of such criticality in-
clude continuous metal-insulator transitions be-
tween a FL metal and a paramagnetic Mott
insulator at fixed density [Fig. 1(b)] (Florens and
Georges, 2004; Senthil, 2008a, 2008b); see also
Kotliar (1995) and a Kondo-breakdown transition
in a heavy Fermi liquid to a fractionalized FL
[Fig. 1(c)] (Schroder et al., 2000; Coleman et al.,
2001; Si et al., 2001, 2003; Burdin, Grempel, and
Georges, 2002; Senthil, Sachdev, and Vojta, 2003;
Senthil, Vojta, and Sachdev, 2004; Paul, Pépin, and
Norman, 2007, 2008, 2013). The critical point
across both of these transitions also hosts an elec-
tronic critical Fermi surface without low-energy

(a)

FL NFL with
critical FS FL
+{(p) #0
® .
kyT o
_ _k: B _k:
| I
(b)
Mott NFL with
Insulator critical FS FL
® >

FL* with NFL with  FL with
‘small’ FS critical FS ‘|arge’ FS

v

kyT

—
kX

FIG. 1. (a) NFL obtained by coupling a critical boson (nematic
order with Q@ = 0) to an electronic Fermi surface. (b) Bandwidth-
tuned metal to paramagnetic Mott insulator transition. The Mott
insulator hosts a neutral Fermi surface (dashed circle) of
fractionalized degrees of freedom coupled to an emergent gauge
field. (c) A Fermi volume changing transition between two
distinct metals across a “Kondo breakdown” quantum-critical
point. The quantum-critical point hosts a critical Fermi surface of
electrons in all the examples. The Mott insulator and the FL*
phases host a critical Fermi surface of “spinons” in (b) and (c),
respectively.
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Landau quasiparticles (Senthil, Vojta, and Sachdev,
2004; Senthil, 2008a). All currently known low-
energy theories for describing such continuous
transitions involve fractionalized degrees of freedom
coupled to emergent dynamical gauge fields. Most
theoretical descriptions of these continuous transi-
tions have a remnant Fermi surface of the fraction-
alized degrees of freedom (and not of electrons)
coupled to dynamical gauge fields on one side of the
critical point; we continue to refer to these as critical
Fermi surfaces in this review. Continuous metal-
insulator transitions without any remnant Fermi
surface of even fractionalized degrees of freedom
provide examples of a new form of “deconfined”
metallic quantum criticality; see Zhang and Sachdev
(2020) and Zou and Chowdhury (2020) for recent
progress in describing such transitions. In particular,
all of these transitions fall beyond the previously
described  order-parameter-based  Hertz-Millis-
Moriya framework. Insights from a SY model with
random-exchange interactions in the presence of a
uniform Kondo exchange for two-orbital models are
applied to the study of a special case of such abrupt
Fermi volume changing transitions in Sec. VIIL
In contrast to the previous examples that arise at
certain 7 = 0 quantum-critical points, a NFL can
arise as a stable phase at zero temperature. One of
the most well-known examples of such NFL behav-
ior is found in a two-dimensional electron gas at a
high magnetic field at a filling factor v = 1/2. The
metallic NFL state is compressible and otherwise
known as the composite Fermi liquid (CFL); it hosts
a sharp Fermi surface on which the low-energy
excitations are not electrons but instead composite
fermions (CF) (Jain, 2007). The low-energy theory
for the CFL is described in terms of a CF Fermi sea
coupled to a dynamical gauge field (Halperin, Lee,
and Read, 1993; Son, 2015). Other examples of NFL
phases at 7' = 0 have also been observed in numeri-
cal studies of lattice models (Jiang et al., 2013).
We note that there are insulating (and incom-
pressible) phases of matter that are expected to arise
in a class of paramagnetic Mott insulators, where
fractionalized degrees of freedom (such as spinons)
form a Fermi surface and are coupled minimally to
an emergent gauge field (Lee, 1989; Altshuler, loffe,
and Millis, 1994). The low-energy field theory for
such phases shares similarities with the theory for
the CFLs, but there are important conceptual
differences. A theoretical description of the low-
energy field theory for the Fermi surface of spinons
coupled to a dynamical gauge field suffers from the
same problem as was noted earlier (Lee, 2009); the
solvable SYK model of Sec. XI offers a controlled
complementary understanding of this problem.
For sufficiently strong interactions and over a range
of intermediate temperatures, it is possible that NFL
behavior emerges generically and is not controlled
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by the proximity to a quantum-critical point (or
phase). Moreover, the NFL regime appears only as a
crossover regime at intermediate temperatures, while
the ground state is a conventional phase (a FL, a
superconductor, etc.). These NFL regimes can be
described as “infrared (IR) incomplete,” unlike the
examples described earlier, which are, in principle,
controlled by 7" = 0 fixed points. Some prominent
and well understood examples of such IR-incom-
plete behavior include the classic electron-phonon
system above the Debye temperature (Ziman, 1960),
spin-incoherent Luttinger liquids (Fiete, 2007),
generic lattice models with a finite bandwidth at
high temperatures (Mukerjee, Oganesyan, and Huse,
2006) [see also Lindner and Auerbach (2010)], and
certain holographic non-Fermi liquids (Faulkner, Liu
et al, 2011; Liu, McGreevy, and Vegh, 2011).
A number of theoretical examples of such IR-
incomplete behavior are accompanied by an extensive
residual entropy that is obtained from an extrapolation
to the limit of 7 — 0; the excess entropy is then
relieved below the crossover to the conventional
phase. Our treatment of such systems appears in
the discussion on lattice models of one- and two-band
models of SYK atoms in Sec. X.

C. Perspective of this review

An important idea in our approach is that it is possible to
make progress on many intractable problems in the theory of
non-Fermi liquids by considering models with random inter-
actions. At first sight, this appears to be counterintuitive
because spatial randomness introduces new phenomena asso-
ciated with localization that are not of interest to us here.
However, most of the models considered here live on fully
connected lattices on which disorder-induced localization
cannot take place. Indeed, the local electronic properties
are strongly self-averaging, and the observable properties of
a single sample with disorder are indistinguishable from the
average of an ensemble of samples in the infinite-volume
limit. Furthermore, one could argue that the strong incoher-
ence associated with the absence of quasiparticles also
removes localization effects that require quantum coherence
and interference processes (Lee and Ramakrishnan, 1985).
A non-Fermi-liquid system without disorder thermalizes in the
shortest possible time, and this implies chaotic behavior in
which the memory of the initial conditions is rapidly lost.
Consequently, it is possible to view averaging over disorder as
a technical tool that allows access to the collective properties
of a system with strong many-body quantum chaos.

We can also restrict the disorder exclusively to a flavor
space, and thus study non-Fermi liquids with full translational
symmetry, as we do in Secs. X and XI. Here the idea is that,
after some renormalization group flow, a large set of theories
flow to the same universal low-energy behavior. And we find
that it is easier to access the universal theory by averaging over
a suitable set of microscopic couplings.

Indeed, the idea of using an average over random systems to
understand quantum chaos has long been present in the theory
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of single-particle quantum chaos. We discuss this in Sec. IV,
where we review the random-matrix theory of noninteracting
fermions: this has been a successful model of the quantum
theory of particles whose classical dynamics is chaotic.

Section V introduces the SYK model of fermions with
random two-body interactions with N single-particle states. We
present the exact solution of the many-body system without
quasiparticle excitations obtained in the N — oo limit. Much is
also understood about the finite N fluctuations, including some
results with a noteworthy accuracy of exp(—N). This fluc-
tuation theory relies on a mapping to a low-energy effective
theory of time reparametrization fluctuations (which is also the
theory of a “boundary graviton” in the quantum theory of
certain black holes of Einstein-Maxwell theory of gravity and
electromagnetism, as discussed in Sec. XII).

Section VI turns to a quantum generalization of the thor-
oughly studied Sherrington-Kirkpatrick model of a classical
spin glass with Ising spins 6; = £1 (i =1, ..., N — o0) with
random and all-to-all interactions J,; with zero mean. The
quantum model replaces o; with quantum S = 1/2 SU(2) spins
S;, which have random Heisenberg interactions J;;. We review
a variety of studies of this model here involving numerical exact
diagonalization, renormalization group, and large-M expan-
sions of models with SU(M) spin symmetry. These results
show that the S =1/2 SU(2) model has spin-glass order
similar to that of the classical Sherrington-Kirkpatrick model.
However, the spin-glass order parameter is small, and for a wide
range of intermediate frequencies the dynamical spectrum
of the SU(2) model matches that of the SYK model (obtained
here in the large-M limit).

Sections VII and VIII discuss the familiar and intensively
studied single-band Hubbard and two-band Kondo-
Heisenberg models, respectively, of strong electronic corre-
lations. We consider models with an additional random
exchange interaction J;; that can be used to justify an
extended dynamic mean-field theory with self-consistency
conditions on both the single-electron and spin correlators.
Such theories also apply to models with nonrandom single-
particle dispersion, but it is useful to focus on a simplified
limit with a random and all-to-all single-electron hopping ¢;;.
We use methods similar to those in Sec. VI to show that these
models exhibit quantum phase transitions between two
metals: a metallic spin glass and a Fermi liquid. In the
quantum-critical region, we find a non-Fermi liquid with
SYK-like correlations. Section IX presents an overview of
recent advances in the numerical methods employed for the
analyses in Secs. VII and VIIIL.

Section X presents a different approach toward generalizing
SYK models to lattice systems. We consider a lattice of “SYK
atoms,” where each lattice site has N orbitals and the intra-
atomic electronic interactions are assumed to have the random
SYK form. We consider the case where all SYK atoms are
identical (so that there is lattice translational symmetry) versus
the case where the interactions are different random instances
on each site, and then comment on their similarities and
differences. These models can be used to realize non-Fermi
liquids with a SYK character and no singular spatial corre-
lations, but with a bad-metallic resistivity. Generalizations
of these models to include additional orbitals, in the spirit of
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two-band models of heavy-fermion materials, lead to strange
metals with 7-linear resistivity, critical Fermi surfaces, and a
marginal Fermi-liquid behavior (Varma er al., 1989).

Section XI returns to models of Fermi surfaces coupled to
critical bosons, which we introduced in Sec. II.B. We describe
how a systematic large-N theory of a class of non-Fermi
liquids can be obtained by applying SYK-like approaches to
these well-studied models. We generalize the models to ~N
flavors of fermions and bosons, with a random Yukawa
coupling between the fermions and bosons. The randomness
can be independent of space so that the models have trans-
lational symmetry.

Section XII explores the connections between the SYK
model and the quantum theory of black holes. We highlight
some recent developments, particularly those that we think are
of interest to condensed matter physicists. We conclude with
an outlook on open questions in Sec. XIII.

III. BAD METALS AND PLANCKIAN METALS

As previously emphasized, a prime signature of NFL
behavior is unconventional transport. In this section, we
provide a qualitative discussion contrasting high-temperature
bad-metallic behavior with “Planckian transport” persisting
down to low-T. This review focuses mostly on solvable
models aiming at providing insight into the latter.

A. Bad metals: Mott-loffe-Regel criterion
and a high-temperature perspective

In considering transport in semiconductors, loffe and Regel
(1960) and Mott (1974) argued that metallic transport in the
conventional sense requires that the mean free path £ of
quasiparticles should be longer than the typical lattice spacing
a. For a quasi-two-dimensional conductor with a single
parabolic band and a simple cylindrical Fermi surface of
radius k., the Drude expression for conductivity ¢ = ne’t/m
can be rewritten as

2

1

o= Cka, (3.1)
where ¢ is the interlayer distance. Hence, when the sheet
conductance becomes smaller than the conductance quantum
e? /h, the Mott-Toffe-Regel (MIR) criterion is violated, which
suggests that a Drude-Boltzmann description of transport is no
longer valid. The criterion itself is not a quantitatively precise
one, depending on whether ¢ is compared to a or the Fermi
wavelength Ay = 27 /kpg.

“Good” metals typically have resistivities that are much
smaller than p, and, correspondingly, £ > a. In the context
of unconventional metallic transport, the physical signifi-
cance of the MIR criterion has been a confusing issue for
quite a while, as reviewed by Gunnarsson, Calandra, and Han
(2003) and Hussey, Takenaka, and Takagi (2004). Some
materials, such as A15 compounds (Fisk and Webb, 1976),
display a resistivity saturation as the MIR value is
approached, leading to the speculation that resistivity satu-
ration should perhaps be a general fact. Note that there is
no fundamental theoretical understanding for resistivity
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saturation in metals.' Moreover, a wealth of experimental
data collected on materials with strong electronic correla-
tions, most notably transition-metal oxides, came in to
contradict the notion of resistivity saturation. Indeed, resis-
tivity in many such materials can increase significantly above
the MIR value without any trend toward saturation or even
any characteristic feature signaling this crossover in the
temperature dependence of p. The term bad metal was coined
to highlight this behavior (Emery and Kivelson, 1995). A
material displaying bad-metallic behavior at a high temper-
ature can become a good Fermi liquid at a low temperature
with long-lived coherent quasiparticles, with a good example
being Sr,RuO, (Tyler et al., 1998). Low-carrier density
materials such as doped SrTiO; also have bad-metallic
behavior at high T (Collignon et al., 2020) while displaying
quantum oscillations and coherent transport at low T
(Collignon et al., 2019).

Recent studies (Deng et al., 2013, 2014) have considerably
clarified the physical significance of the MIR criterion. It is
now understood that the temperature Ty;r at which the
resistivity becomes of the order of the MIR value corresponds
to the complete disappearance of quasiparticles. Typically, in
systems which become FL at low T, the scale 7" below which
long-lived coherent Landau quasiparticles with Iy, ~ T? are
observed is significantly smaller than Tyyg. In Sr,RuQy,
T} ~30 K, while Ty is several hundred kelvins. Studies of
the doped Hubbard model in the dynamical mean-field theory
(DMFT) framework documented this interpretation in a
precise manner. There Tyyr was found to be of the order
of the Brinkman-Rice scale ~pt (with p the doping level and ¢
the typical hopping or bare Fermi energy), while a much lower
scale is associated with 7. For a renormalization group
interpretation of that scale, see Held, Peters, and Toschi
(2013). It was shown that “resilient quasiparticles” exist in
the intermediate regime 7} < T < Tyg: the spectral function
displays a broadened but well-defined peak and transport can
still be described in terms of these excitations, which is
reminiscent of the notions introduced (Prange and Kadanoff,
1964) for electron-phonon scattering. It was also shown
(Deng et al., 2014) that the quasiparticle lifetime follows a
1/T? law up to a higher temperature than the transport
lifetime itself, and hence than the temperature at which the
resistivity deviates from 72.

Considerable insight in interpreting transport results can
be gained by simultaneously considering spectroscopy
experiments, most notably optical conductivity, and the
corresponding transfers of spectral weight upon changing
the temperature. In studies of the doped Hubbard model (Deng
et al., 2013), it was shown that these transfers are limited to
the low-energy region between the Drude peak and the
midinfrared range for 7} < T < Tg, while the MIR cross-
over is signaled by spectral weight transfers over a much
larger energy range, leading to a broad featureless optical
conductivity for T > Ty.

'Recent work has analyzed resistivity saturation, and a lack
thereof, in solvable models of electrons coupled to a large number
of phonon modes (Werman and Berg, 2016; Werman, Kivelson, and
Berg, 2017).
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At temperatures exceeding the finite bandwidth for lattice
fermions, it is natural to find bad-metallic transport with a
resistivity scaling linearly with temperature. We review here
the physical nature of this high-7 regime, which is now well
understood. One approach to this regime is to start with the
following Kubo formula for the optical conductivity:

1—6' Ze

where n and m label the eigenstates of the generic many-body
Hamiltonian with energies E, and E,,, respectively. The
matrix elements of the total current operator between
the two states are denoted as J,,, and Z = >, e7PEr is the
partition function. When 7 is the largest energy scale in the
problem, this expression reduces to

o(w,T)=

am|?0(E,—E,,—hw), (3.2)

o(w,T) = Z|J,,m|25E —E, —hw). (3.3)

n,m

kTZ

For generic lattice models, and more generally any system for
which the sum is finite in the thermodynamic limit, Eq. (3.3)
implies that 7-linear resistivity is expected in the high-T
regime; for generic nonintegrable models the matrix elements
J.m are expected to have a “random-matrix” form even in the
absence of any randomness (Mukerjee, Oganesyan, and Huse,
2006). This analysis was recently extended to study several
interacting models over a wider range of temperatures (Patel
and Changlani, 2022). The expression for the conductivity in
Eq. (3.2) looks deceptively simple but usually presents a
significant computational challenge when evaluated for the
entire many-body spectrum.

The origin of T-linear resistivity (and deviations thereof at
lower T) can also be approached from a systematic high-T
expansion of the optical conductivity (Lindner and Auerbach,
2010; Perepelitsky ef al., 2016). Computational investigations
of transport in two-dimensional Hubbard models in the high-T'
regime have appeared recently, using quantum Monte Carlo
simulations (Huang er al., 2019) and the finite-temperature
Lanczos method (Vucicevi¢ et al., 2019; VraniC et al., 2020).

Complementary and model-independent insights into this
high-T regime can be obtained by considering the Einstein-
Sutherland relation relating the dc conductivity o, the charge
diffusion coefficient D, and the charge compressibility y,.
(Gunnarsson, Calandra, and Han, 2003); see also Hartnoll
(2015) and Perepelitsky et al. (2016).

When thermoelectric effects can be neglected, this relation
reads

O-dC:)(L'DC7 )(c:?7 (34)
Iy
with n the average density and y the chemical potential. In the
high-temperature limit, where the gas of Fermi particles is
nondegenerate, the origin of 6.~ 1/T is tied simply to the
thermodynamic property y. ~ 1/T rather than the T depend-
ence of D, (or, equivalently, of the scattering rate). Hence, in
that regime bad-metallic transport does correspond to a
saturation phenomenon, although not of the resistivity itself
but rather of the diffusion constant or scattering rate. Indeed,
in a lattice model it is natural that the minimum possible value
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of the diffusion constant should be of the order of D, ~ a? /7,
with a the lattice spacing, and the microscopic timescale
7o ~ h/t, with t the bare hopping.

In the solid-state context, probing experimentally the
regime where 7 is comparable to the hopping amplitude is
challenging, except in flat-band materials, but is usually
complicated by the intervening role of phonons and other
remote dispersive bands. From that perspective, cold atomic
gases in optical lattices offer an ideal platform for studying
transport in “hot” or intermediate temperature regimes, as
documented by recent experimental investigations (Anderson
etal.,2019; Brown et al., 2019; Xu et al., 2019). Figures 2(a)
and 2(b) display the measured diffusion constant and com-
pressibility, and the “resistivity” calculated using the Einstein-
Sutherland  relation  for  two-component fermions
in an optical lattice realizing a two-dimensional Hubbard
model, measured as a function of temperature in the range
T/t = 0.3-8 (Brown et al., 2019). It is seen that the regime
dominated by thermodynamics y.~ 1/T, D.~ const is
indeed observed at the highest temperatures, crossing over
into a regime at lower 7 in which both the diffusion constant
and the compressibility exhibit 7-dependent crossovers.
Correspondingly, the resistivity as given by Eq. (3.4) becomes
smaller than the MIR value at the lowest temperature while
exhibiting a T-linear behavior without any noticeable feature
or change of slope across the crossover.

The high-T" mechanism for 7-linear bad-metallic transport
should be contrasted with the “Planckian regime” (Zaanen,
2004), discussed later in more detail, in which the diffusion
constant (or scattering time) is temperature dependent
(D, ~ a’h/kgT), while the compressibility is temperature
independent (Hartnoll, 2015). In most of the low-temperature
NFLs exhibiting 7-linear resistivity, it is widely believed that
it is the scattering rate that is temperature dependent and not
the compressibility. However, establishing this is in general
difficult in the solid-state setting. Recent experimental
progress has allowed for direct measurements of the electronic
compressibility in two-dimensional gate-tunable materials
(Zondiner et al., 2020), indeed demonstrating that the
Planckian regime of low-temperature transport in magic-angle
twisted bilayer graphene (Polshyn et al., 2019; Cao et al.,
2020; Jaoui et al., 2022) corresponds to D, ~ 1/T (Park et al.,
2021). It should be noted that Planckian behavior and bad-
metallic behavior are not mutually exclusive: indeed, we
discuss in Secs. VIL.D.1 and X models in which D, ~ 1/T,
while the resistivity is larger than the MIR value.

In the remainder of this review, we continue to refer to bad
metals as systems with a resistivity larger than the MIR value.
We reserve the term strange metal for systems or regimes
with a resistivity smaller than the MIR value but having an
unconventional power-law behavior at odds with expectations
in a Fermi liquid. This review devotes special attention to the
latter, only occasionally discussing bad metals when relevant.

B. Planckian relaxation: Unity in diversity?

Carrier numbers and effective masses may differ signifi-
cantly from one material to another, and thus it is often not a
meaningful exercise to compare the actual values of the
resistivity across different materials. Instead, comparing the
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FIG.2. Measurement of (a) the diffusion constant and (inset) compressibility for a gas of ultracold °Li atoms in an optical lattice, with a
two-dimensional Fermi-Hubbard model realized with U/r ~ 7.5 at a density n =~ 0.825. (b) Reconstructed resistivity using Einstein-
Sutherland relation. The gray horizontal dashed line represents the estimated MIR value. Theoretical calculations using DMFT (in
green) and the finite-7 Lanczos method (in blue) are shown; the band representation indicates the estimated error bars. Adapted from

Brown et al., 2019.

relaxation timescales associated with transport can shed light
on the universal mechanisms that govern NFL properties.
Obtaining a transport lifetime from measurements of a dc
resistivity is not a straightforward exercise.

We focus here on instances in which a resistivity depending
linearly on temperature p = py + AT is observed; see Fig. 3
for some examples and Hussey (2008), Proust and Taillefer
(2019), Varma (2020), and Hartnoll and MacKenzie (2021) for
reviews. A particular procedure that has been adopted to
extract a temperature-dependent transport scattering rate I'y.
in such materials (Bruin et al., 2013) relies on a Drude fit,”
where one expresses p = m*I'y./n.e*. Assuming that the
effective mass m* and carrier concentration n,. are temperature
independent, one writes

kyT
Tjo=a—,
de a h

e’n,
*

A.

(3.5)

h
kg m
In the experimental analysis, m* and n,. are typically extracted
from low-temperature measurements [i.e., n, = n.(T — 0)
and m* = m*(T — 0)], which does not always coincide with
the regime in which the clearest signature of an extended
T-linear resistivity is observed. The previous analysis
becomes especially difficult in multiorbital systems and the
effective masses are often extracted from quantum oscillations
or specific heat; it is far from clear why this is a relevant
quantity that should determine the momentum relaxation rate
even within Drude theory.

Nevertheless, it is noteworthy that for a number of metals
exhibiting a broad regime of T-linear resistivity including
the cuprates, pnictides, ruthenates, organics, and rare-earth
element materials, the previously mentioned “operational”
definition of a scattering rate leads to a~ 1 (Bruin er al.,
2013). A similar analysis in magic-angle twisted bilayer

*The dc transport need not have a Drude-like form in generic NFL
metals.
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graphene near half filling of the electron and holelike flat
bands (Cao er al., 2020; Jaoui et al., 2022), in twisted
transition-metal dichalcogenides (Ghiotto et al, 2021),
several cuprates over an extended range of doping levels
(Legros et al., 2019) and a nonsuperconducting iron pnictide
(Nakajima et al., 2020) have also found indications of a
Planckian scattering rate with a = 1. Recent measurements
of angle-dependent magnetoresistance (ADMR) near the
pseudogap critical point in Nd-LSCO also reveal a Fermi
surface with an isotropic Planckian scattering set at a~ 1
(Grissonnanche et al., 2021). Note that this conclusion holds
in the latter case provided that a T-independent effective mass
associated with intermediate energy scales (and consistent
with ARPES and ADMR) is used, rather than the thermody-
namic effective mass associated with specific heat, which
displays a logarithmic 7" dependence.

Note that a 7-linear resistivity with a Planckian scattering
rate [Eq. (3.5)] is observed in conventional metals like copper
and gold. This is not a surprise and, as noted earlier, the
behavior is associated with electron-phonon scattering where
the phonons are in a classical equipartition regime. There
have been discussions (Sadovskii, 2020, 2021) of a possible
rationale for @~ 1 in regimes where electron-phonon and
electron-electron interactions contribute to 7 linearity on a
similar footing. However, Planckian scattering that persists
down to extremely low temperatures (Giraldo-Gallo et al.,
2018; Cao et al., 2020; Jaoui et al., 2022) in NFLs that are not
low-density materials, and where the behavior persists across
multiple phonon frequencies without any crossovers, presents
a challenge to theory. A more in-depth discussion of Planckian
timescales across solid-state materials appeared in a recent
review (Hartnoll and MacKenzie, 2021).

We end this section by noting that there is not a universal
definition of a “transport scattering rate,” making it difficult to
formulate a precise theoretical Planckian bound. Even exper-
imentally, as previously seen, the procedure used most often to
extract a scattering rate relies on a number of approximations.
In that sense, the use of the Einstein-Sutherland relation to
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Examples of T-linear resistivity extending over a wide range of temperature scales in (a) hole-doped La,_,Sr,CuO,4 (LSCO)

near optimal doping and (b) magic-angle twisted bilayer graphene (MATBG) near v = —2 relative to the charge neutrality v = 0. In
LSCO, T, can be inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the
finite magnetoresistance [(a)-top inset]; the variation of the slope (A) on hole-doping is shown in the bottom inset of (a). In MATBG, the
linearity for a range of dopings near v ~ —2 [inset of (b)] persists down to ~40 mK. Both families of materials also display a Planckian
form of 'y, [Eq. (3.5)]. (a) Adapted from Giraldo-Gallo et al., 2018. (b) Adapted from Jaoui et al., 2022.

extract a diffusion constant, combined with the recent progress
in measuring the previously discussed electronic compress-
ibility, may be a safer route to follow whenever possible.

Optical spectroscopy measurements of the complex con-
ductivity are often parametrized in terms of a frequency
and temperature-dependent optical timescale and effective
mass enhancements as (Basov et al., 2011) 4zc(w)/ co%, =
[1/7op(®) — iwmy(w)/m)]~", which can be directly deter-
mined from experimental data as 1/7,, = w;/47Re([1/a],
myy/m = i, /4xlm[1/6] once a normalization of the spectral
weight @? /47 has been chosen.

In a subset of the previously highlighted NFL metals,
including optimally doped cuprates (van der Marel et al.,
2003), the low-frequency limit of 1/z,, was also shown to
have a Planckian form and w/T scaling was observed.

In later sections of this review, we will discuss a number
of recent studies that have demonstrated the existence of a
Planckian time-scale for transport in solvable models of
correlated electrons.

IV. RANDOM-MATRIX MODEL: FREE FERMIONS

In a study of charge transport in mesoscopic structures,
much experimental effort has focused on electrons moving
through “quantum dots” (Alhassid, 2000). We can idealize a
quantum dot as a “billiard,” a cavity with irregular walls. The
electrons scatter off the walls before eventually escaping
through the leads. If we treat the electron motion classically,
we can follow a chaotic trajectory of particles bouncing off the
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walls of the billiard. Much mathematical effort has been
devoted to the semiclassical quantization of such noninteract-
ing particles: the “quantum billiard” problem. The Bohigas-
Giannoni-Schmit conjecture (Bohigas, Giannoni, and Schmit,
1984) states that many statistical properties of this quantum
billiard can be described using a model in which the electrons
hop on a random matrix; there has been recent progress
toward establishing this conjecture (Miiller et al., 2009;
Anantharaman and Macia, 2011). We describe this random-
matrix problem in this section.

Many properties of the random-matrix model are similar to
a model of a disordered metal in which the electrons occupy
plane wave eigenstates that scatter off randomly placed
impurities with a short-range potential. However, unlike the
random impurity case, there is no regime in which the
eigenstates of a random matrix can be localized. As every
site is coupled to every other site, there is no sense of space or
distance along which the eigenstate can decay exponentially.
The absence of localization also extends to nonfully connected
lattices with infinite connectivity, such as a regular hybercubic
lattice in d dimensions in the d — oo limit. Indeed, it can be
shown that in this limit the local density of states self-averages
(see later discussion), which implies the absence of Anderson
localization (Dobrosavljevi¢ and Kotliar, 1997).

A. Green’s function

We consider electrons c¢; (assumed spinless for simplicity)
hopping between sites labeled i = 1, ..., N, with a hopping

matrix element ¢;;/ V/N:
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1 ul B
= (N)V/2 D tyeie;—uy cle, (4.12)
ij=1 i

cicj+cjc; =0, cic; + cjc,» =0

% <Zc,‘cl> = 0.

The 1;; are chosen to be independent random complex
numbers with ;; = 7, 7;; = 0, and |t;;|* = 1*. The 1/vV/N
scaling of the hopping was chosen so that the bandwidth of the
single-electron eigenstates will be of the order of unity in the
N — oo limit, and therefore (as there are N eigenstates)
the spacing between the successive eigenvalues will be of
the order of 1/N. We also included a chemical potential so
that the average density of electrons on each site would be Q.
The subscript 2 in the Hamiltonian H, denotes that it includes
only two electron operators.

For a given set of 7;;, one can numerically diagonalize the
N x N matrix t;; to solve this problem. We denote by {|4). ¢}
the spectrum of eigenstates of the matrix #;; for a given
realization.

However, in the limit of large N it turns out that certain
quantities are self-averaging. This means that, for a given
sample 7;;, their value converges with probability 1 in the
N — oo limit to their averaged value over all samples. We are
interested only in such observables here.

We define the single-particle Green’s function as usual as

Gij7) = ~(T.ci(2)c}(0)),

with 7 the imaginary time and G;;(z + f) = —G;(7). For a
given sample, we can expand this function in terms of the
one-particle eigenstates as

Gye) =3y S4) e G

(4.1b)

ijs

(4.1c)

(4.2)

(4.3)

where z denotes a complex frequency such as the Matsubara
frequencies w, = (2n + 1)x/p.

In the limit of large N for a given site i, the local Green’s
function self-averages as follows:

Gii(r) = G(7). (4.4)

with G = (1/N)>_,;G;;, which is also identical to the average
over all samples G;;. In contrast, G4; is of the order of 1/ VN
for a given pair of sites i and j and depends on the specific
sample.

The simplest way to establish this result consists of
evaluating averages of G;; order by order in a perturbation
theory in #;;. At zeroth order, the Green’s function is simply

5
&(iw,) = —L—. 4.5

i) = 7 (45)
The Feynman graph expansion consists of a single-particle

line, with an infinite set of possible products of G?j and ¢;;.

Rev. Mod. Phys., Vol. 94, No. 3, July—September 2022

i J i

FIG. 4. Graph of the electron self-energy A(z) in Eq. (4.6D).
Solid lines denote fully dressed electron Green’s functions.
The dashed line represents the disorder averaging associated
with |7;;[%.

We then average each graph over the distribution of #;;. In the
N — oo limit, only a simple set of graphs survive (Fig. 4), and
the average Green’s function is a solution of the following set
of equations:

Gliw,) = lwn—l—ul—A(ia)n)’ (4.6a)
A(r) = 2G(q), (4.6b)
G(z=0")=Q (4.6¢)

The solution of Eq. (4.6b) reduces to solving a quadratic
equation for G(z), and we thus obtain the following for a
complex frequency z:

G(z) %(eryj: \/(z+u)2—4t2). (4.7)

The sign in front of the square root (sgn[Im(z + u)]) is chosen
such that G(z) has the following correct analytic properties.
* G(|lz]| > o0)=1/z.
* ImG(w + i07) < 0 for real w.
* ImG(w + i0~) > 0 for real w.
All of these constraints can be obtained from the spectral
representation of the Green’s function. We can also define the
density of single-particle states as

1 1 S
p(w) = ——Im G(Cl) — U + lo+) = ﬁ 4[2 - 0)2 (48)
T T

for w € [-21,2¢], and as p(w) =0 otherwise. This is the
Wigner semicircle density of states for the random matrix
(Mehta, 2004).

The chemical potential is fixed by requiring that Eq. (4.6¢)
is satisfied and can be written as

[ doplrtio-m - o

2t

(4.9)

where f(e) = 1/(e®/T + 1) is the Fermi function. Performing
a Sommerfeld expansion of the left-hand side for 7 <« 1,
we obtain

(4.10)
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where p'(w) = dp/dw. To satisfy this equation for all 7 in the
low-T regime, u or, alternatively, Q must depend on T
(depending upon the particular ensemble). In particular, if
we keep Q fixed and vary 7, then

P (uo) m*T*
p(Ho) 6

u(T) = po - (4.11)

where py = u(T = 0).

An alternative way to prove the self-averaging properties is
to use the “cavity” construction, which is also a useful method
to establish the local effective action associated with interact-
ing models considered later in this review. In a nutshell [see
Georges et al. (1996) for details], this consists of integrating
over all sites i = 2, ..., N except site i = 1 and noting that the
term >, ¢} (;1¢,) can be viewed as a source term coupling

to Cj Performing the integration over sites is a Gaussian
problem in this noninteracting case and leads to the following
effective action for site 1:

[ s [azci@pe-)0-n+ 2= @), @12)

with

1 1
M) =H ) G @)ty Y G (413)
i#1 i#j.i,j>1

In Eq. (4.13), Gg-] (z) denotes the Green’s function of the
lattice with one fewer site (site 1 removed, N — 1 sites) and
also removing all connections to that site. We see that the sum
over i in the first term amounts to a statistical average as

N — oo, and we note that G!'(z) does not depend on ;.
Hence, the two terms under the sum can be averaged
independently, yielding >G. Similar reasoning shows that
the second term vanishes since the average of the f;;’s is
zero. This proves the self-averaging of the local Green’s
function Gy;. Inverting the quadratic kernel leads us to
Eq. (4.6b), G™!(z) = z +pu — *G(z). This also proves that
the local one-particle density of states for a given sample
(1/N) >, |(i]2)|*8(e — €;) converges with probability 1 to the
Wigner semicircular law in the thermodynamic limit N — co.
For a given single-particle energy ¢ within this distribution,
one can consider the following energy-resolved Green’s
function:

1

Gleton) = e

(4.14)

which allows one to locate the position € = u of the Fermi
energy of this random but self-averaging model and the
corresponding energy distribution of particles O(u —¢)
at 7 =0.

B. Many-body density of states

A quantity that plays an important role in our subsequent
discussion of the SYK model is the many-body density of
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states NV'(E). Unlike the single-particle density of states p(w),
this is not an intensive quantity. However, it is typically
exponentially large in N because there is an exponentially
large number of ways of making states within a small window
of an energy E ~ N. In the grand canonical ensemble, we can
relate the grand potential Q(7T) to N (E) via the following
expression for the grand partition function:

Z =exp <—$> = /_oo dEN(E)e E/T,

o

(4.15)

Note that we have absorbed a contribution —uNQ into the
definition of the grand energy E, as is frequently done in
Fermi-liquid theory. Thus, we can obtain A'(E) by an inverse
Laplace transform of Q(T).

We first evaluate Q(7'). Using the standard Sommerfeld
expansion for free fermions, we have

2%
Q(T) = —NT/2 dw p(w)In (1 + e~(@=0/T)
-2t

N#*T?

[ doto = uptw) =~ plo)
=5 -2 ) (4.16)

We now have to insert Eq. (4.16) into Eq. (4.15) and determine
N (E). Rather than perform the inverse Laplace transform, we
guess the form of N(E). First, it is not difficult to see that
N(E < Ey) = 0. Second, we expect N'(E) to be exponen-
tially large in N when E — E, ~ N. Therefore, we make the
guess

N(E) ~exp {aN|[(E — E,)/N1*}, E>E, (4.17)
for the constants @ and b. We then insert Eq. (4.17) into
Eq. (4.15) and perform the integral over E using the steepest
descent method in the large-N limit. Matching the result to the
left-hand side of Eq. (4.15), we obtain the following main
result of this section:

N(E) ~ exp[S(E)].

S(E) _ {ﬂ\/zNP(ﬂ)(E_ EO)/3? E > E,
0, E<E,

(4.18)

where S(E) is the entropy as a function of the energy.
Consideration of the derivation shows that this result is
valid for

l<p(u)(E—Ey) <N (4.19)
in the limit of large N. Note that the entropy vanishes as
E N\ E, in Eq. (4.18). We show numerical results for A/(E)
for a closely related random Majorana fermion model in
Fig. 5. When E — E ~ N, the entropy S(E) is extensive, the
energy level spacing is exponentially small (~e~®, with
a > 0), and N(E) ~ eV is exponentially large. However,
when E — Ey ~ 1/N, we expect the energy levels to be few
particle excitations with energies ~1/Np(u), and therefore
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Energy, in units of ¢
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FIG.5. Display of 65 536 many-body eigenvalues of an N = 32
Majorana matrix model with random g = 2 fermion terms. N/ (E)
is plotted in (a) and (b) in 200 and 100 bins, while (b) and (c) are
enlargements of the bottom of the band. Individual energy levels
are shown in (c) and are expected to have the spacing 1/Np(u) at
the bottom of the band as N — .

N (E) ~ N. This rapid decrease of N'(E) near the bottom of
the band is evident in Fig. 5(a) from the “tails” in the density
of states. A more complete analysis of the finite-N corrections
is needed to understand the behavior of the NV (E) at low
energy, along the lines of recent analyses (Liao, Vikram, and
Galitski, 2020; Liao and Galitski, 2021).

We also show in Fig. 6 the corresponding results for the
Majorana SYK model. These results are discussed further in
Sec. V.E.2, but for now note the absence of the tails in N'(E) in
Fig. 6(a) relative to Fig. 5(a).

