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INTRODUCTION

HE analysis of the vibrational spectrum of a
polyatomic molecule consists in correlating
the observed infrared and Raman frequencies
with the normal modes of vibration of the
molecule.! By analogy with the diatomic case we
consider the nuclei of the N atoms to be vibrating
around an equilibrium configuration with ampli-
tudes small compared with the internuclear
distances. This assumption is actually justified
by experimental data. We know from classical
mechanics that under these conditions there are
certain definite combinations of the displace-
ments of each particle which give rise to definite
mechanical frequencies. These fundamental fre-
quencies and the normal coordinates correspond-
ing to them obviously depend on the potential
and kinetic energies of the particles. It may be
shown that the fundamental frequencies found in
this fashion are identical with those obtained by
quantum-mechanical calculations. We may hence
restrict ourselves to classical mechanics.
Consider a system of N nuclei forming a
stable configuration. The first step in any
dynamical problem is to set up the Hamiltonian
with the potential energy V as some unknown
function of the mutual displacements of the
particles. If we call ¢;; the distance between the
ith and jth nucleus, and let § refer to the change
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1For a treatment of the vibrations of polyatomic mole-
cules without the use of group theory, cf. D. M. Dennison,

Rev. Mod. Phys. 3, 280 (1931). The specific points men-
tioned in this introduction are discussed there in detail.

in any quantity, we may expand the potential
energy as a Taylor’s series in terms of the d¢’s.
No terms linear in them appear since the undis-
turbed configuration is an equilibrium one. Also,
as a first approximation, we may neglect terms of
higher order than the second which amounts to
postulating harmonic forces between the nuclei.?
Then the potential energy is written as:

V=3 kijirirdq:idquir. )

In some cases there may be definite physical or
chemical reasons for assuming certain specific
values for the various k’s, but as a rule we have
to consider them at first as unknown constants
with the hope of being able to determine them
later from experimental data.

The usual way of expressing the kinetic energy
T is in terms of the displacements of the various
particles from their equilibrium positions. If we
assume a cartesian coordinate system xyz, then:

N
T=% Z m;(&a’ci"’-i-ay.-?—l-aé,-’), (2)
=1

where m; is the mass of the sth particle.

To have a Hamiltonian suitable for further
calculations, we must express both the kinetic
and potential energies in terms of the same
variables. Obviously there are functional rela-
tions between the d¢’s and the dx’s, §y’s, and 82's
and in the case of small vibrations (i.e., if the
various 8¢'s etc., are small quantities of the first
order) the relations are linear. However, both

2For a detailed discussion see Whittaker, Analytical
Dynamics, 2nd edition (Cambridge, 1927), p. 178.
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F1G. 1. The number of lines connecting the various nuclei
in a tetrahedral pentatomic molecule.

sets of variables turn out to be extremely
cumbersome for any actual calculations. Another
difficulty has to be taken into account. The
system has 3N—6 degrees of internal freedom,
since rotation and translation claim three each,
but the number of lines connecting the various
nuclei may be larger than this (as, for example,
in the case of a pentatomic tetrahedral molecule;
see Fig. 1). Then all the 8¢;;'s are not linearly
independent and one or more of them have to
be eliminated by means of relations giving the
linear dependence. Also in Eq. (2), T is a func-
tion of 3N wvariables, i.e., the kinetic energies
due to rotation and translation have not been
subtracted. The most satisfactory way of treat-
ing the problem is to select 3N —6 independent
variables s;, s2, ---Ssy—¢ (which may be ex-
pressed linearly in terms of the original variables)
and transform both the kinetic and potential
energy to them. The conditions of conservation
of linear and angular momenta have to be
taken into account when performing the trans-
formation on T (i.e., the translational and
rotational energy have to be subtracted). We
obtain then:

aN—6

T=% Z‘ wii$iSi  (Mip=pii), 3)
3N—-6

=3 21: Kisis;  (Kij=K;s), )

where the u;; are functions of the masses, but the
K;; are not. We know from the theory of small
vibrations? that the Hamiltonian may be trans-
formed to the form:

T= %ZQ&Q, = EZ)\toi s (5)
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where \;=w? and the w;'s are the fundamental
frequencies (expressed in suitable units). We
know, furthermore, that the \;’s are the roots of
the determinantal equation?

I\T— V| =0. (6)

The resultant equation in A would be one of
degree 3N —6. It happens, however, that for a
large number of so-called “‘symmetrical” mole-
cules, the equation in \ factors out into a number
of component equations of lesser degree. This
implies that it should be possible by a proper
choice of the variables to resolve the original
determinant immediately into a product of de-
terminants of less orders (cf. Fig. 16).

This question of the proper choice of variables
is intimately connected with a study of the
symmetry properties of molecules. For some
simpler cases, geometrical intuition may lead to
satisfactory results, but in general more powerful
mathematical methods are needed.

A suitable formalism for the treatment of the
problem has been developed in group theory.
The purpose of this report is to present elements
of the theory of groups and their representations
and to use these methods in the solution of the
problem of molecular vibrations. The knowledge
of group theory actually necessary for this is
very small and in what follows no attempt will
be made to furnish proofs of the' various state-
ments made. Their validity can be easily demon-
strated by means of the specific groups used as
illustrations, but for a general proof the reader
must go to texts on group theory.*

3 Eq. (6) means:
Mar—Ki Mue—Kige + M, sv—s—Ki1, av—e
Mg —Kis Megg—Kage - ¢ 0 0 o o

4 We have found the following, especially the first three,
to be useful references for the general theory of
Wigner, Gruppentheorie (Braunschweig, 1931). (This book
is always meant, whenever we refer to Wigner, loc. cit.);
Schoenflies, Theorie der Kristallstruktur f Berlin, 1932);
Speiser, Theorie der Gruppen von endlicher Ordmmg (Berhn,
1927); Bauer, Introduction & la théorie des groupes (Paris,
1933); van der Waerden, Gruppentheoretische Methode in
der Quantenmechanik (Berlin, 1932); Mathewson, Ele-
mentary Fzmte Groups (Boston, 1930); Eckart, ‘‘Group
Theory,” Rev. Mod. Phys. 2, 305 (1930) Weyl, Theory of
Groups and Quantum Mechanics (London, 1931) ; Burnside,
The Theory of Groups (Cambridge, 1927). The theory of
groups as applied to molecular vibrations has been de-
veloped by Wigner, Gittinger Nachrichten (1930), p. 133.
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GENERAL CONCEPTS

1. Definition of a group

An ensemble of elements, E, 4, B, G, --- is
said to form a group if the following four postu-
lates are obeyed:

1. There is a rule of combination such that the
combination of any two elements 4 and B of the
group will give a third element of the group, C,
called the product of 4 and B and written
C=A4B.

II. The associative law holds: (4B)C=4(BC).

II1. Every group contains a unit element, E,
for which AE=EA=A.

IV. Every element of the group has an inverse,
X=A"1 such that XA=A4"'4A=E. An element
and its inverse may be identical and obviously,
E-'=E,

The members of a group may be considered as
abstract elements to which a meaning is to be
assigned later. They may be identified with real
or complex numbers, matrices or the motions of
a geometrical figure in space.

In what follows, the rule of combination is
multiplication and if necessary matrix multiplica-
tion. In the case of ordinary multiplication, the
four numbers +1, =+ form a group and it is
easily verified that the four group postulates as
given above are fulfilled.

If the group contains a finite number of
elements, it is called a finite group and the
number of its elements, % is called the order of
the group. Infinite groups are of considerable
interest in quantum mechanics but here we are
mainly concerned with finite groups. If the com-
mutative law holds, AB=BA, and the group is
said to be Abelian but in general AB>BA.

A simple group has been given above. An
example of a slightly more complex group of
order 6 will now be given and some additional
group properties presented. A group is com-
pletely defined if all of its products are known.
Let the elements of the group, E, 4, B, C, D, F
be arranged in rows and columns in such a way
that the products stand at the intersections.
For example, the product AB will stand at the
intersection of the row headed by 4 and the
column by B. Let the multiplication table for
this group be:

319

E A B CDF
E|E A B CDF
A|A B EDFC
B|BEAFCD )
C|C FDEBA
D|DCF AEB
F|FDC B AE

It is easy to see that the six elements form a
group and that the group postulates are obeyed.
Every product is contained in the group and
every element has an inverse. This group is not
Abelian for AC=CB#CA.

2. Sub-groups

Consider some one element of the group, say X
and form successive powers of this element.
Since the element chosen and all of its powers
are members of the group and since the group is
finite, this series will eventually repeat itself.
Let X*»=E, then

X, X2, X3, --- X1, X*=E

is called the period of X and is indicated by the
symbol {X}. If n is the smallest number for
which X*=E, n is called the order of X. The
period of 4 in the group above is:

A, A*=B, A3=E, its order is 3.

The period of B is B, B*=A4, B*=E and its
order is also 3. The order of C is 2, however,
since C?=E. The period of X forms a group
itself since all the group postulates are fulfilled
and it is said to be a sub-group of the original
group, @. In the above group, the sub-groups are :

{A}={B}=E,A,B,

{C}=E, C,
{D}=E, D,
{F)=E, F.

The order of a sub-group may be shown to be
a divisor of the order of the whole group. Since
the only divisors of 6 are 2 and 3 (besides 1
and 6) these are the only possible sub-groups.
3. Conjugate elements

If A, B, and X are elements of a group and

B=XAX", ®)

4 and B are said to be conjugate to one another.
The following laws about conjugate elements are
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almost self-evident and are readily verified using
the group multiplication table given above:

I. Every element is conjugate with itself.
II. If 4 is conjugate with B, then B is conjugate
with 4.

If A is conjugate with B and also with C,
then B and C are conjugate.

III.

The elements conjugate with each other are
called a class. The whole group then splits into a
number of classes none of which contains ele-
ments in common. For the group (7), the class
of 4 is A and B. For,

EAE7'=A, AAA =4, BAB'=4,CAC'=B,
DAD'=B, FAF'=B.

Similarly, it can be shown that the class of C
(also D and F)isC, D, F.

The unit element always forms a class by
itself. There are then 3 classes in &: E; 4, B;
C, D, F. Elements of the same class have the
same order, in the above example, 1, 3 and 2,
respectively. The number of elements in any
class is always a factor of the order of the whole
group. ,

A complex is a set of elements from a group
and is designated by German script letters.
The complex of elements forming a class is
always indicated by €. If the complex U con-
tains 4, B, C, the product CY will contain C4,
CB, C%. By the product of two complexes AB
is meant the product of every element of 9 with
every element of B but products occurring more
than once are only taken once. If the complex
is a sub-group

$H=5=9
O and XOX ! are called conjugate sub-groups.

4. Isomorphism

Two groups are said to be isomorphous if
elements 4, B and C of & are associated with
elements 4/, B’ and C’ of &’ in such a way that
if AB=C, also A’B’=C_". If the multiplication
tables of the two groups are known, there will
be a one-to-one correspondence with the elements
of the isomorphous groups throughout the tables,
although the meaning of the elements will be
different in each case. Instead of a simple iso-
morphism as illustrated here, it is possible to
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extend this concept to the case of general or
multiple isomorphism where instead of having a
one-to-one correspondence of elements in two
groups, there may be several elements of one
group isomorphous to a single element of another
group.

GEOMETRICAL Basis

5. Elementary properties of motions

While group theoretical methods are extremely
elegant from a purely mathematical point of
view, they have the disadvantage of not being
easily visualized unless studied on a more
geometrical basis. We shall proceed therefore
with a consideration of some simple geometrical
properties. We are interested only in the possible
motions® of a figure when one of its points
remains fixed in space.® Since the position of
any rigid figure is determined by the positions
of any three of its points which are not collinear,
the only two possible types of motion are rota-
tions through some angle ¢ around an axis
passing through the fixed point and reflections in
a plane containing that point; all other types of
motion may be reduced to a combination of these
two fundamental ones. Hence two different
Positions of the same figure (or any two identical
figures that have a point in common) may be
brought into superposition by means of a rota-
tion ; both the direction of the axis and the angle
of rotation are determined by the initial positions
of the two figures. Also any two mirror images
may be brought into superposition by a reflection
plus a rotation around an axis perpendicular to
the plane of reflection.

6. Combined motions

A product of two motions may be defined as
their combination. Obviously the product of two
rotations is another rotation; the axis and angle
of this resultant motion are determined by the
axes and angles of the components. The product
of two reflections must be a rotation, since by

reflecting the mirror image of a figure F once

5 Motion is meant here in the strictly geometrical

ense.

