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Since the parton model was introduced by Feynman more than 50 years ago, much has been learned
about the partonic structure of the proton through a large body of high-energy experimental data and
dedicated global fits. However, limited progress has been made in calculating partonic observables such
as the parton distribution function (PDFs) from the fundamental theory of strong interactions, quantum
chromodynamics (QCD). Recently some advocated for a formalism, large-momentum effective theory
(LaMET), through which one can extract parton physics from the properties of the proton traveling at a
moderate boost factor such as γ ∼ 2–5. The key observation behind this approach is that Lorentz
symmetry allows the standard formalism of partons in terms of light-front operators to be replaced by an
equivalent onewith large-momentum states and time-independent operators of a universality class. With
LaMET, the PDFs, generalized PDFs or generalized parton distributions, transverse-momentum-
dependent PDFs, and light-front wave functions can all be extracted in principle from lattice simulations
of QCD (or other nonperturbative methods) through standard effective field theory matching and
running. Future lattice QCD calculations with exascale computational facilities could help one to
understand the experimental data related to the hadronic structure, including those from the upcoming
electron-ion colliders dedicated to exploring the partonic landscape of the proton. Here the progress
made in the past few years in the development of the LaMET formalism and its applications is reviewed,
with an emphasis on a demonstration of its effectiveness from initial lattice QCD simulations.
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I. INTRODUCTION

The proton and neutron, collectively called the nucleon, are
the basic building blocks of visible matter in the Universe
today. Ever since they were discovered in laboratories nearly a
century ago (Rutherford, 1919; Chadwick, 1932), their
fundamental properties have been explored: from the deter-
mination of the spin through the specific heat of liquid
hydrogen (Dennison, 1927) to the measurement of the
magnetic moments (Estermann, Frisch, and Stern, 1933) to
the extraction of their electromagnetic sizes through elastic
electron scattering (Hofstadter, 1956). The most revealing
discovery, however, came from the electron deep-inelastic
scattering (DIS) on the proton and nuclei at Stanford Linear
Accelerator Center (SLAC) in the late 1960s, in which the
constituents of the proton and neutron, quarks (and later
gluons), were discovered (Bloom et al., 1969). Soon after,
quantum chromodynamics (QCD), a quantum field theory
(QFT) based on “color” SUð3Þ gauge symmetry, was estab-
lished as the fundamental theory of strong interactions
(Fritzsch, Gell-Mann, and Leutwyler, 1973; Gross and

Wilczek, 1973; Politzer, 1973), and of the internal structure
of the nucleon as well (Thomas and Weise, 2001).
During the last 50 years, significant progress has been made

in understanding the nucleon’s internal structure in both
experiment and theory. Multiple experimental facilities have
been built to study high-energy collisions involving protons
and nuclei, from which a large amount of experimental data
has been accumulated. Based on the QCD factorization
theorems (Collins, 2011a), which were derived from pertur-
bative QCD analyses beyond Feynman’s parton model
(Feynman, 1972), the parton distribution functions (PDFs),
which characterize the longitudinal-momentum distributions
of quarks and gluons in hadrons moving at infinite momen-
tum, have been obtained from global fits to these data
(Harland-Lang et al., 2015; Ball et al., 2017; Gao,
Harland-Lang, and Rojo, 2018; Hou et al., 2019). A recent
result of the phenomenological proton PDFs is shown in
Fig. 1, where x is the momentum fraction of the proton carried
by partons. The PDFs provide a comprehensive description of
the quark and gluon content of the nucleon. On the theoretical
frontier, the Euclidean path-integral formalism of QCD,
combined with the lattice regularization and Monte Carlo
simulations (Wilson, 1974), has offered a systematic way of
performing ab initio calculations of nonperturbative strong
interactions. The rapid rise in computational power and the
development of intelligent numerical algorithms have made
such a lattice QCD approach extremely successful in comput-
ing hadron spectroscopy, the strong coupling, hadronic form
factors, etc., and even scattering phase shifts (Briceño, Dudek,
and Young, 2018; Tanabashi et al., 2018; Aoki et al., 2020).
Despite these impressive achievements, we have not been

able to systematically explain the partonic structure of the
proton from first principles; more explicitly, we have not made
fundamental progress in computing the quark and gluon
distributions starting from the QCD Lagrangian; see
Sec. I.C for a summary. There is actually a good reason
behind it: The standard formulation of parton physics in
literature (Sterman, 1993; Collins, 2011a) is accomplished

FIG. 1. Phenomenological parton distributions obtained by
the CTEQ-TEA Collaboration (CT18) from fits to global
high-energy scattering data, where 0 ≤ x ≤ 1 is the fraction of
the proton’s infinite momentum carried in a parton. From
Hou et al., 2019.
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through the dynamical correlators of quark and gluon fields
on the light front (LF) defined by t − z ¼ const, which has the
important feature of being independent of the proton’s
momentum. On the other hand, lattice QCD is formulated
in the Euclidean space with imaginary time and cannot be
used to directly calculate the dynamical correlations that
depend on real time. The standard lattice approach to parton
physics has been to calculate the lower moments of parton
distributions, which are matrix elements of local operators (Lin
et al., 2018). However, limitations to the first few moments
prohibit practitioners from reliably reproducing the x-depen-
dent structure shown in Fig. 1, other than by fitting model
functional forms. Over the years, Hamiltonian diagonalization
in LF quantization (LFQ) (Brodsky, Pauli, and Pinsky, 1998)
and Schwinger-Dyson equations (Maris and Roberts, 2003)
have been proposed to solve the nucleon structure as
Minkowskian approaches. Although significant advances have
beenmade phenomenologically, a systematic approximation to
calculating the nucleon PDFs is still missing.
A few years ago, some of us proposed a general approach to

calculating x-dependent parton distributions based on
Feynman’s original idea about partons: They are the infin-
ite-momentum limit of static properties of the proton at large
momentum, and therefore are intrinsically Euclidean quan-
tities accessible through lattice QCD (Ji, 2013, 2014; Ji,
Zhang, and Zhao, 2013). Accordingly, parton physics in an
intermediate range of xmin ∼ 0.1 < x < xmax ∼ 0.9 can be
calculated from the physical properties of the proton at a
moderately large momentum, such as that with a Lorentz
boost factor γ ¼ 2–5. The theory has been named large-
momentum effective theory (LaMET) because a rigorous
connection between the infinite-momentum frame (IMF)
partons and quarks and gluons at a finite momentum requires
a proper accounting of the ultraviolet (UV) modes with large
momentum in effective field theory (EFT) and systematic
power counting.
The basic principle for LaMET comes from an implicit

observation in the naive parton model: The structure of the
proton is approximately independent of its momentum so long
as it is much larger than a typical strong-interaction scale
ΛQCD or its mass. For example, the quark momentum

distribution at moderate x in the proton at P ¼ jP⃗j ¼
5 GeV is not unlike that at P ¼ 50 GeV or 5 TeV. One
might call this phenomenon large-momentum symmetry, the
nature of which is similar to that of the electronic structure of
the hydrogen atom not being sensitive to the proton mass so
long as it is much larger than that of the electron. The
asymptotic behavior of the proton structure might be con-
trolled by an expansion in ΛQCD=P, but a justification would
require a better understanding of the underlying dynamics.
Assuming this, Feynman replaced the protons probed at large
but finite momenta in high-energy scattering with the one at
infinite momentum P ¼ ∞, which corresponds to the leading
term in the ΛQCD=P expansion, and therefore the idealized
concepts of the proton in the IMF and its constituents
(partons) were born.
In QFTs, however, the existence of the P ¼ ∞ limit

depends on their UV behavior. In general, the infinite-
momentum limit does not commute with the UV cutoff limit

ΛUV → ∞. While the physical limit is ðΛUV ≫ PÞ → ∞, the
parton model and subsequent QCD factorization theorems use
ðP ≫ ΛUVÞ → ∞, keeping all PDFs with the finite support
jxj ≤ 1, where negative x is for antiquarks. Thus, partons are
an idealized concept that does not exist in the real world.
Because of asymptotic freedom, the previously mentioned
differences can be calculated in perturbative QCD. Therefore,
LaMET is an effective theory for partons that uses the ordinary
field theoretical calculations ðΛUV ≫ PÞ → ∞ and system-
atically takes into account noncommuting P → ∞ limits
through EFT matching and running, and finite P effects by
power corrections. Thus, the PDFs defined in the IMF or on
the LF can be accessed at moderate x from the structure
calculations at P of approximately a few GeVs.
The first application of LaMET was to the total gluon

helicity ΔG in the polarized proton, a quantity of significant
experimental interest at the polarized RHIC (Bunce et al.,
2000), but one that had not been within theoretical reach for
many years. Ji, Zhang, and Zhao (2013) showed that, from a
large-momentum matrix element of the gluon spin operator in
a physical gauge, ΔG can be obtained through an EFT
matching. Following this success, LaMET was applied to
the collinear quark PDFs (Ji, 2013). The latter application has
generated considerable theoretical as well as numerical
activities, particularly for the flavor nonsinglet u-d distribu-
tions in the proton and other hadrons. A general LaMET
framework was subsequently introduced by Ji (2014). More
recently the approach was extended to the gluons as well (Li,
Ma, and Qiu, 2019; Zhang, Ji et al., 2019). Therefore, the
PDFs can now be computed directly in lattice QCD at a
specific Feynman variable x without using LFQ. The partonic
landscape of the proton is extremely rich and LaMET holds
the promise of computing parton physics beyond the collin-
ear PDFs.
In recent years, tremendous progress has been made in

formulating new parton observables for the proton. In par-
ticular, two parallel concepts have been developed in char-
acterizing the transverse structure of the proton. The first is the
generalized parton distributions (GPDs) (Müller et al., 1994;
Ji, 1997b; Radyushkin, 1998). The GPDs combine the
features of the proton’s elastic form factors, which provide
the transverse-space density of partons (Miller, 2007), and
Feynman PDFs, and then interpolate them. Given the joint
longitudinal-momentum and transverse-space distributions,
one can construct the orbital angular momentum (OAM) of
partons (Ji, 1997b). In general, the GPDs can be used to
generate momentum-dissected transverse-space images of the
proton (Burkardt, 2000). A new class of experimental proc-
esses, deeply virtual exclusive processes, including deeply
virtual Compton scattering (DVCS) in which the final state is
a diffractive real photon plus a recoiling proton, has been
found to measure them (Ji, 1997a, 1997b). The second
concept is the transverse-momentum-dependent (TMD)
PDFs (or TMDPDFs), in which the parton’s transverse
momentum is explicit (Collins and Soper, 1981; Collins,
2011a). Much theoretical progress has been made in recent
years regarding their proper definitions, factorizations, and
spin correlations (Collins and Rogers, 2013, 2017; Echevarría,
Idilbi, and Scimemi, 2013). TMDPDFs can be measured in
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experimental processes by observing the transverse momen-
tum of the final-state particles.
Over the years, it has gradually become clear that a

dedicated experimental facility to fully explore the partonic
landscape of the proton is required. To meet this requirement,
the U.S. nuclear science community has proposed building a
high-energy, high-luminosity Electron-Ion Collider (EIC)
(Aprahamian et al., 2015), which was recently approved by
the U.S. Department of Energy. The new collider accelerates
electrons to 10–30 GeV and ions (including the proton and
heavy nuclei all the way up to Pb or U) up to 100 GeV per
nucleon, realizing the center-of-mass collision energy Ec.m.
from 40 to 170 GeV. The corresponding electron energy in
fixed-target experiments would be 100 GeV to 10 TeV.
The beams are polarized, with high luminosity up to
1033–34 collisions=cm2 s, which are critical for studying exclu-
sive processes such as DVCS. The kinematic range of the
collisions covers the Bjorken xB (which coincides with the
parton momentum fraction x in the naive parton model
discussed in Sec. II) down to sub-10−4, and Q2 as high as
104 GeV2. Much of the EIC science was discussed in a
dedicated study (Accardi et al., 2016).
The EIC and lattice QCD efforts will not stop at the

precision parton physics of the proton. We need to develop
ways or languages to describe the nucleon as a strongly
coupled relativistic quantum system, in much the same way as
we understand the quantum Hall effects in condensed matter
physics. Without a deep understanding of the mechanisms of
strongly coupled QCD physics, we cannot claim a funda-
mental understanding of the structure of the proton and
neutron, in particular, the origin of their masses and spins.
This is one of the most challenging goals facing the standard
model of particle and nuclear physics today.
This review systematically exposes the idea, formalism, and

results of the LaMET approach to parton physics. We do not
claim the review to be exhaustive, because the field is rapidly
developing. References in the related fields are not meant to be
complete either, and we apologize for any important omis-
sions. Closely related reviews on lattice parton physics were
given by Zhao (2018) and Cichy and Constantinou (2019).
There have been studies on the effectiveness of LaMET in
various models (Gamberg et al., 2015; Jia and Xiong, 2016;
Broniowski and Ruiz Arriola, 2017, 2018; Nam, 2017;
Radyushkin, 2017d; Hobbs, 2018; Xu et al., 2018;
Bhattacharya, Cocuzza, and Metz, 2019a, 2019b; Ji, Liu,
and Zahed, 2019; Ma, Zhu, and Lu, 2019; Del Debbio, Giani,
and Monahan, 2020; Kock, Liu, and Zahed, 2020; Son,
Tandogan, and Polyakov, 2020), some of which we mention
in the following for illustrative purposes. There have also been
papers questioning the validity of the LaMETmethod (Carlson
and Freid, 2017; Rossi and Testa, 2017, 2018), some of which
were clarified later in the literature (Briceño, Hansen, and
Monahan, 2017; Ji, Zhang, and Zhao, 2017; Radyushkin,
2019b). We do not discuss them here. We have used proton in
most places in the text to emphasize its importance in nuclear
and particle physics. However, the discussions apply equally to
the neutron and other hadrons as well.
The plan for this review is as follows. In the remainder of

the Introduction, we explain the nature of parton physics as an

effective description of the internal structure of the proton at
large momentum, as well as other existing methods in the
literature for solving the parton structure. In Sec. II, we
introduce the LaMET method starting from the momentum
renormalization group equation (RGE) of physical observ-
ables in a moving hadron, followed by the matching between
momentum distributions and PDFs. We then formulate an
EFT expansion to compute parton physics from theoretical
methods suitable for the structure of a large-momentum
proton. In Sec. III, we discuss some important details for
collinear PDFs: renormalization of the nonlocal operators,
particularly power divergences in lattice regularization, and
matching to all orders in perturbation theory. Section IV is
devoted to applications to general collinear-parton observ-
ables including GPDs, parton distribution amplitudes, and
higher-order parton correlations. We also discuss applications
for the OAM of the partons in a polarized proton. In Sec. V, we
consider the application to TMDPDFs, a new class of parton
observables. We study matching of the quasi-TMDPDFs to
the physical ones and explore the lattice calculation of the soft
function. Finally, Sec. VI summarizes the recent lattice
calculations relevant to LaMET applications, and the con-
clusion is given in Sec. VII. The review is completed with a
List of Symbols and Abbreviations and an appendix on
notations and conventions.

A. Partons through infinite-momentum states

Although partons have become a ubiquitous language for
high-energy scattering, their role as effective degrees of
freedom of QCD for describing the internal structure of the
nucleon is less emphasized in the literature. In applications
within QCD factorization theorems, they are (following
Feynman) objects arising from the limit of infinite momen-
tum, with the potential UV divergences regulated and renor-
malized after the limit. Thus, the partons are an idealized
concept, referring to the quark and gluon Fock components of
the nucleon or other hadrons only in the context of IMF and
LF gauge Aþ ¼ ðA0 þ AzÞ= ffiffiffi

2
p ¼ 0. They are in the same

category of concepts as the infinitely heavy quark in heavy-
quark effective field theory (HQET) (Manohar and Wise,
2000). To motivate LaMET, it is important to understand the
origin and the nature of the partons.
Built from the knowledge of electron scattering in non-

relativistic systems (atoms and molecules) (West, 1975),
Feynman introduced the naive parton model to describe
DIS on the proton and to explain the observed phenomenon
of Bjorken scaling (Bjorken and Paschos, 1969; Feynman,
1969, 1972).
Shown in Fig. 2 is the DIS process in which a virtual photon

with large momentum qμ is absorbed by a proton of
momentum Pμ and mass M. The invariant variables are Q2 ¼
−qμqμ and P · q ¼ Mν, and Bjorken xB ¼ Q2=ð2P · qÞ fixed
in the scaling (or Bjorken) limit Q2 → ∞, P · q → ∞. The
inclusive DIS cross section can be factored into a product of
leptonic and hadronic tensors, where the former is associated
with the electromagnetic current of the lepton while the latter
contains all information about the electromagnetic interaction
with the target proton.

Xiangdong Ji et al.: Large-momentum effective theory

Rev. Mod. Phys., Vol. 93, No. 3, July–September 2021 035005-4



To learn about the proton structure, it is best to consider the
scattering in the Breit frame where

qμ ¼ ð0; 0; 0;−QÞ;

Pμ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2

4x2B
þM2

s
; 0; 0;

Q
2xB

�
; ð1Þ

and the virtual photon has zero energy. The probe is sensitive
only to the spatial structure, as in nonrelativistic electron
scattering. However, relativity now constrains the proton to
move at a large momentum Pz ¼ Q=ð2xBÞ with boost
factor γ ¼ Q=ð2xBMÞ, which approaches Pz ¼ ∞ in the
Bjorken limit.
Feynman made intuitive assumptions about the proton

structure and scattering mechanism without QFT subtleties
(Feynman, 1972): The proton structure at different large Pz

should be similar and can be approximated by that at
Pz ¼ ∞, or in the IMF. The interactions between constitu-
ents (partons) are infinitely time dilated, and the
wave-function configurations are frozen. The proton in
high-energy scattering can be seen as being made of non-
interacting partons, each with a longitudinal momentum xPz

with 0 < x < 1.
The internal structure of nonrelativistic systems is inde-

pendent of their overall momentum. However, relativistic
systems are different, as they least experience the Lorentz
contraction. The structures of such systems are inextricably
mixed with the overall motion, and their dependence on the
external momentum is a dynamical problem. On the other
hand, if the internal structure depends on a particular hadron
scale ΛQCD, the protons at all large momenta with Pz ≫ ΛQCD
have a similar structure corresponding to the Pz → ∞ limit.
This means that if fðkz; PzÞ is the constituent momentum-kz

distribution in a proton of momentum Pz, it might be
analytical at Pz ¼ ∞ and admits the following Taylor series
expansions in 1=Pz:

fðkz; PzÞ ¼ fðxÞ þ f2ðxÞðΛQCD=PzÞ2 þ � � � ; ð2Þ

where x ¼ kz=Pz. If so, one may find a large-momentum
symmetry of the proton properties up to power corrections
Oð1=PzÞ (we sometimes omit the upper index z for simplic-
ity), and fðxÞ is the parton distribution.
This picture can be shown to hold in certain simple QFT

models, where the dynamical frame dependence of wave
functions for composite systems can be studied straightfor-
wardly. There are many interesting examples of two-dimen-
sional systems for which solutions can be found. One of the
much studied cases is large-Nc QCD, also called the ’t Hooft
model (’t Hooft, 1974), in which the bound states have a well-
defined large-momentum limit. The wave functions can be
expanded in 1=P, with the corrections starting from ð1=PÞ2.
The momenta of the constituents k and P − k scale in this
limit. When plotted as a function of x ¼ k=P, the change in
the wave function with the magnitude of the momentum can
be found in Figs. 6–9 of Jia et al. (2017). This is the type of
example in which Feynman’s intuition applies.
However, such a intuition fails in many (3þ 1)-dimen-

sional QFTs, including QCD. When a bound state travels at
increasingly large momenta, more and more high-momentum
modes of a field theory are needed to build up its internal
structure. Lorentz contraction indicates that the range of
constituent momentum important for the structure also
increases. If these high-momentum modes do not decouple
effectively from the low-momentum ones, large logarithms of
the form lnPwill develop in the structural quantities. Hence, a
singularity (cut) at P ¼ ∞ can exist in these theories, making
P → ∞ limit ill defined and the large-momentum expansion
impossible. This situation is intimately related to UV proper-
ties of the theories, for which the limits of taking the UV cutoff
ΛUV → ∞ and P → ∞ do not commute. While the physically
relevant one is ðΛUV ≫ PÞ → ∞, partons in QCD factoriza-
tions are obtained in the other limit ðΛUV ≪ PÞ → ∞ when
the UV divergences are ignored. Thus, one can formally write
the parton distribution as

fðx;ΛUVÞ ¼
1

2

Z
dλ
2π

eixλhPz ¼ ∞jψ†ðzÞψð0ÞjPz ¼ ∞i; ð3Þ

where λ ¼ limPz→∞;z→0ðzPzÞ and ψ is a quantum field.
Historically, the IMF limit of field theories was first studied

at the level of diagrammatic rules for perturbation theory
(Weinberg, 1966). It was found that taking P → ∞ by
ignoring the UV divergences considerably simplifies the
perturbation theory rules: Many time-ordered diagrams vanish
and only a few have finite contributions. Moreover, scattering
in this limit resembles that in nonrelativistic quantum mechan-
ics, and the wave-function description becomes useful. The
Fock states define the partons that have the proper kinematic
support (0 < x < 1). After the limit is taken, all physical
quantities are now independent of P, and large-momentum
symmetry is exact before UV divergences are regulated.
Therefore, it is the “naive” limit (ΛUV ≪ P → ∞) that
corresponds to Feynman’s naive parton model.
In the standard QCD study of high-energy scattering, the

previously mentioned concept of partons as effective degrees

FIG. 2. Deep-inelastic scattering in which partons are probed in
the proton in the Bjorken limit.
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of freedom has been used implicitly. The PDFs are defined in
terms of the naive P ¼ ∞ limit and are used to match the
experimental cross sections, resulting in QCD factorization
theorems (Collins, 2011a).

B. Partons through light-front correlators

In the literature and in textbooks, parton distributions are
not traditionally represented in terms of the Euclidean matrix
elements, as in Eq. (3). Rather, they are represented by the so-
called LF correlators of quantum fields (“operator formalism”)
(Brodsky, Pauli, and Pinsky, 1998; Collins, 2011a). A more
explicit formulation in terms of collinear quantum fields and
the effective Lagrangian is made in soft-collinear effective
theory (SCET) (Bauer et al., 2001; Bauer and Stewart, 2001;
Bauer, Pirjol, and Stewart, 2002).
There is a physical way to see that the parton description of

high-energy scattering results in the light-front correlations.
Consider DIS in the rest frame of the proton, where the virtual
photon has momentum

qμ ¼
�
ν; 0; 0;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 2xBMν

q �
: ð4Þ

In the Bjorken limit ν → ∞, although the invariant mass Q of
the photon goes to infinity the photon momentum becomes
actually lightlike in the sense that it approaches the light front.
Therefore, in the inclusive DIS cross section, the separation of
the two electromagnetic currents in the hadronic tensor, which
is Fourier conjugate to the photon momentum, also
approaches the light-cone direction.
Thus, it appears natural that all the structural physics of the

proton in the IMF can also be expressed in terms of time-
dependent LF correlators or correlations of quantum fields on
the LF. Formally, this is simple to see if one writes

jP → ∞i ¼ UðΛ∞ÞjP ¼ 0i: ð5Þ

The boost operator UðΛ∞Þ can be applied to the static
nonlocal operators in the ordinary momentum distributions.
In doing so, all static correlations become light-cone ones. The
boost process is then similar to shifting the Hamiltonian
evolution in quantum mechanics from the Schrödinger to the
Heisenberg picture, where time dependence is then in the
operators.
To express light-cone correlations, it is convenient to

introduce two conjugate lightlike (or light-cone) vectors pμ ¼
ðΛ; 0; 0;ΛÞ and nμ ¼ ð1=2Λ; 0; 0;−1=2ΛÞ with the following
properties: n2 ¼ p2 ¼ 0 and n · p ¼ 1, where Λ is a param-
eter. Any four-vector can then be expanded as

kμ ¼ k · npμ þ k · pnμ þ kμ⊥: ð6Þ

In particular, the momentum Pμ of a proton moving in the z
direction can be expressed as

Pμ ¼ pμ þ ðM2=2Þnμ; ð7Þ

where M is the proton mass.

Using the previous notation, one can express the unpolar-
ized quark distribution in the proton as (Collins, 2011a)

qðxÞ ¼ 1

2

Z
dλ
2π

eiλxhPjψ̄ð0Þ=nWð0; λnÞψðλnÞjPic; ð8Þ

where ψ is the quark field and W is a gauge link defined as

Wðx2; x1Þ

¼ P exp

�
−ig

Z
1

0

dtðx2 − x1ÞμAμ½x1 þ ðx2 − x1Þt�
�

ð9Þ

to ensure gauge invariance, with P denoting the path ordering.
c indicates the connected contributions only, and is suppressed
in the rest of this review. It is a property of gauge theories in
which the charge fields are not gauge invariant, and the
physical distributions must include a beam of collinear gauge
particles. Note that Eq. (8) is true for any momentum P (a
residual momentum symmetry), particularly in the rest frame
of the nucleon. The x support of Eq. (8) is ½−1; 1�. For negative
x, one defines the antiquark distribution with −qð−xÞ≡ q̄ðxÞ.
Equation (8) is more familiar in the literature than Feynman’s
original formulation of PDFs. In the single quark target, one
finds that qðxÞ ¼ δðx − 1Þ.
To expose the partons in Eq. (8), one can follow the QCD

light-front quantization (Chang and Ma, 1969; Kogut and
Soper, 1970; Drell and Yan, 1971) suggested by Dirac in 1949
(Dirac, 1949). In LFQ (Brodsky, Pauli, and Pinsky, 1998), one
defines the LF coordinates as

ξ� ¼ ðξ0 � ξ3Þ=
ffiffiffi
2

p
; ð10Þ

where ξþ is the LF “time” and ξ− is the LF “spatial
coordinate.” And any four-vector Aμ will now be written as

ðAþ; A−; A⃗⊥Þ. Dynamical degrees of freedom are defined on

the ξþ ¼ 0 plane with arbitrary ξ− and ξ⃗⊥, with conjugate

momentum kþ and k⃗⊥. Dynamics is generated by the light-
cone Hamiltonian HLC ¼ P−. For a free particle with three-

momentum ðkþ; k⃗⊥Þ and mass m, the on-shell LF energy

is k− ¼ ðk⃗2⊥ þm2Þ=ð2kþÞ.
For QCD, one can define the Dirac matrices γ� ¼ ðγ0 �

γ3Þ= ffiffiffi
2

p
and the projection operators for the quark fields as

P� ¼ ð1=2Þγ∓γ�, so that any ψ can be decomposed into ψ ¼
ψþ þ ψ− with ψ� ¼ P�ψ , where ψþ is considered a dynami-
cal degree of freedom. For the gauge field, Aþ is fixed by the
LF gauge Aþ ¼ 0. A⊥ are dynamical degrees of freedom.
ψ− and A− are dependent variables that can be expressed in
terms of ψþ and A⊥ using equations of motion (Kogut and
Soper, 1970).
The physics of the LF correlations becomes manifest if one

introduces the following canonical expansion:

ψþðξþ ¼ 0; ξ−; ξ⃗⊥Þ

¼
Z

d2k⊥
ð2πÞ3

dkþ

2kþ
X
σ

½bσðkÞuðk; σÞe−iðkþξ−−k⃗⊥·ξ⃗⊥Þ

þ d†σðkÞvðk; σÞeiðkþξ−−k⃗⊥·ξ⃗⊥Þ�; ð11Þ
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where b†ðkÞ and d†ðkÞ [bðkÞ and dðkÞ] are quark and
antiquark creation (annihilation) operators, respectively. σ is
the light-cone helicity of the quarks, which can be eitherþ1=2
or −1=2. Covariant normalization is adopted for the particle
states and the creation and annihilation operators, i.e.,

fbσðkÞ; b†σ0 ðk0Þg
¼ fdσðkÞ; d†σ0 ðk0Þg
¼ ð2πÞ3δσσ02kþδðkþ − k0þÞδð2Þðk⃗⊥ − k⃗0⊥Þ: ð12Þ

Substituting Eq. (12) into Eq. (8), one finds the following
quark distribution:

qðxÞ¼ 1

2x

X
σ

Z
d2k⃗⊥
ð2πÞ3 hPjb

†
σðx; k⃗⊥Þbσðx; k⃗⊥ÞjPi=hPjPi ð13Þ

for x > 0, and similarly for x < 0 one gets the antiquark
distribution. The factor 1=x comes from the normalization of
the creation and annihilation operators. The previously men-
tioned matrix element should be interpreted as the matrix
element in a wave packet state, in the limit of a state of definite
momentum (Collins, 2011a). This way, one recovers the
physical meaning of PDFs in the LF correlator (operator)
formalism.

C. Other approaches to parton structure

Calculating the partonic structure of the hadrons from QCD
has always been an important goal in hadronic physics. There
have been two main approaches apart from various phenom-
enology and models: light-front quantization and lattice QCD.
We now give a review of LFQ and lattice approaches that
differs from the main subject of this review.
Although LFQ explicitly uses the parton degrees of free-

dom, it has not been successful in practical calculations. LF
perturbation theory, like the standard Hamiltonian perturba-
tion theory, breaks Lorentz symmetry manifestly and requires
a sophisticated renormalization scheme to restore it. A
potential renormalization scheme must deal with the long-
range correlations in the ξ− direction that require functional
dependence on the renormalization counterterms (Wilson
et al., 1994). Thus, LF perturbation theory has not been used
for any calculations beyond one loop, except for the two-loop
anomalous magnetic moment in QED (Langnau and Burkardt,
1993). In fact, the common wisdom of using dimensional
regularization (DR) for the transverse integrals and cutoff
regularization for the longitudinal one has not been proven
useful for multiloop calculations, although it has been
successfully used to derive the Balitsky-Fadin-Kuraev-
Lipatov evolution by Mueller from the quarkonium wave
functions (Mueller, 1994).
The enthusiasm for using LFQ in QCD is not about

perturbation theory, but rather to solve the hadron states.
Discretized LFQ was proposed by Pauli and Brodsky (1985)
to make practical calculations for the bound-state problems.
This nonperturbative method turns out to be successful for
models in the 1þ 1 dimension, such as the Schwinger model
(McCartor, 1994; Harada, Okazaki, and Taniguchi, 1996), the

1þ 1 QCD (Burkardt, 1989; Srivastava and Brodsky, 2001),
the 1þ 1 ϕ4 theory (Harindranath and Vary, 1987), and the
sine-Gordon model (Burkardt, 1993). For (3þ 1)-dimensional
theories, simple approximations have been considered, like the
Tamm-Dancoff approximation (Perry, Harindranath, and
Wilson, 1990). For QCD itself, one again has to use severe
truncations in the number of Fock states. Some recent works of
this type include Vary et al. (2010), Jia and Vary (2019), and
Lan et al. (2019). However, to derive a fully renormalized
Hamiltonian is difficult and, moreover, there has been no
demonstration thus far showing that the Fock-space truncation
actually converges (Wilson et al., 1994). Therefore, a system-
atic approximation for QCD bound states in LFQ has yet to
be found.
Given the rapid development in lattice QCD, it is natural to

use it to compute parton physics. However, simulating real-
time evolution directly is numerically challenging, which runs
into the so-called sign problem or, more generally, the non-
deterministic-polynomial-time- (NP-) hard problem. Over the
years, a number of methods have been proposed to indirectly
calculate the PDFs, which includes well-studied moment
methods, the hadronic tensor and Compton amplitude method,
coordinate-space factorization, etc. These approaches calcu-
late lattice observables that can be related to the PDFs or
structure functions through the operator product expansion
(OPE) or the dispersion relation, and thus can be used to probe
certain information on the partonic structure of hadrons.
However, their aims are mainly to get the lower moments
of PDFs and/or segments of certain coordinate correlations,
not directly in parton degrees of freedom.
The most-adopted approach on the lattice has been to

calculate the moments of PDFs as the matrix elements of
local operators (Kronfeld and Photiadis, 1985; Martinelli and
Sachrajda, 1987). In the moments approach, one starts with
the so-called twist-2 operators (Christ, Hasslacher, and
Mueller, 1972)

Oμ1���μn ¼ ψ̄γðμ1 iDμ2 � � � iDμnÞψ − trace ð14Þ

in the quark case, where ðμ1 � � � μ2Þ indicates that all the
indices are symmetrized, the trace terms are those with at least
one factor of the metric tensor gμiμj multiplied by operators of
dimension (nþ 2) with n − 2 Lorentz indices, etc. Their
matrix elements in the proton state are

hPjOμ1���μnðμÞjPi ¼ 2anðμÞðPμ1 � � �Pμn − traceÞ; ð15Þ

and the PDFs are related to the local matrix elements through

anðμÞ ¼
Z

1

−1
dxxn−1qðx; μ2Þ

¼
Z

1

0

xn−1½qðx; μ2Þ þ ð−1Þnq̄ðx; μ2Þ�; ð16Þ

with n ¼ 1; 2;…. The time-dependent correlation for the PDF
in Eq. (8) is recovered by taking all the components as positive
in Eq. (15) as follows:

hPjOþ���þðμÞjPi ¼ 2anðμÞPþ � � �Pþ; ð17Þ
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and packaging all the moments into a distribution. Likewise,
for the gluon PDF, its moments are again related as follows to
the matrix elements of local operators:

Oμ1…μn
g ¼ −Fðμ1αiDμ2 � � � iDμn−1FμnÞ

α ; ð18Þ

with n ¼ 2; 4; 6;….
A large number of lattice QCD calculations of PDF

moments have been done thus far with various degrees of
control in systematics (Lin et al., 2018); they include
discretization errors, physical pion mass, finite volume effects,
excited-state contaminations, and proper renormalization.
Most of the lattice calculations have been focused on the
first and second moments hxi (Bali et al., 2014; Green et al.,
2014; Alexandrou, Constantinou et al., 2017) and hx2i
(Dolgov et al., 2002; Deka et al., 2009) for the unpolarized
distributions, and the zeroth and first moments h1i
(Alexandrou, Constantinou et al., 2017; Gong et al., 2017;
Chang et al., 2018; Alexandrou, Bacchio et al., 2019) and hxi
(Aoki et al., 2010; Abdel-Rehim et al., 2015) for the polarized
distributions. However, it has been difficult to calculate higher
moments due to power divergences and rapid decay in the
signals. Nonetheless, moment calculations can provide a
useful calibration for any comprehensive lattice approach
to PDFs.
To get more information about the PDFs, researchers

proposed calculating the hadronic tensor of DIS in
Euclidean space, and analytically continuing the result to
Minkowski space (Liu and Dong, 1994; Liu et al., 1999; Liu,
2000, 2016, 2017, 2020). Since numerical methods for
analytical continuation are known to be difficult for precise
control (similar to the previously mentioned NP-hard or sign
problem), the approach is useful mainly for the nucleon low-
lying excitations. It is challenging to obtain parton physics
this way.
A similar approach called “OPE without OPE” was

suggested by Aglietti et al. (1998) and Martinelli (1999);
see also Dawson et al. (1998), Capitani, Gockeler, Horsley,
Oelrich et al. (1999), and Capitani, Gockeler, Horsley, Petters
et al. (1999). The point is that the Compton amplitude in the
nondispersive region can be calculated in the Euclidean space
(Ji and Jung, 2001). Through the dispersion relation and
Taylor expansion at ν ¼ P · q ¼ 0, one can extract the higher
moments of structure functions from the lattice Compton
amplitude. Recent work on parton structure from this
approach was conducted by Chambers et al. (2017),
Hannaford-Gunn et al. (2020), and Horsley et al. (2020). A
similar method has been adopted for Compton amplitude with
heavy-light currents (Detmold and Lin, 2006). This approach
has been used to calculate the second moment of the pion
distribution amplitude (Detmold et al., 2018, 2020).
The current-current correlators can also be studied through

the OPE in the coordinate space without momentum insertion
into the currents (Braun and Müller, 2008). The spatial
correlation at small distances can be used to calculate higher
moments of distribution amplitudes of the mesons. A number
of lattice studies were performed by Braun et al. (2015), Bali,
Braun et al. (2018), and Bali et al. (2019). A similar strategy
was suggested more recently by Ma and Qiu (2018a) for

parton distributions and has been used in lattice simulations
(Sufian et al., 2019, 2020). The pseudo-PDF has been
proposed based on the equal-time correlation (or the quasi-
PDF in Fourier space) used in LaMET (Radyushkin, 2017a,
2019c) and uses a coordinate-space factorization or OPE at
small distance as in Braun and Müller (2008). Because of its
close connection with the quasi-PDF, we discuss comparisons
of the pseudo-PDF data analysis method with that for the
quasi-PDF in Sec. III.C.
There have been pioneering studies on moments of the

“quasi” quark TMDPDFs on lattice (Hagler et al., 2009;
Musch et al., 2011, 2012; Engelhardt et al., 2016; Yoon et al.,
2017). The staple-shaped gauge-link operators have been used
to connect the quark fields separated in the spatial direction to
simulate the moments of the TMDPDF. The ratios of these
moments are presumed to be independent of the unknown soft
function and may be compared with experimental data.
However, a rigorous relation of these constructions to the
physical moments of TMDPDFs had not been investigated
before LaMET, particularly the relationship between the large-
momentum limit and the rapidity cutoff, which is an essential
ingredient of TMD physics. A comparison of this approach to
LaMET is made in Sec. V.B.

