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Accelerator-based light sources such as storage rings and free-electron lasers use relativistic
electron beams to produce intense radiation over a wide spectral range for fundamental research in
physics, chemistry, materials science, biology, and medicine. More than a dozen such sources
operate worldwide, and new sources are being built to deliver radiation that meets with the ever-
increasing sophistication and depth of new research. Even so, conventional accelerator techniques
often cannot keep pace with new demands and, thus, new approaches continue to emerge. In this
article, a variety of recently developed and promising techniques that rely on lasers to manipulate
and rearrange the electron distribution in order to tailor the properties of the radiation are reviewed.
Basic theories of electron-laser interactions, techniques to create microstructures and nanostructures
in electron beams, and techniques to produce radiation with customizable waveforms are reviewed.
An overview of laser-based techniques for the generation of fully coherent x rays, mode-locked
x-ray pulse trains, light with orbital angular momentum, and attosecond or even zeptosecond long
coherent pulses in free-electron lasers is presented. Several methods to generate femtosecond pulses
in storage rings are also discussed. Additionally, various schemes designed to enhance the
performance of light sources through precision beam preparation including beam conditioning,
laser heating, emittance exchange, and various laser-based diagnostics are described. Together these
techniques represent a new emerging concept of “beam by design” in modern accelerators, which is
the primary focus of this article.
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I. INTRODUCTION

Large scientific user facilities driven by relativistic elec-
tron beams produced in particle accelerators, such as
synchrotron light sources and free-electron lasers (FELs),
have played a key role in the development of numerous
scientific fields. By sending relativistic electron beams
through bending magnets and undulators (a series of dipole
magnets with alternating fields), these massive machines
produce intense radiation from millimeter to x-ray wave-
lengths that serves an extraordinarily wide array of appli-
cations (Schneider, 2010).
Since the discovery of synchrotron radiation in 1947 (Elder

et al., 1947), accelerator-based light sources have evolved
from the first generation to the fourth generation, each having
a significant enhancement in radiation brightness. Currently,
most of the light sources in operation are third generation light
sources, i.e., dedicated electron storage rings built since the
1990s that produce radiation in a wide range of photon
energies from a few eV to hundreds of keV (Zhao, 2010).
X-ray FELs, considered as fourth generation light sources,
have emerged only recently and are expected to open a new
era of x-ray science (Ackermann et al., 2007; Emma et al.,
2010; Allaria et al., 2012; Ishikawa et al., 2012).
The last two decades have witnessed particularly rapid

growth both in the number of scientific users and in the
diversity of new science enabled by third and fourth gen-
eration light sources. This growth is driven by the significant
enhancements in the capabilities of these facilities, as well as
the quality and quantity of light they can produce and deliver
to experiments. Such enhancements are primarily from
advancements in accelerator science and technology, which
in many cases includes the use of lasers to manipulate
the relativistic electron distributions to precisely tailor the
properties of the emitted x rays.
For instance, the duration of stored electron bunches at

equilibrium in synchrotrons is typically on the order of a few
tens of picoseconds. This sets the minimum x-ray pulse
duration that they can produce, which inhibits investigations
of ultrafast structural dynamics that occur on time scales on
the order of 100 fs (an atomic vibrational period) or shorter.
Using a femtosecond laser pulse to manipulate the electron
energy distribution in a short slice of the electron bunch,

however, generates femtosecond time structures in the bunch
that emit femtosecond long x-ray pulses (Zholents and
Zolotorev, 1996). This so-called “laser slicing” method has
been used in several synchrotrons (Schoenlein et al., 2000b;
Khan et al., 2006; Beaud et al., 2007) and immediately
opened up many new opportunities for capturing ultrafast
dynamics at third generation light sources. The applications
include femtosecond x-ray crystallography (Rousse, Rischel,
and Gauthier, 2001), femtosecond time-resolved x-ray
diffraction (Cavalleri et al., 2006; Johnson et al., 2008),
and femtosecond time-resolved x-ray absorption spectroscopy
(Cavalleri et al., 2005; Stamm et al., 2007; Bressler et al.,
2009), just to name a few.
Laser manipulation techniques are particularly well suited

for modern x-ray FELs, which are capable of producing
ultrashort and ultraintense x-ray pulses with peak brightness
10 orders of magnitude higher than synchrotrons. There is
significant work to be done, however, in order to meet ever-
increasing demands for improved brightness, coherence, and
control of the x-ray pulses in FELs over the broad range of
scientific needs. Laser-based manipulation of the electron
beam allows one to rearrange particle distribution in the
phase space to meet the requirements of specific applications.
With lasers, one can create microstructures and imprint
microcorrelations in relativistic electron beams with extremely
high precision in both the temporal and spatial domains,
thereby offering numerous options to tailor the properties of
the emitted x rays.
Some prime examples of laser-beam manipulations are

laser seeding techniques, which can be used to produce fully
coherent x rays naturally synchronized with the external lasers
(Yu, 1991; Stupakov, 2009; Xiang and Stupakov, 2009); laser
heaters, which are used to suppress the microbunching
instability to produce higher radiation power (Huang et al.,
2004); periodically modulated beams for the generation of
mode-locked x rays (Thompson and McNeil, 2008; Kur et al.,
2011; Feng, Chen, and Zhao, 2012; Xiang, Ding et al., 2012);
generating localized current peaks and energy chirps with few-
cycle lasers for producing attosecond x-ray pulses (Zholents
and Penn, 2005; Saldin, Schneidmiller, and Yurkov, 2006b);
rearranging an electron beam into an x-ray scale helix for
generation of x rays with orbital angular momentum (OAM)
which may be used to probe matter in new ways (Hemsing,
Musumeci, Reiche et al., 2009; Hemsing, Marinelli, and
Rosenzweig, 2011); and producing sequential (or simultane-
ous) x-ray pulses with varying wavelengths for time-resolved
x-ray spectroscopy (De Ninno et al., 2013).
This review provides an overview of the physics, chal-

lenges, and promises relevant to the latest developments in
advanced beam manipulation with lasers: the emerging con-
cept of “beam by design” in accelerator physics. Section II
discusses the theory of electron-laser interactions, including
the basics of lasers and relativistic electron beams, and the
physics of their interactions in vacuum and in undulators.
Section III describes the general concept of using modulator-
chicane modules to manipulate the beam phase space for
creating fine structures ranging from THz to x-ray wave-
lengths, as well as for the generation of light with OAM.
Section IV discusses advanced beam manipulation for third
generation light sources, focusing on generating femtosecond
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x-ray pulses. The wide array of different beam manipulation
techniques and their applications in fourth generation light
sources are discussed in Sec. V. In Sec. VI several methods are
reviewed that allow one to improve the electron beam quality
for FEL applications, as well as some laser-based diagnostic
techniques to measure electron bunch properties. A summary
is presented in Sec. VII.

II. BASICS

In this section, we give an overview of the basics of electron
beams, laser beams, and their interaction in vacuum and in an
undulator. Throughout this paper, we limit our discussions to
relativistic electron beams produced in particle accelerators
for which the relativistic factor γ ¼ E=mc2 is much larger than

1 and the normalized electron velocity β ¼ v=c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ−2

p
is close to unity. Here E is the electron beam energy, m is the
electron mass at rest, and c is the speed of light. We also
restrict our attention to purely classical systems where
quantum recoil effects can be neglected, as well as systems
in the absence of collective effects such as scattering and
space charge.

A. Basics of electron beams

Beams contain a large number of electrons Ne moving
together in space along the trajectory governed by external
magnetic and electric fields. The motion of electrons with
the reference energy E0 in a focusing channel defines this
trajectory (called the reference trajectory or orbit) and all other
electrons move in close proximity with small oscillations
around it. The local coordinate system with unit vectors ðx̂; ŷÞ
is used to describe these oscillations with x̂ being in the plane
of orbit curvature and being orthogonal to the velocity vector
of the reference electrons and ŷ being orthogonal to x̂ and the
tangent to the reference orbit; see Fig. 1. The distance along
the reference trajectory is measured by S and the relative
position of electrons on this trajectory with respect to the beam
center is measured by s. Thus, an electron location in the six-
dimensional (6D) phase space comoving with the electron
beam is characterized by the vector X ¼ ðx; x0; y; y0; s; ηÞT,
where x and y are the transverse positions along the ðx̂; ŷÞ
directions, respectively, x0 ¼ dx=dS and y0 ¼ dy=dS are the
transverse angles, and η is the relative energy deviation,

η ¼ ΔE=E0, and the superscript T denotes transposition.
Note that the angular divergence of a relativistic beam is
typically small, and x0 and y0 can be associated with the angles
(in the x and y directions, respectively) between the velocity of
the particle and the reference orbit.
It is further convenient to characterize the electron beam

distribution in the 6D phase space by the second order
moments hx2i, hxx0i, hx02i, etc., where the brackets denote
averaging over all the particles. Accordingly, the beam matrix
is defined as

Σ ¼

2
666664

hx2i hxx0i � � � hxηi
hx0xi hx02i � � � hx0ηi
..
. ..

.

hηxi � � � hηsi hη2i

3
777775. (2.1)

The absolute value of the determinant of this matrix defines a
6D volume V of the phase space ellipsoid occupied by the
particles V ¼ ðj detΣjÞ1=2.
The performance of a beam-driven facility usually depends

critically on the specific partitioning of the phase space
volume in each subspace ðx; x0Þ, ðy; y0Þ, ðs; ηÞ. Therefore,
the root mean squared (rms) emittance is defined for each
subspace individually, with that in the x-x0 plane given as

εx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihx02i − hxx0i2

q
; (2.2)

assuming the first order moments hxi and hx0i are zero. In a
similar way, the rms emittance in the y-y0 and s-η planes are
defined as εy and εs. It can be shown that if the beam is not
coupled across the x, y, and s planes then V ¼ εxεyεs. With
acceleration, however, εx is not conserved and the normalized
emittance εnx ¼ βγεx, that is conserved during acceleration, is
used instead (Lee, 1999) (and similarly for y and s compo-
nents). A widely used figure of merit for the electron beam
quality is the beam brightness defined as

Be ¼
Ne

ð2πÞ3εnxεnyεns
: (2.3)

In linear approximation, when the electron beam moves
from S ¼ S0 to S ¼ S1, the phase space coordinates of each
electron are transformed from the initial state to a final state as

X1 ¼ RX0; (2.4)

where R is a 6 × 6 transfer matrix. In a Hamiltonian system
the transfer matrix is symplectic (Lee, 1999), i.e.,

RJ6RT ¼ RTJ6R ¼ J6; (2.5)

where

J6 ¼

2
64
J 0 0

0 J 0

0 0 J

3
75; (2.6)

with J being the unit symplectic matrix in 2D phase space,

y
x

s

FIG. 1 (color online). Local coordinate system x, y, and s
associated with the beam trajectory shown by the black curve.
The direction of beam propagation is shown by the arrow.
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J ¼
�

0 1

−1 0

�
: (2.7)

Corresponding to Eq. (2.4), the beam matrix Σ1 at S ¼ S1 is
connected with the initial beam matrix Σ0 at S ¼ S0 as

Σ1 ¼ RΣ0RT: (2.8)

Note it follows from Eq. (2.5) that detR ¼ 1. It is then
straightforward to see from Eq. (2.8) that V ¼ ðj detΣjÞ1=2
is invariant under an arbitrary symplectic transformation.
Furthermore, it can be shown that the trace of the product
ΣJ6ΣJ6 is also an invariant. These two invariants lead to a
so-called emittance exchange theorem which states that the
emittances of the subspaces cannot be partially transferred
from one plane to another if the beam is uncoupled before
and after the transformation (Courant, 1966). Advanced beam
manipulation techniques have to obey these basic rules when
rearranging the beam distributions in the phase space.
Consider now an uncoupled electron beam going through a

focus along a straight line z in free space. The coordinate S in
this case is equal to z. The rms beam size and divergence at the
waist is given by σx ¼

ffiffiffiffiffiffiffiffiffiffiffi
εxβx0

p
and σx0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
εx=βx0

p
, where βx0

is the horizontal Twiss function at the waist (Sands, 1970).
Similar definitions are applicable for the y plane, but the
location of the y waist in z may not necessarily coincide with
the location of the xwaist. The electron beam size varies along
the distance z measured from the waist according to σxðzÞ ¼
σxð0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz=βx0Þ2

p
and it grows by a factor of

ffiffiffi
2

p
at a

distance z ¼ βx0.

B. Basics of laser beams

Laser beams, particularly those in the form of Gaussian
beams, are considered throughout this paper (Siegman, 1986):

Iðr; zÞ ¼ I0

�
w0

wðzÞ
�

2

e−2r
2=wðzÞ2 : (2.9)

Here Iðr; zÞ is the intensity (power per unit area) of the beam,
wðzÞ is the beam radius defined as the distance from the beam
axis where intensity drops to 1=e2 of the intensity on axis,
I0 ¼ Ið0; 0Þ is the on-axis intensity at the waist, and w0 is the
beam radius at the waist. Analogous to an electron beam,
the beam radius varies along the axial distance z measured
from the waist according to wðzÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz=zRÞ2

p
and the

length over which it diverges by a factor of
ffiffiffi
2

p
determines the

Rayleigh length zR ¼ πw2
0=λL, where λL is the wavelength of

the laser field, and ωL ¼ 2πc=λL is the laser pulse carrier
frequency. The laser beam diverges in the far-field region (i.e.,
for z values much larger than zR) with the angle of divergence
θ ¼ λL=πw0. All of these variables are shown in Fig. 2. The
product w0θ=4 defines the area in the phase space, typically
called the rms light emittance εL ¼ λL=4π. Thus, the Rayleigh
length zR for the light beam plays the same role as βx0 for the
electron beam.
Gaussian beams are solutions to the so-called paraxial wave

equation, which describes waves for which the longitudinal
variation is negligible over the scale of the wavelength λL. In

this limit, the waves are described by Gaussian transverse
distributions, for which θ ≪ 1 is satisfied, and thus w0 ≫ λL
also holds. Within this approximation, the lowest order
solution for a linearly polarized electric field is

Eðr; z; tÞ ¼ E0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz=zRÞ2

p e−r
2=wðzÞ2

× sin

�
kLz − ωLtþ ψG þ kL

r2

2RðzÞ þ ψ0

�
;

(2.10)

where E0 is the amplitude of the field, kL ¼ 2π=λL is the wave
number, RðzÞ ¼ z½1þ ðzR=zÞ2� is the radius of curvature of
the wave fronts, ψG ¼ − arctanðz=zRÞ is the Gouy phase shift,
and ψ0 is an arbitrary phase. The quantity E in this equation
(and in the subsequent equations of this section) is any
transverse component of the electric field in the beam. The
magnetic field has the same functional form as E and is
perpendicular to both the electric field and the direction of
propagation. The laser-beam intensity equals the time-
averaged Poynting vector and is given by Eq. (2.9)
with I0 ¼ ðc=8πÞE2

0.
While these Gaussian laser beams are the simplest and most

common, the paraxial wave equation also allows solutions in
terms of higher-order transverse modes. There are, in fact, a
whole family of transverse-electromagnetic (TEM) modes that
describe free-space fields with more complicated amplitude
and phase structures that have applications in electron beam
manipulation techniques. In Cartesian coordinates (x and y),
Hermite-Gaussian modes describe a common TEMnm basis,
where the indices n and m determine the field shape in the
horizontal and vertical directions, respectively (Siegman,
1986). In terms of Hermite polynomials Hn, these modes
are mutually orthogonal and are

Eðx; y; z; tÞ

¼ E0

w0

wðzÞ exp
�
−
x2 þ y2

wðzÞ2
�
×Hn

�
x

ffiffiffi
2

p

wðzÞ
�
Hm

�
y

ffiffiffi
2

p

wðzÞ
�

× sin

�
kLz − ωLtþ

kLðx2 þ y2Þ
2RðzÞ þ ðnþmþ 1ÞψG

�
:

(2.11)

An explicit expression for the field amplitude of the TEM10

mode, which is used in several electron beam manipulation
schemes, is

FIG. 2 (color online). Gaussian laser beam width wðzÞ as a
function of the axial distance z.
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Eðx; y; z; tÞ ¼ E0

1þ ðz=zRÞ2
2

ffiffiffi
2

p
x

w0

e−ðx2þy2Þ=wðzÞ2

× sin

�
kLz − ωLtþ ψ ð1Þ

G þ kL
x2 þ y2

2RðzÞ þ ψ0

�
:

(2.12)

Both the TEM00 and TEM10 field modes in Eqs. (2.10) and
(2.12) are examined explicitly in Sec. II.E.
In a cylindrically symmetric system, Laguerre-Gaussian

modes describe paraxial waves in cylindrical coordinates
ðr;ϕ; zÞ,

Eðr;ϕ; z; tÞ

¼ E0

w0

wðzÞ exp
�
−

r2

wðzÞ2
�
×

�
r

ffiffiffi
2

p

wðzÞ
�jlj

Ljlj
p

�
2r2

wðzÞ2
�

× sin

�
kLz − ωLtþ lϕþ kLr2

2RðzÞ þ ð2pþ lþ 1ÞψG

�
:

(2.13)

The radial mode number is given by the integer p, and the
functions Ll

p are associated Laguerre polynomials. These
modes are of specific interest due to their azimuthal phase
structure, given by their dependence on ϕ and on the
azimuthal mode number l. This helical phase structure of
the jlj > 0 modes leads to a nonzero, discrete component of
the linear photon momentum spiraling about the propagation
axis and thus a well-defined OAM component carried by the
field (Allen et al., 1992). With this feature, these modes can
interact in novel ways with matter and are examined in the
context of advanced accelerator-based light sources in more
detail in Sec. III.D.
Equations (2.9)–(2.13) refer to long laser beams when the

variation of the field amplitude with time can be neglected. For
a short laser pulse with a Gaussian profile, one usually adds an
additional factor exp½−ðz − ctÞ2=4c2σ2t � on the right-hand side
of the field expressions to account for finite duration of the
pulse, with σt the rms duration of the pulse intensity. Such a
pulse is referred to as being transform limited, in that the pulse
duration corresponds to a minimum spectral bandwidth of
σω ¼ 1=2σt. Given the inverse relationship, narrow-band
pulses σω=ωL ≪ 1 are long in time, whereas short temporal
pulses consisting of only a few cycles extend over a broad
spectral bandwidth.
Finally, we note that ψ0 determines the timing of the field

oscillations with respect to the laser pulse peak ΔtCEP ¼
ψ0=ωL and is usually referred to as the carrier-envelope phase
(CEP) (Jones et al., 2000). In the case of long pulses, the CEP
typically plays no role in the laser dynamics and is usually
neglected. But when the laser pulse is comprised of only a few
oscillation cycles of the electromagnetic field, as shown in
Fig. 3, the CEP defines the temporal evolution of the field.
As we will see, this can be important to the structure of the
electron beam modulations generated by the laser and thus
on the structure of the emitted x rays. A technique of CEP
stabilization for infrared (IR) lasers was developed to ensure
reproducibility of ΔtCEP from pulse to pulse with tens of
attosecond precision (Borchers et al., 2011).

C. Interaction of a point charge with an electromagnetic field in
free space

A fundamental question to laser-beam interactions is
whether an electromagnetic field can effectively interact with
a moving point charge in vacuum far from material bounda-
ries. As it turns out, the answer to this question is no, if a
particle is moving with a constant velocity along a straight line
(that is, its motion is not affected either by the electromagnetic
field1 or by any other external field in the system). This
statement is often referred to as the “general acceleration
theorem” (Palmer, 1988, 1995). The formal proof of this
theorem is given below.
We calculate the energy gain ΔE of a point charge e passing

through electromagnetic field Eðr; tÞ assuming that it moves
with a constant velocity v,

ΔE ¼ e
Z

∞

−∞
v · EðrðtÞ; tÞdt; (2.14)

where rðtÞ is the particle’s trajectory. For motion with constant
velocity, the trajectory is rðtÞ ¼ r0 þ vt, with r0 the particle’s
position at t ¼ 0. The electromagnetic field in vacuum can be
represented as a superposition of plane electromagnetic waves
that propagate with the speed of light:

Eðr; tÞ ¼
Z

d3k ~EðkÞeik·r−iωt; (2.15)

with ω ¼ ck. Substituting Eq. (2.15) into (2.14) we obtain

ΔE ¼ ev ·
Z

∞

−∞
dt

Z
d3k ~EðkÞeik·ðr0þvtÞ−iωt

¼ 2πe
Z

d3kv · ~EðkÞeik·r0δðω − k · vÞ: (2.16)

The argument in the delta function in the last integral is never
equal to zero, because

FIG. 3 (color online). Laser pulses containing two oscillation
cycles within the full width at half maximum of their intensity
profile, with cosine (1) and sine (2) shaped waveforms.

1Neglecting the deviation of the orbit from a straight line due to
the Lorentz force of the electromagnetic field, we eliminate the
Thomson scattering effect from the analysis. This appears in
the second order of the perturbation theory and is proportional to
the square of the magnitude of the field.
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ω − k · v ¼ ckð1 − β cos αÞ > 0; (2.17)

where α is the angle between k and v. Hence the integral (2.16)
vanishes and ΔE ¼ 0.
If follows from the general acceleration theorem that to

accelerate (or decelerate) charges with electromagnetic fields,
one has to break at least one of the conditions assumed in the
above proof. There are several ways in which this can be
achieved. One way is to introduce close material boundary
conditions that would allow for evanescent fields in the system
and invalidate the assumption of free-space plane waves in
Eq. (2.15). This is the mechanism behind radio frequency (rf)
acceleration in rf cavities and structures, as well as plasma
and dielectric wakefield acceleration (Shersby-Harvie, 1948;
Joshi et al., 1984; Chen et al., 1985; Gai et al., 1988). Another
approach is to bend the particle’s trajectory and violate the
assumption of the straight orbit in Eq. (2.14). This can be done
efficiently by introducing an external magnetic field in the
interaction region. This concept forms the foundation of the
laser modulator using magnetic undulators considered both
throughout this review and in detail in Sec. II.E.