¢ While the motions discussed here are not to be corre-
lated with the actual movements of a molecule, we can
take advantage of the fact that in the problem of de-
termining the energy levels the center of gravity of the
system may be considered to be stationary.
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Fi1G. 2. Reflections from two intersecting mirrors.

more, we get F again. This last case may serve
as an illustration and will therefore be discussed
in a little more detail.

Consider two intersecting mirrors a and b and a point M.
In Fig. 2, a and b are taken to be perpendicular to the plane
of the paper with M in the plane. The reflection in a
will bring M to the position M;; the reflection in b will
further shift it to M,. It is evident from the figure that?
(OM, OM,)=2(a, b). Also OM =0OM,=0M, and OM and
OM, are both perpendicular to the line of intersection.

Hence the product of two reflections is a
rotation by an angle 2(a, b) around the line of
intersection of the mirrors @ and b.

Corollary.—The product of a rotation and a
reflection in a plane containing the axis of rota-
tion is equivalent to a reflection in another plane
passing through this axis. The angle between the
two planes is equal to half the angle of rotation.

Assume now that the order of the two reflections has
been interchanged. The effect of & would be to bring M to
M’ and then @ would reflect it to M"'. Now: (OM, OM")
=2(b, a) = —2(a, b). The result is a rotation by the same
angle as before but in the opposite direction—the order of
two reflections may not be interchanged.

Another important result is the following : The
product of two rotations by = around intersecting
axes % and v is equal to a rotation around an axis
perpendicular to # and v, by an angle equal to
2(u, v).

7 (a, b) will always denote the angle between two lines
a and b, the positive direction being from a to b.
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The correctness of this statement can be shown as fol-
lows: The product has to be a rotation. Now take any
point M on a line perpendicular to # and v and passing
through their intersection O (Fig. 3). The first rotation by
« brings M to another position M’ on the same line, such
that MO=0M'; the second rotation brings it back to M.
Hence this perpendicular line remains unchanged and is
actually the axis of the resultant rotation. To determine
the angle, consider the axis # itself. The rotation around
u obviously leaves it unchanged; the rotation around v
brings it to a position %’ such that (, v) =(v,. %’). Hence
(u, #') =2(u, v) as was stated above. In an exactly similar
way, we may show that the product of the two rotations
taken in reverse order is a rotation around the same axis
and by the same angle only in the opposite direction.

The product of two operations depends in
general on the order in which they are taken.
However, the following special operations are
interchangeable (as shown in the less obvious
cases in the corresponding figures) :

I. Two rotations around the same axis;

I1I. Two reflections from perpendicular planes
—they are equivalent to a rotation by =;

III. Two rotations by an angle 7 around
perpendicular axes;

IV. A rotation and a reflection in a plane
perpendicular to the axis of rotation (Fig. 4).

The product of a rotation and a reflection in a
perpendicular plane which is thus defined un-
ambiguously is called an improper rotation or a
rotary reflection. We may treat an improper rota-
tion as being the fundamental operation involv-
ing a reflection. An.ordinary reflection is an
improper rotation by the angle zero. There is
another important special case of it if the rotation
is by an angle 7. As may be seen from Fig. 5,

M

o

7

M

Fi16. 3. Rotations by an angle = around two
intersecting axes.
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=l

M, M,

FI1G. 4. Rotation and reflection in a plane perpendicular
to the axis of rotation.

every point M is transferred by this operation to
a position M; such that the three points M, O,
and M, are collinear and MO=0M; (O is the
point of intersection of the axis with the plane).
The result is thus independent of the direction of
the axis and depends uniquely upon the position
of the point O, (i.e., of the fixed point); the
operation is called an inversion and O is the
center of inversion. We may add to our list of
interchangeable operations:

V. An inversion and any other operation (this
is a consequence of I and IV).

7. Symbolic notation

Following Schoenflies we denote symbolically
any rotation by an angle ¢ around an axis ¢ by
C(¢p), similarly a reflection in a plane s is called
o,. If there is no ambiguity, we may omit
writing s. In a case where there are several axes,
a rotation around an axis ¢ may be represented
by A(p). An improper rotation is represented by
S(¢) and an inversion by I. The identity opera-
tion, one which leaves all points unchanged, is
symbolized by E. Since C(2¢) is equivalent to
two successive rotations by ¢, i.e., to the product
of two such rotations, we define:

Cp)=C(2¢);
or more generally :
C(p)C(¢)=Clo+¢) and CHe)=Clke); (9)
k being any number whatsoever. Thus if k= —1,
CYp)=C(—¢). If ¢=2r/n, where n is an
integer, C, may be used instead of C(y). With
this notation we have the following set of rela-

tions, which are an analytical statement of the
various geometrical properties discussed above:
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/

N\

FiG. 5. Inversion.

Ci1Cr=CoCo'=E, Cy"=E, Ca?=Chpp,

Ci=E, o’=E; ol=o0.
C"(Th= UhC'n= Sn; S2n2"=E; S2n+12"+1=¢7h (10)
o= Uy;
Ceon=1; I*=E; I=I7;
Ioy=Cy; IC,=C,l.

h and v are two mutually perpendicular planes
intersecting in # and ¢ is a line perpendicular
to h.

8. Symmetry properties and elements

Among all the possible rotations and reflec-
tions, we may select certain ones which have the
special property of bringing the figure into super-
position with itself. These motions are called
covering operations. If the only motion which will
accomplish this result is a rotation by 27 (or
zero), the system is said to have no proper
symmetry ; however, the only cases of interest are
those which do have some kind of proper sym-
metry. Take for example an equilateral triangle
(Fig. 6). The three positions obtained by rota-
tions of 27/3 and 4w/3 around an axis through
the center'of the triangle and perpendicular to its
plane are undistinguishable. We may thus have
axes, planes and centers of symmetry depending
on whether the covering operation is a rotation,
a reflection or an inversion. If the covering opera-
tion is a rotation by 2x/n, the symmetry axis is
said to be #n-fold. The symmetry element cor-
responding to an improper rotation is called an
axis of the second kind or an improper axis. The
following relations hold between various sym-
metry elements:?

I. The intersection of two symmetry planes is

a symmetry axis. If the planes form an angle of

8 The statement in parentheses indicates the general
nature of the proof.
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2 3 1 2 3 1
Fi1G. 6. Proper symmetry of equilateral triangle.

w/n, the axis is n-fold. (Cf. the discussion about
the product of two reflections.)

ILI. If a symmetry plane contains an n-fold
symmetry axis, there are n—1 additional sym-
metry planes going through that axis, the angle
between two successive planes being 7/7. (This
follows from the repeated application of the
corollary in §6.)

ITa. An important special case of II is n=2.
A twofold axis and two perpendicular symmetry
planes passing through it are always present
together; if a figure has two of these elements, it
must necessarily have the third.

III. An even-fold axis, a plane perpendicular
to it, and a center of inversion are also inter-
dependent; any two of these elements require the
presence of the third. (See the definition of rotary
reflection and inversion in §6.)

IV. Two twofold axes forming an angle of
w/n require a perpendicular 7-fold axis. (See
discussion in §6 of result of two rotations by .)

V. A twofold axis and an n-fold axis perpen-
dicular to it postulate #—1 additional twofold
axes, the angle between two adjoining ones being
«/n. (This follows from the repeated application
of result mentioned under IV.)

9. Geometrical definition of a group

From the very definition of covering opera-
tions, it is evident that they obey the postulates
stated ,in §1; hence, the total set of covering
operations of a symmetrical figure constitute a
group. Any operation of the group will transform
the system of symmetry elements into itself,
since the figure to which the system belongs is by
definition brought into superposition with itself.
Symmetry ‘elements which may thus be trans-
formed into one another are called equivalent.

In this connection, consider the following case: a system
consists of a threefold axis ¢ and 3 twofold axes, %/, %'/ and
', perpendicular to it. (Fig. 7.) Take any point M on ¢
above the plane of the « axes; a rotation by = will bring it
to the position M’ below the plane. The two halves of the
axis ¢ may be transformed into one another, the axis is
said to be two-sided. Take now any point N on say %'
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F1G. 7. One-and two-sided axes of rotation.

Rotations around either ¢ or 4" and %' can bring it only
to the positions N1 on %" and N, on #'”, there is no opera-
tion which can bring one part of the #’ axis in superposition
with the other. The axes u are one-sided. If the axis ¢ were
2n-fold, the twofold axes would be two-sided for there
would be an operation Cia"=Cj, and a rotation by = can
bring one-half of any line perpendicular to the axis into
superposition with the other half.

10. Transformed operations

Consider an operation 4 with the element a
and an operation G which transforms a into b;
then the operation B which is connected to b in
the same way as 4 is connected to ¢ is its con-
jugate® B=GAG™. While this result is perfectly
general, the proof will be restricted to the case

- where 4 is a rotation, 4= 4 .. GAG is obviously

a rotation. Consider the effect of it on b; if G
transforms @ into b, then G-! transforms b into a.
4 acting upon the result will leave it unchanged
and finally G will transform it back to b. Since
the resultant rotation G4 .G leaves b unchanged,
b is its axis. To show that the angle of rotation
around B is also 27/# we must show!? that

B*»=FE and Br#E if pH#n.
B?=(GA.G)?=GA,GGA G - -GA .G
p factors
=Eif p=n
=GA*JG~1{ .
#E if p=~n

A purely visual, very elementary proof may be given in
the special case of an equilateral triangle (Fig. 8) where a
and b are twofold axes and 4 is a rotation by =. We let G
be a rotation (in the trigonometric sense) by 2x/3 around
the threefold axis passing through O and perpendicular to

? We make the convention that in a product of operations
like LMN, N is performed first, then M, then L. This is in
accord with the usual rules of matrix multiplication but
dis%grees with Schoenflies.

1
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F16. 8. Transformed operations illustrated for the case of
an equilateral triangle.

the plane of the triangle. We want to find the effect of the
combined operations GAG™ on a point M. G™! is a rotation
by 27/3 in the negative sense. It brings b to the position 5’
coincident with @ and M to M". (All equal distances on the
figure are marked off). 4 obviously leaves b in the position
b and shifts M to the position M”. Finally, G the rotation
by 27/3 brings b back to its original position and M’ to
M. The result of GA,G™ is thus to shift M to M"", but
it is evident that the same result is obtained directly by
performing a rotation by = around 6. Hence we actually
have GA,G'=B,.

11. Transformation of an n-fold axis into itself

Assume that the n-fold axis coincides with the
2 axis of the coordinate system and let the posi-
tive sense of rotation be counterclockwise around
the positive direction of z. Consider two lines /;
and /, in the xy plane such that we go from /; to /,
in the trigonometric sense through the angle
27 /n. If the transformation G performed on the
symmetry elements does not affect the relative
positions of /; and /s, /; can be brought to the
position /; only by the operation C,. In this case
there will be no possibility of transforming C,
into C,'. For example: every rotation is con-
jugate only to itself if the operation G transform-
ing the symmetry element is a reflection in the xy
plane, or an inversion, or more generally any
improper rotation around the z axis. On the other
hand, if the operation G is such that it inter-
changes /; and I; or changes I, to —I; (or I; to
—1Iy, but not both) it is possible to bring I; into
the position I, by means of C,! and to have C,
conjugate to C,~'. Among operations G of this
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without having to set up the multiplication table
of the group. The different types of covering
operationsgive the number of classes; the number
of elements in each class is found by considering
the number of equivalent symmetry elements
corresponding to each operation.

With this geometrical interpretation it is easy
to determine and classify all the possible types of
symmetry groups. We shall consider first the
problem of finding groups of higher symmetry by
adding certain symmetry elements to lower
symmetry groups. By analogy with {4} which
stands for the period of 4, {4, B} will represent
all quantities of the type A™B", where the order
of 4 and B cannot be interchanged. Consider a
group!! @ with the system of symmetry elements
g; we want to add to it a system of elements a
with the operation 4 corresponding to one of the
elements a of a. What conditions must the system
a and the operation 4 satisfy in order that
{®, A} should constitute a new group? In any
group the total system of symmetry elements
transforms into itself under every operation of
the group. The ensemble consisting of g and a
will obviously satisfy this requirement if every
power of A transforms ¢ into itself and every
operation of ¢ brings a into superposition with
itself. If @ consists of thé operations E, GW,
G®, ... G@D, this means that corresponding to
every operation G® and every power m of A
there is another operation G such that:

AnGWA-m=G® or A"GW=G@A™. (12)

We may further note that if a, a® etc., are the
equivalent elements of a then there is an opera-
tion GMA(GW)1=A® which has the same re-
lationship to @™ as 4 has to . We can now prove
that under these conditions {®, 4} actually repre-
sents a group. Since ® is a group and 4 a covering
operation (corresponding to a), all’> we have to
show is that the product of any two operations,
say GPA™ and GWA" is contained in {®&, 4}.
From Egs. (12) and the group property of ©, it
follows that

kind are reflections in vertical planes bisecting-

(l1ls) and rotations by 7 around either /; or ;.