Energy, in units of U

1.5
(b) ©
1.0

0.5

-0.5

1.4
-1.0

350

Ey

Number Number

FIG. 6. Display of 65 536 many-body eigenvalues of an N = 32
Majorana SYK Hamiltonian with random ¢ = 4 fermion terms.
N (E) is plotted in (a) and (b) in 200 and 100 bins, while (b) and
(c) are enlargements of the bottom of the band. Individual energy
levels are shown in (c) and are expected to have the spacing e~V
at the bottom of the band as N — oo. Compare this to Fig. 5 for
the random-matrix model, which has a much sparser spacing
~1/N at the bottom of the band.
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There is an interpretation of Eq. (4.18) that gives us some
insight into the structure of the random-matrix eigenenergies
and also highlights a key characteristic of many-body systems
with quasiparticle excitations. It is known that the eigenvalues
of a random matrix undergo level repulsion and that their
spacings obey Wigner-Dyson statistics (Mehta, 2004). For a
zeroth-order picture, we assume that the random-matrix
eigenvalues are rigidly equally spaced, with energy level
spacing (near the chemical potential) of 1/Np(u). Now we ask
for the number of ways to create a many-body excitation with
energy E — E,. With the simplifying assumption that we made
on the one-particle spectrum, each many-body eigenstate can
be described using a unique set of particle-hole excitations,
each of which has an excitation energy that is an integer n;
times the level spacing 1/Np(u). This mapping is the essence
of bosonization in one dimension; see Sachdev (1999) and
Giamarchi (2003). Hence, the excitation energy reads

Np(y)(E—EO)=n1+n2+n3+n4+ . (420)
where n; are the excitation numbers of the particle-hole
excitations. Thus, we estimate the number of such excitations
to be equal to the number of partitions of the integer
Np(u)(E — Ey). Now we use the Hardy-Ramanujan result

that the number of partitions of an integer n is p(n)~

exp(zy/2n/3) at large n. This immediately yields
Eq. (4.18). Note that the special case with exactly equally
spaced quasiparticle levels (which is the case for the linearly
dispersing free Fermi gas in one dimension) has many-body
levels with a spacing ~1/N but an exponentially large
degeneracy; in contrast, the generic random-matrix case has
no degeneracy but an exponentially small many-body level
spacing.

This argument highlights a key feature of the many-body
spectrum: it is just the sum of single-particle excitation
energies. We expect that if we add four-fermion interactions
to the random-matrix model, we will obtain quasiparticle
excitations in a Fermi-liquid state whose energies add to give
many-particle excitations. This can be checked for weak
interactions using a perturbative calculation in SYK models
with random hopping (Parcollet and Georges, 1999; Song,
Jian, and Balents, 2017), and also holds nonperturbatively, as
shown by dynamical mean-field theory (Georges et al., 1996),
which is exact for the random-matrix Hubbard model with a
local interaction. Therefore, we expect the general form of
Eq. (4.18) to continue to hold even with interactions.
However, we see at the end of Sec. V.F.2 that such a
decomposition into quasiparticle excitations does not hold
for the SYK model.

We can also estimate the lifetime of the quasiparticles at
weak coupling using a perturbative computation based on
Fermi’s golden rule: we obtain 1/7 ~ U?T?/# at low T, with
U the strength of the local interaction. As this is parametrically
smaller than a thermal excitation energy ~7, quasiparticles
remain well-defined excitations. The existence of such qua-
siparticles can be diagnosed from the poles of the energy-
resolved Green’s function to be presented in Eq. (7.8),
supplemented by the self-energy as defined in Sec. VILA
to account for interactions, while the energy integrated local
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Green’s function equation (4.7) yields the disorder-averaged
total density of states.

V. THE SYK MODEL

As in the random-matrix model, we consider electrons
(assumed to be spinless for simplicity) that occupy sites
labeled i = 1,2, ..., N. However, instead of a random one-
particle hopping ¢;;, we now have only the following random
two-particle interaction Ujj.:

1 N .
H, = ZYver] Z Uijeci C;Ckcf —,ch:.rci, (5.1a)
(2N) ijke=1 ;
cicj+cje; =0, CiC; + cjci =5, (5.1b)
1
013 (e 519

We choose the couplings Ujj., to be independent random
variables with zero mean U, = 0, while satistying U, =
—Ujixe = =Uijer = Ujy,;- All the random variables have the

same variance |U; /> = U

A model similar to H4 appeared in nuclear physics, where it
was called the two-body random ensemble (Bohigas and
Flores, 1971; Brody et al., 1981) and studied numerically. The
existence and structure of the large-N limit was understood
(Sachdev and Ye, 1993; Parcollet and Georges, 1999;
Georges, Parcollet, and Sachdev, 2000, 2001) in the context
of a closely related model that we examine in Sec. VI. More
recently a Majorana version was introduced (Kitaev, 2015),
and the large-N limit of H, was obtained (Sachdev, 2015).

The useful self-averaging properties of the random-matrix
model as N — oo also apply to the SYK model [Eq. (5.1a)].
Indeed, the self-averaging properties are much stronger, as the
average takes place over the many-body Hilbert space of size
e“N rather than the single-particle Hilbert space of size N.
Proceeding just as in the random-matrix model, we perform a
Feynman graph expansion in U, and then average graph by
graph. In the large-N limit, only the so-called melon graphs
survive (Fig. 7), and the determination of the on-site Green’s
function reduces to the solution of the following equations:

FIG.7. The “melon graph” for the electron self-energy X(z) in
Eq. (5.2b). Solid lines denote fully dressed electron Green’s
functions. The dashed line represents the disorder averaging
associated with the interaction vertices (denoted as solid
circles) |U;jze|*
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Gliw,) = m (5.2a)
S(1) = ~U2G*(1)G(~1). (5.2b)
Gz =0") = Q. (5.2¢)

Unlike the random-matrix equations, Egs. (5.2a)—(5.2¢) can-
not be solved analytically as a result of their nonlinearity, and
a full solution can be obtained only numerically. However, it is
possible to make significant analytic progress at frequencies
and temperatures much smaller than U, as we describe in
Secs. V.A-V.E.

Before embarking on a general low-energy solution of
Egs. (5.2a)—(5.2¢), we note a noteworthy feature that can be
deduced on general grounds (Sachdev and Ye, 1993): any
nontrivial solution (i.e., with Q # 0,1) must be gapless.
Suppose otherwise and assume that there is a gapped solution
with Im G(w) = 0 for |w| < Eg. By examining the spectral
decomposition of the equation for the self-energy in
Eq. (5.2b), we can then establish that ImX(w) =0 for
|@| < 3E¢. Inserting this back into Dyson’s equation (5.2a),
we obtain the contradictory result that ImG(w) =0 for
|@| < 3Eg. Therefore, the only possible value is Eg = 0.

A. Low-energy solution at 7'=0

Knowing that the solution must be gapless, we assume that
we have a power-law singularity at zero frequency. Thus, we
assume (Sachdev and Ye, 1993)

e—i(ﬂA+€)

_—,
Zl 2A

G(z)=C Im(z) >0, [|z/<U. (53)

We have a prefactor C > 0, a power-law singularity deter-
mined by the exponent A > 0, and a spectral asymmetry angle
0 that yields distinct density of states for particle and hole
excitations. We now have to insert the Ansarz (5.3) into
Egs. (5.2a) and (5.2b) and find the values of C, A, and 6 for
which there is a self-consistent solution. The solution also has
to satisfy the constraint arising from the spectral representa-
tion Im G(w + i0") < 0; for Eq. (5.3) this translates to
—nA < 0 < 7A. (5.4)

We now want to obtain the Green’s function as a function
of imaginary time 7. For this purpose, we write the spectral

representation using the density of states p(Q)=
—(1/7)Im G(w + i0") > 0 so that
Ny (%)
G(z) = dQ———=-. 5.5
@= [ alt) (5:5)
We can take a Fourier transform and obtain
— [*dQp(Q)e ™ for >0,
G(z) = Js p(L2) (5.6)
Jo2dQp(—Q)e  for T < 0.

Using Eq. (5.6) we obtain in 7 space
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() = —[Cr(2A) sin(zA + 0)]/z|z|**  for z>1/U,
770 [€r2A) sin(zA — 0)]/xlcA for T < ~1/U,
(5.7)

corresponding to the following low-frequency behavior of the
spectral function:

for0 < Q< U,
for — U<k Q<0.
(5.8)

[ sin(zA + 0)(C/z|Q|'~?4)
PI) = { sin(xA — 0)(C/x|Q|I-24)

Equation (5.8) makes it clear that € determines the particle-
hole asymmetry associated with the fermion propagation
forward and backward in time (positive and negative frequen-
cies). For our later purposes, it is also useful to parametrize the
asymmetry in terms of a real number —co < £ < o0 so that

) { —e™ /7?2 for 7> 1)U, (5.9)
T)~ .
e /|t forr < —-1/U,
and we then have
2 _ sin(zA + 0) (5.10)

 sin(zA - 6)’

and £ =60 =0 is the particle-hole symmetric case. This
spectral asymmetry plays a key role in the physics of the
complex SYK model, as well as in the large-M solution of
multichannel Kondo models (Parcollet ef al., 1998), where the
notation a = 2z€ was used.

We also use the following spectral representation for the
self-energy:

(2) :/_m 102 (5.11)

o0 Z_Q

Using Egs. (5.2b) and (5.7) to obtain X(z) and performing the
inverse Laplace transform as with G(r), we obtain

Y(A)[sin(zA + 6)]?[sin(zA — 0)]|Q6A~!
for Q > 0,

Y(A)[sin(zA + 6)][sin(zA — 0)]?|Q6A~!
for Q < 0,

o(Q) = (5.12)

where Y(A) = [U?/T(6A)][CT’(2A)/z]*. Finally, we insert
the 2(iw,) obtained from Egs. (5.11) and (5.12) back into
Eq. (5.2a). To understand the structure of the solution, we first
assume that 0 < 6A — 1 < 1; we soon find that this is indeed
the case and that no other solution is possible. As |w,| — 0,
the frequency dependence in X(iw,) is much larger than that
from the iw, term in Eq. (5.2a). In addition, we have
1 —2A > 0, so G(z) in Eq. (5.3) diverges as |z| — 0. Thus,
we find that a solution of Eq. (5.2a) is possible only under the
following two conditions:
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p—2(0) =0,

1-2A=6A-1=A=1 (5.13)
Matching the divergence in the coefficient of G(z) as z — 0,
we also obtain the following value of C:

o x 1/4
- \U?cos(20))

The value of the asymmetry angle 6 remains undetermined
by the solutions of Egs. (5.2a) and (5.2b). As we see in
Sec. V.B, the value of @ is fixed by a generalized Luttinger’s
theorem, which relates it to the value of the fermion density Q
(Georges, Parcollet, and Sachdev, 2001). But without further
computation we can conclude that at the particle-hole sym-
metric point, with @ = 1/2, we have £ =6 = 0.

The main result of this section is therefore summarized in
Eq. (5.9). The fermion has “dimension” A = 1/4, and its
two-point correlator decays as 1/4/7; there is a particle-
hole asymmetry determined by £ (which is unknown at this
stage but determined in Sec. V.B). Contrast this with the
corresponding features of the random-matrix model with a
Fermi-liquid ground state: the two-point fermion correlator
decays as 1/r, and the leading decay is particle hole
symmetric.

(5.14)

B. Luttinger’s theorem

In Fermi-liquid theory, Luttinger’s theorem relates an equal
time property (the total electron density) to a low-energy
property, the Fermi wave vector that is the location of the zero
energy excitations. There turns out to be a similar low- to
high-energy mapping that can be made in a “generalized”
Luttinger theorem for the SYK model, relating the angle 6
characterizing the particle-hole asymmetry at long times in
Eq. (5.3) to the fermion density Q (Georges, Parcollet, and
Sachdev, 2001). As in the conventional Luttinger analysis, we
start by manipulating the expression for Q into two terms

o .
Q— 1 :/ 2—(0(;(l.0))€_lwoJr = Il +12,

00 &I

(5.15)

In Fermi-liquid theory, 7, vanishes because of the existence of
the Luttinger-Ward functional (Luttinger and Ward, 1960;
Abrikosov, Gorkov, and Dzyaloshinskii, 1963), while I; is
easily evaluated because it is a total derivative, and this yields
the Luttinger theorem. The situation is more complicated for
the SYK model because of the singular nature of G(w) as
|| — 0. Indeed, both I; and I, are logarithmically divergent
at small ||, although their sum is well defined. Nevertheless,
the separation of Q into /; and I, is useful because it allows us
to use the special properties of the Luttinger-Ward functional
to account for the unknown high-frequency behavior of
the Green’s function. We define /;, using a regularization
procedure, and it is important that the same regularization be
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used for both /; and I,. We employ the symmetric principal
value, with

/wdwélim{/_”dw—i—/wdw]. (5.16)
—o -0 J_ n

We now evaluate I; using the usual procedure: we distort
the contour of integration to the real-frequency axis and have
to evaluate

i o dw d G(w + in)
1 @ @ \Zer i
20 Jo 27 dew H{G(w—in)]

— — Limfarg G(oo + i) — arg G(in)].

5.17
,Jim (5.17)

In a Fermi liquid, this is the only contribution to /; that
evaluates to unity outside the Fermi surface and vanishes
inside the Fermi surface. In this case, however, the imaginary
frequency integral (5.16) differs from the real-frequency
integral (5.17) because of the singularity at @ = 0, for which
a small contour encircling the origin must be introduced,
finally leading via Eq. (5.3) to

I =—=—=.
T

5 (5.18)

Note that this yields a contribution 1/2 —0/z to Q, which
obeys Q@ — 1 — Q under 6 — —0 as dictated by particle-hole
symmetry but does not have the expected limits Q — 0, 1 as
6 — +x/4. This is already a hint that 7, must yield a nonzero
contribution.

In the evaluation of 7, we must substitute Eq. (5.2b) for X
into I, because then we ensure cancellations at high frequen-
cies arising from the existence of the Luttinger-Ward func-
tional as follows:

O[] = —%Z/dfez(f)cﬂ(—f). (5.19)

Using X = 6®;w/6G and ignoring the singularity at
w =0, we obtain, as in Fermi-liquid theory, I, =
—i [ dw(d/dw)®yy = 0. Thus, the entire contribution to
1, arises from the regularization of singularity near @ = 0. We
can therefore evaluate I, using Eq. (5.2b) for Z, the regulari-
zation in Eq. (5.16), and the low-frequency spectral density in
Eq. (5.12). We ignore the high-frequency contribution to I,.
The explicit evaluation of the integral is somewhat involved
(Georges, Parcollet, and Sachdev, 2001; Gu et al., 2020). The
result can be guessed, however, from a heuristic argument
(Georges, Parcollet, and Sachdev, 2001), which can also be
generalized to the SYK model with g-fermion interactions
(Davison et al., 2017). The low-energy contribution to I,
involves a product of G and X and must be a homogeneous
polynomial of degree 4 in the two coefficients that enter the
low-energy behavior of G [Eq. (5.8)]. Using particle-hole
symmetry and imposing the absence of singularity as 0 —
+m/4, one sees that only the combination C*[sin®(z/4+0)x
sin(z/4—0) —sin®(x/4—0)sin(z/4+0)] xsin 26 is allowed.
The proportionality coefficient is fixed by imposing the
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condition that @ = +1 for & = —z/4 in Eq. (5.15). Indeed,

the explicit evaluation yields

sin(20)
YR

12 = - (520)
Combining Egs. (5.15), (5.18), and (5.20), we obtain our

generalized Luttinger theorem (Georges, Parcollet, and
Sachdev, 2001; Davison et al., 2017; Gu et al., 2020),

1 60 sin(20)

=5 (5.21)

Equation (5.21) evaluates to the limiting values Q = 1,0
for the limiting values of § = —z/4,7/4 in Eq. (5.4) and
decreases monotonically in between. Q is also a monotoni-
cally decreasing function between the limits of —c0 < £ < o0
via Eq. (5.10).

All our results thus far have been obtained by an analytic
analysis of the low-energy behavior. A numerical analysis
is needed to ensure that such low-energy solutions have
high-energy continuations that also obey Egs. (5.2a)
and (5.2b). Such analyses show that complete solutions
exist only for a range of values around Q =1/2
(Azeyanagi, Ferrari, and Massolo, 2018); for values of
Q close to 0,1, there is phase separation into the trivial
Q =0, 1 state and densities closer to half filling. However,
this conclusion is only for the specific microscopic
Hamiltonian in Eq. (5.1): other Hamiltonians, with addi-
tional g-fermion terms (see Appendix E) with ¢ > 4, could
have solutions with the same low-energy behavior as
previously described for a wider range of Q because these
higher g terms are irrelevant at low energy.

C. Nonzero temperatures

It turns out to be possible to extend the solutions for the
T = 0 Green’s functions obtained thus far to nonzero 7' < U
by employing a subtle argument involving conformal invari-
ance. However, we first take a simple approach to look for a
solution directly from Eqgs. (5.2a) and (5.2b) and show that we
can guess a solution.

We initially limit consideration to the particle-hole sym-
metric case with @ = 1/2 and § = 0. We use the similarity
to multichannel Kondo problems (Parcollet er al., 1998)
to generalize the 7 dependence of the Green’s function in
Eq. (5.7) to (Parcollet and Georges, 1999)

1/2

T
” . T,

G(7) = Bsgn(r) Sn(aT?)

7'« U,

(5.22)

where B is a T-independent constant. Making contact with the
notations of Sec. V.A, we have —B = CT'(1/2) sin(z/4)/x =
C/\/2x, with C* = 7/ U? for this case with & = 0. Note that
Eq. (5.22) reduces to Eq. (5.7) for 1/U < |z| < 1/T. The
self-energy is then

T 3/2
T , T,|7]7' < U.

Z(T) = UzBSSgIl(T> W
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Taking Fourier transforms, we have the following as a
function of the Matsubara frequency w,:

T-'°I(1/4 + ,/2xT)
r(3/4+w,/2zT)

Gliw,) = [iB] (5.23a)

T'’1'(3/4 + w,/2xT)
(1/4+w,/2zT)

Zging (iw,) = [i4nU*B’] (5.23b)

where we have subtracted X(w = 0.7 = 0) in Zg,(iw,).
Now the singular part of Dyson’s equation is

G(iw,) Zgng (iw,) = —1. (5.24)
The I' functions in Egs. (5.23a) and (5.23b) appear with just
the right arguments so that they can obey Eq. (5.24) for all w,,,
and the amplitude indeed obeys 47U’B* = 1.

A deeper understanding of the origin of Eq. (5.22) and its
generalization to the particle-hole asymmetric case can be
obtained by analyzing the low-energy limit of the original
saddle-point equations (5.2a) and (5.2b). These equations are
characterized by a large set of emergent symmetries, which we
describe in Appendix A. The final result for the Green’s
function in imaginary time away from the particle-hole
symmetric point is

e—anT‘t T 1/2
G(r) =-C ( - ) (5.25)
/1 + ¢—4x€ \sin(zT7)

for 0 <7 < 1/T. Equation (5.25) can be extended to all
real 7 using the Kubo-Martin-Schwinger (KMS) condition
[Eq. (AS5)]. Performing a Fourier transform and analytically
continuing to real frequencies leads one as follows to the
Green’s function (Parcollet and Georges, 1999; Sachdev,
2015):

—iCe™® T(1/4 + i€ — iw/2xT)

G(w+i0") = (22T)\2T(3/4 + i€ — iw/2aT)

(5.26)

We show a plot of the imaginary part of the Green’s function
in Fig. 8.

For later comparison with other models, we note that these
results imply that the singular part of the electron self-energy
in Eq. (5.23b) obeys the scaling form

ho
o, T)=UT 20— ),

B

(5.27)

where @ is a universal scaling function with a known
dependence on the particle-hole asymmetry parameter E.

The universal dependence of the self-energy on the
Planckian ratio (hw/kgT) implies the absence of electronic
quasiparticles (Sachdev, 1999): the characteristic lifetime of
the excitations ~%/kgT is of the same order as their energy
~hw, so quasiparticles are not well defined. This behavior is
different from the random-matrix model studied in Sec. IV.B,
where the self-energy was negligible at low 7.

A Planckian lifetime has also been obtained by nonequili-
brium studies of SYK models, which display a recovery of
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FIG. 8. Electron spectral density in the SYK model, obtained
from imaginary part of Eq. (5.26).

thermal Green’s functions in a time that is independent of U
and proportional to the inverse final temperature (Eberlein
et al., 2017; Kourkoulou and Maldacena, 2017; Almheiri,
Milekhin, and Swingle, 2019; Bhattacharya, Jatkar, and
Sorokhaibam, 2019; Dhar et al., 2019; Zhang, 2019;
Rossini et al., 2020; Lensky and Qi, 2021; Samui and
Sorokhaibam, 2021). For closely related and complementary
insights, see Sonner and Vielma (2017), Haque and McClarty
(2019), Haldar et al. (2020), Kuhlenkamp and Knap (2020),
Bandyopadhyay et al. (2021), Cheipesh et al. (2021), and
Larzul and Schiré (2021).

D. Computation of the 7' — 0 entropy

We have now presented detailed information on the nature
of the Green’s function of the SYK model at low 7. We
proceed to use this information to compute some key features
of the low-T' thermodynamics.

We first establish some properties of the behavior of the
chemical potential, 4 as T — 0 at a fixed Q. Recall that for
the random-matrix model, and more generally for any Fermi
liquid, there was a ~T? correction to the chemical potential
that depended upon the derivative of the density of single-
particle states. For the SYK model, the leading correction is
much stronger: the correction ~7', which is universally related
to parameters in the Green’s function (Georges, Parcollet, and
Sachdev, 2001).

A simple way to determine the linear-7" dependence of y is
to examine the particle-hole asymmetry of the Green’s
function at 7 > 0. From Egs. (5.9) and (5.25) we determine
that this is given by the ratio

lim 7G(T) = ¥,
T-0G(1/T — 1)

(5.28)
where the limit is taken at a fixed 7> 1/U. We now use a
crude picture of the low-energy physics and imagine that all
the low-energy degrees of freedom are essentially at zero
energy compared to U. Thus, we compare Eq. (5.28) to the
following corresponding ratio for a zero energy fermion
whose chemical potential has been shifted by ou:
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Gy(7)

_ ) (1/T-20) 529
Go(1/T—7) ¢ (5.29)

From this comparison, we conclude that there is a linear-in-7'
dependence of the chemical potential that keeps the particle-
hole asymmetry fixed as 7" — 0:

u—py = ou = —2xET + terms vanishing as 77 with p > 1,
(5.30)

with y, a nonuniversal constant. Note that the density of
the zero energy fermion = 1/(e=/T + 1) remains fixed as
T — 0, so Eq. (5.30) applies at fixed Q.

A more formal analysis (Parcollet er al., 1998; Georges,
Parcollet, and Sachdev, 2001; Sachdev, 2015) leading to the
same result for the 7" dependence of y relates the long-time
conformal Green’s function (valid for z > 1/U) to its short-
time behavior. In particular, at |w,| > U we have

|
Glioy) = —- P,

(5.31)

which implies the following for the spectral density of the
Green'’s function p(Q):

u= —/_°° dQQp(Q), (5.32)

0

which makes it evident that y depends only upon the particle-
hole asymmetric part of the spectral density. Next, using
the spectral relations, we can relate the Q integrals to the
derivative of the imaginary-time correlator
u=-0,Gr=0")-0,G(r=(1/T)"). (5.33)

We pull out an explicitly particle-hole asymmetric part of G(z)
by defining

1
G(1) = e TG (1), 0<t< T (5.34)

where G, is given by a particle-hole symmetric conformal
form at low T and low @. We then obtain

where the 1/N term is needed because we define S to be the
total extensive entropy, so we must use the total number N Q in
the Maxwell relation. Applying this to Eq. (5.30), we obtain

1 /oS
In Sec. V.B, we obtained an “extended” Luttinger relationship
between the density Q and the particle-hole asymmetry
parameter £ Assuming that S =0 at Q =0, we can now
integrate Eq. (5.36) to obtain for the entropy S as (Georges,
Parcollet, and Sachdev, 2001)

Q . -
S(T—0)=NS, S= zﬂ/o d0E(D).  (5.37)

Equation (5.37) can be rewritten using Egs. (5.10) and (5.21)
in the following parametric form:

(e sin(z/4 +60) 0Q
S(@)_/_ﬂ/4d9 a0 a6 (5.38)
I ©® sin20
QO)=5-—~— (5.39)

Figure 9 displays the entropy density versus Q obtained
from Eq. (5.39).

The noteworthy feature of this result is that the entropy S
is extensive, i.e., proportional to N, as T — 0. Specifically,
we have

S
lim lim — .
TI—IR)NEEON;EO

(5.40)

The order of limits is crucial here; the order of limits defines
the zero-temperature entropy density, in which the thermo-
dynamic limit is taken before the zero-temperature limit. If we
had taken the other order of limits, we would have obtained
the ground state entropy density, which does indeed vanish.

E. Corrections to scaling

All of our low-energy results for the SYK model thus far
have been obtained in a scaling limit in which the i@, term in
the Green’s function in Eq. (5.2a) was neglected, as discussed

0.5
u=2nET{G(r =0")+ Gz = (1/T)"]}
0.4 1
+ terms dependent on G,
= —27ET + terms dependent on G,.. o 031
CQ 02 -
It can be shown that all the terms dependent upon G, have a T’
dependence that is weaker than linear in 7' provided that Q is 0.1
held fixed. Hence, we obtain Eq. (5.30). '
Now we can deduce the T dependence of the entropy using 0.0 . . . .
the Maxwell relation 0.0 0.2 0.4 0 0.6 0.8 1.0
ou 1 /oS .
— ) =—(—= , (5.35) FIG.9. T = 0entropy density S vs Q. From Georges, Parcollet,
iT/jg  N\9Q/7 and Sachdev, 2001.
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prior to Eq. (5.13). This section considers the structure of the
corrections that arise when this iw, term is included. We
emphasize that all of the computations here are in the N = oo
limit, and we are computing corrections to the low-energy
approximation to the saddle-point equations. A significant
result of our computations will be T-dependent corrections to
the entropy in Eq. (5.37); these will continue to be propor-
tional to N. We consider finite-N corrections to such saddle-
point results in Sec. V.F.

To understand the structure of the possible corrections, we
postulate that the low-energy corrections can be computed
from an effective action of the following form:

1=1, —I—ZghA dr 0,(z),

where O), are a set of scaling operators with scaling dimension
h. One of our tasks in this section is to determine the possible
values of &, and we accomplish this shortly. The term 7, is
the leading critical theory that leads to the results described
thus far, in particular, to the Green’s function in Egs. (5.3)
and (5.26) and the entropy in Eq. (5.37). We normalize the
perturbing operators using the two-point correlator

(5.41)

1

(04(2)04(0)) = FE (5.42)

The coefficient g, is then fully specified. In general, g, are a
set of nonuniversal numbers of the order of U'™" whose
precise values depend upon the details of the underlying
theory on possible higher-order fermion interaction terms that
we can add to the SYK Hamiltonian.
Given Eq. (5.41), we can easily estimate the form of the
corrections to the grand potential Q(7T'). We expect that
(On)g. = T, (5.43)
where the expectation value is evaluated at a temperature 7 in
I, and the T dependence follows from the scaling dimension
of O,,. Taking the expectation value of the action, we obtain
Q(T)

=Ey—NST+> g,@,T". (5.44)
h

where E, is the ground state energy, S is the entropy in
Eq. (5.37), and the set of coefficients Q; were specified in
Eq. (5.43). Similarly, we can write the corrections to the
Green’s function in Eq. (5.7) from the O, perturbations as

9y
JESv=0
h

where we now use G, to denote the leading-order result in
Eq. (5.22) and we have used dim[g,] = 1 — & from Eq. (5.41).
Here we limit ourselves to the particle-hole symmetric case
with 6§ =0, u =0, and £ = 0; see Tikhanovskaya et al.
(2021a) for the general case. The coefficients Q; and a
are universal dimensionless numbers.

G(r)=G (5.45)
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Our remaining task is to determine the allowed values of 4.
We consider only (Gross and Rosenhaus, 2017; Klebanov and
Tarnopolsky, 2017; Klebanov, Popov, and Tarnopolsky, 2018)
the “antisymmetric” operators O, that are represented at short
times by 0), = cio+'¢;, with n =0,1,2,.... The needed
information is contained in the three-point functions
(72) On(70))-

(c(y)c (5.46)

vn(71. 72, 70) =
In the large-N limit, this three-point function obeys the
integral equation shown in Fig. 10. In the long-time scaling
limit, we can drop the bare first term on the right-hand side,

and Fig. 10 then reduces to the eigenvalue equation (Gross and
Rosenhaus, 2017)

k(h)v(zy,7,,70) :/dT3dT4K(T1vfz§T3,T4)Uh(737f4»fo>’

(5.47)
where the kernel K is

K(1.72:73,74) = =3U%G.(713)G(124)G . (134)%.  (5.48)
with 7;; = 7; — 7;, and we have introduced an eigenvalue k(h)
by hand that must obey

k(h) = 1. (5.49)
For our purposes, it is sufficient to solve Eq. (5.47) in the

limit 7, — oo. We can then use the operator product expansion
to write

(Tl) 7,'2 NSgH T2 Zl 1/2 h )+ e (550)

for some constants c¢;,, where the sum over & now includes
the identity operator with i = 0. Inserting Eq. (5.50) into
Eq. (5.46), we conclude that v~ sgn(zp,)/|to|/>" as
7o — oo. Equation (5.47) then yields the following eigenvalue:

3tan(zh/2 — n/4)

k(h) = — h—1 (5.51)
T1
T3
T1 T1
70 = To + 7o
T2 T2
T4
T2

FIG. 10. Large-N equation satisfied by the three-point correlator
in Eq. (5.46). The red circles represent the operator O,,.
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The solution of Egs. (5.49) and (5.51) finally yields the
needed values of 4. There are an infinite number of solutions,
and the lowest values are

h=2, 3.77354..., 5.567946...,

7.63197.... (5.52)

Only the lowest value 4 = 2 is an integer, and all higher values
are irrational numbers.

We have a particular interest here in the & = 2 operator.
This plays a special role in the finite-N fluctuations and
eventually leads to a violation of scaling, as discussed in
Sec. VE. At N = o0, it is also the lowest dimension operator,
and thus yields the most important corrections to Eqs. (5.44)
and (5.45). For the entropy at a fixed O, we can take a
derivative of Eq. (5.44) and write the correction to Eq. (5.37)
as (Maldacena and Stanford, 2016; Kitaev and Suh, 2018;
Gu et al., 2020)

S(T = 0,Q) = N[S + T, (5.53)
where y ~ 1/U is the nonuniversal coefficient of the linear-in-
T specific heat at a fixed Q, a quantity familiar from Fermi-
liquid theory. The SYK non-Fermi liquid has a similar specific
heat, but note the presence of the residual entropy S that
vanishes in a Fermi liquid. We see in Sec. V.F that y also
appears to be the coefficient of the Schwarzian effective action
for finite-N fluctuations.

F. Finite-V fluctuations

This section turns to a theory of the fluctuations about the
previously examined large-N saddle point. We focus on the
corrections to the result for the entropy in Egs. (5.37)
and (5.53). The dominant finite-N corrections arise from a
universal, exactly soluble theory for the low-energy fluctua-
tions about the large-N saddle point. Along the way, we also
obtain an example of the corrections discussed in Sec. V.E
associated with irrelevant operators in the N = oo saddle-
point theory. This will lead to the 7-dependent correction in
Eq. (5.53) and allow us to identify y with a coupling in the
effective action.

We begin with a path-integral representation of the under-
lying SYK Hamiltonian (5.1a). To treat the random couplings,
we need to perform a quenched average using the replica
method. However, the strongly self-averaging properties that
we later compute do not depend upon the replica structure, so
we will simply ignore these technicalities and work directly
with the averaged theory. Thus, after averaging over the Ui,
the path integral becomes

Z= /Dci(r) exp [_Z,: Aﬁdrcj (%—y) ¢
v A L drar |3 cl(@)ed@)

T 4] , (5.54)

where = 1/T. We now introduce the following “trivial”
identity in the path integral,
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- / DG(z,,0,)DE(1,.,75)
X exp [—N A ! drldrzZ(Tl,rz)<G(72,T])
+;Z}mmﬂn0]

and interchange the orders of integration. The partition
function can then be written as follows as a G — X theory,
a path integral with an action /|G, Z] for the Green’s function,
and a self-energy analogous to a Luttinger-Ward functional
(Georges, Parcollet, and Sachdev, 2001; Maldacena and
Stanford, 2016; Kitaev and Suh, 2018):

(5.55)

z- / DG (2, 7)) DE(7, 12) exp(=NI[G, X))
11G. 5] = —1In det[(d;, — u)d(z; — 72) + Z(71.72)]

2
-Tr(X-G) - UTTr(G2 -G?). (5.56)
We have integrated over the fermions to obtain the In det
term. This is an exact representation of the averaged partition
function. Notice that it involves G and X as bilocal fields that
depend upon two times, and we have introduced the following
compact notation for such fields:

Wﬂmz/hMMmﬁMmm~ (5.57)

See Appendix A for a discussion of the symmetries of the
bilocal fields, where we also show that after ignoring the
explicit time derivative in Eq. (5.56) the action is invariant
under time reparametrization and gauge symmetries
[Eq. (A20)].

The path integral in Eq. (5.56) is complicated to evaluate
in general. We now make a low-energy approximation by
integrating only along directions in the vast (G,X) space
where the variation S[G,X] is small at low energies
(Maldacena and Stanford, 2016; Kitaev and Suh, 2018).
Given the unimportance of d, in Eq. (5.56) and the resulting
symmetries of the action, a solid conclusion is that we need
only perform the path integral along trajectories where the
Green’s function obeys Eq. (B2) (and a similar approach for
the self-energy). In this manner, we formally convert the
G — X path integral into a path integral over the time
reparametrization f(z) and the gauge transformation ¢(7)
as follows (Maldacena and Stanford, 2016; Davison et al.,
2017, Kitaev and Suh, 2018; Gu et al., 2020):

ZzﬂW%/WMW@WG@MW,SW

where Ey « N is the ground state energy (including the
—uQON contribution). We soon deduce the form of I [f, @]
from symmetry arguments. But before we turn to that, we note
that the combination of Eqgs. (B2) and (5.58) also yield the
most important contributions to the fluctuation corrections to
the following Green’s function:
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o~Eo/T+NS
Glry - ) =“—5— [ Dr&DIe)

x exp (—Lerfs ¢])[f/(71)f/(72)}1/4

X G (f(71) = f(z)) e )it (5.59)
where the conformal saddle-point Green’s function G.(7) is
given by Eq. (5.25).

Now our task is to determine the action I [f, ¢] and then
evaluate the path integrals in Egs. (5.58) and (5.59). It turns
out that the partition function for the free energy in Eq. (5.58)
can be evaluated exactly. The consequences of the path
integral in Eq. (5.59) for the long-time behavior of G(r)
have also been investigated (Kitaev, 2015; Bagrets, Altland,
and Kamenev, 2016, 2017; Kitaev and Suh, 2018; Altland,
Bagrets, and Kamenev, 2019b; Kruchkov et al., 2020; Kobrin
et al., 2021): they lead to a violation of scaling at times of the
order of N/U, but we do not describe this further here.

The form of I[f,¢] is strongly constrained by the
requirement that 7 vanish for the case where f(7) and ¢(7)
are given by Eq. (B3). This follows immediately from the fact
that Eq. (B3) leads to no changes in the form of the saddle-
point Green’s function when it is inserted into Eq. (B2). As the
action was originally a functional of the Green’s function, it
can also not change. The action I.¢[f, ¢] with the smallest
number of derivatives that satisfies this requirement is
(Maldacena and Stanford, 2016; Davison et al., 2017,
Kitaev and Suh, 2018; Gu et al., 2020)

Ieff[f’ (l)] = %Aﬂ dT(aaqﬁ‘F l(27l'gT) gf)z

T T
Ny

2 (5.60)

A ! deftan(zT ()], 7).

The curly brackets in Eq. (5.60) represent the following
Schwarzian derivative:

g/// 3 g// 2
Tt==—-=|=] . 5.61
=234 (561)
Equation (5.61) has the defining property that
at+b
{W,T} = 0, (562)

which ensures that I [f, ¢] vanishes for Eq. (B3). [We note
that there are coupled SYK models that are not described by a
Schwarzian effective action (Maldacena, Stanford, and Yang,
2016; Milekhin, 2021).]

For the origin of f(r) and ¢(z) as time reparametrization
and gauge transformations of the Green’s function, we must
also place some constraints on the nature of the path integral
over them. The function f(z) must be monotonic and must
obey

fa+p) =f()+p. (5.63)
Moreover, we should sum over all possible phase windings
with
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¢(z+ ) = p(z) + 27n, (5.64)
where 7 is an integer.

The action in Eq. (5.60) has two dimensionful coupling
constants K and y. By dimensional analysis, we can see that
K ~y ~ 1/U, the only energy scale at T = 0. Determining the
precise values of K and y is not simple and requires a
numerical study of the higher energy properties of the SYK
model. We now relate the values of K and y to thermodynamic
observables of the N = oo theory, and a numerical compu-
tation of these observables is usually the simplest way to
determine K and y.