D. Acceleration by electromagnetic fields and energy balance

In the language of quantum mechanics, acceleration by
electromagnetic fields in free space corresponds to the
absorption of a photon by a freely moving charged particle.
However, such an absorption is forbidden by conservation of
energy and momentum unless the particle also radiates a
photon in the process of the interaction. This is the well-
known Compton scattering effect in quantum electrodynam-
ics. In a similar fashion, the apparent absence of sustained
energy exchange between the electromagnetic field and a
charge in the classical model of the previous section can be
attributed to the absence of radiation effects if a particle is
assumed to move with a constant velocity. This example
indicates that radiation and acceleration under the influence of
the external field are intimately related phenomena. Indeed, as
we show in this section through analysis of the energy balance
equation, the interference of the accelerating field with the
particle’s radiation field provides an independent method for
calculation of the rate of acceleration (Xie, 2003; Huang,
Stupakov, and Zolotorev, 2004).
Some general properties of the radiation-acceleration con-

nection can be analyzed without specifying the mechanism of
the interaction between the particle and the fields. Consider a
moving point charge e interacting with an external laser field
EL. We assume that the interaction occurs in a volume V
enclosed by surface S of large radius R (which we later assume
approaches infinity R → ∞) as shown in Fig. 4. Initially, at
t → −∞, the charge and the laser pulse are located outside of
the surface S. At some time they cross the boundary and
interact inside the volume. After the interaction, at t → ∞,
they leave the volume.
The energy balance equation for the total electromagnetic

field in V reads (Landau and Lifshitz, 1979; Jackson, 1999)

∂
∂t

Z
V
dV

E2 þ B2

8π
þ
Z
V
dVj · E ¼ −

Z
S
S · n̂dS; (2.18)

where the indices V and S under the integral signs indicate that
the integration goes over the volume V and the surface S,
respectively, n̂ is a unit vector in the outward direction normal
to the surface, j is the current density, S is the Poynting vector,
S ¼ ðc=4πÞE × B, and B is the magnetic field. Integrating this
equation over time, from t ¼ −∞ to t ¼ ∞, and taking into
account that at t ¼ �∞ there is no electromagnetic field
inside V, we obtain

Z
∞

−∞
dt

Z
V
dVj · E ¼ −

Z
∞

−∞
dt

Z
S
S · n̂dS: (2.19)

The current density j associated with the moving point charge
is j ¼ evδðrðtÞÞ. Hence the integral on the left-hand side of
Eq. (2.19) reduces to

ΔE ¼ e
Z

∞

−∞
v · Edt (2.20)

taken along the trajectory rðtÞ. It is equal to the energy gain (or
loss, if negative) ΔE of the particle due to the interaction with
the field. This, in turn, is equal to the negative of the time-
integrated electromagnetic field power through the surface S,

ΔE ¼ −
Z

∞

−∞
dt

Z
S
S · n̂dS: (2.21)

Note that this formula is exact and is valid for arbitrary
curvilinear motion of the particle.
It is convenient to take the Fourier transformation of the

fields

� ~EðωÞ
~BðωÞ

�
¼ 1

2π

Z
∞

−∞
dteiωt

�
EðtÞ
BðtÞ

�
: (2.22)

Using Parseval’s theorem we rewrite Eq. (2.21) in the
following form:

ΔE ¼ −
c
2

Z
∞

−∞
dω

Z
S
Re½ ~EðωÞ × ~B�ðωÞ� · n̂dS; (2.23)

V

EL

e

S

n

FIG. 4 (color online). Interaction of a point charge with an
electromagnetic field.
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where the asterisk denotes complex conjugation. The field in
Eq. (2.23) is a superposition of the laser field ~EL and the
particle field. The latter can be split into the Coulomb field of
the particle, which formally appears in Eq. (2.23) due to the
particle’s crossing of the surface S and the radiation field ~Er.
One can show that the Coulomb field does not contribute to
the integral (2.23) (Xie, 2003), so the fields in Eq. (2.23) can
be considered as a superposition of only ~EL and ~Er. For these
fields we use the relations ~B ¼ n̂ × ~E and n̂ · ~E ¼ 0 which are
valid in the far zone, as we assume R → ∞. This simplifies
Eq. (2.23) to

ΔE ¼ −
c
2

Z
∞

−∞
dω

Z
S
Reð ~EðωÞ · ~E�ðωÞÞdS: (2.24)

The final step in the derivation is to substitute ~E ¼ ~EL þ ~Er
and note that, if ~Er is not included, we retrieve the result
ΔE ¼ 0 from the previous section. Otherwise we obtain

ΔE ¼ −c
Z

∞

−∞
dω

Z
S
Reð ~EL · ~E�

rÞdS; (2.25)

which is responsible for the acceleration (or deceleration) due
to the interaction with the laser field and is proportional to e ~EL
from the linear dependence of ~Er on e as expected. Therefore,
we see that a particle can be accelerated (or decelerated) only
if it radiates. Note that the purely radiative term ~Er · ~E

�
r scales

as e2 and describes the energy loss of the particle due to the
radiation. In applications of interest here it is typically small
and is excluded from Eq. (2.25).
Equation (2.25) identifies the connection between the

energy change of a particle in an external field with the
interference of its radiation with that field. A practical
application of this relationship for optimization of the electron-
laser interaction is given in Sec. II.E.

E. Electron-laser interaction in an undulator

As discussed in the previous section, the interaction of
relativistic particles with a laser beam is extremely inefficient
in free space. The interaction becomes much more pro-
nounced, however, if the laser beam interacts with the electron
inside an undulator. Undulators, as depicted in Fig. 5, are
composed of a periodic series of dipole magnets that make
the electrons wiggle back and forth transversely. They are
commonly used to generate radiation from the beam in
accelerator-based light sources. When used in tandem with
a laser, they can also be used to create modulations in the
electron beam distribution on the scale of the laser wave-
length. In this section we present a basic theoretical analysis
of the laser-electron interaction in the undulator, obtain the
optimal conditions for the interaction, and provide additional
insight into the mechanism of energy exchange by considering
interference between the laser light and the electron sponta-
neous radiation fields.
Consider the interaction of an electron with a laser beam in

a planar undulator whose magnetic field in the plane of
symmetry is

ByðzÞ ¼ B0 cosðkuzÞ; (2.26)

with ku ¼ 2π=λu, where λu is the undulator period. We use a
Cartesian coordinate system ðx; y; zÞ as shown in Fig. 5, with
the center located in the middle of the undulator and z the
direction of propagation.
Taking z as the independent variable, we assume a highly

relativistic electron γ ≫ 1 whose motion is due only to the
planar undulator fields. The Lorentz force on the longitudi-
nally moving electron from the vertical magnetic field gen-
erates sinusoidal motion in the x direction. This, in turn,
affects motion in the longitudinal direction as described by the
following:

βxðzÞ ¼ −
K
γ
sin ðkuzÞ; βzðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

1

γ2
− β2x

s

≈ 1 −
1

2γ2

�
1þ K2

2

�
þ K2

4γ2
cos ð2kuzÞ; (2.27)

where βx;z ¼ vx;z=c is the normalized velocity and

K ¼ eB0

kumc2
(2.28)

is the undulator parameter.2 The longitudinal oscillations
trace out a figure eight in the comoving beam frame and
lead to higher-harmonic interactions. The normalized
longitudinal velocity, averaged over one undulator period,
is β̄z ¼ 1 − ð1þ K2=2Þ=2γ2. Thus, an electron slips back a
distance

λr ¼ λu
1þ K2=2

2γ2
(2.29)

after traveling one undulator period with respect to the
distance propagated by the light it generates. Because of this
periodic slippage, light emitted at this wavelength interferes
constructively with each undulator period. λr is therefore
called the undulator’s resonant wavelength (McNeil and
Thompson, 2010). Thus, sustained energy transfer can occur
between the copropagating electromagnetic field with wave-
length λL ≃ λr and the electrons. This is the principle behind
the laser modulator, where electrons can be accelerated
(or decelerated) by a copropagating laser.
To couple to the horizontal electron motion, we consider a

simple linearly polarized laser field Ex. From Eq. (2.20), the

FIG. 5 (color online). Schematic of a planar undulator and a
sinelike trajectory of the electron.

2Note that strong undulators with K ≫ 1 are often called wigglers.
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wiggling electron changes its energy due to the work of the
laser electric field, as governed by

dγ
dz

¼ e
mc2vz

Exvx ≈
e

mc2
Exβx; (2.30)

where dt ¼ dz=vz ≈ dz=c is assumed, valid for a highly
relativistic electron. To give a feel for the variety of different
regimes in which laser modulators are typically used, a couple
of different forms for the electric field are considered in the
following sections.

1. Energy modulation by a plane electromagnetic wave

We first consider the simplest case of a plane wave of the
form

Exðz; tÞ ¼ E0 sin ½kLðz − ctÞ�: (2.31)

This model assumes that the laser Rayleigh length zR is much
longer than the undulator length Lu ¼ Nuλu, where Nu is the
number of periods, that the rms width of the laser pulse
intensity envelope cσt is much longer than the total slippage
length in the undulator Nuλr, and that the laser waist is large
compared to the horizontal and vertical electron bunch rms
sizes in the undulator w0 ≫ σx;y. This is a reasonable
approximation for many beam manipulations with the beam
energy≲1 GeV and picosecond or longer optical laser pulses.
Using Eqs. (2.27)–(2.31), one obtains

dγ
dz

¼ −
eKE0

γmc2
sin ðkuzÞ sin ½kLðz − ctÞ�: (2.32)

It is convenient to rewrite t in terms of the independent
variable z,

ctðzÞ ¼
Z

dz
βzðzÞ

≈ −s=β̄z þ zþ z
2γ2

�
1þ K2

2

�

−
K2

8kuγ2
sin ð2kuzÞ; (2.33)

where we used the comoving coordinate

s ¼ z − cβ̄zt; (2.34)

which is the longitudinal position of the electron in an electron
bunch, with positive s corresponding to the bunch head. It is
further convenient to define the resonant electron energy, also
called an FEL resonant energy, γ2r ¼ kLð1þ K2=2Þ=2ku, and
assume a small energy deviation ðγ − γrÞ=γr ≪ 1 for the
electron energy. Therefore, we find from Eq. (2.33) that

kLðz − ctÞ ¼ kLs=β̄z − kuz
γ2r
γ2

þ ξ

2
sin ð2kuzÞ; (2.35)

where ξ ¼ K2=ð2þ K2Þ. Inserting this into Eq. (2.32) and
averaging over the undulator period λu, the energy change of
the electron at resonance is given by

dγ
dz

¼ eKE0J
2γmc2

cosðkLs=β̄zÞ; (2.36)

where J ¼ J0ðξ=2Þ − J1ðξ=2Þ. In a laser modulator, the
energy modulation is typically small compared to the average
beam energy such that, to lowest order, the particles’ change
in position ds=dz can be neglected. This can be integrated
directly over the undulator length and written in terms of the
laser-beam power PL ¼ ðcE2

0=8πÞπw2
0=2. The energy change

at the end of the undulator is then given by

ΔγðsÞ ¼
ffiffiffiffiffiffi
PL

P0

s
2KLuJ
γw0

cos ðkLsÞ; (2.37)

where we assumed β̄z ≈ 1 and we see that the modulation
period along s is the same as that of the laser. Here we define
P0 ¼ IAmc2=e ≈ 8.7 GW, and IA ¼ mc3=e ≈ 17 kA is the
Alfén current.
This plane wave approximation provides an accurate

description of the sinusoidal modulation imprinted onto the
electron beam energy distribution in many cases. In some
devices however, such as those with much larger electron
beam energies, the modulators tend to be longer so that
diffraction and slippage effects become important. These are
examined in the next section.

2. Energy modulation by a finite duration laser pulse

In this section we consider a Gaussian laser pulse with an
arbitrary pulse width limited only by a condition cσt ≫ 1=kL.
We also include the effects of diffraction on the laser over long
distances, but maintain the prior assumption that the waist is
large compared to the beam w0 ≫ σx;y. In this case we can
neglect the radial dependence in Eq. (2.10) and use the
following simplified equation for the field:

Exðz; tÞ ¼
E0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðz=zRÞ2
p sin ½kLðz − ctÞ þ ψ �

× e−ðz−ctÞ2=4ðcσtÞ2 ; (2.38)

with ψ ¼ − arctanðz=zRÞ þ ψ0, where ψ0 is an arbitrary phase
of the laser wave. Combining this field with Eqs. (2.27) and
(2.30) we write

dγ
dz

¼ −
eE0K

mc2γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz=zRÞ2

p sin ðkuzÞ

× sin ½kLðz − ctÞ þ ψ �e−ðz−ctÞ2=4ðcσtÞ2 : (2.39)

We choose the center of the undulator at z ¼ 0 and
introduce the dimensionless variable ẑ ¼ z=Lu so that the
undulator occupies the region −1=2 < ẑ < 1=2. Note that
according to our choice of the coordinate system the center of
the laser pulse arrives in the middle of the undulator at t ¼ 0.
From Eq. (2.39) one obtains

dγ
dẑ

¼ eE0KLuJ
2mc2γ

cos ψ̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðqẑÞ2

p e−ðẑ=τ−s=cσtÞ2=4; (2.40)
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where the definition ψ̂ ¼ 2πνẑ − arctan ðqẑÞ þ ψ0 þ kLs is
used for brevity and we have also defined

ν ¼ 2Nuðγ − γrÞ
γr

; q ¼ Lu

zR
; τ ¼ cσt

NuλL
: (2.41)

Equation (2.40) is valid inside the undulator and dγ=dẑ ¼ 0

outside of it.
By introducing the pulse energy AL ¼ PL

ffiffiffiffiffi
2π

p
σt, an elec-

tron’s energy change is finally obtained by integrating
Eq. (2.40) (Zholents and Holldack, 2006),

Δγðq; ν; τ; sÞ ¼ 2

mc2
J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ALαℏωLξ

p
fðq; ν; τ; sÞ

× cosðkLsþ ψ0Þ; (2.42)

where

fðq; ν; τ; sÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2qffiffiffiffiffi
2π

p
τ

s Z
1=2

−1=2

cos ½2πνẑ − arctan ðqẑÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðqẑÞ2

p
× e−ðẑ=τ−s=cσtÞ2=4dẑ; (2.43)

α ¼ e2=ℏc ≈ 1=137 is the fine structure constant, and ℏ is
Planck’s constant.
Analysis of Eq. (2.43) shows that the function f reaches its

maximum fmax ¼ 2.24 for the following values of its argu-
ments: q ¼ 11.85, ν ¼ 0.95, and τ ¼ 0.12. It has a broad
maximum around these values which is illustrated by Fig. 6.
One can see that in practice the τ can be made considerably
larger (i.e., longer pulse length) and q smaller (longer
Rayleigh length) to avoid tight laser-beam focusing without
a large decrease in f. The physical interpretation of these
optimizations is discussed in Sec. II.E.3.
We note that it is also possible to generalize Eq. (2.42) to

the case with an arbitrary ratio between w0 and σx;y by adding
a factor expf−ðx2 þ y2Þ=w2

0½1þ ðqẑÞ2�g under the integral in
Eq. (2.43). This is accurate in the limit in which the transverse
dependence of the laser phase in the area occupied by the
electron beam is negligible.
It is worth pointing out that electrons also interact with

the laser light in the undulator when the laser frequency
matches the undulator harmonic frequency, i.e., when
λL ≃ λr=n, where n is the odd-harmonic number
n ¼ 1; 3; 5;…. In this case Eqs. (2.37) and (2.42) should

be used with the substitutions J → J ðnÞ ¼
ð−1Þðn−1Þ=2 ½Jðn−1Þ=2ðnξ=2Þ − Jðnþ1Þ=2ðnξ=2Þ� and Nu → nNu
followed by substitutions ν → nν and τ → τ=n (Colson, 1981;
Schmüser, Dohlus, and Rossbach, 2008). When K ≫ 1, the
coupling of the light to electrons only weakly depends on n
since jJ ðnÞj≃ 0.68n−2=3.

3. A connection between laser-beam coupling and spontaneous
radiation

While Eq. (2.42) gives a formal solution of the beam energy
modulation problem, it is instructive to analyze the result and to
understand the optimal values of the various parameters. This
can be done by recalling the results of Sec. II.D, where it was
shown that the energy gain of a particle is due to the interference
of the laser field in the far zone with the radiation field of the
particle. It follows from Eq. (2.25) that obtaining the maximum
energy modulation amplitude for a given laser pulse energy
requires achieving the best possible overlap of the laser field
with the field of electron spontaneous emission in the far-field
region. The spectra must also overlap. These conditions are
achieved by selecting the undulator radiation frequency ωr to
match the carrier frequency of the laser pulseωL, the laser pulse
bandwidth to match the bandwidth of the spontaneous emis-
sion, and also the laser field rms size and divergence in the far-
field region to match the size and divergence of the field of
spontaneous emission. The latter is regulated by adjusting the
focusing of the laser light into the undulator.
Note that the optimal values of q and τ obtained in the

previous section correspond to the optimization analysis
outlined above from the point of view of field interference.
Indeed, the laser pulse relative bandwidth is ΔωL=ωL∼
ðωLσtÞ−1 ¼ ð2πτNuÞ−1, and for the optimal value τ ¼ 0.12
it is on the order of the relative bandwidth 1=Nu of the
resonant frequency of the undulator radiation.
Using the maximum value of fmax ¼ 2.24, we note that the

product f2maxξJ 2αℏωL is approximately equal to the energy
AS of spontaneous emission of the electron in the fundamental
mode. The optimized Eq. (2.42) can then be written as

Δγmax ≈
2

mc2
ϰ

ffiffiffiffiffiffiffiffiffiffiffi
ALAS

p
; (2.44)

where ϰ is a numerical parameter of the order of 1.
The phase velocity of the laser field at the focus is greater

than the velocity of light in vacuum (this effect is known as a
Guoy phase shift). Therefore, in order to maintain optimal
interaction with the electron over the entire undulator length,
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FIG. 6 (color online). Contour plots of function f using τ ¼ 0.12, s ¼ 0 (left panel) and ν ¼ 0.7, s ¼ 0 (right panel) showing the range
of function between 2.0 and 2.3 with 15 equidistant grade steps.
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the laser frequency ωL must be redshifted relative to the
frequency of the electron spontaneous emission in the undu-
lator ωr ¼ 2πc=λr. This explains why the maximum ampli-
tude of energy modulation is obtained by detuning ν ≈ 0.95
from the undulator resonance.
The phenomena of the spectral shift can be equivalently

explained by the angular-frequency correlation in the electron
undulator emission ωrðθÞ ¼ ωrð0Þ½1þ γ2θ2=ð1þ K2=2Þ�−1,
where θ is the observation angle. Because of the angular
dependence, the maximum spectral intensity of the electron
undulator emission integrated over the solid angle is red-
shifted relative to ωrð0Þ. Therefore, for better overlap of the
laser and spontaneous radiation fields in the far-field region,
the laser frequency should be redshifted correspondingly.

4. Angular modulation

In certain scenarios, higher-order laser modes provide an
additional level of control over the electron distribution. In
Secs. V.D, VI.B, and VI.D, for example, TEM10 laser modes
are examined to impart an optical-scale angular kick to the
electrons. Repeating the same analysis as above, but now
using the TEM10 mode given by Eq. (2.12), one can show that
the interaction with this field changes both the electron
energy and the electron transverse momentum (Zholents
and Zolotorev, 2008). The energy modulation in the beam
is now calculated using the field

Ex ¼
E0

1þ ðz=zRÞ2
2

ffiffiffi
2

p
x

w0

sin½kLðz − ctÞ þ ψ ð1Þ�

× e−ðz−ctÞ2=4ðcσtÞ2 ; (2.45)

where ψ ð1Þ ¼ ψ ð1Þ
G þ ψ0. Repeating the calculations of the

previous section one finds

Δγ
γ
ðq; ν; τ; sÞ ¼ 2K

γ2

ffiffiffiffiffiffi
PL

P0

s
J kLx0

× f1ðq; ν; τ; sÞ cosðksþ ψ0Þ; (2.46)

where x0 is the electron horizontal offset and

f1ðq; ν; τ; sÞ ¼ q
Z

1=2

−1=2

cos½2πνẑ − 2 arctanðqẑÞ�
1þ ðqẑÞ2

× e−ðẑ=τ−s=cστÞ2=4dẑ: (2.47)

Note that now electrons on axis are unchanged in energy. One
can then use the Panofsky-Wenzel theorem (Panofsky and
Wenzel, 1956) which relates the transverse variation of Δγ
with the longitudinal variation of the angular kick Δx0,

∂Δx0
∂s ¼ ∂

∂x0
�
Δγ
γ

�
: (2.48)

The result is

Δx0ðq; ν; τ; sÞ ¼ 2K
γ2

ffiffiffiffiffiffi
PL

P0

s
J f1ðq; ν; τ; sÞ sinðksþ ψ0Þ.

(2.49)

As in the previous section, Eq. (2.49) can be further
simplified in the long laser pulse regime, or generalized to
the case with an arbitrary ratio between w0 and σx;y by
inserting expf−ðx20 þ y20Þ=w2

0½1þ ðqẑÞ2�g under the integral
in Eq. (2.47).

F. Incoherent and coherent radiation from beams

As emphasized in the Introduction, radiation from relativ-
istic beams is widely used as a powerful scientific tool in
various areas of research. The radiation properties critically
depend on how electrons are distributed in the beam. If
electrons are positioned randomly throughout the bunch,
short-wavelength radiation (that is the radiation with the
wavelength shorter than the bunch length) is incoherent,
and its intensity is proportional to the number of particles
in the beam. Much more intense coherent radiation can be
generated if the particle positions in the beam are correlated,
and if the correlation length is comparable with the wave-
length of the radiation. The intensity of the coherent radiation
scales as the number of particles squared and can greatly
exceed the incoherent radiation. A remarkable example of
beams that radiate coherently is a free-electron laser, where
the correlations between the particles’ positions are achieved
through an instability developed in the long FEL undulator.
To better understand the relation between the two types of

radiation, we assume that each particle of the beam, passing
through a radiator, emits an electromagnetic field whose time
Fourier transform is ~EðωÞ. Within a numerical factor, the
spectral intensity IðωÞ of radiation from one particle is equal
to j ~EðωÞj2. The radiation field of the beam with Ne particles is

~EbðωÞ ¼
XNe

j¼1

~EðωÞeiωtj ; (2.50)

where tj is the arrival time to the radiator of particle j, and
the factor eiωtj takes into account the phase shifts between
radiation fields of different particles in the beam. The intensity
of the beam radiation Ib is the absolute value of the total field
squared,

IbðωÞ ¼ IðωÞ
����X

Ne

j¼1

eiωtj
����2 ¼ IðωÞ

�
Ne þ

X
j≠m

eiωðtj−tmÞ
�
:

(2.51)

The first term on the right-hand side describes incoherent
radiation IðincohÞb ðωÞ ¼ NeIðωÞ. The second one involves
correlations between positions of pairs of particles. To clarify
the scaling of this term we assume that arrival times can be
adequately described by a distribution function fðtÞ such that
the probability of the arrival time tj (for j ¼ 1; 2;…; Ne) to be
equal to t within an interval dt is given by fðtÞdt. Then the
second term in Eq. (2.51), which is the intensity of the
coherent radiation, can be written as
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IðcohÞb ðωÞ ¼ NeðNe − 1ÞIðωÞ
Z

dtdt0fðtÞfðt0Þeiωðt−t0Þ

≈ N2
eIðωÞjf̂ðωÞj2; (2.52)

where f̂ðωÞ ¼ R
∞
−∞ dtfðtÞeiωt, and we used Ne ≫ 1. We see

that, indeed, the coherent radiation scales as N2
e.

In many cases, for short-wavelength radiation, the coherent
term can be neglected. Indeed assuming a Gaussian distribu-
tion fðtÞ ∝ e−c

2t2=2σ2s , with σs the rms bunch length, it is easy
to find that jf̂ðωÞj2 ¼ e−ω

2σ2s=c2 , and for the frequencies larger
than c=σs, jf̂ðωÞj2 becomes exponentially small. This is
typical for x-ray radiation in storage rings.
Laser manipulations with relativistic beams, as we will see

in subsequent sections, allow one to introduce a density
modulation with the wavelength λ ≪ σs. To understand
radiation properties of such a beam we consider a simple
model where the sinusoidal modulation with the wave number
k0 ¼ ω0=c ≫ 1=cT is imposed on a beam with a flat profile.
The resulting distribution function of the beam is

fðtÞ ¼ 1

T
½1þ 2b sinðω0tÞ�; for −

1

2T
< t <

1

2T
; (2.53)

and f ¼ 0 otherwise. In this equation T is the beam duration
and the half amplitude of the relative modulation b is tradi-
tionally called the bunching factor of the modulated beam.
Concentrating on the contribution to jf̂ðωÞj2 due to the
modulation only, one finds that the dominant term at ω > 0 is

jf̂ðωÞj2 ¼ 4b2

T2

sin2½ðω−ω0ÞT=2�
ðω−ω0Þ2

→ 2π
b2

T
δðω−ω0Þ; (2.54)

where in the last expression we formally took the
limit T → ∞.
Using Eq. (2.54) we can now estimate when the coherent

radiation of a modulated beam exceeds the incoherent one.
Substituting Eq. (2.54) into (2.52) and integrating over the
frequency we find

Z
dωIðcohÞb ðωÞ ¼ 2π

N2
eb2

T
Iðω0Þ; (2.55)

while
R
dωIðincohÞb ðωÞ can be evaluated as NeIðω0ÞΔω, where

Δω is the characteristic width of the radiation spectrum.
Comparing the two we see that the coherent radiation is
dominant if

b > bsn ≡
�

T
2πNe

Δω
�

1=2
¼

�
1

N0λ0

Δω
ω0

�
1=2

; (2.56)

where N0 ¼ Ne=cT is the number of particles per unit length,
and λ0 ¼ 2π=k0 is the radiation wavelength. The quantity bsn
can be interpreted as the bunching factor associated with the
shot noise in the beam. When the beam bunching greatly
exceeds bsn, its radiation intensity is strongly enhanced.
Moreover, as indicated by Eq. (2.54) its spectrum can become
narrower than the original spectrum if T−1 ≪ Δω. This
property of radiation of modulated beams forms the founda-
tion for several FEL seeding methods (Yu, 1991; Stupakov,

2009) which allow narrowing of the FEL spectrum. As
an illustration of typical values of bsn in FELs, we note that
for a beam with peak current of 1 kA, wavelength λ0 ¼ 1 nm,
and relative FEL bandwidth of Δω=ω0 ¼ 10−3, we
find bsn ≈ 2 × 10−4.