12. General properties of symmetry groups

The preceding discussion concerning conjugate
operations enables us to determine the classes

GOAPGDAr= AmGWGDAr = AmG® A
= AGWA-mArAm=GWO4rm  (13)

1 Cf. the notation in §3.
2 The covering operation of the type A™G® is by Eqs.
(12) equal to an element of {®, 4}.
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F16. 9. System of axes for dihedral group Dypy;.

which by definition is contained in {®, 4}. 4 and
its. powers may transform elements of & into one
another, which were nonequivalent with respect
to the operations of . Hence we need not expect
that the classes of a rotation group should be
identical with the classes of the group of the
second kind derived from it. This will be the case,
however, if 4= I for an inversion can only trans-
form each single symmetry element into itself.
Furthermore, we have seen in §11 that if an
n-fold axis is transformed into itself by an inver-
sion, each power of C, remains conjugate only to
itself. Since an inversion commutes with every
other operation (§6, V), a class of the group {®, I}
is obtained from a class of @ by multiplying every
conjugate element by I, for G®GH(GW)~1=G™
implies GWIGW (G®)~1=IG™. Hence {®, I} has
twice as many classes.as ©.

It may be shown that the method of con-
struction presented here will actually lead to all
the possible symmetry groups. Furthermore one
can prove that if a group has more than one axis
of symmetry of higher multiplicity than 2, its
system of axes is identical with that of a regular
polyhedron. The only regular polyhedra are the
tetrahedron, the cube, the octahedron, the
dodecahedron and the icosahedron. Of these the
cube and octahedron have the same set of sym-
metry axes and the same is true of the icosa-
hedron and dodecahedron. This restricts the
number of possible groups of this type to a
very few.

It might be pointed out in this connection that
a regular polyhedron of # edges admits 2z cover-
ing operations of the first kind. This is due to the
fact that any edge may be brought into super-
position with any of the 7 others (including
itself) in two different ways.
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F1G. 10. System of axes for dihedral group Dy, -

13. Classification of symmetry groups

This represents merely a tabulation. We shall
start by considering first the groups of rotations
and then add on to them symmetry elements of
the second kind.

(A) RotaTioNn GrOUPS
I. Cyclic groups C

The simplest possible type of symmetry consists
of just one n-fold axis ¢ which is one-sided. The
corresponding groups of operations are called
cyclic and denoted by C,= {C.}. Since all opera-
tions of a cyclic group are commutative, it has
many classes as elements.

II. Dihedral groups D,

To construct a rotation group of higher order
and symmetry we can add to the n-fold axis a
perpendicular twofold axis #. According to
V, §8 this postulates #—1 additional twofold
axes u®, 4® ... D perpendicular to ¢; (the
angle between two adjoining ones, is, of course,
w/n). The resultant system obeys the symmetry
requirement of §12. (It may be pointed out that
this symmetry requirement could not possibly be
satisfied unless the twofold axes were perpendicu-
lar to the #n-fold one). Thus D,={C,, Us}.

To find the classes of D, we note that in this
case, according to §10, C,* and C, %= C,** are
conjugate to each other. The actual determina-
tion of the classes is different for groups of odd
and even orders.

Consider first the group Da,i1. (See Fig. 9.)
Successive rotations Cjp41 will bring the twofold
axis # to coincide with the directions #®,
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UD oo @ 4O y®.. .40 and back to u.
Hence all the twofold axes are equivalent and the
2p+1 rotations by = corresponding to them are
all in one class. Among the rotations around ¢
there are 2p operations different from the iden-
tity which are conjugate to each other two by
two. There are thus p classes of two elements
each. The total number of classes is hence p+2.

Consider now a group of even order, Ds,. (See
Fig. 10.) Successive rotations Cs, will transform »
to u®, uW...0rD gy ... —yCrD 4
No even-numbered axis can be transformed into
an odd-numbered one; there are two non-
equivalent sets of twfold axes and correspond-
ingly two classes. Among the rotations around
the 2p-fold axis C»p?=Cs, 7= C, is in a class by
itself; the remaining 2p—2 operations that are
different from the identity are conjugate two by
two. Hence the group D., has altogether p+3
classes.

An important special case is the group D.. It is
usually known as the ‘“Vierer” group and is
symbolized by V. Its system of three mutually
perpendicular twofold axes is identical with the
cartesian coordinate system.

III. Tetrahedral group, T

This is the group of covering operations of the
regular tetrahedron. It can be generated from the
Vierer group by the addition of a system of
equivalent threefold axes which will make the 3
twofold axes equivalent; (see Fig. 11). Thus:
T={V, C;}. The tetrahedron has 4 threefold axes
connecting each vertex with the center of the
opposite face; the 3 twofold axes join the centers
of opposite edges. (One axis of each kind is drawn
in Fig. 12). The twofold axes being equivalent,
the 3 rotations by 7 are in one class. Since in this

Fi1G. 11. A system of two and threefold axes.
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case no operation transforms a threefold axis into
itself, the rotations by 27/3 and 4 /3 are in differ-
ent classes and the total number of classes is 4.

IV. Octahedral group, O

The octahedral group may be generated from
T by adding a system of equivalent twofold axes.
It is easier, however, to discuss the group on the
basis of the symmetry elements of the cube or of
the octahedron. A cube has 3 fourfold axes con-
necting the centers of opposite faces; the 4 main
diagonals are threefold axes, and in addition to
this there are 6 twofold axes which join the
centers of opposite edges. Again only one axis of
each kind is drawn in Fig. 13. It may easily be
shown that all axes of the same multiplicity are
equivalent and that all the rotations C,* and
C,"* are conjugate. Hence O has the following 5
classes: E, 8 rotations by 2w/3, 6 rotations by -
/2, 3 rotations by = around fourfold axes, and 6
rotations by 7 around twofold axes.

V. Icosahedral group P

This particular symmetry type has no crystallo-
graphic application and it is doubtful whether it
is needed for polyatomic molecules. It will,
therefore, be mentioned only briefly for the sake
of completeness. The group does not have any
standardized symbol. P (for pentagonal dodeca-
hedron which is one of the two polyhedra
corresponding to the group) is suggested here; it
has the advantage over Placzek’s notation that
it does not conflict with any other symbol. P
consists of sixty operations; its symmetry ele-
ments are as follows: 6 fivefold axes, 10 threefold
and 15 twofold ones.-For more detailed results
reference may be made to Speiser.*

(B) Groups OF THE SECOND KIND

A suitable reflection may be added to the
rotation group ® to give rise to a new group
{®, o}. Since o?=E, these groups of the second
kind will have the same number of improper as of
proper rotations. It may be shown®® that two
groups {®, o1} and {®, g.} are identical if and
only if o107 is a rotation contained in @, i.e., if the
intersection of the two planes is a symmetry
axis of ®. It may also be shown that groups

13 Schoenflies, p. 80.
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Fi1G. 12. A two and a threefold axis of the
tetrahedral system.

constructed by adding an inversion to a group of
rotations are already contained among the
{®, o} type, or else are identical with groups
having an improper axis. It is convenient though,
to indicate, whenever a group has a center of
symmetry, for then according to §12 its classes
may be obtained very simply from the corre-
sponding group of rotations. These general state-
ments are sufficient to determine all the groups
which have symmetry elements of both the first
and the second kind. We shall assume that the
principal n-fold axis is vertical; k will denote a
horizontal plane and » a vertical one. The
addition of either one of these elements to a group
of rotations will be symbolized by adding an &,
respectively a v as subscript to the group symbol.
The most important features of these groups will
now be summarized.

VI. Cyclic groups Can

By definition C,,= {C4, ox}. All the operations
of this group are commutative;! it has as many
classes as elements. According to III, §8, the
groups of even order have a center of symmetry.
The group Cy; is sometimes denoted by C,.

VII. Cyclic groups C .,

These groups contain #z vertical symmetry
planes (see 11, §8). The operations consist of the
# rotations and the #» reflections. By a reasoning
analogous to the one used in the case of the
dihedral groups it may be shown that for # even
the #» symmetry planes form two nonequivalent
sets, while for z odd all the planes are equivalent.
Also, by §11, C,* and C,»* are conjugate to
each other. Hence C:,, has the following p-3

1 See IV, §6.
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F1G. 13. A two, three and fourfold axis of the cube.

classes: E, 2 sets of p reflections each, a rotation
by = and p—1 sets each consisting of two
rotations. Similarly the group Cspi1, » has p+42
classes.

VIII. The groups S,

There are groups of operations whose only
symmetry element is an improper n-fold axis.
S.={S.} and the groups are Abelian. It may be
shown very easily by writing S,=Cro, and
considering all the elements of S,, that for
certain values of 7, the improper #-fold axis is
equal to simpler symmetry elements. Thus:

Sopp1= {Cg,,+1, Uh} =C2r+1. B3
Sipsa= {Caps1, I} =Copp, 318

No such relation exists, however, for Sy,.

IX. Dihedral groups D,

If a horizontal plane is added to a dihedral
group of rotations, its presence postulates!® #n
vertical planes going through the twofold axes.
Since D, consists of 2% operations, D,; will have
4n of them. The additional operations are obvi-
ously the # reflections in the # vertical planes and
the # improper rotations (among them is included
the improper rotation by an angle zero, i.e., the
reflection in the horizontal plane). The new
symmetry elements do not transform any of the
symmetry axes into one another that were
nonequivalent before. Hence the rotations of D
will be divided into classes in the same way they
were in the case of D,. The vertical planes are
again equivalent if # is odd and divided into two
sets if # is even. If C.* and C,~* are conjugate to

16 This last symbol is part of the standard crystallo-

graphic notation.
16 See statement’I1a, §8.
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each other, i.e., if for any operation G of the
group GC,*G-1= C,~*, then G S,*G~1=Go,C,*G™
= G‘O’}.G_IGC"”G—‘ = GorG™! Cp k= (23 Cik= N H
because o) can only be conjugate to itself since
there is no plane equivalent to 4. The improper
rotations are also conjugate two by two. Hence
D,. has twice as many classes as D, i.e.,
Dg,i1n has 2p+4-4 classes and Dg,, has 2p+6.

X. Dihedral groups D na

Since D., contains already vertical planes
going through the twofold axes, the only other
way a vertical plane could be added to D, and
still transform the system of axes into itself
would be to have it bisect the angle of the
twofold axes (Fig. 8 or Fig. 9). This plane is
called ¢ (for diagonal). Again one plane of this
type postulates #—1 additional ones. These
diagonal planes reflect two adjoining twofold
axes into one another, hence in this case the
twofold axes are equivalent both for even and odd
values of #. Similarly all the planes are also
equivalent. Since the angle between a plane and
an axis is always an odd multiple of 7/2n (even
multiples give the angle between two planes or
two axes), in the case of # odd, one of the planes
is always perpendicular to one of the twofeld
axes. Hence for n=2p-+1, the system has a
center of symmetry.

The 47 operations of Dq are the # rotations
around the n-fold axis, the # rotations by =
around the axes %, ™ etc., the 7 reflections in
the diagonal planes, and another set of 7 opera-
tions of the type G=Ussas. To obtain these in
a more customary form, we consider a vertical
plane v going through the axis %. Then, according
to Eqs. (10), U2=o';.o',, and G—_— U20d= ORr0»0d.
Since the two planes » and d intersect in the
n-fold axis and the angle (v, d) is an odd multiple
of m/2n, o,00=C((2k+1)27/n) and G=0,Cs,2k*!
=Sp. ¥+ (k=1, ---n—1). By analogy with the
case of D,;, we find that S;,2**! and Si,~%*~1 are

- conjugate to each other.

From the preceding discussion we obtain the
following classes for D3 pa.

