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This article reviews the plane-wave/super Yang-Mills duality, which states that strings on a plane-wave
background are dual to a particular large R-charge sector of A'=4, D =4 superconformal U(N) gauge
theory. This duality is a specification of the usual anti-de Sitter/conformed field theory (AdS/CFT)
correspondence in the “Penrose limit.” The Penrose limit of AdSsX S leads to the maximally
supersymmetric ten-dimensional plane wave (henceforth “the” plane wave) and corresponds to
restricting to the large R-charge sector, the Berenstein-Maldacena-Nastase (BMN) sector, of the dual
superconformal field theory. After reviewing the necessary background, the authors state the duality
and review some of its supporting evidence. They discuss the suggestion by ’t Hooft that Yang-Mills
theories with gauge groups of large rank might be dual to string theories and the realization of this
conjecture in the form of the AdS/CFT duality. Plane waves as exact solutions of supergravity and
their appearance as Penrose limits of other backgrounds are considered, followed by an overview of
string theory on the plane-wave background, discussing the symmetries and spectrum. The article then
makes precise the statement of the proposed duality and classifies the BMN operators. It examines the
gauge theory side of the duality, studying both quantum and nonplanar corrections to correlation
functions of BMN operators and their operator-product expansions. The important issue of operator
mixing and the resultant need for rediagonalization is stressed. Finally, the article studies strings on the
plane wave via light-cone string field theory and demonstrates agreement between the one-loop
correction to the string mass spectrum and the corresponding quantity in the gauge theory. A new

presentation of the relevant superalgebra is given.
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I. INTRODUCTION

In the late 1960s a theory of strings was first proposed
as a model for the strong interactions describing the dy-
namics of hadrons. However, in the early 1970s, results
from deep-inelastic scattering experiments led to the ac-
ceptance of the “parton” picture of hadrons, and this led
to the development of the theory of quarks as basic con-
stituents carrying color quantum numbers, and whose
dynamics are described by quantum chromodynamics
(QCD), which is an SU(N,) Yang-Mills gauge theory
with N, flavors of quarks. According to the standard
model of particle physics, N.=3, Ny=6. With the accep-
tance of QCD as the theory of strong interactions the
old string theory became obsolete. However, in 1974
't Hooft (1974a, 1974b) observed a property of SU(N,)
gauge theories which was very suggestive of a corre-
spondence or “duality” between the gauge dynamics and
string theory.

To study any field theory we usually adopt a perturba-
tive expansion, generally in powers of the coupling con-
stant of the theory. The first remarkable observation of
't Hooft was that the true expansion parameter for an
SU(N) gauge theory (with or without quarks) is not the
Yang-Mills coupling g%,;, but rather g%, dressed by N,
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in the combination A, now known as the 't Hooft cou-
pling:

A =giuN. (1.1)

The second remarkable observation 't Hooft made
was that in addition to the expansion in powers of \ one
may also classify the Feynman graphs appearing in the
correlation function of generic gauge theory operators in
powers of 1/N?. This observation is based on the fact
that the operators of this gauge theory are built from
simple N X N matrices. One is then led to expand any
correlation function in a double expansion in powers of
\ as well as 1/N?. In the 1/N? expansion, which is a
useful one for large N, the terms of lowest order in pow-
ers of 1/N? arise from the subclass of Feynman diagrams
that can be drawn on a sphere (a one-point compactifi-
cation of the plane), once the 't Hooft double-line nota-
tion is used. These are called planar graphs. In the same
spirit one can classify all Feynman graphs according to
the lowest-genus surface on which they may be placed
without any crossings. For genus & surfaces, with 4>0,
such diagrams are called nonplanar. The lowest-genus
nonplanar surface is the torus with A=1. The genus &
graphs are suppressed by a factor of (1/N?)" with respect
to the planar diagrams. According to this 1/N expan-
sion, at large N, but finite 't Hooft coupling A\, the corr-
elators are dominated by planar graphs.

The genus expansion of Feynman diagrams in a gauge
theory resembles a similar pattern in string theory:
stringy loop diagrams are suppressed by gﬁ’ where 4 is
now the genus of the string worldsheet and g, is the
string coupling constant. The Feynman graphs in the
large-N limit form a continuum surface which may be
(loosely) interpreted as the string worldsheet. In Sec. LA
of the Introduction, we shall very briefly sketch the me-
chanics of the ’t Hooft large-N expansion.

In the mid 1970s, string theory was promoted from an
effective theory of strong dynamics to a theory of fun-
damental strings and put forward as a candidate for a
quantum theory of gravity (Scherk and Schwarz, 1974).
Much has been learned since then about the five differ-
ent ten-dimensional string theories. In particular, by
1997, a web of various dualities relating these string
theories, their compactifications to lower dimensions,
and an as-yet-unknown, though more fundamental,
theory known as M theory, had been proposed and com-
pelling pieces of evidence in support of these dualities
uncovered (Hull and Townsend, 1995; Witten, 1995). We
do not intend to delve into the details of these dualities;
for such matters the reader is referred to the various
books and reviews, e.g., Johnson (2003) or Polchinski
(1998a, 1999b).

Although our understanding of string and M theory
had been much improved through the discovery of these
various dualities, before 1997 the observation of 't Hooft
had not been realized in the context of string theory. In
other words, the 't Hooft strings and the “fundamental”
strings seemed to be different objects. Amazingly, in
1997 a study of the near-horizon geometry of D3-branes
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(Maldacena, 1998) led to the conjecture that strings of
type-1IB string theory on the AdSsX S’ background are
the 't Hooft strings of an N=4, D=4 supersymmetric
Yang-Mills theory.

AdSs X $% is a 9+ 1-dimensional manifold composed of
a 4+1 dimensional anti-de Sitter (AdSs) space, a space
of constant negative curvature and a five-dimensional
sphere S° such that the radii of curvature of both AdSs
and S° are equal. According to this conjecture any physi-
cal object or process in the type-IIB theory on an
AdSs X §° background can be equivalently described by
N=4, D=4 super Yang-Mills (SYM) theory, which is a
four-dimensional super conformal field theory (Gubser
et al., 1998; Witten 1998; Aharony et al., 2000). In par-
ticular, according to the Maldacena conjecture, the
't Hooft coupling (1.1) is related to the AdS radius R as

4
(15) =g (1.2)
N

where [ is the string scale. On the string theory side of
the duality, /,/R appears as the worldsheet coupling;
hence when the gauge theory is weakly coupled the two-
dimensional worldsheet theory is strongly coupled and
nonperturbative, and vice versa. In this sense the
anti—de Sitter/conformal field theory (AdS/CFT) duality
(Witten, 1998; Aharony et al., 2000) is a weak/strong du-
ality. Due to the (mainly technical) difficulties of solving
the worldsheet theory on the AdSsXS° background,'
our understanding of the string theory side of the duality
has been mainly limited to the low-energy supergravity
limit, and in order for the supergravity expansion about
the AdS background to be trustworthy, we generally
need to keep the AdS radius large. At the same time we
must also ensure the suppression of string loops. As a
result, most of the development and checks of the dual-
ity from the string theory side have been limited to the
regime of large 't Hooft coupling and the N — o0 limit on
the gauge theory side. A more detailed discussion of the
AdS/CFT duality will be presented in Sec. I.B.

One might wonder if it is possible to go beyond the
supergravity limit and perform real string theory calcu-
lations from the gauge theory side. We would then need
to have similar results from the string theory side to
compare with, and this seems notoriously difficult, at
least at the moment.

The o model for strings on AdSsxS° is difficult to
solve. However, there is a specific limit in which AdSs
X 83 reduces to a plane wave (Gueven, 2000; Blau et al.,
2002a, 2002b, 2002¢, 2003; Blau and O’Loughlin, 2003),
and in this limit the string theory o model becomes solv-
able (Metsaev, 2002; Metsaev and Tseytlin, 2002). In this
special limit we then know the string spectrum, at least
for noninteracting strings, and one might ask if we can
find the same spectrum from the gauge theory side. For

'For a recent work in the direction of solving this two-
dimensional theory see Bena et al. (2003) and the references
therein.
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that we first need to understand how this specific limit
translates to the gauge theory side. We then need a defi-
nite proposal for mapping the operators of the gauge
theory to (single) string states. This proposal, following
the work of Berenstein, Maldacena, and Nastase (2002),
is known as the BMN conjecture. It will be introduced in
Sec. I.C of the Introduction and is discussed in more
depth in Sec. V. The BMN conjecture is supported by
some explicit and detailed calculations on the gauge
theory side. Spelling out different elements of this con-
jecture is the main subject of this review.

In Sec. II we review plane waves as solutions of super-
gravities that have a globally defined null Killing vector
field, and we emphasize an important property of these
backgrounds: they are exact solutions without &’ correc-
tions. We shall focus mainly on the ten-dimensional
maximally supersymmetric plane-wave background.
This maximally supersymmetric plane wave will be re-
ferred to as “the” plane wave to distinguish it from other
plane-wave backgrounds. We study the isometries of this
background, as well as the corresponding supersymmet-
ric extension, and we show that this background pos-
sesses a PSU(2|2) X PSU(2|2) X U(1)_x U(1), superal-
gebra. We also discuss the spectrum of type-1IB
supergravity on the plane-wave background.

In Sec. III we review the procedure for taking the
Penrose limit of any given geometry. We then argue that
this procedure can be extended to solutions of super-
gravities to generate new solutions. As examples, we
work out the Penrose limit of some AdS, X< §7 spaces.
Moreover, we discuss how taking the Penrose limit
manifests itself as a contraction at the level of the super-
algebra. In particular, we show how to obtain the super-
algebra of the plane wave, discussed in Sec. I, as a (Pen-
rose) contraction of the supergroup PSU(2,2|4) which is
the superalgebra of the AdSsx S° background.

Having established that plane-wave backgrounds form
a'-exact solutions of supergravitiess, we find that they
form particularly simple backgrounds for string theory.
In Sec. IV we work out the o-model action for type-11B
strings on the plane-wave background in the light-cone
gauge. Formulating a theory in the light-cone gauge has
the advantage that only physical (on-shell) degrees of
freedom appear, and ghosts are decoupled (Polchinski,
1998a). For the particular case of strings on plane waves,
due to the existence of the globally defined null Killing
vector field, fixing the light-cone gauge has an additional
advantage: the energies (frequencies) are conserved in
this gauge, and as a result the well-known problem as-
sociated with nonflat spaces, namely, particle (string)
production, is absent. Adding fermions is done using the
Green-Schwarz formulation, and as usual redundant fer-
mionic degrees of freedom arise from « symmetry. After
fixing the x symmetry, we obtain the fully gauge-fixed
action from which one can easily read off the spectrum
of (free) strings on this background. We also present the
representation of the plane-wave superalgebra in terms
of stringy modes.

In Secs. V-VII, we return to the 't Hooft expansion,
though in the BMN sector of the gauge theory, and de-
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duce the spectrum of strings on the plane wave obtained
in Sec. IV, from gauge theory calculations. In this sense
these sections are the core of this review. In Sec. V we
present the BMN or plane-wave/SYM duality conjec-
ture.

In Sec. VI we present the first piece of supporting
evidence for the duality, where we focus on the planar
graphs. Reviewing the results of Constable et al. (2002a,
2002b), Gross et al. (2002), and Kristjansen et al. (2002),
we show that the 't Hooft expansion is modified for the
BMN sector of the gauge theory, and we are led to a new
type of “’t Hooft expansion” with a different effective
coupling. In Sec. VI.B we explain how and why anoma-
lous dimensions of operators in the BMN sector corre-
spond to the free-string spectrum obtained in Sec. I'V.

In Sec. VII, we move beyond the planar limit and
consider the contributions to the spectrum arising from
nonplanar graphs, which correspond on the string theory
side to inclusion of loops. We shall see that the genus
counting parameter should also be modified in the BMN
limit. Moreover, as we shall see, the suppression of
higher-genus graphs with respect to the planar ones is
not universal and in fact depends on the sector of the
operators we are interested in. One of the intriguing
consequences of the nonvanishing higher-genus contri-
butions is the possible mixing between the original
single-trace operators with double and in general multi-
trace operators. The mixing effects will force us to
modify the original BMN dictionary of correspondences.
After making the appropriate modifications, we present
the results of the one-loop (genus one) corrections to the
string spectrum.

After discussing the string spectrum on the plane
wave at both planar and nonplanar order from the gauge
theory side of the duality, we tackle the question of
string interactions on the plane-wave background in Sec.
VIII, with the aim of obtaining one-loop corrections to
the string spectrum from the string theory side. This pro-
vides us with a nontrivial check of the plane-wave/SYM
duality. From the string theory point of view, the pres-
ence of the nontrivial background, in particular the
Ramond-Ramond form (Ramond, 1971), makes using
the usual machinery for computing string scattering am-
plitude via vertex operators cumbersome, and one is led
to develop the string field-theory formulation, a field
theory that captures the dynamics of string theory and in
which every string mode is represented by an appropri-
ate field. From the gauge theory side, as we shall discuss
in Sec. VII, the nature of the difficulties is different: it is
not a trivial task to distinguish single, double, and in
general multistring states. We work out light-cone string
field theory on this background and use this setup to
calculate one-loop corrections to the string spectrum.
We shall show that the data extracted from nonplanar
gauge theory correlation functions are in agreement
with their string theoretic counterparts. In Sec. VIIL.A
we present some basic facts and necessary background
regarding light-cone string field theory. In Sec. VIIL.B
we work out the three-string vertex in the light-cone
string field theory on the plane-wave background. Then
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in Sec. VIII.C we consider higher-order string interac-
tions and present one-loop corrections to the string mass
spectrum.

Finally, in Sec. IX, we summarize the main points of
the review and mention some interesting related ideas
and developments in the literature. We also discuss
some of the open questions in the formulation of strings
on general plane-wave backgrounds and the related is-
sues on the gauge theory side of the conjectured duality.

We have tried to make this review self-contained.
However, we assume that the reader is familiar with su-
persymmetry at the level of Wess and Bagger (1992) and
string theory at the level of Polchinski (1998a, 1998b).
For standard reviews of the AdS/CFT, the reader is re-
ferred to Aharony et al. (2000a) and D’Hoker and Fried-
man (2002).

A. 't Hooft’s large-N expansion

In an effort to understand strong dynamics in gauge
theories, 't Hooft introduced a remarkable expansion for
gauge theories with large gauge groups, with the rank of
the gauge group ~N ('t Hooft, 1974a, 1974b). He sug-
gested treating the rank of the gauge group as a param-
eter of the theory and expanding in 1/N?, which turns
out to correspond to the genus of the surface onto which
the Feynman diagrams can be mapped without overlap,
yielding a topological expansion analogous to the genus
expansion in string theory, with the gauge theory Feyn-
man graphs viewed as “string theory” worldsheets. In
this correspondence, the planar or nonplanar Feynman
graphs may be thought of as tree or loop diagrams of the
corresponding “string theory.”

Asymptotically free theories, like SU(N) gauge theory
with sufficiently few matter fields, exhibit dimensional
transmutation, in which the scale-dependent coupling
gives rise to a fundamental scale in the theory. For
QCD, this is the confinement scale Agcp. Since this is a
scale associated with physical effects, it is natural to
keep this scale fixed in any expansion. This scale appears
as a constant of integration when solving the S-function
equation, and it can be held fixed for large N if we also
keep fixed the product g,,N while taking N— . This
defines the new expansion parameter of the theory, the
't Hooft coupling constant A = g%{MN.

To see how the expansion works in practice, let us
consider the action for a gauge theory, for example, the
N=4 super Yang-Mills2 theory written down in compo-
nent form in Eq. (A1). All the fields in this action are in
the adjoint representation. We have scaled our fields so
that an overall factor of 1/g%,, appears in front. We
write this in terms of N and the 't Hooft coupling X\,
using 1/ g%{M:N /N. The perturbation series for this
theory can be constructed in terms of Feynman dia-
grams built from propagators and vertices in the usual

2Supersymm':-:try is not consequential to this discussion, and
we ignore it for now.
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Scalar propagator
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Fermion propagator

Planar diagram Nonplanar diagram
FIG. 1. Typical Feynman rules for adjoint fields and sample
planar and nonplanar diagrams.

way. With our normalization, each propagator contrib-
utes a factor of N/N, and each vertex a factor of N/\.
Loops in diagrams appear with group theory factors
coming from summing over the group indices of the ad-
joint generators. These give rise to an extra factor of N
for each loop. A typical Feynman diagram will be asso-
ciated with a factor

)\P—VNV—P+(L+1) (13)

if the diagram contains V vertices, P propagators, and L
loops. These diagrams can be interpreted as simplicial
complexes if we choose to draw them using the 't Hooft
double-line notation. For U(N), the group index struc-
ture of adjoint fields is that of a direct product of a fun-
damental and an antifundamental. The propagators can
be drawn with two lines showing the flow of each index,
and with the arrows pointing in opposite directions (see
Fig. 1).

The vertices are drawn in a similar way, with the di-
rections of the arrows indicating the fundamental or an-
tifundamental indices of the generators. In this diagram-
matic presentation, the propagators form the edges, and
the insides of loops are considered to be the faces. The
one-point compactification of the plane then means that
the diagrams give rise to closed, compact, and orientable
surfaces, with Euler characteristic xy=V-P+F=2-2h,
where £ is the genus of the surface. The number of faces
is one more than the number of loops, since group
theory always gives rise to an extra factor of N for the
last trace. In the simplicial decomposition with the one-
point compactification, the outside of the diagram be-
comes another face and can be interpreted as the last
trace.

The perturbative expansion of the vacuum persistence
amplitude takes the form of a double expansion,
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o

> NP, (N,
h=0

(1.4)

with £ the genus and P, some polynomial in A, which
itself admits a power-series expansion,

Py(N) = 2 Cp\' (1.5)
n=0

The basic idea is that all the diagrams generated for the
vacuum correlation function can be grouped in classes
based on their genera, and all the diagrams in each class
will have varying dependences on the 't Hooft coupling
\. Collecting all the diagrams in a given class into groups
sharing the same dependence on \, we can extract the &-
and n-dependent constant Cy, .. It is clear from Eq. (1.4)
that, for large N, the dominant contributions come from
diagrams of the lowest genus, the planar (or spherical)
diagrams.

The double expansion (1.4) and (1.5) looks remark-
ably similar to the perturbative expansion for a string
theory with coupling constant 1/N and with the expan-
sion in powers of A playing the role of the worldsheet
expansion. The analogy extends to the genus expansion,
with the Feynman diagrams loosely forming a sort of
discretized string worldsheet. At large N, such a string
theory would be weakly coupled. The string coupling
measures the difference in the Euler character for
worldsheet diagrams of different topology. This has long
suggested the existence of a duality between gauge and
string theory. We of course also have to account for the
mapping of nonperturbative effects on the two sides of
the duality.

So far we have considered only the vacuum diagrams,
though the same arguments apply when considering cor-
relation functions with insertions of the fields. The ac-
tion appearing in the generating functional of connected
diagrams must be supplemented with terms coupling the
fundamental fields to currents, and these terms will en-
ter with a factor of N. The planar’ (leading) contribu-
tions to such correlation functions with j insertions of
the fields will be suppressed by an extra factor of N7/
relative to the vacuum diagrams. The one-particle irre-
ducible three- and four-point functions then come with
factors of 1/N and 1/N? relative to the propagator, sug-
gesting that 1/N is the correct expansion parameter. The
expansion (1.4) for these more general correlation func-
tions still holds if we account for the extra factors of N
coming from the insertions of the fields. The extra factor
depends on the number of fields in the correlation func-
tion, but is fixed for the perturbative expansion of a
given correlator.

The picture we have formed is of an oriented closed
string theory. Adding matter in the fundamental repre-
sentation would correspond to including propagators

SWith the point at infinity identified, planar diagrams become
spheres, and higher-genus diagrams become spheres with
handles.
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with a single line. These could then form the edges of
the worldsheets, and so would correspond to a dual
theory with open strings (with the added possibility of
D-branes). Generalizations to other gauge groups such
as O(N) and Sp(N) would lead to unorientable world-
sheets, since their adjoint representations (which are
real) would appear like products of fundamentals with
fundamentals. This viewpoint has been applied to other
types of theories, for example, nonlinear sigma models
with a large number of fundamental degrees of freedom.

The new ingredient relevant to our discussion will be
the following: for a conformally invariant theory such as
N=4 SYM, the B function vanishes for all values of the
coupling gy (it has a continuum of fixed points). There
is no natural scale in this theory that should be held
fixed. This makes possible limits different from the
't Hooft limit, and we take advantage of such an opening
via the so-called BMN limit, which we discuss at length
in what follows. Not all such limits are well defined. In
the BMN limit, we shall consider operators with large
numbers of fields. If the number of fields is scaled with
N, generically, higher-genus diagrams will dominate
lower-genus ones, and the genus expansion will break
down. The novel feature of the BMN limit is that these
large numbers of fields combine in a way that makes it
possible for diagrams of all genera to contribute without
the relative suppression typical in the 't Hooft limit. In
this sense, the BMN limit is the balancing point between
two regions, one where diagrams of higher genus are
suppressed and do not contribute in the limit, and the
other where the limit is meaningless.

A concise introduction to the basic ideas underlying
the large-N expansion can be found in the article of
't Hooft (2002), with a more detailed review being that
of ’t Hooft (1994). Applications to QCD are given by
Manohar (1998). A review of the large-N limit in field
theories and the relation to string theory was presented
by Aharony et al. (2000), who discuss many issues re-
lated to anti—de Sitter spaces, conformal field theories,
and the celebrated AdS/CFT correspondence.

B. String/gauge theory duality

’t Hooft’s original demonstration that the large-N limit
of U(N) gauge theory is dual to a string theory, sparked
many attempts to construct such a duality explicitly. One
such attempt (Gross, 1993; Gross and Taylor, 1993) was
to construct the dual to two-dimensional pure QCD as a
map from two-dimensional worldsheets of a given genus
into a two-dimensional target space. QCD, in two di-
mensions is almost a topological theory, with the corre-
lation functions depending only on the topology and the
area of the manifold on which the theory is formulated,
making the theory exactly solvable. The partition func-
tion of this string theory sums over all branched cover-
ings of the target space and can be evaluated by dis-
cretizing the target using a two-dimensional simplicial
complex with an N X N matrix placed at each link. The
partition function thus constructed can be evaluated ex-
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actly via an expansion in terms of group characters, giv-
ing rise to a matrix model, whose solution has been
given by Kazakov et al. (1996), Kostov and Staudacher
(1997), and Kostov et al. (1998). Zero-dimensional QCD
was considered by Brezin et al. (1978) as a toy model
that retains all the diagrammatic features but with trivial
propagators, allowing the investigation of combinatorial
counting in matrix models.

Another realization of ’t Hooft’s observation, this time
via conventional string theory, is the celebrated AdS/
CFT correspondence. The duality is suggested by the
two viewpoints presented by D-branes. The low-energy
effective action of a stack of N coincident D3-branes is
given by AN'=4 super Yang-Mills theory with gauge group
U(N). While away from the brane the theory is type-I1IB
closed string theory, there exists a decoupling limit
where the closed strings of the bulk are decoupled from
the gauge theory living on the brane (Maldacena, 1998).
D3-branes are solitons in the string theory, analogous to
the solitons of Bogomolny, Prasad, and Sommerfeld
(BPS; see Bogomolny, 1975; Prasad and Sommerfeld
1975). Because these D-branes break 16 of the super-
charges of the type-1IB vacuum, they are sometimes re-
ferred to as “half BPS.” The supercharges in the decou-
pling limit will be nonlinearly realized as the
superconformal supercharges in the N'=4 worldvolume
theory of the branes, a theory that exhibits superconfor-
mal invariance. For large N, the stack of D-branes will
back-react, modifying the geometry seen by the type-11B
strings. In the low-energy description given by super-
gravity, the presence of the D-brane is seen in the form
of the vacuum for the background fields like the metric
and the Ramond-Ramond fields. These are two different
descriptions of the physics of the stack of D-branes, and
the ability to take these different viewpoints is the es-
sence of the AdS/CFT duality. Type-1IB superstring-
theory on the AdSs X §° background is dual to (or can be
equivalently described by) N=4, D=4 U(N) supersym-
metric Yang-Mills theory with a prescribed mapping be-
tween string theory and gauge theory objects.

The specific prescription for the correspondence is
suggested by the matching of the global symmetry
groups and their representations on the two sides of the
duality. The matching extends to the partition function
of the N'=4 SYM on the boundary of AdSs (R X S°) and
the partition function of type-IIB string theory on
AdSs X S> (Witten, 1998),

4
<efd * ¢0(X)O(X)>CFT = Zstring[ ¢|b0undary = ¢O(x)]7

where the left-hand side is the generating function of
correlation functions of gauge-invariant operators O in
the gauge theory (such correlation functions are ob-
tained by taking derivatives with respect to ¢, and set-
ting ¢,=0) and the right-hand side is the full partition
function of (type-1IB) string theory on the AdSsXS>
background with the boundary condition that the field
¢= ¢, on the AdS boundary (Aharony et al., 2000). The
dimensions of the operators O (i.e., the charge associ-
ated with the behavior of the operator under rigid coor-

(1.6)
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dinate scalings) correspond to the free-field masses of
the bulk excitations. Every operator in the gauge theory
can be put in one-to-one correspondence with a field
propagating in the bulk of the AdS space, e.g., the
gauge-invariant chiral primary operators and their de-
scendents (D’Hoker and Freedman, 2002) on the Yang-
Mills side can be put in a one-to-one correspondence
with the supergravity modes of the type-I1IB theory. In
the low-energy approximation to the string theory, we
have type-1IB supergravity, with higher-order ' correc-
tions from the massive string modes. (Note, however,
that the AdSs X S° background itself is an exact solution
to supergravity with all &’ corrections included.) The re-
lation (1.2) between the radius of AdSs (and also S°)
shows that when the gauge theory is weakly coupled, the
radius of AdSs is small in string units. In this regime, the
supergravity approximation breaks down. Of course, to
make the duality complete, we have to find the mapping
for the nonperturbative objects and effects on the two
sides.

This conjecture has been generalized and restated for
string theories on many deformations of the AdSsXx$°
background, such as AdSsx 71! (Klebanov and Witten,
1998), the orbifolds of AdSsxS°> space (Gukov, 1998;
Kachru and Silverstein, 1998; Lawrence et al., 1998), and
even nonconformal cases (Klebanov and Strassler, 2000;
Polchinski and Strassler, 2000) and AdS; X S*X M, (Gi-
veon et al., 1998; Kutasov and Seiberg, 1999). For ex-
ample, in the Klebanov-Witten case, the statement is
that type-IIB strings on an AdSsXx T"! background are
the 't Hooft strings of an N'=1 super conformal field
theory and for the AdS; X S? case, 't Hooft strings of the
N=(4,4), D=2 super conformal field theory are dual to
strings on AdS; X $*X T*, where T* is a four-dimensional
torus. The latter have been made explicit by the
Kutasov-Seiberg construction (Giveon et al., 1998; Kuta-
sov and Seiberg, 1999). In general it is a nontrivial task
to determine the 't Hooft string picture of a given gauge
theory.

C. Moving away from the supergravity limit; strings on
plane waves

Although Witten’s formula (1.6) is precise, from a
practical point of view our calculational ability does not
go beyond the large-N limit which corresponds to the
supergravity limit on the string theory side (except for
quantities protected by supersymmetry, the calculations
on both sides of the duality beyond the large-N limit
exhibit the same level of difficulty). However, one may
still hope to go beyond the supergravity limit which cor-
responds to a restriction to some particular sector of the
gauge theory.

In this section we recall some basic observations and
facts which led Berenstein, Maldacena, and Nastase
(2002) to their conjecture, as well as a brief summary of
the results obtained based on and in support of the con-
jecture. These observations and results will be discussed
in some detail in the main part of this review.
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e Although so far we have not been able to solve the
string o model in the AdSsx S background and ob-
tain the spectrum of (free) strings, the Penrose limit
(Penrose, 1976; Gueven, 2000) of AdSsXS> geom-
etry results in another maximally supersymmetric
background of type-IIB which is the plane-wave ge-
ometry. The corresponding o model (in the light-
cone gauge) is solvable, allowing us to deduce the
spectrum of (free) strings on this plane-wave back-
ground.

e Taking the Penrose limit on the gravity side corre-
sponds to restricting the gauge theory to operators
with a large charge under one of its global symme-
tries [more precisely the R-symmetry charge associ-
ated with a U(1) CSO(6)g] J, the BMN sector, and
simultaneously taking the large-N limit.

e The BMN sector of N'=4, D=4 U(N) SYM theory
comprises operators with large scaling dimension A
and large R-charge J, such that

1

—p~=A-J=fixed, (1.7a)
M

a' up* = ———=(A +J) =fixed, (1.7b)

2VgymN
together with
J2
gym = fixed, N fixed, N.,J — o, (1.8)

In the above, (1/u)p~ and o' up* are the correspond-
ing string light-cone Hamiltonian and light-cone mo-
mentum, respectively. The parameter u is a conve-
nient but auxiliary parameter, the role of which will
become clear in the following sections.

e In Eq. (1.7a), p~ should be understood as the full
plane-wave light-cone string (field) theory Hamil-
tonian. Explicitly, one can interpret (1.7a) as an
equality between two operators, the plane-wave
light-cone string field-theory Hamiltonian Hgpp on
one side and the difference between the dilatation
and the R-charge operators on the other side, i.e.,

1
;HSFT:D_:]’ (19)

where D is the dilatation operator and J is the
R-charge generator. Therefore according to the iden-
tification (1.9) which is the (improved form of the
original) BMN conjecture, the spectrum of strings,
which are the eigenvalues of the light-cone Hamil-
tonian p~=Hggr, should be equal to the spectrum
of the dilatation operator, which is the Hamil-
tonian of the AN'=4 gauge theory on RXS? re-
stricted to the operators in the BMN sector of the
gauge theory [defined in Egs. (1.7) and (1.8)].
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As stated above, Eq. (1.9) sets up an equivalence be-
tween two operators. However, the second part of
the BMN conjecture is about the correspondence be-
tween the Hilbert spaces that these operators act on;
on the string theory side, it is the string (field) theory
Hilbert space which is comprised of a direct sum of
the zero-string, single-string, double-string, and mul-
tistring states, quite similarly to the flat-space case
(Polchinski, 1998a). On the gauge theory side it is the
so-called BMN operators, the set of U(N) invariant
operators of large R-charge J and large dimension in
the free gauge theory, subject to Egs. (1.7) and (1.8).