II. LARGE-MOMENTUM EFFECTIVE THEORY

As explained in Sec. I.A, Feynman’s partons originated
from describing the structure of a bound state traveling at large
momentum P. On the other hand, in QCD factorizations they
appear to be effective degrees of freedoms arising in the
infinite-momentum limit disregarding UV divergences.
Reconciling these two pictures results in LaMET for the
parton structure of hadrons.
We start by considering the structure of the proton at finite

momentum. We define the ordinary momentum distributions
of the constituents while trying to illustrate their dependence
on the proton momentum. We demonstrate that the large-P
momentum dependence follows a RGE, similar to the well-
known RGE for partons. In Sec. II.C, we show that momen-
tum distributions at large P are related to PDFs through a
matching between different orders of P → ∞ and UV cutoff
limits. This matching process has a standard EFT explanation:
Parton physics or observables can be obtained from an
effective theory in which P ≪ ΛUV are calculated nonpertur-
batively in the so-called P space (Messiah, 1979) after
“integrating out” degrees of freedom between P and ∞ (or
Q ¼ 1 − P space) through perturbation theory. Therefore, the
LaMET approach to partons is in some sense similar to lattice
QCD as an EFT approach for continuum field theories, in
which all active degrees of freedom (P space) are bounded
by jkj ≤ π=a, where a is lattice spacing, whereas those at
jkj ≥ π=a (Q space) are taken into account through perturba-
tive coefficients and higher-dimensional operators.
In Sec. II.D, we outline the formalism of LaMET for a

general parton observable. The method can in principle also be
used to calculate any LF correlations in terms of large-
momentum external states (see, in particular, the application
to a soft function in Sec. V). The strategy is also applicable for
the components of the LF wave functions. Thus, LaMET
offers a practical and systematic way to carry out the program
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of LFQ. Instead of working with the LF coordinates directly,
one uses the instant form of dynamics and large momentum or
boost factor γ as a regulator for the LF divergences. In a
certain sense, the quantization using tilted light-cone coor-
dinates (Lenz et al., 1991) is similar to the spirit of the LaMET
approach.
At present, the only systematic approach to solve non-

perturbative QCD is lattice field theory (Wilson, 1974).
Therefore, a practical implementation of LaMET can be done
through lattice calculations. It can also be done with other
bound-state methods using Euclidean approaches, such as the
instanton liquid model (Schäfer and Shuryak, 1998). While
LFQ may provide an attractive physical picture for the proton,
the Euclidean equal-time formulation is more practical for
carrying out the calculations, and LaMET serves to
bridge them.

A. Structure of the proton at finite momentum

In relativistic theories, the internal structure of a composite
system is frame dependent (we always refer to the total
momentum eigenstates), and we are interested in the proper-
ties of the proton at a momentum much larger than its
rest mass.
We start from the quark momentum density in a fast-

moving proton, assuming that it moves in the z direction. A
straightforward definition is

NPðk⃗Þ ¼
X
σ

hPjb†σðk⃗Þbσðk⃗ÞjPi=hPjPi; ð19Þ

where the quark helicity, color, and other implicit indices are
summed over. Equation (19) should be compared with the
parton density in Eq. (13). To make it gauge invariant, it is
convenient to consider the definition from a coordinate-space
correlator

NP;Wðk⃗Þ ¼
1

2

Z
d3ξ
ð2πÞ3 e

−ik⃗·ξ⃗hPjψ̄ð0Þγ0Wð0; ξ⃗Þψðξ⃗ÞjPi; ð20Þ

where the Dirac matrix γ0 ensures that it is a number density. It
is a static quantity without time dependence and can be
calculated in Euclidean field theories, in contrast to Eq. (8) for
partons. The gauge invariance is ensured by the Wilson line

Wð0; ξ⃗Þ between the quark fields separated by ξ⃗, which is
defined in the fundamental representation of the color SUð3Þ
group. There are infinitely many choices for the Wilson line,
generating infinitely many momentum densities. For example,

one can choose a straight-line link between 0 and ξ⃗. One can
also let the Wilson line run from the fields along the z
direction for a long distance (if not infinity) before joining
them together along the transverse direction (a staple).
For its connection to the PDFs, we consider a transverse-

momentum-integrated, longitudinal-momentum distribution

NPðkzÞ ¼
Z

d2k⃗⊥NP;Wðk⃗Þ

¼ 1

2

Z
dz
2π

e−ik
zzhPjψ̄ð0Þγ0Wð0; zÞψðzÞjPi; ð21Þ

where we ignore the question of convergence at large jk⃗⊥j.
Now the gauge linkWð0; zÞ is naturally taken as a straight line
as follows:

Wð0; zÞ ¼ exp

�
−ig

Z
z

0

Az0 ðz0Þdz0
�

¼ exp

�
ig
Z

0

∞
Az0 ðz0Þdz0

�
exp

�
ig
Z

∞

z
Az0 ðz0Þdz0

�
¼ W†ð∞; 0ÞWð∞; zÞ; ð22Þ

where in the second line we have split the gauge link into two,
going from z to infinity and coming back from infinity to zero.
We can define a “gauge-invariant” quark field

Ψðξ⃗Þ ¼ Wð∞; ξ⃗Þψðξ⃗Þ; ð23Þ

and the previously mentioned density becomes

NPðkzÞ ¼
1

2

Z
dz
2π

e−ik
zzhPjΨ̄ð0Þγ0ΨðzÞjPi; ð24Þ

where again we have not considered UV divergences. The
previously defined momentum distribution has been called
quasi-PDF, but it is really a physical momentum distribution
in a proton of momentum P.
In the rest frame of the proton, NP¼0ðkzÞ is symmetric in

positive and negative kz, probably peaks around kz ¼ 0, and
decays as kz → �∞. Owing to the perturbative QCD effects,
it decays algebraically at large kz instead of exponentially.
Because of this property, the high moments of the distribution,R
dkzðkzÞnN0ðkzÞ with n > 0, have the standard QFT UV

divergences.
As P becomes nonzero and large, the peak NPðkzÞ will be

around αPz, where α is a constant of order 1. The density at
negative kz becomes smaller, but not zero. This is due to the
so-called backward-moving particles from the large-momen-
tum kick in perturbation theory. For the same reason, the
density at kz > Pz is not zero either.
NPðkzÞ has a renormalization scale dependence because the

quark fields must be renormalized. One can choose DR and
modified minimal subtraction (MS) scheme. Any other
regularization scheme can be converted into this one pertur-
batively. For z ≠ 0, the only renormalization necessary is the
quark wave function (with anomalous dimension γF) in the
Az ¼ 0 gauge because the linear divergence associated with
the gauge link vanishes in the MS scheme. More extensive
discussions on the renormalization issue, particularly about
nonperturbative renormalization, are made in Sec. III.
As an example showing how the parton momentum

density depends on P, we depict in Fig. 3 the quark wave-
function amplitude of a meson in the ’t Hooft model [(1þ 1)-
dimensional QCD with Nc → ∞] (’t Hooft, 1974), the square
of which yields the quark momentum density. In this model, a
meson of momentum Pμ can be built as
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jPμ
ni ¼

Z
dk

2πjPj ½Mðk − P; kÞϕþ
n ðk; PÞ

þM†ðk; k − PÞϕ−
n ðk; PÞ�j0i; ð25Þ

where Mðp; kÞ ¼ P
i d

i
−pbik=

ffiffiffiffiffiffi
Nc

p
and M†ðp; kÞ ¼P

i b
i†
k d

i†
−p=

ffiffiffiffiffiffi
Nc

p
are annihilation and creation operators for

quark-antiquark pairs. The corresponding wave-function
amplitudes ϕþ

n ðk; PÞ and ϕ−
n ðk; PÞ satisfy a pair of equations

first derived by Bars and Green (1978).
The previously defined meson bound state has a well-

defined large-momentum limit. The wave functions can be
expanded in 1=P, with the corrections starting from ð1=PÞ2.
The momenta of the constituents k and P − k scale in this
limit. When plotted as a function of x ¼ k=P, the change in
the wave function with the magnitude of the momentum is
shown in Fig. 3.

B. Momentum renormalization group

Here we consider how to calculate the external momentum
P dependence of physical observables discussed in Sec. II.B.
The dependence is related to the boost properties of the
operators under consideration, namely, their commutation
relations with the boost generators K̂i. We argue that in the
large-momentum limit one has a momentum RGE, which is a
differential equation relating properties of the system at

different momenta. Momentum RGE will be, in the end,
related to the renormalization properties of the observables on
the LF.
Consider a generic operator Ô and its matrix element in a

state with momentum P:

OðPÞ ¼ hPjÔjPi: ð26Þ
We calculate the momentum dependence by writing
jPi ¼ exp½−iωðPÞK̂�jP ¼ 0i, where K̂ is the boost operator
along the momentum direction and ω is a boost parameter
depending on P. Taking a derivative with respect to the boost
parameter gives

dOðPÞ
dP

¼ i
dωðPÞ
dP

hPj½Ô; K̂�jPi: ð27Þ

The rhs of Eq. (27) depends on the commutator ½Ô; K̂�, i.e., the
boost properties of the operator. For a scalar operator, the
commutation relation vanishes and OðPÞ is frame indepen-
dent. For a vector operator, the commutation relation resem-
bles that of an energy-momentum four-vector, and the result is
the standard Lorentz transformation of a four-vector. For
nonlocal operators, the commutation relation requires the
elementary formula

½Jμν;ϕiðxÞ� ¼ i½lμνδij þ Sμνij �ϕjðxÞ; ð28Þ

where lμν ¼ iðxμ∂ν − xν∂μÞ is the OAM operator and Sμν is
the intrinsic spin matrix. Thus, one of the fields is
now ϕiðt ¼ sinhωz; 0; 0; coshωzÞ, which generates a time-
dependent correlation function.
In the large-momentum limit, because of asymptotic free-

dom the P dependence is calculable in perturbation theory and
Eq. (27) simplifies. One obtains the momentum or boost RGE
(Ji, 2014)

dOðPÞ
dP

¼ lim
ΔP→0

½OðPþ ΔPÞ −OðPÞ�=ΔP ð29Þ

→
P≫M

C½αsðPÞ� ⊗ OðPÞ þOðM2=P2Þ; ð30Þ

where C½αsðPÞ� is a perturbative expansion in the strong
coupling αs. The circled times symbol can be a simple
multiplication or a certain form of convolution, depending
on the observable OðPÞ studied. The proof of Eq. (30) is
nontrivial, and it can be analyzed on a case-by-case basis.
There can be mixings among a set of independent operators
with the same quantum numbers. The momentum RGEs are
similar to those for scale transformation and that for the coarse
graining of a Hamiltonian. That the two are connected in some
cases may be traced to Lorentz symmetry.
As an example of the momentum RGE, we calculate the

quark momentum distribution in a perturbative quark state
using Eq. (24). Since it is gauge invariant, we can calculate it
in any gauge (for example, the Feynman gauge). The one-loop
diagrams in QCD are shown in Fig. 4. There are two sources
of UV divergences: one is the logarithmic divergences from
the vertex and self-energy diagrams, and the other is the linear
divergence in the self-energy of the Wilson line. For the

FIG. 3. Wave-function amplitudes of a meson in the ’t Hooft
model at different external momenta. From Jia et al., 2017.
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moment, we use the transverse-momentum cutoff ΛUV as the
UV regulator. Using y ¼ kz=Pz, the one-loop result reads for a
large-momentum quark (Xiong et al., 2014)

q̃ð1Þðy; Pz;ΛUVÞ

¼ αsCF

2π

8>>>>>><
>>>>>>:

1þy2

1−y ln
y

y−1 þ 1þ ΛUV

ð1−yÞ2Pz ; y > 1;

1þy2

1−y ln
ðPzÞ2
m2 þ 1þy2

1−y ln
4y
1−y

− 4y
1−y þ 1þ ΛUV

ð1−yÞ2Pz ; 0 < y < 1;

1þy2

1−y ln
y−1
y − 1þ ΛUV

ð1−yÞ2Pz ; y < 0;

ð31Þ

where we have ignored all power-suppressed contributions
and keep the leading Pz dependence only. There is an
additional contribution of the form δZ1ðΛUV=PzÞδðy − 1Þ.
The previous result has several interesting features:
• The distribution does not vanish outside ½0; 1�. The
radiative gluon can carry a large negative momentum
fraction, resulting in a recoiling quark carrying larger
momentum than the parent quark, and thus y > 1. The
same gluon can also carry a momentum larger than Pz,
making the active quark have y < 0.

• While this effect is easy to understand perturbatively, it is
surprising that a scaling contribution remains outside
½0; 1� in the IMF. As the proton travels faster, one might
think any constituent has a momentum kz that is positive
from the Lorentz transformation. However, the order of
limits matters because, no matter how large the parent-
quark momentum is, there are always quarks with much
larger momentum, i.e., kz ≫ Pz ≫ ΛQCD. In this sense,
Feynman’s parton model does not describe the exact
properties of the momentum distribution in a large-
momentum nucleon.

• The contribution outside ½0; 1� at one loop is entirely
perturbative because of the absence of any infrared (IR)
divergence. This is no longer true at the two-loop level,
but the contribution depends only on the same one-loop
IR physics in ½0; 1�.

• The distribution for y in ½0; 1� has a term depending on
lnPz. This dependence reflects that the quark substruc-
ture is resolved as a function of Pz, an interesting feature
of boost. This dependence is perturbative in the sense
that the derivative is IR safe:

Pzdq̃ðy;Pz;ΛUVÞ
dPz ¼αsCF

π

��
1þy2

1−y

�
þ
−
3

2
δð1−yÞ

�
: ð32Þ

Apart from the δ-function term, the rhs is similar to the
one-loop quark splitting function in Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution (Gribov and

Lipatov, 1972; Altarelli and Parisi, 1977; Dokshitzer,
1977). Therefore, one might suspect that the momentum
dependence is closely related to the familiar renormal-
ization scale evolution in the PDFs. In fact, the physics is
just the other way around: It is the hadron-momentum
dependence of the physical momentum distribution
that generates the DGLAP evolution in the infinite-
momentum limit. One can derive an all-order momentum
RGE for the momentum distribution function. Momen-
tum RGE also provides a method to sum over the large
logarithms of the momentum.

• There is a singularity at y ¼ 1. This singularity is
generated from soft-gluon radiation. This singularity
combined with the virtual contribution yields a finite
result.

• There is a linear divergence in the cutoff regulator,
leading to ΛUV=Pz term, which is absent in DR. Thus, to
keep 1=ðPzÞ2 power counting, it is important to work in a
renormalization scheme where this term does not exist.

We can also move on to study the hadron-momentum RGEs
of other structural properties considered in Sec. II.A. In
particular, the RGE for TMD distributions will lead to the
familiar rapidity RGE in the literature. We reserve these
discussions for Sec. V.

C. Effective field theory matching to PDFs

As we see in Sec. II.B, the momentum distributions of the
constituents (now called quasi-PDFs in the literature) in a
proton at large P differ from the PDFs or LF distributions in
many ways. In particular, the momentum fraction y in a
physical momentum distribution is not limited to ½0; 1� due to
backward-moving particles, which is the case even in the
P → ∞ limit. In fact, the infinite-momentum limit is not
analytical, due to the presence of lnP.
However, partons are effective objects arising from a

different limit ΛUV ≪ P → ∞. There is also an important
computational advantage in taking the naive limit P ≫ ΛUV in
perturbative calculations: Feynman integrals have one fewer
four-momentum. Therefore, this limit of QFTs serves as a
reference system where the structure of the bound states is
manifestly independent of the hadron momentum and is
similar to scale-invariant critical points at which second-order
phase transitions occur in condensed matter systems.
However, the theory in the naive IMF limit introduces addi-
tional UV divergences.
Therefore, the partons in QCD are similar to the infinitely

heavy quarks in HQET (Manohar and Wise, 2000). In certain
QCD systems, heavy quarks such as the bottom quark are
present, and their masses are much larger than the typical

(a) (b) (c) (d) (e) (f)

FIG. 4. One-loop diagrams for the quasi-PDF in a free quark state in the Feynman gauge. The conjugate diagrams of (b), (c), (e), and (f)
do contribute but are not shown here.
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QCD scale ΛQCD. In this case, one might study the depend-
ence on the heavy-quark mass by expanding aroundmQ ¼ ∞.
This expansion will generally produce a power series in
1=mQ. However, the limits of taking ΛUV → ∞ and infinite
heavy-quark-mass limits are not interchangeable, due to the
presence of the large logarithms lnmQ. In an EFT approach,
one takes the mQ → ∞ limit first; this will result in a new
theory with different UV behavior but without the heavy-
quark mass, and symmetries among different heavy-quark
systems become manifest. The renormalization of the extra
UV divergences yields a RGE that can be used to resum large
quark-mass logarithms.
Therefore, the momentum distribution at large P differs

from the parton distributions only in the order of limits; their
IR nonperturbative physics is the same. In asymptotically free
theories such as QCD, differences (or discontinuities) in
taking the limits of P ≫ ΛUV and ΛUV ≫ P → ∞ are per-
turbatively calculable, as only the high-momentum modes
matter. The differences are called matching coefficients.
Therefore, one is able to write the following power expansion
for the momentum-dependent distribution (quasi-PDF) in
terms of the PDF (Xiong et al., 2014; Izubuchi et al.,
2018; Ma and Qiu, 2018a, 2018b):

q̃ðy; Pz; μÞ ¼
Z

1

−1

dx
jxjC

�
y
x
;
μ

xPz

�
qðx; μÞ

þO
� Λ2

QCD

ðyPzÞ2 ;
Λ2
QCD

½ð1 − yÞPz�2
�
; ð33Þ

where the power correction is suppressed by the parton
momentum yPz and the spectator momentum ð1 − yÞPz (Ji
et al., 2020). This expansion may also be called a factorization
formula, as the quasi-PDF contains all the IR physics in the
PDF and C involves only UV physics. As we extensively
discuss in Sec. III, this factorization formula is true to all
orders in perturbation theory. Equation (33) allows us to
calculate the LF parton physics from the momentum distri-
bution at large P. Since the expansion parameter is
Λ2
QCD=ðyPzÞ2 and Λ2

QCD=½ð1 − yÞPz�2, for intermediate y
one might not need large Pz to neglect the power corrections.
The previously mentioned relation between the two quan-

tities has a simple explanation in terms of the Lorentz boost:
Consider the spatial correlation along z shown in Fig. 5 in a
large-momentum state. It can be seen as approaching the LF
one in the rest frame of the proton. In other words, we are
using a near-LF correlation to approximate a LF correlation.
Accordingly, we can invert Eq. (33) recursively to express the
PDF in terms of quasi-PDF with their differences being taken
care of through the perturbative matching C̃ and power
corrections as follows:

qðx; μÞ ¼
Z

∞

−∞

dy
jyj C̃

�
x
y
;
μ

yPz

�
q̃ðy; Pz; μÞ

þO
� Λ2

QCD

ðxPzÞ2 ;
Λ2
QCD

½ð1 − xÞPz�2
�
: ð34Þ

Equation (34) has an EFT interpretation: The parton physics is
calculated in an effective field theory with physical

momentum scale from 0 to P, whereas the physics from
degrees of freedom from P to ∞ can be integrated out to
generate the perturbative coefficients C̃ and the high-order
terms in 1=ðPzÞ2. In constrast to HQET, the full QCD degrees
of freedom are used in LaMET calculations. In other words,
the effective Lagrangian of LaMET is the standard QCD one,
while the large momentum P for expansions appears only in
the external states.

D. Recipe for parton physics in LaMET

The principle of LaMET is to simulate the time dependence
of parton observables through external states at large momen-
tum. Thus, we can generalize the discussions in Sec. II.C to
any type of physical observable for the large-momentum
proton, which are generally called quasiparton observables.
Examples given later include transverse-momentum-
dependent distributions and LF wave functions.
Consider any Euclidean quasiobservable O that depends on

a large hadron momentum Pz and UV cutoff ΛUV ≫ Pz.
Using asymptotic freedom, we can systematically expand the
Pz dependence as follows:

OðPz;ΛUVÞ¼Z

�
Pz

ΛUV
;
Pz

μ

�
⊗oðμÞþO

�Λ2
QCD

ðPzÞ2
�
þ���; ð35Þ

where the crossed times symbol refers to a convolution if
appropriate and Z factorizes all the perturbative dependence
on Pz and does not contain any IR divergence. The quantity
oðμÞ is defined in a theory with Pz → ∞, exactly as in

FIG. 5. Line segment in the z direction in the frame of a large-
momentum hadron. Through the Lorentz boost, it is equivalent to
a line segment of length ∼γz close to the light one in the hadron
state of zero momentum. Here γz=

ffiffiffi
2

p
is the length of projection

of the boosted line segment to the light-cone direction n. Thus,
we call the dimensionless variable λ ¼ zPz ∼ γzM as the quasi
light-cone distance.
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Feynman’s parton model. In fact, oðμÞ is a LF correlation
containing all the IR collinear and soft singularities. The
important point of the expansion is that it may converge at
moderately large Pz, say, a few GeV, allowing access to
quantities needed for large Pz (a few TeV). One can also use
the large boost factor γ ¼ Pz=M as the expansion param-
eter 1=γ.
The momentum dependence of the quasiobservables can be

studied through momentum RGEs. If we define the anomalous
dimension through

γPðαsÞ ¼
1

Z
∂Z

∂ lnPz ; ð36Þ

it follows that

∂OðPzÞ
∂ lnPz ¼ γPðαsÞ ⊗ OðPzÞ ð37Þ

up to power corrections. One can resum large logarithms
involving Pz using Eq. (37).
When taking Pz → ∞ first in OðPzÞ before a UV regu-

larization is imposed, one recovers from Ô the light-cone
operator ô by construction. On the other hand, the physical
matrix element is calculated at a large Pz, with UV regulari-
zation such as the lattice cutoff imposed first. Thus, the
difference between the matrix elements of ô and Ô is a matter
of the order of the limits. This is the standard setup for an EFT.
The different limits do not change the IR physics. In fact, the
factorization in terms of Feynman diagrams can be proved
order by order as in the renormalization program, as discussed
in Sec. III.
The parton physics can be calculated more directly by

reversing Eq. (35) to produce the following EFT expansion:

oðμÞ¼ Z̃

�
Pz

ΛUV
;
Pz

μ

�
⊗OðPz;ΛUVÞþO

�Λ2
QCD

ðPzÞ2
�
þ�� � : ð38Þ

Thus, to compute any parton observable defined by an
operator made of LF dynamical fields ô, one constructs a
time-independent version Ô that, under an infinite Lorentz
boost, approaches ô. One then calculates the matrix element of
Ô in a hadron with large momentum Pz using whatever
approach (lattice QCD is an obvious choice for the time-
independent operator Ô) and then uses Eq. (38) to system-
atically approximate the parton observable. Usually the matrix
element of Ô depends on Pz as well as all the lattice UV
artifacts. In principle, the latter does not affect the EFT
expansion and will be canceled out by the matching coef-
ficient Z̃ and higher-order terms in the expansion. However, in
practical applications, such as the quasi-PDF calculations, a
nonperturbative renormalization is still necessary to remove
all the power divergences to ensure a continuum limit.

E. Universality

LaMET provides a framework to systematically compute
partonic observables on the LF from the properties of a large-
momentum proton. However, the relationship is not one to

one. There can be infinitely many possible Euclidean oper-
ators in the large-momentum proton that generate the same LF
observable. This is because the large-momentum physical
states have built-in collinear (as well as soft) parton modes,
and upon acting on a Euclidean operator they help to project
out the leading LF physics. All operators projecting out the
same LF physics form a universality class. Accordingly, in the
operator formulation for parton physics such as SCET, one
uses LF operators to project out parton physics off the external
states of any momentum, including P ¼ 0.
Concepts such as the universality class have been used in

critical phenomena in condensed matter physics, where
systems with different microscopic Hamiltonians can have
the same scaling properties near their critical points. Critical
phenomena correspond to the IR fixed points of the scale
transformation and are dominated by physics at long-distance
scales. In this case, parton physics arises from the infinite-
momentum limit (P ¼ ∞), which is a UV fixed point of the
momentum RGEs. It is the longitudinal short-distance (or
large-momentum) physics that is relevant at the fixed point.
However, the short distance here does not mean that every-
thing is perturbative. The part that is nonperturbative charac-
terizes the partonic structure of the proton. The critical region
near P ¼ ∞ acts as a filter to select only the physics that is
relevant, so universality classes emerge.
In the case of unpolarized PDFs, the initial proposal in

LaMET starts with the matrix element of the following
operator (Ji, 2013):

O1ðzÞ ¼ ψ̄ð0ÞγzWð0; zÞψðzÞ: ð39Þ

However, one could alternatively start with (Constantinou and
Panagopoulos, 2017; Radyushkin, 2017b)

O2ðzÞ ¼ ψ̄ð0Þγ0Wð0; zÞψðzÞ; ð40Þ

and the leading contributions in the large-momentum expan-
sion would be the same. One could also consider any linear
combination of the two. Jia et al. (2018) did the calculations
with these two operators in the ’t Hooft model, and the results
have been compared at different hadron momenta. For lattice
simulations, an important issue is about the operator mixing,
which depends on the specific choice of operators in the
universality class.
Another example of Euclidean operators for PDFs is

the following current-current correlators in a pure space
separation:

O3ðzÞ ¼ Jμð0ÞJνðzÞ; ð41Þ

where Jμ is an electromagnetic current. This type of correlator
was first considered by Braun andMüller (2008) and Bali et al.
(2018) for the calculation of pion distribution amplitude (DA)
and recently has been suggested for calculating PDFs with
generalized bilocal “currents” (Ma and Qiu, 2018a). When the
matrix elements are calculated in the large-momentum states,
OðzÞ falls into the same universality class as the operators in
Eqs. (39) and (40). Instead of using light quarks as the
intermediate propagator in OðzÞ, one can have a number of
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other choices for LaMET applications, including scalars
(Aglietti et al., 1998; Abada et al., 2001) and heavy quarks
(Detmold and Lin, 2006). One can similarly work with quark
bilinear operators in any physical gauge that becomes the light-
front one in the large-momentum limit (Gupta, Daniel, and
Grandy, 1993).
Another important example of universality class is the

gluon helicity contribution to the spin of the proton, as we
discuss in detail in Sec. IV.D. The gluon spin operator E⃗ × A⃗ is
gauge dependent. However, in physical gauges where
the transverse degrees of freedom are dynamical, the matrix
element is the same in the large-momentum limit. Therefore,
one can potentially choose different gauges to perform
calculations at finite momentum on the lattice, such as the

Coulomb gauge ∇⃗ · A⃗ ¼ 0, the axial gauge Az ¼ 0, or the
temporal gauge A0 ¼ 0. Different gauge choices will have
different UV properties (lnP) and hence different matching
conditions. However, the IR part of the matrix element is the
same (Hatta, Ji, and Zhao, 2014).
At a practical level, it is useful to determine which operator

has the fastest convergence in the LaMET expansion. The
current-current correlators use the light-quark propagator to
simulate the lightlike Wilson line (sometimes called light ray).
The quasi-PDF approach not only starts from a quantity with a
clear physical meaning (a momentum distribution) but also
generates the needed Wilson line simply by rotating a
spacelike one (shown in Fig. 5). Thus, it is plausible that
the quasi-PDF will mathematically provide a faster large-P
convergence than the other choices.

III. RENORMALIZATION AND MATCHING FOR PDFs

In this section, we consider the LaMET application for
calculating the simplest collinear PDFs, which have been the
most extensively studied in the literature so far. Although
universality allows one to extract the collinear PDFs from the
matrix elements of a wide class of operators evaluated at large
momentum, we focus on physical observables closely resem-
bling the collinear PDFs, i.e., the quark and gluon momentum
distributions or the quasi-PDFs. We also discuss the coor-
dinate-space factorization approach in which the pseudo-PDF
and current-current correlators have been studied.
We mainly review the technical progress made in renorm-

alization and matching using the quasi-PDFs. The matching
can be done in principle at the bare matrix element level since
a factorization formula like Eq. (33) is valid for both bare and
renormalized momentum distributions. All the UV divergen-
ces in the bare quasi-PDF can be factorized into the matching
coefficient C, and the latter automatically renormalizes the
bare lattice matrix elements, so the continuum limit can be
taken afterward. However, such a matching coefficient then
has to be calculated in lattice perturbation theory, which is
computationally challenging and converges slowly (Lepage
and Mackenzie, 1993). The quasi-PDF contains linear power
divergence under UV cutoff regularization due to the Wilson-
line self-energy (Ji, 2013; Xiong et al., 2014), which makes it
impossible to take the continuum limit with fixed-order
calculations in lattice perturbation theory. Although the latter
problem can be improved by resumming the linear and

possibly the logarithmic divergences, it is usually preferred
to nonperturbatively renormalize the quasi-PDFs on the
lattice, after which a continuum limit can be taken and a
perturbative matching can be done in the continuum theory. To
this end, a thorough understanding of the renormalizability of
Wilson-line operators defining the quasi-PDFs is required. In
addition to renormalization, the applications of LaMET rely
on the validity of the large-momentum factorization for-
mula (33), which can be proven in perturbation theory to
all orders by showing that the collinear divergences are the
same in the momentum distributions and light-cone PDFs.
We begin in Sec. III.A with the proof of multiplicative

renormalizability of the Wilson-line operators that define the
quasi-PDFs. We first work in the continuum theory with the
MS scheme, then generalize the conclusion to lattice theory. In
Sec. III we next outline the factorization theorem for momen-
tum distributions to all orders in perturbation theory and state
the form of convolution between the matching coefficient and
the PDF. In Sec. III.C we show that the factorization theorem
has an equivalent form in coordinate space that can be used as
an alternate route to extract PDFs from lattice matrix elements.
Finally, we discuss the nonperturbative renormalization of
quasi-PDFs on the lattice and their matching to the MS PDF in
Sec. III.D.

A. Renormalization of nonlocal Wilson-line operators

The momentum distributions of the proton are defined from
equal-time nonlocal Wilson-line operators of the form of
Eq. (21). In this section, we review the renormalization
of these spacelike nonlocal operators [the renormalization
of lightlike nonlocal operators defining the PDFs was given by
Collins and Soper (1982b) and Collins (2011a)]. We first
discuss their renormalization in DR using an auxiliary field
approach, then discuss similar gluon operators. We then
consider power divergences in the momentum cutoff type
of UV regularization. The conclusion is that they are all
multiplicatively renormalizable with a finite number of mix-
ings with other operators.

1. Renormalization of nonlocal quark operators

We are interested in operators of the following kind:

OΓðzÞ ¼ ψ̄

�
z
2

�
ΓW

�
z
2
;−

z
2

�
ψ

�
−
z
2

�
: ð42Þ

Since the Wilson line Wðz1; z2Þ is a path-ordered integral of
gauge fields, it is not obvious that such operators are
multiplicatively renormalizable. The renormalization of non-
lightlike Wilson loops and Wilson lines was studied in the
early literature (Dotsenko and Vergeles, 1980; Craigie and
Dorn, 1981), and the all-order proof of their multiplicative
renormalizability was first made using diagrammatic methods
(Dotsenko and Vergeles, 1980; Craigie and Dorn, 1981) and
then the functional formalism of gauge theories (Dorn, 1986).
The same conclusion was also conjectured to hold for the
quark bilinear operator OΓðzÞ, whose renormalization takes
the following form (Musch et al., 2011; Ishikawa et al., 2016;
Chen, Ji, and Zhang, 2017):
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OB
Γðz;ΛÞ ¼ Zψ ;zðΛ; μÞeδmðΛÞjzjOR

Γðz; μÞ; ð43Þ

where B and R stand for bare and renormalized operators,
respectively, and all the fields and couplings in OB

Γðz;ΛÞ are
bare ones that depend on the UV cutoff Λ. δmðΛÞ is the “mass
correction” of the Wilson line, which includes all the linear
power divergences of its self-energy. Zψ ;zðΛ; μÞ includes all
the logarithmic divergences from wave-function and vertex
renormalizations.
An early two-loop study of the quasi-PDF in the MS

scheme indeed indicated the multiplicative renormalizability
of OΓðzÞ (Ji and Zhang, 2015). The first rigorous proof of
Eq. (43) was given in the auxiliary “heavy-quark” field
formalism (Green, Jansen, and Steffens, 2018; Ji, Zhang,
and Zhao, 2018), which was used to prove the renormaliz-
ability of Wilson lines (Samuel, 1979; Arefeva, 1980; Gervais
and Neveu, 1980; Dorn, 1986). This formalism is defined by
extending the QCD Lagrangian to include the auxiliary heavy-
quark fields Q; Q̄ and their gauge interaction as follows:

L ¼ LQCD þ Q̄0inz ·D0Q0; ð44Þ

where the subscript 0 denotes bare quantities. nμz ¼ ð0; 0; 0; 1Þ
is the direction vector of the spacelike Wilson line Wðz; 0Þ,
Dμ

0 ¼ ∂μ þ ig0A
μ
0, and Q0 is a color-triplet scalar Grassmann

field in the fundamental representation of SUð3Þ. Note that if
we replace nμz with the timelike vector nμt ¼ ð1; 0; 0; 0Þ, then
Eq. (44) yields the leading-order HQET Lagrangian.
In the theory defined by Eq. (44), the Wilson line can be

expressed as the following connected two-point function of
the heavy-quark fields:

hQ0ðξÞQ̄0ðηÞiQ ¼ SQ0 ðξ; ηÞ; ð45Þ

where ξ and η are space-time coordinates and h� � �iQ stands for
integrating out the auxiliary fields. Equation (45) is valid up to
the determinant of inz ·D0, which is a constant and can be
absorbed into the normalization of the generating functional
(Mannel, Roberts, and Ryzak, 1992). The Green’s function
SQ0 ðξ; ηÞ satisfies

inz ·D0ðξÞSQ0 ðξ; ηÞ ¼ δð4Þðξ − ηÞ; ð46Þ

which has the solution

SQ0 ðξ; ηÞ ¼ Wðξ3; η3Þθðξ3 − η3Þδðξ0 − η0Þδð2Þðξ⃗⊥ − η⃗⊥Þ ð47Þ

with a proper choice of boundary condition. In this way, the
Wilson-line operator OB

ΓðzÞ can be replaced by the following
product of two local composite operators averaged over all the
heavy-quark field configurations (Dorn, 1986):

OB
ΓðzÞ ¼

Z
d4ξ δðξ3 − zÞ

×

	
ψ̄0

�
ξ

2

�
Q0

�
ξ

2

�
ΓQ̄0

�
−
ξ

2

�
ψ0

�
−
ξ

2

�

Q
; ð48Þ

where the UV regulator is suppressed.