E, a rotation by = around the 2p-fold axis,
p—1 classes of conjugate rotations, one class of
2p rotations by =, one class of 2p reflections, and
p classes of conjugate improper rotations; alto-
gether 2p+3 classes.
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Since D3,410 has a center of inversion, it has
twice as many classes as Dg,yy, i€, 2p+4. For
details, reference may be made to Section I1.

X1I. Tetrahedral group, Tq

The six symmetry planes of Ta={V,, C;} pass
through an edge and the median lines of the two
opposite faces, and each contains one of the
threefold axes. Since the plane of symmetry is
vertical with respect to the threefold axis, the
rotations C; and Cy'=C3? will be conjugate to
each other.'” Also the twofold axes of T are now
equivalent improper fourfold axes since the
generating group is Va. We obtain then the
following classes for Tj:

E, a class of 8 rotations around threefold axes,
a class of 6 reflections, a class of 6 improper
rotations around fourfold axes, and a class of 3
rotations by = around these improper axes,
altogether 5 classes.

XII. The group Ty

This group is derived from V; by the addition
of a threefold axis, quite similarly to the con-
struction of T from V; Ty={V;, Cs}. Since V,
has a center of inversion, T, will have one too,
ie., To={T, I} and its 8 classes can be obtained
directly from those of T. The standard notation
T, for this group is somewhat misleading, for as
arule % is perpendicular to the principal axis, i.e.,
the axis of greatest multiplicity, while in this
case it is perpendicular to a twofold axis.
Furthermore, it is evident that the geometry of a
tetrahedron does not allow a center of symmetry,
so that this so-called tetrahedral group is not a
group of covering operations of the tetrahedron.

XIII. Octahedral group, Oy

From the discussion of the symmetry of the
cube, we see that any symmetry plane % will
contain 2 fourfold axes and 2 twofold ones.
Hence'® its presence postulates both » and d
planes and there is no other way of constructing
a group of the second kind from the group O.
O; has a center of symmetry, so that its 10
classes are immediately known from those of O.

17 See §11.

18 See statement 11, §8.
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X1IV. Icosahedral group, P,

This group also has a center of inversion, the
plane % being perpendicular to the twofold axis.

(C) ContiNuous GROUPS

In addition to the finite groups, three infinite
groups must be considered. They are called D,
C.v and D, and are analogous to D,, C,, and
D ... The four group postulates may be extended
to include an infinite number of elements!® and
the other concepts such as characters irreducible
representations, etc., follow in a logical manner.

Consider the rotations around a fixed z axis
by the angle ¢, which may take an infinity of
values between 0 and 2. This group, in analogy
with the cyclic groups is called the two-di-
mensional pure rotation group, C,, and is
Abelian. It is a sub-group of the two-dimensional
rotary reflection group, C., which is formed by
the addition of a plane of reflection passing
through the 2 axis. In this case, the rotations by
+¢ form a single class as shown before,?® and
the extended group is not Abelian.

The group D, is iscmorphous with this group,
but in place of the plane of reflection, there is a
twofold axis of rotation, perpendicular to the
2 axis.

The group D, contains in addition to the
infinite number of rotations about the z axis and
the twofold axis of rotation, a center of inversion.
It thus has twice as many classes and may be
written :

Dm].= {Deo) I} .

14. Correlation between molecules and sym-
metry groups

When coordinating a molecule to one of the
symmetry groups enumerated above, we must be
careful to use the most complete group which will
transform into one another the equivalent atoms,
ie., atoms which are identical and eccupy
geometrically equivalent positions. The incom-
plete group allows an asymmetry in the potential
field around each atom as will be shown on the
following example. Consider the molecule Xj;,
with its three atoms at the vertices of an equi-
lateral triangle. We might represent the potential

19 For the details of continuous groups and their theory,

see Wigner, Chapter X, page 97.
20 See §11; also Section VII, this §.
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Fi16. 14. A figure with the proper symmetry Cs.

field symbolically by means of lines of force.
Then if we take just C; as the symmetry group
of the molecule, a potential distribution shown
in Fig. 14 is permissible geometrically, even
though obviously quite impossible physically.

15. Introduction to the theéry of representations

Since we have identified the elements of the
symmetry groups with certain definite geo-
metrical operations, we should be able to find for
them analytical expressions, the so-called repre-
sentations. In this section we shall discuss the
geometrical meaning of representations and
indicate to what extent geometrical intuition can
serve as a guide in finding them.

Instead of actually specifying the group opera-
tions we could obviously indicate the numerical
value of some quantity associated with the
symmetrical figure for each one of the operations.
For example, in the cyclic group C, we could,
starting from some arbitrarily chosen point,
represent each operation C,* by the value of the
corresponding angle of rotation. Thus:

E C. C2 Ci -+ Cpt
0 2r/n 4r/n 67/n--- 2w(n—1)/n.

The disadvantage of this “‘representation’ is that
the corresponding group operation is not multi-
plication but addition combined with taking the
residue from an integral multiple of 2r; e.g.,
47 /548n/5=2nw+2x/5.

Obviously we could select in this way any
number of quantities but it turns out that the
resulting representations are not independent of
each other. One requirement for a suitable
representation is that it should have as its group
operation either ordinary or matrix multipli-
cation. Thus, in the example above, if instead of
giving the value of the angle we chose the com-
plex coordinate of a point on the unit circle, we
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would get as the coordinate of this point under
successive transformations:

E C. C2

1 e2riln  giriln ..

Cﬂn—l

. ez’r(n—l) iln i

which would be a satisfactory group repres-
entation.

If we take as our numerical quantity, a system
of unit vectors directed along the symmetry
axes, it would be an invariant under all opera-
tions. This case might be represented by ascribing
the identity (for simplicity just the number 1) to
every group element. This particular repre-
sentation is obviously possible for every group.
Consider now the example of a dihedral group,
D,. Take a point on the n-fold axis ¢ at unit
distance from the plane of the twofold axes.
Every rotation around ¢ would leave this point
unchanged so that we can represent each one of
them by 1. The rotations by = bring this point
below the plane; to them we can ascribe the
number —1.

These examples suggest that we could in
general consider the three coordinates xyz of a
point on the unit sphere and see what happens
to them under various operations. If the opera-
tion G shifts M to the position M, with the
coordinates:

Xp=gux+g1y+g13%; Yo=gu¥+ga2y+g2s2;
2,= g%+ ga2y+ 2332

the nine numbers g1, g1z * gss can be assigned
to G as its representations. The only way,
however, to have these nine numbers obey
simple multiplication is to take their matrix:

g
g21
g31

g12 L13
g22  g23
g3z £33

G— (14)

This intuitive method of finding representa-
tions makes clear their geometrical meaning but
otherwise has some very serious drawbacks.
There is too much arbitrariness in the selection
of the numerical quantity associated with the
symmetrical figure and no simple way to ascer-
tain whether all possible representations have
been found. Also we do not know whether the
representations obtained are independent of one
another. Still another objection is that no obvious
meaning can be attached to representations by
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matrices of higher order than the third. As a
result we have to use other more formal methods
to obtain the representations in any but the
simplest cases.

THEORY OF REPRESENTATIONS

16. Linear substitution groups

Since we are interested only in the symmetry
groups, i.e., the groups of covering operations of
symmetrical figures, we shall limit our study of
the theory of representations to this special case.
As a consequence, one should be very careful
about extending any of the statements made here
to groups of a more general nature.

The more formal method of finding the repre-
sentations is based on a study of linear trans-
formations. Consider a substitution of degree m :

x1=aux1’+amxz'+ e +almxm’y

KXo =21%1" +@as%s’ + + + + - ComXm (15)
X = A 1%+ Ao+« + - A
with the matrix 4
@11012° * *C1m
A21Q22° * * G
A = 2'1 22‘ 2m . (16)

Am1lm2* * ‘amm/

This may be written

xi=za'iixi’1 (7'= 11 2. ‘m)’ (17)

=1

or X=AX", (18)

where X stands for the vector with the com-
ponents xi, X2, etc.

Assume that there are further substitutions of
the same type, X'=BX", X""=CX"", etc. These
matrices obviously obey the associative law,
(AB)C=A(BC). If the set of matrices is finite
and closed,? these together with the unity or
identical substitution form a linear substitution
group.

To distinguish specifically between an abstract
element or operation R and the matrix of the
transformation corresponding to it, we shall de-
note the matrix by I'(R). The representation

consisting of the matrices I‘(E), T'(4), etc., will

2 The set of matrices is said to be closed if the funda-
mental group property I is fulfilled.
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be denoted by T'; a superscript will be attached to
T whenever the representation is irreducible.

Every finite group is isomorphous with some
linear transformation group, and when this is
found, the matrices I'(4), I'(B), and I'(4B) can
be associated with the elements 4, B, and 4B of
the finite group in such a way that:

if AB=C,
T(A)T(B)=T(4B)=T(C).

It may be shown?? that all representations can
consist of unitary matrices only, i.e., of matrices
for which T'(R)t=T(R)™; I'(R)} indicates the
transpose of the conjugate matrix of I'(R). If
T'(R) i is the element in the sth row and kth
column of T'(R), then the corresponding element
of T'(R)t is T(R)xs, where the bar designates the
compléx conjugate.

In case there is a different matrix for each
element, the representation is said to be fasthful.
The isomorphism may, however, be of the general
type in which one matrix represents several
elements of the group. One multiple isomorphism
of any group is the previously discussed case in
which the matrix (1) is associated with each
element.

also

17. Reducible representations

Suppose the matrix corresponding to one of the
elements of the group has the general form (16).
It is often possible to find such a transformation
of coordinates that

% =auxy A0, apXan) 0 Gk

% =agxi 4 - - +a2m%m
xﬂll=aﬂlxl'+ cclny, n+lxn+ll+ e
+anmxm’ (19)
Enyr’ = Qng1, nir®ag) 00t
+an+1. mxm,
xm”= Am, n+lxm+ll+ e +ammxm,~

This matrix has the form
P Q
o S)'
where P and S are square matrices of degree n

and (m—n), O is a zero matrix, and Q has (m—n)
columns and # rows but may also be a zero

2 See Wigner, Chapter IX.

(20)
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matrix. If a transformation can be found which
will put all the matrices of a given representation
in this form the representation is said to be
reducible. It is always then possible?® to continue
the process by a convenient choice of axes until
every matrix of the group has the appearance

r®O(R 0o
I‘(R)=( (0) T®(R) )’

If there is no transformation which will in turn
put every matrix T'®(R) (or T®(R)) in the form
(21), then the set of matrices T'(R) is said to be
completely reduced and I'V(R), I'®(R) are called
the irreducible representations.

The & operations of a group may be acting on
any number 7 of variables xi, x2,---%x, The
complete representation of the group referred to
these » variables will consist of matrices of # rows
and columns. If we write such a matrix in reduced
form, some of the matrices of the irreducible
representation may occur more than once (and
some may not come in at all), due to the fact that
the number 7z is independent of the group.
Matrix expressions of the type given by (21) will
be symbolized by

I'(R) = ZaOTO(R) (22)

where a(? gives the number of times the irre-
reducible matrix T‘9(R) occurs in the reduced
form of I'(R). Instead of dealing with individual
matrices, we could write the representation I' in
the same symbolic form:

=Y aOrm,

18. The character

The task of finding all the representations for
any group is rather cumbersome for any but the
simplest group. However, for most physical
applications it is sufficient to know only the sum
of the diagonal elements of the matrices. From
any set of matrices representing a group, in-
finitely many new ones may be obtained by
transforming with an arbitrary matrix, G

21

(23)

GEG'=E GBG'=B', etc.,
GAG'=4'
and if
AB=C GAG'GBG'=GABG'=GCG™.

23 See Wigner, Speiser, reference 4. An illustration of
the com?lete reduction of the matrices for the group (7)
may be found in Bauer, p. 79.
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These transformed matrices therefore follow the
same multiplication properties. The sum of the
diagonal elements is also the same.

Spur AG= Zaikgki = Zg;,,-au,,: Spur GA
ik ki

and Spur GAG'=Spur AGG™'=Spur 4.

The spur in this connection is called the character
and designated by x(R), where R stands for any
element of the group. (Cf. I'(R).) The characters
of matrices representing elements of the same
class are identical.

19, Properties of the character

Some important properties of the character
will now be presented without proof. For further
details, the texts cited must be consulted.

I. If there are 7 classes for a finite group, there
canonly ber different irreducible representations,
IO T® ... T, The characters corresponding
to I'» will be symbolized by x‘?(R).