According to the BMN proposal (Berenstein, Mal-
dacena, and Nastase, 2002), single-string states map
to certain single-trace operators in the gauge theory."
In particular, the single-string vacuum state in the
sector with light-cone momentum p*, (a'up*)?
=(J?/ g%{MN), is identified with the chiral primary BPS
operator

|0,p*) & N;Tr(Z’)|vac), (1.10)
where N is a normalization constant that will be
fixed later in Sec. VI. In the above, Z=(1/\e“§)(¢5
+ig®), where ¢ and ¢° are two of the six scalars of
the N=4, D=4 gauge multiplet. The R-charge we
want to consider, J, is the eigenvalue for a U(1)
generator, U(1) CSU(4)g, so that Z carries unit
charge and all the other bosonic modes in the vec-
tor multiplet, four scalars and four gauge fields,
have zero R charge. Since all scalars have A=1
(classically), for Z and hence Z’/, A—J=0. The ad-
vantage of identifying string vacuum states with
the chiral primary operators is twofold: (i) they
have (1/u)p~=A-J=0, and (ii) their anomalous di-
mension is zero, and hence the corresponding p~
remains zero to all orders in the 't Hooft coupling
and even nonperturbatively; see, for example,
D’Hoker and Freedman (2002).

As for stringy excitations above the vacuum, Beren-
stein, Maldacena, and Nastase (2002) conjectured
that we need to work with certain “almost” BPS op-
erators, i.e., certain operators with large J charge and
with A—J# 0, but A—J</J. In particular, single closed
string states were (originally) proposed to be dual to
single-trace operators with A—-J=2. The exact form
of these operators and a more detailed discussion
regarding them will be presented in Sec. V. As we
will see in Secs. VII.B.2 and VII.C, however, this
identification of the single-string Hilbert space with
the single-trace operators, because of the mixing be-
tween single-trace and multitrace operators, should
be modified. Note that this mixing is present for both
chiral primaries and “almost” primaries.

*The proposal as stated is only true for free strings. As we
shall see in Sec. VII, this proposal should be modified once
string interactions are included.
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e As is clear from Eq. (1.8), in the BMN limit the

't Hooft coupling goes to infinity and naively any per-
turbative calculation in the gauge theory (except of
course for chiral primary two- and three-point func-
tions) is not trustworthy. However, the fact that we
are working with “almost” BPS operators motivates
the hope that, although the anomalous dimensions
for such operators are nonvanishing, being close to
primary and nearly saturating the BPS bound, some
of the nice properties of primary operators might be
inherited by the “almost” primary operators.

We shall see in Sec. VII, as a result of explicit gauge
theory calculations with the BMN operators, that the
't Hooft coupling in the BMN sector is dressed with
powers of 1/J2. More explicitly, the effective cou-
pling in the BMN sector is A', rather than the
't Hooft coupling \, where

N N
= =g = (@ up ) (1.11)

The last equality is obtained using Egs. (1.7) and
(1.8).

Moreover, we shall see that the ratio of nonplanar to
planar graphs is controlled by powers of the genus
counting parameter,
J2

=" =4m(a mp)’, (1.12)
which also remains finite in the BMN limit Eq. (1.8).
Note that in Eq. (1.12) g,=e?, where ¢ is the value of
the dilaton field,” is not the coupling for strings on
the plane wave, although it is related to it.

One can do better than simply finding the free-string
mass spectrum; we can study real interacting strings,
their splitting and joining amplitudes, and one-loop
corrections to the mass spectrum. As we shall discuss
in Secs. VII and VIII, the one-loop mass corrections
compared to the tree level results are suppressed by

powers of the “effective one-loop string coupling”
[cf. Eq. (7.32)],

! J !
ggflfe—loop =VA g% = gYM\’T/TI =4mga up”.

(1.13)
It has been argued that all higher-genus (higher-loop)
results replicate the same pattern, i.e., g, always ap-
pears in the combination )\’gg. This has been built
into a quantum-mechanical model for strings on
plane waves, the string-bit model (Vaman and Ver-
linde, 2002; Verlinde, 2002). However, a priori there
is no reason why such a structure should exist and in
principle g, and A\’ can appear in any combination.
Using another quantum-mechanical model con-
structed to capture some features of the BMN opera-

Note that for the plane-wave background we are interested
in, the dilaton is constant.
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tor dynamics, it has been argued that at the g3 level
there are indeed N’ gé corrections to the mass spec-
trum (Beisert, Kristjansen, et al, 2003b; Plefka,
2003).

e The above observations revive the hope that we
might be able to do a full-fledged interacting string
theory computation using perturbative gauge theory
with (modified) BMN operators.

We should note that the BMN proposal has, since its
inception, undergone many refinements and corrections.
However, a full and complete understanding of the dic-
tionary of strings on plane waves and the (modified)
BMN operators is not yet at our disposal, and the field is
still dynamic. Some of the open issues will be discussed
in the main text and in particular in Sec. IX.

Finally, we would like to remind the reader that in this
review we have tried to avoid many detailed and lengthy
calculations, specifically in Secs. VI-VIIIL. In fact, we
found the original papers on these calculations quite
clear and useful, and for more details the reader is en-
couraged to consult with the references provided. We
have made available a more extensive version of this
review on the ArXiv (arxiv.org) as hep-th/0310119 (Sadri
and Sheikh-Jabbari, 2003b). It includes a discussion of
Penrose limits of AdS orbifolds and conifolds, a discus-
sion of BMN operators with arbitrary numbers of impu-
rities, the all-orders analysis in \’, operator-product ex-
pansions in the BMN sector, higher point functions, and
more details on the calculations of one-loop mass cor-
rections in light-cone string field theory.

Il. PLANE WAVES AS SOLUTIONS OF SUPERGRAVITY

Plane-fronted gravitational waves with parallel rays,
pp waves, are a general class of spacetimes and are de-
fined as spacetimes that support a covariantly constant
null Killing vector field v*,

Vw,=0, vfv,=0.

(2.1)

In the most general form, they have metrics which can
be written as

ds® = = 2dudv — F(u,x")du® + 2A,(u,x")dudx’

+ gricu,x")dx’ dx®, (2.2)

where g;x(u,x’) is the metric on the space transverse to
a pair of light-cone directions given by u,v and the co-
efficients F(u,x!), Aj(u,x), and gx(u,x) are con-
strained by (super)gravity equations of motion. The
pp-wave metric (2.2) has a null Killing vector given by
6/ 6v which is, in fact, covariantly constant by virtue of
the vanishing of the I'), component of the Christoffel
symbol.

The most useful pp waves, and the ones generally con-
sidered in the literature, have A;=0 and are flat in the
transverse directions, i.e., g;;=dy;, for which the metric
becomes
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ds* = - 2dudv — F(u,x")du? + 6,dx'dx’. (2.3)

As we shall discuss in the next subsection, the existence
of a covariantly constant null Killing vector field guaran-
tees the «'-exactness of these supergravity solutions
(Horowitz and Steif, 1990).

A more restricted class of pp waves, plane waves, are
those admitting a globally defined covariantly constant
null Killing vector field. One can show that for plane
waves F(u,x') is quadratic in the x! coordinates of the
transverse space, but still can depend on the coordinate
u, F(u,x")=f,(u)x"x’, so that the metric takes the form

ds* = = 2dudv — fi,(u)x'x'du® + 8;,dx'dx’. (2.4)

Here f;; is symmetric and by virtue of the only nontrivial
condition coming form the equations of motion, its trace
is related to the other field strengths present. For the
case of vacuum Einstein equations, it is traceless.

There is an even more restricted class of plane waves,
homogeneous plane waves, for which f;;(«) is a constant,
hence their metric is of the form

ds*= = 2dudv — wix'x du® + dx'dx’, (2.5)

with u2, being a constant.’

A. Plane waves as «’-exact solutions of supergravity

In this subsection we discuss a property of pp waves of
the form (2.3) which makes them epecially interesting
from the string theory point of view: they are «’-exact
solutions of supergravity (Amati and Klimcik, 1988;
Horowitz and Steif, 1990). Supergravities arise as low-
energy effective theories of strings, and can receive «'
corrections. Such corrections generically involve higher
powers of curvature and form fields (Green et al,
1987b). The basic observation made by Horowitz and
Steif (1990) is that pp-wave metrics of the form (2.3)
have a covariantly constant null Killing vector, n,
=d/dv, and their curvature is null (the only nonzero
components of their curvature are R,;,;). Higher a’ cor-
rections to the supergravity equations of motion are in
general comprised of all second-rank tensors con-
structed from powers of the Riemann tensor and its de-
rivatives. (The only possible term involving only one
Riemann tensor should be of the form R**"%,  which is
zero by virtue of the Bianchi identity.) On the other
hand, any power of the Riemann tensor and its covari-
ant derivatives with only two free indices is also zero,
because n, is null and V,n,=0 [Eq. (2.1)]. The same
argument can be repeated for the form fields, noting
that for pp waves that are solutions of supergravity these
form fields should have zero divergence and be null. As
a result, all the &' corrections for supergravity solutions
with metric of the form (2.3) vanish, i.e., they also solve

%This use of the term “homogeneous” is not universal. For
example, the term symmetric plane wave has been used by
Blau and O’Loughlin (2003) for this form of the metric, reserv-
ing “homogeneous” for a wider subclass of plane waves.
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a'-corrected supergravity equations of motion. This ar-
gument about «’-exactness does not hold for a generic
pp wave of the form (2.2) with g;,(u,x’) # &;,. The trans-
verse metric g;; may itself receive a’ corrections. How-
ever, there are no extra corrections due to the wave part
of the metric (Fabinger and Hellerman, 2003).We would
like to comment that pp waves are generically singular
solutions with no event horizons (Hubeny and Rangam-
ani, 2002); however, plane waves of the form (2.4) for
which fj;(u) is a smooth function of u, are not singular.

B. The maximally supersymmetric plane wave and its
symmetries

Hereafter in this review we shall focus only on a very
special plane-wave solution of 10-dimensional type-11B
supergravity which admits 32 supersymmetries and by
“the plane wave” we shall mean this maximally super-
symmetric solution. In fact, demanding a solution of 10-
or 11-dimensional supergravity to be maximally super-
symmetric is very restrictive. Flat space, AdSs X S°, and
a special plane wave in type-1IB theory in 10 dimensions
and flat space, AdS,;x S74, and a special plane wave in
11 dimensions are the only possibilities (Figueroa-
O’Farrill and Papadopoulos, 2003). Note that type ITA
does not admit any maximally supersymmetric solutions
other than flat space.

Here, we focus on the 10-dimensional plane wave,
which is a special case of Eq. (2.5) with u?,=u?6;,. This
metric, however, is not a solution to source-free type-I11B
supergravity equations of motion, and we need to add
form fluxes. It is not hard to see that with ,usz u>8;; the
only possibility is turning on a constant self-dual
Ramond-Ramond five-form flux; moreover, the dilaton
should also be a constant. As we shall see in Sec. 111, this
plane wave is closely related to the AdSsXx S° solution.
The (bosonic) part of this plane wave solution is then

ds® = - 2dx*dx™ — p>(x'x’ + xx) (dx*)? + dx'dx’

+ dx®dx®, (2.6a)
Flijkr=— ek,
+1] gs 1]
F+abcd = " M€abcd>s (26b)
s
e? =g, =const, (2.6¢)

where i,j=1,2,3,4, a,b=5,6,7,8. In the above, w is an
auxiliary but convenient parameter and can be easily
removed by taking x*—x*/u and x~— ux~ (which is in
fact a light-cone boost).

Let us first check that the background (2.6) is really
maximally supersymmetric. Note that this will ensure it
is also a supergravity solution, because supergravity
equations of motion are nothing but the commutators of
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the supersymmetry variations. For this we need to show
that the gravitino and dilatino variations vanish for 32
independent (Killing) spinors, i.e.,

W= (D,)5ef =0,

SN = (D)3 =0, (2.7)

with ©=0,1,...,9, @=1,2. These equations have 32 so-
lutions, where the dilatino \¢, gravitinos ¢, and Killing
spinors e* are all 32-component 10-dimensional Weyl-
Majorana fermions of the same chirality (for our nota-
tions and conventions see Appendix B.1), and the super-

covariant derivative ZA)M in the string frame is defined
(Bena and Roiban, 2003; Cvetic et al., 2003; Sadri and
Sheikh-Jabbari, 2003a, 2003b) as

. 1 ie®
(B,)5= 539+ (VTP Hy+ ?{(oz)gr”avx

i arT vp.
- 5(0-1)131_‘ {)\va)\

1
+ 7 % 5! (O,Z)gl"vp}\aﬁFVp)\o_g] F,u,a (28)
(D)= 831 o3 O H
p=75%l" "¢ 5
l arv ! aT vy,
— el (D)l d,x ~ X 3!(01)BF "”vax],
(2.9)

with the spin connection w

derivative V,, (& +7 w“bF ) and the hatted latin indices
used for the tangent space In these expressions ¢ is the
dilaton, y the axion, H the three-form field strength of
the Neveu-Schwarz/Neveu-Schwarz (NS-NS) sector
(Neveu and Schwarz, 1971), and the F’s represent the
appropriate Ramond-Ramond (RR) field strengths.

appearmg in the covariant

For the background (2.6) (f))g is identically zero, and
(ﬁ)z takes a simple form,

1
(D)5%= 55 <a +4wﬂbrab>

(0_2)0(1'* Vp)\o'ﬁF

16 X 5' 210

vp\o'S*

In order to work out the spin connection ') ib we need
the vierbeins e}, which are

pACxx; + X,%,), (2.11)

and therefore
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wli=pl, o= i, (2.12)
are the only nonvanishing components of wff’ .
The Killing spinor equation can now be written as

1-0,+Q,)5" =0, (2.13)
with
Q)= — ST L T (o)
( +)ﬁ__2/~Lx ﬁ+ 4( + ) +( )ﬁa
a l/'L + ! o
Q_ =0, (Q,)ﬁ=ZF (I + 11 (%) (2.14)

In the above I={i,a}=1,2,...8, I1=I"1?3* and I1' =178,
The s satisfy a number of useful identities such as

F+QI: QIFJr = FJrQJr = O,
Q]Q_]: Q[Q+ = O,

w2
Q,0,=~ Z-(1+ T -1,

ip : «
QI = ?(H + T - (0?). (2.15)
We first note that the (u=—) component of Eq. (2.13) is
simply d_e=0, so all Killing spinors should be x~ inde-
pendent. The u=1I component can be easily solved by
taking
€= (1-x"Q)x", (2.16)
where x# is an arbitrary x/-independent fermion of posi-
tive 10-dimensional chirality. Plugging Eq. (2.16) into
Eq. (2.13), using the identity ;),=0 and the fact that
(1+x'Q)(1-x"Q;) =1, the (u=+) component of the Kill-
ing spinor equation takes the form

[1-9,+Q.,1-x'Q)IE"=0. (2.17)

Equation (2.17) has an x/-independent piece and a part
that is linear in x/. These two should vanish separately.
Using the identities given in Appendix B.1 and after
some straightforward Dirac matrix algebra, one can
show that if ['"y=0, Eq. (2.17) simply reduces to d, xy=0.
That is, any constant y with I'"y=0 is a Killing spinor.
These provide us with 2X8=16 solutions. Now let us
assume that I'"y # 0. Without loss of generality, all such
spinors can be chosen to satisfy ['"xy=0. For these
choices of x’s the x!-dependent part of Eq. (2.17) van-
ishes identically, and the x’-independent part becomes

[1-0, +iull(c®)g]x*=0,

where we have used the fact that I'"y=0 implies Ily
=I1"y. This equation can be easily solved with (Blau et
al., 2002a)
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X = [5%005 uxt — il'[(oz)gsin ,ux*]xg, (2.18)
where £ is an arbitrary constant spinor of positive 10-
dimensional chirality. We have shown that Eqs (2.7)
have 32 linearly independent solutions and hence the
background (2.6) is maximally supersymmetric. Note
that Eq. (2.18) clearly shows the “wave” nature of our
background (note the periodicity in x*, the light-cone
time), a fact that is not manifest in the coordinates we
have chosen. This wave nature can be made explicit in-
the so-called Rosen coordinates (see Sec. IILLA).

1. Isometries of the background

The background (2.6) has a number of isometries,
some of which are manifest. In particular, the solution is
invariant under translations in the x* and x~ directions.
These translations can be thought of as two (noncom-
pact) U(1)’s with the generators

d
dx*

Jd
i P,=-P, i—=P_=-P". (2.19)
ax

Due to the presence of the (dx*)? term, a boost in the

(x*,x7) plane is not a symmetry of the metric. However,
the combined boost and u scaling,

1_Vx_, o /1+vx+’
1+v 1-v

1-v
1+v

X —

w— o, (2.20)
is still a symmetry.

Obviously, the solution is also invariant under two
SO(4)’s which act on the x’ and x* directions. The gen-
erators of these SO(4)’s will be denoted by J;; and J,
where

[ d ) d d
Jij=—1i xiﬁ—xjﬁ , Jap=—1 x“ﬁ_xbﬁ .
(2.21)

Note that although the metric possesses SO(8) symme-
try, because of the five-form flux this symmetry is broken
to SO(4) XSO(4). There is also a Z, symmetry which
exchanges these two SO(4)’s, acting as

)

{xh e {x. (2.22)
So far we have identified 14 isometries which are gen-
erators of a U(1) X U(1) X SO(4) X SO(4) X Z, symmetry
group. One can easily see that translations along the x!
=(x!,x%) directions are not symmetries of the metric.
However, we can show that if along with translation in x’

we also shift x~ appropriately, i.e.,

x'— x'+ € cos ux*,
X~ — x" - e px! sin ux*,
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x!— x!+ € sin ux*,
{ 22K (2.23)

X~ — X+ éux! cos px”,

where € and €, are arbitrary but small parameters, the
metric and the five-form remain unchanged. These 16
isometries are generated by the Killing vectors

L :—i(cos ,wfri — px! sin ,ux+i>
! ax! ax~

J J
K;=- i(sin px*— + ux’ cos ,ux*—), (2.24)
dx dx
satisfying the following algebra:
[LlaL]]ZO’ [K]’K]]:Ov (225)
J
[LpKjl=péy——=ipnP" oy,
dx
[Pi’LI] = i,LLK[, [Pi’KI] == l,lLLI (226)

Equations (2.25) are in fact an eight-dimensional (or a
pair of four-dimensional) Heisenberg-type algebra(s)
with “#” being equal to wP* (Das et al., 2002). Note that
P* commutes with the generators of the two SO(4)’s as
well as K; and L;. In other words, P is in the center of
the isometry algebra which has 30 generators
(Jijsdap P*, P, K, Ky, Li, L,). It is also easy to check that
K;,L;and K,, L), transform as vectors (or singlets) under
the corresponding SO(4) rotations. Altogether, the alge-
bra of Killing vectors is [h(4)®h(4)]®so(4)®so(4)
®u(l),®u(l)_, where h(4) is the four-dimensional
Heisenberg algebra.

In addition to the above 30 Killing vectors generating
continuous symmetries, there are some discrete symme-
tries, one of which is the 7, discussed earlier. There is
also the CPT symmetry (Schwarz, 2002)

xl— —xl,

Xt =X, u—-—pu (2.27)
(note that we also need to change u).

Finally, it is useful to compare the plane-wave isome-
tries to that of flat-space, the 10-dimensional Poincaré
algebra consisting of P*,P~,P/=-i(d/dx") and J*~ (light-
cone boost), J*,J7L, and J” [the SO(8) rotations].
Among these 55 generators, P*,P~ and J7,J% are also
present in the set of plane wave isometries. However, as
we have discussed, J*~ and J~/ are absent. As for rota-
tions generated by J%, only a particular rotation, namely,
the 7, defined in Eq. (2.22), is present. From Eq. (2.24) it
can readily be seen that K; and L; are a linear combina-

tion of P; and J*/,

)
Py=—i—

-, ]+’=x+P[—x[P+,
Jx

(2.28)
and it is easy to show that [P~,J*/]=—iP!, [Pl J*/]
=—id;P*. In summary, J*~, J-/, and J* (which arealto-
gether 25 generators) are not present among the Killing
vectors of the plane wave, and therefore the number of
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isometries of the plane wave is 55-25=30, agreeing with
our earlier results.

2. Superalgebra of the background

As we have shown, the plane-wave background (2.6)
possesses 32 Killing spinors, and in Sec. IL.B.1 we
worked out all the isometries of the background. In this
subsection we combine these two results and present the
superalgebra of the plane-wave geometry (2.6). Noting
the Killing spinor equations and their solutions, it is
straightforward to work out the supercharges and their
superalgebra (see, for example, Green et al., 1987b).

As discussed earlier, the solutions to the Killing spinor
equations are all x~ independent. This implies that su-
percharges should commute with P*. However, as dis-
cussed in Sec. II.B.1, P* commutes with all the bosonic
isometries and so is in the center of the whole superal-
gebra. We noted that Killing spinors fall into two classes,
either I'"y=0 or I'"y=0. The former lead to kinematical
supercharges Q** with the property that '*Q**=0, while
the latter lead to dynamical supercharges Q~¢, which sat-
isty I'"O7“=0. Since both sets of dynamical and kine-
matical supercharges have the same (positive) 10-
dimensional chirality, the Q** are in the 8 and Q¢ in
the 8, representation of the SO(8) fermions (for details
of the conventions see Appendix B.1).

For the plane-wave background, however, it is more
convenient to use the SO(4) X SO(4) decomposition in-
stead of SO(8). The relation between these two has been
worked out and summarized in Appendix B.2. We shall
use q,p and g,z for the kinematical supercharges and
Q.p and Q4 for the dynamical ones. Note that all g and
Q are complex fermions.

The superalgebra in the SO(8) basis is presented by
Blau et al. (2002b) and Metsaev (2002). Here we present
it in the SO(4) X SO(4) basis:

e Commutators of bosonic generators with kinematical
supercharges:

) 1. ] 1
[Jl]’qaﬁ] = E(ZOJ])’;qpﬁ7 [J]»‘Idﬁ] = z(lolj)gq;)ﬂ»

1 1 ;
b Z(; b b 1 Z(;,ab\P
[Ja ’QQﬁ] = 2(10_0 )%qap’ [Ja ’qdﬁ] = 2(10’” )Bqdpv

(2.29)

(K", qupl =[L",qup] =0, [K'qupl=[L".q,3]1=0,

(2.30)
[P+’qaﬁ] = [P+7qu] = 05 (231)
[P.qapl = +itqep [P qapl = —ingap. (2.32)
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e Commutators of bosonic generators with dynamical

supercharges:

. 1 . . 1. ...
[Jllv QaB] = E(IOJ])’;Q/J[% []l]7 Qaﬁ] = E(IOJ])iQpB’

1 1 ;
[Jabs Qdﬁ] = E(ioﬂb)%Qdm []abv Qaﬁ] = E(Zoﬂb)ZQap,

(2.33)

[Ki, Qaﬁ] = g(ol)gqp& [Kaa Qa,é] = g(oﬂ)gqapa

[K', Q5] = g(oi)’;qpﬁ, (K, Qs = §(oﬂ)qu,~,,

(2.34)

[L'.Quil == S0t [L°Qup) = T (")t

(L0, = g(oi)'s,qps, [L%045] = g(aﬂ)qu,-,,

[P+7 QQB] = O’ [P+7 Qdﬁ] = 07

[P,0,31=0, [P,0,]=0.

e Anticommutators of supercharges:

{dupd™ =2P 88y {qupa' =0,
{dapd™) = 2P+8‘;52,

{qup Q" = i())SH( LT + KY),

{dup Q1) = (a5 + K,

{0ap Q'™ = i)y 3HL" - K,

194 Q") = i@ 3LI - K,
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(2.39)

(2.36)

(2.37)

(2.38)

(2.39)

(0 Q'™ = 28,8,P + i) 87 + (i) I

{Qaﬁ’ QTﬁ)\} =0,

{0up. Q'™ = 28,55P" + wlio"5507 + plio* )y
(2.40)

Let us now focus on the part of the superalgebra con-
taining only dynamical supercharges and SO(4) genera-
tors, i.e., Egs. (2.33), (2.36), (2.37), and (2.40). Adding the
two so(4) algebras to these, we obtain a superalgebra,
which is of course a subalgebra of the full superalgebra
discussed above. (We have another sub-superalgebra
which contains only kinematical supercharges, P* and
J’s, but we do not consider it here.) The bosonic part of
this sub-superalgebra is U(1), X U(1)_xXSO(4) X SO(4)
X 75, where U(1), is generated by P* and U(1), is in the
center of the algebra. Next we note that the algebra does
not mix Q,z and Qg This sub-superalgebra is not a
simple superalgebra, and it can be written as a semidi-
rect product of two simple superalgebras. Noting that
spin(4)=SU(2) X SU(2), we have four SU(2) factors, and
Q.5 and Qs transform as doublets of two of the
SU(2)%s, each coming from different SO(4) factors. In
other words, the two SO(4)’s mix to give two SU(2)
X SU(2)%s. This superalgebra falls into Kac’s classifica-
tion of superalgebras (Kac, 1977) and can be identified
as PSU(2|2) X PSU(2|2) x U(1)_x U(1),. [The bosonic
part of the PSU(n|n) supergroup is SU(n) X SU(n),
while that of SU(m|n) for m#n is SU(n) X SU(m)
X U(1).] As mentioned earlier the two PSU(2|2) super-
groups share the same U(1), U(1)_, which is generated
by P~. The Z, symmetry defined through Eq. (2.22) is
still present and at the level of superalgebra exchanges
the two PSU(2|2) factors. It is interesting to compare
the 10-dimensional maximally supersymmetric plane
wave superalgebra with that of the 11-dimensional one,
which is SU(4|2) (Dasgupta et al., 2002b). One of the
main differences is that in our case the light-cone Hamil-
tonian P~ commutes with the supercharges [cf. Eq.
(2.37)], and as a result, as opposed to the 11-dimensional
case, all states in the same PSU(2|2)XPSU(2|2)
X U(1)_ supermultiplet have the same mass. Here we do
not intend to study this superalgebra and its representa-
tions in detail. However, this is definitely an important
question, which so far has not been addressed in the
literature. For a more detailed discussion on SU(m|n)
supergroups and their unitary representations the reader
is encouraged to look at the articles of Balantekin and
Bars (1981); Dasgupta et al. (2002b); Motl et al. (2003),
and for the PSU(n|n) case Berkovits et al. (1999).
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C. Spectrum of supergravity on the plane-wave
background

The low-energy dynamics of string theory can be un-
derstood in terms of an effective-field theory in the form
of supergravity (Green et al., 1987b). In particular, the
lowest-lying states of string theory on the maximally su-
persymmetric plane-wave background (2.6) should cor-
respond to the states of (type-1IB) supergravity on this
background. We are thus led to analyze the spectrum of
modes in such a theory.

As in the flat space, the kinematical supercharges act-
ing on different states would generate different “polar-
izations” of the same state, while dynamical super-
charges would lead to various fields in the same
supermultiplet. In the plane-wave superalgebra we dis-
cussed in the previous section, as could be seen from Eq.
(2.32), kinematical supercharges do not commute with
the light-cone Hamiltonian, and hence we expect differ-
ent “polarizations” of the same multiplet to have differ-
ent masses (their masses, however, should differ by an
integer multiple of w), as will be explicitly shown in this
section. This should be contrasted with the flat-space
case, in which the light-cone Hamiltonian commutes
with all supercharges, both kinematical and dynamical.
For the same reason, different states in the Clifford
vacuum (Wess and Bagger, 1992), which are related by
the action of kinematical supercharges, will carry differ-
ent energies, and so this vacuum is nondegenerate.
However, once a Clifford vacuum is chosen, the other
states of the same multiplet are related by the action of
dynamical supercharges and hence should have the same
(light-cone) mass [see Eq. (2.37)].

As a warmup, let us first consider a scalar (or any
bosonic) field ¢ with mass m propagating on such a
background, with classical equation of motion

(O-m?)¢p=0, (2.41)

with the d’Alembertian acting on a scalar given as

1 =
0 = ——=3,(Iglg""3,)

/
/

Vgl
=-20,0_+ u*x'x'9_o_+ 9,9,. (2.42)
Here, the index I corresponds to the eight transverse

directions, and the repeated indices are summed. Then,
Eq. (2.41) for the fields with d,¢=ip* ¢ reduces to

[2p*p™ = (up*)x'x" + 991 =0, (2.43)
which is nothing but a Schrodinger equation for an
eight-dimensional harmonic oscillator, with frequency
equal to up*. Therefore choosing the x’ dependence of
¢ through Gaussians times Hermite polynomials [the
precise form of which can be found in the article of Bak
and Sheikh-Jabbari (2003)], we obtain the spectrum of
the light-cone Hamiltonian p~ as
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8 2

p‘:,u(E n,-+4) t (2.44)
i=1 P

for some set of positive or zero integers n;. The spectrum
is discrete for massless fields (m=0), in which case it is
also independent of the light-cone momentum p*. This
means that for massless fields, we cannot form wave
packets with nonzero group velocity (~dp~/dp*), and
hence scattering of such massless states cannot take
place.” The discreteness of the spectrum arises from the
requirement that the wave function be normalizable in
the transverse directions, and this is translated through a
coupling of the transverse and light-cone directions in
the equation of motion into the discreteness of the light-
cone energy. The flat-space limit (x— 0) is not well de-
fined for these modes, but could be restored if we add
the non-normalizable solutions to the equation of mo-
tion, in which case the flat-space limit would allow a
continuum of light-cone energies. The case of vanishing
light-cone momentum is not easily treated in the light-
cone frame. For the massive case (m # 0) the light-cone
energy does pick up a p* dependence, allowing us to
construct proper wave packets for scattering.