At T = 0, the action for ¢ represents the path integral of a
particle of mass NK moving on a ring of circumference 2.
Thus, the energy levels are #?/2NK, where the integer #
measures the total fermion number. With a chemical potential
shift 6u, the energy levels will shift as #2/2NK — éuf. From
the optimum value of this function for different #, we
conclude that K is simply the compressibility

K = @ T =0. (5.65)
du

Turning to the value of y, note that the action I.g[f, @]
does not vanish at the N = oo saddle point f(7)=r1.
Evaluating Eq. (5.60) for this value of f(z) and setting
¢ =0, we obtain the following grand potential at N = oo
for small 7' > O:

Q(T) = Ey— NST —IN(y + 42*E2K)T?.  (5.66)
Taking the T derivative, we obtain the following leading low-
temperature correction to the entropy in Eq. (5.37):
S(T - 0.u) = N[S + (y + 4*E*K)T].  (5.67)
As previously denoted, Eq. (5.67) is the entropy at a fixed
chemical potential. We can use standard thermodynamic
relations to compute the entropy at fixed Q using the
thermodynamic relations (5.36) and (5.65) and obtain
Eq. (5.53). Indeed, the coefficient of the Schwarzian was
chosen so that the entropy would obey the form in Eq. (5.53).
The T-dependent corrections in Eqs. (5.67) and (5.53) are
proportional to N, and thus constitute corrections from
irrelevant operators that were studied in Sec. V.E, and identify
the Schwarzian as representing the corrections arising from
the h = 2 operator.

In the remainder of our discussion of the SYK model, we
evaluate the path integral in Eq. (5.58), and thus obtain the
finite-N corrections to the free energy and entropy in
Egs. (5.66) and (5.67). These results also allow us to compute
the many-particle density of states D(E).

A key observation in the evaluation of Eq. (5.58) is that the
path integrals factorize. To establish this, we use the boundary
conditions in Eqs. (5.63) and (5.64) to parametrize

f(z) =7 +e(e),

¢(1) = 2znTt + ¢ (1), (5.68)
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where the “winding number” 7 is an integer and € and ¢ are
periodic functions of 7 with period f. In the first term in
Eq. (5.60), we can absorb e with a shift in q[;; the remaining
dependence on € is then only in the Schwarzian. In this
manner, we can write Eq. (5.58) as (Gu et al., 2020)

Z_ = E_EO/TZQZSCh. (569)

We evaluate Zy and Zg, in Secs. V.F.1 and V.F.2.

1. Rotor path integral

The partition function Z represents fluctuations in the
total charge on the SYK dot. It is expressed as follows as a
path integral over the coordinates of a particle moving on a
unit circle (a “rotor”):

Zo= ( i exp [-272NKT(n + i5)2}>

« /_%exp [—g A ’ df[(;S'(T)]Z].

The second term is simply the imaginary-time amplitude for a
“free particle” of mass NK to return to its starting point in a
time $ divided by the volume (27) of the U(1) group [because
a r-independent ¢ does not make any changes to the Green’s
function in Eq. (B2)]. Thus, we obtain the following expres-
sion for Z, that is useful at temperatures 7 > 1/NK:

(5.70)

NKT

T

Zg = ( i exp [-22*NKT(n + i5)2]) (5.71)

n=—0o0

For lower temperatures (T < 1/NK), we can apply the
Poisson summation formula to Eq. (5.71) and obtain

1 & p?
Zg = 7 Z exp [— INKT Zﬂﬁp}. (5.72)

p=-0c0

We note, however, that both Eqs. (5.71) and (5.72) are
convergent and exact at all T (Gu et al., 2020).

The physical interpretation of Eq. (5.72) is especially
transparent. It describes a quantum dot with equilibrium
charge NQ, which has fluctuations to states with charge
NQ + p. The energy of a charge p fluctuation is determined
by a “capacitance” NK, and a temperature-dependent chemi-
cal potential —2zET. Note that the chemical potential shift is
exactly what appears in Eq. (5.30), and indeed the present
analysis can be viewed as another derivation of Eq. (5.30).
Recall that the key relation for the entropy in Eq. (5.59)
followed after the application of a Maxwell thermodynamic
relation to Eq. (5.30).

The previous physical interpretation also indicates that in a
fixed Q ensemble we should take Z, = 1. That turns out to be
not quite correct, and a more careful analysis of finite-N
corrections shows that Zg ~ 1/N2.
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2. Schwarzian path integral

The other component of Eq. (5.69) is the Schwarzian path
integral

(5.73)

ZSch = eNS

We have normalized the path integral by the infinite volume of
the noncompact group SL(2, R) because, as we argued earlier,
the action must vanish under SL(2,R) transformations. This
quotient will be crucial in obtaining a well-defined answer.

Stanford and Witten (2017) showed that the path integral in
Eq. (5.73) can be evaluated exactly. The key to their result is
the fact that a Gaussian approximation to the path integral is in
fact exact. We exploit this by simply evaluating Eq. (5.73) in
the Gaussian approximation.

To this end, we expand the Schwarzian action in dimen-
sional Fourier coefficients of ¢(z) in Eq. (5.68) as

I & )
6(7) — ? Z €ne—2anr

n——o0o

(5.74)

and obtain
NyT
Leile] = - + 2ﬂ2NyTzn:n2(n2 - Dle, > (5.75)

Now notice that I.y[e] vanishes for the three smallest
Matsubara frequencies , = 0,£2z7. Indeed, the action
was designed to vanish for any time reparametrization that
belongs to SL(2,R), a three-dimensional noncompact space.
And here we have discovered three Fourier components that
cause no variation in the action to second order: we can
identify the frequency components at n =0,+1 as the
infinitesimal limit of the SL(2,R) transformations. At
Gaussian order, the path integral over these action-free normal
modes therefore cancels against the volume of SL(2,R) in
Eq. (5.73). Actually, this cancellation also happens for large
SL(2,R) transformations, but we do not prove that here.

Performing the Gaussian integral over the remaining
modes, we obtain the following for the logarithm of the
partition function:

NyT 1
InZg =NS+—2-—> 3 Wm2eNyTn2(n?=1)]. (5.76)

2 n#0,£1

The sum over the Matsubara frequency o, is divergent, and
should be cut off at a frequency |w,| ~ U, above which our
low-energy Schwarzian theory does not apply. We describe
the regulation of the divergence in Appendix D. There is a
contribution ~U/T, but this can be absorbed into a redefi-
nition of E, in Eq. (5.69). The needed subleading term is
~In(U/T), and an important result is that the coefficient of
the In(7') term is universal; we find, for T < U (Maldacena
and Stanford, 2016; Stanford and Witten, 2017; Kitaev and
Suh, 2018),
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T
In Zep = NS+ L 3y, <g> . (5.77)

2 2 T

Apart from the finite-N corrections in the rotor components
(which had a simple physical interpretation), we have now
obtained our first nontrivial finite-N correction to the SYK
model: the —(3/2) In(1/T) correction to the logarithm of the
partition function. Note that the logarithm in Eq. (5.77)
becomes as large as the leading term only at an exponentially
low T ~Ue™, below which the large-N theory does
not apply.

It is also useful to compare Eq. (5.77) to our earlier large-N
result for =7 In Z in the random-matrix model in Eq. (4.16).
That had a leading NyT/2 term, but there was no
T-independent term proportional to N, as the random-matrix
model does not have an extensive entropy in the zero-
temperature limit.

The —(3/2)In(1/T) correction to Eq. (5.77) has important
consequences for the many-body density of states Ng., (E).
We define this as

Ze(T) = A ¥ dE N g (E)e /T, (5.78)

As we have absorbed the ~1/T term in Eq. (5.77) into a
redefinition of E; in Eq. (5.69), we can assume in Eq. (5.78)
that Vg, (E) vanishes for E < 0. It turns out to be possible to
determine N g, (E) by performing the inverse Laplace trans-
form exactly using the value in Eq. (5.77). This yields
(Bagrets, Altland, and Kamenev, 2017; Cotler et al., 2017;
Garcia-Garcia and Verbaarschot, 2017; Stanford and Witten,
2017; Kitaev and Suh, 2018)

N (E) o €N sinh(\/2NyE).

It is easier to insert the resulting equation (5.79) into
Eq. (5.78), perform the E integral, and verify that we obtain
Eq. (5.77).

The resulting equation (5.79) is accurate for £ < NU, and
even down to E ~ U/N. Near the lower bound it predicts a
many-body density of states ~e™S, in sharp contrast to the
random-matrix model of Sec. IV, which did not have an
exponentially large density of states at such low energies. We
showed numerical plots of the many-body density of states
(Fu and Sachdeyv, 2016; Cotler et al., 2017; Gharibyan et al.,
2018) for the closely related Majorana fermion model in
Fig. 6. Notice the much larger density of states and much
smaller level spacing near the bottom of the band relative to
the free fermion random-matrix model in Fig. 5 of the same
size. This is also evident from a comparison of the Schwarzian
result in Eq. (5.79) to the free fermion result in Eq. (4.18): the
most important difference is the presence of the prefactor of
eV in Eq. (5.79).

We now recall our discussion at the end of Sec. IV.B, where
we argued that the low-lying many-body eigenstates at
excitation energies of order 1/N could be interpreted as the
sums of quasiparticle energies. In the SYK model we have
order ~e™S energy levels even within energy ~1/N above the
many-body ground states. It is impossible to construct these

(5.79)
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many-body eigenstates from order ~N quasiparticle states.
This is therefore strong evidence that there is no quasiparticle
decomposition of the many-body eigenstates of the SYK
model. Note that the presence of an extensive entropy as
T — 0 (the nonzero value of S) is a sufficient but not
necessary condition for the absence of quasiparticles: the
models that we study in Sec. XI do not have quasiparticles but
also do not have an extensive entropy as 7 — 0, as described
in more detail in Sec. XI.A.3.

Finally, we combine the results for the rotor and Schwarzian
partition functions, and obtain corresponding results for the
SYK model (Gu et al, 2020). Using the n =0 term in
Egs. (5.71) and (5.77) in Eq. (5.69), we obtain the following
for UNKT<U:

N(y + 472E*K)T? U
WJF’; ) +2T1n<?)+~-~

(5.80)

Q= E,— NST -

Equation (5.80) contains the 1/N correction to the result
Eq. (5.66) for the grand partition function: the 27 In(1/T)
term. As for the random-matrix model, we can invert
Eq. (5.80) as follows to obtain the many-body density of
states in the grand canonical ensemble for grand energies
U/N<E<NU:

N(E) ~exp[S(E)].

S(E) = NS +\/2N(y + 42 EK)(E-Ey)  (5381)
for E > E, and S(E) = 0 for E < E,. Comparing this to the
random-matrix model, we find that S(E) has a similar func-
tional form of E but without the leading NS term.

VI. RANDOM-EXCHANGE QUANTUM MAGNETS

The SYK model discussed thus far provides valuable
insight into quantum systems without quasiparticle excita-
tions. However, the microscopic Hamiltonian in Eq. (5.1a)
has a shortcoming, namely, that strong local (i.e., on-site)
interactions are absent. As a result, there are no Mott
insulating phases at any commensurate density in the
large-N limit. Such local correlations are important to
understanding the interplay of electron itinerancy and the
tendency for interaction-induced localization in numerous
correlated electron materials.

We now turn to a number of random and fully connected
models that restore “Mottness.” We use Mottness here as a
generic term to qualitatively indicate the tendency of electrons
to localize due to strong repulsive interactions in the vicinity
of a Mott transition. In this section we discuss the original SY
model (Sachdev and Ye, 1993), a pure spin model in which
explicit on-site charge fluctuations are absent. In Sec. VII, we
introduce charge fluctuations and consider itinerant electron
models with a strong, on-site repulsive interaction U. We find
substantial evidence that near critical points and/or over
significant intermediate energy scales, these correlated models
exhibit singular behavior that is connected to the critical
properties of the SYK model. Section VIII extends the present
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random quantum magnet in a different manner by adding a
second band of free electrons (similar to that in Sec. IV), and
thus describe a random-exchange Kondo-Heisenberg model.

Unlike the SYK model, the models introduced in this
section are not analytically solvable in the limit of a large
number of sites N. We follow two routes toward under-
standing their phase diagram. First, analytical results can be
obtained by extending the spin symmetry from SU(2) to
SU(M) and taking the large-M limit or, in the SU(2) case,
using renormalization group methods in the vicinity of
specific fixed points. Second, modern computational algo-
rithms now provide a controlled numerical solution of such
models in the SU(2) case directly, even close to quantum-
critical points. Some algorithms are reviewed in Sec. IX.

This section applies the previously mentioned approaches
to random-exchange quantum magnets. We consider insulat-
ing quantum magnets with a Hamiltonian of the form

1

HJ e —
\/lei<j§N

1.S:- S,

t

(6.1)

where §; are quantum spin operators on site i and J;; are
independent random variables with vanishing mean and
variance J. In the most important case, the spins belong to
the SU(2) algebra and we have S = 1/2 states on each site. As
previously noted, we also consider generalizations to SU(M)
spins here.

Models like Eq. (6.1) with classical spins have served as
the foundations of spin-glass theory, and more generally of
optimization problems and also neural networks (Mézard,
Parisi, and Virasoro, 1987). Here we see that such models are
also a valuable starting point for understanding correlated
electron systems without quasiparticle excitations.

A. SU(M) symmetry with M large

As previously stated, Eq. (6.1) is not analytically solvable in
the SU(2) case, even in the limit of N — co. We return to the
SU(2) case in Sec. VI.C, but here we consider the extension to
SU(M) spin symmetry, with M large, that was originally
examined by Sachdev and Ye (1993). We later see that the
limit N — oo followed by the limit M — oo leads to the same
saddle-point equations and G — X action as the SYK model
of Sec. V.

For the SU(M) case, we employ the representation of spin
using fermionic spinons f;,, @« =1,..., M. These fermions
obey the constraint

M
Zf}afia =kM (62)
a=1

on each site i, where 0 < k < 1. The SU(2) case corresponds
to M = 2 and k = 1/2. We can then write the spin operators as

Siap = f,Ta fip and generalize Eq. (6.1) as

This fermionic spinon representation has fractionalized
the spin operator, where the U(l) gauge transformation
fix = € f;, leaves the spin operator invariant. We later
see that in the large-M limit f, form a SYK state: in the
context of the random quantum magnet, this state is a critical,
gapless, spin liquid. In the present large-N, large-M expan-
sion, the Lagrange multiplier 4; (introduced later) plays the
role of an emergent gauge field in this spin liquid.

We proceed (Sachdev and Ye, 1993) with an analysis of
Eq. (6.3) similar to that presented for Eq. (5.1a). We average
over J;;, and obtain the following averaged partition function
analogous to Eq. (5.54):

2= [ DD,

SB = Z/Oﬂdf{fja(;_"i‘l/l)f,a— M,KM},

J> (B
S, =— ded?
T TaNm ), T

2

Zifja(T)fiﬁ(T)ij (@) fis(7)

(6.4)

In the large-N limit we assume self-averaging among the sites,
and in the large-M limit we can replace the quartic operator of
fermions with the product of the Green’s functions of the f
fermions as follows:

Fa@f @) 1) f5(7) = 8065, G (2. 7)G(7 7). (6.5)
The analysis then proceeds just as in the SYK model, and we
obtain an expression for the G —X action that is nearly
identical to that in Eq. (5.56), but with a prefactor of N
replaced by NM as follows:

1[G, Z, 2] = =In det{[0,, + iA(7,)]6(7) —72) + Z(71.72)}

J? 2 2 [P
~Ti(2-G) =7 Tr(G* - G*) ~ ik | ded(a).
0

(6.6)

Consequently, the subsequent results for the fermion
Green’s function and the large-NM thermodynamics are
identical to those in Sec. V after the replacements U — J
and QO — «.

The local spin-spin correlation can also be obtained as

0(x) = 15 (RN o)
CZe—ZnS T
Tl sin(zTz)’

1
0 —, (6.7
<1<T (6.7)

which has been obtained from Eq. (5.25). We can obtain the
spin spectral density p, using a Fourier transform that yields
(Parcollet and Georges, 1999)

1 M
H;=—— Tiiftufipf sl i (6.3) ~tanh (-2 6.8
vVNM 0;1 15,'21:51\/ “ » Po (w) ~ tan T ) (6.8)
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At T = 0, this corresponds to a spin density of states ~sgn(w),
which is a starting assumption in the original theory of the
marginal Fermi liquid (Varma et al., 1989).

Recent work (Tikhanovskaya er al., 2021a) obtained
corrections to the correlators of the quantum magnet H; from
perturbations of the critical theory by leading irrelevant
operators described in Sec. V.E. The most important correc-
tions arise from an operator with a scaling dimension 2 = 2,
and as in Egs. (5.44) and (5.45) we obtain

po() ~ tanh (%) [1 — Cywtanh (%)] . (6.9)

where y~1/J is the coefficient of the Schwarzian in
Eq. (5.60), and also the linear-in-T coefficient of the specific
heat in Eq. (5.53). The dimensionless number C is universal,

c_ 24
 7[2c0s(26) + 3z cos?(20)]

(6.10)

In Eq. (6.10) 0 is the spectral asymmetry angle that appeared
in Eq. (5.3) and that is related by the Luttinger theorem in
Eq. (5.21) to x in Eq. (6.2). We compare Eq. (6.9) to numerical
studies of the SU(2) magnet in Sec. VL.B.

B. SU(2) model

We now return to the original model in Eq. (6.1) and
examine it for the physically important case with SU(2)
symmetry. We proceed as in the analyses of classical spin-
glass problems by introducing replicas and then averaging
over the replicated partition function. This yields a self-
consistent problem of a single quantum spin with replica
indices (Bray and Moore, 1980). The replica structure is
important for the spin-glass phase (Georges, Parcollet, and
Sachdev, 2000, 2001; Biroli and Parcollet, 2002), but in this
review we focus mostly on the disordered paramagnetic phase
above the spin-glass ordering temperature or on quantum-
critical points corresponding to the destruction of spin-glass
order at 7 =0 (Secs. VII.B and VII.C) In these cases, it is
permissible at large N to ignore the replica indices and
consider the following path integral for a single quantum
spin § = 1/2:

z, = / DS(2)5(S? = 1)e~55-5,

i [1 oS oS
SBZEA du/dTS'<EX£>,
J2
§=-% / ded? Oz - )S(x) - S(7).  (6.11)

Equation (6.11) is a coherent state path integral and Sp is the
geometric Berry phase, closely connected to the spin com-
mutation relations. The spin has a temporal self-interaction
with itself represented by the function Q(z). The value
of Q(7) is to be determined self-consistently by computing
the correlator

O =) =5(5(z) - 8(7)) 2, (6.12)

W=
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and then imposing the self-consistency condition

Q(r) = Q(q). (6.13)

A major difference with the SU(M) model in the fermionic
large-M limit is that the SU(2) model has a spin-glass phase at
low temperatures. A semiclassical picture of this phase is that
of local moments pointing randomly in all directions so that
the global magnetization vanishes but the variance of the
distribution of local magnetizations (1/N)Y;m? = g is
nonzero. The latter is the Edwards-Anderson order parameter
of the spin-glass phase (Mézard, Parisi, and Virasoro, 1987).
A hallmark of the spin-glass phase is also that local quantities
(starting with the local magnetization itself) are no-longer self-
averaging.

The existence of a spin-glass phase in the SU(2) case can
be established in two ways. First, the replica diagonal
effective action [Eq. (6.11)] for the disorder-averaged
Green’s functions can be solved numerically exactly using
quantum Monte Carlo methods in the paramagnetic phase
(Grempel and Rozenberg, 1998). At low temperatures, the
spin-glass susceptibility diverges at T = Tsg ~ 0.14J at the
boundary of the spin-glass phase.

Second, exact diagonalization of finite size systems have
been performed directly in the spin-glass phase for many
realizations (10° to 10%) of the quenched disorder (Arrachea
and Rozenberg, 2002; Shackleton et al., 2021). The local
dynamical spin susceptibility y|..(w) was computed from both
a full diagonalization of small systems at finite 7" and the
Lanczos method at 7 = 0. From a finite size scaling analysis,
the T = 0O disorder-averaged susceptibility in the thermody-
namic limit is of the form

Xioe (@) = quanpard (@) + yreg (@), (6.14)
where ¢ggpp = 0.02 is the Edwards-Anderson parameter
(Shackleton et al., 2021) and yp, is the regular part.
Figure 11 presents numerical results for yi. (w) for the ¢-J
model for various dopings p; this discussion is for p = 0, and
the doped cases are discussed in Sec. VI.B. Apart from the
delta function spin-glass contribution at low frequencies, the
structure of yye,(w) is notable. Specifically, the theory of
the gapless spin fluid phase studied in Sec. VI.A generally

predicts that

Xreg(@) = Cysgn()[1 — Cylw| + -], T =0. (6.15)
Formally, this result follows from taking the 7 — O limit of
the large-M result in Eq. (6.9). However, the structure of
Eq. (6.15) is much more general: sgn(w) is linked to the exact
SU(2) exponent that we obtain in Eq. (6.23). The |w|
correction term is similarly robust and is related to the
Schwarzian operator with h =2, as in Eq. (5.45) (in
Sec. XIL.B, we relate this # =2 mode to the boundary
graviton in the holographic dual). As shown in Fig. 11, the
form in Eq. (6.15) provides a good fit to the numerical
susceptibility of the p =0 SU(2) model, apart from the
low-frequency peak associated with spin-glass order. We can
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FIG. 11. Local spin response function for the spin-1/2 doped

random-exchange ¢-J model, as obtained by exact diagonaliza-
tion of an N = 18 site cluster averaged over 100 disorder
realizations, for t =J =1. n=1— p is the particle density.
From Shackleton et al., 2021.

therefore conclude that the spin-glass order ¢ ~ 0.02 is weak,
and there is evidence of the SY spin-liquid behavior at
intermediate energy scales in the SU(2) random-exchange
quantum magnet.

A theory for the quantum spin-glass state can be obtained
using bosonic spinons, and the spin-glass order appears
when the bosonic spinons condense (Georges, Parcollet,
and Sachdev, 2000, 2001). Such a theory is applicable when
qEa is large, and it yields y, (@) ~ @ in Eq. (6.14) at small |o]
after an assumption of marginal stability in the replica
symmetry-breaking structure. More recently, the onset of
spin-glass order has been studied (Christos, Haehl, and
Sachdev, 2022) using the fermionic spinon large-M theory
of Sec. VI.A. Such a theory yields an estimate of the critical
temperature to spin-glass order

Tsg ~ Jexp (—\/Z\Tiz) (6.16)

and also has yy, (@) ~ @ for |®| < @,. The fermionic spinon

theory describes the crossover above the frequency w, =
Jqga to the spin-liquid spectrum in Eq. (6.15) or (6.9). The
exponential factor in Eq. (6.16) is small even for M = 2,
eV2r — 0.0815..., and this could be the justification for the
applicability of the large-M theory to the SU(2) case.

C. Renormalization group (RG) analysis of the SU(2) model

We now turn to an analytical study of the SU(2) model, as
this will help us understand the structure of nonzero frequency
spin susceptibility observed in the numerics, as described
in Eq. (6.15).

We present here a systematic RG procedure to analyze the
problem defined in Egs. (6.11)—(6.13). We begin by assuming
that there is a critical solution in which Q(z) has a power-law
decay in time. Notice that this is similar to the assumption
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made for the SYK model in Eq. (5.3): in that case we were
able to solve the self-consistency problem exactly at low
energies. That is not possible here, and we therefore have
to introduce the ¢ expansion defined later. We assume the
power-law decay

72

0(7) NW (6.17)

and postpone consideration of the self-consistency condition.
We then have to solve the well-defined problem of computing
Q(z) from Eq. (6.12) given Q(z) in Eq. (6.17).

This problem can be reduced to the solution of a quantum
impurity problem, sometimes called the Bose-Kondo problem
(Sengupta, 2000; Beccaria, Giombi, and Tseytlin, 2022;
Cuomo et al., 2022; Nahum, 2022; Weber and Vojta,
2022). We begin by decoupling the S(z) - S(0) interaction
in Eq. (6.11) with a bosonic field ¢,,a = 1, ..., 3. We assume
that there is a bosonic “bath” field that lives in d spatial
dimensions ¢, (x, 7), and the decoupling field is ¢,(x = 0, 7).
The path integral for Z; in Eq. (6.11) then reduces to the
solution of the following Bose-Kondo Hamiltonian of an
S =1/2 spin S, coupled to a bosonic scalar field ¢,(x,7):

Himp = 15u00) + 5 [ dixlat + 0. (618)

In Eq. (6.18) x, is canonically conjugate to the field ¢,, and
$,(0)=¢,(x =0). We identify Q(z) with the temporal
correlator of ¢,(0), and from Eq. (6.17) we then conclude
that we need a =d — 1.

We now determine the properties of the theory Hiy, in a
renormalized perturbation expansion in the coupling 7.
A simple determination of scaling dimensions at tree level
shows that y has the scaling dimension (3 —d)/2, so an
expansion in powers of y is equivalent to a RG expansion in

e=3-d=2-a. (6.19)
Such a computation can be performed (Sachdev, Buragohain,
and Vojta, 1999; Smith and Si, 1999; Sengupta, 2000;
Sachdev, 2001; Beccaria, Giombi, and Tseytlin, 2022;
Cuomo et al., 2022; Nahum, 2022) while one imposes the
fermion constraint in Eq. (6.2) for SU(2) exactly, and it yields
the following two-loop f function:

Por)=—r i =1+ (6.20)

2
Equation (6.20) has a stable fixed point at y*? =¢/2 +
€?/4 + - - - that provides the needed critical theory of Z,
with the interaction in Eq. (6.17).

To solve the self-consistent theory, we need to compute
Q(7) in Eq. (6.12) at this fixed point. The scaling dimension of
the spin operator dim[S] can be computed using standard RG
methods order by order in €, but we encounter an unexpected
simplification. Because of the quantized Berry phase (Wess-
Zumino-Witten) term, the renormalization of the coupling y is
given only by the wave function renormalization, and this
fixes the scaling dimension of the spin operator at the
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nontrivial fixed point of the # function: we find that (Vojta,
Buragohain, and Sachdev, 2000; Sachdev, 2001)

dim[S] = ¢/2, (6.21)
exact to all orders in e. This implies the correlator
_ 1 1
O(7) = 5(8(r) - S(0)) ~ e (6.22)

Finally, we impose the self-consistency condition in
Eq. (6.13) at least at the level of the exponent. Comparing
Eqgs. (6.17) and (6.22), we conclude that the self-consistent
value is @ = 1. Note that this value is well outside the domain
of applicability of the e expansion given Eq. (6.19).
Nevertheless, given that Eq. (6.21) has been obtained to all
orders in e, the only requirement for the validity of Eq. (6.22)
is the continued existence of the nontrivial fixed point of the
function at e of the order of unity. The self-consistent spin
correlator is therefore

(8(z) -8(0)) ~ -

= (6.23)

Comparing Eq. (6.23) with the large-M result in Eq. (6.7),
we find perfect agreement between the large-M and RG
exponents.

As discussed in Sec. VLB, the ground state of Eq. (6.1) is
actually a spin glass for SU(2) spins. The analysis obtaining
the result in Eq. (6.22) is certainly correct for SU(2) and
applies exactly to the Bose-Kondo impurity model defined
in Eq. (6.18) for small €. Recent studies showed (Beccaria,
Giombi, and Tseytlin, 2022; Cuomo et al., 2022; Nahum,
2022; Weber and Vojta, 2022) that the fixed point is not
present at large e, and this is consistent with the appearance of
spin-glass order.

Despite the direct inapplicability of the RG to the SU(2)
model in Eq. (6.1), the analysis presented here turns out to be
useful. A closely related RG applies to the SU(M) generali-
zation considered in Sec. VI.A (Joshi et al., 2020), and from
this we can conclude that there are no corrections to the
exponent in Eq. (6.21) [which is related to the exponent in
Eq. (6.7)] at all orders in 1/M. Moreover, extensions of the
RG of the Bose-Kondo model obtained here apply to the
correlated electrons models considered in the following
sections: i.e., the superspin Bose-Fermi-Kondo model in
Sec. VILD.3 and the Bose-Fermi-Kondo model in
Sec. VIILD.

VII. RANDOM-EXCHANGE ¢-U-J HUBBARD MODELS

In the following, we consider models of itinerant electrons
on a fully connected lattice with a strong local interaction and
random-exchange constants. One such example is the “¢-U-J”
model, in which random J;;’s are added to the Hubbard model
with random hoppings as follows:
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1 j=1a=1 i
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1<l<j<N
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(7.1)

In Eq. (7.1), we introduce M ““colors” of fermions so that the
model has U(M) = U(1) x SU(M) symmetry corresponding
to an extension of the spin symmetry to SU(M). The usual
SU(2), S=1/2 Hubbard model corresponds to M =2
(@=1,]). The electron spin operators §; =) cZ(aaﬂ /2)cg,
with 6/2 the M? — 1 generators of SU(M) (6 are the Pauli
matrices for M = 2). As before, the #;;’s and J;;’s are drawn

from distributions with zero mean and variances t%j = * and

12 = J?; however, as we later note, closely related results
also apply to the case where the #;; are nonrandom and lead to
an electronic dispersion €. Note a change in notation from
the previously mentioned SYK model: U designates here the
on-site repulsion, while the variance J of the random bonds is
more directly analogous to the variance of the random SYK
interactions. Note also that the chemical potential u is
defined with reference to the half-filled case (M/2 electrons
per site).

We can also consider the 7-J limit of this model (Parcollet
and Georges, 1999), which reads

Z Z t”PCla ]a'P ”ch(lcl(l

+T > 1SS

1<i<j<N

(7.2)

in which the operator P enforces the following Gutzwiller-
type projection such that the total number of fermions on each
site is at most M /2:

M .
chacw < > Vo

a

(7.3)

At half filling (u = 0) this reduces to the random-bond
Heisenberg (SY) model of Sec. VI.

A. Effective local action

In the thermodynamic limit N — oo, the calculation of the
single-particle Green’s function and self-energy of this model,
as well as that of the local spin-spin correlator, reduces to a
local effective action subject to a self-consistency condition.
This corresponds to the extended dynamical mean-field
theory construction (EDMFT) (Sengupta and Georges,
1995; Georges et al., 1996; Si and Lleweilun Smith, 1996;
Chitra and Kotliar, 2000; Smith and Si, 2000), which is exact
for these random fully connected models. The term
“extended” is commonly used to indicate that the mapping
involves a self-consistency over both single-particle and two-
particle correlation functions. When one considers the system
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outside the spin-glass phase, all local correlators are self-
averaging and this mapping is most easily derived following
the cavity construction, as in Sec. IV. We skip the details here
since the reasoning is completely analogous to that in Sec. I'V.
One obtains the single-site effective action

Sy = / dTZa:cI,(T) (a% - ﬂ) cu(7)
+2 [ ae(Setes-mr2)
+ [ dravate- ©)Yeheenle)
- % / ded? T (c - )S(7) - S(7).

(7.4)

From Eq. (7.4) we have to determine the Green’s function and
spin correlator as follows:

(8(2) - 8(e))s,y, (7.5)

and impose the following self-consistency condition that
results from the cavity construction:

(7.6)

The electronic self-energy can be defined by referring to the
noninteracting system U = J = 0 (the random-matrix model
of Sec. IV) as G} (iw,) = iw, + u—t;; — Z;; for a given
sample {;;}. In the infinite-volume limit N — oo, the self-
energy becomes local (£;; = Z;;5;;) and self-averaging when
not in the spin-glass phase. The local Green’s function Gj; is
also self-averaging and is related to X by

Gii(iwn) - Z| <l|/1> |2G(lwnv 8/1)
A

= [ m(e)Glio.e) = Giw). (1.7

with p, the semicircular density of states defined in Sec. IV

and where

1
iw, +p—¢e—2(iw,)

Gliw,, €) = (7.8)

is the Green’s function in the basis of the single-particle states
of the free system at an energy e. The self-energy X coincides
with that of the effective action [Eq. (7.4)] and hence reads

X(iw,) = iw, + p — ?A(iw,) — G (iw,). (7.9)
Substituting Eq. (7.9) into Eq. (7.8) and performing the
Hilbert transform of p,, one recovers the self-consistency
condition A = G (Georges et al., 1996).
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When a spin-glass phase exists, self-averaging of the local
observables does not hold inside the ordered phase. A
mapping onto a local effective action still applies, however,
after one introduces n replicas and performs the average of
(Z" —1)/n over the t;; and J;; random variables. The n — 0
limit must then also be taken, allowing for the possibility of
replica symmetry breaking. We do not write these equations in
detail here, and instead refer the interested reader to Georges,
Parcollet, and Sachdev (2000, 2001).

To make contact with the (E)DMFT literature, we use in
this section notations that are rather standard in the field.
In particular, A(z) is the dynamical mean field (quantum
generalization of the Weiss field) describing the hybridization
between a local site and its self-consistent bath. In the
following, we often use a somewhat different notation that
is more commonly used in the SY and SYK literature, such as
A—>?PR, G- R, J—J*Q, and y = O.

We also note that the single-site effective action permits
a spin-glass phase after we include replica off-diagonal
components of the correlators (Georges, Parcollet, and
Sachdev, 2000, 2001). In the replica diagonal components
J(r = o) # 0 at zero temperature. Naively, such a nonzero
limit signals a problem in the replica diagonal action in
Eq. (7.4), as the expectation value of the last term in the action
diverges as ~f* as § — oo, implying a divergent ground state
energy. However, this problem is cured upon including the
replica off-diagonal components and taking the replica n — 0
limit (Read, Sachdev, and Ye, 1995). This issue highlights
the difficulty in interpreting the EDMFT framework in the
magnetically ordered phase for nonrandom systems (Si et al.,
2001, 2003; Pankov, Kotliar, and Motome, 2002; Kirchner
et al., 2020).

B. SU(2) Hubbard model at half filling

The SU(2) #-U-J model in Eq. (7.1) was previously studied
at half filling in the EDMFT framework (Cha, Wentzell et al.,
2020). Earlier work studied this in the large-M limit (Florens
et al., 2013). The phase diagram is reproduced in Fig. 12 as a
function of /U and temperature, as obtained by a quantum
Monte Carlo solution of the EDMFT equations; see Sec. IX.
A quantum-critical point (QCP) at U = U, separates a Fermi-
liquid phase at small U from an insulator at large U that orders
into a spin-glass phase at low temperatures. At the quantum-
critical point, the spin correlation decays as y(z) ~ 1/z, as in
the large-M limit of the SY model, while it is the expected
x(7) ~1/7% in the Fermi-liquid phase.

The electronic self-energy X is strongly affected by the
QCP. While it takes its regular form in the Fermi liquid, the
coherence temperature vanishes at the QCP, where a linear
temperature behavior InX(w = 0,7) « T is found numeri-
cally. As detailed in Sec. VILE, this behavior leads at the
QCP to a T-linear dependence of the resistivity that is smaller
than the MIR value. Furthermore, in the accessible range of
temperatures, the frequency dependence of the self-energy is
compatible with a marginal Fermi-liquid form. Finally, we
note a theoretical study (Tarnopolsky et al., 2020) analyzing
the metal-insulator transition at half filling, related to the finite
doping theoretical models that are described in Sec. VIL.D.

035004-29



Chowdhury et al.: Sachdev-Ye-Kitaev models and beyond: Window into ...

T/t
0.10 1 . o o omme e . , °
//
7
Mott QCM P
0.08 7’
° 7’
o o omme o . ,/ .
4
0.06 e
° ° VL) °
° /I
0.04 1 .ll . )
SG L FL .
0.02 A ° ° °
° ° °
Io . l e o . . l
0.00 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

t/u

FIG. 12. Phase diagram of the spin-1/2, half-filled, random-
exchange t-J-U model. At low temperatures, a quantum-critical
point separates the spin-glass (SG) phase from a Fermi-liquid
(FL) phase. The background color corresponds to the fitted
power-law exponent of the local spin correlation function
x(r) ~1/7%4, with 2A~1 in the quantum-critical metal
(QCM) (red) and A =1 in the Fermi liquid (blue). At high
temperatures and U, one obtains a Mott insulator. From Cha,
Wentzell et al., 2020.

C. SU(2) Hubbard model away from half filling

Section VII.B showed that the Hubbard model exhibits a
novel phase transition at half filling: between a Fermi liquid
at small U/t and a metallic spin glass at large U/t. Next we
turn to the case with hole doping p away from half filling.
Here we assume throughout that U/ is large so thatat p = 0
we obtain the insulating spin-glass phase described in
Sec. VI.B. We review numerical studies (Otsuki and
Vollhardt, 2013; Shackleton et al., 2021; Dumitrescu et al.,
2022) showing that the spin-glass order survives in a metallic
state up to a critical doping p = p,., and that there is a Fermi
liquid for p > p.. [We note an exact diagonalization study
(Kumar, Sachdev, and Tripathi, 2021) that presents evidence
for the spin-glass transition from quasiparticle spectra.]
The critical point at p = p,. displays a SYK-like criticality,
with some similarities to the U = U, critical point at p = 0
described in Sec. VIL.B. Analytical analyses of the p > 0
Hubbard model appear afterward in Sec. VIL.D.

A recent study (Shackleton et al., 2021) approached the
large-U and p > 0 Hubbard model in the #-J model frame-
work by performing exact diagonalizations of fully connected
clusters of N sites, up to N = 18, for a fixed sample of random
hopping amplitudes and exchange constants, then taking
averages or histograms over the samples. Shackleton et al.
confirmed the existence of a spin-glass phase at low doping,
which survives up to p.=~0.3 [in agreement with earlier
analytic arguments (Joshi et al, 2020) presented in
Secs. VIL.D.2 and VIL.D.3]. Their result for the local spin
response function y”(w) is displayed in Fig. 11. The spin-
glass phase is signaled by a sharp low-frequency peak in
x"(w) that is absent for p > p., and the spin-fluctuation
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spectrum close to the critical point is seen to be well
approximated by the large-M SYK theory of Sec. VLA.
They also computed thermodynamic properties (entropy,
specific heat, and entanglement entropy) as a function of
temperature and found that the specific-heat coefficient
y = C/T displays a maximum as a function of doping
for p~p..