Consequently, the renormalization of OB
ΓðzÞ is reduced to

that of the two local “heavy-to-light” currents

JB ¼ Q̄0ψ0: ð49Þ

The renormalizability of this auxiliary field theory has been
proven using the standard functional techniques for gauge
theories (Dorn, 1986). After fixing the covariant gauge and
introducing the ghost fields, the theory including the auxiliary
heavy quark has a residual Becchi-Rouet-Stora-Tyutin
(BRST) symmetry, from which one can derive the Ward-
Takahashi identities to show that all the UV divergences of the
Green’s functions can be subtracted using a finite number of
local counterterms. In analogy, the same method has also been
used to prove the all-order renormalization of HQET in
perturbation theory (Bagan and Gosdzinsky, 1994).
According to Dorn (1986), the heavy-quark Lagrangian can

be renormalized in a covariant gauge as

L ¼ LQCD½g0;ψ0; A0; c0� þ Q̄0inz ·D0Q0

¼ LQCD½g;ψ ; A; c� þ Lc:t:½g;ψ ; A; c�
þ ZQQ̄ðinz · ∂ − iδmÞQ − gZQQg

1 Q̄nz · AataQ; ð50Þ

where Lc:t:½g;ψ ; A; c� are the QCD counterterms and the bare
fields and coupling are related to the renormalized ones
through

ψ0¼Z1=2
ψ ψ ; A0¼Z1=2

A A; Q0¼Z1=2
Q Q; g0¼Zgg: ð51Þ

The heavy-quark-gluon vertex renormalization constant ZQQg
1

is related to Zg through the Slavnov-Taylor identities of the
auxiliary field theory (Dorn, 1986) as follows:

Zg ¼ ZQQg
1 Z−1=2

A Z−1
Q : ð52Þ

The iδm can be regarded as the mass correction of the heavy
quark except that it is imaginary. For Dirac fermions, the mass
correction is logarithmically divergent and proportional to the
bare mass as a result of chiral symmetry; for HQET, the mass
correction of the heavy quark is proportional to the UV cutoff,
i.e., linearly divergent, which is also expected for the auxiliary
field here. Since the proof of renormalizability for this
auxiliary field theory is carried out in the MS scheme with
DR (d ¼ 4 − 2ϵ), all power divergences vanish, as does δm.
Nevertheless, δm may include OðΛQCDÞ contributions due to
the renormalon ambiguities that are known to exist in HQET
(Beneke and Braun, 1994; Bigi et al., 1994).
Since the auxiliary field theory is renormalizable, the

renormalization of the operator product in Eq. (48) amounts
to the renormalizations of the two heavy-to-light currents.
Using the standard techniques in quantum field theory
(Collins, 1986), one can show recursively that the overall
UV divergence of the insertion of JB into Green’s functions is
absorbed into a renormalization factor ZJ to all orders in
perturbation theory as follows:

JB ¼ ZJJR ¼ Z1=2
ψ Z1=2

Q ZVJR; ð53Þ
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where ZV is the vertex renormalization constant of the heavy-
to-light current. The renormalization of heavy-to-light cur-
rents in HQET has been calculated up to three-loop order in
perturbative QCD (Shifman and Voloshin, 1987; Politzer and
Wise, 1988; Broadhurst and Grozin, 1991; Ji and Musolf,
1991; Chetyrkin and Grozin, 2003). More recently it was
argued that the anomalous dimension of the heavy-to-light
current is identical to that in HQET to all orders (Braun,
Chetyrkin, and Kniehl, 2020), which is also the case for
the “heavy-to-gluon” current that is discussed later, so the
renormalization factors for the spacelike and timelike Wilson-
line operators should be exactly the same.
Using the previous results, we can show that

OB
ΓðzÞ ¼ Z2

J

Z
d4ξ δðξ3 − zÞ

	
J̄R

�
ξ

2

�
ΓJR

�
−
ξ

2

�

Q

¼ Z2
Je

δmjzjOR
ΓðzÞ; ð54Þ

where δm arises from the determinant of ðinz · ∂ − δmÞ in
Eq. (50). In this way, we identify that Zψ ;z ¼ Z2

J in Eq. (43),
which is independent of Γ. At one-loop order (Stefanis, 1984),

Zψ ;z ¼ 1þ αsCF

4π

3

ϵUV
; ð55Þ

where the UV regulator ϵUV is to be distinguished from the IR
regulator ϵIR in DR.
The multiplicative renormalizability ofOB

ΓðzÞ has also been
proven with a recursive analysis of all-order Feynman dia-
grams (Ishikawa et al., 2017). In addition to Eq. (43), it was
found that OB

ΓðzÞ does not mix with gluons or quarks of other
flavors. This can also be easily understood within the auxiliary
field formalism, as the flavor-changing heavy-to-light current
does not mix with other operators (Green, Jansen, and
Steffens, 2020).
Finally, under lattice regularization we can still use the

previous techniques to prove Eq. (54), where the mass
correction δm is now nonvanishing and equal to the lattice
UV cutoff 1=a multiplied by a perturbative series in the
coupling constant αs.

2. Renormalization of nonlocal gluon operators

Using the same heavy-quark auxiliary field formalism, it
has also been proven that the Wilson-line operators for the
gluon quasi-PDF are multiplicatively renormalizable (Zhang,
Ji et al., 2019), which is echoed by the diagrammatical proof
given by Li, Ma, and Qiu (2019).
According to LaMET, the gluon quasi-PDF can be defined

as (Ji, 2013)

g̃ðx; PzÞ ¼ N
Z

dλ
4πxðPzÞ2 e

iλxhPjOgðzÞjPi; ð56Þ

where N is a normalization factor and

OB
g ðzÞ ¼ g⊥;μνF

n1μ
0;a

�
z
2

�
Wab

�
z
2
;−

z
2

�
Fn2ν
0;b

�
−
z
2

�
; ð57Þ

with Fnμ
0;a ¼ nρF

ρμ
0;a and nμ1, n

μ
2 being either nμz or nμt . a; b are

color indices in the adjoint representation. The transverse
metric tensor

gμν⊥ ¼ gμν − nμt nνt =n2t − nμznνz=n2z ; ð58Þ

and N ¼ ðnz · P=nt · PÞðn1þn2Þ·nt . For lattice implementation,
OB

g ðzÞ can also be defined as (Dorn, 1986; Zhang, Ji et al.,
2019)

OB
g ðzÞ¼ 2gμν⊥ tr

�
Fn1
0;μ

�
z
2

�
W

�
z
2
;−

z
2

�
Fn2
0;ν

�
−
z
2

�
W

�
−
z
2
;
z
2

��
;

ð59Þ

where Fμν ¼ Fμν
a ta and W are in the fundamental representa-

tion. As in Eq. (48), we can express OB
g ðzÞ as a product of two

local composite operators:

ÕB
g ðzÞ ¼

Z
d4ξ δðξ3 − zÞ

× g⊥;μν

	
Fn1μ
0;a

�
ξ

2

�
Qa

0

�
ξ

2

�
Q̄b

0

�
−
ξ

2

�
Fn2ν
0;b

�
−
ξ

2

�

Q

≡
Z

d4ξ δðξ3 − zÞgμν⊥
	
JBn1μ

�
ξ

2

�
J̄Bn2ν

�
−
ξ

2

�

Q
; ð60Þ

where the auxiliary heavy-quark fields are in the adjoint
representation and

JμνB ¼ Fμν
0;aQ

a
0; J̄μνB ¼ Q̄a

0F
μν
0;a: ð61Þ

The renormalization of JμνB and J̄μνB is more involved than
the quark case, as they can mix with other composite operators
of the same or fewer dimensions. In DR, BRST symmetry
allows JμνB to mix with (Dorn, 1986; Zhang, Ji et al., 2019)

Jμν2B ¼ ðnνzFμnz
0;a − nμzF

νnz
0;aÞQa

0=n
2
z ; ð62Þ

Jμν3B ¼ ð−inμzAν
0;a þ inνzA

μ
0;aÞ½ðinz ·D0 − iδmÞQ0�a=n2z : ð63Þ

Their renormalization matrix is given by (Dorn, 1986)

0
B@

JμνB
Jμν2B
Jμν3B

1
CA ¼

0
B@

Z11 Z12 Z13

0 Z22 Z23

0 0 Z33

1
CA
0
B@

JμνR
Jμν2R
Jμν3R

1
CA; ð64Þ

where Jμν2B is gauge invariant while Jμν3B is gauge dependent and
proportional to the equation of motion (EOM) for the auxiliary
field. The Green’s functions of the EOM operator will result in
a δ function

½inz ·D0ðξÞ − iδm�hQ0ðξÞQ̄0ð0ÞiQ ¼ δð4ÞðξÞ ð65Þ

that contributes a contact term δðzÞ only after integrating over
the auxiliary fields. As long as z ≠ 0, such mixing vanishes in
all Green’s functions of OB

g ðzÞ, so we can ignore the mixing
between JμνB and Jμν3B in the renormalization of OB

g ðzÞ.
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At z ¼ 0,OB
g ðzÞ becomes a local operator and is known to mix

with BRST-exact and EOM operators (Collins and Scalise,
1994), whose renormalization can be performed in the
standard way.
Note that when contracted with nz as

Jnzμ2B ¼ JnzμB ¼ Fnzμ
0;aQ

a
0;

Jnzμ3B ¼ i

�
−Aμ;a

0 þ nμz
n2z

nz · Aa
0

�
½ðinz ·D0 − iδmÞQ0�a; ð66Þ

the JnzμB mixes only with the EOM operator Jnzμ3B . As previously
argued, we can ignore such mixing for z ≠ 0. Moreover, this
degeneracy also leads to relations among elements in the
renormalization matrix (Dorn, 1986),

Z11 þ Z12 ¼ Z22; Z13 ¼ Z23: ð67Þ

When contracted with nt,

JntμB ¼ Fntμ
0;aQ

a
0;

Jntμ2B ¼ nμzF
ntnz
a;0 Qa

0=n
2
z ;

Jntμ3B ¼ i
nμz
n2z

nt · Aa
0½ðinz ·D0 − iδmÞQ0�a: ð68Þ

As one can see, Jntμ2B and Jntμ3B vanish after contraction with gμν⊥ ,
so JntμB with the transverse Lorentz index μ is multiplicatively
renormalizable.
To summarize, for z ≠ 0 and the transverse Lorentz index μ,

both JnzμB and JntμB are multiplicatively renormalizable in
coordinate space, thus proving the following renormalizability
of the gluon Wilson-line operator OB

g ðzÞ:

OB
g ðzÞ ¼ ZJZJ̄

Z
d4ξ δðξ3 − zÞgμν⊥

	
JRn1μ

�
ξ

2

�
J̄Rn2ν

�
−
ξ

2

�

Q

¼ eδmjzjZJZJ̄O
R
g ðzÞ; ð69Þ

where

Jn1μB ¼ ZJJ
n1μ
R ¼ ðZg

QÞ1=2Z1=2
A Zg

VJ
n1μ
R ; ð70Þ

J̄n2νB ¼ ZJ̄J
n2ν
R ¼ ðZg

QÞ1=2Z1=2
A Zg

V̄J
n2μ
R ; ð71Þ

with Zg
V and Zg

V̄ the renormalization constants for the vertex
involving one gluon and one heavy-quark field. The wave-
function renormalization constant for the auxiliary heavy
quark Zg

Q is different than in the quark case as it is in the
adjoint representation.
In addition, since JnzμB and JntμB do not mix with heavy-to-

light quark currents due to the mismatch of quantum numbers,
this implies that the nonlocal gluon Wilson-line operator does
not mix with the singlet quark one under renormalization.
For the polarized gluon quasi-PDF, its definition is the

same as Eq. (56) except that the gluon Wilson-line operator
becomes

ΔOB
g ðzÞ ¼ ϵ⊥;μνF

n1μ
0;a ðzÞWabðz; 0ÞFn2ν

0;b ð0Þ; ð72Þ

where ϵμν⊥ ¼ ϵ03μν. Since ϵμν⊥ contracts only with the transverse
Lorentz indices, one can use the same proof forOB

g ðzÞ to show
that ΔOB

g ðzÞ is also multiplicatively renormalizable and does
not mix with the singlet quark case (Zhang, Ji et al., 2019).
Finally, one can also prove that Eq. (69) is valid under

lattice regularization with δm linearly divergent (Zhang, Ji
et al., 2019). This completes the proof of renormalizability of
the gluon Wilson-line operators.
One-loop renormalization.—Now we demonstrate the pre-

vious result using an explicit one-loop example. For the
nonlocal Wilson-line operators to be multiplicatively renor-
malizable, it is important that all linear divergences associated
with diagrams other than the Wilson-line self-energy cancel
out among themselves. To see this, a gauge symmetry
preserving regularization is crucial. We use DR and keep
poles around d ¼ 3 to identify the linear divergences (Wang,
Zhang et al., 2019; Zhang, Ji et al., 2019).
The one-loop vertex correction to the heavy-to-gluon

current is shown in Fig. 6. Each diagram contributes

Iρνa ¼ αsCA

π

�
1

4 − d
3

4
Fρν
a Qa þ finite terms

�
;

Iρνb ¼ αsCA

π

�
1

d − 4
ðAν

an
ρ
z − Aρ

anνzÞnz · ∂Qa=n2z

þ πμ

d − 3
ðnρzAν

a − nνzA
ρ
aÞQa þ finite terms

�
;

Iρνc ¼ αsCA

π

�
1

d − 4

�
1

2
ðFρnz

a nνz − Fνnz
a nρzÞQa=n2z

þ 1
4
Fρν
a Qa þ 1

2
ðAρ

anνz − Aν
an

ρ
zÞnz · ∂Qa=n2z

�

−
πμ

d − 3
ðnρzAν

a − nνzA
ρ
aÞQa þ finite terms

�
: ð73Þ

Figures 7(b) and 7(c) both include a linear divergence that is
evident as the μ=ðd − 3Þ term, but they cancel among
themselves. This guarantees that the overall UV divergence
in the vertex correction is logarithmic, and the renormalization
of the heavy-to-gluon current is thus multiplicative.
Combining the one-loop results in Eq. (73) with the wave-
function renormalizations, we have

Z11 ¼ 1þ αsCA

4π

1

ϵUV
; Z12 ¼ 1 −

αsCA

4π

1

ϵUV
;

Z13 ¼ Z23 ¼ 1 −
αsCA

4π

1

ϵUV
; Z22 ¼ 0; ð74Þ

FIG. 6. One-loop vertex corrections to the heavy-to-gluon
current.
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where CA ¼ Nc ¼ 3 for QCD. If we ignore the mixing to the
EOM operator,

ZJnzν
V ¼ ZJνnz

V ¼ 0;

ZJnti
V ¼ ZJint

V ¼ ZJij
V ¼ ZJji

V ¼ 1þ αsCA

4π

1

ϵUV
; ð75Þ

where i, j ¼ 1; 2. As a result, the one-loop current renorm-
alization constant is

ZJnzν ¼ ZJνnz ¼ 1þ αs
4π

�
1

6
CA −

4

3
nfTF

�
1

ϵUV
;

ZJnti ¼ ZJint ¼ ZJij ¼ ZJji

¼ 1þ αs
4π

�
7

6
CA −

4

3
nfTF

�
1

ϵUV
; ð76Þ

where TF ¼ 1=2 and nf is the number of active quark flavors.
The two-loop results were given by Braun, Chetyrkin, and
Kniehl (2020).
As one can see, the anomalous dimension of the heavy-to-

gluon current is the same for μ; ν ¼ 0; 1; 2, which is due to
SOð2; 1Þ [or SOð3Þ in Euclidean space] symmetry around the
z axis.

B. Factorization of quasi-PDFs

The key to LaMETapplications for collinear-parton physics
is the factorization formula that relates the quasi-PDFs to
light-cone PDFs (Ji, 2013). Here we use the perturbative
properties of the matching coefficients to write the following
factorization form in the MS scheme in a manner consistent
with a direct EFT calculation of PDFs at any given x (Izubuchi
et al., 2018; Wang, Zhang et al., 2019):

qiðx; μÞ ¼
Z

∞

−∞

dy
jyj

�X
j

C̃qiqj

�
x
y
;
μ

yPz

�
q̃jðy; Pz; μÞ

þ C̃qg

�
x
y
;
μ

yPz

�
g̃ðx; Pz; μÞ

�
þ � � � ; ð77Þ

gðx; μÞ ¼
Z

∞

−∞

dy
jyj

�X
j

C̃gq

�
x
y
;
μ

yPz

�
q̃jðy; Pz; μÞ

þ C̃gg

�
x
y
;
μ

yPz

�
g̃ðy; Pz; μÞ

�
þ � � � ; ð78Þ

where i and j run over quark and antiquark flavors. The
ellipsis term includes mass corrections whose analytical forms
have been derived to all orders of M2=ðPzÞ2 (Chen et al.,
2016), and higher-twist contributions of the order of
O(Λ2

QCD=ðxPzÞ2;Λ2
QCD=½ð1 − xÞPz�2); see Eq. (33). All Pz

dependence on the right-hand side cancels out, just like with a
renormalization scale.
As explained in Sec. II, the previous factorization is

guaranteed on the grounds of physics because the difference
between quasi-PDFs and light-cone PDFs is of the order of
limits in Pz → ∞ and ΛUV → ∞, and the IR physics in both
quantities must be the same. An all-order factorization proof

for the quark quasi-PDF in perturbation theory was first given
with a diagrammatical approach (Ma and Qiu, 2018b). The
formula has also been derived using the OPE of nonlocal
Wilson-line operators (Izubuchi et al., 2018; Ma and Qiu,
2018a; Wang, Zhang et al., 2019). Here we outline a
diagrammatic proof similar to that of Ma and Qiu (2018b),
showing that the collinear divergences of the quasi-PDFs do
factorize and are equal to those of the light-cone PDFs. Since
the collinear divergence is a concept in perturbation theory, we
show the factorization using a massless external quark state
with lightlike momentum Pμ ¼ ðPz; 0; 0; PzÞ. While the proof
is only for perturbative free quark states, the factorization
formulas are widely believed to be true nonperturbatively as
well. We use DR to regulate both UV and collinear diver-
gences and consider only bare quantities since UV renorm-
alization does not change the leading collinear divergences.
Before the analysis, we mention that all the soft divergences

cancel between the real and virtual contributions to the quasi-
PDFs, as discussed in Sec. II.B; thus, we need to focus only on
the collinear divergences. To obtain an intuitive understanding
of the structure for collinear divergences, we start with the
one-loop diagram in Fig. 4(a) in the Feynman gauge. The
integral reads

Z
d4−2ϵk
ð2πÞ4−2ϵ

tr½P=kγz=k�δðkz − yPzÞ
ðk2 þ i0Þ2½ðP − kÞ2 þ i0� : ð79Þ

The internal quark momentum is kμ ¼ ðkþ; k−; k⃗⊥Þ and the

gluon momentum is P − k. When k− and k⊥ ¼ jk⃗⊥j are small,
the internal quark and gluon become collinear to the external
quark, i.e., kμ ∼ ðkþ; 0; 0⊥Þ and ðP − kÞμ ∼ ðPþ − kþ; 0; 0⊥Þ.
In this case, the denominators of the quark and gluon
propagators ðk2Þ2 and ðP − kÞ2 both vanish, which leads to
collinear divergence. Conversely, for k2 ¼ ðP − kÞ2 ¼ 0, k
must be collinear to P since the condition requires that
k2 ¼ k · P ¼ P2 ¼ 0. For small k− and k⊥, the δ function
is dominated by the kþ term of kz ¼ ðkþ − k−Þ= ffiffiffi

2
p

and
reduces to

ffiffiffi
2

p
δðkþ − yPþÞ. This is simply the vertex that

restricts kþ ¼ yPþ for the light-cone PDF up to the factor
ffiffiffi
2

p
.

Furthermore, for collinear k and P − k the spinor trace in the
numerator is dominated by the γþ part of γz ¼ ðγþ − γ−Þ= ffiffiffi

2
p

,
tr½P=kγz=k� ∼ tr½P=kγþ=k�= ffiffiffi

2
p

. Thus, in the collinear region kμ ∼
ðkþ; 0; 0; 0Þ the previous integral reduces to that of the light-
cone PDF as follows:

Z
c

d4−2ϵk
ð2πÞ4−2ϵ

tr½P=kγþ=k�δðkþ − yPþÞ
ðk2 þ i0Þ2½ðP − kÞ2 þ i0� ; ð80Þ

where the subscript “c” denotes the collinear region.
This picture naturally arises in a highly boosted hadron state

where the quark is approximately on shell. Therefore, as
explained in Sec. II.E, although the operator contains no light-
cone information, the large-momentum external hadron state
can still generate collinear divergences equivalent to those in
the light-cone PDFs. By subtracting the full integral for light-
cone PDF from that for the quasi-PDF, the logarithmic
collinear divergence cancels, and the remaining difference
is perturbative and can be absorbed into the matching kernel.
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Similarly, for the vertex diagram in Fig. 4(b) the loop
integral is proportional to

Z
d4−2ϵk
ð2πÞ4−2ϵ

1

Pz − kz
tr½Pγz=kγz�δðkz − yPzÞ

ðk2 þ i0Þ½ðP − kÞ2 þ i0� : ð81Þ

The entire integral in the collinear region reduces to

Z
c

d4−2ϵk
ð2πÞ4−2ϵ

1

Pþ − kþ
tr½Pγþ=kγþ�δðkþ − yPþÞ
ðk2 þ i0Þ½ðP − kÞ2 þ i0� ; ð82Þ

which is the corresponding integral for the light-cone PDF. One
key feature of the diagram is that, while the gauge link probes
the z component of the gluon field Az ¼ ðAþ − A−Þ= ffiffiffi

2
p

, only
theAþ component (longitudinal polarization) contributes to the
leading collinear divergence. While attaching a new collinear
gluon to the gauge link induces a power suppression from the
link propagator ofOð1=PzÞ, the Aþ component of the collinear
gluon radiated from fast-moving color charges receives
enhancement from the Lorentz boost factor γ that compensates
for the suppression.
This result can be generalized to all orders. As in the one-

loop diagrams, in the leading region of collinear divergence
there are an arbitrary number of longitudinally polarized Aþ

gluons, which are emitted dynamically from the fast-moving
state instead of being put in by hand using the lightlike gauge
link, in contrast to the standard collinear PDF. The existence
of the Aþ gluons increases the level of complication in
showing the equivalence of collinear divergences between
the quasi-PDFs and light-cone PDFs. For simplification, from
now on we work in the light-cone gauge Aþ ¼ 0 to eliminate
all the Aþ gluons. Therefore, the vertex diagrams no longer
contribute to the leading collinear divergence, thus making its
structure much simpler.
In a general diagram, we decompose the potential leading

region of the quasi-PDF into the ladder structure shown in
Fig. 7. The upper two-particle-irreducible (2PI) kernel that

contains the nonlocal operator defining the quasi-PDF is H.
The 2PI kernel in the ladder is K. K contains the upper two
external quark lines but not the lower ones. The momenta
flowing out of the ladders are labeled as k1 to kn from bottom
to top when there are n 2PI kernels. We write H and K as
matrices in spinor and momentum space. H ¼ Hα0β0 ðyPz; kÞ,
where k denotes the momentum flowing into H and
K ¼ Kαβ;α0β0 ðk; k0Þ, where k, k0 are the momenta of the upper
and lower external legs, respectively. Here αβ and α0β0 are
the spinor indices for the upper and lower two external legs,
respectively. Following the method of Curci, Furmanski, and
Petronzio (1980) and Collins (2011a), we find the following:

(1) There are no collinear divergences in the upper part H
in the light-cone gauge.

(2) If none of k1;…; kn are collinear, there will be no
leading collinear divergence. More generally, for the
ith 2PI kernel, if either ki−1 or ki is not collinear, then
the subintegrals inside the kernel are finite and the
kernel does not contribute to leading collinear di-
vergence.

(3) If ki is not collinear, then there are no collinear
divergences for the upper part of the diagram above
the ith ladder.

Therefore, the collinear divergences are generated in the
momentum regions Ri in which k1 to ki are collinear, while
kiþ1 to kn are not. We can construct counterterms that subtract
out the collinear divergences in each of the regions Ri. For this
we keep only the þ component of ki in the convergent upper
part HKn−i, as in the one-loop example; namely, ki →
ðkþi ; 0; 0⊥Þ in the upper part. This will leave the collinear
divergence unchanged. Notice also that ½HKn−i�αβ ¼
Hα0β0Kn−i

α0β0;αβ should be understood as a 4 × 4 Dirac matrix

with indices αβ, while the lower part is ½KiP�αβ ¼ Ki
αβ;α0β0Pα0β0 .

In the leading region of collinear divergence, HKn−i and KiP
are proportional to γþ and γ−, respectively. Therefore, to obtain
the leading collinear divergence, we can disentangle the spinor
traces for the upper and lower parts by contracting them with
γ−=2 and γþ=2 separately. The only communication between
them is the kþ integration. The collinear divergence is con-
tained in the lower part

qiðx; ϵIRÞ ¼
Z

dk−dd−2k⊥
2ð2πÞd tr½γþKiðxPþ; k−; k⊥;PÞP�; ð83Þ

where d ¼ 4 − 2ϵ, kþ ¼ xPþ, and the subtraction for the
region Ri can be written effectively as a convolutionZ

dx
x
Ĉn−iðy; x; PzÞqiðx; ϵIRÞ; ð84Þ

where

Ĉn−iðy; x; PzÞ ¼ 1
2
tr½HKn−iðyPz; xPþ; 0; 0⊥ÞðxPþÞγ−� ð85Þ

is the naive matching kernel. Here the y dependence comes
from the operator in H. However, the naive matching kernel
still suffers from collinear subdivergences that need to be
subtracted. This can be achieved using the subtracted matching
kernels Cn−iðy; xÞ, defined recursively in a way similar to the

FIG. 7. Left panel: ladder decomposition of the quasi-PDF. The
upper 2PI kernel H contains the operator defining the quasi-PDF,
and the external two legs at the bottom of the diagram are the
external large Pz state. Right panel: kernels H and K.
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Bogoliubov-Parasiuk-Hepp-Zimmermann relation for UV
renormalization (Collins, 2011a). If we sum over n and i,
the recursive relation leads to

q̃ðy; Pz; ϵIRÞ ¼
X∞
n¼0

Xn
i¼0

Z
dx
x
Cn−iðy; x; PzÞqiðx; ϵIRÞ

¼
Z

dx
x
Cðy; x; PzÞqðx; ϵIRÞ; ð86Þ

where q̃ðy; Pz; ϵIRÞ is the quasi-PDF, Cðy; x; PzÞ ¼P∞
n¼0 C

nðy; x; PzÞ is the all-order matching kernel, and
qðx; ϵIRÞ ¼

P
i¼0 q

iðx; ϵIRÞ. Based on the definition of
qiðx; ϵIRÞ, it is clear that qi equals the light-cone PDF with i
2PI kernels and that q is the full light-cone PDF with natural
support 0 < x < 1. The light-cone PDF qðxÞ is independent of
the operator defining the quasi-PDF, as it is sensitive only to the
explicit form of the collinear divergence. The rhs of Eq. (86)
contains all the collinear divergences from the quasi-PDF q̃.
Thus, the matching relation for bare quantities is established. A
similar matching can be written down for the renormalized
quantities, where the renormalization affects only thematching
kernel Cðy; x; PzÞ. Note that the explicit solution for
Cn−iðy; x; PzÞ, which leads to Eq. (33), can be given based
on a subtraction operator defined similar to that given by
Collins (2011a). Besides, Eq. (86) can be inverted order by
order in αs, thus proving Eq. (33), which can also be
generalized to Eqs. (77) and (78).
Now we present the matching coefficient in the MS scheme

at one-loop order. The one-loop expansion of the MS quasi-
and light-cone PDFs in a free massless quark state with
momentum pμ ¼ ðpz; 0; 0; pzÞ are

q̃ðy; μ=pz; ϵIRÞ ¼ q̃ð0ÞðyÞ þ αsCF

2π
q̃ð1Þðy; μ=pz; ϵIRÞ; ð87Þ

qðx; ϵIRÞ ¼ qð0ÞðxÞ þ αsCF

2π
qð1Þðx; ϵIRÞ: ð88Þ

At tree level, q̃ð0ÞðyÞ ¼ qð0ÞðyÞ ¼ δð1 − yÞ. At one loop, the
MS quasi-PDF and its counterterm are (Izubuchi et al., 2018)

q̃ð1Þðy; μ=pz; ϵIRÞ

¼

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

�
1þy2

1−y ln
y

y−1 þ 1þ 3
2y

�½1;∞�
þð1Þ

− 3
2y ; y > 1;�

1þy2

1−y

h
− 1

ϵIR
− ln μ2

4ðpzÞ2 þ ln½yð1 − yÞ�
i

− yð1þyÞ
1−y þ 2σð1 − yÞ

�½0;1�
þð1Þ

; 0 < y < 1;�
− 1þy2

1−y ln
−y
1−y − 1þ 3

2ð1−yÞ
�½−∞;0�
þð1Þ

− 3
2ð1−yÞ ; y < 0;

þ δð1 − yÞ
�
3

2
ln

μ2

4ðpzÞ2 þ
5þ 2σ

2

�
; ð89Þ

δq̃ð1Þðy; μ=pz; ϵUVÞ ¼
3

2ϵUV
δð1 − yÞ; ð90Þ

where ϵIR regulates the collinear divergence, σ ¼ 0 for Γ ¼ γt,
and σ ¼ 1 for Γ ¼ γz. The plus function at y ¼ y0 with
support in a given domain D is defined asZ

D
dy½gðyÞ�Dþðy0ÞhðyÞ ¼

Z
D
dygðyÞ½hðyÞ − hðy0Þ�; ð91Þ

with arbitrary gðyÞ and hðyÞ. Note that the MS renormalization
of the quasi-PDF actually requires a subtle treatment of vector
current conservation (Izubuchi et al., 2018). We present
results only in a form that is sufficient for our discussion,
which differs slightly from that of Izubuchi et al. (2018) using
the δ functions at y ¼ �∞ and from the treatment given by
Alexandrou, Cichy et al. (2019).
On the other hand,

qð1Þðx; ϵIRÞ ¼
αsCF

2π

ð−1Þ
ϵIR

�
1þ x2

1 − x

�½0;1�

þð1Þ
; ð92Þ

which is limited to the physical region as expected.
By comparing the quasi-PDFs and light-cone PDFs in

Eqs. (89) and (92), we find that both of them have the same
collinear divergence or, in other words, they share the same IR
physics, thus validating the factorization formula at one-loop
order. Setting pz ¼ xPz and plugging the one-loop results into
Eq. (33), we extract the following matching coefficient for the
hadron matrix element that depends only on the perturbative
scales μ and Pz:

CMS

�
y;

μ

xPz

�
¼ δð1 − yÞ þ αsCF

2π

�
q̃ð1Þ

�
y;

μ

xPz ; ϵIR

�

−qð1Þðy; ϵIRÞ
�
: ð93Þ

The complete one-loop matching coefficients in Eq. (33) in
the transverse-momentum cutoff and MS schemes were given
by Wang and Zhao (2018), Wang, Zhao, and Zhu (2018), and
Wang, Zhang et al. (2019). The two-loop results were
obtained recently by Chen, Wang, and Zhu (2020a, 2020b,
2020c) and Li, Ma, and Qiu (2020).

C. Coordinate-space factorization of bilinear operators

Although the LaMET application to PDFs concerns the
expansion of momentum densities in the Pz → ∞ limit, lattice
QCD calculations actually start with a computation of
coordinate-space correlations, for example,

h̃ðz; PzÞ ¼ 1

NΓ
hPzjOΓðzÞjPzi; ð94Þ

at all z and a Fourier transform done with respect to λ ¼ zPz at
a fixed Pz. Here the normalization factor NΓ ¼ 2Pz for
Γ ¼ γz, while the normalization factor NΓ ¼ 2Pt for
Γ ¼ γt. The h̃ðz; PzÞ is a function of two independent
variables z and Pz, and in LaMET analysis the relevant
combinations are quasi-LF distance λ (see Fig. 5) and Pz;
hence, h̃ðλ; PzÞ is called the quasi-LF correlation, which is
later distinguished from the LF correlation hðλ; μÞ.
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The coordinate-space factorization approach of Braun,
Gornicki, and Mankiewicz (1995) has been suggested as an
alternative way to extract the PDFs from h̃ðz; PzÞ (Orginos
et al., 2017; Radyushkin, 2017a, 2019a), which is closely
related to the OPE. Instead of working with variables λ and Pz,
one may consider h̃ a function of λ and z2, i.e., h̃ðλ; z2Þ. The
Fourier transform of h̃ðλ; z2Þ with respect to λ is no longer the
momentum distribution of the proton at a fixed momentum.
Instead, it is called a pseudodistribution (Radyushkin, 2017a).
At small jzj ≪ Λ−1

QCD, h̃ðλ; z2Þ can be factorized into the light-
cone correlation (Izubuchi et al., 2018; Radyushkin, 2018a) as
follows:

h̃ðλ; z2μ2Þ ¼
Z

1

−1
dα Cðα; z2μ2Þhðαλ; μÞ þ � � � ; ð95Þ

where the ellipsis represents the power corrections in z2Λ2
QCD

and the matching coefficient C is related to C in Eq. (33) by

C

�
η;

μ

xPz

�
¼

Z
dλ
2π

eiηλ
Z

1

−1
dα e−iλαC

�
α;

μ2λ2

ðxPzÞ2
�
: ð96Þ

To illustrate the connection between the factorization in
Eq. (95) and the OPE, we take the nonsinglet quark case as an
example (Izubuchi et al., 2018; Wang, Zhang et al., 2019). In
the MS scheme, the renormalized Oγμ0 ðz; μÞ can be expanded
in terms of local gauge-invariant twist-2 operators as z2 → 0

as follows:

Oγμ0 ðz; μÞ ¼
X∞
n¼0

�
Cnðμ2z2Þ

ðizÞn
n!

ðnzÞμ1 � � � ðnzÞμn

×Oμ0μ1���μnðμÞ þ higher twist

�
; ð97Þ

where μ0 ¼ 0 or 3, Cn ¼ 1þOðαsÞ is the Wilson coefficient,
and Oμ0μ1���μnðμÞ is the twist-2 operator in Eq. (14).
Using the hadron matrix elements in Eq. (15) and their

relation to the light-cone PDF in Eq. (16), we write the
following small-jzj expansion of the hadron matrix element of
Oγμ0 ðz; μÞ (Izubuchi et al., 2018):

h̃ðλ; z2μ2Þ ¼ hPjOγμ0 ðz; μÞjPi=2Pμ0

¼
X∞
n¼0

Cnðz2μ2Þ
ð−iλÞn
n!

�
1þO

�
M2

ðPzÞ2
��

×
Z

1

−1
dx xnqðx; μÞ þOðz2Λ2

QCDÞ; ð98Þ

where the O(M2=ðPzÞ2) term comes from the kinematic trace
contribution and the Oðz2Λ2

QCDÞ term from higher twist. The
Wilson coefficients Cnðz2μ2Þ have been calculated at one-loop
(Izubuchi et al., 2018) and two-loop (Li, Ma, and Qiu, 2020)
orders. Comparing Eqs. (95) and (98), we identify

Cðα; μ2z2Þ≡
Z

dλ
2π

eiλα
X
n

Cnðμ2z2Þ
ð−iλÞn
n!

: ð99Þ

Since z2 is fixed in Cðα; μ2z2Þ, the integration in Eq. (99) is
actually over Pz from −∞ to þ∞. Cðα; z2μ2Þ has support
−1 ≤ α ≤ 1, and its one-loop result is

Cðα; z2μ2Þ ¼
�
1þ αsCF

2π

�
3

2
ln
z2μ2e2γE

4
þ 3

2

��
δð1 − αÞ

þ αsCF

2π

��
1þ α2

1 − α

�½0;1�

þð1Þ

�
− ln

z2μ2e2γE

4
− 1

�

−
�
4 lnð1 − αÞ

1 − α

�½0;1�

þð1Þ
þ 2ð1þ σÞð1 − αÞ

�

× θðαÞθð1 − αÞ; ð100Þ

which was also calculated and further studied by Ji, Zhang,
and Zhao (2017), Radyushkin (2018a, 2018b), Zhang, Chen,
and Monahan (2018), and Li, Ma, and Qiu (2020). One can
check to ensure that this result is indeed related to one-loop
momentum-space matching by Eq. (96). Since we are inter-
ested in the relation between the quasi-LF correlation with the
matrix element of the light-ray operator OγþðλnÞ, Eq. (95) can
also be obtained by using the light-ray operator expansion
given by Balitsky and Braun (1989), Braun, Gornicki, and
Mankiewicz (1995), and Braun and Müller (2008).
Using the OPE or a short-distance expansion, Balitsky,

Morris, and Radyushkin (2019) and Wang, Zhang et al.
(2019) also derived in coordinate space and studied at one-
loop order the exact factorization formula for the gluon and
singlet quark quasi-PDFs, which includes their mixings.
The limits Pz → ∞ in the LaMET expansion and z → 0 in

coordinate-space factorization, keeping finite λ ¼ zPz, are
equivalent. However, in practical lattice QCD calculations,
one is limited by the largest momentum Pz

max in a specific
setup, and the two approaches start to differ.
In the LaMET systematic approximation, one should

calculate h̃ðz; Pz
maxÞ with all possible z or λ, but in practice

the largest λmax ¼ zmaxPz
max is limited by the lattice volume as

well as the data quality at large z. Because of QCD confine-
ment, h̃ðz; Pz

maxÞ has a correlation length ∼1=ΛQCD, leading to
an exponential decay at large z (Ji et al., 2020). Therefore, if
zmax is sufficiently large (e.g., a proton size of ∼1 fm) for
h̃ðz; Pz

maxÞ to fall to almost zero, then the truncated Fourier
transform of h̃ðz; Pz

maxÞ should converge quickly and the
truncation effects mainly affect results at small x ≲ 1=λmax.
If h̃ðz; Pz

maxÞ exhibits exponential decay but still has a nonzero
value at zmax, then one can perform a physically motivated
extrapolation beyond zmax (Ji et al., 2020) to do the Fourier
transform, which removes the unphysical oscillation from
truncation and affects only the small-x region. In the momen-
tum space, one can use the LaMET expansion to calculate the
PDF point by point in x, with the systematic error controlled
by Λ2

QCD=ðxPz
maxÞ2 and Λ2

QCD=½ð1 − xÞPz
max�2, which gives

the prediction for a cetain region of x, ½xmin; xmax�, with a
target error.
In coordinate-space factorization, one expands h̃ðλ; z2Þ in

z2Λ2
QCD. For the factorization formula to be valid, z must

remain in the perturbative region. For example, an estimate of
Ji et al. (2020) gave zmax ∼ 0.3–0.4 fm. Although there have
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been observations that forming ratios of h̃ðλ; z2Þ may cancel
the higher-twist contributions at z > 0.4 fm (Orginos et al.,
2017), this cancellation needs be quantified for precise
calculations. With a finite range of quasi-LF correlations,
the PDFs can be extracted through modeling the x dependence
or more advanced techniques such as Bayesian analysis
(Bringewatt et al., 2020) or neural network (Cichy, Debbio,
and Giani, 2019; Karpie et al., 2019; Del Debbio et al., 2020),
which is similar to extracting the PDFs from experimental data
(Ma and Qiu, 2018a), although quantifying the systematic
error from fitting can be challenging. The coordinate-space
factorization can also provide the extraction of the lowest
moments of PDFs (Karpie, Orginos, and Zafeiropoulos, 2018;
Gao et al., 2020; Joó et al., 2020; Shugert et al., 2020), where
the main systematic error is controlled by z2Λ2

QCD.
Thus far there have been only limited studies about the

comparison between quasi-PDF and pseudo-PDF analysis
(Alexandrou, Cichy, Constantinou, Green et al., 2020; Bhat
et al., 2020). It remains to be seen how systematic errors in the
two strategies will be compared and contrasted.