III. OPTICAL MANIPULATION OF ELECTRON BEAMS
WITH LASERS

For most of the cases discussed in this review, lasers are
used to change the longitudinal distribution of electrons in the
beam. In the longitudinal plane, beam manipulation typically
requires a dispersive transport element. This is because
relativistic electrons with γ ≫ 1 travel close to the speed of
light (e.g., for 1 GeV electron, 1 − v=c ≈ 1.3 × 10−7). As a
result, in modern beams with typical small energy spreads, the
relative longitudinal velocities of electrons are so small that
electrons do not change their relative positions when the beam
travels along a straight line in a drift. With a dispersive
element, however, one can force the electrons with different
energies to follow different paths in order to rearrange them
longitudinally. In this section we review a wide range of
techniques that use lasers and dispersive elements to manipu-
late beam distributions.

A. Beam manipulation using modulator-chicane modules

The most widely used longitudinally dispersive element is a
chicane which typically consists of four dipole magnets, as
shown in Fig. 7. In a chicane, particles with lower energies are
bent more and have longer path lengths, while particles with
higher energies are bent less and have shorter path lengths. In
a negatively chirped bunch where the bunch tail has higher
energy than bunch head, for example, the tail particles catch
up with the head particles in the chicane and as a result the
bunch is compressed (assuming that the tail does not overtake
the head). In contrast, a positively chirped bunch will be
decompressed when it passes through a chicane.
One primary application of a chicane is to compress the

beam to obtain high peak currents. The process of bunch
compression, to first order, can be described as a linear
transformation where the bunch length is reduced while the
energy spread and peak current are both increased, as expected
from conservation of phase space and charge, respectively.

FIG. 7 (color online). Schematic of orbits in a chicane for the
reference particle (solid line), for a particle with slightly higher
energy (dash-dotted line), and for a particle with slightly lower
energy (dashed line). The four dipole magnets are illustrated with
shaded blocks.

Hemsing et al.: Beam by design: Laser manipulation of … 907

Rev. Mod. Phys., Vol. 86, No. 3, July–September 2014



Typically, the required negative chirp for compression is
achieved by accelerating the beam off crest in rf cavities.
For more advanced beam manipulations in the longitudinal

plane, the rf cavity is replaced with a laser and an undulator.
The sinusoidal modulation induced by the electron-laser
interaction in an undulator described in Sec. II.E consists
of both positive and negative chirp regions in electron beams
comparable to the laser wavelength. Therefore, after passing
through a chicane with proper dispersive strength character-
ized by the transport matrix element R56 ¼ ∂s=∂η, a density
modulation at the scale of the laser wavelength is generated
(see Fig. 9 and the discussion in the next section). A handy
formula for the dispersion of the typical symmetric four-dipole
chicane (all four magnets are identical) shown in Fig. 7 is
R56 ≃ 2α20½Ld þ ð2=3ÞLm�, where α0 is the bend angle.
Depending on the desired application, the undulators and
chicanes are configured in different ways to produce precisely
tailored beam distributions.

1. Combination of one modulator and one chicane

We consider the standard setup shown in Fig. 8 which is
used to imprint optical density modulations on relativistic
beams. This setup is typically used for the coherent harmonic
generation (CHG) (Girard et al., 1984; Kincaid et al., 1984)
(see also Sec. IV.D) and for high-gain harmonic generation
(HGHG) in FELs (Ben-Zvi et al., 1991; Yu, 1991).
We assume an initial Gaussian beam energy distribution

with an average energy E0 and the rms energy spread σE ,
and use the variable p ¼ ðE − E0Þ=σE for the dimensionless
energy deviation of a particle. The initial longitudinal phase
space distribution can then be written as f0ðpÞ ¼
N0ð2πÞ−1=2e−p2=2, where N0 is the number of electrons per
unit length of the beam. Here the bunch length is taken to be
much larger than the wavelength of the modulation, and we
neglect local variations of the beam current and assume a
longitudinally uniform beam.
After passage through the undulator, the beam energy is

modulated with the amplitude ΔE, so that the final dimen-
sionless energy deviation p0 is related to the initial one p by

p0 ¼ pþ A sinðkLsÞ; (3.1)

where A ¼ ΔE=σE , and s is the longitudinal coordinate in the
beam. The distribution function after the interaction with the
laser becomes f1ðζ;pÞ¼N0ð2πÞ−1=2exp½−ðp−AsinζÞ2=2�,
where we now use the dimensionless variable ζ ¼ kLs. The
beam then passes through the dispersion section with dis-
persive strength R56, which converts the longitudinal coor-
dinate s into s0, s0 ¼ sþ R56pσE=E0 (where p now refers to

the value at the entrance to the dispersion section). The
distribution function is then

f2ðζ; pÞ ¼
N0ffiffiffiffiffi
2π

p exp

�
−
1

2
½p − A sinðζ − BpÞ�2

�
; (3.2)

where B ¼ R56kLσE=E0 (for notational clarity, we dropped
primes in the arguments of f).
Integration of f over p gives the 1D beam density (number

of particles per unit length)N as a function of the coordinate ζ,

NðζÞ ¼ N0

Z
∞

−∞
dpfðζ; pÞ: (3.3)

Noting that this density is a periodic function of ζ one can
expand it into a Fourier series

NðζÞ
N0

¼ 1þ
X∞
n¼1

2bn cosðnζÞ; (3.4)

where the coefficient bn is the bunching factor for the
harmonic n (see Sec. II.F). Calculations with Eq. (3.2) give
an analytical expression for bn [see, e.g., Yu (1991) and
references therein] of the form

bn ¼ e−ð1=2ÞB2n2Jnð−ABnÞ; (3.5)

where Jn is the Bessel function of order n.
Equation (3.5) indicates that by properly choosing the

energy modulation amplitude and the chicane’s dispersive
strength, considerable bunching may be generated, not only at
the laser wavelength but also at higher harmonics.
The phase space evolution in this scenario is illustrated in

Fig. 9. The sinusoidal energy modulation imprinted on the
beam by the laser is shown in Fig. 9(b). After passing through
a small chicane, half of the particles that have the negative
energy chirp [blue dots in Figs. 9(b) and 9(c)] are compressed,
while the other half with the positive energy chirp [red dots in
Figs. 9(b) and 9(c)] are decompressed. As a result of this
transformation, the energy modulation is converted into a
density modulation as in Fig. 9(d), where the beam density
consists of many spikes equally separated by the laser
wavelength. These sharp peaks contain frequency components
at both the laser frequency and harmonic frequencies which
can be radiated coherently when the electron beam is sent
through a radiator.
In the limit of a large modulation amplitude A ≫ 1, the

density (and hence current) spikes shown in Fig. 9(d) become
much larger than the initial beam density (current) and the
spike FWHMwidth Δsmuch shorter than the laser period. An
analysis of Eq. (3.2) shows that asymptotically for large values
of A,

Nmax

N0

≈ 1.5A2=3; Δs ≈ 0.5
λL
A
: (3.6)

More accurate fitting formulas for moderate values of A ∼
3–20were obtained by Zholents (2005b), who proposed to use
the enhanced peak current in the spikes for the generation of a

FIG. 8 (color online). The beam energy is modulated in an
undulator due to the interaction with a laser beam. The beam then
passes through a dispersion section to form a density modulation.
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train of short pulses in an FEL. This concept is described in
detail in Sec. V.D.
As described by Eq. (3.5), the exponential suppression

factor makes it difficult to obtain usable bunching factors for
large values of n unless the dispersion B is also reduced to
B ∼ n−1. Because the Bessel function is peaked when its
argument is ∼n, this in turn requires an increase in the
amplitude of the laser modulation to A ∼ n. Physically, this
is because the longitudinal phase space area is conserved, and
when the particles are locally compressed by n times to
produce harmonics up to the ∼nth order, the slice energy
spread in this narrow region also increases by a factor of n.
For a beam with vanishingly small energy spread, very high
harmonics can be obtained since the maximal bunching factor
scales as bn ∼ n−1=3, as dictated by Jn. In reality, however, it is
typically desirable to keep the induced energy spread small.
Therefore, in practice, the generation of high harmonics is
typically limited to values of n around 10.

2. Combination of two modulators and one chicane

The significant growth in beam energy spread in one
modulator and one chicane bunching technique can be
mitigated to some extent with two modulators.
In the scheme considered by McNeil, Robb, and Poole

(2005) and Allaria and De Ninno (2007) [Fig. 10(a)], the
modulator is subdivided into two undulator sections, and a
phase shifter that delays the electron bunch by π in the laser
phase is inserted in between. The π phase shift can be achieved
with a small chicane with R56 ¼ λL, or with one additional
undulator period resonant at 1.5λL. A high-power laser
(typically on the order of 10 GW) is first used to generate
a large energy modulation in the first undulator section such
that when the electron bunch goes through the second
undulator section, its energy modulation is gradually con-
verted into density modulation only from the dispersive

strength R56 ¼ 2NuλL of the second undulator. Therefore,
in the second undulator section the same laser partially
reverses the modulation imprinted in the first undulator
section, reducing the induced energy spread. Finally, the
electron bunch is sent through a weak chicane that is used
to maximize the bunching at high harmonics. Overall, the
reduced energy spread achieved in this scheme allows
bunching at approximately twice the harmonic number of
that practically obtained in the conventional scheme with only
one modulator (Allaria and De Ninno, 2007).
An alternate way to reduce the energy spread is to use a

second modulator after the beam goes through the chicane
(Jia, 2008) [Fig. 10(b)]. This is illustrated in Fig. 11 where for
simplicity we assume particles’ longitudinal positions do not
change in the modulators. In this example, the energy
modulation is 10 times larger than the beam slice energy
spread. As seen in Fig. 11(a), after passing through a small
chicane, half of the particles stand up to provide about 15%
bunching at the 10th harmonic (Jia, 2008). A laser shifted by π
is then used in the second modulator section to cancel part
of the modulation [solid line in Fig. 11(a)]. This partially
removes the induced correlated energy spread for the
unbunched particles and leads to the phase space distribution
shown in Fig. 11(b). The particles’ projected energy distri-
bution before and after the second laser modulation is shown

FIG. 9 (color). Evolution of the longitudinal phase space in the HGHG scheme with A ¼ 3. (a) Before the modulator; (b) after the
modulator; (c) after the chicane; (d) density distribution after the chicane.

FIG. 10 (color online). Schematic of two HGHG variants to
reduce beam energy spread with two modulators and one chicane.
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FIG. 11 (color online). (a) Phase space after passing through
the chicane and the corresponding energy modulation
(black curve) in the second modulator; (b) phase space after
the reverse modulation in the second modulator; (c) energy
distribution before (dashed curve) and after (solid curve) the
reverse modulation.
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in Fig. 11(c) where one can clearly see that the beam energy
spread is reduced (by about 30% in this example).
It should be pointed out that, for both schemes, the beam

longitudinal phase spaces deviate from sinusoidal distribu-
tions when the beam interacts with the laser in the second
modulator. Therefore, cancellation of the energy modulation
in these schemes is not complete. This imperfection is
illustrated in Fig. 11(a) where one can see that the bunched
particles are at the zero crossing of the second laser and their
energy spread cannot be reduced. For HGHG schemes,
however, this reduction of the energy spread in the unbunched
portion of the beam can lead to better overall FEL perfor-
mance as these electrons are recollected to a narrowed region
of the gain bandwidth.

3. Combination of two modulators and two chicanes

Consider now two modulators and two dispersion sections
shown in Fig. 12. This scheme was proposed by (Stupakov
(2009) and Xiang and Stupakov (2009) under the name of
echo-enabled harmonic generation (EEHG). Compared to
HGHG and its variants, EEHG can produce a much higher
harmonic with a relatively small energy modulation. In this
scheme, a laser pulse with frequency ω1 is used to modulate
the beam energy with amplitude ΔE1 in the first undulator
tuned at that frequency. After passing through the first

dispersion section with Rð1Þ
56 , the beam energy is then modu-

lated in the second undulator (modulator 2) with amplitude
ΔE2 tuned to the frequency ω2 of the second laser beam (ω2

can be equal to ω1). The beam then passes through the second

dispersion section with Rð2Þ
56 to produce a density modulation

at the frequency nω1 þmω2, where n and m are integers.
The mathematical formulation of the EEHG process is

similar to the derivation outlined in Sec. III.A.1. The final
distribution function at the exit from the second dispersion
section can easily be found by consecutively applying two
more transformations to Eqs. (3.1) and (3.2). The resulting
final distribution function ff is

ffðζ;pÞ¼
N0ffiffiffiffiffi
2π

p exp

�
−
1

2
fp−A2 sinðKζ−KB2pþψÞ

−A1 sin½ζ− ðB1þB2Þp

þA2B1 sinðKζ−KB2pþψÞ�g2
�
; (3.7)

where ζ ¼ k1s, K ¼ k2=k1 with k1 ¼ ω1=c and k2 ¼ ω2=c,

A1 ¼ ΔE1=σE , A2 ¼ ΔE2=σE , B1 ¼ Rð1Þ
56 k1σE=E0, B2 ¼

Rð2Þ
56 k1σE=E0, and ψ is the phase difference of the two

lasers.

Integration of Eq. (3.7) over p again gives the beam density
N as a function of ζ, NðζÞ ¼ R∞

−∞ dpffðζ; pÞ. Analysis shows
(Xiang and Stupakov, 2009) that at the exit from the system
the beam turns out to be modulated at a combination of
multiple wave numbers of both lasers,

NðsÞ
N0

¼
X∞

n;m¼−∞
2bn;m cos½ðnk1 þmk2Þsþ ψn;m�; (3.8)

where ψn;m is the modulation phase. Assuming A1B1 ≫ 1, the
bunching factors bn;m are found to be independent of the
relative phase of the two lasers and are given by

bn;m ¼ e−ð1=2Þ½nB1þðKmþnÞB2�2Jmð − ðKmþ nÞA2B2Þ
× Jnð − A1ðnB1 þ ðKmþ nÞB2Þ; (3.9)

where Jn is the Bessel function of the order of n.
The evolution of the phase space through the system is

graphically illustrated in Fig. 13. A crucial feature of the
EEHG technique is that the first energy modulation is
macroscopically smeared after the beam passes through the
first chicane with strong dispersion (middle right panel in
Fig. 13). This introduces complicated fine-scale structures
(separated energy bands) into the phase space of the beam.
After a second modulation, a density modulation then reap-
pears after the beam passes through a second chicane (bottom
right panel in Fig. 13), like an echo.
It is of practical interest to maximize the bunching factor at

a high laser harmonic by varying the modulation amplitudes
A1 and A2 and the strength of the dispersive elements B1 and
B2. Xiang and Stupakov (2009) showed that the maximum is
achieved when n ¼ −1 and m > 0, and for large values of m
the maximized value of b−1;m is given by

FIG. 12 (color online). Schematic of the EEHG.

FIG. 13 (color online). Evolution of the longitudinal phase space
of the beam through an EEHG system in a 1D model. Top left:
initial phase space, top right: phase space after the first modulator,
middle left: phase space in the center of the first chicane, middle
right: phase space after the first chicane, bottom left: phase space
after the second modulation, bottom right: phase space at the exit
after the second chicane. The vertical axis is p and the horizontal
axis is s=λL (both lasers are assumed of the same frequency).
Shown are three laser periods.
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b−1;m ≈
FðA1Þ
m1=3 ; (3.10)

where the function FðA1Þ is shown in Fig. 14. Asymptotically,
for A1 ≫ 1, the function F approaches the value of 0.39.
Remarkably, and in contrast with Eq. (3.5), Eq. (3.10) does not
show the exponential suppression of high harmonics; rather, in
an optimized setup, the bunching factor slowly decays as
m−1=3 even for modest values of A1 and A2. This is the main
advantage of the EEHG scheme.
Note that the bunching factor at high harmonics in the

EEHG, HGHG, and CHG related schemes can be consid-
erably increased if one can use a synthesized laser waveform
that approximates a sawtooth profile (Ratner and Chao, 2011;
Stupakov and Zolotorev, 2011). This can, in principle, be
achieved by combining two or three laser harmonics with
properly adjusted amplitudes and phases, or through manipu-
lation of the beam phase space with a single harmonic as
discussed in Sec. III.E.
As one can see from Fig. 13, the evolution of the beam

phase space passes through a stage where it is “shredded”
horizontally into narrow slices (the middle right panel in the
figure, corresponding to the position after the first chicane).
This means that the beam energy distribution is split into
multiple narrow spikes with the width of each spike much
smaller than the original energy spread of the beam. Analysis
shows that the width of the spikes ΔE is of the order of
ΔE ∼ A1σE=m, inversely proportional to the harmonic number
m. Such a distribution function is sensitive to the energy
diffusion processes in the system, such as quantum diffusion
due to incoherent synchrotron radiation in magnetic fields,
and intrabeam scattering. It seems likely that these effects
set the upper limit on the maximally achievable harmonic
multiplication factor in the EEHG scheme in practice
(Stupakov, 2011, 2013).

B. Optical microbunching for laser acceleration

Laser manipulation schemes designed to generate coherent
microbunching in the electron beam also have applications in
advanced laser-based accelerators such as the inverse FEL
(IFEL), inverse transition radiation accelerator (Plettner et al.,
2005), dielectric laser accelerator (Breuer and Hommelhoff,

2013; Peralta et al., 2013), and acceleration through stimulated
emission of radiation in an excited medium (Schächter, 1995).
Of particular interest is the IFEL where acceleration can be
maintained over a large distance to yield GeV electrons. In
contrast to FELs where energy is transferred from the electron
beam to the radiated electromagnetic fields, in IFELs, a high-
power input laser resonantly transfers energy to the trans-
versely wiggling electrons, boosting them to high energies
using potentially large (0.5–1 GeV=m) accelerating gradients.
The IFEL concept dates back over 40 years to Palmer, who

suggested that relativistic electrons could be continuously
accelerated by electromagnetic waves in a helical undulator
(Palmer, 1972). Later, Courant, Pellegrini, and Zakowicz
(1985) presented a comprehensive analysis for both planar
and helical undulators that included the effects of synchrotron
radiation losses, as well as energy transfer enhancements
obtained from undulator tapering. Based on these principles,
several single-stage IFEL experiments followed, with accel-
erating wavelengths in the microwave regime (Yoder,
Marshall, and Hirshfield, 2001), at 1.6 mm (Wernick and
Marshall, 1992), and at 10.6 μm, both at the fundamental
undulator resonance (van Steenbergen et al., 1996), and
including the second harmonic of a planar undulator
(Musumeci et al., 2005). The latter experiment at UCLA used
a strongly tapered design to achieve a 70 MeV=m accelerating
gradient for 5% of the electrons with a 2 × 1014 W=cm2 CO2

laser. Recent experiments with a strongly tapered helical
undulator show the energy doubling of a 50 MeV beam over
a 60 cm undulator (Duris et al., 2012).
While the IFEL concept holds potential to reduce the size and

cost of modern particle accelerators through enhanced accel-
erating gradients enabled by modern laser systems, a drawback
common to laser-based single-stage IFELs is the large final
electron beam energy spread (100%) and poor capture effi-
ciency. This occurs because the electron beam is typicallymuch
longer than the laser wavelength, so electrons are evenly
distributed across both the accelerating and decelerating phases
during the IFEL interaction. The result is a somewhat inefficient
acceleration process and a large global energy spread, since
only a fraction of the electrons are at the correct phase to be
captured and boosted to the final peak energy. As noted in the
original paper by Palmer, both the efficiency and the energy
spread can be significantly improved by firstmicrobunching the
beam so that electrons are piled together within a small fraction
of the accelerating phase. Such staged schemes rely on an initial
modulator or dispersive section (prebuncher), where a laser
generates a constant sinusoidal energy modulation and a
downstream dispersive section (either a drift or a chicane) then
generates spatial density bunching at the period of the accel-
erating laser wavelength.
Several experiments based on the two-stage laser accel-

eration technique have been performed in recent years. In
2001, the STELLA experiment at Brookhaven National
Laboratory used a high peak power (> 100 MW) 10.6 μm
CO2 laser to first modulate and then boost electrons in a
45 MeV beam by ∼1–2 MeV over a 33 cm undulator (Kimura
et al., 2001). While the final relative energy spread of the
accelerated electrons was somewhat large (2%), subsequent
upgrades showed improved capture efficiency and reduced
energy spread with the addition of a small chicane (to reduce

FIG. 14 (color online). Function FðA1Þ from Eq. (3.10).
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the required first energy modulation) and gap tapered undu-
lator (Kimura et al., 2004). Results showed ∼80% of the
electrons were captured and accelerated, with 14% boosted by
7 MeV with a 0.36% relative energy spread (see Fig. 15).
More recently, two-stage accelerators in the 800 nm range
have been demonstrated at the Next Linear Collider Test
Accelerator (NLCTA) at SLAC; one using inverse transition
radiation to accelerate the microbunched beam (Sears et al.,
2008), and another using the IFEL interaction at the third
harmonic of a planar undulator (M. Dunning et al., 2013).
The staged approach to laser accelerator injectors has

distinct advantages compared to a single stage, in terms of
both the efficiency and the final beam parameters. For
example, an energy modulation generated by multiple har-
monic laser frequencies with the proper relative phases and
amplitudes allows one to linearize the electron beam phase
space at the optical wavelength prior to IFEL injection.
This places more electrons into the accelerating phase and
enhances the capture efficiency (Pottorf and Wang, 2002;
Musumeci, Pellegrini, and Rosenzweig, 2005). Such a scheme
can be implemented in a single planar undulator to generate a
sawtooth-type energy distribution, where the electron beam
couples with both the odd and the even harmonics by injecting
the laser at a small angle (Duris, Musumeci, and Li, 2012).
Alternatively, multiple staged modulations at the same laser
frequency, mediated by dispersion, can adiabatically fold
electrons up into the accelerating bucket to increase the
bunching factor to near unity (Fig. 16) (Hemsing and
Xiang, 2013). For instance, Fig. 16 shows the phase space
evolution in a staged adiabatic buncher with three modulator-
chicane modules in which the modulation amplitude is
increasing and the dispersion strength is decreasing in each
stage. In this scheme, each chicane is used to rotate the local
phase space so as to deposit the maximum number of particles
into the phase region π=2 < kLs < 3π=4, leading to a bunch-
ing factor of about 92% at the laser frequency.