A different and complementary approach (Otsuki and
Vollhardt, 2013) was used recently (Dumitrescu et al.,
2022). The EDMFT equations of Sec. VIL.LD were solved
using the quantum Monte Carlo algorithms reviewed in
Sec. IX and correspond to a direct solution in the thermody-
namic limit N = oo for disorder-averaged observables. The
model considered (Dumitrescu et al., 2022) is actually a finite-
U random-exchange model, with U/t large enough that the
physics of a doped Mott insulating spin glass is captured. The
phase diagram obtained in that study is displayed in Fig. 13.
The spin-glass phase itself (requiring replica off-diagonal
terms) was not studied in that work, but the location of the
critical boundary in the 7-U plane was identified from the
criterion Jyj,. = 1. The T = 0 critical doping was found to be
at p. ~0.17 for the finite value of U/t studied, in contrast to
the higher value p.~ 0.3 for the U = oo model. Accordant
with the exact diagonalization study (Shackleton et al., 2021),
the local spin dynamics at the critical point is of the SYK type
with y(7) « 1/7. The self-energy obeys interesting scaling
properties near the critical point: the imaginary-time data for
different temperatures can be collapsed onto

E(T) ezns(r//}—l/Z)

/2~ Ginae/py 710

which corresponds to the following conformally invariant
scaling form for the real-frequency scattering rate:
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0.08 1 15
- 0.06
~
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0.04 1% 1.0
/]
/]
/]
0.024%
2 0.12 0.16_0.20 05
0.00 -~ —— -
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FIG. 13. Phase diagram (Dumitrescu et al., 2022) of the spin-

1/2 doped random-exchange 7-U-J model as obtained using a
quantum Monte Carlo solution of the EDMFT equations. FL,
Fermi liquid; SG, metallic spin glass for p # 0. The background
color corresponds to the fitted power-law exponent of the local
spin correlation function y(z) ~ 1/7%2 (color scale on the right).
Along the dashed gray line, SYK behavior 2A ~ 1 is found. A
linear-in-T resistivity is obtained in the quantum-critical region
with a resistivity that becomes lower than the MIR resistivity.
Inset: Enlargement close to the quantum-critical point.
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The exponent v at criticality was estimated to be in the range
v ~(.6-0.8. Note that a value of v smaller than unity implies
that the lifetime of single-electron excitations (inverse width
of the spectral function) satisfies Planckian T-linear behavior
as follows:

(7.12)

This is the case since, as detailed in Sec. VILE, Z =
[1 — 0Re Z(w)/0w)|,,_o)~" vanishes as Z « AT'~" at low T.
The overall coupling constant 4 cancels in the expression of 7*
to dominant order; hence, the prefactor c is generically of the
order of unity. This quantity is displayed in Fig. 14. The
spectral asymmetry £ was found to be nonzero but temper-
ature dependent over some extended range of 7. Whether
there is an intrinsic particle-hole asymmetry of the scaling
function at criticality down to 7 = 0 is an open question.
The metallic state is a Fermi liquid for p > p., which
satisfies the Luttinger theorem with a large Fermi energy
associated with a fermion density of 1 — p; see Sec. VIII.C for
a discussion of the Luttinger theorem in disordered systems.
For the present system, it is expressed using the relation
u—ReX(0) =ep at T =0, with &, the Fermi energy of the
noninteracting system (random-matrix model) for a density
n =1 — p. When one solves the EDMFT equations without
allowing for spin-glass ordering, a sudden breakdown of this
relation is found for p < p. (Otsuki and Vollhardt, 2013;
Dumitrescu et al., 2022), thereby signaling a breakdown of
the Luttinger theorem. These solutions correspond to a
metastable state with unquenched local magnetic moments.
These local moments order into a spin glass that is the actual
stable phase. The finite size exact diagonalization results
(Shackleton ef al., 2021) suggest that the Fermi energy may
collapse to a small one of volume p in this metallic spin-glass

0.124 D -4- 0.265
-6 0.160 4~ 0.290
-4 0.190 4- 0.350
4 0.215 ¢~ 0.410
, 008 -4 0.240 4 0.570
£
—
0.04 1
0.00 == . . : :
0.00 0.02 0.04 0.06 0.08 0.10
T/t
FIG. 14. Inverse single-electron excitations lifetime 1/7* as a

function of temperature 7 in the spin-1/2 doped random-exchange
t-U-J model for different doping p. A Planckian behavior
[Eq. (7.12)] is observed close to the quantum-critical point.
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phase. This interesting possibility awaits confirmation from an
infinite-volume solution of the EDMFT equations inside the
spin-glass phase.

D. Doped ¢—J model: Analytical insights

We now extend the analytic considerations of Secs. VL.A
and VI.C from the undoped quantum magnet at p = 0 to the
nonzero doping 7-J model with p # 0. This provides insight
into the numerical results presented in Sec. VIL.C for the
doped Hubbard model. This analysis is carried out in the
U — oo limit, employing the #-J model in Eq. (7.2).

In the SU(2) (M = 2) case, the Hilbert space of the 7-J
model on each site consists of the following three states:

(7.13)

We treat these three states in close analogy to the two spin
states of the random magnet in Eq. (6.1) (Fritz and Vojta,
2004; Vojta and Fritz, 2004). Apart from the increase in the
number of states, a crucial difference is the Fermi statistics
of the electron operator, which requires the three states to be
components of a superspin. However, there remains a choice
on whether the spinful or spinless component of the superspin
is fermionic. In an exact treatment of the problem, either
choice is permitted and should lead to equivalent results.
However, in approximate treatments one choice or the other
may be superior, and it is often useful to exploit this freedom.
For now, we present our discussion by representing the
superspin as follows as a spinless boson b (the holon) and
a spinful fermion f, (the spinon):

0) = b(v),  ckl0) = filv). (7.14)
The physical states are obtained when the constraint
fifet+bib=1 (7.15)

is obeyed [we implicitly sum over SU(2) indices in this
discussion for M = 2]. Hence, the physical states are invariant
under the U(1) gauge transformation that generalizes the one
in Sec. VLA (f, = f,e'?, b — be'?), while individual spinon
and holon excitations carry U(1) gauge charges. At the
moment, the fractionalized representation (and the associated
emergent gauge symmetry) is simply a convenient exact
description of the Hilbert space. But we see later in
Secs. VIL.D.2 and VILD.3 that the fractionalized operators
yield a simple way to understand the exponents at a non-
Fermi-liquid critical point as a realization of a critical doped
spin liquid.

The following physical electron (c,) and spin (S) operators
can be viewed as rotation operators of the superspin:

ca=bfo  S=1iftcufs (7.16)
If we combine these operators with an operator V that

measures the electron density
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V=b"b+3fifa

= 1-1cic,, (7.17)
we obtain all the generators of the supergroup SU(1|2). The
notation indicates that this group acts on a superspin with
one bosonic component b'|v) and two fermionic components
filv). These generators realize the superalgebra SU(1]2),
which is

[, 8] = i€apeS°, (7.18a)
{cacpy =0, (7.18b)
{Car i} = BupV + 0558, (7.18¢)

[$9, cal = =0%4¢p, (7.18d)

[S9,V] =0, (7.18¢)

[V,c,] = %ca. (7.18f)

If we had made the opposite choice and used spinful bosonic
spinons and spinless fermionic holons, we would have
obtained the superalgebra SU(2|1), which is isomorphic
to SU(1]2).

The effective local action associated with this model along
the lines of Sec. VILLA can be viewed as that of a single
SU(1]2) superspin, which is in complete analogy with
Egs. (6.11)—(6.13) for the self-consistent dynamics of a single
SU(2) spin. The local effective action can be written in terms
of the spinon and holon fields as

Zt] :/Dfa(T)Db(T)Dﬂ(T)e_SB_Su’

&z/m@@%+@n@
+b7() (% + m) b(z) - m} ,

2

Sy =950 / dt fifs —J?/ drdd Q(z —7)S(z) - S(7)

-1 / dedt'R(t — ) fi(t)b(7)bt (7') fo(7') + H.c.
(7.19)

The action Sy is the Berry phase of an SU(1/|2) superspin,
which we have expressed as the path integral over canonical
bosonic and fermionic fields while imposing the constraint
Eq. (7.15) with the field A(z). The chemical potential y of the
t-J Hamiltonian is now represented by the coupling s,. From
this action we have to determine the correlators

R(z=7) = co(t)cal(?)) 2,
O(r =) =3(8(c)-8(7))z,.
in a manner analogous to Eq. (6.12). And then we impose the

self-consistency conditions in Egs. (7.5) and (7.6), which take
the form

(7.20)
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R(z7) = R(z), (7.21)
in a manner analogous to Eq. (6.13).

It is not possible to solve exactly the quantum problem
defined by Eqgs. (7.19)—(7.21). Sections VIL.D.1-VIL.D.3
describe various theoretical expansions and numerical results,
in a matter analogous to the discussion in Sec. VI for the
random quantum magnet.

1. SU(M) symmetry: The Fermi-liquid large-M limit

A first approach (Parcollet and Georges, 1999) is to extend
the SU(M) large-M model of Sec. VLA using fermionic
spinons f, with an index @ = 1,..., M, while the bosonic
holons b have no index. In this case, the constraints [Egs. (6.2)
and (7.15)] become

M

. M
> flafia+bibi= > (7.22)
a=1

on each site i; we are restricting to the case with self-conjugate
representations of SU(M) at half filling, with x = 1/2. We
also fix the doping density p by

1 . Mp
Nbebi_T.

This large-M limit is similar to that employed for non-
random 7-J models (Kotliar, 1995; Lee, Nagaosa, and Wen,
2006) and has the crucial feature that the bosonic holons are
strongly condensed at 7 = 0. Indeed, in the large-M limit, we
may replace the boson with a number b; = \/Mp obtained
from the constraint in Eq. (7.23). The fermions f, then have
the same quantum numbers as an electron, with spin § = 1/2
and charge —1. The effective theory of these electrons is a sum
of the random-matrix Hamiltonian H, in Eq. (4.1a), and the
SYK Hamiltonian H, in Eq. (5.1a). We discuss similar
Hamiltonians in a different context in Sec. X and defer a
complete discussion until then.

For now, we note a few important features of this large-M
limit. The phase diagram (Parcollet and Georges, 1999) is
displayed in Fig. 15. At p = 0, we have the SYK spin-liquid
state described in Sec. VI. At any nonzero p, because of the
condensation of the holons b we obtain a disordered Fermi-
liquid ground state, with quasiparticles moving with an
effective hopping 7p. These quasiparticles are present at a
large Fermi energy below which there are states of (1 — p)/2
electrons per spin. There is a characteristic doping p* ~ J/t
that separates two different regimes with a distinct doping
dependence of the effective mass enhancement and spectral
weight Z of these quasiparticles. For p > p*, the usual
Brinkman-Rice (Brinkman and Rice, 1970) behavior m*/m =
1/Z x 1/p is recovered, as in the absence of random-
exchange couplings. In contrast, for p < p* much heavier
quasiparticles are found with m*/m =1/Z « (p*/p)>.
Correspondingly, the Fermi-liquid coherence scale is Ty, ~
(pt)?/J in this regime. Hence, the random exchanges strongly
modify the usual Brinkman-Rice behavior of the doped Mott
insulator at low doping. For p < p*, there is an interesting

(7.23)
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FIG. 15. Phase diagram (Parcollet and Georges, 1999) of the
doped 7-J model in the large-M limit with a condensed bosonic
holon b. The SY spin liquid (incoherent metal) displays linear-in-
T resistivity with a large bad metal resistivity.

crossover at T 2 T, above which non-Fermi-liquid behav-
ior with spin-liquid local correlations of the SYK type are
recovered (Fig. 15). This regime corresponds to a bad metal
with a resistivity larger than the MIR limit and depending
linearly on temperature; see Sec. VILE for a discussion of
related models for which we define a proper notion of
transport. The mechanism for this 7-linear dependence is
unusual. Indeed, in this regime the single-particle scattering
rate has the ImX « \/w, /T dependence of the spinon self-
energy characteristic of the SYK regime. Despite this, the
resistivity is found to be linear in 7" because the dispersion of
the quasiparticles is negligible compared to this large scatter-
ing rate, so the conductivity as obtained from the Kubo
formula is proportional to 1/(ImX)? « 1/T.

These conclusions can be drawn by examining the large-M
equation for the spinon Green’s function Gy, which reads
(Parcollet and Georges, 1999)

G;l =iw, +u— A— (Pt)sz - Zf(iwn)v (724)

where il=1 at the saddle point and X(r)=
—J2GJ2:(T)Gf(—T) as in the large-M SY model. The doping-
induced term (pt)*G + 1s a singular perturbation that cuts off the
SYK behavior. Indeed, substituting DIFR V/Jw into Eq. (7.24),
which corresponds to Gf x 1 /\/J_co, we see that a stable
solution of this type can exist only for (pt)?/vJw <V,
which yields @ > (pt)?/J ~ T, Which corresponds to the

previously described crossover regime. For T,w < T, the
consistent solution of Eq. (7.24) is a Fermi liquid.

2. SU(M) symmetry: Non-Fermi-liquid large-M limit

We know from the numerical studies of the random
quantum magnet discussed in Sec. VI.B that the actual ground
state of the undoped model (p = 0) is a spin glass, in contrast
to the spin liquid appearing in Sec. VIL.D. 1. It is reasonable to
expect that this spin-glass state survives for a range of nonzero
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p, and this has been confirmed by the numerical studies
discussed in Sec. VILC. In the large-M method of
Sec. VIL.D.1 the boson b condenses at any nonzero doping,
so the correlated spin liquid (or its associated spin-glass state)
is absent at 7 = 0 away from the insulator. In this section, we
discuss an alternative large-M approach in which the boson
need not condense at nonzero doping and can instead form a
SYK-like critical state.

We consider a large-M theory of an SU(M’|M) superspin in
which large-M and large-M’ limits are taken with k = M'/M
fixed (Joshi et al., 2020; Tikhanovskaya et al., 2021b). This
requires a theory of fermionic spinons f,,a = 1,..., M, just
as in Sec. VIL.D.1. However, the bosonic holons b, now have
an additional “orbital” index £ = 1, ..., M’. The electrons c,
have an additional orbital index ¢ and are related to the
spinons f, and holons b, by

Cpq = fab;’

M M M
Zf;fa+zb;’bf =5 (7.25)
a=1 =1

The doping density p is given by
1
Nijfb,-f = M'p. (7.26)
it

The physical case correspondsto M =2, M’ =1,and k = 1/2.

We can now take the large-M limit in a manner that closely
parallels Sec. VI. We then obtain the following SYK-like
equations for the boson and fermion Green’s functions, now
describing a critical doped spin liquid:

1
G, (i = s
oion) = i =% (i)

(1) = = G4(1)Gf(-1)Gy(1),
1
" iw, + py = Ep(iw,)’
() = —J2G%(T)Gf(—7) + k2G (1) Gy (2) Gy (7).
(7.27)

Gf(iwn)

Equations (7.27) share some similarities with those introduced
in a study (Haule er al., 2002) of the nonrandom #-J model
using the noncrossing approximation in the EDMFT frame-
work. They can be obtained from a G —X action that
generalizes those in Egs. (5.56), (6.6), and (8.8) as follows:

1[G, 2] = —1In det (0, — py)d(7) — 73) + Zf(71, 72)]

+ kln det[(0; — up)d(7) — 73) + 2y (71, 72)]
2
+ kTr(Z, - Gp) + %Tr([Gth] [GsGy))

2

CTHE, G - JZTr(G} .G2). (7.28)

In Eq. (7.28) puy and p; are chemical potentials chosen to
satisfy
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(f'fy=%—kp,  (b'b) =p.

As for the SYK model, we search for solutions of Eq. (7.27)
with the following low-energy critical behavior:

(7.29)

e—i(ﬂAf+9f)
Gf(Z) = CfZI——ZAf’ Im(Z) > 0,
e—i(nAb-&-é‘;,)
Gy(z) =G, I, Im(z) > 0,
0 1 sin(26,)
f f
x (2 f) sin2za,)

0, 1 sin(26,) 1
AT (S N W S A
x <2 ”> sin(rh,) 27

(7.30)
The last two equations of Egs. (7.30) follow from Luttinger
theorems similar to those discussed in Sec. V.B (Georges,
Parcollet, and Sachdev, 2001; Gu et al., 2020). Inserting this
Ansatz into Eq. (7.27), we find that self-consistency of the
terms involving the hopping 7 leads to the following constraint
on the scaling dimensions of the fermion (A ;) and boson (A,):
Ar+ A, :%, (7.31)
Inserting the Ansdtze for G, and Gy into the correlation
functions for the electron and spin operators [as in Eq. (6.7)],
we obtain for the gauge-invariant observables

Al T 0,

—(A_/[z),

(S(2) - S(0)) ~ ||1

(ca(7)ci(0)) ~ {

<0,

(7.32)

The electron Green’s function is similar to that of a Fermi
liquid, with the difference that the present large-M limit allows
for solutions with a particle-hole asymmetry with A, # A_,
whereas a Fermi liquid always has A, = A_. We note that this
is an unusual situation in which the 7 = 0 spectral function
is discontinuous at @ = 0; the electron Green’s function
obtained from the RG analysis presented in Sec. VIL.D.3
does not share this feature. A Fermi liquid would also have a
spin correlation function with a 1/7% decay, which is poten-
tially different from the previously discussed 1/|z|**s decay.

Our discussion thus far has been general, but the nature of
the state obtained strongly depends on the values of the
exponents A, and A,. Determining their values requires
further analysis of Eq. (7.27), and we now describe the three
distinct possibilities.

a. A, =Ap= 1/4: Doped SY spin liquid

In such a solution, the J terms in Eq. (7.27) also contribute
to determining the parameters in the scaling Ansatz in
Eq. (7.30). The scaling dimension of the spinons and the
spin operator are the same as those in the insulating SY spin
liquid described in Sec. VI.A. Numerical analyses of
Eq. (7.27) at all energies (Tikhanovskaya et al., 2021b) show
that such solutions do indeed exist, but only at small values of
the doping p.
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b. Ay, =0, Ay = 1/2: Disordered Fermi liquid

This state is the same as that obtained in the large-M limit of
Sec. VIL.D.1, but it turns out not to be a valid solution of the
saddle-point equations in Eq. (7.27) of the present large-M
limit (Christos et al, 2022). If A, =0, we have a b
condensate with (b(7 = 00)b™(0)) # 0 at T = 0. Inserting
this condensate into the equation for X, in Eq. (7.27), we find
a contribution X,(w) ~ || from the fermion polarizability,
which leads to a In(1/7) contribution to G,(r), which is
inconsistent with the presence of a b condensate.

c. 0< A, <1/4, Ay =1/2 = Ay: Critical metal

Numerical analysis (Christos et al., 2022) of Eq. (7.27)
shows that this is indeed a valid solution for a wide range of
doping p. The J terms in Eq. (7.27) are subdominant to the
critical Ansatz at low energies, but they do contribute at higher
energies. The exponents in this critical metal vary continu-
ously as a function of the doping and J/t and can be
determined by demanding numerically that Eq. (7.27) apply
at all energies. For finite M, the critical metal can be stable to
spin-glass order at 7' = 0 for A; < 1/4, unlike the finite-T
instability in Eq. (6.16) for the SY spin liquid. There can be an
instability to a metallic spin glass below a critical doping p,.
(Christos et al., 2022), and this is indicated in the schematic
phase diagram in Fig. 16. This spin-glass phase can be
described (Christos et al., 2022) using a theory of bosonic
spinons b, similar to that used for the insulating spin glass
(Georges, Parcollet, and Sachdev, 2000, 2001) in a related
large-M limit of an SU(M|M’) superspin (Tikhanovskaya
et al., 2021b), as indicated in Fig. 16.

3. RG analysis for SU(2) symmetry

This section returns to the original #-J model with SU(2)
spin symmetry, as defined by Eqs. (7.19)—(7.21). We describe
here a RG treatment similar to that for the insulating quantum
magnet presented in Sec. VI.C. The RG finds a critical point
with one relevant direction, which is naturally identified
with the deviation of the doping density p from the critical

SU(M'|M) theory

Critical metal.

(SU(M|M’) theoryj

Holon: (b(7)b'(0)) ~ 7%

Metallic
CondZilsI; iaitrsli).n b ; Spinon: ( fa(7)f1(0)) ~ 'rzlAf
(S(r)- S(0)) ~ constant | BptAr=1/2, 0<Ay<1/4.
(S(r) - S(0)) ~ s

(calr)h () ~ 7

Dec b

FIG. 16. Schematic phase diagram of the 7-J model in the non-
Fermi-liquid M limit of Sec. VIL.D.2 (Christos et al., 2022). In the
critical metal phase, the exponents obey 0 < A, < 1/4 and
A;=1/2-A,, and A, decreases monotonically toward 0
(the Fermi-liquid value) with increasing p.
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density p.. Moreover, the theory of this critical point turns out
to be similar to the large-M theory described in Sec. VIL.D.2.

We proceed (Joshi et al., 2020) in a manner that parallels
Sec. VI.C. We first assume power-law decays for the corre-
lators in the action in Eq. (7.19),

1 R(2) sgn(7)

Q(T) NW’ T)~ |T|”+1 . (733)

and ignore the self-consistency condition [Eq. (7.21)] to begin
with. We decouple the J?> and > terms in the action by
introducing bosonic (¢,,a =1,...,3) and fermionic (y,)
baths. The problem then reduces to the following solution
of the impurity Hamiltonian:

Hipmp = (5o + ) fafo + AbTb + go[feby,(0) + H.c]
i Tap 0 k|"dk k!
+70fa > F59a(0) + [ |&| Vi ka

45 [l + 0., (7.34)

where the constraint in Eq. (7.15) is imposed exactly by taking
A — oo (Fritz and Vojta, 2004), a = (x,y,z), 6% are Pauli
matrices, 7z, is canonically conjugate to the field ¢,,
$4(0) = ¢,(x =0), and y,(0) = [ |k|"dky,,. We identify
Q(z) with the temporal correlator of ¢,(0) and identify R(z)
with the temporal correlator of y,(0), and it can be verified
that these correlators decay as in Eq. (7.33).

Therefore, we have reduced the problem to an impurity
Hamiltonian of a SU(1|2) superspin interacting with separate
bosonic and fermionic baths. By analogy with the Bose-
Kondo model in Eq. (6.18), we can identify it as a superspin
Bose-Fermi-Kondo model where both the fermionic and
bosonic baths have to be determined self-consistently. Such
a model can be analyzed using a RG computation that
performs the exact path integral over the superspin space,
i.e., imposes the constraint in Eq. (7.15) exactly. The methods
are similar to those used for the insulating spin problem
that was employed to obtain Eq. (6.20), which ultimately
depended only upon the spin commutation relations. In a
similar manner, the RG results follow from the SU(1|2)
commutation relations in Eq. (7.18a). We also note that the
same RG equations would have been obtained from the
commutation relations of the isomorphic SU(2|1) algebra;
i.e., we get the same results from the formulation in terms of
either the bosonic spinons or the fermionic spinons.

The impurity has three coupling constants, and we represent
their renormalized values by y, g, and s. The coupling y
measures the coupling to the bosonic bath, just as in
Eq. (6.18). Similarly, g is the coupling to the fermionic bath.
We see shortly that g and y can be chosen to be nearly
marginal with appropriate choices of the exponents in
Eq. (7.33). The coupling s tunes the relative energies of
the spin and holon states, as is clear in Eq. (7.34). This is the
relevant perturbation mentioned at the start of this section, and
its flow leads to the phase diagram in Fig. 17. For s — +o0,
the energy of the holon is much lower and we expect the holon
b to condense, leading to a disordered Fermi liquid.
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SU(1|2) theory
Disordered

SYK Fermi liquid.
criticality of Condense holon b,
fractionalized |f« carrier density 1+ p

excitations
it lv) — _TT_ +
_1_ —'t_ 1 . fT [v) f¢ [v)
b v)

Si(r) - 8i0)) ~ =
bl [v) b |v) { ) I7!

SU(2|1) theory |

Metallic
spin glass.
Condense spinon b,,,
f carrier density p

<'§z‘(T) : §i(0)> ~ constant <Ci“(T)Cga(0)> - % <‘§‘(T)' ."‘(0)> ~ Tiz
<c“,('r)cfl,(0)> =2 % I <C“’(T)CI"(0)> ~ %
Pe p

FIG. 17. Schematic phase diagram of the RG analysis of the
random, fully connected ¢ —J model. The spinon and holon
states are nearly degenerate in the critical spin-liquid theory,
while the holon (spinon) states have lower energy for p > p.
(p < p.). From Joshi et al., 2020.

Conversely, for s - —oo the spinons will condense [in the
SU(2|1) formulation, as in Fig. 17], leading to a spin glass.
And in between, at some s = s, we will have the fixed point
that describes the critical theory we are interested in. To zeroth
order in g and y, the critical point is at s. = O: this corresponds
a threefold degeneracy in the three states of the superspin (see
Fig. 17) and a doping density p. = 1/3. Therefore, we have
the prediction that the critical doping density of the fully
connected random 7-J model is close to p = 1/3, a result that
is indeed supported by the numerical results (Shackleton et al.,
2021) reviewed in Sec. VIIL.C.
The one-loop RG equations are (Joshi et al., 2020)

Blg) = —Fg +39° + 3977,

€
Bly) = —5y+y3 + 7.

B(s) = —s +3¢*s — ¢ + 3~ (7.35)
We have introduced the variables
e=3-d, F=(1-r)/2, (7.36)

and it is clear from Eq. (7.35) that the fixed points at small €
and 7 are under perturbative control in powers of € and 7. The
RG flows in the g-y plane are shown in Fig. 18: there is a fixed
point in this plane at g*2, y*? of the order of e, 7. The relevant
perturbation s induces flows away from this fixed point in a
direction that is predominantly transverse to the g-y plane.
There are also fixed points in Fig. 18 along the g = 0O line,
corresponding to the fixed point of the insulating magnet in
Eq. (6.20), and along the y = 0 line, corresponding to the
fixed point of the asymmetric pseudogap Anderson impurity
(Fritz and Vojta, 2004; Vojta and Fritz, 2004), and has
properties similar to the large-M critical metal solution of
Sec. VIL.D.2 in Fig. 16.

Finally, we can compute the scaling dimensions of the
electron and spin operators at the red fixed point in Fig. 18. As
in Sec. VI.C, these scaling dimensions are protected by the
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FIG. 18. RG flow of Eq. (7.35) in the y-g plane plotted for e = 1

and 7 = 0.5. The red circle is the stable fixed point in this plane,
which is unstable only to flows predominantly in the s direction
out of the plane; this fixed point describes the p = p, critical
state in Fig. 17, and p — p. tunes the coefficient of the relevant
perturbation (not shown), which presumably drives the system
into the p > p.and p < p,. phases shown in Fig. 17. From Joshi
et al., 2020.

Berry phase term in Eq. (7.19) that imposes the SU(1|2)
commutation relations at any fixed point at nonzero g* and y*.
Therefore, we are able to compute the exponents in Eq. (7.20)
to all loop order; we find that

N sgn(7)
El
(S(2) - S(0)) ~

|T‘3_d.

)

(7.37)

We now restore the self-consistency condition in Eq. (7.21)
and find the self-consistent values r = 0 and d = 2. These
self-consistent exponents are the same as those obtained for
the doped SY spin-liquid case in the large-M computation of
Eq. (7.32). There is, however, an interesting difference that
merits further study: the electron correlator in Eq. (7.32) is
allowed to have particle-hole asymmetry with A, # A_, but
that is not the case for the present RG analysis.

E. Transport in random-exchange #-U-J models

Discussing conductivity requires a slightly different setup
than a fully connected lattice in order to properly define
transport and the current operator. One possibility is to
consider the model on the Bethe lattice with nonrandom
hopping amplitudes t;; = ¢//z, with z the connectivity of the
lattice. In the limit z — oo, the self-energy and the local
Green’s function obey the same equations as the model with
random ¢;; (Georges et al., 1996). Another possibility is to
consider a translationally invariant lattice of fully connected
dots, as in Sec. X.
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The conductivity is given as follows by the Kubo formula:

2re?

p
Ode =~ /dmm/d€¢(€)A(€,w)2. (7.38)

In Eq. (7.38), € is the energy of a bare single-particle state
within the band and A(e,®) = —(1/7)Im G (e, w) is the
energy- (momentum-) resolved spectral function. The trans-
port function ¢(¢) is defined on a Bravais lattice by

d
#e = [ %vm(e—q),

in which v, = (Vier), /R is the velocity in the considered
direction. On the infinite-connectivity Bethe lattice ¢(¢) =
#(0)[1 — (¢/2t)%]3/* (Georges et al., 1996). Here we have
assumed that the self-energy as well as the two-particle vertex
function depends only on frequency. As a result, because the
current vertex is odd in momentum, vertex corrections to the
conductivity vanish and the full Kubo formula reduces to
the fermionic bubble in Eq. (7.38) (Khurana, 1990). Note that
this is not the case for other correlation functions that are even
parity (such as charge or spin) (Georges et al., 1996).

We now discuss the behavior of the resistivity following
from Eq. (7.38) in two different situations. We first consider a
case in which Im X is much larger than the dispersion of the
band itself (i.e., the range over which € varies in the integral).
The dispersion can then be entirely neglected and we obtain
64 < [ dw{p/[4cosh?(Bw/2)]}(Im 1/X)?. This applies to the
large-M limit of the random-exchange 7-J model discussed in
Sec. VIL.D.1 in the SYK regime where T > T,. In that case,
ImX « JTf(w/T), where f(---) is a scaling function.
Inserting this into the previous expression leads one to
p(T)/pg & T /T, i.e., aresistivity that is T linear but larger
than the MIR value (introduced in Sec. III). This bad-metallic
behavior corresponds, however, to a Planckian regime with a
diffusion constant « 1/7 since the compressibility is temper-
ature independent. The conductivity is proportional to
the square of the transport scattering rate in this regime;
the latter is 7 linear while the single-particle scattering rate is
« +/JT. This mechanism for a Planckian bad metal with
T-linear resistivity was first discussed by Parcollet and
Georges (1999).

In the second case ImX is, in contrast, smaller than the
band dispersion. This applies in the low-7 limit of most of
the models discussed in this review. The integral in Eq. (7.38)
can then be approximated as [ de ¢(e)A(e, ) ~ Pl + p—
Re X(w)]/[2z|ImZ(w)]|]. Owing to the derivative of the Fermi
function, one can set @ = 0 in the numerator. Defining the
renormalized Fermi level as ey = u —ReX(0,0) (which
coincides with the bare Fermi energy when Luttinger’s
theorem is satisfied), one obtains

(7.39)

edler) / d p

%4 =T ¥ dcosh? (fw/2) Im =(w. T)|

(7.40)

Equation (7.40) is similar to Drude-Boltzmann theory, but we
emphasize that it is valid even when the scattering rate has a
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non-Fermi-liquid form. For example, when ImX =T7"f(w/T),
we obtain p « T%; v = 1 corresponds to a Planckian metal.
Evidence for such NFL behavior of the scattering rate was
previously discussed for the quantum-critical regime of the
random bond #-J and Hubbard models (Cha, Wentzell et al.,
2020; Dumitrescu et al., 2022). We emphasize that, as is well
known from transport theory, the wave function normalization
Z(T) x [1 —0Re Z(w, T)/0w|,_o]~' does not enter the
expression of the conductivity, in contrast to the width of
the one-electron spectral function, which is « Z|[ImX| (and
can be interpreted as the inverse of the quasiparticle lifetime in
a Fermi liquid). Note that, for a NFL with ImX « 7% and
v < 1, the latter always displays Planckian behavior « T,
regardless of the value of the exponent v, since Z(T,w = 0)
vanishes as Z(T) « T'7*. Indeed, the real part of the self-
energy is related to the imaginary part by ReXZ(w)=
- [do/'[ImX(e')/7]/(w—'), from which it follows for v < 1
that ReX(w)=T"f(w/T), and hence 1/Z=1-0,ReX=
1-T""'f(w/T); see Georges and Mravlje (2021) for details.

We note that Eq. (7.38) also applies to nonrandom models
in the DMFT limit of infinite connectivity. An interesting
connection was recently noted (Cha, Patel et al, 2020)
between the T-linear behavior of the resistivity in such models
in the high-7 bad metal regime (Péalsson and Kotliar, 1998;
Perepelitsky et al., 2016) discussed in Sec. III.A and the SYK
equations for the self-energy. Whether such a connection also
exists in the lower temperature regime is an interesting open
question; for a recent study of 7-linear resistivity in the
nonrandom Hubbard model using cluster extensions of
DMFT, see Wu, Wang, and Tremblay (2021). Possible
connections between the SYK model and NFL regimes of
nonrandom multiorbital models have also been pointed
out (Werner, Kim, and Hoshino, 2018; Tsuji and Werner,
2019). Relevance of SYK criticality to possible instabilities
of “Luttinger surfaces” has also been discussed (Setty,
2020, 2021).

Thermoelectric transport has also been analyzed in random-
exchange and SYK models. It was pointed out (Davison et al.,
2017; Kruchkov et al., 2020) that the thermopower of a lattice
of SYK islands is directly related to the spectral asymmetry
parameter £ introduced in Eq. (5.25), and hence offers a
possible probe of the residual 7 = 0 entropy. That relation
may be more involved in general, however (Kruchkov et al.,
2020; Pavlov and Kiselev, 2021). Recently Georges and
Mravlje (2021) emphasized that the intrinsic particle-hole
asymmetry of the /T scaling function in Eq. (7.11), which is
characteristic of ‘“skewed” Planckian (or sub-Planckian)
metals, has noteworthy consequences for the sign and T
dependence of the thermopower down to low 7, even in the
presence of additional elastic scattering. The possible rel-
evance to Seebeck measurements on cuprate superconductors
has been explored (Gourgout et al., 2021).

F. General mechanism for T-linear resistivity
as T — 0 from time reparametrization

The quantum-critical 7-linear resistivity computed numeri-
cally in Sec. VIL.C (and also in Sec. VILB) is somewhat
mysterious when compared with the analytical results. Recall
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that we found a leading Fermi-liquid-like behavior in the
electron Green’s function at the quantum-critical point in the
non-Fermi-liquid large-M limit in Eq. (7.32), and also in
the RG analysis for M = 2 in Eq. (7.37). The RG analysis also
makes clear that this Fermi-liquid exponent for the electron
operator is likely to be exact to all orders in 1/M. Inserting
such an electron spectral density into Eq. (7.38), we obtain
temperature-independent residual resistivity as 7 — 0, p(0).
We note that this large residual resistivity, present even for a
large dimension lattice without hopping disorder, appears to
be an artifact of the non-Fermi-liquid large-M limit of
Sec. VIL.D.2 (Guo, Gu, and Sachdev, 2020). The Fermi-liquid
large-M limit of Sec. VIL.D.1 has vanishing residual resistivity
(Parcollet and Georges, 1999), and this also appears to be the
case in the numerical study in the SU(2) limit (Dumitrescu
et al., 2022). It is possible that the non-Fermi-liquid large-M
limit of Sec. VII.D.2 has a crossover in the residual resistivity
at a frequency that vanishes as M becomes large.

We obtain a T dependence to the resistivity as 7 — 0 by
considering corrections to scaling for the electron operator in
the N = oo theory. The structure of these corrections can be
easily deduced from the theory described in Sec. V.E, which
generalizes directly to the 7-J model (Tikhanovskaya et al.,
2021b). As for the entropy in Eq. (5.53) and the spin spectral
density in Eq. (6.9), we consider the corrections due to the
h = 2 operator. The scaling dimension of this operator is also
“protected” at h = 2, given its connection to the Schwarzian
theory in Sec. V.F; i.e., it is the “time reparametrization”
operator, and the “boundary graviton” in the holographic
theory to be discussed in Sec. XII.B. Therefore, we do not
expect the i =2 scaling dimensions to acquire any 1/M
corrections. By the same arguments that lead to Eq. (6.9) for
the spin spectral density, we now obtain for the temperature
dependence for the resistivity (Guo, Gu, and Sachdev, 2020)

p(T) = pO)[1 +CpyT +--]. (7.41)
The linear-T dependence is the power T"~!, which is related to
that in Eq. (5.45), for the time reparametrization mode with
h = 2. The parameter y is the same as that in the entropy in
Eq. (5.53), and C, is a dimensionless universal number similar
to Cin Eq. (6.9). The value of C, can be computed in the large-
M limit of the 7-J model (Guo, Gu, and Sachdev, 2020). While
the coefficient of linear-T resistivity is controlled by the
residual resistivity in this large-M computation, that is not the
case for the numerical SU(2) computation in Fig. 14, with
the corresponding phase diagram given in Fig. 13 (Dumitrescu
etal.,2022). We also note that the large-M theory of the doped
t-J model has operators with & < 2. However, the scaling
dimension of these operators is not protected, and their
contribution to the resistivity is numerically small in the
large-M theory (Tikhanovskaya er al., 2021b).

G. Experimental relevance

The models described in this section are not meant to be
microscopically realistic models of materials displaying NFL
behavior, such as the cuprate strange metal. Nonetheless, as
we now discuss, the physics of the doped Hubbard and #-J
models with the previously addressed random-exchange
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couplings present rather striking similarities to some of the
salient phenomenology of the cuprates and can serve as a
building block for capturing certain universal aspects of NFL
behavior in general. We recall two of the most fundamentally
interesting phenomena observed in these materials.

