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Crystals present a uniquely simple environment for the investigation of strong electromagnetic fields.
When energetic charged particles are incident on crystals close to major crystallographic directions,
their electromagnetic interactions depend crucially on the kinematic conditions. The coherence of the
crystalline field can produce very strong electric fields in the rest frame of the particle, exceeding the
so-called Schwinger field or quantum critical field. In that domain, the radiation emission takes a
substantial part of the electron energy and the “formation zone” changes character. In this review the
theory appropriate to the different kinematics domains is described, concentrating on the effects
occurring at extreme fields. Properties discussed include strong field synchrotron radiation, channeling
radiation, bremsstrahlung, and photon interactions. Applications are given to radiation sources,
bending of particle beams, and sources of polarized GeV photons.

CONTENTS

I. Introduction 1131
A. Crystal lattice 1132
B. Strong fields in crystals 1133
C. Formation length 1133

1. Classical formation length 1133
2. Quantum formation length 1134

II. Channeling 1135
A. Critical angles 1136
B. Positively and negatively charged particles 1136

1. Number of bound states 1137
2. Reversibility and blocking 1137
3. Doughnut scattering 1137

C. High-energy channeling radiation 1137
III. Bremsstrahlung 1138

A. Incoherent bremsstrahlung 1139
B. Coherent bremsstrahlung 1139

IV. Quantum or Classical Description? 1140
A. Particle motion 1140
B. Emission of radiation 1140
C. Classical recoil 1141

V. Radiation Emission in Strong Fields 1142
A. Threshold for strong-field effects 1142
B. The classical limit of synchrotron radiation 1142
C. The constant field approximation �CFA� 1143

1. Radiation emission 1143
2. Variations with energy, material, and

temperature 1145
3. Characteristic angle for CFA 1145

D. Virtual photon density 1146
E. Spin processes 1146
F. Doughnut-scattering suppression 1147

VI. Photons in Strong Fields 1147
A. Pair production 1147

1. Total and differential rates 1147
2. Enhancements in crystals 1148
3. Suppression of incoherent contribution 1148
4. Corrections to the CFA 1148

B. Trident production 1149
C. Photon splitting 1149

D. Delbrück scattering 1150
VII. Experiments 1150

A. Radiation emission 1150
B. Pair production 1151
C. Coherent resonances in strong fields 1153

1. Radiation emission 1154
2. Pair production 1154

D. Radiation cooling 1155
E. Spin flip 1156
F. Quantum suppression 1156

VIII. Noncrystalline Strong Fields 1157
A. Astrophysical strong fields 1157
B. Strong fields in nuclear collisions 1157
C. Strong laser fields 1158
D. Strong fields in beam-beam interactions 1158
E. Unruh effect and Hawking radiation 1158
F. The geomagnetic field as a strong field 1159

IX. Applications of Strong Crystalline Fields 1159
A. Radiation sources 1159

1. Strings-of-strings radiation 1159
2. Crystalline undulator 1160

B. Bent crystals 1160
1. Bending of particle beams 1160
2. Critical curvature 1160
3. Dechanneling 1160
4. Model for deflection efficiency 1160
5. Extraction of particles 1161
6. Detection of spin of short-lived particles 1161

C. Ultralow emittance beams 1162
D. Generation of polarized GeV photons 1162

1. Linear polarization 1162
2. Circular polarization 1163

E. Search for short-lived photoproduced particles 1163
X. Conclusion 1163

Acknowledgments 1164
List of symbols 1164
References 1165

I. INTRODUCTION

It is perhaps surprising that strong crystalline fields
allow experimental investigations of phenomena that
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are otherwise very technically demanding or appear ex-
clusively as astrophysical phenomena. The relevance of
such investigations range over quite different phenom-
ena from beamstrahlung, heavy-ion collisions, and ��
colliders to the gravitational “analog,” Hawking radia-
tion.

In this connection, “strong” means comparable to the
quantum-mechanical critical field in the frame of the
electron, while “crystalline” refers to the field originat-
ing from a periodic arrangement of atoms. Despite the
periodicity, the effective field has only a small noncon-
tinuous component in its interaction with a charged par-
ticle and the trajectory is therefore locally well described
as a segment of a circular path. Therefore although the
crystalline fields are purely electric in the laboratory sys-
tem, the resulting radiation emission becomes of the
synchrotron type, as if the field were magnetic.

The aim of this review is to present the “strong-field
effects” that are achievable in crystals and to elucidate
these effects by the use of experimental results as well as
theoretical estimates that at a slight expense of precision
offer transparency. Strong-field effects appear as a result
of a critical field in the rest frame of the particle and give
rise to a quantum suppression of radiation emission in
contrast to the classical synchrotron-radiation emission.
The reader who wishes to follow a more stringent theo-
retical route to the strong-field effects is referred to the
comprehensive textbook by Baier et al. �1998�.

Following experiments with electrons impinging on
crystals, Stark �1912� published the results of the pen-
etration of charged particles in crystals. He concluded
that penetrating particles would be guided in their mo-
tion by the very strong interatomic fields of force and
that penetration depths along “shafts” in the crystal
would be much longer than in amorphous materials.
Later, Williams �1935� considered interference in radia-
tive effects for particles passing different nuclei in suc-
cession. He concluded that an enhancement or reduc-
tion in radiation yield was possible for electrons with
energy beyond 137mc2, where m is the rest mass of the
electron and c the speed of light. However, it was not
until the mid 1950s that Dyson and Überall �1955� pub-
lished a more quantitative evaluation of the enhance-
ment of bremsstrahlung intensity. Their “crude classical
argument” was based on the number of atoms within the
formation length. Shortly before this, Landau and Po-
meranchuk �1953a, 1953b� used the formation length to
investigate the suppression of bremsstrahlung due to
multiple Coulomb scattering, what is nowadays referred
to as the Landau-Pomeranchuk-Migdal �LPM� effect.
See Klein �1999� and Uggerhøj �2004a� for recent re-
views. In short, the LPM effect appears for photon en-
ergies where the multiple scattering over the formation
length scatters the radiating particle outside the radia-
tion cone defined approximately by the inverse of the
Lorentz factor, 1 /�.

The formation length and the regular atomic positions
in a crystal are the necessary features, for example, for
an increase in radiation emission compared to incidence
on an amorphous foil, the so-called enhancement. Fur-

thermore, the strong electric fields of the lattice nuclei,
averaged along the direction of motion, open up the
possibility of investigating fields of extreme magnitudes.

When the direction of the penetrating particle nearly
coincides with a crystallographic axis or plane, the
strong electric fields of the nuclear constituents add co-
herently such as to obtain a macroscopic, continuous
electric field of the order E�1011 V/cm. This is evi-
denced by the channeling phenomenon �Lindhard, 1965�
or the so-called doughnut scattering �Sørensen and Ug-
gerhøj, 1989� to be discussed below. Therefore in the
rest frame of an ultrarelativistic electron with a Lorentz
factor of ��105, the field encountered becomes compa-
rable to the critical field, E0=m2c3 /e�=1.32�1016

V/cm. Here, e is the elementary charge and � Planck’s
constant divided by 2�. The incident particle moves in
immensely strong fields over distances up to that of the
crystal thickness, i.e., up to several mm. Thereby the
behavior of charged particles in strong fields such as
E0—strong-field effects—can be investigated.

The outline of the paper is as follows. After the intro-
duction we present a detailed discussion of the forma-
tion length and a few topics from solid-state physics that
are the necessary tools for understanding the enhance-
ment of radiation emission. Then, a discussion of chan-
neling and coherent and incoherent bremsstrahlung fol-
lows with the main emphasis on showing the phenomena
they have in common. A discussion on the possible in-
sufficiency of a classical description for radiation pro-
cesses then leads to the following main topics: radiation
emission and pair production in strong fields. These are
first described theoretically and subsequently key ex-
perimental results are presented and discussed on the
basis of the theory. The last two sections primarily em-
phasize the relevance of investigations of strong-field ef-
fects, first considering related subjects in other branches
of physics and finally the many possible applications of
the strong-field effects. The main purpose of this review
is to show that crystals combined with ultrarelativistic
particles offer a uniquely straightforward way of investi-
gating fields of the order E0.

A. Crystal lattice

The structure underlying any single crystal is the Bra-
vais lattice,

R� = n1a�1 + n2a�2 + n3a�3, �1�

which is composed of the primitive vectors a� i and ni is an
integer �Ashcroft and Mermin, 1976�. From any point in
the lattice the crystal looks the same, i.e., its atomic den-

sity is periodic, ��r�+R� �=��r��, and therefore so is the po-

tential, U�r�+R� �=U�r��. The reciprocal lattice represented
by q� is obtained as a Fourier series of the direct lattice
and vice versa,
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U�r�� = �
q�

G�q� �e−iq� ·r�, �2�

where G�q� � depends on the particular choice of crystal.
Figure 1 shows a primitive cubic lattice and the main
crystallographic axes.

B. Strong fields in crystals

To set the scale of an electric field it is natural to
combine the four fundamental constants m, e, �, and c
to obtain an electric field, the so-called critical field,

E0 =
m2c3

e�
. �3�

For electrons, this corresponds to a magnetic field B0
=4.41�109 T. The use of these constants indicates a
relativistic �c� quantum ��� field for electrons �m ,e�, i.e.,
the possibility of electron-positron production for fields
of this magnitude. By rewriting the expression slightly to

E0=mc2 /e�–c it is clear that this field corresponds to the
production of an electron over a �reduced� Compton

wavelength �–c. In a classical analog, the field required to
produce a pair is 137 times larger, i.e., a tunneling pro-
cess reduces the critical field in a quantum theory �Feyn-
man, 1948�. The critical field is in many contexts called
the “Schwinger field.”

Probably the first treatment of a critical field and one
of the first indications of the existence of antiparticles
was a treatment of electrons impinging on a potential
barrier giving rise to a field of the order E0 �Klein, 1929;
Sauter, 1931a, 1931b�. This phenomenon—that rapidly
became known as the Klein paradox—was one of the
first applications of the Dirac equation and has lately
received some attention �Nitta et al., 1999; Krekora et
al., 2004�. In short, the Klein paradox is a reflection
probability of an electron incident on a barrier with gra-
dient �E0 exceeding 1 as a result of pair production. An

analogous problem may be addressed experimentally
within the coming decade by means of strong crystalline
fields.

C. Formation length

Ter-Mikaelian first discovered that it takes a relatively
long time and therefore a long distance for an energetic
electron to create a photon. The interactions of the elec-
tron over this “formation zone” affect the radiation
spectrum decisively and may lead to enhancement or
reduction of total intensity as well as changes in the
spectral shape. As observed by Akhiezer and Shul’ga
�1982�: “It is quite remarkable that the collective phe-
nomena appear at arbitrarily high energies, although at
first glance it seems that if the particle wavelength is less
than the average distance between the atoms of the ma-
terial, collective phenomena should not appear and the
material should behave as a gas of independent atoms.”
The “collective phenomena” do not appear due to the
particle wavelength, but due to the momentum transfer
during the emission process. By the uncertainty relation
this transforms into an uncertainty of the exact location
where emission takes place and therefore a formation
length over which constructive or destructive interfer-
ence can take place.

1. Classical formation length

Let us consider a couple of approaches to the forma-
tion length as they appear in a classical theory. Perhaps
the simplest approach is to consider the photon
“formed” by the time it takes for a photon to separate
from the electron by one reduced wavelength, � /2�, and
by the corresponding distance of travel of the electron,
lf:

lf

�
= �lf +

�

2�
�1

c
, �4�

which for �=�1−1/�2c�c yields

lf =
2�2c

	
, �5�

where � is the speed of the electron and �=E /mc2 the
Lorentz factor related to the energy of the electron E.
Early approaches to the formation length in QCD were
based on this idea �Sørensen, 1992; Gyulassy and Wang,
1994�.

A second, more experimentally inclined approach,
originates from the emission of synchrotron radiation in
a bending magnet with a field B as, for example, in a
synchrotron light source. The typical width of emission
angles of the photons is 1 /�—resulting from the relativ-
istic transformation of the radiation in the instantaneous
rest frame to the frame of the laboratory �Jackson,
1975�.

Therefore a detector will not give information on the
actual position of radiation emission over the distance a
to b; see Fig. 2. It is thus not possible to tell where the

FIG. 1. A primitive cubic lattice with the main crystallographic
axes indicated.
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photon was emitted over this length, the formation
length. Since the emission angle 1/� connects the gyro-
magnetic curvature radius rc=pc /eB and the formation
length lf by lf=rc /� for small angles, the result is

lf =
pc

eB�
, �6�

where p is the momentum. Since synchrotron radiation
has a characteristic frequency 	c=3�3eB /2p, Eq. �5� is
obtained again, although with a slightly different
constant.1 This constant depends on the choice of char-
acteristic frequency or similarly on the accepted emis-
sion angles in Fig. 2, which may as well be chosen as
lying in the range �−1/� ; 1 /�	.

Following Feinberg �1966�, we may also consider the
“semibare electron,” i.e., the electron and its electric
field during the time immediately following a scattering
event. Before the scattering event the electron and the
electromagnetic field are comoving, whereas the time it
takes the field to adjust to the new direction of the elec-
tron is finite. In the rest frame of the electron the “re-

generation time” t� of the field at position x�� is propor-
tional to the distance from the electron to x��, i.e., by a
Fourier transform t��1/	� �see, e.g., Jackson �1975�	
where the primed coordinates here denote the rest sys-
tem. Due to the Lorentz transformations to the frame of
the laboratory, t= t�� and 	=2�	�, the regeneration time
becomes t�2�2 /	, which is the same as Eq. �5�. This
interpretation is very useful for the Ternovskii-Shul’ga-
Fomin effect of radiation emission in a thin target �Ter-
novskii, 1960; Shul’ga and Fomin, 1998�, which has an
analog in the case of thin crystals �Fomin et al., 1996�. In
the Ternovskii-Shul’ga-Fomin effect, the radiation yield
diminishes for photon energies with formation lengths
extending out of the target. In this case, the radiation
emission becomes proportional to the logarithm of the
target thickness instead of being a linear relationship.

2. Quantum formation length

In the quantum version, where the recoil imposed on
the electron by the emitted photon is taken into account,
the formation length can be calculated by use of the
longitudinal momentum transfer to the nucleus, q
 =p
−pf−�	 /c, where p and pf denote the momentum of the
electron before and after the radiation event, respec-
tively. The photon propagates in the medium with veloc-
ity c /nr and momentum �kr=�nrk, where nr=�
�	�
=�1−	p

2 /	2 is the index of refraction, 
�	� is the dielec-
tric function, and 	p=�4�nZ2e2 /m is the plasma fre-
quency, with n being the number density of atoms and
Z2 the atomic number of the target.

Expanding the longitudinal momentum transfer q� 
 to
first order in 1/� and applying small-angle approxima-
tions, q
 becomes

q
 =
�	

2E�E − �	�c
�1 + ��f��2 + �2�E − �	�/�	

+ 	p
2/	2	� , �7�

where �f= �E−�	� /mc2, � is the electron-scattering
angle, and � is the photon emission angle �see Fig. 3�.
Since �=1/� for a penetration depth l�=X0 /2��a0
the term involving the electron angle can be neglected
compared to the 	p

2 /	2 term, even when 	�	p. Here,

1A more rigorous derivation of the formation length for syn-
chrotron radiation can be found in the book by Beresteskii et
al. �1982� where the concept of formation length is attributed
to Ter-Mikaelian; see also Feinberg �1994�.

FIG. 2. Synchrotron-radiation emission by an energetic elec-
tron traversing a magnetic field B. The typical emission angle
1/� makes photon emission from any point within the arc
length from a to b indistinguishable by a detector. Therefore
the distance ab represents the formation length.

FIG. 3. A schematic diagram showing the photon emission by
an energetic lepton in the nuclear field. Angles are exagger-
ated for clarity.
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=e2 /�c is the fine-structure constant, a0 is the Bohr
radius, and X0 is the radiation length. Typical photon
angles are ��1/� such that the allowed range of q
 is
given by �see also Timm �1969�	

� � q
 � 2� , �8�

where � is equal to the minimum longitudinal momen-
tum transfer. Without a measurement of the photon and
electron emission angles � and �, the longitudinal mo-
mentum transfer is thus uncertain by an amount ��.
Therefore using the uncertainty relation lf=� /�q
, the
formation length can be obtained by subtracting the
minimum longitudinal momentum transfer from Eq. �7�
with ��1/�:

lf =
2E�E − �	�c

	

1

��f��2 + �2�E − �	�/�	 + 	p
2/	2	

.

�9�

For sufficiently high photon energies �	���	p��
�50 eV� the plasma frequency term can be neglected.
Thus with this approximation and ��1/�, ��0, as dis-
cussed above, the formation length becomes

lf =
2�2c

	* with 	* = 	
E

E − �	
� 	 , �10�

where �	 is the energy of the photon. An alternative
approach for the derivation of Eq. �9� is to consider the
region of main contributions to the radiation integral as,
e.g., in the quasiclassical operator method �Baier and
Katkov, 2005a�. Similar methods investigating the
impact-parameter dependence of various photopro-
cesses reach the same conclusions in a picture involving
momentum transfer as through a more elaborate wave-
packet study �Sørensen, 2001�.