C. Creating long-scale structures for narrow-band terahertz
radiation

Beams with density modulations at sub-mm wavelengths
may be used to resonantly excite wakefields for advanced

accelerators (Muggli et al., 2008; Kumar, Pukhov, and Lotov,
2010), and for the generation of narrow-band THz radiation
(Bielawski et al., 2008; Shen et al., 2011). Analysis shows
that in addition to creating fine structures in the beam density
distribution for the generation of fully coherent radiation at
shorter wavelengths, the EEHG technique may also be used to
produce long-scale density modulations (with modulation
periods much longer than the laser wavelengths). For instance,
it can be seen from Eq. (3.8) that with n ¼ 1 and m ¼ −1 (or
vice versa), a density modulation at the difference frequency
jk1 − k2j of the two lasers can be generated with a double
modulator-chicane system. In particular, if the wavelengths of
the two lasers are close to each other, the difference frequency
will be much lower than the laser frequency. Therefore, one
may generate long-scale periodic structures in the electron
beam through short-wavelength laser modulations.
In contrast to the EEHG scheme, the chicane between the

two modulators is not necessary for this application (Xiang
and Stupakov, 2009) although it can provide an additional
tuning knob. To illustrate the physics, the beam longitudinal
phase space evolution in a simpler configuration with two
modulators and one chicane is shown in Fig. 17. As before,
in the first undulator a laser with wavelength λ1 is used
to generate energy modulation in the beam phase space
[Fig. 17(a)]. After interaction with the second laser with
wavelength λ2 ¼ 0.9λ1, the beam phase space consists of a
slow modulation at the difference frequency superimposed on
the initial sinusoidal modulation [Fig. 17(b)]. After passing
through a chicane, the energy modulation at the difference
frequency [with wavelength at λ1λ2=ðjλ1 − λ2jÞ] is converted
into a density modulation [Fig. 17(c)]. The resulting beam
current has a modulation period of about 10λ1 [Fig. 17(d)]. In
this scheme, the relativistic electron beam is used as the
nonlinear medium to downconvert the frequency of two
optical lasers to the THz range.
This difference-frequency generation scheme does not

necessarily require the wavelengths of the two lasers to be
close to each other. Actually it applies to the general cases
when λ1=n is close to λ2=m. For instance, a density modu-
lation around 10 THz can be generated by two lasers with
wavelengths λ1 ¼ 780 nm and λ2 ¼ 800 nm (corresponding
to n ¼ 1, m ¼ −1), λ1 ¼ 780 nm and λ2 ¼ 1600 nm (corre-
sponding to n ¼ 1, m ¼ −2), λ1 ¼ 780 nm and λ2 ¼
2400 nm (corresponding to n ¼ 1,m ¼ −3), etc. The scenario
with n ¼ 1 and m ¼ −2 is particularly useful for providing
tunable THz radiation in a wide frequency range with
commercially available IR laser systems. For example, an
optical parametric amplifier pumped by a Ti:sapphire laser at
∼800 nm can easily provide a tunable signal beam from 1.1 to
3 μm (Cerullo and De Silverstri, 2003). When combined with
a Ti:sapphire laser at ∼800 nm, the scenario with n ¼ 1 and
m ¼ −2 allows one to generate density modulations covering
the whole THz gap.
While only one chicane is needed to generate THz density

modulations in principle, inclusion of a chicane between the
two modulators offers more flexibility in that it allows the
generation of THz structures in an energy-chirped beam with
two lasers of the same wavelength. This scenario can be
understood as a four-step process. First, the laser interacts with
the beam in the first modulator and generates an energy

FIG. 15 (color online). Two-stage IFEL energy output spectrum.
From Kimura et al., 2004.
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modulation at the wave number k1. Second, the modulation
frequency is compressed (or decompressed) to C1k1 from the
combination of the global energy chirp and momentum
compaction of the first chicane, where C1 is the compression
factor. Third, the energy modulation at C1k1 is superimposed
on top of the energy modulation at k1 from the second laser in
the second modulator. Last, the difference frequency of the
energy modulation at ðC1 − 1Þk1 is compressed (or decom-
pressed) again with compression factor C2, and is further
converted into density modulation at ðC1 − 1Þk1C2 after
passing through the second chicane. This technique was
demonstrated at SLAC’s NLCTA, where a density modulation
around 10 THz was generated by downconverting the
frequencies of an 800 nm laser and a 1550 nm laser

(Dunning et al., 2012). Once the density modulation is
formed, it is then straightforward to send the beam through
a bending magnet or a metallic foil to generate coherent
narrow-band THz radiation. One of the many advantages of
this technique is the flexibility it offers to tune the central
frequency of the modulation, which can be achieved through
tuning of the laser wavelengths, beam energy chirp, and/or
chicane momentum compaction.

D. Creating 3D fine structures for the generation of light with
orbital angular momentum

While the primary aim of most laser-based electron beam
manipulation techniques is tailoring of the longitudinal phase

FIG. 16 (color online). Phase space in staged adiabatic buncher with three modulator-chicane modules . Phase space evolution in the
first modulator-chicane module (top), in the second modulator (middle), and in the third module (bottom). Adapted from Hemsing and
Xiang, 2013.

FIG. 17 (color online). Evolution of the longitudinal phase space in the difference-frequency generation with two modulators and one
chicane. (a) After the first modulator, (b) after the second modulator, (c) after the chicane, and (d) final current distribution.
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space, there are also schemes targeted at generating highly
correlated, complex distributions in the larger phase space.
Because the light emitted by the electron beam will have a
phase structure determined by the microbunching distribution,
precision manipulation of the 3D coherent electron distribu-
tion allows emission of exotic light beams that can expand the
repertoire of modern light sources.
Of specific recent interest are light beams that carry

OAM. These “optical vortex” modes have an annular-shaped
intensity profile and carry discrete values lℏ of OAM per
photon as a result of a eilϕ dependence, where ϕ is the
azimuthal coordinate and l is an integer. OAM beams were
first investigated by Allen et al. (1992) and have become
the subject of intense interest in numerous contexts (Allen,
Barnett, and Padgett, 2003). The multitude of emerging
applications enabled by optical OAM light suggests excit-
ing new research opportunities in the hard x-ray regime
where well-defined OAM provides an additional degree of
freedom to probe the deep structure and behavior of matter
(Molina-Terriza, Torres, and Torner, 2007; Padgett and
Bowman, 2011).
The harmonics of radiation produced in a helical undulator

naturally carry approximately �ðn − 1Þℏ units of OAM per
photon, where n is the harmonic number (Sasaki and
McNulty, 2008; Bahrdt et al., 2013). Thus, one can select
a specific OAM value with a simple monochromator.
Alternatively, coherent OAM light can be emitted at the
fundamental frequency in an undulator (either planar or
helical) by an electron beam that is helically microbunched,
such that the electrons are arranged in a twist about the beam
axis, with a helical period that matches the resonant wave-
length of the undulator radiation. An illustration of such a
beam is shown in Fig. 18. Such a fine-scale 3D structure can
be generated by the interaction of the beam with a laser in an
undulator in two different ways, both described briefly in this
section. A straightforward method is to modulate the beam
with OAM laser modes at the fundamental frequency. In this
case the transverse spatial field dependence maps directly to
the energy kick experienced by the particle. A second method,
which may be useful at short wavelengths, relies on coupling
to harmonics of helical undulators. In this case, a laser mode
with a simple structure (such as a TEM00 mode) can be used
and the correlated helical structure emerges naturally as the
electrons interact with different regions of the laser field
profile.

1. Helical energy modulation

To illustrate the concept, consider the rate of energy change
equation in Eq. (2.20):

dγðx⊥; zÞ
dz

¼ e
mc2

Eðx⊥; zÞ ·
dx⊥
dz

; (3.11)

where the energy change here is shown to depend explicitly on
the electron’s transverse position x⊥ðzÞ in the laser field,

x⊥ðzÞ ¼ x0 þ ~xðzÞ; (3.12)

with x0 ¼ ðr;ϕÞ the secular offset and ~x the motion due to the
undulator fields.
We assume that the electric field polarization is matched

to the direction of the electron motion, and that the laser
Rayleigh length zR is much longer than the undulator length
Lu such that we neglect variation of the electric field
amplitude versus z in the undulator. Expanding the field
about x0 gives two terms that illustrate the two different ways
to produce the helical structure,

Eðx⊥Þ≃ Eðx0Þ þ ð ~x ·∇ÞEðx0Þ: (3.13)

The first term describes the interaction at the fundamental
frequency where the spatial distribution of the higher-order
laser field is imprinted directly on the electron beam energy
distribution. Considering only this term for the moment, for
simplicity we assume a Laguerre-Gaussian–type laser seed
mode and write the field as

Eðx0Þ ¼ ~EðrÞ cos ½kLðz − ctÞ þ lϕ�; (3.14)

where the function ~EðrÞ can be found by comparing this
equation with Eq. (2.13). Substituting Eq. (3.14) into the
energy rate of change equation (3.11) and integrating over the
undulator length, the energy deviation is

Δγðr; s;ϕÞ ¼ −
eK ~EðrÞLuffiffiffi

2
p

γmc2
sinðkLsþ lϕÞ; (3.15)

where r is the radial offset of the electron orbit relative to the
axis of the laser beam. As before, the change in particle
position is neglected to lowest order. Further, because a helical
correlation exists between the s and ϕ coordinates in the
argument of the sine function in Eq. (3.15), the electron beam
obtains a helical energy modulation, defined by the helices
with constant values of ΔγðrÞ. Passing this beam through a
chicane will then generate a helically density-modulated
beam, as discussed in Sec. III.D.2. Note that this laser
interaction also produces an angular modulation of the
electrons, but in all practical cases this modulation is negli-
gibly small.
At short wavelengths, however, an OAM light beam may

not be available. In this case, a similar helical energy
modulation is obtained through the interaction of a light
beam without OAM (like a simple Gaussian laser) with the
electrons in a helical undulator. The modulation is produced
through coupling to the ð ~x ·∇ÞEðx0Þ term in Eq. (3.13) that is
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FIG. 18 (color online). Helically bunched beam for the emission
of coherent OAM light. From Hemsing, Musumeci, Marinelli,
and Rosenzweig, 2009.
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realized when the carrier frequency of the light beam is
resonant with a higher-harmonic emission frequency in a
helical undulator (Sasaki and McNulty, 2008; Bahrdt et al.,
2013), as discussed by Hemsing, Marinelli, and Rosenzweig
(2011). Accordingly, this effect enables tailored manipulation
of electrons at much shorter wavelengths because the input
laser beam can be generated by an upstream x-ray FEL, for
example, in an arrangement similar to the self-seeding
technique reported by Amann et al. (2012). To illustrate,
consider a simple light beam with a radially symmetric
Gaussian mode without azimuthal dependence (l ¼ 0). At
the second harmonic resonance in the helical undulator, the
change in energy according to Eqs. (3.11) and (3.13) is

Δγ ¼ ∓ eK2Lu

2
ffiffiffi
2

p
γ2mc2ku

∂
∂r ~EðrÞ cosðkLs∓ϕÞ; (3.16)

where the upper (lower) sign refers to the right (left) handed-
ness of the helical undulator field. Much like Eq. (3.15), the
energy modulation is precisely that of an OAM-type light
beam with a helical phase and axial null (no modulation
on axis).

2. Creating 3D density structures in the beam

To convert the helical energy modulation into helical
microbunching for OAM light emission, the electrons must
move longitudinally so that they create a helical density
distribution. At low energies, this longitudinal rearrangement
occurs naturally through a drift section, or even during
transport through the modulator. Hemsing et al. (2012) first
observed evidence of helical microbunching in a 12.5 MeV
electron beam modulated in a helical undulator at the second
harmonic by a Gaussian 10.6 μm CO2 laser. Transport
through the modulator was sufficient to generate helical
bunching, which was characterized indirectly from the coher-
ent transition radiation of the electrons.
For higher energy beams however, the longitudinal motion

of the particles is too small to generate density bunching,
so the helical distribution is generated by passing the beam
through a longitudinally dispersive section characterized by
the matrix element R56. Calculations of the density modula-
tion introduced in the beam closely follow those of Sec. III.A,
so we only briefly outline them here using the same notation
as in Sec. III.A. For the initial distribution function of the
beam we now assume f0ðr; pÞ ¼ ð2πÞ−1=2N0ðrÞe−p2=2, where
N0ðrÞ gives the radial profile of the beam density.
Equation (3.1) for the energy modulation in either

Eq. (3.15) or Eq. (3.16) is now replaced by

p0 ¼ pþ AðrÞ sinðkLsþ lϕÞ; (3.17)

which, in addition to having the phase ϕ dependence, takes
into account the radial dependence of the energy modulation.
After passage through the chicane the beam density becomes
modulated along s as well as in the azimuthal direction,

Nðr;ϕ; sÞ ¼ N0ðrÞ
�
1þ

X∞
n¼1

2bnðrÞ cosðnkLsþ nlϕÞ
�
;

(3.18)

where

bnðrÞ ¼ e−ð1=2ÞB2n2Jn½−AðrÞBn� (3.19)

[see Eq. (3.4)]. Note that all final azimuthal density modes
excited in the beam have the same upconversion factor n as the
frequency. Higher-order OAM light can therefore be emitted
from the beam at harmonic frequencies of the light used to
generate the energy modulation which, through Eq. (3.16),
need not be OAM light by virtue of the harmonic interaction in
the helical modulator.
This technique was recently demonstrated at high energy by

Hemsing et al. (2013). OAM light emitted from a 120 MeV
beam at the first harmonic in a linearly polarized undulator
was observed. Helical microbunching was produced as the
beam passed through an R56 ¼ 1.9 mm chicane, after being
modulated in a helical undulator tuned to a 1.6 μmwavelength
at the fundamental resonance. There the harmonic interaction,
governed by Eq. (3.16) with a 800 nm Gaussian laser profile,
produced a helical energy modulation. The spiral density
distribution emitted coherent OAM light (Fig. 19) with a
characteristic hollow intensity profile and l ¼ 1 helical phase,
in agreement with expectations.
The helical microbunching principle can be expanded to

multimodulator-chicane techniques such as EEHG to further
shorten the wavelength of the coherent emission of the OAM
light, or also increase the OAMmode number l. Called Echo-v
(for vortex) (Hemsing and Marinelli, 2012), the beam is
modulated in two undulators with the dimensionless energy
modulation given by p0 ¼ pþ A1ðrÞ sinðk1sþ l1ϕÞ and
p0 ¼ pþ A2ðrÞ sinðk2sþ l2ϕÞ, with each modulation fol-
lowed by a chicane. Calculation of the density modulation
in this case repeats the EEHG analysis in Sec. III.A.3 and
gives [see Eq. (3.8)]
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FIG. 19 (color online). OAM light emitted by a 120 MeV
electron beam that had been helically microbunched by a
Gaussian mode laser at the second harmonic of a helical
undulator. The transverse phase structure (right) was recon-
structed from intensity images (left) of the far-field undulator
emission. From Hemsing et al., 2013.
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Nðr;ϕ; sÞ ¼ N0ðrÞ
X∞

n;m¼−∞
2bn;mðrÞ

× cos½ðnk1 þmk2Þsþ ðnl1 þml2Þϕþ ψn;m�;
(3.20)

with the coefficients bn;mðrÞ given by Eq. (3.9). Note that the
azimuthal dependence is now given by lϕ with

l ¼ nl1 þml2: (3.21)

Optimization of the bunching factor shows that large fre-
quency upconversion takes place for m large and n small.
Thus, depending on the individual values of l1 and l2 in each
modulator, Echo-v enables large upconversion of the fre-
quency and lmode either simultaneously or independently. By
upconverting both together (i.e., l1 ¼ 0, l2 ≠ 0), one can emit
optical vortices with large l at high harmonics. Alternately,
large frequency harmonics can be generated with little or no
change in l (i.e., l1 ≠ 0, l2 ¼ 0), so that the helical distribution
generated at one frequency can be passed to a different
frequency.

E. Synthesis of radiation with an arbitrary waveform

Laser modulators combined with dispersive chicanes pro-
vide fine-scale control of the electron beam current distribu-
tion. While high harmonics of the laser frequency can be
generated in the electron beam by tuning the modulation
amplitude and chicane dispersion (see Sec. III.A), recently
proposed schemes employing several modulator-chicane
cascades also allow one to precisely tailor the harmonic
content of the electron peak current distribution and radiation
at the scale of the optical wavelength, in some cases using
only a single laser (Hemsing and Xiang, 2013). As described
further, such systems can behave as optical analogs of
conventional rf function generators, suggesting new ways
to produce radiation with customized waveforms.
As an example manipulation procedure, in Fig. 20 we show

how one can partially linearize a portion of a sinusoidal
modulation. The energy modulation generated by an initial
sinusoidal laser field [Fig. 20(a)] creates a local chirp
in the beam as a function of s given by h ¼ dp=ds ¼
A1kL cosðkLsÞ. After passage through the following
dispersion section [Fig. 20(b)], the regions where h > 0

become stretched, while the regions where h < 0 become
compressed. At a dispersion strength of B≃ 1=A1, the
negatively chirped regions at kLs ¼ �π in each optical cycle
are fully compressed, and half of the particles are localized in
this narrowed region of phase. The other half are stretched
over the decompressed regions extending in each optical cycle
from −λ1=2 to λ1=2 and form a sinusoid with twice the
wavelength of λ1, as shown with a dashed line in Fig. 20(b).
Now the second laser with k2 ¼ kL can interact on electrons
in this region like the second harmonic frequency and can
therefore be used to partially linearize the modulation as
shown in Fig. 20(c). In principle, this piecewise manipulation
of specific phase space regions allows successive precise
control over the phase space distribution within a single
wavelength and can lead to enhancements in the achievable
microbunching factors in harmonic generation and IFEL
schemes.
Radiation waveform synthesis is another example of how

cascaded laser manipulations can be used in the beam by
design concept. In this case, the electron beam current
distribution is arranged to have the precise spectral compo-
nents of a desired waveform, which is then emitted by the
electron beam. This works because the electric field spectrum
produced in the radiator is proportional to the Fourier trans-
form of the beam current distribution, which is just the
bunching factor. Thus, in the typical scenario where
the electron beam has transverse dimensions smaller than
the transverse coherence size of the radiation field, the electric
field spectrum is dominated by the longitudinal electron beam
distribution and is given by Eq. (2.50). We can replace the
summation over the particles in this equation by averaging
over the longitudinal distribution function,

~EbðωÞ ¼ Ne

Z
~EðωÞfðp; sÞe−iωs=cdpds

¼ 1

ec

Z
~EðωÞIðsÞe−iωs=cds; (3.22)

where ~EðωÞ is the Fourier transform of the single particle
emission field and IðsÞ ¼ ecNe

R
fðp; sÞdp is the beam

current. If the radiator emission spectrum is flat over the
relevant microbunching spectrum then ~EðωÞ can be treated as
a constant. In this case, the emitted spatial electric field
distribution is simply given by the beam current distribu-
tion EbðtÞ ∝ IðtÞ.

FIG. 20 (color online). Optical-scale linearization of the longitudinal phase space performed by two laser modulators at the same
frequency, mediated by dispersive chicane. From Hemsing and Xiang, 2013.
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Consider the example of a square waveform, which is
described by the sum odd harmonics 2n − 1 of the carrier
frequency kL with amplitudes that scale as 1=ð2n − 1Þ. Shown
in Fig. 21, successive laser modulations at the frequency kL,
mediated by dispersion in two chicanes, generate a compli-
cated electron beam phase space that has a square wave current
projection on the scale of the laser wavelength. The associated
bunching spectrum displays a series of harmonic peaks whose
magnitudes decrease in accordance with the decreasing
amplitudes 1=ð2n − 1Þ of the square waveform harmonics
(decreasing line). As a result of this coherent structure,
synthesized by modulations at a single laser frequency and
dispersion, this beam with then radiate a square waveform in a
broadband radiator (Hemsing and Xiang, 2013).

IV. BEAM MANIPULATION FOR SYNCHROTRON LIGHT
SOURCES

Storage ring synchrotron light sources produce high-bright-
ness electromagnetic radiation in the spectral region extending
from infrared to hard x rays. A typical facility, illustrated in
Fig. 22, consists of an injector, booster synchrotron, transport
lines between accelerators, a large storage ring with radiation-
production devices, and numerous dedicated beam lines and
experimental stations (Winick, 1995). The injector normally
includes an electron linac equipped with an electron gun and a
booster synchrotron. Most of the contemporary synchrotron
light sources operate with a “top-up” injection (Emery and

Borland, 1999) to keep the electron beam current in the
storage ring practically constant and, thus, use a full energy
booster synchrotron. Electron storage ring technology has
evolved considerably over the last 50 years, and in doing so
has led to highly reliable machines with many attractive
features (discussed below) including simultaneous service to
many users with diverse experimental programs.
A brief description of the historical development of

synchrotrons is given by Zhao (2010). In this section, we
give an overview of the properties of the electron beams and
radiation produced in storage ring light sources and show
how laser-based beam manipulations may enhance their
capabilities.

A. Storage ring synchrotron light sources

In a storage ring light source, an electron beam circulates
around the ring repetitively for hours with remarkable orbit
stability [on the order of a few microns in position and few
microradians in angle (Decker, 2005)], producing electromag-
netic radiation via spontaneous emission in dipole magnets,
wigglers, and undulators. Undulators provide the most con-
centrated radiation, with the rms radiation divergence given by
σr0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λr=πLu

p
, where λr is the radiation wavelength and Lu

is the undulator length, and an rms transverse radiation size
at the source of σr ¼ 1=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λrLu=π

p
(Attwood, 2000). The on-

axis spectrum is concentrated at the fundamental wavelength
and its odd harmonics, each with bandwidth Δλr=λr ≈ 1=nNu
at FWHM, where n is the harmonic number. It should be noted
that the undulator bandwidth is affected by the energy spread
of electrons, but in most practical cases this is visible only at
high undulator harmonics. The spectral photon flux F mea-
sures the rate of photon flow within a particular bandwidth and
is usually expressed in the units of number of photons per unit
time in 0.1% of the relative spectral bandwidth. Typically
F ∼ 1013–1015 (photons=s=0.1% BW). The brightness of the
radiation B is defined as the photon flux per unit source area
and per unit solid angle of the radiation:

FIG. 21 (color online). Generation of odd-harmonic bunching
with amplitudes bðð2n − 1ÞkLÞ ¼ bðkLÞ=ð2n − 1Þ for the emis-
sion of square wavefrom fields with a double modulator-chicane
system. Top: Modified phase space and current distribution
with A1 ¼ 10, A2 ¼ 1.388, B1 ¼ 0.295, B2 ¼ −0.551, and
ϕ2 ¼ ϕ3 ¼ 0. Bottom: Bunching factors for various harmonics.
From Hemsing and Xiang, 2013.