II. Class E is always represented by the unit
matrix. The characters, x(?(E) are thus equal to
the dimension of the representation and consti-
tute a divisor of the order of the group.

III. The dimensions of the representations can
be determined from the relation:

X®O(E) P+ [x™ (B) 1
4 [XP(E) =P

With 7 and % given, there will be a unique way?*
for all the symmetry groups of satisfying Eq.
(24) with integers.

IV. Thecharacters form an orthogonal system :

SxD(R)X(R) = hb . (25)
R

(24)

Not only the characters but aiso the repre-
sentations are orthogonal. If f; and f; are the
dimensions of the representations T'¥ and T'(?,
then:

%I‘“’ (R) apT D (R) o=/ (fif )1 1850 audpr  (26)

The characters x(R) of the reducible repre-
sentation are given by :

x(R) = SahxD(R),

7=1

@n

2 The solution, however, is by no means unique for other
types of groups.
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an expression analogous to Eq. (22) for the
matrices of the representation. Eq. (27) de-
termines the » numbers a¢? completely, for by
forming the scalar product with X(?(R), summing
over all group elements, and using the ortho-
gonality property (25), we get:

a"’=(1/h)§x(R)i‘f’(R); (28)
or by summing over the classes:
0O =(/NEXEROEM  29)

where £ is the number of elements in the class €.

20. Direct products

We shall introduce now a new concept. Con-
sider two vectors X and ¥ with the components
X1, Xg° %, and 1, y2* - -yn. We can associate
with them another vector Z which would have
for its components the products x;y,(t=1---n),
k=1..-m). We want to determine the transfor-
mation F such that:

Z=FZ' (30)
would follow from
X=GX' and Y=TY'. (31)
If:
xi=2gia¥a' and y=2theys  (32)
then XY= D Lialks¥a V', (33)
af
and Ziatkp=fir, ap (34)

is the element in the 7k row and B column of F.
This matrix with 77 rows and columns is called
the direct product of G and T and is written

F=GXT. (35)
The relation between the individual elements is
given by Eq. (34). The character of F is
x(F)= Zkfik. "= _Zkgiitkk = Zgu‘{,tkk
=x(@)x(T).
Consider now a group A with the » elements:
Ay, Ag,- A, and another group B with the m

elements Bj, Bs,: - -By; let all the A’s commute
with all the B’s. If we multiply every element of

(36)
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A with every element of B, we obtain a new set of
nm elements, which may be shown to constitute
a group. In fact, for every value of j, &, 7 and %/,
we have

A,‘.Bk‘Aierl=A7'A,"B}¢.Bkl=Ajan~. (37)

Similarly, we may show that the other group
postulates are also obeyed. This extended group
of nm elements is called the direct product of A
and B and is symbolized by AXB. We are
interested in finding the representations of the
direct product from the representations of the
individual factors. From the preceding discussion
concerning vectors we can conclude that if we
have two typical matrices T'(4 ;) and I'(By), then

I'(4 ;By) =T(A4 ;) XT(Bx). (38)
This expression is not to be confused with
T'(4;41)=T(A)T(4x)=T(4y)
if A,4,=4, (39)

This last equation refers to two matrices of the
same representations for two elements of a group,
the product of which is by definition again an
element of the group. On the other hand, in Eq.
(38) nothing is specified about the matrices
T'(4,) and T'(Bx) and 4;B;, an element of the
group A XY, is not equal to any other element of
that group.

We are interested chiefly in the characters of
the irreducible representations of the direct prod-
uct. The results for the complete representations
are given by Eq. (36). For Abelian groups, where
all representations are of the first degree, the
procedure for finding the characters of the direct
product is particularly simple. If x(4 ;) and x(B:x)
are the characters for typical elements of the
component groups, the corresponding character
in the direct product is x(4;)x(Bx). This is true
also in the general case for non-Abelian groups if
one representation is of the first degree and
another of the nth degree. The representation of
the product will also be of the nth degree and if
the component representations are irreducible,
the representation of the product is also irre-
ducible. However, if both representations are of
higher degree than one, the resulting product is
reducible. The reduction is readily made if the
table of characters for the two groups is known,
for multiplication of one set of characters by
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another will give a sum of characters already
contained in the table and this can always be
uniquely resolved into its irreducible parts.

Examples of the use of these rules are easily
shown with the group C,, whose characters may
be found in Table III. The following results are
obtained :

A1 XA1=A:XA4:=4,,
A1 X A=A,

A XEy=A3XEy=FE; k>0,
EyXEr=A4:1+As+Eqg k>0,
EwXE;j=E+i+Ex; 7, B>0; 7=k,

For notation see next paragraph.

21. Tables of characters

For methods of obtaining the characters, refer-
ence should be made to group theoretical texts.
Tables of characters for some of the point groups
were first given by Bethe? and then more com-
pletely by Wignert. In Tables I and II we give
the characters in a general form and explicitly
for the infinite groups and the 32 point groups of
interest in molecular structure. They are also
given by Mulliken and Tisza® but our tables
follow the arrangement of Wigner so that they
may be used with the results of Wilson,?” the only

TaBLE I. General form of characters for the isomorphous
groups Dn and Cpny with n 0dd; p=(n—1)/2, p=2w/n.

D, |E 2Cn? 2Cq! nCy
Cu | E 2Cn? 2Ca noy
4 |1 1 e 1 1
A4, |1 1 cee 1 -1
E, |2 2 cos po 2 cos ¢ 0
E, |2 2 cos 2pp 2 cos 2¢ 0
E, |2 2 cos pp 2 cos po 0

TABLE II. General form of characters for the isomorphous
group Dn, Cuy and Sy, with n even; p=n/2.

Dn |E G/ 2C,71 cee 2C,! pCy pCo’
Cny |E Co? 2,771 < 20, pay  pod
Sny | E SpP 25,771 - 28qt poy, 9Ca
A |11 1 st 11
Az |11 1 cee -1 -1
B |1 (=17 (=t cee =1 1 -1
By |1 (=P (—pr1 s =1 -1 1
E 2 2cospy 2cos(p—1¢p *+* 2cose 0 0
2 2cos2pe

2c082(p—1)¢ *** 2cos2¢ (1] (]

2cos(p—1e O o

Epy12 2cosp(p—1)¢ 2cos(p—12p -*-

2 Bethe, Ann. d. Physik 3, 133 (1929).

2% Mulliken, Phys. Rev. 43, 279 (1933); Tisza, Zeits. f.
Physik 82, 48 (1933).

27 Wilson, J. Chem. Phys. 2, 432 (1934).
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TaBLE I11. Characters for the 32 crystallographic point groups and for the infinite cyclic and dihedral groups.
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C l E
A 1
C; E I
C, E C,
Cun=C, E oh
A ’ Az I Al x, I 1 1
Aui %, 9,2 Bix,y "z 1 -1
C; l E Cs Cg?
A 1 1 1
1 w?
E {] w? w}
w=e2mil3
Can=CsXoan
Csi=Ss=Cs XTI
C E C, Cy Cg¢
Sy E C, Sy Sé
Ad;z2 1 1 1 1
B 1 1 -1 -1
meso | 1 0 7
Can=CyXI
Cs E Cs Cs C, C? Ce®
A 1 1 1 1 1 1
B 1 -1 1 -1 1 -1
E 1 w? wt 1 w? wt
1 1 wt w? 1 wt w?,
E 1 w w? -1 —w —w?
2 1 —w? —w -1 w? @
L —— Con=CoXT
Can E C o I
Cs, E C o af
V=D, |E Cy¥ Cy¥ (¥
4, Ay 2 Ay 1 1 1 1
B, By y Bs; x 1 -1 -1 1
Auiz 4, Bi;z 1 1 -1 -1
By; x+1y B;; x Bay 1 -1 1 -1
Vi=Du=VXI
D; E 2C; 3¢/
Cs. E 2C; 3oy
4, 1 1 1
Aa;z 1 1 -1
E;x+iy | 2 -1 0
Dy=D;sXI

difference being the order in which the repre-
sentations and classes are written down. If the
irreducible representations themselves, rather
than the characters are desired they may be
found in a paper by Seitz.28

The standard mathematical symbolism, used
in the earlier part of our paper has been replaced

2 Seitz, Zeits. f. Krist. A88, 433 (1934).

D, E C, 2C, 2C, 2Cy
Ce E C 2C; 20, 204
Vy=Dyy E C, A 2C, 204
A,y 1 1 1 1 1
Az | | 1 1 1 -1 -1
B, 1 1 -1 1 -1
B, 1 1 -1 -1 1
E; xiy 2 -2 0 0 0
Dy =DyXI
Ds E Cy 2C; 2Cs 3C, 3Cy
[o7% E Cy 2Cs 2Cs 304 30v
Dsn E on 2Cs 2Ss 3C; 30y
A Az I 1 1 1 1 1 1
A2z 4, Ay 1 1 1 1 -1 =1
B, B, Ay 1 -1 1 -1 1 -1
B, B, A2 1 -1 1 -1 —1 1
E, B Eiaxiy2 2 -1 -1 0 0
Ey;xtiy | Ey;xkiy E" 2 -2 -1 1 0 0
Den=De X1
T | E 3C; 4C; 4Gy
A 1 1 1 1
1 1 w w?
E {1 1w w}
T 3 -1 0 0
= e2mils
Ta=TXI
o] E 8Cs 3C, 6C: 6Cy
Ta E 8C; 3C, 60a 6.4
4, 1 1 1 1 1
A4, 1 1 1 -1 -1
E 2 -1 2 0 0
T, 3 0 -1 1 -1
Tii%, 9,23 0 -1 -1 1
0,=0XT
D, E 2C(¢) G
o | E 2C{e) oo
4, 1 1 1
4, 1 1 -1
E, 2 2cos ¢ 0
E, 2 2 cos 2¢ 0
Ey, 2 2 cos ke 0
Da=D,XI

by that used by Placzek? and Mulliken. Non-
degenerate states are indicated by 4, B; double
degeneracy by E and triple degeneracy by T.
States A are symmetrical while states B are
antisymmetrical to a rotation by 27 /% around the
principal n-fold axis, which is always in the z

29 Placzek, Handbuch der Radiologie, 2 Auﬂage, Band VI,
Teil 11 (Lelpzxg, Akad. Verlagsges., 1934), p. 205ff.



VIBRATIONS OF POLYATOMIC MOLECULES

direction. Different states of similar symmetry to
reflection in a plane perpendicular to the prin-
cipal axis are indicated by superscripts / and *
and subscripts g and % refer to symmetry and
antisymmetry with respect to a center of
inversion.

The symbols for the classes have been ex-
plained at somelength in §13. The number stand-
ing before the symbol for the class indicates the
number of elements in that class and the sum of
these numbers is the order of the group.

In addition to the groups given explicity some
others are given outside the tables as the direct
product of two groups. Their characters may be
found as described in §20 and in addition to the
states of the original group, which are g states
there are an equal number of u states.

To aid in finding the selection rules, the trans-
formation properties of x, y, z or x4y, z have
also been given. Where two or more groups are
isomorphous and the states are the same (ex-
ample, Dy, C4, and V,) the characters for the co-
ordinates refer to the first group in that table. To
obtain them for the other groups, one must
change the sign for improper rotations, for ex-
ample 2 transforms like 4, for D, but like 4, for
C., and like B, for V.

THEORY OF VIBRATIONS OF POLYATOMIC
MOLECULES

22. Introductory remarks

The problem is now to apply our knowledge of
the symmetry properties of the molecule to the
determination of vibration frequencies and of
normal modes of vibration. There are two sepa-
rate phases to this problem. First, we can de-
termine the number and types of fundamental
frequencies. We also have to ascertain the general
characteristics of higher vibrational states. Fur-
thermore, this phase includes finding the degree
of the equation of which some particular fre-
quency is a root. After this is known, we can
proceed to obtain explicit expressions for the
frequencies in terms of the nuclear masses and of
the constants of the forces acting between the
atoms. The qualitative results obtained previ-
ously should enable us to solve this second part
of the problem in the least cumbersome fashion.
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23. Number and types of fundamental vibration
frequencies

Assume that the problem has been solved and
that the kinetic and potential energies are given
in terms of the 3N-6 normal coordinates Q by:

. Tk .
T=%ZQ¢”+%ZI; 2 Ord?,
i a=1

; (40)
V=%Z)\~Q¢2+%§)\k 2 Qe

The coordinates denoted by two subscripts are
fi-fold degenerate.®® There are fi of them cor-
responding to one frequency 4/Ax; fi is the multi-
plicity of this frequency. Let the molecule be
subjected now to a symmetry (covering) opera-
tion R. This purely geometrical procedure cannot
possibly affect the physical state of the molecule
therefore T and V are both invariant under R.
Since the state of vibration is also unchanged, the
only effect R can have on a nondegenerate co-
ordinate Q; is either to leave it unchanged, or else
transform it into its negative. Symbolically this
may be written:
RQ;==Q.. (41)
The same result can be obtained purely alge-
braically, since it is evident from the form of the
expressions (40) that replacing Q; by —Q; will
leave the quadratic forms T and V invariant.
The degenerate variables Q. are not defined
uniquely, i.e., certain linear so-called orthogonal
combinations of them are still normal coordinates.

