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Muon decay and physics beyond the standard model
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This article reviews the current theoretical and experimental status of the field of muon decay and its
potential to search for new physics beyond the standard model. The importance of rare muon
processes with lepton flavor violation is highly stressed, together with precision measurements of
normal muon decay. Recent up-to-date motivations of lepton flavor violation based on
supersymmetric models, in particular supersymmetric grand unified theories, are described along with
other theoretical models. Future prospects of experiments and muon sources of high intensity for
further progress in this field are also discussed.
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The muon was discovered in 1937 by Neddermeyer
and Anderson (Neddermeyer and Anderson, 1937) in
cosmic rays, with a mass found to be about 200 times the
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mass of the electron. The discovery was made just after
Yukawa postulated the existence of the 7 meson, a force
carrier of the nuclear force, in 1935 (Yukawa, 1935).
However, it was demonstrated in 1947 that the muon did
not interact via the strong interaction, and thus it could
not be the 7 meson of Yukawa (Conversi et al., 1947).
The famous comment by Rabi— “Who ordered that?”’—
indicates how puzzling the existence of a new lepton was
at that time. It was believed that the muon decayed into
an electron and a neutral particle. It was assumed that if
the muon were simply a heavy electron it would also
decay into an electron and a vy ray. The first search for
ut—e"y was made by Hincks and Pontecorvo in 1947
using cosmic-ray muons (Hincks and Pontecorvo, 1947).
Its negative result set an upper limit on the branching
ratio (B) of less than 10%. This was the beginning of
the search for lepton flavor violation, i.e., violation of
lepton number conservation for each generation. In
1948, the continuous spectrum of electrons was estab-
lished, suggesting a three-body decay giving rise to a
final state of an electron accompanied by two neutral
particles (Steinberger, 1948). Soon afterwards, the
search for the process of neutrinoless muon nuclear cap-
ture (u” N—e N, where N is a nucleus capturing the
muon) was also carried out, but with a negative result
(Lagarrigue and Peyrou, 1952). Such searches were sig-
nificantly improved when muons became artificially pro-
duced at accelerators. In 1955, the upper limits of B(u
—ey)<2Xx107° (Lokonathan and Steinberger, 1955)
and B(u Cu—e Cu)<5x10"* (Steinberger and
Wolfe, 1955) were set at the Columbia University Nevis
cyclotron.

After the discovery of parity violation, it was sug-
gested that the weak interaction took place through the
exchange of charged intermediate vector bosons (Feyn-
man and Gell-Mann, 1958). In 1958, Feinberg pointed
out that the intermediate vector boson, if it exists, would
lead to u* —e™ y at a branching ratio of 10~* (Feinberg,
1958). The absence of any experimental observation of
the u*—e™y process with B(u—ey)>2x10"° led di-
rectly to the two-neutrino hypothesis (Nishijima, 1957,
Schwinger, 1957) in which the neutrino coupled to the
muon differs from that coupled to the electron, and the
u"—ety process is forbidden. The two-neutrino hy-
pothesis was verified experimentally at Brookhaven Na-
tional Laboratory (BNL) by observing muon production
but not electron production from the scattering of neu-
trinos produced from pion decays (Danby et al., 1962).
This introduced the concept of a separate conservation
law for individual lepton flavors, electron number (L,)
and muon number (L ).

Our understanding of modern elementary particle
physics is based on the standard model (SM), which is a
gauge theory of the strong and electroweak interactions.
The formulation of the SM is based on many theoretical
developments of gauge theory in the 1960s and 1970s.
Since then, the SM has withstood numerous experimen-
tal tests, being entirely consistent with all precision mea-
surements to date. In the minimal version of the SM,
where only one Higgs doublet is included and massless
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FIG. 1. Historical progress of lepton flavor violation (LFV)
searches for various processes of muons and kaons.

neutrinos are assumed, lepton flavor conservation is an
automatic consequence of gauge invariance and the
renormalizability of the SM Lagrangian. It is the basis of
a natural explanation for the smallness of lepton flavor
violation (LFV) in charged lepton processes.

However, in extensions of the minimal SM, LFV
could occur from various sources. In fact, in many new
physics scenarios one would expect LEV at some level.
Important LFV processes involving muons are u*
—e’y, u~—e” conversion in a muonic atom (u~ N
—e N), p*—e’e’e”, and muonium to antimuonium
conversion (Mu—Mu conversion). The historical
progress in various LFV searches in muon and kaon de-
cays is shown in Fig. 1, from which one can see that the
experimental upper limits have been continuously im-
proved at a rate of about two orders of magnitude per
decade during the 50 years since the first LFV experi-
ment by Hincks and Pontecorvo. The current LFV
searches with muons are now sensitive to branching ra-
tios of the order of 10 2~107 13, In general, searches for
rare processes could probe new interactions mediated by
very heavy particles. For example, in the four-fermion
interaction, the LFV branching ratios could be scaled by
(my/my)*, where my is the mass of an exotic heavy
particle responsible for the LFV interaction and my, is
the mass of the W gauge boson. In such a scenario, the
present sensitivities for LFV searches in muon decays
could probe m y up to several hundred TeV, which is not
directly accessible at present or planned accelerators.

Recently, considerable interest in LFV processes has
arisen based on supersymmetric (SUSY) extensions to
the SM, in particular supersymmetric grand unified
theories (SUSY GUT). Since the three gauge-coupling
constants of the strong, weak, and electromagnetic inter-
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actions, which were measured at LEP and SLC, have
been shown to be consistent with the assumption that
they unify to a single SU(5) gauge-coupling constant at
a scale of the order of 10'® GeV in SUSY SM, SUSY
GUT models have become very attractive candidates for
physics beyond the SM. In SUSY models, in general
there is a new source of flavor mixing in the mass matri-
ces of SUSY partners for leptons and quarks. This
would induce LFV processes for charged leptons whose
branching ratios depend on the flavor mixing in the mass
matrix of the sleptons, which are the supersymmetric
partners of leptons. In the SUSY GUT scenario, the fla-
vor mixing in the slepton sector is naturally induced at
the GUT scale because leptons and quarks are in the
same GUT multiplet (Hall ez al., 1986). It has been
shown (Barbieri and Hall, 1994; Barbieri et al., 1995a)
that the large top-quark mass has an impact on the cal-
culations of the branching ratios of u™—e*y and u~
—e~ conversion in SUSY GUT’s. The predictions are
just one or two orders of magnitude lower than the
present experimental limits.

There is considerable evidence for the existence of
neutrino masses and mixing based on the experimental
results of the solar neutrino deficit (Abdurashitov et al.,
1996; Fukuda et al., 1996; Cleveland et al., 1998; Fukuda
et al., 1998a; Hampel et al., 1999) and the atmospheric
neutrino anomaly (Fukuda et al., 1998b). Since neutrino
oscillations indicate that lepton flavor is not conserved,
LFV processes in muon decays are also expected to oc-
cur. In non-SUSY models, however, the neutrino mixing
introduces only small contributions to u*—e*y. For
example, the branching ratio of u*—e™ vy is of the order
of 107 for a neutrino mass-squared difference of
Am?;v 1073eV?, due to a suppression factor of
(Am?/m3,)? (Bilenky et al., 1977; Petcov, 1977). The
situation changes drastically in SUSY models. In SUSY
models with a neutrino-mass generation mechanism of
the see-saw type, the Yukawa coupling constants among
the Higgs doublet, lepton doublets, and right-handed
neutrinos could induce large flavor-mixing effects in the
slepton sector (Borzumati and Masiero, 1986; Hisano,
Nomura, and Yanagida, 1998; Hisano and Nomura,
1999). The resulting LFV rates can be as large as (or
even exceed) the present experimental upper bounds,
depending on the various parameters in question, espe-
cially the Majorana mass of the right-handed neutrino.
In such a case, the Yukawa coupling constants associ-
ated with the right-handed neutrino are responsible for
both the neutrino oscillation and the LFV processes of
charged leptons.

Thus there are many theoretical scenarios in which
the predicted branching ratios for the muon LFV pro-
cesses can be close to their present experimental upper
bounds, and therefore could be accessible to and tested
with future experiments.

There has been much progress on the experimental
front. First of all, several new results have been obtained
using the high-intensity muon beams now available, and
ongoing and proposed experiments are aiming for fur-
ther improvements. Furthermore, in the long term, new
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attempts to create high-intensity muon sources have
been initiated, based on the ideas arising from the
u u” collider project. The desired muon beam inten-
sity at such a muon source would be about
10"2-10"%, /s, which is several orders of magnitude
higher than that presently available. With this increased
muon flux, significant improvements in experimental
searches can be anticipated.

In this article, we review the current theoretical and
experimental status of the field of muon decay and its
potential for probing physics beyond the standard
model. We particularly stress the importance of rare
LFV decays of muons, especially within the framework
of SUSY models. In addition, we cover precision mea-
surements of normal muon decay. There have been
many excellent review articles on muon decay and lep-
ton flavor violation (Frankel, 1975; Scheck, 1978; Engfer
and Walter, 1986; Vergados, 1986; Depommier, 1987;
Van der Schaaf, 1993; Depommier and Leroy, 1995), but
in order to reflect current renewed interest this article
has been written to bring recent topics on muon decay
and physics beyond the SM up to date. The phenom-
enology and experimental status of some of the impor-
tant muon processes are described in detail.

This article is organized as follows: In Sec. II, we give
a short summary of the SM and the muon’s properties
within the SM. In Sec. III, LFV is discussed in the con-
text of various theoretical models, including SUSY mod-
els. Section IV deals with the current status of precision
measurements in normal muon decay, such as the muon
lifetime, the Michel decay spectrum and its asymmetry,
and e polarization. In Sec. V we describe the phenom-
enology and status of the most recent experiments that
search for various lepton-flavor-violating muon decay
modes, such as u"—e’y, u"—eeTe”, u —e  and
u~ —et conversions in a muonic atom, and Mu—Mu
conversion. In Sec. VI, prospects for future experiments
and high-intensity muon sources are briefly discussed.
Some useful formulas are displayed in the appendixes.

Il. BASIC PROPERTIES OF THE MUON IN THE
STANDARD MODEL

A. The muon in the standard model

1. The standard model

The current view of elementary particle physics is
based on a gauge theory of quarks and leptons. The
standard model (SM) postulates three fundamental
forces, these being the strong, electromagnetic and weak
interactions. They are described by a SU(3)c
XSU(2). XU(1)y gauge theory. Quarks and leptons
are classified into three generations. The up quark (u),
charm quark (c), and top quark (¢) possess 2/3e electric
charge, while the down quark (d), strange quark (s),
and bottom quark (b) possess —1/3e charge. Corre-
spondingly, there are three leptons with —e electric
charge, the electron (e), muon (u), and tau (7), and
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TABLE I. Quarks and leptons in the standard model.

Electric charge 1st generation 2nd generation 3rd generation

2 u c t
ge

1
-3¢ d s b
0 v, v, v,
—e e % T

their associated neutral partners (neutrinos), v,, v,,
and v,. These six quarks and six leptons are given in
Table I.

In the SM, one introduces the fermionic fields, gauge
fields, and a SU(2),; doublet Higgs field as elementary
fields. They are listed along with their quantum numbers
in Table II, where the SU(3)c, SU(2);, and U(1l)y
gauge fields are denoted as G,, A,, and B, respec-
tively. The subscripts of L and R represent left-handed
and right-handed chirality projections [P;=(1—1vy5)/2
and Pr=(1+vys)/2], respectively. Here, H represents
the Higgs doublet field. The suffix i(=1-3) for the
quark and lepton fields is the generation index. The
SU(2); doublet fields, such as ¢q;;, /;;, and H, have
field components given by

ViL

I, =
iL
’ e;r

QiL:(Zji Zo)- (1)

The SM Lagrangian, Lg,,, consists of three distinct
parts which represent the gauge interaction, the Higgs
potential, and the Yukawa interaction. It may be written
as

e

'CSMZ'Cgauge+'CHiggs+'CYukawa . (2)

The Lagrangian for the gauge interaction, Lg4,6.» 18
given by

Flo) playur

gauge: 2%

SU3)¢,SUR) L, U(l)y

+ > i%L(R)Y”DM%L(R)

quarks, leptons
+|D,H|%, 3)

where F,, is the gauge-field strength tensor, and D, is a
covariant derivative defined as

a

A T
Dﬂ=8M+1g37GZ+1g7AZ+1g’QYBM 4)

for the representations with  SU(3)c-triplet,
SU(2)-doublet, and Qy-U(1)y charge quantum num-
bers. The gauge-coupling constants for SU(3)c,
SU(2);, and U(1)y are denoted by g,, g, and g’ re-
spectively. The term N\ (a=1-8) is the Gell-Mann ma-
trix for a SU(3) group, and 7* (a=1-3) is the Pauli
matrix for a SU(2) group. The terms for a singlet rep-
resentation for either the SU(3) or SU(2),; gauge
groups are absent in the definition of D,, .

The Lagrangian for the Higgs potential, Lpqe,, 18
given by

£Higgs:_(_M2|H|2+)\|H|4)' (5)

For u?>0, the Higgs field develops the following
vacuum expectation value:

) ©

where v=pu/\\ (=246 GeV). The physical Higgs mass
is given by mpy= V2\v. After electroweak symmetry
breaking, the SU(2); and U(1)y gauge fields form a
massless photon and massive W* and Z° bosons. At
tree level, their masses are given by my =3 gv and m,
=1g?+g"?v. The SU(3) gauge boson, the gluon, re-
mains massless.