In the classical or recoilless limit �	�E, Eq. �10� co-
incides with Eq. �5� as is required. In other cases, e.g.,
for beamstrahlung in electron-electron collisions, the re-
coil is substantially different giving rise to strong sup-
pression effects reminiscent of the LPM effect �Baier
and Katkov, 2002�. As discussed below, beamstrahlung is
a result of the interaction of a particle in one bunch with
the field of the opposing bunch, and for future linear
colliders strong-field effects become decisive for the en-
ergy loss due to beamstrahlung.

For pair production, a classical version of the forma-
tion length is the length it takes to separate a created

pair transversely by two Compton wavelengths �–c when
the pair is emitted with an opening angle 1/�p:

lf
pair = 2�p�

–
c
2�p

2c

	
. �11�

Therefore the formation length increases with the en-
ergy of the pair, where �p�	 /mc2.

When calculated properly by means of longitudinal
momentum transfer, the formation length for pair pro-
duction becomes

lf
pair =

2�p
2c

	# with 	# =
	

�+�−
, �12�

where �± is defined as Ee± /�	, with Ee± being the energy
of the created electron or positron. It is an important
distinction relevant to the strong-field effects that lf in-
creases with increasing energy of the pair, whereas the
formation length for a radiation emission decreases with
increasing energy of the emitted photon for a fixed en-
ergy of the radiating particle. On the other hand, the
similarity between the two formation lengths when ex-
pressed as functions of �, �p, 	*, and 	# reflect the cross-
ing symmetry of the processes.

II. CHANNELING

In the so-called continuum approximation �Lindhard,
1965�, charged particles incident on a single crystal with
small angles to crystallographic directions experience
the collective, screened nuclear fields as if smeared
along the string or plane; see Fig. 4. For incidence with
angles smaller than the so-called critical angle �c, the
particle has a low transverse momentum with respect to
the axis or plane of the crystal. Thus it can be restricted
to areas away from the nuclei �positively charged par-
ticles� or close to the nuclei �negatively charged par-
ticles�; see Fig. 5.

In this case the particle is channeled and is guided by
the lattice such that a separation of the longitudinal and
transverse motions is present. The result is a conserved
“transverse energy” and therefore a transverse potential
U�r�� in which the particle moves:

U�r�� =
1

d
�

−�

�

V�r�,z�dz , �13�

where V�r� ,z� is the atom potential at the location of
the projectile. For an introduction to channeling at high

FIG. 4. A schematic drawing of the discrete nature of the scat-
tering centers in a crystal and the resulting continuum approxi-
mation. The target atoms with atomic number Z2 and distance
d along the string impose a curved trajectory on the penetrat-
ing particle with atomic number Z1 through binary encounters
over the transverse distance r�. The resulting trajectory with
entrance angle � can be accurately described as if being the
result of an interaction with a string of continuous charge dis-
tribution, i.e., the charges Z2e being “smeared” along the di-
rection of motion z.
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energies, see, e.g., Sørensen and Uggerhøj �1989� and
Sørensen �1991�.

The transverse potential or field obtained by averag-
ing in the longitudinal direction can be obtained from
different approximations, e.g., the Lindhard “standard”
potential �Lindhard, 1965�, the Molière �Molière, 1947�,
or the Doyle-Turner potential �Doyle and Turner, 1968�.
An example based on the Doyle-Turner approximation
is shown in Fig. 6. The Doyle-Turner potential has been
found to be the most precise in predictions of MeV
channeling radiation which is very sensitive to the shape
of the potential �Andersen et al., 1982�. However, Doyle
and Turner did not give data for heavy atoms—data of
this type have become available only recently �Waas-
maier and Kirfel, 1995�. The potentials are valid for a
static lattice, but thermal effects can be introduced by a
Gaussian distribution of the atoms on the lattice. The
finite value of the transverse potential shown in Fig. 6 at
the location of the atomic strings is due to the inclusion
of thermal vibrations.

In the continuum model the transverse motion is
given by

d

dt
�mṙ� = −

d

dr�

U„r��t�… , �14�

where the dot denotes differentiation with respect to
time t, and r� is the transverse coordinate; see Fig. 4.

Neglecting terms of order 1/�2, we get for the transverse
energy

E� =
1
2

p��2 + U�r�� , �15�

where � is the particle angle to the axis �Andersen et al.,
1983; Bak et al., 1985�.

A. Critical angles

Strictly speaking, critical angles are only theoretically
well defined for positively charged particles. However,
negatively charged particles display similar behavior as a
function of angle to crystallographic directions with
characteristic angles equal to those for positively
charged particles within a factor �1–3.

When the particle approaches the center of the con-
tinuum string it has a fair chance—partly due to thermal
vibrations—of acquiring a transverse energy exceeding
the height of the transverse potential. So for an incident
angle �c to the axis where

E� =
1
2

p��c
2 � U��t� , �16�

where �t is a thermal vibration amplitude, the particle
may escape the well, i.e., be dechanneled. Using the
Lindhard standard potential �Lindhard, 1965�, this gives
for the axial effect a critical angle for channeling

�1 =�4Z1Z2e2

p�d
. �17�

For the planar motion the critical angle is

�p =�4Z1Z2e2ndpCLas

p�
�18�

and generally �1�3�p since the transverse axial and pla-
nar potentials differ by about a factor of 10. Here, dp
denotes the planar distance, d is the spacing of atoms
along the axial direction, Z1e is the charge of the pen-
etrating particle, CL��3 is Lindhard’s constant, and as is
the �Thomas-Fermi� screening distance. The continuum
picture does not become invalid beyond the critical
angle but may persist out to angles as large as 50�1.
Rigorous mathematical proofs of Lindhard’s continuum
picture and channeling angles have only recently been
published for positively charged particles �Dumas et al.,
2000�.

B. Positively and negatively charged particles

The interaction potential for negatively charged par-
ticles is equal in shape but has the opposite sign as that
for positively charged particles; see Fig. 6. So in general
channeled negatively charged particles are focused
around the nuclei whereas positively charged particles
are pushed away. For positive particles the planar poten-
tial is nearly harmonic whereas the potential for nega-
tive particles is strongly anharmonic. Another difference

FIG. 5. A channeled negatively charged particle moves near
�a� an axis and �b� a plane. From Weinmann, 1998.

FIG. 6. �Color online� An example of a transverse potential in
the continuum approximation for diamond along the �110� axis
at room temperature. The main regions for channeled e− and
e+ are indicated. The Doyle-Turner approximation for the
atomic potential has been used.
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is that positively charged particles typically move freely
from channel to channel while negatively charged par-
ticles mostly are bound to one single string.

1. Number of bound states

According to Bohr’s correspondence principle, the
higher the number of available quantum states, the bet-
ter a classical description becomes of the phenomenon.
For planar-channeled positrons and electrons the ap-
proximate numbers of bound states are given as �Ander-
sen et al., 1977�

�p
+ � ��Z2

1/3�ndp
3 �19�

and

�p
− � ��4a0

dp

�ndp
3 , �20�

while for axially channeled positrons and electrons the
numbers are

�s
+ � �

1

�

d

a0
Z2

1

nd3 �21�

and

�s
− � �

4a0

dp
Z2

1/3, �22�

where the number for positrons is the number of states
per unit cell for below-barrier particles. As an example,
for silicon the numbers are �p

+�2.5, �p
−�1.1, �s

+�34, and
�s

−�4, for 1 MeV in the �110� plane and �110� axis, re-
spectively �Andersen et al., 1977�. As the number of
states are proportional to �� and � for planar and axial
channeling, it is seen that the motion of GeV channeled
particles is well described by classical theory.

2. Reversibility and blocking

The focusing of negatively charged particles around
atomic strings or planes leads to an increase in the yield
of close-encounter processes. As a consequence of the
“rule of reversibility” �Lindhard, 1965�, the time-
reversed process of directing a beam into the crystal to
observe, for example, Rutherford backscattering, corre-
sponds to the emission of particles from the string or
plane and observation at the location of the external
beam source. Therefore if the close-encounter processes

are suppressed as for positively charged particles, the
emission of positively charged particles in that crystallo-
graphic direction must be suppressed as well. This is re-
ferred to as “blocking.”

3. Doughnut scattering

In the continuum model the angular momentum L�

with respect to the axis is conserved—giving an effective
potential Ueff equal to

Ueff = U�r�� +
L�

2

2mr�
2 �23�

for interaction with a single string.
For incidence along an axial direction with large

angles �1���50�, but still in the continuum approxi-
mation, the penetrating particle scatters off many strings
of atoms, preserving the polar angle in each collision
�due to conservation of E�� while changing the azi-
muthal angle in a stochastic fashion �Akhiezer et al.,
1991�. This leads to the so-called doughnut scattering:
The beam will reach an equilibrium state in azimuthal
angles giving a uniform doughnut in angle space; see Fig.
7. This happens once the ensemble of particles has tra-
versed a length given for ���1 by �Linhard, 1965�

��
� �

4�

�2ndas�1
2 �24�

and for ���1 roughly as �Andersen et al., 1980�

��
� � 4��

��
2u1

�1
2as

, �25�

where u1 is the one-dimensional thermal vibration am-
plitude of the lattice atoms.

C. High-energy channeling radiation

By channeling radiation we mean the coherent emis-
sion of photons due to the lattice structure of the crystal
structure, subject to the condition that the particle is
channeled. Traditionally, channeling radiation is sepa-
rated into three groups depending on the energy of the
penetrating particle: At low energies, �10–100 MeV,
the transverse potential contains a limited number of
states when quantized such that a classical description is
insufficient; see Eqs. �19�–�22�. At intermediate energies,

FIG. 7. �Color online� Doughnut formation for 150-GeV electrons after �e−� and during ��� their photon emission. The selected
incident-polar-angle range is given below each plot of vertical vs horizontal exit angle, �x,out��y,out� �−150, 150 �rad	
� �−150, 150 �rad	. The radiated energy is restricted to the interval 10–70 GeV. Adapted from Kirsebom et al., 2001b.
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�100 MeV–1 GeV, the number of states is so high that,
according to the correspondence principle, a classical
calculation of the motion is a good approximation. At
high energies, above about 1 GeV, the dipole approxi-
mation is no longer justified because the longitudinal
velocity varies as a result of a relativistic transverse mo-
mentum. This means that as the energy is increased, the
appropriate description varies from a quantized trans-
verse potential, through the dipole approximation in
classical electrodynamics, to a stage where transverse
relativistic effects must be taken into account. It is one
aim of the following to show that yet another stage is
achieved when the multi-GeV region is considered. Fig-
ure 8 shows an example of a �=3 planar-channeled pos-
itron. In the particle rest frame, the transverse potential
in the frame of the laboratory is boosted by the Lorentz
factor. Transforming back to the frame of the laboratory,
the emission angles become peaked in the forward di-
rection with a characteristic angle 1/� and the emission
frequency is boosted by another factor of 2� in the for-
ward direction.

The time dependence of � initially neglected in Eq.
�14� makes the longitudinal motion differ from a uni-
form translation. In the few-GeV region this deviation is
significant—here photon emission can change � drasti-
cally. Moreover, when the transverse momentum p� be-
comes relativistic the longitudinal velocity �zc is affected
since �neglecting terms of order p� /p
�

�z
2 = �2 − �x

2 � 1 −
1

�2�1 + � p�

mc
�2� �26�

such that the longitudinal motion becomes nonconstant,
even in the absence of direct forces in this direction. An
explanation for this can be found in the interaction of
the particle possessing a relativistic transverse velocity
with the magnetic field in the average rest frame of the
longitudinal motion. This field imposes a force in the
longitudinal direction which depends on the transverse
velocity, i.e., the transverse position and direction in the
channel, such that a “figure-eight” motion results �Baier
et al., 1981; Bak et al., 1985�.

Figure 9 shows an example of channeling radiation
obtained at an energy of 6.7 GeV. The sharp peak ob-
served at �	�40 MeV is due to below-barrier transi-
tions. The upper �	�80 MeV peak originates from
above-barrier particles that interact with the crystalline
planes with an oscillation period that is approximately
twice as large �Akhiezer and Shul’ga, 1982� as well as
emission of higher harmonics �Bak et al., 1985�.

III. BREMSSTRAHLUNG

Another way to approach the channeling radiation is
from theory of bremsstrahlung, which only needs to be
generalized to coherent sources. This is described below,
starting from the theory for incoherent sources, pro-
gressing through coherent bremsstrahlung, and ending
up with the connection to channeling radiation.

FIG. 8. Illustration of Lorentz transformations between the
laboratory and the rest frame for a radiating planar-channeled
positron with �=3. From Andersen et al., 1983.

FIG. 9. High-energy channeling radiation for 6.7 GeV/c posi-
trons incident parallel to the �110� plane in a silicon crystal.
The experimental result shown by open dots is compared to a
calculated spectrum shown by a solid line. The calculation is
on an absolute scale and enabled an identification of the erro-
neous assignment of the beam energy of 7 GeV such that the
points are slightly modified compared to the original data �Bak
et al. 1985�. From Sørensen and Uggerhøj, 1989.
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A. Incoherent bremsstrahlung

The cross section for radiation emission in an amor-
phous foil—incoherent bremsstrahlung—can be found
from the Bethe-Heitler formula �Bethe and Heitler,
1934; Heitler, 1954�, which is given to good accuracy by

d�

d�	
=

16
3

Z2
2re

2 1

�	
�1 −

�	

E
+

3
4
��	

E
�2�ln�183Z2

−1/3� ,

�27�

where re=e2 /mc2=�–c=2a0 is the classical electron ra-
dius and the logarithmic factor indicates complete
screening, ��1. From this, the radiation length can be
found,

1

X0
=

n

E
�

0

E

�	
d�

d�	
d�	 = 4Z2

2nre
2 ln�183Z2

−1/3� . �28�

An incident particle statistically loses all but 1/e of its
energy by emission of bremsstrahlung in passing a foil of
thickness X0. Equations �27� and �28� include only the
scattering off the nucleus. The contribution from the tar-
get electrons can be taken approximately into account
by the replacement Z2

2→Z2�Z2+1�, which brings Eq.
�28� into good agreement with tabulated values for the
radiation length �Tsai, 1974�.

B. Coherent bremsstrahlung

The Bethe-Heitler cross-section differential in angles
and photon energy can be represented in terms of mo-
menta �q
, �q� transferred longitudinally and perpen-
dicularly to the direction of motion �Ter-Mikaelian,
1972; Sørensen, 1983�. The allowed values of q
 and q�

are given by �Timm, 1969; see also Eq. �8�	

0 � q� � 1/�–c, �29�

� � q̃
 � 2� �30�

since collimation to angles less than the radiation cone
1/� is usually beyond experimental capability at suffi-

ciently high energy. In q̃
 =q
 −�–cq�
2 /2� the subtracted

term gives a curvature to the “Überall pancake,” i.e., to
the three-dimensional formation zone which has the
shape of a pancake in the reciprocal lattice; see Fig. 10.

To first order in ��–cq��2 the Bethe-Heitler cross sec-
tion, Eq. �27�, then becomes �Ter-Mikaelian, 1972�

d�

d	
=

2Z2
2re

2

��2c
� d3q

q�
2 �1 − F�q�	2

q4q̃

2

� �1 +
�–c

2	�

c
−

2�

q̃


+
2�2

q̃

2 � . �31�

Here � denotes the inverse of the formation length, Eq.
�10�, and F�q�=Z2

−1� exp�iq� ·r����r��d3r� is the atomic form
factor which takes the screening into account through
the term �1−F�q�	2.

For N atoms, the single interaction potential V must
be replaced by a sum over all interactions �ni

V�r�−r�ni
�,

where r�ni
denotes the position of atom ni. Thus the dif-

ferential cross section for N atoms becomes �Sørensen
and Uggerhøj, 1989�

� d�

d�	d3q
�

N
= � d�

d�	d3q
�

s
���

ni

e−iq� ·r��2
, �32�

where the subscript s denotes the single-atom cross sec-
tion. The last term yields N in the case of an amorphous
substance since the mixed terms are of random phases
and sum to zero. Therefore the incoherent cross section,
Eq. �27�, becomes proportional to the number of atoms
within the formation length, which explains the �1/�	
behavior that is also found in Eq. �10�.

For a static single crystal in the limit N→� we get
�Sørensen, 1983; Sørensen and Uggerhøj, 1989�

��
ni

e−iq� ·r��2
=

N�2��3

N0�
�S�g���2�

g�
��q� − g�� �33�

similar to diffraction from a grating; see also Palazzi
�1968�. Here N0 is the number of atoms in the unit cell of
volume �, ��q� −g�� is the Dirac delta function, and S�g�� is
the structure factor for the lattice in question �Ashcroft
and Mermin, 1976�.