D. Nonperturbative renormalization and matching

The multiplicative renormalizability of the nonlocal
Wilson-line operators for quasi-PDFs allows a nonperturba-
tive renormalization on the lattice, after which the continuum
limit can be taken. This is an important step in the application
of LaMET. One way of doing so is to perform a mass
subtraction of the Wilson line first (Musch et al., 2011;
Ishikawa et al., 2016; Chen, Ji, and Zhang, 2017; Zhang et al.,
2017; Green, Jansen, and Steffens, 2018, 2020) and then
renormalize the remnant UV divergences with lattice pertur-
bation theory or another nonperturbative scheme. Another
scheme that has gained more popularity in recent years is
the regularization-independent momentum subtraction (RI/
MOM) scheme (Alexandrou, Cichy et al., 2017; Constantinou
and Panagopoulos, 2017; Chen et al., 2018; Stewart and Zhao,
2018; Liu et al., 2020). In the coordinate-space approach
when jzj ≪ Λ−1

QCD, the ratios of quasi-LF correlations in
different states (Orginos et al., 2017; Radyushkin, 2017a;
Braun, Vladimirov, and Zhang, 2019; Li, Ma, and Qiu, 2020)
have also been proposed as a renormalization scheme. At large
z, the RI/MOM and ratio schemes introduce extra nonpertur-
bative effects at different levels, which may distort the IR
property of the original quasi-LF correlations. Because of the
suppression of long-range contributions by large Pz in the
Fourier transform, this nonperturbative contamination affects
mainly the end-point region in x space, while the existing
LaMET calculations with the RI/MOM scheme at moderate x,
such as those given by Alexandrou et al. (2018b) and Lin,
Chen et al. (2018), suffer less from such systematics.
Nevertheless, this complication can be avoided by switching
to the hybrid scheme (Ji et al., 2020), where one utilizes the
advantages of different schemes at short and large distances.
In the following, we discuss the previous schemes in order,
with a particular focus on the hybrid renormalization scheme.
Before we proceed, we note that the current-current

correlators given by Detmold and Lin (2006), Braun and
Müller (2008), and Ma and Qiu (2018a) do not need or have
simple renormalization on the lattice, although it might be

more costly to simulate them. There is another distinct method
based on a redefinition of the quasi-PDF with smeared
fermion and gauge fields via the gradient flow (Monahan
and Orginos, 2017). The smeared quasi-PDF is free from UV
divergences and remains finite in the continuum limit, which
can be perturbatively matched to the PDF (Monahan, 2018b).
Nevertheless, this method awaits implementation on the
lattice.

1. Wilson-line mass-subtraction scheme

Since the mass correction δm includes all the linear UV
divergences, it is highly favorable to nonperturbatively sub-
tract it from the quasi-PDFs. It is well known that the Wilson-
line renormalization is related to the additive renormalization
of the static quark-antiquark potential, i.e., δm, especially in
the context of finite temperature field theory. For a rectangle-
shaped Wilson loop of dimension L × T in the spatial and
temporal directions, its vacuum expectation value for large T
scales as

lim
T→∞

WðL; TÞ ¼ cðLÞe−VðLÞT: ð101Þ

The renormalized static potential is

VRðLÞ ¼ VðLÞ þ 2δm; ð102Þ

and δm can be fixed by imposing the condition VRðL0Þ ¼ 0

for a particular value of L0. Alternatively, one can also fit δm
from the string potential model as follows:

VðLÞ ¼ σL −
π

12L
− 2δm: ð103Þ

In addition to using the static potential to determine δm, it
was also proposed to calculate this quantity in the auxiliary
heavy-quark field theory with the following condition (Green,
Jansen, and Steffens, 2018):

δm ¼ d
dz

ln TrhQðxþ znzÞQ̄ðxÞiQCDþQ


z¼z0

: ð104Þ

Other suggestions have also been made for a nonperturba-
tive calculation of δm (Ji et al., 2020). For example, one can
investigate the asymptotic large-z behavior of the hadron
matrix element or the single quark Green’s function of the
vacuum expectation value of OΓðz; aÞ in a fixed gauge. The
δm calculated from all these matrix elements will have the
following dependence on the lattice spacing a:

δm ¼ m−1ðaÞ=aþm0; ð105Þ

where m−1ðaÞ is the coefficient of the power divergence
that is independent of the specific matrix element, while
m0 ∼OðΛQCDÞ is finite and depends on the external state. The
determination of m0 can be nontrivial, and in practical
calculations one could adopt a fine-tuning method, such as
that for the Wilson-fermion mass, to find the critical value
of m0 at which the final result converges fastest in the
large-Pz limit.
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After the Wilson-line mass subtraction, there are still
logarithmic UV divergences in OΓðz; aÞ. One can use lattice
perturbation theory to match δm-subtracted OΓðz; aÞ to the
MS scheme (Ishikawa et al., 2016; Constantinou and
Panagopoulos, 2017; Xiong, Luu, and Meißner, 2017), but
the convergence still needs to be examined at higher orders.
Green, Jansen, and Steffens (2018, 2020) nonperturbatively
renormalized the logarithmic divergences with RI/MOM–like
schemes.
The Wilson-line mass subtraction was implemented on the

lattice by Musch et al. (2011), Zhang et al. (2017), Green,
Jansen, and Steffens (2018), Zhang, Jin et al. (2019), and
Alexandrou, Cichy, Constantinou, Green et al. (2020).

2. RI/MOM scheme

The RI/MOM scheme has been widely used in lattice QCD
for the renormalization of local composite quark operators that
are free from power-divergent mixings (Martinelli et al.,
1995). It is essentially a momentum subtraction scheme in
QFT and can be nonperturbatively implemented on the lattice.
For an arbitrary composite quark bilinear operator OB that is
multiplicatively renormalized as OB ¼ ZOOR, the RI/MOM
scheme is defined by imposing the following condition on its
off-shell quark matrix element at a subtraction scale μR:

Z−1
O hpjOBjpijp2¼−μ2R ¼ hpjOjpitree: ð106Þ

where the subscript “tree” represents the tree-level matrix
element in perturbation theory. If μR ≫ ΛQCD, ZO defined in
Eq. (106) is in the perturbative region, and we can convert it to
the MS scheme order by order in perturbation theory. In this
sense, ZO is not literally nonperturbative, but rather an all-
order calculable quantity.
Since the nonlocal quark bilinear operator OΓðzÞ has been

proven to be multiplicatively renormalizable in the coordinate
space, one can also renormalize it in the RI/MOM scheme and
then match the result to PDF in the MS scheme (Constantinou
and Panagopoulos, 2017; Stewart and Zhao, 2018). On the
lattice, the off-shell matrix element of an operator is defined
from its amputated Green’s function, or vertex function, with
off-shell quarks. For the nonlocal Wilson-line operator, the
latter is

ΛΓ
0ðz; a; pÞ≡ ½S−10 ðp; aÞ�†

X
x;y

eip·ðx−yÞ

× h0jT½ψ0ðx; aÞOB
Γðz; aÞψ̄0ðy; aÞ�j0iS−10 ðp; aÞ;

ð107Þ

where S0ðp; aÞ is the bare quark propagator, and the external
momentum p is Euclidean on the lattice. Since Green’s
functions are not gauge invariant, one needs to fix a gauge
(usually Landau gauge ∂ · A ¼ 0 is chosen), and the gauge
dependence is expected to be canceled out by the matching or
scheme conversion order by order in perturbation theory.
After including the quark wave-function renormalization

Zq, which can be determined independently on the lattice
(Martinelli et al., 1995), Eq. (106) is revised as

ZqZ−1
OΓ
ΛΓ
0ðz; a; pÞjp¼pR

¼ ΛΓ
treeðz; a; pÞ ¼ ΓeipR·z: ð108Þ

Since OΓðz; aÞ is not Oð4Þ covariant, one needs to define the
RI/MOM scheme with two scales: one is μR ¼ jpRj, and the
other is pz

R. For convenience we simply denote them as
p ¼ pR. To work in the perturbative region and control
the lattice discretization effects that are of the order
of O(a2μ2R; a2ðpz

RÞ2), one must work in the window
ΛQCD ≪ μR ≪ a−1, pz

R ≪ a−1, which is attainable if the
lattice spacing is small enough.
Since the quarks are off shell, finite mixings with the EOM

operators can also appear. As a result, Eq. (108) in general
cannot be satisfied as a matrix equation. Instead, one usually
needs a projection operator P to define the off-shell matrix
elements, i.e.,

hpjOB
Γ jpi ¼ tr½ΛΓ

0ðz; a; pÞP�; ð109Þ

so as to calculate the renormalization factor ZOΓ
.

The bare hadron matrix element h̃Bðz; Pz; aÞ can then be
renormalized in coordinate space as

h̃Rðz; Pz; pz
R; μR; aÞ ¼ Z−1

O ðz; pz
R; μR; aÞh̃Bðz; Pz; aÞ. ð110Þ

In the continuum limit, the renormalized matrix element is
independent of the UV regulator, so we should obtain the
same result in DR under the RI/MOM scheme, i.e.,

h̃Rðz; Pz; pz
R; μRÞ ¼ lim

a→0
h̃Rðz; Pz; pz

R; μR; aÞ
¼ lim

ϵ→0
Z−1
O ðz; pz

R; μR; ϵÞh̃Bðz; Pz; ϵÞ; ð111Þ

which allows us to compute the matching coefficients in
continuum perturbation theory. Note that δm vanishes in ZO
due to the use of DR.
By Fourier transforming the previously mentioned renor-

malized matrix element to momentum space, one can then
work out the RI/MOM matching coefficient for the quasi-
PDFs (Stewart and Zhao, 2018). One-loop matching coef-
ficients for different spin structures were obtained by Liu et al.
(2018, 2020) and Stewart and Zhao (2018), and the two-loop
result for the unpolarized case was given by Chen, Wang, and
Zhu (2020a). Alternatively, one can also first convert the
RI/MOM matrix element to the MS or modified MS schemes
(Constantinou and Panagopoulos, 2017; Alexandrou, Cichy
et al., 2019), then do the Fourier transform and momentum-
space matching.

3. Ratio scheme

In the coordinate-space factorization, jzj ≪ Λ−1
QCD must be

small, whereas Pz can be of any value. In this case, the ratio
scheme given by Orginos et al. (2017) and Radyushkin
(2017a) can be an effective choice for lattice renormalization.
Consider the ratio

h̃ðλ; z2; aÞ=h̃ð0; z2; aÞ; ð112Þ
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where the denominator is a nonperturbative matrix element at
Pz ¼ 0. Since h̃ðλ; z2; aÞ and h̃ð0; z2; aÞ calculated from the
same lattice ensemble are correlated with each other, the error
in the ratio can be reduced. The ratio does not need further
renormalization on the lattice, so one can directly take the
continuum limit as follows:

lim
a→0

h̃ðλ; z2; aÞ
h̃ð0; z2; aÞ ¼

h̃ðλ; z2Þ
h̃ð0; z2Þ ; ð113Þ

which was referred to as the “reduced Ioffe-time pseudodis-
tribution” by Orginos et al. (2017) and Radyushkin (2017a).
In the MS scheme, h̃ð0; z2μ2Þ has a small-z expansion

h̃ð0; z2μ2Þ ¼ C0ðz2μ2Þ þOðz2M2; z2Λ2
QCDÞ; ð114Þ

where the lowest moment of the isovector quark PDF a0 is
trivially 1. If we ignore all the power corrections, then
h̃ð0; z2μ2Þ is perturbative and can be regarded as a renorm-
alization factor. Therefore, the ratio in Eq. (113) still satisfies a
OPE or factorization formula similar to Eqs. (95) and (98),
except that the matching coefficient must be modified corre-
spondingly (Izubuchi et al., 2018; Radyushkin, 2018a) as

Cratioðα; z2μ2Þ ¼ Cðα; z2μ2Þ − δð1 − αÞC0ðz2μ2Þ: ð115Þ

In other variants of the ratio scheme, it has also been
suggested that one replaces h̃ð0; z2; aÞwith the vacuum matrix
element of the nonlocal Wilson-line operator (Braun,
Vladimirov, and Zhang, 2019; Li, Ma, and Qiu, 2020), as
the UV divergence does not depend on the external state.

4. Hybrid scheme

Since the factorization formula for the quasi-PDF is proven
only in the MS scheme, it is not legitimate to use momentum-
space factorization for any schemes that differ from MS
nonperturbatively. The RI/MOM and ratio schemes fall into
this category, as the conversion factors that match them to MS
include logarithms of z2 (Constantinou and Panagopoulos,
2017; Izubuchi et al., 2018), which requires one to run αs to
the IR region when z ∼ Λ−1

QCD. In contrast, the Wilson-line
mass-subtraction scheme with wave-function renormaliza-
tions is essentially the same as MS, so it will not introduce
extra IR effects.
However, the Wilson-line mass-subtraction scheme also has

disadvantages. On the lattice, due to discretization effects at
z ∼ a, the lattice scheme cannot reproduce the short-distance
ln z2 behavior of the MS matrix elements of the nonlocal
operator. Such discretization effects, however, are canceled in
the RI/MOM or ratio schemes. To take advantage of both
types of schemes, a hybrid scheme was proposed by Ji et al.
(2020) that provides a viable approach to renormalize the
quasi-LF correlations at all z.
To begin with, for jzj ≤ zS where zS is smaller than the

distance at which the leading-twist approximation in the
OPE becomes unreliable, one renormalizes the quasi-LF
correlation as

h̃ðz; a; PzÞ
ZXðz; aÞ

; ð116Þ

where X can be the RI/MOM or ratio scheme.
For jzj > zS, one applies the Wilson-line mass subtraction

h̃ðz; a; PzÞe−δmjzjZhybrid; ð117Þ

where Zhybrid denotes the wave-function and vertex renorm-
alizations, which can be nonperturbatively determined by
imposing a continuity condition at z ¼ zS as follows:

Zhybride−δmjzSjh̃ðz; a; PzÞ ¼ h̃ðz; a; PzÞ
ZXðzS; aÞ

; ð118Þ

which leads to

ZhybridðzS; aÞ ¼ eδmjzSj=ZXðzS; aÞ: ð119Þ

In this way, one has to calculate only δm. Note that the final
result should be independent of zS, so one should try multiple
values and find the optimal one around which the result
changes the most slightly.
The perturbative matching for the hybrid renormalized

quasi-PDF can be derived accordingly. Taking ZX as the
zero-momentum matrix element in the ratio scheme as an
example, the OðαsÞ matching has been derived as (Ji et al.,
2020)

Chybrid½ξ;μ2=ðpzÞ2; z2Sμ2� ¼ Cratio½ξ;μ2=ðpzÞ2�

þ αsCF

2π

3

2

�
−

1

j1− ξjþ
þ 2Si½ð1− ξÞλS�

πð1− ξÞ þ ln
e−2γE

λ2S
δð1− ξÞ

�
;

ð120Þ

where Cratio was given by Izubuchi et al. (2018), ξ ¼ y=x, and
λS ¼ zSpz, with pz ¼ xPz the parton momentum. The plus
function is defined as

1

j1 − ξjþ
≡ lim

β→0þ

�
θðj1 − ξj − βÞ

j1 − ξj þ 2δð1 − ξÞ ln β
�
: ð121Þ

Owing to a finite lattice volume and deteriorating signal-to-
noise ratios at large z, the available lattice data have to be
truncated at zL. As discussed in Sec. III.C, the quasi-LF
correlation has a correlation length ξz ∼ Λ−1

QCD and exhibits an
exponential decay at large z (∼1 fm). If zL is not sufficiently
large and the quasi-LF correlation still has a considerable
nonzero value, then a direct Fourier transform truncated at zL
will lead to unphysical oscillations and other systematics in
the quasi-PDF.
To improve this situation, it is suggested in the hybrid

scheme to perform an extrapolation to z → ∞ (Ji et al., 2020).
When Pz is not large and the lattice matrix elements exhibit
exponential behavior near zL, one can use the form ∼e−z=ξz to
do the extrapolation, although some algebraic behavior can be
added on top to better reflect the z dependence. If Pz is large,
then the signal-to-noise ratio gets worse, so zL is smaller. In
this case, the quasi-LF correlation is yet to show exponential
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decay and is dominated by the leading-twist contributions, so
one can use the algebraic decay form to do the extrapolation.
Since λL ¼ zLPz can reach reasonably large values with
contemporary computing resources, the extrapolation will
affect only the small-x region, for which the LaMET expan-
sion is not well under control after all.
To summarize, the hybrid scheme provides a proper

renormalization of the quasi-LF correlations at all z, which
allows for a controlled calculation of the PDF for x ∈
½xmin; xmax� through a LaMET expansion in momentum space.
Therefore, we expect it to play a dominant role in the LaMET
calculation of PDFs in the future.

E. Total gluon helicity ΔG and transversity PDF

Apart from the collinear PDFs, the first application of
LaMET is the gluon helicity contribution ΔG to the proton
spin (Ji, Zhang, and Zhao, 2013). In the naive sum rule for the
proton spin (Jaffe and Manohar, 1990), ΔG is related to the
following matrix element of a nonlocal light-cone correlation
operator (Manohar, 1991):

ΔG¼hPSji
Z

dxdλ
4πxPþ e

iλxFþαð0ÞWð0;λnÞF̃þ
α ðλnÞjPSi; ð122Þ

which in the light-cone gauge Aþ ¼ 0 reduces to

ΔG ¼ hPSjðE⃗ × A⃗ÞzjPSi=ð2PþÞ: ð123Þ

Within the LaMET framework, one can start with a static
“gluon spin” operator, which is defined as E⃗ × A⃗ fixed in a
time-independent gauge that maintains the transverse polar-
izations of the gluon field in the IMF limit. For example,

the Coulomb gauge ∇⃗ · A⃗ ¼ 0 and axial gauges Az ¼ 0 and
A0 ¼ 0 are viable options (Hatta, Ji, and Zhao, 2014).
In the Coulomb gauge and the MS scheme, the static gluon

spin ΔG̃ in a large on-shell quark state at one-loop order is
(Chen et al., 2011; Ji, Zhang, and Zhao, 2013)

ΔG̃ðPz; μÞð2SzÞ ¼ hPSjϵij⊥Fi0AjjPSiqj∇⃗·A⃗¼0

¼ αsCF

4π

�
5

3
ln

μ2

m2
−
1

9
þ 4

3
ln
ð2PzÞ2
m2

�
ð2SzÞ;

ð124Þ

where the subscript q denotes a quark and Sμ is the spin vector.
The collinear divergence is regulated by the finite quark
mass m.
If we follow the procedure used by Weinberg (1966) and

take the Pz → ∞ limit before UV regularization (Ji, Zhang,
and Zhao, 2013), then

ΔG̃ð∞; μÞð2SzÞ ¼ hPSjϵij⊥Fi0AjjPSiqj∇⃗·A⃗¼0

¼ αsCF

4π

�
3 ln

μ2

m2
þ 7

�
ð2SzÞ; ð125Þ

which is exactly the same as the light-cone gluon helicity
ΔGðμÞ (Hoodbhoy, Ji, and Lu, 1999). Therefore, despite the
difference in the UV divergence, the collinear divergences of

ΔG̃ðPz; μÞ and ΔGðμÞ are exactly the same, which allows for
a perturbative matching between them.
The complete factorization formula that relates ΔG̃ðPz; μÞ

to ΔG and ΔΣ is

ΔG̃ðPz; μÞ ¼ ZggðPz=μÞΔGðμÞ
þ ZgqðPz=μÞΔΣðμÞ þ � � � ; ð126Þ

where the ellipsis represents the power corrections suppressed
by 1=Pz and the matching coefficients Zgg and Zgg have been
calculated for the Coulomb gauge at one loop (Ji, Zhang, and
Zhao, 2015).
In addition, one can calculate the gluon helicity PDF ΔgðxÞ

according to the factorization formula in Sec. III, then
integrate it over x to obtain ΔG.
At leading twist, in addition to the unpolarized and helicity

PDFs that we discussed earlier, there is also the transversity
PDF defined as (Jaffe and Ji, 1991, 1992)

h1ðxÞ¼
1

2Pþ

Z
dλ
2π

e−iλxhPS⊥jψ̄ð0Þγþγ⊥γ5ψðλnÞjPS⊥i: ð127Þ

h1ðxÞ simply counts the number of transversely polarized
quarks carrying the momentum fraction x in a transversely
polarized proton. The first moment of this distribution
corresponds to the so-called tensor charge δq, which is the
matrix element of a chiral-odd operator. h1ðxÞ can be accessed
through the transverse-transverse-spin asymmetry in Drell-
Yan processes (Ralston and Soper, 1979; Jaffe and Ji, 1991,
1992) or the Collins single-spin asymmetry in semi-inclusive
deep-inelastic scattering (SIDIS), where the transversity
TMDPDF couples to a chiral-odd TMD-fragmentation func-
tion (Collins, 1993). At present, experimental results on the
transversity PDF are limited (Barone, Drago, and Ratcliffe,
2002; Kang et al., 2016; Lin, Melnitchouk et al., 2018; Radici
and Bacchetta, 2018; Cammarota et al., 2020), especially for
the sea quark contributions (Chang and Peng, 2014), so this is
one scenario where a lattice QCD calculation can make an
important difference.
The LaMET calculation of h1ðxÞ is straightforward, as the

nonlocal operator has the same renormalization as the unpo-
larized case, and its one-loop matching has been calculated in
the MS and RI/MOM schemes at one-loop order (Alexandrou
et al., 2018b; Liu et al., 2018). The first lattice calculations of
h1ðxÞ were made by Chen et al. (2016), Alexandrou et al.
(2018b), and Liu et al. (2018), which we discuss in more detail
in Sec. VI.

IV. GENERALIZEDCOLLINEAR-PARTONOBSERVABLES

In Sec. III, we extensively discussed the leading-twist
collinear PDFs that characterize the 1D structure of the proton
in longitudinal-momentum space. There are various other
parton observables that provide complementary information.
In this section, we focus on observables defined by collinear-
parton correlators, in the sense that only the collinear quark
and gluon mode contribute, corresponding to the so-called
collinear expansion in QCD factorizations (Sterman, 1993;
Collins, 2011a). We call them “generalized collinear-parton
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observables” (GCPOs) and discuss their calculations through
a LaMET framework. Observables defined by parton corre-
lators involving transverse separations, in particular, the
TMDPDFs, Wigner functions, and light-front wave functions
(LFWFs), are considered later.
Some of the important GCPOs are the GPDs introduced by

Müller et al. (1994) and rediscovered (Ji, 1997b) due to their
connection to the spin structure of the proton. They describe
the correlation between the transverse position and longi-
tudinal momentum of partons inside the proton, and thus
provide important information for 3D imaging of the proton.
A proton spin sum rule was derived in terms of the moments of
the GPDs, which has stimulated considerable general interest
in the GPDs. It was also found that in the so-called zero
skewness limit or when the longitudinal-momentum transfer
vanishes, the GPD has a probability interpretation in the
impact parameter space (Burkardt, 2000). In a general case,
it is related to the quantum phase-space distributions or
Wigner functions (Ji, 2003; Belitsky, Ji, and Yuan, 2004).
Experimentally, the GPDs can be measured through hard
exclusive processes such as DVCS or deeply virtual meson
production (DVMP), which were first proposed by Ji (1997a,
1997b). Much effort has been devoted to measuring such
processes at completed and ongoing experiments, including
HERA, COMPASS, and JLab. For a more comprehensive
discussion on the GPDs, see the reviews by Ji (1998, 2004),
Diehl (2003), and Belitsky and Radyushkin (2005). Despite
the fact that the GPDs have a more complicated kinematic
dependence and relation to experimental observables, various
fitting methods have been proposed in the literature to fit
available DVCS and DVMP data (Favart et al., 2016;
Kumericki, Liuti, and Moutarde, 2016). In parallel, one can
also extract certain information on the GPDs from lattice
calculations of their moments (Gockeler et al., 2004; Hagler
et al., 2008; Alexandrou et al., 2020), which is again limited
due to the same difficulties as exist in lattice calculations of the
PDF moments. For the JLab 12 GeV program and the future
EIC, it is important to have first-principle calculations of
GPDs with a much better understanding of the physical
landscape in different kinematic variables.
A simpler but closely related GCPO is the parton DAs,

which are collinear matrix elements of light-cone operators
between a hadron state and the QCD vacuum, representing the
probability amplitude of finding a given Fock state in the
hadron. They can be probed in certain exclusive processes
(Brodsky, 2002) and are crucial inputs for processes relevant
to measuring fundamental parameters of the standard model
and for probing new physics. There is a vast amount of
literature on this subject, particularly regarding the pion DA.
For a review see Brodsky and Lepage (1989), Grozin (2005),
and Braun (2006).
Another type of GCPO involves the higher-twist parton

distributions. They are defined by multiparton correlation
functions and quantify the proton structure in terms of
longitudinal-momentum correlations (Jaffe and Soldate,
1982; Ellis, Furmanski, and Petronzio, 1983; Jaffe and Ji,
1992). Although physically interesting, they are hard to
separate theoretically due to mixing with the leading-twist
ones (Mueller, 1985; Ji, 1995) and difficult to extract exper-
imentally because they are power suppressed (Ji, 1993).

Higher-twist effects can become important in kinematic
regions where the suppression is relaxed. Moreover, some
twist-3 distributions (gT and hL) are different; they have no
leading twist to mix with and are dominant in spin-related
observables (Jaffe and Ji, 1992). Twist-3GPDs are also relevant
for studying parton OAM in the proton (Hatta and Yoshida,
2012; Ji, Xiong, and Yuan, 2013; Courtoy et al., 2014) and can
be accessed through the DVCS process (Penttinen et al., 2000;
Kiptily and Polyakov, 2004).
In principle, all the previously discussed GCPOs can be

computed within LaMET. In addition, an accurate LaMET
expansion for the leading-twist PDFs requires calculations of
quasi higher-twist matrix elements. In the following, we begin
with the flavor nonsinglet quark GPDs and hadronic DAs, for
which the computational procedure has been well established,
then give some generic discussions on higher-twist distribu-
tions, followed by a discussion on power-suppressed contri-
butions required to extract the leading-twist quark PDFs,
which have been investigated using different approaches but
not yet implemented in numerical computations.

A. Generalized parton distributions

The operators defining the GPDs are the same as those
defining the PDFs. Thus, the LaMET calculation of PDFs can
be straightforwardly generalized to the GPDs by taking into
account the nonforward kinematics (Liu et al., 2019b). To
illustrate how this works, we take the nonsinglet unpolarized
quark GPDs in the nucleon as an example.
The unpolarized quark GPDs are defined through the

following matrix element (Ji, 2004):

F ¼ 1

2P̄þ

Z
dλ
2π

e−ixλhP0S0jOγþðλnÞjPSi

¼ 1

2P̄þ ūðP0S0Þ
�
Hγþ þ E

iσþμΔμ

2M

�
uðPSÞ; ð128Þ

where we have suppressed the arguments ðx; ξ; t; μÞ of F, H,
and E for simplicity. The operator

OγþðλnÞ ¼ ψ̄

�
λn
2

�
γþW

�
λn
2
;−

λn
2

�
ψ

�
−
λn
2

�
; ð129Þ

with nμ ¼ ð1= ffiffiffi
2

p Þð1=P̄þ; 0; 0;−1=P̄þÞ, is the same operator
used to define the unpolarized quark PDF, and M is the
nucleon mass. The momentum fraction x ∈ ½−1; 1�, and

Δ≡P0−P; t≡Δ2; ξ≡−
P0þ −Pþ

P0þ þPþ ¼−
Δþ

2P̄þ ; ð130Þ

where without loss of generality we have chosen a Lorentz
frame in which the average momentum takes the following
form:

P̄μ ≡ P0μ þ Pμ

2
¼ ðP̄0; 0; 0; P̄zÞ: ð131Þ
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The skewness parameter ξ ∈ ½−1; 1� since Pþ; P0þ ≥ 0. There
exists another kinematic constraint on ξ that follows from

Δ⃗2⊥ ≥ 0:

ξ ≤ ξmaxðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−t
−tþ 4M2

r
: ð132Þ

In the following, we also assume ξ > 0 without loss of
generality. With these kinematic constraints, the GPDs can
be divided into several kinematic regions that have different
physical interpretations. As shown in Fig. 8, in the region
ξ < x < 1 (−1 < x < −ξ) the distribution describes the emis-
sion and reabsorption of a quark (antiquark), while in the
region −ξ < x < ξ it represents the creation of a quark and
antiquark pair. The first region is similar to that present in
usual PDFs and referred to as the DGLAP region, whereas the
second is similar to that in a meson DA, which is discussed
later in this section, and referred to as the Efremov-
Radyushkin-Brodsky-Lepage (ERBL) region. The easiest
way to see this is in light-cone quantization and light-cone
gauge, where the matrix element defining the GPDs can be
rewritten in terms of parton creation and annihilation oper-
ators; for details see Ji (2004).
The previously defined quark GPDs have a number of

remarkable properties [see Ji (1998, 2004), Diehl (2003), and
Belitsky and Radyushkin (2005)] that either hold or have
similar counterparts for the later-defined quark quasi-GPDs.
In addition to being physically significant, these properties
also serve as useful checks on calculations related to GPDs.
According to LaMET, the previously defined unpolarized

quark GPDs can be determined by calculating the following
quasi-GPDs:

F̃ ¼ 1

2P̄0

Z
dλ
2π

eiyλhP0S0jOγ0ðzÞjPSi

¼ 1

2P̄0
ūðP0S0Þ

�
H̃γ0 þ Ẽ

iσ0μΔμ

2M

�
uðPSÞ; ð133Þ

where we have again suppressed the arguments ðy; ξ̃; t; P̄z; μÞ
of F̃, H̃, and Ẽ. The operator Oγ0ðzÞ ¼ ψ̄ðz=2Þ×
γ0Wðz=2;−z=2Þψð−z=2Þ is the same operator as that defining
the unpolarized quark quasi-PDF, and λ ¼ zP̄z. As in the
quasi-PDF case, the momentum fraction y extends from −∞
to ∞. The skewness parameter for the quasi-GPD

ξ̃ ¼ −
P0z − Pz

P0z þ Pz ¼ −
Δz

2P̄z ¼ ξþO
�

M2

ðP̄zÞ2 ;
t

ðP̄zÞ2
�

ð134Þ

differs from the light-cone skewness ξ by power-suppressed
corrections. Moreover, the constraint from Δ⃗2⊥ ≥ 0 becomes
(Ji, Schäfer et al., 2015)

ξ̃ ≤
1

2P̄z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−t½ðP̄zÞ2 þM2 − t=4�

M2 − t=4

s
; ð135Þ

which differs from the constraint in Eq. (132) by corrections of
O(M2=ðP̄zÞ2; t=ðP̄zÞ2). We can replace ξ̃ with ξ and attribute
the difference to generic power-suppressed contributions.
The previously defined quasi-GPDs can be renormalized by

observing that their UV divergence depends only on the
operators defining them, not on the external states. Since
Oγ0ðzÞ is multiplicatively renormalized, we can choose the
same renormalization factor as for the quasi-PDF (Stewart and
Zhao, 2018; Liu et al., 2020) to renormalize the quasi-GPD.
After renormalization, the quasi-GPD can then be matched to
the usual GPD through a factorization formula.
The factorization of quasi-GPDs was first proposed and

verified at one-loop order by Ji, Schäfer et al. (2015) and
Xiong and Zhang (2015), where a transverse-momentum
cutoff and a quark mass were used as the UVand IR regulator,
respectively. Later a detailed derivation based on OPE was
given by Liu et al. (2019a). In comparison to the OPE for the
quasi-PDF, a crucial difference here is that the total derivative
of operators can come into play, as it simply gives momentum
transfer factors when sandwiched between nonforward exter-
nal states, and therefore is nonvanishing. In other words, the
local twist-2 operators in Eq. (97) will mix under renormal-
ization with operators with total derivatives. The RGE that
governs the mixing reads (Braun, Korchemsky, and Müller,
2003)

μ2
d
dμ2

Oμ0μ1���μnðμÞ

¼
X½n=2�
m¼0

Γnm½i∂ðμ1 � � � i∂μ2m ψ̄γμ0 iD
↔μ2mþ1 � � � iD↔μnÞ

ψ − trace�;

ð136Þ

where Γnm is the anomalous dimension of the associated

operators D
↔ ¼ ðD⃗ − D⃖Þ=2, with D⃗ (D⃖) denoting the covariant

derivative acting to the right (left). Equation (136) can be
diagonalized by choosing an appropriate operator basis. Such
an operator basis has been studied in the literature and is
known as “renormalization group improved” conformal oper-
ators (Müller, 1994; Braun, Korchemsky, and Müller, 2003).
In terms of the matrix elements of these operators, we have

FIG. 8. Parton interpretation of the GPDs in different kinematic regions.
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hP0jOγ0ðzÞjPi¼2P0
X∞
n¼0

Cnðμ2z2ÞF nð−λÞ
Xn
m¼0

BnmðμÞ

×ξn
Z

1

−1
dxC3=2

m

�
x
ξ

�
Fðx;ξ;t;μÞþ���; ð137Þ

where F nð−λÞ are partial wave polynomials whose explicit
forms are known in the conformal OPE of current-current
correlators for hadronic light-cone DAs (Braun and Müller,
2008), Bnm was given by Müller (1994) and Braun,
Korchemsky, and Müller (2003), and the ellipsis denotes the
higher-twist contributions O(M2=ðP̄zÞ2; t=ðP̄zÞ2; z2Λ2

QCD).
Fourier transforming the lhs of Eq. (137) to momentum

space and inverting it order by order in αs, we obtain the
following EFT expansion of the unpolarized quark GPD:

Fðx; ξ; t; μÞ ¼
Z

∞

−∞

dy
jξj C̄

�
x
ξ
;
y
ξ
;
μ

ξP̄z

�
F̃ðy; ξ; t; P̄z; μÞ þ � � �

¼
Z

∞

−∞

dy
jyjC

�
x
y
;
ξ

y
;
μ

yP̄z

�
F̃ðy; ξ; t; P̄z; μÞ þ � � � ;

ð138Þ

which has been organized in the same spirit as the earlier
factorizations of PDFs. Both forms have been used in the
literature (Ji, Schäfer et al., 2015; Xiong and Zhang, 2015; Liu
et al., 2019a), with the matching coefficients related by

C

�
x
y
;
ξ

y
;
μ

yP̄z

�
¼
 yξ
C̄

�
x
ξ
;
y
ξ
;
μ

ξP̄z

�
ð139Þ

and the ellipsis denoting the higher-twist contributions that
have the same power counting as in Eq. (137) except that z2 is
replaced by 1=ðxP̄zÞ2. For the helicity and transversity quark
quasi-GPDs, the factorization formula has the same form as
Eq. (138) (Liu et al., 2019a).
The matching coefficient can be obtained by replacing

the hadron states in Eqs. (128) and (133) with the quark
states carrying momenta pþ Δ=2 and p − Δ=2, with
pμ ¼ ðp0; 0; 0; pzÞ, and calculating the quark matrix element
in perturbation theory. The explicit expression for the OðαsÞ
matching coefficients was given by Liu et al. (2019a). An
important feature of the result is that the quasi-GPDs do not
vanish in the entire y range, but the collinear singularities
show up only in DGLAP and ERBL regions at one loop. They
are exactly the same as those in light-cone GPDs, and thus
cancel out in the matching coefficient. Moreover, one can
derive momentum RGEs for the quasi-GPDs, which are
turned into RGEs for the scale dependence of the GPDs
using the matching procedure.
To conclude this section, we make some remarks on the

EFT formula for the previous quark GPD. First, at zero
skewness ξ ¼ 0 we have

Fðx;0;t;μÞ¼
Z

∞

−∞

dy
jyjC

�
x
y
;0;

μ

yPz

�
F̃ðy;0;t;Pz;μÞþ���; ð140Þ

where the matching kernel Cðx=y; 0; μ=yPzÞ is exactly the
same as the matching coefficient for the quasi-PDF (Izubuchi

et al., 2018), even when t ≠ 0. This can be understood as
follows: At zero skewness, both the longitudinal-momentum
transfer and the energy transfer vanish, and the momentum
transfer is purely transverse and thus not affected by Lorentz
boost along the longitudinal z direction. As a result, no extra
matching related to t is required in the large-Pz limit, and the
matching remains the same as in the quasi-PDF case. If we
take the forward limit Δ → 0, then Eq. (140) reduces exactly
to the EFT expansion formula for the PDF (Ji, Schäfer et al.,
2015; Izubuchi et al., 2018).
Second, in the limit ξ → 1 and t → 0, the quasi-GPD

reduces to the quasi-DA discussed in Sec. IV.B, and the
corresponding matching kernel also reduces to that of the
quasi-DA.