These considerations can be applied to the various
bosonic fields in supergravity. The low-energy effective
theory relevant here is type-IIB supergravity, whose ac-
tion (in the string frame) is (Polchinski, 1998)

1 —
S=— leX\“J— det g('CNS + ,CR + Ecs),

- 2k3,

1
ﬁNs=e'2¢(R+46ﬂ¢a“¢— 5|H3|2>,

1 ~ 1,-
I (e )]

1
Les=-7———=C4UH;0F;,
2\V—det g

where H;=dB™S and F,=dy are the Neveu-Schwarz
Neveu-Schwarz (NS-NS) three-form and the Ramond-
Ramond (RR) scalar field strengths, respectively, and

(2.45)

N . 1 1
Fy=F;— x0OH;, Fs=Fs— EB;*R OH; + EB;“S OF;,

and F;=dBRR and Fs=df,. The equation of motion for
Fs, which is nothing but the self-duality condition (F5

:*ﬁs), should be imposed by hand. We note here that the
NS-NS and RR terminology in the supergravity action is
motivated by the flat-space results of string theory,
which as we point out later in Sec. IV.C.1, does not cor-

"The particles are confined in the transverse space by virtue
of the harmonic-oscillator potential, but one can consider scat-
tering in a two-dimensional effective theory on the (p~,p*)
subspace (Bak and Sheikh-Jabbari, 2003).
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respond to our SO(4) X SO(4) decomposition of states
(see footnote 9). The mapping of the fields presented in
this section and the string states will be clarified in Sec.
IV.C.

To study the physical on-shell spectrum of supergrav-
ity on the plane-wave background with the nontrivial
five-form flux (2.6), we linearize the supergravity equa-
tions of motion around this background and work in the
light-cone gauge, by setting §,..., =0, with £,..., generi-
cally any of the bosonic (other than scalar) tensor fields,
considered as perturbations around the background.
Then, the §,...,, components are not dynamical and are
completely fixed in terms of the other physical modes,
after imposing the constraints coming from the equa-
tions of motion for the gauge-fixed components §,...,._.
Therefore, in this gauge, we deal with only &;...; modes,
where 7,...,J=1,2,...,8. Setting the light-cone gauge
for fermions is accomplished by projecting out spinor
components by the action of an appropriate combina-
tion of Dirac matrices (Metsaev and Tseytlin, 2002). The
advantage of using the light-cone gauge is that in this
gauge only the physical modes appear.

It will prove useful to first decompose the physical
fluctuations of the supergravity fields in terms of SO(8)
—S0(4) X SO(4) representations (Das et al., 2002; Met-
saev and Tseytlin, 2002). In the bosonic sector we have a
complex scalar, combining the NS-NS dilaton and RR
scalar, a complex two-form (again a combination of
NS-NS and RR fields), a real four-form, and a graviton.
Using the notation of Sec. II.B, we can decompose these
into SO(4) X SO(4) representations. We label SO(8) in-
dices by 1,J,K,L, indices in the first SO(4) by i.j,k,/,
and those of the second by a,b,c,d. The decomposition
of the bosonic fields is given in Table I.

The fermionic spectrum consists of a complex spin-
1/2 dilatino of negative chirality and a complex spin-
3/2 gravitino with positive chirality. For the dilatino, 16
degrees of freedom survive the light-cone projection.
For the gravitino, we note that removing the spin-1/2
component by projecting out the y-transverse compo-
nents leaves 112 degrees of freedom. The details of the
decomposition of SO(8) fermions into representations of
SO(4) X SO(4) can be found in Appendix B.2. Using the
notation of the appendix, the dilatino is in 8, and the
gravitino in 8. Fermions can be decomposed along the
same lines, using the result of Appendix B.2.

The dilaton is decoupled, in the linear regime, from
the four-form and is the simplest field to deal with. Its
equation of motion is simply that of a complex massless
scalar field (2.41). Its lowest energy state has p =4y,
with discrete energy levels above it.

The graviton and four-form field are coupled in this
background, leading to coupled equations of motion.
The coupled Einstein and four-form potential equations
of motion, after linearizing and going to light-cone
gauge, and using the self-duality of the five-form field
strength, imply the equation
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TABLE 1. SO(4) X SO(4) decomposition of bosonic supergrav-
ity fields. 3* and 3~ are the self-dual and anti-self-dual projec-
tions of the 6 of SO(4). The complex scalar and two-form are
defined as ®=y+ie? and b=BNS+iBRR and we have also de-
fined the pseudoscalar “trace” piece of the four-form potential
f= ei/k{ﬁ,k,/6, and f,-a:%efklfajk,. The graviton h;; and four-form
fukir are fluctuations around a nontrivial plane wave back-
ground. h=h;=-h,, is the trace of the SO(4) “gravitons,” and

hij=hi—§ S

Field Components SO(4) X SO(4) D.o.f’s
Complex scalar ) (1,1) 2
Complex b 3", De3,1) 12
two-form b 1,3e1,3) 12
bia 4,49 32
Real fia (4,4) 16
four-form Tijab 3",3)®(37,3) 18
f (1.1 1
hy; 9.1 9
Graviton ﬁab 1,9) 9
hy, 4,9 16
(1.1 1

There is a similar expression for the other SO(4) projec-
tions of the metric and four-form. We see that the trace
(which we have yet to separate out) of the SO(4) metric
and four-form projections mix with each other. The
equation of motion for the four-form, coupled to the
metric through the covariant derivative, implies

Of+8ud h =0. (2.47)

These are a pair of coupled equations which can be di-
agonalized by redefinition of the field and by using 4
defined above:

¢ =hi+if. (2.48)
The equations governing the new fields are
Oh;=0, (O+i8ud )c=0, (2.49)

together with the complex conjugate of the second.
These are equations of motion for massive scalar fields.
Fourier transforming as before, we can compare these
equations to Egs. (2.41) and (2.44), to arrive at the light-
cone energy spectrum,

p(hy) =pn+4), p(c)=pn+8), p(ch=0,
(2.50)

with n € 7", and obviously similar results for the compo-
nents along the other SO(4). Note that ¢ is the only
combination of fields whose light-cone energy is allowed
to vanish. Similar reasoning leads, for the mixed [in
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terms of SO(4) X SO(4)] components of the metric and
four-form, to

(O +4iud )b, =0, (2.51)

and its conjugate, where we have diagonalized the equa-
tions by defining

hia = bia + lfm (252)
These lead to the light-cone energy for b,,,
p (i) = mw(n+6), p(bl) = pn+2). (2.53)

Finally, for fj;,;, we can show that p~=u(n+4).

The complex two-form can be studied in the same way
as the four-form and graviton, resulting in similar equa-
tions, but with different masses. The two-form can be
decomposed into representations that transform as two-
forms of each of the SO(4)’s, each of which can be fur-
ther decomposed into self-dual and anti-self-dual com-
ponents, with respect to the Levi-Civita tensor of each
SO(4). The self-dual part will carry opposite mass from
the anti-self-dual projection. The decomposition will
also include a second rank tensor with one leg in each
SO(4), which will obey a massless equation of motion
[for the SO(4) X SO(4) decomposition see Table I]. The
lowest light-cone energy for the physical modes of the
two-form takes the values p~/u=2,4,6, with the middle
value associated with the mixed tensor and the differ-
ence of energies between the self-dual and anti-self-dual
forms equal to four.

The analysis of the fermion spectrum follows along
essentially the same lines, with minor technical compli-
cations having to do with the spin structure of the fields
(inclusion of spin connection and some straightforward
Dirac algebra). These technicalities are not illuminating,
and we merely quote the results. The interested reader
is directed to Metsaev and Tseytlin (2002). For the spin-
1/2 dilatino the lowest light-cone energies for the physi-
cal modes can take the values p~/u=3,5, while for the
spin-3/2 gravitino the range is p~/u=1,3,5,7. It is
worth noting that the lowest states of fermions/bosons
are odd/even integers in w units. This is compatible with
what we expect from the superalgebra.

lll. PENROSE LIMITS AND PLANE WAVES

As discussed in the previous section plane waves are
particularly nice geometries with the important property
of having a globally defined null Killing vector field.
They are also special from the supergravity point of view
because they are o’ exact (see Sec. II.A). In this section
we discuss a general limiting procedure known as the
Penrose limit (Penrose, 1976), which generates a plane-
wave geometry out of any given spacetime. This proce-
dure has also been extended to supergravity by Gueven
(2000), hence when applied to supergravity this limit is
usually called the Penrose-Gueven limit (see, for ex-
ample, Blau et al., 2002a, 2002b). Although the Penrose
limit can be applied to any spacetime, if we start with
solutions of Einstein’s equations (or more generally the
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supergravity equations of motion) we end up with a
plane wave that is still a (super)gravity solution. In other
words, the Penrose-Gueven limit is a tool to generate
new supergravity solutions out of any given solution. In
this section we first summarize the three steps for taking
the Penrose limit, then apply this procedure to the inter-
esting example of AdS spaces, and finally in Sec. III.B
we study a contraction of the supersymmetry algebra
corresponding to AdSs X S°, PSU(2,2|4) (Aharony et al.,
2000), under the Penrose limit.

A. Taking Penrose limits

The procedure for taking the Penrose limit can be
summarized as follows:

(i)  Find a lightlike (null) geodesic in the given space-
time metric.

(i)  Choose the proper coordinate system so that the
metric looks like

ds* = R*{- 2dudv + dv[dv + A (u,v,5")dz"]

+ gyx(u, v, 3 d¥ dik}. (3.1)

In the above R is a constant introduced to facili-
tate the limiting procedure, the null geodesic is
parametrized by the affine parameter u, v deter-
mines the distance between such null geodesics,
and %/ parametrizes the rest of the coordinates.
Note that any given metric can be brought to the
form (3.1).

(iii) Take the R— oo limit together with the scalings

r
R’

~

b u,v,x!' = fixed. (3.2)

v
v:F’ =
In this limit the A; term drops out and
gy(u,dv,%') now becomes only a function of u,

therefore
ds* = = 2dudv + g/ (w)dx'dx’. (3.3)

This metric is a plane wave, though in the Rosen
coordinates (Roen, 1937). Under the coordinate
transformation
R

with hyxghy =6k and hy;=(d/du)hy; the metric
takes the more standard form of Eq. (2.4), the
Brinkmann coordinates (Brinkmann, 1923;
Hubeny et al., 2002). The only nonzero compo-
nent of the Riemann curvature of plane wave
(2.4) is R,;,y=fi(uw), and the Weyl tensor of any
plane wave is either null or vanishes.

The above steps can be understood more intuitively.
Let us start with an observer who boosts up to the speed
of light. Typically such a limit in (general) relativity is
singular; however, these singularities may be avoided by
“zooming” onto a region infinitesimally close to the
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(lightlike) geodesic the observer is moving on, in the par-
ticular way given in Eq. (3.2), so that at the end of the
day from the original spacetime point of view we re-
move all parts except a very narrow strip close to the
geodesic. We then scale up the strip to fill the whole
spacetime, which is nothing but a plane wave. The cova-
riantly constant null Killing vector field of plane waves
corresponds to the null direction of the original space-
time along which the observer has boosted. To demon-
strate how the procedure works, we work out here the
explicit example of AdS, X 7 space.

Let us start with an AdS,XS? metric in the global
AdS coordinate system (Aharony et al., 2000)

ds® = R;(- cosh’pd 7 + dp? + sinh’pd()} ,)

+ R (cos’0d ¢ + d ¢ + sin>6d();, ). (3.4)

We then boost along a circle of radius R, in S7 direc-
tions, i.e., we choose the lightlike geodesic along 7
—(R,/R,) ¢ direction at p=6=0. Next, we send R,,R,
— oo at the same rate, so that

RZ
S — k2 = fixed,

— (3.5)
and scale the coordinates as
1 R R
x+=§<7+ R—Z¢> x_:RZ(T_R_Zd))’ (3.6a)
X Yy
=—, 6O0=—, 3.6b
p R R, (3.6b)

keeping x*,x7,x,y and all the other coordinates fixed.
Inserting Egs. (3.5) and (3.6) into (3.4) and dropping
o/ Ri) terms, we obtain

ds® = = 2dx*dx™ — (x'x' + K*y*y?) (dx*)? + dx‘dx’

+ dy*dy*, (3.7)

where i=1,2,...,p—1 and a=1,2,...,g—1. For the case
of (p,q)=(5,5) and (3,3) k=R,/R,=1, (4,7) k=R,/R,
=1/2 and (7,4) k=R,/R,=2 (Maldacena, 1998).

Since AdS, and §7 are not Ricci flat, AdS, X §7 geom-
etries can be supergravity solutions only if they are ac-
companied by the appropriate fluxes; for the case of
AdSs X S that is a (self-dual) five-form flux of type-I1IB.
For AdS,x S’ and AdS,xS$* it is a four-form flux of
11-dimensional supergravity, and for AdS;x$% it is a
three-form RR or NS-NS flux (Maldacena, 1998). Let us
now focus on the AdSs X S> case and study the behavior
of the five-form flux under the Penrose limit. The self-
dual five-form flux on S’ is proportional to N :R;‘/ g5
explicitly (Aharony et al., 2000b)

FSS = 4Nd95, FAd85 = *FSS’ (38)

where d()s is the volume form of a five-sphere of unit
radius. The numeric factor 4 is just a matter of super-
gravity conventions, and we have chosen our conven-
tions so that the 10-dimensional (super)covariant deriva-
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tive is given by Eq. (2.8). Taking the Penrose limit we
find that

4
F=—dx* O(dx' Odx? Odx® Odx*

&8s
+dy! Ody? Ody® Ody*).

Finally the metric can be brought to the form (2.6)
through the coordinate transformation

Xt —uxt, x— lx‘.

We would like to note that, as we see from the analysis
presented here, for the AdSsX S° case the x' come from
the AdSs and y* from the S° directions. However, after
the Penrose limit has been taken there is no distinction
between the x’ or y* directions. This leads to the Z, sym-
metry of the plane wave [see Eq. (2.22)].

Starting with a maximally supersymmetric solution,
e.g., AdSsx 8%, after taking the Penrose limit we end up
with another maximally supersymmetric solution, the
plane wave. In fact, generally speaking, under the Pen-
rose limit we never lose any supersymmetries, and as we
shall show in the next subsection we may even gain
some. It has been shown that all plane waves, whether
under the Penrose limit or not, preserve at least half of
the maximal possible supersymmetries (i.e., 16 super-
charges for the type-II theories). This gives rise to kine-
matical supercharges (for example, see Cvetic et al.,
2002). A class of these that may preserve more than 16
necessarily has a constant dilaton (Figueroa-O’Farrill
and Papadopoulos, 2003).

B. Contraction of the superconformal algebra PSU(2,2|4)
under the Penrose limit

In the previous subsection we showed how to obtain
the plane wave (2.6) from the AdSs X S° solution. In this
part we continue a similar line of logic and show that
under the Penrose limit the isometry group of AdSs
X 83, SO(4,2) X SO(6) exactly reproduces the isometry
group of the plane wave discussed in Sec. I1.B.1. First,
we note that SO(4,2) X SO(6) and the isometry group of
Sec. II.B.1 both have 30 generators. In fact we shall
show that this correspondence goes beyond the bosonic
isometries and extends to the whole AdSsX S° superal-
gebra, PSU(2,2|4) (Minwalla, 1998). The contraction of
PSU(2,2|4) superalgebra under the Penrose limit has
been considered by Hatsuda ef al. (2002).

1. Penrose contraction of the bosonic isometries

The bosonic part of the AdSsX S° isometries is com-
prised of the four-dimensional conformal group SO(4,2)
times SO(6), the generators of which are

T Jip A=-1,0,1234, A=12,...,6.

Abs
Being SO(4,2) X SO(6) generators, they satisfy

[ asnd 5x] = i(7;5) 55 + permutations), (3.9a)
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[ isJép) = i(846) 5p + permutations), (3.9b)

where 7;;=diag(~,—,+,+,+,+). In order to take the

Penrose limit, it is more convenient to decompose them
as

1 1
Jap= {Jij D=J_1p,L;i= E(J—l,i +J0), K; = E(J—l,i

1 1
Jip=\VJars T =Js56:La= 7 Usa+J6a) . Ko = 7 (54
AB {ubj 56 R(5+6) R(s

_]6a)}a

where i,j and a,b vary from 1 to 4, and we also redefine
D and J as

(3.10a)

(3.10b)

1
D=uR*P"+—P", (3.11a)
2u

J=uR?P* - LP-. (3.11b)
2p

Note that, in the above, R and u are auxiliary param-
eters introduced to facilitate the procedure of taking the
Penrose limit. In the above parametrization the Penrose
limit (3.6) becomes R—c with J;;,Ju, K, Li, Ky, Ly,
and P*, P~ held-fixed. It is straightforward to show that
Eq. (3.9) goes over to the [h(4)®h(4)]®so(4)®so(4)
®u(1),®u(l)_ discussed in detail in Sec. II1.B.1.

2. Penrose contraction on the fermionic generators

The supersymmetry of AdSsXS° fits into the Kac
classifications of the superalgerbas (Kac, 1977) and is
PSU(2,2|4) see (Dobrev and Petkova, 1985; Minwalla,
1998), meaning that the bosonic part of the algebra is
su(2,2) @su(4) =so(4,2) ®so(6). Usually in the literature
this superalgebra is either written using so(3,1) nota-
tions (see D’Hoker and Freedman, 2002), or 10-
dimensional type-IIB notations (see Metsaev and Tseyt-
lin, 1998) for fermions. For our purposes, where we
merely need the simplest form of the algebra, it is more
convenient to use so(4,2) or so(6) spinors directly. The
supercharges carry spinorial indices of both the SO(4,2)
and SO(6) groups. First, we recall that spin(4,2)
=su(2,2) and spin(6)=su(4). Therefore the supercharges
should carry fundamental indices of su(2,2) and su(4)

(see Appendix B.3), explicitly Qj; where both [ and J
run from one to four, the hatted index is the su(2,2)
spinorial index, and the unhatted one is that of su(4). In
fact both of these indices are Weyl indices of the corre-
sponding groups. Further details of these six-
dimensional spinors are gathered in Appendix B.3. The
fermionic part of PSU(2,2|4) superalgebra in this nota-
tion is
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L
V35 Qir) = 5 %3] Qi (3.12a)
N N 1 . oK A
[Ji5.Ql=— E(l’yAB)J Oik, (3.12b)
{05, 0K} = 26 (i) T 1+ 28819 B) T .
(3.12¢)

Writing the algebra in the above notation and using the
decomposition (B23), we can readily take the Penrose
limit, if together with Egs. (3.10) and (3.11) we scale the
supercharges as

— 1 1

. f | . .

Qp — (V,U«Rqaﬂ, VuRq op 7= Qaps _/_Qdﬁ)v (3.13)
Vi Y

where we have introduced proper scalings for the kine-
matical and dynamical supercharges (¢ and Q, respec-
tively). Inserting Eq. (3.13) into Eq. (3.12), sending R
— oo, and keeping the leading terms, it is straightforward
to see that Eq. (3.12) contracts to the superalgebra of the
plane wave studied in some detail in Sec. I1.B.2.

IV. PLANE WAVES AS BACKGROUNDS FOR STRING
THEORY

As discussed in Sec. II.LA plane waves are «’-exact
solutions of supergravity and hence provide us with nice
backgrounds for string theory. In fact, noting the simple
form of the metric (2.4) it can be seen that the bosonic
part of the o model action in this background in the
light-cone gauge takes a very simple form (this is a direct
manifestation of the globally defined null Killing vector
field of the background). For f;;=const (Hyun and Shin,
2002; Metsaev, 2002; Russo and Tseytlin, 2002b; Sug-
iyama and Yoshida, 2002; Alishahiha et al., 2003) and
fycu~? (Papadopoulos et al., 2003) and some more gen-
eral cases (Blau and O’Loughlin, 2003) it is even exactly
solvable. In this review, however, we shall focus on the
maximally supersymmetric plane wave of Eq. (2.6) and
work out the Green-Schwarz action for this background.
Note that, due to the presence of the RR fluxes, the
Ramond-Neveu-Schwarz formulation of string theory
(Neveu and Schwarz, 1971; Ramond, 1971) cannot be
used. The Green-Schwarz formulation of superstring
theory on some other plane wave or pp-wave back-
grounds has also been considered in the literature.®

8See, for example, Berkovits and Maldacena (2002); Fuji et al.
(2002), Hikida and Sugawara (2002); Maldacena and Maoz
(2002); Russo and Tseytlin (2002a); Cvetic et al. (2003); Gimon
et al. (2003); Kunitomo (2003); Mizoguchi et al. (2003b); Sadri
and Sheikh-Jabbari (2003a, 2003b); Walton and Zhou (2003).
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A. Bosonic sector of type-lIB strings on the plane-wave
background

The bosonic string o-model action in the background
(2.6), which has metric G, and a vanishing NS-NS two-
form, is (Polchinski, 1998a)

1 2 _ab 7 v
= m d“0g™G,,,0, X 0pX

4o’

+ 0, X 0, X! — W2 X320, X*9,X"),

d*og™ (- 29,X 3y X~

(4.1)

where g,, is the worldsheet metric, o“=(7,0) are the
worldsheet coordinates, and I=1,2,...,8. Note that the
RR background fluxes do not appear in the bosonic ac-
tion. We first need to fix the two-dimensional gauge sym-
metry, which is partly done by choosing

V- gg™ = 7",

To fix the residual worldsheet diffeomorphism invari-
ance, we note that the equation of motion for X™, (&f_
—af,)X*:O, has a general solution of the form f(7+0)
+g(7—0). We choose f(x):g(x):%a’p*x, ie.,

= Ner = Noo = 1. (42)

X*=a'p*r, p*>0. (4.3)

The choices (4.2) and (4.3) completely fix the gauge sym-
metry. This is the light-cone gauge. In this gauge, X* and
X~ are not dynamical variables anymore and are com-
pletely determined by X”s through the constraints re-
sulting from Eq. (4.2) (Green et al., 1987a),

S SC oC
8

Using the solution (4.3) for X* and setting —-g,,=g,,=1,
these constraints become

20'p*o.X =9,.X'0.X +9,X'9,X - (ua'p*)> XX,
(4.4)

a'pta, X =d,X9.X". (4.5)

We can now drop the first term in Eq. (4.1) and replace
X* with its light-cone solution. After rescaling 7 and o
by a'p*, we obtain the light-cone action

1 2ma’pt
Sy =—— | dr f dol9.X'0,.X" - 3,X'9,X"
T 4ma 0
- ,LLZX%] (4.6)

This action is quadratic in X”’s and hence it is solvable.
The equations of motion for X,

(7= G — w) X' =0, (4.7)
should be solved together with the closed string bound-
ary conditions
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X(o+2ma’pt) = X! (0). (4.8)

In fact, X* should also satisfy the same boundary condi-
tion. From Eq. (4.3) it is evident that X* satisfies this
boundary condition. We shall come back to the bound-
ary condition on X~ at the end of this subsection. The
solutions to these equations are
1
X' = x{)cos MT+ —0+sin nT
mp

]

!
a 1 ) P -
+ _2 ”__[aflefzo-m/a Pty aie io,_la'p
2 n=1 N0y,
+ o ’o+ - . o+
+ afferim a4 ltgion ] (4.9)
where
R —
w, =\’ + (a' up*)?, n=0, (4.10)
0, = W, T N0, (4.11)

and « and & correspond to the right- and left-moving
modes. The case of n=0 has been included for later con-
venience. The canonical quantization conditions

[(X!(o,7),P(c",D]=i8"8(0— o), (4.12)
where P'=(1/2ma’)d. X!, yield
phl=id”, [, =[&.& 1= 8"6,,  (4.13)

Next, using the light-cone action we work out the light-
cone Hamiltonian,

1 27a’ pt
HYE = f dof(2ma’?P] +(9,X)?
T J

+ u2X3]. (4.14)

As we expect, the light-cone Hamiltonian density is the
momentum conjugate to light-cone time X*, P~

=(2/a'p*)(3,X +u*X7). Plugging the mode expansion
(4.9) into Eq. (4.14), we obtain

o0
1
bos. _ ’ + It I It 1 ~It ~n
Hl.c. - a/p+ a up o a,0+ 2 wn(an an+ ay al)
n=1

8 (1 -
+— +(—01'/J,p++ > wn), (4.15)
ap 2 n=1
where the last term contains the zero-point energies of
bosonic oscillators (after normal ordering) and we have

defined

- 1 . [mp”
ah=ab= /_+p(1]—z 5 xb. (4.16)
\2up

It is easy to check that [a},a)']=8". We shall see in the
next subsection that this zero-point energy is canceled
against the zero-point energy of the fermionic modes, a
sign of supersymmetry.

Now let us check whether X~ also satisfies the closed
string boundary condition X (oc+2ma’'p*)=X"(0). From
Eq. (4.5) we learn that
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2ma’pt
6X = f dod, X9, X"
0

(4.17)

=> n(afjafl - &fj&'}) =0,
n=1
where X =X (o+2ma’p*)— X (o), and we have used
the mode expansion (4.9). Equation (4.17) is the level-
matching condition, which is in fact a constraint on the
physical excitations of a closed string (Polchinski,
1998a).
The vacuum of the light-cone string theory, |0,p*), is
defined as a state satisfying

&0.p*) = al0,p*) =0, n=0. (4.18)

Note that this vacuum is specified with the light-cone
momentum p*, i.e., for different values of p* we have a
different string theory vacuum state and hence a differ-
ent Fock space built from it. As we see from Eq. (4.15),
in the plane-wave background all the string modes, in-
cluding the zero modes, are massive. In other words, all
the supergravity modes (created by a) are also massive,
in agreement with the discussion in Sec. II.C.

Before moving on to the fermionic modes, we would
like to briefly discuss strings on compactified plane
waves. Such plane waves may naturally arise in the Pen-
rose limit of particular AdSs X S orbifolds (Mukhi et al.,
2002). Let us consider the compactification of X~ on a
circle of radius R_:

X =X +27R_. (4.19)

As a result of this compactification the light-cone mo-
mentum p*, which is the momentum conjugate to the X~
direction, should be quantized,

+

pr= mez-{o} (4.20)

mn
R_,
For fixed m, we are in fact studying the discrete light-
cone quantization of strings on plane waves (Alishahiha
and Sheikh-Jabbari, 2002; Mukhi et al, 2002). After
compactification, we might also have winding modes
along the X~ direction. The X~ winding number w is

related to X! excitation modes through the constraint
(4.5):

1 27a’ pt o' 2ma’p*
w=—— dod, X =— dod,X'P,,
27TR_ 0 R_ 0

where w eZ. This equation together with Eq. (4.20)
gives the “improved” level-matching condition for
strings, which is mw=2,- n(e’ o~ &'&). The string-
theory vacuum state is now identified by two integers m
and w. As for toroidal compactifications in the trans-
verse directions and 7T duality for strings on plane waves,
we shall not discuss them here. The interested reader is
referred to the available literature; see, for example,
Ideguchi and Imamura (2003); Michelson (2002); Mi-

zoguchi et al. (2003a).
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B. Fermionic sector of type-lIB strings on the plane-wave
background

1. The Green-Schwarz superstring action

The fermionic sector of the Green-Schwarz super-
string action for type-1IB strings is (Green et al., 1987a;
Cvetic et al., 2000)

S, = 4;7 J (69 T(B?) 40X T (Dp)56° + O(6).

(4.21)

In the above 6%, a=1,2 are two fermionic worldsheet
fields giving embedding coordinates of A'=2 type-1IB su-
perspace, i.e., they are 32-component 10-dimensional
Weyl-Majorana fermions of the same chirality,

(B)p = V= 8880y — €2(0°) o

and (lA)b)ﬁ is the pullback of the supercovariant deriva-
tive (2.8) to the worldsheet, which for our background
becomes

(4.22)

(Dp)y= 5y + X" (Q,)5, (4.23)

and Q, is given in Eq. (2.14).” Our notations for 10-
dimensional type-IIB fermions is summarized in Appen-
dix B.1. By (%" we mean the transposition in the fer-
mionic indices. The ¢, term in Eq. (4.22) is in fact
coming from the Wess-Zumino term in the Green-
Schwarz action.

2. Fixing & symmetry and the fermionic spectrum

x symmetry is a necessary fermionic symmetry for
spacetime supersymmetry of the on-shell string modes.
In fact, by fixing the x symmetry, we remove half of the
fermionic gauge (unphysical) degrees of freedom so that
after gauge fixing we are left with 16 physical fermions,
describing on-shell spacetime fermionic modes. This
number of fermionic degrees of freedom is exactly equal
to the number of physical bosonic degrees of freedom
coming from the X’ modes after fixing the light-cone
gauge (note that there are left and right modes).

It has been shown that the action (4.21) for the plane-
wave background possesses the necessary k symmetry

The O(6®) terms come from the higher-order 6 contributions
to the supervielbein. Explicitly, the Green-Schwarz Lagrangian
for a general background is

L =g TGy + Ly,

with 11#=9,ZVER, and where Z¥=(X*,#1%) are the type-1IB
superspace coordinates and E% are the supervierbiens (see
Metsaev, 2002). One can then show that after fixing the light-
cone gauge for the plane-wave background all O(¢) correc-
tions to E% vanish (Metsaev, 2002) and the action reduces to
Eq. (4.21) without O(#) terms. These complications are be-
yond the scope of this paper, and the interested reader is re-
ferred to Metsaev (2002). A similar procedure for the
M?2-brane action in the 11-dimensional plane-wave back-
ground has been carried out by Dasgupta et al. (2002a).
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(Metsaev, 2002), and to obtain the physical fermionic
modes we need to gauge-fix it, which can be achieved by
choosing

re°=0, a=1,2. (4.24)

As in the flat-space case (Green et al., 1987a), the above
suffices to fix the full k symmetry of the plane-wave
background (Metsaev, 2002). By imposing Eq. (4.24) as
shown in Appendix B.1, we can reduce the 10-
dimensional fermions to the SO(8) representations, and
since the two #* have the same 10-dimensional chirali-
ties, both of them end up being in the same SO(8) fer-
mionic representation, which we have chosen to be 8.
To simplify the action we note that Eq. (4.24) implies

(69 T'6P=00a,B, (Q)36°=0.