Again to first order in ��–cq��2 the expression then be-
comes

FIG. 10. An illustration of a section of the “Überall pancake”
�hatched area, curvature neglected�. The main part of the emit-
ted radiation comes from reciprocal-lattice points for which
the projection on the momentum vector p�1 lie in the range
given by Eq. �30�. The reciprocal lattice is spanned by the
primitive reciprocal-lattice vectors b� i. From Ter-Mikaelian,
1972.
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d�

d	
=

N�2��3

N0�

2Z2
2re

2

��2c �
g�

�S�g���2
g�

2 �1 − F�g�	2

g4g̃

2

� �1 +
�–c

2	�

c
−

2�

g̃


+
2�2

g̃

2 � , �34�

where g̃
 =g
 −�–cg�
2 /2�. We note the similarity between

Eqs. �31� and �34�.
The interpretation of Eq. �34� is that the coherent

cross section only becomes appreciable when the recoil
momentum is equal to a vector of the reciprocal lattice
�perhaps even clearer from the delta function in Eq.
�33�	, i.e., when the wavelength of emitted radiation is an
integer times the direct lattice spacing of atoms in the
chosen direction. This gives rise to “coherent peaks,”
i.e., enhancements that can be highly polarized; see, e.g.,
Palazzi �1968�, Timm �1969�, and Ter-Mikaelian �2001�.

At this point it is worthwhile to comment on the use
of formation lengths. A collimation of the photon emis-
sion angles will result in less radiation �a “sharpening” of
the leading edge of the coherent peak� even though the
formation length according to Eq. �9� gets longer. This is
due to the corresponding shortening of the relevant
zone in the reciprocal lattice, i.e., fewer reciprocal-lattice
points contribute to the radiation. There is thus not a
one-to-one correspondence between the number of at-
oms within the formation length and the radiation yield.

In the transverse-potential picture, coherent brems-
strahlung can be regarded as free-free transitions, i.e.,
transitions among states above the potential barrier,
while channeling radiation originates from bound-bound
transitions within the potential well �Andersen et al.,
1980, 1981�; see Fig. 11.

A relatively recent example of coherent bremsstrah-
lung spectra at high energy is shown in Fig. 12. As the
angle to the plane increases the theoretical values based
on the first Born approximation, shown by solid lines,
become a better approximation to the data, shown by
crosses. Applying the second Born approximation
�Shul’ga and Syshchenko, 2002� could possibly improve
the agreement between theory and experiment shown in
Fig. 12.

IV. QUANTUM OR CLASSICAL DESCRIPTION?

At sufficiently high energies, the motion of particles in
a crystal—even when channeled—becomes quasiclassi-
cal. On the other hand, as the radiation may carry away

a substantial fraction of the energy and momentum of
the emitting particle, the radiation emission itself must
be described as a quantum process.

A. Particle motion

In considering the quantization of the electron motion
in a crystal, one may estimate the number of levels in a
harmonic oscillator �as for a planar-channeled positron;
see also Eq. �19�	 of potential height U0 from ��	=U0
=�m	2�dp /2�2 /2 to be

� =
1

�
��mU0

2
dp

2
� �� , �35�

which is of the order of a thousand at 100 GeV. In the
case of an electron in a magnetic field, one may evaluate
the level distance with respect to the energy �	 /E by
use of L=�� and the Lorentz force which leads to

1

�
=
�	

E
=

B

B0

m2c2

p2 = �f
m2c2

p2 , �36�

where �f is the actual field in units of the critical field.
Clearly, even for channeled particles and for large �f the
motion is quasiclassical according to the correspondence
principle as long as the electron fulfills the weak crite-
rion ����f.

B. Emission of radiation

With respect to the recoil in the emission process, we
utilize a classical calculation of the synchrotron-

FIG. 11. Two particle trajectories in a crystal lattice. Track �a�
gives rise to the emission of channeling radiation while �b�
leads to coherent bremsstrahlung. From Andersen et al., 1980.

FIG. 12. Radiation from 150-GeV electrons incident on
0.6-mm Si with different angular intervals to the �110� plane as
indicated. The enhacement is with respect to an amorphous
target of the same material and thickness. The polar angle to
the �110� axis is 8.2 mrad. From Medenwaldt et al., 1991.
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radiation emission in a magnetic field which leads to a
spectrum that extends to 	c�3�3eB /2p=3�3	0 /2 �Jack-
son, 1975�, i.e.,

�	c

E
�

3�B

2B0
=

3��f

2
=

3 

2
, �37�

which for sufficiently large � exceeds 1. Here 	0 is the
Larmor angular frequency and  is the strong-field pa-
rameter to be defined shortly. Thus for � values beyond
a certain point, the classically calculated radiation spec-
trum extends beyond the available energy �Schwinger,
1954; Tsai, 1973; Tsai and Yildiz, 1973; Sørensen, 1991�.
In this case a quantum treatment is obviously necessary:
“… the condition for quantum effects to be unimportant
is that the momenta of the radiated quanta be small
compared with the electron momentum” �Schwinger,
1954�.

Following Nikishov and Ritus �1964� and Berestetskii
et al. �1971�, we can construct three dimensionless invari-
ants from the electromagnetic field strength tensor F��

and the momentum four-vector p� �or, in the case of a
photon, �k��:

 2 =
�F��p

��2

m2c2E0
2 , �38�

! =
F��

2

E0
2 =

2�B� 2 − E�2�
E0

2 , �39�

" =
e����F

��F��

E0
2 =

8E� · B�

E0
2 , �40�

where e���� is the antisymmetric unit tensor and contrac-
tion is indicated by repeated indices. For an ultrarelativ-
istic particle moving across fields E�E0, B�B0 with an
angle ��1/�, the invariants fulfill  �! ," and ! ,"�1.

The relation of  to the fields E� and B� is given by �Ber-
estetskii et al., 1971�

 2 =
1

E0
2m2c4 ��p�c � B� + E · E��2 − �p�c · E��2	 . �41�

For an ultrarelativistic particle moving perpendicularly
to a pure electric or pure magnetic field this reduces to

 =
�E
E0

or  =
�B

B0
, �42�

which is implicit in Eq. �37�. Due to E0 and � being pro-
portional to m2 and 1/m, respectively, we note that  
scales with 1/m3 such that, for example, the coherent
production of muon pairs becomes appreciable only at
energies 2073�107 times larger than electron-positron
pairs.

As discussed in the Introduction, for the emission of
radiation it is the trajectory that is decisive. Therefore it
is insignificant if the field responsible for the path is elec-
tric or magnetic and they may be used indiscriminately.
Since  is invariant, �B �or �E� is the same in any refer-

ence system and thus it is reasonable to transform to the
electron frame. In this reference system, by definition
the Lorentz factor of the electron is 1 and the field
present in the frame of the laboratory is boosted by �
=E /mc2, where E is the energy of the electron in the
laboratory. This means that the field in the rest frame of
the electron can become critical for achievable � values.

C. Classical recoil

What happens to Eq. �37� if the recoil imposed on the
electron by the photon emission is taken into account?
In this section let the barred values denote the values
where recoil �momentum �	 /c lost to the photon� is
taken into account and unbarred values denote variables
in which this is not the case. The discussion follows Jack-
son’s �1975, Sec. 14.4� closely. The time interval in which
a finite pulse is detected by an observer is related
through a Fourier decomposition to its frequency com-
ponents. A comparison between the time duration of the
pulse with and without account of energy loss of the
particle in the emission process therefore gives an esti-
mate of the effect of recoil. After emission of the pho-
ton, the particle Lorentz factor becomes

�̄ = ��1 −
�	

E
� �43�

since E= Ē=�mc2 is the initial energy of the projectile
and �̄mc2=E−�	. The emission frequency will not di-
minish

	̄ = 	 . �44�

Thus the critical frequency will be

	̄c � 3�̄�2	̄/2 = 	c�1 −
�	

E
� �45�

since the radiation cone is limited by �, whereas the par-

ticle moves with velocity �̄c=c�1−1/ �̄2 after the emis-

sion �i.e., on the average ��̄��. In combination, the ra-
diation cone and the velocity determine the duration of
the pulse in a manner similar to that in the discussion
connected to Fig. 2. Suppose now the radiation emitted
has the critical frequency �	=�	̄c, then

�	̄c

Ē
=
�	c

E
�1 −

�	c

E
� , �46�

which is the modification of photon frequencies sought.
In the limit �	c /E�1 the usual behavior is obtained,

�	c /E��	̄c / Ē.
Thus the modifications of photon frequencies 	* and

	̄ in Eqs. �10� and �44� take into account the recoil, i.e.,
it “represents a QED correction to classical electrody-
namics” �Kimball et al., 1986�, but the corrections can in
a qualitative manner be found from classical electrody-
namics.
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V. RADIATION EMISSION IN STRONG FIELDS

Equations �10� and �12� show the formation length in
the laboratory frame. What is the formation length in
the particle rest frame?

Let us consider pair production first. In the frame with
a Lorentz factor of �p�	 /mc2, the formation length
would become Lorentz contracted by �p: lf

pair /�p

=2���–c /�p��–c /2, where ���	�+�−/mc2. This is
roughly what one would expect for pair production in a
strong field2 since for  =1 a pair can be created over

2�–c.
Turning to radiation emission, the formation length in

the rest frame of the radiating electron with the emission
of #=�	 /E leads to

lf
rad

�
=

2�*�–c

�
=

2�–c�1 − #�
#

, �47�

which is 2�–c for #= 1
2 and decreases with increasing #.

Here, �*=��1−#� /#. Bearing in mind the definition of

the critical field where mc2 is produced over �–c, it is
natural to expect that the formation length is given by

the so-called field deflection length �–�, i.e., the length
over which the particle is deflected by an angle 1/� by
the transverse force F�:

�� =
E0

E
�–c =

�–c

�f
=

mc2

F�

�48�

leading to �� /�=�–c / such that the effective length for
radiation decreases with increasing  . Thus by setting
��= lf

rad, according to Eq. �47� the diminishing field de-
flection length leads to a “preference” for radiation
closer to the edge of the spectrum:

# =
2 

2 + 1
�49�

as is indicated in the discussion of critical frequencies,
Eq. �37�. The basis of this is the inverse dependence of
the formation length on the photon energy. This behav-
ior, with a minor modification, is also obtained in the
more accurate constant field approximation �CFA� to be
discussed below.

In amorphous materials the length over which a par-
ticle statistically scatters a rms angle 1/� due to multiple
Coulomb scattering is given approximately by

l� =


2�
X0, �50�

where  is the fine-structure constant and X0 the radia-
tion length. This is one possible starting point to de-
scribe the shortening of the formation zone in the LPM

effect �Hansen et al., 2004; Uggerhøj, 2004a�. It
leads—as for the case of ��—to a higher radiation yield
at high energies compared to lower energies and an in-
crease of the effective radiation length at sufficiently
high energies �Hansen et al., 2003�.

A. Threshold for strong-field effects

As an estimate of the peak electric field originating
from an axis in a crystal, one may set E�U0 /�2eu1,
where U0 is the transverse-potential height. This can, for
instance, be seen in Fig. 6 where u1�0.1 Å and U0
�140 eV leads to E�1 kV/Å, i.e., a field of the order
1011 V/cm. For a good summary of relevant crystal pa-
rameters, see, e.g., Gemmell �1974�. From the definition
of the critical field and  in Eq. �37� it follows that the
“threshold,”  =1, for the quantum effects is obtained
for

�	t = �tmc2 = mc2
�2u1mc2

U0�
–

c

, �51�

where the field becomes critical in the Lorentz frame
boosted with �t or �	t /mc2. Table I compares the values
obtained from Eq. �51� with the more accurate ones ob-
tained in the constant field approximation �Baier et al.,
1998�, where �	t is defined as the energy at which the
probability for the coherent strong-field mechanism
equals the Bethe-Heitler value.

As Eq. �51� is a rather crude estimate, it is not surpris-
ing that there is some disagreement. Nevertheless, Eq.
�51� is a good estimate of the energy of onset of strong-
field effects. Furthermore, it directly explains the
origin—namely, that the field in the rest frame becomes
critical.

B. The classical limit of synchrotron radiation

Since it is the trajectory that is decisive for the emis-
sion of radiation and the interaction with the continuous
electric field imposes a curved trajectory, see Fig. 4, it
can be expected that the radiation emission is synchro-
tronlike. Therefore classical synchrotron-radiation emis-
sion is described in short below, followed by the impor-
tant phenomenon of synchrotron-radiation emission
under recoil of the emitting particle. The latter takes
place when  gets sufficiently large.

2Alternatively, the length it takes to deflect a created positron
of p= 1

2�mc by an angle �=1/� with respect to the photon
direction in a critical � =1� B field is 2�–c /2.

TABLE I. Comparison of threshold values for the strong-field
effect from Eq. �51� and Baier et al. �1998�.

Estimate, Eq. �51� Baier et al. �1998�

Si �110�, 293 K 102 GeV 120 GeV
Ge �110�, 280 K 74 GeV 70 GeV
Ge �110�, 100 K 45 GeV 50 GeV
W �110�, 293 K 14 GeV 22 GeV
W �110�, 77 K 8 GeV 13 GeV
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According to classical electrodynamics, the intensity
per unit frequency and unit solid angle emitted by a
charged particle in synchrotronic motion can be ex-
pressed as �Jackson, 1975�

d2I

d	d$
=

e2

4�2c
��

−�

� n� � ��n� − �� � � ��̇ 	

�1 − �� · n� �2

� exp�i	�t − n� · r��t�/c	�dt�2

, �52�

where �� �t�=���t� /c and n� denotes the direction of photon
propagation. Equation �52� leads to a counting spectrum
�Sørensen, 1991� by use of dN� /d#= �1/E��	 ·dP /d�	,
where the emitted power is P=	0I /2�, 	0=eB /p:

dN�

d#
=

c

�3���–c

1

��2K2/3��c� − �
�c

�

K1/3�t�dt� , �53�

where �c=2# /3 , #=�	 /E, K� is the modified Bessel
function of order �, and  is the invariant strong-field

parameter defined in Eq. �42�,  =�Be�–c /mc2.

C. The constant field approximation �CFA�

1. Radiation emission

The classical spectrum of synchrotron radiation be-
comes modified when quantum corrections are taken
into account, as for emission in a sufficiently strong field.
According to Schwinger �1954�, Schwinger and Tsai
�1978�, and Lindhard �1991� following the correspon-
dence principle, the approximate quantum spectrum can
be found by a replacement of variable in Eq. �53�. The
substitution 	→	*=E	 / �E−�	� in the right-hand side
of Eq. �53� will take into account the quantum �recoil�
effects �see also Berestetskii et al. �1971�, Eqs. �59.9� and
�59.20�, where the same result is derived from the semi-
classical approach	:

#* 
�	*

E
=

�	

E − �	
=

#

1 − #
, �54�

where, as above, #=�	 /E. This substitution reappears in
the definition of the formation length, Eq. �10�, in going
from the classical limit to the accurate expression. The
result is a modification of Eq. �53� where �c=2# /3 
→�q=2# /3�1−#� leading to

dN�

d#
=

c

�3���–c

1

��2K2/3��q� − �
�q

�

K1/3�t�dt� . �55�

In the constant field approximation �Baier et al. �1983�
and Kimball et al. �1983�; reviewed in Kimball and Cue
�1985� and Baier et al. �1989a�	 the corresponding result
for emission of radiation is

dN�

d#
=

c

�3���–c

1

���1 − # +
1

1 − #
�K2/3��q�

− �
�q

�

K1/3�t�dt� , �56�

where as found above �q=2# /3�1−#� . Figure 13�a�
shows the term in square brackets from Eq. �56� multi-
plied by # / to obtain a power spectrum and to normal-
ize by  such that the spectra become comparable.

In Fig. 13�b� is shown the contribution from the spin
„see Berestetskii et al., 1971 �Eq. �59.20�	, Lindhard
�1991�, and Sørensen �1991�…, where the first factor de-
pends on the spin, i.e., the difference between �a� and
the bracket term from Eq. �55� multiplied by # / ; see
Sørensen �1991�. Clearly, the end of the spectrum is se-
riously affected by the spin for high energies. This con-
tribution originates in Lindhard’s approach from the re-
placement of the Thomson cross section for the virtual
photon scattering by the Klein-Nishina cross section
which takes recoil and spin into account.

As a result of the quantum correction, the total radi-
ated intensity for the classical emission is, according to

Schwinger, reduced by a factor 1−55�3��–c	0�
2 /16c due

to first-order quantum corrections when  �1
�Schwinger, 1954�. Including the second-order term, we
find the reductions for small and large values of  are
�Berestetskii et al., 1971�

I/Icl = 1 − 55�3 /16 + 48 2,  � 1, �57�

I/Icl � 1.2 −4/3,  � 1. �58�

Figure 14 shows the approximate expression

I/Icl � �1 + 4.8�1 +  �ln�1 + 1.7 � + 2.44 2	−2/3 �59�

valid for a wide range of  values �Baier et al., 1998�.
From this it is clear that the emission of synchrotron

radiation is already affected at fairly small values of  . A
graphical representation compared to measured values
is given in the articles of Baier et al. �1986c� and
Belkacem et al. �1988�.