* The appearance of a pseudogap regime below a critical
doping (p < p*). At low T and high fields, quantum
oscillations have revealed the existence of pocket Fermi
surfaces (Doiron-Leyraud et al, 2007; Proust and
Taillefer, 2019). These oscillations appear in a regime
with long-range charge-density-wave order, but a simple
model of reconstruction of the large Fermi surface by the
charge-density-wave order cannot explain the details
of the quantum oscillations. At higher T or at dopings
Pcpw < p < p* (where pcpw is the doping below
which there is charge-density-wave order), there is no
known long-range order, and there is clear experimental
evidence that the electronic spectrum cannot be ex-
plained by the large Fermi surface. The observations
include angle-dependent magnetoresistance (Fang et al.,
2022) and the “Fermi arcs” in ARPES (Damascelli,
Hussain, and Shen, 2003).

* Near p*, several properties are evocative of quantum
criticality, most notably (i) 7-linear resistivity with a
transport scattering time obeying Planckian behavior
T~ ah/kgT down to low temperatures (Homes et al.,
2004; Zaanen, 2004; Hussey, 2008; Bruin ef al., 2013;
Legros et al., 2019; Varma, 2020; Grissonnanche et al.,
2021); (ii) w/T scaling observed in several spectros-
copies, such as optical conductivity (van der Marel et al.,
2003; Michon et al., 2022; van Heumen et al., 2022)
and ARPES (Reber ez al., 2019); and (iii) a diverging
specific-heat coefficient near p*, with logarithmic
dependence of C/T upon T at p = p* (Michon
et al., 2019).

Seen in this perspective, the previously described doped
random-exchange models offer a simple platform in which to
study some of these phenomena. We have reviewed the
findings that they display a critical point upon doping at
which quantum-critical scaling is observed, and that the
Luttinger theorem breaks down at this critical doping. We
find clear evidence of the Luttinger breakdown in the value of
the chemical potential at temperatures above the spin-glass
transition for p < p. in the Monte Carlo study (Dumitrescu
et al., 2022) and at zero temperature within the metallic spin
glass in the exact diagonalization study (Shackleton et al.,
2021). The precise nature of the Fermi surface reconstruction,
and possible volume collapse, is still to be investigated in the
low-T metallic spin-glass phase for p < p. and is one of the
interesting open questions in the field.

Most notably, these doped random-exchange and SYK
models are among the few theoretical models in which
Planckian behavior of transport (Zaanen, 2004) in the absence
of coherent quasiparticles can be studied in a controlled
manner [we note that this issue has been investigated in the
marginal Fermi-liquid context (Varma ef al., 1989; Varma,
2016, 2020)]. The randomness of the exchange constants
helps introduce “frustration” and is, at the theoretical level, a
simple way to account for the fact that the physics of short-
range spin correlations is important in the pseudogap phase,
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but without true long-range order. One can also argue, as
emphasized early on (Parcollet and Georges, 1999), that
randomness of the exchange constants can be motivated at
a more microscopic level. In this respect, recent nuclear
magnetic resonance and ultrasound measurements have
revealed that the spin-glass phase extends up to p = p* for
La,_,Sr,CuO, subject to a high magnetic field (Frachet ef al.,
2020). The critical theory of the random-exchange models is
not particle hole symmetric, and the possible relevance of the
intrinsic particle-hole asymmetry of the @w/T scaling function
associated with the scattering rate has recently been empha-
sized for the interpretation of Seebeck measurements on the
cuprates (Georges and Mravlje, 2021; Gourgout ef al., 2021).

Another indication of Planckian behavior is the anomalous
continuum observed in dynamic charge response measure-
ments (Mitrano et al., 2018; Husain et al., 2019) on optimally
doped Bi,;Sr;¢Ca;(Cu,(Og,, using momentum-resolved
electron energy-loss spectroscopy. This has been studied in
a model with additional random density-density interactions
(Joshi and Sachdev, 2020).

VIII. RANDOM-EXCHANGE KONDO-HEISENBERG
MODEL

This section will combine the random-matrix model of
mobile electrons of Sec. IV with the random quantum magnet
of Sec. VI and couple them with a nonrandom, antiferro-
magnetic Kondo exchange coupling Jg. Thus, we have the
Kondo-Heisenberg Hamiltonian

1
N)]/z Z tlj i ]a /’tzczacla

v > 1SS, +JKZS

+_
1<i<j<N

(8.1)

aﬁcz/f

which has been used extensively as a theory of numerous rare-
earth intermetallics (usually in the absence of random
exchange), the so-called heavy-fermion compounds. This
model exhibits a “heavy Fermi-liquid” (HFL) ground state,
which is a Fermi liquid with electronlike quasiparticle excita-
tions with a large effective mass for models with nonrandom z;;.
Moreover, the Fermi energy is large because the occupied states
count both the conduction electrons c;, and the spins S;.
The fully connected random model also has such a heavy
Fermi-liquid phase that obeys a Luttinger theorem with this
large Fermi energy (Burdin, Grempel, and Georges, 2002;
Nikolaenko et al., 2021), as we discuss further in Sec. VIII.C.

Our interest here is in other possible phases of the Kondo-
Heisenberg lattice model, and on the quantum-critical points
to these phases starting from the HFL. A possibility of
particular interest is the fractionalized Fermi liquid (FL*)
(Burdin, Grempel, and Georges, 2002; Senthil, Sachdev, and
Vojta, 2003; Paramekanti and Vishwanath, 2004; Senthil,
Vojta, and Sachdev, 2004), in which the Fermi surface is
“small” and includes only the volume of the conduction
electrons. The spins §; form a spin-liquid state with fraction-
alized excitations, and the fractionalized excitations are
required to exist to allow deviation of the Fermi surface
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volume from the Luttinger value (Paramekanti and
Vishwanath, 2004; Senthil, Vojta, and Sachdev, 2004;
Bonderson et al, 2016; Else, Thorngren, and Senthil,
2021); we also make note of other discussions of FL* and
related states (Andrei and Coleman, 1989; Coleman, Marston,
and Schofield, 2005; Paul, Pépin, and Norman, 2007, 2008,
2013; Pixley, Yu, and Si, 2014; Chowdhury, Sodemann, and
Senthil, 2018; Si, 2010; Paschen and Si, 2021). In the random
fully connected model, the S; spins form the SYK spin liquid
of Sec. VI in the large-M limit, as we describe in Sec. VIIL.B.
A number of recent experiments have reported the existence of
a paramagnetic metallic phase with a Fermi surface volume
that does not appear to include the local moment electrons in
YbRh, (Sig.95Gey.05), (Custers er al., 2003, 2010), CePdAl
(Zhao et al., 2019), and CeColns (Maksimovic et al., 2022),
which resembles some aspects of the FL* phase.

A third possible phase of the Kondo-Heisenberg lattice
model has broken spin rotation symmetry and associated
magnetic order. For the random fully connected model in
Eq. (8.1) with SU(2) spin symmetry, this is likely realized as a
spin-glass phase. We discuss a RG analysis of the SU(2)
model in Sec. VIILD, and this has a fixed point that is
expected to describe the transition from the spin glass to the
HFL. There have been a number of experimental studies of
such a transition (Seaman et al., 1991; Aronson et al., 1995;
Schroder er al., 1998; Soldevilla et al., 2000; Vollmer et al.,
2000; Theumann and Cogblin, 2004; Shimizu et al., 2012;
Gannon et al., 2018; Zapf et al., 2001) in the heavy-fermion
compounds. Other reviews (Stewart, 2001; Kirchner et al.,
2020) further discuss the connections between the Kondo-
Heisenberg model and experiments on the heavy-fermion
compounds.

A. Effective local action

We begin our analysis, as in Sec. VIL.A, by averaging over
disorder and formulating the problem in terms of a self-
consistent single-site problem. We average over ¢;; and J;; in
Eq. (8.1), and in the large-N limit we obtain the following
single-site averaged partition function:

Z_KH:/DCQ(T)DS(T)(S(S2—l)e_SB_‘SKH’
oS oS £ 0Cy
/ d"/ deS - (01' au) / d’[c"ﬁ}’
SKH:/dr[ —uche, +—S (Ca(ya/}cﬂ):|

J? ’ / !
—E/d’l'd’l' Q(r—17)8(z) - S(7)

and finally impose the self-consistency conditions

R(z) = R(z),

As was the case in the 7-J model in Sec. VIL.D, closely related
equations can also be obtained in the case of nonrandom ¢;;
involving an electron dispersion ¢;.

Note the difference between the single-site self-consistency
problem for the #-J model of Sec. VIL.D and the present
Kondo-Heisenberg model. The Berry phase term Sy reflects
the different quantum degrees of freedom on the site: (i) For
the #-J model we have the three states of the previously
described SU(1|2) superspin. (ii) For the Kondo-Heisenberg
model we have the two states of the SU(2) spin-1/2 S and the
four states of the electron ¢, for a total of eight states. The two
models have similar bosonic and fermionic baths but differ
in the on-site Hamiltonian: the present model has a Kondo
coupling Jg.

The self-consistent single-site quantum problem defined by
Eqgs. (8.2)—(8.4) cannot be solved exactly, and we address it in
the remainder of Sec. VIII with the same methods as used
earlier for the random quantum magnet problem defined in
Egs. (6.11)—(6.13) and the Hubbard model problem defined in
Eqgs. (7.4)-(7.6).

Q(7) = Q(q). (8.4)

B. SU(M) symmetry with M large

The large-M analysis of the fully connected Kondo-
Heisenberg model (Burdin, Grempel, and Georges, 2002)
proceeds by generalizing the model in Egs. (8.2)-(8.4) to
SU(M) symmetry just as in Sec. VLA for the random quantum
magnet. We introduce fermionic spinons f,,a=1,...,M,
treat the random J;; exchange as in Sec. VLA, and decouple

the Jx exchange by a bosonic field P(z) ~ ¢ (7) f4(7). Note
that because the Jx exchange is nonrandom, this decoupling
variable is not bilocal in time.

In this manner, Eqgs. (8.2)—(8.4) reduce to the following
equations for the fermion Green’s functions, self-energies,
and time-independent saddle-point values iA(zr) =4 and
P(zr) = P. The Green’s function acquires “band” indices
associated with the f and ¢ fermions, so Dyson’s equation
has a matrix form

(o sy
_ (i“"l _l__;f (i@,) . +,:JA(iwn)>' (8.5)

The f fermion self-energy X, is the same as that used for the
random magnet in Sec. VLA, and the dynamical mean-field A

- / drdt'R(z — 7')cl(7)c (7)) + He. (8.2) s the same as that of the random-matrix model in Eq. (4.6b):
. — —J2G2 (=
From this action we determine the correlators (1) I Gf (0)Gy(=7).
A7) = G (7). (8.6)
R(T _T/) = _%<C (T)C:;( )>ZKH’ . g . = .
- , . Finally, the hybridization parameter P is determined by the
Oz =) =3(8(2) - 8(7)) z,,,» (8.3) self-consistency equation
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P = JgGre(t=07). (8.7)
Equations (8.5)—(8.7) can be obtained as follows from a G-Z
action analogous to Eqs. (5.56) and (6.6):

I[G,E,A,A,P}:/Oﬁd,[%_@]
[0, + i4(e)]6(z1 = 72) + 2411, 72)
—P*(7))8(7) — 1)
—P(7,)8(7; —12)

(0, —=u)8(11 —72) + A(71.72)
2
—-Tr(A-G,)+=Tr(G+-G
r( L)+2 (G- Gy)
2

J

—In det[

(8.8)

A complete solution of Egs. (8.5)—(8.7) requires a numeri-
cal analysis, but much can be understood from a low-
frequency analysis similar to that in Sec. VIL.D.2 (Burdin,
Grempel, and Georges, 2002). The phase diagram as a
function of 7" and J is shown in Fig. 19. A key determinant
of the phase structure is the value of P. We have P # 0 below
the line labeled T in Fig. 19: this line approaches the single-
site Kondo temperature in the limit J — 0. In this regime we
have the HFL phase, in which both the spins and the electrons
are part of the Fermi volume, as described in more detail in
Sec. VIII.C. The transition across the line where P vanishes is
expected to turn into a smooth crossover once 1/M correc-
tions have been included, as there is no underlying order in the
HFL phase at T > 0. However, the situation is different at
T = 0: P vanishes at the red circle in Fig. 19, which denotes a

T »
- Spatially L7

~ -

~~_ uncorrelated spins .~
e

~

Tk ™.

P=0 -

AN s

N e FL*

. - SY spin liquid

< + small Fermi surface
with MFL behavior

P=0

HFL
Heavy Fermi liquid \\\
with large Fermi surface
P#0 N N J
—@

FIG. 19. Phase diagram of the large-M Kondo lattice with
random exchange. The dashed lines are crossovers, but the 7 = 0
filled circle marks a quantum phase transition. The FL* phase and
the quantum-critical point exhibit linear-in-7" resistivity with the
small carrier density of the conduction electrons. The HFL
exhibits Fermi-liquid 72 resistivity with a large carrier density
of both the conduction electrons and the local moments. The
critical theory of the HFL-FL* transition at 7 = 0 has also been
discussed for models with full translational symmetry (Senthil,
Sachdev, and Vojta, 2003; Senthil, Vojta, and Sachdev, 2004).
From Burdin, Grempel, and Georges, 2002.
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quantum-critical point between the HFL and FL* phases: this
point is expected to survive 1/M corrections because of the
discontinuous change in the Fermi volume described in
Sec. VIIL.C. Moreover, the critical theory has P =0, so the
critical point has a small Fermi energy, in contrast to that for
the #-J model, as we discuss at the end of Sec. VIILD.

Despite the absence of a sharp phase transition between
them, there is a qualitative difference between the observable
properties of the HFL and FL* phases at 7 > 0. In the HFL
phase, the nonzero P quenches the singular SYK behavior of
the spins at low frequency, just as in Sec. VILD.1; conse-
quently, we expect Fermi-liquid-like behavior of the quasi-
particles at nonzero 7T around a large Fermi energy. In
particular, the resistivity ~72 and the associated carrier
density will include both the conduction electrons and the
spins. In contrast, while the FL* is also a metal, the carrier
density is small and includes only the conduction electrons.
Moreover, in the present fully connected model, the singular
SYK behavior of the spins survives. In the large-M limit, the
spins are decoupled from the conduction electrons when
P =0, but there will be a coupling at higher orders in
1/M. Therefore, although X. =0 at M = oo, the leading
correction to the imaginary part of the self-energy is (Burdin,
Grempel, and Georges, 2002)

(8.9)
where p,(Q) is the SYK spin spectral density obtained in
Eq. (6.8). This leads to marginal Fermi-liquid behavior
(Varma et al., 1989) for the small density of conduction
electrons, with ImX.(w = 0) ~ T and a linear-in-T resistivity,
using transport computations as defined in Sec. VILE.

This mechanism for the linear-in-7 resistivity in the Kondo
lattice model is distinct from that for the #-J model in
Sec. VILF. Here the carrier density at the critical point is
small, i.e., it does not involve the spins due to the breakdown
of the Kondo effect. In contrast, the carrier density in
Sec. VILF was large and involved all the -electrons.
Moreover, here the linear-in-7 resistivity already arose in
the leading scaling results for the SYK model, while those in
Sec. VILF required corrections to scaling.

C. Luttinger theorem

The Luttinger theorem is normally applied to metallic
phases of electrons, and we obtained an instance of this in
Sec. VIL.D.1 for the Fermi-liquid phase of the -/ model. But
we also saw a modified Luttinger theorem in Sec. VLA
for spins in an insulating Kondo magnet. The Kondo
Hamiltonian (8.1) has both spins and mobile electrons, and
there now are distinct realizations of the Luttinger theorem in
the HFL and FL* phases (Senthil, Sachdev, and Vojta, 2003;
Senthil, Vojta, and Sachdev, 2004).

It is convenient to present the discussion in the large-M
formulation of the theory in Sec. VIIL.B, although all state-
ments in Sec. VIIL.C hold to all orders in 1/M. When
expressed in terms of the spinons f,, the theory in
Eq. (8.2) has a U(l) gauge symmetry along with global
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U(1) symmetries associated with the total charge of the ¢,
electrons, (M/2)p, and the total spin S.. In principle, all three
U(1) symmetries will lead to their own and distinct Luttinger
constraints, unless there are condensates of bosons carrying
U(1) charges (Coleman, Paul, and Rech, 2005; Powell,
Sachdev, and Biichler, 2005) [we review this connection
between U(1) symmetries and the Luttinger constraints at
the end of Sec. XI.A.2]. In our discussion, the relevant boson
is the hybridization P ~chfy and this is a Higgs boson
because it carries a U(1) gauge charge.

1. FL* phase

In the FL* phase, there is no Higgs condensate (P) = 0, so
all three Luttinger constraints apply. An important property of
this phase is that the off-diagonal Green’s function vanishes at
all frequencies G¢. = 0. Consequently, the constraints arising
from the gauge U(l) and S, symmetries are essentially
identical to those considered for insulating quantum magnets
in Sec. VI.A, which are in turn related to the discussion in
Sec. V.B. Thus, we need only consider the constraint
associated with the ¢, fermion charge, which is

(8.10)

We can write G, in the FL* phase in the general form

1
B iw, +p— tzGc(ia)n) - Zc(iwn) -

G.(iw,) (8.11)

We have now included a self-energy . (iw,) that arises from
the 1/M corrections. This obeys ImZ,(i0") =0 at T =0,
and that is not the case for A(w) in Eq. (8.6). Another
important point is that the 1/M contributions to X.(iw,) can
be obtained from a Luttinger-Ward functional, and the
Luttinger constraint will then follow straightforwardly. We
first solve Eq. (8.11) to write

G, (iw,) = /°° aQ

where p(Q) is the single-particle density of states of the
random-matrix model in Eq. (4.8). We now proceed with an
analysis of the Luttinger constraint as in Sec. V.B: we expect
the contribution from the frequency derivative of the self-
energy to vanish (/, = 0), and such an analysis then shows
that Eq. (8.10) implies

p(L2)
iwn +u- Zc(iwn> -Q

. (8.12)

E
/ " p(Q) :g, (8.13)
2
where the Fermi energy is
Er =p—2.(0). (8.14)

‘We note that the analog of the previous analysis also applies to
the disordered Fermi-liquid phase of Sec. VIL.D.1 (Parcollet
and Georges, 1999).
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2. HFL phase

In the HFL phase of the Kondo-Heisenberg lattice, we do
have a Higgs condensate (P) # 0, so there is no separate
Luttinger constraint from the U(1) gauge symmetry. The
analysis of the Luttinger constraint (Burdin, Georges, and
Grempel, 2000) with the conservation of the electron charge
then leads to a large Fermi energy of size (1 + p)/2 per spin
[for the particle-hole symmetric value k = 1/2 in Eq. (6.2) for
the SU(M) spins].

We begin by writing Dyson’s equation in Eq. (8.5) in a
general form valid beyond the large-M limit. We define an
auxiliary matrix Green’s function as

iw,—A 0
Gliw,, Q)| = ( ) -X(iw,), (8.15)
0 iw,+u—Q
where X(iw,) is the matrix self-energy that obeys

ImX(i0") =0 at T = 0. As in Eq. (8.12), we have replaced
the G, (iw,) in Eqgs. (8.5) and (8.6) with Q. The presence of
the Higgs condensate in the HFL phase requires that the off-
diagonal matrix elements of X(iw,) are nonzero, and this is
crucial for the Luttinger constraint here.

We now state a useful identity, which can be verified by
explicit computation, for the following trace of the matrix
Green’s function G(iw) (which counts both the f, and ¢,
fermions):

Tt Gliw) = /_ " dp(Q) [i%ln det[G(ia, Q)]

o0

—iTr <Q(iw, Q) diZ(ia)))} .

- (8.16)

Notice the similarity of Eq. (8.16) to the identity used for the
SYK model in Eq. (5.15). The subsequent analysis proceeds
as it does there. In this situation, the /, contribution of the
second term in Eq. (8.16) vanishes from the usual Luttinger-
Ward functional argument because we are in a Fermi-liquid
phase and there is no anomaly at @ = 0. For p < 1, the first
term in Eq. (8.16) yields the Luttinger constraint (Burdin,
Georges, and Grempel, 2000; Nikolaenko et al., 2021)

£ 1
[ dap@ =L,

8.17
5 5 (8.17)

which, unlike Eq. (8.13), counts both the c, electrons and the
spins. The expression for the Fermi energy in Eq. (8.14) is
now replaced by

det[G(0, Ep)]™! = 0. (8.18)

D. RG analysis for SU(2) symmetry

We now analyze Zgy in Eq. (8.2) by combining the RG
analysis of Sec. VI.C with the “poor-man’s scaling” RG of the
Kondo problem.

This analysis will be carried out perturbatively in Jg, as in
the poor-man’s scaling (Hewson, 1997). At leading order, with
Jx = 0 but the mean-square hopping ¢ arbitrary, the equations
for the ¢, Green’s function reduce precisely to those solved
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earlier in Sec. IV for the random-matrix problem. These yield
a fermion Green’s function with a constant density of states at
the Fermi level ~1/1, as in Eq. (4.8). Note that this is a Fermi
level only of the ¢ electrons, and thus is a small Fermi surface:
therefore, the present RG analysis is an expansion about the
small Fermi surface. After a Fourier transform, the constant
density of states implies that G(r) ~ 1/rz at large |z|. We
therefore replace the fermion c,, with a bath fermion v, which
is the analog of the bosonic field ¢, that we introduced in
Sec. VI.C for the random quantum magnet. Similarly, we
endow y, with a momentum and a dispersion, with the
dispersion chosen such that y,(x = 0) has the same temporal
correlator as c,. In this manner, we can express the problem
as follows in terms of an impurity Hamiltonian of a single
S=1/2 spin coupled to fermionic and bosonic baths
(Sengupta, 2000):

Hinp = 75 $(0) + "8 - ) 0]
+ / dk ky} Wi + %/ dx[72 + (0,¢,)%].  (8.19)

The bath correlators are

1 R(z) ~ sgn(7)

QﬂNHIp e (8.20)

and the value of d is to be determined by solving the self-
consistency condition for Q in Eq. (8.4). We have argued
that the self-consistency condition for R is satisfied by a
Fermi-liquid constant density of states (of the small Fermi
surface) at the Fermi level, and that dictated the R(r)
in Eq. (8.20).

The impurity Hamiltonian in Eq. (8.19) has two couplings
Jg and y, and their RG flow equations can be computed by
combining the analyses of the usual Kondo model (Hewson,
1997) and those for the random quantum magnet in Eq. (6.20).
This analysis is perturbative in Jx and € = 3 — d, and the one-
loop RG equations are (Smith and Si, 1999; Sengupta, 2000;
Zhu and Si, 2002)

ﬁ@)=—§y+f,

BUk) =r* Ik = Jk. (8.21)
The resulting RG flow is plotted in Fig. 20. The random
quantum magnet fixed point of Sec. VI.C is stable to turning
on a small Jg, implying the stability of a small Fermi surface
phase. For SU(2), this small Fermi surface phase has spin-
glass order; but more generally, in models which are not fully
connected, it could be a spin liquid, leading to a FL* state as in
Sec. VIIL.B. For larger J, there is an unstable fixed point
beyond which the flow is toward Jx — oo, presumably to a
large Fermi surface HFL. We label this fixed point as the
“Kondo breakdown’” (Sengupta, 2000; Si et al., 2001;
Burdin, Grempel, and Georges, 2002; Senthil, Sachdev, and
Vojta, 2003; Si et al., 2003; Senthil, Vojta, and Sachdev, 2004)
because it separates the HFL phase with Kondo screening
from the small Fermi surface without Kondo screening.
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FIG. 20. RG flow of Eq. (8.21) for ¢ = 1. The y =0 axis
corresponds to the usual Kondo RG flow (Hewson, 1997). The
Kondo-breakdown fixed point has one relevant direction and
describes a phase transition between a small Fermi surface phase
[likely with magnetic order for SU(2)] associated with the
random quantum magnet fixed point of Sec. VI.C, and a large
Fermi surface HFL at large Jx. Compare this to Fig. 18 for the
random ¢#-J model. From Sengupta, 2000.

It remains to solve the self-consistency equation in Eq. (8.4)
to determine the value of €. As in Secs. VI.C and VII.D.3, the
scaling dimension of the spin operator can be determined
(Zhu and Si, 2002) to all orders at a fixed point y* # 0, and we
find the same result as in Eq. (7.37). The self-consistent value
is again € = 1, d = 2, as in the #-J model.

Compare the RG flow diagram for the Kondo-Heisenberg
model in Fig. 20 to that for the #-J model in Fig. 18. In both
cases, we have a critical fixed point with one relevant
direction, and similar critical correlators for the electron
and spin operators: a Fermi-liquid-like critical electron corre-
lator, and a SYK-like critical spin correlator, as in Eq. (7.37)
for d =2 and r =0. However, the density of electrons
participating in the electron correlator in Eq. (7.37) is different
in the two cases: at the Kondo-breakdown fixed point the
density of electrons is small and does not count the spins (as is
clear in Sec. VIIL.C for P = 0, and in the large-M analysis in
Sec. VIIL.B), while in the #-J model fixed point the density of
electrons is large and counts all electrons.

E. Numerical analysis

A complete numerical analysis of the single-site, self-
consistent quantum problem defined by Eqgs. (8.2)—(8.4) with
SU(2) symmetry has not yet been carried out. However, there
have been a number of studies of related models, motivated by
an uncontrolled EDMFT analysis of low-dimensional models
with nonrandom exchange (Si et al., 2001, 2003; Kirchner
et al., 2020), and a self-consistency condition of the spin
correlator that differs from that in Eq. (8.4). The self-consis-
tency in spin correlators has been systematically justified only
in models with random exchange, like those considered eatlier,
as we noted at the end of Sec. VII.A. The numerical analyses
were carried out for Ising spin symmetry (Grempel and Si,
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2003; Zhu, Grempel, and Si, 2003; Glossop and Ingersent,
2007; Zhu et al., 2007), although recent works have also
examined SU(2) spin symmetry (Cai et al., 2020; Hu, Cai, and
Si, 2020). Aspects of these studies are similar to the RG results
described in Sec. VIIL.D, with a SYK-like spin spectral density
[i.e., spin correlations similar to Eq. (6.23)] at a critical point
between a Fermi-liquid phase and another phase that is
presumed to break spin symmetry.

IX. OVERVIEW OF NUMERICAL ALGORITHMS FOR
FULLY CONNECTED SU(2) MODELS

In the large-M limit, the action in Eq. (7.4) is solved using a
saddle-point technique that reduces to nonlinear integral
equations for the Green’s function G as in Eq. (5.2) and a
simple expression of higher correlators in terms of G using
Wick’s theorem. The SU(2) case is more complex. The action
in Eq. (7.4) is still a local quantum many-body problem (at
J = 0, itis the Anderson quantum impurity model), and more
advanced algorithms are required to solve it.

In this section, we provide an introduction for nonexperts to
the algorithms used to solve the previously addressed SU(2)
models and discuss their strengths and limitations. The goal is
to solve the local action in Eq. (7.4) for fixed bath A and
retarded spin-spin interaction J. The self-consistency con-
dition on A and 7 is then solved with an iterative technique
(Georges et al., 1996). Note, however, that the self-
consistency can generate a nontrivial frequency dependence
for the bath A and the interaction J, respectively, which
complicates the solution. For example, any technique based on
a flat bath spectral function with a large high energy cut-off,
such as integrability, is inoperable in this context.

Significant progress has been made in the last two decades
on numerical algorithms to solve such quantum impurity
models with complex baths and interactions in the context of
DMFT and its extensions (Gull et al., 2011). Several classes of
algorithms are available, in particular, action-based quantum
Monte Carlo— (QMC-) or Hamiltonian-based methods (exact
diagonalization, numerical renormalization group, density
matrix renormalization group, and tensor network methods).
The QMC ones are the methods of choice here due to the
retarded spin-spin interaction term in Eq. (7.4).

The SU(2) insulating case was first studied in the para-
magnetic phase using an auxiliary field QMC technique
(Grempel and Rozenberg, 1998) with a sampling method
of the auxiliary field in the Matsubara frequency space. Local
moment solutions were obtained at low temperatures as
discussed in Sec. VLB (Grempel and Rozenberg, 1998;
Dumitrescu et al., 2022).

Recent works, however, have used the continuous time
QMC (CTQMC) family of algorithms for quantum impurity
models. The central idea is to perform an expansion of the
partition function Z either in powers of the interaction U and
J around the noninteracting limit [CT-INT (Rubtsov, Savkin,
and Lichtenstein, 2005) or CT-AUX (Gull et al., 2008)
algorithms] or in powers of the bath hybridization A around
the atomic limit [CT-HYB algorithm (Werner ez al., 2000)].

We first consider the CT-INT algorithm used in Secs. VIL.B
and VII.C (Cha, Wentzell et al., 2020; Dumitrescu et al.,
2022). The partition function Z,
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_ / Del (1) De, (x)e-Swci@e) (9.1)
is expanded in both U and J to any order as
Z= Zzn' '2[7/ Hd’l’ Hd’l’ ar;J(«; — 7j)
n>0 p>0
X Z <T H”T 7;) 8% ( })S“/(r}’)> . (9.2)
aj=x,y,z 0

The average is taken in the noninteracting model and, via
Wick’s theorem, can be expressed as a determinant in terms of
the noninteracting impurity Green’s function.

The principle of the CTQMC is to sample Z stochastically
with a Metropolis Monte Carlo algorithm, computing integrals
of various dimensions simultaneously. A Monte Carlo algo-
rithm is defined by its configuration space and the elementary
steps constituting the Markov chain in this space. When the
integrals with a Riemann sum on a regular grid of step o7 are
discretized, the configurations C are simply given by the
orders n and p and the set of 7;, 7}, and 1;’ . Formally, Z can
then be written as

Z= ZZZ(ST”“I’]‘C i, T 7)),

n>0 p>0 C,

(9.3)

np

where f¢ is given by the time-ordered correlator in Eq. (9.2).

( 61.)11+2p
The MC Markov chain consists of elementary steps in adding
or removing one (or two) vertices at some randomly chosen
times, sampling all the integrals simultaneously. The various
correlation functions are then computed from this Markov
chain, as their expansions are similar (Gull et al., 2011). The
typical order of the expansion explored by the algorithm can
be shown to be proportional to f, and in practice can go up to
several hundred. In this model, CT-INT can develop a sign
problem at low temperatures in some parameter regimes due
to the J term. In practice, however, it can often be strongly
reduced using Gaussian counterterms added to both the bare
action and the U interaction term (Rubtsov, Savkin, and
Lichtenstein, 2005; Dumitrescu et al., 2022).

The CT-HYB algorithm is similar to CT-INT but is
based on a double expansion around the atomic limit, i.e.,
in powers of A(z), and J,, where the retarded spin-spin
interaction is rewritten as JS(z)-S(7') = J5%(7)S*(7') +
T s S%7)S7*(7'). Expanding Eq. (9.1) in A and J
and using the antisymmetric property of time-ordered fer-
mionic correlators, the partition function Z reads

p
ZE}wa/H@WH%@

n>0 p>0

XHJLT _T Z Zlgejt@ A’T _T/)]

=t a=+
X <T,Hc§i( Hsaf S=ai( rj)> ,
i=1 atomic

(9.4)

The weight of a configuration C,, is we,, =
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where the atomic correlators are taken in the isolated atom,
ie., A=0and J, =0. The CT-HYB algorithm was intro-
duced in the DMFT case J = 0 (Werner et al., 2006) and later
extended to the EDMFT case J # 0 (Otsuki, 2013; Otsuki
and Vollhardt, 2013). The J | component of the retarded spin-
spin interaction can be taken into account exactly in the atomic
correlator. The second expansion in J |, however, is neces-
sary since no efficient algorithm is known to compute the
atomic correlators in the presence of a retarded non-Abelian
spin-spin interaction term.

The CTQMC algorithms provide an exact solution in
Matsubara time. The main advantages over the previous
generation of QMC impurity solvers (Hirsch and Fye,
1986) are the ability to treat general atomic interactions
(including retarded interactions) and the absence of time
discretization, as the algorithm can be performed directly in
the continuous time limit 67 — O (hence its name). The last
point can be illustrated easily on a CT-INT. We consider a
Monte Carlo step from a configuration C of the order of (n, p)
to a configuration C’ of the order of (n + 1, p). Their weights
we and we are proportional to (67)""2” and (87)"T12P,
respectively, as seen in Eq. (9.3). However, the Markov chain
steps can be chosen such that the Metropolis ratio

Tocwe

Reoo = (9.5)

Teowe

(where T_, is the proposition probability of the step) is finite
for 6t — 0. Indeed, T(_ = 6t/p (the probability to ran-
domly pick up one new time on the imaginary axis) and
Teec=1/(n+1) (the probability to randomly select one
time to remove from the configuration C’). As R controls the
Metropolis algorithm, its finite limit ensures the continuous
time limit of the algorithm even though the weights them-
selves vanish at 67 — 0. The absence of time grid extrapo-
lation is a great advantage in practice at low temperatures
(Gull er al., 2011).

The main limitations of the CTQMC algorithms include
some sign problem (depending on the exact algorithm and the
parameter regime), a poor scaling with temperature (like 5°),
and most importantly their restriction to imaginary time. Some
delicate analytical continuation are required to access real-
frequency correlations. Note that a third generation of QMC
methods for impurity problems that work directly in real time
has recently appeared (Cohen et al., 2015; Profumo et al.,
2015; Macek et al., 2020). They are based on diagrammatic
computations of physical quantities rather than the partition
function. It is an open question whether these new approaches,
when properly generalized to handle the retarded spin-spin
interaction, will allow us to solve some of the remaining
challenges presented by these systems, including the low-
temperature behavior.

X. LATTICE MODELS OF SYK ATOMS

This section returns to the SYK model of Sec. V and follows
a different strategy toward connecting it to the physics of
quantum matter. In Secs. VI-VIII we imposed Mottness on the
SYK model by adding an on-site repulsion on each site i; this
approach then connected naturally to dynamical mean-field
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theories of correlated materials. This section examines an
alternative approach in which the SYK model is viewed as a
multiorbital atom, and i labels the orbitals on such an atom.
We then examine a lattice of such “SYK atoms” and find that
such models can also exhibit regimes of non-Fermi-liquid
behavior with linear-in-T7 resistivity. For models with a single
band of SYK atoms, these non-Fermi liquids are invariably
bad metals at temperatures higher than the renormalized
bandwidth, in that the resistivity exceeds the MIR resistivity,
where the quantum of resistance is redefined as 4/ Ne? for the
N-orbital atom. This is in contrast to the non-Fermi liquids
obtained using a two-band generalization of these models in
Sec. X.B and those introduced in Sec. VII, which display
resistivities smaller than the MIR resistivity.

The models described in this section characterize the
anomalous transport properties of non-Fermi-liquid metals
with short-range interactions in crystalline settings. We
address the fate of the electronic Fermi surface in the regime
of strong interactions when there are no long-lived low-energy
quasiparticles. Therefore, it is natural to address the extent to
which the models introduced thus far can serve as elementary
building blocks for addressing these fundamental questions in
a controlled setting. In Secs. X.A—X.D, we discuss properties
of a number of different variants of the SYK models.

A. Breakdown of a heavy Fermi liquid

We begin by writing a model for electrons with orbital
labels i =1,2,...,N and hopping on the sites r of a
d-dimensional  hypercubic  lattice  (Fig. 21). The
Hamiltonian H,. = Hy;, + H,, is given by

Hkin = _Ztrr’cj‘-icr’i - ﬂzcj‘.icriv (1013)
rr i
! S Tt
Hy, = 73/22 Z Uij:kfcricrjcrkcrf' (101]3)
(2N)2 2 57

Equations (10.1a) and (10.1b) are thus a generalization
of a completely (0 + 1)-dimensional model H, + H,, as

FIG. 21. Basic building block for studying translationally
invariant lattice models constructed out of SYK atoms with N
orbitals per site. The different sites are coupled together by
single-electron hopping terms.
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introduced in Eqgs. (4.1a) and (5.1a), respectively. The simplest
choice for the hopping and interaction parameters is to make
them both random variables (Song, Jian, and Balents, 2017).
Alternatively, the hopping parameters can be made transla-
tionally invariant such that they depend only on the spatial
separation |r—r’/| (Zhang, 2017; Haldar, Banerjee, and
Shenoy, 2018). Of special interest is the situation where
additionally the interaction terms U, are also assumed to be
independent of the site label » (Chowdhury et al., 2018). H;,,
is then constructed as a repeated array of the H, term in
Eq. (5.1) for every site r and U;;, are identical at every site,
thereby preserving an exact (instead of statistical) translational
invariance. The couplings are still chosen from a Gaussian
random distribution with zero mean W = 0 and variance
\Uijae|* = U?. Appealing to the self-averaging properties of
the SYK model in the large-N limit, we can compute
correlation functions of a typical translationally invariant
realization (where crystalline momentum is a good quantum
number) by averaging over the disorder realizations. The
chemical potential u allows us to tune the electron density Q.
Variants of the one-band lattice model without any hopping
terms (i.e., f,,» = 0) and with only four-fermion interactions
that couple together different sites have also been studied
(Davison et al., 2017; Gu, Qi, and Stanford, 2017), with
properties that are vastly different from what we discuss later.
A different family of lattice SYK models defined in terms of
Majorana fermions has been used to study insulating tran-
sitions out of a diffusive metal (Jian, Bi, and Xu, 2017; Jian
and Yao, 2017) and the effects of longer-range correlated
couplings on diffusive transport (Khveshchenko, 2018b).