B. Hadronic distribution amplitudes

Within LaMET, the DAs of protons as well as other hadrons
can also be extracted from lattice simulations of appropriately
chosen quasi-DAs. In this section, we show how this can be
done in practice. For illustration, we take the leading-twist
pion DA as an example. The application to other hadrons
(Wang, Wang et al., 2019; Zhang, Jin et al., 2019) is
analogous.
The leading-twist DA of the pion is the simplest and most

extensively studied hadronic DA. It represents the probability
amplitude of finding the valence qq̄ Fock state in the pion with
the quark carrying a fraction x of the total pion momentum and
is defined as

ϕπðxÞ ¼
1

ifπ

Z
dλ

2πPþ e−iðx−1=2Þλh0jOγþγ5ðλnÞjπðPÞi; ð141Þ

with normalization
R
1
0 dxϕπðxÞ ¼ 1. Here fπ denotes the

decay constant and Oγþγ5ðλnÞ has the same structure as
Eq. (128), with γþ replaced by γþγ5. The pion DA can be
constrained by experimental measurements, such as γγ� → π0

from the BABAR and Belle collaborations (Aubert et al., 2009;
Uehara et al., 2012), then used as an input to test QCD in other
measurements such as the pion form factor (Farrar and
Jackson, 1979; Efremov and Radyushkin, 1980). In the
asymptotic limit, it is well known that the pion DA takes
the form 6xð1 − xÞ (Lepage and Brodsky, 1979; Efremov and
Radyushkin, 1980). However, how it behaves at lower scales
remains under debate; see Chernyak and Zhitnitsky (1982).
Calculating the pion DA with controllable systematics in
LaMETwill enable us to shed new light on its shape, and thus
on our understanding of the pion structure.
Following the same strategy as before, we can access the x

dependence of the pion DA by studying the following quasi-
DA (Ji, Schäfer et al., 2015; Zhang et al., 2017):

ϕ̃πðy; PzÞ ¼ 1

ifπ

Z
dλ

2πPz e
iðy−1=2Þλh0jOγzγ5ðzÞjπðPÞi. ð142Þ

The longitudinally and transversely polarized vector meson
quasi-DAs can be defined analogously by replacing γzγ5 in
Eq. (142) with γ0 and γzγ⊥, respectively (Liu et al., 2019b).
The quark bilinear operators defining quasi-DAs follow the

same renormalization pattern as those defining the quasi-PDFs
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or quasi-GPDs. In the literature, the Wilson-line mass-sub-
traction scheme was used in the first LaMET calculations of
the meson DAs (Zhang et al., 2017; Zhang, Jin et al., 2019),
and the RI/MOM scheme has been adopted in more recent
work (R. Zhang et al., 2020).
The LaMETexpression for DAs takes the following form in

the MS scheme (Ji, Schäfer et al., 2015; Liu et al., 2019b):

ϕπðx; μÞ ¼
Z

∞

−∞
dyCπðx; y; Pz=μÞϕ̃πðy; Pz; μÞ þ � � � : ð143Þ

The matching coefficient for the quasi-DAs can be obtained
by replacing the meson state jπðPÞi in Eqs. (141) and (142)
with the lowest Fock state jqðyPÞq̄½ð1 − yÞP�i and calculating
the quark matrix elements, where yP and ð1 − yÞP are the
momenta of the quark q and antiquark q̄, respectively. Its one-
loop results have been calculated in both the MS and RI/MOM
schemes (Liu et al., 2019b), which agrees with the matching
coefficients for the quasi-GPDs (Ji, Schäfer et al., 2015;
Xiong and Zhang, 2015; Liu et al., 2019a) in Eq. (138), with
the replacement of ξ → 1=ð2y − 1Þ, x=ξ → 2x − 1, and the
external momentum pz to pz=2.
Apart from the LaMET approach in momentum space, the

shape of the pion DA has also been studied using equal-time
current-current correlation in the coordinate-space approach
(Bali et al., 2018; Bali, Braun et al., 2018):

h0jT
�
Jμ

�
z
2

�
Jν

�
−
z
2

��
jπ0ðPÞi ¼ 2ifπ

3π2z4
ϵμναβPαzβΦπðλ; z2Þ;

ð144Þ

where Φπðλ; z2Þ can be factorized as

Φπðλ; z2Þ ¼ C2ðλ; z2μ2; xÞ ⊗ ϕπðx; μÞ þ � � � : ð145Þ

In Eq. (145) the matching coefficient C2 depends on the
choice of the currents. Its explicit expression was given by
Bali, Braun et al. (2018). This factorization is controlled by
Oðz2Λ2

QCDÞ, with power corrections denoted by an ellipsis.
Bali, Braun et al. (2018) performed a combined analysis of
several current-current correlations where twist-4 contribu-
tions were also included using the model estimate of Braun
and Filyanov (1990) and Ball, Braun, and Lenz (2006). The
leading-twist pion DA was then extracted from a global fit to
the data, and the second moment of the pion DA has been
fitted with controlled precision, both of which favor a
considerably broader shape than the asymptotic DA at a scale
of 2 GeV. A large pion momentum is required to access
information at large λ so that we can extract a wider range of x
or higher moments of the pion DA (Bali et al., 2018).

C. Higher-twist distributions

Higher-twist distributions are quantities of great interest
because they describe the coherent quark-gluon correlations in
the proton. Compared to the leading-twist distributions, our
understanding of the higher-twist ones is rather poor. On the
one hand, they often depend on more than one parton
momentum fraction; on the other hand, there is no physical

intuition about what they may look like, in particular, about
how they behave asymptotically at small and large x (Braun
et al., 2011). There have been studies on the higher-twist
distributions in the context of their connection to the DIS
structure function, the transverse single-spin asymmetries in
various hadron productions, GPDs related to quark and gluon
OAM, parton DAs, etc. LaMETwill be able to shed new light
by providing a possibility to access them from the lattice.
Higher-twist contributions also appear in the LaMET

expansion, where the suppression is provided by powers of
the hadron momentum squared. In all of the previously
presented factorizations, only the leading-twist terms that
capture the logarithmic dependence on hadron momentum
were taken into account. The higher-twist contributions have
been assumed to be small. If the hadron momentum is not
sufficiently large and/or one is close to the end-point region
(x → 0 and x → 1), the higher-twist contributions can
become non-negligible; their structure and impact require
understanding.

1. Higher-twist collinear-parton observables

Beyond leading twist, the three simplest twist-3 quark
distributions eðxÞ, gTðxÞ, and hLðxÞ related to unpolarized,
transversely, and longitudinally polarized protons (Jaffe and
Ji, 1992) are

eðxÞ ¼ 1

2M

Z
dλ
2π

eixλ

×hPSjψ†
þð0Þγ0ψ−ðλnÞjPSi þ H:c:; ð146Þ

gTðxÞ ¼
1

2M

Z
dλ
2π

eixλ

× hPS⊥jψ†
þð0Þγ0γ⊥γ5ψ−ðλnÞjPS⊥i þ H:c:; ð147Þ

hLðxÞ ¼
1

2M

Z
dλ
2π

eixλ

× hPSzjψ†
þð0Þγ0γ5ψ−ðλnÞjPSzi þ H:c:; ð148Þ

where we have again employed the decomposition of quark
fields ψ ¼ ψþ þ ψ− from Sec. I.A and the light-cone gauge
Aþ ¼ 0 and H.c. stands for Hermitian conjugate.
The twist-3 distributions can contribute as leading effects in

certain experimental observables. For example, gTðxÞ and
hLðxÞ can be measured as the leading effects in the longi-
tudinal-transverse-spin asymmetry in polarized Drell-Yan
process.
Since ψ− is a nondynamical component depending on ψþ,

all previously mentioned distributions can be shown to be
related to more complicated quark-gluon correlation functions
(Ji and Chou, 1990; Balitsky et al., 1996). A complete set of
such correlation functions was given by Qiu and Sterman
(1991), Ji (1992), Ji and Osborne (2001), and Kang and Qiu
(2009), where the quark-gluon correlations in a transversely
polarized proton take the following form:
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Tqðx1; x2Þ ¼
1

ðPþÞ2
Z

dλdζ
ð2πÞ2 e

iλx1þiζðx2−x1Þ

×hPS⊥jψ̄ð0Þγþϵþ−S⊥igFþiðζnÞψðλnÞjPS⊥i;
ð149Þ

TΔqðx1; x2Þ ¼
1

ðPþÞ2
Z

dλdζ
ð2πÞ2 e

iλx1þiζðx2−x1Þ

× hPS⊥jψ̄ð0Þiγþγ5Si⊥gFþiðζnÞψðλnÞjPS⊥i:
ð150Þ

There are also correlations in an unpolarized and longitudi-
nally polarized proton. Generalizing to off-forward kinemat-
ics, the resulting twist-3 GPDs are also related to quark and
gluon OAM contributions to the proton spin (Hatta and
Yoshida, 2012; Ji, Xiong, and Yuan, 2013).
One can also define twist-4 distributions in a manner similar

to Eq. (149) by using ψ− for both quark fields. More general
twist-4 distributions will involve three light-cone variables
that contribute to the 1=Q2 term in DIS (Jaffe and Soldate,
1982; Ellis, Furmanski, and Petronzio, 1983; Jaffe and Ji,
1992; Ji, 1993).
In principle, all of these higher-twist distributions, as well as

others that are not listed here, can be computed using the
LaMET approach by choosing appropriate quasi-LF correla-
tions. For example, the first exploratory lattice calculation of
gTðxÞ was done by Bhattacharya et al. (2020a), which we
discuss inSec.VI.C.However, extra complications are expected
due to their complex structure. For instance, the light-cone zero
modes that do not enter into dealing with leading-twist
distributions come into play here. Recently Ji (2020) showed
how to study the properties of these zero modes from lattice
simulations in LaMET. In addition, the higher-twist distribu-
tions will have a more complex mixing pattern (Ji and Chou,
1990; Balitsky et al., 1996). Thus, their matching from the
corresponding quasidistributions must take such mixings into
account, making them more challenging to calculate than the
twist-2 PDFs. One-loop studies of the matching for twist-3
distributions were carried out by Bhattacharya et al. (2020b,
2020c) and Braun, Ji, and Vladimirov (2021).

2. Higher-twist contributions to quasi-PDFs

We now turn to the power-suppressed higher-twist con-
tributions appearing in the extraction of leading-twist quark
PDFs using LaMET. Such contributions have two distinct
origins. To understand them, we recall the OPE for the quasi-
LF correlation in Eq. (98). For simplicity, we ignore the
renormalization here. Recovering the leading-twist quark PDF
requires one to remove the contributions of both trace terms in
that equation. The trace terms on the rhs of Eq. (98), which
lead to contributions suppressed by powers of M2=ðPzÞ2, are
known as kinematic power contributions or target-mass
corrections. In DIS, they can be accounted for by changing
the scaling variable x to the Nachtmann variable (Nachtmann,
1973). In the case of LaMET, it behaves slightly differently, as
shown later. The second type of power corrections come from
the trace terms in the operators on the rhs of Eq. (97), and in
general leads to contributions of O(Λ2

QCD=ðPzÞ2). These are

genuine higher-twist contributions that involve multiparton
correlations, sometimes also known as dynamical higher-twist
contributions. The target-mass corrections have been com-
puted to all orders in M2=ðPzÞ2 for the quark quasi-PDFs
given by Chen et al. (2016) and Radyushkin (2017c). Genuine
higher-twist contributions have been investigated using two
different approaches (Chen et al., 2016; Braun, Vladimirov,
and Zhang, 2019).
According to Chen et al. (2016), the M2=ðPzÞ2 corrections

can be obtained from the ratio

Km ≡ nðμ1 � � � nμmÞPμ1 � � �Pμm

nμ1 � � � nμmPμ1 � � �Pμm
¼

Ximax

i¼0

Ci
m−ic

i; ð151Þ

where imax ¼ ðm −mod½m; 2�Þ=2, C is the binomial function,
and c¼−n2M2=4ðn ·PÞ2¼M2=4ðPzÞ2, with nμ¼ð0;0;0;−1Þ
and n · P ¼ Pz.
Plugged into the tree-level OPE formula in Eq. (98), these

factors can then be converted into the following relation
between an unpolarized PDF and a quasi-PDF (Chen et al.,
2016):

qðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4c

p X∞
n¼0

ð4cÞn
f2nþ1
þ

�
½1þ ð−1Þn�q̃

�
f2nþ1
þ x

2ð4cÞn
�

þ ½1 − ð−1Þn�q̃
�
−f2nþ1

þ x
2ð4cÞn

��
; ð152Þ

where fþ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4c

p þ 1. Note that quark number conser-
vation is preserved in Eq. (152). The target-mass corrections
for the longitudinally and transversely polarized quasi-PDFs
can be derived analogously.
The trace part on the rhs of Eq. (97) is a genuine higher-

twist effect. One may try to construct a nonlocal form of the
higher-twist operators from the OPE. The leading trace term,
which is a twist-4 effect, was studied by Chen et al. (2016)
[see also Balitsky and Braun (1989)] and shown to give rise to
a twist-4 PDF

q4ðx; PzÞ ¼
Z

∞

−∞

dλ
8πPz Γ0ð−ixλÞhPjOtrðzÞjPi; ð153Þ

with

OtrðzÞ ¼
Z

z

0

dz1ψ̄ð0Þ
�
ΓνWð0; z1ÞDνWðz1; zÞ

þ
Z

z1

0

dz2n · ΓWð0; z2ÞDνWðz2; z1ÞDνWðz1; zÞ
�

× ψðznÞ; ð154Þ

where one has Γμ ¼ γμ; γμγ5; γ⊥γμγ5 for the unpolarized,
helicity, and transversity PDFs, respectively. Γ0 is the incom-
plete gamma function

Γ0ð−ixÞ ¼
Z

1

0

dt
t
eix=t: ð155Þ

The previous twist-4 contribution needs to be removed from
the quasi-PDF to recover the leading-twist PDF. It also
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provides a possibility for practical computations on the lattice.
However, as a multiparton correlation involving more gauge
links and covariant derivatives, its lattice computation is
challenging and has not been carried out in any existing work.
Another approach that has been used to estimate power

corrections related to quark quasi-PDFs is the renormalon
model; see Beneke (1999) for a comprehensive review. The
model is based on the observation that the perturbative
expansion of the matching coefficient for the quasi-PDF
diverges factorially with the loop order, implying that it is
only well defined up to a power accuracy. This is known as the
renormalon ambiguity, which must be canceled out by terms
in the higher-twist contributions.
Braun, Vladimirov, and Zhang (2019) showed that the

cancellation of renormalon ambiguity requires the leading
higher-twist or twist-4 contribution to take the following form:

q4ðy; Pz; μÞ ¼ μ2
Z

1

−1

dx
jxjD

�
y
x

�
qðx; μÞ þ q04ðy; Pz; μÞ; ð156Þ

where the first term on the rhs cancels out the renormalon
ambiguity from the leading-twist matching coefficient and q04
depends on μ at most logarithmically. Since the first term is to
merely cancel out similar contributions in the matching
coefficient, it does not contribute to any physical observable.
The renormalon model of power corrections (Beneke and
Braun, 1995; Dasgupta and Webber, 1996, 1997; Dokshitzer,
Marchesini, and Webber, 1996; Beneke, Braun, and Magnea,
1997; Braun, Gardi, and Gottwald, 2004) is based on the
assumption that, by replacing μ with a suitable nonperturba-
tive scale, this contribution reflects the order and the func-
tional form of actual power-suppressed contributions. This
was referred to as “ultraviolet dominance” by Braun (1995),
Beneke (1999), and Beneke and Braun (2000). Under this
assumption, we obtain the following estimate:

q4ðy; Pz; μÞ ¼ κΛ2
QCD

Z
1

−1

dx
jxjD

�
y
x

�
qðx; μÞ; ð157Þ

where κ is a dimensionless coefficient of Oð1Þ that cannot be
fixed within theory and remains a free parameter.
A detailed analysis (Braun, Vladimirov, and Zhang, 2019)

showed that for the quasi-PDF we have

q4ðy; PzÞ ¼ κΛ2
QCD

y2ð1 − yÞðPzÞ2

× ð1 − yÞ
�Z

1

jyj

dx
x

�
x2

ð1 − xÞþ
− 2x2

�
q

�
y
x

�

þ 2qðyÞ − jyjq0ðyÞ
�
; ð158Þ

where the first term in the integral was reproduced in a recent
analysis of the renormalon effects in the quasi-PDF (Liu and
Chen, 2020). As one can see, the second row vanishes as qðyÞ
when y → 1 if limy→1 qðyÞ ∼ ð1 − yÞa with a > 0. This gives
an estimate of the twist-4 contribution on the rhs of Eq. (33),
which implies that the higher-twist contributions are enhanced
as 1=y2 and 1=ð1 − yÞ for y ∼ 0 and y ∼ 1, respectively.

A similar analysis can also be done for the pseudo-PDF.
This result can be used as a way to model the twist-4
contribution with κ as the only parameter.

D. Orbital angular momentum of partons in the proton

Over the past three decades, much experimental and
theoretical work has been done on the origin and structure
of proton spin, which has been covered in depth in various
reviews (Filippone and Ji, 2001; Bass, 2005; Aidala et al.,
2013; Leader and Lorcé, 2014; Ji, 2017; Deur, Brodsky, and
Téramond, 2019; Ji, Yuan, and Zhao, 2020).
In addition to the spin-dependent PDFs and TMDs, the

GCPOs (in particular, the GPDs) also play an important role in
understanding the spin structure of the proton. Since GPDs
describe the correlation between the transverse position and
longitudinal momentum of quarks and gluons inside the
proton, they offer a unique channel to study the OAM from
experiments.
There are two widely known definitions of OAM in

literature. One is the kinetic OAM in the gauge-invariant
and frame-independent sum rule for the proton spin (Ji, 1997a,
1997b), which is related to the first moment of twist-2 GPDs
and can be calculated from the form factors of the symmetric
QCD energy-momentum tensor. A review of the lattice
calculations of kinetic OAM was given by Ji, Yuan, and
Zhao (2020). The other definition, which has a clear partonic
interpretation relative to the kinetic OAM, is the canonical
OAM in the naive partonic sum rule (Jaffe and Manohar,
1990) based on the following free-field form of the QCD
angular momentum:

J⃗ ¼
Z

d3ξ ψ† Σ⃗
2
ψ þ

Z
d3ξ ψ†½ξ⃗ × ð−i∇⃗Þ�ψ

þ
Z

d3ξ E⃗ × A⃗þ
Z

d3ξEiðξ⃗ × ∇⃗ÞAi; ð159Þ

where i is the spatial Lorentz index. The three operators other
than the first one are gauge dependent, and their matrix
elements are generally frame dependent. In high-energy
scattering, there are one frame and one gauge that are special:
the IMF and light-front gauge (Aþ ¼ 0). Therefore, the naive
partonic sum rule for proton spin can be expressed as (Jaffe
and Manohar, 1990)

1
2
¼ 1

2
ΔΣðμÞ þ lzqðμÞ þ ΔGðμÞ þ lzgðμÞ; ð160Þ

where lzqðμÞ and lzgðμÞ are the canonical OAM of the quark and
gluon partons, respectively. Both lzq and lzg can be related to
twist-3 GPDs (Hatta, 2012; Hatta and Yoshida, 2012; Ji,
Xiong, and Yuan, 2013), which can be accessed through spin
asymmetries in hard exclusive processes (Bhattacharya, Metz,
and Zhou, 2017; Hatta et al., 2017; Ji, Yuan, and Zhao, 2017;
Bhattacharya et al., 2018); see the recent review by Ji, Yuan,
and Zhao (2020).
To fully understand the partonic spin structure of the proton,

one also needs to determine the quark and gluon canonical
OAM (lzq and lzg). LaMET allows extraction of lzq and lzg from
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the lattice calculation in the same way as the gluon helicity
that was reviewed in Sec. III.E.
The quasipartonic OAM operators can be chosen as the

free-field operators fixed in gauges that belong to the
universality class (Hatta, Ji, and Zhao, 2014). Their matrix
elements l̃zq and l̃zg can be calculated from the off-forward
matrix elements of the relevant energy-momentum tensors
(Zhao, Liu, and Yang, 2016):

l̃zqð2SzÞ ¼ lim
Δ→0

ϵij
∂

∂iΔi hP0Sjψ†ð0Þi∂jψð0ÞjPSij∇⃗·A⃗¼0
; ð161Þ

where the kinematics is the same as in Eq. (130).
Along with ΔG, l̃zq and l̃zg can be matched to the partonic

quantities defined in the Jaffe-Manohar sum rule through the
following factorization formulas:

l̃zqðPz; μÞ ¼ PqqlzqðμÞ þ PgqlzgðμÞ
þ pqqΔΣðμÞ þ pgqΔGðμÞ þ � � � ; ð162Þ

l̃zgðPz; μÞ ¼ PqglzqðμÞ þ PgglzgðμÞ
þ pqgΔΣðμÞ þ pggΔGðμÞ þ � � � ; ð163Þ

where the ellipses are power corrections suppressed by the
momentum Pz, and the one-loop matching coefficients in
front of each term on the rhs have been calculated in the
Coulomb gauge (Ji, Zhang, and Zhao, 2015). Since the
quasipartonic operators are gauge variant and need to be
fixed in a particular gauge, they can mix with new operators
that are not allowed in Lorentz or gauge symmetries. For
example, the gauge-dependent potential angular momentum

ψ†ðr⃗ × A⃗Þψ comes into play (Wakamatsu, 2014; Ji et al.,
2016). Such mixings must be taken into account in lattice
renormalization to have a controlled calculation of the
canonical OAM.
In addition to this approach, it has also been proposed to

calculate the ratio of lzq and the valence quark number from the
derivatives of off-forward matrix elements of staple-shaped
quark-Wilson-line operators (Engelhardt, 2017), whose def-
inition is given in Eq. (195). The first lattice calculations with
this approach, carried out by Engelhardt (2017) and
Engelhardt et al. (2018), showed different sizes of effects
between the kinetic and canonical OAM. For systematic
improvement in this calculation, one should include the
matching of such matrix elements to the physical lzq in the
limit when the transverse separation of the quark fields
approaches zero.
For the transverse polarization, it is natural to define a twist-

2 partonic transverse angular momentum density of quarks
(Hoodbhoy, Ji, and Lu, 1998; Ji, Xiong, and Yuan, 2012; Ji
and Yuan, 2020; Ji, Yuan, and Zhao, 2020),

Jq⊥ðxÞ ¼ x½qðxÞ þ EqðxÞ�=2; ð164Þ

and a similar approach is followed with gluons, where qðxÞ is
the unpolarized quark PDF and Eq;gðxÞ are the GPDs defined
earlier in this section. Thus, to get a simple partonic picture of

the proton transverse spin from first principles, it is important
to calculate the GPD EðxÞ using LaMET.

V. TRANSVERSE-MOMENTUM-DEPENDENT PDFs

The TMDPDFs are a natural generalization of the collinear
PDFs including both longitudinal and transverse momenta
of partons. They are in principle probability distributions

fiðx; k⃗⊥; σÞ of finding a parton of a given species i, longi-

tudinal and transverse momenta ðxPþ; k⃗⊥Þ, and polarization σ
inside the hadron state. TMDPDFs are playing an increasingly
important role in understanding the partonic structure of
hadrons and high-energy scattering.
The TMD parton densities were introduced by Collins and

Soper in the 1980s (Collins and Soper, 1981, 1982a; Collins,
Soper, and Sterman, 1983, 1985a, 1985b; Bodwin, 1985) to
understand the Drell-Yan (DY) and eþe− annihilation proc-
esses and generalized by Ji, Ma, and Yuan (2004, 2005) to the
SIDIS process. The TMD factorization has been reanalyzed in
the framework of SCET, in which modes are made manifest
by effective fields (Bauer et al., 2001; Bauer, Pirjol, and
Stewart, 2002; Manohar and Stewart, 2007; Becher and
Neubert, 2011; Chiu et al., 2012; Echevarría, Idilbi, and
Scimemi, 2012, 2013). Various TMD factorization formalisms
finally converged to the standard one where a scheme-
independent TMDPDF can be defined (Collins and Rogers,
2013, 2017; Echevarría, Idilbi, and Scimemi, 2013).
The TMD parton densities are important for understanding

the experimental processes where the transverse momenta of
final-state particles are measured. For example, in a DY pair
and W, Z production it is known that the differential cross
section dσ=dQ2

T normally peaks at relatively small transverse
momentum. For Q ∼ 10 GeV, the peak is typically located at
Q⊥ ∼ 1 GeV where nonperturbative effects are important
(Collins, Soper, and Sterman, 1985b). Good knowledge of
TMD parton densities is therefore crucial for the determi-
nation of the cross sections and a precise test of perturbative
QCD predictions.
In addition to their importance for understanding the high-

energy experimental data, the TMD parton densities are also
important by themselves for their crucial role in describing
hadron structures. With them, one can simultaneously study
the fast-moving collinear physics through the longitudinal x
dependencies, and the nonperturbative effect from the trans-

verse k⃗⊥ dependencies. Moreover, the TMDPDFs are sensi-
tive to effects such as soft radiation. Therefore, the physics in
the presence of transverse degrees of freedom is rich. This is
particularly true in studies of spin-dependent phenomena
where one can define various TMDPDFs through
Lorentz decompositions; see Sec. V.B. One example is the
Sivers function for a transversely polarized proton
ϵijki⊥Si⊥f⊥1Tðx; k⊥Þ, which is naive time reversal odd and is
predicted to change sign between the DYand SIDIS processes
(Collins, 2011a). Similar properties also exist in the Boer-
Mulders function (Boer and Mulders, 1998) concerning a
transversely polarized parton distribution in an unpolarized
hadron. These two functions are related to the single trans-
verse-spin asymmetry. If we generalize the TMDPDFs to
include the impact parameter dependence, we can further
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define the Wigner function, the parton orbital angular momen-
tum distributions, etc. (Belitsky, Ji, and Yuan, 2004; Lorce
et al., 2012). Therefore, the TMDPDFs allow for a more
complete and refined 3D description (or tomography) of the
hadron structure (Burkardt, 2000; Boer et al., 2011). The 3D
tomography of the proton is a major physical goal of the EIC
program. The TMDPDFs are also important for understanding
small-x physics (Kuraev, Lipatov, and Fadin, 1977; Balitsky
and Lipatov, 1978; Balitsky, 1996; Kovchegov, 1999;
Kovchegov and Levin, 2012).
Our current knowledge on TMDPDFs comes mainly from

fitting to the experimental data (Landry et al., 2000; Konychev
and Nadolsky, 2006; Echevarría et al., 2014; Kang et al.,
2016; Bacchetta et al., 2017, 2020; Scimemi and Vladmirov,
2018, 2019; Sun et al., 2018; Bertone, Scimemi, and
Vladimirov, 2019). This is, however, rather primitive due to
the paucity of data. Although the future EIC will make up the
gap and produce more data for TMD measurements, it is still
important to develop first-principle methods for the determi-
nation of nonperturbative TMDPDFs, which can serve as a
test or provide useful inputs to constrain the global fits.
LaMET provides a systematic way to extract TMDPDFs from
the lattice calculations. Early studies (Ji, Sun et al., 2015;
Ebert, Stewart, and Zhao, 2019a, 2019b, Ji et al., 2019) tried
to construct a quasi-TMDPDF on the lattice, but its relation to
the physical TMDPDF is expected to be nonperturbative due
to complications in the soft function (Ebert, Stewart, and
Zhao, 2019b). Recently Ji, Liu, and Liu (2019, 2020) provided
a formulation for calculating the soft function so that a
perturbative matching formula can be established between
the quasi-PDFs and physical TMDPDFs, allowing for a
complete determination of the latter from lattice QCD. In
this section we review the application of LaMET to the
nonperturbative TMDPDFs. The investigation is still in its
early stages and much remains to be explored, particularly in
lattice calculations and matching.
In Sec. V.A we introduce the TMDPDFs and discuss the

associated rapidity divergences. In Secs. V.B–V.D we define
the quasi-TMDPDFs or TMD momentum distributions in a
proton of finite momentum and study their momentum RGEs
and UV renormalization properties. In the process, we
introduce off-light-cone soft functions. We then present the
factorization of the quasi-TMDPDFs into the light-cone
TMDPDFs and the off-light-cone soft function, where various
one-loop results and the relevant RGEs are also given. The
properties of the off-light-cone soft-function are discussed in
Sec. V.D, where they are shown to be related to the form factor
of a pair of charged color sources, which paves the way for its
calculation on a Euclidean lattice.

A. Introduction to TMDPDFs and rapidity divergence

As explained in Sec. II, we can define various TMDPDFs
by choosing different gauge links between the quark or
gluon bilinears. The one relevant to high-energy phenomena
is defined by lightlike Wilson lines. The links represent the
propagation of high-energy color-charged particles and
are crucial in forming gauge-invariant nonlocal operators
(Belitsky, Ji, and Yuan, 2003). As previously argued, such
operators are the result of an EFT description (more explicitly

so in SCET) arising from taking the infinite-momentum limit
of the proton. Thus, it is natural to expect that they require
additional regularization and renormalization.
Take the nonsinglet quark unpolarized TMDPDF as an

example. Without the field theoretical subtleties, the distri-
bution is

fðx;k⃗⊥Þ¼
1

2Pþ

Z
dλ
2π

d2b⃗⊥
ð2πÞ2e

−iλxþik⃗⊥·b⃗⊥

×hPjψ̄ðλn=2þ b⃗⊥ÞγþWnðλn=2þ b⃗⊥Þψð−λn=2ÞjPi;
ð165Þ

where Wnðλnþ b⃗⊥Þ is the staple-shaped gauge link of the
form

WnðξÞ ¼ W†
nðξÞW⊥Wnð−ξ · pnÞ; ð166Þ

WnðξÞ ¼ P exp

�
−ig

Z
−∞

0

dη n · Aðξþ ηnÞ
�

ð167Þ

along the light-cone direction nμ, as shown in Fig. 9. The W⊥
is a transverse gauge link at light-cone infinity to maintain
gauge invariance. If one uses LFQ and ignores the transverse

gauge link, Eq. (167) is simply hPjb†ðx; k⃗⊥Þbðx; k⃗⊥ÞjPi for
x > 0, as expected.
However, there are a number of qualifications in this

definition. First, the lightlike gauge links Wn are chosen to
be past pointing, in accordance with the DY kinematics, but
for SIDIS they should be chosen as future pointing, as shown
in Fig. 9. For unpolarized TMDPDFs there is no distinction
between the two choices, but for spin-dependent TMDPDFs
there are physical consequences associated with the direction
of the gauge links.
Second, there is a new type of divergence associated with

the infinitely long lightlike gauge links. These divergences are
due to the radiation of gluons collinear to the lightlike gauge
link and cannot be regularized using the standard UV

FIG. 9. Space-time picture of TMDPDF for DY and SIDIS
processes. The circled crosses denote the quark-link vertices.
Notice that the vertices are placed at λnþ b⃗⊥ and 0, which gives
the same result as the symmetric choice in Eq. (165).
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regulators. An example is the following integral in DR (Ebert,
Stewart, and Zhao, 2019b):

I ¼
Z

dkþdk−
fðkþk−Þ
ðkþk−Þ1þϵ ¼

1

2

Z
dy
y

Z
dm2

fðm2Þ
m2þ2ϵ ; ð168Þ

where m2 ¼ kþk− and y ¼ kþ=k− is the rapidity-related
variable. The divergences in y arise from large and small y
where the integral is unregulated. The contribution from
kþ ¼ 0 is called the light-zero mode in LFQ, where it is also
called light-cone divergence, which causes considerable
problems.
To regulate the light-cone or rapidity divergence, a number

of methods have been introduced in the literature; for a review
see Ebert, Stewart, and Zhao (2019b). They can be put into
two classes: on-light-cone regulators and off-light-cone reg-
ulators. In the former case, the gauge links are kept along the
light-cone direction nμ after regularization. For example, the
so-called δ regulator (Echevarría, Scimemi, and Vladimirov,
2016a, 2016b) regularizes the gauge link as

WnðξÞ→WnðξÞjδ−

¼P exp

�
−ig

Z
−∞

0

dηAþðξþηnÞe−δ−=ð2pþÞjηj
�
; ð169Þ

and a similar approach is used for the conjugate direction. The
δ regulator breaks gauge invariance but preserves the boost
invariance δ� → e�Yδ�, where Y is the rapidity of the Lorentz
boost. Other on-light-cone regulators include the exponential
regulator (Li, Neill, and Zhu, 2020), η regulator (Chiu et al.,
2012), analytical regulator (Becher and Neubert, 2011), etc. In
the remainder of this section, we use the δ regulator as a
representative whenever we need an on-light-cone regulator.
The off-light-cone regulator was introduced by Collins and

Soper (1981), Ji, Ma, and Yuan (2004, 2005), and Collins
(2011a). This type of regulator chooses off-light-cone direc-
tions to avoid the rapidity divergence. One can choose to
deform the gauge links into the spacelike region as follows:

n → nY ¼ n − e−2Y
p

ðpþÞ2 : ð170Þ

Here Y plays the role of a rapidity regulator, as when Y → ∞,
nY → n. In certain cases one can also deform nY into the
timelike region (Collins and Metz, 2004).
The on-light-cone regulators are consistent with the spirit of

parton physics, and therefore are useful to define center-of-
mass-momentum-independent parton densities. The off-light-
cone regulators, on the other hand, have a similar spirit as
LaMET, and therefore can be exploited for practical lattice
QCD calculations, as we see in Sec. V.B.
To avoid light-cone divergences, from now on we include

the rapidity regulator in the definition of the light-cone
TMDPDFs. Using the same label f for the TMDPDFs in
both momentum and coordinate spaces, we have

fðλ;b⊥;μ;δ−=PþÞ
¼hPjψ̄ðλn=2þ b⃗⊥Þ=nWnðλn=2þ b⃗⊥Þjδ−ψð−λn=2ÞjPi; ð171Þ

where μ is the MS scale for UV renormalization. Because of
rotational invariance, the previously defined bare TMDPDF is

a function of b⊥ ¼ jb⃗⊥j, so we have omitted the vector arrow

for b⃗⊥ in f and do so throughout the discussion of the soft
functions, quasi-TMDPDFs, etc. The subscript δ− denotes that
the staple-shaped gauge linkW is regulated by the δ regulator
in the light-cone minus direction. f diverges logarithmically
as δ− → 0, and the finite part also depends on the rapidity
regulator. To define the physical TMDPDF, we need to
remove all divergences and rapidity regularization scheme
dependencies in f, in a manner similar to removing UV
divergences in physical quantities.
The rapidity divergence for TMDPDFs can be removed by

the soft function, which also plays an important role in TMD
factorization. Intuitively, the soft function represents a cross
section for fast-moving charged particles emitting soft gluons
into final states. It has rapidity divergence associated with the
light-cone direction, which is ultimately related to the mass
singularity. The TMD soft function corresponding to the
Drell-Yan process is defined as (Collins, 2011b; Echevarría,
Scimemi, and Vladimirov, 2016b)

Sðb⊥; μ; δþ; δ−Þ ¼
Trh0jT̄ Wpðb⃗⊥ÞjδþW†

nðb⃗⊥Þjδ−T Wnð0Þjδ−W†
pð0Þjδþj0i

Nc

¼ trh0jWnðb⃗⊥ÞjδþW†
pðb⃗⊥Þjδ− j0i

Nc
; ð172Þ

where T =T̄ stands for time-antitime ordering. The first
equality defines the soft function in terms of cut diagrams
as an amplitude square. Since the soft function for the DY
process is independent of time ordering, one can also define
it with a single time ordering or no time ordering, leading to
the second equality. The staple-shaped gauge link Wn is
defined in Eq. (167), while the staple-shaped gauge link
Wp is similarly defined as

WpðξÞ ¼ W†
pðξÞW⊥Wpð0Þ; ð173Þ

WpðξÞ ¼ P exp

�
−ig

Z
−∞

0

dηp · Aðξþ pηÞ
�
: ð174Þ

The soft function is shown in Fig. 10 as a Wilson loop in
Minkowski space.
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If the rapidity divergences are multiplicative, one can use S
as the rapidity renormalization factor for the TMDPDF defined
in Eq. (165). In on-light-cone schemes such as the δ regulari-
zation, it was argued byVladimirov (2018) based on conformal
transformation that the rapidity divergences are indeed multi-
plicative in position space. For each of the staple-shaped
lightlike gauge links, the rapidity divergence is proportional
to exp f−ð1=2ÞKðb⊥; μÞ ln ½μ2=2ðδ�Þ2�g, where Kðb⊥; μÞ is
the nonperturbative Collins-Soper evolution kernel (Collins
and Soper, 1981). Thus, at small δ� we can write

Sðb⊥; μ; δþ; δ−Þ ¼ eln ðμ2=2δþδ−ÞKðb⊥;μÞþD2ðb⊥;μÞ; ð175Þ

where D2ðb⊥; μÞ is a b⊥-dependent but rapidity-independent
function. Notice that our definitions of δ� differ from those
used by Echevarría, Scimemi, and Vladimirov (2016b) by a
factor of

ffiffiffi
2

p
due to our normalization of light-cone vectors.