FIG. 13. Synchrotron radiation in a strong field, where �a� the
power spectrum is rescaled by  according to Eq. �56� and �b�
the contribution from the spin; see text for details. The labels
on the curves denote the value of  which are in both cases
 =5−1 �dashed�,  =1 �solid�,  =5 �dash-dotted�,  =52 �long-
dashed�, and  =53 �long-dash-dotted�. Adapted from Sø-
rensen, 1991.
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At this point it is worth noting that even though the
quantum corrections imply a reduction compared to the
classical synchrotron law, the emission probabilities in
the quantum regime are still enhanced in a crystal with
respect to the Bethe-Heitler value, due to the coher-
ence. The enhancement is here defined as the emission
probability for an aligned crystal in units of the random
value.

The “end point” of the radiation spectrum,
�	c—beyond which the frequencies are exponentially
suppressed—is found in the CFA �Artru, 1988; Baier et
al., 1989b� as being the approximate fraction of the inci-
dent energy:

�	c

E
�

 

1 +  
�60�

in good agreement with the estimate of the critical fre-
quency, Eqs. �46� and �49� combined with Eq. �37�.

There is therefore nothing extraordinary in the “emis-
sion under recoil” in terms of the emission process in
itself, except that one has to take conservation of energy
and momentum as well as spin into account. It therefore
seems natural that a full quantum-mechanical calcula-
tion of these phenomena using the Dirac equation con-
cludes that ultrarelativistic channeling does not involve
quantum effects which are not included in the semiclas-
sical treatment �Augustin et al., 1995�. On the other
hand, what is remarkable is the large enhancement with
respect to random incidence which is a result of the
large field in the rest frame of the emitting particle and
the coherence. So, even though the emission process can
be calculated reliably in a semiclassical theory, it shows a
drastic change from the usual classical behavior.

Thus crystals give us the opportunity to investigate
the behavior of synchrotron radiation in the region
where quantum effects become decisive in the spectrum.

Moreover, crystals open up the possibility of investigat-
ing modifications to the radiation spectrum of a “non-
synchrotron” character, i.e., when the trajectory is better
approximated by segments of nonconstant acceleration
�Khokonov and Nitta, 2002�.

For a single crystal, the strong-field parameter  is
approximately given by �Baier et al., 1998�

 �
U0��

m2c3as
, �61�

where as is the screening distance and U0 is a measure of
the height of the transverse potential. This leads, for
example, for tungsten to  W�3, at an energy of
100 GeV. For the energies 30 and 300 GeV the energy
losses are reduced by factors of 6 and 45, respectively,
compared to the classical synchrotron radiation �Konon-
ets, 1988�.

Table II summarizes the behavior of the intensity I,
the radiation probability W, and the critical energy �	c,
with � for the two limits  �1 and  �1 �Kononets,
1988�. Note that the radiation probability and pair-
production probability have the same behavior with �
�or �p� in both the quantum and classical limits, in agree-

FIG. 14. �Color online� The intensity I of syn-
chrotron radiation as a function of  , normal-
ized to the classical value Icl obtained for  
→0. The upper part shows the region 0� 
�1 on a linear scale while the lower part
shows the region 0.01� �100 on a logarith-
mic scale.

TABLE II. Behavior with � for the intensity, radiation and
pair-production probability, and the characteristic energy of
emission for the quantum and classical limits.

 �1  �1

I� �2/3 �2

W� �−1/3 �0

�	c� � �2

1144 Ulrik I. Uggerhøj: The interaction of relativistic particles with strong crystalline fields

Rev. Mod. Phys., Vol. 77, No. 4, October 2005



ment with expectations from crossing symmetry.3 These
drastic changes in behavior with � from the classical to
the quantum limit have so far only been investigated by
means of the strong fields in crystals, which thus provide
unique tools for tests of QED as shown from experimen-
tal results below.

2. Variations with energy, material, and temperature

The conclusion from Eqs. �51� and �61� is that the
strong-field effects appear at lower energies the higher
the Z of the crystal and the lower the temperature. The
maximum enhancement, on the other hand, decreases
with increasing Z since the maximum achievable forma-
tion length before the onset of the self-suppressing field
deflection is inversely proportional to Z. Furthermore,
the maximum enhancement is only slightly dependent
on temperature. Nevertheless, it can be useful to cool a
crystal intended to serve as a target for conversion of
photons simply to reduce the threshold below the region
of typical energies of the impinging photons and by
these means obtain a significant increase in enhance-
ment. This is due to the deeper transverse potential in a
cooled crystal of high Z, which implies a high field and
thus  =1 at a lower value of �.

Clearly, the crystal material, orientation, and tempera-
ture are crucial parameters for an application as a target
for conversion of photons.

3. Characteristic angle for CFA

Following Sørensen �1987�, conservation of transverse
energy leads to

p2

2�m
�0

2 =
p2

2�m
��0 + ���2 − U0, �62�

where �0 and �� denote the incident and deflection
angle, respectively. For ����0 this gives

�� =
1

�

U0

mc2

1

�0
�63�

such that the angle

%0 =
U0

mc2 �64�

separates two regions where the deflection angle is
larger than or smaller than the opening angle of the
emission cone, 1 /�. Thus it separates the regions where
the radiation has dipole nature, ��%0, and where it has
a synchrotron nature, ��%0. %0 is the so-called Baier
angle. This characteristic angle does not depend on en-

ergy �see Cue and Kimball �1984� for a different ap-
proach	 such that at relatively high energies, roughly
when ��2mc2 /U0, i.e., a few GeV for axes in Si and Ge,
we have �c�%0 since �c�1/��. Thus the strong-field
regime extends beyond the channeling regime for par-
ticles with energy above a few GeV. Furthermore, in
accordance with the continuum approximation, the field
registered by a particle incident at this angle can be con-
sidered constant along the string.

From Eq. �63� and Fig. 15 it is again possible to con-
clude a “self-suppression” effect of the strong field. Co-
herence takes place within the “1/� zone” which be-
comes shorter and shorter as �0 decreases since ��
increases �Pedersen et al., 1986, 1987�, so the strong-field
enhancement is smaller than the enhancement calcu-
lated from coherent theory �first Born approximation�.

An alternative derivation shows the constant field
more explicitly:

�E =
U

u1e
−

U

�u1 + �x�e
� E =

U

u1e
⇒ �x � u1. �65�

Then

�x =
�0�

–
cE0

E
=
�mc2u1

U
�66�

is the transverse displacement over the formation
length, Eq. �48�. By use of Eq. �65�, this leads to ��%0
again with %0 given by Eq. �64�, i.e., under the assump-
tion that the field deflection length is the formation
length, the field can be considered constant during the
creation process for incidence inside %0.

Due to the thermal motion of the lattice nuclei, there
is always an incoherent component of radiation. For a
comparison of theory and experiment, it is necessary to
add this contribution—a slightly modified Bethe-Heitler
cross section, see, e.g., Ter-Mikaelian �1972, p. 60�—to
the CFA contribution.

3Of course, pair production is always a quantum process so
the separation between classical and quantum limits are under-
stood as those belonging to the synchrotron-radiation case, i.e.,
 �1 and  �1. Likewise, the pair-production probability for
 �1 is understood as the dominant process, i.e., the Bethe-
Heitler contribution, since the coherent part is exponentially
small in this region of  .

FIG. 15. Emission of bremsstrahlung by a charged particle
crossing a string of atoms. In the upper part, the deflection due
to the field from the string is sufficiently small such that coher-
ent superposition can take place over many atoms—this is the
limit with an angle ��%0 to the axis. The lower part reflects
the increased deflection when incident with an angle ��%0 to
the axis, which results in a shorter distance for the coherent
superposition. From Sørensen, 1987.

1145Ulrik I. Uggerhøj: The interaction of relativistic particles with strong crystalline fields

Rev. Mod. Phys., Vol. 77, No. 4, October 2005



D. Virtual photon density

An alternative approach shows the interaction
strength more explicitly in a picture where the penetrat-
ing particle interacts with the field seen as virtual pho-
tons. Following Baier et al. �1989b� the flux of equivalent
photons can be calculated as

Jq =
�

4�e2

�G�q��2

�c�q
�
q�

2 , �67�

where the strength of the potential is expressed through
�G�q��; see Eq. �2�. In the interaction region of approxi-

mate size in the rest frame, Vr�2���–c
2 /�q
 �given by the

volume restricted by the inverse of Eqs. �29� and �30�	,
the resulting number of photons Nq�JqVr. The strength
of the interaction is then given by

N� = �
q

Nq � �
q

�G�q��2q�
2

m2c4q

2 . �68�

From �G�q���U0 and q
 �q��0 then follows

N� � � U0

mc2�
�2

�69�

from which it is seen that there are two regions of angles
separated by %0=U0 /mc2. For N��1 the interaction is
similar to a constant field, while for N��1 perturba-
tion theory is valid.

E. Spin processes

The first calculation of the photon spectrum emitted
by “particles of arbitrary spin moving in an arbitrary
electromagnetic field” was done by Baier and Katkov
�1967�. Earlier, Sokolov and Ternov �1964� considered
polarization and spin effects for electrons moving in a
homogeneous, constant magnetic field. However, their
realization that the spin influences the spectrum deci-
sively for large values of  was not discussed as an ob-
servable phenomenon. Nevertheless, radiation intensi-
ties were calculated for spin 0, 1

2 , and 1. In fact, the
influence of spin was left out of many discussions of
quantum effects: “quantum effects in synchrotron radia-
tion originate in two ways: from the quantisation of the
motion of the electron, and from the quantum recoil
when a photon is emitted” �Berestetskii et al., 1971;
Baier et al., 1998�.

The first discussion of the possibility of observing spin
flips in axial channeling was by Bagrov et al. �1984�, but
these results were later questioned by Greiner’s group
�Augustin et al., 1995� based on a calculation starting
from the Dirac equation. Spin flip in planar channeling,
which requires energies about a factor of 10 higher, is
discussed by Baryshevskii and Grubich �1983�.

Later, Lindhard �1991� showed that the contribution
from the spin can be derived from a Weizsäcker-
Williams-type calculation. He and Sørensen �Sørensen,
1991� convincingly demonstrated that the contribution
from the spin dominates the hard end of the photon

spectrum as soon as  �1; see Fig. 13. This means that—
apart from the reverse action of the photon on the elec-
tron, the recoil—an additional quantum effect of the
spin of the electron influences the spectrum, as also dis-
cussed in the book by Sokolov and Ternov �1986�.

Why the spin exerts its influence can be seen by a
rough but simple argument �Kirsebom et al., 2001a�: The
energy of a magnetic moment �� at rest in a magnetic

field B� is given by

E� = − �� · B� . �70�

Therefore spin-flip transitions of electrons with �
=e� /2mc have an energy �E�=e�B /mc in the rest sys-
tem. In this system, the purely electric field in the crystal
is, by the Lorentz transformation, converted into a mag-
netic field B=��Elab plus an electric field which does not
influence �� . Transformation back to the laboratory
frame yields a factor � �as in the case of channeling ra-
diation arising from transitions in the transverse poten-
tial� such that the result is

�E� = �2�
E
E0

mc2 =  ��mc2, �71�

which is equal to the initial energy of the electron E
when  �=1. This simple estimate shows why the radia-
tion from spin flip concentrates near the end point of the
spectrum. An analogous behavior appears for synchro-
tron radiation where the typical fractional photon en-
ergy, Eq. �37�, becomes equal to 1 for  =2/3 and the
recoil of the photon must be taken into account as dis-
cussed above.

Asymptotically, the spin contribution becomes
#dN /d#� �#7 / �1−#�	1/3 2/3 for  →� such that it is
strongly peaked at the upper end of the spectrum. An
example is given in Fig. 16 where the value of  is set to
100.

In the process of radiative polarization of the electron,
the typical time of spin-flip transitions & is given by
�Baier et al., 1970; Schwinger and Tsai, 1974; Sokolov
and Ternov, 1986�

FIG. 16. �Color online� Synchrotron radiation in a strong field,
where the solid line is the total spectrum according to Eq. �56�,
the dash-dotted line shows the contribution from the spin, and
the dashed line is the contribution neglecting the spin; see text
for details. The value of  is set to 100.
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& =
8�

5�3m
�B0

B
�3 1

�2 =
8�

5�3m

�

 3 �72�

such that c& becomes 15 �m for a 150-GeV electron in a
 =1 field. Therefore a substantial fraction of the radia-
tion events originate from spin-flip transitions as one
gets to and beyond  �1, even in a target as thin as
0.1 mm. Theoretical studies �Baryshevskii and
Tikhomirov, 1989� point to the possibility of obtaining
polarized positrons in a similar manner, by planar chan-
neling through bent crystals of lengths about 1 mm.

F. Doughnut-scattering suppression

Suppression due to doughnut scattering can be stron-
ger than the LPM effect due to multiple Coulomb scat-
tering. Let the particle be incident with a fixed angle �
to the axis and deflected through an azimuthal angle �.
Then the change in angle becomes ��2� sin�� /2����.
Setting this equal to 2/�, an estimate for the length over
which the particle scatters outside the radiation cone is
obtained �Bak et al., 1988b�:

l�d = � �

2�
�2

�� =
��

�2�2�2 , �73�

with �� given by Eqs. �24� and �25�. The length l�d can
become smaller than l�, even along an axis where mul-
tiple Coulomb scattering is enhanced for negatively
charged particles. Therefore if the incident particles
doughnut scatter sufficiently over one formation length,
suppression of radiation may result; see also Uggerhøj
�2004a�.

The energy below which the radiation emission is sup-
pressed by doughnut scattering can be estimated by use
of Eqs. �10�, �24�, �25�, and �73� as

�	 � ��c�4�4�1
2asdn/2�� �74�

for electrons inside the critical angle and

�	 � ��c�4�4�1
4as

2dn/8u1��−1 �75�

for electrons outside the critical angle. Since �1
2�1/�,

the doughnut-scattering suppression energies show a �3

and �2 dependence, respectively.

VI. PHOTONS IN STRONG FIELDS

By crossing symmetry, the radiation-emission and
pair-production processes are intimately related. Thus it
is natural to use the constant field approximation also
for pair creation where the field is considered constant
over the pair formation length. Furthermore, a couple of
higher-order processes, photon splitting and Delbrück
scattering, become enhanced in a strong field.

A. Pair production

It is useful to show by a qualitative argument why the
condition  �1 is sufficient to create a pair �Bassompi-

erre et al., 1995�. If the formation length is ��=�–cE0 /E
then the formation time is �t=mc /eE. During this time a
pair can be created if the energy conservation is violated
by �E=2�p2c2+m2c4−2pc�mc2 /�. Then the Heisen-

berg uncertainty principle �E�t�� implies mc2 /�Ee�–c
�1, i.e.,  �1.

1. Total and differential rates

The pair-production probability differential in the
normalized energy of one of the final-state particles, �±,
is given in the CFA as �Baier et al., 1984, 1998�

dNp

d�+
=



�3���–c

mc2

�	 ��1 − �+

�+
+

�+

1 − �+
�K2/3���

− �
�p

�

K1/3�t�dt� , �76�

where �p=2/3�+�− . Note here the similarity with the
“substitution rule” in the coherence length, Eq. �12�, go-
ing from 	 to 	#=	 /�+�− such that one can derive �p
=2/3�+�− from �c merely on the basis of crossing sym-
metry. It should be noted, however, that due to the re-
distribution of channeled particles the calculation of ra-
diation becomes more complicated than pair production
for angles smaller than Lindhard’s critical angle.

The differential probability develops a pronounced
minimum around �=Ee± /�	=1/2 and peaks at �
�1.6/ for large  . This—combined with the fact that
the strong-field radiation emission tends toward the end
point of the spectrum—means that as the energy in-
creases beyond the region where  is of the order 100,
an electromagnetic shower develops as essentially one
energetic particle or photon, followed by many low-
energy particles �Baier, Katkov, and Strakhovenko,
1987, 1995; Medenwaldt et al., 1989b; Baurichter et al.,
1995�. Again, this behavior is reminiscent of the behav-
ior of the LPM effect for pair production �see, for ex-
ample, Klein �1999�	 which yields a preference for highly
asymmetric pairs. This arises due to the similarity be-
tween the influence of the lengths �� and l�, Eqs. �48�
and �50�.

The strong-field pair-production probability per unit
time is given as �Baier et al., 1998�

Wp =
m2c4

6�3��2	
�

1

� 8u + 1

u3/2�u − 1
K2/3���du , �77�

where �=8u /3 . In the limit  �1 the probability is ex-
ponentially small,

Wp �
3�3m2c4 

16�2�2	 exp�8/3 �
, �78�

while in the limit  �1 the result is
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Wp �
0.38mc2B

B0� 
1/3 , �79�

i.e., the probability actually diminishes once the energy
surpasses the domain where  �10 �Baier et al., 1998�.

A good approximation to the cross section for all val-
ues of  is given as �Erber, 1966�

dNp

dt
=

4
25

mc

�–c�	
K1/3

2 � 4

3 
� , �80�

while a more precise �accuracy quoted as better than
3%� expression is given in the book by Baier et al. �1998�
in which the probability has been averaged over photon
polarization.