The Yukawa interaction part of the Lagrangian is
given by

(H)=

Lyukawa™= (ye)inTe_ileL + (yd)inTd_qu]‘L
+(y,)iH tirq; +He, (7)

where (y.)ij, (v4)ij, and (y,);; are the Yukawa cou-
pling constants for the charged leptons, the down-type

quarks, and the up-type quarks, respectively; H is given
by
- ¢0*
— ®
After we substitute the vacuum expectation value for

the Higgs field, the Yukawa interaction in Eq. (7) gen-
erates the mass terms for quarks and leptons as follows:

Lipass=—leir(m,) ;e +d_iR(md)ijdjL

+u;g(m,)u ]+He, ©)

TABLE II. Quantum numbers of elementary fields in the minimal standard model. The SU(3),
SU(2), representation, and U(1)y charge are given.

Gu A,u. B/L qiL Uir diR llL €iR H
SU3) e 8 1 1 3 3 3 1 1 1
SU2), 1 3 1 2 1 1 2 1 2
1
1 2 1 1 Z

U(1 0 0 0 - — — - -1
Dy 5 3 3 > 2
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TABLE III. Assignment of lepton number for the electron (L,), the muon (L ,), and the tau (L ).

e v, M v, T v, e v, ® v, T v,
L, +1 +1 0 0 0 0 -1 -1 0 0 0 0
L, 0 0 +1 +1 0 0 0 0 -1 -1 0 0
L 0 0 0 0 +1 +1 0 0 0 0 -1 -1

where (m,);=—=(y.)i(v/V2), (my)y=—(ya)i(v/V2),
and (m,);;=—(y,);/(v/v2). Each mass matrix is diago-
nalized by unitary transformations for the left-handed
fermions and the right-handed fermions with the same
charge. Since the unitary matrices for the left-handed
up-type quark and the left-handed down-type quark are
generally different, flavor mixing is induced in the
charged weak-current interaction for quarks. It is given
by

g —
ﬁWEq: - E[”iL 'y#(VCKM)ijdjLW;

+di YV erm) jun W, 1, (10)

where (Vckp);; represents the flavor mixing matrix for
the quark sector, i.e., the Cabibbo-Kobayashi-Maskawa
matrix (Kobayashi and Maskawa, 1973). In the above
equation, the quark fields are written in the mass-
eigenstate basis, and this will be our convention from
now on.

On the other hand, the charged-lepton mass matrix in
Eq. (9), which is proportional to the lepton Yukawa
coupling-constant matrix, is fully diagonalized by unitary
transformations on the lepton doublet fields (/;;) and
the lepton singlet fields (e;z). In the mass-eigenstate ba-
sis, the charged weak-current interaction for leptons re-
mains diagonal as follows:

Lype=— i(Z‘L yre W, te v v W,). (11)
V2

In the above basis, separate lepton numbers can be de-

fined for each generation, and are thus conserved. They

are the electron number (L.), the muon number (L),

and the tau number (L), as defined in Table III.

2. Interactions of the muon in the standard model

At tree level in the SM Lagrangian, the muon inter-
acts with the gauge bosons (the photon and W= and Z°
bosons) and with the Higgs boson. These interactions
may be written as follows:

_ g — _ .
L=epyipd,— Vi, VLWt pry v W)

_ 1
,U«L)’”( - §+Slnz HW)/-LL

+ g y*sin® Oy g (12)

m
0 p—
Zy=— M,
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where the Weinberg angle 6y, is defined by sin 6y
=g'/\Jg?+g'?, and e=gsin @y, at tree level. Moreover,
H denotes the physical Higgs boson field. Here the first
term represents the electromagnetic interaction and the
second term describes the charged weak-current interac-
tion mediated by the W* boson, while the third term
describes neutral weak-current interaction mediated by
the Z° boson. The other charged leptons, the electron
and tau, have identical gauge interactions as the muon
while their coupling to the Higgs boson is proportional
to the respective lepton mass.

Muon decay in the SM is described by a charged
weak-current interaction mediated by the W™ gauge bo-
son. The four-fermion interaction is given by

Fo— _
£Fermi: - E[V/.L’yﬂ(l - 75)1“67,4/.(1 - 75)7/(3

+v Y (1= ys)epmy (1= ys5)v,], (13)
where G is the Fermi coupling constant. At tree level
in the SM, this is given by

g2

_4\/§mw’

where my, is the W* boson mass. This interaction de-
scribes the standard muon decays ,u,+—>e+ve7ﬂ and u~
—e V.

Lepton universality is a fundamental property of the
gauge interaction. The universality in charged weak cur-
rents has been tested from the combination of leptonic
and semileptonic decays of 7, and leptonic decays of pu,
7, and K mesons, whereas that in neutral weak currents

has been tested at the Z° boson pole (Pich, 1997).

F (14)

3. Neutrino mass and mixing

Although the minimal SM does not permit massive
neutrinos, there is increasing evidence of their mass
from the solareutrino deficit (Abdurashitov et al., 1996;
Fukuda et al., 1996; Cleveland et al., 1998; Fukuda et al.,
1998a; Hampel et al., 1999) and the atmospheric neu-
trino anomaly (Fukuda ez al., 1998b). If the solar neu-
trino deficit is due to neutrino oscillations, the mass-
squared difference must be in the range of Am?
~107%-10"3eV? for the Mikheyev-Smirnov-
Wolfenstein solution (Wolfenstein, 1978; Mikheyev and
Smirnov, 1985) or Am>~10"'!eV? for the vacuum oscil-
lation solution (or “just-so” oscillation; Glashow and
Krauss, 1987; Glashow et al., 1999). Moreover, the atmo-
spheric neutrino anomaly suggests that the mass-
squared difference between the muon neutrino and the
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tau (or a sterile) neutrino is of the order of Am?
~1073-10"2eV? (Fukuda et al., 1988b). In addition, the
LSND (liquid scintillator neutrino detector) experiment
has reported the oscillation 7”( VM) —v,(v,), suggesting
|m%ﬂ— m3 |~107'=10°eV? (Athanassopoulos et al.,
1998), although this has not been confirmed by the
KARMEN experiment (Eitel et al., 1999). If neutrino
mixing is the correct interpretation of the anomalies,
then the SM must be extended. On the other hand, there
are direct upper bounds on the neutrino mass for each
species: 15eV/c? for the electron neutrino, 170 keV/c?
for the muon neutrino, and 18.2 MeV/c? for the tau neu-
trino (Caso et al.,, 1998). Recently, improved measure-
ments of the electron neutrino mass have been reported
with superior sensitivities of the order of a few eV/c?
(Lobashev, 1998; Otten and Weinheimer, 1998).

It is possible to accommodate the Dirac mass terms
for the neutrinos if SU(2) singlet fields of the right-
handed neutrinos v;z (i=1-3) are added to the mini-
mal SM field content. Then, the following interaction
can be added to Eq. (7):

LVR:(yv)ijFITFileL+H'C'a (15)

where (y,);; is the Yukawa coupling for neutrinos. If
() is very small, the small masses of neutrinos can be
explained. For example, the Yukawa coupling constant
should be O(10 ') for a neutrino mass of 1eV/c?.
Note that total lepton number is conserved in this sce-
nario, whereas the conservation of lepton flavors could
be violated in general.

A more natural explanation for the small neutrino
masses is provided by the ‘“‘see-saw mechanism” (Gell-
Mann et al., 1979; Yanagida, 1979). In this scenario, the
Majorana mass term is also included for the right-
handed neutrino,

U )
LVR:(yv)inTVileL_ EViR(MR)ijVjR+H-C-» (16)

where the charge-conjugation field is defined as ¢“=
—TC™! and the charge-conjugation matrix (C) satis-
fies C1y*C=— y”“T. (Mpg);; is the right-handed Majo-
rana neutrino matrix. Substituting the vacuum expecta-
tion value for the Higgs field, the neutrino mass terms
become

JL )
mp MR (VjR)C
+H.c., (17)

where the Dirac mass term is (mp);;=—(y,);(v/V2).
When the Majorana mass scale is much larger than the
Dirac masses, the lighter neutrino masses are given by

1—— _ [0 mp\[
Lvmass:_f[(ViL)Ca ViR]

1
Ly mass™ — E(ViL)C(mv)ijVjL_l'H'c' (18)

and

m,=—mp(Mg) 'mp. (19)
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For example, if M is 10" GeV and the Dirac mass is of
the order 100 GeV, then the neutrino mass naturally
becomes O(1072) eV.

After diagonalization of the charged lepton and neu-
trino mass matrices, lepton flavor mixing is induced in
the charged weak-current interaction, as follows:

g
Lyyye=— E[ ViL VM(VMNS);‘ ejLW;

+eir Y (Vuns)ijvit W, 1s (20)
where (Vyys);j is the flavor mixing matrix for the lep-
ton sector, i.e., the Maki-Nakagawa-Sakata matrix
(Maki et al., 1962). Note that as in the case of quarks,
the lepton fields in Eq. (20) are written in the mass
eigenstate basis. The (V/ng);; matrix element repre-
sents neutrino mixing, which gives rise to neutrino oscil-
lations. For a review of the field of neutrino masses and
mixing, we refer the reader elsewhere (Bilenky and Pet-
cov, 1987; Fukugita and Yanagida, 1994; Mohapatra and
Pal, 1998; Fisher, Kayser, and McFarland, 1999).

B. Static properties of the muon

1. Mass and lifetime

The mass and lifetime of the muon are the fundamen-
tal input parameters of the SM. The muon mass is (Caso
et al., 1998)

m,=106.658 389(34) MeV. (21)

It is derived from the ratio of the muon mass to the
electron mass, m, /m,, which is measured in a muonium
(" e™) atom taking into account QED corrections (Co-
hen and Taylor, 1987).

The experimental value of the muon lifetime is

7,=2.19703(4)< 10 s. (22)

In the framework of the SM with QED corrections, the
muon lifetime (7,,) is related to the Fermi coupling con-
stant (G ) as follows (Kinoshita and Sirlin, 1959b; Mar-
ciano and Sirlin, 1988):

2.5 2 2
1 Gy (e[ 3m,
©192w T \m, 5 my
a(m,) (25
X[ 1+ (277“)<Z—w2”, (23)

where F(x)=1-8x+8x>—x*—12x?Inx, and m, and
m, are the masses of the muon and the electron, respec-
tively. The value of « at the scale m,, denoted by
a(m,), turns out to be

gt | e ! ~136 24
a(m,) =a —In m,| T om 136 (24)
From Eq. (23), the Fermi coupling constant is deter-
mined and has the value Gp=1.16639(1)
X 1073 GeV 2 (Caso et al., 1998). The higher-order two-
loop corrections to the muon lifetime have recently been
calculated (van Ritbergen and Stuart, 1999).
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TABLE IV. Decay modes of muons.
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Decay mode

Branching ratio

References

no—e v, ~100%
Ho—e v,y
uo—e vete”

(3.4+04)x1073

no—e v, <12%

no—e y <12x10" "
n —e e et <1.0x10" 12
no—e yy <7.2x107 1

1.40.4% (for E,>10MeV)

Crittenden et al. (1961)
Bertl et al. (1985)
Freedman et al. (1993)
Brooks et al. (1999)
Bellgardt et al. (1988)
Bolton et al. (1988)

2. Magnetic moment

Since the muon is a Dirac particle, the g factor of its
magnetic moment is 2, if radiative corrections are ne-
glected. A deviation from 2, namely g—2+#0, is very im-
portant for investigating quantum corrections. The
present experimental value of a,=(g,—2)/2 is given by
(Caso et al., 1998)

a?=11659230(84)x10™1° (=7 ppm). (25)

A new experiment, E821, is currently in progress at
BNL and aims to reduce the above experimental error
by a factor of 20. The result from the first run gives
a,’=1165925(15) x 107° (+13ppm; Carey etal,
1999a).

Theoretically, this quantity is known very precisely
(Hughes and Kinoshita, 1999). The correction is divided
into higher-order QED corrections, hadronic contribu-
tions, and electroweak contributions. A recent update of
theoretical calculations gives (Czarnecki and Marciano,
1999)

a2EP = 11658 470.56(0.29) x 10719, 26
y

ahedron — 673 9(6.7)x 1019, 27
"

af"=15.1(0.4)x 10710, 28
y

By adding the above contributions, the SM prediction is

SM_ _QED hadron EW
a a, +aﬂ +a#

o
=11659159.6(6.7)x 10~ 1. (29)

The theoretical prediction is in good agreement with the
experimental value.