FIG. 22 (color online). Typical layout of a storage ring light
source.
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B¼ F

ð2πÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2xþσ2r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2x0 þσ2r0

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2yþσ2r

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2y0 þσ2r0

q ; (4.1)

where σx;y are the horizontal and vertical electron beam sizes,
and σx0;y0 are horizontal and vertical divergences of the electron
beam in the undulator. The brightness is traditionally expressed
in the following units (Kim, 1986a):

number of photons
s ð0.1% bandwithÞ ðmmÞ2 ðmradÞ2 : (4.2)

The highest brightness is achieved when the horizontal and
vertical beta functions in the undulator correspond to
βx ¼ βy ≃ Lu=4. In this case

B ¼ F
ð2πÞ2ϵ2rð1þ ϵx=ϵrÞð1þ ϵy=ϵrÞ

; (4.3)

where ϵr ¼ λr=4π is the radiation emittance. In all contem-
porary storage ring light sources the horizontal electron beam
emittance ϵx is much larger than the vertical emittance ϵy and
also much larger than ϵr, which is typically comparable to ϵy.
Thus, one finds from Eq. (4.3) that the undulator brightness is
smaller than the brightness of a hypothetical diffraction-limited
light source by a large factor ϵx=ϵr ∼ 102–103, depending on
the photon energy. Presently, efforts are ongoing to design such
a source (Einfeld, Schaper, and Plesko, 1995; Leemann et al.,
2009; Borland, 2012; Cai et al., 2012) that would have
B ∼ 1020–1023 (photons=s=0.1 BW=mm2=mrad2).
The origin of the electron beam horizontal emittance in the

storage rings is due to electron orbit excitations from the
random emission of photons and synchrotron radiation damp-
ing (Wiedemann, 2003). The same phenomenon also con-
tributes to the electron beam energy spread σE , which is
related to the beam emittance by ϵx ≃ Cðρ=ν3xÞðσE=E0Þ2,
where C is the numerical coefficient that depends on the
details of the storage ring lattice, ρ is the bending radius, and
νx is the horizontal betatron tune (Sands, 1970). Designs of
diffraction-limited synchrotron light sources seek to take
advantage of the strong ϵx dependence on νx to lower ϵx.
The equilibrium energy spread σE can be calculated by

considering the rms deviation of the number of photons
emitted in one damping time from the mean number nq.
To get a qualitative feeling for the order of magnitude of
the effect, we use the critical frequency of the synchro-
tron radiation in the bending magnet ωc ¼ ð3=2Þcγ3=ρ
(Wiedemann, 2003) and obtain a mean number of emitted
photons nq ≃ E0=ℏωc. The rms deviation from nq is equal toffiffiffiffiffinq
p (assuming a Poisson distribution) which gives an rms
energy spread of σE ≃ ℏωc

ffiffiffiffiffinq
p ≃ ffiffiffiffiffiffiffiffiffiffiffiffiffi

E0ℏωc
p

.

B. Challenges in producing short x-ray pulses in synchrotrons

The rms beam energy spread defined in Sec. IV.A also
affects the rms bunch length which, in the zero-current
approximation, is given by (Sands, 1970)

σs ¼ R̄
αc
νs

σE
E0

; (4.4)

where R̄ is the average machine radius, αc ≃ 1=ν2x is the
momentum compaction factor, and νs is the synchrotron
tune which is the number of longitudinal oscillations per
revolution. Typically σs=c is on the order of a few tens of
ps. However, as the single-bunch electron beam current
increases to a few mA, the bunch length also increases due
to the impact of the self-induced fields (Pellegrini and
Sessler, 1971; Bane and Wilson, 1977) and the microwave
instability (Chao, 1993). Therefore, all storage ring light
sources operate with electron bunches that, unaltered, are
too long for the investigation of fast processes at time scales
below a few ps.
Several approaches to shorten the electron bunch have been

tried, and one that takes advantage of a small (close to zero) αc
had been found to be the most successful (Feikes et al., 2004;
Feikes et al., 2009). However, the synchrotron tune also
decreases with αc (νs ∼

ffiffiffiffiffi
αc

p
), and the less frequent change of

particle positions inside the electron bunch leaves more time
for instabilities to build up. As a result, short bunches on the
order of 1 ps can only be obtained along with a dramatic
reduction in the full electron bunch current (Limborg, 1998;
Feikes et al., 2004). This seems to be acceptable for the
generation of coherent synchrotron radiation in the THz part
of the radiation spectrum (Wüstefeld, 2008) but not for
spontaneous emission of photons in the x-ray regime.
Furthermore, accelerator-based x-ray sources also require
transport lattices optimized to yield the smallest ϵx, but low
αc storage ring lattice needs a negative dispersion function in a
large number of their bending magnets, which is incompatible
with a lowest-emittance lattice.
Implicit in these challenges is the assumption that the x-ray

pulse have the same length as the electron bunch. However,
much shorter x-ray pulses can be obtained if one can select the
radiation emitted by electrons from a short section of the
electron bunch and separate it from the radiation of all other
electrons.
One way to achieve this is with a pair of rf deflecting

cavities (Zholents et al., 1999). Specifically, the first rf
deflecting cavity imposes a time-dependent angular kick to
the beam. Then the beam is sent through undulators or
bending magnets to produce a radiation pulse in which
transverse position or angle is also correlated with the
time. The radiation pulse is then further shortened, either
with an asymmetrically cut crystal that acts as a pulse
compressor or with an angular aperture such as a narrow
slit positioned downstream. The second rf deflecting cavity
then cancels the initial spatial chirp on the electron beam,
minimizing the perturbations to the beam dynamics in the
rest of the ring. Analysis shows that while this method can
be readily used to provide x-ray pulses with a FWHM on
the order of 1 ps (Borland, 2005), it is challenging to push
the x-ray pulse down to ∼100 fs. Such time scales can be
achieved by laser manipulation, however, in an alternate
method that uses a laser pulse to select an ultrashort slice
from the electron bunch. This is discussed in detail in the
following section.
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C. Laser slicing for the generation of femtosecond x rays in
synchrotrons

The “slicing” technique proposed by Zholents and Zolotorev
(1996) uses an ultrashort laser pulse to generate femtosecond
x-ray pulses. Currently it had been implemented at the
Advanced Light Source (ALS) (Schoenlein et al., 2000b),
BESSY (Khan et al., 2006), and Swiss Light Source (SLS)
(Schlott et al., 2006) facilities. Figure 23 shows a schematic of
this technique. A laser pulse of moderate energy (∼1 mJ) and
pulsewidth of σt ∼ 100 fs modulates the energy of an ultrashort
slice (∼2cσt) of a stored electron bunch as they copropagate in
an undulator [Fig. 23(a)]. The energy-modulated electrons
within this slice are spatially separated from the main bunch
in a dispersive section of the storage ring [Fig. 23(b)] and
produce a femtosecond x-ray pulse [Fig. 23(c)] at a bendmagnet
or other insertion device [Fig. 23(b)].
Figure 24 shows the calculated electron distribution of a

laser-modulated bunch following propagation through a dis-
persive section. X-ray optics positioned downstream of the
radiator are used to image the radiation source point onto an
aperture that selects only those x rays originating from the
transversely displaced electrons [see Fig. 23(c)]. However, a
long-pulse background from the electrons in the tails of the
transverse distribution can also accompany this signal.
Measurements of the electron beam profile at the ALS and
other electron storage rings indicate that it follows a Gaussian
distribution approximately out to 5σx. Beyond this point, the
population of electrons decreases with the distance from the
beam core at a much slower rate (Zholents andDecking, 2000).
Another source of the long-pulse background is nonspecular
scattering from the x-ray optics, whichmixes x rays originating
from different transverse coordinates. Thus, in order for the
short-pulse signal to dominate over the background radiation,
the slice electrons should be displaced by at least 5σx or greater.
This defines the minimal energy modulation amplitude and
the required dispersion. It is worth pointing out that, because
the electron beam has a smaller emittance in the vertical
direction, the signal-to-background ratio can be improved if
the beam is instead dispersed vertically (Steier et al., 2005).
The femtosecond x rays from an undulator can also be

isolated by introducing angular dispersion in the electron
beam, as reported by Khan et al. (2006). Because no imaging
optics were placed in front of the cutoff mask, an excellent
signal-to-background ratio was obtained. Another approach to
obtain a short x-ray pulse from a laser-modulated beam is to
use a high-resolution monochromator and take advantage of

the fact that the highest or lowest energy electrons produce
x-ray photons in the undulator that are shifted in energy.
In this case, the long-pulse background will be determined by
the combined spectral characteristics of the undulator and
monochromator (Schoenlein et al., 2000a).
Note that energy modulation of an ultrashort slice leaves

behind a hole in the main electron bunch (see Fig. 24). This
will manifest as a dip in the generated x-ray signal and, in
principle, can be used for time-resolved spectroscopy in the
same manner as an ultrashort pulse.
The time-of-flight properties of the dispersive section also

cause temporal smearing of the sliced portion of the distri-
bution due to the parameters σE , σx, and σx0 . Together these
limit the duration of the ultrashort synchrotron x-ray pulse
according to

σ2x ray ¼ ð2σtÞ2 þ
1

c2
½ðR51σxÞ2 þ ðR52σx0 Þ2 þ ðR56σE=E0Þ2�;

(4.5)

where R51, R52, and R56 are elements of the transport matrix
from the modulator to the radiation source that contribute
to the time-of-flight effects. The factor of 2 in front of σt
accounts for the slippage between the laser pulse and electron
bunch as they traverse the modulator, assuming that σt is
appropriately chosen to yield the maximum amplitude of
energy modulation.
The average flux, brightness, and spectral characteristics of

the femtosecond x-ray pulses are determined from the nominal
characteristics of the radiating bend magnet, undulator, or
wiggler source of x rays, as well as the laser repetition rate.
Increasing the latter provides the greatest opportunity to
maximize the femtosecond x-ray flux. The practical limit is
determined by the synchrotron radiation damping, which
provides recovery of the natural electron bunch energy
distribution between interactions. By arranging the timing
such that the laser interacts sequentially with each bunch in the
storage ring, the time interval between interactions is given by
NB=fL, where NB is the number of bunches in the ring. It
turns out that, since the laser affects only a small fraction of
the total bunch, an interaction interval corresponding to 30%
of the storage ring damping time (e.g., on the order of a few
ms) is sufficient to allow recovery between laser interactions.
In addition to femtosecond x rays, the time structure of the

energy-modulated electron bunch with a hole in the central
core (as seen in Fig. 24) gives rise to coherent emission in the
THz part of the spectrum. This strong longitudinally and

FIG. 23 (color online). Schematic of the laser slicing method for generating femtosecond x-ray pulses. The three essential components
are (a) a modulator, (b) a radiator, and (c) an x-ray beam line. From Schoenlein et al., 2000b.
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spatially coherent signal was used at ALS (Byrd et al., 2006),
BESSY (Holldack et al., 2006), and SLS (Schlott et al., 2006)
for an initial optimization of the laser-electron beam inter-
action, and for feedback control of spatial and timing drifts
between the laser and electron beams in experiments with
sub-ps x-ray pulses. It is also used for dedicated scientific
experiments utilizing the broadband nature of the THz pulse.
The same setup also allows the production of a tunable narrow
bandwidth THz pulse if one uses an intensity modulated laser
(Bielawski et al., 2008). An elegant way of achieving this
intensity modulation with the help of chirped pulse beating
was proposed by Weling and Auston (1996) and subsequently
adopted by many groups to produce a density-modulated
electron beam (Bielawski et al., 2008; Shen et al., 2011).
On a final note, time-dependent phenomena in physics and

chemistry are typically studied with pump-probe techniques in
which fast dynamic processes are first initiated by a femto-
second laser or by a laser-driven ultrafast source and then
probed, after a time delay, with an ultrashort x-ray pulse. Thus,
the femtosecond laser that initiates the x-ray pulse in the
slicing technique can also be utilized as a pump in this
scheme, enabling a precise time delay between the pump and
probe pulses.

D. Coherent femtosecond radiation in synchrotrons

In the laser slicing method, the femtosecond x-ray pulse is
generated by physically separating the modulated beam from
the unmodulated part. As a result, the number of photons
contained in the short pulse is reduced by a factor that
approximately equals the ratio of the laser pulse length to
the electron bunch length. Alternatively, one can use a laser to
modulate a short section of the electron bunch and produce

electron microbunching, thereby significantly increasing the
intensity of the radiation of electrons in this section. The
number of photons Nph radiated in a helical undulator at
the fundamental frequency by a short section of an electron
bunch containing Ne prebunched electrons was derived by
Saldin, Schneidmiller, and Yurkov (2005) for the case of a
round beam σx ¼ σy. In a synchrotron typically σy ≪ σx and
the result of Saldin, Schneidmiller, and Yurkov (2005) cannot
be used directly; however, it can be easily generalized for the
case σx ≠ σy. Analysis shows that in this more general case
Nph can be written as

Nph ¼ παb2
K2

1þ K2

N2
eNu

Nb
F
�
σx
d
;
σy
d

�
; (4.6)

where d ¼ 2σr ¼ 1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λrLu=π

p
is the transverse coherence

length and Nb is the number of the microbunches given by
the length of the modulated section divided by the laser
wavelength [a condition Nb ≫ Nu is assumed in Eq. (4.6)]. A
complicated expression for the function F reduces to simple
forms in limiting cases: for σx; σy ≪ d,F ¼ 1; for σx; σy ≫ d,
F ¼ d2=πσxσy; for σy ≪ d ≪ σx, F ¼ 0.71d=σx. An added
benefit of the described approach is that the prebunched
beam produces radiation with greatly improved temporal
coherence compared to spontaneous radiation (relative band-
width ∼1=Nb vs 1=Nu), which makes this kind of radiation
particularly suitable for spectroscopic applications.
Unlike the linac-based light sources where an electron beam

with high peak current and small energy spread is used to
drive exponential gain in a seeded single-pass FEL, the beams
in synchrotrons typically have relatively low peak currents and
large energy spreads that inhibit amplification. Therefore,
most of the methods to generate ultrashort coherent radiation
in synchrotrons use the CHG technique, which is similar to the
HGHG technique in FELs for obtaining coherent emission
except that there is no FEL gain. In the standard CHG scheme
(see Fig. 25), a seed laser with wavelength λL is first used to
generate an energy modulation in the beam in a modulator.
After passing through a dispersive element (e.g., a chicane),
the energy modulation is converted to a density modulation
(microbunching). Finally the density-modulated beam is used
to generate coherent radiation at the wavelength λL=n in the
radiator, where n is the harmonic number.
The CHG technique was first demonstrated at LURE where

coherent radiation at 355 nm was obtained with a 1.06 μm
wavelength Nd:YAG laser (corresponding harmonic number
is n ¼ 3) (Girard et al., 1984). By reducing the laser wave-
length to 264 nm, intense ultrashort coherent radiation at
132 nm with peak brightness 4 orders of magnitude higher
than the spontaneous radiation has been produced at Elettra
(De Ninno et al., 2008). Recently, coherent emission down to
89 nm has also been observed at UVSOR with a 800 nm Ti:
sapphire laser (Labat et al., 2007; Tanikawa et al., 2010). So
far this is the shortest wavelength achieved with CHG in
synchrotrons. As discussed in Sec. III.A.1, generating the nth
harmonic of the seed laser typically requires the energy
modulation amplitude ΔE to be approximately n times larger
than the beam energy spread σE . Because the required laser
pulse energy scales with ðΔEÞ2 [see Eqs. (2.37) and (2.42)],

FIG. 24 (color online). Calculated electron density distribution
(as a function of time and horizontal displacement normalized to
the rms electron beam size) after electron bunch propagation
through one and one-half arc sectors at the ALS from the
undulator to the bend magnet. Only a short section of the actual
electron bunch is shown. Note that the path-length differences
caused by time-of-flight properties of the dispersive section give
rise to the time skew observed in the distribution, with electrons
having ΔE < 0 moving toward the bunch head and those with
ΔE > 0 toward the bunch tail. From Schoenlein et al., 2000b.
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obtaining radiation at high harmonics can be problematic
at high-repetition rates. Furthermore, increasing the energy
modulation beyond the energy acceptance of the synchrotron,
which is typically on the order of (1–2)% of the beam energy,
will lead to significant beam loss. Accordingly, these con-
straints typically limit the harmonic number from the standard
CHG scheme in synchrotrons to below n ¼ 10.

1. Accessing shorter wavelengths

To extend the coherent femtosecond radiation in synchro-
trons to shorter wavelengths, it may be possible to adapt the
EEHG technique to generate high harmonics with relatively
small energy modulations, thus avoiding increasing the beam
energy spread beyond the synchrotron energy acceptance.
Because incoherent synchrotron radiation tends to wash out
the fine structures in EEHG for high-energy electron beams,
EEHG is particularly suited to low- or medium-energy
synchrotrons.
Such a scheme has been proposed at the synchrotron

SOLEIL (Evain et al., 2012) at around 2.75 GeV. There, the
first modulator in EEHG is located in one of the straight
sections, additional dipoles are added, and the quadrupoles are
properly set to reduce the R56 and to zero the R51 and R52

transport terms. Finally, the second modulator, second small
chicane, and radiator are together put in the following straight
section. With this configuration, coherent femtosecond radi-
ation may be generated at extreme ultraviolet (EUV) and soft
x-ray wavelengths, with peak power levels several orders of
magnitude higher than the spontaneous radiation. A similar
proposal is being pursued at the synchrotron DELTA (Molo
et al., 2011) in which the bending dipoles are exchanged to
make a long straight section (16m) to house the twomodulator-
chicane modules, similar to the implementation in a linac FEL.
In addition to modulating the beam energy, it is also possible

to modulate the beam divergence to generate high harmonics
(Xiang andWan, 2010). With a high-power TEM01 mode laser,
the sinusoidal angular modulation discussed in Sec. II.E can
be imprinted on the electron beam’s vertical angles and later
converted into a density modulation using a special magnetic
chicane integrated with quadrupoles to provide a nonzero R54

transfer matrix element. Analysis shows that in this case the
achievable harmonic number is approximately Δy0=σy0, where
Δy0 is the angular modulation amplitude and σy

0 is the rms
vertical divergence. For a storage ring with an ultimately small

horizontal emittance operating in a low coupling mode with a
geometric vertical emittance on the order of 1 pm, this
technique may be used to extend the harmonic number to
beyond n ¼ 50 to provide coherent femtosecond soft x rays.

2. Accessing higher peak power

For the goal of obtaining a high peak power while using
moderate harmonic numbers, one may adapt the chirped pulse
amplification (CPA) technique (Strickl and Mourou, 1985)
which is well established in the laser community and operate
CHG in CPA mode to make full use of the entire electron
bunch. In this mode (Zen et al., 2011; Feng et al., 2013), an
ultrashort laser with a relatively large bandwidth is first
stretched to match the length of the electron beam. The
frequency-chirped laser then interacts with the electron beam
to generate frequency-chirped bunching at the harmonic
frequency of the laser. The frequency-chirped high harmonic
radiation generated in the radiator is then further compressed
to provide an intense ultrashort coherent radiation.
According to the simulation results shown in Fig. 26 this

technique may increase the peak power in CHG by 2–3 orders
of magnitude and proof-of-principle experiments are being
considered (Zen et al., 2011; Feng et al., 2013). In reality,
however, the power enhancement also depends crucially on
both the efficiency of the dispersive element (e.g., a grating)
and the configuration of the compressor for shortening the
pulse. A recent design of pulse compressor at 13.5 nm has
shown an overall efficiency of about 20% (Frassetto,
Giannessi, and Poletto, 2008), which suggests that CHG
operating in CPA mode can in practice lead to a marked
improvement in photon number.

E. Steady state microbunching

Conventional FELs driven by linacs produce coherent
radiation orders of magnitude brighter than incoherent

FIG. 26 (color online). Wigner distributions of the radiation
pulse before (a) and after (b) the compressor simulated for a
proof-of-principle experiment to demonstrate CPA in CHG. The
seed laser has a large frequency chirp with central wavelength at
786 nm. From Feng et al., 2013.

FIG. 25 (color online). Schematic layout of a CHG setup to
generate ultrashort coherent radiation in synchrotrons. The
electron beam is energy modulated by a laser with wave-
length λL in a modulator, microbunched by a chicane, and then
used to generate intense coherent radiation with wavelength
λL=n.
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sources, but have low duty cycles because each electron bunch
is used only once. Fully filled storage rings, on the other hand,
deliver continuous wave (cw) repetition rates but do not
generally support high peak currents or sustained micro-
bunching for the production of coherent light.
As a potential way to combine both features into a high-

brightness, high-duty cycle light source, the steady state
microbunching (SSMB) concept (Ratner and Chao, 2010)
proposes to generate sustained microbunching at a specific
position in a ring in order to produce intense coherent
radiation with MHz to cw repetition rates. Using either one
or a pair of laser modulators, the SSMB idea works on the
notion that in a storage ring particles tend to collect around
fixed points in phase space. A particle is at a fixed point if,
after one turn, it returns to its initial coordinates. For example,
each accelerating bucket in the drive rf system has one fixed
point per rf wavelength. Electrons forward of the fixed point
are accelerated but slip backward due to dispersion, while
those behind the stable point are decelerated but slip forward.
The result is a train of electron bunches separated by the rf
wavelength, which is on the order of a few tens of centimeters.
To generate microbunches at optical and short wavelengths,

SSMB suggests the use of a laser modulator and the natural
dispersion of the ring to stack electrons at stable points
separated by the laser wavelength. Ratner and Chao (2010)
considered a particle at the zero crossing of the laser field with
a specific energy deviation ΔE from the stable fixed point
energy. At this energy, the particle slips by Δs ¼ λL after each
turn around the ring due to dispersion, and thus returns to
another stable point at an identical zero crossing. Likewise,
particles with energies nΔE for n ¼ 0, �1, �2, etc., also slip
by nΔs each turn, such that at each zero crossing the
microbunches are stacked in energy. In principle, this well-
aligned stacking occurs only in the modulator, as after a
fraction of a turn 1=h, the microbunches slip by nλL=h. If each
microbunch is shorter than this slippage, the beam is micro-
bunched at the wavelength λL=h at this portion of the turn. At
this position, one can insert a radiator tuned to emit resonantly
at this wavelength, which is the hth harmonic of the laser
wavelength.
Further variations include the addition of a second laser

modulator at the same wavelength to improve the harmonic
structure. This includes an EEHG version of SSMB, which
may lead to yet higher harmonics. A slightly different wave-
length can also be used in the second modulator to produce
lower frequency beat waves in the microbunching structure in
the THz regime. While laser-based SSMB has tight tolerances
on beam synchronization and time-of-flight transport
elements, an alternate implementation of SSMB for high-
repetition rate coherent THz production was suggested by
Jiao, Ratner, and Chao (2011), where the laser modulators are
replaced with rf cavities.

V. BEAM MANIPULATION FOR X-RAY FREE-ELECTRON
LASERS

Invented by John Madey in the 1970s (Madey, 1971, 2010;
Elias et al., 1976; Deacon et al., 1977), FELs now provide
tunable, high-power radiation 10 orders of magnitude brighter
than storage ring based synchrotron light sources for wide

ranging applications. While FELs have already opened up
experimental access to new regimes of x-ray science, their
performance can be further enhanced with laser-based elec-
tron beam manipulation techniques. Here, guided by FEL
scaling laws, we review some FEL basics and describe several
of the more recent techniques designed to improve and expand
FEL capabilities. Readers interested in more detailed dis-
cussions of FEL physics are directed to Brau (1990), Murphy
and Pellegrini (1990), Saldin, Schneidmiller, and Yurkov
(2000), Huang and Kim (2007), and Schmüser, Dohlus,
and Rossbach (2008), and references therein.