In the large-N limit, once again only the melon graphs
survive (Fig. 7), but the Green’s function now includes an
additional contribution due to H,;, and takes a more nontrivial
form than Egs. (5.2a) and (5.2b):

1
iw, — & — Z(iw,, k)’

G(iw,. k) =
2(iw,. k) = —UZTZ/ G(iQy. k) (iw, + iQ,.k + k),
iQ ky

(10.2a)

M(iQ,.q) =T ﬁ Gliw), K)Gia), + Q. K + q),

iw),

(10.2b)

where [, = [d?%/(27)? and & is the electron dispersion.
Equations (10.2a) and (10.2b) are reminiscent of the usual
DMFT equations, but where the electron self-energy is
allowed to be momentum dependent. As we later discuss,
in the strong-coupling limit, the momentum dependence
becomes parametrically weaker than the frequency-dependent
renormalization, stemming from the local SYK physics
(Chowdhury et al., 2018).

Equations (10.2a) and (10.2b) are in general difficult to
solve analytically as a function of frequency and momenta; the
full solution can be obtained numerically across the entire
Brillouin zone. However, significant insights can be gained
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analytically by starting with a low-energy guess for a self-
consistent solution. Recall that in the limit where the sites are
all decoupled, at energies w < U for H, in Eq. (5.1), the
electron scaling dimension A = 1/4. By simple power count-
ing arguments, H,;, is a relevant perturbation; as a result, the
power-law solution for the Green’s function obtained earlier
cannot survive down to the lowest energies and there will be a
crossover to a regime dominated by H;, that can nevertheless
be strongly renormalized due to interactions (Parcollet and
Georges, 1999; Song, Jian, and Balents, 2017).

At the lowest energies, we assume the self-energy to take
the following Fermi-liquid form:

Y(iw,. k) = —i(Z7' = 1w, + Ag, (10.3)
where Z is the quasiparticle residue and Ag; is the renorm-
alization associated with the dispersion, which is to be
determined self-consistently. As a further simplification,
zooming in on the near vicinity of the Fermi surface, we
can parametrize Ag, = (Avp)k, where Avp is the Fermi
velocity renormalization and k is measured relative to the
Fermi surface. The self-consistency condition then reduces to

Z7' -1 =13U°Z, (10.4a)
AV ez,

10.4b
o (10.4b)

where v is the bare density of states at the Fermi energy. In
the strong-coupling limit U > W, where W is the unrenor-
malized single-particle bandwidth, we immediately obtain
Z~1/yyU and Avp/vp ~O(1). Thus, the dominant self-
energy renormalization in Eq. (10.3) is frequency dependent,
with a much weaker momentum dependence. As a result, we
also immediately infer the effective mass renormalization
(m*/m = 1/Z). The ground state is thus a heavy Fermi liquid
with a sharp Fermi surface at any strength of interaction.

This picture of a Fermi liquid breaks down as a function of
increasing energy. Naively, one would expect this to occur
for energies comparable to W; this is incorrect, and the
crossover instead occurs at a much reduced scale of
W* ~W?2/U, which also serves as the renormalized band-
width of the heavy Fermi liquid. Consider the following
coherent part of the Green’s function:

VA
iw—Z2& +ia3U|w|* In(W*/|w|)sgn(w)

Glio.k) = . (10.5)

where & = ¢, + Ag, and a~ O(1) is constant; the In(-- )
term is specific to d = 2. After analytically continuing to real
frequencies, the imaginary part of the self-energy in Eq. (10.5)
becomes X' (w) ~ @?/W*, such that ’(W*) ~ W*. Thus, at
energies approaching W* the scattering rate of the quasipar-
ticles becomes comparable to the renormalized bandwidth.
This is a sign that the quasiparticle picture and the sharp Fermi
surface associated with the low-energy Fermi liquid are
breaking down.

We can instead approach the problem from higher energy
scales. For @ > W, it is appropriate to start with the solutions
to Egs. (10.2a) and (10.2b) in the decoupled limit and treat the
hopping perturbatively (i.e., in powers of &). In this limit, we
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reproduce the completely local form of the electron Green’s
function obtained earlier in Eq. (5.3). The leading momentum
dependence can be obtained in the strong-coupling regime as
follows by expanding in powers of &:

K= isgn(w) _B(w) Ek

VUlo| Ulo|

where B(w) is a frequency-independent constant whose value
depends on the sign of w and descends from the spectral
asymmetry discussed in Sec. V. This is an incoherent regime
where the electronic quasiparticles are not well defined. Note
that the momentum-dependent correction becomes compa-
rable to the local term at w ~ W*.

The previous description leads to a simple picture for the
properties of the model in Eqs. (10.1a) and (10.1b). At the
lowest energy scales, the system is a heavy Fermi liquid with
a sharp Fermi surface satisfying Luttinger’s theorem. All
interaction-induced corrections are predominantly frequency
dependent, with a weak residual momentum dependence. The
DMFT-like behavior is linked to the properties of the single
SYK cluster. As a function of increasing energy, the quasi-
particle scattering rate increases until they are no longer well
defined; at scales approaching the renormalized bandwidth
W+, the Fermi surface and the quasiparticles are completely
destroyed. Starting at higher energies, W* also marks the
crossover where the completely local picture of the decoupled
SYK dots with perturbative spatial corrections breaks down
and is accompanied by the incipient formation of a Fermi
surface. Going beyond the large-N results discussed here, the
fate of the low-temperature phase can be vastly different
(Altland, Bagrets, and Kamenev, 2019a).

We note thatif the model in Egs. (10.1a) and (10.1b) is defined
with a random ¢,,» and an uncorrelated U;;.;, at different sites
(Song, Jian, and Balents, 2017), the properties of the previously
discussed incoherent regime remain unchanged since the
spatial correlations are completely local. The low-energy dis-
ordered FL regime is similar in many aspects to the previously
discussed FL but is notably different in the presence of the sharp
Fermi surface. We return to some of the consequences of this
subtle difference when we discuss transport in Sec. X.C.

Finally, we note a model (Patel and Sachdev, 2019) in
which the random interactions are restricted to be “resonant”:
this has W* — 0, and the Planckian behavior holds down to
zero temperature. The rationale for such a model is that the
nonresonant interactions have already been absorbed in
effective 1, for the quasiparticles. The resonance condition
can be interpreted in terms of a scalar field needed to impose
the constraints, and this indicates that Planckian behavior
should appear more readily and naturally in Yukawa-SYK
models of fermions and bosons with random Yukawa cou-
plings: we consider such models in Sec. XI.

Gliw (W< o|<U), (10.6)

B. Marginal Fermi liquid and critical Fermi surface from
incoherent “flavor” fluctuations

Our theoretical discussion of the metallic non-Fermi
liquids discussed in this review thus far has lacked any
interesting spatial structure. Even for the lattice model
considered in Sec. X.A, the incoherent regime had no singular
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momentum-dependent features. However, it is possible to
add additional electronic degrees of freedom to the model
introduced in Egs. (10.1a) and (10.1b) and engineer a critical
Fermi surface (a sharp electronic Fermi surface without any
low-energy electronic quasiparticles) over a wide range of
energy scales. These additional electronic degrees of free-
dom realize a “marginal” Fermi liquid where the single-
particle lifetime I'y, ~ max(w, T') (Chowdhury et al., 2018;
Patel ef al., 2018).

Consider an additional band of electrons d,; defined on
the sites of the same hypercubic lattice with orbital labels
i=1,...,N, with a separately conserved density Q,. We are
interested in Hamiltonians of the form

H—H +H, (10.7a)

. 1 N oo
Hd: E €kd1‘a‘dki+WE E V[j;k,gcridr‘jd,kcrf, (107b)
ki roijke=1

where ¢; is the dispersion for d electrons (including the
respective chemical potential) and H . continues to be defined
by Egs. (10.1a) and (10.1b). The V;j,, are assumed to be
identical at every site, thereby preserving translational sym-
metry, and chosen from a Gaussian random distribution with
Vijae = 0 and variance |V;j-|> = V2. We are particularly
interested in the regime where the bandwidth for d electrons
W, far exceeds the c-electron bandwidth W. The setup here is
reminiscent of the periodic Anderson model for an itinerant
“conduction” electron band coupled to a strongly interacting,
narrow band (Hewson, 1997), except that the interaction terms
now are chosen to have a purely SYK form. A different variant
of the two-band model involving an interband hybridization
that conserves only the total density has also been analyzed
(Ben-Zion and McGreevy, 2018).

In the large-N limit, only the following set of coupled
melon graphs survive for the Green’s function corresponding
to both ¢ and d electrons (Fig. 22):

FIG. 22. Melon graphs for the model in Eq. (10.7) for the
electron self-energies for (a) ¢ and (b) d electrons, respec-
tively. Solid black (red) lines denote fully dressed ¢ (d)
Green’s functions. The dashed (dotted) line represents the
disorder averaging associated with the interaction vertex

|Ujiael* (Vijael»-
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1

. k —
G(lwn7 ) iwn — & — Z(ia)nsk) -

AR (10.8a)

1
iw, — e — Zy(iom, k)’

Gyliw,. k) = (10.8b)

Y (iw,. k) = —VZTZ/ (iQ,, k), (iw, +iQ,,k + k),
ki

(10.8¢)

> (iw,, k) = _V2TZ/ G,(iQ k) (iw, +iQ,. k + k),
ki

(10.8d)

i, q) = TZ/Gd i), k) Gy(io), + iQ,.k + q),

l(H

(10.8¢)

where X(iw,, k) and T1(iQ,,q) are as previously defined in
Eq. (10.2b).

Over an energy window W* < w (or T) < min(W,, U),
when the d electrons scatter off the incoherent fluctuations
associated with the ¢ electrons, their self-energy is given by

S, (i) ~ —iwlog Q%) (10.9)

which has the marginal Fermi-liquid (MFL) form. We
emphasize here that the MFL regime in this setup is generated
self-consistently, even after including its feedback on the ¢
electrons, without having to postulate the existence of a
featureless bath (Varma et al., 1989).

In the translationally invariant setting discussed here, the d
electrons have a sharp Fermi surface. To make this precise, we
can take the limit of W* — 0 at 7 = 0 and identify the location
of the Fermi surface from the solution to G;'(0,k) = 0. The
critical Fermi surface satisfies Luttinger’s theorem, where its
size is now determined solely by Q,, i.e., the density of ¢
electrons is not included in the size as anticipated and can
therefore be characterized as small. The proof of Luttinger’s
theorem for the critical Fermi surface follows the standard
treatment in Fermi liquids (Abrikosov, Gorkov, and
Dzyaloshinskii, 1963) and is based on the Luttinger-Ward
functional. The two-particle correlators (as in the density
response) near the 2k wave vector have a singular depend-
ence as a function of energy. Note that the singular form of the
self-energy in Eq. (10.9) is momentum independent and not
tied to the vicinity of the Fermi surface.

This construction leads to a concrete realization of a small
critical Fermi surface with marginally defined excitations.
However, the critical Fermi surface obtained here is neces-
sarily accompanied by a finite extensive entropy extrapolated
to 7' — 0, which originates from the usual entropy associated
with the incoherent regime of the local SYK islands of ¢
electrons. In Sec. XI, we discuss a different class of models
where the critical Fermi surface is large (i.e., the size is
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determined by the total electronic density) and can arise
without an extensive entropy in the 7 — 0 limit.

C. Thermodynamics and transport

For the single-band model in Eqgs. (10.1a) and (10.1b), the
Fermi liquid at 7 < W* has an entropy density s ~ yg. T,
where yp & m* ~1/W*. In the incoherent regime for
T > W*, the entropy density is given by that of a single
SYK dot [Eq. (5.53)] with weak perturbative corrections of the
order of (W/U)?; the extrapolated entropy in the limit of
T — 0 from this regime is finite (Georges, Parcollet, and
Sachdev, 2001), but the excess entropy is relieved at
T ~ W* across the crossover into the Fermi liquid (Song,
Jian, and Balents, 2017). At 7 > W*, electrical transport
occurs as a result of the perturbative electron hops between
SYK dots. Starting from the Kubo formula for the conduc-
tivity and given the completely local form of the single-
electron Green’s functions, the current-current correlation
function reduces simply to a convolution of two spectral
functions, much like standard computations of transport
within DMFT. This leads to

(7
T

where F(---) is a universal scaling function of @/T. This
immediately leads to a bad metal 7T-linear resistivity (and
scattering rate) with values that can far exceed py = h/Ne?
over a range of temperatures (W* < T < U). In the Fermi-
liquid regime at T < W*, the resistivity crosses over into a
conventional regime with p = BT? as long as the Fermi
surface is large enough and electron-electron umklapp scatter-
ing is allowed. The coefficient (B) of the T? term satisfies the
Kadowaki-Woods scaling (Kadowaki and Woods, 1986), as
can be verified simply by demanding that there is a smooth
crossover at 7~ W* between the two different metallic
regimes. We note that the resonant model (Patel and
Sachdev, 2019) has W* =0, and it exhibits strange metal
linear T resistivity with values well below py,.

In the MFL regime of the two-band model introduced in
Eq. (10.7), the critical Fermi surface associated with the d
electrons gives rise to a singular specific heat C ~ T'In(1/T) at
low temperatures, in addition to the usual contribution from
the SYK dot associated with the ¢ electrons. Once again, given
the local form of the single-particle self-energy in the MFL
regime, transport simplifies considerably, leading to the
following T-linear resistivity associated with the d electrons:

2
L (V_> T
Ne? \W2U
In the translationally invariant setting of Eq. (10.7a), the finite
resistivity arises as a result of momentum relaxation to the
bath formed by the local c electrons at every site (Chowdhury
et al., 2018).
We end this section by noting that the extrapolated zero-

temperature entropy from the strange metal regime of the
cuprates vanishes (Loram et al., 1994), unlike the residual

Ne* W+

o(lw,T) = BT

(10.10)

pa(T) (10.11)
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extensive entropy in the limit of 7 — 0 associated with the
models considered here displaying SYK-like critical correla-
tions at large N. There are a number of other materials
displaying NFL behavior over intermediate energy scales
where the extrapolated entropy is also known to be extensive
and finite but relieved below a certain low-temperature
coherence scale (Allen et al., 1996; Briihwiler et al., 2006).

D. Superconductivity

Conventional Fermi-liquid metals, even with purely repul-
sive interactions (i.e., in the absence of phonon-mediated
attraction), are unstable to superconductivity at extremely low
temperatures. This Kohn-Luttinger mechanism (Kohn and
Luttinger, 1965) relies on an effective attraction that is
generated in a non-s-wave angular momentum channel at
higher orders in the interaction strength. An analogous general
statement cannot be made about the non-Fermi-liquid metals
introduced in this review and their pairing instabilities, if any,
have to be analyzed on an individual basis.

The models introduced thus far in this section do not have
any pairing instabilities. By extending these models to include
spinful fermions, a number of routes have been used to
generate attraction via pair-hopping interactions (Patel,
Lawler, and Kim, 2018; Wu et al, 2018), a random
Yukawa interaction to a bosonic field (such as a phonon
field) (Esterlis and Schmalian, 2019; Wang, 2020; Classen
and Chubukov, 2021), and the introduction of additional
correlations between the interaction matrix elements U,
(Chowdhury and Berg, 2020a). At large N, all of these models
have a mean-field-like transition to superconductivity where
Eliashberg theory becomes asymptotically exact. However,
the instability is not tied to the usual “Cooper logarithm”
(Abrikosov, Gorkov, and Dzyaloshinskii, 1963) associated
with an underlying Fermi surface and the ratio of gap
magnitude to transition temperature is enhanced above the
standard mean-field value. When supplemented by an on-site
attractive Hubbard interaction, the previously mentioned
models display a fluctuation regime resembling a “pseudo-
gap” (Wang et al., 2020) before the superconducting tran-
sition. Certain tensor models (Kim et al, 2019) and
generalized SYK-type models (Bi et al., 2017; Luo et al.,
2019) defined in terms of real fermions have also been studied
and were found to exhibit spontaneous symmetry breaking
analogous to pairing.

Intrinsic superconducting instabilities of the previously
introduced non-Fermi liquids and their analogy with the
Kohn-Luttinger mechanism can be seen by introducing a
spin label ¢ =1, |, modifying Eq. (10.1b) to

1 S i
Hip — 41\,—3/22 Z Z Uij;kfcrio-cj:jg/Crkrr’crfo"v (10.12)
T oo=1.) ijkf=1

and including additional correlations between the interaction
matrix elements as U;;, = +Uj. ;0. The physics is qualita-
tively different depending on the + sign here, as can be seen
most directly by writing the Bethe-Salpeter equation (Fig. 23)
for the intraorbital, spin-singlet vertex in the pairing channel
as follows: @, (r —r') = €,y CrrsCriy -
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FIG. 23. Bethe-Salpeter equation for the intraorbital pairing
vertex @ in the large-N limit.

At zero external center-of-mass momentum, the linearized
equation for ®, becomes

@(0k) = FUTY. [ 0(9.0)6(i0.0)6(-i0.~q)
Q q

x M(iw — iQ, k — q), (10.13)
where G(iw,q) and Il(iw,q) are as introduced earlier in
Egs. (10.2a) and (10.2b). Introducing the additional spin label
and the matrix correlations Ujj. ., = +Ujy. ;s does not change
the asymptotic nature of the single-electron Green’s functions
but can lead to preemptive instabilities to superconductivity
depending on the & sign (Chowdhury and Berg, 2020a). For
the model with U;;xr = Uj.je, the eigenvalue problem in
Eq. (10.13) has a nontrivial solution with a superconducting
T. ~ U. Superconductivity preempts the crossover into the
heavy Fermi liquid and arises at the level of a single site due to
effectively attractive interactions that are generated at O(U?);
the superfluid stiffness is nevertheless finite and given by
NW*>T,.. On the other hand, for the model with
Uijxe = —Uixje, there is no instability at the level of a single
site and, while the pairing susceptibility is enhanced when
T ~ W* is approached from above, the non-Fermi liquid is
stable against pairing. However, across the crossover into the
heavy Fermi-liquid regime, the momentum dependence in
[1(q) can drive a pairing transition, much like the Kohn-
Luttinger mechanism but where 7'. is now set by the only
relevant scale in the problem W*. Similar generalizations can
also be constructed for the two-band models in Sec. X.B, to
analyze the intrinsic pairing instabilities of the marginal Fermi
liquid with a critical Fermi surface (Chowdhury and Berg,
2020b). We end by noting that for a variety of non-Fermi
liquids involving quantum-critical degrees of freedom, the
Eliashberg equations share a similar structure (Abanov and
Chubukov, 2020; Wu et al., 2020).

XI. FERMI SURFACES COUPLED TO GAPLESS BOSONS

This section will turn to a different, and extensively studied,
approach to non-Fermi liquids in clean metals. We begin
with a Fermi liquid with a well-defined Fermi surface and
long-lived quasiparticles and examine the breakdown of
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quasiparticles due to scattering from a gapless boson: this
gapless boson can be associated with either an order parameter
near a symmetry-breaking transition or an emergent excitation
associated with fractionalization. Note, however, that the
Fermi surface remains sharp in momentum space even though
the quasiparticles are not well defined and the spectra are
broad in energy space: a “critical Fermi surface” is realized, as
discussed in Sec. II.B.

As we later describe, there are difficulties (Lee, 2009) in
applying conventional large-N methods to the critical Fermi
surface problem. However, progress has recently become
possible (Esterlis et al., 2021) with the incorporation of
insights from a class of Yukawa-SYK models describing
fermions and bosons with a three-body Yukawa coupling (Fu
et al., 2017; Murugan, Stanford, and Witten, 2017; Patel and
Sachdev, 2018; Esterlis and Schmalian, 2019; Marcus and
Vandoren, 2019; Aldape er al., 2020; Wang, 2020; Wang
and Chubukov, 2020; Esterlis ef al., 2021; Kim, Altman, and
Cao, 2021; Wang et al., 2021). These methods provide a
systematic treatment of such critical Fermi surfaces and also
expose similarities to SYK non-Fermi liquids. The new
approach shows that the required large-N limit can be
obtained provided that we allow random coupling constants,
as in the Yukawa-SYK models. In this situation, the couplings
can be spatially uniform, so translational invariance is main-
tained (Aldape et al., 2020; Esterlis et al., 2021). Despite the
presence of random couplings, many properties self-average
in the large-N limit, just as in the Yukawa-SYK models. The
central idea is that in a given finite-N system, with a fixed set
of coupling constants, there is a RG flow to a common
universal low-energy theory. Assuming the existence of such a
theory, we attempt to access the universal low-energy physics
simply by averaging over couplings. Upon carrying out this
procedure, we find that only certain averages over the
couplings matter, and the values of these averages cancel
out in the low-energy theory, thus supporting the existence of
a universal theory. We note that the idea of simplification
realized by an average over similar strongly coupled theories
has also played an important role in recent investigations in
quantum gravity and averages over random matrices or
conformal field theories yield systematic large-N holographic
realizations of the path integral of simple theories of gravity
(Stanford and Witten, 2019; Afkhami-Jeddi et al., 2020;
Maloney and Witten, 2020; Pérez and Troncoso, 2020;
Chen, Czech, and Wang, 2021; Cotler and Jensen, 2021;
Engelhardt, Fischetti, and Maloney, 2021; Datta et al., 2022).

We now consider a specific model of a critical Fermi
surface: fermions coupled to an emergent U(1) gauge field.
As outlined in Sec. II.B, such a theory arises in a number
of different physical contexts, including spin-liquid Mott
insulators with a gapless Fermi surface of spinons (Lee,
1989; Altshuler, Ioffe, and Millis, 1994; Polchinski, 1994)
and the compressible quantum Hall state in the half-filled
Landau level with a gapless Fermi surface of composite
fermions (Halperin, Lee, and Read, 1993). The formalism is
also easily extended to a number of other examples involv-
ing the onset of broken symmetries, identified by order
parameters with vanishing lattice momentum, in a metal
[such as Ising-nematic order in a Fermi liquid (Metlitski and
Sachdev, 2010)].
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A. Fermi surface coupled to a dynamical U(1) gauge field

Consider a nonzero density of fermions coupled to an
emergent U(1) gauge field A,. In the presence of a Fermi
surface, the longitudinal components of A, are screened just as
in an ordinary metal with Coulomb interactions. However, there
is no screening in the transverse sector, so we focus only on the
transverse spatial components A, . We can schematically write
the theory by generalizing the action for the Fermi liquid to

Sep = /dr[/ (;li];d c, (a%—l—e(—iV—A)) Cha
VK[ ey

We have not included an explicit time derivative term for A,
because it will turn to be subdominant to the frequency
dependence induced by the Fermi surface. The coefficient of
the Maxwell term (V x A)? is determined by short distance
physics, and we have included a prefactor of N for future
convenience; the gauge-coupling is denoted as K~!. We have
restricted our considerations to spatial dimension d = 2, where
the frequency dependence for the self-energy will be most
singular and is also the dimension of most physical applications.
We now proceed with a perturbative but self-consistent
analysis of S, in a “patch” theory: we focus on the vicinity of
the point k on the Fermi surface, as in Fig. 24. For the gauge
field A, it turns out that we need include only components of
their momenta that are tangent to the Fermi surface, closely
connected to the following 1/|g,| dependence of the fermion
polarizability that is obtained as in Fermi-liquid theory:

(11.1)

(g, iw,) = — (11.2)

Recalling that we are focusing only on transverse gauge-field
fluctuations, we may replace the gauge field with a single
scalar field ¢p = A,. In this manner, the patch theory limit of
Eq. (11.1) is

+f 0 0 k0
_ T :
Sll”/’ = /deXdy |:l//a (E—lvFa—Ea—yz)llla

2
TRILS <%) - vprﬁwlwa] :

11.3
2 \ody ( )

FIG. 24. Extended patch of the Fermi surface with momenta
expanded about the point k, on the Fermi surface. This yields a
theory of two-dimensional fermions y in Eq. (11.3).

035004-49



Chowdhury et al.: Sachdev-Ye-Kitaev models and beyond: Window into ...

where, for now, we are considering the case witha =1, ..., N
fermion flavors. This patch theory also applies to the other
cases with order parameters, which were identified just
before Sec. XL A.

The fermion polarizability will now appear as a self-energy
for the ¢ field, so we can write the ¢ propagator D(q, iQ,,) as

1

D(q,iQ,) = ,
(@19) = Nikg —2ni(q. i)

(11.4)

where I1 is given by Eq. (11.2). The fermion Green’s function
is expressed as follows in the usual way:

1
Gk, iw,) = , 11.5
(k. iwy) iw, — &, —Z(k,iw) (11.5)
where now
5
ekvakx—i—K?'. (11.6)

The self-energy, as a result of scattering off the fluctuations
of ¢, can be evaluated as

d2
S(k, iw,) = U%/—"ZTZD(q, iQ,)Gk + ¢.iQ, + iw,)
(27)° &=

_ _lﬁ dqy Z sgn(w, +Q,)
2N ) 2= Kq% +1Q,|/47vpx|qy)

0,70
2
— : UF 1/3 Sgn(wn + Qn)
= ———+———(4nvpxK T sy e—
AN oK) QZ;O Q,['/3
(11.7)

We dropped the gauge fluctuations at Q, = 0 because they
require special treatment: this is likely an artifact of the
fermion not being gauge invariant. The singularity at Q, = 0
in Eq. (11.7) will likely drop out of gauge-invariant observ-
ables. In any case, there are no issues at 7 = 0, in which case
we find the non-Fermi-liquid self-energy X(w) ~ @*3. At
T > 0, the resulting equation (11.7) obeys the following
scaling form, which is similar to that of the SYK model in
Eq. (5.27) (Lee, 1989):

X(k,w,T) x T>3® <h—“’> (11.8)

kT

This is much larger than the bare @ term in the inverse Green’s
function and leads to the absence of a quasiparticle pole at
the Fermi surface, where the latter is defined as the location
where G~ (kg,w = 0,T =0) = 0.

1. Large-N limit

As we emphasized earlier, our apparent perturbative com-
putations of the fermion Green’s function are actually fully
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self-consistent in the self-energies of both the gauge field and
the fermion. In this sense, the equations have a structure
similar to that of the SYK models. Thus, as in the Yukawa-
SYK models, we ask whether there is a systemic large-N
approach in which these results can be obtained as the saddle
point of an action. This will ensure that the solutions are
locally stable against all perturbations, determine conditions
under which superconducting or other instabilities could exist,
and also allow a systematic treatment of corrections.

Despite numerous attempts, a systematic and satisfactory
treatment that relies only on a naive large-N expansion has
been lacking in the literature. The difficulty is apparent from
an examination of Egs. (11.5) and (11.7). In a model with N
fermion flavors, the singular self-energy in Eq. (11.7) has a
prefactor of 1/N, and therefore is formally smaller than the
bare dispersion vpk, + ka /2. However, the self-energy has to
be matched with the bare dispersion to obtain the physical
excitations, and thus a power of N is unavoidable in the
dispersion of the renormalized excitations. This implies that
higher-order Feynman graphs can be enhanced by powers of
N not associated with the symmetry factors of the graphs,
leading to a breakdown of the 1/N expansion; this is indeed
what happens (Lee, 2009). Various work-arounds have been
attempted (Fitzpatrick et al., 2013, 2014; Damia et al., 2019),
but none have been entirely successful because they include
N-dependent energy scales.

As noted earlier, recent studies (Aldape er al., 2020;
Esterlis et al., 2021) have shown that a systematic large-N
theory of the critical Fermi surface can be obtained in a
theory with couplings that are random in flavor space but
translationally invariant. We now show how such a theory
leads to a G- formulation for the critical Fermi surface. We
start with the theory Eq. (11.3), promoting the scalar ¢ to
now acquire N indices, ¢,, and introduce a set of couplings
Gape that are random in flavor space but spatially uniform;
we also set vy = 1 and k = 2. The required theory is then
(Esterlis et al., 2021)

+f0 0
_ T ;
Syp = / drdxdy [lpa (07 — l&x - ay2>l;/a

K a¢a 2 Yabe T
+2(()y> N ¢aWch .

(11.9)

The key new feature is the set of space-independent random
complex Yukawa couplings ¢g,,. that have zero mean and
variance ¢°.

We can now proceed just as in the Yukawa-SYK models:
we obtain a theory for Green’s functions that are bilocal in
both space and time. Using the spacetime coordinate
X = (7, x,y), we can write the averaged partition function

Zyp :/DG(Xl»Xz)DZ(Xlsxz)DD(XLXz)
x DI(X,. X,) exp [-NI(G, =, D, TI)]. (11.10)

The G-X-D-IT action is now
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1(G,£,D.1)

g 1
= 2T0(G - [GD)) = Tr(G - £) + 5 Tr(D - TN)

—In det[(d,, —id,, — 0%)5(X; — X») + (X1, X,)]

+%ln det [(—K03 )8(X; — X,) —II(X, X5)], (11.11)

where we introduced notation analogous to that in Eq. (5.57),

Tr(f -g) = / X, dXof (X0, X )g(X1. X,). (11.12)

Note the crucial prefactor of N before I in the path integral.

The large-N saddle-point equations of this action are
precisely the self-consistent equations that we already solved,
apart from differences in factors of N. Assuming that all
saddle-point Green’s functions depend only upon spacetime
differences, we can write them as

. 1
Gk iw,) = w, — ky — 12 =2k, iw,)’
1
D(q,iQ,) = —5———,
qu H(qa Qn)

Z(X) = ¢’D(X)G(X).
(X) = —¢*G(X)G(-X). (11.13)

From the previous analysis, we can write the solution to these
equations as

Q
(g, i0,) = - £ |
8z g,|
4/3 713
) g sgn(w, + Q,)
2k, iw,) = =2i (11.14)
o ey

Note that N does not appear in these saddle-point equations,
unlike that in the self-energy in Eq. (11.7).

2. Luttinger’s theorem

Despite the absence of a quasiparticle pole, Luttinger’s
theorem still applies to the critical Fermi surface with
essentially no modifications. On general grounds we can
expect that, at T = 0, ImG~!(k, in) = 0 at all k, where 7 is a
positive infinitesimal, and this is obeyed by Eq. (11.7).
As in Fermi-liquid theory, the Fermi surface is then defined
as Re G‘l(kF, in) =0, with particlelike excitations for
ReG~'(kp,in) <0 and  holelike  excitations  for
Re G~!(kg, in) > 0. We proceed as in Sec. V.B and decom-
pose the expression for the charge density per flavor index Q
into the following two terms:
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Q // _lew —iw0” _Il+12’

do d
I = ZA/—QOZEIH[ (k,iw)]e~ @0,

d .
—X(kiw)e ™ (11.15)

where [, = [dk/(2x)?. We evaluate I, as in Eq. (5.17) and
obtain
0 k,
Il—zllm// da)d ( a)—|—111)
n—0 2]7,' d(D (k w — )
= ——hm [arg G~ (k, in) —arg G~ (k, —co0 + in)].
7[;7—»0 k
(11.16)
The momentum integrand evaluates to -z for

ReG™! (kp,in) > 0, and 0 otherwise, and hence I, evaluates
the momentum space volume enclosed by the Fermi surface
divided by (27)

It now remains to establish that /, = O for the critical Fermi
surface case, unlike the SYK model results in Sec. V.B. The
self-energy of the critical Fermi surface in Eq. (11.8) is
singular at @ = 0, just like the self-energy of the SYK model
in Eq. (5.27). Therefore, we might worry that there is an
anomalous contribution to /, from the singularity at @ = 0,
as there was in Sec. V.B. However, that is not the case here
because the singularity of the Green’s function is much
weaker as a result of its momentum dependence; now the
low-energy Green’s function is

G ' (k,w) = —vpk, — 2k§ 3(w), (11.17)
and this diverges at @ =0 only on the Fermi surface
vk, + Kk_% /2 = 0. Indeed, with this form the local density
of states is a constant at the Fermi level. Consequently, there is
no anomaly at 7 =0, and I, = 0 from the Luttinger-Ward
functional analysis. Incidentally, we note that the Luttinger-
Ward functional in the large-N limit is simply the first term in
the action / in Eq. (11.11), which is similar to the SYK model.

To complete this discussion, we add a few remarks on the
structure of the Luttinger-Ward functional, and its connection
to global U(1) symmetries (Coleman, Paul, and Rech, 2005;
Powell, Sachdev, and Biichler, 2005). Consider the general
case where were are multiple Green’s functions (of bosons or
fermions) G, (k,, w,). Let the ath particle have a charge ¢,
under a global U(1) symmetry. For each such U(1) symmetry,
the Luttinger-Ward functional will then obey the identity

(DLW [Ga(km wa)] = (DLW [Ga(kw Wy + an>]. (1118)
In Eq. (11.18) we regard @y as a functional of two distinct
sets of functions f 5, (@), With f14(@,) =Gy (ke, 0y + ¢, Q)
and fa,(@) = G,(ky, w,), and @py evaluates to the same
value for these two sets of functions. Expanding Eq. (11.18) to
first order in Q and integrating by parts, we establish the
corresponding /, = 0.
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3. Thermodynamics

The grand potential can be computed by evaluating
Eq. (11.10) for the saddle point in Eq. (11.14). Such a
computation (Halperin, Lee, and Read, 1993) shows that
the entropy density is given by

s ~T?3, (11.19)

It is useful to give a scaling interpretation of Eq. (11.19)
(Eberlein, Mandal, and Sachdev, 2016). In a critical theory
with the dynamic critical exponent z in the spatial dimension
d, we expect s~T%% In our case, we have fermionic

excitations that disperse as @ ~ kf’/ 2, so we identify
z = 3/2. In this case, Eq. (11.19) matches the scaling expect-
ations in d =1 dimension. Evidently, the free energy is
similar to that of chiral fermions dispersing normal to the
Fermi surface, and the integral along k, only determines the
prefactor in Eq. (11.19) that is related to the area of the Fermi
surface. In scaling terms, it is conventional to denote such a
dimensional transmutation in terms of a violation of the
hyperscaling exponent 8 such that the entropy density scales
as s ~ 749/ Equation (11.19) then corresponds to d = 2,
0=1,and z = 3/2.

We now extend these scaling arguments to a finite system
volume V and compare the behavior to that of the random-
matrix model in Sec. IV.B, and that of the SYK model in
Sec. V.E.2. Following these earlier treatments, we deal with
extensive quantities such as the total entropy § = sV. We
expect the scaling V ~ 797, and thus S ~ 7%, Similarly,
we have for the energy density e ~ T's ~ T(¢+2=9)/z and the
total energy E = eV ~T(=9/2 Collecting these scaling
forms, we express the following total entropy S as a function
of the total energy E and the volume V, as in Secs. IV.B
and V.E2:

S(E) = VoD g(EVE0)/d), (11.20)
where ®g(y) is a scaling function. As V — oo, we expect the
relationship to involve only intensive quantities, and therefore
S/V should be a function only of E/V. This is achieved if

(I)s(y N oo) ~ y(d—e)/(d—9+2).

(11.21)
The scaling results in Eqs. (11.20) and (11.21) are easily
seen to be obeyed by both the random-matrix and SYK
models. In these models, we identify the system size N with
the volume V, but we cannot accord much meaning to the
values of the exponents, because there is no true sense of
space. In the random-matrix model, the result in Eq. (4.18)
is of the form of Eq. (11.21), with the scaling function
®g(y) ~/y and @ = d — z. In the SYK model, the result in
Eq. (5.81) corresponds to ®@g(y) = ¢; + ¢2/y, for some
constants ¢;, and the exponents § = d and z = 0.

For the critical Fermi surface, the important open question
is the behavior of ®g(y — 0). A reasonable conjecture is that
®¢(y — 0) is anonzero constant. In this case, the total entropy
inthe T = 0 or E — 0 limitis S ~ V¥4 = \/V. Note that this
differs from the behavior of the entropy for the critical Fermi
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surface state obtained in Sec. X.B. In other words, the entropy
of the critical Fermi surface here is subextensive at low
energies, a behavior intermediate between the random-matrix
[which has S(E—0)~V° and SYK [which has
S(E - 0) ~ V] models. The many-body density of states
would then behave as N (E — 0) ~exp(y/V), although as
in all systems N (E) ~exp(V) when E is extensive.

4. Transport

We now couple the fermions on the critical Fermi surface to
an external U(1) gauge field [distinct from A in Eq. (11.1)]
and discuss the structure of the associated conductivity. The
highly singular self-energy in Eq. (11.8) suggests that there
will be a strong scattering of charge carriers, and hence a low-
T resistivity that is larger than the ~7? resistivity of a Fermi
liquid. Indeed, it was argued in an early work (Lee, 1989) that
the resistivity is ~T%/3; this is weaker than £ ~ T?/3 because
of the 1 — cos(#) factor in the transport scattering time, for
scattering by an angle 6, and the dominance of forward
scattering.

However, this argument ignores the strong constraints
placed by momentum conservation (Hartnoll et al., 2007,
Maslov, Yudson, and Chubukov, 2011; Hartnoll er al., 2014;
Eberlein, Mandal, and Sachdev, 2016; Hartnoll, Lucas, and
Sachdev, 2016) in a theory of critical fluctuations that is
described using a translationally invariant continuum field
theory such as that given by Eq. (11.3). If we set up an initial
state at = O with a nonzero current, such a state necessarily
has a nonzero momentum, which will remain the same for
t > 0. The current will decay to a nonzero value that max-
imizes the entropy subject to the constraint of a nonzero
momentum. This nonzero current as ¢ — oo implies that the
dc conductivity is actually infinite. These considerations are
similar to those of “phonon drag” (Peierls, 1930, 1932)
leading to the absence of resistivity from electron-phonon
scattering. In practice, phonon drag is observed only in clean
samples (Hicks et al., 2012) because otherwise the phonons
rapidly lose their momentum to impurities. But the electron-
phonon coupling is weak, allowing for phonon-impurity
interactions before there are multiple electron-phonon inter-
actions. In contrast, for the critical Fermi surface, the fermion-
boson coupling is essentially infinite because it leads to the
breakdown of electronic quasiparticles. Therefore, the critical
Fermi surface must be studied in the limit of strong drag, with
vanishing dc resistivity in the critical theory.