From the 9,X*I', term in the action, only ¢,X*I", sur-
vives, and from the (), terms only (), survives, and
hence

. 2ma’ pt
Ster - l, drf do{(6%)T(B™).,,
'7Ta 0

X (0,X T ) 8y + 9p X" (Q,)5]6°%).

Next, we use Egs. (2.14) and (4.3) to further simplify the
action; after some straightforward algebra we obtain

2ma’p

Sfer

d7' da[éffo? 0+ 696" + 60,60

4o’

+609,0 - 21'#9*110]. (4.25)

Note that in the above we have replaced #' and ¢,
which are now eight-component 8, fermions with their
complexified version [see Appendix B.1, Eq. (B9)]. The
last term in the action is a mass term resulting from the
RR five-form flux of the background. As we see, after
fixing the x symmetry, the spin connection does not con-
tribute to the action.

The above action takes a particularly nice and simple
form if we adopt SO(4) X SO(4) representations for fer-
mions (see Appendix B.2). In that case § and 6 are
replaced with 6,4,6;; and their complex conjugates,
where a and & are Weyl indices of either of the SO(4)’s.
In this notation the action is

27a’pt

Ser — dr
0

T a3 @B 5 ot
da[aa[,éﬁ + 0 (3’700(3

d7ra
+ 0,p0,0°F + 079,65 — 2i ] 507
+a,B— apl.

As can be seen, 6,5 and 6% decouple from each other.
The coupled equations of motion for the fermions are

(0,4 ) (Bap+ Olp) — i B — 6lg) = 0,

(4.26)

(0= 05)(Bap— OLp) — i Opp+ 6l = 0. (4.27)

The solution to the above is
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T\a_,u, U[(1=p,\ s
L s T (1o
\p nl\(l)

1+p_ . ’o+
+ ( /in)B;eHa’n_/a Py ( —
NP-n

+<1+pn)BT +io, /ap:|
e

where o, is defined in Eq. (4.10), o,,, in Eq. (4.11), and

—_
|
R
N
~——
l
R
xQ
L
)
N
=

(4.28)

w, tNn
Pan=——. (4.29)
a' up

In the above, since there was no confusion, we have

dropped the fermionic indices. The §%%s also satisfy a
similar equation.
Imposing the canonical quantization conditions,

{6°F(a, 1), HT}\(O' 7} =2ma’ 5“(985(0' a’), (4.30)
leads to
{Bo.BY =1, BBl =B B} = S (4.31)

where again we have suppressed the fermionic indices.
Using the light-cone action and the mode expansion
(4.28), we work out the light-cone Hamiltonian:

err

1 - e -

, +[a’up+ﬁ(§/’>’o + 2 w,(BB, + B,Lm]
ap n=1
(i)

ap

2 n=1

(4.32)

In the above we have used ,BI,,Bn as a shorthand for

BB+ Bl ;B3P for n=0.

In the full hght cone Hamiltonian, which is a sum of
bosonic and fermionic contributions, the zero-point en-
ergies cancel and

{a’ﬂf(aga{ﬁﬂéﬁoﬂz w,(allal

n=1

1
Hl(zc) -
ap

+ & &)+ BB+ Blffn)] : (4.33)

C. Physical spectrum of closed strings on the plane-wave
background

Having worked out the Hamiltonian and the mode
expansions, we are now ready to summarize and list the
low-lying string states in the plane-wave background.
First, we note that the level-matching condition (4.17)
also receives contributions from fermionic modes. Again
using the fact that &(L,+ L)/ 6g,=0, we find that a term
like 676 should be added to the right-hand side of Eq.
(4.5), and hence the improved level-matching condition
in which the fermionic modes have been taken into ac-
count is
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©

> n(aial+ BB, -

n=1

ala) - BiB)wy=0,  (4.34)

with | W) a generic physical closed string state.
As usual the free string theory Fock space H is
(Polchinski, 1998a)

oo

= |vacuum) @ H,,,

m=1

(4.35)

where H,,, the m-string Hilbert space, is nothing but m
copies of (or the direct product of m) single-string Hil-
bert spaces H;. The string theory vacuum state in the
sector with light-cone momentum p*, which will be de-
noted by |v), is the state that is annihilated by all «,, and

B

V) =a,vy=0, BJv)=B,v)=0, On=0.
(4.36)

Hereafter we shall use convention of suppressing the
light-cone momentum in the vacuum state, and the light-
cone momentum p* is implicit in |v). Again, we have

defined BOZ,BO for later convenience.

This state is clearly invariant under SO(4) X SO(4)
symmetry and has zero energy. However, it is possible to
define some other “vacuum” states that are invariant
under the full SO(8). These states all necessarily have
higher energies. Two such vacua which have been con-
sidered in the literature are (Metsaev and Tseytlin, 2002;
Spradin and Volovich, 2002)

0) = ﬁ$11B512B(§21B622|V>’ or

10) = 5,;iByi3B031 Bozsl V- (4.37)

It is evident that both |0) and |0) have energy equal to
4. The interesting and important property of |0) and |0)
is that they are SO(8) invariant, and hence it is natural
to assign them positive 7, eigenvalues. [Note that, as
discussed in Sec. I.B.1, 7, is a specific SO(8) rotation.]
On the other hand, it is not hard to check that under 7,

Boiz < Bo1  and  Byis < Bosi-

Therefore |v) and |0) should have opposite 7, charges
(Chu et al., 2002); with the positive assignment for |0), [v)
should have a negative 7, eigenvalue. Giving negative 7,
charge to |v) at first sight may look strange, but this
charge assignment is the more natural one when we note
the arguments of Sec. II.C. The |v) vacuum state, which
has zero energy (mass), in fact arises from a combination
of metric and the five-form field excitations. On the
other hand, since the full transverse metric is traceless,
the traces of the SO(4) parts of the metric should have
opposite signs, and hence we expect |[v) to be odd under
7,. The vacua |0) and |0) arise from excitations of the
axion-dilaton field, which is an SO(8) scalar. Therefore

the natural assignment is to choose them to be even
under 7, (Pankiewicz, 2003a).
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Based on the vacuum state |v), we can build the
single-string Hilbert space I; by the action of pairs of
right- and left-moving (bosonic or fermionic) modes on
the vacuum. This would guarantee that the level-
matching condition (4.34) is satisfied. Note that the
above does not exhaust all the possibilities when we
have zero-mode excitations. In fact if we only excite n
=0 modes the level-matching condition (4.34) is fulfilled
for any number of excitations. Therefore we consider
generic n and n=0 cases separately.

1. Generic single-string states
These states are generically of the following forms:
bosonic modes:

ag&m\/) at ~ b1|v> it~ a1|v> Zr|v>’ (4.38a)

i i Tt
na,BBnp)\|V> ﬁnaﬁ np)\|v> IBnaBBn |V>’ﬁndlgﬁnp)\|v>’

(4.38b)
fermionic modes:
aZTBZa,BW)?afngjlaB|v>7BZa,Bdij|V>7szaB&ZT|v>> (4393)
it ot at pt ~it il
o) ,Bndﬁ|v>,an 'Bna3|v>"8naﬁ a'lvy, ,Bnaﬁ “Tlvy,  (4.39b)

with n# 0. All the above states have mass equal to 2w,,
though they are in different SO(4) X SO(4) representa-
tions. The first line of Eq. (4.38) for which both the left-
and right-movers are coming from bosonic modes, in the
usual conventions, comprise the “NS-NS” sector and
the second line of Eq. (4.38) the “RR” modes. "

It is instructive to work out the SO(4) X SO(4) repre-
sentations of these modes. Here we shall study only the
bosonic modes, and the fermionic modes are left to the
reader. First we note that

() [v) is SO(4) X SO(4) singlet,

(i) aff and aff are, respectively, in (4,1) and (1,4) of
SO(4) X SO(4), and

(i)  as discussed in Appendix B.2, ,B,Tw and ,6’
((2,1),(2,1)) and ((1,2),(1,2)), respectlvely

are in

%In the usual (flat-space) conventions NS-NS and RR modes
come from the decomposition of two bosonic and two fermi-
onic modes of SO(8), respectively (Green et al., 1987a). It is
worth noting that this classification does not hold in our case in
the sense that two bosonic modes (or equivalently two bosonic
insertions) give rise to a combination of the metric and the
self-dual five-form, while two fermionic insertions give rise to
two-forms, NS-NS and RR. So, as we can see, there is a mix-
ture of the usual NS-NS and RR modes which appear from
two bosonic or fermionic stringy modes. This is not surprising,
recalling that in our case we are dealing with the plane-wave
background and SO(4) X SO(4) representations instead of flat
space and SO(8). Therefore in our notations we reserve “NS-
NS” and “RR” (instead of NS-NS and RR) to distinguish this
difference from flat space.
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Therefore ag&g [v) is in the SO(4) X SO(4) represen-
tation

4DedD=011Do0H1De (3 1)e(3,1), (4.40)

where by 3* we mean the self-dual (or anti-self-dual)
part of 6 of SO(4). Likewise a“TEvva} can be decom-
posed into (1,1)®(1,9)®(1,3") & (1,37). Here o a’'|v)

and aZTdmv) are both in (4,4) because
41) 21,4 =4,4). (4.41)

Now let us consider the “RR” modes. For two ,8T ap OF
'Bjm 5 excitations we note that

(2,1),(2,1) @ ((2,1),(2,1))

=1LDe3.3)e (3,1 o 1,3, (4.42a)
((1,2),(1,2)) ® ((1,2),(1,2))
=1LDe(3.,3)23 . D)o 1,3), (4.42Db)
and for one ,Bj,aﬂ and one led 5 type excitations
(2,1),(2,1) ® ((1,2),1,2)) = (4.4). (4.42¢)

2. Zero-mode excitations

Now let us restrict ourselves to the excitations which
only involve a} and ) modes. Compared to the previous
case, there are two specific features to note. One is that
the left- and right-movers are essentially the same (e.g.,

there is no independent &, or 3}) and second, any num-
ber of excitations is physically allowed [there are no re-
strictions imposed by the level-matching condition
(4.35)].

Here we consider only strings with two excitations,
i.e., those with mass equal to 2u. These modes are very
similar to Egs. (4.38) and (4.39) after setting n=0. This
means that the modes of the form & a)|v) are symmet-
ric in i and j indices. In other words, in the decomposi-
tion (4.40) only (1,1)®(9,1) survive. Similarly,
agTamv)-type states are in the (1,1)®(1,9) representa-
tion. The o a)f|v) states, however, would lead to a
single (4,4) representation. In sum the 36 “NS-NS” zero
modes are in (1,1)®(9,1)o(1,1)®(1,9) o (4,4).

In the decomposition of “RR” modes among Egs.
(4.2) we should keep modes that are antisymmetric. Ex-
plicitly, they are e ﬁoaﬁ,BOP)JV) in (1,3%), eﬁ"ﬁoaﬁﬁop)ﬁ)
in (3*,1), e“",BO ,80 (v} in (1,37), and eﬂ"ﬂo Bﬂo (v} in
(37,1) of SO(4) XSO(4) Therefore altogether the 28
“RR” modes are in 3",1)3 ,1)e(1,3)e(1,3)
@ (4,4) representations.

The above may be compared with the supergravity
modes discussed in Sec. II.C. Clearly there is a perfect
match. This basically indicates that there exists a low-
energy limit in the plane-wave background so that the
effective string dynamics are governed by the supergrav-
ity modes; in such a limit, the lowest modes of strings
created by « and B} would decouple from the rest of
the string spectrum. For such a decoupling to happen,
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two necessary conditions should be met: first, w,
>a'up* for any n=1, and second, strings should be
“weakly coupled,” i.e., gsff<1 The former is satisfied if
o' up*t<1.

D. Representation of the plane-wave superalgebra in
terms of string modes

String theory on the plane-wave background in the
light-cone gauge that we discussed earlier has the same
supersymmetry as the background whose algebra was
introduced in Sec. II.B. In this section we shall explicitly
construct the representations of that algebra in terms of
string modes.

1. Bosonic generators

As in the flat-space case (Green et al., 1987a), to find
the representation of 30 bosonic isometries of the plane-
wave background in terms of string modes, we start with
their representations in terms of coordinates and their
derivatives and then replace them with string worldsheet
fields and their momenta, respectively. Noting Egs.
(2.29), (2.33), and (2.37), we learn that some of these
bosonic generators should also have a part that is qua-
dratic in stringy fermionic modes. Putting this all to-
gether we have

Pr=p*, P =HP

lc.>

; 2ma’pt ) ;
K'= do| sin utP" +
0

(4.43)

yes

Ky
~X'cos ,m-},

/ 27a’'p ; ) ;.
L'= do| cos utP —FX sin ut|, (4.44)

0 ma

B 27a’ pt
Jii =
0

+ ey
+ aaﬂ(ol])pepﬁ]:|,

dcr{(Xin X'P) - —[0 R CON

2ma’p*t
J = f dcr[(X”Pb - Xt p?)
0

i
e (4.45)
Note that in the above P* is proportional to the identity
operator, which is compatible with the observation in of
Sec. I1.B.2 that the U(1) generated by P* is in the center
of the superalgebra. It is straightforward to check that
these generators really satisfy the desired algebras.

2. Fermionic generators

As discussed in Sec. I1.B.2, there are two classes of
supercharges, the kinematical and dynamical ones. Let
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us first focus on the kinematical supercharges. From
Eqgs. (2.29)-(2.32) one can see that g4 should be propor-
tional to 6,4, explicitly

\‘E 2ma’ pt
d(THaB,

= 4.46
CIQB 2ma 0 ( )
. \2 J‘Zﬂ'a'f’ dof
Qdﬂ - 2o 0 o ap

As for the dynamical supercharges, we note that, un-
like the ¢’s, which are in the complex 8¢ of SO(8), they
are in the complex 8.. Next we note that if 6 is in §; then
¥'6 is in 8 [it has opposite SO(8) chirality]. We also
expect the Q’s to contain first-order X’s and P’s, so that
their anticommutator would generate the Hamiltonian,
which is quadratic in X’s and P’s. Putting these together
and demanding the Q’ satisfy Egs. (2.33)-(2.37) fixes
them to be

00— L [T st mal P X0
B 27ma’ J, K vaTpp

+(27a' P+ iuX)(0,)20, +id,X ()00,

p%ap
+iﬁmXa(O'a)pBaap]’ (4.473)
Q(OLL e do[Qma’ Pl - inX')(0)" 6
7 2mal 0 # e

+Q2ma' P+ inX") (0, )40, + i0,X(0:)50,5

+ io",,.X“(O'a)%de].
The superscript (0) on the Q’s emphasizes that they are
only linear in X and P’s. As we shall argue in Sec. VIII,
however, when we consider interacting strings there are
corrections to the Hamiltonian as well as the dynamical
supercharges, and in fact both H and Q should be
viewed as power-series expansions in the string coupling.
At zeroth order they match with the Q© and H® pre-
sented here.

One may also try to insert the mode expansions and
express the generators of the superalgebra in terms of
string creation-annihilation operators. Doing so, it is
easy to see that the “kinematical” generators, K/, L/,
qap> and q,p, which have a linear dependence on the

string worldsheet fields, depend only on the zero modes.

. 0
The “dynamical” generators, Jjj, J,p, QL-), Q(;;, and H®?,
however, are quadratic and hence they d[épend on all the

stringy operators.

(4.470b)

V. STATING THE PLANE-WAVE/SUPER YANG-MILLS
DUALITY

In Sec. III we demonstrated that plane waves may
generically arise as Penrose limits of given geometries,
and in particular the maximally supersymmetric plane
wave appears as the Penrose limit of AdS;X > geom-
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etry. On the other hand, as briefly discussed in the In-
troduction (Gubser et al., 1998; Witten, 1998; Aharony et
al., 2000), type-1IB string theory on the AdSsX S° back-
ground is dual to the A'=4, D =4 (superconformal) gauge
theory. In this section we show the latter duality can be
revived for type-1IB strings on the maximally supersym-
metric plane wave.

The basic idea of the BMN proposal (Berenstein, Mal-
dacena, and Nastase, 2002b) is to start with the usual
AdS/CFT duality and find what procedure parallels the
taking of the Penrose limit in the dual gauge theory side.
As we argued in Sec. III, the process of taking the Pen-
rose limit consists of finding a lightlike geodesic and re-
scaling the other lightlike directions, as well as all the
other transverse directions, in the appropriate way given
in Eq. (3.2). For the case of AdS;Xx S°, the geodesic was
chosen as a combination of a direction in S° and the
global time (3.6). The generator of translation along this
lightlike geodesic, P~ is then a combination of transla-
tion along the global time and rotation along the S! in-
side $° [Eq. (3.6a)]. According to the AdS/CFT duality,
however, translation along global time corresponds to
the dilatation operator (or, equivalently, Hamiltonian
operator in the radial quantization) of the N'=4 gauge
theory on R*, while the rotation in the S' direction cor-
responds to a U(1) of the R symmetry. Explicitly, the
dilatation operator D is the generator of U(1)p
e SU(2,2)=S0(4,2) (the conformal group in four di-
mensions) and J is the generator of U(1);e SU(4)
=S0(6) R symmetry [see Eq. (3.10)].

As an initial step towards building the plane-wave/
super Yang-Mills (SYM) duality we state the proposal in
this section. As mentioned in the Introduction, Sec. 1.C,
this duality can be stated as the operator equality (1.9)
supplemented with a correspondence between the Hil-
bert spaces on both sides, where the operators act. In
the first part of this section we show how the N'=4 gauge
theory fields fall into the SO(4) X SO(4) representations,
which is the first step in making the correspondence with
the string theory. Then in the later parts of this section
we state the duality and introduce the BMN operators.
Our conventions for the N'=4 gauge theory fields and
the action of the theory are summarized in Appendix A.

A. Decomposition of N'=4 fields into D, J eigenstates

The matter content of the A'=4 gauge multiplet natu-
rally falls into the representations of SO(4,2) X SO(6)
(for more details see, for example, D’Hoker and Freed-
man, 2002). However, in order to trace the Penrose limit
in the gauge theory and state the BMN proposal, we
need to study their representations in the SO(4)
XSO4) X U(1)xU(1) subgroup of SO(4,2) XSO(6).
The N=4 gauge multiplet contains six real scalars
¢r, [=1,...,6, four gauge fields A,, a=1,2,3,4, and
eight complex Weyl fermions ;b;;‘, a=1,2 and A
=1,2,3,4 (Wess and Bagger, 1992; also see Appendix
A). Here we are only interested in U(N) gauge theories
where scalars and fermions are both in the adjoint rep-
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resentation of the U(N), so they are NX N Hermitian
matrices. A, are not in the adjoint representation, how-
ever (but they do transform in the adjoint for global
transformations), and as in any gauge theory one might
consider the covariant derivative of the gauge theory,

D,=9,+iA,, (5.1)
which is in the adjoint of the local U(N). In all our ar-
guments we shall consider Euclidean gauge theory on R*
so the a index of D, is an O(4) index. We might, how-
ever, switch between field theories on R* and its confor-
mal map, R X S°.

The eigenvalues of 7 will be denoted by J. Since J is
the generator of a U(1) subgroup of the U(4)
R-symmetry group, the gauge fields are trivial under it.
That is,

[J.D,]=0; (5.2)
in other words, D, has charge J=0. The scalars, how-
ever, decompose into two sets. We choose J to make
rotations in the ¢° and ¢° plane, i.e.,

2=+ i) [0.7)=+7, (53)
y

and hence [7,Z']=-Z". Therefore Z has J=1 (and
Z", J=-1). The other four scalars, which will be de-
noted by ¢;, i=1,2,3,4 commute with 7 and have J=0.
The 16 fermionic fields also decompose into two sets of
eight with J==+1.

The eigenvalue of D will be denoted by A. For fields
in the N'=4 gauge multiplet at free-field-theory level, A
=1 for scalars and D, and A:% for fermions. Hereafter
we shall use A to denote the dimension of operators at
free-field level (the engineering dimensions) and A for
the full interacting theory; explicitly for any operator
O(x),

[D,0(0)]=[Ag + O(g3\)]0(0). (5.4)

After taking out the two U(1) factors (D,J) of the
SO(4,2) XSO(6) [or SU(2,2) X SU(4)], the bosonic part
of the four-dimensional superconformal group, we re-
main with an SO(4) X SO(4) [one SO(4) € SO(4,2) and
the other SO(4) e SO(6)] subgroup. We also need to find
the SO(4) X SO(4) representation of the fields. Obvi-
ously Z and Z' are singlets of both SO(4)’s, the (1,1)
representation, ¢; are in (1,4), and the D, are in (4,1).
The SO(4) X SO(4) representation of fermions can be
worked out noting the arguments of Sec. III.B and Ap-
pendix B.3. Explicitly, we first note that SO(4)=SU(2)
X SU(2) and, as for the usual four-dimensional Euclid-
ean Weyl fermions, they are in (2,1) or (1,2) of each
SO(4)’s (see Appendix B.2). The SO(4) X SO(4) x U(1)
X U(1) representations of all fields of the N'=4 gauge
multiplet have been summarized in Table II. Note that
for all the fields in Table II, bosonic and fermionic, A,
—J is integer valued.
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TABLE II. SO(4) X SO(4) X U(1) X U(1) representations of all
fields of the A'=4 gauge multiplet. The dimensions are those of
the free theory. For the J charge of fermions, note that ¢,z and
¥4p are related by CPT and hence have opposite J charge;
similarly for the other two fermionic modes.

Field Ag—J Ag+J SO(4) X SO(4)
7 0 2 (1,1

VA 2 0 1,1

& 1 1 (1,4)

D, 1 1 4,1)

bap 1 2 ((2,1),2,1)
bap 1 2 ((1,2),(1,2))
1 2 1 (2,1),(1,2)
bap 2 1 ((1,2),2,1)

B. Stating the Berenstein-Maldacena-Nastase proposal

Having worked out the SO(4)XxXSO(4)xXU(1)p
X U(1); representation of the AN'=4 fields, we are ready
to take the BMN limit, restricting to the operators with
parameterically large R charge J, but finite Ay—J. In fact,
starting with the AdS/CFT correspondence, the BMN
limit on the gauge theory side parallels the Penrose limit
on the gravity side, according to which
.0 7 . d D
— ] — <D,
‘o ) oy
Then, Egs. (3.6) and (3.11) imply that

d ia'(a J

(5.5)

l‘ _—

1
- ——=——=(D+J), (5.6a)
) 2VgymN

ox- 2R\ar ad
io [0 o

where in Eq. (5.6a) we have used Eq. (1.2). On the grav-
ity (string theory) side, i(d/dx~) and i(d/dx*) are the
light-cone momentum and the light-cone Hamiltonian,
respectively. Taking the Penrose limit Eq. (3.6) is then
equivalent to taking g%{MN and J to infinity while keep-
ing ]z/g%{MN fixed [see Egs. (1.7) and (1.8)]. According
to Eq. (5.6a) the value of J?/g%N is equal to the string
light-cone momentum (squared) on the string theory
side [see Eq. (1.7b)].

In summary, part one of the plane-wave/SYM duality
can be stated as follows:

The light-cone string field theory Hamiltonian in the
plane-wave background is equal to the difference between
the dilatation operator D and the R charge operator J-

1
—Hsgr=D-J, (5.7)
o

in the sector of the gauge theory consisting of gauge-

invariant operators with parametrically large R charge,
the BMN sector.
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A more detailed discussion about the construction
and form of the BMN operators and also correspon-
dence between the Hilbert spaces on the string and
gauge theory sides, i.e., part two of the plane-wave/SYM
duality, will be presented in the next subsection.

C. The BMN operators

As mentioned earlier, in the plane-wave/SYM duality
the relevant operators on the gauge theory side are
those with large R charge J; these are the so-called BMN
operators, through which D—-7 acts. In this section we
present such gauge-invariant operators. The BMN op-
erators can be classified by the number of traces (over
the NX N gauge theory indices) involved, and also the
value of Ay—J. In fact, because of the BPS bound
(D’Hoker and Freedman, 2002) A=J and when A=J the
BPS bound is saturated. This can be seen from Table 11
and the fact that the value of Ay—J for composite opera-
tors is just the sum of Ay—J of the basic fields present in
the composite operator. Besides the value of Aj—J and
number of traces to completely specify the operator we
need to identify its SO(4) X SO(4) representation.

1. BMN operators with Ay—J=0

The first class of the BMN operators we consider are
those with Ay—J=0, in the usual A’=4 conventions these
are chiral primary operators (D’Hoker and Freedman,
2002). According to Table II, such operators can only be
composed of Z fields. Therefore they are necessarily
SO(4) X SO(4) singlets, and hence this class of BMN op-
erators is completely specified with the number of
traces, the simplest of which is of course the single-trace
operator

1 1,
O(x) = V,TMJ)Ter(x), Ny = QgYMN. (5.8)
The normalization is fixed so that the planar two-point
function of @’(x) and ©’7(0) is equal to 1/|x|*’; we shall
come back to this point in Sec. VI.A. We would like to
stress that the point x where the above operator is de-
fined is in R*. One can then define a state by acting Eq.
(5.8) on the vacuum of the gauge theory on R* which
will be denoted by |vac). In this way there is a natural
one-to-one correspondence between BMN states and
BMN operators. Hence in this review we shall not dis-
tinguish between BMN operators and BMN states, and
they will be used interchangeably. According to the sec-
ond part of the BMN proposal the above single-trace
operator (or state) corresponds to a single-string state on
the string theory side:

lv) < O'(0)|vac), (5.9)

where |v) is the single-string vacuum with the light-cone
momentum p* [Eq. (4.36)].

The next state belonging to this class is the double-
trace operator
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T/,r — (Or-lo(l—r)J) (x)

TrZ1(x)TrZ/ 71 (x), (5.10)

- JNr(1 = )N’

where J;/J=r and J; ranges between 1 and J-1. Of
course the above operator is a BMN operator if J; is of
the order of J. In a similar way Eq. (5.10) was proposed
to correspond to the double-string state with the total
light-cone momentum p*, with the partition r-p* and
(I-r)-p*. One can then straightforwardly generalize the
above to multitrace operators.

We would like to point out that each of the &’ or 7"
operators are chiral primaries. In other words, they are
half BPS states of the four-dimensional superconformal
algebra PSU(2,2|4). Being chiral primary, these opera-
tors (states) are eigenstates of the dilatation operator
and have A-J=0 exactly (D’Hoker and Freedman,
2002). We should stress, however, that from the
PSU(2|2) X PSU(2|2) X U(1)_ superalgebra discussed in
Sec. I1.B.2, these operators form a complete supermul-
tiplet, which in this case is in fact a singlet, and are still
half BPS in the sense that all the dynamical super-
charges Q.5 and Q ;4 annihilate them.

2. BMN operators with  Ay—J=1

The next level of states are those with Ay—J=1. In
order to obtain such BMN states we should insert one of
the fields in Table II which have Aj—J=1 into Eq. (5.8)
or (5.10). There are eight bosonic states (corresponding
to insertions of ¢, or D,) and eight fermionic states (cor-
responding to insertions of ¢, or #,5). Each of these
insertions may be viewed as impurities in the line of Z’s.
Due to cyclicity of the trace it does not matter where in
the sequence of Z’s these impurities are inserted. These
8+8 states complete a supermultiplet of PSU(2[2)
X PSU(2|2) X U(1)_ superalgebra. Here, we should em-
phasize that in the full superconformal PSU(2,2|4) alge-
bra representations, however, these states are descen-
dents of chiral primaries and are in the same short
supermultiplet as chiral primaries. From the PSU(2|2)
X PSU(2|2) X U(1)_ superalgebra point of view they are
in different multiplets than chiral primaries with A-J
=0.

As examples we present two such single-trace opera-
tors:

1 1 _
Ol = —==Tr($Z), O)= —mTr(DaZZJ h.
VNy Ny

(5.11)

These operators correspond to @} or aj' on the string

theory side. Note that in the closed string theory a physi-
cal state should satisfy the level-matching condition
(4.34) and is generically composed of equal energy exci-
tations of left and right modes. The operators (5.11),
however, correspond to “zero-momentum” string states
and satisfy the level-matching condition.
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In the same spirit as Eq. (5.10) the double-trace A,
—~J=1 BMN operators can be obtained by combining O/
with Eq. (5.11), e.g.,

T{,r _ (O;-Jo(l—r)]) (x)

% Tré Z/1(x) TrZ’~1(x):, (5.12)

N1 =r)- JN
where, as in Eq. (5.10), r is the ratio J;/J; we shall use
this notation throughout the rest of this paper.

We would like to note that all the operators of this
class, e.g., those presented in Egs. (5.11) and (5.12), are
descendents of chiral primaries and are exact eigenstates
of D-J, with A—J=1.