To calculate the QED correction, the fine-structure
constant is needed as an input parameter. Equation (26)
was estimated by using the fine-structure constant ob-
tained from the quantum Hall effect, which gives
a”'(gH)=137.036003 70(270). It is consistent with the
value determined from the electron anomalous magnetic
moments (a,) by assuming a theoretical evaluation
based on the SM. One obtains a '(a,)
=137.035999 59(38), and the experimental values of the

. exp
electron anomalous magnetic moments are a,-

=1159652188.4(4.3)x 10~ 12 o
=1159652187.9(4.3)x 10712,

Although the electron g—2 factor is experimentally
measured with more accuracy than the muon g—2 fac-
tor, the latter is much more sensitive to short-distance

and
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physics. For example, the electroweak correction of af; W
quoted in Eq. (28) is much larger than afW, which is
O(10™'%). Moreover, in SUSY models, the muon g—2
factor receives a significant contribution if the slepton,
charginos, and neutralinos possess masses of the order
of a few hundred GeV (Lopez et al, 1994; Chatto-
padhyay and Nath, 1996; Moroi, 1996; Carena et al.,
1997; Gabrielli and Sarid, 1997). Therefore the ongoing
experiment E821 is expected to put very strong con-
straints on SUSY models.

C. Decay modes of the muon

The measured decay modes of muons are u~
—e v,v, (Michel decay), u~ —e v,v,y (radiative
muon decay), and .~ —e” v,v,e" e . The branching ra-
tios for these modes and the upper bounds on other
exotic decay modes at 90% confidence level are summa-
rized in Table IV. Although these branching fractions
have been measured in experiments with positive muon
decays, they are listed for negative muons by assuming
CP invariance. Since u~ —e v,v,y cannot be clearly
separated from u~—e v,v, with a soft photon, the
branching ratio for the radiative decay is shown for £,
>10MeV. There is no evidence of lepton-flavor-
violating processes such as u~—e”y, u~—e e e™, or
u~—e yy. Moreover, an upper bound is set for those
with [AL;[=2, such as u~—e” v, v, decay, which is al-
lowed if the lepton flavor number is conserved multipli-
catively instead of additively.

1. Normal muon decay

In the SM, muon decay is described by the V—-A in-
teraction. In extensions of the SM, any new interactions
of the muon would affect observables such as the energy
spectrum of a decay positron (electron), its angular dis-
tribution if muons are polarized, and its spin polariza-
tion in " —e vy, (or u~—e v,v,). If general four-
fermion interactions with no derivatives are assumed,
the muon differential decay rate is given by (Fetscher
and Gerber, 1998)

AT (u*—e*vv) My 4 5
dxdcos6, 4w WenGrNx"=xg

X (Frs(x) =P, cos 0,F 45(x))

X[1+P,(x,6,)- ], (30)
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FIG. 2. Michel e energy spectrum of polarized u*—e*v,v,
decay with 100% muon polarization (P,=1): (a) cos 6,=0; (b)
cos 6,=1; and (c) cos §,=—1.

where W,,= (m? +m2)/(2mﬂ) x=E, /WL,“ and x,
=m /Weﬂ( 97><10 y<x<1. Here E, is the energy
of the e— while m, and m , are the masses of the e and
the u™, respectlvely The plus (minus) sign in Eq. (30)
corresponds to u*(u”) decay, 6, is the angle between
the muon polarization (P ,.) and the e* momentum, and
¢ is the directional vector of the measurement of the e™
spin polarization. Moreover, P,(x,6,) is the polarization
vector of the e*. The functions F;¢(x) and F,¢(x) are,
respectively, the isotropic and anisotropic parts of the
e™ energy spectrum. They are given by

2
Frs(x)=x(1—x)+ §p(4x2—3x—x3)+ 7xo(1—x),
(31)

F,g(x)= %g\/xz—x%( 1—x+ %5[4;(—3
+(\/1—x%—1)]), (32)

where p, 7, & and 6 are called Michel parameters
(Michel, 1950; Bouchiat and Michel, 1957).

In the SM, these parameters take the values p=3, 7
=0, é£=1, and 6=3. If the positron (electron) polariza-
tion is not measured and x is neglected, the differential
branching ratio in the SM in Eq. (30) leads to the sim-
pler form of

dT(p*—e*vv) m,Gj
dxdcos6, 192w 3x
*P,cos0,(2x—1)]. (33)

Figure 2 shows the e® energy spectrum for u™
—>e+V87M decay in the SM, for the cases of cos ,=0,
cos §,=+1, and cos 6,=—1 with 100% polarized positive

[(3-2x)
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muons. As can be seen, the spectrum is high at x~1, and
the sign of the e™ asymmetry changes at x=1/2.

If the SM is not assumed, the muon lifetime in Eq.
(23) should be replaced by (Scheck, 1978; Fetscher and
Gerber, 1995; Pich and Silva, 1995)

r*l—G%mf‘ F s A r
#1920 |\ m? ”mﬂ m?
m?
_2'
3 m, a(m ) ,
1+5—2— l+— -7 G4

where G(x)=1+9x—9x>—x>+6x(1+x)Inx. Radia-
tive corrections based on the SM [in Eq. (23)] are used,
since it can be assumed that the SM contribution domi-
nates in the normal muon decay process. From Eq. (34),
we see that the correction from the » parameter is pro-
portional to O(m,/m,), whereas that from the p pa-
rameter is very small, being of the order of O (m?/ mz)
Since the # parameter is presently measured with an
accuracy of around 1%, the uncertainty from the # cor-
rection introduces an uncertainty of the order of 10™* to
the estimation of the muon lifetime in the non-SM case.

If the spin polarization of e*(e”) in the u™
—e vy, (u”—e v,v,) decay is detected, P,(x,6,) in
Eq. (30) can be measured. It is given by

>

. (ZXP,)XZ
Pe(xaee)zPTl' N -),U- N
[(ZXP,)XZ]
IXP Z
+PT2' Q,U~ +PL'T, (35)
1ZXP| H

where 7 is the direction of the e momentum, and P u 18
the muon spin polarization. The terms P;, Py, and
P, are, respectively, the e™ polarization component
parallel to the ¢e* momentum direction, that transverse
to the e momentum within the decay plane, and that
transverse to the e momentum and normal to the de-

cay plane. They are given by
P‘u sin Han(x)

Pri(x,00)= Frs(x)= P, cos 0, F 45(x)° (36)
P, sin 6,F p(x)
_ n et T2
Pralx,00)= Fis(x)* P, cos 0,F s5(x)’ (37)
+=Fip(x)+ P, cos 0,F ,p(x
P (x.0,)= wp(x)+P, o F ap(x) (39)

Fis(x) =P, cos 0,F 45(x)

where the *+ sign corresponds to u™ decays, and

2 & +12

1 3
FTl(x):lz[ P——”(l —X)x

—3p(x>=x3)+7"(— 3x2+4x—x3)] ., (39)
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TABLE V. Experimental values of some of the Michel decay parameters.

Michel parameter SM value Experimental value Sensitive observables
p 3/4 0.7518+0.0026 Frg
n 0 —0.007+0.013 Fig and Py
6 3/4 0.7486+0.0038 F,sand P,
3 1 1.00270.0084 F,s*and Py
13 1 1.00+0.04 P
&' 1 0.65+0.36 P,

Only the product of éP,, is measured.

1 ! ’

FTz(x)Ig\/xz—x07[3%(1—x)+2%\/1—x07}, (40)
1

Fip(x)= §M{9§’(—2x+2+ \/1——x5)+4§( 5— %

(4x—4+\/1—x%)], (41)

1 2 3 2
F,p(x)= E[ §”(2x2—x—x0)+4 p— 4—> (4x2—3x—x0)+27]”(1 —x)xo), (42)
where &', &', 1", (a'/A), and (B'/A) are newly defined Michel parameters (Kinoshita and Sirlin, 1957; Fetscher and
Gerber, 1998). A nonzero value of the triple T-odd correction, P4, , would imply violation of time-reversal invari-
ance. In the SM, ¢'=¢"=1 and 7"=(a'/A)=(B'/A)=0.
The muon-decay Lagrangian for the general four-fermion couplings with ten complex parameters is expressed as
(Fetscher et al., 1986)

4G

‘Cﬂ—w‘vv_ ‘/2

gfeR(?R Ver) (VL R) +g}geL(e_R Ver)(V rir) +g{R(e_L Ver) (VL R) +giL(e_L Ver)(Vyrmr)

+ng(?R'yMVeR)(V_,uR‘yM/-LR)+g%L(e_R'y'uVeR)(V_,uL')’M/-LL)+g‘L/R(e_L'y#VeL)(V_;LR7’MMR)+gZL(e_L7#VeL)
gk gL
— RL — — LR — —
X(VurYukr)+ T(ERO'MVVeL)(VMRO'MWLLL)'F T(eLO'MVVeR)(VMLO'MWLLR)+H.C. , (43)

where there is a normalization condition of 1 ) T ) V12 Vo2
E=1- §|3RR| +§|3LR| +2|gRR| +4|gRL|

i (lgral*+1gL L +gre P +1e2rl) + (gkal+ g L —2|glrl*—2lgl rl*+8lgk.|?
+lgri P+l +3 g ke P+ g Lal) =1 (44) e
+4 Re(grr8rL~8LRELR) | (47)
Note that in the V—A interaction of the SM, g}, =1 and 3
the remainder is zero. £6=7— 7|18l +IgkL*+4lgLrl*+2lg k.|
The Michel decay parameters of p, 7, & and & are
given by 1 1
+2|£’KR|2+ §|gfeR|2+ §|giR|2
3 3 Vo2 Vo2 T |2 T |2 Ky T Ky T
P:Z_Z[|3LR| +lgrel 2|8 LRl +2l8R1 | +Re(gr &R —81RELR) |- (48)
+Re(gy g +g3 rg o), (45)  Table V summarizes the present knowledge of the
Michel decay parameters (Caso et al., 1998). More pre-
cise measurements would place constraints on various
B V Sk V Sk .V . Sk Tx new physics contributions, which would induce small de-
7= ERe[gRRgLL+gLLgRR+gRL(gLR+6gLR viations from the V—A couplings. The current con-
Vo sk - straints on the general four-fermion couplings are sum-
+8Lr(8RLTO8RL)], (46)  marized in Fetscher and Gerber (1998).
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2. Radiative muon decay

The spectrum of the radiative muon decay, u™
—e*vvy, has been calculated by several authors (Ki-
noshita and Sirlin, 1959a; Eckstein and Pratt, 1959;
Fronsdal and Uberall, 1959). Within the framework of
the V—A interaction, the differential branching ratio of
the radiative muon decay, where the final positron (elec-
tron) and photon are emitted at energy intervals of dx
and dy with solid angles of d(), and d{},, respectively,
in the muon rest frame, is expressed by

o d
dB(u* e vy = =B dedeede[F(x,y,d)

FBP,-p,G(x,y,d)
TP, pH(x,y,d)]. (49)

Here P . 18 the muon polarization vector; p, and p, are
the momenta of the positron (electron) and the photon
in the muon rest frame, respectively; p, and p , are their
unit vectors defined by p,=p./|p,| and p,=p,/|p,|, re-
spectively; B is defined as B=|p,|/E,; d is given by d
=1-pBp. py; and x and y are normalized positron
(electron) and photon energies, x=2FE,/m, and y
=2E,/m, in the muon rest frame. From the four-body
kinematics, the allowed ranges of x and y are given by

2\/;<x<1+r for 0<ys1—\/;,

(1=y)+r/(1—y)<x<1+r for 1—r<y<l-r,
(50)

where r=(me/mﬂ)2. F(x,y,d), G(x,y,d), and
H(x,y,d) in the SM are given in Appendix A.

The decay probability distribution is high for an ener-
getic e™ with a soft photon, namely x~1 and y~0. In
the soft-photon limit (y—0), the distribution has an in-
frared singularity which is canceled by the radiative cor-
rection of the Michel decay.

The photon spectrum is obtained by integrating over
the positron (electron) energy and angle variables. By
neglecting the terms suppressed by m,/m ,, the differ-
ential branching ratio is given by (Kuno et al., 1997)

dB(p*—e*vvy)
dydcos @,

1
= ;[J+(y)(1iPM cos 6.,)
+J_(y)(1+P,cosb,)], (51)

where J, (y) and J _(y) are defined by

a 1-y 17
J+(y)=a(1—y){<31n —7>
I—y
—31nT+7 (1—y)
1-y 13) }
Hl2lm—=— |-y (52)
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FIG. 3. Differential branching ratio of the u*—e*vvy decay
as a function of the photon energy (y=2E,/m,). This
branching ratio is obtained by integrating over the e” energy
and the angle between an e” and a photon.

1- 93
T ()= g(1- y)ZHMn—y—E)
41111Ly+239 (1-y)

1—-y 55 5
+ 21nT—E>(1—y)

(53)

and 6, is the angle between the muon spin polarization
and the photon momentum. The photon spectrum for
unpolarized muons is shown in Fig. 3. Note that at the
maximum photon energy (y~1), the photon distribu-
t10n is approxunately given by (1+P,cos@,) for the
w"—e'v,v,y decay, because J,(y) has a first-order
term in (1—y), butJ_(y) only contains the second- and
higher-order terms. This fact is important for the sup-
pression of accidental background in a u*—e™ y search
using polarized muons, as mentioned in Sec. V.A.S.