Take, as an illustration, the very simple case:
T=4(Qs+02) V=1MQ:240).
Any combination of Q1 and Q: of the type Qi'=0Q; sin ¢
+Q: cos ¢ and Q. = —Qy cos 34Q; sin ¢ will leave T and
V unchanged, as may be verified very easily by substitu-
tion. Hence, by definition, Q' and Q,’ are also normal

coordinates corresponding to the frequency  A.

The condition of invariance for T and V is
satisfied if R transforms eack Q. into a combina-
tion of all the coordinates corresponding to the
same frequency 4/\;

Ik
RQka =£I‘(R)kqukp; (@=1,2---fi). (42)

30 Of course, it may happen that all the frequencies are
single, in which case the double summations would not
appear.
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We may take each normal coordinate as the
numerical quantity discussed in §15, whose be-
havior under various operations R gives us a
representation of the group. We see from Eq. (41)
that the representations associated with non-
degenerate coordinates can consist only of =1.
Similarly Eq. (42) indicates that the representa-
tion corresponding to the fr degenerate co-
ordinates will be in matrix form, the dimensions
of the matrix being the same as the multiplicity
of the frequency.

Different coordinates may behave similarly
under the various proper and improper rotations
of the group; they must then all have the same
representation, and the corresponding frequen-
cies will be of the same type. The number of
frequencies of a given type will hence be given by
the number of times the corresponding irre-
ducible representation occurs in the reduced form
of the complete representation of the group referred

to a particular molecule. Formula (28) gives this

number explicitly in terms of the character x(R)
of the complete representation and the characters
x®(R) of the irreducible representations. Since
the quantities x*(R) are known for every sym-
metry group, the problem consists in finding
x(R) for every operation R. To do this we start
by studying a general type of physical motion of
the molecule. We may express this motion in
terms of the displacements of each nucleus from
its equilibrium position. Let the state then be
described by : 8x3, 8y1, 621, *  8%4y 8Yiy 024yt * * 0%Xa,
8Yn, 02n. It is to be stressed that all numerical
indices refer to fixed positions in space and are not
attached to any specific nuclei.®* Apply a linear
transformation to this system of variables. In a
general case the new displacements §x’, 8y’, 82’
will be given by:

0%y =gu*Dbx1+g11 "V 8y 1+g1 "o+ - -
+210 0%+ 12"V 8y n+ g1 #) 020,
Jyx’=gu‘“)6x1+gu(””)5y1+gu"“)621+ e
+1n U020+ g1n W8yt g1 V02,
021" = g11*M %1+ g1 GV 8y14-g11 P 0214+ - -
F212 09880+ 210 P8y n+ 2109820,
02, =gm D001+ gmV 0y1+gm 02+ - -
Fgnn*0%n+gnn V8t gnn*? S,

31 This is, of course, obvious from a quantum-mechanical
point of view.

(43)
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where the indices attached to the various g’s are
self-explanatory. The matrix of the g's is the
representation of this particular transformation
and

N
_Zl(gii(”)'l'gﬁ(””’ +g;i¢9), (€2
=

is its character. Let the transformation be an
operation R of the symmetry group of the mole-
cule which shifts a particle from the position j
to the position k. The physical motion of this
nucleus has not been affected by R; the only
thing that could have been changed is the orien-
tation in space of its displacement. The analytical
expression of this fact is that dx;’, yi’, 62’ can be
a function only of éx;, 8y;, 6z;.

8y’ =T (R)r; == ;+ T (R)r; =V 8y;+ T (R)u; =¥ 62,
8y’ =T (R)r; ¥= 8oc;+ T (R)r; ¥ 8y;+ T (R)r; ¥ 82,
bz = P(R)kj(‘z)5Xj+ I‘(R)k,»('way;—i-I‘(R)kf( £2) g,

(45)

The only diagonal terms in the representation for
R that will be different from zero are the ones
corresponding to nuclei whose equilibrium posi-
tion in space is not changed by R.

As an illustration consider the case of a tri-
atomic molecule YX, with the undisturbed
atoms occupying the vertices of an isosceles tri-
angle. As we see in Fig. 15, a reflection in the
plane , will leave the equilibrium position of the
Y atom unchanged, but will change the orienta-
tion of its displacement. Thus in evaluating x(R)
we can consider the effect of R on a displacement
separately for each particle where equilibrium
position is not affected. The explicit expressions
of the type (45) which connect dx;' with éx; etc.,
depend of course on the orientation of the sym-
metry element (corresponding to the covering
operation R) with respect to the cartesian co-
ordinate system. The sum of the diagonal ele-
ments is, however, an invariant.’? It suffices
hence to find it for a simple case. A covering oper-
tion can be either a proper or an improper rota-
tion. Let R be a rotation by an angle ¢ around the
axis 2. The operation may as usual be symbolized

by C(¢) ; the corresponding linear substitution is:

® Cf. §18.
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Y &—>

f* Nx

Fi1G. 15. Displacements of the nuclei of the YX, molecule
from their equilibrium positions.

x'=x cos ¢+ sin ¢,
y' = —xsin ¢+ cos ¢,

2=z (46)

The spur of C(p) is 142 cos ¢ and if u¢ is the
number of particles left unchanged by C(¢), then
the character of the complete representation of
C(p) is: (we shall omit writing the angle o
wherever possible)

x(C)=uc(1+2 cos ¢). (47)

If R is an improper rotation by ¢ around the z
axis, R—S(¢), the equations of transformation
are 33

x"" =x cos o+ sin ¢,
9" = —xsin p+y cos o,
le

= —2,

(48)

and the spur of S(¢) is —142cos ¢. If, by
analogy to the case of a proper rotation, we call
the number of atoms left undisturbed by S(¢),
ug, we obtain:

x(S) =usg(—1+2 cos o). (49)

The characters given by the formulae (47) and
(49) refer, however, to representations in terms of
all the 3N variables. To get the character cor-
responding to the representation by means of the
3N-6 normal coordinates, we have to subtract
the characters of the motions of translation and
rotation.

Consider first translation. The N vectors giving
the displacements of the nuclei are by the laws of
mechanics equivalent in this case to a resultant

3 Wigner uses the expression ‘‘Drehspiegelung” which
usually means rotary reflection to denote an operation
known as perversion, i.e., a rotation followed by an in-
version. A perversion by the angle ¢ is equal to an improper
rotation by the angle v+ ¢. This difference has to be taken
into account when comparing the formulae given here with
those of Wigner.
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vector acting at. the center of gravity of the
molecule. The three components of this vector
transform under R like any other displacements.
Hence the character of a translation is 142 cos ¢
for C(¢) and —142 cos ¢ for S(p).

Let the displacements of the N particles now
be such that they result in a physical rotation of
the molecule as a whole. This state may be ex-
pressed by means of an angular momentum !
acting on some point with the coordinates x, v, 2.
The three components of the angular momentum
are:

l,=y0z—2dy,
1, =28x — x03,
lz

=x8y —ydx. (50)

It may be shown (by means of general theorems
about angular momenta or in a very straight-
forward if inelegant fashion by direct substitu-
tion) that / transforms under a rotation C(¢)
around the 2 axis in the following way:

1, =1, cos p+1,sin ¢,
1) = —1I,sin p+1, cos ¢,
/e

=1l,.

(51

The effect of S(¢) on the other hand is ex-
pressed by:

1 = —1,cos ¢—1I,sin ¢,
1) =1,sin ¢—1, cos ¢,
1" =1, (52)

the character of the motion of rotation is thus
142 cos ¢ for C(p) and 1—2 cos ¢ for S(p).

Hence the character of the representation re-
ferring to the 3N—6 normal coordinates

E(C)=x(C)—2(1+2 cos ¢)

=(uc—2)(1+2cos ¢), (53)
E(S) =x(S) —(—1+42 cos ¢)
—(1—2 cos ¢) =x(S)
=ug(—142cos ¢). (54)

Combining formulae (53) and (54), we obtain the
number of times, a®, a given representation, say
x® occurs in the complete (3N-6) dimensional
representation as:

a®=(1/h) {g(uc—Z)(1+2 cos @c)x®(C)
+§us(—1+2 cos pg)x®(S)}. (55)
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The first summation extends over all proper rota-
tions and the second over all the improper ones.
The subscripts C and S have been added to ¢ to
stress the fact that a different angle is involved
for different terms in the summation. Since the
quantities #, ¢, and x® are identical for all
conjugate elements, we can multiply the ex-
pressions under the summation sign by the
number of elements in each class and sum only
over the number of classes. (Cf. Eq. (29).)

To illustrate the preceding discussion we shall
treat in detail the case of the ZYX; molecule,
which has the shape shown in Fig. 17; this is the
structure of CCl;H, CH;Br, etc. The symmetry
group is C3,. We arrange in a table the characters
of the group, the quantities ¢r and g for
(R=C(p) and R=S(p)); then 4142 cos ¢r de-
pending as to whether the rotation is a proper
or an improper one. From these we obtain x(R)
and E(R).

E 2C; 30e

x 1 1 1

x@® 1 1 -1

x® 2 -1 0

¢R 0 27 /3 0

UR 5 2 3
+142 cos ¢r 3 0 1
x(R) 15 0 3

= 9 0 3

Now we apply formula (55) and obtain:
a®=3 a®=0 a®=3.

Hence molecule ZYX; will have three frequencies
corresponding to the representation x® and
three corresponding to x‘®. Frequencies of this
last type of symmetry will be doubly degenerate.

24. Irreducible representations and states of the
molecule

So far the preceding treatment has been purely
classical. However, to discuss overtones we must
introduce the quantum-mechanical point of view.
As is well known?* the energy of a molecule con-
sidered as a system of uncoupled harmonic
oscillators with the fundamental frequencies
w1, wp**wy is given by :

E=hY wivit3), (56)

3 For details concerning the quantum-mechanical treat-
ment of the harmonic oscillator, reference may be made to
any text on quantum mechanics.
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and each set of numerical values assigned to the
quantum numbers vy, v,, - - -9, defines a state.
We want to investigate the symmetry properties
of such a state, denoted by #, i.e., the irreducible
representation of the eigenfunction ¥, associ-
ated with it. The explicit expression for y will
depend on the potential function ; the symmetry
properties, however, are obviously something
more fundamental. The irreducible representa-

ttion of a state will be independent of the specific

form of the Hamiltonian, provided the latter is
invariant with respect to all the operations of
the group. Hence we may investigate the simplest
case, a system of uncoupled harmonic oscil-
lators. The eigenfunction written in terms of the
normal coordinates Q;- - - Q;, Qia etc., is:

¥=[exp (—52c:02—32¢;2054%) ]
XATH,(c:Q) } {IDH,,(c:Qia) },  (ST)

where 11, as usual, designates a product, H,,(c:Q:)
is a Hermitian polynomial of degree v; in ¢;Q;,
and c;=(27w;/h)}. The double subscripts refer,
as before, to degenerate frequencies.