A. Free-electron lasers

FELs belong to a class of devices in which the electrons
interact with the radiation field in vacuum. Unlike conven-
tional lasers where photon energies are restricted to fixed
transitions between atomic energy levels, FELs use unbound
electrons and have no such limitation on their output wave-
length. This enables the FEL unique frequency tunability in
that the wavelength scales with the electron beam energy as

λr ¼
λu
2γ2

�
1þ K2

2

�
: (5.1)

This also allows FELs to produce high-power radiation
without suffering from thermal lensing, birefringence, or heat
dissipation issues. Furthermore, generated in vacuum, the
radiation is essentially diffraction limited, with a low angular
divergence and narrow bandwidth.
High-gain FELs are characterized by a fundamental scaling

parameter known as the Pierce parameter ρ (Bonifacio,
Pellegrini, and Narducci, 1984), which relates the longitudinal
plasma wave number kp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πe2n0=γ3mc2

p
(where n0 is the

beam volume density) to the undulator wave number
ku ¼ 2π=λu,

ρ ¼
�
K2J 2k2p
32k2u

�
1=3

: (5.2)

The longitudinal plasma oscillation period is typically much
longer than the undulator period, so ρ is typically on the order
of ∼10−3–10−4 for modern high-energy FELs. The parameter
ρ sets the characteristic exponential gain length of the
radiation for a cold beam,

Lg ¼
λu

4π
ffiffiffi
3

p
ρ
; (5.3)

as well as the output saturation power Psat ≃ ρEIe=e ¼ ρPb
(Pb is the electron beam power), saturation bandwidth
Δω=ωr ∼ ρ, and saturation length ∼20Lg ∼ λu=ρ (Kim,
1986b); see Fig. 27. Amplification of the radiation field is
accompanied by the growth of the electron beam energy
spread, so saturation occurs when the induced relative energy
spread covers the FEL bandwidth ση ∼ ρ. This sets an upper
limit not only on the intrinsic slice energy spread required to
achieve high gain, but also on the energy spread induced by
laser seeding schemes in order that the coherent field can
be amplified by the FEL process. Likewise, the geometric
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electron beam transverse emittance is limited to ϵx <
λrβ=4πLg in order to maintain high-gain conditions, where
β is the beta function characterizing the strength of beam
focusing in the undulators. The parameter ρ also sets the
radiation spot size of the gain-guided fundamental Gaussian
mode w0≃2σxη

1=4
d , in weakly diffracting systems where

ηd ¼ Lg=2kσ2x ≪ 1.
The regime when a FEL starts from random shot noise in

the beam is called a self-amplified spontaneous emission
(SASE). In a simple 1D model, the initial shot noise bunching
factor is given by Eq. (2.56) and can be written as
bsn ∼

ffiffiffiffiffiffiffiffiffiffiffi
1=Nc

p
, where Nc ¼ Iλr=ecρ is the number of elec-

trons in the length λr=ρ of the beam (Saldin, Schneidmiller,
and Yurkov, 2010). The shot noise has a broad bandwidth
corresponding to an extremely short correlation length. In the
FEL undulator (and in a laser modulator), resonant energy
exchange with the electromagnetic field is maintained as
electrons slip backward a distance λr relative to the field each
undulator period λu. After propagating together over a gain
length, the electromagnetic wave slips through the electron
beam one cooperation length lc ¼ Lgλr=λu ¼ λr=4π

ffiffiffi
3

p
ρ

(Bonifacio et al., 1994). The temporal coherence length
lcoh in a SASE FEL, established after the beam propagates
a distance L in the undulator, extends over a number of
cooperation lengths and can be estimated as lcoh ∼
ðL=LgÞ1=2lc (Krinsky, 2002). Accordingly, the number of
temporal spikes in the SASE emission, given by σs=lcoh, can
be large if the electron beam length σs is much longer than the
cooperation length. The position and intensity of each spike
depend strongly on initial shot noise bunching and therefore
have large fluctuations from shot to shot (Bonifacio et al.,
1994; Saldin, Schneidmiller, and Yurkov, 1998). In this case
the SASE spectrum is also noisy, with a bandwidth much
larger than the Fourier transform limit defined by the electron
bunch length.

B. Challenges in free-electron lasers

Until recently, most of the modern high-gain FELs in the
short wavelength (VUV to hard x-ray regime) have operated

in SASE mode (Ackermann et al., 2007; Emma et al., 2010;
Ishikawa et al., 2012), in which radiation from the electron
beam shot noise is exponentially amplified to the multigiga-
watt level. While characterized by excellent transverse coher-
ence, SASE FELs have limited temporal coherence and
exhibit large statistical fluctuations in the output power
spectrum. Thus, one of the most pressing needs is to make
x-ray FELs fully coherent. Several such schemes are discussed
in Sec. V.C.
A second challenge is control over the x-ray pulse duration.

For most of the FELs in operation the electron bunch length is
longer than the cooperation length, and the pulse duration of
the x rays is typically on the order of tens of femtoseconds as
limited by the electron bunch length. But in order to probe
processes evolving on the time scale of electron motion in
atoms, or to examine subtle details about how chemical bonds
between atoms in molecules form or break, even shorter x-ray
pulses down to attoseconds (10−18 s) are required. Recently, a
novel scheme to push the x-ray pulse duration down to the
zeptosecond (10−21 s) regime has even been proposed
(Dunning, McNeil, and Thompson, 2013). We discuss various
approaches designed to address these challenges in Sec. V.D.
A third challenge is to generate ultrahigh power x-ray

pulses, primarily for studies of matter in extreme conditions
and for advanced imaging of biological samples using the
novel concept of “diffraction before destruction” (Neutze et al.,
2000). Because simplified FEL configurations typically satu-
rate when beam energy spread becomes comparable to ρ and
beam energy goes out of resonance with the amplified light, the
FEL power can be enhanced both by increasing the beam peak
current (and hence Pb and ρ) and by tapering the undulator
tuning to continue extracting power from the electron beam. In
recently proposed laser assisted schemes, for instance, such
enhancements can be achieved by creating a train of periodic
current-enhanced electron mircobunches and then applying a
temporal shift between the FEL radiation and the microbunch
train. This way, coherent x rays up to 5 TWof peak power may
be produced (Tanaka, 2013). At such short wavelengths, the
radiation can be focused to a small spot approaching the
diffraction limit, thus producing high-power densities useful
for studies of matter in extreme conditions.
In addition to making brighter, shorter, and fully coherent

x-ray pulses, there is also growing interest in adapting the
experimental techniques developed for conventional lasers to
the FELby tailoring the properties of the radiation. For instance,
mode-locked x-ray FELs (discussed in Sec. V.E) are envisioned
to generate single radiation pulses that span a wide frequency
range and consist of a series of equally spaced sharp spectral
lines that may enable single-shot resonant inelastic x-ray
scattering spectroscopy. Several schemes have recently dem-
onstrated sequential x-ray pulses with independently tunable
wavelengths (DeNinno et al., 2013; Lutman et al., 2013). These
and other techniques (discussed in Sec. V.F) can also serve
as new tools for x-ray spectroscopy, such as time-resolved
three-wave mixing, stimulated Raman scattering, and so on.

C. Generation of fully coherent x-ray pulses

Several schemes geared toward improving the temporal
coherence of SASE FELs have been proposed, and among
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FIG. 27 (color online). Characteristic power gain curve for a
SASE FEL. Adapted from Kim, 1986b.
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those recently demonstrated, several are coming into common
use for research. One way to generate a fully coherent x-ray
pulse in high-gain single-pass SASE FELs is to make the FEL
cooperation length comparable to the electron bunch length.
For SASE FELs driven by low charge beams on the order of
1 pC, the bunch after compression can be made as short as
∼1 μm to produce a single longitudinal radiation mode
(Reiche et al., 2008; Rosenzweig et al., 2008; Ding et al.,
2009). In more general cases where the charge is on the order
of 100 pC and the bunch length is significantly longer, the
slippage length can be boosted either with chicanes between
undulator sections or with sequentially detuned undulator
sections (Thompson and McNeil, 2008; Wu, Marinelli, and
Pellegrini, 2012; McNeil, Thompson, and Dunning, 2013).
The latter scheme has recently been demonstrated at the Linac
Coherent Light Source (LCLS) at SLAC (Wu, Pellegrini, and
Marinelli, 2013). The former configuration may also enable
x-ray FELs to reach shorter wavelengths via “harmonic
lasing” as suggested by McNeil et al. (2006). There periodic
temporal shifts of the electron beam along the FEL undulator
from small chicanes (typically called phase shifters) are used
to suppress lasing at the fundamental frequency while allow-
ing harmonics to grow to saturation. Yet another proposed
method is designed to increase the slippagewith a short section
of undulators that are tuned to a subharmonic of the funda-
mental FEL radiation wavelength (Schneidmiller and Yurkov,
2012; Xiang et al., 2013). In this case, the FEL slippage length
is increased by the subharmonic number to allow initially
separated regions of radiation to overlap, leading to a signifi-
cant improvement in FEL temporal coherence. In ideal con-
ditions, the slippage length can be made comparable to the
bunch length to produce fully coherent x-ray pulses. While
some such schemes have shown promising results, in realistic
conditions, however, the beam energy spread puts limits on the
largest temporal shift that can be applied, which makes it
difficult to achieve fully coherent x-ray pulses by such means
(McNeil, Thompson, and Dunning, 2013).
Fully coherent x rays may also be produced in a low-gain

multipass FEL oscillator configuration (Kim, Shvyd’ko, and
Reiche, 2008; Gandhi et al., 2013) where the cavity resonator
is composed either of several high reflective multilayer
mirrors in the case of the soft x rays or of diamond crystals
in the case of the hard x rays. The use of the regenerative
amplifiers has also been proposed (Huang and Ruth, 2006).
Alternatively, coherent FEL pulses can be produced if the

FEL starts from a fully coherent seed that has sufficient power
to dominate over the electron beam shot noise, thereby
overcoming the SASE startup process. In the self-seeding
scheme (Feldhaus et al., 1997; Geloni, Kocharyan, and Saldin,
2011), such a seed is obtained from the monochromatized
output of an upstream high-gain FEL stage that operates in
SASE mode. The monochromatic radiation is then driven to
saturation in the second stage FEL that operates as an
amplifier. In principle, the self-seeding technique works at
all wavelengths accessible to SASE FELs and has recently
been demonstrated at hard x-ray wavelengths (Amann et al.,
2012). Currently efforts are underway to minimize fluctua-
tions in the final output and to implement this scheme at
soft x rays.

Seeding FELs with external lasers allows the generation of
fully coherent radiation that is also well timed with respect
to the seed laser for pump-probe experiments. One way to
directly seed an FEL in the UV portion of the spectrum (400 to
20 nm) is to use a high harmonic generation (HHG) source
produced from a high-power laser injected into a noble gas
(Popmintchev et al., 2010). In this scheme, the FEL operates
as a high-gain amplifier of the low-power HHG source,
amplifying it by several orders of magnitude. Direct FEL
seeding at 160 nm (Lambert et al., 2008), 61 nm (Togashi
et al., 2011), and 38 nm (Ackermann et al., 2013) from HHG
sources has been demonstrated in recent years. Limited by the
∼10−6 conversion efficiency, however, present HHG sources
typically have a cutoff wavelength around ∼20 nm due to
their relatively low pulse energy. While there has been
progress from the laser community in extending HHG wave-
lengths to a few nm, FEL seeding with an HHG source at x-ray
wavelengths has yet to be achieved because the HHG power
needs to be at least 1 order of magnitude larger than the
electron beam shot noise power in order to preserve the
temporal coherence. This constraint is exacerbated by the fact
that the shot noise power grows as the FEL wavelength is
decreased. An interesting and developing technique that holds
promise to lower requirements on the seed laser power is
referred to as shot noise suppression. In such schemes, the
intrinsic shot noise in the electron beam is reduced by tuning
the effective longitudinal particle dynamics in the relativistic
beam prior to injection into the FEL undulator (Gover and
Dyunin, 2009; Ratner, Huang, and Stupakov, 2011). Recently
the noise suppression was experimentally demonstrated at the
optical wavelengths (Gover et al., 2012; Ratner and Stupakov,
2012), with some studies showing its prospects and challenges
at shorter wavelengths (Kim and Lindberg, 2011; Stupakov,
Sessler, and Zolotorev, 2013).
To circumvent the need for a high-power electromagnetic

seed at short wavelengths, many frequency upconversion
techniques that rely on using lasers to manipulate the beam’s
longitudinal phase space (e.g., HGHG, EEHG, and their
variants) have been proposed to seed x-ray FELs. These
methods are designed to provide bunching at the FEL wave-
length so that the coherent emission from the electron beam
seeds the FEL amplification process. The theoretical aspects
of these techniques are presented in Sec. III.A. In these
schemes, coherent bunching significantly above the shot noise
level leads to emission of coherent radiation in the beginning
of the FEL, which is then amplified to saturation. The first
experiment to demonstrate the HGHG technique was per-
formed at BNL (Yu et al., 2000). There a CO2 laser with a
wavelength of 10.6 μm was used to modulate the electron
beam, and the induced second harmonic bunching at 5.3 μm
produced radiation with excellent temporal coherence that was
amplified to saturation. Later, the third and fourth harmonics
of a Ti:sapphire laser (800 nm) were amplified by FELs in
2003 (Yu et al., 2003) and 2006 (Wang et al., 2006). Recently,
HGHG with a seed at 266 nm from an HHG source has also
been demonstrated (Labat et al., 2011). So far, the highest
harmonic achieved with the HGHG technique in a single stage
is the 13th harmonic at 20 nm using a 1.2 GeV beam at
FERMI FEL in 2011 (Allaria et al., 2012), which was limited
by the requirement that the induced energy spread be less than
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ρ to achieve high gain. These experiments confirmed the
advantages of seeding FELs with external lasers: namely, a
stable central wavelength and excellent temporal coherence of
the output radiation. For instance, as shown in Fig. 28, the
normalized central wavelength stability of the eigth harmonic
radiation seeded by a 260 nm UV laser is about 7 × 10−5, a
significant improvement over SASE FEL results obtained in
the same wavelength range. Higher harmonics can be obtained
by cascading multiple HGHG stages. Recently, 4.3 nm
radiation (60th harmonic of a 260 nm seed laser) was achieved
with a two-stage HGHG configuration at FERMI (Allaria
et al., 2013).
Another harmonic bunching technique, EEHG (see

Sec. III.A.3), holding the promise of generating fully coherent
radiation in the soft x-ray wavelength in a single stage, is still
in early experimental development. The first proof-of-
principle experimental demonstration of the EEHG technique
was achieved in 2010 at SLAC’s NLCTA (Xiang et al., 2010).
In this experiment, the third and fourth harmonics of the
second laser were generated. The experiment confirmed the
basic physics behind the EEHG technique and indicated that
the highly nonlinear phase space correlations were preserved
and controlled with current technologies. Later, the seventh
harmonic was also successfully produced by the same group,
using induced energy modulations approximately twice that of
the beam energy spread (Xiang et al., 2012). This experiment
provided the first evidence that high harmonic radiation with
harmonic number much higher than the ratio of energy
modulation to energy spread could indeed be produced
through EEHG. In 2011, a group at the Shanghai Institute
of Applied Physics (SINAP) also observed the third harmonic
from EEHG, which was further amplified to saturation (Zhao
et al., 2012). Currently, experimental efforts are ongoing at
several laboratories to extend EEHG to much higher harmon-
ics and much shorter wavelengths. Recently, coherent radi-
ation at 160 nm (15th harmonic of a 2400 nm seed laser) has
been produced with EEHG at SLAC (Hemsing et al., 2014).
It is important to emphasize here that harmonic multipli-

cation is also accompanied by amplification of the electron

beam shot noise signal, which can be large particularly in
cascaded arrangements. In addition, it also amplifies the phase
errors in the seeding laser beam. As follows from the analysis
of Ratner et al. (2012) seeding with nearly transform-limited
pulses in the soft x-ray regime will require development of
new methods for phase measurement and control of short-
wavelength lasers or HHG sources.

D. Generation of attosecond x-ray pulses

There are many ways to manipulate the electron beam
properties to control the x-ray pulse length in FELs. As
mentioned, a conceptually simple method is to lower the beam
charge to reduce the electron bunch length, and thus radiation
pulse length, by 2 orders of magnitude (Wang and Chang,
2003; Reiche et al., 2008; Rosenzweig et al., 2008; Ding
et al., 2009). Alternately, one may use a “slotted foil” in the
center of a dispersive chicane to selectively spoil the trans-
verse emittance in specific portions of the electron beam such
that an ultrashort x-ray pulse is produced only from the short
slice of unspoiled beam that passes cleanly through the slot
(Emma et al., 2004). In a different technique, a few-cycle laser
pulse can be used to manipulate the beam phase space to select
only a short slice for lasing. This technique has another
advantage in that the x-ray pulse is naturally synchronized
with the laser, and therefore is well suited for pump-probe
experiments. Martin and Bartolini (2011) compared the
pros and cons of these various proposals for producing
attosecond x rays.
One possible implementation of laser-based approaches for

the generation of attosecond x-ray pulses is shown in Fig. 29
(Zholents et al., 2004; Zholents, 2005b). Here the electron
bunch exits the upstream linac and enters a wiggler magnet.
At the same time, a short laser pulse enters the wiggler and
copropagates with the electrons. The laser pulse overlaps only
a short section of the bunch which we call the working section
(WS). Electrons in the WS interact with the laser field and
emerge from the wiggler with an energy modulation. The laser
pulse energy is chosen such that the amplitude of the energy
modulation exceeds the uncorrelated energy spread of the
electrons by a factor of 5 to 10. Next, the electron beam enters
a second linac and is accelerated to the final energy.
Modulating lower energy electron beams is preferred because
the required undulator period and K value for resonance at
optical to infrared wavelengths quickly grow with the beam
energy. This second acceleration does not affect the energy
modulation introduced in the wiggler and does not produce
noticeable relative longitudinal motion of electrons because of
the ultrarelativistic electron energies. Following acceleration,
the electron beam passes through a dispersive magnetic
chicane that produces bunching in the WS at the laser
wavelength and thus a periodic enhancement of the electron

FIG. 28 (color online). Measured FEL intensity and spectrum for
500 consecutive shots at 32.5 nm seeded with a 260 nm laser.
From Allaria et al., 2012.

Chicane
Laser

Wiggler
  Linace-beam

   x-rays

  Linac   Undulator

FIG. 29 (color online). Schematic of a current-enhanced SASE
x-ray FEL. From Zholents, 2005b.
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peak current. Finally, the electron beam passes through a long
undulator where radiation emitted by these electrons inside
the WS is amplified with a shorter gain length because of
the localized current enhancement, and therefore produces the
dominant x-ray radiation that consists of short pulses equally
separated at the laser wavelength. The x-ray radiation pro-
duced by electrons outside of the WS has significantly less
intensity because of the longer FEL gain length due to their
significantly lower peak current. Thus, there is precise
synchronization between the output x-ray pulse and the laser
pulse since only electrons from theWS produce intense x rays.
Moreover, by changing the duration of the laser pulse and
adjusting the number of active wiggler periods, one can
regulate the length of the WS and therefore the duration of
the x-ray output.
Besides generating powerful x rays in the FEL, electrons

from the WS can also produce strong coherent synchrotron
radiation at the modulating laser frequency (which is auto-
matically temporally synchronized with the x-ray pulse) in a
one-period wiggler that can be placed at the end of the FEL.
This signal can be cross correlated with the laser pulse to
provide an accurate measure of the timing jitter between the
laser pump pulse and the x-ray probe pulse. Note also that
either edge radiation from a bending magnet or transition
radiation from a thin metallic foil can be used if a wiggler is
not available.
The duration of the seed laser pulse directly affects the

duration of the x-ray output. Thus, short x-ray pulses can be
obtained using seed laser pulses with only a few optical
cycles, as briefly discussed in Sec. II.B. Such a laser pulse,
which interacts with the electrons in a wiggler magnet
consisting of just one or two periods, produces an energy
modulation with a temporal profile that closely resembles the
waveform of the laser electric field. For example, manipu-
lating the CEP, one can obtain a cosinelike waveform of the
energy modulation when the peak of the energy modulation is
at the maximum of the envelope, or a sinelike waveform when
a zero crossing of the energy modulation is at the maximum of
the envelope (see Fig. 30). When the cosinelike form is used,
the electron peak current obtained after the bunching at the
laser wavelength has only three spikes, with the central spike
producing the dominant x-ray radiation in the FEL with
subfemtosecond duration, as shown in Fig. 31 (Zholents,
2005b). The dominance of the central peak over the side peaks
can be further improved using two modulating lasers with
slightly different frequencies (Zholents and Penn, 2005; Ding,

Huang et al., 2009). However, the contrast of the central x-ray
spike over the background radiation also depends on the total
x-ray energy extracted from all of the unmodulated electrons,
which increases with the electron bunch length and becomes
comparable to the total x-ray energy in the central spike when
the electron bunch length approaches 100 fs (Zholents and
Penn, 2005).
Another technique, which combines undulator tapering

with an electron beam chirp for enhancing the FEL output,
can be used for obtaining subfemtosecond x-ray pulses
(Saldin, Schneidmiller, and Yurkov, 2006a). Recently dem-
onstrated at the SPARC facility at optical wavelengths
(Giannessi et al., 2011), this scheme exploits the correlation
between the electron energy and longitudinal position in the
center of the sinelike energy modulation profile, as shown in
Fig. 30(b). Under normal conditions the energy chirp dγ=ds in
the electron bunch causes FEL gain degradation, but this
reduction can be compensated and even reversed by means of
undulator tapering. Tapering introduces a variation along the
undulator of the parameter K, which changes the resonant
beam energy γ for the fixed FEL wavelength λr. Recall that the
resonant FEL energy is given by γ2 ¼ ðλu=2λrÞð1þ K2=2Þ. In
the modulated beam, the energy γ and longitudinal position s
are correlated. Therefore, in the region with just the right sign
and slope of the chirp, electrons stay resonant with the
changing value of K as the emitted light slips forward, and
the FEL interaction is sustained. For large dγ=ds this require-
ment can be formulated with an approximate condition:
ðdγ=dsÞðβ̄z − 1Þ ≈ ðdγ=dKÞdK=dz, where β̄z is the scaled
electron longitudinal velocity averaged over the undulator
period. Equivalently, one obtains (Saldin, Schneidmiller, and
Yurkov, 2006a; Fawley, 2008)

d lnK
dz

¼ λr
λu

1þ K2=2
K2=2

d ln γ
ds

: (5.4)

With the above-defined undulator taper, only a short slice of
the electron bunch around the zero crossing of the energy

FIG. 30. The phase space of the beam showing energy modu-
lation of electrons produced in the interaction with a few-cycle,
800-nm-wavelength laser pulse with CEP stabilization interacting
with the electron bunch in the wiggler magnet with two periods.
(a) A cosinelike form and (b) a sinelike form.

FIG. 31 (color online). An example of the x-ray power profile
produced in the FEL when using a few-cycle modulating laser.
Only a small fragment of the entire x-ray pulse cut at �6 fs is
shown. The typical FWHM pulse duration of the central spike
is 250 as.
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modulation in Fig. 30(b) will produce a powerful FEL pulse.
The gain in the rest of the electron bunch (including both the
unmodulated portions and the modulated regions with the
wrong chirp) will be strongly reduced or even suppressed, as
these electrons fall out of resonance. When optimized, as
shown in Fig. 32, the calculated x-ray radiation has only one
spike about 200 as (FWHM) in duration. It is worth mention-
ing that this scheme does not require a chicane to convert the
energy modulation into a density modulation; therefore it also
avoids the potentially strong longitudinal space-charge forces
that can exist in the ESASE scheme (Geloni et al., 2007).
In contrast to modulating the beam energy, Zholents and

Zolotorev (2008) actually used the modulation of the electron
transverse momentum (angles) by employing a few-cycle CEP
stabilized TEM10 mode laser pulse (see Sec. II.B). When
interacting with the electrons in a one-period undulator, this
laser pulse deflects electrons [see Eq. (2.49)] located only in
the ultrashort WS and directs them through the FEL on axis,
while by design, all other electrons propagate with a large
orbit distortion. As a result, the dominant FEL radiation comes
only from the deflected on-axis electrons, while most of
the other electrons produce only spontaneous emission. This
technique can produce x-ray pulses approximately 100 as
(FWHM) in length, with an excellent contrast over the
background.
It should be pointed out that the preceding laser-based

attosecond x-ray pulse generation schemes are all designed for
SASE FELs. Therefore, a long undulator is typically required
to allow significant amplification. Because of the lengthened
slippage associated with the long undulator, however, this
limits the shortest pulse duration to the cooperation length,
i.e., ∼100 as for hard x rays with Å wavelengths, or ∼1 fs for
soft x rays with nm wavelengths. Alternatively, an intense
attosecond x-ray pulse can be produced from a prebunched
beam in a short undulator which may allow the x-ray pulse
length to be pushed below the cooperation length. Zholents
and Fawley (2004) proposed a short slice of a prebunched
beam to produce a soft x-ray pulse down to 80 as (FWHM).
There, a few-cycle laser pulse is used to create a WS only a
fraction of the laser wavelength in duration that facilitates

microbunching at x rays. Then, electrons in the WS produce
coherent undulator radiation that is frequency shifted and
dominates over the spontaneous emission from the rest of the
bunch. Another proposal (Xiang, Huang, and Stupakov, 2009)
aims to shorten a coherent undulator radiation pulse at 1 nm
wavelength to 20 as (FWHM) by employing a combination of
EEHG and a few-cycle laser pulse to generate microbunching
at x-ray wavelengths only in an extremely short WS. Qiang
and Wu (2011b) studied a scheme that combined HGHG from
a few-cycle laser pulse with bunch compression to produce
attosecond x-ray pulses through modulation compression
(Biedron, Milton, and Freund, 2001; Shintake, 2007; Qiang
andWu, 2011a; Ratner, Chao, and Huang, 2011). This scheme
is also capable of generating ultrashort x-ray pulses with
duration well below 100 as.
All of these techniques are designed to produce a single

ultrashort x-ray pulse. The generation of a comblike sequence
of attosecond x-ray pulses with good temporal coherence is
also possible and is discussed in the next section.