The exponential suppression at low values of  in Eq.
�78� can be interpreted as a tunneling process where
“energy borrowed from the background field” �Kurilin,
1999� makes possible a process which is forbidden in
vacuum.

2. Enhancements in crystals

Pair production attains a maximum enhancement of
�Baier et al., 1989a�

��
max � �PP

max =
WCFA

max

WBH
�

U0masd

3Z2
22�2 ln�183Z2

−1/3�
. �81�

Note that according to Eq. �79� the effect is self-
suppressing at high energies as indicated in the discus-
sion of the formation length. The maximum enhance-
ment, which can reach values of �150 for both pair

production and radiation emission, is roughly inversely
proportional to Z2 and appears at an energy of approxi-
mately 100 times the threshold energy �	t, i.e., in the
�multi-�TeV region.

Figure 17 shows calculated values for the total pair-
production probability per unit distance in the constant
field approximation for a number of crystals. The rapid
onset of the coherent mechanism and the saturation at
large energies is clear with the chosen energy scale, in
particular for W.

For moderate  , i.e., in the region just above thresh-
old, the strong-field yield behaves as roughly propor-
tional to the formation length. This means that the dis-
tribution of pairs peaks at �+=1/2 �as lf��+�− does�,
whereas for very high energies it tends to a spectrum
similar to the Bethe-Heitler for random incidence.

3. Suppression of incoherent contribution

Another effect of the self-suppression type is the re-
duction of the incoherent contribution due to coherent
effects �Tikhomirov, 1987a; Kononets, 1999�. It is analo-
gous to the self-suppression effect as a result of the di-
minishing formation length in a strong crystalline field,
only in this case the suppression is from the incoherent
contribution.

The LPM suppression in pair production for presently
available accelerator energies is negligible �Uggerhøj,
2004a�. Even for a possibly near-future few-TeV electron
beam generating bremsstrahlung photons, an experi-
mental assessment of the magnitude of the effect would
be extremely demanding. However, crystals may in fact
present a possibility for measuring LPM suppression in
pair production with beams in the few-hundred GeV re-
gion available today. The main reason is that the photon
conversion into pairs in an aligned crystal takes place
predominantly where the field is strongest, i.e., at small
transverse distances from the string of nuclei, r��u1;
see also Artru et al. �1993�. At this transverse location,
the multiple Coulomb scattering is drastically
increased—by up to three orders of magnitude! For this
reason, one may expect the threshold for LPM suppres-
sion to decrease by approximately the same three orders
of magnitude corresponding to a replacement of TeV by
GeV �Baryshevskii and Tikhomirov, 1986�. However, it
is only the incoherent contribution that becomes sup-
pressed and, since the coherent contribution quickly
dominates the pair-production cross section, the strong
incoherent suppression becomes a small correction to
the total yield except near the threshold for strong-field
effects where the incoherent contribution plays a signifi-
cant role �Tikhomirov, 1987b; Baier and Katkov, 2005b�.

4. Corrections to the CFA

First-order corrections to Eqs. �56� and �76� in the
field of a crystal axis are proportional to �2 where � is
the angle to the axis. The correction term in W=F1
+ �mc2� /U0�2F2 has a positive coefficient F2 at small en-
ergies, a negative coefficient at high energies �Baier et
al., 1989a�, and changes sign at an energy of roughly

FIG. 17. Pair-production probability as a function of energy by
a photon incident along the �111� axis for C, Si, Fe, and W and
along �110� for Ge. The temperature, if different from 293 K, is
given in the brackets. The values are according to the constant
field approximation �CFA�. Adapted from Baier et al., 1985,
1998.
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7�	t. Thus for energies larger than about 7�	t the maxi-
mum conversion probability takes place for perfect
alignment with the axis, �=0.

B. Trident production

Oscar Klein was one of the first doing calculations
using the Dirac equation. In 1929 he looked at the re-
flection probability of an electron from a potential bar-
rier supplied by an electric field. Klein �1929� and later
Sauter �1931a, 1931b� found that the probability for re-
flection exceeded 1 for electric fields beyond m2c3 /e�,
i.e., when the field is so high that an electron transported
over a Compton wavelength yields mc2. Nowadays, this
process is understood as pair production, which—not
knowing of the positron—was an impossible conclusion
for Klein and it is therefore known as the Klein paradox.
Processes similar �but not identical� to Klein pair pro-
duction are, for example, addressed in heavy-ion colli-
sions in which the local field during the collision may
become “supercritical” resulting in pair production
�Greiner et al., 1985�.

Lately, the interest in the Klein paradox has been re-
vived through theoretical studies with wave packets
�Nitta et al., 1999� and space-time resolved simulations
�Krekora et al., 2004� that reach very different conclu-
sions concerning the probability of positron production
by electrons, e−→e−e+e− so-called trident production, in
a strong field. In the paper by Krekora et al. �2004� it is
claimed that “the incoming electron suppresses the pair
production.”

Due to the invariance of the parameter  =�E /E0, it is
possible to probe field strengths of the order of those
relevant for the Klein paradox in single crystals. The
only difference in the three dimensionless invariants de-
scribing the problems of trident production in crystals
and the Klein paradox, Eqs. �38�–�40�, is that in the lat-
ter case ! is of the order 1. The relation  �! ,", still
holds for both cases.

In fact, calculations of the drastic increase of trident
production in crystals compared to an amorphous mate-
rial have existed for almost two decades �Kimball and
Cue, 1985�. One result is shown in Fig. 18. A measure-
ment of the trident-production process requires the use
of several thicknesses of foils since the competing pro-
cess where the electron radiates a real photon that sub-
sequently produces a pair depends on the square of the
thickness, whereas trident production has a linear de-
pendence. Furthermore, the ratio of probabilities for tri-
dent production to that of the cascade process involving
a real photon in the intermediate step can be estimated
as lf /�tf �Baier et al., 1998� such that the required foil
thickness must be of the order one formation length.
This is a rather modest thickness—even for a 250-GeV
electron producing a 1-GeV pair it is 0.1 mm, but it
seems possible to discern the signal from background
effects, especially in view of the huge enhancement and
the fact that it increases with increasing energy of the
primary electron.

C. Photon splitting

With prospects of being able to address the question
of the Higgs mechanism by clean production of Higgs
particles in �� collisions �Schäfer et al., 1990�, the behav-
ior of photons in crystals has been examined. The key
idea is to have two counterpropagating electron beams
interacting in a crystal. Since the photons for both elec-
tron beams are produced near the atomic strings, an
enormous effective increase in luminosity can be ex-
pected �Schäfer et al., 1990�. This boost in luminosity
could be further increased if the photons were “chan-
neled” by Delbrück scattering, but calculations indicate
that this is not the case �Klenner et al., 1994�.

In his paper on what is now called the Weizsäcker-
Williams method �Williams, 1935� in which he also dis-
cussed interference effects in crystals, Williams was the
first to discuss the possibility of photon splitting. Similar
to elastic Delbrück scattering, photon splitting is an in-
herently nonlinear process. It has recently been ob-
served in amorphous matter �Akhmadaliev et al., 1997,
2002� but hitherto not in crystals. In an earlier experi-
ment, Jarlskog et al. �1973� reached the wrong conclu-
sions due to the difficulty of discerning the true events
from background effects �Baier et al., 1974�.

The coherent photon splitting probability W�→�� in a
crystal has been calculated to exceed the amorphous
value for achievable energies �	�300 GeV �Baier, Mil-
stein, et al., 1987�. Already at 150 GeV an increase of

FIG. 18. Enhancement over random incidence for trident pro-
duction of four different crystals. The electron energy is
50 GeV and the horizontal scale is the fractional energy taken
by the positron. Adapted from Kimball and Cue, 1985.
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about 50% is to be expected along the �111� axial direc-
tion in a cooled W crystal; see Fig. 19. This opens up the
possibility of a measurement where many systematic ef-
fects may be drastically reduced by a comparison of the
aligned and random spectra—for example, the multi-
photon content of the incident beam. The main back-
ground process is e−→e+�e−�, where each of the pro-
duced leptons lose almost their entire energy to a
photon. In a crystal the probability of this is strongly
energy dependent, at least for energies in the neighbor-
hood of threshold �see, however, Fig. 33 for higher en-
ergies�. Furthermore, to avoid conversion of one or both
of the two produced photons, the target must be of the
order one effective radiation length—a thickness that
also depends strongly on energy. To give an estimate for
the scale of the cross section, the photon-splitting pro-
cess for  �1 is approximately 0.3� /��2�1.6�10−6

times smaller than that of pair production. The measure-
ment of photon splitting is a complicated problem in
experimental physics, in particular, for crystals; see also
Baier, Milstein, et al. �1986�.

D. Delbrück scattering

In the picture of the Dirac sea where all negative-
energy states are filled with electrons, Delbrück scatter-
ing is an elastic scattering of the photon off the negative-
energy electrons. The process is necessarily elastic since
there are no vacant negative-energy states the struck
electron can end up in �Schumacher, 1999�. Delbrück
scattering is one of the few nonlinear QED processes
that have been studied experimentally during many
years.

In the article of Klenner et al. �1994� the process of
Delbrück scattering in a strong crystalline field is consid-
ered, with photons of energies up to 25 GeV and inci-
dence along the �110� axis in Ge at room temperature.
Unfortunately, the crucial parameter  for this case is
only up to 0.12, i.e., barely in the strong-field regime,
whereas 200-GeV photons would give  �1 and up to
 �6 in tungsten. Nevertheless, for 10-GeV photons in-
cident very close to the axial direction �=1 �rad Augus-
tin et al. �1995� calculate an azimuthal scattering angle �
of about 200 �rad, even in this comparatively weak
field. However, the observed scattering angle would be
of the order �� and since the scaling is approximately
��1/�, the result is far below the current state-of-the-
art experimental resolution ���5 �rad unless the
strong-field behavior enhances the scattering angle by a
large factor.

VII. EXPERIMENTS

In the early 1980s under the heading “new crystal-
assisted pair-creation process,” experiments in the
strong crystalline fields began �Kimball et al., 1983; see
also Baier et al., 1983�. It was shown that photons inci-
dent on crystals along an axis will pair produce with a
probability that is higher than that of an amorphous tar-
get and that the differential spectrum �in �±� is com-
pletely different. Shortly after, the first experimental re-
sults followed.

A. Radiation emission

The first observation of quantum recoil effects in syn-
chrotron radiation is shown in Fig. 20 �Cue et al., 1984�,
an experiment performed at the Stanford Linear Accel-

FIG. 19. The photon splitting probability W�→�� in W along
the �111� axis as a function of photon energy. Curve 1 is W�→��

in the strong field at 77 K, curve 2 is W�→�� in the strong field
at 293 K, and curves 1� and 2� denote the random �amor-
phous� value. Adapted from Baier et al., 1987.

FIG. 20. Relative enhancement of photons for 15-GeV posi-
trons directed along the �100� axis in diamond. The curves
show calculated values based on the theory of Kimball and
Cue �1984a� with L as an effective path length in �m. A clas-
sical spectrum is shown by the dot-dashed line �CL�. Adapted
from Cue et al., 1984.
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erator Center �SLAC�. A collimated beam of 4-, 15-, and
17.5-GeV positrons was directed along the �100� axis in a
diamond crystal. The results confirmed the newly devel-
oped theory �Kimball and Cue, 1984a, 1984b� treating
the radiation emission as synchrotronlike, dividing the
particle trajectory into nearly circular segments, and
summing the appropriately weighted contributions. As
seen from the figure, already at these values of  a sig-
nificant suppression of the radiation yield results as com-
pared to the classically calculated value.

A few years later, the so-called “Belkacem peak” was
discovered �Belkacem et al., 1986b�—an enhancement of
radiation yield with a sharp peak at #�0.85 from 150-
GeV electrons passing a thin Ge crystal at axial align-
ment. The first results showed an enhancement of about
8, but this was due to an averaging over the beam width
of �30 �rad. Figure 21 shows a later measurement
where the angle of incidence is restricted to less than
9 �rad to the axis and in this case the enhancement be-
comes as high as 60 �Medenwaldt et al., 1989a�. Further-
more, the expected value for the enhancement based on
the CFA, shown in Fig. 21 as a solid line, fits the data
very well �Baier et al., 1991�. The Belkacem peak, ini-
tially hoped to be a sign of new physics, was shown to be
a result of pileup of multiple photon emission �Meden-
waldt et al., 1990�.

B. Pair production

Since the mid 1980s a number of increasingly detailed
experiments have been performed employing strong
crystalline fields. The first experiments confirmed the
strong-field behavior with relatively poor statistics, being
able to assess an enhancement of pair creation and ra-

diation emission �Belkacem et al., 1984, 1985; Cue et al.,
1984�, but averaged over large slices in energy and inci-
dent angle.

Figure 22 shows a measurement of the enhanced pair-
production yield for photons incident along the �110�
axis of a 1.4-mm Ge crystal cooled to 100 K �Belkacem
et al., 1986a, 1987�. A CFA calculation added to the
Bethe-Heitler value is shown as the solid line �Kimball
and Cue, 1985; Baier et al., 1998�. The tremendously
good agreement gives compelling evidence for the physi-
cal interpretation as a strong-field effect.

Moreover, the behavior of the enhancement with
angle for different energy intervals, Fig. 23, is in very
good agreement with calculated values and shows the
expected behavior of the correction term discussed in
Sec. VI.A.4, i.e., the maximum enhancement tends to-
wards perfect alignment for higher photon energies. Al-
ternatively, by assuming a “trial trajectory” that takes
the field nonuniformity into account, a single compact
expression allows us to calculate the enhancement as a
function of angle to good accuracy �Nitta et al., 2004�.

The initial, comparatively crude, experiments were
later refined substantially. One example was the NA43
experiment at CERN which during the last few runs had
upgraded the detector assembly giving plenty of new op-
portunities for investigations. The NA43 experiment was
performed in the North Area of the CERN SPS. The
beam �H2� was a tertiary one containing either elec-
trons, positrons, or pions with energies ranging from
about 10 to 300 GeV. As the beam is produced by con-
version of photons originating typically from �0 decay, it
is very pure. The later version of the experimental setup
of NA43 is shown in Fig. 24. Its main components were
six drift chambers �DCs� in conjunction with magnets.
DC1, DC2, and DC3 defined the entry and exit angles
and positions on a first crystal. Downstream of a magnet,
B8, DC4 was used in a tagging system where the primary

FIG. 21. Enhancement of radiation yield for 150-GeV elec-
trons incident within 9 �rad to the �110� axis of a 0.2-mm Ge
crystal. The dots are experimental points and the line repre-
sents the calculated value based on the CFA. Adapted from
Medenwaldt et al., 1989a.

FIG. 22. Pair-production yield for photons incident along the
�110� axis of a 1.4-mm Ge crystal cooled to 100 K �Balkacem et
al., 1986a, 1987�. The constant field approximation is shown by
the solid. Adapted from Baier et al., 1998.

1151Ulrik I. Uggerhøj: The interaction of relativistic particles with strong crystalline fields

Rev. Mod. Phys., Vol. 77, No. 4, October 2005



e+/e− were deflected. The deflection was registered in
DC4, from which the radiated energy was found. The
energy was also determined from a downstream lead-
glass array, intercepting either photons or undeviated
electrons �or, in the case of generated pairs, positrons�.
Finally, DC5 and DC6 were placed downstream of a
magnet, Tr6, in front of which a second conversion crys-
tal or amorphous foil was positioned. The last two drift
chambers and the magnet Tr6 were used as a magnetic
pair spectrometer to determine the momentum of the
pair produced in the converter—and thus the momen-
tum of the photon.

In one setup, the first goniometer held a 0.7-mm-thick
diamond crystal, whereas at the position of the second

goniometer an amorphous foil was placed. This type of
setup was suited for measurements of the photon multi-
plicity. In front of the second target, a scintillator Sc9
was positioned to reject those events where a photon
converted upstream. Immediately downstream of the
second target, two counters, a solid-state detector, and a
scintillator Sc11 detected the pairs produced in the crys-
tal. Photon multiplicities were measured by a 1-mm
amorphous Cu converter followed by the 0.5-mm-thick
solid-state detector. For normalization and background
subtraction random �nonaligned� directions and “no-
target” measurements were performed. The angular
resolutions on incident and exit sides of the first goniom-
eter were �5 �rad. By means of the drift chambers it
was possible to select specific areas of the target crystals
and thereby check the stability and possible bending of
the crystal in both the on- and off-line analysis.

In this detector system the photon multiplicities were
measured with the solid-state detector, but the pair spec-
trometer could also be used. For the solid-state-detector
system, the lowest photon energy was �0.5 GeV deter-
mined by the solid angle subtended by the detector and
the opening angle of the pairs, �mc2 /�	. In the pair
spectrometer used for photon multiplicities the mini-
mum photon energy was around 5 GeV, determined by
the deflection power of Tr6 and the geometry of DC5
and DC6. Thus the detected multiplicity with the two
systems generally differ by a factor �2, but show the
same trend �Kirsebom et al., 2001b�. For the pair spec-
trometer the specific energy of each converting photon
is measured, whereas when using the solid-state detector
only the total energy of all photons is measured in the
calorimeter.