In generalized interactions, the differential branching
ratio of ™ — e~ vvy decay has been calculated (Lenard,
1953; Behrends et al., 1956 Fronsdal and Uberall, 1959).
Here, the spectra of e” and a photon depend not only
on the Michel parameters of p and ¢ in the standard
muon decay, but also on an additional parameter, 7,
which should be zero in the V—A interaction of the SM.
Moreover, the asymmetry of e in u*—e*vvy from
polarized muons is parametrized by another parameter,
¢ -k (Fetscher and Gerber, 1995). Measurements of
these parameters would give additional constraints on
the four-fermion coupling constants (Eichenberger et al.,
1984). Time-reversal violation in radiative muon decay
has also been discussed (Pratt, 1958), but it was con-
cluded that the 7-odd effects have to include either the
e™ polarization or those terms suppressed by the elec-
tron mass.
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lll. LEPTON FLAVOR VIOLATION AND PHYSICS BEYOND
THE STANDARD MODEL

In the minimal SM, neutrinos are massless and lepton
flavor is conserved separately for each generation. This
is not necessarily true if new particles or new interac-
tions are introduced. In this section we shall discuss vari-
ous theoretical models with LFV in the charged lepton
processes. In particular, we emphasize those in which
LFV effects could be large enough to be detected in
present or future experiments in u™—e*y decay, u
—etete” decay, u”—e” conversion, and other LFV
processes. Among the theoretical models that predict
observable LFV effects, SUSY models have recently re-
ceived much attention. In SUSY models, the origin of
LFV could be interactions at a very high energy scale,
such as the GUT scale or the mass scale of a heavy
right-handed Majorana neutrino that appears in the see-
saw mechanism. Searches for rare muon decays,
thereby, could provide indirect evidence for physics at a
very high energy scale. In the following sections, we first
present and explain the effective Lagrangians for vari-
ous muon LFV processes of |AL;|=1 (Sec. IILLA). This
is followed by a discussion of LFV in specific models
which we classify as either ‘“‘supersymmetric”” (Sec.
III.B) or “other theoretical models” (Sec. III.C). Then
the phenomenology of LFV with polarized muons is
presented (Sec. II1.D). Finally, the muon LFV processes
with |AL;|=2 are discussed (Sec. IILE).

A. Effective Lagrangians for lepton-flavor-violating
processes

In this section we present the effective Lagrangians
for muon LFV processes of |AL;]=1, such as u™
—e "y decay, u"—eTete” decay, and u~ —e” conver-
sion in a muonic atom. The possible LFV contributions
can be grouped into two types: photonic interaction and
four-fermion interaction.

First, the effective Lagrangian for u™—e "y process is
given by

4G
Lyey=" Va
+m, A ppot e F,,+Hel, (54)

where Ap and A; are coupling constants that corre-
spond to the processes u*—exy and u*—e; vy, respec-
tively.

For u*—e*e*e™ decay and u~ —e~ conversion, off-
shell photon emission also contributes. The general pho-
tonic u—e transition amplitude is then written as

—[m ARMR(T” e F,,

Mphotonic= _eA;(q)Ue(pe) (fEO(qz)
MV
+75fM0(q2))7v(g”V_ +(fan(q?)
,wq
+75fE] q )) ;L(p,u)’ (55)
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where p, and p, are the u~ and e~ four momenta, and
q=p,—D. is the four-momentum transfer. The electro-
magnetic form factors (fzg, f£1, fmo» and fpq) are func-
tions of g>. For u*—e'y decay, only fz(0) and
fu1(0) can contribute whereas all four form factors
could contribute to u*—e” decay and p~ —e”
conversion. The coupling constants Apg and A, are re-
lated to the dipole form factors by

"

Ag=— 8G 2(](‘21(0 +f11(0)), (56)
V2e

ALZW%KO)—J‘M(O))- (57)

The direct four-fermion interactions could introduce
ut—eTete” decay and u” —e” conversion, in addition
to the photonic u—e transition in Eq. (55). For the u™
—e*ete™ decay, the general four-fermion couplings are
given by

_ 4Gp - _
52‘1136”h0”’= - f[gl(/-LReL)(eReL) +g2(mrer)

X(eper)+g3(ury er)(egy er)
+8a(pry*er)(eryuer) +8s(ury er)
X(epyuer)+go(mry er)(ery er)
+H.c.], (58)

where the Fierz rearrangement for the four fermion op-
erators is used. For the u~ —e™ conversion process, the
relevant interactions are written as

Lron= photo _ GF E

nw—e conv V2 g—i T (gLS(Q)eL'U’R

+8RS()ERML) T + (8 LP(g)€ LR

T 8rP(q)CR1L)G Ysq+ (ELvigeL Y 1L
+ERV()CRY HR)A Y 4
+(graery rr

TERA(G)CRY R)A VY54

+ z(gLT(q)aU'uVMR

+8r7()eRT* 1) G0, HHe |, (59)

where g; x(,) and grx(,) are the coupling constants for
the left-handed and right-handed lepton currents, re-
spectively, and X=S§,P,V,A, T represent scalar, pseudo-
scalar, vector, axial vector, and tensor interactions, re-
spectively. Here, the flavor-changing quark currents are
not included. The four-fermion coupling constants intro-
duced in Egs. (58) and (59) arise from specific contribu-
tions in the model in question. For example, box dia-
grams in supersymmetric models, tree diagrams
involving Z', supersymmetric models with R-parity
breaking, etc.
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e (q) e (a) e (q) e (q)

FIG. 4. Photonic penguin diagrams for pu—e transitions, such
as ut—e*eTe” or u~—e” conversion: (a) the case of a heavy
particle (V},.4,,) in the loop; (b) the case of a light fermion
($1ign) in the loop. ® is a scalar field.

The form factors fry and fj;o contribute to off-shell
photons and not to real photon emission. Therefore they
vanish in the g?—0 limit. They can be rewritten as

2

on(Clz) = :712750(6]2)7 (60)
2

fMo(CI)— 2fMo )» (61)
M

where Fro(g?) and Fy0(g?) are finite at g>—0. If these
transitions are induced by loop diagrams including

heavy particles, fzo(g?) and Fy;0(g?) are then regarded
as slowly varying functions of g>. One example of such a
diagram is shown in Fig. 4(a). In such a case, these form
factors can be considered as additional contributions
that should be added to the corresponding four-fermion
coupling constants in Egs. (58) and (59). These addi-
tional contributions are

V2

Agz=Ags= 4G, 2(7‘%0(@"’]‘7(40(@) (62)
V2

Ags=Age= 4G 2(]01;"0(0) ﬁm(o)) (63)

for g3, g4, &5, and gg¢, correspondlngly, and
AgLV(u): _ZAgLV(d)

2V2 e
T T3G, 2 (on(0)+fMo(0)) (64)

Agrv(uy= _2AgRV(d)

2 V2 e _ ~
=736, 2(on(0 —fm0(0)), (65)

for grv(uy»> &Lv(a)» &rv(w)» a0d gry(a), TESPECtively.
If these form factors are generated by penguin dia-
grams with a photon coupled to an internal line of a light

fermion, as seen in Fig. 4(b), Fro(¢?) and Fy0(g?) have
a logarithmic dependence on g2 that is cut off by the
light-fermion mass. Such diagrams may occur in models
with a doubly charged Higgs boson or SUSY models
with R-parity violation, which are discussed in Sec.
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II1.C. The logarithmic factor could enhance the rates of
ut—etete” decay and w~ —e” conversion, but not
that of u™—e™ 7y decay.

If f£1(g?) and f);,(g?) dominate, the following simple
relations among the branching ratios of u™—e®y, u™
—e'ete”, and u~ —e~ conversion can be derived:

M(pTi—eT) 1

M(uT;— capture)

1
B(p'—eTete )= B(u—e"y). (67)

These relations hold in some models of SUSY GUT,
which are discussed in the next subsection. Regarding
pm~ —e  conversion, more detailed discussions of Eq.
(66), including the nuclear dependence, are given in Sec.
V.C.1.

B. Supersymmetric models

1. Introduction to supersymmetric models

Phenomenological applications of SUSY theories
have been considered since the late 1970s in connection
with the naturalness problem (or the hierarchy problem)
in the SM. The SM can be regarded as being a low-
energy approximation of a more complete theory, the
latter being the correct theory at high energy scales. The
naturalness problem in the SM arises essentially due to
the many-orders-of-magnitude difference between the
electroweak scale (~10°GeV) and the Planck scale
(=10" GeV). If one requires the SM to remain valid up
to very high energies (e.g., the Planck scale) while main-
taining a Higgs mass of the order of the electroweak
scale, one must invoke a precise fine tuning between the
bare mass of the Higgs scalar and its radiative correc-
tions, the latter being quadratically divergent with the
high energy scale. If SUSY particles are introduced,
such quadratic divergences are canceled and the mass of
the Higgs scalar may be naturally of the order of the
electroweak scale. For general reviews on SUSY mod-
els, we refer the reader elsewhere (Nilles, 1984; Haber
and Kane, 1985).

The minimal SUSY extension of the SM is called the
minimal supersymmetric standard model (MSSM). In
the MSSM, the SUSY partners (which differ by 1/2 unit
of spin from the corresponding SM particle) are intro-
duced for each particle in the SM. For quarks and lep-
tons, one introduces the complex scalar fields squark ()
and slepton (7). The superpartner of the gauge boson is
a gauge fermion (gaugino), and that of the Higgs field is
called a Higgsino (H). The superpartners of the gluon,
SU(2) and U(1) gauge bosons are, respectively, the
gluino (G), the wino (W), and the bino (B). After
electroweak symmetry breaking, the wino, bino, and
Higgsino mix with each other and form two charged
Dirac fermions called charginos (%, ; i=1,2), and four
Majorana fermions called neutralinos (}2?; i=1-4). Re-
garding the Higgs sector, SUSY models contain at least
two Higgs doublet fields in order to keep the SUSY in-
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TABLE VI. Particle content in the MSSM.

Ordinary particles

SUSY particles

Particle Spin Particle Spin

1 -

quark (q) 5 squark (g) 0
1 ~

lepton (/) 3 slepton (1) 0

gluon (G) 1 gluino (G) 1

2

* 0 . ~+ . 1

W=,Z%y 1 chargino (%;) (i=1-2) 5

1

Higgs boson (h,H,A,H™) 0 neutralino (%)) (i=1-4) 2

variance for three types of the Yukawa coupling con-
stants. Namely, one Higgs field provides the mass terms
for up-type quarks while another provides mass terms
for the down-type quarks and charged leptons. The par-
ticle content of the MSSM are listed in Table VI.

The MSSM Lagrangian consists of two parts. These
are the SUSY-invariant Lagrangian and the soft SUSY-
breaking terms, as follows:

L=Lsysy invT LSUSY breaking - (68)

The MSSM Lagrangian is described in more detail in
Appendix B. One of the important features of the
SUSY-invariant Lagrangian is that various bosonic and
fermionic interactions are related to each other by the
requirement of SUSY invariance. For example, the
gauge-coupling constants appear not only in the covari-
ant derivative, but also in the gaugino-scalar-fermion in-
teractions and the scalar self-couplings.

The ordinary Yukawa coupling constants are included
in a scalar function called the superpotential [ W(¢;)].
The Lagrangian specified by the superpotential
(Lsuperpotentiar) contains a set of fermionic interactions
and scalar potentials, as follows:

W(e)|?
['superpotential: - 2 db;
1 PW(e)

5 W(%L)C%LJF He., (69)

where the scalar field (¢;) and the left-handed Weyl
field (¢;;) form a chiral multiplet of SUSY. The super-
potential of the MSSM is given by

Wissu=(ye)H1E{Li+(ya);;H1D;Q;
+ (V) iiHa Ui Qj— pH H, (70)

where E; and L; represent the supermultiplets of
SU(2); lepton singlets and doublets, respectively.
Moreover, Q;, U;j, and D; are the supermultiplets for

quark doublets, up-type quark singlets, and down-type
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quark singlets, respectively. H; and H, are distinct
Higgs doublet fields. From the superpotential in Eq.
(70), the following Yukawa interactions are induced:

Lyukawa= — [(ye)inle_ileL + (Yd)inld_iRCIjL
+(yuw)ijHourq ]+ He. (71)

In addition to Eq. (71), the superpotential in Eq. (70)
generates the Higgsino mass term, various Yukawa-type
interactions, and the two-, three-, and four-point scalar
interactions, according to Eq. (69).

2. Flavor problems in supersymmetric models

In the MSSM the masses of superparticles, i.e.,
squarks, sleptons, and gauginos, are generated by the
soft SUSY-breaking mass terms, which are defined as
SUSY-breaking terms that do not induce quadratic di-
vergences. In general, the soft SUSY-breaking mass
terms become a new source of flavor mixing in the
MSSM, which is not necessarily related to the flavor
mixing in the Yukawa coupling constants in Eq. (70).
For the slepton sector, the soft SUSY-breaking mass
terms are given by

Lsop=— (m%j)ijz;‘kREjR_ (mi)ijNIfL?jL
—{my(A,);H el +Hel, (72)

where (mp);; and (m);; are, respectively, the mass ma-
trices for the right-handed sleptons (¢z) and left-handed

sleptons (7, ); m is a SUSY-breaking parameter and A,
is a dimensionless scalar trilinear coupling matrix.

In the basis where the lepton mass matrix is diagonal-
ized, the presence of nonzero off-diagonal matrix ele-
ments in the slepton mass matrix would introduce LFV.
From Fig. 5, one can place constraints on the off-
diagonal elements of the slepton mass matrix, e.g., the
f—¢ element (Amyz;), from considering their contribu-
tion to the decay u*—e™y. From the present upper
limit on the latter’s branching ratio, one finds
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FIG. 5. Feynman diagram for u*—e®y decay induced by
slepton flavor mixing (Am%;).