E. Generation of mode-locked x-ray pulse trains

Here we discuss another important idea in adapting modern
optical techniques to x rays, namely, the generation of mode-
locked x-ray pulses that may enable a new degree of control
for x-ray laser applications.
The concept of mode locking in laser oscillators, where a

fixed-phase relationship is established between all of the
lasing longitudinal modes to generate short optical pulses,
has been known for a long time (Siegman, 1986; Diels and
Rudolph, 1996). More recently, it was found to be particularly
important in helping to establish a fixed-phase relationship
across a broad spectrum of frequencies for optical frequency
metrology using frequency combs (Stenger et al., 2002) and
for the generation of ultrashort EUV pulses (Krausz and
Ivanov, 2009). The mode-locking concept is illustrated in
Fig. 33. In mode-locked laser oscillators, the envelope
bandwidth is determined by the gain medium, while the
mode spacing is fixed by the cavity round-trip time, which sets
the temporal periodicity in the pulse train.
Mode locking of x-ray pulses in FELs was first introduced

by Thompson and McNeil (2008), wherein the basic physics
of mode locking was shown to be achievable through the
generation and coupling of a pulse train of FEL radiation.
X-ray pulse trains can be produced by modulating the FEL
gain. For example, one can impose either a periodic variation
in the electron beam energy as described by Thompson and
McNeil (2008) or a periodic variation in the electron beam
density (peak current) as described by Kur et al. (2011). Both
results can be obtained by modulating the energy of the
electron beam in the undulator using a high-power optical
laser. Establishing the necessary fixed-phase relationship
between radiation modes is accomplished by a series of small
magnetic chicanes uniformly spaced along the FEL undulator
(see Fig. 34). They are used to add precise delays between the
electron beam and the radiation field, thereby extending the
cooperation length of the FEL radiation. The mode spacing
can be varied by changing the modulating laser wavelength,
which requires that the strength of the chicane be changed
accordingly in order that the total slippage length in each

FIG. 32. Energy modulation of the electron beam at the exit
of the modulator undulator (dashed line), and a profile of the
radiation pulse at the exit of the FEL (solid line). From Saldin,
Schneidmiller, and Yurkov 2006a.
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undulator-chicane module is equal to the laser wavelength. In
the case described by Kur et al. (2011), a magnetic chicane is
added between the modulator and the first FEL undulator
module and is used to convert the periodic variation of the
electron beam energy to a periodic variation of the electron
beam current.
A simulated x-ray signal from a mode-locked SASE FEL is

shown in Fig. 35, and the output spectrum is shown in the
inset. One can see that the output signal of a mode-locked FEL
in the time domain consists of many ultrashort pulses equally
separated by the laser wavelength. In the frequency domain,
the spectrum has many sharp lines over a wide bandwidth, a
feature that is not easily attainable with other FELs and could
be beneficial for examining the structure and dynamics of a
large number of atomic states simultaneously. In an FEL
seeded by an HHG source that consists of attosecond pulse
trains, this feature may also allow one to maintain the temporal
structure of the seed (McNeil et al., 2011).
In this example, the x-ray signal grows from shot noise, as

in the SASE FEL. This results in power fluctuations across
the output signal, as well as irregular variations within each
spectral spike. Introducing a temporally coherent seed to
dominate over the shot noise can lead to better stability and a
cleaner spectrum. This was studied by Feng, Chen, and Zhao
(2012) and Henderson and McNeil (2012), where the EEHG
technique is used for generating microbunching in the electron
beam, and a radiator in mode-locking configuration is used
to produce a train of short pulses with excellent temporal
coherence.
A different approach for creating a mode-locked x-ray pulse

train is described by Xiang, Ding et al. (2012). This proposal
makes full use of the self-seeding technique (Feldhaus et al.,

1997) to impose temporal coherence over the entire electron
bunch, thus eliminating the need for multiple chicanes. A
possible implementation is shown in Fig. 36. Here a short
undulator (U0) is used to create a sinusoidal modulation of the
electron beam energy and the chicane between undulators U1

and U2 converts it to a comb of electron microbunches. A
grating-based monochromator is used at the exit of U1 to
select narrow-band radiation (with central angular frequency
at ω0) from the broadband SASE radiation after U1. The
chicane introduces an additional path length for the electron
beam to compensate for the delay of the x rays in the
monochromator (on the order of 1 ps). As a result, the
monochromatic signal overlaps with the comb of electron
microbunches and seeds FEL amplification inU2. Subsequent
amplification in U2 produces a comb of mode-locked x-ray
pulses.
The physics of this scheme is analogous to amplitude

modulation in telecommunications. Here, by modulating the
lasing medium (the relativistic electron beam), the amplitude
of the coherent seed with carrier frequency at ω0 is also
modulated at the laser frequency ωL. This leads to the
development of sidebands at the frequencies ω0 � ωL. As
the amplification continues, the amplitudes of the modes at

(a) (b)

FIG. 33 (color). An example of mode locking, where the time domain is shown in (a) and the frequency domain in (b). The single pulse
and its spectrum are also shown. Adding another pulse shown in (a) leads to the spectrum in (b) with additional substructure. The
spectrum for the four pulses is also shown. From R. Lindberg.

FIG. 34 (color online). A schematic of an FEL design with
mode-locking capabilities. Chicane magnets are placed between
each undulator module to generate the desired slippage between
the radiation and the electron beam and to create the radiation
modes. The schematic includes a short beam energy modulation
undulator at the beginning of the FEL. From Thompson and
McNeil, 2008.

FIG. 35 (color online). The output power of the mode-
locked SASE FEL averaged over five simulation results to
eliminate a relatively large shot-to-shot fluctuation. Each
individual pulse in the pulse train has a subfemtosecond duration.
The inset shows the output spectrum averaged over five simu-
lation results. The central photon energy is 200 eV and
mode separation is 1.66 eV defined by the modulating laser.
From Kur et al., 2011.
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these sideband frequencies will also be modulated by the
electron beam, which further leads to development of new
modes at ω0 � 2ωL. This process repeats, with the single-
frequency coherent seed being finally translated to a mode-
locked output at the exit of U2 with sharp lines at the
frequencies ω0 � nωL.
Another modification of the mode-locked technique from

Thompson and McNeil (2008) was proposed by Thompson
and McNeil (2013) and aims at the production of mode-locked
trains of few-cycle x-ray pulses. The technique involves
preparing an electron beam with a large energy modulation
in U0, which creates lower energy regions of the modulated
beam that dominate the FEL interaction in the amplifier. This
leads to periodic regions with microbunching at x-ray wave-
lengths at the end of U1. Once the comb structure of the
microbunched x-ray regions is sufficiently well developed,
and before saturation of the FEL process in U1, the electron
beam proceeds into U2 without additional delay (also, no
monochromator is used). In the case of Thompson and McNeil
(2013), U2 is comprised of a series of few-period undulators
separated by chicanes that delay the electron bunch, similar to
that used by Thompson and McNeil (2008). These undulator-
chicane modules assist in maintaining overlap between
regions where microbunching has developed and the train
of few-cycle x-ray pulses produced as a result of the FEL
amplification process. Simulations show that the train of hard
x-ray pulses emitted from U2 reaches peak power levels
approaching gigawatts, and that the rms pulse duration of each
individual pulse is reduced to approximately 700 zeptoseconds
(10−21 s). This is more than 2 orders of magnitude shorter than
what is possible in a hard x-ray SASE FEL. Further, the
envelope bandwidth of this mode-locked train of x-ray pulses
is approximately 2 orders of magnitude wider than the one
obtained from the standard SASE FEL.

F. Generation of multicolor x-ray pulses

Similar to the spectroscopic techniques based on
sample illumination from sequences of tailored optical laser
pulses that provide multidimensional views of molecular
and electronic processes (Mukamel, 1995), sequential
(or simultaneous) x-ray pulses with varying (or the same)
wavelengths are foreseen to provide new tools for performing
time-resolved x-ray spectroscopy (Patterson, 2010) such as
time-resolved x-ray four-wave mixing (Bencivenga et al.,
2013) and stimulated Raman scattering (Schweigert and
Mukamel, 2007; Zholents and Penn, 2010).

Two of the basic scenarios relevant to two-color x-ray
applications are as follows: The generation of a pair of
sequential x-ray pulses with independent control of timing
and spectrum, and the generation of one x-ray pulse with two
discrete wavelengths. For instance, at SLAC’s LCLS, two
sequential x-ray pulses with slightly different wavelengths are
produced by setting the first 16 undulators and the last 16
undulators to different strengths (Lutman et al., 2013). In this
scheme, while the relative timing of the x-ray pulses can be
varied with a chicane between the two undulator sections, the
two pulses have comparable pulse lengths because they are
generated by the same particles. In another method, the
undulator strengths can also be set in an alternating fashion
(e.g., with all the odd-numbered undulators set atK1 and all the
even-numbered undulators at K2) to produce an x-ray pulse
with two discrete spectral lines (Marinelli et al., 2013). On the
other hand, in a seeded or self-seeded arrangement, one can
also introduce two seed signals at closely spaced wavelengths
(Freund and O’Shea, 2000; Geloni, Kocharyan, and Saldin,
2010) and amplify them simultaneously to generate two colors.
However, in this scheme the tunability of the photon energy
difference is limited to the FEL gain bandwidth. Other schemes
that exploit multipeaked electron beam energy spectra (e.g.,
two simultaneous beams with different energy) can also
produce multifrequency and multipulse FEL output. Such a
technique was demonstrated in the IR (Petrillo et al., 2013) and
is currently under investigation in the x-ray regime at SLAC.
Yet there are many applications that require even more

complicated arrangements of multiple x-ray pulses with
carefully shaped time, frequency, and polarization character-
istics that may greatly benefit from laser-based beam manipu-
lation techniques. For instance, in a proposed high-repetition
rate seeded FEL, the baseline design of the two-color x-ray
beam line (Emma et al., 2012) uses two synchronized few-
cycle mid-IR lasers to generate a strong energy chirp in a
localized region of the beam. A tapered undulator is then used
to compensate for the energy chirp to generate two ultrashort
x-ray pulses with variable delay in a wide range from 0 to
∼100 fs, variable angle between x-ray wave vectors, and
independent photon energy tunability from 200 eV to 1 keV
suitable for stimulated Raman scattering and three-wave
mixing applications.
Another example is the FERMI FEL where a chirped, high

intensity seed laser is used to generate two narrow-band pulses
separated in both time and frequency (De Ninno et al., 2013).
This idea is based on the fact that the bunching factor in FELs
seeded by external lasers depends on the energy modulation
amplitude. For a laser pulse with a finite length, this amplitude
depends on time, and one can therefore use dispersion to
manipulate the distribution of the time-dependent bunching
[see, e.g., the measurement by Xiang et al. (2011)] to generate
radiation pulses with the desired time and frequency shapes.
To see how, see Eq. (3.5) and consider bunching at the eigth
harmonic of the modulating laser as an example. We rewrite
this equation to indicate the time dependence of the energy
modulation in the bunch due to the time-varying laser pulse
amplitude AðtÞ,

bnðtÞ ¼ e−ð1=2ÞB2n2Jnð − AðtÞBnÞ: (5.5)

FIG. 36 (color online). Generation of a mode-locked soft
x-ray pulse train in a self-seeded FEL. From Xiang,
Ding et al., 2012.
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Given a fixed normalized momentum compaction (here
B ¼ 0.2), the time-dependent bunching factor b8ðtÞ for
various peak modulation amplitudes Amax ¼ max½AðtÞ� are
shown in Fig. 37. With the peak energy modulation matching
the optimal value (Amax ¼ 6, solid line in Fig. 37), the
bunching distribution has a similar shape as the laser profile
and one generates a single pulse with a single frequency. As
the peak energy modulation amplitude is increased to beyond
the optimal value, the bunching factor starts to oscillate, as
dictated by the Bessel function dependence in Eq. (3.5). With
Amax ¼ 7.6 (dash-dotted line in Fig. 37) the bunching has a
dip in the center of the laser where the beam is overbunched by
the large energy modulation, while the energy modulation at
the head and tail of the laser are optimal (with the local
modulation amplitude equal to 6) to generate two peaks in the
bunching distribution. Sending this beam through an undu-
lator yields two sequential pulses with a time separation equal
to that of the two peaks (assuming the slippage is small
compared to the separation). If the seed laser has a negligible
chirp, the spectrum of the radiation shows the interference
pattern of the two pulses (Liu et al., 2013). On the contrary, if
the laser has a strong frequency chirp, the output is two
radiation pulses with different frequencies. Further increasing
the energy modulation to Amax ¼ 9 (dashed line in Fig. 37)
increases the separation between the two peaks, and more
bunching peaks appear in the central part of the beam.
However, since the bunching in the central part is smaller
and the beam energy spread is larger, simulations indicate that
the reduced FEL growth rate in this region can still result in a
simple two-pulse structure, assuming a constant beam current.
Experimental results of two-color EUV pulses produced by

this method at the FERMI FEL are shown in Fig. 38. By
controlling the laser energy modulation amplitude, chicane
momentum compaction, and the laser chirp parameter, one

can switch from one-pulse to two-pulse operation mode and
also adjust the temporal separation and frequency difference.
However, it should be pointed out that the tuning range of the
frequency difference is still limited to the FEL gain bandwidth
≃ρ. For a large frequency chirp, this can be overcome by
imposing an associated energy chirp in the beam longitudinal
phase space to match the resonant condition of the FEL
wavelength (Feng et al., 2013).

G. Laser beam as an undulator

In the push for compact x-ray sources, an attractive
alternative to permanent magnet undulators (which have
periods on the order of centimeters) are electromagnetic
undulators, which use much shorter periods and thereby allow
the electron beam energy to be significantly reduced in order
to radiate at short wavelengths. Powerful lasers have been
proposed for this purpose, and simple analysis shows that in
the head-on collision of a laser pulse and a relativistic electron
beam, the electrons radiate electromagnetic fields on axis at a
wavelength λr [cf. Eq. (2.29)],

λr ¼ λL
1þ K2=2

4γ2
; (5.6)

where the undulator parameter K is now computed using
Eq. (2.28) with B0 the amplitude of the laser magnetic field.
By comparison with Eq. (2.29), the laser acts as an undulator
with period λu ¼ λL=2. Of course, this “undulator radiation” is
described equivalently by the inverse Compton scattering
process, which is widely used as a source of incoherent x rays
and gamma radiation for various applications [see, e.g.,
(Krafft and Priebe (2010) and references therein].
Laser undulators for FELs have been analyzed (Gallardo

et al., 1988; Gordon et al., 2001; Bonifacio et al., 2007;
Sprangle, Hafizi, and Peñano, 2009). In certain cases, a
quantum description of the FEL is required (QFEL) because
the photon momenta ℏk of the very short wavelengths can be
comparable to the classical spread in the electron momentum
γmcρ [see, e.g., Bonifacio, Robb, and Piovella (2011) and
references therein]. For a soft x ray of λr ∼ 1 nm wavelength
and a laser undulator from a CO2 laser with the wavelength of
λL ¼ 10.6 μm, the required beam energy which follows from

FIG. 37 (color online). (a) Time-dependent energy modu-
lation AðtÞ and (b) bunching distributions b8ðtÞ. The horizontal
axis is the longitudinal position normalized to the rms d
uration of the laser pulse σL. Solid, dash-dotted, and
dashed lines are for Amax ¼ 6, Amax ¼ 7.6, and Amax ¼ 9,
respectively.

FIG. 38. Spectral and temporal FEL intensities for different
seed laser powers. Left: Experimental spectral splitting; right:
simulated spectral and temporal splitting. From De Ninno
et al., 2013.
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Eq. (5.6) is only 26 MeV. While by itself such a small energy
is advantageous, in practice it is difficult to generate a low-
energy electron beam with the small geometric emittance,
small energy spread, and high current needed for FEL gain at
short wavelengths [a more detailed analysis of scalings
involved with such FELs can be found in Zolotorev
(2002)]. This is the main reason why high-gain FELs with
laser undulators have not yet been demonstrated.
Recently, in a renewed effort to overcome the challenges

associated with laser undulators, Chang, Tang, and Wu (2013)
proposed using two “tilted optical wave” pulses from a CO2

laser propagating at right angles to a relativistic electron
bunch. Such an arrangement allows for an extended inter-
action length between the electron beam and the laser field and
solves some of the issues of the “head-on” laser-beam scheme.
A different, although similar, approach was proposed by
Lawler et al. (2013). There they suggested that the laser be
sent at a small angle θ to the direction of the beam propagation
(see Fig. 39), such that the on-axis radiation wavelength
becomes λr ≈ λLð1þ θ2γ2Þ−1 (assuming θ ≪ 1 and K ≪ 1).
For a given λr and λL this allows the beam energy to be
increased such that the beam quality is sufficient to drive FEL
gain. To extend the length of the interaction between the laser
and the electron beam they proposed to use a sheared laser
pulse in which the wave fronts are tilted relative to the
direction of propagation. As a representative set of parameters,
they consider an electron beam of modest energy 170 MeV,
normalized emittance of 6 × 10−8 m at 20 pC charge, to
generate 2.5 nm radiation in a laser-based undulator FEL with
λL ¼ 750 nm. While these are still challenging parameters,
they may not be out of reach for the next generation of electron
sources and laser systems.

VI. BEAM CONDITIONING AND DIAGNOSTICS WITH
LASERS

In addition to tailoring the properties of radiation, lasers
can be used to prepare optimal beams for driving accelerator-
based light sources and for retrieving information on the
electron beams themselves.

A. Laser heater

In modern FELs the electron beam generated in the electron
gun has a small energy spread, typically 1–2 keV. It was
shown by several groups (Borland et al., 2002; Heifets,
Stupakov, and Krinsky, 2002; Huang and Kim, 2002;

Saldin, Schneidmiller, and Yurkov, 2002a) through theoretical
analysis and computer simulations that transport of such a
beam through a long linac (several hundreds of meters in
length) equipped with bunch compressors can lead to a so-
called microbunching instability. Density variations in the
beam drive energy modulations that both increase the energy
spread and are converted into larger density modulations after
dispersion. This process deteriorates the beam quality and
reduces its efficacy as a lasing medium.
An effective method to suppress the instability was pro-

posed by Saldin, Schneidmiller, and Yurkov (2004) and was
later given the name of a “laser heater.” The idea is to “heat
up” the beam by increasing its uncorrelated energy spread
using a laser-beam interaction in an undulator. The required
slice energy spread of the beam is set to the level which, on
the one hand, suppresses development of the microbunching
instability through the mechanism of Landau damping, but, on
the other hand, is small enough to not impede lasing in the
FEL. The laser heater works by introducing a correlated
microstructure in the phase space of the beam on the scale of
the laser wavelength that is effectively washed out through
transport, resulting in an increase in the uncorrelated energy
spread. The laser heated beam is now considered as a
necessary element in practically all designs of modern
x-ray FELs (Angelova et al., 2008; Han, Kang, and Ko,
2012; Spampinati et al., 2012).
The laser-beam interaction was considered in Sec. II.E. The

maximum energy change ΔγðrÞ of a particle in the beam as a
function of radial position r is given by

ΔγðrÞ ¼
ffiffiffiffiffiffi
PL

P0

s
2KLu

γ0w0

J e−r
2=w2

0 ; (6.1)

where PL is the laser power, P0 ¼ IAmc2=e ≈ 8.7 GW [cf.
Eq. (2.37); the factor e−r

2=w2
0 describes the radial profile of the

laser beam, which now is on the order of the electron beam
size]. To find the energy distribution of the electron beam
Eq. (6.1) should be combined with the beam distribution [see
details in Huang et al. (2004)]. The resulting energy distri-
bution function depends on the input laser energy and the ratio
of the rms transverse size of the beam σx (σx ≈ σy) and laser
σr ¼ w0=2. In the limit σr ≫ σx one finds a double-horn
distribution in energy (much like the dashed line projection
in Fig. 11). In the case when the laser pulse is matched to
the beam size σx ≈ σr, the distribution function becomes
Gaussian like.

x rays
Laser
beam

e beam

FIG. 39 (color online). Geometry of the laser interaction with the
relativistic beam.
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FIG. 40 (color online). Layout of the LCLS laser heater inside a
magnetic chicane. From Huang et al., 2010.
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The schematic of the laser heater for the LCLS is shown in
Fig. 40. The laser heater consists of a 50 cm long, 5 cm period
undulator located at the center of a small horizontal magnetic
chicane in order to allow a convenient laser-electron inter-
action with no crossing angle. In addition to easy optical
access, the chicane produces smearing of the laser-induced
energy modulation, resulting in a random, uncorrelated energy
spread with no temporal structure. This smearing occurs
because the path length from the chicane center (where the
energy modulation is induced) to the end of the chicane
depends on the electrons horizontal angle x0. The induced
energy spread at the center of the chicane also causes some
horizontal emittance growth which is typically negligible.
The LCLS heater results have been documented by Huang

et al. (2010). Figure 41 shows the longitudinal phase space of
the beam measured with the help of an rf deflecting cavity.
The figure clearly shows the increase of the beam energy
spread with the energy of the laser pulse.
An interesting and surprising effect which had been called

“trickle heating” was discovered by Huang et al., 2010. For a
small laser pulse energy ∼1 μJ, they observed an increased
heating effect compared with the theoretical value based on
Eq. (6.1). It turns out that, for this laser energy, the energy
modulation periodic structures are not completely removed by
the smearing effect in the chicane magnets, but are trans-
formed into x-z correlations in the phase space of the beam.
These correlations excite space-charge wakefields that appa-
rently lead to additional heating.