The soft function in δ regularization satisfies the renorm-
alization group equation

μ2
d
dμ2

ln Sðb⊥; μ; δþ; δ−Þ

¼ −ΓcuspðαsÞ ln
μ2

2δþδ−
þ γsðαsÞ; ð176Þ

where ΓcuspðαsÞ is the lightlike cusp anomalous dimension
(Polyakov, 1980; Korchemsky and Radyushkin, 1987) and
γsðαsÞ is the soft anomalous dimension (Korchemskaya
and Korchemsky, 1992). The Collins-Soper kernel and the
rapidity-independent part D2 satisfy the RGEs

μ2
d
dμ2

Kðb⊥; μÞ ¼ −ΓcuspðαsÞ; ð177Þ

μ2
d
dμ2

D2ðb⊥; μÞ ¼ γsðαsÞ − Kðb⊥; μÞ: ð178Þ

At one loop, the soft function Sðb⊥; μ; δþ; δ−Þ is given by
(Echevarría, Idilbi, and Scimemi, 2013)

Sðb⊥;μ;δþ;δ−Þ¼1þαsCF

2π

�
L2
b−2Lb ln

μ2

2δþδ−
þπ2

6

�
; ð179Þ

where Lb ¼ ln ðμ2b2⊥e2γE=4Þ. Therefore, we have at the
leading order

Kðb⊥; μÞ ¼ −
αsCF

π
Lb; ð180Þ

D2ðb⊥; μÞ ¼
αsCF

2π

�
L2
b þ

π2

6

�
; ð181Þ

Γcusp ¼ αsCF=π þOðα2sÞ, and γs ¼ Oðα2sÞ. Note that K (Li
and Zhu, 2017; Vladimirov, 2017) and D2 (Li and Zhu, 2017)
are known to three-loop order in the exponential regularization
scheme.
For the previously mentioned soft function, we can take its

square root to perform rapidity renormalization for the bare
TMD correlator. The square root can be explained as follows:
S contains two staples, while f contains one; thus, the rapidity
divergences as well as scheme dependencies of S are twice
those of f. This leads to the following definition of the
renormalized physical TMDPDF (Collins and Rogers, 2013;
Echevarría, Idilbi, and Scimemi, 2013):

fTMDðx; b⊥; μ; ζÞ ¼ lim
δ−→0

fðx; b⊥; μ; δ−=PþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sðb⊥; μ; δ−e2yn ; δ−Þ

p ; ð182Þ

where the rapidity scale reads

ζ ¼ 2ðxPþÞ2e2yn : ð183Þ

The rapidity dependence in the numerator of the right-hand
side of Eq. (182) has the form expf−ð1=2ÞKðb⊥; μÞ×
ln½ðδ−Þ2=ðxPþÞ2�g, while in the denominator it behaves as
expfð1=2ÞKðb⊥; μÞ ln½μ2=2ðδ−Þ2e2yn �g. The δ− dependence
thus cancels out in the ratio, leaving a dependence on the
rapidity scale of expf−ð1=2ÞKðb⊥; μÞ ln½μ2=2ðxPþÞ2e2yn �g,
which is controlled by the following so-called Collins-Soper
evolution equation:

2ζ
d
dζ

ln fTMDðx; b⊥; μ; ζÞ ¼ Kðb⊥; μÞ: ð184Þ

The ζ dependence comes from the initial-state quark radia-
tion and is intrinsically nonperturbative for large b⊥.
fTMDðx; b⊥; μ; ζÞ is the standard object to be matched to
in LaMET.
We emphasize that although fTMD is free from rapidity

divergences, it does contain soft radiation from the charged
particles in the initial state. This can be seen by considering
Feynman diagrams for the unsubtracted f and applying soft
approximation to gluons. One-half of the soft contribution in f
is subtracted to define the physical fTMD due to the require-
ment of factorization for physical processes. The remaining
soft radiation also has a natural rapidity cutoff associated with
lnðxPþÞ, which is reflected in the ζ dependence. What is
noteworthy, however, is that fTMD is rapidity regulator
independent. Although a general proof to all orders in

FIG. 10. The soft function Sðb⊥; μ; δþ; δ−Þ as space-time
Wilson loop arising in the factorization of DY and SIDIS
processes.
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perturbation theory is beyond the scope of this review, it is due
to factorization and exponentiation of the soft physics in f,
and thus the scheme cancellation can be done systematically
in the exponent. In SCET-like approaches, one can define the
“subtracted” TMDPDF or “beams function” that contains only
collinear physics. However, they are generically scheme
dependent and must be combined with an extrasoft function
in factorization theorems. At one-loop level, the scheme-
independent one-loop TMDPDF for an external quark state
reads

fTMDðx; b⊥; μ; ζÞ

¼ δð1 − xÞ þ αsCF

2π
Fðx; ϵIR; b⊥; μÞθðxÞθð1 − xÞ

þ αsCF

2π
δð1 − xÞ

�
−
1

2
L2
b þ

�
3

2
− ln

ζ

μ2

�
Lb þ

1

2
−
π2

12

�
;

ð185Þ

where

Fðx; ϵIR; b⊥; μÞ ¼
�
−
�

1

ϵIR
þ Lb

�
1þ x2

1 − x
þ 1 − x

�
þ
: ð186Þ

Two-loop order results for the TMDPDFs were given by
Catani and Grazzini (2012), Catani et al. (2012), Gehrmann,
Luebbert, and Yang (2014), Echevarría, Scimemi, and
Vladimirov (2016c), Lübbert, Oredsson, and Stahlhofen
(2016), and Luo et al. (2019) and three-loop order results
were given by Luo et al. (2020).
The physical TMDPDF also satisfies the RG equation

γμðμ; ζÞ ¼ μ2
d
dμ2

ln fTMDðx; b⊥; μ; ζÞ

≡ 1

2
ΓcuspðαsÞ ln

μ2

ζ
− γHðαsÞ; ð187Þ

where γH is called the hard anomalous dimension. At one
loop, the cusp and hard anomalous dimensions read

ΓcuspðαsÞ ¼
αsCF

π
; γHðαsÞ ¼ −

3αsCF

4π
: ð188Þ

Recently the cusp anomalous dimension was calculated to
four loops (Henn, Korchemsky, and Mistlberger, 2019; von
Manteuffel, Panzer, and Schabinger, 2020).
Combining the RGE and the rapidity evolution equation

for the TMDPDF, one obtains the following consistency
condition:

μ2
d
dμ2

Kðb⊥; μÞ ¼ −2ζ
d
dζ

γμðμ; ζÞ ¼ −Γcusp½αsðμÞ�; ð189Þ

from which one finds the following resummed form for the
Collins-Soper kernel:

Kðb⊥; μÞ ¼ −2
Z

μ

1=b⊥

dμ0

μ0
Γcusp½αsðμ0Þ� þ K½αsð1=b⊥Þ�: ð190Þ

In Eq. (190) K½αsð1=b⊥Þ� contains both perturbative and
nonperturbative contributions. The TMDPDFs at different
scales are then related by

fTMDðx; b⊥; μ; ζÞ

¼ fTMDðx; b⊥; μ0; ζ0Þ exp
�Z

μ

μ0

dμ0

μ0
γμðμ0; ζ0Þ

�

× exp

�
1

2
Kðb⊥; μÞ ln

ζ

ζ0

�
: ð191Þ

The double-scale evolution in the μ-ζ plane for phenomenol-
ogy was recently studied by Scimemi and Vladimirov
(2018b). With the previously defined scheme-independent
physical TMDPDF, the DY cross section at s ¼ ðPA þ PBÞ2
and small Q⊥ can be factorized as

dσ
dQ2⊥

¼
Z

dxAdxBd2b⊥eib⃗⊥·Q⃗⊥ σ̂ðxAxBs; μÞ

× fTMD
A ðxA; b⊥; μ; ζAÞfTMD

B ðxB; b⊥; μ; ζBÞ
þ � � � : ð192Þ

The rapidity scales satisfy ζAζB ¼ Q4 ≡ ðxAxBsÞ2. The
remaining terms at large but finite Q2 are called power
corrections or “higher-twist” contributions. A detailed study
of the power corrections to TMD factorization is beyond the
scope of this review. We omit all the power corrections from
the equations. The QCD part of the hard cross section σ̂ at one-
loop level reads

σ̂ðxA; xBÞ ¼ σ0

1þ αsCF

4π

�
−L2

Q þ 3LQ − 8þ π2

6

�2; ð193Þ

where σ0 is the Born cross section and LQ¼ln½ð−Q2−i0Þ=μ2�,
and the result is now known up to three loops; see
(Moch, Vermaseren, and Vogt (2005), Baikov et al. (2009),
Gehrmann et al. (2010), and Lee, Smirnov, and Smirnov
(2010) and the references therein. Similarly, for the SIDIS
process we have

dσ
dQ2⊥

¼
Z

dxdzd2b⊥eib⃗⊥·Q⃗⊥Hðx; z; μ; QÞ

× fTMDðx; b⊥; μ; ζAÞdTMDðz; b⊥; μ; ζBÞ; ð194Þ

where dTMDðz; b⊥; μ; ζBÞ is the TMD-fragmentation function
and H is the hard kernel.

B. Lattice quasi-TMDPDFs and matching

Before LaMET, there had been efforts to access TMD
physics from lattice QCD by calculating the ratios of the x
moments of TMDPDFs (Hagler et al., 2009; Musch et al.,
2011, 2012; Engelhardt et al., 2016; Yoon et al., 2017), which
are free from complications associated with the soft function
and can be compared to certain experimental observables. In

LaMET, we are more interested in obtaining the full x and k⃗⊥
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dependence of the TMDPDFs (Ji, Sun et al., 2015; Ebert,
Stewart, and Zhao, 2019a, 2019b; Ji, Liu, and Liu, 2019,
2020; Ji et al., 2019). Therefore, a proper treatment of the
soft-function subtraction and matching is essential. The earliest
suggestion of a bent soft function, given by Ji, Sun et al. (2015)
and in the follow-upwork by Ebert, Stewart, and Zhao (2019b),
has the correct IR logarithms at one-loop order, but this is
expected to break down at higher-loop orders (Ji, Liu, and Liu,
2020), thus not allowing for a perturbative matching. Another
suggestion that uses a naive rectangle-shaped Wilson loop
(Ebert, Stewart, and Zhao, 2019b; Ji et al., 2019) does not
possess the correct IR physics either. Nevertheless, Ebert,
Stewart, and Zhao (2019a) made important progress in calcu-
lating the nonperturbative Collins-Soper kernel Kðb⊥; μÞ from
the ratio of quasi-TMDPDFs at two different large momenta.
Recently Ji, Liu, and Liu (2019, 2020) showed that the quasi-
TMDPDF combined with a reduced soft function captures the
correct IR physics to all orders and thus allows for a perturbative
matching to the physical TMDPDF.
To construct such quasi-TMDPDFs, the collinear part can

be treated in a manner similar to the collinear PDFs, while the
soft piece is more challenging. Our starting point is that the

physical fTMD is independent of the rapidity regulator, so one
can use a scheme in which the gauge links in both f and S are
off the light cone, such as that used by Collins (2011a). In this
case, one can use Lorentz symmetry to boost the staple-shaped
gauge link Wn in f to a purely spacelike staple with no time
dependence. However, one can use this trick for only one of
the staples in S, say, Wn, whereas the other one (Wp) is still
time dependent. In other words, there is no way to get rid of
the time dependence in S entirely with Lorentz boost alone.
This is natural because S in fact represents the square of an S
matrix, which appears to be intrinsically Minkowskian.
However, using the LaMET principle that time dependence
of an operator can be simulated through external physical
states at large momentum, we find that S can indeed be
calculated on the lattice in the off-light-cone scheme as a form
factor. A detailed discussion is given in Sec. V.C. Here we
assume that this is true and discuss the matching between
quasi-PDFs and physical TMDPDFs.
We first define the quasi-TMDPDF with a staple-shaped

gauge link along the z direction (Ji, Sun et al., 2015; Ebert,
Stewart, and Zhao, 2019b; Ji, Liu, and Liu, 2019; Ji et al.,
2019) as

f̃ðξz; b⊥; μ; ζzÞ ¼ lim
L→∞

hPjψ̄ðξznz=2þ b⃗⊥ÞγzWzðξznz=2þ b⃗⊥;LÞψð−ξznz=2ÞjPiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZEð2L; b⊥; μÞ

p ; ð195Þ

where the MS renormalization is implied and

Wzðξ;LÞ ¼ W†
zðξ;LÞW⊥Wzð−ξznz;LÞ; ð196Þ

Wzðξ;LÞ ¼ P exp

�
−ig

Z
L

ξz
dη nz · Aðξ⃗⊥ þ nzηÞ

�
: ð197Þ

In Eqs. (196) and (197) ξz ¼ −ξ · nz and ζz ¼ ð2xPzÞ2 is
the Collins-Soper scale of the quasi-TMDPDF. W⊥ is
inserted at z ¼ L to maintain explicit gauge invariance.ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZEð2L; b⊥; μ; 0Þ

p
is the square root of the vacuum

expectation value of a flat rectangular Euclidean Wilson
loop along the nz direction with length 2L and width b⊥:

ZEð2L; b⊥; μÞ ¼
1

Nc
Trh0jW⊥Wzðb⃗⊥; 2LÞj0i: ð198Þ

Again γz can be replaced by γt as in the collinear quasi-
PDF. For a depiction of f̃ and ZE, see Fig. 11.
The purpose of the factor ZE is as follows. At large L, the

naive quasi-TMD correlator in the numerator of Eq. (195)
contains divergences that go as e−LEðb⊥;μÞ, where Eðb⊥Þ is
the ground-state energy of a pair of static heavy quarks.
Eðb⊥; μÞ ¼ 2δmþ Vðb⊥; μÞ contains both the linear diver-
gent mass corrections 2δm and the heavy-quark potential
Vðb⊥; μÞ due to mutual interactions. In the literature
the LVðb⊥; μÞ part is sometimes called the “pinch-pole
singularity.” Therefore, we introduce the square root of a

FIG. 11. Quasi-TMDPDF (upper panel) and Euclidean Wilson
loop ZEð2L; b⊥; μ; 0Þ (lower panel). A ¼ ξznz=2þ b⃗⊥=2, B ¼
−ξznz=2 − b⃗⊥=2, and C ¼ Lnz þ b⃗⊥. The crosses denote the
quark-link vertices.
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rectangular Wilson loop ZEð2L; b⊥; μÞ with twice the length
to cancel out all these divergences and guarantee the existence
of the L → ∞ limit after the subtraction. The introduction offfiffiffiffiffiffi
ZE

p
also removes additional contributions from the trans-

verse gauge link. An alternative approach to avoiding the
pinch-pole singularity was proposed by Li (2016). We should
mention that although the

ffiffiffiffiffiffi
ZE

p
subtraction removes all the

linear divergences, the logarithmic UV divergences are still
present. Therefore, a nonperturbative renormalization of f̃ on
the lattice is still required. It has been studied in the RI/MOM
scheme (Shanahan, Wagman, and Zhao, 2019), and its
matching to the MS scheme has been calculated at one-loop
order (Constantinou, Panagopoulos, and Spanoudes, 2019;
Ebert, Stewart, and Zhao, 2020).
The previously defined quasi-TMDPDFs satisfy the follow-

ing RGE (Collins and Soper, 1981; Ji, Sun et al., 2015; Ji, Liu,
and Liu, 2019):

μ2
d
dμ2

ln f̃ðx; b⊥; μ; ζzÞ ¼ γF½αsðμÞ�; ð199Þ

where γF is the anomalous dimension for the heavy-to-light
current in Sec. III.A. This is due to the fact that the quasi-
TMDPDF, after the self-energy subtraction, contains only
logarithmic UV divergences associated with quark-Wilson-
line vertices. In the MS scheme, the one-loop quasi-TMDPDF
in an external quark state with momentum ðpz; 0; 0; pzÞ reads
(Ebert, Stewart, and Zhao, 2019b; Ji et al., 2019)

f̃ðx;b⊥;μ;ζzÞ

¼δð1−xÞþαsCF

2π
Fðx;ϵIR;b⊥;μÞθðxÞθð1−xÞþαsCF

2π
δð1−xÞ

× ½−1
2
L2
bþLbð52−LzÞ−3

2
−1

2
L2
zþLz�; ð200Þ

where Lz ¼ lnðζz=μ2Þ. As expected, the L dependence has
been canceled in the large-L limit.
As there is no lightlike gauge link in f̃, no additional

rapidity regulator is needed. Instead, there is an explicit
dependence on the hadron momentum (or energy), which is
similar to the momentum RGE for collinear quasi-PDF. The
momentum (rapidity) evolution equation for f̃ reads (Collins
and Soper, 1981; Ji, Sun et al., 2015; Ji, Liu, and Liu, 2019)

Pz d
dPz ln f̃ðx; b⊥; μ; ζzÞ ¼ Kðb⊥; μÞ þ G

�
ζz
μ2

�
; ð201Þ

where Gðζz=μ2Þ is perturbative and Kðb⊥; μÞ is the Collins-
Soper kernel. A similar equation was proven for off-light-cone
TMD-fragmentation functions by Collins and Soper (1981).
From Eq. (201), it is clear that a correct matching to
fTMDðx; b⊥; μ; ζÞ with arbitrary ζ must include Kðb⊥; μÞ to
compensate for the Pz dependence.
There is actually one more requirement for the matching:

there is a rapidity-scheme dependence that must be removed
since the quasi-TMDPDF can be viewed as defined with an off-
light-cone regulator along the z direction. To understand this
dependence, we consider f again in the off-light-cone regu-
larization, where there are rapidity divergences. The divergence
is canceled out by the square root of an off-light-cone soft

function SDYðb⊥; μ; Y; Y 0Þ, with Y and Y 0 the rapidities of the
off-light-cone spacelike vectors p → pY ¼ p − e−2YðpþÞ2n
and n → nY 0 ¼ n − e−2Y

0
p=ðpþÞ2. Schematically, we have

SDYðb⊥; μ; Y; Y 0Þ ¼ trh0jWnY0 ðb⃗⊥ÞW†
pY ðb⃗⊥Þj0i

Nc
ffiffiffiffiffiffi
ZE

p ffiffiffiffiffiffi
ZE

p ; ð202Þ

where WnY0 ðb⃗⊥Þ and W†
pY ðb⃗⊥Þ are staple-shaped gauge links

in the nY 0 and pY directions, respectively.
ffiffiffiffiffiffi
ZE

p
is introduced to

subtract the pinch-pole singularities for the off-light-cone
staple-shaped gauge links. In terms of ln ρ2 ¼ 2ðY þ Y 0Þ
sometimes we also write this soft function as SDYðb⊥; μ; ρÞ.
At large ρ, we have

SDYðb⊥; μ; Y; Y 0Þ ¼ eðYþY 0ÞKðb⊥;μÞþDðb⊥;μÞ þ � � � : ð203Þ

We can perform a Lorentz boost of WnY0 ðb⃗⊥ÞW†
pY ðb⃗⊥Þ in

Eq. (202) such that one of the gauge links, say, WnY0 , is

boosted to the equal-time version Wz in f̃, whereas the other
gauge link WnY is boosted to WnYþY0 . The soft function
becomes SDYðb⊥; μ; Y þ Y 0; 0Þ, which contains a light-cone
divergence for the pYþY 0 direction but is still the same
SDYðb⊥; μ; Y; Y 0Þ due to boost invariance. The square root
of the finite part eDðb⊥;μÞ is exactly what is needed to cancel
the rapidity-scheme dependence. We define the rapidity-
independent part as the following reduced soft function:

Srðb⊥; μÞ≡ e−Dðb⊥;μÞ: ð204Þ

Based on the renormalization property of nonlightlike Wilson
loops, the reduced soft function satisfies the RG equation

μ2
d
dμ2

ln Srðb⊥; μÞ ¼ ΓSðαsÞ; ð205Þ

where ΓS is the constant part of the cusp anomalous dimension
at large hyperbolic cusp angle Y þ Y 0 for the off-light-cone
soft function

μ2
d
dμ2

ln SDYðb⊥; μ; Y; Y 0Þ

¼ −ðY þ Y 0ÞΓcuspðαsÞ − ΓSðαsÞ: ð206Þ
At one-loop level (Ebert, Stewart, and Zhao, 2019b),

Sð1ÞDYðb⊥; μ; Y; Y 0Þ ¼ αsCF

2π
½2 − 2ðY þ Y 0Þ�Lb ð207Þ

and Γð1Þ
S ðαsÞ ¼ −αsCF=π. Based on RGE, at two-loop level

Dðb⊥; μÞ can be predicted as

Dð2Þðb⊥; μÞ ¼ c2 þ Γð2Þ
S Lb −

α2sβ0CF

2π
L2
b; ð208Þ

where

Γð2Þ
S ¼ −

α2s
π2

�
CFCA

�
−
49

36
þ π2

12
−
ζ3
2

�
þ CFNF

5

18

�
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is the two-loop anomalous dimension for Sr, which
can be extracted from Grozin et al. (2016), β0 ¼
−½ð11=3ÞCA − ð4=3ÞNfTF�=ð2πÞ is the coefficient of the
one-loop β function, and c2 is a constant to be determined
by explicit calculation.
After taking into account the reduced soft function, we can

now write the following matching formula between the quasi-
TMDPDF and the scheme-independent TMDPDF (Ji, Liu,
and Liu, 2019):

fTMDðx; b⊥; μ; ζÞ

¼ H

�
ζz
μ2

�
e− lnðζz=ζÞKðb⊥;μÞf̃ðx; b⊥; μ; ζzÞS1=2r ðb⊥; μÞ þ � � � ;

ð209Þ

where the power corrections of the order of O(Λ2
QCD=ζz;

M2=ðPzÞ2; 1=ðb2⊥ζzÞ). Equation (209), except for the defini-
tion of Srðb⊥; μÞ, was argued to hold by Ebert, Stewart, and
Zhao (2019b), where the unknown function gSq in their
Eq. (5.3) should be identified as the reduced soft function
here; this was also recently confirmed by Vladimirov and
Schäfer (2020).
We now explain the individual factors of the formula.
(1) The factor Hðζz=μ2Þ is the perturbative matching

kernel, which is a function of ζz=μ2 ¼ ð2xPzÞ2=μ2.
The kernel is responsible for the large logarithms of Pz

generated by the Gðζz=μ2Þ term of the momentum RG
equation. Unlike the case of quasi-PDFs, the momen-
tum fractions of the quasi-TMDPDF and the
TMDPDF are the same. This is due to the fact that,
at leading power in the 1=ζz expansion, the k⊥ integral
is naturally cut off by the transverse separation around
k⊥ ∼ 1=b⊥ ≪ Pz. Therefore, the momentum fraction
can be modified only by collinear modes for
which there is no distinction between x ¼ kz=Pz

and x ¼ kþ=Pþ. In comparison, for the k⃗⊥-integrated
quasi-PDF the k⊥ ≥ Pz region leads to nontrivial x
dependence outside the physical region. This is also
consistent with the fact that the momentum evolution
equation for quasi-TMDPDF is local in x instead of
being a convolution.

(2) The factor exp½lnðζz=ζÞKðb⊥; μÞ� is the part involving
the Collins-Soper evolution kernel. From the momen-
tum evolution equation, it is clear that at large Pz

there are logarithms of the form Kðb⊥; μÞ ln ðζz=μ2Þ,
with ζz the natural Collins-Soper scale. Therefore,
to match to the TMDPDF at arbitrary ζ, a factor
exp½lnðζz=ζÞKðb⊥; μÞ� is required to compensate for
the difference. An implication of this property is that
one can obtain the Collins-Soper kernel Kðb⊥; μÞ by
constructing the following ratio of quasi-TMDPDFs at
two different momenta or ζz’s (Ebert, Stewart, and
Zhao, 2019a):

f̃ðx; b⊥; μ; ζz;1Þ
f̃ðx; b⊥; μ; ζz;2Þ

¼ Hðζz;2=μ2Þ
Hðζz;1=μ2Þ

�
ζz;1
ζz;2

�
Kðb⊥;μÞ

: ð210Þ

Thus, given the f̃’s at the two rapidity scales the
Collins-Soper kernel Kðb⊥Þ can be obtained.

Combining the RGEs of the quasi-TMDPDF f̃, the reduced
soft function Sr, and the physical TMDPDF fTMD, we obtain
the following RGE of the matching kernel Hðζz=μ2Þ (Ji, Liu,
and Liu, 2019):

μ2
d
dμ2

ln H−1
�
ζz
μ2

�
¼ 1

2
ΓcuspðαsÞ ln

ζz
μ2

þ γCðαsÞ
2

; ð211Þ

where γCðαsÞ ¼ 2γFðαsÞ þ ΓSðαsÞ þ 2γHðαsÞ. The matching
kernel is closely related to the perturbative part of the rapidity
evolution kernel Gðζz=μ2Þ through

2ζz
d
dζz

ln H−1
�
ζz
μ2

�
¼ G

�
ζz
μ2

�
: ð212Þ

Again we can see that the anomalous dimension of Gðζz=μ2Þ
is ΓcuspðαsÞ.
It is convenient to writeH in the exponential formH ¼ e−h.

Collecting all the previous results, one obtains at one-loop
level (Ebert, Stewart, and Zhao, 2019b; Ji et al., 2019)

hð1Þ
�
ζz
μ2

�
¼ αsCF

2π

�
−2þ π2

12
−
L2
z

2
þ Lz

�
: ð213Þ

Similar as before, the two-loop contribution hð2Þ is predicted
to be

hð2Þ
�
ζz
μ2

�
¼ c02 −

1

2
ðγð2ÞC − α2sβ0c1Þ ln

ζz
μ2

−
1

4

�
Γð2Þ
cusp −

α2sβ0CF

2π

�
ln2

ζz
μ2

−
α2sβ0CF

24π
ln3

ζz
μ2

; ð214Þ

where c1 ¼ ðCF=2πÞð−2þ π2=12Þ and c02 is again a constant
to be determined in perturbation theory at two-loop level.
Finally, we compare the current formulation to previous

approaches to lattice TMDPDF. First, we comment on the
developments discussed by Hagler et al. (2009), Musch et al.
(2011, 2012), Engelhardt et al. (2016), and Yoon et al. (2017),
in which the x moments of the TMDPDF are extracted from
the ratio of the quasi-TMDPDF. From Eq. (209), it is clear that
both the matching kernel H and the exponential factor of the
Collins-Soper kernel depends on x nontrivially. Therefore,
simply taking the ratio of moments for quasi-TMDPDF will
not be sufficient to reproduce the same ratio for TMDPDF,
although the soft function does cancel. This observation was
also made recently by Ebert et al. (2020). Second, the quasi-
TMDPDF defined with the naive rectangle-shaped soft
function, i.e., ZE, is f̃ in Eq. (195), so it still needs the
reduced soft function Sr to be matched to fTMD. As for the
other proposal made by Ji, Sun et al. (2015) and Ebert,
Stewart, and Zhao (2019b) , it replaces ZE in f̃ with Sbent,
which is the vacuum matrix element of a spacelike bent-
shaped Wilson loop with angle π=2 at each junction, and does
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not include the function S1=2r in Eq. (209). Althoughffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sbent=ZE

p
agrees with S−1=2r at one-loop order (Ebert,

Stewart, and Zhao, 2019b; Ji et al., 2019), it is expected to
be different at higher orders. In fact, for the anomalous
dimension Γπ=2 defined through

Γπ=2ðαsÞ≡ μ2
d
dμ2

ln

�
SbentðL; b⊥; μÞ
ZEð2L; b⊥; μÞ

�
; ð215Þ

it starts to deviate from ΓSðαsÞ at two-loop order (Grozin et al.,
2016) as

−ΓSðαsÞ¼
αsCF

π

þα2s
π2

�
CFCA

�
−
49

36
þ π2

12
−
ζ3
2

�
þCFNF

5

18

�
; ð216Þ

Γπ=2ðαsÞ ¼
αsCF

π

þ α2s
π2

�
CFCA

�
−
49

36
þ π2

24

�
þ CFNF

5

18

�
: ð217Þ

In Eq. (217), ζ3 ¼
P∞

n¼1ð1=n3Þ ≠ π2=12; therefore, the two
anomalous dimensions are different. The differences in the
anomalous dimension will result in different logarithmic
behaviors in b⊥, as the soft functions are dimensionless
and depend on b⊥ and μ only. At large b⊥, it will lead to
different IR physics that cannot be controlled by perturbation
theory.
Combining the reduced soft function and the quasi-

TMDPDF, one can effectively factorize the DY cross section
as follows:

σ ¼
Z

dxAdxBd2b⊥eiQ⃗⊥·b⃗⊥ σ̂ðxA; xB;Q2; μÞ

× f̃ðxA; b⊥; μ; ζAÞf̃ðxB; b⊥; μ; ζBÞSrðb⊥; μÞ; ð218Þ

where all nonperturbative quantities do not involve the light
cone and can be calculated on lattice.
Spin-dependent TMDPDFs are also physically important.

They can be computed using LaMET theory (Ebert et al.,
2020). Again one can define quasidistributions just like the
spin-independent ones. For a general proton target jPSi and
the general spin structure Γ of the parton, the parent TMDPDF
can be defined as

fTMD
½Γ� ðx;k⃗⊥;μ;ζÞ

¼ 1

2Pþ

Z
dλ
2π

Z
d2b⃗⊥
ð2πÞ2e

−iλxþik⃗⊥·b⃗⊥

× lim
δ−→0

hPSjψ̄ðλnþ b⃗⊥ÞΓWnðλnþ b⃗⊥Þjδ−ψð0ÞjPSiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sðb⊥;μ;δ−e2yn ;δ−Þ

p ; ð219Þ

where ζ ¼ 2ðPþÞ2e2yn is the rapidity scale; see Sec. V for
more details on the soft-function subtraction. The individual
spin-dependent TMD distributions can then be obtained
through Lorentz decompositions (Ralston and Soper, 1979;

Tangerman and Mulders, 1995; Mulders and Tangerman,
1996) as follows:

fTMD
½γþ� ¼ f1 −

ϵijkiSj⊥
M

f⊥1T; ð220Þ

fTMD
½γþγ5� ¼ Sþg1 þ

k⃗⊥ · S⃗⊥
M

g1T; ð221Þ

fTMD
½iσiþγ5� ¼ Si⊥h1 þ

ð2kikj − k⃗2⊥δijÞSj⊥
2M2

h⊥1T

þ Sþki

M
h⊥1L þ ϵijkj

M
h⊥1 ; ð222Þ

where we suppress the arguments ðx; k⃗⊥; μ; ζÞ in all distribu-
tions; f1, g1, and h1 are unpolarized, helicity, and
transversity TMDPDFs, respectively; the indices i and j are

in the transverse space of k⃗⊥; Sþ and Si⊥ are longitudinal and
transverse-spin components.
Note that the Sivers function f⊥1T (Sivers, 1990) and the

Boer-Mulders function h⊥1 (Boer and Mulders, 1998) are T
odd. The orientation of the gauge link have important effects
on these two functions (Collins, 2002, 2011a), such that
they change sign between the DYand SIDIS processes. In the
light-cone gauge, these contributions arise from the trans-
versal gauge link at infinities (Belitsky, Ji, and Yuan, 2003).
They are related to the phenomenologically interesting single
transverse-spin asymmetry (Boer and Mulders, 1998; Collins
et al., 2005, 2006; Efremov et al., 2005).