2 ~ 2
m=~ mj
—=1073| 73
me ( 100 GeV) ’ (73)
!
where m7 is the mass of a slepton. Similar constraints on
the squark mass-matrix elements are obtained from the
flavor-changing neutral current processes in the quark

sector. For example, the observed value of K°— K° mix-
ing requires any possible SUSY contribution to be small.
Therefore the squarks of the first and second genera-
tions must be degenerate at the level of a few percent,
assuming that the squark mass is a few hundred GeV
and that the squark mixing angle is of similar magnitude
to the Cabibbo angle. These constraints from LFV and
flavor-changing neutral current processes suggest that
there should be a special suppression mechanism for the
flavor mixing of sfermions (squarks and sleptons) from
the dynamics of SUSY breaking. This is called the
SUSY flavor problem.

There are several scenarios that solve the SUSY fla-
vor problem:

¢ The soft SUSY-breaking mass terms have a univer-
sal structure at a very high energy scale, such as the
Planck scale (Gravity-mediated SUSY-breaking scenario;
Nilles, 1984).

e The SUSY-breaking effects are mediated by the SM
gauge interaction so that squarks and sleptons with the
same quantum numbers receive the same magnitude of
soft SUSY-breaking mass (gauge-mediated SUSY-
breaking scenario; Dine and Nelson, 1993; Dine et al.
1995; 1996; Giudice and Rattazzi, 1999).

e There is some approximate flavor symmetry that
produces nearly degenerate masses for squarks and slep-
tons, at least for the first two generations (flavor symme-
try scenario; Barbieri et al., 1996).

e Squarks and sleptons can be diagonalized in the
same basis as the quarks and leptons (alignment sce-
nario; Nir and Seiberg, 1993).

e The squark and slepton masses are heavy enough
(10—100 TeV) to avoid constraints from flavor-changing
neutral current processes and LFV, at least for the sfer-
mions of the first two generations (effective SUSY sce-
nario; Cohen et al., 1996).

The minimal supergravity model (SUGRA) is a real-
ization of the first scenario. There are many phenom-
enological analyses based on the supergravity model. In
this model, all squarks and sleptons receive the same
magnitudes of the soft SUSY-breaking mass through the
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coupling of supergravity at the Planck scale, so that the
mass matrices are diagonal with the same diagonal ele-
ments. Therefore there is neither flavor-changing neu-
tral current nor LFV at that energy scale. This does not
necessarily imply that LFV effects are absent in this sce-
nario. In fact, if there is some interaction which breaks
lepton flavor conservation between the Planck
(=10 GeV) and the electroweak scales (~10%> GeV),
the LFV effect could be induced in the slepton mass
matrices through radiative corrections (Hall et al., 1986).
In recent years, it has been noticed that such an effect
can induce muon LFV processes with large branching
ratios in some models of SUSY GUT (Barbieri and
Hall, 1994; Barbieri et al., 1995a).

3. Supersymmetric grand unified theory and lepton flavor
violation

In SUSY GUT’s (Dimopoulos and Georgi, 1981; Sa-
kai, 1981), the SM gauge groups of SU(3)c, SU(2),,
and U(1)y are assumed to be unified by a larger group
at a high energy scale. In recent years, SUSY GUT’s
have attracted much attention because the three gauge-
coupling constants determined at LEP and SLC are con-
sistent with the SU(5) GUT prediction if contributions
from SUSY particles are taken into account in the
renormalization-group evolution of the coupling con-
stants. The three coupling constants are then unified at
2x10"°GeV (Amaldi et al., 1991; Ellis et al., 1991; Lan-
gacker and Luo, 1991), which suggests that SUSY
GUT’s with the SU(5) group or other gauge groups that
include SU(5) are well-motivated extensions of the SM.

Let us first discuss how LFV would be induced in
SU(5) SUSY GUT. In this model, quarks and leptons

are classified in the three generations of 5and 10 repre-
sentations of the SU(5) group, where the grepresenta—
tion (fl) contains dj; ,/;; , and their superpartners, and
the 10 representation (7;) contains q;; , ui; ,ei; , and
their superpartners. The Yukawa coupling constants at
the GUT scale are determined by the superpotential,

1 _ _
WSU(S):g()’u)ijTi‘ T;-H(5)+(ya)iFi- T;-H(5),
(74)

where H(5) and H(5) are two Higgs fields associated
with the 5 and 5 representations, respectively. By substi-
tuting the fermionic fields for F; and T, and also the

Higgs boson fields for H(5) and H(5), the Yukawa
couplings responsible for the quark and lepton masses
are obtained. Here, the matrix (y,);; corresponds to the
Yukawa coupling matrix for the up-type quarks, and
(y4)j; to that for the down-type quarks and leptons.

In the minimal supergravity model, all of the scalar
partners of the quarks and leptons, namely squarks and
sleptons, are assumed to have a common SUSY-
breaking mass from the coupling of the gravitational in-
teraction. In addition to the mass terms, the triple scalar
couplings also have a universal structure so that they are
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FIG. 6. Feynman diagrams that contribute to the renormaliza-
tion effect on the slepton masses from the Planck to the GUT

energy scales. Here T, and T; are the scalar and fermionic
components of the third-generation 10 representation of

SU(5), respectively. H and H are scalar and fermionic com-
ponents of the S-representation Higgs fields, respectively.

proportional to the corresponding Yukawa coupling
constants. At the Planck scale, the soft SUSY-breaking
mass terms are given by

‘Csoft: _m%{Tj?t+FJFl}
1 - o~
—|myAg g(yu)i/'Ti'Tj'H(S)

+H.c.

+(ya)yFr Ty H(S) : (75)

where m, is the universal scalar mass, and A is the
universal trilinear coupling. At this stage, there is no
LFV in the slepton sector. When the lepton Yukawa
coupling constants (in this case y,) are diagonalized by
unitary transformations on the bosons and fermions of

F; and T; for each generation index, the soft SUSY-
breaking mass terms for the sleptons also become diag-
onal in the same basis. This is no longer true if we take
into account the radiative corrections to the soft SUSY-
breaking mass terms due to the Yukawa coupling con-
stants. In particular, since the Yukawa coupling constant
corresponding to the top-quark mass is surprisingly
large, its effects on the soft SUSY-breaking mass terms
are expected to be sizeable. In the basis where the ma-
trix of up-type Yukawa coupling constants is diagonal,
all members of 7, including the right-handed slepton
masses, are obtained by

mi= m and (76)
m*+Am?

3 Mp
Am2z—gg|(yu)33|2m3(3+|A0|2)ln(M—G), (77)

where Mp and M; denote the reduced Planck mass
(~2x%10"®GeV) and the GUT scale (~2Xx10°GeV).
The term Am? arises from the evolution of the
renormalization-group equation between the Planck and
the GUT scales through the diagrams in Fig. 6.

Since the physical LFV effect is induced by a mis-
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FIG. 7. Feynman diagrams for the u*—e*y decay in SU(5)
SUSY GUT. The closed blobs represent the flavor transitions
due to the off-diagonal terms of the slepton mass matrices.

match of the lepton and slepton diagonalization, the off-
diagonal terms of the slepton mass matrix can be exam-
ined in the basis where the Yukawa coupling constant
for leptons is diagonalized. If it is diagonalized by

(78)

the off-diagonal elements of the right-handed slepton
mass matrix in this new basis are given by

VRerTL =diagonal,

3
(le )ij=— W(VR)i3(VR);3|ySt3 g

°R

Xmy(3+ |A0|2)ln( &) (79)
Mg

This becomes a source of u*—e*y decay through the

diagrams in Fig. 7. If one uses the SU(5) GUT relation

for the down-type quark and lepton Yukawa coupling

constants, given by

Ye=Yi- (80)

then Vi is given by the Cabibbo-Kobayashi-Maskawa
matrix at the GUT scale as follows:

(VR)ij=(VELWii, (81)
where VE[{I can be obtained from the Cabibbo-
Kobayashi-Maskawa matrix at the electroweak scale by
taking into account the effects of running coupling con-
stants from the electroweak to the GUT scales.

The prediction of the branching ratio of u*—e™ y de-
cay is presented in Fig. 8 for typical SUSY parameters in
SU(5) SUSY GUT. The branching ratio reaches the or-
der of 107 for a slepton mass of a few hundred
GeV/c?.

Some remarks on SU(5) SUSY GUT are presented
in the following:

e In the SU(5) SUSY GUT model, LFV appears only
in the right-handed slepton sector for small or moderate
values of tan 3, which is defined by the ratio of two
Higgs vacuum expectation values, tan B=(H5)/(H?). This
is because the renormalization effects contribute only to

Zr,andnot toI; . As a result, the helicity of an electron
(positron) in LFV processes becomes only right handed
(left handed). For instance, only u* —e; y decay occurs,
not u"—epy. These two processes could be distin-
guished if the angular distribution of the u™—e ™y sig-
nal were measured using polarized muons.

e There is partial cancellation among the Feynman
diagrams that contribute to the u™—e "y amplitudes in
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FIG. 8. Predicted branching ratios for the u*—e*y decay in
the SU(5) SUSY GUT based on the minimal supergravity
model as a function of the right-handed slepton mass for four
different sets of the SUSY input parameters of M, [the SU(2)
gaugino mass] and tan B (the ratio of the two Higgs vacuum
expectation values). For the other parameters, the trilinear
scalar coupling constant A,=0 and m,=175 GeV. The follow-
ing Cabibbo-Kobayashi-Maskawa matrix elements are used:
[(Vekam)enl =0.04 and |(V k) ,al =0.01. The two graphs cor-
respond to a positive and negative sign of the Higgsino mass
parameter u, respectively.

the SU(5) SUSY GUT (Hisano et al., 1997). This can-
cellation can be seen in Fig. 8.

e In Egs. (79) and (81), the off-diagonal elements of
the right-handed slepton mass matrix are determined by
the Cabibbo-Kobayashi-Maskawa matrix elements.
When the favorable values of the Cabibbo-Kobayashi-
Maskawa  matrix  elements are  used, |\
=|(Vr)13(Vg)3| of (3=5)x10"* is obtained. This re-
sults from the assumption that all of the Yukawa cou-
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FIG. 9. Predicted u*—e™y branching ratios in the SU(5)
SUSY GUT model with higher dimensional operators in the
GUT superpotential. The branching ratios are shown as a
function of the right-handed selectron mass for tan 8=6
(dashed lines) and 30 (solid lines). The thick lines are for the
nonminimal case in which V;and V, are the same as V gy,
and the thin lines are for the minimal case in which V,
=Veku and V,;=1, where V, is the mixing matrix for the
right-handed sleptons, and V/, is that for the left-handed slep-
tons. The bino mass of M;=60GeV/c?, the trilinear scalar
coupling constant of A(=0, the positive Higgsino mass (u
>0), and the top quark mass of 175 GeV/c? are used. The
experimental bound shown in the dashed line is B(u”*
—ety)<4.9x10"!! (Bolton et al., 1988), and it is noted that
the recent best limit is B(u™—e™y)<1.2x10""" (Brooks
et al., 1999). For detail on the calculations, see Hisano, No-
mura, Okada, ef al. (1998). From Hisano, Nomura, Okada,
et al., 1998.

pling constants are generated from the superpotential in
Eq. (74). However, it is known that this assumption does
not yield a realistic mass relation for the down-type
quarks and charged leptons of the first and second gen-
erations. If higher-dimensional terms or different SU(5)
representations of Higgs fields are included to resolve
this problem, the simple relationship between the slep-
ton mixing matrix and the Cabibbo-Kobayashi-Maskawa
matrix in Eq. (81) would be lost, and A\, would essen-
tially become a free parameter. As a consequence, the
predicted branching ratios could be different from those
in Fig. 8. For example, if |\ |~1072, the branching ratio
is enhanced by three orders of magnitude compared to
those in Fig. 8. In addition, for large tan 8, a further
enhancement can be expected (Arkani-Hamed, Cheng,
and Hall, 1996). One example of the " —e™ y branch-
ing ratio for large tan g is shown in Fig. 9 (Hisano, No-
mura, Okada, ef al., 1998). When the higher-dimensional
terms are included, the mass matrix for left-handed slep-
tons also has off-diagonal elements owing to the large
bottom Yukawa coupling constant, and therefore the
branching ratio of u*—e*y decay is enhanced by
(mT/mﬂ)zwlOz, just as in the case of SO(10) SUSY
GUT discussed below. This enhancement can be seen in
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FIG. 10. Predicted branching ratios for the u*—e*e*e™ de-
cay in the SU(5) SUSY GUT based on the minimal super-
gravity model. The input parameters are the same as in Fig. 9.

the nonminimal case in Fig. 9. Furthermore, the previ-
ously discussed destructive interference between the dif-
ferent diagrams in the minimal SU(5) SUSY GUT may
disappear.

e The decay u"—e*e*e™ and the u~ —e~ conver-
sion process both receive contributions from the off-
shell photon, Z-penguin, and box diagrams, in addition
to the photonic penguin diagram contributing to the
u"—ety decay. In SU(5) SUSY GUT, the relative
magnitudes of different contributions vary over the
SUSY parameter space. This implies that the relations in
Egs. (66) and (67) may change for different SUSY input
values. The predictions of the u*—e*e*e™ decay and
the u~—e~ conversion in SU(5) SUSY GUT are
shown in Figs. 10 and 11, respectively.