B. Emittance exchange

The performance of an FEL depends critically on the Pierce
parameter ρ, which is determined by the transverse electron
beam size and the peak current. While the 6D phase space
volume of a beam is conserved along phase space trajectories,
the phase space area of individual planes may be rearranged in
different ways to maximize ρ without violating Liouville’s
theorem (Carlsten et al., 2011). One of the effective ways to
rearrange the beam’s distribution in 6D phase space is
emittance exchange (EEX) which exchanges the projected
emittance between different planes. Of particular interest is the
transverse-to-longitudinal EEX that exchanges the emittance
between one of the transverse planes (x or y) with the assumed
much smaller emittance of the longitudinal plane (s).
Hereafter we consider beam dynamics in only x and s

planes and ignore the uncoupled motions in the y plane. An

electron’s initial state in phase space is denoted as
X0 ¼ ðx0; x00; s0; η0ÞT , where x0 is the horizontal position,
x00 is the horizontal angle, and s0 and η0 are the longitudinal
position and the relative energy deviation with respect to
the reference particle, respectively.3 After passing through a
linear Hamiltonian system, the electron’s state X1 is related to
its initial state X0 by X1 ¼ RX0, where R is a symplectic 4 × 4

transport matrix that describes the beam dynamics associated
with the system. The 4 × 4 transfer matrix may be written as
four 2 × 2 blocks,

R ¼
�
A B
C D

�
: (6.2)

If all elements in A and D are zero, then an electron’s final
transverse coordinates will depend only on its initial longi-
tudinal coordinates, and vice versa. As a result, a beam’s
transverse and longitudinal degrees of freedom will be
exchanged after the beam passes through the beam line.
Construction of a beam line with such an exotic transfer

matrix certainly requires elements that couple the beam
dynamics in x and s planes. Two representative elements
are the dogleg magnet arrangement and the rf deflecting
cavity. A dogleg magnet is just half of a chicane that correlates
a particle’s final transverse position with its initial energy, and
final longitudinal position with its initial transverse angle. A
deflecting cavity is an rf structure operating in the transverse
mode (e.g., TEM10) which couples a particle’s final transverse
deflection with its initial longitudinal position, and final
energy with its initial transverse position. Combined, these
elements provide the desired coordinate mapping. Currently
most of the EEX schemes rely on proper arrangement of
dogleg magnets and deflecting cavities, with the simplest
scheme being two identical dogleg magnets with a deflecting
cavity in between (Cornacchia and Emma, 2002; Emma et al.,
2006; Xiang and Chao, 2011).
Transverse-to-longitudinal EEX was originally proposed to

reduce beam transverse emittance for enhancing FEL gain
(Cornacchia and Emma, 2002). As shown by Emma et al.
(2006) one may use an ultrashort laser pulse in a photocathode
gun to generate a beam with small longitudinal emittance, and
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FIG. 41 (color online). Measured longitudinal phase space at 135 MeV with (a) the laser heater off, (b) the IR laser energy at 10 μJ,
and (c) at 220 μJ. The vertical axis shows the beam longitudinal position and the horizontal axis shows the beam energy.
From Huang et al., 2010.

3We remind the reader that we use variable s as a coordinate
directed along z and associated with the particle’s position inside the
beam.
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then exchange the transverse and longitudinal emittance to
obtain a beam with small transverse emittance. The increased
longitudinal emittance does not affect FEL gain as long as it is
kept below the threshold set by ρ. Furthermore, the increased
longitudinal emittance after EEX is helpful for suppressing the
microbunching instability, which can also degrade the FEL
performance. So there are combined advantages in swapping
beam phase space areas between different planes while
keeping the 6D phase space volume unchanged.
In addition to reducing beam transverse emittance, the fact

that a beam’s transverse and longitudinal degrees of freedom
are exchanged in EEX implies that one can tailor a beam’s
longitudinal distribution by shaping the beam’s initial trans-
verse phase space. For example, a simple mask has been used
to generate transversely modulated beamlets that are then
converted into longitudinal sub-ps bunch trains through EEX
(Sun et al., 2010) useful for generating narrow-band THz
radiation. With a special mask, one can also generate a beam
with linearly ramped current profile (Piot et al., 2011) that is
crucial for obtaining a high transformer ratio in advanced
beam-driven accelerators. It is also possible to convert these
transverse beamlets into separated energy bands which may
be used for the generation of high harmonics in FELs (Jiang
et al., 2011), similar to the EEHG technique.
Another advanced application enabled by transverse-to-

longitudinal EEX is chirp-free bunch compression (Zholents
and Zolotorev, 2011). Typically an energy chirp is required for
bunch compression, which puts certain constraints on the
linearity of the beam longitudinal phase space. In the chirp-
free bunch compression scheme, an EEX beam line is first
used to convert s to x (or x0). Then a telescope beam line is
used to demagnify the beam in x (or x0), after which a second
EEX beam line converts x (or x0) back to s and the beam is
compressed. This application may be particularly useful for
compact x-ray FELs based on x-band linac structures where
the power source for a third harmonic cavity required to
linearize the beam longitudinal phase space is not available.
This cascaded EEX scheme may also be used to convert a
laser modulation to a higher frequency for FEL seeding, or to
convert a laser modulation to a lower frequency for the
generation of THz radiation.
Another interesting scenario in transverse-to-longitudinal

EEX is to replace the rf deflecting cavity with a TEM10 mode
laser—the so-called laser assisted EEX (Xiang, 2010). The
advantage of using a laser to perform EEX is that instead of
exchanging the emittance for the whole bunch, one can
exchange the emittance for only part of the electrons. This
is because the TEM10 laser gives a beam a sinusoidal kick
[Fig. 42(b)], while the EEX requires a linear kick. So only the
electrons around the laser field zero crossing will experience
EEX (red particles in Fig. 42). For these particles, the rms
length is only a fraction of the laser wavelength so they are
characterized by an extremely small longitudinal emittance.
After EEX, these portions of the beam will have an extremely
small transverse emittance [Fig. 42(c)]. Such small transverse
emittances enable the operation of an x-ray FEL at lower
energy,which can greatly reduce the size and cost of the facility.
It should be pointed out that EEX between x and y planes is

also possible and is conceptually simpler than the transverse-
to-longitudinal EEX. For instance, a solenoid with suitable

strength that rotates the beam by nπ=2 (n is an odd number)
naturally exchanges the beam emittance and coordinates in
the x and y planes. A series of skew quadrupoles may be used
to exchange the beam emittance in x and y planes as well
(Kowalski and Enge, 1972; Talman, 1995).
Note, in previous discussions, we assumed that the beam is

uncoupled before and after its passage through some elements.
As discussed in Sec. II.A, in this case the emittances of the
subspaces can only be completely exchanged. By contrast, if
the beam is allowed to have coupling in different planes, the
emittance of one plane can actually be made smaller at the cost
of significantly increasing the emittance in another plane (the
product of the final emittances is larger than the initial value).
Recently, a scheme that uses a dogleg to reduce the beam slice
energy spread at the cost of an increase in beam transverse
emittance has been proposed to enhance the frequency
multiplication efficiency of the HGHG technique (Deng
and Feng, 2013). With the beam coupled in transverse and
longitudinal planes, however, this scheme has demanding
requirements on the transverse emittance.
It is also worth mentioning that EEX can only exchange the

emittances among the different planes, but it does not change
them. With the electron beam born with coupling (e.g., from a
tilted laser that introduces x − s coupling, a magnetized
cathode that introduces x − y coupling, etc.), or with the
use of nonsymplectic elements in the beam line, emittance
may be partitioned in different planes [see. e.g., Brinkmann,
Derbenev, and Flöttmann (2001) and Carlsten et al. (2011)
and references therein].

C. Beam conditioning

As mentioned in Sec. V.A, modern x-ray FELs require
relativistic beams with small emittance and energy spread.
The physical mechanism behind such a requirement is the

FIG. 42 (color). Representative beam phase space evolution in
EEX with a laser. (a) Initial transverse phase space, (b) x0 − s
distribution after interacting with the laser with wavelength at
10.6 μm, (c) final transverse phase space, and (d) x − s
distribution after EEX. The particles that have effective EEX
are shown with colored dots. From Xiang, 2010.
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need to maintain resonance between the wiggling motion of
electrons in the undulator and the FEL radiation propagating
with the speed of light. Electrons with different amplitudes of
betatron oscillations and different energies propagate in the
undulator with unequal longitudinal velocities, slipping rel-
ative to the radiation phase and leading to a smearing of the
resonance. If the smearing is strong enough, it suppresses the
lasing of the beam.
Sessler, Whittum, and Yu (1992) noticed that the velocity

spread due to the beam transverse emittance can be compen-
sated by correlating the particle energy with its amplitude of
the betatron oscillations. Specifically, for equal focusing in
both transverse planes, the requirement for such a compensa-
tion reads

Δγ
γ

¼ κðJx þ JyÞ; (6.3)

with

κ ¼ 1

2β̄

λu
λr

; (6.4)

where Δγ is the energy deviation of the particle (in units of
mc2), β̄ is the averaged beta function in the undulator, λu is
the undulator period, λr is the wavelength of the undulator
emission, and Jx and Jy are the actions for betatron oscil-
lations in x and y directions, respectively, normalized so that
hJxi ¼ hJyi ¼ ϵ, where ϵ is the geometric transverse emit-
tance of the beam. Preparing a beam which satisfies the
condition (6.3) is called “beam conditioning.” The physical
picture of beam conditioning is that particles with larger
betatron amplitudes are given extra energy (and therefore
larger velocity) to compensate for the longer path length.
Values of κ required for proper conditioning are typically on
the order of 10–100 μm−1.
Several methods were proposed in the literature to condition

a beam (Sessler, Whittum, and Yu, 1992; Liu and Neil, 1993;
Sprangle et al., 1993; Papadichev, 1995; Vinokurov, 1996;
Emma and Stupakov, 2003; Schroeder, Esarey, and Leemans,
2004; Wolski et al., 2004; Zholents, 2005a). Of special interest
for this review is a laser-based approach developed by Zholents
(2005a) which we review here. The idea of the method is based
on the scheme proposed by Vinokurov (1996) who suggested a
conditioner setup that first uses an rf cavity to “chirp” the beam
(i.e., introduce a correlation between longitudinal position
and energy), then passes the beam through a focusing channel
with some chromaticity, and finally uses a second rf cavity to
remove the chirp.
If the frequency of the first rf accelerating section is ωrf ,

electrons near the zero phase crossing change the energy by

Δγ1 ¼
eU
mc2

sin

�
ωrfs
c

�
; (6.5)

where s is the longitudinal coordinate of particles in the bunch
relative to its center. The focusing beam line then delays the
particles with large betatron oscillation amplitudes and longer
orbits by

Δs ¼ −
1

2

Z ��
dx
dz

�
2

þ
�
dy
dz

�
2
�
dz: (6.6)

Assuming that the two transverse directions in the focusing
channel are identical, Δs can be expressed through the action
variables Jx and Jy:

Δs ¼ 2πξðJx þ JyÞ; (6.7)

where ξ is the chromaticity of the channel.
The second rf accelerating section is phased so as to remove

the energy modulation introduced by the first one. However,
the energy correction does not exactly cancel the energy
deviation introduced by the first section because of the delay
Δs, and there will be a residual energy deviation depending on
the particle’s betatron amplitude and the chromaticity of the
beam line. The residual energy is

Δγ ¼ eU
mc2

�
sin

�
ωrfs
c

�
− sin

�
ωrf

c
ðs − ΔsÞ

��

¼ 2πξðJx þ JyÞ
eU
mc2

ωrf

c
cos

�
ωrfs
c

�
; (6.8)

where ωrf jΔsj=c ≪ 1 was assumed. Typically the rf wave-
length is much larger than the bunch length ωrf jsj=c ≪ 1, so
Eq. (6.8) reduces to Eq. (6.3) with

κ ¼ κ0 ≡ 2πξ
eU
γmc2

ωrf

c
: (6.9)

Unfortunately, as detailed analysis shows (Wolski et al.,
2004), realistic values for the rf voltage U and the length
of the focusing channel give values of κ that are several orders
of magnitude smaller than what is required to condition a
beam in a modern x-ray FEL.
Zholents (2005a) pointed out, however, with κ being

proportional to ωrf , the conditioning can be made much
stronger if a laser beam is used to modulate the particles
energy, instead of the accelerating structures, thereby
replacing ωrf with a much larger laser frequency ωL. The
setup of the laser-assisted conditioner is shown in Fig. 43.
The laser pulse copropagates in the wiggler magnet at a
small angle with the electron beam and produces an energy
modulation of the electrons at the laser wavelength λL. The
electrons then pass through a focusing channel. Finally, the
reverse modulation is applied to the beam with a second
laser pulse in the second wiggler magnet. The arrival times
of the electron beam and laser pulses in the wigglers are
controlled by providing tight synchronization between the

FIG. 43 (color online). A schematic of the laser-assisted condi-
tioner. From Zholents, 2005a.
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laser pulses and interferometric control of all path lengths
with active feedback.
With the laser wavelength λL typically much shorter than

the bunch length, the approximation (6.9) is invalid and
should be replaced by the conditioning factor κðsÞ which
oscillates over the bunch length

κðsÞ ¼ κ0 cos

�
2πs
λL

�
; (6.10)

where κ0 is given by Eq. (6.9) with ωrf replaced by ωL.
Assuming that κ0 is equal to the required value in Eq. (6.4), we
see that the conditioning is achieved near discrete points in the
beam s ¼ nλL, where n is an integer number with κ taking all
possible values between −κ0 and κ0. The entire electron beam
can now be viewed as a sequence of alternating slices of
electrons with a variable degree (and the sign) of conditioning.
As long as the length of the slice (which is approximately
equal to λL=2) is longer than the slippage length, the correctly
conditioned slices will generate the FEL radiation, while the
incorrectly conditioned regions will not radiate. Simulations
by Zholents (2005a) showed that the overall performance of
the laser conditioned beam could be considerably improved in
the regime when the transverse emittance is large.
In another approach (Schroeder, Esarey, and Leemans,

2004), FEL conditioning via Thomson backscattering of an
intense laser pulse was proposed. The number of scattered
photons, and hence the electron energy loss, is proportional to
the laser intensity which decreases off axis for a focused beam.
Therefore, Thomson backscattering produces a correlation
between an electron’s energy loss and its transverse location
in the laser field, thus allowing beam conditioning. However,
according to Schroeder, Esarey, and Leemans (2004), a rather
large laser energy on the order of ∼102 J in ∼10 ps is required
for conditioning a beam with realistic parameters.

D. Measurement of ultrashort beams

Using lasers to measure electron beam parameters dates all
the way back to the early days of lasers. In the 1960s Thomson
backscattering (Fiocco and Thompson, 1963) was suggested
as a method to measure plasma parameters. In the 1990s
Thomson backscattering was used to measure both transverse
beam sizes in the nanometer range (Kezerashvili and Skrinsky,
1991; Shintake, 1992) and the length of a relativistic electron
beam with subpicosecond time resolution (Leemans et al.,
1996). Here we discuss several recent techniques that use

lasers to manipulate the electron beam phase space for the
determination of the temporal structure with femtosecond time
resolution.

1. Optical replica synthesizer

In the so-called optical replica synthesizer (ORS) technique
(Saldin, Schneidmiller, and Yurkov, 2005), an optical laser
with a pulse duration much longer than the electron beam is
first used to generate a density modulation in the electron
beam with a modulator-chicane system. The density-modu-
lated beam is then sent through an undulator tuned to the laser
frequency to generate intense coherent radiation. Analysis
shows that under proper conditions (i.e., the modulation
amplitude and beam size do not vary in time, and the slippage
is sufficiently small) the radiated fields are a replica of the
electron beam temporal profile. The electron beam informa-
tion is thus encoded into the optical light, whereby well-
established techniques borrowed from the ultrafast laser
community such as frequency-resolved optical gating
(FROG) (Trebino et al., 1997) can be used to obtain the
electron beam temporal information, including both the
temporal shape and energy chirp.
While the FROG technique has been successfully used to

measure a 4.5 fs laser pulse (Baltuška, Pshenichnikov, and
Wiersma, 1998), the slippage length in the radiator typically
limits the resolution of ORS to > 10 fs. This is because
implementation of the FROG technique in single-shot mode
typically requires > 1 μJ of radiation energy, which in turn
requires an undulator with many periods to generate enough
signal. Increasing the number of periods also increases the total
slippage, however, which can quickly exceed 10 fs at optical
wavelengths. A proof-of-principle experiment at FLASH
provided encouraging results (Salén et al., 2011), but more
work is needed to demonstrate the potential of this technique in
realistic conditions where the coherent radiation is also con-
taminated by the contribution frommicrobunching instabilities.
A simplified version of ORS in which the radiator undulator

is replaced with an optical transition radiation (OTR) screen
and only the radiation spectrum needs to be measured has
also been proposed (Xiang, 2012). This scheme is easy to
implement and does not require generation of high-power
radiation for a FROG measurement, yet still allows the rms
length of an ultrashort bunch to be obtained. The idea to
extract bunch length information by measuring the coherent
OTR (COTR) spectrum is rather simple, since for an idealized
Gaussian beam with rms length Δt the rms frequency spread
is Δf ¼ 1=ð2ΔtÞ.

FIG. 44 (color online). Evolution of the longitudinal phase space in a simplified ORS scheme: (a) initial beam phase space, (b) beam
phase space after interaction with an optical laser, (c) beam current with (dashed) and without (solid) the laser modulation, and
(d) corresponding radiation spectra.
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Consider a Gaussian electron beam with rms length of 5 fs.
The longitudinal phase space is shown in Fig. 44(a). After
interacting with an 800 nm laser and passing through a
chicane, the beam longitudinal phase space evolves to that
in Fig. 44(b). The corresponding beam current is shown by a
dashed line in Fig. 44(c) (the initial beam current is shown by
a solid line). It is justified to assume a sufficiently prompt
response for the generation of OTR such that the pulse shape
of the COTR generated when a beam strikes an OTR screen
will be a replica of that of the beam current distribution.
Accordingly, the COTR spectrum generated by this modulated
beam will carry information about the beam current distri-
bution. The COTR spectrum for the beam in Fig. 44(c)
is shown in Fig. 44(d) where one can see that the quasi-
monochromatic COTR has a central frequency peak at f ¼
375 THz (corresponding to a central wavelength of 800 nm)
with an rms frequency spread of Δf ¼ 33 THz, which
corresponds to a transform-limited rms pulse width of 5 fs,
which is the same as that of the electron bunch.
This method can be applied to extract the rms bunch length

in more general cases, such as beams with asymmetric
Gaussian and flat-top distributions. However, it should be
noted that it may yield inaccurate results if the beam temporal
profile has a complicated shape.

2. Optical streaking

In the ORS method, the laser pulse duration needs to be
much longer than the electron bunch length in order to provide
a constant modulation across the bunch. On the contrary, if a
relatively short laser pulse (with duration a few times longer
than electron bunch length) is used to modulate the beam, the
energy modulation amplitude varies in time. This leads to an
effect that can be exploited to measure the electron bunch
length. The physics behind this so-called optical streaking
method (Ding, Bane, and Huang, 2011) is illustrated in
Fig. 45. If the electron beam is synchronized with the laser
in such a way that the beam interacts with the sloped region
of the laser pulse as shown in Fig. 45, the beam energy
distribution after the laser modulation can be used to recon-
struct the beam temporal profile. Consider as an example a
Gaussian electron beam with an rms duration of 4 fs. The
initial longitudinal phase space is shown with red dots and the
projected beam temporal profile with a solid red line. After
interacting with a high-power 800 nm laser, the beam phase
space is shown with green dots and its energy distribution with
the blue line. Here the laser FWHM duration is assumed to be
40 fs and the temporal offset between the electron beam and
laser intensity peak is 25 fs (part of the laser field profile is
shown with a dashed line). This generates an energy modu-
lation in the beam that grows in amplitude. When the laser
power is sufficiently high, it is possible to make the energy
difference between two adjacent cycles larger than the beam’s
intrinsic energy spread (see the colored line in Fig. 45) so that
a clear modulation in the projected energy distribution can be
observed. Because the oscillation period of the beam energy is
correlated with the laser wavelength, the projected energy
modulation can be measured with a high-resolution magnetic
energy spectrometer and used to determine the electron
beam’s temporal shape using the laser wavelength as the

ruler (Ding, Bane, and Huang, 2011). This method is
particularly suited for electron beams with small intrinsic
energy spreads such that modest laser power can be used.

3. Optical oscilloscope

The rf deflecting cavity is typically used for a time-resolved
diagnosis of the electron bunches in linear accelerators (Wang,
1999; Akre et al., 2002). For a beam with given emittance and
intrinsic divergence at the cavity, the temporal resolution
provided by this cavity is limited by the available kick
strength. A stronger kick can be achieved by increasing the
voltage and/or the frequency of the cavity. For instance, given
the same voltage, an X-band deflecting cavity provides 4 times
higher resolution than an S-band cavity. Thus, lasers operating
in the transverse mode have the potential to dramatically
improve the temporal resolution by virtue of their much higher
frequencies (see Sec. II.E.4).
A drawback of using lasers to generate the required angular

kick is that the electron beam is typically much longer than the
wavelength. Because the desired linear kick occurs only for
electrons around the zero field crossing, this limits the
application of such “optical deflectors” to cases where the
bunch is much shorter than the laser wavelength. However, to
avoid such limitations and to improve the dynamic range of
the measurement, a so-called “optical oscilloscope” has been
recently proposed (Andonian et al., 2011). Here, in addition to
an optical laser operating in transverse mode, an rf deflecting
cavity is used to streak the beam in an orthogonal direction so
that the beam distribution at different laser cycles can be
separated as well. The outcome of such a configuration is a 2D
map which shows the overall bunch shape (in the kicking
direction of the rf cavity) as well as the fine structures (in the
kicking direction of the laser). Note that in this scheme the
resolution of the rf deflecting cavity needs to be smaller than
the wavelength of the laser, and therefore long wavelength
lasers on the order of a few microns may be favored for this
application. In principle, with a high-power laser the reso-
lution of this method can be pushed to the subfemtosecond
regime.

FIG. 45 (color). Illustration of the optical streaking method to
measure an electron bunch temporal profile. The horizontal axis
is the beam longitudinal position normalized to the laser wave-
length and the vertical axis is the particle’s energy deviation
normalized to the rms slice energy spread of the beam.
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VII. SUMMARY

Over the last several decades, relativistic electron beams
have proven to be effective and enormously versatile sources
of intense radiation used to probe the structure and dynamical
behavior of matter. Continued improvements in electron beam
quality and brightness have led to corresponding enhance-
ments in the radiation they produce, with higher intensities,
shorter wavelengths, and shorter pulse durations emerging
with each successive generation in source technology. Over
the last decade, in particular, significant progress has been
made with the birth of free-electron lasers that are capable of
producing hard x-ray beams with unprecedented brightness.
These devices enable the investigation of processes on the
femtosecond time scale with x rays at 10 keV energies in a
single shot, opening new opportunities to capture the ultrafast
and probe the ultrasmall.
Parallel advances in laser technology have led to new

opportunities to further improve the performance of accel-
erator-based light source facilities, from the development of
now ubiquitous photocathode injectors that deliver high-
brightness beams with low-energy spread and emittance to
more recent seeding techniques that rely on precision laser
manipulation of the high-energy electron beams for tailored
radiation production. Together, these innovations allow the
fully coherent field distribution from a laser pulse to be
imprinted onto the electron beam, and then transferred to
radiation at much shorter wavelengths. Through the variety of
techniques described in this review, this provides additional
flexibility in controlling the pulse duration, spectral band-
width, and even transverse distribution of the radiation.
Associated improvements in timing synchronization and
stabilization between the laser and electron beams at the tens
of femtoseconds level have also enabled the merging of these
technologies to access new regimes in, for example, x-ray
pump-probe experiments.
Presented in this review is a broad mixture of both new

ideas and recently demonstrated methods that aim to highlight
current progress and to stimulate future research. We describe
the simple fundamental principles on which many of these
methods are based. In most cases they involve an interaction
of the laser beam with a relativistic electron bunch in a
resonantly tuned undulator, and a subsequent evolution of the
beam distribution function when it passes through specially
arranged magnets or other components of the beam line.
While such manipulations create modulations on the scale
of the laser wavelength, in more sophisticated arrangements,
one can generate the desired structures in the beam on much
shorter scales, leading to an effective laser frequency upshift-
ing and access to nanometer scales. Various other emergent
research opportunities are also discussed in this review,
including the generation of ultrashort x-ray pulses in both
light source storage rings and FELs, the production of beams
with orbital angular momentum, the production of mode-
locked x-ray pulse trains, and numerous sophisticated diag-
nostic techniques.
As is typical with emerging technologies, the number of

newly proposed techniques has outpaced the number that have
been experimentally demonstrated and adapted in practice.
Accordingly, several of the more recent concepts are in the

research stage of development, but are included here for their
value in leading to novel insights and stimulating new ideas.
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