C. Off-light-cone soft function

The soft function was previously introduced to define
rapidity-scheme-independent TMDPDFs. The major motiva-
tion of introducing the soft function is to capture nonpertur-
bative effects due to soft-gluon radiation from fast-moving
color charges. For many inclusive processes the soft radiations
cancel out in the total cross section, but for certain processes
where a small transverse momentum is measured such
cancellation can be incomplete and result in measurable
consequences. In such cases, the TMD soft function is
introduced to account for the soft-gluon effects and appears
in factorization theorems for the DY (Collins, Soper, and
Sterman, 1985b, 1988) and SIDIS processes (Ji, Ma, and
Yuan, 2004, 2005).
To calculate the TMD physics nonperturbatively, formulat-

ing a Euclidean version of the soft function is critical. Since
the soft function is in fact a cross section and hence real and
positive, it satisfies the necessary condition for a Monte Carlo
simulation. In this section, we present an approach to calculate
it in HQET (Ji, Liu, and Liu, 2020). There has also been
another method proposed to extract the reduced soft function
Sr from a light-meson form factor (Ji, Liu, and Liu, 2020),
where many subtleties of HQET can be avoided. The first
lattice calculation of the reduced soft function based on the
light-meson formalism was performed recently by Q.-A.
Zhang et al. (2020).
Because of the different space-time pictures of the DY and

SIDIS processes, the soft functions for the two processes also
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differ from each other, as shown in Fig. 10. To define the soft
function, one also needs to specify a time-ordering prescrip-
tion. Since it is a cross section, it involves a time order and an
antitime order (or cut diagrams). However, in the light-cone
limit the time order does not matter. What really matters is the
rapidity regularization scheme. It was proven for the δ
regulator of Vladimirov (2018) that the time ordering is not
quite relevant up to overall phase factors, and the soft
functions for the two processes are equal. The method therein
can be modified to apply to the off-light-cone scheme too.
Therefore, our first step is to convert the cut diagrams into
Feynman diagrams by imposing just the single time order. In
this way, the soft function can be viewed as a scattering
amplitude.
In the off-light-cone scheme, there are further complica-

tions caused by the spacelike or timelike choices for off-light-
cone vectors. One can show that in the light-cone limit the
spacelike and timelike choices are equivalent up to overall
phase factors (Ji, Liu, and Liu, 2021). Thus, we use the
notation Sðb⊥; μ; Y; Y 0Þ to denote a generic off-light-cone soft
function that satisfies our demands.
With these in mind, we show that the off-light-cone soft

function Sðb⊥; μ; Y; Y 0Þ is equivalent to an equal-time form
factor of fast-moving color sources and can be formulated on
the Euclidean lattice. From the matching formula (209) in
Sec. V.B, once the off-light-cone soft function is known we
can combine it with the lattice calculated quasi-TMDPDF to
obtain the physical TMDPDF. Therefore, the cross section
of DY processes in the low-transverse-momentum region
(Collins, Soper, and Sterman, 1985b) becomes predictable
from first principles (Ji, Liu, and Liu, 2020).
To begin with, we define the scattering amplitude of a

Wilson loop as shown in Fig. 12:

Wðt; t0; b⊥; Y; Y 0Þ

¼ 1

Nc
Trh0jT ½W†

v0 ðb⃗⊥; t0ÞWvðb⃗⊥; tÞ�j0i; ð223Þ

where j0i is the QCD vacuum state, Nc is the number of

colors, and Tr is the color trace. Timelike four-vectors vμ ¼
γð1; β; 0⃗⊥Þ and v0μ ¼ γ0ð1;−β0; 0⃗⊥Þ approach the light cone as
β and β0 → 1. The rapidity Y and the speed β are related
through β ¼ tanhY in terms of the light-cone vectors p and n,
and the velocities read v ¼ ðeY= ffiffiffi

2
p Þðp=pþ þ e−2YpþnÞ and

v0 ¼ ðeY= ffiffiffi
2

p Þ½e−2Yðp=pþÞ þ pþn�. Wvðb⃗⊥; tÞ is a staple-
shaped gauge link along v direction that is similar to those
defined in Eqs. (173) and (196). t and t0 are the lengths of the t
components of the staples. The single time-order prescription
for S allows physical interpretation as a chronological process.
Like the quasi-TMDPDF, the Wilson loop in Eq. (223)
contains pinch-pole singularities associated with time evolu-
tion of initial and final states at large t and t0. Therefore, we
need to subtract them out in Eq. (223) with rectangular Wilson
loops (Collins, 2008; Ji et al., 2019). This leads to the
following off-light-cone realization of the soft function:

Sðb⊥;μ;Y;Y 0Þ¼ lim
t→∞
t0→∞

Wðt;t0;b⊥;μ;Y;Y 0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zð2t;b⊥;μ;YÞZð2t0;b⊥;μ;Y 0Þp ; ð224Þ

where Zð2t; b⊥; YÞ is the vacuum expectation value of the
rectangular Wilson loop that is similar to W when one sets
v0 ¼ v and t0 ¼ t, i.e., Zð2t; b⊥; YÞ ¼ Wðt; t; b⊥; Y;−YÞ. The
factor Z has a clear physical interpretation: It can be viewed as
the wave-function renormalization for incoming or outgoing
color sources. After the subtraction through Z, the only
remaining UV divergences for Sðb⊥; μ; Y; Y 0Þ are the cusp
divergences with hyperbolic angle Y þ Y 0.
A more common definition of the soft function

SDYðb⊥; μ; Y; Y 0Þ for the DY process was proposed by
Collins (2011a, 2011b). The spacelike vectors uμ ¼
γðβ; 1; 0; 0Þ and u0μ ¼ γ0ð−β0; 1; 0; 0Þ were chosen instead
of timelike vectors v and v0 to define the soft function for
the DY process. This soft function was defined in Sec. V.B in
Eq. (202). u and u0 are equal to pY and nY 0 up to overall
normalization factors.
While S and SDY are defined differently, we can show that

Sðb⊥; μ; Y; Y 0Þ ¼ SDYðb⊥; μ; Y; Y 0Þ ð225Þ

using the analyticity property (Ji, Liu, and Liu, 2021). Here we
focus on S in Eq. (224), which has a simple Euclidean
realization.
After defining the soft function S, we now show that it is

equal to a form factor. In HQET, the propagator of a color
source is equivalent to a gauge link along its moving direction.
Thus, Wðt; t0; b⊥; μ; Y; Y 0Þ can be expressed by fields in
HQET with the Lagrangian

LHQET ¼Q†
vðxÞðiv ·DÞQvðxÞ þ Q̄†

vðxÞðiv ·DÞQ̄vðxÞ; ð226ÞFIG. 12. The Wilson loop W showing a pairing of quark and
antiquark scattering at t ¼ 0.
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where Qv and Q̄v are the quark and antiquark in the
fundamental and antifundamental representations, respec-

tively, vμ ¼ γð1; β; 0⃗⊥Þ is the four-velocity, and D is the
covariant derivative. Note that quarks in HQET can be viewed
as color sources. If the gluon soft function is considered, the
heavy quarks should be in the adjoint representation.
In HQET, a color-singlet heavy-quark pair separated by b⃗

generates a heavy-quark potential Vðjb⃗jÞ in the ground state,
and the spectrum includes a gapped continuum above it. The
state can also have a residual momentum δP⃗, which is
arbitrary due to reparametrization invariance (Luke and
Manohar, 1992; Manohar and Wise, 2000), and for simplicity
we always consider δP⃗ ¼ 0. When the sources move with a

velocity v, the ground state can be labeled by jQ̄Q; b⃗; δP⃗iv,
where the residue momentum δP⃗ ¼ P⃗total − 2mQγβ⃗ is the

difference between the total momentum P⃗total and the kinetic
momentum of the heavy quarks. The residual energy of the

state is E ¼ γ−1Vðjb⃗⊥jÞ þ β⃗ · δP⃗.
Consider a process with incoming and outgoing states being

heavy-quark pairs separated by b⃗⊥ and at velocities v and v0,
respectively. Such a state is created by the interpolating fields

Ovðt; b⃗⊥Þ ¼
Z

d3r⃗Q†
vðt; r⃗ÞUðr⃗; r⃗0; tÞQ̄†

vðt; r⃗0Þ; ð227Þ

where r⃗0 ¼ r⃗þ b⃗⊥ and Uðr⃗; r⃗0; tÞ is a gauge link connecting r⃗0
to r⃗ at time t. The heavy-quark pair created by Ov is forced to

be at relative separation b⃗⊥ and to have vanishing residual
momentum δP⃗ ¼ 0. Between the incoming and outgoing
states, a product of two local equal-time operators

Jðv; v0; b⃗⊥Þ ¼ Q̄†
v0 ðb⃗⊥ÞQ̄vðb⃗⊥ÞQ†

v0 ð0ÞQvð0Þ ð228Þ

is inserted at t ¼ 0. W can then be expressed in terms of
HQET propagators that are gauge links in the v and v0

directions. After integrating out the heavy-quark fields, we
obtain up to an overall volume factor (Ji, Liu, and Liu, 2020)

Wðt; t0; b⊥; μ; Y; Y 0Þ

¼ 1

Nc
h0jO†

v0 ðt0; b⃗⊥ÞJðv; v0; b⃗⊥ÞOvð−t; b⃗⊥Þj0i

!
t→∞
t0→∞

1

Nc
Φ†ðb⊥; μÞSðb⊥; μ; Y; Y 0ÞΦðb⊥; μÞe−iE0t0−iEt; ð229Þ

where

Φðb⊥; μÞ ¼ lim
T→∞vhQ̄Q; b⃗⊥jOvðT; b⃗⊥Þj0i;

Sðb⊥; μ; Y; Y 0Þ ¼ v0hQ̄Q; b⃗⊥jJðv; v0; b⃗⊥ÞjQ̄Q; b⃗⊥iv: ð230Þ

In the last line of Eq. (229), we inserted a complete set of
heavy-quark pair states before and after J. At large t and t0, the
contribution from the continuum spectrum is damped out due
to the Riemann-Lebesgue lemma (Zuazo, 2001), while the

contribution from jQ̄Q; b⃗⊥; δP⃗ ¼ 0iv with residual energy

E ¼ γ−1Vðjb⃗⊥jÞ survives. As a result we obtain Eqs. (229)

and (230), where we have omitted the state label δP⃗ ¼ 0 for
simplicity. Alternatively, we can also give t and t0 a small
negative imaginary part, which is consistent with the time

order, to damp out all states except jQ̄Q; b⃗⊥iv at large t and t0.
Note that Φðb⃗⊥; μÞ is independent of Y because it is boost
invariant.
Similarly, Z can be formulated in HQET as

Zð2t; b⊥; YÞ ¼
1

Nc
h0jO†

v0 ðt; b⃗⊥ÞOvð−t; b⃗⊥Þj0i

!
t→∞

1

Nc
Φ†ðb⃗⊥; μÞΦðb⃗⊥; μÞe−2iEt; ð231Þ

whose t component has length 2t. The Y dependence of Z is
implicit in the energy E. Combining Eqs. (229) and (231), we
obtain the S defined in Eq. (224). We emphasize that Eq. (224)
can be seen as a Lehmann-Symanzik-Zimmermann reduction
formula in which we amputate the external heavy-quark pair

states jQ̄Q; b⃗⊥iv.
As an equal-time observable, Sðb⊥; μ; Y; Y 0Þ can be

straightforwardly realized in Euclidean time as

Sðb⊥; μ; Y; Y 0Þ

¼ lim
T→∞
T0→∞

WEðT; T 0; b⊥; μ; Y; Y 0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZEð2T; b⊥; μ; YÞZEð2T 0; b⊥; μ; Y 0Þp ; ð232Þ

where the subscript E indicates that the quantity is defined in
Euclidean time, with corresponding variables T and T 0.
Because of boost invariance, the factor ZEðT; b⊥; μ; YÞ relates
to the rectangular Wilson loop defined in Eq. (198) along
the nz direction through the relation ZEð2T; b⊥; μ; YÞ ¼
ZEð2γ−1T; b⊥; 0Þ. The relevant matrix elements are now
calculated using a lattice version of HQET with the
Lagrangian (Aglietti, 1994; Hashimoto and Matsufuru,
1996; Horgan et al., 2009)

LE
HQET¼Q†

vðxÞðiṽ ·DEÞQvðxÞþQ̄†
vðxÞðiṽ ·DEÞQ̄vðxÞ; ð233Þ

where the subscript E denotes the Euclidean space

iṽ ·DE ¼ γðDτ − iβÞDz, with ṽμ ¼ γð−i;−β; 0⃗⊥Þ. We have
explicitly verified Eq. (232) in Euclidean perturbation theory
to one-loop order.
The soft function cannot be calculated on the lattice by

simply replacing the Minkowskian gauge links in Eq. (223)
with a finite number of Euclidean gauge links. Through
HQET, we find a time-independent formulation of the
soft function, which creates the possibility of direct lattice
calculations.

D. Light-front wave-function amplitudes and soft function from
the meson form factor

The LFQ or light-front formalism is a natural language for
parton physics in which partons are made manifest at all stages
of the calculation. This favors a Hamiltonian approach to
QCD as for a nonrelativistic quantum mechanical system, i.e.,
to diagonalize the Hamiltonian
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P̂−jΨni ¼
M2

n þ P⃗⊥2

2Pþ jΨni; ð234Þ

to obtain wave functions for the QCD bound states (Brodsky,
Pauli, and Pinsky, 1998). The LFWFs thus obtained can, in
principle, be used to calculate all the partonic densities and
correlations functions. Moreover, like in condensed matter
systems, knowing quantum many-body wave functions allows
one to understand interesting aspects of quantum coherence
and entanglement, as well as the fundamental nature of
quantum systems. Therefore, a practical realization of the
light-front quantization program would be a significant step
forward in understanding the fundamental structure of the
proton.
However, from a field theory point of view, wave functions

are not the most natural objects to consider due to the
nontrivial vacuum and UV divergences as well as the require-
ment of Lorentz symmetry, according to which the space and
time should be placed on equal footing. The proton or other
hadrons are excitations of the QCD vacuum, which by itself is
complicated because of the well-known phenomena of chiral
symmetry breaking and color confinement. To build a proton
on top of this vacuum, one naturally wonders which part of the
wave function reflects the property of the proton and which
reflects the vacuum: It is the difference that yields the
properties of the proton that are experimentally measurable.
There is no clean way to make this separation unless one
builds the proton out of elementary excitations or quasipar-
ticles that do not exist in the vacuum, as is often done in
condensed matter systems.
The partons in the IMF avoid the previously mentioned

problems to a certain extent. In fact, owing to the kinematic
effects, in the IMF all partons in the vacuum have longitudinal
momentum kþ ¼ 0, and to some degree of accuracy the
proton is made of partons with kþ ≠ 0. This natural separation
of degrees of freedom (d.o.f.) is particularly welcome, making
a wave-function description of the proton more natural and
interesting in IMF than in any other frame.
To implement the previous d.o.f. separation, one possibility

is to assume triviality of the light-front vacuum. The question
as to what extent this holds has been continually debated over
the years. One knows a priori that in relativistic QFT the
vacuum state is boost invariant and frame independent. In fact,
Nakanishi and Yabuki (1977) and Nakanishi and Yamawaki
(1977) proved that not only can the vacuum not be trivial, even
the Green’s functions of the full theory cannot pose generic
meaningful restrictions to the null planes ξþ ¼ c. In fact, the
vacuum zero modes do contain nontrivial dynamics and
contribute to the properties of the proton (Ji, 2020).
Nevertheless, one can adopt an effective theory point of view
to simply cut off the zero modes and relegate their physics to
renormalization constants. In some simple cases, these zero
modes can be treated explicitly (Heinzl, Krusche, and Warner,
1991; Yamawaki, 1998).
By imposing an IR cutoff on the kþ ≥ ϵ in the effective

Hilbert space, all physics below kþ ¼ ϵ are taken into account
through renormalization constants. We then obtain the follow-
ing effective LF theory with trivial vacuum:

akλj0i ¼ bpσj0i ¼ dpσj0i ¼ 0; ð235Þ

where j0i is the vacuum of LFQ. Therefore, the proton can be
expanded as follows in terms of the superposition of Fock
states in the LF gauge Aþ ¼ 0 (Brodsky, Pauli, and Pinsky,
1998):

jPi ¼
X∞
n¼1

Z
dΓnψ

0
nðxi; k⃗i⊥Þ

Y
a†i ðxi; k⃗i⊥Þj0i; ð236Þ

where a† are generic quarks and gluon quanta on the
light front and the phase-space integral reads dΓn ¼Q

dkþd2k⊥=2kþð2πÞ3. ψnðxi; k⃗i⊥Þ are LFWF amplitudes or
simply wave front (WF) amplitudes, where xi denotes the set
of momentum fractions from x1 to xn. It is a complete set of
nonperturbative quantities that describe the partonic landscape
of the proton. These amplitudes can in principle be calculated
through Hamiltonian diagonalization. However, as explained
in Sec. II.A, a direct systematic solution in LFQ is impractical.
LaMET offers an alternate route to calculate these WF

amplitudes. Thanks to the triviality of the vacuum after the
truncation kþ ≥ ϵ, they can then be written in terms of the
invariant matrix elements by inverting Eq. (236) as

ψ0
nðxi; k⃗i⊥Þ ¼ h0j

Y
aiðxi; k⃗i⊥ÞjPi: ð237Þ

After properly restoring gauge invariance and imposing
regularizations, they become the matrix elements of light-
cone correlators, the same type as those in the TMDPDFs.
Therefore, the LaMET method applies to them, which allows
one to effectively obtain the results of light-front quantization
through instant quantization in a large-momentum frame.
To realize the goal, the LFWF amplitudes also need a

rapidity renormalization, as in the case of TMDPDFs. In this
section, we explain how the reduced soft function Sr can be
obtained by combining the LFWF amplitudes and a special
light-meson form factor, instead of as the form factor in HQET
discussed in Sec. V.C. A lattice calculation based on the
light-meson framework was performed by Q.-A. Zhang
et al. (2020).
We now consider the following form factor of a pseudo-

scalar light-meson state with constituents ψ̄η:

Fðb⊥; P; P0; μÞ ¼ hP0jη̄ðb⃗⊥ÞΓ0ηðb⃗⊥Þψ̄ð0ÞΓψð0ÞjPi; ð238Þ

where ψ and η are light-quark fields of different flavors, Pμ ¼
ðPt; 0; 0; PzÞ and P0μ ¼ ðPt; 0; 0;−PzÞ are two large momenta
that approach two opposite lightlike directions in the limit
Pz → ∞, and Γ and Γ0 are Dirac gamma matrices, which can
be chosen as Γ ¼ Γ0 ¼ 1, γ5, or γ⊥ and γ⊥γ5, so that the quark
fields have leading components on the respective light cones.
At large momentum, the form factor factorizes through

TMD factorization into LFWF amplitudes. To motivate the
factorization, we need to consider the leading region of IR
divergences in a similar way for SIDIS and Drell-Yan
processes (Ji, Ma, and Yuan, 2005; Collins, 2011b); the result
is shown in Fig. 13. There are two collinear subdiagrams
responsible for collinear modes in the positive and negative
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directions and a soft subdiagram responsible for soft con-
tributions. In addition, there are two IR-free hard cores
localized around (0,0,0,0) and ð0; b⃗⊥; 0Þ. In the covariant
gauge, there are arbitrary numbers of longitudinally polarized
collinear and soft gluons that can connect to the hard and
collinear subdiagrams. Based on the region decomposition,
we now follow the standard procedure to change the factori-
zation into LF quantities (Collins, 2011b).
We first factorize the soft divergences. This can be done

with the soft function Sðb⊥; μ; δþ; δ−Þ. It resums the
soft-gluon radiation from fast-moving color charges.
Intuitively, soft gluons have no impact on the velocity of
the fast-moving color-charged partons, and the propagators of
the partons eikonalize to straight gauge links along their
moving trajectory.
We then factorize the collinear divergences. For the

incoming direction, the collinear divergence is captured
as follows by the LFWF amplitude for the incoming par-
ton ψ q̄qðx; b⊥; μ; δ0−Þ defined with future-pointing gauge
links:

ψ q̄qðx; b⊥; μ; δ0−Þ ¼
Z

dλ
4π

e−ixλh0jψ̄ðλn=2þ b⃗⊥ÞγþWnðλn=2þ b⃗⊥Þjδ0−ψð−λn=2ÞjPi; ð239Þ

where the staple-shaped gauge link Wn is defined similar to
that in Eq. (166), with the only exception being that the gauge
links Wn should point to þ∞ instead of −∞.
However, the naive LFWF amplitude contains soft

divergences as well. To avoid double counting, we must
subtract out the soft contribution from the bared collinear
WF amplitude with the soft function Sðb⊥; μ; δþ; δ0−Þ.
This leads to the following collinear function for the incoming
direction: ψ q̄qðx; b⊥; μ; δ0−Þ=Sðb⊥; μ; δþ; δ0−Þ. Similarly, for
the outgoing direction one obtains the collinear function
ψ†
q̄qðx0; b⊥; μ; δ0þÞ=Sðb⊥; μ; δ0þ; δ−Þ.
Here we comment on the choices for the gauge-link direc-

tions in the soft functions and the WF amplitudes. Naively, the
gauge links along the p direction have to be past pointing.
However, as in the arguments given by Collins andMetz (2004)
for the SIDIS process, based on the space-time picture of
collinear divergences one can chose future-pointing gauge links
along the p direction as well. With all the gauge links future
pointing, the soft function is equal to S, which ismanifestly real,
and the WF amplitudes for the incoming and outgoing hadrons
are in complex conjugation with each other.
In addition to the collinear and soft functions, we still need

the hard kernel HFðQ2; Q̄2; μ2Þ, where Q2 ¼ xx0P · P0,
Q̄2 ¼ x̄x̄0P · P0, and an integral over the momentum fractions
x and x0 is assumed. When these are taken together, we obtain
the following TMD factorization of the form factor into hard,
collinear, and soft functions:

Fðb⊥; P; P0; μÞ ¼
Z

dxdx0HFðQ2; Q̄2; μ2Þ

×

�
ψ†
q̄qðx0; b⊥; μ; δ0þÞ
Sðb⊥; μ; δ0þ; δ−Þ

��
ψ q̄qðx; b⊥; μ; δ0−Þ
Sðb⊥; μ; δþ; δ0−Þ

�
× Sðb⊥; μ; δþ; δ−Þ: ð240Þ

All the rapidity regulators in all the WF amplitudes and the
soft functions are canceled out.
We now consider a one-loop example. The incoming

hadron state consists of a free quark with momentum x0Pþ

and a free antiquark with momentum x̄0Pþ. Similarly the out-
going state consists of a pairing of a free quark and an
antiquark with momenta x00P

0− and x̄00P
0−, respectively. The

spin projection operator for the incoming state is proportional
to γ5γ− and for the outgoing state is proportional to γ5γþ. The
tree-level form factor is normalized to 1. At one-loop level, the
pseudoscalar form factor with vector currents Γ ¼ γμ and
Γ0 ¼ γμ, where a summation over μ is assumed, reads

Fðb⊥; P; P0; μÞ ¼ 1þ αsCF

2π
Fð1Þðb⊥; Q2; Q̄2; μ2Þ; ð241Þ

where Q2 ¼ 2x0x00P
þP0−, Q̄2 ¼ 2x̄0x̄00PþP0−, and

Fð1Þðb⊥; Q2; Q̄2; μ2Þ
¼ −7þ ½−1

2
ln2b2⊥Q2 þ 3

2
ln b2⊥Q2 þ ðQ → Q̄Þ�: ð242Þ

This result can be obtained from the one-loop DY struc-
ture function (D’Alesio et al., 2014) using the substitu-
tions ln2ð−Q2b2⊥Þ → ð1=2Þln2Q2b2⊥ þ ð1=2Þln2Q̄2b2⊥ and
lnð−Q2b2⊥Þ→ð1=2ÞlnQ2b2⊥þð1=2ÞlnQ̄2b2⊥. As in the TMD
factorization for SIDIS and DY processes, one should notice
that the hard kernel HFðQ2; Q̄2; μ2Þ can be obtained from that
of the spacelike Sudakov form factor as follows:

HFðQ2; Q̄2; μ2Þ ¼ HSudð−Q2ÞHSudð−Q̄2Þ; ð243Þ

where HSudð−Q2Þ is as given by Collins and Rogers (2017).
At one-loop level, we then obtain

FIG. 13. The reduced diagram for the large-momentum form
factor F of a meson. Two H denote the two hard cores separated

in space by b⃗⊥ and C are collinear subdiagrams and S denotes the
soft subdiagram.
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HFðQ2; Q̄2; μ2Þ ¼ 1þ αs
4π

�
−16þ π2

3
þ 3LQ þ 3LQ̄ − L2

Q − L2
Q̄

�
; ð244Þ

where LQ ¼ ln ðQ2=μ2Þ and LQ̄ ¼ Q̄2=μ2.
We now construct the Euclidean version of the factorization in terms of the quasi-WF amplitudes, the reduced soft function,

and the hard contribution. The quasi-WF amplitudes are defined as in Eq. (195):

ψ̃ q̄qðx; b⊥; μ; ζzÞ ¼
Z

dξz

4π
eixξ

zPz h0jψ̄ðξznz=2þ b⃗⊥ÞγzWzðξznz=2þ b⃗⊥;LÞψð−ξznz=2ÞjPi
ZEð2L; b⊥; μÞ

; ð245Þ

in which the staple-shaped gauge link Wz is as defined in
Eq. (196). The gauge links should point in the þz direction in
accordance to the þ∞ choice on the light-cone side.
The factorization to the LFWF amplitude follows reasoning

similar to that of the quasi-TMDPDFs presented earlier.
Alternatively, we can factorize it as follows using quantities
defined in the on-light-cone rapidity scheme:

ψ̃ q̄qðx; b⊥; μ; ζzÞ ¼ Hþ
1 ðζz=μ2; ζ̄z=μ2Þ

×

�
ψ q̄qðx; b⊥; μ; δ−Þ
Sðb⊥; μ; δþ; δ−Þ

�
Sðb⊥; μ; δþÞ: ð246Þ

Equation (246) is the result of applying a similar
leading-region analysis to the quasi-WF amplitude.
ψ q̄qðx; b⊥; μ; δ−Þ=Sðb⊥; μ; δþ; δ−Þ resums all the collinear
divergences, while the soft function Sðb⊥; μ; δþÞ contains
an off-light-cone direction along nz. It resums the soft
divergences of the quasi-WF amplitude. The soft functions
Sðb⊥; μ; δþ; δ−Þ and Sðb⊥; μ; δþÞ subtract away the regulator
dependencies introduced in the bare LFWF amplitude. The
overall combination in the right-hand side of Eq. (246) is
rapidity scheme independent. As in the case of the form factor,
we can choose all the gauge links along the incoming collinear
direction to be future pointing.
Combining Eqs. (240) and (246) and using the relation

ζζ0 ¼ ζzζ
0
z, one obtains the form factor factorization

Fðb⊥;P;P0;μÞ

¼
Z

dxdx0Hðx;x0Þψ̃†
q̄qðx0;b⊥Þψ̃ q̄qðx;b⊥ÞSrðb⊥;μÞ; ð247Þ

where we have kept only the x; b⊥ dependencies of the WF
amplitudes, with other variables omitted, and the hard kernel
H is given by

Hðx; x0Þ ¼ Hðζz; ζ0z; ζ̄z; ζ̄0z; μ2Þ

¼ HFðQ2; Q̄2; μ2Þ
Hþ

1 ðζz=μ2; ζ̄z=μ2ÞHþ
1 ðζ0z=μ2; ζ̄0z=μ2Þ

; ð248Þ

where Q2 ¼ ffiffiffiffiffiffiffiffiffi
ζzζ

0
z

p
and Q̄2 ¼

ffiffiffiffiffiffiffiffiffi
ζ̄zζ̄

0
z

p
. And the reduced soft

function is

Srðb⊥; μÞ ¼ lim
δþ;δ−→0

Sðb⊥; μ; δþ; δ−Þ
Sðb⊥; μ; δþÞSðb⊥; μ; δ−Þ

: ð249Þ

It can be shown based on the properties of off-light-cone soft
functions that the Sr defined here agrees with the one defined
in Eq. (204).
Therefore, with nonperturbative quantities F and ψþ, we

obtain the reduced soft function

Srðb⊥; μÞ ¼
Fðb⊥; P; P0; μÞR

dxdx0Hðx; x0Þψ̃†
q̄qðx0; b⊥Þψ̃ q̄qðx; b⊥Þ

; ð250Þ

where H can be obtained perturbatively.
Based on the one-loop results for the form factor, the quasi-

WF amplitudes and the reduced soft function, the one-loop
matching kernel for the vector current can be extracted as

Hðζz;ζ0z; ζ̄z; ζ̄0z;μ2Þ

¼ 1þαsCF

2
i ln

ffiffiffiffiffiffiffiffiffi
ζzζ̄z

p
ffiffiffiffiffiffiffiffiffi
ζ0zζ̄0z

p
þαsCF

4π

�
−8þ ln2

ffiffiffiffiffi
ζz

p
ffiffiffiffiffi
ζ0z

p þ ln

ffiffiffiffiffiffiffiffiffi
ζzζ

0
z

p
μ2

þðζ→ ζ̄Þ
�
; ð251Þ

and the renormalization group equation for H reads

μ2
d
dμ2

lnHðζz; ζ0z; ζ̄z; ζ̄0z; μ2Þ ¼ −2γFðαsÞ − ΓSðαsÞ; ð252Þ

where γF and ΓS are as previously defined.
Here we comment on the end-point behavior. As x ∼ 0, the

hard kernel diverges logarithmically near the end point as
1þ αs ln2 x, but the quasi-WF amplitudes approach zero at
large or small x linearly; thus, the end-point regions behave as
x ln2 x, which is free from those problems for the kT factori-
zation for electromagnetic form factor (Li and Sterman, 1992).
Moreover, we can fix the z-component momentum transfer at
each of the vertices to be Pz, which indicates that xþ x0 ¼ 1.
In this case the end-point behavior is improved to x2 ln2 x.

VI. LATTICE PARTON PHYSICS WITH LaMET

Lattice gauge theory simulates continuum QCD in imagi-
nary time on a discretized 4D Euclidean lattice. The method is
characterized by the finite lattice spacing a and volume
L1 × L2 × L3 × T, as well as input parameters such as the
strong coupling and quark masses. To calculate physical
quantities, one usually expects to take the continuum
(a → 0) and infinite volume (Li; T → ∞) limits and tune
the quark masses so that observables such as the pion massmπ
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agrees with the physical value of ∼140 MeV. There are
different methods for implementing the fermions on the lattice
(Rothe, 1992) that lead to different properties of the lattice
action such as chiral symmetry breaking for Wilson fermions.
In the lattice calculation of hadron matrix elements, the initial
and final states are generated by acting the source and sink
interpolation operators on the vacuum, and the ground-state
contributions are filtered out by propagating over a sufficiently
large Euclidean time. A boosted hadron state can be obtained
by inserting momentum into the source and sink operators
through a Fourier transform in the 3D spatial coordinates.
The lattice QCD calculations of parton physics using

LaMET started with exploratory studies on the simplest
PDFs and the gluon helicity (Alexandrou et al., 2015; Lin
et al., 2015; Yang et al., 2017) that yielded fairly encouraging
results, demonstrating that LaMET is a viable approach. In
subsequent studies, more attention has been paid to the
systematics, including establishing a proper renormalization
and matching procedure, simulating at the physical pion mass,
removing the excited-state contamination, etc. Such studies
have greatly improved the precision of the calculations, with
the latest results exhibiting reasonable agreement with phe-
nomenological PDFs (Alexandrou et al., 2018a, 2018b; Lin,
Chen et al., 2018; Izubuchi et al., 2019; Gao et al., 2020). In
the meantime, explorations have also been made on similar
large-momentum data using coordinate-space factorization
methods including the pseudo-PDF (Orginos et al., 2017; Joó
et al., 2019a, 2019b, 2020) and current-current correlation
(Bali et al., 2019; Sufian et al., 2019, 2020). Nevertheless,
dedicated large-scale efforts with state-of-art resources have
not yet been made. Lattice parton physics with LaMET is at its
dawn. With EIC in the United States going forward, a new era
of lattice calculations is to come.
In this section, we summarize the current status of lattice

calculations using LaMET and discuss future prospects. We
begin with a general discussion on the kind of lattice setups
that are best suited for LaMET calculations, then summarize
the relevant lattice techniques that facilitate such calculations.
After that we review the lattice calculations that have been
carried out thus far and point out future potential improve-
ments. A complementary discussion about lattice calculations
was conducted by Cichy and Constantinou (2019). Other
reviews that summarize recent developments in the lattice
calculation of PDFs were given by Monahan (2018a), Zhao
(2020), and Constantinou (2021).

A. Special considerations for lattice calculations

In this section, we discuss the challenges for lattice
calculations in LaMET and estimate the required lattice
requirements while taking collinear PDFs as an example.

1. Challenges due to large momentum

In addition to common challenges with other lattice
calculations, such as taking the continuum and infinite volume
limits, simulating at or extrapolating to the physical pion
mass, etc., LaMET applications require the generation of a
large-momentum hadron on the lattice. For the LaMET
expansion, 1=xPz is the expansion parameter, and for the

coordinate-space factorizations large quasi-light-cone dis-
tance λ requires an even larger hadron momentum.
However, this realization leads to a number of practical
challenges. First, it was difficult to generate large-momentum
hadron states on the lattice until the technique of momentum
smearing (Bali et al., 2016) was proposed. The conventional
smearing method in coordinate space is designed to increase
the overlap with a ground-state hadron at rest. Thus, it is not
surprising that such a smearing is not efficient when the
hadron has a large momentum. The momentum smearing

technique introduces an extra phase factor eik⃗·z⃗ to the quark

field, such that it peaks at the nonzero momentum k⃗ in Fourier
space, as shown in Fig. 14. In this way, the overlap with the
high-momentum state is vastly increased after Euclidean time
evolution. Recently the momentum smearing technique was
incorporated into the framework of distillation (Egerer et al.,
2020) to improve the extraction of ground-state energy and
matrix elements at momentum ≲3 GeV. Although there have
been other proposed methods to generate large momentum
(Wu et al., 2018), momentum smearing has become a standard
technique in LaMET applications.
Second, the proton size is frame dependent and changes

with its momentum. In the proton’s rest frame, simulating its
structure requires the lattice spacing to be much smaller than
the QCD confinement scale, i.e., a ≪ Λ−1

QCD. When the proton
is moving fast, it undergoes Lorentz contraction by a boost
factor γ in the momentum direction; thus, a finer lattice
spacing a ≪ ðγΛQCDÞ−1 is needed. If a ≤ 0.2 fm is the
minimum requirement to investigate a static proton, one will
need at least a ≤ 0.04 fm to have the same resolution for a
proton at 5 GeV. A smaller lattice spacing is difficult to
achieve with current computing resources, as it suffers from
the well-known critical slowing down problem; i.e., the
autocorrelation times of observables such as the topological

FIG. 14. Conventional smearing (top panels) vs momentum
smearing (bottom panels) (Bali et al., 2016). Conventional
smearing has a small overlap with the high-momentum state.
Momentum smearing shifts the momentum to its peak at the
nonzero value in momentum space.
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charge increase when approaching the continuum limit
(Schaefer, Sommer, and Virotta, 2011), which can be much
longer than the Monte Carlo simulation times. A lattice with
the open (Neumann) boundary condition on gauge fields in
the Euclidean time direction (Luscher and Schaefer, 2011),
which allows topological charge to flow in and out at
boundaries of time, may overcome this problem.
Third, the gaps between the ground-state and excited-state

energies become smaller because of the time dilation effect. In
the proton’s rest frame, the excited-state contamination
exponentially decays with the mass gap ΔM and evolution
time τ in the form of e−ΔMτ. In the boosted frame, the mass
gap ΔM in the decay factor is replaced by the energy gap
ΔE ∼ ΔM=γ, and the decay changes as e−ΔMτ → e−ΔEτ ¼
e−ΔMτ=γ under Euclidean time evolution. Therefore, with a
boosted state, a longer time evolution (source-sink separation)
is needed. For example, if a source-sink separation of 1 fm is
needed to separate the excited state of the proton with 2 GeV
momentum, a proton with 5 GeV momentum will require a
source-sink separation of 2.5 fm. Even if the two-state fit
technique is used, a longer time evolution is still required so
that only the ground and first excited states dominate.
Last, the lattice calculation requires Pz ≪ 1=a so that

the discretization effects of O(ðaPzÞn) are under control.
Therefore, one has to use smaller lattice spacing in order to
reach larger momentum. The quantification of O(ðaPzÞn)
effects alone in LaMET calculations has not been done, as all
discretization errors are treated on equal footing in continuum
extrapolation.
To summarize, to achieve a precise calculation of the boosted

hadron structure on the lattice, a fine lattice spacing (at least in
the longitudinal direction) and a large box size in the time
direction are essential, which also requires one to have control
of the signal-to-noise ratio at large Euclidean times.

2. Considerations for lattice setup

In practical calculations, a correlation function is first
obtained on lattice in coordinate space, and then Fourier
transformed to momentum space with the phase factor eiλx,
where λ ¼ zPz. Therefore, the smallest x that one can reach
can be estimated from the largest λ as x ∼ 1=λ. However, a
more stringent constraint comes from requiring the higher-
twist contribution O(Λ2

QCD=ðxPzÞ2) to be small so that the
factorization is still valid, which implies x ≫ ΛQCD=Pz. This
also provides an estimate for the largest attainable x
(x ≪ 1 − ΛQCD=Pz) since the momentum fraction carried
by other partons is ∼ð1 − xÞ, which should be bounded from
below by the previous estimate.
For the current state-of-the-art simulations, the lattice

spacing can reach 0.04 fm (Fan et al., 2020; Gao et al.,
2020), which implies Pz

max ∼ 5 GeV, and the effective reso-
lution in the longitudinal direction is γa ∼ 0.2 fm. Thus, the
valid x region that can be extracted from the lattice is roughly
0.1 to 0.9. On the other hand, to avoid finite volume effects, it
is believed that mπL ≳ 4. For the physical pion mass, the box
size in the spatial direction L should be at least 6 fm, which
means that the box size is 150 lattice spacings. Thus far the
largest box size in LaMET calculations has been 5.8 fm (Lin,
Chen et al., 2018). As discussed in Sec. VI.A.1, a source-sink

separation of 2.5 fm is needed for Pz ¼ 5 GeV. Therefore, the
box size in the time direction T does not particularly need to
be longer than L, and T ¼ L is sufficient in this lattice setup.
In summary, with a ¼ 0.04 fm at the physical pion mass one
needs an L3 × T ¼ 1503 × 150 lattice to reliably extract a
0.1 < x < 0.9 region, which could be possible on an exascale
computer.
There are potential tricks for reducing the computational

cost. First, the required source-sink separation can be shorter if
one uses a multistate instead of a two-state fit with enough
statistics. However, since the number of fitting parameters in
an n-state fit grows as n2, such a fitting becomes infeasible for
too large n. Second, note that the resolution required for
transverse proton structures is not affected by the Lorentz
boost, and one may use a coarse lattice in the transverse
direction (a⊥ ¼ 0.1 fm). The required box size is then
Lk × L2⊥ × T ¼ 150 × 602 × 150. This asymmetric lattice
can greatly reduce the resources needed for large momentum
since the transverse box size is fixed. However, generating
configurations and renormalization on such a lattice might
bring new problems and should be further studied.
In the near future, exascale supercomputers may help us to

reach higher momentum, as large as 5 GeV for the proton, and
improve the precision of LaMET calculations. Further theo-
retical developments and new ideas on the technique and
algorithms are also needed to overcome the simulation
difficulties.

B. Nonsinglet PDFs

In this section, we review the current status of lattice
calculations of flavor nonsinglet (isovector) PDFs in the
proton and pion. The nonsinglet case has an advantage in
that the mixing with gluons as well as the lattice calculation of
disconnected diagrams can be avoided, thus greatly reducing
the computational challenge. This is the most extensively
studied parton observable with LaMET thus far.