The spectrometer was also used to find the direction
of the emitted photons. Since the photons are emitted
within 1/�, which is comparable to the angular resolu-
tion of the combined DCs, the approximate particle di-
rection at the moment of photon emission could be mea-
sured. In this way, not only the angular distribution of
the electron beam can be measured in front of and be-
hind the first crystal, but also the direction of the elec-

FIG. 23. Enhancement as a function of angle of pair-
production yield for photons incident along the �110� axis of a
1.4-mm Ge crystal cooled to 100 K �Belkacem et al., 1986a,
1987�. The energy intervals are as follows: line 5,
120–150 GeV; line 4, 90–120 GeV; line 3, 60–90 GeV; line 2,
40–60 GeV; and line 1, 22–40 GeV. The lines are calculated
values from Baier et al. �1988a�. Adapted from Baier et al.,
1998.

FIG. 24. A schematical drawing of the setup used in NA43. The abbreviations are B1, B2, B8, and Tr6, magnetic dipoles; DC1-6,
drift chambers; Sc1-2, Sc4, Sc6, Sc9, Sc10b, Sc11, scintillator counters; AKS, “anti-K-short” scintillator counter; HeI-III, helium
vessels; and SSD, solid-state detector.
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tron while emitting the photon inside the crystal can be
detected, see below.

Figure 25 shows results obtained for 149-GeV elec-
trons and positrons incident close to the �110� axis in
0.7-mm diamond �Kirsebom et al., 2001b�. It can be seen
that there is a big difference between electrons and pos-
itrons due to the redistribution of particles inside the
channeling region �Baier et al., 1986b�. Furthermore, as
expected from the CFA, the enhancement is much larger
for diamond than for germanium; cf. Fig. 21.

A similar experiment to NA43 was performed by the
CERN NA46 Collaboration which aimed to search for
neutral particles produced in the strong crystalline field
�discussed below�. The NA46 experiment is shown sche-
matically in Fig. 26. As for the NA43 experiment, the
main elements were tagged photons produced by inco-
herent bremsstrahlung in a foil �LR�, a crystalline target
�XTAL�, a long baseline ��80 m�, a position-sensitive
microstrip detector ��S�, a pair spectrometer consisting
of a magnet and three double multiwire proportional
chambers �MWPC�, and finally a lead-glass calorimeter
�CAL�. The use of a microstrip detector and a long base-
line gave excellent position and angular resolution of
��x

=��y
=0.2 �rad. This was, however, to some extent

spoiled by the beamwidth of 8 mm, which resulted in a
final resolution of ��x

� =��y
� �25 �rad.

Figure 27 shows experimental results obtained as a
“by-product” by NA46 and compared to the results of a
Monte Carlo code. Since the pair production predomi-
nantly takes place where the field is strongest, i.e., close
to the atomic string, the produced electrons are almost
all channeled giving rise to an enhancement of yield
�Fig. 27�a�	, while the positrons show a “blocking” effect
of yield suppression along the axial direction �Fig.
27�b�	. An interesting effect, the so-called “side slip”
�Artru, 1988; Artru and Bignon, 2001� corresponding to
the pair being produced noncollinearly with the photon,
was too small to be considered significant in the experi-
ment and was not included in the simulation.

C. Coherent resonances in strong fields

Distinct coherent resonance peaks develop in the ra-
diation and pair-production spectra as the entry direc-
tion of the electron or photon is tilted out along a plane,
maintaining a relatively small angle to the axis. In this

FIG. 25. �Color online� Enhancement as a function of energy
for an incident angle of 0–5 �rad. A spectrum produced by
149-GeV electrons and positrons incident around the �110�
axis in 0.7-mm diamond. Adapted from Kirsebom et al., 2001b.

FIG. 26. A schematical drawing of the setup used by NA46.
The abbreviations are B1, B2, and B5, magnetic dipoles; TAG
and CAL, lead glass calorimeters; LR, target foil; XTAL, crys-
tal target; �S, microstrip detector; MWPC, multiwire propor-
tional chambers; and D, AD, T1-5, scintillator counters. From
Bassompierre et al., 1993.

FIG. 27. Angular distribution of particles produced in a
0.42-mm-thick Ge crystal by photons within an energy range of
83–133 GeV: �a� the emerging electrons and �b� positrons. The
dots are experimental points and the histograms are results
from a Monte Carlo code based on pair production in strong
crystalline fields. Adapted from Artru et al., 1993.
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case, the coherent resonances are obtained in passing
the periodically spaced axes in the plane, in a way analo-
gous to the passage of the planes for coherent brems-
strahlung and coherent pair production.

1. Radiation emission

In the early 1990s it was found both experimentally by
NA43 �Medenwaldt et al., 1992� and theoretically by
Baier et al. �1992� that electrons of energies in the
hundred-GeV range incident on a single crystal with a
small, nonzero angle to the axis along a plane would
lead to a peak of high-energy photons; see Fig. 28 where
a later example is given �Kirsebom et al., 2001b�. Fur-
thermore, the increase of yield of such photons with re-
spect to the emission from the equivalent amorphous
material was found experimentally to be around 50 for
diamond.

The appearance of this peak is ascribed to a coherent
resonance obtained when the electron passes the strings
forming the plane in the so-called strings-of-strings re-
gion. It is thus reminiscent of the usual coherent phe-
nomenon obtained when the electron passes planes, see
Fig. 11, only in this case it is the crystallographic axes
and not the planes that lead to coherent structures in the
spectrum. Therefore the position of the peak in the
spectrum is found as �Kononets and Tupitsyn, 1994�

�	CR = E�1 +
Aaxda

ni2�2���–c sin �
�−1

, �82�

where Aax=1.282, da is the transverse distance between
the traversed atomic strings, � is the angle to the axis,
and ni is an integer—the peaks in coherent bremsstrah-
lung are obtained by replacing Aax by Apl=1 and d by dp
and setting � as the angle to the plane. The fact that
Aax�1 is due to the deflection in the strong field as
shown in a comprehensive paper on the calculation of
the coherent peaks �Kononets and Tupitsyn, 1994�. They
based their theory on the semiclassical approximation,
CFA. Since the radiation peak consists of hard photons
��100 GeV� typically followed by a single soft photon
��20 GeV�, see Fig. 28�c�, it is a potential source for
hard � rays.

2. Pair production

A similar phenomenon is obtained for pair production
where the coherent pair-production mechanism of the
strings gives rise to peaks, notably in the spectrum dif-
ferential in the fractional energy carried by one of the
leptons �Bak et al., 1988a; Kononets and Tupitsyn, 1993�.
An example of a measurement is shown in Fig. 29
�Kirsebom et al., 1998� where, unfortunately, the scatter
of points prevents a clear proof of the effect. Even under

FIG. 28. 149-GeV electrons on the �111� plane of 0.7-mm diamond, 0.6 mrad to the �110� axis. �a� The radiation enhancement as
a function of total radiated energy, �b� the photon multiplicity, and �c� the number of photons emitted as a function of the energy
of the photon given that the sum of photon energies exceeds 100 GeV. From Kirsebom et al., 2001b.

FIG. 29. Differential enhancement of pair production for photons in the energy interval 80–100 GeV incident around the �110�
axis in a germanium crystal cooled to 100 K. Filled squares are results of the pair spectrometer and the line represents the
theoretical values according to Kononets �1996�. The results are shown for the three angles 0, 2, and 4 mrad to the �110� axis on
the �110� plane. Adapted from Kirsebom et al., 1998.
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axial alignment a coherent mechanism may lead to a
resonance structure as discussed by Cue and Kimball
�1987�.

D. Radiation cooling

The influence of radiation cooling on the motion of
GeV particles through crystals was widely discussed
since the Belkacem peak was found in the photon spec-
trum from 150-GeV electrons traversing germanium
crystals �Belkacem et al., 1986b�. Initial estimates of the
cooling effect were given already by Baryshevskii and
Dubovskaya �1977�. In this context, radiation cooling is
understood as radiative transitions downwards in the
transverse potential that may or may not lead to angular
cooling, the decrease of transverse emittance through
reduction of the exit angle compared to the entry angle.

Following the Belkacem peak, several groups studied
radiation cooling �Tikhomirov, 1987a, 1989; Artru, 1988;
Kononets and Ryabov, 1988�. Later on, radiation from
very thin crystals was investigated experimentally and
the results showed that photon spectra from high-energy
electrons or positrons were strongly influenced by mul-
tiphoton effects �Medenwaldt et al., 1989a, 1990�. These
experiments resulted in new calculations of radiation
emission �Artru, 1990; Kononets and Ryabov, 1990a,
1990b; Baier et al., 1991; Beloshitski et al., 1991;
Khokonov, 1992; Kononets, 1992� where radiative
cooling—feeding into channeling states for above-
barrier particles—was a necessary ingredient.

NA43 provided a demonstration of radiative and an-
gular cooling for 149-GeV electrons or positrons travers-
ing Si crystals �Kirsebom et al., 1996; Baurichter et al.,
1997�. It was found that the cooling effect is absent for
positrons as well as for electrons with incident angles
inside the channeling region. On the other hand, for
electrons with incident angles larger than �1 a strong
cooling was found, i.e., �out��in.

The situation can be understood from the continuum
approximation: the transverse energy E�=�m�2�2 /2
+U�r�� is conserved between photon emission events
and the direction of � remains unchanged during the
emission process while � decreases. From this, a relation
between �out and �in was obtained by Kononets �for de-
tails, see Baurichter et al. �1997�	:

��out
2 � = ��in

2 � +
2

E − �	
�U�r�

0 � − �U�f	

−
2

E
�U�r�

0 � − �U�i	 , �83�

where symbols �¯�i and �¯�f denote the averaging over
initial and final states of the radiating particle, respec-
tively. The transverse coordinate where the � emission
event takes place is denoted as r�

0 . For positrons the
main contribution to the radiation comes from trans-
verse locations r�

0 where the transverse potential is high,
i.e.,

U�r�
0 � � 0 and ��U�f�, ��U�i� � �U�r�

0 �� , �84�

which gives

��out
2 � − ��in

2 � � 2� 1

E − �	
−

1

E
�U�r�

0 � . �85�

Now, � is unchanged when the particle crosses the tar-
get surface. Thus since U�r�

0 ��0 for positrons, it follows
that ��out

2 �� ��in
2 �, i.e., positrons experience angular heat-

ing, even though the transverse energy is reduced.
For electrons U�r�

0 ��0 for the main region of emis-
sion close to the nuclei and there are two important re-
gions of angle of incidence:

�a� �in � �1,

�b� �in � �1. �86�

In case �a� the radiation emission and multiple scattering
result in capture to high-lying states in the potential well
as shown by experimental results �see Fig. 31�. This is
because the low surface transmission of electrons brings
them to states only slightly above the well where the
probability of radiating photons of relatively low energy
is high. Thus the low transverse kinetic energy before
radiation is converted into a high transverse kinetic en-
ergy originating from the depth of the potential well, i.e.,
angular heating: ��out

2 �� ��in
2 �. Even though a photon is

emitted the transverse emittance increases! In case �b�
angular cooling results, ��out

2 �� ��in
2 �. For details, see

Kononets �1999�.
Figure 30 shows data for 149-GeV electrons incident

along the �110� axis in a 0.7-mm diamond crystal. As a

FIG. 30. Polar-angle differences for 149-GeV electrons, posi-
trons, and their respective photons. The filled squares show the
electron angle difference calculated from the angle at the mo-
ment of photon emission and the entry angle, i.e., ��−�in, and
the filled dots show the same for the positron. The open
squares show the electron angle difference calculated from the
exit angle and the entry angle, i.e., �out−�in, and the open dots
show the same for the positron. Adapted from Kirsebom et al.,
2001b.
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measure of the angular cooling after penetration, the
parameter ��=�out

2 −�in
2 can be introduced. The physical

meaning of �� is a measure of the angular cooling effect.
For large positive values the beam is radiatively heated
upon traversal while for values below zero it “shrinks”
in the transverse directions.

For randomly oriented multiple scattering by a
149-GeV e− in a 0.7-mm-thick �110� diamond crystal,
��=110 �rad2. For �in��1 the competing processes of
radiative cooling and multiple scattering result in ��

�0, i.e., the cooling effect can more than compensate
for the multiple scattering. For �in��1 it is found that
�out��1�Eexit�, where �1�Eexit� is the critical angle corre-
sponding to the exit electron energy; see Fig. 31. This
means—as is the basis of the discussion connected to
Eq. �86�—that the electrons are captured in high-lying
states in the potential. They are thus transferred from
the random to the channeled beam. For positrons �� is
always positive and large, corresponding to strong angu-
lar heating �Kirsebom et al., 2001b�.

The radiative cooling scales as ����2� /�L�rad�Z3 for
small  and ����2� /�L�rad�Z2 /E for  �1 �Kononets,
1999�. Compared to the multiple scattering
����2� /�L�ms�Z2 /E2 this means that the net radiative
cooling is expected to be much stronger at higher ener-
gies.

These results clearly show that electrons incident on
crystals outside the channeling region are cooled and
thereby can be captured into the channeling region. For
practical use, unfortunately, these cooled electrons have
lost and dispersed a considerable amount of energy—
i.e., the total emittance �transverse and longitudinal� is
not getting smaller.

It is also possible to estimate the main region of trans-
verse positions r� where photon emission takes place.
This can be done by a comparison of incident and exit
angles for electrons and positrons together with emis-
sion angles for the photons that they respectively emit.
The angle of photon emission is found by tracking the
produced pair in the pair spectrometer to find the pro-
duction vertex; see Fig. 7. By a comparison with the in-

cident electron track, the angle of the electron during
emission �� is found.

Figure 30 shows the difference between exit and inci-
dence polar angles as a function of entry angle. Here a
clear correspondence is seen between positrons and
“electron photons” and also between electrons and
“positron photons” in the incident angle region
�60–160 �rad�. Because of the surface transmission, the
continuum potential is low for nearly all particles,
U�r�in��0 at the point of particle entrance. We get the
polar angle �� at the point of photon emission, r��, by
setting the small emission angle to zero and as a first
approximation neglecting the multiple Coulomb scatter-
ing,

1
2

p��in
2 =

1
2

p���
2 + U�r��� �87�

giving

�� = ��
2 − �in

2 =
− 2U�r���

p�
, �88�

i.e., for the photons originating from electrons �U�r���
�0	 �� should be positive and vice versa for positrons.

From Fig. 30 it is found that ��
2 −�in

2 for electron pho-
tons is positive, which is only possible for U�r�� large
�Kirsebom et al., 2001b�—corresponding to a strong
field. The conclusion from these experiments is that the
hard photons are emitted close to the nuclei, i.e., at
small r�. This experimental finding is in sharp contrast
to some calculations �Augustin et al., 1995�.

In Fig. 30 it can also be clearly seen that positrons are
heated over the whole incident angle region similar to
electrons incident in the channeling region, whereas
electrons outside the channeling region are cooled.

A more thorough investigation of the polar-angle dif-
ference as a function of single photon energy shows an-
other interesting result: the harder the photon, the
closer to the axis it is produced �Kirsebom et al., 2001b�.

E. Spin flip

Figure 32 shows experimental results from Kirsebom
et al. �2001a� for the emission power of photons from a
243-GeV electron in 0.2-mm W �111�, aligned close to
the axis but outside the channeling region. The experi-
mental values are in fair agreement with the curve
where spin-flip transitions are included and are clearly
different from the calculation excluding spin effects. The
calculations shown are simply the quantum synchrotron-
radiation-emission values for the value of  found from
Eq. �61�, but more elaborate calculations reach essen-
tially the same conclusion �Korol et al., 2002�.

F. Quantum suppression

The energy loss in classical synchrotronic motion in a
constant field is proportional to E2, whereas the energy
loss due to incoherent bremsstrahlung from a foil is pro-
portional to E. Thus for the classical region of radiation

FIG. 31. An example of radiative capture for 149-GeV elec-
trons in 0.7-mm diamond. Shown are exit angles �out as a func-
tion of entry angles with respect to the �110� axis, �in, for an
interval of radiated energy, 0−E /3. The full squares with error
bars denote the data points, and the lines indicate �out=�in, and
the critical angle of the exiting electron, �1�Eexit�, where the
average energy loss, �E, for each �in bin has been used with
Eexit=E−�E. The critical angle for 149-GeV electrons in this
configuration is 30 �rad. Adapted from Kirsebom et al., 2001b.
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emission from synchrotronic motion in a crystal, an en-
hancement proportional to E is expected. Analogously,
in the extreme quantum case an enhancement propor-
tional to E−1/3 is expected; see Table II. As seen from
Fig. 33, the situation at a few hundred GeV in W is
between these two extremes, showing clearly the onset
of quantum suppression. Experimentally, the enhance-
ment is defined as the ratio of effective radiation
lengths, �=X0

BH/X0
SF, where X0

BH is the Bethe-Heitler
value for the radiation length and X0

SF is the effective
radiation length for the strong-field case. A high-Z crys-
tal in a hundred-GeV beam thus gives the opportunity
of investigating a “quantum synchrotron,” i.e.,
synchrotron-radiation emission in the quantum regime.