The exponential term is obviously invariant
with respect to every symmetry operation, thus
we have only to investigate the transformation
properties of the product of Hermitian poly-
nomials. Its representation is a direct product of
the representations for the individual poly-
nomials and the character is a product of their
characters. For nondegenerate coordinates the
following relations hold (as may be proved by
referring to explicit formulas for Hermitian
polynomials) :

RH,(ciQi) =H,(c:Q:) if RQi=Q: (58a)
and

RH,(c:Q:) = (—1)*iH,,(c:Qs)
if ROi= — Qs (58b)

These give immediately the character of the
product in the first bracket. For degenerate co-
ordinates, the treatment is more complicated.
If f; is the degree of degeneracy, then for every
value of j:

1
I Hva(c;Qja) = const. Q;*"Qp"*" + - Qjs”
a=1

+lower degree terms, (59)
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where we omit the subscript on f. All terms for
which the sum of the powers of the various Q’s is
the same, are of equal degree and they transform
into one another under any operation of the
group. The highest degree term gives the product
of Hermitian polynomials unambiguously and so
it is sufficient to know its transformation prop-
erties which will be the same as for the product.
The characters for various values of f and

V=3, U,

a=1

of the product are given by the following for-
mulas:®

xo(R)=[x(R) ]’
xo(R) =3[ x0-1(R)x(R)+x(R*)] for f=2,

xo(R) =} {2x(R) xo-1(R) — §x0-2(R)[x(R) J*
+5x(R?) x»—2(R)+x(R?)} for f=3.

In the case of xi(R), we omit writing the sub-
script. In this symbolic notation xo(R)=1 and
X—x(R)=0. The higher degrees of degeneracy
f=4 and f=3 occur only for icosahedral groups;
for explicit expressions for these cases, reference
may be made to Tisza.®

for f=1, i.e., no degeneracy,

(60)

25. The degree of the equation giving the funda-
mental frequencies

It remains only to determine the degree of
the equation in \. From the preceding discussion
we would expect to obtain frequencies of the
same type as the roots of the same equation and
different type frequencies as the roots of dif-
ferent equations. Furthermore we might expect
that a frequency with a fi-fold degeneracy would
come in as a root of multiplicity f;, i.e., that the
equation determining it would be repeated f;
times. We can actually prove this intuitional
reasoning to be correct.

To do this we consider expression (4) for the
potential energy:

V=% Z.K‘J'sti'

LY

The same arguments hold for the kinetic energy
function. Assume that the variables s have been

% L, Tisza, Zeits. f. Physik 82, 48 (1933).
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chosen in a way to satisfy the symmetry require-
ments of the group, i.e., equations of the type
(41) and (42). These variables which involve
neither the masses nor the force constants might
be called geometrical symmetry coordinates.’

Consider now any two nondegenerate vari-
ables, s, and s, which belong to different
irreducible representations. Among the opera-
tions of the group there is at least one R such
that Rs,=s,, while Rsy= —s3, for if this were not
the case s, and s; would belong to the same
irreducible representation. The operation R thus
transforms the product s.ss into its negative, and
the condition of invariance for V cannot be
satisfied unless the coefficient of this product
term vanishes.

For degenerate coordinates we shall make
explicit use of the formalism of group theory.
If every operation R of the group leaves a
quantity s,s, invariant, i.e., if :

RSnSn="SnSn, (61)

then, obviously :

> RSmSn="hSmSn, (62)
B

where £ is the order of the group. Conversely if
Eq. (62) does not hold for any product Smss,
we may conclude that the latter is not invariant
with respect to every operation of the symmetry
group and hence cannot occur in the expressions
for the kinetic and potential energies. Consider
now two representations I'® and I'® with the
respective dimensions f; and fx. Let si« and sip
be any two geometrical symmetry coordinates
belonging to these representations; the equation
of transformation for their product is

Rsiasip= L TO(R) ayT'® (R)gsSiySkqr  (63)
Yy 0

Summing with respect to R and making use of
the orthogonality relations (26), we obtain

% These geometrical symmetry coordinates are not to be
confused with the symmetry coordinates introduced by
Howard and Wilson, J. Chem. Phys. 2, 630 (1934). These
latter variables are functions of the masses and indicate
motions which conserve angular and linear momentum.
Their dependence on the masses makes their use very
inconvenient for any isotope effect calculations.
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ZRsiastp=2 X TO(R)aryT®(R)gSiSkr
R R v,
=3, SnskqZI‘(“(R)uI‘(“(R)ﬁn
v.n 14
= Z Si7Sk”5ik3a657qh/\/(fifk)
Y.
=2 SiySky0urbaph/A/ (fifi)  (64)
o

since all quantities are essentially real. It follows
that no cross products may occur between co-
ordinates belonging to different representations
or between degenerate coordinates transforming
according to different rows of the same matrix.
If we have two coordinates, say sio and si.
which transform according to the same row .of
the matrix I'®(R) of an irreducible representa-
tion, then according to Eq. (26),

fi
%Rsiasia, = Zl (B/f)Sinsiy (65)
=

Thus the product s;.s:4’ is itself not invariant,
however, if we sum over all the f; possible values
of @, we obtain

fi fi
Z Zs'insia/:hzshsi'il' (66)
=1

R a=1

fi

Z SiaSia’

a=1

Hence

is invariant with respect to every transformation
of the group even though the individual terms are
not. This means that all the products of the type
SiaSic’ have to come in with the same coefficient
and that the potential function is the same
function of s, as of sig.

Since the Hamiltonian written in terms of the
geometrical symmetry coordinates does not con-
tain any cross product terms between coordinates
belonging to different representations, the de-
terminantal equation (6) has the form shown in
Fig. 16, where the solid blocks refer to irre-
ducible representations and all the terms outside
them are zero. Furthermore, the dimensions of
any particular block, i.e., the degree of the
resulting equation in \ is equal to the number of
linearly independent symmetry coordinates asso-
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F1G. 16. Determinantal equation in reduced torm.

ciated with that representation. Corresponding
to a representation of f; dimensions there will
be f; identical blocks.

26. The explicit solution of the vibration problem

The actual solution of any vibration problem
requires a knowledge of the geometrical sym-
metry coordinates. For nondegenerate cases,
these may be determined very easily ; we simply
choose such displacements of the atoms that will
remain invariant under certain covering opera-
tions and transform into their negative under
certain others, depending on whether the char-
acter of the operation is =1 in this particular
representation. Usually there may be an infinite
number of sets of coordinates satisfying the
symmetry requirements. However, only a small
number of these will be linearly independent;
we determine the number of coordinates corre-
sponding to a given representation by the
methods described in §23. Among the infinitely
many sets, we select those that are most con-
venient for computation purposes. The procedure
will be made clear in the case of the ZYX;
molecule, which has been shown to have three
doubly degenerate and three nondegenerate fre-
quencies. We shall indicate both the algebraic
and geometrical methods of finding the geo-
metrical symmetry coordinates. The nondegener-
ate case corresponds to the representation I'™,
where all the characters are +1. Hence all the
coordinates should be invariant both with re-
spect to rotations around the threefold axis and
to reflections in the perpendicular planes. If we
number the X atoms 1, 2, and 3 and assign the
numbers 4 and 5, respectively, to Z and Y, then
our nondegenerate coordinates will be linear
combinations of the mutual displacements of the
particles, the d8g;;'s, which are invariant with
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F1G. 17. Geometrical symmetry coordinates for the parallel vibrations of the molecule ZYX;.

respect to all permutations of the numbers 1, 2,
and 3. For example, we could choose

$1=0qss5, S2=0q14+ 0G24+ 034,
$3=0¢12+ 8q13+ 8gas,

or any linear combinations of these three. On
proceeding purely geometrically, we could select
the displacements indicated in Figs. 17a, b,
and c¢. Fig. 17¢ shows the motions in the plane of
the X atoms.

The construction of degenerate coordinates
with the suitable symmetry is usually somewhat
more laborious. However, the following remarks
should prove helpful in any special problem.
We shall limit the discussion to two and three-
fold degeneracy, since these are, apparently, the
only ones important physically. Hence we may
always assume our variables to be mutually
orthogonal. For all the groups, the entire set of
symmetry elements intersects in a line (example
Cs,) or in a point, which need not, however, be
a center of inversion (cf. T;). If any atom is
located at the point or on the line of intersection,
then its equilibrium position is not affected by
any of the group operations. The three com-
ponents of its displacement transform under all
the operations of the group like the components
of a vector; the transformation matrices con-
stitute a representation.’” Hence the components
of the displacement of such an atom form a set
of degenerate geometrical symmetry coordinates.
If there are more sets of degenerate variables

 If the z axis is the only axis with a multiplicity #=3,
then 8z always transforms like =1, and there is no repre-
sentation of higher degree than the second.

belonging to a given representation than there
are atoms on the line of intersection of the
symmetry elements, we must use other methods
of obtaining them. From the preceding set, we
know the actual matrices of the representation
and not only the characters as given by the
tables, and this should greatly facilitate the
problem. Also in some cases the solution may
have been worked out for a molecule with the
same symmetry but with a smaller number of
atoms than the problem under consideration, so
that we can use the results obtained there. We
shall again illustrate the preceding remarks on
the case of the ZYX; molecule. The three vertical
symmetry planes of the C;, group intersect in
the z axis, the axis of threefold rotation. The Z
and Y atoms are located on this line, hence their
displacement in the x and y directions are
geometrical symmetry coordinates. For the third
variable belonging to this two-dimensional
representation, we can make use of the result for
the X; molecule.?® The coordinates are shown in
Figs. 18a, b and c.

With the knowledge of symmetry coordinates
the problem is practically solved. We could
write the potential energy expression V of re-
quired symmetry with arbitrary constants 4, B,
etc., in terms of the variables sy, 59, etc. From the
discussion in §25, it follows that V is the sum of
the most general quadratic forms in the coordi-
nates associated with one representation. Since
a quadratic form in » variables has #(z+1)/2

3 The results for X3 may themselves be obtained from

those for YX, with the symmetry group C,, where all the
representations are one-dimensional.
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coefficients, for a molecule with 7 representations
and b; frequencies belonging to I'®, the total
number of constants in the potential energy
expression is

gb.-(b;+1)/2.

However, since our physical and chemical ideas
of intramolecular forces are bound up with the
distances between the atoms, we may have to
start by expressing V in terms of the dg;; (cf.
Eq. (1)) and then transforming to the variables s.
This transformation gives us the connection
between the general constants 4, B, etc., and the
“physical’”’ constants k;;i ;.

To obtain the expression for the kinetic energy,
it may prove necessary to go through the very
general and rather elaborate procedure sketched
in the introduction.?®* However, in many cases it
is possible to find T directly in terms of the
variables s by means of simple dynamical
theorems.

Knowing both T and V, we only have to
expand the determinantal equation (6) to have
the complete solution of the vibration problem.

SELECTION RULES

27. Frequencies active in the infrared

Let the electric moment of the molecule have
the three components X, ¥ and Z. The proba-

RY ¥ <oz
@ ®)
\iad oy
Xe [ 23 ox ox
ox lx ox
Nx Ix

«©)

Fic. 18. Geometrical 'symmetry coordinates for the
perpendicular vibrations of the molecule ZYX,.

3 For a more detailed discussion of this method of finding
the expression for the kinetic energy, reference may be
made to J. E. Rosenthal, Phys. Rev. 45, 538 (1934).
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bility of a transition from a state # to a state m is
known to be proportional to:

an2 =Xnm2+ Ynm2+znm21 (67)

where X ,.», is a matrix element and is given by :

Xnm=f‘l/nX‘l’md1" (68)

If P.n=0, the transition cannot occur but if
P.n7#0, while X,n=Y.n=0, the radiation is
polarized in the z direction. To find the selection
rules, we must determine for which values of #
and m, the matrix elements will be different
from zero.

The x component of the electric dipole
moment is Y e:x;, where e; is the charge on the
sth particle, x; the ¥ component of its distance
from some fixed point, and the summation
extends over all the nuclei and all the electrons.
In this form, however, we cannot possibly use X
for any calculations, since we do not know the
electronic eigenfunctions. As an approximation,
we may consider the dipole moment to be a
function of the effective charges and displace-
ments of the various atoms. It will be taken for
granted that the electric moment, like the
potential energy, has the same symmetry as
the geometrical configuration; and we shall
assume that if we expand it as a Taylor’s series
in terms of the displacements, all the terms
beyond the linear ones may be neglected as
being small. All the selection rules to be derived
are based on this assumption which seems to be
valid for diatomic molecules and hence is
probably a good approximation to the poly-
atomic case. Since we are not interested in the
permanent electric moment, we shall write:

X= Ze,-ax;, (69)

or more conveniently in terms of the normal
coordinates:

X=2e0Qs. (70)

The summation is over all 3N normal coordi-
nates, but the ones due to translation and
rotation are of no importance and may be dis-
carded. It is more convenient to study the
electric moment, P itself rather than just one of
its components, and so we shall write:

P=3€Q:. (71)
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In general, to evaluate integrals of the type
(68) as functions of the ¢(?’s etc., we must
know the wave functions ¢ and ¢, explicitly,
and whenever the intramolecular forces are not
harmonic, this may involve a long and laborious
perturbation calculation. However, if we are
interested only in the vanishing or nonvanishing
of the matrix elements X,n, we can determine
that from symmetry considerations alone.