3. BMN operators with Ag—-J=2

To obtain BMN operators with Aj—J/=2 we can either
have two insertions of fields with Aj—J=1 or a single
insertion of a Ag—J=2 field from Table II into the se-
quence of Z’. For the case of two Ay—J=1 insertions,
the position of the insertions is important. However, due
to the cyclicity of the trace only the relative positions of
the insertions is relevant. We fix our conventions so that
one of the impurity fields always appears at the begin-
ning of the sequence. In the single Aj—J/=2 insertion,
similar to the case of Sec. V.C.2, the insertion position is
immaterial. For single-trace operators with two Ag—J
=1 insertions, there are J+1 choices, depending on the
relative positions of the insertions, which we may use as
their “discrete” Fourier modes. To begin, let us consider
the case in which both of the insertions are of the ¢,
form

J
ol = 1 [2 e2mipnl Tr(; Zp¢ 77 P)

ijn —
] \]NJ+2

- (s,-jTr(z*zM)] ) (5.13)
As we shall show in Sec. VI, once we turn on the gauge-
theory coupling, individual operators of the form

O, =Tr(hZ° $;Z'F) (5.14)

are no longer eigenvectors of the dilatation operator D.
However, the O{j’n operators, at planar level (and of
course in the large-/ limit) have definite D eigenvalue
(scaling dimension). Using Eq. (5.13) it is easy to check
that
ol,=0]

ij,n ji,—n*

(5.15)

One may then consider two D, insertions or one ¢;

and one D, [the D, insertions have been considered by
Gursoy (2003) and Klose (2003)] :

Ol = ; %[E ™ TH(D,2) 2P (D, Z) Z' 7]
+ Tr[(D,,DbZ)ZM]} , (5.16)
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;g _ L
ia,n \E

J
N [2 T §,27(D,2) 2]

+ Tr[(Daqbl-)ZJ”]] . (5.17)

Note that in the above equation of motion, D,D,Z=0
should also be imposed on the fields. The normalization
of O{j’n operators has been fixed so that the two-point
function of these operators, in the planar free gauge
theory limit, is of the form (vac|O} (x)O7,, (0)|Vac>

ij,n i'j'.n

88 (1/|x[2V*Y), and similarly for O/, and O}

ia, n ab.n
operators. The difference in factors of 1, 2, and 1/2
in the normalization is a consequence of our con-
ventions in which (vac|ZT(x*/|x|)Z(0)|vac)=1 and
(Vac|qu(x“/|x|)¢/-(0)|vac)=5,»-, while  (vac|(D,Z)"(x*/
XDID,Z(O)]IVac) =26,

The second part of the plane-wave/SYM duality,
which is a map between the string theory Hilbert space
and BMN operators, can then be stated as follows:

The operators Ol’]n, o’ b and O{nn correspond to the
“NS-NS” modes of the smgle string sector of free closed
string theory on the plane-wave background (see Secs.
1V.C.1 and IV.C.2). Explicitly,

J i
Ot]n A al}’la] ns

Oab n a;;,n&z,n’ Un= 0’
7 ~
Ol = @i (5.18)
where aT and a are the left- and right-moving string

modes deﬁned zn Eq. (4.9). The “RR” and Neveu-
Schwarz/Ramond (“NSR” or “RNS”) modes (note the
comment in footnote 10) and all of the fermionic modes
can be obtained in a similar way through insertions of
fermionic y* fields, two * fields for the bosonic modes
and one Y and one ¢; or D, for fermionic modes. On
the string theory side the inner product on the Hilbert
space is the usual one in which m and n string states are
orthogonal to each other unless m=n. On the gauge
theory side, however, the inner product corresponds to the
two-point function of the corresponding BMN operators.

We should warn the reader that identifying the inner
product on the Hilbert space with the two-point func-
tions on the gauge theory side already suggests that the
correspondence (5.18) should be modified because the
two-point functions of the single- and double-trace op-
erators generically do not vanish. This will produce fur-
ther complications, which will be discussed in detail in
Sec. VIL.C.

The operators O, ,, O, ., and Oﬁm form the bosonic
states of a PSU(2|2S X PSU(2|2) x U(1)_ supermultiplet.
Note that from the superconformal PSU(2,2|4) algebra
point of view they are only a part of the bosonic states of
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a supermultiplet.” In general since the supercharges of
the PSU(2|2) X PSU(2|2) X U(1)_ commute with the
Hamiltonian, P~ [see Eq. (2.37)] all the states in the
same supermultiplet must have the same energy or mass.
This should be contrasted with the superconformal alge-
bra of PSU(2,2|4) in which states with different A—J
appear in the same multiplet. For example, chiral prima-
ries and their descendents, Eqgs. (5.8) and (5.11), and
Ag—J=2 with n=0 BMN operators discussed earlier, fall
into the same PSU(2,2|4) supermultiplet (Beisert, 2003).

These operators, as they are written, are not in irre-
ducible representations of SO(4) X SO(4). Following the
discussions of Sec. IV.C [Eq. (4.40)] one can decompose

O}, into 331,07, in (1,1), O ——(0{]n+0]’l ,) in
9.1), and %(O[ij],n— 2 l]klo[,kl],n)’ where Olz]]n E(Ol/n
—O]Jl ., 1n (3*,1) representations of SO(4) X SO(4). Simi-
lar decompositions can be made for Oab . States. Noting
Eq. (4.41), we see that the Omn states form a (4,4) of
SO(4) X SO(4). For the cases in which we have two fer-
mionic ¢-field insertions the decomposition can be car-
ried out using Eq. (4.42a) if we have two i,z insertions
or Eq. (4.42b) if we have two #,; insertions. We might
also have one ¢,; and one ¢, insertion, whose decom-
position could than be read from Eq. (4.42c¢).

The n=0 case, i.e., OJ 0 ol 0> and o o corresponds
to the supergravity modes of the strings in the plane-
wave background. At first it might seem that we should
not expect to find supergravity modes and the results of
Sec. II.C from gauge theory, because the truncation of
stringy excitations to the supergravity modes only makes
sense when all the other excitations are much heavier
than the lowest modes, which, noting Eq. (4.10), is when
o' up*<<1. As we shall see in the next section, this is the
limit where the “improved” ’t Hooft coupling (1.11) is
very large and one cannot trust the gauge theory analy-
sis. However, one should note that from the superalge-
bra point of view these states are short (BPS) multiplets
of the PSU(2,2|4) superconformal algebra (Beisert,
2003) as well as the plane-wave superalgebra PSU(2|2)
X PSU(2|2) X U(1)_, and hence it is natural to expect
them to be protected by supersymmetry. Noting Eq.
(5.15), we see that the (37,1), (37,1), (1,3"), and (1,3")
representations are absent in these supergravity modes.
These representations, which correspond to the fluctua-
tions of type-IIB NS-NS or RR two-form fields (see Sec.
I1.C), can arise from two fermionic insertions. Note that
for supergravity modes (the n=0 case), due to the fact
that fermions anticommute, only the totally antisymmet-

UThe operators we have presented here are given in the
BMN (J/—) limit. However, as discussed by Beisert (2003),
there is a generalization of such operators for finite J, based on
supersymmetry. The form of such operators is slightly different
from that of the BMN ones, differing in the Fourier phase
factor, where in 2minp/J, J should be replaced with J+3.
These operators are in fact “generalized” Konishi operators,
interpolating between the usual Konishi operators (at J=0 or
1) (Konishi, 1984) and J=o, the BMN operators.

Rev. Mod. Phys., Vol. 76, No. 3, July 2004

ric representations of Eqs. (4.42a) and (4.42b) remain
which are (3*,1), (37,1) and (1,3%), (1,37). Then the two
(4,4) representations arising from Oii,o and ¢, ¥, in-
sertions form the 32 modes of metric and self-dual five-
form fluctuations. This is compatible with the results of
Secs. I1.C and IV.C.2 These n=0 operators are descen-
dents of chiral primaries (they are in fact 1/4 BPS), and
hence we expect them to be exact eigenstates of D—J
with A-J=2.

We may also build double-trace operators with Ay—J
=2. Clearly there are two possibilities, a combination of
Eq. (5.8)-type operators and Eq. (5.13)-type or two Eq.
(5.11)-type operators:

T/r _ Or]

ij,n t/n

T =070 (5.19)

These operators are conjectured to correspond to
double-string states. As we shall see in Sec. VII, once
the string coupling is turned on and we have the possi-
bility of strings joining and splitting, because of operator
mixing effects, there is a mixture of single-trace, double-
trace, and multitrace operators which correspond to
string states diagonalizing the string field-theory Hamil-
tonian. We remind the reader that, as stated in Sec. LA,
string loop diagrams correspond to nonplanar graphs in
the gauge theory.

Finally we would also like to note that the set of BMN
operators we have introduced in this subsection is in-
variant under the action of 7, which exchanges the two
SO(4) factors. One can similarly extend the above con-
struction to BMN operators with an arbitrary number of
impurities.

(1- r)*J:

VI. SPECTRUM OF STRINGS ON PLANE WAVES FROM
GAUGE THEORY I: FREE STRINGS

In this section we consider planar results in the A'=4
gauge theory, which, according to the BMN correspon-
dence, should connect with the string theory side at zero
string coupling. Higher-genus corrections will be post-
poned until Sec. VII, where a new complication arising
from the need to rediagonalize the basis of BMN opera-
tors, at each order in the genus expansion, will be dis-
cussed. We start this section by studying the two-point
functions of BMN operators with their conjugates, in the
free-field-theory limit, and use the results to set the nor-
malization of these operators. We then move on to dis-
cuss the quantum corrections to the scaling dimensions,
i.e., the anomalous dimensions. We first present a very
brief but general overview of the scaling behavior of
correlation functions and the appearance of anomalous
dimensions through the renormalization-group equa-
tion. While this discussion provides the physical context
in which anomalous dimensions are normally encoun-
tered in quantum field theory, the main point of this
section is the actual calculation of anomalous dimen-
sions in the interacting theory at planar one-loop level.
An important concept in the renormalization of compos-
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ite operators, operator mixing, appears when loop cor-
rections are taken account of. Operator mixing, together
with the requirement that BMN operators have a well-
defined scaling dimension, are used to motivate the
choice of BMN operators. As a stringent test of the
BMN correspondence, we compare the calculations of
the corrected scaling dimensions to the masses on the
string theory side and find agreement.

Another key point of this section is the appearance of
the new modified 't Hooft coupling N\’ [Eq. (1.11)], which
will first be seen when taking the BMN limit of the one-
loop anomalous dimension.

A. Normalization of BMN operators

The propagator for the scalars in the N'=4 supermul-
tiplet, which transform in the adjoint of U(N), are

2
8ym9ij

(B O = ¢ BTE,
where we explicitly display the matrix indices on the
fields. We denote correlation functions in the free theory
with a subscript 0, as above. With the convention (5.3)
for the fields carrying the U(1); charge, the propagator
for them is

(6.1)

2
ab yed _ _8YM_ qd e
(Z2()(Z)“(0))o = 8712|x|25“ &
Using these propagators, we can demonstrate a set of
rules which facilitate the evaluation of correlation func-
tions involving traces over algebra-valued fields (which
we denote by Tr). We assume that the composite opera-
tors we work with are normal ordered, so no contrac-
tions between fields in the same operator (i.e., at the
same spacetime point) will appear. Such contractions
would lead to infinite renormalizations of the operator.
We start with the simplest such structures, evaluated in
the free theory. We have the following fission rules:

Tr[: piAz¢;B:] ~ 6, Tr[ Al Tr[B]:,

(6.2)

Trl: ¢ ppA:] ~ ;N Tr[A], (6.3)

where for clarity we have dropped some obvious prefac-
tors arising from the propagators, remembering that the
rank of U(N) is N. Clearly the second identity is a spe-
cial case of the first (with one of the operators taken to
be the identity matrix in the space of color indices). We
have explicitly kept the normal-ordering symbols here
for clarity. Caution must be used when applying these
rules not to allow contractions between fields at the
same spacetime point (appearing in the same normal-
ordering). In the second identity, we can take A=1,
which gives Tr[¢;¢;]~ ;N> We also have the fusion
rule,

Tl Al Tr[ p;B]: ~ §;Tr[: A::B:]. (6.4)

In the future, we shall drop the normal-ordering symbol,
but all calculations are implicitly assumed to account for
their presence.
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Consider now the normalization of the operator (5.14)
in the free theory and at planar level. We assume that
the vacuum of the theory leaves the SU(4) R symmetry
unbroken, as is the case for the superconformal points in
the moduli space of A'=4 SYM. The correlation function
of any set of operators then vanishes if they do not form
an SU(4) singlet.

Keeping the planar contributions, as is usual with
't Hooft expansions, amounts to keeping the leading-
order contribution in 1/N?. The normalization of the

operator O (5.15) is fixed by requiring |x[>V*)

X(@p(x)@p(O))Ozl at planar level. The two-point func-
tions provide a natural notion of an inner product on the
space of BMN operators, and in the BMN correspon-
dence are the analog of the inner product between string
states (see discussions of Sec. V.C.3).

We work with (gyy=0) free theory and use Wick con-
tractions to write the correlation function as sums of
products of scalar propagators. We first write out the
traces explicitly,

(0,(x)0,(0))o = (Tr(ZP $ 2" ) (x)
XTr(¢,Z~1¢,79)(0))
= ([ Zh( )b Zid (D) aa) )
XU e Z 1 () Z1) 10,

having used the cyclicity of the trace and defining Z
=Z'. A sum over repeated U(N) color indices a---h is
implied. The normal-ordering symbols can be safely
dropped in this correlation function if we assume that i
#j (since then ¢’s at the same point could not be con-
tracted, as is also the case for the Z’s and Z'’s). We shall
make this assumption since it also simplifies some of the
combinatorics. Repeatedly taking Wick contractions on
the ¢’s and Z’s that are nearest to each other using Egs.
(6.1) and (6.2), we arrive at
_ : 2 A \J+2
(0,(0)0,(0) = ( s;TxF) »

(6.5)

(6.6)

The requirement that these operators be normalized as
X2+ (0,(x)0,(0))=8,,, can be satisfied by taking O,

— (877 g%\ N)V*?20,,. Similar reasoning gives the nor-
malization of the other BMN operators. For example,
the normalization of the BMN operator with Ag—J=2 in
Eq. (5.13) is fixed by the normalization we have just con-
sidered, but an extra factor of 1/ \J+1 enters from the
J+1 terms appearing in the sum.

B. Anomalous dimensions

In a conformal field theory such as N'=4 super Yang-
Mills, the content of the theory can be extracted via the
correlation functions of gauge-invariant operators and is
embodied in their scaling dimensions, how they mix
amongst each other under renormalization, and the co-
efficients in their operator-product expansions. We now
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present a brief overview of the first two topics, leaving
the discussion of the operator-product expansion for a
later section. Two discussions of these points in general
quantum field theory are those of Zinn-Justin (1989) and
Peskin and Schroeder (1995).

We consider a bare correlation function built of n bare
fields ¢, and the renormalized correlation function, built
in the same way, but using renormalized fields,'?

EP Qb A0, A) = (@) - 60 ,),

r;ren)({xi}’)\(ren)”u) _ <¢(ren)(x1) .. d,(ren)(xn»'

The bare correlation functions depend implicitly on a set
of bare parameters defined at the cutoff scale A of the
theory, while the renormalized ones depend on the
renormalized parameters defined at the renormalization
scale u. The renormalized fields are proportional to the
bare fields, via the wave-function renormalization,
¢(re“)(x):Zj/2(,u) #®@°)(x). The dependence of the field
strength of the renormalized field on the renormaliza-
tion scale u is the source of the anomalous dimension.

A simple consequence of Eq. (6.7) is that the bare and
renormalized n-point functions are related by powers of
the wave-function renormalization,

et (b N, ) = Z () (b A9, A).
(6.8)

(6.7)

The renormalization scale dependence enters the renor-
malized n-point function via the wave-function renor-
malization Z, and the renormalized parameters A of
the theory, which are defined at that scale, but not the
bare n-point functions, hence

9

T (e A, A) = 0.
dln pu

(6.9)

The chain rule then gives

d
(:U*_ + B)\(ren) + n,y)\(ren)>1ﬂ£lren)()\(ren)’ﬂ) =0.

m gatren
(6.10)

For a single coupling massless theory (like N=4 SYM),
we have written this relation in terms of the dimension-
less functions B and 7, which take account of shifts in the
field strength, and coupling constants that compensate
for changes in the renormalization scale to keep the bare
correlation functions constant. They are defined as'

nGenerally, a number of different types of fields may enter
into a correlation function: however, we are most concerned
with the scaling behavior of such correlators, and for the N/
=4 SYM theory of interest to us, supersymmetry implies that
all fields in a supermultiplet receive the same anomalous di-
mensions. We therefore simplify our notation and write only
one type of field.

BThe B function and anomalous dimension 7y are universal in
the sense that they are the same for all correlation functions in
a given renormalizable theory.
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TN ()
R
A # Ju ) (bare)
dlnZ 4( )
'}/()\(ren)) = Iu,&—/f:”u)\(bare). (611)

For a small change in the renormalization scale u
— u+6u, as a result of which the coupling and fields
change as A\ —\+ 6\ and ¢— (1+ 87) ¢, the change in the
field strength is related to the anomalous dimension via
on=(ou/2un)y.

The renormalization-group equation (6.10) is a highly
nontrivial statement about the behavior of correlation
functions in a quantum field theory, with deep implica-
tions (for example, the running of couplings and
masses). The scale dependence introduced into the
renormalized theory in the guise of the renormalization
scale u generically breaks any classical scale invariance
that might be present in a massless theory with dimen-
sionless couplings. However, there may exist fixed points
of the renormalization group (special values of the pa-
rameters \.) at which the 8 function vanishes.'* At these
fixed points, the classical scale invariance of the renor-
malized theory is restored. The classical scaling of the
fields and the correlation functions might be modified by
the presence of anomalous scaling dimensions, with the
scaling dimension of the field becoming A=A+ 7. Un-
like the classical scaling dimensions, the anomalous di-
mensions may take on a continuum of values, which,
however are constrained by the conformal algebra.15 At
a fixed point, the behavior of the correlation functions
reflects the dependence on the nontrivial scaling:

T (53, My~ ) = 72T 0V (0, Ny ). (6.12)

We shall encounter composite operators which are lo-
cal monomial products of fields. The process of renor-
malization of a given composite operator might generate
new divergences which are proportional to other com-
posite operators, requiring their introduction as counter-
terms, and leading to a mixing of operators under renor-
malization. In general a composite operator may mix
under renormalization with any operator of equal or
lower dimension that carries the same quantum num-
bers. For a massless theory with no dimensionful param-
eters, only operators of the same classical dimension
mix. If we choose as a basis for these local gauge-
invariant operators a set, which we shall label {O;}, then
multiplicative renormalization occurs in the form of ma-
trix multiplication,

YThere is of course always the trivial fixed point for which
the couplings vanish, and hence so do the anomalous dimen-
sions. For N'=4 SYM, there is in fact a line of fixed points, and
the B function vanishes at all values of the couplings.

BSFor example, for unitary representations, the dimensions
are bounded from below (Minwalla, 1998). Also, as a result of
supersymmetry, in N=4 SYM, all fields in the same N'=4 mul-
tiplet receive the same anomalous dimensions.
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Ol(_bare)(x) _ 2 ZijO](ren)(x). (6.13)
j

The statement that the operator mixes only with those
of lower or equal classical dimensions implies that the
matrix Z;; can be cast in triangular form when the basis
is arranged in order of dimensions of the operators. Cor-
relation functions with insertions of composite operators
also satisfy a renormalization-group equation, generaliz-
ing Eq. (6.10), with a new anomalous-dimension matrix,

dInZ;(w)

(ren)y _
YiN) = p P

(6.14)

A few final comments are in order concerning general
properties of conformal field theories, which clarify
some of the points we shall encounter in later sections. It
is believed that unitary interacting scale-invariant quan-
tum field theories generally exhibit a larger symmetry
containing scale invariance, the group of conformal
transformations. Conformal invariance turns out to be
restrictive enough to completely fix the dependence of
two- and three-point functions on the spacetime coordi-
nates (in a suitable basis); those of higher point func-
tions, while not completely fixed, are restricted by the
requirement that they depend on certain special combi-
nations of the coordinates, the conformal ratios (Di
Francesco et al., 1997). In a unitary conformally invari-
ant quantum field theory, we can choose a basis of op-
erators with definite scaling dimensions (eigenstates of
the dilatation operator). These are the quasiprimary op-
erators. In each multiplet of the conformal (or supercon-
formal) algebra, the operators of lowest dimension'® are
the conformal (or superconformal) primaries. Two qua-
siprimary operators are correlated if and only if they
have the same scaling dimensions, and the two-point
correlation function takes the form (dropping normal-
ization factors)

O A
(OO} = —5k

T (6.15)
|x12|2Al

with x,=x;—-x,. Here A; is the full (engineering plus
anomalous) scaling dimension of the operator O;. The
three-point functions are similarly constrained and sat-
isfy (Di Francesco et al., 1997)

<Oi(x1)oj(x2)0k(x3)>

~ Cat 8 (&)
B i b T i PO e

(6.16)

For the two-point functions, quantum corrections can
enter only through anomalous dimensions for the opera-
tor, while for three-point functions there is the more
general possibility that the coefficient Cy 5 a (g%,M,N)
may also receive corrections at higher loops’. When com-

6These are operators that are annihilated by the generator of
special conformal transformations (or the superconformal su-
percharges).
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puting the anomalous dimension of an operator in per-
turbation theory, we have a power-series expansion 7y
=y1+¥+:, and 7, includes the nth power of the
't Hooft coupling \". The dependence of the two-point
function on the positions of the operators, when com-
puted in perturbation theory, will take the form

LN 1
|x|2A -~ |x|2A0( N 1’1|XM| ) (6 7)
to one-loop order, with the renormalization scale enter-
ing to keep the argument of the log dimensionless. This
approximation is valid so long as 7y, <In(xu)™2. While
this expression suggests that scale invariance has been
broken, the scale p will drop out when it is re-summed
to all orders in perturbation theory, to reproduce the
left-hand side of the expression. The scale u is merely an
artifact of perturbation theory.

In the next two sections we move on to a practical
calculation of the anomalous dimension of composite
BMN operators, first at one loop, and then to all orders
in perturbation theory.

C. Anomalous dimensions of the BMN operators, first
order in g2y,

The goal of this section is to compute the anomalous
dimension of a class of BMN operators to first-loop or-
der on the gauge theory side and to compare the result
to the appropriate computation of the string theory
masses. This will provide a first check of the BMN cor-
respondence stated in Sec. V. In this section we concen-
trate on anomalous dimensions only at the planar level;
we shall revisit the issue at nonplanar level in Sec.
VIL.B.2.

Consider a local gauge-invariant operator of the form

Op(x) = T .2 27 (x)] (6.18)

with engineering dimension Ay=J/+2. Such a generic op-
erator would not remain an eigenstate of the dilatation
operator after renormalization, as a result of the opera-
tor mixing discussed in the previous section, and would
therefore not have a well-defined scaling dimension.
This means that after computing loop corrections, even
at planar level, the two-point function of the operators
(6.18) would not remain diagonal. Quantum effects in-
duce a mixing with operators in the same SU(4) repre-
sentation with Dynkin labels (2,/—-2,2) and the same
engineering dimension. Any operator of the form (6.18)
for any 0=<p </ satisfies the mixing criteria, and in gen-
eral any operators with this charge and dimension would
take the form (6.18) for some p. The interaction term in
the Hamiltonian which connects only the scalars takes
the form Hiy~ : g% Tr(( ¢y, il ¢, ¢/]):."" It therefore

"We work with a normal-ordered Hamiltonian, which
amounts to discarding all self-contractions in a given insertion
of the Hamiltonian in perturbation theory. Contractions across
different insertions are not removed by normal ordering.



884 D. Sadri and M. M. Sheikh-Jabbari: The plane-wave/super Yang-Mills duality

contains terms that exchange the order of U(1); charged
and neutral fields ¢; and Z, and also two different ¢,
fields. We shall refer to such exchanges as “hopping.”

The interactions mix operators @IJ, and (5{1, both of the
form (6.18), but with p # g. For each additional loop, the
mixing would extend to operators with the insertions of
the impurities shifted by one more position. For ex-
ample, at one-loop order, these interactions generate
diagrams with no hopping, and those which have one
hop, either forward or backward.

Since the operators (6.18) do not have well-defined
scaling dimensions, they cannot be put in a simple cor-
respondence with the string theory side of the BMN
conjecture. One of the main goals of this section will be
to construct operators with well-defined renormalized
scaling dimensions at planar level, and hence diagonal
two-point functions, which can be put in one-to-one cor-
respondence with string theory objects.

In the free theory (gyy=0), operators with p#¢ do
not mix at planar level, and the two-point function re-
mains diagonal. We can write the nondiagonal contribu-
tions at higher-orders as

(OO o« BNV (3 = ) = My 3= ).

(6.19)

where we have dropped proportionality constants com-
ing from the normalization of the tree-level two-point
function. The zeroth-order term is simply the identity
M ,,02, 9.4~ The matrices M;)q are proportional to /th
powers of logs of the separation (x—y) of the two opera-
tors, M(D ()= [ln(x,u)z]l./\/l(l) coming from perturbation
theory at [ loops. The matrlces M;)l are symmetric in
p,q, because for each insertion of the Hamiltonian
which generates a hop to the right, there is one generat-
ing a hop to the left. The hopping can be exhibited more
explicitly by separating M;f?q into “hopping” matrices

()
m;”,

M) —2 g (6.20)

with the interpretation that m!” captures all the effects at
loop / coming from j hops (j can be positive or negative),
and m(l)—m because forward and backward hops are
governed by essentially the same term in the Hamil-
tonian. We were able to extract a p- and g-independent
term m] ) here because in the interaction Hamiltonian,
the commutator terms which generate the various hops
all enter with precisely the same coefficient. Equation
(6.20) makes it explicit that the range of allowed hops is
set by the number of loops (or insertions of the Hamil-
tonian) which are included, a point we noted earlier. Us-
ing Eq. (6.17), we can read the /-loop anomalous dimen-
sions directly from ./\/lg,)q.
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The sum (form all p=0,...,J) of the operators in
(6.18) is protected by a BPS condition, and this gives the
relation among the coefficients

EM(” =0, OLg>0. (6.21)

As mentioned previously, to specify precisely the cor-
respondences between the gauge theory and string
theory sides of the duality, we need to find a basis of
operators with well-defined scaling dimensions. Such a
basis would contain operators formed as linear combina-
tions of the above,

J
Ohx) = 2 Fp(DON(), (6.22)
p=0

for some F to be determined by the condition that Eq.
(6.22) have a well-defined scaling dimension. We can
think of F as a change of basis on the vector space of

operators (5117 We also impose an additional constraint
on the expansion coefficients, requiring 7, (/) =1, which
is another statement of the BPS condition.

A few comments are in order regarding the range of
the summation in Eq. (6.22). The end points p=0 and
p=J correspond, for i #j in (6.18), to the case where the
positions of ¢; and ¢, are reversed. Both orderings must
be included since the interaction Hamiltonian will gen-
erate such exchanges, and in principle these terms can
mix with each other. In addition, for the BPS condition
to hold when n=0 in Eq. (6.22), the summation must
include both arrangements. Lastly, if we drop either of
p=0 or p=J, we will compute an anomalous dimension
with a finite piece in the BMN limit, and one that scales
as A and hence diverges in the double scaling limit. The
divergent piece is exactly canceled when the missing
term is included (Constable et al., 2002; Kristjansen et
al., 2002).

We are now ready to determine the form of the matrix
Fap(J), which at each order in perturbation theory acts
on the operators (6.18), after which the transformed op-
erators are diagonal, and hence their two-point func-
tions have perturbative expansions in \ of the form

(OLX)ONY) = 80 2 Nix = y) = 8 pfin(x — )
=0

(6.23)

and f,,(x—y) can be different for each O{ﬂ. We have the
similarity transformation

(fMﬁ)m,n = 5m,nfm(x - J’) (624)

with F admitting a power-series expansion in J. A suit-
able, though not unique, choice for F is

f

np

2mnp/]

—e (6.25)

which diagonalizes the above operators up to order
O(1/J%) for any order in perturbation theory, where the
N\ dependence appears in f,,. In the BMN limit where J
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— o, the correction terms vanish and the diagonaliza-
tion, at planar level, is exact. Note that at planar level,
the quantum corrections do not induce mixing between
operators with different numbers of traces. When we
come to consider the nonplanar corrections in Sec. VII,
this lack of mixing will no longer be the case, and the
mixing between operators with different numbers of
traces will have to be dealt with also. In fact, even in the
free theory, the single-trace BMN operators will mix
among themselves at nonplanar level. The significance
of this second type of mixing and its role in the duality
will be the central theme of Sec. VII.

The statement that O’ has a well-defined scaling di-
mension can be translated into the requirement that, af-
ter renormalization, the bare and renormalized quanti-
ties be related by an overall scaling and not a matrix that
connects it to other operators as in Eq. (6.13). Then,

O = 2, WO, (6.26)

with the renormalization constant generically a function
of the coupling (going to the identity for A=0), and the
renormalization scale w, or alternatively e=2-D/2 in
dimensional regularization. The rescaling Z depends on
the composite operator renormalization Z, of the op-
erator O/ in addition to the usual wave-function renor-
malizations Z, and Z for the fields Z and ¢, and takes
the form

Z,= ZonZ¢(Zz)'//2a (6.27)

since there are J fields charged under the U(1); and two
neutral fields.

The anomalous dimension v, of the operator O,, can
be computed order by order in perturbation theory, and
has a power-series expansion in the 't Hooft coupling \,

yu(N) = 2 Nel™, (6.28)
=1

where the /=0 term vanishes since the anomalous di-
mension appears as a quantum correction to the classical
scaling dimension. The coefficients of this expansion can
be Fourier transformed,

l

C;n) — E C;fl;L)efZﬁinh/J,
h=—

(6.29)

with a natural interpretation that, as we shall see below,
cE';l) represents the portion of the anomalous dimension
of the operator O, that arises at loop /, from the sum of
diagrams with 4 hops. By convention, positive & will cor-
respond to hops to the right. We now compute the Fou-
rier coefficients cﬂ) at one loop, working at the planar
level.

Our goal is to compute the counterterms necessary to
absorb the divergences generated by insertion of the
composite operator (6.22) and the wave-function renor-
malizations of the Z and ¢ scalar fields, and use these to
derive the anomalous dimension of the composite op-

erator, via Eq. (6.27). Here we shall only consider BMN
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operators with two nonidentical scalar impurities, which
can be in (9,1) or (3*,1) SO(4) X SO(4) representations
[the explicit calculations regarding the singlet case (1,1)
have been made by Gomis et al. (2003b)]. All the other
BMN operators should have the same anomalous di-
mensions, due to the supersymmetry (see Sec. V.C.3).
We work in position space and use dimensional regular-
ization. In dimensional regularization, the anomalous di-
mension becomes

N dZ,
N)=e——o0.
y(\) EAPTY

(6.30)

Consider a two-point function of the operators (6.22)
with the choice (6.25) for the diagonalizing matrix. We
can expand this correlation function of sums of opera-
tors into a double sum of correlation functions of indi-
vidual composite operators. In a generic quantum field
theory, a correlation function of ordinary operators with
an insertion of a single composite operator has diver-
gences which can be removed, in addition to the usual
counterterms, with a wave-function renormalization of
the composite operator. Insertions of additional compos-
ite operators will in general produce additional diver-
gences requiring subtractions. However, for a conformal
field theory, the form of the two-point function is fixed,
as shown in Eq. (6.15), and the wave-function renormal-
ization (6.26) suffices to absorb all divergences coming
from the composite operators.