Baier’s group �Baier et al., 1986a, 1998� has given a
“rough estimate” of the enhancement �:

� �
mcas

3Z2� ln�183Z2
−1/3�

, 1 �  � 15. �89�

In the case of tungsten, this estimate of the enhance-
ment becomes ��9, whereas Kononets estimates from

a calculation based on the CFA that ��7 from about
30 GeV to a few thousand GeV �Kononets, 1988�.
Clearly, the rough estimates are in very good agreement
with experiment, and they show that in this region the
dependence on energy can be neglected to a first ap-
proximation.

The dotted line shown in Fig. 33 is a least-squares fit
by �=aEb to extract the exponent in the power law for
this particular energy region, which from Eq. �59� should
be 0.07 and comes out as 0.19±0.04. These exponents
are in fair agreement considering the simplicity of the
fitting function which does not include, for example, the
incoherent contribution or the variation with  . To in-
clude the incoherent contribution and the expected
power from Eq. �59� �averaged over �1� �10	�, the
solid line in Fig. 33 is a fit with �=aE0.07+1, where a is a
free parameter. The agreement between data and these
simple estimates is satisfactory, although the enhance-
ment becomes slightly low.

VIII. NONCRYSTALLINE STRONG FIELDS

A. Astrophysical strong fields

Following a semiclassical argument �Duncan, 2000� we
can calculate the excitation energy of an electron in a
strong magnetic field B0. From the gyration radius rc
=p�c /eB and the uncertainty relation rcp�� we get a

semiclassical gyration radius rc=�–c�B0 /B and from 	
�c /rc we finally get the relative excitation energy in a
strong field,

�	

mc2 �� B

B0
, �90�

which shows that the gyration becomes relativistic in
fields B�B0; see also Eq. �36�. There is substantial evi-
dence that pulsars with fields at and above this
strength—so-called magnetars—exist. A recent example
is the �1011 T magnetar detected in the soft gamma re-
peater SGR 1806-20 �Ibrahim et al., 2003� which yielded
a giant flare at the end of 2004 �Yamazaki et al., 2005�.

B. Strong fields in nuclear collisions

As a measure of the electric field a 1s electron is ex-
posed to, let us consider the ratio of this field to the
critical field, E1s /E0=3Z3, where effects such as relativ-
istic corrections, reduced mass, and extension of the
nucleus are neglected. Clearly, for a nuclear charge num-
ber of Z=137 a 1s electron is in a strong field. Equiva-
lently, the binding energy “dives” into the negative-
energy continuum for Z=137 �and for extended nuclei
Z�172� and a pair is created. During the collision of
two nuclei with a combined charge exceeding 172�e�, a
quasimolecular state with a very short existence may be
generated from which positron emission has been ob-
served. So by means of collisions of heavy nuclei, strong-
field QED may be investigated. However, since the
nuclear collision is of extremely short duration,

FIG. 32. �Color online� Power spectrum of radiated photons
#dN /d# for 243-GeV electrons aligned 0.3 mrad from the axis
in 0.2-mm W �111�. Filled circles denote the experimental
points and the lines �solid, including spin; dashed, excluding
spin� the calculated values. Adapted from Kirsebom et al.,
2001a.

FIG. 33. �Color online� The enhancement � for radiation emis-
sion from 0.2-mm W �111�. The points with error bars are the
experimental values, the dashed line is a least-squares fit by
�=aEb, and the solid line is a fit with �=aE0.07+1, where a and
b are free parameters. Adapted from Kirsebom et al., 2001a.
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�10−22 s, the strong field in this case is far from constant.
For a review see, e.g., Greiner et al. �1985�.

C. Strong laser fields

Another technically demanding example of investiga-
tions of strong fields is in multi-GeV electron collisions
with terawatt laser pulses in which nonlinear Compton
scattering and so-called Breit-Wheeler pair production
are observed �Burke et al., 1997; Bamber et al., 1999�.
Breit-Wheeler pair production is the production of an
electron-positron pair in a photon-photon collision. In
order to get sufficient energy in the center-of-mass sys-
tem to pair produce, at least one of the photons must be
very energetic. This has been achieved by nonlinear
Compton backscattering of laser photons off an intense,
high-energy electron beam. In nonlinear Compton back-
scattering, several photons are absorbed but only one is
emitted. In this case  is again a crucial parameter. For a
future �� collider, these strong-field effects must be
avoided in order not to deplete the photon beams pro-
duced by Compton backscattering off intense laser
pulses �Chen and Telnov, 1989�. Moreover, the effect of
the electron spin becomes even stronger in the case of
interactions with strong laser fields as compared to crys-
talline strong-field effects �Khokonov et al., 1998, 2002�.

Other theoretical schemes proposed to produce fields
approaching the Schwinger limit is by laser reflection off
a relativistic “mirror” made by a propagating wakefield
in a plasma �Bulanov et al., 2003� or an x-ray free-
electron laser interacting with a relativistic ion �Müller et
al., 2003�.

D. Strong fields in beam-beam interactions

In the construction of linear colliders an important
phenomenon is the emission of beamstrahlung due to
the interaction of one electron bunch with the electro-
magnetic field from the opposing electron bunch. In the
rest frame of one bunch the field of the other bunch is
boosted by a factor 2�2 and may approach or even ex-
ceed critical-field values. The emission of beamstrahlung
can be expressed as a function of  �often called ' in the
accelerator physics community�, which for the Stanford
Linear Collider is small �10−3 but of the order unity for
the next-generation linear colliders �Chen and Yokoya,
1988�. Thus for these future colliders �� collisions may
be generated from the beams themselves or special
bunch structures must be applied to avoid rapid beam
deterioration from strong-field effects �Blankenbecler
and Drell, 1988�.

For a future linear collider operating in the “quantum
regime,” the beamstrahlung spectrum becomes similar
to the spectrum shown in Fig. 16; see solid line in Fig. 34.

E. Unruh effect and Hawking radiation

The equivalence between the temperature of the
Hawking radiation from a black hole and the tempera-

ture of the vacuum in a constantly accelerated frame
�Davies, 1975; Unruh, 1976� has been widely discussed—
the so-called Unruh effect. As channeled particles are
subject to enormous fields and accelerations, outlines for
possible detection schemes using strong crystalline fields
have been proposed �Darbinian et al., 1989; MacDonald,
1998�. Darbinian et al. �1989� estimated that a planar-
channeled positron with ��108 will emit Unruh radia-
tion as intense as the incoherent bremsstrahlung. These
estimates, however, do not take into account the subtle-
ties connected to the inherently nonconstant accelera-
tion for a channeled particle.

The Unruh effect gives rise to a Planckian photon
spectral distribution at a temperature

T =
�a

2�kBc
, �91�

where a is the acceleration and kB the Boltzmann con-
stant. Several other methods have been proposed to ex-
plore the problem of measuring the Unruh temperature
experimentally. For an overview of these methods and a
review of the literature on the subject see, e.g., Rosu
�2004�.

Along this line of thought, a fascinating analogy exists
between the critical field and the Hawking radiation
from a black hole. The gravitational acceleration at the
Schwarzschild radius RS=2GM /c2 equals g�RS�
=c4 /4GM, where G is Newton’s constant and M the
mass of the black hole. Setting this equal to the accel-

eration at the critical field g0=eE0 /m=c2 /�–c the condi-

tion �–c=2RS is obtained, i.e., the black hole can emit
particles with a wavelength that is as large as or larger
than the hole itself. This is approximately what is ob-
tained in a full analysis of the Hawking radiation
�Davies, 1978� and the analogy becomes even more com-
pelling by interpreting the field as a temperature as is
done for the Unruh effect, Eq. �91�: T0=eE0� /2�mkBc
�Müller et al., 1977� and inserting g�RS�=c4 /4GM in-

FIG. 34. Three examples of beamstrahlung power spectra
where the horizontal scale is the fractional photon energy and
the constant C here is approximately equal to 1/ . Adapted
from Blankenbecler and Drell, 1987.
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stead of g0=eE0 /m in T0 to get the correct Hawking tem-
perature �Greiner et al., 1985�:

T0 =
�c3

8�GMkB
. �92�

The Hawking radiation can thus be viewed as a critical-
field phenomenon and it is easy to see why light black
holes are “hotter” than heavy ones—the gradient g�RS�
is simply larger allowing shorter wavelenghts to be emit-
ted.

F. The geomagnetic field as a strong field

With facilities such as the Pierre Auger Observatory
�Watson, 1998� for the detection of ultra-high-energy
cosmic rays of energies in the EeV �1018 eV� region and
orders of magnitude above, pair production and photon
emission in the magnetic field of the Earth become in-
creasingly relevant. This phenomenon was first studied
by Pomeranchuk �1940�, later revived by McBreen and
Lambert �1981�, and recently by, e.g., Stanev and
Vankov �1998�, as well as in extended air-shower simu-
lations �Plyasheshnikov and Aharonian, 2002�. One im-
portant issue in this context is the possibility of distin-
guishing photon-initiated extended air showers from
those initiated by protons or heavy nuclei. Such a dis-
tinction may shed light on the question of “top-down”
�topological defects, massive X particles� or “bottom-
up” �acceleration of known particles� mechanisms
�Stanev, 1998; Olinto, 2000; Shinozaki et al., 2002�.

The behavior of an EeV electromagnetic shower ini-
tiated in the Earth’s magnetic field and that of a GeV
shower in a crystal �Baurichter et al., 1999� are inti-
mately related. This is because the decisive  is about
equal in the two cases and their developments are both
affected by, for example, multiple scattering and LPM
effect �Uggerhøj, 2003�.

Figure 35 shows a calculation based on Eq. �77� simi-
lar to that shown in the articles of McBreen and Lam-
bert �1981� or Stanev and Vankov �1998� �who use the
simpler Eq. �80�	 to determine the conversion probabil-
ity of a photon in the geomagnetic field. A dipole field
with values of 0.25 and 0.528 G at the surface of the
Earth has been assumed. This corresponds to the
planned and constructed sites of the Pierre Auger Ob-
servatory. The close analogy between the two processes
makes crystals a suitable testing ground for the develop-
ment of computer codes to simulate the behavior of ex-
tended air showers.

Finally, for sufficiently energetic photons even the in-
tergalactic fields will appear as a strong field and gener-
ally speaking the Universe thus will become “opaque”
to these photons. As intergalactic fields are quite weak,
�10−12 T, this happens at very high energies only.

IX. APPLICATIONS OF STRONG CRYSTALLINE FIELDS

A. Radiation sources

The ideal radiation source is simple, monochromatic,
tunable, and intense �possibly even coherent�. In the fol-
lowing we show that crystals as radiation sources fulfill
many of these criteria.

1. Strings-of-strings radiation

The appearance of a high-energy-photon peak from
electrons traversing a crystal in a planar orientation, but
with a small angle ��1 mrad�, to a low-index axis is as-
cribed to a coherent resonance. This resonance is ob-
tained when the electron passes the strings forming the
plane in the strings-of-strings region. As discussed above
it is similar to the usual coherent phenomenon obtained
when the electron passes planes and is therefore a tun-
able � source. One experiment �Kirsebom et al., 1999�
was performed to verify the expectation that these so-
called strings-of-strings photons were linearly polarized;
see below.

The position of the peak in the spectrum is found as
for “standard” coherent bremsstrahlung from Eq. �82�.
The enhancement observed, ranging up to around 50 for
diamond �see Fig. 28�a�	 is in good agreement with the
value expected from the CFA �Baier et al., 1992�.

The radiative cooling may be helpful in producing a
strong � source. For normal channeling radiation the
useful incident-angle region is very narrow, especially in
the GeV region since the critical angle narrows as 1/�p.
The cooling effect increases this incident-angle region as
above-barrier particles may be captured into channeling
states.

FIG. 35. �Color online� The conversion pro-
bability of a photon in the geomagnetic field as a function
of photon energy for energies in the region
1019–1021 eV �10–1000 EeV�. The dashed line represents the
conversion probability for a magnetic field corresponding to
the site of the southern part of the Pierre Auger Observatory
and the solid line represents that corresponding to the north-
ern part. Adapted from Uggerhøj, 2003.
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2. Crystalline undulator

With a superperiodicity imposed by either ultrasound
�Korol et al., 1998�, strain in Si-Ge interfaces �Mikkelsen
and Uggerhøj, 2000�, or surface defects �Bellucci et al.,
2003, 2004� it is theoretically possible to generate high-
intensity, nearly monochromatic radiation in a crystal-
line undulator �Korol et al., 1998, 1999, 2001, 2002; Ava-
kian et al., 2001�. Although it is advantageous to use
positrons to generate radiation because of decreased
multiple scattering �Krause et al., 2000; Mikkelsen and
Uggerhøj, 2000� it is desirable to investigate the behav-
ior of electrons, in particular, in view of its potentialities
as an efficient positron source with low output emit-
tance. In this case, the strong-field effect must be
avoided in order not to deplete the penetrating positron
beam �Mikkelsen and Uggerhøj, 2000�. A long-term goal
is to investigate the potential of a crystalline undulator
as a �-ray laser, i.e., in the stimulated emission mode
�Krause et al., 2001�. This would require positron densi-
ties of the order 1021 cm−3 �Korol et al., 1999; Krause et
al., 2001�, only about two orders of magnitude less than
the electron density in a typical metal. Although at first
sight this might seem far-fetched, �electron� densities of
the order 1021 cm−3 are actually available at the final
focus test beam at SLAC and theoretical schemes to
increase this by a factor of 30 have been devised �Emma
et al., 2001�. Furthermore, it is known from experimental
tests that a diamond crystal bears no visible influence
from being irradiated by the final focus test beam,
whereas amorphous aluminum simply evaporates �Krej-
cik, 2001�.

The use of the Bormann effect of x-ray transmission
has also been proposed to accelerate channeled muons
in superlattice crystals �Tajima and Cavenago, 1987�.

B. Bent crystals

The following section on ions �from protons to lead�
in bent crystals can be seen as a short digression from
the main theme, strong crystalline fields, where strong is
understood as comparable to the critical field in the par-
ticle rest frame. Such fields may barely be achievable for
protons from the coming Large Hadron Collider with
7-TeV protons channeled along an axis in a heavy crystal
such as tungsten, but are not experimentally relevant
yet. However, with this interpretation of a strong as
compared to a normal—or even superconducting—
magnet field, it turns out that crystalline fields for ions
are indeed strong.

The guidance of channeled particles in a crystal per-
sists even if the crystal is slightly bent, such that the
particle may be deviated from its original direction of
motion as in a magnetic dipole. Since the fields that are
responsible for this deviation are the extremely strong
fields present near the lattice nuclei, the corresponding
bending strength can reach a magnitude of several thou-
sand tesla. It is therefore possible to design a crystalline
“kicker” with an equivalent deflection power of 10 T m
by use of a device that is of the order 0.1 m long.

A comprehensive review of channeling in bent crys-
tals, with emphasis on the contributions from the Rus-
sian groups, can be found in the book by Biryukov et al.
�1997�. Baurichter et al. �2000� have given a concise in-
troduction to the field along with a summary of the re-
sults obtained at the CERN SPS. In these texts extensive
reference lists are included. For a short introduction to
the field, see Møller �1995�.

1. Bending of particle beams

When one considers the strong fields in a crystal it is
apparent that a crystal has a superb bending power. One
can calculate the equivalent magnetic field B=�p /Z1e
corresponding to the so-called critical curvature �c dis-
cussed below as

Bc�T	 = 1.5� 103Z2ndp �Å−2� . �93�

This critical field is Bc�2500 T for a silicon crystal.
Clearly Eq. �93� shows that a high-Z material is prefer-
able for deflection.

2. Critical curvature

There is a certain curvature at which the particles will
dechannel in a bent crystal due to the centrifugal force
that tends to increase the interactions with the lattice
nuclei. Estimating this curvature, it was found that as
long as the curvature fulfills the condition

� � �c =
�Z1Z2e2Ndp

p�
�94�

the charged particle can channel in a bent crystal. The
minimum radius of curvature Rc=1/�c at 7 TeV is 11.5
and 5.48 m for the �110� planes in Si and Ge, respec-
tively. As �c is approached a rising fraction F, the so-
called dechanneling fraction, is lost from the channeled
states and is therefore unable to follow the curvature
through the whole crystal.

3. Dechanneling

The length LD over which a planar-channeled beam of
protons in a straight crystal has been reduced to the
fraction 1/e of the initial intensity by transfer to non-
channeled states by multiple scattering is given for �
�1 by �Biryukov et al., 1994�

LD =
256

9�2

pĮ

ln�2�mc2/IZ� − 1
asdp

Z1e2 , �95�

where IZ is the ionization potential. Equation �95� has
been shown to be in good agreement with measured val-
ues of LD at room temperature over a fairly wide range
of energies. At 7 TeV, the values of LD for Si and Ge
are 2.9 and 2.5 m which, as will be shown shortly, by far
exceed the dimensions of the crystals proposed for use.