1. Proton

Pioneering lattice studies for the isovector quark PDF in the
proton were carried out by Alexandrou et al. (2015) and Lin
et al. (2015). These were proof-of-principle studies, as the
renormalization of quasi-PDFs was not well understood at the
time. Nevertheless, their results encouraged the follow-up
theoretical works on LaMET, including a proper renormali-
zation and a matching suitable for lattice implementation.
Certain lattice artifacts have also been studied. For example,

although there is no power-divergent mixing for the quasi-
PDF operators on the lattice, additional operator mixings that
are not seen in the continuum can still occur if a nonchiral
lattice fermion such as the Wilson-type fermion is used.
Constantinou and Panagopoulos (2017) and Chen et al. (2019)
showed that at Oða0Þ the operator for the unpolarized quark
quasi-PDF OγzðzÞ can mix with the scalar operator O1ðzÞ,
whereas OγtðzÞ does not. To reduce the systematic uncertainty
from such a mixing, Γ ¼ γt has been used since then for lattice
calculations of the unpolarized quark PDF (Alexandrou,
Cichy et al., 2017; Chen et al., 2018; Green, Jansen, and
Steffens, 2018). Similarly, for helicity and transversity cases
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one should choose Γ ¼ γ5γz and Γ ¼ iσz⊥ ¼ γ⊥γz, respec-
tively, in order to avoid the mixing. Note that at OðaÞ all
ÕΓðzÞ’s can mix with others (Chen et al., 2019). Nevertheless,
a fine lattice spacing can reduce these effects.
Alexandrou, Cichy et al. (2017), Chen et al. (2018), and

Green, Jansen, and Steffens (2018) studied the nonperturba-
tive renormalization (NPR) of the quasi-PDFs in the RI/MOM
scheme (Martinelli et al., 1995). This scheme has several
advantages: The lattice regularization scheme can be con-
verted to the MS scheme through the RI/MOM renormaliza-
tion condition, the computation cost is affordable, the
systematic errors can be reduced or quantified more easily,
etc. Work before 2018 did not include NPR and the system-
atics were not accurately quantified. More recent work has
implemented the RI/MOM scheme and the corresponding
perturbative matching (Constantinou and Panagopoulos,
2017; Stewart and Zhao, 2018; Liu et al., 2020). The
coordinate-space method was also developed in parallel by
Orginos et al. (2017), Cichy, Debbio, and Giani (2019), Joó
et al. (2019a, 2020), and Bhat et al. (2020). In Figs. 15 and 16,
we select some of the most recent lattice results. The European
Twisted Mass Collaboration (ETMC) published the proton
unpolarized, helicity, and transversity PDFs with Pz ¼
1.4 GeV at the physical pion mass (Alexandrou et al.,
2018a, 2018b), and the LP3 Collaboration published the
proton helicity PDF with the unprecedented momentum Pz ¼
3.0 GeV at the physical pion mass (Lin, Chen et al., 2018).
Recently calculations on fine lattices (Alexandrou, Cichy,
Constantinou, Green et al., 2020; Fan et al., 2020) and an
extrapolation to the continuum limit (Alexandrou, Cichy,
Constantinou, Green et al., 2020) have become available.
The finite volume effects, which were first studied in a model
by Briceño et al. (2018), were investigated on the lattice
recently by Lin and Zhang (2019), where no sizable volume
dependence was observed at Pz ¼ 1.3 and 2.6 GeV.
The PDFs extracted from LaMET can be useful for

phenomenology by providing input in kinematic regions that
are difficult to measure in experiments. This has attracted
attention from the global fit community (Lin et al., 2018;
Hobbs et al., 2019; Bringewatt et al., 2020; Constantinou

et al., 2020). For example, it has been found that in the large-x
region of unpolarized PDF the lattice result will lead to a
significant improvement on the global fit result if it reaches an
accuracy of about 10% (Lin et al., 2018). It is now also
possible to investigate the sea quark asymmetry (Geesaman
and Reimer, 2019) directly on the lattice. For the transversity
PDF, due to the difficulty of measurement in experiment,
lattice results can have an impact on improving the global fit
and even prediction making. In addition to the isovector cases,
calculations of the strange and charm unpolarized distribu-
tions (Zhang, Lin, and Yoon, 2020), as well as the flavor
separation of light quarks in the helicity PDF (Alexandrou,
Constantinou et al., 2020), have been carried out recently.
From early exploratory results showing the qualitative behav-
ior of PDFs to the latest results, which are comparable to
global fits, we have come a long way in developing new
techniques (momentum smearing, renormalization, matching,
etc.) and the computation resources have steadily increased
over time. Systematic uncertainties in the lattice calculation of
PDFs have been thoroughly investigated by the ETMC

FIG. 15. Proton isovector quark PDF (Alexandrou et al., 2018a, 2018b). The unpolarized PDF with Pz from 0.82 to 1.4 GeV and the
transversity PDF with Pz ¼ 1.4 GeV are in left and right panels, respectively. CJ15 (Accardi, Brady et al., 2016), ABMP16 (Alekhin
et al., 2017), and NNPDF3.1 (Ball et al., 2017) are global fits. SIDIS is a global fit and SIDISþ glatticeT is global fit with a lattice
constraint on tensor charge glatticeT (Lin, Melnitchouk et al., 2018).

FIG. 16. Proton isovector quark helicity PDF (Pz ¼ 3.0 GeV)
(Lin, Chen et al., 2018) with a red band for the statistical error
and a gray band for the statistical and systematic errors.
NNPDF1.1pol (Nocera et al., 2014) and JAM17 (Ethier, Sato,
and Melnitchouk, 2017) are global fits.
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(Alexandrou, Cichy et al., 2019). Further studies on system-
atics such as the discretization effects and finite volume effects
on various lattice ensembles are still necessary. In the future,
lattice QCD is expected to make a significant impact on
nucleon structure.
To conclude this section, we mention that there are also

lattice studies of the isovector PDF of other baryons, Δþ to be
specific, using LaMET (Chai et al., 2020).

2. Pion

The pion valence quark distribution has been extracted from
various Drell-Yan data for pion-nucleon and pion-nucleus
scattering, while theoretical predictions do not yield results
consistent with the experimental extraction, especially in the
large-x region (Holt and Roberts, 2010). LaMET calculations
will shed valuable light on how to resolve this disagreement,
provided that all systematics are well under control.
In principle, calculating the pion valence PDF is easier than

the proton PDF. First, the pion state is easier to produce and
the quark contractions are fewer. Second, the energy gap
between the first excited state and the ground state of the pion
is much larger than the energy gap of the proton. Therefore,
the excited-state contamination is easier to control. The
simulation was first performed by Zhang, Chen et al.
(2019) with the same lattice setup and procedure used in
exploratory studies of the proton PDF. A more thorough study
on the pion valence quark PDF was done by the lattice QCD
group of BNL (Izubuchi et al., 2019). Note that the excited-
state contamination was thoroughly studied using multistate
fits, with the ground and first excited states both agreeing with
the expected dispersion relations, indicating that the excited
contamination is well under control. The comparison of the
lattice results from the quasi-PDF, pseudo-PDF, and current-
current correlator approaches are shown in Fig. 17. Note that
the LP3 result (Zhang, Chen et al., 2019) was obtained using a
Fourier transformation and inversion of the factorization
formula, while the other three groups used parametrization
models to fit the lattice data. More dedicated effort is needed

to reduce the errors, and a meaningful comparison between
different operators and analysis methods should be made.
For other mesons, we mention that there is a study of the

kaon valence quark PDF using MIMD Lattice Computation
Collaboration configurations (Lin et al., 2020).

C. Gluon helicity and other collinear-parton properties

In this section, we summarize the applications of LaMET to
other collinear-parton observables, including the gluon hel-
icity, the gluon PDFs, meson DAs, and GPDs.

1. Total gluon helicity

The total gluon helicity ΔG is a key component to under-
standing the proton spin structure. It has been intensively
explored at RHIC and will be pursued at EIC in the future.
However, a theoretical lattice calculation of ΔG was not
possible until the proposal of LaMET.
The first such effort was made by the χQCD Collaboration

(Yang et al., 2017). The calculation was carried out with
valence overlap fermions on 2þ 1 flavor domain-wall fer-
mion gauge configurations, using ensembles with multiple
lattice spacings and volumes including one with physical pion
mass. Yang et al. (2017) simulated proton matrix elements of
the free-field operator ðE⃗ × A⃗Þ3 in the Coulomb gauge at
various momenta, then converted them to the MS scheme with
one-loop lattice perturbation theory. The MS matrix elements
at each lattice momentum are shown in Fig. 18. Although a
LaMET matching is necessary to match the results to the
physical gluon helicity, Yang et al. (2017) did not apply it due
to concerns of perturbative convergence of the matching
coefficient (Ji, Zhang, and Zhao, 2015). Instead, as the MS
matrix elements showed mild momentum dependence up to
the maximum momentum ∼1.5 GeV, they extrapolated the
results to infinite momentum, as well as physical pion mass
and continuum limits, with a model motivated by chiral EFT.
Their final result was ΔGðμ2 ¼ 10 GeV2Þ ¼ 0.251ð47Þð16Þ,
or 50%(9%)(3%) of the total proton spin, which agrees with

FIG. 17. Pion valence quark PDFs in various approaches.
Compare the results of pesudo-PDF [reduced pseudo-ITD (Joó
et al., 2019b)], quasi-PDF [quasi-PDF-1 (Izubuchi et al., 2019) and
quasi-PDF-2 (Zhang, Chen et al., 2019)], and the current-current
correlator approach [LCSs (Sufian et al., 2019)].

FIG. 18. Total gluon helicity. The results are extrapolated to the
physical pion mass and continuum as a function of the proton
momentum p3 on all five ensembles and indicated by different
colors for the data points. From Yang et al., 2017.
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the truncated moment of ΔgðxÞ (de Florian et al., 2014;
Nocera et al., 2014) within uncertainties.
Despite such progress, one should be cautious and

acknowledge that this calculation still needs further improve-
ment in the future. Among others, the most important required
improvements are simulations at larger proton momentum,
performance of an NPR, and investigation of the perturbative
convergence of LaMET matching and its implementation.

2. Gluon PDF

The gluon PDF is of great interest not only for precise
physics at LHC but also for understanding the gluonic
structure of the proton and nuclei, as well as the small-x
dynamics, at the future EIC. With the recent progress on the
renormalization and matching of gluon quasi-PDFs (Wang
and Zhao, 2018; Wang, Zhao, and Zhu, 2018; Li, Ma, and
Qiu, 2019; Wang, Zhang et al., 2019; Zhang, Ji et al., 2019)
and coordinate-space “pseudodistributions” (Balitsky, Morris,
and Radyushkin, 2019), a systematic lattice calculation of the
gluon PDFs can be carried out in principle.
Before the previously mentioned theoretical developments,

an exploratory lattice study of the proton and pion unpolarized
gluon PDFs was carried out by Fan et al. (2018). They
calculated quasigluon LF correlations and compared them to
the LF correlations for the gluon PDFs. Later, based on the
multiplicative renormalizability of a certain choice of the
quasigluon LF correlator (Zhang, Ji et al., 2019), Fan et al.
used the ratio scheme (Balitsky, Morris, and Radyushkin,
2019) in coordinate space to renormalize the lattice matrix
elements and fitted the proton unpolarized gluon PDF with a
simple two-parameter model (Fan, Zhang, and Lin, 2021).
Although the results show agreement with the global analyses
in the large-x region, the systematics from the model depend-
ence of the fit remains to be quantified for a controlled
calculation of the gluon PDF.

3. DA

According to Sec. IV.B, LaMET can be readily applied to
calculating DAs, and the lattice resource needed is expected to
be cheaper than that for PDFs since there is one fewer external
state, which reduces the number of contractions for the quark
propagators. Thus far there have been a few exploratory
investigations on meson DAs, in particular, on pion (Zhang
et al., 2017) and kaon DAs (Zhang, Jin et al., 2019). The lattice
calculations of pion (Zhang et al., 2017) and kaon DAs (Zhang,
Jin et al., 2019) were first explored without the NPR and the
correspondingmatching. Recently the pion and kaon DAs from
the RI/MOM scheme analysis were extrapolated to the con-
tinuum limit by R. Zhang et al. (2020), who eventually adopted
a two-parameter model to fit the final result. The results are
shown in Fig. 19. Apart from LaMET, the current-current
correlationmethods (Detmold andLin, 2006;Braun andMüller,
2008; Braun et al., 2015) have also reflected much progress on
the pion DA (Bali et al., 2019; Detmold et al., 2018, 2020).

4. GPD

As discussed in Sec. IV, the global fitting of GPDs still faces
challenges from their complicated kinematic dependence and

limited information from the experimental observables despite
the progress made (Favart et al., 2016; Kumericki, Liuti, and
Moutarde, 2016). On the other hand, the previously men-
tioned lattice QCD method is able to calculate only the lowest
few moments of the GPDs (Hagler, 2010), which is far
from sufficient for reconstructing their full kinematic depend-
ence. Applying LaMET to GPD calculations will provide
important information on the GPDs, especially in kinematic
regions that are not accessible in currently available experi-
ments. In addition, on the lattice one can study the GPD
dependence on one kinematic variable by fixing the others. All
these will help differentiate commonly used models in GPD
parametrization.
Calculating quasi-GPDs requires more resources than

calculating quasi-PDFs but does not need further techniques
in principle. In addition, the lattice renormalization factors for
the quasi-PDFs can be used here, as argued in Sec. IV. The
first lattice calculation of the pion unpolarized isovector quark
GPD was carried out by Chen, Lin, and Zhang (2019),
although the results cannot yet be used to differentiate among
models or make a comparison to experiments. Recently
ETMC completed the first proof-of-principle calculation of
the proton unpolarized and helicity GPDs (Alexandrou, Cichy,
Constantinou, Hadjiyiannakou et al., 2020), as shown in
Fig. 20, which demonstrates that it is feasible to extract the
GPDs with controlled systematics on available computational
resources.

5. Higher-twist PDFs

The higher-twist PDFs probe multiparton correlations, and
their contribution at x ¼ 0, can shed light on the LF zero
modes (Ji, 2020). As we discussed in Sec. IV, such distribu-
tions can also be calculated on the lattice with the LaMET
approach.
The first attempt to calculate the isovector twist-3 PDF

gTðxÞ was carried out by ETMC (Bhattacharya et al., 2020a)
using the one-loop matching coefficient that they computed in

FIG. 19. Pion DA (Zhang, Jin et al., 2019). Comparison of ϕπ

(Lat LaMET) to previous determinations in the literature. Lat
Mom 1 and 2 are parametrized fits to the lattice moments (Braun
et al., 2015); DSE represents Dyson-Schwinger equation calcu-
lations (Chang et al., 2013); Asymp is the asymptotic form
6xð1 − xÞ; Belle is a fit to the Belle data (Agaev et al., 2012);
LFCQM is the light-front constituent quark model (de Melo,
Ahmed, and Tsushima, 2016).
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Bhattacharya et al. (2020b, 2020c). Their results show
agreement with the Wandzura-Wilczeck approximation
(Wandzura and Wilczek, 1977), which ignores the contribu-
tion from dynamical twist-3 contributions, and the Burkhardt-
Cottingham sum rule (Burkhardt and Cottingham, 1970).
Nevertheless, the mixing between gTðxÞ and other twist-3
distributions was not considered, and further study is still
required for an accurate matching to the light-cone PDF.

D. TMDs

With tremendous experimental focus on the TMDPDFs
for studying 3D proton structures and gluon saturation
at EIC, their first-principle calculation from lattice QCD
will significantly boost this direction by providing useful
nonperturbative inputs for all the phenomenological
analyses.
In this section, we discuss the status and prospects of

calculating the quasi-TMDPDF and the soft function with
LaMET. In addition, we note that before LaMET there had
already been efforts to extract information of TMDs by
studying ratios of the lattice correlators (Hagler et al.,
2009; Musch et al., 2011, 2012; Engelhardt et al., 2016;
Yoon et al., 2017), which has resulted in substantial progress
in the past decade. We begin with a review of the lattice
correlators.

1. Pre-LaMET study: The ratio of lattice correlators

By employing Lorentz covariance, the x moments of
TMDPDFs are related to the form factors of spacelike
staple-shaped gauge-link operators, which can be directly
simulated on the lattice. Although the lattice calculation of the
soft function was not available during that time, ratios of the
spin-dependent and unpolarized matrix elements were formed
to cancel it, thus providing useful information on different
TMDPDFs. For example, the time-reversal odd TMDPDFs
can be studied with the staple-shaped gauge-link operator in a
transversely polarized proton state, thus helping us to under-
stand properties related to single-spin asymmetry, which was

measured experimentally at STAR (Adamczyk et al., 2016)
and COMPASS (Aghasyan et al., 2017). Musch et al. (2012)
and Engelhardt et al. (2016) studied the Sivers and Boer-
Mulders functions of proton and pion. Other time-reversal-
even functions, such as the worm-gear function g1T
(Tangerman and Mulders, 1995), were also studied (Yoon
et al., 2017).

2. Quasi-TMDPDF and Collins-Soper kernel

The lattice calculation of the quasi-TMDPDF defined in
Eq. (195) is straightforward. The matrix element of the
staple-shaped quark-Wilson-line operator can be simulated
the same way as the quasi-PDF case, except that the
geometry of the gauge link is different, while the calculation
of the Wilson loop ZE is standard practice in lattice
QCD. The more challenging part, however, is the renorm-
alization of the quasi-TMDPDF and its matching to the MS
scheme.
Using the auxiliary field theory formalism, one can argue

that the staple-shaped quark-Wilson-line operator is also
multiplicatively renormalizable (Ebert, Stewart, and Zhao,
2020; Green, Jansen, and Steffens, 2020). On a nonchiral
lattice, it suffers from finite mixing with other quark bilinear
operators, as was predicted by one-loop lattice perturbation
theory (Constantinou, Panagopoulos, and Spanoudes, 2019).
The full mixing pattern for such operators with different
Dirac matrices have been studied in the RI/MOM scheme on
three quenched lattice ensembles with different spacings
(Shanahan, Wagman, and Zhao, 2019), and a diagonalization
of the mixing matrix is adopted to renormalize these operators.
Meanwhile, the one-loop conversion factors that convert the
RI/MOM matrix elements to the MS scheme have been
calculated in continuum perturbation theory for both the
z ¼ 0 (Constantinou, Panagopoulos, and Spanoudes, 2019)
and z ≠ 0 (Ebert, Stewart, and Zhao, 2020) cases.
Although the soft function is still needed to fully determine

the physical TMDPDF, the MS quasi-TMDPDF can already
be used to extract the Collins-Soper kernel according to
Eq. (210) (Ebert, Stewart, and Zhao, 2019a, 2019b; Ji, Sun
et al., 2015). Since the Collins-Soper kernel can be defined
from both the bare TMDPDF and the soft function, it is
independent of the external state and can be calculated in a
pion, which is the least expensive on the lattice. Up to the mass
corrections suppressed by the momentum in Eq. (209), this
calculation also allows one to use an unphysical valence pion
mass as long as the sea quark masses are physical.
With the method developed by Ebert, Stewart, and Zhao

(2019a), the first exploratory lattice calculation of the Collins-
Soper kernel was performed by Shanahan, Wagman, and Zhao
(2020) on a quenched lattice with the heavy valence pion mass
mπ ∼ 1.2 GeV, and the result is shown in Fig. 21. As one can
see, the lattice prediction is robust for 0.1 < b⊥ < 0.8 fm,
which covers the nonperturbative region that is important for
TMD evolution in global analyses. In addition, at small b⊥ the
perturbative calculation can serve as a calibration for estimat-
ing the systematic uncertainties, as there are power corrections
of O(1=ðPzb⊥Þ) that can be reduced only with larger Pz.
Q.-A. Zhang et al. (2020) also extracted the Collins-Soper
kernel from a pion quasi-TMD DA, where the lattice

FIG. 20. Proton unpolarized isovector quark GPD Hðx; ξ; tÞ for
t ¼ −0.69 GeV2 extracted from quasi-GPDs at P3 ¼ 1.25 GeV,
which is compared to the unpolarized PDF f1ðxÞ. From
Alexandrou, Cichy, Constantinou, Hadjiyiannakou et al., 2020.
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renormalization was left out. The result is in agreement with
Shanahan, Wagman, and Zhao (2020) within errors for a wide
range of b⊥. With improved lattice ensembles and systematic
corrections in the future, it is promising that there will be a
precise determination of the Collins-Soper kernel for TMD
phenomenology.

3. Soft function

As the remaining piece toward physical TMDPDFs, the soft
function must be calculated in lattice QCD. In particular, the
reduced soft function in Eq. (204) eliminates the regulator-
scheme dependence of the off-the-light-cone quasi-TMDPDF,
so its calculation alone has great physical significance.
According to Secs. V.C and V.D, two methods have been
proposed to calculate the off-the-light-cone soft function or
reduced soft function on the lattice (Ji, Liu, and Liu, 2020),
as we discuss in the following. One relies on simulating
HQET on the lattice, while the other requires calculating a
light-meson form factor of transversely separated current
products.
The latter method has been implemented in the first

exploratory lattice calculation of the reduced soft function
(Q.-A. Zhang et al., 2020), which includes simulations of
the pion form factor in two external states with opposite
large momenta, as well as the pion quasi-TMD DA. The
results for the reduced soft function, which were obtained
with tree-level matching and omission of lattice renorm-
alization, are shown in Fig. 22. As one can see, the results
agree with the perturbative prediction for small b⊥ within
errors, as expected, and start to deviate when b⊥ becomes
large. Since the quasi-TMD DA depends on the momentum
Pz, the stability of results at different Pz suggests the
validity of Eq. (250). In the future, larger statistics and
improved systematics in both lattice and perturbative
matching will be necessary to achieve a precise calculation
of this quantity.

VII. CONCLUSION AND OUTLOOK

Since Feynman proposed the parton model more than 50
years ago, our understanding of the partonic structure of the
proton has been greatly advanced. On the one hand, a number
of high-energy experiments carried out at facilities worldwide
including SLAC, DESY, CERN, Fermi Lab, JLab, and BNL
have allowed us to probe various aspects of hadronic struc-
tures at different energies and polarizations. On the other
hand, many parton observables have been proposed in parallel
that provide a multidimensional description of the proton
structure, including the collinear PDFs, TMDPDFs, GPDs,
parton DAs, and LFWFs.
Although QCD factorization theorems with RG improve-

ment allow us to extract these parton observables through their
connection to experimental observables, it is desirable to
predict them from ab initio calculations such as lattice QCD.
Developments along these lines have been slow due to
difficulties in simulating real-time dynamics. The situation,
however, has changed since the proposal of LaMET a few
years ago, which provides a systematically improvable
method to calculate parton physics from first principles.
In this review, we give an overview of the LaMET

formalism and its applications to observables, which can be
accessed using lattice QCD and other nonperturbative meth-
ods. By investigating the frame dependence of the structure of
bound-state hadrons, we explain how the IMF physics or
parton physics naturally arises as an EFT description of the
proton structure. Such an EFT description is most naturally
formulated in SCET and LFQ, but practical nonperturbative
calculations of the proton matrix elements have been difficult.
LaMET in effect provides what is needed to realize LFQ. This
is achieved by forming appropriate quasiparton observables in
a large-momentum state and matching them to the true parton
observables on the LF through factorization. In the case of
PDFs, the former corresponds to finite-momentum distribu-
tions whose running is controlled by the momentum RGE,

FIG. 22. Reduced soft factor as a function of b⊥ extracted from
the light-meson form factor in Sec. V (Q.-A. Zhang et al., 2020).
The results were obtained with quasi-TMD DAs at different pion
momenta Pz, with perturbative matching and power corrections
ignored. The dashed line is the one-loop prediction in perturba-
tion theory, which hits the Landau pole at b⊥ ∼ 0.3 fm, and the
gray band is the error that results when μ is varied by a factor of
1=

ffiffiffi
2

p
and

ffiffiffi
2

p
.

FIG. 21. Collins-Soper kernel from the first exploratory calcu-
lation on a quenched lattice (Vladimirov and Schäfer, 2020). The
results are obtained by using fits to the MS unsubtracted quasi-
TMDPDFs with Hermite and Bernstein polynomial bases. The
solid and dashed lines are the perturbative predictions (Li and
Zhu, 2017; Vladimirov, 2018), which hit the Landau pole near
b⊥ ∼ 0.25 fm. The background shading density is proportional to
a naive estimate of the power corrections 1=ðb⊥PzÞ þ b⊥=L.
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whereas the latter corresponds to IMF PDFs whose running is
controlled by the usual RGE. We point out that LaMET is a
general framework that can be applied to large-momentum
physical quantities calculated with any nonperturbative meth-
ods, either Euclidean (with imaginary time) or Minkowskian
(with real time). Moreover, given a large-momentum state,
the same parton physics can be determined from different
quasiobservables that form a universality class.
We then present how to calculate the parton observables in

practice, with a particular focus on the collinear PDFs, GPDs,
DAs, TMDPDFs, and LFWFs. We also discuss the proton spin
structure and show how the partonic contributions to proton
spin can be obtained by following the same approach. We
finally summarize the lattice studies carried out thus far with
LaMETwhich, on the one hand, demonstrate that LaMET is a
promising approach for computing partonic structures of the
proton and, on the other hand, indicate that many improve-
ments are still required to reach a level of accuracy such that
the lattice results can have a considerable impact on
phenomenology.
We complete this review with a few comments on improve-

ments of lattice calculations for the future. See Alexandrou,
Cichy et al. (2019) for additional systematic discussion of
some of the issues, such as the continuum, the infinite volume,
and physical pion mass limits.

• Large hadron momentum.—Since the future of LaMET
lies in larger momenta, which naturally require smaller
lattice spacings, it will be critical to address the chal-
lenges of using large momenta and small spacings for
exascale computations, such as the excited-state con-
tamination or topological charge freezing problem.

• Renormalization.—As discussed in Sec. III.D, the mass
renormalization of Wilson-line operators is favored, as it
is gauge invariant and does not introduce extra higher-
twist effects or large statistical errors at long distance.
However, its matching to the MS scheme, especially the
renormalon ambiguities, still needs to be resolved for a
full systematic application. Moreover, alternative
schemes that include the previously mentioned features
are also desirable.

• Higher-order perturbative matching.—In current LaMET
calculations, one-loop perturbative matching has brought
considerable corrections. Higher-order matching kernels
will be necessary to control the systematics from this
procedure.

• Power corrections.—These are important if the hadron
momentum is not large or if x is close to 0 or 1. Scant
progress has been made toward a model-independent
determination of power corrections thus far. One con-
tingent strategy is to extrapolate to the Pz → ∞ limit
after implementing matching and target-mass correc-
tions, but the ultimate solution relies on the lattice
calculation of higher-twist distributions that was dis-
cussed in Sec. IV.C.

The previous discussion of systematics is generic and
applies to all quasiobservables. The rich theoretical develop-
ments in recent years have paved the way for calculating a
wide range of parton observables using LaMET. With the
rapid increase in computing resources and progress in devel-
oping new techniques and algorithms, we expect to see these

systematics kept under control step by step in the future. That
would be important for establishing LaMET as a systematic
approach to computing parton physics, and for making lattice
calculations play a crucial role in the EIC era.

LIST OF SYMBOLS AND ABBREVIATIONS

Here we list some acronyms, abbreviations, and terminol-
ogies used throughout this review.
AM angular momentum
BRST Becchi-Rouet-Stora-Tyutin
DA distribution amplitude
DGLAP Dokshizer-Gribov-Lipatov-Altarelli-Parisi
DIS deep-inelastic scattering
DR dimensional regularization
DVCS deeply virtual Compton scattering
DVMP deeply virtual meson production
DY Drell-Yan
EFT effective field theory
EIC Electron-Ion Collider
EOM equation of motion
ERBL Efremov-Radyushkin-Brodsky-Lepage
GCPO generalized collinear-parton observable
GPD generalized parton distribution
GTMD generalized transverse-momentum-

dependent distribution
HQET heavy-quark effective field theory
IMF infinite-momentum frame
IR infrared
LaMET large-momentum effective theory
LC light cone
LF light front
LFWF light-front wave function
MS modified minimal subtraction
NPR nonperturbative renormalization
OAM orbital angular momentum
OPE operator product expansion
PDF parton distribution function
QCD quantum chromodynamics
QED quantum electrodynamics
QFT quantum field theory
RGE renormalization group equation
RI/MOM regularization-independent momentum

subtraction
SCET soft-collinear effective theory
SIDIS semi-inclusive deep-inelastic scattering
TMD transverse momentum dependent
UV ultraviolet

Parton model.—Model proposed by R. Feynman in which
hadrons are viewed as a collection of pointlike quasifree
partons.
Parton distribution function.—Probability function describ-

ing how the longitudinal momentum is distributed among the
partons (quarks and gluons) in a hadron.
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Factorization theorem.—Theorem that separates hadronic
observables into process-dependent short-distance partonic
observables and universal long-distance functions character-
izing the hadron structure.
Light-front quantization.—Quantization program that is

carried out at equal light-front time and yields a relativistic
description of QCD bound states in terms of light-front wave
functions.
Bjorken xB.—Variable proposed by J. D. Bjorken to char-

acterize the kinematics in DIS. Its definition is given prior
to Eq. (1).
Scaling.—Behavior in which an observable is independent

of the scale at which it is probed.
Effective field theory.—Theoretical framework that

describes physical phenomena at a given length scale using
only active degrees of freedom at that scale while integrating
out degrees of freedom at other length scales.
Renormalization group equation.—Equation that describes

how a physical system can be viewed and interpreted at
different scales.
HQET.—An effective field theory obtained from QCD by

taking the infinite heavy-quark mass limit.
Gauge link or Wilson line.—Nonlocal quantity constructed

as exponentials of integrals of gauge fields along a given path
used to connect fields at different space-time points to
maintain gauge invariance.
Compton amplitude.—The quantum amplitude for scatter-

ing of a virtual photon by the proton.
Auxiliary field approach.—Approach in which the nonlocal

gauge link can be replaced by the two-point function of the
auxiliary field.
Matching.—A procedure used to relate full theory operators

to effective field theory operators.
Nonsinglet.—Combination accounting for the difference

between quark distributions such as the u-d isovector combi-
nation discussed extensively in the context of this review.
Universality class.—Collection of operators that flow into

the same fixed point under momentum renormalization group
running.
Quasi-light-front correlations.—Spatial correlations defin-

ing the finite-momentum distributions.
Collinear divergence.—Divergence in a Feynman diagram

when loop momentum of the internal line is collinear to that of
the external massless particle.
Two-particle-irreducible diagram.—Feynman diagram that

cannot be divided into disconnected parts by cutting two
internal lines.
Wilson fermion.—A way to discretize the QCD fermion

action on the lattice, which breaks down the chiral symmetry.
Generalized parton distribution.—Generalization of PDFs

to nonforward kinematics; i.e., the initial and final states have
different momenta.
Skewness.—Defined to characterize the longitudinal-

momentum transfer in GPDs.
Distribution amplitude.—Transition matrix element

between vacuum and hadron state representing the probability
amplitude of finding a given Fock state in the hadron.
Twist.—Defined as dimension spin of the operator. Leading

twist (higher twist) denotes the leading (nonleading) power
behavior in the quantity under investigation.

Zero-mode.—Degrees of freedom with zero longitudinal
momentum in LFQ.
TMDPDF.—Defined in Eq. (220), the distribution function

of both longitudinal and transverse momentum for partons.
Staple-shaped gauge link.—Pair of gauge links separated

along transverse directions that appear in the definition of
TMDPDFs. They are defined in Eqs. (166), (173), and (196).
Rapidity divergence.—Divergence of TMDPDF and soft

functions due to the presence of infinite rapidity scale
introduced by the infinitely long gauge links.
Light-cone regulator.—Regulates the rapidity divergence.

First mentioned upon the introduction of Eq. (168).
On light cone.—Rapidity regulator that maintains the

presence of lightlike separations in the gauge link.
Off light cone.—Rapidity regulator that makes the separa-

tions of the gauge link nonlightlike.
Soft function.—Functions that capture the factorable soft

radiation of TMDPDF. Defined in Eq. (172) for on-light-cone
regulators and Eq. (202) for off-light-cone regulators.
Collins-Soper kernel.—Kernel for rapidity evolution of

TMDPDF; see Eq. (191).
Quasi-TMDPDF.—Defined in Eq. (195), it is similar to the

TMDPDF but with lightlike separations replaced by space-
like ones.
Pinch-pole singularity.—Divergence due to an infinitely

long gauge-link pair in the quasi-TMDPDF. It can be
subtracted out by the factor ZE; see the discussion following
Eq. (198).
Off-light-cone soft function.—Soft function using an off-

light-cone regulator defined in Eqs. (202) and (224). It is
required to match a quasi-TMDPDF to a TMDPDF.
Reduced soft function.—Rapidity-independent part of an

off-light-cone soft function; see Eq. (204).
Light-front wave function.—Wave function for a hadron

state in light-front quantization that is expanded in the free-
Fock state.
Reduced diagram.—Diagram showing the power-leading

region of IR divergences. All the IR safe propagators are
shrunk to blobs.
Momentum smearing.—Lattice technique to increase the

overlap of the field and nonzero-momentum state.
Nonsinglet.—Transforms under the fundamental represen-

tation of SUðNfÞ, with Nf the quark flavor number.
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B. Glässle, M. Göckeler, M. Gruber, Y. Hatta, F. Hutzler,
T. Ishikawa, T. Izubuchi, L. Jin, N. Karthik, P. Korcyl, R. Li,
C.-J. D. Lin, H.-W. Lin, K.-F. Liu, C. Monahan, S. Mukherjee,
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APPENDIX: CONVENTIONS

We use the following convention for the metric tensor:

gμν ¼ diagð1;−1;−1;−1Þ: ðA1Þ

The space-time indices are labeled ð0; 1; 2; 3Þ or ðt; x; y; zÞ or
some combination of the two.
In ordinary coordinates, a generic four-vector is denoted as

vμ ¼ ðv0; vx; vy; vzÞ or vμ ¼ ðv0; v⃗⊥; vzÞ. For example, the
spacelike and timelike direction vectors are written as nz ¼
ð0; 0; 0; 1Þ and nt ¼ ð1; 0; 0; 0Þ, respectively. In the light-cone
coordinates ξ� ¼ ð1= ffiffiffi

2
p Þðξ0 � ξ3Þ, a vector is denoted

as vμ ¼ ðvþ; v−; v⃗⊥Þ.
The hadron state jPi is normalized as

hP0jPi ¼ ð2πÞ32P0δð3ÞðP⃗ − P⃗0Þ: ðA2Þ

The covariant derivative and the Wilson-line gauge link in
the fundamental representation are defined as

Dμψ ¼ ð∂μ þ igAμÞψ ¼ ð∂μ þ igtaAμ
aÞψ ðA3Þ

and

Wðx2; x1Þ

¼ exp

�
−ig

Z
1

0

dtðx2 − x1ÞμAμ½x1 þ ðx2 − x1Þt�
�
: ðA4Þ

The gauge links in the adjoint representation are completely
analogous.
We useOΓðsÞ to generically denote an operator defining the

corresponding (quasi)parton observable, where s can be a
lightlike separation (for parton observables) or a spacelike
separation (for quasiparton observables) and Γ is a Dirac
structure. The momentum fraction in a quasiobservable is
denoted as y, while that in the usual parton observable is
denoted as x.

The light-cone operator that defines the quark parton
observable is

OΓðλnÞ ¼ ψ̄ð0ÞΓWð0; λnÞψðλnÞ; ðA5Þ

with Γ denoting a Dirac matrix. If we take Γ ¼ =n≡ γþ, the
unpolarized quark PDF is then given by

qðxÞ ¼ 1

2Pþ

Z
dλ
2π

eixλhPjOγþðλnÞjPi; ðA6Þ

with nμ ¼ ð1= ffiffiffi
2

p Þð1=Pþ; 0; 0;−1=PþÞ.
Accordingly, the quark quasiobservable is defined as

OΓðzÞ ¼ ψ̄ðznz=2ÞΓWðznz=2;−znz=2Þψð−znz=2Þ: ðA7Þ

If we choose Γ ¼ γt, the unpolarized quark quasi-PDF is then
defined as

q̃ðyÞ ¼ 1

2P0

Z
dλ
2π

eiyλhPjOγtðzÞjPi; ðA8Þ

with the quasi-light-cone distance λ ¼ zPz.
The staple-shaped gauge link required for the TMDPDFs is

defined as

Wnðλn=2þ b⃗⊥Þ ¼ W†
nðλn=2þ b⃗⊥ÞW⊥Wnð−λn=2Þ; ðA9Þ

where

WnðξÞ ¼ Wðξþ∞n; ξÞ: ðA10Þ

The unsubtracted unpolarized quark TMDPDF is then
defined as

fðx; k⃗⊥;μ;δ−=PþÞ ¼ 1

2Pþ

Z
dλ
2π

d2b⃗⊥
ð2πÞ2 e

−iλxþik⃗⊥·b⃗⊥

× hPjψ̄ðλn=2þ b⃗⊥Þ=nWnðλn=2þ b⃗⊥Þjδ−
× ψð−λn=2ÞjPi; ðA11Þ

and the TMD soft function for the DY process is defined as

Sðb⊥; μ; δþ; δ−Þ

¼ Trh0jT̄ Wpðb⃗⊥ÞjδþW†
nðb⃗⊥Þjδ−T Wnð0Þjδ−W†

pð0Þjδþj0i
Nc

¼ Trh0jWnðb⃗⊥ÞjδþW†
pðb⃗⊥Þjδ− j0i

Nc
; ðA12Þ

where jδ� denotes the rapidity regulator for the gauge links
involved. In terms of those, the physical scheme-independent
TMDPDF is defined as

fTMDðx; b⊥; μ; ζÞ ¼ lim
δ−→0

fðx; b⊥; μ; δ−=PþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sðb⊥; μ; δ−e2yn ; δ−Þ

p ; ðA13Þ

where ζ ≡ 2ðxPþÞ2e2yn is the rapidity scale.
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The staple-shaped gauge link for the quasi-TMDPDF is
defined as

Wzðξ;LÞ ¼ W†
zðξ;LÞW⊥Wzð−ξznz;LÞ; ðA14Þ

where

WzðξÞ ¼ W(ξþ ðL − ξzÞnz; ξ): ðA15Þ

The quasi-TMDPDF is then defined as follows using

Wzðξznz=2þ b⃗⊥;LÞ in exactly the same way as in the
unsubtracted TMDPDF:

f̃ðξz; b⊥; μ; ζzÞ ¼ lim
L→∞

hPjψ̄ðξznz=2þ b⃗⊥ÞγzWzðξznz=2þ b⃗⊥;LÞψð−ξznz=2ÞjPiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZEð2L; b⊥; μÞ

p ; ðA16Þ

where ZEð2L; b⊥; μÞ is a flat rectangular Euclidean
Wilson loop along the nz direction with length 2L and
width b⊥:

ZEð2L; b⊥; μÞ ¼
1

Nc
Trh0jW⊥Wzðb⃗⊥; 2LÞj0i: ðA17Þ

The staple-shaped operators for LFWFs and quasi-LFWFs
are the same as those for TMDPDFs and quasi-TMDPDFs
and are given in Sec. V.D.
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Engelhardt, M., P. Hägler, B. Musch, J. Negele, and A. Schäfer, 2016,
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