Large LFV effects are also expected in SO (10) SUSY
GUT. In the minimal SO(10) SUSY GUT, the super-
potential is given by
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1 1
WSO(]O):E(yu)ij‘I’i' e, ¥+ E(Yd)ij‘l’i' Gy,
(82)

where W, is the 16-dimensional representation of
SO(10) and @, and @, are two 10-dimensional Higgs
fields. In this model, both the left-handed and right-
handed sleptons receive LFV effects. In particular, the
diagrams shown in Fig. 12 attribute a large contribution
to the amplitude of u*—e™y decay because they are
proportional to m .. Hence the branching ratio is en-
hanced by (mT/mM)2 compared to the minimal SU(5)
SUSY GUT. Owing to this enhancement, the branching
ratios for muon LFV processes can become comparable
to the present experimental upper bounds if the slepton
mixing matrices are related to the observed Cabibbo-
Kobayashi-Maskawa matrix elements. The predictions
for the branching ratio of u*—e®y decay in SO(10)
SUSY GUT are shown in Fig. 13. In SO(10) SUSY
GUT, since the photon-penguin diagrams dominate in
the amplitudes of u*—e*e"e™ decay and u~ —e™ con-
version, their predicted branching ratios with respect to
u—e*y decay would follow Egs. (66) and (67) over a
wide SUSY parameter space (Barbieri et al., 1995a).

The rates of muon LFV processes depend on the
structure on the Yukawa coupling constants at the GUT
scale. The branching ratios for the muon LFV processes
are calculated in various realistic SO(10) SUSY GUT
models (Arkani-Hamed, Cheng, and Hall, 1996; Ciafa-
loni et al., 1996; Duong et al., 1996; Gomez and Gold-
berg, 1996). In SO(10) SUSY GUT models, the dia-
grams relevant for the u*—e®y amplitude would
induce electric dipole moments for the electron and neu-
tron (Dimopoulos and Hall, 1995). The branching ratios
for muon LFV processes were compared with the pre-
diction of electric dipole moments, flavor-changing neu-
tral current processes in the quark sector, and CP vio-
lations in B and K meson decays in both SU(5) and
SO(10) SUSY GUT models, and the leptonic signals
were shown to be very sensitive to the interaction at the
GUT scale (Barbieri ef al., 1995b). The LFV process has
also been investigated in the breaking pattern
of SO(10)—=SUB)XSU (2)XSUr(2)XUpg_ (1)
—SUB)XSU(2)XUy(1) (Deshpande et al, 1996)
and in the SU(4)XSU(2)XSUg(2) model without
GUT unification (King and Oliveira, 1999).

In some theoretical scenarios in which the mass ma-
trices for squarks and sleptons at very high energy scale
are not universal, but instead have some correlation or
alignment with the corresponding fermion matrices, it is
possible to avoid the SUSY flavor problem and at the
same time still have muon LFV branching ratios large
enough to be detected. One such realization has been
investigated concerning the dynamical alignment mecha-
nism (Rattazzi and Sarid, 1996). An interesting possibil-
ity is a class of models based on U(2) flavor symmetry
where both the Yukawa coupling constants and the soft
SUSY-breaking mass terms are controlled by the same
approximate symmetry. In this case, the branching ratio
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FIG. 11. Predicted branching ratios for the w~ —e~ conversion in SU(5) SUSY GUT. The SUSY gaugino mass of M,
=50 GeV, and the top Yukawa coupling at the reduced Planck scale of f,=2.4 are used. The left and right figures correspond to
a positive and negative sign of the Higgsino mass parameter u, respectively. The experimental bound shown is B(u~ Ti—e™ Ti)
<4.3X107'2 (Dohmen et al., 1993), and it is noted that the recent best limit is B(u ™ Ti—e ™ Ti)<6.1X 107! (Wintz, 1998). From

Hisano et al., 1997.

for u*—e*y decay is expected to receive large SUSY
contributions (Barbieri et al., 1996).

4. Supersymmetric models with a right-handed neutrino

A large LFV effect can be expected if the supermul-
tiplets of the right-handed Majorana neutrino are in-
cluded in the SUSY standard model (Borzumati and
Masiero, 1986). As explained in Sec. I1.A.3, the small-
ness of the neutrino masses can be accommodated by
the see-saw mechanism. To include this see-saw mecha-
nism, part of the lepton sector in the Lagrangian in Eq.
(70) is replaced by

1
Wn=e) i H\E{Lj+(y,)ijH,N; L+ E(MR)Z‘]‘NI‘N_,‘,
(83)

where N, is the right-handed neutrino supermultiplets
and (Mp);; is the Majorana mass matrix, and a new
Yukawa coupling constant matrix, y,, is introduced.
Since there are two Yukawa coupling matrices (y, and
y,) in the lepton sector, flavor mixing would arise and
lepton flavor would no longer be conserved separately

FIG. 12. Feynman diagrams in SO (10) SUSY GUT that give
dominant contributions to the u™—e™y process; (m%) g and
(m%) Lr are proportional to m .
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for each generation, just as in the quark sector. In SUSY
models with universal soft SUSY breaking at the Planck
scale, the flavor mixing in left-handed sleptons would
induce sizeable LFV effects in muon and tau decays
through the renormalization effects from the Planck to
the Majorana mass scales.

The expected magnitudes of the LFV effects depend
on the Yukawa coupling constant and the flavor mixing
in the lepton sector. In the basis where the Yukawa cou-
pling constant matrix for charged leptons is diagonal-
ized, the mass matrix of light neutrinos is given by

. v?sin® B
(m,)ij=— (V) ri(Mg )kl(yV)lev (34)
where v is the SM Higgs vacuum expectation value, and
B is the Higgs vacuum angle for the two Higgs doublets.
On the other hand, the off-diagonal terms of the left-
handed slepton mass matrix induced by the renormaliza-
tion effect are

[ s as ] M
(m,L)ij—__87Tz(yy)ki(yy)kjmo( +[Ao[*)In Mal
(85)

In general, there is no direct relationship between the
neutrino mixing in Eq. (84) and the slepton mixing rel-
evant to u—evy, 7—uny, and 7—evy in Eq. (85). If, how-
ever, we assume that the neutrino mixing mostly origi-
nates from the neutrino Yukawa coupling constants,
(¥»)ij, the information from atmospheric and solar neu-
trinos can be related to the slepton mixing. Then, the
branching ratios for u*—e*y and 7— uy decays can be
evaluated by using the neutrino mixing parameters
(Hisano et al., 1995; 1996; Hisano, Nomura, and
Yanagida, 1998; Hisano and Nomura, 1999). Figure 14



Y. Kuno and Y. Okada: Muon decay and physics beyond the standard model 169

H—cy
© SO(10) A,=0 u>0

107 T

10"

1044 L il
;[\%10—15 L 4
=
&

10"t i

— M,=150 tanp=3

02 F e M,=150 tanf=10 |

-—-- M,=300 tanp=3
—-— M,=300 tanp=10
22

0 200 400 600

mz, (GeV)
Hoey
" SO(10) A;=0 pn<o0

107 T

107"

107" 1
2 10 7
D

107 - i

—— M,=150 tanf=3

25 M,=150 tanf=10 -

---- M,=300 tanB=3
—-— M,=300 tanf=10
—22

[} 200 400 600
m; (GeV)

FIG. 13. Predicted branching ratios for u*—e*y decay in the
SO(10) SUSY GUT based on the minimal supergravity
model. Input parameters are the same as in Fig. 9.

shows the predicted branching ratio for the u™—e*y
decay for different solutions of the solar neutrino mix-
ing. As can be seen in Fig. 14, it can reach the present
experimental bound if the Majorana mass is larger than
O(10'") GeV and if the large-angle Mikheyev-Smirnov-
Wolfenstein solution for the solar neutrino problem is
chosen. It is noted that from Eq. (84), given a fixed value
of the light neutrino mass (m,), the Yukawa coupling
constant (y,) becomes larger for a larger value of the
Majorana mass scale (Mpy), resulting in the LFV rate
becoming larger in Eq. (85). The LFV rate increases
approximately as the second power of My and, there-
fore, it could possibly probe the mass scale of the right-
handed Majorana neutrino (M) in this scenario. Note
that this prediction is in contrast to the see-saw mecha-
nism without SUSY, in which the LFV rates for charged
leptons are extremely suppressed, as discussed in Sec.
II1.C.
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FIG. 14. Predicted branching ratios of u™—e*y decay as a
function of the Majorana mass of the second-generation right-
handed neutrino (M) in the MSSM model with right-handed
neutrino. They are given for the Mikheyev-Smirnov-
Wolfenstein large-angle and small-angle solutions. The three
curves correspond to tan $=30, 10, and 3 from top to bottom
for both figures. The other parameters are shown in the top of
the figures. The experimental bound shown is the previous
limit from Bolton et al. (1988). From Hisano and Nomura,
1999.
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5. Other supersymmetric models

Observable effects of muon LFV processes may arise
through renormalization effects in the slepton mass ma-
trix. Because these effects may come from anywhere be-
tween the Planck and the electroweak scale, it is pos-
sible to consider some other interaction at a high energy
scale as a new source of LFV.

Such an example is given in the context of the gauge-
mediated SUSY breaking. If the mixing between the
messenger fields of gauge mediation and the ordinary
matter fields is allowed, a sizable LFV effect can be gen-
erated through the renormalization of the slepton mass
matrix (Dine et al., 1997, Dubovsky and Gorbunov,
1998). A similar effect appears in a supersymmetric
model with vectorlike leptons, where a large LFV effect
could be induced via the slepton mixing (Kitano and
Yamomoto, 2000).

6. Lepton flavor violation in slepton production and decay

If the charged sleptons are discovered in experiments
at future colliders (like LHC and LC), LFV due to slep-
ton mixing could be directly sought in their production
and decay processes (Krasnikov, 1994; 1996; Arkani-
Hamed, Cheng, Feng, et al., 1996). For example, a pro-
cess like e e =TT —e Y u™%! breaks lepton flavor
conservation, where the slepton 7* is assumed to decay
to a lepton and the neutralino %). Direct searches for
the eu final states in e"e” and e e~ collisions can
probe the slepton mixing angle between the selectron
(@) and the smuon (). Figure 15 shows a contour plot
of the cross section for right-handed selectron and
smuon pair production in the parameter space of the
right-handed slepton mixing angle (sin26z) and the
mass difference of two right-handed scalars (Am%/m?%)
for future e*e” linear collider experiments. Depending
on the parameters in the slepton mass matrix, the direct
production can cover parameter space comparable to or
even larger than indirect searches for muon LFV pro-
cesses (Arkani-Hamed, Cheng, Feng et al., 1996).

The production cross section for the slepton LFV pro-
cesses depends on the masses and mixing of the slep-
tons. If two sleptons, like ¢ and 1, are almost degener-
ate in their masses, a possible oscillation between them
would occur in the decay process. Another interesting
possibility is a CP-violating signal in the slepton oscilla-
tion, which may arise due to a new complex phase in the
slepton mixing matrices (Arkani-Hamed et al., 1997,
Bowser-Chao and Keung, 1997).

In SU(5) SUSY GUT, lepton flavor violation in the
slepton pair production and decays, in particular with a
tau in the final state, has been investigated, and was
found to be more sensitive than the searches for r
—e(u)y (Hirouchi and Tanaka, 1998). Lepton-flavor-
violating signals in the production of left-handed slep-
tons at 't~ and e*e” colliders are also considered in
the framework of MSSM with right-handed neutrinos
motivated by the atmospheric-neutrinos data. It is
shown that the decay modes of either 7+u+4 jets
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FIG. 15. Contours of the cross section o(e ez—e* u™ % %"
in a unit of fb for Next Linear Collider (solid line) with center-
of-mass energy of 500 GeV, m;R,m,;R~200 GeV, and M,
=100 GeV. The thick gray contour represents the experimen-
tal reach in one year with 50fb~!. Constant contours of B(u
—ey)=4.9%x10"" and 2.5x 10" 2 are also plotted for degen-
erate left-handed sleptons with mass of 350 GeV and 1=
—(A+ ptan B)/mp=0 (dotted), 2 (dashed), and 50 (dot-
dashed). From Arkani-Hamed, Cheng, Feng et al., 1996b.

+missing energy or T+u+I[+2 jets+missing energy
could be useful to see the signals with suppressing any
potential background (Hisano ef al., 1999). Other pos-
sible LFV searches at a eu collider (Choi et al., 1998)
and a ey collider (Cao et al., 1999) are also considered.

7. Summary of lepton-flavor-violating supersymmetric
processes in models

We have seen that the branching ratios for muon LFV
processes can be large for many models based on SUSY.
Particularly interesting cases are the various models of
SUSY GUT and the SUSY model with right-handed
neutrinos that accommodates neutrino mass generation
by the see-saw mechanism. In these cases, the interac-
tion at very high energy scale becomes an origin of the
flavor mixing in the slepton mass matrix. Therefore the
muon LFV processes can offer a unique opportunity to
explore interactions at the unification scale.