Mechanisms extrinsic to the theory in Eq. (11.3) are
required to relax the current and obtain a finite dc conduc-
tivity. In a system with strong interactions, such processes are
most conveniently addressed by a “memory matrix” approach
that has been reviewed elsewhere (Hartnoll, Lucas, and
Sachdev, 2016); this approach also has close connections to
holographic approaches (Lucas, 2015; Lucas and Sachdev,
2015). Various mechanisms have been considered (Maslov,
Yudson, and Chubukov, 2011; Hartnoll et al., 2014; Patel and
Sachdev, 2014; Wang and Berg, 2019; Else and Senthil, 2021;
Lee, 2021) involving spatial disorder or umklapp processes,
and these do lead to a singular resistivity at low 7.

The behavior of the conductivity ¢ at a nonzero frequency w
has been argued to be more universal, where the effects of total
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momentum conservation are not as singular. In a quantum-
critical system, the naive scaling dimension is d — 2, and thus
we expect o(w) ~ @'%2)/%, which is frequency independent in
d = 2. However, we have noted violation of hyperscaling in
the free energy in Sec. XI.A.3, and a first guess would be that
there is a similar violation of hyperscaling in the conductivity,
with o(w) ~ @¢279)/2, Using the values of @ and z, we can
write the scaling form as (Eberlein, Mandal, and Sachdev,
2016)

Reo(w #0,T) = 0230, (%) (11.22)

This scaling form is consistent with explicit computations of
the frequency-dependent conductivity (Kim et al., 1994; Kim,
Lee, and Wen, 1995; Eberlein, Mandal, and Sachdev, 2016;
Chubukov and Maslov, 2017) but has been questioned in
recent analyses working directly with a Fermi surface in d = 2
(Darius Shi et al., 2022; Guo et al., 2022).

In a system with momentum conservation, we can define
the shear viscosity # in the continuum field theory. This has
been computed (Eberlein, Patel, and Sachdev, 2017), and its
hyperscaling violation turns out to be different from that of the
entropy and the conductivity. The ratio 7/s, where s is the
entropy density, diverges as 7~%%, a result that is consistent
with the minimum viscosity conjecture (Kovtun, Son, and
Starinets, 2005).

5. Pairing instability

As written in Eq. (11.1), the gauge field mediates a
repulsive interaction between antipodal points on the Fermi
surface, and thus does not lead to a Cooper pairing instability.
However, we can consider closely related problems, either
with critical order parameters or with fermions with multiple
gauge charges, where the interactions between antipodal
fermions is attractive (Metlitski er al., 2015). In the context
of the large-N limit of Sec. XI.A.1, the equations determining
the pairing instability reduce (Esterlis ef al., 2021) to precisely
those associated with pairing instabilities of the SYK model
(Kim et al., 2019; Klebanov et al., 2020). The pairing vertex
®(iQ) obeys following the integral equation (Esterlis er al.,
2021):

K [do 220(iw)
E(D(lg) - ?/2_77,' |a)|2/3\a) — Q|1/3 s

where @ and Q are imaginary frequencies and K is a
dimensionless number that can be determined from the
structure of the critical Fermi surface problem being consid-
ered. Given the scale-invariant structure of Eq. (11.23), we
search for solutions with

(11.23)

OiQ) = —, (11.24)

Q|

and the physical solutions are those values of a for which the
eigenvalue E = 1. The pairing problem so defined appeared in
the context of SYK models (Kim et al., 2019; Klebanov et al.,
2020), but also in earlier studies of the quantum-critical
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pairing of Fermi surfaces (Moon and Chubukov, 2010;
Chubukov and Abanov, 2021). A solution with a real
0 < a < 1/3 implies that the critical Fermi surface state is
stable, and the value of a determines the exponent of critical
correlations of the pairing operator (Esterlis er al., 2021).
Otherwise, there are solutions with complex a, and these
imply a pairing instability. The critical temperature toward
pairing is determined by solving a generalization of
Eq. (11.23) at nonzero T and examining the 7" at which the
complex solution first appears.

B. Adding spatial disorder

Given the singular transport properties of the critical Fermi
surface described in Sec. XI.A.4, it is valuable to have the
corresponding large-N analysis of a model that includes the
self-consistent influence of weak disorder on the critical Fermi
surface, beyond the perturbative analysis provided by the
memory function approach (Hartnoll, Lucas, and Sachdev,
2016). The simplest spatial disorder we can add to Eq. (11.9)
is potential disorder, which is similar in spirit to that in
Sec. IV: this is a term v, (x)y/jl' (x)w,(x)/v/N, in which v, is
a random matrix uncorrelated at different points in space
such that

Vab (x)vifd(x’) = vzéacébdéd(x - x,)' (1 1 25)
Equation (11.25) leads to an additional term in the large-N
action in Eq. (11.11). The solution of the saddle-point
equations in the theory with both g and v nonzero shows
(Guo et al., 2022) that the boson polarizability in Eq. (11.14)
is replaced by

2
; g
H(qJQn) N_F|Qn|’ (1126)

which leads to z =2 behavior in the boson propagator.
The corresponding fermion self-energy has a familiar elastic
impurity scattering contribution X,, along with an inelastic
term X, (Guo ef al., 2022) with the following “marginal
Fermi-liquid” form (Varma et al., 1989):

2
Zv(iwn) ~ _ivzsgn(wn)’ z“g(iwn) ~ _g_zwn ln(1/|wn|)
v

(11.27)

Despite the singularity in %/, Eq. (11.27) does not translate
(Guo ef al., 2022) into interesting behavior in the transport:
the scattering is mostly forward, and the resistivity is Fermi-
liquid-like with p(T) = p(0) + AT>.

While the effect of potential scattering of fermions is weak,
a related estimation of the effects of a spatially random ¢?
term (i.e., a random scalar mass allowed when ¢ represents a
symmetry-breaking order parameter) turns out to be strong
(Patel and Sachdev, 2014). It has been argued (Patel et al.,
2022) that such disorder should be absorbed by transforming
to eigenmodes of the quadratic ¢ action, at the price of
introducing spatial randomness into the Yukawa coupling g. A
theory with spatial randomness in the boson-fermion Yukawa
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coupling included at the outset leads to physical effects that
are just right in the large-N limit. We add to the spatially
independent Yukawa couplings g,,. in Eq. (11.9) a second
coupling ¢/, (x) that has both spatial and flavor randomness
with a vanishing first moment and a second moment

glabc(‘x)g/:’b’c’ ()C,) = g/25d(x - x/)(saa’ébb’écc" (1 1 28)
Along with Egs. (11.26) and (11.27), we obtain the following
additional contributions to the boson and fermion self-
energies (Patel et al., 2022):

Hd(q’ iQn) ~ _g/2|Qn s E_t/(ia)n) ~ _iglzwn ln(1/|wn|)

(11.29)

The marginal Fermi-liquid self-energy now contributes sig-
nificantly to transport (Patel er al., 2022), with a linear-T
resistivity ~¢”T, while the residual resistivity is determined
primarily by ». It is notable that it is the disorder in the
interactions that determines the slope of the linear-7 resis-
tivity, while it is the potential scattering disorder that deter-
mines the residual resistivity.

We also want to examine this theory for Planckian dis-
sipation (Legros et al., 2019; Cao et al., 2020; Nakajima et al.,
2020; Grissonnanche et al., 2021; Jaoui et al., 2022; Taupin
and Paschen, 2022). This requires one to write the conduc-
tivity in the form

ne’t;,

o = w

(11.30)

where the effective mass m* is computed from the fermion
self-energy in a Fermi-liquid state proximate to the critical
theory. For ¢ > ¢, the transport scattering time is found to be
(Aldape et al., 2020; Esterlis et al., 2021)

| nkgT
— B (11.31)
w2 h

along with factors that are slow logarithmic functions of
temperature. However, for smaller values of ¢'/g there is a
significant decrease from the value in Eq. (11.31) (Patel et al.,
2022; Taupin and Paschen, 2022).

XII. CONNECTIONS TO QUANTUM GRAVITY

We saw in Sec. V.F that the finite-N fluctuations of the
SYK model were described using a path integral over time
reparametrizations. This suggests a connection to a theory of
quantum gravity. By the holographic principle ('t Hooft,
2001), we expect the gravity theory to acquire an emergent
spatial direction. As the SYK path integral is over 0+ 1
dimensions, we anticipate a connection to quantum gravity in
1 + 1 dimensions. However, Einstein gravity in 1 4 1 dimen-
sions has no dynamical modes and thus cannot serve as a
holographic partner to the SYK model. As we see in
Sec. XIL.B, the appropriate theory is a class of (1 + 1)-
dimensional theories known as Jackiw-Teitelboim (JT) grav-
ity, which has an additional scalar field ®. This gravity theory

Rev. Mod. Phys., Vol. 94, No. 3, July—September 2022

is most naturally obtained by dimensional reduction from a
charged black hole of Einstein gravity in d 4 2 spacetime
dimensions (d > 2). Such a black hole has a AdS, x $¢ near-
horizon geometry; the JT-gravity theory resides on AdS,, and
fluctuations of @ represent the quantum fluctuations in the
radius of S¢. The connection between the SYK model and
charged black holes was first noted (Sachdev, 2010) by
matching characteristics of the N = co SYK theory and the
classical gravity solution of charged black holes in Einstein
gravity. It was later pointed out (Kitaev, 2015) that the
connection was stronger and also held for a low-energy sector
of the fluctuations.

The AdS, near-horizon sector of charged black holes leads
to a nonvanishing entropy as 7 — 0, a key characteristic such
black holes share with the SYK model (Sachdev, 2010).
Neutral black holes, such as the common Schwarzschild
solution of Einstein gravity, do not have AdS, horizons
and have vanishing entropy as 7 — 0. Such black holes
display a Hawking-Page transition at a nonzero 7 and have
a distinct low-7" behavior that we do not further discuss
(Schlenker and Witten, 2022).

We proceed by reviewing the quantum theory of charged
black holes in d 4 2 spacetime dimensions. We then discuss
its low-temperature limit and show, using the previously
outlined dimensional reduction, that this yields a version of
JT gravity that is in turn equivalent to the Schwarzian theory
of the SYK model in Sec. V.F.

There is another, closely related connection between SYK
models and black holes that we now mention. Our previous
and later discussions focus on the equilibrium thermody-
namic properties. In dynamic properties, SYK models are
characterized by Planckian time dynamics (Sachdev, 1999),
as we discussed in Sec. V.C; other metallic systems have a
similar dynamics in theory and experiment, as noted in
Secs. XI.B and III.B. Einstein gravity also displays
Planckian time dynamics for black holes responding to
external perturbations. This is evident in computations of
the damping rate of black hole quasinormal modes
(Vishveshwara, 1970; Hod, 2007): this purely classical
gravity rate is ~i/kgTy, where Ty is the Hawking temper-
ature of the black hole (the 7 in the Planckian time formula
cancels with the 7 in Ty). A recent analysis of LIGO data
(Carullo et al., 2021) has confirmed this universality in black
hole quasinormal modes.

The quantum fluctuations of gravity and electromagnetism
are formally defined by the following path integral:

where Iy is the Einstein-Maxwell action (which we write
later) and the path integral is over the metric g of spacetime
and the electromagnetic vector potential A. It is almost
certainly true that Eq. (12.1) does not make sense as it stands,
because of numerous ultraviolet divergencies and gauge-
fixing issues. Nevertheless, it turns out to be possible to
make sense of Eq. (12.1) in certain limits. For black hole
saddle-point solutions of Igy;, it was shown (Gibbons and
Hawking, 1977) that the evaluation of Igy; at the saddle
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point in a Euclidean geometry, with a thermal circle of
circumference #/kzT along the temporal direction, gave a
consistent description of the quantum thermodynamics of
black holes. It is only via the # dependence of this circum-
ference that Planck’s constant appears in such computations:
there is no 7 in Iy, the classical Einstein-Maxwell action. We
set i = ky = 1 in the remainder of our discussion.

We review the Gibbons-Hawking description of a charged
black hole (Chamblin ef al., 1999) in Sec. XII.A. There turn
out to be precise quantitative connections to the thermody-
namics of the SYK model (Sachdev, 2010, 2015).

Fluctuation corrections to the Gibbons-Hawking thermo-
dynamics were computed only recently in the low-7" limit
for charged holes. In principle, these corrections could have
been computed decades ago, but the computations were
undertaken only after the connection to the SYK model
showed the route that was needed. These computations are
reviewed in Sec. XII.B, which shows that the low-energy
theory of charged black holes reduces to an effective theory
that is identical to the theory in Egs. (5.58) and (5.60) obtained
for the SYK model of complex fermions.

Section XII.C surveys rapid recent developments on
coupled SYK models in and out of equilibrium, which are
holographically realized by solitons or instantons known as
wormholes.

Section XII.D discusses approaches to the theory of strange
metals using the AdS/CFT correspondence of supersymmet-
ric Yang-Mills theory (Hartnoll, Lucas, and Sachdev, 2016)
and connects these to the SYK model by placing the Yang-
Mills theory on a finite sphere.

A. Charged black holes: Einstein-Maxwell theory

We consider the case of spherical black holes in d + 2
spacetime dimensions; we assume that d > 2 in all of the
following discussions of quantum gravity. The Einstein-
Maxwell theory has the following Euclidean action:

/ dd”x\/_[ (RM d(dle)> +1F2}

497

(12.2)
where k?> = 872Gy is the gravitational constant, R, is the
Ricci scalar, F' = dA is the electromagnetic flux, and g is a
U(1) gauge-coupling constant. We have also included a
negative cosmological constant term such that the spacetime
at asymptotic infinity is AdS,,, with a radius L; the limit of
large L can be taken at the end to obtain the Minkowski
spacetime at infinity.

We now describe the spherical charged black hole saddle
point of Ipy. There is a two parameter family of such
solutions, which we specify as the temperature 7" and the
chemical potential p. All other properties of the black hole
saddle point are determined by 7, y, and the constants of
nature in /gy this includes the spacetime metric, the U(1)
gauge field, the radius of the horizon r(, the total charge in the
black hole Q, and the black hole entropy S.

The classical Einstein-Maxwell equations yield the follow-
ing expression for the metric expressed in terms of the
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imaginary time z, the radial coordinate r, and dQ2, the metric
of the d sphere (Chamblin et al., 1999):

d 2
ds* = V(r)de® + r’dQ2 + —— (12.3)
v(r)’
where
r? 2 M
V(V):1+E+—r2d_2—ﬁ. (124)

As r — oo, the metric in Eq. (12.3) is AdS,,,. The radius of
the horizon is determined by V(ry) = 0, which we write as

r2 @2
M=r <1 +-5+ pT 2) (12.5)
The gauge-field solution has the form
rd=1
A= (1 —)dr (12.6)

The value of the gauge field at the anti—de Sitter (AdS)
boundary defines the chemical potential y provided that r
is the horizon. The FEinstein-Maxwell equations applied to
Egs. (12.3) and (12.6) also yield the condition

(d- l)KrO

@:
d gr

(12.7)

Thus far, our analysis has been entirely classical. As
previously stated, quantum mechanics enters the picture only
by the condition that the solution in Eq. (12.3) yields a
spacetime that is periodic as a function of = with the period
1/T. We can impose periodicity as a function of 7 by fiat but
have to ensure that there is no singularity at the horizon r,
where V(ry) = 0. We change radial coordinates to y, where
r=ry+y> Near the horizon, the (r,7) components of
Eq. (12.3) then become

4 [V'(ro)P?

ds? = ———
YTV | 4

yide* + dy? (12.8)

Notice that the expression in large square brackets in
Eq. (12.8) is precisely the metric of the flat plane in polar
coordinates, with the radial coordinate y and the angular
coordinate @ = V'(ry)z/2. For there to be no real singularity at
the origin of polar coordinates, only a coordinate singularity,
we must have periodicity in € with period 2z. Matching this to
the period 1/7 in 7, we determine the Hawking temperature of
the black hole as follows:
4zT = V'(ry). (12.9)
Equations (12.5), (12.7), and (12.9) determine all the
parameters ©, M, and ry in terms of x4 and T. Therefore,
we have specified a black hole solution in terms of the
independent thermodynamic parameters y and 7.
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We now quote the free energy and entropy of this black
hole, obtained through the evaluation of /gy at the previously
mentioned saddle point. The action has to be supplemented by
a Gibbons-Hawking boundary term that is required to obtain
the classical Einstein-Maxwell equations as saddle-point
equations of Igy. Such an evaluation of Iy, yields the
following grand potential (Chamblin et al., 1999):

~ salro(T w))*! [ro(T. w))?
Q(Tvﬂ)—doT<1_ - 12 >
sq(d = Dp?[ro(T. u)]*™!

- L] (12.10)

where s, = 22194*D/2/T'((d + 1)/2) is the area of S, with unit
radius. We can evaluate the total charge by taking the pu
derivative of Q as follows:

sald = Dalro(T. )

9r

Equation (12.11) can also be obtained from Gauss’s law
evaluated as r — oo. Similarly, the entropy is determined by
taking the temperature derivative of Q to obtain

QT u) = (12.11)

ST = 25 (T ) (12.12)

which is precisely the expression expected from Hawking’s
result A/4Gy: A = s,rd is the area of the horizon. The
universality of the Hawking area result can be understood
from the fact that the only explicit dependence of the action on
T arises from the identification in Eq. (12.9) leading to a
circumference 1/T on the time circle; the T derivative of Q
can then be shown to arise only from the vicinity of the
horizon at r =ry, where the integral over the angular
coordinates yields the area (Ross, 2005).

We now take the 7' — O limit of all the previous results
while keeping the charge Q fixed. The horizon radius
ro = Rj, where

_saRj Vdl(d+ 1R} + (d-1)L?]
Lxgg )

Q (12.13)

We are interested in the structure of the metric near the horizon
at T =0. For this purpose, we transform to near-horizon
coordinates, by changing the radial coordinate from r to the
coordinate £, where

R
r:Rh +?

In these coordinates, the 7'= 0 horizon is at { = oco; see
Fig. 25. We chose the length scale R, to be

(12.14)

LR,
Ry = . (1215
P Jdld+ )R + (d—1)°L2 (12.15)

As T — 0, the metric in Eq. (12.3) for { > R, [region (A) in
Fig. 25] becomes
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(A) (B) (o)

Horizon AdSQ X Sd Schwarzian é Ade+2
1 :
¢= T AS =S8 AS =~T :
r= Ry, +27R3T gb (=R,
< L : -
/’_"
FIG. 25. Spatial crossover boundaries outside a black hole of

charge Q. The value of R, is determined from Q via Eq. (12.13),
and we describe T < 1/R), at a fixed Q and R, ~ R;,. We indicate
contributions to the entropy AS from regions (A) and (B).

2
K

ds _Cz

[de* + dC?] + R;dQ3. (12.16)

The metric on the (7, {) spacetime is AdS,, and the complete
metric is AdS; x S. In the same coordinate system, the U(1)
gauge field becomes

&
A =i—dr, (12.17)
¢
where the dimensionless prefactor
R,L\/d[(d+ 1)R; + (d — 1)L?

kld(d+ 1)R} + (d = 1)*L?]

is a measure of the electric field on the horizon of the black
hole. We have chosen the same symbol £ for this prefactor as
that appearing in characterizing the particle-hole asymmetry
of the SYK model in Egs. (5.9) and (5.26). This is not arbitrary
(Sachdev, 2010, 2015): computations (Faulkner, Liu et al.,
2011) of the Green’s function of a fermion moving in the
background specified by Eqs. (12.16) and (12.17) yield
precisely the same result as in Eq. (5.26).

We now turn to a computation of the entropy, where we
find noteworthy connections to the SYK model. We write
S(T — 0) = S, and then from Eq. (12.12) get

2rs,

K2

S

RY. (12.19)

Thus, we obtain a nonvanishing entropy in the zero-
temperature limit similar to that in the SYK model
(Sachdev, 2010). Furthermore, by eliminating R, between
Egs. (12.13) and (12.19) and using Eq. (12.18), we find that

oS
PN Zoge,
(6Q> T-0 8

which is exactly the same as the relation in Eq. (5.36) obtained
for the SYK model (Sachdev, 2015). We can also compute
the low-T dependence of px and verify that the Maxwell
relation (5.35) is satisfied. Furthermore, the 7" dependence of

(12.20)
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entropy computed from Eq. (12.19) is linear in T at low T and
fixed Q,

S(T = 0,Q) =S+ T, (12.21)

where

_ 4r*ds,RIR

2

. (12.22)

This is as in the SYK model in Eq. (5.53), where the value of y
was related to the coefficient of a Schwarzian action, and we
do the same for the charged black hole in Sec. XIL.B.

The appearance of the fundamental relation (12.20) of the
SYK model in the theory of a charged black hole may appear
to be a coincidence here, but it is not. In fact, Eq. (12.20) is a
general property of black holes with AdS, horizons and
follows from careful consideration of their symmetries (Sen,
2005, 2008). These symmetries are similar to those described
in Appendix B for the SYK model, which were exploited in
Sec. V.D to obtain Eq. (5.36) (Sachdev, 2015; Davison et al.,
2017; Gu et al., 2020).

1. Charged black branes

This section notes the limit of the previously mentioned
spherical solution when the black hole becomes an infinite,
flat charged “black brane,” with a near-horizon geometry of
AdS, x R?, in contrast to the near-horizon AdS, x S¢ con-
sidered thus far. These results are helpful in Sec. XII.D, where
we discuss the connection to the AdS/CFT correspondence.
This limit is obtained by taking R;, > L for our results thus
far. We introduce the following charge and entropy densities:

S
2=2 g=3 (12.23)
SdL SdL
We then have from Eq. (12.13)
1 d
9= M (&) . (12.24)
Lkgr L

Similarly, the 7 — 0 entropy in Eq. (12.21) becomes the
Hawking entropy density

27 (R, \“ 27L*T

These results for the densities correspond exactly to those
obtained earlier (Faulkner, Liu efr al., 2011) from a direct
solution of the flat black-brane geometry.

B. Charged black holes: Quantum fluctuations

This section examines quantum fluctuations about the
saddle-point solution of Einstein-Maxwell theory described
in Sec. XILA. In the “extremal” limit 7' < 1/R},, the theory of
these fluctuations coincides with those of the theory described
in Egs. (5.58) and (5.60) obtained from the SYK model
(Nayak et al., 2018; Moitra, Trivedi, and Vishal, 2019;
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Sachdev, 2019; Gaikwad et al., 2020; Heydeman et al.,
2020; Iliesiu and Turiaci, 2020; Boruch er al., 2022). We
now outline how this theory may be obtained starting
with Eq. (12.1). A more detailed review of these fluctuation
computations was presented elsewhere (Sachdev, 2019), but
we highlight the key steps here.

(1) Reduce the d + 2 spacetime dimensional theory in Iy,
to a (1 4 1)-dimensional theory [gy, by taking all
fields dependent only upon the radial coordinate » and
the imaginary time 7.

(2) Take the low-energy limit of /gy, by mapping it to a
near-horizon theory Iy in a (1 4 1)-dimensional
spacetime with a boundary. Therefore, we integrate
out region (C) in Fig. 25 and obtain an effective theory
in regions (A) and (B). In these regions, the near-
horizon AdS, saddle point in Egs. (12.16) and (12.17)
is an exact saddle point of /;r. Outside the boundary,
there is a crossover to the full solution of Igy; in
Egs. (12.3) and (12.6) to region (C), where the
spacetime does not factorize into AdS, x S,.

(3) Compute fluctuations about the AdS, saddle point
of Iyr. Einstein gravity in 1+ 1 dimensions has no
graviton and is “pure gauge.” In the JT-gravity theory
with boundary, there is a remnant degree of freedom
that is a boundary graviton. The action for this
boundary graviton is precisely the same as the
Schwarzian theory in Egs. (5.58) and (5.60).

We outline these steps for the gravity sector in Secs. XIL.B.1—
XII.B.3. The electromagnetic sector produces the action for
the phase field ¢ in the Schwarzian theory, as discussed
elsewhere (Sachdev, 2019).

1. Dimensional reduction from d+2 to 1+1

We write the (d 4+ 2)-dimensional metric g of Igy in
Eq. (12.2) as follows in terms of a two-dimensional metric
h and a scalar field ® (Davison et al., 2017; Nayak et al.,
2018):

ds? =

(12.26)

Both 7 and ®, as well as the gauge field A, are allowed
to be general functions of the two-dimensional coordinates {
and 7 [recall Eq. (12.14) for the definition of the radial
coordinate {]. Note that the scalar field ® represents radial
fluctuations in the size of the black hole. Equation (12.2) and
an associated Gibbons-Hawking boundary term then reduce

to [x = (z,{)]
Z(®)

4g%

Iena = / &PxvVh [—%deRz + U(D) + F?|,
K

N
IGH == —K—g[) d.X'\/ hbq)d’Cl,

(12.27)

along with an additional term not displayed that cancels in
Igno + Igu (Nayak et al., 2018). The Gibbons-Hawking term
is to be evaluated at the boundary at { — 0 or r — o0. In
Eq. (12.27) R, is the two-dimensional Ricci scalar and the
second integral is over a one-dimensional boundary with
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metric i, and extrinsic curvature K. The explicit forms of the
potentials U(®) and Z(®) are

(@) = _zs_lj2 (d(dq)— 1) N d(d:zl)cb)
Z(®) = s, D>,

(12.28)

The (1 + 1)-dimensional action in Egs. (12.27) and (12.28)
has exactly the same saddle-point solution as that of
the (d 4 2)-dimensional action in Eq. (12.2). The (1 + 1)-
dimensional theory /gy, now involves a metric & and a scalar
field @, and in terms of the new variables the solution is given
by matching Eq. (12.3) with the Ansarz in Eq. (12.27). In this
manner, it is easy to see that the exact solution for the scalar
field is

2
() =Ry, +&.

: (12.29)

2. JT gravity in the near-horizon limit

Note that the 7 = 0 horizon is obtained as { — oo, and
the factorization of the metric to AdS, x S¢ fails for { < R,
Thus, we reduce the theory to the near-horizon spatial region
¢ > ¢, with

R, <, <<%, (12.30)
which applies in regions (A) and (B) of Fig. 25. The low-
energy limit of the (1 + 1)-dimensional theory of step 1 to
{>{¢, was argued (Almheiri and Polchinski, 2015;
Maldacena, Stanford, and Yang, 2016) to be the JT-gravity
theory (Teitelboim, 1983; Jackiw, 1985) of a metric 4 and a
scalar field @ given by

Sy 2
IJT:—S+/dZX\/}_l|:—ﬁcD1 <R2+H—b>:|,
N
IGH:_K_Z/)dx\/hbq)IICI’

where S is as defined in Eq. (12.19). We also have the
boundary conditions

(12.31)

hr‘r(é’ \A é’b) = %7
D ({ N\ ) = % (12.32)

This theory depends upon two constants H;, and ®,, and we
can obtain their values by matching to the solution for the
two-dimensional metric & and scalar field ® obtained in
step 1, which was valid at all {. The boundary condition
on h,, is obtained by comparing Eq. (12.26) with Eq. (12.16).

The subleading term in Eq. (12.29) contributes to the
coefficient of R, in Egs. (12.27) and (12.31), which from
Eq. (12.29) yields

lim [@(Z)]4 = Rfj + @ ({) + - .

-0

(12.34)

The boundary value of ®@; in Eq. (12.32) then determines
@, = dRI-IR3. (12.35)

The saddle-point solution of the JT-gravity theory in

Egs. (12.31) and (12.32) coincides with the metric (12.16),
which we now generalize to 7 > 0 as follows:

R2RI-1 d¢?
ds3 = 2§2h (1 —4”2T252)dTZ+TCZTZ§2 ’
— 4z
()
o) :?b. (12.36)

Note that the boundary form of @, in Eq. (12.32) holds for all
¢ in the regime of validity of the JT theory, a result that is also
evident in Eq. (12.34). The horizon is at { = 1/2zT, and one
can verify that the analog of Eq. (12.9) for the Hawking
temperature is satisfied here.

3. From JT gravity to the Schwarzian

We address fluctuations about the saddle-point solution in
Eq. (12.36) of the JT-gravity theory defined by Eqgs. (12.31)
and (12.32). The effective theory now has a simple enough
form that these fluctuations can be evaluated reliably
(Maldacena, Stanford, and Yang, 2016). The integral over
@, in Eq. (12.31) can be evaluated exactly and yields a
constraint on the bulk metric, and the only dynamical degree
of freedom in JT gravity is a time reparametrization along the
boundary 7 — f(z). To ensure that the bulk metric obeys
the boundary condition in Eq. (12.32), we also have to make
the spatial coordinate { a function of 7z, so we map
(7,{) = (f(z).¢(r)). The boundary metric induced by
Eq. (12.36) then equals the value in Eq. (12.32) provided
that {(z) is related to f(z) by

()P
2f'(z)

(0 = Lo () + Ci( ey ’(r)P) Lo,

(12.37)

Finally, we evaluate /gy in Eq. (12.31) along this boundary
curve (the bulk contribution /; vanishes from the equation of
motion of @, which is R, + 2/H;, = 0). In this manner we
obtain the action (Maldacena, Stanford, and Yang, 2016;
Sachdev, 2019) I, o = =S + I with

Using the leading term in Eq. (12.29) for large ¢ Lalf] = _quz)b/l/T e (f(0).7) +2;7,-2T2[ ’(7)]2)
we obtain <,
s,P 1T
Hy = R3R{™. (12.33) == A dr{tan[zTf(z)].7}. (12.38)
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Notice that the arbitrary value of {;, has been canceled out, and
this is an important consistency check on our steps. We have
obtained the Schwarzian action, which was found earlier for
the SYK model. Here its presence is a consequence of the
SL(2,R) symmetry of pure AdS, discussed in Appendix C,
which requires the action to vanish for f(z), which are
isometries of AdS,. The action for other f(z) appears from
the “boundary graviton” (Maldacena, Stanford, and Yang,
2016) obtained by embedding AdS, in the (d + 2)-dimen-
sional geometry of a charged black hole.

Comparing the action (12.38) to the action for the SYK
model in Eq. (5.60), we obtain from the coefficient of the
Schwarzian [ignoring the N prefactor in Eq. (5.60)]

47[25dq)b
y=—g—"

- (12.39)

After using the value of @, in Eq. (12.35), we find that this
value of y is in precise agreement with the value in Eq. (12.22),
which was computed with the T dependence of the entropy in
Eq. (12.12) for the full (d + 2)-dimensional theory. Thus, the y
coefficients of both charged black holes and the SYK model
[in Eq. (5.53)] are given by the coefficient of the Schwarzian
effective action.

Finally, we can combine the Schwarzian fluctuation
contribution to the entropy in Eq. (5.77) with the leading
Bekenstein-Hawking entropy in Egs. (12.12), (12.15),
(12.21), and (12.22) to obtain the universal, leading, low-T
form of the entropy of charged black holes when the AdS,,,
radius is much larger than the size of the black hole (L > R;,)
(Sachdeyv, 2019; Iliesiu and Turiaci, 2020),

1 [A,  zdAfV 3 (U
T)=— 2204 =20 7| —Zn( = 12.4
S =617 +2(d—1)2s}/d (). (1240)

where Ay = s4R¢ is the horizon area at 7 = 0 and the factor
in square brackets accounts for the change in the horizon area
with increasing 7 at fixed Q. The nonuniversal energy scale U
is now presumably a Planck scale energy, but the 3/2
coefficient of the logarithm is independent of the nature of
the high-energy cutoff. The Schwarzian fluctuation correction
to the entropy becomes of the order of the Bekenstein-
Hawking term only at an exponentially low temperature 7 ~
Uexp(—Ay/6Gy) when the theory breaks down, and the
discrete level spacing of the black hole has to be accounted
for: the path integral over the Einstein-Maxwell theoretical
equation (12.2) has information only on the density of states
coarse grained over the exponentially small level spacing.
Determining the precise energy levels requires embedding
Eq. (12.2) in a higher energy theory like string theory. As in
Sec. V.E2, the logarithmic correction to the entropy in
Eq. (12.40) translates to the coarse-grained density of
many-body states in Eq. (5.79); for a charged black hole in
(d + 2)-dimensional Minkowski spacetime with L > R, the
density of states takes the following form (Sachdev, 2022):

3 (d+1)/d 3 1/2
E
D(E) ~ exp Aoc sinh mddy c E
4nGy (d—1)51/9 WG he

(12.41)
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after restoring factors of 7 and c. Equation (12.41) is a rare
formula that combines Planck’s constant 7 with Newton’s
gravitational constant Gy: the exponential prefactor was
obtained by Hawking, and the sinh term follows from
developments ensuing from the solution of the SYK model.
Both terms depend only upon the 7 = 0 area of the black
hole horizon A, and fundamental constants of nature. Note
also that there is no dependence upon the electromagnetic
coupling gr.

We note that the previously obtained black hole density of
states is significantly different from that obtained in super-
symmetric SYK models and black hole solutions of string
theory (Fu et al., 2017; Heydeman et al., 2020; Boruch et al.,
2022): the latter have an exponentially large exact degeneracy
of ground states with multiplicity ~exp(A,/4Gy) and a

gap ~1/ .A(l)/ ? to the first excited state. Contrast this with the
generic nonsupersymmetric situation with an exponentially
small level spacing down to the ground state illustrated in
Fig. 6. Indeed, it was the determination of the density of states
of the SYK model that led to the understanding that black
holes with AdS, horizons and no low-energy supersymmetry
do not have ground states with an exponentially large
degeneracy.

C. Wormbholes

Thus far we have considered a single SYK model in thermal
equilibrium and have argued that it is equivalent to a charged
black hole, also in thermal equilibrium. The past few years
have seen rapid developments in the theory of more complex
configurations of SYK models and black holes, including
noteworthy progress in resolving Hawking’s quantum infor-
mation paradox on evaporating black holes. A common thread
in these developments have been wormholes, which are the
analogs of solitons or instanton tunneling events in quantum
gravity.

Consider a pair of identical coupled SYK models, i.e., a
homonuclear diatomic SYK molecule, with the Hamiltonian
(Sahoo et al., 2020)

_ Tt T
H= ZUij;kf Z Ciacjackacfa _ﬂzciacia
ia

ij:ke a=1.2

+ k(elicin + chen). (12.42)

In Eq. (12.42) a = 1,2 labels the two SYK atoms, and « is the
tunneling amplitude between them. Notice that the random
interactions U; 4, are the same on both SYK atoms. This two-
atom model is similar to the lattices of SYK atoms considered
in Sec. X.A. At half filling, this model can acquire a gapped
ground state when the fermions occupy only the lower
energy “bonding” orbitals that are eigenstates of the x term.
Holographically, this gapped state corresponds to an eternal
wormhole between two black holes with AdS, horizons, as
has been discussed in many recent works (Maldacena and Qi,
2018; Garcia-Garcia et al., 2019; Gao and Jafferis, 2021;
Plugge, Lantagne-Hurtubise, and Franz, 2020; Sahoo et al.,
2020; Zhou and Zhang, 2020; Nikolaenko et al., 2021; Zhang,
2021, 2022; Zhou et al., 2021).
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Next consider a single Majorana ¢ = 4 SYK model of N
sites (as in Sec. V) coupled to a Majorana ¢ = 2 random-
matrix model of M sites (as in Sec. IV), with M > N. This is a
heteronuclear diatomic SYK molecule with one atom much
larger than the other and is described using the Hamiltonian
(Su, Zhang, and Zhai, 2021; Zhang, 2022)

H= " USgwwwwe+iY Uy +i> Viwita

i<j<k<t a<b ia

(12.43)

In Eq. (12.43) i,j,k,¢=1,....,N and a,b =1,...,M. (The
same considerations apply to models of complex fermions, but
Majorana fermions were chosen for simplicity.) The SYK
atom of y fermions models a black hole, and we consider a
situation in which it is in some pure excited state with energy
E attime t = 0. The y free fermions represent the environment
into which the black hole is going to radiate its energy, and
thus this setup models an evaporating black hole. At the initial
time, the black hole is presumed to be decoupled from the
environment, so the entanglement entropy between the black
hole and the environment vanishes. In the early stages of the
evaporation, the energy E will radiate out into the environ-
ment, so the entanglement entropy will increase with time.
However, we can also see that as t — oo the energy E will all
essentially be absorbed by the environment (because M > N),
so the SYK model will be in a low-energy state with small
entanglement with the environment. This time evolution of the
entanglement is a model of the black hole Page curve (Su,
Zhang, and Zhai, 2021; Zhang, 2022). In the holographic
representation, the computation of such a Page curve involves
spacetime wormholes (Penington et al., 2019; Saad, Shenker,
and Stanford, 2019; Almbheiri et al., 2020, 2021; Chen, Qi, and
Zhang, 2020; Chen, Czech, and Wang, 2021). These works
have led to the realization (Bousso e al., 2022) that, upon
including wormhole contributions, the path integrals over
Einstein-Maxwell theories like Eq. (12.2) are also able to
properly compute the time evolution of entanglement entropy
in black hole evaporation, along with the density of states
noted at the end of Sec. XIL.B.3, despite their lack of
knowledge of the precise black hole energy levels.

D. AdS/CFT correspondence

An alternative route to a connection between strange metals
and quantum gravity uses the AdS/CFT correspondence of
string theory. This is a correspondence between a conformal
field theory (CFT) in flat d-dimensional space and gravity
on a AdS, ., spacetime (Maldacena, 1998; Witten, 1998). The
canonical example in spatial dimension d =3 is SU(Nyy)
Yang-Mills gauge theory with A =4 supersymmetry
(Maldacena, 1998) and in spatial dimension d =2 is
SU(Nym) Yang-Mills gauge theory with A = 8 supersym-
metry (Aharony et al., 2008). Both theories are conformally
invariant and map to neutral @ = 0 black hole solutions of the
action (12.2), with coupling constants

d-2)/2

K = RN, LY, gr = GrNYL! , (12.44)
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where K and §r are dimensionless constants of the order of
unity, a = 1 for d = 3, and a = 3/4 for d = 2.