We shall begin by studying the transformation
properties of the electric moment P under the
various operations of the group. By definition P
is a vector, hence it transforms as (46) under a
rotation and as (48) under an improper rotation.
Hence its character is either

xp(C)=142 cos ¢¢
or xp(S) = —142 cos ¢s.

(72)
(73)

We could investigate the transformation prop-
erties of P starting with expression (71). Purely
formally we would get:

Ip(R)=Xap"T(R) (74)
xp(R)=2arPxP(R). (74a)

The ap’s in these equations may be determined
in the usual case by inspection. The quantities
+1+42 cos ¢ are found for each class and they
will be a sum of characters contained in the
group. As an example, these quantities for the
group Cs, are 3, 0, 1. This is immediately seen to
be A\+E, so aW=a®=1; ¢»=0. The nu-
merical value of ¢p(? indicates how many normal
coordinates belonging to the irreducible repre-
sentation occur in Eq. (71).

We have thus transformation properties of the
electric moment. Since I'p is three-dimensional,
it can consist either of 3 one-dimensional repre-
sentations, 1 one-dimensional and 1 two-di-
mensional, or 1 three-dimensional one. It should
be pointed out that the transformation properties
of the electric moment depend exclusively on the
symmetry group of the molecule and not on the
number of atoms in it.

The components X, ¥ and Z of P transform
like the corresponding coordinates, ¥, ¥ and z.
Hence in the case of the two-dimensional repre-
sentations it is more convenient to consider
X 24V, rather than X or Y separately. For three-
dimensional representations, we would have to

and
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consider linear combinations of X, ¥ and Z.
However, if we disregard the icosahedral groups
which do not seem to have any physical appli-
cation, three-dimensional representations occur
only for the tetrahedral or octahedral groups.
There the x, y, and z directions are equivalent so
that X =Y =~Z. In any case, we may associate a
component of the electric moment with one of
its irreducible representation.

We consider now the integral (68). At first, we
shall limit the discussion to the case of transitions
from the normal state only.

Xno= S UnXdodr.

The eigenfunction of the ground state remains by
definition invariant under every operation of the
group. These operations must also leave integral
(75) unaffected. This is possible (cf. the detailed
discussion in §20) if and only if ¢, and X
transform alike under every operation. Thus if
we know the irreducible representations of X, we
also know immediately all the states that are
active in the infrared.

For the general case, we have as in §20 to make
more explicit use of the formalism of group
theory. The integral (68) will be invariant under
all the elements of the group only if ¥, and X¢m
transform alike and we know from §20 that if ¥
transforms like T'?(R) and X like T'(?(R), then
the product Xy, transforms like the direct
product,

TO(R)XTD(R) =Y a®T®(R).

(75)

(76)

Physically this means that the quantity Xym
may be considered to have different components
each of which transforms according to an irre-
ducible representation. The quantity Y.Xym is
invariant, i.e., X,»0 and the transition is
permitted if and only if the representation of ¥»
is contained among the representations on the
righthand side of Eq. (76). Thus all we have to do
is to find out which of the ¢® do not vanish. If
we use the characters instead of the repre-
sentations, we may write

xDR)XxD(R)=Ta®x®(R). (76a)
k

There are 7 such equations corresponding to the
classes. Usually, however, it is not necessary to
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solve these equations for the ¢® may be found
by simple inspection.

An example, with the group C,, will illustrate
the use of the rules. Let us choose characters
corresponding with state, 4, and electric moment,
Z which also transforms like 4. The characters
in both cases are 1, 1, 1 and forming the direct
product, we have

ZXAy=4,,

giving the selection rule, 4,—4,. For the state,
A, we obtain A,—4,, and for a state E;, we have

ZXEy=Ey

and E—E;. k#0

For an electric moment, X41Y, the characters
are 2, 2 cos ¢, 0. Multiplying by the characters
for the states 4, A2 and E;, we find the selection
rules

A 1——>Ek

A,—E;
and (X 1Y) XEr=Ep1+Er
S0, Ex—Ej ktk' =41,

28. The Raman effect

In order to determine the selection rules for
the Raman effect, the integral

Upm = ./"_p-ﬂa‘l’de

must be investigated, where « is the polarizability
of the molecule. If this integral vanishes, the
corresponding transition is forbidden just as in
the infrared spectrum and symmetry considera-
tion alone enable us to determine which lines are
permitted in the same way as above for the
infrared. The polarizability is a symmetric tensor
of the second rank and thus has 6 components
which transform under the proper and improper
rotations of the group elements like the products
of the corresponding vectors. When we use Egs.
(46) and (48) we find the equations of trans-
formation to be:

a:z’ = Qzzy
(s’ + ) = (@aatam),
(@tza’ — ') = (@tzz— ctyy) €08 20+ 20z sin 29,
oy =y’ = — 3 (@zs— ayy) sin 20+ ay cOs 20,
oz =g = taz, cos ptay, sin ¢,
) = oz =Faz, sin ptay, cos ¢,

a7
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where the upper (lower) signs are to be taken for
proper (improper) rotations. Here, as in the case
of the electric moment, it is found more con-
venient to take linear combinations of the com-
ponents of the polarizability. If we sum the
diagonal elements of Eq. (77), we obtain
242 cos ¢+2 cos 2¢ with the plus (minus) sign
for proper (improper) rotations and this is the
character for @, which by analogy with Eq. (74)
and (74a), enables us to determine to irreducible
representations of the polarizability. These corre-
spond as before directly to those states having
active Raman frequencies. The lines are polarized
in accordance with the subscripts on the com-
ponents of the polarizability, whose matrix
element does not vanish.

In addition to the selection rules, some further
information about the Raman lines may be
obtained from symmetry considerations. The
polarizability may be written

a=a'+a’’,

where o is called the average polarizability and
o'’ is a factor of anisotropy. These two parts are
independent and additive for the polarizability
and the molecule can be considered as a mixture
of two kinds of molecules, part of them having
the polarizability, o' and the rest having o'’. If
the incident light is polarized, molecules of the
first kind will produce completely polarized
scattered light but the molecules of the second
type will result in scattered light polarized
perpendicular to the direction of the original
beam. If the scattered light is then investigated
with a Nicol prism, parallel and perpendicular to
the polarization of the incident light, the two
parts of the polarizability may be distinguished.
The ratio of the intensity of the two kinds of
scattering is called the degree of depolarization
and is given by

p=3a112/(5a/2+4a//2) (78)

for linearly polarized light and for unpolarized
light

pa=2p/(1+p). (79)

From (78), it is seen that p varies between 0,
where o'’=0 and £ where o'=0. Under the
rotational operations of the group, the quantity
o transforms like a.,+ay+a.. and so will
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disappear unless this quantity is invariant. It
is apparent that it will be invariant only for a
totally symmetric state which corresponds with
the identical representation of the groups. These
have been designated 4 in our tables and hence
all permitted Raman lines except those for
states 4, will have p=% and p,=6/7.

The anisotropic factor of the polarizability
transforms under the group in a more complicated
way than o' and in the general case, nothing can
be said about it from symmetry considerations.
In the special case of cubic groups and for totally
symmetric states, the symmetry is spherical and
the anisotropy factor disappears. From Eq. (78)
it is seen that

p=pn=0.

For other cases of totally symmetric functions,
we can only say that

0=p=41.

29. Tables for selection rules

The results for the selection rules may be
collected together in a general set of tables. The
transformation properties of the components of
the electric moment and the polarizability will be
found in Table IV. These states, as shown before
are the frequencies active in the infrared or the
Raman effect.

The overtone bands will be found in Table V,
where a symbol like [E;]* represents the wth
overtone of the state, E; and the irreducible
parts are given. These have all been obtained
from Eq. (60). It should be noted that E is only
defined up to E, or E,_; (see Tables I and II).

TABLE IV. Transformation properties of the components of
the electric moment and of the polarization tensor.

Ci |Cin|Cai®| Dy®| Sus® | O | Ta
X, v Au|A" | — | — — Ty | T
V4 Ay |A" [ Ay | AL | By Ty | T
X+iV — | — |E¢| Ey*| E; —_] —
a Ag| — | — | — — |+ E+T:
Qiy Ozy — |4 = | = - - -
Qzey Qyz — |A"|ES|Ey | Enpy | — _
Qzztayy, Qze — | — |4 |4, | 4, —_ —
Uz —Cyy, &zy | — | — | E® | B | B, — | —

ap=00 or2,3,4, -+

bn=2,34, -

ofor n=2; Ap=By; E;=B;+B;
dfor # =2; Ey=B;+B:

e for n =4; Ez =B +By; for n=3; Ey=FE,
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For p=35, for instance, E,=E, Ep.=2E,,
Eppe=Eg, ++-Eps=E,, -+ -.

The representation for the combination states,
direct products of the irreducible representations,
are given in Table VI. This is to be read as an
ordinary multiplication table. The states are all
commutative and the direct product of E; and
E;, for instance will be found at the intersection
of the row and column headed by those two
symbols. One must apply the rules given above

to decide which of the given states are active.

CoNCLUSION

For the results of the application of group
theory to vibrations, we refer to a paper by
Wilson? in which he has tabulated the number
of frequencies, degeneracy, selection rules and
other properties for the normal vibrations of a
large number of molecules. The molecules in-
cluded, contain from three to nine atoms and
comprise most of the ones which are liable to be
observed experimentally. Explicit solutions, in-
cluding isotopic shifts have been worked out by
the group theoretical and other methods for
molecules of the type YX,, YX;, YX4, YeXsand
some others, references to the papers being too
numerous to mention here. The Raman effect
has been discussed in great detail by Placzek,?
who uses a method equivalent, but not identical
with the group theory one.

Electronic states for many polyatomic mole-
cules have been treated by Mulliken® in a series
of papers, using the group theory method.
Rotational states®® have not been discussed at

TABLE V. Qvertones.

’
Cy, Cypi [A’]"lX[A”]”2=A"’lXA”“::{ﬁ,;'vélezgg
Other groups:® [4,]*=4,° =A‘:1
ve 4.0 J41, v even
[doJo=Asr= {A;, v odd
[Ev]r= {A1+Eﬂk+E4k+ v+ +Eu, v even
k Ex+Ese+Ese+- - +Eu, v odd

For groups, Ts and O, the E state transforms like the
E state for Cy,; for T states, see Tisza, reference 35.

» Combination bands are the same for these groups.
b Finite and continuous groups.

40 Casimir, Rotations of ¢ Rigid Body in Quantum
Mechanics (J. B. Wolters, Groningen, 1931); Jahn, Ann. d.
Physik 23, 529 (1935).
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TABLE V1. Combination bands.

l A A, E, E; Ty T,

4, | A, A, E, E Ty T,

4, A4, Ey E Ty Ty

E, Eo+E, Eru+Ep-y Ti+T: T+T:

E; Eryi+E i . =

Ty A+ E+T+ T As+E4+T1+ T,

T, A+E+Ti+T:
Ey=41+4, En2=Bi+B;
Bi?=By?=4, By XB:=4,

great length but Wilson# has given the method
for calculating the statistical weights of rota-
tional levels and has applied it to several special
molecules. The group theoretical method has
been applied to many problems of diatomic
molecules and atoms. A complete review of the
subject and references to the original literature
may be found in the books of van der Waerden*
for the molecular case and Wigner* for the
atomic one.

The advantage of the use of group theory in all
problems of this kind may be summed up in the
following remarks. To find the energy levels of a
given system, one must, in general, solve the

4 Wilson, J. Chem. Phys. 3, 276 (1935).

wave equation but this can be done exactly only
in a few simple cases and even approximately
only with some difficulty. On the other hand, the
wave functions must be invariant to the inter-
change of equivalent electrons and nuclei as well
as to certain rotations of the type considered
here. In the language of group theory, the
corresponding energy levels will then belong to
the irreducible representations of the permuta-
tion group or the proper finite or continuous
rotation group. From only a knowledge of the
symmetry properties of the wave functions con-
siderable information may be obtained about the
energy levels without the necessity of solving a
differential equation or performing a lengthy
perturbation calculation.