The search for LFV processes would become even
more important, were (some) SUSY particles to be dis-
covered in future collider experiments. The existence of
SUSY implies new sources of flavor mixing in the scalar
sector, in addition to the Cabibbo-Kobayashi-Maskawa
and Mikheyev-Smirnov-Wolfenstein matrices in the fer-
mion sector. A fundamental question such as how SUSY
is broken in the SUSY model could be addressed with
studies of the flavor structure of the scalar mass matri-
ces. Therefore a study of muon LFV processes will con-
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tinue to play a crucial role, even after all of the SUSY
particles are experimentally discovered.

C. Other theoretical models

In the late 1970s, especially in 1977, the false rumor of
u"—ety signals at SIN (Schweizerisches Institut fir
Nuklearforschung) gave rise to a surge in the number of
theoretical papers on models with heavy neutrinos in-
ducing LFV (Altarelli et al., 1977; Bjorken et al., 1977,
Cheng and Li, 1977a, 1977b; Lee et al., 1977; Lee and
Shrock, 1977). In this section, we discuss LFV effects in
theoretical models other than SUSY models. Although
there may be many ways to induce LFV effects, we dis-
cuss only a few specific examples. For other references,
see, for instance, Vergados (1986) and Depommier and
Leroy (1995).

1. Models with a massive neutrino

The simplest way to violate lepton flavor conservation
is to introduce neutrino masses and mixing. However, it
has been known that the branching ratio of u™—e*y
decay from ordinary neutrino mixing is very suppressed
if the neutrino mass and mixing suggested by the
atmospheric- and solar-neutrino experiments are used.
For example, the predicted branching ratio from the
Dirac neutrino masses and mixing is given by (Bilenky
et al., 1977; Petcov, 1977)

m22

3a % v;
B(M—>€7)=E > (VMNs)m(VMNs)eim—z— .
i w
(86)

where (Vyns)ai is the lepton flavor mixing matrix
(Mikheyev-Smirnov-Wolfenstein matrix) defined in Eq.
(20). It is represented by

Via= Z (Vuns)aiVLis (87)

where v, is the neutrino field in the weak-flavor basis,
and v;; in the mass eigenstate basis. Even if a 1-eV neu-
trino mass with maximal mixing is considered, Eq. (86)
only gives a branching ratio of the order of 10™%,

For the Majorana neutrino model of the see-saw type
(Cheng and Li, 1980), the suppression factor of
(m%i/m%,v) in Eq. (86) is replaced by a factor of
O(m, M), where My is the mass of a heavy Majo-

rana neutrino. Then the branching ratio is still O (10~")
or less for m,=1eV and M z=10'""GeV. It is therefore
difficult to expect observable LFV effects from the ordi-
nary neutrino masses and mixing indicated by the atmo-
spheric and solar neutrinos.

2. Models with a doubly charged Higgs boson

There is a wide class of theoretical models that allow
interesting enhancements for u™—e*e*e™ decay and
pn~ —e  conversion. If LFV is induced by a penguin dia-
gram with a heavy boson and a light charged fermion,
the photonic form factors fz(g?) and fy0(g?) receive
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an enhancement factor of In(my4s0, /Mfemion) from the
loop diagrams in which a photon is attached to the in-
ternal light-fermion line (Marciano and Sanda, 1977a;
1977b; Wilczek and Zee, 1977; Raidal and Santamaria,
1998). Since this factor is absent for fg;(g?) and
fu1(g?), the branching ratio of u*—e™y decay has no
enhancement. An example of such a model is one that
contains a doubly charged Higgs boson with the follow-
ing interaction:

L=h;eSpe;pd* T+ He, (88)

where the loop diagrams with internal charged leptons
and doubly charged scalar ¢ * could induce a logarith-
mic enhancement (Raidal and Santamaria, 1998).

3. Supersymmetric models with R-parity violation

Another important class of models that might induce
a logarithmic enhancement are SUSY models with
R-parity violation. In the MSSM, if we required only
gauge invariance when writing all possible superpoten-
tials, the following interactions would also be allowed:

—miLiH;. (89)

These interactions violate baryon or lepton number con-
servation. To forbid proton decays that are too fast, a
parity that distinguishes superparticles from ordinary
particles is often imposed. This parity is called the R
parity, and is defined as R=(—1)*2"5"25 where B, L,
and S are, respectively, the baryon number, lepton num-
ber, and spin. However, the diagrams leading to proton
decay require both lepton and baryon number violation,
i.e., a combination of the couplings above. Hence one
may still consider models with R-parity violation which
maintain proton stability if one suppresses the baryon-
number-violating terms while keeping the Ilepton-
number-violating terms (or vice versa) in the superpo-
tential above.

Some combinations of the coupling constants are se-
verely constrained by the LFV processes. It is known
that the allowed values of A\, AN, and N'A\' still give
large contributions at a tree level to the u™—e*ete”
and u~ —e” conversion processes (Kim et al, 1982;
Huitu et al., 1998; Faessler et al., 1999). Typical tree-
level diagrams are shown in Fig. 16.

In SUSY models with R-parity violation, there also
exist loop contributions to muon LFV processes, such as
u"—e*y decay (Chaichian and Huitu, 1996), u*
—eeTe” decay, and u~—e~ conversion. The latter
two processes would receive a logarithmic enhancement
(Huitu et al., 1998). Figure 17 shows typical loop dia-
grams. From the one-loop diagram, the = —e™ conver-
sion process can also be induced from the AN coupling
constants. For example, from the loop diagrams with in-
ternal leptons, the following four form factors are given
by
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FIG. 16. Tree diagrams for LFV processes in SUSY models
with R-parity violation.

Feo(g®)=*Fyo(q?)

2(MN) —q% [ —¢g?
= 3@ mqg (m mqg +F(r)), (90)

o (W) my,
fMl(O)_"‘fEl(O)__W;%, (91)

where r= m%/( —q?). For r>1, F(r)=Inr+%; otherwise,
it takes a value of O(1).

As a result, some of the A\ combinations are more
severely constrained by 4~ —e ™ conversion than by the
tree-level process of u*—e e e decay.

The present constraints for the combinations of A\
and NN’ couplings are summarized in Huitu ef al
(1998) and Faessler et al. (1999).

4. Models with Z’

There are many models where nonphotonic LFV tran-
sitions occur at tree level. Typical examples are models
with a Z’ that has flavor off-diagonal couplings, or mod-
els with extra fermion families which mix with the SM
fermions at tree level so that the Z boson has LFV cou-
plings (Bernabeu et al., 1993). In such cases, the u*
—etete” and w~ —e” conversion processes are ex-
pected to be much more important than u*—e*y de-
cay.

5. Models with Lorentz noninvariance

Recently, a possible violation of Lorentz invariance
has been suggested (Coleman and Glashow, 1999). In
this context, the Lorentz transformation is not invariant,
but only the translational and rotational symmetries are

FIG. 17. One-loop diagrams for LFV processes in SUSY mod-
els with R-parity violation.
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assumed to be exact in a preferred system. Thus the
maximum attainable velocity could be different for each
species of particle, and this would give rise to many
unique phenomena in particle physics and cosmic-ray
physics.

Muon LFV processes provide a good test for the vio-
lation of Lorentz invariance (Coleman and Glashow,
1999). If a small Lorentz-noninvariant interaction exists
in the SM Lagrangian, flavor mixing couplings are in
general allowed in the photon-fermion interaction. The
current limit on the branching ratio of u™—e ™y puts a
strong constraint on the relevant coupling constants.
Another interesting effect is a change in the muon life-
time at high energies. Since the contribution to the de-
cay width of u—evy due to the Lorentz-noninvariant in-
teraction increases with 7, where vy is the Lorentz
factor, this would dominate over the ordinary contribu-
tion to muon decay which decreases with 1/y. Therefore
the muon lifetime might start decreasing as y~> at a
sufficiently high energy. The current limit on the energy
dependence of the muon lifetime has been obtained
from the experiment that measures the muon anomalous
magnetic moment.

D. Lepton flavor violation with polarized muons

In this subsection, we discuss the usefulness of polar-
ized muons in searches for ut—e'y and u*
—eTeTe” decays. As discussed later in Sec. IV, highly
polarized u*’s (surface muons) are available experi-
mentally. Therefore it would be useful to examine what
kind of new information can be obtained by measuring
the angular distribution of decay products with respect
to the muon polarization.

When the initial muon is polarized in u* —e* y decay,
the angular distribution of the positron is given by

dB(p"—e"y)

d cos 0, 1927°[|Ag|*(1 P, cos 6,)

+|ALP(1+P, cos 6,)], (92)

where 6, is the angle between the muon polarization
and the positron momentum in the muon rest frame.
The terms A and A; are given in Egs. (56) and (57),
and P, is the magnitude of the muon polarization. A
measurement of the e* polarization would give the rela-
tive amplitudes of A z and A, which correspond to the
emission of right-handed e* (u™—eky) and left-
handed e*(u" —e; ), respectively. This is shown sche-
matically in Fig. 18.

Since A; and Ay are model dependent, it would be
useful to discriminate between different LFV mecha-
nisms. For instance, the minimal SU(5) SUSY GUT
model predicts a vanishing A  and a nonzero A , yield-
ing a (1+ P, cos 6,) distribution. On the other hand, the
SO(10) SUSY GUT model predicts the helicity ampli-
tudes for both right-handed and left-handed e*s. For
nonunified supersymmetric models with a right-handed
neutrino, A is nonzero but A; vanishes, giving a (1
— P, cos 6,) distribution. Thus a measurement of the an-
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FIG. 18. Angular distribution of ¢* in polarized u*—e ™y de-
cay.

gular distribution of e* with respect to the direction of
muon polarization would provide a valuable means to
clearly discriminate between these models.

The u*—e*e*e™ decay with polarized muons would
provide us with an interesting possibility of measuring 7'
violation (Treiman et al, 1977, Zee, 1985). A T-odd
triple vector correlation, ¢ ,-(p1Xp;), can be defined,
where 7, is the muon spin, and p; and p, are two inde-
pendent momenta of the e” in the final state. If CPT
invariance holds, the information on CP violation in the
LFV interaction may be obtained from the 7-odd corre-
lations of the decay products. The T-odd asymmetry
would arise as an interference between the photon-
penguin terms and the four-fermion terms. Details are
discussed in Sec. V.B.1. In particular, the T-odd asym-
metry has been evaluated in the SU(5) SUSY GUT
model based on supergravity (Okada et al., 1998). It was
shown that an asymmetry of up to 20% is possible if
CP-violating phases are introduced in the soft SUSY-
breaking mass terms. This would give information inde-
pendent from that obtained from the electric dipole mo-
ment of the electron and neutron.

In the u*—e*e*e” decay, parity-odd asymmetries
can be also defined if the initial muons are polarized.
These asymmetries are sensitive to the chiralities of the
terms in the effective Lagrangian, both the photon-
penguin terms (A; and Ag) and the four-fermion cou-
pling terms (g;). Measurements of the parity-odd asym-
metries in ut—eTeTe” decay, together with the
branching ratios of u™—e*y and u*—e*e*e” decays,
are useful for distinguishing between different SUSY
GUT models (Okada et al., 2000).

E. |AL;|=2 processes

Examples of LFV processes with |AL/]=2 are the
muonium to antimuonium conversion (Mu—Mu conver-
sion) and wrong-flavor muon decay (u*—e"v,v,). The
phenomenology of Mu—Mu conversion can be de-
scribed with an effective four-fermion interaction. As an
example, an interaction of the type (V—A)(V—A) was
considered by Feinberg and Weinberg (1961). It is given
by
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FIG. 19. Examples of theoretical models to induce Mu-Mu
conversion, which are mediated by (a) a doubly charged Higgs
boson, (b) heavy Majorana neutrinos, (c) a neutral scalar par-
ticle like a tau sneutrino, and (d) a bilepton X~ ~. From Will-
mann et al., 1999.

Gyuvin

V2

uy(1=ys)emy (1 —ys)e+H.c.,
(93)
in which G\ is a coupling constant characterizing the
strength of the Mu—Mu conversion. As described in
Sec. V.E.3, the present experimental limits require
Gyudn=<3.0X10"3G ; (Willmann et al., 1999).

In general, there could be various combinations of dif-
ferent types of four-fermion interactions, such as
(V+A)(V+A), (V-A)(V+A), (S—P)(S—-P),
(S+P)(S+P), (S—P)(S+P), SS, and PP, where V,
A, S, and P are, respectively, vector, axial-vector, sca-
lar, pseudoscalar effective interactions. The type of in-
teraction is determined by the theoretical model in ques-
tion. Figure 19 shows example diagrams of speculative
theoretical models responsible for the Mu—Mu conver-
sion. The models involve the exchange of (a) doubly
charged Higgs bosons, (b) heavy Majorana neutrinos,
(c) a neutral scalar particle (including a superparticle),
and (d) a bilepton gauge boson. They are briefly de-
scribed below.

A simple example that induces the |AL;| =2 process is
provided by a model with a doubly charged singlet scalar
boson (Chang and Keung, 1989). In this model, only the
(V+A)(V+A) interaction is generated and the Mu
—Mu conversion rate can be as large as the present ex-
perimental limit, within the constraints from the mea-
surements of the anomalous muon magnetic moment
and high-energy Bhabha scattering. A more general case
with the doubly charged scalar boson is also considered
(Swartz, 1989).