The correlation function will then include the overlap
of all operators of the form (6.18) with the appropriate
exponential factors, in other words, the sum of the cor-
relators of all pairs of operators (6.18), with some expo-
nential coefficient. At one-loop order, where we have a
single insertion of the interaction Hamiltonian, there
will in general be two classes of diagrams: (i) those in
which the correlator receives contributions from two-
point functions with the same p, corresponding to dia-
grams with no exchange of ¢ and Z, and (ii) those in
which one exchange of ¢ and Z takes place. The corre-
sponding diagrams are presented in Fig. 2.

The first diagram arises from contractions where one
¢ field has “hopped” past a Z field, in this case to the
left. The exponential factor appearing in front of this
term is exp(2in/J), since the amplitude for this term is

€2ﬂipn”€72ﬂi(p71)n/j<@;(x)@;71(})». (631)
There will also be a contribution from a diagram in
which a ¢ field hops to the right, and it will be associated
with a factor exp(-2min/J), with the amplitude other-
wise the same.

We shall now compute the amplitude for this diagram
at planar level, but only keep track of the divergent
parts which determine the counterterm structure and
eventually the anomalous dimension. In position space,
this diagram consists of J+2 fields located at spacetime
position x, interacting with J+2 fields located at y. The
divergence arises from the loop at the center of the dia-
gram, which corresponds to the integration over all
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FIG. 2. Feynman diagrams containing a single insertion of the
interaction Hamiltonian. The two different impurities are la-
beled ¢ and .

spacetime (i.e., [d*w) of one insertion of the Hamil-
tonian and four propagators. The loop integral will con-
tribute, beyond the tree-level result,

D

Mzm'n/ff d”w 1
647w — x[*|lw — y|*
1 A

— T 2minl
167°%x - y|* e

) (6.32)

where we have continued to D=4-2¢ dimensions to
regulate the ultraviolet divergence coming from x—w
and y—w, which now appears as a pole in e. We have
the 't Hooft coupling appearing here because a factor of
g%y combines with a factor of N at planar level when the
first contractions across the traces are taken. We drop
the contributions from the part of the diagram outside
the interaction, since these do not modify the counter-
term structure we are seeking. We see the appearance of
the combination \/e appropriate to one-loop order. We
ignore the issue of infrared divergences when the exter-
nal momenta vanish; these do not affect the anomalous
dimension.

There are also diagrams in which the ¢ and Z fields
interact, but which nonetheless do not lead to hopping.
The hopless diagrams in which ¢ and Z fields interact
arise in two ways. The first such diagram is similar to the
one we considered above, but with a different ordering
of the fields in the interaction term. There is also a dia-
gram in which the interaction between the scalar ¢ and
Z fields is due to gluon exchange. These two diagrams
contain the same divergences in their loops, but with
opposite sign, and so their sum is finite. We ignore finite
contributions since they do not give rise to anomalous
dimensions.

The action (A1) contains an interaction term in which
only Z fields interact with each other and a term in
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FIG. 3. Diagrams contributing to the scalar wave-function
renormalization at one loop. The first is a scalar tadpole, the
second a gauge-boson loop, and the third a fermion loop.

which Z fields interact with gluons and clearly lead to no
hopping. Such interactions give rise to diagrams in which
the four scalar Z fields interact directly and diagrams in
which their interaction is a result of gluon exchange.
Both these diagrams contribute equal divergences with
the same sign. The divergence part of these is the same
as in Eq. (6.32), but since there is no hopping, the expo-
nential prefactor is missing. At planar level, there are
J—-2 possible ways the Z fields can interact among each
other.

The ultraviolet divergences in these diagrams can be
removed by the addition of counterterms to the action
to absorb the divergences. Computing the correlation
function above, to one-loop order, with an insertion of
the composite operator, and including the counterterms
appropriate to this order, we find the finite renormalized
Z o, whose value is

A ) )
ZOn =1- _[28271'”1/] + 28—2771)1/] + (]_ 2)]’

Se (6.33)

where the first two terms absorb the divergences from
the diagrams with one hop to the left or right, respec-
tively, with a factor of 2 multiplying the exponential due
to the hopping, since we are considering composite op-
erators with two impurities. The last term absorbs the
divergences from the two diagrams that do not result in
a hop, come from the interactions of Z fields alone, and
contribute J—2 such counterterms.

We are now almost ready to compute the anomalous
dimension of the operator O,,. The only remaining piece
left to compute is the wave-function renormalizations of
the individual fields which enter into the correlation
function, as seen in Eq. (6.27). There are three types of
diagrams which modify the scalar propagators at one
loop. The wave-function renormalizations, which are the
only kind of renormalization to the bare N'=4 propaga-
tors, are generated by diagrams in which a closed loop is
constructed as in Fig. 3, and arise from gauge boson,
fermion, and scalar loops. Their computation is straight-
forward, and the resultant one-loop wave-function
renormalization is

1 A
472 €’
The factor of N\ arises because there are two interac-
tion vertices, each contributing gvy;, and a factor of N
enters due to the traces over color indices from the

closed loop. Putting these together we have to first-loop
order

Z¢=ZZ=1+ (634)
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A . )
Z =1- 2minl] + —2minlJ _ 2 6.35
n PG e ), (6.35)
which yields the anomalous dimension
Vo =— A (627rin/1+ e—2m’n/]_ 2) (6 36)
Ly ' '

The 2 is a direct result of supersymmetry, since, for n
=0, we have a BPS operator, which is protected against
receiving quantum corrections. This is a manifestation of
the BPS condition in the form (6.21). Incidentally, we

can decompose this result into the CE'L) we met in Eq.
(6.29), whence an1):0(1"11:1 and c(lk()]:—2.

We mention also that, had we separated the interac-
tion Lagrangian into F and D terms, at first loop we
would have found that only the F terms contributed, and
the sum of all the diagrams with insertions of D terms
would have vanished for two- and three-point functions
(Constable et al., 2002; Kristjansen et al., 2002).

The anomalous dimension in Eq. (6.36) has been com-
puted for finite J. In the BMN limit, when J is taken
large, the anomalous dimension becomes

(6.37)

and we see explicitly the appearance of the new effective
coupling N\'=\/J? because the ’t Hooft coupling \
=g% N has combined with a 1/J? from the expansion of
the exponentials. We see that in the BMN limit the
anomalous dimensions of BMN operators are finite,
since g%, is held fixed while N and J are scaled such that
N’ remains finite. Contrast this with a normal 't Hooft
expansion, in which the expansion parameter is \, and
this diverges in the BMN limit. This is a key result, since
it tells us that in the double scaling limit BMN operators
will have finite, and hence well-defined, scaling dimen-
sions, which can be compared to the string side of the
duality. Recall that the exponentials entered as the di-
agonalizing matrix transforming the original basis of op-
erators (6.18) to one with well-defined scaling dimen-
sion, which we took to define one set of BMN operators.
In turn, the precise structure of this matrix originated in
the hopping behavior embodied in the interaction
Hamiltonian.

We can compare this result for anomalous dimensions
of single-trace operators with two impurities to the
string theory calculation of the mass spectrum for single-
string states (6.10), with excitations of the left- and right-
moving oscillators at level n in the plane-wave back-
ground. As we discussed in Sec. V.B, the BMN
correspondence states a relationship between the effec-
tive coupling in the gauge theory and in the BMN limit,
and string theory parameters on the plane-wave back-
ground, which was stated in Egs. (1.11)—(1.13). We noted
earlier in Sec. II.B.1 that p* is a central charge of the
supersymmetry algebra of the plane-wave background,
since its generator commutes with all the other genera-
tors of the algebra. As such, its value specifies a sector of
the string theory, unmixed by actions of the isometry or
string interactions. This is in distinct contrast to flat

Yo=n"\'
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space, where the light-cone boosts can change p*. There-
fore it makes sense to think of a’up* (or equally u in a
sector of fixed p*) as an expansion parameter on the
string side. The effective gauge theory expansion param-
eter \' is related to the light-cone momentum, which is
held fixed in the BMN double scaling limit, via Eq.
(1.11). When the gauge theory is weakly coupled and A’
is small, the light-cone momentum «’up™* is large. This
implies that the tension term in the light-cone string
theory action (4.6) dominates the gradient terms (since
we have taken u large), and the quantum mechanics of
the string becomes that of a collection of massive par-
ticles. This has motivated the string bit model (Vaman
and Verlinde, 2002; Verlinde, 2002). Under these condi-
tions, the mass spectrum (4.10) can be expanded to first
order, with the result that

12
(a'up+)2)' (6.38)
We use the relation D—J=Ay+ y—J, which for the op-
erator we have considered gives D—7=2+vy. We then
have 2w,/a'up*=D-7, after using Egs. (6.37) and
(1.11). The comparison is valid so long as N\’ <1/n?, or
equivalently, when |a' up*|>n. For any finite n, we are
free to choose N’ or o’ up™ so that these conditions hold.
This is our first direct test of the BMN conjecture, and it
has passed with flying colors.

In this section, we computed anomalous dimensions
of a class of BMN operators to first order in g%,;, and
found that it reproduces the string theory calculation,
giving a first test of the BMN conjecture. We may won-
der whether this result extends to higher loops. The in-
vestigation of this question will be the focus of the next
section, and we shall show that the result indeed holds to
all orders in perturbation theory.

The above one-loop results have been extended to all
orders in N’ using superspace techniques (Santambrogio
and Zanon, 2002; see also the ArXiv version of this re-
view, Sadri and Sheikh-Jabbari, 2003b, for more details).

w, = a',tl,p+(2 +

VII. STRINGS ON PLANE WAVES FROM GAUGE THEORY
IIl: INTERACTING STRINGS

Having carefully considered the planar structure of
BMN operators, we are now ready to move on and ex-
amine nonplanar corrections to the quantities we have
been studying in Sec. VI, first considering higher-genus
corrections to two-point correlation functions of chiral
primary operators (these receive no loop, i.e., \’, correc-
tions). The BMN limit of these correlators is examined,
showing that in the double scaling limit, certain higher-
genus contributions survive. This result distinguishes the
BMN limit from the standard ’t Hooft limit, wherein all
contributions from higher-genus diagrams are seen to
vanish. This consideration will demonstrate explicitly
the appearance of the genus counting parameter in the
BMN limit. We next look at correlators of BMN (near-
BPS) operators, first in the free field theory limit but
with first nonplanar contributions, and then after turning
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on interactions, computing the first nontrivial contribu-
tions in both the genus counting parameter and the
modified 't Hooft coupling \'. Mixing between single-
and multiple-trace BMN operators, and the requisite re-
diagonalization of the basis, leading to the so-called “im-
proved BMN operators,” will play a central role in the
precise formulation of the correspondence between
gauge theory operators and string states. We collect the
above results in an elegant form suggested by Constable
et al. (2002a, 2002b; see also Gomis et al., 2002; Gross et
al., 2003).

A. Nonplanar contributions to correlators of chiral primary
operators

We review the expansion to all genera of the two-
point functions of chiral primary operators, which are
protected against quantum corrections by virtue of being
BPS. Hence the results we present can be calculated in
the free theory, but extend to all values of the coupling.

To gain some insight into the genus expansion, con-
sider the simplest correlation function that receives con-
tributions from higher-genus diagrams, the two-point
function of chiral primary operators (5.8) with /=3 (the
case of J=2 receives only planar corrections)

_ 1 - - -
<OJ(X)OJ(0)>J:3 = 3_]\/(3)<ZabZhCanZdeZefod>~ (71)

There are six possible ways of applying Wick contrac-
tions. Three of these lead to a factor of N* from contrac-
tions (leaving aside for now the prefactor coming from
the normalization). These correspond to the planar dia-
grams. Planar diagrams always generate the highest
power of N, and hence are the ones that dominate a
large-N expansion (for finite J). Planar diagrams are
those which can be drawn on a sphere (a one-point com-
pactification of the plane) without any lines crossing.
There are also three (that this number equals J is a co-
incidence) nonplanar diagrams of genus one. These are
diagrams that cannot be drawn on a sphere without
crossing, but can be placed on a torus without crossing.
They contribute a single power of N. One can see the
structure more clearly by the following trick (Kristjansen
et al., 2002). Imagine that each trace corresponds to a
loop on which we place beads corresponding to the in-

dividual fields Z and Z, white beads depicting Z’s and

black ones for the conjugate fields Z. The beads are free
to move on the loop, but cannot be pushed past each
other (their order is significant). Changing the ordering
of two nearby beads corresponds to crossing or uncross-
ing the lines connecting them. For the case J=3, revers-
ing the order of the beads on one of the loops while
keeping the other loop’s ordering fixed exchanges planar
and nonplanar diagrams, showing how the ordering of
the beads is relevant. The cyclicity of the trace is re-
flected in the fact that rotating the beads around the
loop results in an identical loop. One of the possible
nonplanar contractions is depicted in Fig. 4 (upper
panel).
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FIG. 4. Irreducible toroidal diagrams contributing to

(TrZ’TrZ’y. The arrows indicate the direction in which traces
are taken.

For J=3, the maximum genus contributing is the
torus. This trick can be generalized to higher J and ge-
nus. First we need the notion of an irreducible diagram.
We replace all lines in a diagram that are topologically
parallel (calling these reducible) with a single line (irre-
ducible). The resulting diagram built only from irreduc-
ible lines is itself irreducible. Diagrams can be grouped
into equivalence classes, where the equivalence is de-
fined as follows: two diagrams are considered equivalent
if they both collapse to the same irreducible diagram.
For /=4 there are diagrams which reduce to the one we
have already considered for /=3, and new ones which
reduce to the one depicted in the lower panel of Fig. 4.
For higher J, all toroidal diagrams can be reduced to the
two already considered. More generally, at genus 4, the
set of irreducible diagrams consists of those where the
number of irreducible lines / ranges between [=2hA+1
and /=4h, which for genus one gives /=3,4 and for ge-
nus two the range is /=5---8 (Kristjansen et al., 2002).

At genus one, for arbitrary J=3, there are J!/[(J
—3)13!] ways of grouping the beads into three sets (the
three irreducible lines in Fig. 4) while maintaining the
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order associated with the operator, and for for /=4 the
number of such groupings into sets of four is J!/[(J
—4)14!]. We denote the number of inequivalent irreduc-
ible diagrams with / irreducible lines at genus 4 by n, ;.
The calculation of this number is the trickiest part of
working out the combinatorics. For the cases we have
already considered, n;3=1 and n; 4=1, while n; ;=0 for
j>4. However, for higher genera, there exist n, , greater
than one. The total number of diagrams in an equiva-
lence class with [ irreducible lines for fixed J can be
found as follows: given a set of J elements, place the
elements into / ordered distinct sets, maintaining the
same overall cyclic ordering among all the elements. The
number of possible ways of doing this is J!/[(J—])!1!].
The total number of diagrams at genus 4 with [ irreduc-
ible lines for fixed J is n;,J! /[(J=])!1']. At fixed genus,
to arrive at the total number of graphs we must sum up
the contribution from graphs in all equivalence class for
all allowed /. For the torus, this gives

J J\
nij 3 th4 4 ”Z,

where in the last step we have shown the scaling in the
large-J limit. Notice that sums of this form are always N
independent. The N dependence in the combinatorics
arise from traces over indices of Kronecker deltas ap-
pearing in the propagators (6.1) and (6.2) after all the
Wick contractions are applied (of course keeping only
diagrams at a fixed genus), and this dependence defines
the genus order via the standard 't Hooft argument,
where the suppression factor at any genus relative to the
next lower genus goes like 1/N? (or 1/N?" relative to
planar diagrams). As a result, in the BMN double scaling
limit (1.8) (as opposed to the usual t Hooft limit), dia-
grams at all genera contribute to correlation functions,
giving rise to a new effective expansion parameter g3
=(J?/N)?, which is fixed at an arbitrary but finite value
and measures the relative contribution of each genus in
perturbation theory. Contributions from diagrams at ge-
nus 4 scale as g%h. For the planar diagrams, there is an
overall suppression by a factor of J due to the normal-
ization of the operators in Eq. (5.8), but a compensating
enhancement by the same factor arising from the cyclic-
ity of the trace (which amounts to the rotation of the
beads on one of the loops relative to the other one).
Putting together these observations, we arrive at the
planar-plus-toroidal contribution to the two-point func-
tion of chiral primary operators,

(7.2)

2
(') (0)) = #(1 o O(g‘z‘)). (7.3)
The normalization of the operator (5.8) is chosen to re-
move the overall dependence of the above two-point
function on N as well as the coupling g%, and factors of
87. Here we see the appearance of the parameter g%
which organizes the expansion by genus. The planar dia-
grams contribute at order gg and the toroidal diagrams
at order g3. The new observation for the BMN double
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scaling limit is that the operators considered receive
contributions from a number of diagrams which grow as
J* at genus A, but these are suppressed by 1/N?", and
the J and N dependence combine into the new effective
expansion parameter g%, appearing at genus A as g%h.

We shall now describe a method for establishing the
all-orders (in g%) result. We earlier mentioned two-
dimensional QCD as a realization of 't Hooft’s idea, and
its exact solution via a matrix model (Kostov and Stau-
dacher, 1997; Kostov et al., 1998). It turns out that many
of the correlation functions we are interested in can be
reduced to correlation functions in this matrix theory.
Higher-genus correlation functions in the complex ma-
trix model, using loop equations, have been computed
by Ambjorn et al. (1992). An alternative method for
evaluating statistical ensembles of complex (or real) ma-
trices was presented by Ginibre (1965) and Mehta
(1990). We shall need only the most rudimentary results
from matrix theory, which we collect here. Consider N
X N complex matrices Z;;, with i,j running from 1 to N,
and define the measure dZdZ as

dzdzZ=1] j:d(ReZij)d(ImZij). (7.4)

i

The partition function over these matrices is defined as
the above measure weighted by a Gaussian function

Z-= J dZdZe 7P, (7.5)

The measure and the weight (and hence the partition
function) are U(N) X U(N) invariant, representing inde-
pendent multiplications on the left and the right. Corre-
lation functions in this matrix model are defined as usual
in quantum field theory:

(O(Z, 7))t = f dZdZe " 700(7,7). (7.6)

The normalization of the measure is chosen so that (1)
=1.

The correlation functions we study are not invariant
under the full symmetry, but only under those generated
by the diagonal subgroup, acting in the adjoint represen-
tation. For correlators built out of traces which do not

mix Z and Z, the solution can be given by using
character-expansion techniques, expanding the correla-
tion function in terms of group characters. These char-
acters are orthogonal, with a proportionality constant
that can be evaluated from group-theory. The expansion
coefficients are similarly computed from Young-diagram
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considerations. We summarize the relevant result for
two-point functions:

J k J-k
(TrZ’TrZ = 2 TT(N=1+0) ][] (N=-m)
k=1 i=1 m=1

1 (F(N+]+1) F(N+1)>
“J+1\ T(N) T(N-J))
(7.7)

where have assumed 0<J<N in the last step. In the
above, N is the rank of the group U(N) (we have kept N
finite thus far). Up to this point the results are exact.

Let us now return to the correlation function (7.3). As
we discussed in Sec. VI.B the spacetime dependence of
this two-point function is completely fixed by conformal
invariance. Moreover, being chiral primary, the scaling
dimension is also fixed by supersymmetry to the free
field theory engineering dimension. These have already
been made manifest in (7.3). The remaining problem in
computing Eq. (7.3) is that of computing the dependence
on factors of J and N arising from the combinatorics of
all the Wick contractions. Separating out the spacetime
dependence, and also the numerical and coupling-
constant factors in the scalar field propagators, we can
rewrite the correlation function in terms of a correlation
function in the matrix model we have described, which
captures the combinatorics from evaluating all the traces
over U(N) color indices (producing both planar and
nonplanar contributions), as well as the combinatoric
dependences on J,

2 \J
(Tr[Z!()]TH[ Z(0)]) = (%) (TrZ"TrZ )am»

(7.8)

making use of the matrix model result (7.7). We are in-
terested in the large-/ limit of Eq. (7.8), and hence that
of Eq. (7.7). We can expand it as

© 4k
(TrZJTrZJ)MM:JNJ[1+E > (J )M]

2h
h=1 k=2h+1 k/N

* 4\ h
zJNJ|:1+EM<J_) +...]’

o (A N?
(7.9)

where in the last expression we have taken the large J
limit, and - -- denotes terms which vanish in the large-/
and large-N limit if we scale J~ VN. We see that the
genus counting parameter g5=J*/ N> makes a natural ap-
pearance in this limit. We shall see in the next section
when we come to consider non-BPS operators that this
continues to be the case. In fact, this is another way to
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view the BMN limit: the limit is chosen precisely to en-
sure that the terms involving n,, 4, in this limit remain
finite and so we receive contributions from all genera.
We can explicitly evaluate Eq. (7.8) using Eq. (7.9) in the
BMN limit, giving for the chiral primary operators

1 sinh(%)
(O'(x)0'(0)) = P A—

» (7.10)

93
2

Expanding this to first order in g5 reproduces Eq. (7.3).

B. Nonplanar contributions to BMN correlators

In this section we move on to the non-BPS (“almost-
BPS”) BMN operators and compute the g% order non-
planar contributions to their two-point functions, first at
free field theory and then at first order in \'.

1. Correlators of BMN operators in free gauge theory to
first nontrivial order in g,

Having studied the two-point function of chiral pri-
mary operators to all orders, we are now ready to dis-
cuss the inclusion of phases in the more general BMN
operators. We shall concentrate on operators of the
form (5.13) for i#j, and choose the notation ¢;=¢ and
¢;=. In this section we study the correlator in the free
theory, postponing consideration of interactions to the
next section. The correlator we are interested in is

(O ()0}, (0),.

im (7.11)
The calculation of the torus-level contribution to the
two-point function of BMN operators in the free gauge
theory has been carried out along two different lines,
using matrix model technology (Kristjansen et al., 2002)
and via direct computation taking account of the combi-
natorics (Constable et al., 2002a, 2002b). We shall see
that the scaling with N and J, in the BMN limit, is the
same as for the chiral primary operators, and g3
=(J?/N)? will appear again as the genus counting param-
eter. We follow closely the presentation of Constable et
al. (2002a, 2002b)

To count the number of Feynman diagrams that con-
tribute to a two-point function at genus A, we draw a
polygon with 44 sides, then place one operator at the
center and divide the other operator among the 44 ver-
tices. We then pairwise identify all the sides and identify
the vertices. All allowed diagrams are then generated by
connecting the two operators via propagators, but with-
out allowing the diagram to be collapsed to lower genus
by shrinking homology cycles where no propagators
have been placed. At genus £, the irreducible diagrams
are those with 24 +1 to 4h groups of lines. The number
of ways of dividing J lines into 44 sets is
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J J! J4h
= ~ , (7.12)
4h) (J—4h)!(4h)! (4h)!
where the last expression gives the behavior at large J.
A similar counting applies to the diagrams where we
group the lines into 4h4—1 sets and so on, down to 2A
+1, but the number of such groupings is suppressed rela-
tive to the 44 case. For example, the case 4k —1 yields

o) =il
4h-1) J-4h+1\4h
as the number of ways of distributing J lines into 42 —1
sets, and their contributions relative to the 4/ groupings
vanish in the BMN limit. This is the same behavior we
saw in the previous section at genus one, and it general-
izes to arbitrary genus and for any finite number of im-
purities.

We can open up Fig. 4 for the torus diagrams with
four groups of lines consisting of J scalar fields Z
charged under U(1); and two different scalar impurities
we shall label ¢ and . Using the cyclicity of the trace,
we can always place one of the impurities, say ¢, as the
first field in each operator before applying contractions.
This simplifies the counting since the position of the ¢
field is fixed, and we only have to worry about placing
the ¢ field. The diagram can then be drawn as in Fig. 5.

Now there are five groups of fields, in which the first
one begins with the ¢ field. Let J; denote the number of
fields, with i=1,...,5 (with no ¢ field yet). We can place
the ¢ field in any of these groups, and there are J; ways
of doing so for the ith group. Let us consider first the
case in which m=n in Eq. (7.11), so the two operators
have similar phase structures. The two impurities may
appear in the same group, in which case when we con-
tract the fields in the two operators, the relative posi-
tions of ¢ and ¢ will remain fixed, and these diagrams
will not contribute a phase factor. If the impurities are
placed in different groups, then their relative positions
in the two operators can in principle change, and the
contractions will then be associated with a phase. For
example, if ¢ is placed in the second group, then it will
contract with a field in the conjugate operator where its
relative position to the other conjugate scalar will have
shifted by J5+J, places, and this introduces a relative
phase of exp[2min(J3+J4)/J]. Summing over all ways of
placing ¢, we have for the two-point function the follow-
ing expression:

(7.13)

_ 1 1 J+2
Ol Ol 0 torus _ ( ) N]
(O m(¥) 03, (0))g INT2\ [P

5
% E EJkEZﬂ'imﬂk/J’

Ji+e o+ 5=I+1 k=1
with the phases defined as 0,=05=0,60,=J5+J,,6;=J,
—-J,, and 6,=J,+J;. In performing the sum, we must im-
pose the condition that 37 ,J;=J+1. The first term on
the right-hand side is due to the normalization of the
operators in Eq. (5.13). The next term arises from the

Rev. Mod. Phys., Vol. 76, No. 3, July 2004

4 [ ¢ Ji
ng

Ja
Js Js
J4 v,
J5 J5

FIG. 5. Diagram depicting the phase shift in a torus diagram
with no interactions. The solid lines represent an arbitrary
number of Z fields, and the dashed lines represent the contrac-
tion between two ¢’s or /.

propagators, with the normalization of the operators
and propagators conspiring to remove the coupling and
numerical factors. The last term comes from all the color
index contractions at torus level. This expression is awk-
ward, but can be turned into an integral representation
in the large-/ limit, with a delta function imposing the
constraint, which can be evaluated explicitly. To see this,
define J;=J-j;. Then, in the large-J limit, we can rewrite
the two-point functions as

, _ t 1 V2 2\2
(O m(¥) 0y, (0))g Z(W) (ﬁ)

51
X H djkik€27Timgk/J
k=1J0

><5<1—§5:1'1),

=1

and we again see the appearance of J>/N=g, which is
held fixed in the BMN limit. The integral can be evalu-
ated in a straightforward way. The construction when
m # n follows along the same lines, with the added com-
plication that the position at which ¢ is inserted in each
group becomes relevant, since the two operators have
different phase structures. This more complicated situa-
tion has been considered by Constable et al. (2002a,
2002b) and Kristjansen et al. (2002); we present only the
result. The final expression for the torus two-point func-
tion of BMN operators of the type we have been con-
sidering is

_ 1 J+2
<O{f,m(x>0{j,n<0>>0:<w) (Bun+ &M,,,),  (7.14)

for i+j and where g,=J?/N, and with the matrix M},m
symmetric, i.e., M} =M} . and is defined as

nm>
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fo’

1

ﬂ’

1 1 7

M. {60 24wm? " 16mm
1 35
48m? " 1287m*
1 (# 1 2 3 1

\4774(m—n)2 ?+ﬁ+2_2mn_2(m—n)2

The case of m=0 or n=0 corresponds to a two-point
function with one of the composite operators being BPS;
the m=n=0 gives the two-point function of BPS opera-
tors, while if m # n, but one of m or n zero, we see that
the single-trace BPS operators do not mix with the non-
BPS ones, at torus level. We expect the two-point func-
tion for m=n=0 to be exact to all orders in g%,;, since
these operators are protected against receiving any
anomalous dimensions. The non-BPS cases will receive
g% corrections, and we will discuss these corrections in
Sec. VIL.B.2. The other cases show explicitly that in the
free theory, single-trace non-BPS operators generically
mix with each other, and this mixing begins at order g%,
where g3 is the genus counting parameter. The discus-
sion above can be generalized in an obvious way to
higher-genus diagrams in the free theory, with the genus
h contributions coming in at order (g%)h.

2. Correlators of BMN operators to first order in A and

J2IN

We have already computed the planar anomalous di-
mension to order A’ is Sec. VI.C. We are now ready to
move beyond planar level, but will work only to first
order in \'. The duality would then put the result in
correspondence with the string theory masses with loop
corrections, giving a highly nontrivial test of the corre-
spondence and a step beyond what has been possible in
the standard AdS/CFT correspondence.

The result will be proportional to )\’g%, showing that
g5 will continue to play the role of the genus counting
parameter even with interactions switched on, and the
role of the effective quantum loop counting parameter is
still played by N’ in the BMN limit. The computation
mirrors that of the previous section, but now taking ac-
count of the insertions of interaction terms. We only
present an overview of the calculations; technical details
can be found in the article of Constable et al. (2002a). At
this order, only flavor-changing interactions contribute,
and therefore the only interactions of relevance are the
so-called F terms, which appear as the square of the
commutator of scalars in different AN'=1 chiral multi-
plets. We are considering two scalar impurity operators
which are in (1,9) of SO(4) X SO(4). They are symmetric
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m=0n#+0orm+0,n=0;

m=n=0;

=n#0;
men (7.15)
m=—-n+0;

), all other cases.

in i,j indices. Therefore the F term, which involves the
commutator of the two impurities, being antisymmetric,
does not contribute. The two impurities can therefore be
considered separately, since they do not simultaneously
enter into interactions and only enter into interactions
that are quadratic in the charged fields Z. These obser-
vations greatly reduce the number of possible diagrams
that must be considered at this order.

There are three classes of Feynman diagrams to con-
sider, involving nearest-neiéhbor, semi-nearest-neighbor
and non-nearest-neighbor.1 Nearest-neighbor diagrams
are the ones where two lines alongside each other are
connected through an interaction term. One of these
lines will always be an impurity. There are four possible
interaction types coming from squaring the commutator
in the interaction, all with equal weight, with those that
switch the order of the impurity and charged field con-
tributing a minus sign relative to those which do not. We
must sum over all ways of building such diagrams by
inserting a single interaction into the free diagrams, tak-
ing care with the phases from exchanges and the phase
of the free diagram. The phase considerations parallel
our discussion in the previous section. Summing all
nearest-neighbor diagrams, we find that the result (7.14)
of the previous section is simply modified by a logarith-
mic correction which merely changes the scaling dimen-
sion we computed at planar level, since the result does
not involve g,. The other two types of diagrams will,
however, involve honest toroidal corrections.