To obtain a connection to strange metals, we have to dope
these CFTs; i.e., we have to place them in a chemical potential
coupling to a global U(1) symmetry, which induces a
conjugate charge density N34, 2yy (Hartnoll et al., 2007).
In the gravity theory, this doped CFT maps to the same
charged black hole solutions that we considered for the SYK
model, with the important difference that the relevant sol-
utions are the flat black-brane solutions in Sec. XII.A.1, which
describe the strange metals produced by doped supersym-
metric Yang-Mills theory in infinite d-dimensional space in
the limit of large Nyy. We note that the doping breaks the
supersymmetry, so the low-energy theory has no supersym-
metry. The nonzero charge density in the supersymmetric
Yang-Mills theory introduces a length scale of the order of
[Qym]~"/¢, and we are interested in physics at longer length
scales. At these length scales, the black-brane solutions
described in Sec. XIL.A.1 have a AdS, x R? geometry
(Faulkner, Liu et al., 2011). The doped Yang-Mills theories
are described using continuum Lagrangians similar to the
disorder-free models of non-Fermi liquids that we considered
in Sec. XI (Huijse and Sachdev, 2011; Huijse, Sachdev, and
Swingle, 2012). The holographic flow of the doped Yang-
Mills theory to a AdS, geometry is therefore evidence that
models in the class of Sec. XI could have an intermediate
energy range over which their physics is described using the
SYK-like local criticality. While the SYK-critical state of
Sec. VII is unstable to spin-glass order at the lowest temper-
atures, there could be a crossover from local criticality to the
momentum-dependent Fermi surface physics at the lowest
energies for the models of Sec. XI. This is in contrast to
the supersymmetric doped Yang-Mills theories, for which the
AdS, geometry is stable down to zero temperature in the
large-Nyy limit. We note another discussion (Igbal, Liu, and
Mezei, 2011, 2012) with a related point of view.

Some studies of the AdS, x R? black-brane solutions
have focused on their response to additional probe fermions
(Cubrovic, Zaanen, and Schalm, 2009, 201 1; Faulkner, Igbal
et al., 2011; Faulkner, Liu et al., 2011; Liu, McGreevy, and
Vegh, 2011). In particular, it was shown that probe fermions
in such a geometry acquired a Fermi surface and a self-
energy with some similarities to the critical Fermi surface
described in Sec. XI.A, with a self-energy that obeyed a
scaling form similar to Eq. (11.8). But there were also
significant differences from the microscopic critical Fermi
surface theory of Sec. XI.A: (i) the self-energy of the probe
fermions had an exponent that varied with momentum across
the Fermi surface and (ii) the size of the Fermi surface of the
probe fermions was determined by the density of the probe
fermions and did not include the large density N34, Z2yy of
the Yang-Mills theory itself. There is expected to be a
separate Fermi surface of the latter background fermions
upon including finite-Nyy; corrections (Sachdev, 2012;
Faulkner and Igbal, 2013). These features imply that the
probe fermion black-brane strange metal is really a descrip-
tion of a spectator band of fermions (Sachdev, 2010; Huijse
and Sachdev, 2011; Huijse, Sachdev, and Swingle, 2012)
scattering off a background that has a large density of
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low-energy excitations, and the source of the breakdown of
the quasiparticles does not arise from interactions between
the putative quasiparticles themselves.

1. Connection to the SYK model

The SYK model mapping of Sec. XII.B appeared for a
spherical black hole horizon of radius R, which at temper-
atures T < 1/R;, mapped onto the SYK model at T < U. We
can also place the supersymmetric Yang-Mills theory on a
sphere of radius Ryy, and this supersymmetric Yang-Mills
theories is then connected to the Schwarzian path integral in
Egs. (5.60) and (12.38), as we now discuss.

The Yang-Mills theory is characterized by two length scales
(Rym and [Zyy]~"/?) and the charged black hole solution
of Secs. XIILA and XII.B, with a near-horizon AdS, x s4
geometry, provides a complete holographic description as 1/T
is varied across these length scales. To make this correspon-
dence precise, we have to relate Ryy; and [Dyy]~"/¢ to the
length scales in the black hole solution, which are R, L, and
R,. The connection between the total charge and the charge
density in Eq. (12.23) immediately implies

L = Ry, (12.45)
while the total charge of the black hole solution in Eq. (12.13)
leads to

_ Ry'dl(d + DR} + (d = 1)L7] .

2 12.46
YM LZdK_‘gF ( )

The value of R, remains connected to R, and L as in
Eq. (12.15).

Finally, we connect to the low-energy Schwarzian approxi-
mation of the charged black hole. The charge density breaks
the supersymmetry of the Yang-Mills theory, so we do not
need to consider the super-Schwarzian theories that are
needed for supersymmetric SYK models and supersymmetric
black holes (Fu er al., 2017; Stanford and Witten, 2017;
Heydeman et al., 2020; Boruch et al., 2022). If we are at low
temperatures such that the thermal length is larger than the
charge length T < [Zyy]'/¢, and also such that fluctuations
of nonconstant horizon modes can be neglected 7 <« 1/R,,
we can map these values L, R,, and R, to obtain the
dimensionless coupling constant gso, (Stanford and Witten,
2017) of the low-energy Schwarzian theory as follows from
Eq. (12.39):

N 4n’dsyN34, R3RIT
géch K_'z Ld

(12.47)
The ratio of length scales R3R{~! /L% is to be determined as a
function of the length scales Ry and [Qyy]~/¢ by solving
Eqgs. (12.45), (12.46), and (12.15). Thus, Eq. (12.47) is the
main result of this section, determining the Schwarzian
coupling gs., as a function of the parameters of the Yang-
Mills theory, which are the temperature 7', the radius of the
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sphere Ryy;, and the charge density N34, 2y Note that the
coupling g becomes small in the limit of large Nvyy;.

We now examine the value of gg, in the limiting regime
when the size of the sphere of the Yang-Mills theory is
much larger than the size set by the charge density
Rym > [Qyym] V4. We then find that R, > L, with

R; ~ Rym [QYMRdYM]I/d,

R2 NRYMv (1248)

such that

1
gz— ~ N3 [LymRE] =V IRy T
Sch

(12.49)

We observe that g3, ~ [Ryym] ™% so the coupling becomes
weak in the limit of a large sphere. As always, we have to
maintain 7 < 1/R;, to apply the Schwarzian theory, so the
minimum possible value of the Schwarzian coupling is

~ Ny [LymRY] =04, (12.50)

2
g Sch,min

E. Out-of-time-order correlations

The connections to quantum gravity have also introduced a
new diagnostic, the out-of-time-order correlator, for detecting
how quickly local perturbations become entangled with a
macroscopic number of degrees of freedom in quantum many-
body systems evolving under their own unitary dynamics.
Out-of-time-order correlations (OTOCs) were studied a long
time ago (Larkin and Ovchinnikov, 1969) as an approach to
diagnosing the semiclassical consequences of classical chaos
in a quantum system. The modern incarnation of OTOCs
appeared (Shenker and Stanford, 2014) in the study of shock
waves in black holes (Dray and 't Hooft, 1985), where they
were proposed as a signature of intrinsically quantum chaos
in a strongly interacting many-body system. Shenker and
Stanford argued that any strongly interacting quantum system,
which is holographically dual to a black hole described using a
theory containing Einstein gravity, has an OTOC of local
operators V and W that has an exponential growth at early
times,

(W()V(0O)W(1)V(0)) ~exp(A.t), (12.51)
and the Lyapunov growth rate exponent is given by
Ay = 2xT. (12.52)

This value of 4; is a direct consequence of Einstein gravity
and the circumference of the Euclidean temporal circle being
equal to 2/kpT. This exponential growth was argued to be
related to a rapid loss of memory of the initial perturbations
with time, a characteristic also expected from the absence
of quasiparticle excitations. It was subsequently argued
(Maldacena, Shenker, and Stanford, 2016), without the use
of a holographic connection, that the inequality A; < 22T
must apply to all strongly interacting quantum systems. The
bound has also been shown to follow directly from the
structure of generic operators that satisfy the eigenstate
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thermalization hypothesis (Murthy and Srednicki, 2019). A
complementary bound has also been proposed on a closely
related quantity that diagnoses operator growth (Parker ez al.,
2019). However, none of these statements suggest that generic
quantum many-body systems necessarily display an expo-
nential growth of the OTOC.

The OTOC ideas have found a precise realization in the
SYK model. For the model of Sec. V, we define the OTOC as

OTOC(1,, 13, 15, 1)

- %Z@j(tl)Cj(ZS)Ci(IZ)C;(t4)>conn- (12.53)

We examine the real time regime with #, ~ 1, > 1/T and
t; = t, and define the “center-of-mass” time separation as
l:%(l‘l +t2—l3 —l4). (1254)
The OTOC of the SYK model can be computed by general-
izing the expression Eq. (5.59) for Schwarzian fluctuations

corrections from two-point to four-point correlators. In imagi-
nary time, we have the four-point correlator

Flry.13510.74) = ([f (21).f (7). (z3) ] (z4)]/*
x G [f(z1) = f(2)|G [f(23) = f(74)]) 2,
(12.55)

where the average is over the Schwarzian path integral in
Eq. (5.58) (we have omitted the unimportant fluctuations of ¢)
and the conformal saddle-point Green’s function G.(z) is
given by Eq. (5.25). After the careful analytic continuation of
this correlator to real times, it was found that in the time range
1 STt < In N there is the following exponential growth of
the OTOC (Kitaev, 2015; Maldacena and Stanford, 2016;
Kitaev and Suh, 2018):

1
OTOC(f],t3,;t2,t4) OCNCXP(Zﬂ'Tt). (1256)

Therefore, the chaos inequality (Maldacena, Shenker, and
Stanford, 2016) is saturated by the SYK model, which has the
same chaos growth rate as systems that are holographically
dual to Finstein gravity.

The spatial structure associated with the OTOC is equally
interesting and directly diagnoses operator growth. In
Eq. (12.51), if the operators are spatially separated
[W(z,r),V(0,0)], the OTOC exhibits a ballistic wave front
associated with the growing operators as a function of
(t = |r|/vg)- The “butterfly velocity” vy is an intrinsic speed
associated with the quantum many-body state and can, in
principle, be parametrically smaller than the microscopic
scales associated with the Hamiltonian (Swingle and
Chowdhury, 2017).

OTOCs have been studied in a variety of models, including
the critical Fermi surface model of Sec. XI.A (Patel and
Sachdev, 2017; Tikhanovskaya, Sachdev, and Patel, 2022), the
lattice models related to those of Sec. X (Gu, Lucas, and Qi,
2017; Gu and Kitaev, 2019; Guo, Gu, and Sachdev, 2019),
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disordered metals (Patel et al., 2017), and conformal field
theories (Stanford, 2016; Chowdhury and Swingle, 2017,
Grozdanov, Schalm, and Scopelliti, 2019; Steinberg and
Swingle, 2019; Kim, Altman, and Cao, 2021), and all find
a regime of exponential growth with a 4; that obeys the chaos
bound, accompanied by a sharp ballistic wave front. All of
these settings involve a large-N or a weak-coupling semi-
classical limit. Direct numerical studies of realistic lattice
models in one dimension (Bohrdt et al., 2017; Luitz and
Lev, 2017; Xu and Swingle, 2020) have revealed a ballistic
growth of operators but no indication of a well-defined (i.e.,
position- and velocity-independent) Lyapunov exponent and a
sharp front.

There have also been studies involving random unitary
circuits with a finite-dimensional local Hilbert space and no
semiclassical limit that observed a behavior of the OTOC that
is qualitatively distinct from the previously mentioned models
(Khemani, Huse, and Nahum, 2018; Nahum, Vijay, and Haah,
2018; von Keyserlingk et al., 2018; Xu and Swingle, 2019);
the growth is not identified by a well-defined 1;, and the
ballistic wave front is not sharp. However, these models do not
have a conserved energy and an associated notion of temper-
ature, thereby making a direct comparison to the chaos bound
far from clear. A recent study (Keselman, Nie, and Berg,
2021) demonstrated a way to access a regime of exponential
growth of the OTOC even in random unitary circuits by
effectively tuning wvg > A; X (microscopic length scale),
thereby presenting evidence that a finite Hilbert space can
have an exponential growth of the OTOC.

The relevance of A; and vp for measurable transport
quantities has been scrutinized in a number of works.
Bounds on transport quantities, such as the viscosity
(Kovtun, Son, and Starinets, 2005) and charge diffusion
coefficient (Hartnoll, 2015), have been suggested to hold
for strongly interacting phases without quasiparticle excita-
tions. Both of these bounds can be interpreted in terms of a
bound on the diffusion coefficient D ~ Av? /kgT, where v is a
characteristic (but unknown) velocity scale in the problem.
The statement of the bound was sharpened with the propo-
sition (Blake, 2016) that the relevant velocity scale is set by
v = vg. While there are a number of holographic examples
where these bounds have been shown to apply and even
be saturated (Gu, Qi, and Stanford, 2017), there are explicit
counterexamples where the proposed bounds are violated
(Lucas and Steinberg, 2016; Gu, Lucas, and Qi, 2017).
Stepping away from concrete models, a hydrodynamic under-
standing of some aspects of operator growth and chaos has
also been developed in situations where the exponential
regime exists (Blake, Lee, and Liu, 2018).

In general, the relation between diffusive spreading of
conserved charges and ballistic growth of nonconserved
operators is complicated. For a class of generic random
unitary circuits with conserved charges, it was shown that a
spreading operator consists of a conserved part spreading
diffusively, which acts as a source of nonconserved operators
and leads to dissipation at a rate set by the local diffusion
current (Khemani, Vishwanath, and Huse, 2018). The non-
conserved operators spread ballistically at a butterfly speed,
becoming increasingly entangled with a macroscopic number
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of degrees of freedom in the system and acting as a dissipative
bath. Therefore, in this random unitary circuit approach, the
diffusion coefficient need not be related to any of the metrics
associated with the OTOC:s.

However, a close relationship has been found between the
OTOC 4, and the thermal diffusivity in computations for the
critical Fermi surface (Patel and Sachdev, 2017), and in a wide
class of holographic models (Blake, Davison, and Sachdev,
2017). The relationship between the thermal diffusivity and
v%/A; has also been analyzed in a family of strongly
interacting bosonic variants of the SYK model (Tulipman
and Berg, 2021), which are more closely related to the
quantum  spherical p-spin-glass model (Cugliandolo,
Grempel, and Santos, 2001), which was inspired by the
observation of Planckian diffusivities in a class of complex
insulators (Zhang et al., 2019; Mousatov and Hartnoll, 2020).
A simplified interpretation is that both quantum chaos and
thermal diffusivity are related to a loss of phase coherence.
The time derivative of a local phase is the local energy density,
and the fluctuation-dissipation theorem relates energy fluctu-
ations to thermal transport.

The exact relation between OTOCs and universal aspects
of transport remains unclear. Inspired by the universality
of scattering rates across distinct materials displaying non-
Fermi-liquid properties, it has been conjectured (Chowdhury
et al., 2018) that there is an emergent length scale
¢ > a (=lattice spacing) that is characterized by maximal
chaos with a Lyapunov exponent A; = 22T at low temper-
atures (i.e., as either 7 —- 0 or T > W* but still small
compared to microscopic energy scales) and effectively
reaches local thermal equilibrium in a time of the order of
1/T (Sachdev, 1999). The universal coarse-grained descrip-
tion for the non-Fermi liquids can then possibly be built by
coupling the islands of typical size . This does not imply that
the system is necessarily maximally chaotic at the scale of the
system size. In contrast, in a system with quasiparticles that
does not display any non-Fermi-liquid behavior, we expect
A <TasT—0.

We end by noting that a different diagnostic of quantum
chaos that measures the correlations between energy levels
and diagnoses the spectral “rigidity” is the spectral form factor
(SFF). The SFF has been analyzed in the past in the context of
mesoscopic physics and random-matrix theory (Altshuler and
Shklovskii, 1986). The ramp-plateau form of the SFF beyond
the Thouless time signifies the onset of chaotic random-
matrix-like behavior and has been analyzed for the SYK
model using a variety of different methods (Cotler et al., 2017;
Garcia-Garcia and Verbaarschot, 2017; Altland and Bagrets,
2018; Gharibyan et al., 2018; Saad, Shenker, and Stanford,
2018; Liao, Vikram, and Galitski, 2020; Winer, Jian, and
Swingle, 2020; Altland et al., 2021).

XIII. OUTLOOK

Finding models of interacting electrons that can be solved
reliably in the regime of strong interactions and at finite
temperatures, without making uncontrolled approximations,
remains a key challenge in quantum many-body physics. The
family of models studied in this review offer a useful starting
point for describing compressible metallic phases without any
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Landau quasiparticles at strong interactions. Furthermore,
they naturally lead to NFL regimes exhibiting electronic
interaction-induced 7-linear resistivity and Planckian behav-
ior over a wide range of energy scales and are accompanied by
/T scaling. The theoretical results reviewed here are con-
sistent with much of the universal experimental NFL phe-
nomenology across numerous distinct microscopic materials.
Therefore, it is natural to consider the possibility that a large
class of strongly interacting microscopic models describing
real materials flow (in a RG sense) to the different families of
models considered in this review over a significant inter-
mediate energy range. Proving this remains a challenge.

A notable recent result in the study of non-Fermi liquids
is the phase diagram of Fig. 13 (Shackleton er al., 2021;
Dumitrescu et al., 2022). This presents the results of a
numerical study of the doped random-exchange #-U-J
Hubbard model. Many features of the phase diagram are
reminiscent of the observations in the hole-doped cuprates,
as discussed in Sec. VIL.G. These include a doping-induced
transition from a disordered Fermi liquid satisfying
Luttinger’s theorem for p > p, to a low-temperature metallic
spin glass for p < p.. At higher temperatures, the latter has a
small carrier density and violates Luttinger’s theorem. The
quantum-critical metal near p = p. exhibits a single-particle
lifetime that has a Planckian form (see Fig. 14) with an O(1)
coefficient; in the low-temperature limit the inferred resistivity
is significantly below the MIR value. The quantum-critical
spin correlations are given by those of the SY spin liquid.

At first sight, this concordance is noteworthy and puzzling:
the theory relies on a random-exchange coupling with zero
mean, which is far from the physical situation in the cuprates.
We can take the concordance as an indication that AdS,/SYK
local criticality has a robustness and can be present in models
over a significant intermediate energy range. We make note
of the renormalization group arguments (Patel and Sachdeyv,
2019) that enhancement of resonant scattering can lead to the
emergence of local SYK criticality. We also discussed holo-
graphic evidence of such a crossover (Igbal, Liu, and Mezei,
2011, 2012; Liu and Sonner, 2020) in disorder-free non-Fermi
liquids of Fermi surfaces coupled to gauge fields in
Sec. XIL.D. See also Khveshchenko (2018a, 2022) for other
thoughts on the emergence of SYK local criticality.

The universality of the models studied is also encoded in
their notable maximal many-body chaos, as diagnosed using
the OTOC. Whether this aspect also indirectly controls the
universality of Planckian transport scattering rates across
distinct NFL materials is an important and nontrivial theoretical
question. A recent work has highlighted some of the funda-
mental differences between the growth of operators in max-
imally chaotic versus nonmaximally chaotic quantum systems
(Blake and Liu, 2021), which could be of some relevance to
understanding transport in NFL without quasiparticles.

For the disordered models considered in Sec. VII, the SY
spin-liquid behavior (Joshi et al., 2020) cannot extend down to
T = 0, because of the divergence of the spin-glass suscep-
tibility (Georges, Parcollet, and Sachdev, 2000, 2001)
(although this instability is not visible over the accessible
temperature range in the Planckian behavior in Fig. 14). Thus,
we expect the eventual appearance of a metallic spin glass or a
disordered Fermi liquid in which the zero-temperature entropy
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is quenched, with the SY spin liquid surviving at 7 = 0 only
at the “spinoidal” critical point where the Fermi-liquid
solution disappears. In more realistic models with weak
disorder, we can expect the pseudogap to acquire the topo-
logical order of a fractionalized Fermi liquid or have spin or
charge-density wave order. The critical theory asymptotically
close to the pseudogap critical point will also be different: for
the models of Sec. VII, we can expect a transition from a
disordered Fermi liquid to a metallic spin glass, as described
in theories without fractionalization (Sachdev, Read, and
Oppermann, 1995; Sengupta and Georges, 1995). Another
possibility, present in the non-Fermi-liquid large-M limit of
Sec. VILD.2, is that the entire overdoped regime is a critical
metal with linear-T resistivity (Christos ef al., 2022), and the
critical point is then also a deconfined theory. The connections
between the previously outlined transition and “deconfined”
metallic criticality (Zhang and Sachdev, 2020; Zou and
Chowdhury, 2020) associated with abrupt Fermi surface
changing transitions in clean systems, and in the absence
of fractionalization in the adjacent phase, remain an interest-
ing open problem.

A consequence of models with J;; having zero mean is that
there is no superconductivity. Adding a nonzero mean J;; or
another attractive interaction should lead to superconductivity
(Patel, Lawler, and Kim, 2018; Esterlis and Schmalian, 2019;
Chowdhury and Berg, 2020a; Hauck et al., 2020; Wang, 2020;
Wang et al., 2020), and a theory is needed for the onset
of superconductivity from the Planckian metal phase of
Figs. 13 and 14.

We discussed theories of non-Fermi liquids with critical
Fermi surfaces in Sec. XI. Without disorder, such theories
have zero resistivity in the absence of exponentially weak
umklapp scattering, and thus cannot produce linear-in-7
resistivity at low 7. Adding potential scattering disorder to
such a critical Fermi surface does produce a nonzero residual
resistivity, but the temperature dependence of the resistivity is
Fermi-liquid-like, even though there is marginal Fermi-liquid
behavior in the fermion self-energy (Patel e al., 2022). An
interesting recent observation (Patel ef al., 2022) is that spatial
disorder in the interaction strength does indeed produce a
linear-T resistivity [along with a T1In(1/T) specific heat].
Two different types of disorder are therefore responsible for
the residual resistivity and the slope of the linear-T resis-
tivity: the former arises from potential disorder and the latter
results from interaction disorder. This feature has promise
in explaining observations, and a better understanding is
needed of the strengths of these disorders in the context of
microscopic models.

An emerging application of the SYK model is to meso-
scopic systems, and this was not covered in our review. In this
context, the behavior of the SYK model at finite N is
important, and we have to reverse the orders of limit of
N — oo (which we generally have taken first) and a long-time
t - o0. The SYK model has a new emergent criticality for
t > N/U, some aspects of which were covered in Sec. V.F.
Note that even for finite but large N we do not immediately
have a crossover to a regime where the discreteness of the
energy spectrum is important; in a many-body system, the
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energy level spacing ~exp(—aN), and therefore even for
t > N/U we deal with an effectively continuous spectrum.
See the literature (Franz and Rozali, 2018) for studies of
applications to quantum dots and graphene flakes (Pikulin
and Franz, 2017; Gnezdilov, Hutasoit, and Beenakker,
2018; Altland, Bagrets, and Kamenev, 2019a, 2019b;
Micklitz, Monteiro, and Altland, 2019; Khveshchenko,
2020a; Kruchkov et al., 2020; Kobrin et al., 2021), lattices
of quantum dots (Altland, Bagrets, and Kamenev, 2019a;
Khveshchenko, 2020b), Majorana fermions (Chew, Essin, and
Alicea, 2017; Chen et al., 2018), ultracold atoms (Danshita,
Hanada, and Tezuka, 2017; Wei and Sedrakyan, 2021), and
quantum simulation (Garcia-Alvarez et al., 2017; Luo et al.,
2019). These works keep N finite, and therefore differ from
the models in Sec. X, which take the N — oo first. In
Secs. VI-VIII, our interest was in dynamical mean-field
theories of lattice systems in the thermodynamic limit, so it
was appropriate to take the N — oo limit first.
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APPENDIX A: TIME REPARAMETRIZATION AND
GAUGE SYMMETRIES OF THE SYK MODEL

In this appendix, we elaborate on the origin of Eq. (5.22)
from a more fundamental basis and generalize it to the
particle-hole asymmetric case. We return to the original
equations (5.2a) and (5.2b) and simplify them in the low-
energy limit. As we saw in Eq. (5.13), at frequencies <« U the
iw + p term can be dropped because ¢ — X(0) = 0 and the iw,,
term is smaller than the singular frequency dependence in
Y(iw, ). After Fourier transforming to the time domain, we can
rewrite the original saddle-point equations as

p
/o Aty %00 (71, 72)G (7, 73) = =6(7) — 13), (Ala)

Zng (71, 72) = =U*G*(71,75)G(72,71),  (Alb)
where X, is the singular part of X. In addition, the saddle-
point Green’s functions and self-energies are functions only of
time differences, like 7; — 7,. Nevertheless, we have written
them as a function of two independent times because the
fluctuations about the saddle point will involve the bilocal
fields, as we later see. Moreover, the symmetries are more
transparent in the bilocal formulation.
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It is now not difficult to verify that Egs. (Ala) and (A1b) are
invariant under the following transformation:

r= f(o). (A2a)

Gz 1) = [F (o) (@) 4 66,0, (A2D)
9(02)

S(r1.52) = [P0 (@) 2V 56, 0. (A2)
9(52)

where f (o) and g(o) are arbitrary functions. In Egs. (A2a)—-(A2c)
f(o) is a time reparametrization and ¢(s) is a U(1) gauge
transformation in imaginary time. These are emergent sym-
metries because the form of the equations obeyed by
G(61,0,) and (6, 0,) is the same as Eqs. (Ala) and (Alb)
obeyed by G(7},7,) and £(7},75).

We obtain the nonzero temperature solution by choosing
the time reparametrization in Eq. (A2a) as the conformal map

1
=t To), A3
= an(zTo) (A3)
where ¢ is the periodic imaginary time coordinate with period
1/T. Applying this map to Eq. (5.7), we obtain

) 4

G(xo) =F Cg(=£o) si 446
(0) = Caleta)sinla/ 4+ 0) (oo
for 0 < +0 < 1/T. The function g(c) is currently undeter-
mined apart from a normalization choice g(0) = 1. We can
now determine g(o) by imposing the KMS condition

G(o+1/T) = -G(o), (AS5)
which implies
g(6) = tan(z/4 + 6)g(c + 1/T). (A6)
The solution is
glo) = 7217, (A7)

where the new parameter £ and the angle 6 are related as in
Eq. (5.10). This yields the final expression for G(o) in
Eq. (5.25).

APPENDIX B: SYMMETRIES OF THE SYK SADDLE
POINT

We showed in Appendix A that the low-energy limit of the
saddle-point equations (Ala) and (Alb) have a large set of
symmetries when expressed in terms of bilocal correlators
of 2 times. However, the actual solution of the saddle-point
equations (5.25) is a function only of time differences. Here
we ask a somewhat different question: What subgroup of the
symmetries in Appendix A applies to the thermal solution in
Eq. (5.25)7 In other words, how are the emergent low-energy
time reparametrization and gauge symmetries broken by the
low-T thermal state?
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We first consider the simplest case with particle-hole
symmetry at 7 =0, when we can schematically represent
the large-N solutions in Sec. V.A as

Go(t) =) ~ (7 — 1) 712,

() — 1) ~ (1) — 1) /2

The saddle point will be invariant under a reparametrization
f(z) when choosing G(z1,7,) = G.(7] — 7,) leads to a trans-
formed G(oy,0,) = G.(6; —0,) (and a similar process
for X). It turns out that this is true only for the SL(2, R)
transformations under which

_ar—i—b
Ccer+d’

f(z) ad —bc = 1. (BI1)

Therefore, the approximate reparametrization symmetry is
spontaneously broken down to SL(2, R) by the saddle point.

We now consider the most general case with 7 > 0 and no
particle-hole symmetry. We write Eq. (A2c) as

G(r1.12) = [f ()" ()] "*
X Gc [f(Tl) - f(1-2>]ei¢(71)—i¢(12)’ <B2)

where G, () is the conformal saddle-point solution given in
Eq. (5.25). Here we have parametrized g(z) = ¢~#(") in terms
of a phase field ¢; we soon see that the derivative of ¢ is
conjugate to density fluctuations.

It can now be checked that the G(z|,7,) obtained from
Eq. (B2) equals G.(7; — 7,) only if the transformations f ()
and ¢(r) satisfy

tan[zTf(z)] altan(zTz)/xT] + b b =
T  c[tan(xT7) /2T +d’ ad=be=1,
—igp(t) = —ipy + 27ET [z — f(7)]. (B3)

The transformation of f(z) looks mysterious, but we can
simplify it. We define
— leziTT’

z zp = X110 (B4)

and the transformation in Eq. (B3) is then between unimodular
complex numbers representing the thermal circle

_wWiz+w,

= , wil? = wy > =1, BS5
S P (B5)

if

where w,, are complex numbers. In this form, we have an
SU(1,1) transformation, a group that is isomorphic
to SL(2,R).

The symmetries in Eqgs. (B3) and (BS5) are crucial to
determining the structure of the low-energy action for
fluctuations.
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APPENDIX C: SYMMETRIES OF AdS,

This appendix notes that the AdS, metric
de® + d¢?

= T

is invariant under isometries that are SL(2,R) transforma-

tions, as in Eq. (B1). It is easy to verify that the coordinate
change

ds? (C1)

a(t+il)+b

T = i+ d

, ad—bc=1, (C2)
with a, b, ¢, and d real, leaves the metric (C1) invariant.

APPENDIX D: SCHWARZIAN DETERMINANT

This appendix evaluates a quadratic fluctuation correction
to the free energy of the SYK model in Eq. (5.76) arising from
the time reparametrization mode in Eq. (5.74). The formal
expression for this correction is

1
_ 2 2(,2
Z_E E In 272*NyTn*(n* - 1)].

n#0,%1

(D1)

Equation (D1) is divergent, and we have to regulate it by
finding the proper measure over the path integral of the ¢, in
Eq. (5.74) (Maldacena, Stanford, and Yang, 2016; Stanford
and Witten, 2017). For simplicity, we consider only the
particle-hole symmetric case ¢ = 0 in the forthcoming dis-
cussion, but the final result is more general.

We regulate the divergence in Eq. (D1) by returning to
the original G-X path integral in Eq. (5.56), to which the
Schwarzian path integral in Eq. (5.73) is a low-energy
approximation. The saddle-point equations (5.56) are simply
the original SYK equations (5.2a) and (5.2b). Denoting the
exact saddle-point solution of the latter as G and X, we can
write the fluctuations as

G =G+ 4G, T =X+5% (D2)
We then expand the action in Eq. (5.56) to quadratic order and
find that the needed eigenmodes of the quadratic fluctuations
are eigenmodes of the kernels (Gu et al., 2020; Tikhanovskaya
et al., 2021a) that generalize the action in Eq. (5.48) as

Kass(71, 72573, 74)

- Ei <g - 1)] UG (113)G(124)G(134)772.  (D3)

We are considering the general case of SYK model with ¢
fermion terms and 7;; = 7; — 7;. The eigenmodes are defined
by the following equations [which generalize Eq. (5.47)]:

kA/S(h)U;?/S (Tl s T2, TO)

A/S
:/dT3dT4KA/s(T1,Tz;73,T4)Uh/ (73,74, 70),  (D4)
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with dimensionless eigenvalue k;s(h). For ka/s(h) = 1 we
obtain the scaling dimension /& of composite operators
associated with the fermion bilinears in the conformal limit
theory. Our overall task is to expand 6G and 5Z in terms of the
eigenmodes of K, /5, €ach of which will also be eigenmodes of
the quadratic fluctuation of the action in Eq. (5.56).

The Schwarzian fluctuation focuses on a specific eigen-
mode 1/2‘, which is associated with time reparametrization
symmetry. The infinitesimal version of the time reparame-
trizaton in Eq. (B2), using Eq. (5.68), is

8G (71, 13) = [A€'(1)) + A€ (1) + €(71)9,,

+6(12)0,,|G (11 — 72). (D5)
For the conformal limit result G = G, in Eq. (5.25), and also
for the conformal Green’s functions in Eq. (D3), 6G in
Eq. (D5) is indeed an eigenmode 4 of Eq. (D4) with
k4(2) =1, as can be verified by explicit evaluation.

We now have all the ingredients necessary to expand the
time reparametrization eigenmode of K, in terms of the
eigenmodes €, in Eq. (5.74). One needed technical step is that
we multiply the K, eigenmode by GE.q_ZV ? to make the kernel
in Eq. (D3) a Hermitian operator. We then write

(G (11.72)] 422G (2, 1)

= Zenfn (ZHT[TI - TZ])e_iﬂnT(TI+12)' (D6)

We can easily obtain the explicit form of the coefficients £, ()
in Eq. (D6) as follows using Egs. (5.25), (5.74), and (D5):

_ sin(n6/2) cos(6/2)  cos(nd/2)

fa(0) sin2(0/2) "sin(0/2)

(D7)

Recall that we are working at y =& =0, and we have
dropped an unimportant n-independent prefactor in Eq. (D7).
The functions f,(0) are analogs for SL(2, R) of the Legendre
polynomials for SO(3). As expected, they vanish identically
for n = 0, %1 because G, is invariant under SL(2,R) trans-
formations. The property that we need here is the n depend-
ence of their normalization,

27 do ~nl(n? -1)
/0 %[f,,(e)]z =3

(D8)

When one uses the eigenmodes of Eq. (D3), the Gaussian
fluctuation contribution to the free energy from the G-X
path integral in Eq. (5.56) can be written schematically as
(Maldacena, Stanford, and Yang, 2016)

Tes :%ZIH (@— 1).

We now compare this G-Z form of the fluctuation contribution
to the €, fluctuation contribution in Eq. (D1). Given the
transformation between the eigenmodes in Eq. (D6) and the
normalization in Eq. (D8), we conclude that the n*(n®> — 1)
factor in Eq. (D1) should be identified with the product of an

(D9)
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|n|(n* — 1) factor from Eq. (D8) and a 1 —k4(2) ~ T|n|/U
factor. The deviation of k,(2) from unity arises from con-
formal corrections to the saddle point G — G, and arguments
have been made (Maldacena, Stanford, and Yang, 2016) for
their |n| dependence.

With this corrected measure for ¢, fluctuations, we conclude
that the properly regulated form of Eq. (D1) is that deduced
from Eq. (D9) (Maldacena, Stanford, and Yang, 2016),

|n|<e,U/T
~ 1 1
/] = — g In (M)’

(D10)
2 |n|0,%1

where we have dropped T-independent constants and c¢; is a

nonuniversal number determining the high-energy cutoff. We

can now apply the ¢ function theory result

iln(an) =m ln(am)—m—i—@—i—(?(%) (DI11)

n=1

to Eq. (D10), and we obtain Eq. (5.77). Note that the 3/2
coefficient of the logarithm in Eq. (5.77) is independent of ¢y ; it
is the sum of the 1/2 coefficient in Eq. (D11) and the omitted
n = %1 contributions in Eq. (D10).

APPENDIX E: GENERALIZATION TO THE SYK,
MODEL

Much of our discussion of the SYK model has focused on
the physically motivated problem with four-fermion inter-
actions. However, the model can be readily generalized to
q >4 fermion interactions (Gross and Rosenhaus, 2017),
otherwise referred to as the SYK, model. We review here the
low-energy properties of a local SYK, model and the effect of
perturbing it by a quadratic hopping term. The interaction
Hamiltonian for electrons occupying orbitals labeled i, =
1,...,N is given by

(q/2)! T i
Hq = N(q_l)/2 Zuiliz...iq [cil ciz e Ciq/zciq/ZH e ciq—] Ciq]
{ic}
—uS e, (E1)
i¢
where as before we choose the couplings U; i..i, 1O be
independent random variables with U, ;, i, = 0 and

(Uiyiy...;,)* = U?. The density Q can be tuned by an external
chemical potential p.

In the large-N limit, once again only the melon graphs
survive, but the number of internal legs is now ¢ — 1. The on-
site Green’s function reduces to the solution of the following
equations:

1

Following the analysis in Sec. V.A, we can obtain the low-
energy solution at 7 = 0 for the electron Green’s function.
The power-law singularity at low frequencies is now deter-
mined by the dimension A = 1/¢g such that the Green’s
function has the form

sgn(7)
G(t) ~——, |z] > 1/U, (E3a)
(Ulz])*
) isgn(w)

For simplicity, we chose the density to be at half filling,
where the spectral asymmetry vanishes. In spite of the
different scaling dimensions, the finite compressibility and
residual entropy (including the 7-linear correction) have
the same qualitative behavior as the model with g = 4.
Generalizations to two-band models involving distinct g-body
interactions have also been studied (Haldar and Shenoy,
2018).

We now consider a lattice generalization of the model
similar to that in Sec. X, where the local interaction at every
site is given by H, and the sites are coupled together via
uniform translationally invariant hopping terms Hy;,; see
Eq. (10.1a). The hopping term is a relevant perturbation,
and the gapless scale invariant solutions cannot survive down
to the lowest energies. Starting with the decoupled limit, one
finds that the coherence scale is given by

§ 1\ 2/(q-2)
Wi ~t 7 , (E4)

below which the hopping terms can no longer be treated
perturbatively and the ground state is a Fermi liquid. In spite
of the similarities in the thermodynamic properties with the
q = 4 model, charge transport is dramatically different for
T > W7. The electrical resistivity in the incoherent regime is

now given by
h T \ 244
~— = . ES
Pdc N€2 (WZ) ( )

For g # 4 the resistivity scales faster than 7 (but slower
than 7?) with increasing temperature. The T linearity of the
resistivity is tied to the electron scaling dimension of A = 1/4
for g = 4.
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