4. Model for deflection efficiency

Since the straight crystal dechanneling favors small
crystal lengths and the curvature favors long crystal
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lengths �for fixed angle�, there is an optimum crystal
length which depends on the angle and which is only
weakly dependent on energy when the length is ex-
pressed in units of the dechanneling length �Baurichter
et al., 1996�. Given �F=FD�c /��3, where FD is the
dechanneling fraction, the approximate deflection effi-
ciency is �Baurichter et al., 2000�


appr. = 
S exp�−
L

LD
��1 − �F

�

�L/LD�LD�c

��1 + 2
L

LD
�� , �96�

where

LD�c =
256

9�

Z2Ndp
2as

ln�2�mc2/I�
�97�

is only logarithmically dependent on energy and is 0.251
and 0.451 for Si and Ge along �110� at 7 TeV. Here L
denotes the crystal length and the crystal is assumed to
have a uniform curvature.

Equation �96� has a maximum at the optimum length

L

LD
= −

1 + �1 − 4�2 − LD�c/�F��
2�2 − LD�c/�F��

�98�

with an efficiency value at this maximum of


max
appr. � 
S��1 −� �F�

LD�c
�2

− 2
�F�

LD�c
�1 −� �F�

LD�c
�� . �99�

An example of values is given in Fig. 36 for the Large
Hadron Collider relevant case �=0.275 mrad. The sur-

face transmission has been set to 
S=0.9, a realistic but
somewhat arbitrary value. The angle �=0.100 mrad is
also shown to display the weak dependence of the opti-
mum efficiency on angle.

5. Extraction of particles

Multipass extraction schemes yield extraction efficien-
cies that are higher than the single-pass extraction for
beam divergencies larger than the planar critical angle.
The reason is that particles that encounter the crystal
and are not channeled will not necessarily be lost and
may be extracted on a later turn in the machine. Fur-
thermore, parameters of the accelerator lattice, such as
the betatron amplitude function that determines the
beam size and divergence, become important for the ex-
traction efficiency.

An actual implementation of a crystalline extraction
device at the coming Large Hadron Collider at CERN
has recently been proposed �Uggerhøj and Uggerhøj,
2005�. This would enable a nearly continuous beam of
7-TeV protons extracted towards the Large Hadron
Collider beam dump with an intensity of �5
�108 per second and a horizontal emittance as low as
20 �m �rad.

6. Detection of spin of short-lived particles

Analagous to a top possessing an angular momentum
in the gravitational field of the earth, a moving particle
possessing a magnetic moment will precess in an in-
clined magnetic field. Therefore since the field in a bent
crystal is equivalent to a strong magnetic field, a charged
particle with spin s and magnetic moment �=g��Bs will
precess during the passage of a bent crystal if the spin
and magnetic field are inclined. Here, g� is the gyromag-
netic ratio, �B=e� /2mc, �N=e� /2mpc, the Bohr magne-
ton and the nuclear magneton, respectively, and mp is
the mass of the proton. For an ultrarelativistic particle
with g��2 the connection between the spin precession
�s and the change of momentum direction �p is �see also
Baryshevskii, 1979, for an early discussion of the effect�

�s =
g� − 2

2
��p. �100�

Therefore if ��1, a polarized beam will appear with a
markedly different polarization after the bending, even
if the bending angle is small. Since the distance over
which it will precess through a given angle in a crystal is
drastically shortened compared to that in a magnet, one
may use this effect to measure magnetic moments of
short-lived particles. This effect has been used in a
proof-of-principle experiment to measure the magnetic
moment of the (+ �Chen et al., 1992�, a hyperon with
�=2.46�N, and a short proper lifetime c&=2.4 cm.

To take this further, it has been proposed that the
magnetic moments of charmed baryons be measured by
use of the spin precession in bent crystals. For these, the
typical lifetime is shorter than for hyperons by a factor

FIG. 36. �Color online� Efficiency as a function of normalized
length L /LD at 7 TeV according to Eq. �96� for Ge �110� and
Si �110�. The solid line is for Si bent to �=0.275 mrad, the
dash-dotted line for Ge bent to �=0.275 mrad, the dashed line
for Si bent to �=0.100 mrad, and the dotted line for Ge bent to
�=0.100 mrad. The values �F=3 and 
S=0.9 were used �see
text�. Shown by a filled dot is the efficiency, Eq. �99�, at opti-
mum length, Eq. �98�, for Si bent to an angle �=0.275 mrad
�Uggerhøj and Uggerhøj, 2005�.
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�500, so very short crystals have to be used �Baublis et
al., 1994; Samsonov, 1996�. In this case a high-Z crystal
would be preferable �see Fig. 37�.

C. Ultralow emittance beams

Inspired by the phenomenon of radiative cooling dis-
cussed in Sec. VII.D in which the transverse emittance
diminishes, the quantum excitation-free radiation emis-
sion in a single crystal has been explored �Huang et al.,
1995, 1996�. The idea is that analogous to the behavior
in a synchrotron, radiation emission leads to beam cool-
ing. Moreover, as a channeled beam is in a “continuous
focusing environment,” the recoil imposed by the radia-
tion emission may be taken by the crystal as a whole,
possibly leading to an exceptionally low emittance. In
their papers, Huang and co-workers show that the trans-
verse action—and thereby the emittance—decreases ex-
ponentially towards the minimum value � /2, corre-
sponding to the ultralow emittance of half of the
Compton wavelength. This applies as long as the radia-
tion is in the undulator regime where the angle of emis-
sion is larger than the pitch angle. However, their ap-
proach explicitly does not take into account multiple
scattering. Including this effect, the damping effect origi-
nating from the photon emission becomes antidamping,
except possibly with the imposition of very specific con-
ditions on the beam incidence and crystal type �Baier
and Katkov, 1997; Uggerhøj, 2004b�. The calculations
with inclusion of multiple scattering match at least quali-
tatively that of experimental results on the cooling
mechanism �Baurichter et al., 1997; Uggerhøj, 2004b�.

D. Generation of polarized GeV photons

The so-called spin crisis in high-energy physics, which
deals with the question of the origin of the spin of the
nucleon, has attracted a great amount of interest during
the last decades and several experiments have been per-
formed or are being designed to solve this important
puzzle; see, e.g., Adams et al. �1997�. One way to ap-
proach the problem is through photoproduction of
charmed mesons, using circularly polarized high-energy
photons. The advantage is that in the case of circular
polarization—as opposed to linear—the helicity of the
photon is a well-defined quantity such that from the dis-

tribution of the decay products of the meson one may
derive the influence of the spin of the struck parton or
gluon.

Circularly polarized photons can be produced by
Compton backscattering of laser light, but this requires
an extremely powerful laser and a very dense electron
beam �Ginzburg et al., 1983�. On the other hand, circu-
larly polarized photons can be produced by passing an
unpolarized electron beam of any density through a
crystalline target where the electrons emit linearly polar-
ized gamma rays. These photons can—according to an
old idea �Cabibbo et al., 1962�—be converted into circu-
larly polarized photons in the equivalent of a “quarter-
wave” plate; see also Baryshevskii and Tikhomirov
�1982, 1989�. In such a device the difference between the
real parts of the indices of refraction times the photon
frequency must equal � /2 over the thickness of the crys-
tal, i.e., Re�nr�−nr
�	�tf /c=� /2 such that one compo-
nent of the polarization vector gains a phase factor ei�/2

with respect to the other to generate circular polariza-
tion.

Photons can be converted efficiently into electron-
positron pairs by means of another aligned crystal as
was, for example, done in the NA48 experiment at
CERN �Moore et al., 1996�. If the photons are indeed
polarized, one may expect a birefringence effect �a de-
pendence on the photon polarization of the pair-
production yields� of the conversion crystal from sym-
metry of the processes e−+ �̄→e−+� �bremsstrahlung�
and �+ �̄→e−+e+ �pair production�, where �̄ denotes a
virtual photon of the crystalline field.

Substantial interest in the application of polarized
high-energy photons from crystals for photoproduction
experiments has been expressed at CERN �Bilokon et
al., 1983; Bussey et al., 1983; Apyan et al., 1998a, 2001�,
at Fermilab �Kasper, 1996�, and at SLAC �Apyan et al.,
1998b�. Another proposal is to generate polarized e±

beams by means of bent crystals as the �→e+e− conver-
sion target �Baryshevskii and Tikhomirov, 1988�.

1. Linear polarization

One of the experiments performed by the NA43 Col-
laboration was concerned with the proof of linear polar-
ization of the strings-of-strings radiation and a detection
of a birefringent effect in the conversion of these pho-
tons into electron-positron pairs �Kirsebom et al., 1999�.

As shown above, ultrarelativistic electrons incident on
a crystal near the axis along a plane generate very ener-
getic radiation �the so-called strings-of-strings radiation�
which may be utilized as a source of high-energy pho-
tons. The experimental result �Kirsebom et al., 1999� in-
dicated a substantial degree of linear polarization, in
contrast to calculations that �later� showed a rather
modest polarization degree of the high-energy peak
�Darbinyan and Ter-Isaakyan, 1999, 2002; Stra-
khovenko, 2002�. As already stated by Kirsebom et al.
�1999�, the admixture of channeling radiation that could
not be deconvoluted in the experiment was a possible
cause of misinterpretation of the �10% asymmetry

FIG. 37. A schematical drawing of extraction of particles from
the halo of a circulating beam by means of a bent crystal. From
Møller, 1995.
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found. It is thus possible that the highly polarized
planar-channeling radiation emitted simultaneously with
the strings-of-strings radiation was responsible for the
comparatively large asymmetry.

2. Circular polarization

A later experiment at CERN, NA59 �Apyan et al.,
1998a, 2005�, aimed to provide definite proof for the use-
fulness of the crystal equivalent of a quarter-wave plate
�Unel et al., 2001�. In other words, it is a crystal that—as
for normal optics—due to a difference in the refraction
index along different planes can generate circularly po-
larized GeV photons from linearly polarized ones.

The setup of NA59 eventually came to be quite close
to the later stages of NA43, but with a 10-cm-thick Si
crystal acting as the quarter-wave plate. This thickness
was carefully optimized as a tradeoff between attenua-
tion of the photon beam and efficient conversion into
circular polarization, taking into account a number of
experimental effects such as divergence of the beam
�Strakhovenko, 2001�. An outline of the setup of the
three crystals is shown in Fig. 38. Furthermore, substan-
tial theoretical effort was put into an optimization of the
radiating crystal orientation and thickness �Stra-
khovenko, 1998, 2002� expanding the applicability of
earlier theoretical methods �Baier et al., 1988b�.

The polarization degree of coherent bremsstrahlung
was used as a proof of principle of the technique used in
NA59 �Apyan et al., 2004a� �similar to that of Bussey et
al. �1983�	. Furthermore, NA59 observed indications of
the conversion from linear to circular polarization in a
crystalline quarter-wave plate �Apyan et al., 2004b� and
demonstrated that the strings-of-strings mode—in agree-
ment with recently developed theory—provided at most
a polarization degree of 20% �Apyan et al., 2004c�.

Polarization properties in strong magnetic fields may
be a route to investigating the structure of the magneto-
sphere of pulsars �Xu et al., 2000�.

E. Search for short-lived photoproduced particles

Strong crystalline fields were employed in the mid
1990s to search for the “Darmstadton”—the conjectured
X particle responsible for the appearance of narrow
lines of positron emission. These lines were superim-
posed on the expected contribution of positron creation
from the strong-field QED in collisions of heavy ions,
but were by the late 1980s considered doubtful as an
indicator of new particles �Schäfer, 1989�. The idea be-
hind utilizing crystals was that a strong field was re-
quired for the production of the X particle �Bassompi-
erre et al., 1993, 1995�. Indeed, by a comparison to a
Monte Carlo–generated spectrum for the aligned �110�
Ge crystal, nine candidate events—of which only one
could be accounted for by background—between 2.1
and 3.5 MeV/c2 were found. However, as stated by the
authors, “To be conclusive, an explicit measurement of
the background with a misaligned crystal should have
been done,” i.e., the experiment could not provide a
definite conclusion concerning the possible existence of
a Darmstadton. Meanwhile, more accurate experiments
investigating the positron emission lines have found no
evidence for the effect �Ahmad et al., 1997�. However,
the crystal-based technique utilized to examine the pos-
sible existence of strong-field generated short-lived par-
ticles was proven to be quite powerful.

X. CONCLUSION

It is perhaps surprising that the combination of ul-
trarelativistic particles �photons and/or leptons� and
crystals allows us to investigate the behavior of funda-
mental processes in electromagnetic fields that are so
strong that, for example, the emission of synchrotron
radiation changes character. Nevertheless, since the mid
1980s, a number of experiments and theoretical develop-
ments have led to a thorough understanding of strong
crystalline fields. Among the many interesting future
possibilities are measurements of photon splitting and
“Klein-like” trident production in strong fields.

FIG. 38. An outline of the setup used in NA59. The leftmost crystal produces energetic, linearly polarized photons by electrons
incident with an angle �=5 mrad to the �001� axis and an angle �=70 �rad to the �110� plane. The emerging photons are converted
into circularly polarized photons in the thick, central crystal aligned with an angle 2.3 mrad to the �110� axis. The last crystal acts
as an analyzer where the pair-production rate depends on the polarization state for photons incident with an angle 3 mrad to the
�110� axis.
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A number of parallels and analogies exist, relevant to,
for example, beamstrahlung, radiation from highly mag-
netized pulsars, and the processes in the “strong” geo-
magnetic field. Furthermore, strong crystalline fields find
applications in subjects ranging from efficient �→e+e−

conversion through extraction of particles from accel-
erators to �-ray sources.

Finally, it seems useful to continue this investigation in
which the foundations are known to be on a fundamen-
tally valid basis as for quantum electrodynamics, and
then draw parallels to other, less-well-established fields
such as QCD, e.g., in the strong-field or shortened for-
mation length domains. Crystals present a uniquely
simple tool for such a scenario.
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LIST OF SYMBOLS

a acceleration
a0 Bohr radius
as �Thomas-Fermi� screening length
a� i lattice primitive vector
B magnetic field
B0 critical magnetic field

b� i reciprocal-lattice primitive vector
c speed of light
CL Lindhard’s constant
d atomic spacing along axial direction
dp planar spacing
e electron charge
e���� antisymmetric unit tensor
E energy
E� transverse energy
F force
FD dechanneling fraction
F1,2 CFA correction coefficients
F�� electromagnetic field strength tensor
F�q� atomic form factor
g gravitational acceleration
G Newton’s gravitational constant
g� gyromagnetic ratio

g� reciprocal-lattice vector
G�q� � potential Fourier coefficient
� Planck’s constant �/2��
I intensity
IZ ionization potential
Jq flux of equivalent photons
k photon wave number
kB Boltzmann’s constant
k� photon wave number four-vector
K� modified Bessel function of order �
L bent crystal length
L� angular momentum
lf formation length
l� multiple-scattering length
l�d doughnut multiple-scattering length
LD dechanneling length
m electron rest mass
mp proton rest mass
n atomic density
n� propagation direction
N number of atoms
Np number of pairs
N� number of photons
ni integer
nr index of refraction
p momentum
p� momentum four-vector
q
 longitudinal momentum transfer
q� transverse momentum transfer
q� reciprocal-lattice vector
rc gyromagnetic curvature radius
re classical electron radius
R radius of curvature
Rc critical radius of curvature
RS Schwarzschild radius
S�g�� lattice structure factor
t time
T temperature
T0 Hawking temperature
U transverse potential
U0 transverse-potential height
u1 one-dimensional thermal vibration amplitude
� speed
V atomic potential
W radiation probability per unit time
Wp pair-production probability per unit time
W�→�� photon splitting probability per unit time
X0 radiation length
x� position
Z1 projectile atomic number
Z2 target atomic number
 fine-structure constant
� speed in units of c
� minimum longitudinal momentum transfer
�c classical field-reduced fractional photon en-

ergy
��q� −g�� Dirac delta function

1164 Ulrik I. Uggerhøj: The interaction of relativistic particles with strong crystalline fields

Rev. Mod. Phys., Vol. 77, No. 4, October 2005



�p field-reduced fractional pair energy
�q quantum field-reduced fractional photon en-

ergy
� unit-cell volume
�� angular cooling variable
E electric field
E0 critical electric field

 deflection efficiency

�	� dielectric function

S surface transmission
� enhancement
�F dechanneling fraction scaling variable
�± fractional energy of lepton
� Lorentz factor
" Lorentz invariant field strength parameter
�p photon “Lorentz factor”
� curvature
�c critical curvature
�f field strength in units of critical field
 Lorentz invariant field strength parameter

�–c Compton wavelength �/2��
� photon wavelength
�� transverse �doughnut� equalization length
�� field deflection length
� magnetic moment
�B Bohr magneton
�N nuclear magneton
� number of quantum states
	 photon angular frequency
	p plasma frequency
	0 Larmor angular frequency
$ solid angle
� density
�t thermal vibration amplitude
� particle angle
�c critical �Lindhard� angle
�p planar critical �Lindhard� angle
�1 axial critical �Lindhard� angle
� cross section
�tf foil thickness
& polarization time
� photon angle
�in entry angle
�out exit angle
%0 Baier angle
' same as  
�x transverse displacement
# fractional photon energy
! Lorentz invariant field strength parameter
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