The class of semi-nearest-neighbor diagrams are those
in which the fields entering an interaction are nearest
neighbors in one of the composite operators, but not the
other. These contribute to the two-point function only
when m#n. For m=n there are cancellations among
semi-nearest-neighbor diagrams. The number of such
diagrams is suppressed relative to the nearest-neighbor
ones by 1/J, but this is countered by an enhancement by

¥ These can be classified according to the possible combina-
tions of contractible and noncontractible homology cycles on a
torus, corresponding to the two propagator loops connecting
to the interaction vertex. The diagrams with two noncontract-
ible cycles on the torus do not enter at this order in g%, be-
cause they involve interactions other than F terms.



D. Sadri and M. M. Sheikh-Jabbari: The plane-wave/super Yang-Mills duality 893

a factor of J because these diagrams have a different
phase structure, which in the large-/ limit is larger by a
factor J than the nearest-neighbor diagrams.

The non-nearest-neighbor contributions do introduce
logarithmic corrections whether or not m # n. These dia-
grams are rarer than the nearest-neighbor one by a fac-
tor of 1/J2, but we again have an enhancement that com-
pensates for this, due to the phase structure. When we
sum over all contributions from the above graphs, we
must also consider the phase associated to the diagram
from the placement of the second impurity, as we had to
do when considering the two-point function in the free
theory.

The final result for the two-point function of the
single-trace BMN operators we have been considering is

J+2
<O,J],m(x)(9{],n(0)> = (W) {5,”"(1 + )\’Lmz)
2 1 ’ 1
+ g2|:an +A L<mann

2]}

with L=-In(|x[?A?) and the matrix M! given in Eq.
(7.15). This result holds for i #j. The matrix D! is
.

(7.16)

0, m=0orn=0;
2 > #0
—+— m=+n ;
D!, =43 #n¥ (7.17)

2 2 2

3 TP 2

The next question of interest, the significance of which
will become clear in the next subsection, is the correla-
tion function of a single-trace operator and a double-
trace one, and two-point functions of double-trace op-
erators. The double-trace operators have been defined
in Egs. (5.10), (5.12), and (5.19). The double-trace opera-
tors (5.19) contain two scalar impurities, and, as dis-
cussed in Sec. V.C.3, can be in (1,9), (1,3*), or (1,1)
tensor representations of SO(4) X SO(4). BPS operators
do not occur in the antisymmetric representation of Tl’]’n,
since Ofij]’nz—(?fijl_n. The correlators of nonsinglets
have been computed (Beisert, Kristjansen, et al., 2003a),
with the result

B 1 J+2
<Iz'l!j,r(x)T{j’S(O)> = (W) 5rs’

all other cases.

B 1 J+2 m2
(T} () T,(0)) = (_2) 5rs5mn<1 + NL—Z) )
O =\ :

;

() T(0)) =0
(i#j), up to order N\’ and g,. We see that the double-
trace operators are diagonal to order g,. Their mixing,
like the single-trace operators, begins at order g3. We

are considering here the SO(4) nonsinglet operators, but

(7.18)
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not making a distinction between the 9 and 3* represen-
tations. The results for the singlet representations are
complicated by the inclusion of the Tr(Z"Z/*!) term in
the definition (5.13). The 9, 3*, and 1 representations all
receive the same anomalous dimensions, and this degen-
eracy is a result of supersymmetry (see discussions of
Sec. V.C.3). Starting from any one of these representa-
tions, we may reach the others by transformations gen-
erated by combinations of supercharges, and these com-
binations commute with the dilatation operator.

The single- and double-trace operators mix at order
g2, with the overlaps, at first order in \’, being

(T},

ij,m

(x) O (0)) = (L)Jﬂ& r*2\1 = rsin®(7nr)
Va7 = |x|? 7 mm=-nr)?

( N' L(m? - mnr + n2r2)>
X1+ )

r2

o 1 \/*2g sin?(anr)
<Ti]f (X)Ol/],n(o» = (W) \T%(én’or— W)

X(1+ N\ Ln?). (7.19)

Do not be alarmed by the appearance of 1/ \J in these
expressions. When we come to rediagonalize the single-
trace operators in the next section, we shall see that the
1/J terms are compensated by sums (over r), and the
two-point functions of the rediagonalized single-trace
operators will receive contributions from such terms.

Extracting an overall power of g, in expressions like
(7.19), we can arrange the remaining terms into an ex-
pansion in powers of g%, i.e., in terms of planar and non-
planar diagrams.

At this order in g,, there are nonzero overlaps be-
tween double- and triple-trace operators, and at order g3
even overlaps between single-trace and triple-trace op-
erators. More generally, the overlap of a single-trace op-
erator with any ¢-trace operator begins at order g5 '. We
have ignored these corrections since they do not affect
the anomalous dimensions of single-trace operators at
order g3.

C. Operator mixings and an improved BMN conjecture

The results of the previous two sections have been
computed and presented in the BMN basis. These re-
sults are to be compared to those on the string theory
side of the duality according to the identification (5.7), in
which we are instructed to compare the eigenvalue spec-
trum of the string field-theory Hamiltonian to the spec-
trum of the dilatation operator minus the R charge in
gauge theory. This is a basis-independent comparison.
Alternatively, we may compare the matrix elements of
the operators on the two sides of the duality. The two
sides involve different Hilbert spaces, and the mapping
between the bases of these distinct Hilbert spaces is part
of the statement of the duality. We denote the basis on
the gauge theory side by {|a)guge} and on the string
theory side by {|@)sying}, With a labeling gauge theory
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states, and d the labels on the string side. We need an
isomorphism between the states of the two theories:

{|a>gauge} e {|&>string}a (720)

under the condition that the inner products on both
sides agree,

gauge<a| b>gauge = string<a| 6>string' (721)

The duality, in the proper basis, holds between these
matrix elements:

| H -
gauge<a|(D - \7)| b>gauge = string< al— ‘ b> . (7.22)
M string

In Sec. V.C.3 the text around Eq. (5.18) (the second
part of the SYM/plane-wave duality), we introduced a
specific mapping between the Hilbert spaces on either
side of the duality; however, we warned the reader that
Eq. (7.21) does not hold for the identification (5.18)
(more precisely, it only holds at g5 level). In this section
we intend to refine the correspondence between gauge
theory and string theory Hilbert spaces, taking account
of higher g, orders.

On the string theory side, there is a natural basis, the
one which diagonalizes the free string theory Hamil-
tonian. We shall refer to this basis as the free-string ba-
sis. In this basis, m-string states are orthogonal to
n-string states for m #n, and in fact this basis is ortho-
normal (see discussions of Sec. IV.C). The interactions
induce mixings between these states; this basis does not
diagonalize the full string field-theory Hamiltonian. For
example, at order g,, the cubic string field-theory Hamil-
tonian will cause transitions between one- and two-
string states.

On the gauge theory side we start with the BMN ba-
sis, but if we are interested in the full scaling dimensions,
including the anomalous dimensions, then we should
choose a basis that diagonalizes the dilatation operator.
This basis is referred to as the A-BMN basis (Georgiou
et al., 2003). Incidentally, in this basis the operators are
conformal primaries, and this is the basis in which the
two- and three-point functions take the forms (6.15) and
(6.15) required by conformal invariance. This basis
would correspond to the one on the string theory side
that diagonalizes the full string field-theory Hamil-
tonian, and is not the free-string basis we defined above.
The basis of BMN operators we have been working with
above are neither of these. They have well-defined scal-
ing dimensions at planar level, but nonplanar correc-
tions induce nondiagonal mixings between the single-
trace operators and between single-trace and multitrace
operators in general. For example, at toroidal level, the
classical (\'=0) scaling dimensions are no longer well
defined because of order g% mixings. This can be easily
seen by noting that single-trace and double-trace BMN
operators overlap at order g5, as in Eq. (7.19), and show
up at order g3 in two-point functions of single-trace op-
erators as in Eq. (7.16).

The results of Sec. VIL.B.1 can be cast in the form
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X204 04(0)) = Gy = N TgpIn([x[?A%) + O(N'2),
(7.23)

written in the BMN basis. We have introduced a nota-
tion whereby the indices a range over single-, double-,
and in general n-trace operators, and the operators
within each such class. This expression is written up to
first order in N\’, with the remaining terms of higher or-
der in A’. A is the classical (nonanomalous) scaling di-
mension. The matrix G, is the inner product on the
Hilbert space of states created by the BMN operators,
and I'y, is the matrix of anomalous dimensions.

The free-string basis can be constructed on the gauge
theory side by taking linear combinations of the original
BMN operators

|a>gauge = abob(o) |O>gauge7

with the BMN operator O, acting on the gauge theory
vacuum. When g, vanishes, this basis coincides with the
original BMN basis. Therefore, at order g, the change
of basis matrix I/ is simply the identity.

Perturbative corrections in powers of g, result in a
mixing between BMN operators with different numbers
of traces, and we must rediagonalize this set of operators
at each order in g, to maintain orthonormality of the
inner product G, to preserve the isomorphism with the
free-string basis. The change of basis is chosen such that

UGU =1, (7.25)
leading to

gauge<a|(D - \7)|b>gauge = [U(AO - J)Guf + Z/{FZ/[‘-]ab

(7.24)

=18, + Ly, (7.26)

with n counting the number of impurities in the operator

0,(0) creating the state |a)gayge, and I' the anomalous-
dimension matrix in the free-string basis. In the basis
where the inner product G is diagonal, the anomalous-
dimension matrix is symmetric. The matrix elements
(7.26) are to be compared to the matrix elements of the
string field-theory Hamiltonian in the free-string basis.
We shall return to this in Sec. VIIIL.

The change of basis implemented by I/ is not unique,
but all such choices are related by orthogonal transfor-
mations. We may make a unique choice, with one
subtlety involving BPS operators which we mention mo-
mentarily, by requiring that the matrix ¢/ implementing
the change of basis (7.25) be a real symmetric matrix.
This turns out to be the choice for which the matrix
elements of the rediagonalized operators can be
matched to the matrix elements on the string side in the
free-string basis. As we have already pointed out, in the
BMN basis, single-trace BPS operators do not mix with
single-trace non-BPS operators, and likewise for pairs of
double-trace operators, but they may mix with each
other. However, this mixing does not involve N’ correc-
tions, since both operators are BPS. This mixing will not
affect the anomalous dimensions. A similar pattern oc-
curs in the string field theory, where the sums over inter-



D. Sadri and M. M. Sheikh-Jabbari: The plane-wave/super Yang-Mills duality 895

mediate BPS states do not alter the string masses. The
correspondence between the string and gauge theory
sides of the duality then seems to contain ambiguities for
the BPS operators and their corresponding string states
(Beisert, Kristjansen, et al., 2003a); for example, we are
unable to distinguish between single-string and double-
string vacuum states, as well as single- and double-
graviton states. We shall comment on this point briefly in
Sec. IX. Mixing between BPS and non-BPS operators
can be dealt with by choosing a basis in which BPS op-
erators do not mix with non-BPS operators, regardless
of the number of traces; however, the degeneracy in the
BPS subspace remains.

We expand the diagonalizing matrix, the inner-
product matrix, and the matrix of anomalous dimen-
sions, to order g,:

U=1+gUY+0(g),
G=1+gG"+0(g),

I=T04gI'V4+0(g). (7.27)

U and G are the identity at zeroth order in g, since the
BMN operators start mixing among each other only at
order g, for single-trace and double-trace overlaps, and
at order g5 for single-trace overlaps with single-trace
with double-trace intermediate channels, while the non-
vanishing of I'”) to this order captures the first order (in
\’) anomalous dimensions of the unmixed BMN opera-
tors.

Inserting the expansions (7.27) into Eq. (7.25), we find
that the change of basis matrix U, to order g, involves
the term of the same order in the expansion of the inner-
product matrix, and since ¢/ is unitary, we have

1
U = - EG(”. (7.28)

We may also solve for I to first order in g,, using Eq.

(7.26) and expanding [ as above in Eq. (7.27), with ro
=I'®. This yields
r'=pro_ 1{G(1) I‘(O)} (7.29)
> , . .
We then have for the order g, rediagonalized matrix of
anomalous dimensions

0 T T
rw={rdh 0 0 (7.30)
i, 00

In writing this matrix, we have chosen to discard the
entries Correspondlng to the BPS operators an _o and
the combination \rT{]’n 0+ V1- rT” This combination is
chosen because it is orthogonal to 0’ n#0, which can
be easily seen from Eq. (7.19). The sub matrix involving
these BPS operators can be diagonalized using the free-
dom we mentioned in the discussion following Egq.
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(7.26). The remaining basis elements are chosen to cor-
respond to the non-BPS single- and double-trace BMN

operators given in O} T (n#0), and N1-rT},

ij,n>

—\r’ZJ in order. The entries of Eq. (7.30) in this basis
can be read off from Eq. (7.19), and are
FO o _ Sm_(_m”) (7.31a)
D V27
- h-r sin?(nr)
o —pw PR 7.31b
n,pr pr.n \‘”J}’ 2772 ( )

This procedure can be continued to higher-orders in g,
in an obvious way.

To read off the anomalous dimensions, we must
choose a basis that diagonalizes the dilatation operator.
This basis would simultaneously diagonalize both the
matrices G, and I';,. That such a diagonalization is pos-
sible (i.e., that these two matrices commute), can be ar-
gued from conformal invariance, since it implies that a
basis of operators with definite scaling dimensions (clas-
sical plus anomalous) can be chosen. This choice of basis
has been presented by Constable et al. (2002a, 2002b)
and Beisert, Kristjansen, et al. (2003a). Going to the
A-BMN basis, we find for the scaling dimension of
single-trace BMN operators with two impurities, at or-
der g3,

, 1 35
SN R Pt

for n#0 and with Ayg=J+2 for two impurities. For n=0,
the classical scaling dimension is protected against quan-
tum corrections by virtue of supersymmetry. Equation
(7.32) is the main (basis-independent) result of this sec-
tion, to be directly compared with the corresponding
string field-theory results of Sec. VIIL

Up to this point, our focus has been on the calculation
of two-point functions of BMN operators. One may
wonder whether three and higher point functions have
any relevance to the duality. The answer turn out to be
negative. In the ArXiv version of this review (Sadri and
Sheikh-Jabbari, 2003b), we address three and even
higher point functions, and some pathology in their be-
havior is noted.

(7.32)

VIll. PLANE-WAVE LIGHT-CONE STRING FIELD THEORY

As a theory which is described by a two-dimensional
o model plus vertex operators, string theory is a first-
quantized theory (Polchinski, 1998a) in the sense that all
its states are always on-shell states and can only be
found as external “particles” of an § matrix. However,
one may ask if we can have a theory allowing (describ-
ing) off-shell string propagation. Such a theory, which is
necessarily a field theory (as opposed to first-quantized
quantum mechanics), is called string field theory. The
on-shell part of “Hilbert space” of string field theory
should then, by definition, match with the spectrum of
string theory. There have been many attempts to formu-



896 D. Sadri and M. M. Sheikh-Jabbari: The plane-wave/super Yang-Mills duality

late a superstring field theory. See, for example, Witten
(1986a, 1986b), Berkovits et al. (2000), and for a review
Siegel (1988). However, the final formulation has not yet
been achieved. One of the major places where a string
field-theory description becomes useful and necessary is
when the vacuum (or background) about which we are
expanding our string theory is not a true, stable vacuum.
Such cases generally have the pathology of having tachy-
onic modes. This line of research has attracted a lot of
attention (Berkovits et al., 2000). In this section, we
study a simpler question, string field theory after fixing
the light-cone gauge, the light-cone string field theory, in
the plane-wave background. Being a light-cone field
theory, light-cone string field theory in the zero-coupling
limit only describes on-shell particles. Therefore the
“Hilbert space” of light-cone string field theory, where
the corresponding operators act, is exactly the same as
the one discussed in Sec. IV.C. The light-cone string field
theory in flat space for bosonic closed and open strings
was developed even before two-dimensional conformal-
field-theory techniques were available (Mandelstam,
1974; Arfaei, 1975, 1976) and then generalized to super-
symmetric open (Green and Schwarz, 1983) and closed
(Green et al., 1983) strings. A comprehensive discussion
of light-cone string field theory on flat space can be
found in Chapter 11 of Green et al. (1987b).

Here we first very briefly review the basic tools and
concepts needed to develop light-cone closed super-
string field theory and then focus on the plane-wave
background. Using the symmetries, including supersym-
metry, we fix the form of the cubic string vertices and
then in Sec. VIII.C study second-order terms (in string
coupling) in the light-cone string field-theory Hamil-
tonian.

A. General discussion of the light-cone string field theory

The fundamental object in light-cone string field
theory is the string field operator ®, which creates or
destroys complete strings, i.e.,

d:H,, —H,,.q, (8.1)
where H,, is the m-string Hilbert space (see Sec. IV.C).
In the light-cone theory, ® is a function of x* and p*
(light-cone time and momentum), as well as string
worldsheet fields X'(o), O.p(0), and 6,4(0), where
X (0)=X"(o,7=0) and likewise for the other fields. Of
course it is also possible to consider the “momentum”-
space representation, in which @ is a function of
Pl(0), Nop5(0), and N,i(0), with N equal to —i times the
momentum conjugate to 6, i.e.,

1

B oma

1
i |
Oupr  Nap=

A ma 6B

(8.2)

Here we mainly consider the momentum-space repre-
sentation. Noting the commutation relations (4.12) and
(4.30), we find that
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X'(o)=i 6 )
o)=i——, -
oP (o) \(0)
As in any light-cone field theory, the light-cone dy-
namics of & is governed by the nonrelativistic
Schrodinger equation

Oup(0) =i (8.3)

J
HSFTCD—lé’er(I), (8.4)
where Hgpr is the light-cone string field-theory Hamil-
tonian. In principle, in order to study the dynamics of
the theory, we should know the Hamiltonian, and ob-
taining the Hamiltonian is the main goal of this section.
As usual we assume that Hgpr has an expansion in pow-
ers of string coupling and at the free string theory limit it
should be equal to the Hamiltonian coming from the

string theory o model. In our case this is Hfzc) [cf. Eq.
(4.33)] :

Hsrr=Hio +gHY + gHW + -+ (8.5)

Our guiding principle for obtaining g, corrections to the
Hamiltonian is to use all the symmetries of the theory,
both bosonic and fermionic, to restrict the form of such
corrections. In the case of flat space these symmetries
are so restrictive that they completely fix the form of
H® and all the higher-order corrections (Green and
Schwarz, 1983; Green et al., 1983). In the plane-wave
case, as we discussed in Sec. II.B, the number of symme-
try generators is less than in flat space. Nevertheless, as
we shall see, the number of symmetry generators is large
enough to determine H® up to an overall p*-dependent
factor.

Let us now come back to Eq. (8.4) and try to solve it
for free strings. This will give some idea of what the
free-string fields @ look like. Let us first consider the
bosonic strings with the Hamiltonian (4.14). We shall
work in the momentum basis.

Hereafter we shall set o’ =2; instead of p* we shall use
a=a'p* and e(x)=sign(x)=|x|/x. If necessary, powers of
a' can be recovered on dimensional grounds.

Since in the Hamiltonian there are J,X terms, it is
more convenient to use Fourier modes of X/(¢) and
Pl(0), i.e., we use Eq. (4.9) at 7=0. However, in order to
match our conventions with those of the literature
(Sprandlin and Volovich, 2002, 2003a; Pankiewicz,
2003a) we need to redefine the «,, and &, modes:

1 , .
X'(0) = xp+ =2 [x], - ie(n)x! ), Je"™",
V2 n#0

1 1 )
1 _ 1, = 1 . I inola
Plo)=3—1po+ v’Ego[”‘"' —ie(n)pZ), e |

(8.6)

. N7/~ . A/~
where x! —ix! =\2/w,(&,+a)), ip! +p!  =w,/2(a@,~a)),

n>0. Using these x, and p,(n € Z), one can introduce
another basis for creation-annihilation operators which
is usually used in the light-cone string field theory (Spra-
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dlin and Volovich, 2002) and whose indices range from
—00 to +00:

1 1
a,=—+=(a,+a,), a,=—Fx(a,-a,), n>0, (8.7)
V21 V2
where ay=«,. Likewise for fermions,
1 -
bn= ?(Bﬂ"'ﬂn)» b7n= _’_(IB ﬁn) n >05
V2i V2
(8.8)

and by= . It can be readily seen that

[an,a;rn] = S {bn,bjn} =8pp, NeE,

where all the bosonic and fermionic indices have been
suppressed. The light-cone Hamiltonian (4.33) in this ba-
sis is H\2=3, . w,(ala,+bb,).

Since [x!,p!1=i8"8,, or equivalently x'=i(8/é&p’),
the Hamiltonian (4.14) written in terms of these Fourier
modes becomes

2) 1 - 1 2 2
HE =~ 2 pn+4wnxn

5}

and hence the eigenfunctions of the Schrodinger equa-
tion (8.4) are products of (an infinite number of) mo-
mentum eigenfunctions ¢y (p,), where N, is the excita-
tion number of the nth oscillator with frequency w,/a.
Being a momentum eigenstate, (Vo,/ 2)(af,+an) (P,
=p,¥(p,) implies that

2\ 1 2 1
o0 =) "exp| L2 2y~ Lala |
n

n Vw,

n=—o0w

A5 [t

n=—w

The string field ® is a linear combination of these
modes, i.e.,

D[p,]= E ¢{N} H v, (P

n=-w

(8.10)

To quantize the string field theory, as we do in any
field theory, we promote ¢,y to operators acting on the
string Fock space where it destroys or creates a com-
plete string with excitation number {N,;} at 7=0. Explic-
itly ¢py y:H,,— 1,21 and ¢y j[vacuum)=|{N,}). Next we
promote all the superalgebra generators to operators
acting on the string field-theory Hilbert space. We shall
generically use hatted letters to distinguish string field-
theory representations from those of first-quantized
string theory. As for the generators in the plane-wave
superalgebra, as discussed in Sec. IV.D, the kinematical
ones depend only on the zero modes of strings and the
dynamical ones are quadratic in the string creation-
annihilation operators. Therefore, at the free string
theory limit (zeroth order in g,), the dynamical
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PSU(2|2) X PSU(2|2) X U(1)_ superalgebra generators,
Jl], Jab, QA(;;, QAS);, and 7:((2), should be quadratic in the
string field @, for example,

. 1
H? == | adaD®p(c) D\ () D THZ D, (8.11)
2

with Sp(o)=1T;_, dp, and D®\(o)=I,_ .\

Xd)\“ﬁd)\mﬁdhmﬂ Note that all these operators preserve
the string number i.e., they map H,, onto H,,.

Now let us use the supersymmetry algebra (cf. Secs.
I1.B.1 and II.B.2) to restrict and obtain the corrections
to supersymmetry generators once string interactions
are turned on. The kinematical sector of the superalge-
bra, as well as P*, are not corrected by the string inter-
actions, because they depend only on the zero modes (or
center-of-mass modes) of the strings and do not have the
chance to mix with other string modes. Among the dy-

namical generators, J,/,Jab, being generators of a com-
pact SO(4) XSO(4) group, cannot receive corrections,
because their eigenvalues are quantized and cannot vary
cotinuously (with g,). Therefore only Q and H can re-
ceive g, corrections. We have parametrized the correc-

tions to H as in Eq. (8.5) and similarly the Q’s can be
expanded as

A0) A4)
Q aB Q + 8s Q + Q +

where the superscripts (3) and (4) in Egs. (8.5) and (8.12)
show that they are cubic and quartic in the string field ®;
more precisely,

9,00 00t — My,

(8.12)

(8.132)

H® 0! B,Q G, — H,y U Hys. (8.13b)

These g, corrections, however, should be such that H

and Q still satisfy the superalgebra. This, as we shall
show momentarily, will impose strong restrictions on the
form of these corrections. From Egs. (2.24), (2.26),
(2.34), and (2.35), and the fact that the algebra should
hold at any x*, we learn that

[, X1 =0, [Q".X1]=0, (8.14a)
[H™,P11=0, [O™ P=0, n>2. (8.14b)

Note in particular that Eq. (8.14b) means that the inter-
action parts of H and Q are translationally invariant,
while the quadratic parts of H and Q do not have this
symmetry [cf. Egs. (2.26) and (2.34)]. Similarly Egs.
(2.32) and (2.39) imply that

Uf{(n)’éaﬁ] _ [7:((")»402/3] =0, (8.15a)

[0".4up] =[0".4ugl =0, n>2, (8.15b)

and finally since P* commutes with all generators,
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[A".P]=0, [O".F]=0 n>2. (8.16)

B. Three-string vertices in the plane-wave light-cone string
field theory

Let us now focus on the three-string vertex. We shall
be working in the sector with light-cone momentum p*
# 0. Hereafter we shall relax the positivity condition on
p* [see Eq. (4.3)] and take the incoming states to have
p*>0 and the outgoing states p* <0 (Sprandlin and Vo-
lovich, 2002). Without loss of generality we can assume
that string one and string two are incoming and string
three is outgoing. The physical quantities, such as P! and
A% of the rth string (r=1,2,3) will be denoted by P{,
and )\f“,f In order to guarantee Egs. (8.14b), (8.15), and
(8.16), which are nothing but the local momentum con-

servations of bosonic and fermionic fields, H®,0®
must be proportional to

3 3 3 ) 3
A{E p(,)(a)} AS[E xf;?(«r)] AS[E xff(o)] 5(2 am)
r=1 r=1 r=1 r=1

where the A functionals are products of (an infinite num-
ber of) & functions of the corresponding argument at
different values of ¢. In sum, so far we have shown that

HO = J duzHy®(1)D2)D(3),

0% = f dps0:P(1)P(2)D(3), (8.17)
where ®(r) is the string field of the rth string, Hj, Q5
=H3,05(ay), Py, X, 0), ) are to be determined
later using the dynamical part of the superalgebra, and

3 3
dps= (H da(D*P(,)(0) D*\ (o )) AS[E P fr)(‘f)]
r=1

r=1

3 3 ) 3
XAS[E xgﬁ*(a)} AS[Z xf;/f(a)] 5(2 a(,)).
r=1 r=1 r=1

(8.18)

We note that Eq. (8.14a) and its fermionic counterpart
[which is a combination of Egs. (8.15a) and (8.15b)]

should still be imposed on H® and O®). Since Egs.
(8.14)—(8.16) are exactly the same as their flat-space
counterparts (Green and Schwarz, 1983; Green et al.,
1983), much of the analysis of Green et al. (1983; Green
and Schwarz, 1983) carries over to our case.

1. Number-operator basis

Since in the string scattering processes we generally
start and end up with states that are eigenstates of the
number operator N,, (i.e., they have definite excitation
number) rather than the momentum eigenstates, it is
more convenient to rewrite Eq. (8.17) in the number-
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operator basis; in fact this is what is usually done in the
light-cone string field-theory literature (for example, see
Green et al., 1987b, Chap. 11).

Since H; and Q3 do not depend on the string field, we
can simply ignore them for the purpose of converting
the basis to a number-operator basis and focus on the
measure dus and ®(r). For this change of basis we need
to write down explicitly ¢y (p,)’s [cf. Eq. (8.10)] and

perform the momentum integral. To identify H® and

0% it is enough to find their matrix elements between
two incoming strings and one outgoing string [see Eq.
(8.13)]. However, it is more convenient to work with
|H®),|0®)) € H; where

(1] ® IHO3)y = (1| ® 2| ® (3'|H®) (8.19)

and similarly for |Q®). In the above (3’| and |3) are
related by worldsheet time reversal, in other terms (3’|
=(v|®(3)" while ®(3)|v)=|3) (for more details see Green
et al., 1987b). Then, when we define |V3) as

3 o0
|V3>=[fdl/~3n II ¢(Pn):||">3,

(8.20)

r=1 n=—o0

where a |v); is a three-string vacuum, |H®)) and|Q®))
take the form

[H®) = H3|V3),  [09) = 04| V3).

H; and Q5 are operators acting on three-string Hilbert
space H; and as we shall state in the next subsection Q5
is linear and Hj; is quadratic in bosonic string creation
operators. |V3) itself maybe decomposed into a bosonic
part |E,) and a fermionic part |E,) (Green et al., 1987b;
Spradlin and Volovich, 2002)

V) =|E,) ® |Eb>5<2 ar) .

r

(8.21)

(8.22)

The notation a and b for bosons and fermions stems
from our earlier notation in which the bosonic and fer-
mionic creation operators where denoted by af, and
b, nel.

As mentioned earlier, Eq. (8.14a) and a part of Eq.
(8.15) should still be imposed on |H®) and |Q®). These
are nothing but the worldsheet continuity conditions,

3

> ela) X (o) H) =0,

r=1

3
> e(a) 6f(o)|HY) = 0,

r=1

3

> e(a,) 6(0)| H®) =0,
r=1

(8.23)

and similarly for |Q®®).

We omit all the details of the computations and only
present here the final result. More details may be found
in the ArXiv version of this review (Sadri and Sheikh-
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o=2m(a. +a.,)

FIG. 6. Three-string interaction vertex in the light-cone gauge.
Note that, due to closed string boundary conditions, o=0, o
=27ay, and o=27(a;+a,) are identified and 7 is the interac-
tion point.

Jabbari, 2003b), as well as in Spradlin and Volovich
(2002) and Pankiewicz and Stefanski (2003b).

2. Interaction-point operator

In this section we use the dynamical PSU(2|2)
XPSU(2]2) xU(1)_ superalgebra to determine the
“prefactors” H; and Qs [cf. Egs. (8.17) or (8.21)]. To do
this we expand both sides of Egs. (2.37) and (2.40) in
powers of g, and note that the equality should hold at
any order in g,. At first order in g, we obtain

[H®, Q(O)]+[H(2 0" ] 0, (8.24a)

{0 (0O) 1 +{00)(0) ) =2€,,e M. (8.24b)

The equations for Qdﬁ are quite similar and hence we do
not present them here. In fact, as in the flat-space case,
one can show H; and Q3 as a function of the worldsheet
coordinate o should only be nonzero at the interaction
point (see Fig. 6) o=2ma; (Green et al., 1987b, Chap.
11). These equations, being linear in Q3 and Hj, only

allow us to determine H® and Q(3) up to an overall
p-dependent (or more precisely o’ up*-dependent) fac-
tor. This should be contrasted with the flat-space case, in
which besides the above there is an extra condition com-
ing from the boost in the light-cone directions (gener-
ated by J*~ in the notations of Sec. II.B.1; Green et al.,
1983). In the plane-wave background, however, this
boost symmetry is absent and this overall factor should
be fixed in some other way, e.g., by comparing the string
field-theory results with their gauge theory correspon-
dents (which are valid for &’ up*™>1) or by the results of
supergravity on the plane-wave background (which are
trustworthy for o’ up*<1). Here we skip the detailed
analysis and present only the final result [a more elabo-
rate discussion of how to solve Egs. (8.20) and (8.24) as
well as the expression for |E,) can be found in the arXiv
version of this review, Sadri and Sheikh-Jabbari, 2003b,
and references therein]:
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H)=

3
1) ppipe S 5(2 )2 )

r=1 r=1 nel %

aZ(r)ain(r)”Ea)v (825)

where w,()=\n’+pu’a; and f(u) [or more precisely
fla'up™)] is an overall factor that is not fixed through
the superalgebra requirements.

We would like to note the Z, behavior of |H®). This
7,, as discussed in Sec. II.B.1, exchanges the two SO(4)’s
of SO(4) X SO(4) 1sometry From Eq. (8.29) it is evident
that an(,)a ()~ ,)afn(, is odd under Z,. However, as we
argued in Sec. IV.C the vacuum |v) is odd under 7Z,,
therefore altogether |H®)) is Z, even. Of course with a
little bit of work, one can show that this property is also
true for the full expression of Hj.

Before closing this subsection we should warn the
reader that in most of the plane-wave string field-theory
literature (e.g., Spradlin and Volovich, 2002, 2003c)
SO(8) fermionic representations together with an

SO(8)-invariant vacuum |0) or |0) [see Eq. (4.37)] have
been used. In the SO(8) notation, unlike our case, this 7,
symmetry is not manifest. It has been shown that the
SO(4) X SO(4) formulation we presented here and the
SO(8) one are indeed equivalent (Pankiewicz and Ste-
fanski, 2003a). In the SO(8) notation it is very easy to
observe that, as one would expect, this formulation in
the p©—0 limit goes over to the well-known flat-space
result; this point can be (and in fact has been) used as a
cross check for the calculations.

o
X (a;(r)al—n(r) -

C. One-loop corrections to the string spectrum; plane-
wave, light-cone string field-theory analysis

In this section we shall test the plane-wave/SYM du-
ality at O(g3) by working out the one-loop corrections to
the single-string spectrum. Explicitly, we run the machin-
ery of quantum-mechanical time-independent perturba-
tion theory with the Hilbert space H and Hamiltonian

H. One might also try to use time-dependent perturba-
tion theory starting with string wave packets to study
string scattering processes. This possibility will not be
pursued here; we shall only make some comments about
it later on in this section and also in Sec. IX.

It is easy to see that, at first order in g, time-
independent perturbation theory gives a vanishing result

for energy shifts, i.e., (YH®|)=0 for any |¢) e I, (of
course one should consider degenerate perturbation
theory; nevertheless, this result is obviously still true).
Therefore we should consider the second-order correc-
tions. For that, however, we need to work out HW. So, in
this section we shall first continue the analysis of Sec.
VIIL.B and work out the needed parts of HP. As we
shall see, to compare the gauge theory results of Sec.
VII with the string field theory side we do not need to

have the full expression for H®, which considerably
simplifies the calculation.
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1. Four-string vertices

The procedure of finding H@W and Q(4) is essentially a
direct continuation of the procedure of the previous sec-
tion; i.e., solving the continuity conditions (8.14), (8.15),
and (8.16) together with the constraints coming from the
dynamical supersymmetry algebra, which are

(A0 +[H®,000+[H®,00]1=0,  (3.262)

{00, (09} +{0). (0} +{0). (0™}

=2€,,eHY. (8.26b)

The important point to be noted is that H™® contains
two essentially different pieces, one that does not
change the string number and the other that changes
string number by two [see Eq. (8.13b)]. In fact, in our
analysis to find mass corrections to single-string states,

we need to calculate (¢{H™|y),|) e H,. We then note

that O is quartic in the string field ® and that Q©
maps H; onto H;. Therefore the terms in Eq. (8.26b)

involving Q(4) do not contribute to the energy shift of
single-string states at the gf level. This in particular

means that we need not calculate Q(‘”, and therefore we
have all the necessary ingredients for calculating the
one-loop string corrections to the string mass spectrum.

2. One-loop corrections to the string spectrum

In this subsection we compute the mass shift to the
string state in the (9,1) representation of SO(4)
X SO(4) (see Sec. IV.C), i.e.,

1 ( i T +
ij),n) = —=| a &’T+a’T&lT——5']akT&k') V), (8.27
|(]) > \5 n “n n“n 2 n “'n | > ( )
where it is easy to show that
o N
((kl),m|(if),n) = 5,,1n<5’k5"+ s'ok - 55{!5“). (8.28)
For other states, as a direct result of the superalgebra,

we expect to see the same mass shift.
The corrections to the mass at order g receive contri-

butions from second-order perturbation theory with HO
and first-order perturbation with H®:

SEY =gf< >

1,26H22

1 KL.2[H ), m)
E) - Ef)

3)

1 ” ” .
+ §<(ij),n|{QLﬁ,Q“”“B}I(ij),m) : (8:29)
The extra factor of % in the first term comes from the
fact that this term arises from a second-order perturba-
tion theory, e5*%=¢5[1+ 85 +%(5S)2] or, in other words,
it is due to the reflection symmetry of the one-loop light-
cone string diagram (Roiban et al., 2002) while the factor
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of é in the second term is obtained noting Eq. (8.26b)

after taking the trace over ap and B\ indices. Note that,
since the Hamiltonian is a singlet of SO(4) X SO(4) X Z,,
and also following our superalgebra arguments, we ex-
pect states in different irreducible SO(4) X SO(4) repre-
sentations not to mix and hence we use nondegenerate
perturbation theory. Here we skip the details of the
computations and the interested reader is referred to the
arXiv version of this review (Sadri and Sheikh-Jabbari,
2003b) or Pankiewicz (2003b). The one-loop contribu-
tion to the single-string mass spectrum is (Roiban et al.,
2002; Pankiewicz, 2003a)

Ng( fw) V(1 35
SEY = —2<— — .
L e 2mplal 12+32772n2

Choosing f(,u)zZmﬁa% for large u, this result is in pre-
cise agreement with the gauge theory result of Eq.
(7.32). In fact it is possible to absorb f(w) into g,, the
string field-theory expansion parameter, i.e., the effec-
tive string coupling is

(8.30)

g =g fla’ up*) ~ g’ up*)? = &3, (8.31)

where ~ in the above shows the large-u limit.

3. Discussion of the string field-theory one-loop result

Here we would like to discuss briefly some of the is-
sues regarding the large-u expansion and the string
field-theory one-loop result (8.30). As we discussed, Eq.
(8.30) was obtained by allowing only the “impurity-
conserving” intermediate string states in the sums (8.29).
However, at the same order one can have contributions
from string states that change impurity by two. For the
impurity-nonconserving channel, the matrix elements of
the first term of Eq. (8.29) are of order u?> while they are
of order u in the impurity-conserving channel (Pearson
et al., 2003; Spradlin and Volovich, 2003a, 2003c). More-
over, the energy difference denominator in the impurity-
changing channel is of order u, while it is of order x~! in
the impurity-conserving channel. Therefore, altogether
the contributions of the impurity-conserving and
impurity-nonconserving channels are of the same order,
and from the string theory side it is quite natural to
consider both of them. However, the available gauge
theory calculations are only in the impurity-conserving
channel; this remains an open problem to be addressed.

The other point, which should be taken with a grain of
salt, is the large-u expansion. In fact, as we see in Eq.
(8.29), sums may contain energy excitations ranging
from zero to infinity. On the other hand, to obtain the
large-u expansion generically it is assumed that o,
=\n’+(a’'up*)? can be expanded as o' up*+n*/a’ up*
+--+; this expansion is obviously problematic when # is
very large. In other words, the large-u expansion and
the sum over n do not commute. In fact, it has been
shown that if we do the large-u expansion first, we will
get contributions that are linearly divergent (they grow
like u; Roiban et al., 2002), leading to energy corrections
of the order ,ug%\sw. However, if we do the sum first and
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then perform the large-u expansion, we get a finite re-
sult for any finite value of w. This is expected if the
results are going to reproduce the flat-space results in
the p©—0 limit. This divergent result from the gauge
theory point of view, being proportional to Y\ seems
like a nonperturbative effect (Klebanov et al, 2002;
Spradlin and Volovich, 2003a).

IX. CONCLUDING REMARKS AND OPEN QUESTIONS

In this review we have presented a new version of the
string/gauge theory correspondence, the plane-wave/
SYM duality, and spelled out the correspondence be-
tween various parameters and quantities on the two
sides. As evidence for this duality we reviewed the
gauge theory calculations leading to the spectrum of free
strings on the plane wave as well as one-loop corrections
to this spectrum, showing strong support for the duality.
There have been many related problems pursued in the
literature, which are interesting in their own right but
which are beyond the scope of a pedagogical review.
However, we would like to mention some of these top-
ics:

e Plane-wave/SYM duality for open strings

The plane-wave/SYM duality we discussed in this re-
view was constructed for (type-IIB) closed strings. The
extension of the duality to the case of open strings has
been studied, for example, by Berenstein, Gava, et al.,
2002; Gomis et al., 2003a; Imamura, 2003; Lee and Park,
2003; Skenderis and Taylor, 2003; and Stefanski, 2003.

e String bit model and quantum-mechanical model for
BMN gauge theory

In the large-u limit one can readily observe that in Eq.
(4.6) we can drop the (9,X)? term against the mass term
w>X?. This in particular implies that in such a limit
strings effectively become a collection of some number
of massive particles, the string bits. Hence it is quite
natural to expect the large-u dynamics of strings on the
plane-wave background to be governed by a string bit
model (Vaman and Verlinde, 2002; Verlinde, 2002; Zhou,
2003) in which the effects of string tension and interac-
tions are introduced as interaction terms in the string bit
Lagrangian. The proposed string bit model consists of J
string bits of mass w, with permutation symmetry and,
more importantly, PSU(2|2) X PSU(2|2) X U(1)_ symme-
try built into the model. The action for the string bit
model, besides the kinetic (quadratic) term, has cubic
and quartic terms, but terminates at the quartic level, as
dictated by supersymmetry. The model has been con-
structed (or engineered) so that it gives the free-string
mass spectrum. Moreover, one of the basic predictions
of the string bit model is that the genus counting param-
eter g, would always appear through the combination
N g% [see Eq. (1.13)]. This result, however, has been chal-
lenged by yet another quantum-mechanical model of the
BMN gauge theory, constructed to capture the dynamics
of BMN operators. The Hamiltonian for this quantum-
mechanical model is the dilatation operator of the N
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=4 SYM, and its Hilbert space is the set of BMN states
with two impurities (Eynard and Kristjansen, 2002; Bei-
sert, Kristjansen, et al., 2003b; Kristjansen, 2003; Spradin
and Volovich, 2003b).

e D-branes in plane-wave backgrounds

Here we have studied only strings on the plane-wave
background. However, type-IIB string theory on this
background also has D-brane solutions. Similar to the
flat-space case, D-branes on the plane-wave background
can be studied by introducing open strings in the type-II
theory and imposing Dirichlet boundary conditions on
them (Polchinski, 1995), or equivalently by giving the
closed-string description through the boundary-state for-
mulation (Callan et al., 1996). Both approaches have
been pursued for D-branes in the plane-wave back-
ground; see Billo and Pesando, 2002; Dabholkar and
Parvizi 2002; and Bergman et al., 2003 for examples.

In general, D-branes in the plane-wave background
can be classified into two sets, those which are “paral-
lel,” meaning that they include x~ along their worldvol-
ume, and those which are “transverse,” in which the x~
direction is transverse to the worldvolume. It has been
shown that in the plane-wave background we can have
(half-supersymmetric) ~“paralle]” D,-branes for p
=3,5,7, which are localized at the origin of the space
transverse to the brane (Dabholkar and Parvizi, 2002).
“Parallel” D ,-branes in plane-wave backgrounds, other
than the maximally supersymmetric one, have been un-
der intensive study. ' Topics studied include their super-
symmetric intersections, D-brane interactions, their
worldvolume theory, and the corresponding supergravity
solution.

As for the transverse D-branes, one can in fact show
that the only half-supersymmetric brane solution of the
maximally supersymmetric plane-wave background is a
spherical three-brane, which is a giant graviton
(McGreevy et al., 2000). The role of these giant gravitons
in the context of plane-wave/SYM duality has not been
explored in detail. However some useful preliminary
analyses have been made by Balasubramanian et al
(2002) and Metsaev (2003).

e T duality on plane-wave backgrounds

One of the other interesting directions in which the
literature has grown is the question of extending the
usual 7 or § dualities, which are generally studied for
flat-space backgrounds, to plane waves. T duality is
closely tied with compactification. Compactification is
possible along directions that have translational symme-
try (or along the Killing vectors). In the coordinates we
have adopted for plane waves [see Eq. (2.4)] such isom-

19See, for example, Alishahiha and Kumar, 2002; Biswas et
al., 2002; Ganor and Varadarajan, 2002; Kumar et al., 2002;
Michishita, 2002; Skenderis and Taylor, 2002; Bain, Meessen,
and Zamaklar, 2003; Bain, Peters, and Zamaklar, 2003; Chan-
drasekhar and Kumar, 2003; Gaberdiel et al., 2003; Hyun et al.,
2003; Kim et al., 2003; Ohta et al., 2003; Sadri and Sheikh-
Jabbari, 2003; Sarkissian and Zamaklar, 2003.
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etries are not manifest. However, as we have extensively
discussed, there are a pair of eight spacelike Killing vec-
tors [L;/s and K;’s in Eq. (2.24)], and hence by a suitable
coordinate transformation we could make them mani-
fest. Such a coordinate transformation would necessarily
involve using a “rotating frame” (Michelson, 2002). (Of
course the possibility of lightlike compactification along
the x~ direction always exists.) Upon compactification, in
the fermionic sector we need to impose nontrivial
boundary conditions on the (dynamical) supercharges
and we may generically lose some supersymmetries.
That is, T duality may change the number of super-
charges. One can also study 7 duality and the Narain
lattice at the level of string theory. However, on the
plane-wave background the 7-duality group is generally
smaller than its flat-space counterpart; studies of com-
pactification and 7 duality on the plane-wave back-
ground include those of Michelson (2002); Alishahiha et
al. (2003); Bertolini et al. (2003); Mizoguchi et al. (2003a);
and Sadri and Sheikh-Jabbari (2003a).

e “Semiclassical” quantization of strings in the AdSs
X §° background
The BMN sector of the AN'=4 gauge theory is defined
as a sector with large spin R-charge J. One may ask
whether it is possible to make similar statements about
the states with large spin S. It has been argued that the
string o model on the AdSs X S° background takes a par-
ticularly simple form for strings with large spin, and one
could quantize them semiclassically (Gubser et al., 2002).
This has opened a new line of explorations of the AdS/
CFT correspondence. Among many useful references
we mention Alishahiha and Mosaffa, 2002;. Frolov and
Tseytlin, 2002; Mandal et al., 2002; Russo, 2002; Aru-
tyunov et al., 2003; Beisert, Frolov, et al., 2003; Beisort,
Minahan, et al., 2003; Minahan, 2003; Tseytlin, 2003.
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APPENDIX A: CONVENTIONS FOR N=4,D=4
SUPERSYMMETRIC GAUGE THEORY

There are various formulations of the A'=4 supersym-
metric Yang-Mills theory, three of which are most com-
monly encountered in the literature. One is based on
dimensional reduction of the 10-dimensional component
formulation of SYM theory, another realized by writing
the Lagrangian in terms of N=1 superspace gauge
theory coupled to a set of chiral multiplets, and the third
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a formulation of the A’=4 SYM theory based on N=2
harmonic superspace. The first one is more useful when
actually computing Feynman diagrams and studying the
combinatorics which lead to the double expansion char-
acteristic of the double scaling limit proposed by Beren-
stein, Maldacena, and Nastase, and it is the one we have
used performing the computations of Sec. VI.

We use the mostly minus metric convention, g,,
=diag(+,—,—,—). The Lagrangian (and field content) of
the A'=4 super Yang-Mills theory can be deduced by
dimensionally reducing the 10-dimensional A=1 SYM
theory (with 16 supercharges) on T° (which preserves all
supersymmetries). There is a single vector, four Weyl
fermions, and six real scalars, all in the adjoint represen-
tation of the gauge group. The reduced Lagrangian, in
component form, is

1 1 o -
L=—Trl-~F, pm F,
@t r( S Pl 4 e fwl

6 4
+ 2 D, ¢'D*¢ + X, iVATHD W 4
i=1 A=1
1 6 4 6
+5 2 [ ¢+

\PAF’W‘,\PA]). (A1)
2i,j=1 A=1 i=1

Decomposing the 10-dimensional Dirac matrices yields
four- (T'*) and six- (I'') dimensional ones. This Lagrang-
ian is manifestly invariant under a U(N) gauge symme-
try. The generators of U(N) are chosen with the (non-
standard) normalization

Tr(t4¢?) = 58

(A,B=1,...,N?), and satisfy the Lie algebra commuta-
tor relation and the appropriate completeness relation

(4,651 = if P4,

Sap(tMp(tB)s = 855, (A2)

a,b=1,...,N, since these are the generators in the ad-
joint representation. The fields take values in the U(N)
algebra

x(x) = x (),

with y any of the fields in the N'=4 multiplet. The sums
above are taken over the N°—1 generators of SU(N) and
the single generator of the U(1) factor in U(N). The
covariant derivative is defined as D,x=d,-iA,, x].
When diagrams are computed, the Feynman gauge is
chosen to simplify calculations, taking advantage of the
similarity between scalar and vector propagators in this
gauge. There is also a global SU(4) ~SO(6) R symmetry,
under which the scalars ¢ transform in the fundamental
of SO(6), and the fermions ¥, in the fundamental of
SU(4)=spin(6). The vectors are singlets of the R symme-
try. The 6 term counts contributions from nontrivial in-
stanton backgrounds, which is ignored when one as-
sumes the trivial vacuum.
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APPENDIX B: CONVENTIONS FOR 10-DIMENSIONAL
FERMIONS

We briefly review our conventions for the representa-
tions of Dirac matrices in ten dimensions. We use the
mostly plus metric. As for the 10-dimensional indices,
mainly used in Sec. IV, we use greek indices u,v,... to
range over the curved (target-space) indices, while hat-

ted latin indices a ,l;,... denote tangent-space indices,
and /,/=1,2,...,8 label coordinates on the space trans-
verse to the light-cone directions. In the plane-wave
background, it is more convenient to decompose /,J in-
dices into i,j and a,b, each ranging from one to four. In
this review, unless explicitly stated otherwise, the a,b
indices will denote these four directions. The curved-
space gamma matrices are then defined via contraction
with vierbeins, as usual, F“:efi‘l"‘i.

We may rewrite the two Majorana-Weyl spinors in 10-
dimensional type-ITA and -1IB theories as a pair of Ma-
jorana spinors x*, a=1,2, subject to the chirality condi-
tions appropriate to the theory,

where for the second spinor we choose — for nonchiral
type-11A and + for chiral type-IIB theories, and treat the
index « labeling the spinor as an SL(2,R) index. Type-II
string theories contain two Majorana-Weyl gravitinos
and two dilatinos A% a=1,2, which are of the same
chirality in IIB and of opposite chirality in IIB.

Ply'= + ¢, (B1)

1. Ten-dimensional fermions in SO(8) representations

The Dirac matrices in ten dimensions obey
{1y =2g"". (B2)

A convenient choice of basis for 32X 32 Dirac matrices,
which we denote by I'#, can be written in terms of 16
X 16 matrices y* such that

0 \2 0 0
F+=i< v ) F‘:i( - )
0 0 v2 0

0 -+ 0 -9

and the ' satisfy {y/,9'}=26;, with §;; the metric on the
transverse space. Choosing a chiral basis for the y’s, we
have y®=diag(1g,~1g). The above matrices satisfy

f=-r7, (M)=-T% (I)’=T)=0,

(B3)

{r',rs=o0, {r'ry=o, [r+rY1=o, (B4)

and I'*I'/---T'T'*=0 if the same signs appear on both
sides.

We define light-cone coordinates x*=(x"+x%)/2 and
likewise for the lightlike gamma matrices I
=(I+T9)/42, and also define antisymmetric products of
v matrices with weight one, Y/ KL= lly/. . )KL,
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We may choose our 10-dimensional, 32-component
Majorana fermions ¢ to satisfy

Ty =0, Iy =0. (BS)
Noting Eq. (B3), it can easily be seen that
o) oo(1) et o
0 b,

where ¢ can be thought of as SO(8) Majorana fermi-
ons, and the real 9/ matrices as 16X 16 SO(8) Majorana
gamma matrices. Moreover, we have

(8) 4+
. (Y _ 0
Iy =( 0 >, Iy =(_ y(s)%),

ie., the 10-dimensional chirality is related to
8-dimensional SO(8) chirality as indicated in Eq. (B7).

Now let us focus on the type-IIB theory where the
maximally supersymmetric plane wave is defined. In this
case we start with fermions of the same 10-dimensional
chirality. Then, as stated in Eq. (B7), ¢ should have
+SO(8) chirality. Explicitly, we have

(Y= + U

Therefore, in the type-IIB theory +/— can also be under-
stood as SO(8) chirality. The above equation, however,
can easily be solved with the choice ¥ =diag(1g,-1g),
where

. (Y (0 .
wa—<0>, zpa—(%__l), a,a=1,2,...,8.

¥, and ¢, are then Majorana-Weyl SO(8) fermions, usu-
ally denoted by 8, and 8, respectively (Green et al.,
1987a). The gamma matrices can also be reduced to 8
X 8 representations, 7., and 7., where the 16x16
matrices are

0 y’»
yf:< ) 1=12,....8,

1
Yaa 0

(B7)

(B8)

a,a=1,2,...,8.

The fermionic coordinates of the IIB superspace con-
sist of two same-chirality 10-dimensional Majorana-
Weyl fermions, 6! and ¢*, and after fixing the light-cone
gauge,

F+61,2: 0’

and as explained above, we end up with two SO(8)
Majorana-Weyl fermions both in the 8 representation,
9; and ﬁi, a=1,2,...,8. We may then combine these two
real eight-component fermions into a single complex
eight-component fermion,
1, . P
0,=—=(0L+i6), 6.=—=(0,-if). (B9)
\2 V2
As for the 32 supercharges, the 16 kinematical super-

symmetries are in the complex 8, representation while
the 16 dynamical ones are in the complex 8, representa-



904 D. Sadri and M. M. Sheikh-Jabbari: The plane-wave/super Yang-Mills duality

tion. Note that this statement is true both in flat space
and in the plane-wave background we are interested in.

2. Ten-dimensional fermions in SO(4) X SO(4)
representations

In the plane-wave background, due to the presence of
the RR five-form flux, the SO(8) symmetry is broken to
SO(4) X SO(4). Therefore for the purpose of this review
it is more convenient to make this SO(4) X SO(4), which
is already manifest in the bosonic sector, explicit in the
fermionic sector by choosing SO(4) X SO(4) representa-
tions instead of complex SO(8) 8; and 8, fermions. Un-
less explicitly stated otherwise, we shall use this SO(4)
X SO(4) notation for fermions and gamma matrices.

First, we note that an SO(4) Dirac fermion \ can be
decomposed into two Weyl fermions A\, and A\, «a,&
=1,2. As usual for the SU(2) fermions, these Weyl indi-
ces are lowered and raised using the e tensor,

Ao = €4p\P. (B10)

We have defined 62[).:(0&3)*. Therefore the SO(4)
X SO(4) fermions are labeled by two SO(4) Weyl indi-
ces, 1.€., Nygrs Nogrs Nags Ngg and N4z, where the

“primed” indices, such as 8’ and B, correspond to the
second SO(4). We may drop this prime whenever there
is no confusion and then simply use, e.g., A,z Where the
first or second Weyl index corresponds to the first or
second SO(4) factor. In fact, as explained in the main
text in Sec. II.B.1, there is a 7Z, symmetry which ex-
changes these SO(4) factors, and hence the theory
should be symmetric under the exchange of the first and
second Weyl indices.

To relate these SO(4) X SO(4) fermions to those of
SO(8) (complex 8, and 8.), we note that in our conven-
tions 8, has positive SO(8) chirality, while 8, has naga-
tive chirality. On the other hand, if we denote the two
SO(4) “ys” by IT and 1T, i.e.,

1= '}’1234, H/ — ,};678’ (Bll)
then it is evident that
Y& =TIIT". (B12)

Therefore for 8, fermions, the two SO(4)’s should have
the same chirality while for 8, they should have opposite
chirality. Explicitly

lﬁa - ¢aﬂ’ and lﬁdﬁ’ >

Wi — Yap and g (B13)

We would like to emphasize that by 8; and 8, we mean
the complex SO(8) fermions defined in Eq. (B9).

Noting that SO(4)=SU(2) X SU(2), a Weyl SO(4) fer-
mion can be represented as (2,1) for A\, and (1,2) for A,
and hence an SO(4) XSO(4) fermion A,z may be ex-
pressed as ((2,1),(2,1)), and similarly for the others. In
this notation, Eq. (B13) can be written as

8,—((2,1),2.1) @ ((1,2),(1,2)),
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8.—((2,1),(1,2)) ® ((1,2),(2,1)).

As the last step we need to choose a proper SO(4)
X SO(4) basis for the 7/, matrices. Following the nota-
tion we have adopted in the review (see Sec. 1I), we
denote the first four SO(4) directions by #,j and the
other four by a,b:

(B14)

; .
Yai = (Yim, VZ¢) 5

where
i 0 (s
"\, o)
| ( 0 ()
=\ : (B15)
(), 0
and
R ACS N 0
“F( 0 %www>’
A (0 R
%"< 0 %wmw)’ 1o
with
(0)ai = (1,0",0%,07) 4 (B17)

and similarly for ¢“, where (¢!, 0%, ¢°) are the Pauli
matrices. In the above

(0") e = faﬁfa[é(oj)s'g- (B18)
In this basis, II [see Eq. (B11)], is given by
1 0 )
g = 0 -1 = diag(14,~ 14). (B19)
As usual one can show that
() o027 + (o) i 0)P7 = 28757,
() %() gy + () () gy, = 2575 (B20)

The generators of SO(4) rotations, 7/ :%[)/,71], can be
easily worked out in terms of ¢”. They are

a

0 (o)

(olj)aﬁag: 0’
(B21)

where

(OJ])QB: 5[(01)5(0")57— (O'J)Z(UJ)M] = (Oll)ﬁa’

()= SN~ (AP = (. (B22)
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3. SO(6) and SO(4,2) fermions

Here we briefly present the spin(6) and spin(4,2) fer-
mion conventions used in Sec. II.B.2. Let us first con-
sider the spin(6) spinors, i.e., six-dimensional Euclidean
fermions (more details may be found in Polchinski,
1998b). In six dimensions we deal with 292=8 compo-
nent Dirac fermions. The so(6) 8 X 8 Dirac matrices sat-
isfy

TATB =268, A.B=12,....6.

As usual (and by definition), the commutator of these I’

matrices, which is denoted by I'4# :%[FA,FB], forms an
8 X 8 representation of so(6). The eight-component so(6)
Dirac fermions, however, may be decomposed into two
four-component (complex) Weyl spinors. Explicitly, ¢,
where A=1,...,8, can be decomposed into ¢; and ;

where 1,1=1,2,3,4 can be thought of as fundamental

(antifundamental) su(4) indices. The Dirac matrices I'4,
similarly to Eq. (B3), can be decomposed into I'* and ¥/,
where now the y’s are 4 X 4 matrices and act on the Weyl
spinors. Each of these so(6) Weyl spinors in turn can be
decomposed into two four-dimensional [i.e. so(4)] Weyl
spinors, though with opposite chiralities,

'M - (wa’ lzbd) 5

where a,a=1,2. Since the arguments closely parallel
those of Appendix B.1 [where we explained how to re-
duce SO(9,1) fermions into the SO(8) fermions], we do
not repeat them here. In fact, a similar result is also true
for so(4,2) fermions, and a Weyl so(4,2) fermion can be
decomposed into two so(4) Weyl fermions of opposite

chirality; if we denote the so(4,2) Weyl index by I (I
=1,2,3,4), this means

lﬂi - (¢a’ lpo'z)'

The SO(4,2) X SO(6) fermions naturally carry spino-
rial indices of both of the groups. Therefore in general
we can have four different fermions depending on the
chirality of the fermions under either of the groups. In
our case the spinors that we deal with (those appearing
in the AdSsXS> superalgebra), should have the same
chirality under both groups. This comes from the fact
that we are working with type-1IB theory in which both
of the fermions have the same 10-dimensional chirality.
So a general AdSs X S° fermion would carry two indices,
which are fundamentals of su(2,2) and su(4), e.g., ¢, or
ij. (The choice of ij, or j; fermions is related to the
sign of the self-dual five-form flux on the §° of the
AdSs X §° geometry. Here we have chosen the positive
case and hence we are dealing with i;; fermions.) Note
that, since these are complex fermions, this spinor has 32
degrees of freedom. This fermion can be decomposed as
an SO(4) XSO(4) fermion using the above decomposi-
tions:

wIAJ - (lpaﬁ’ lﬂaﬁ’ (pd,li’» lﬂd/-i) . (B23)
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