In the left-right symmetric model with a triplet Higgs
boson field, the Mu—Mu conversion could be induced
by a doubly charged Higgs boson A** (Halprin, 1982).
In this model, if the mass of the muon neutrino is
greater than 35keV/c? and less than the present direct
experimental bound of 170keV/c?, one can derive an
upper limit on the neutrino lifetime from the require-
ment that the neutrino energy density in the universe
does not exceed the present total energy density. A
lower bound for Gy can then be obtained as a func-
tion of the mass of the muon neutrino m,, (Herczeg and

HMum: (
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Mohapatra, 1992). For the range 35 <m ,,ﬂs 170keV/c?,

a lower limit of Gysm=(1—40)x10"*G[ can be de-
rived.

If neutrinos are of a Majorana nature, Mu—Mu con-
version could take place by an intermediate pair of neu-
trinos. This coupling is related to neutrinoless double-g
decays, yielding G ywm=10">Gr (Halprin, 1982).

There is a class of models with a neutral scalar boson,
which has a flavor-changing coupling to introduce the
|AL;|=2 processes (Hou and Wong, 1996). An impor-
tant example of these kinds of models is the supersym-
metric model with R-parity violation, where a tau
sneutrino exchange induces the Mu—Mu conversion
(Mohapatra, 1992; Halprin and Masiero, 1993). In this
case, the four-fermion coupling is of the (S—P)(S+P)
type. The present experimental limit for Mu—Mu con-
version gives a constraint on the relevant coupling con-
stant, |\13\35,/<3X 1074, for a superpartner mass of or-
der 100 GeV/c2. Moreover, the four-fermion coupling
constant for the ,(,L+—>€+VM7€ decay is predicted to be
similar in magnitude to that for Mu—Mu conversion.

In some extensions of the SM gauge groups, there ap-
pear doubly charged gauge bosons (called bileptons),
X, which couple only to leptons. They occur, for in-
stance, in SU(15) GUT models (Frampton and Lee,
1990), or in a gauge model with SU(3)-XSU(3),
X U(1)y (331 model; Frampton, 1992a). In these mod-
els, singly charged and doubly charged bilepton gauge
bosons appear from breaking of the SU(3); gauge sym-
metry to SU(2),; of the SM gauge groups. The mass
bound for the bilepton gauge bosons is obtained from a
precise determination of the Michel parameters for nor-
mal muon decay (Carlson and Frampton, 1992), the
muonium hyperfine splitting, and the decay u*
—e " v,v, (Fujii er al., 1994). They give a lower bound of
roughly 200 GeV/c?. In these models, Mu—Mu conver-
sion could occur by the exchange of a doubly charged
bilepton (Fujii et al., 1993; Horikawa and Sasaki, 1996).
The effective interaction is of the form (V—-A)(V
+A), in contrast to the traditional (V—A)(V—A) in-
teraction by Feinberg and Weinberg. The bilepton inter-
action is given by

831 - = oy
L=—">=X, [y*ysCI"+H.c., 94
R s (94)
where /=e,u,7, and C is the charge-conjugation matrix.
The gauge-coupling constant, gz;, is of the order of
O(1), and is determined from model in question. The

Mu—Mu conversion rate (Pypm) is given by

4
831
m—X) , (95)

Prudia=4.5%10%x

where m y is the mass of the bilepton gauge boson. From
the current experimental bound for Mu—Mu conver-
sion, a constraint of my/g3=2.6TeV/c? is obtained
(Willmann et al., 1999).

It has long been known that the reaction e e~
—u~u” is useful for studying |AL;=2 processes
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TABLE VII. Three fundamental values in the standard model.

Parameter Experimental value Uncertainty
e 137.0359895+0.0000061 0.045 ppm
Gr (1.16639+0.00001) X 107> GeV~2 9 ppm
my 91.1867+0.0021 GeV/c? 23 ppm

(Glashow, 1961). Such experiments were carried out to
place a constraint on Gy5 (Barber et al., 1969). Re-
cently, similar scattering processes at high energy, such
as at a ee linear collider or a uu collider have been
discussed, and are mostly based on bilepton models
(Frampton, 1992b; Hou, 1996; Raidal, 1998).

IV. NORMAL MUON DECAY

Normal muon decay remains the only pure leptonic
process of the weak interaction accessible to precise
measurements with high statistics. The studies are free
from the complications of the strong interaction and
hadronic structure. For this reason, precise studies of
normal muon decay would provide information that is
unambiguously interpreted.

The experimental progress has benefited from the
high-intensity muon beams available at the three meson
factories, the Paul Scherrer Institute (PSI) in Switzer-
land, TRIUMF in Canada, LAMPF in the U.S.A. (which
was unfortunately shut down), and also lately at the Ru-
therford Appleton Laboratory (RAL) in England. Par-
ticularly useful is a surface ™ beam, which arises from
the decay of pions stopped at the surface of a pion-
production target. It has a kinetic energy of 4.1 MeV
(29.8MeV/c in momentum) and 100% muon polariza-
tion antiparallel to its momentum direction. This high
polarization of the surface muons is useful for various
measurements requiring muon polarization.

In the past, studies of normal muon decay have
greatly contributed to the development of the SM. They
are now playing the role of probing for possible devia-
tions from the SM. For example, see reviews by Fetscher
and Gerber (1995) and Herczeg (1995). In the following
sections, the current status of the studies of normal
muon decay is discussed, in particular those that are be-
ing prepared or planned for the future. These include
measurements of the muon lifetime, the Michel spec-
trum, and the longitudinal polarization of e ’s in polar-
ized u* —e" v,v, decay. Other important muon experi-
ments, such as the muon anomalous magnetic moment
and the muon electric dipole moment, will not be dis-
cussed.

A. Muon lifetime

1. Phenomenology

The Fermi coupling constant G is one of the three
precisely measured inputs of the SM, along with the
fine-structure constant (@) and the Z-boson mass ().
Their updated values are given in Table VII. Note that
the m, value in the Particle Data Group (Caso et al.,
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1998) is m ,=91.187+0.007 (77 ppm). However, after a
recent improvement in the measurement in m, (LEP
and SLD Electroweak Working Group, 1999), the un-
certainties of G and m, have become comparable in
order, as can be seen in Table VII. Here G is deter-
mined from the muon lifetime (7,) given by Eq. (23).
The complete two-loop QED corrections to the estima-
tion of the muon lifetime have been calculated (van Rit-
bergen and Stuart, 1999). The theoretical errors in de-
riving G from the muon lifetime are now reduced to
negligible proportions, compared with the experimental
uncertainty in the measurement of the muon lifetime. It
would be necessary to improve the accuracy of G, if
experimentally possible. To test the SM, a comparison is
necessary between measurements of G from the muon
lifetime with those determined from other measure-
ments, such as tau leptonic decays, or the My, and other
observables at the M, pole with similar accuracies
(Marciano, 1999).

2. Experimental status

Experimentally, measurements of the muon lifetime
were carried out at TRIUMF (Giovanetti et al., 1984)
and at Saclay (Bardin et al., 1984). Since then, for more
than a decade, no experimental efforts to improve the
situation have been made. The present value of 7, is
7,=2.19703(4)x107% (%18 ppm) (Caso et al., 1998).
Recently, however, an experimental proposal at Ruther-
ford Appleton Laboratory (RAL) to reduce the uncer-
tainty of G by an order of magnitude has been under-
taken (Nakamura et al, 1998), and two experimental
proposals to PSI (Carey et al, 1999b; Cavallo et al.,
1999) have been submitted.

An ongoing experiment at the RIKEN-RAL muon
facility, R77, uses a pulsed muon beam. In previous ex-
periments with a continuous muon beam, only one inci-
dent muon within the time window of measurement was
allowed in order to avoid any possible confusion from
the decay of other muons occurring in the same time
window. It would otherwise introduce distortion of the
time spectrum of muon decay. This requirement, how-
ever, would lead to a limitation on muon beam intensity,
and the sensitivity would be statistically limited. To
overcome this problem, R77 at RIKEN-RAL has
adopted a pulsed beam, with a pulse interval of 20 msec
that is much longer than the measurement window.
Since all muons come at the same time, multiple muon
decays within the measurement time window are al-
lowed. There are several sources of systematic errors.
One of them is from counting losses due to pileup e*
events and the dead time of detection, since the instan-
taneous beam intensity is high. To avoid this effect, seg-
mentation of the detectors is required. In R77, multiwire
proportional chambers are used. Another systematic er-
ror might come from a precession of muon spin under
an earth field. A special magnetic material will be
adopted for the muon-stopping target to depolarize the
muon spin polarization. By accumulating 10'! muon de-
cays, it aims to achieve statistical and systematic errors
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of about 3 ppm (a total of 4 ppm) in the 7, measure-
ment. Its initial phase, which plans to accumulate 10'°
muon decays, started in 1999.

There are two new planned experiments at PSI:
R-99-06 (Cavallo et al., 1999) and R-99-07 (Carey et al.,
1999b). R-99-07 was approved in 1999 and R-99-06 has
been approved in 2000. Both experiments are aiming at
an improvement of a factor of 20 over the current world
average of 7.

The experiment R-99-07 is to use a chopped surface-
muon beam at PSI. The muons are stopped in a sulfur
target to reduce the residual muon polarization, and a
transverse magnetic field of 75 G is applied to further
dephase it. The e™ detector (uLan detector) consists of
180 triangular scintillating tiles distributed within 20 su-
pertriangles in an icosahedral geometry centered on the
target. Each scintillating tile is viewed by a photomulti-
plier, and the signal is recorded by a wave-form digitizer
developed in the g—2 experiment at BNL. This 4 ge-
ometry of the ulLan detector, especially a sum of the
pointlike symmetric tile pairs with respect to the center,
would further reduce any asymmetries due to spin rota-
tion.

The other experiment, R-99-06, uses a fiber-active
scintillator target, which comprises plastic scintillating fi-
bers in an overall active volume of 20X20X20cm’. A
" beam is stopped in the fiber-active-scintillator target,
and a " —u* —e™ decay chain is observed in the tar-
get. Owing to the high granularity and fast response of
the fiber-active-scintillator-target detector, many indi-
vidual muon decays can be recorded in parallel with a
high event rate.

B. Michel decay spectrum

1. Phenomenology

The e* spectrum of normal muon decay is given in
Eq. (30) with the four Michel parameters of p, & &, and
7. It includes all possible Lorentz-invariant interactions.
A precise determination of the Michel parameters
would allow stringent testing of the (V—A) structure of
electroweak interactions in the SM, and would be sensi-
tive to any deviations caused by physics beyond the SM.

2. Experimental status

In the past, each of the Michel parameters in normal
muon decay was determined in dedicated experiments:
for instance, the p parameter (Derenzo, 1969), the 7 pa-
rameter (Burkard er al., 1985b), the & parameter (Balke
etal., 1988), P & (Beltrami et al., 1987), and P ,&(/p)
(Jodidio et al., 1986).

A new experiment, E614 at TRIUMF, is being pre-
pared to measure the entire differential spectrum of pos-
itrons from the decay of polarized muons (Abegg et al.,
1996). By accumulating 10° muon decays, the goal of the
E614 experiment is to measure the Michel parameters to
precisions of Ap<1x107%, A6<3x107*%, and A(P ,£)
<2x107*. The aimed precisions are 3—10 times better
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FIG. 20. Constraints on the mass of Wy vs its mixing angle {in
the manifest left-right symmetric model. The experimental
constraints of “Strovink,” “Peoples,” “MEGA,” and “D0” are
from Jodidio et al. (1986), Derenzo (1969), the MEGA experi-
ment (unpublished), and Abachi er al. (1996), respectively.
The aimed goal for E614 is also shown (provided by D. R.
Gill).

than those previously achieved. Note that only the prod-
uct P, ¢ can be experimentally determined.

Among the many theoretical models that can be stud-
ied by precise measurements of standard muon decay,
one example is the left-right symmetric model, which
invokes a SU(2),  XSU((2)gXU(1) symmetry (Herc-
zeg, 1986; Langacker and Sankar, 1989). In this class of
models there exist heavy right-handed gauge bosons
(two charged W and one neutral Z'). In general, they
mix with the gauge bosons of the SM and form mass
eigenstates Wi,:

cos ¢

Wi _ —sin ¢ (W;)
(W;)_<€i‘"sin{ e”"cos{) w5 )’ (96)

where {is a mixing angle, and w is a C P-violating phase.
For example, the expected constraint on the left-right
symmetric model from E614 is presented in Fig. 20.

A schematic view of the E614 detector is shown in
Fig. 21. The E614 spectrometer consists of a supercon-

E614

Incident muons

2T superconducting
solenoid magnet

Wire chamber
detector package

FIG. 21. Schematic view of the E614 detector at TRIUMF
(provided by D. R. Gill).
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ducting solenoid magnet with tracking chambers. In
E614, a surface-muon beam from the M13 beam channel
at TRIUMF will be brought into the detector, and
stopped in a muon-stopping target made of aluminum
located at the center of the apparatus. An array of pla-
nar chambers, mounted symmetrically upstream and
downstream from the target, will track the trajectories of

*°s from muon decays under a magnetic field of 2 T
with a homogeneity of better than 10~ *. The positron
spectrum will be measured over a wide range of 0.4<x
=<1.0 for the positron energy, and 10<6,<70° and 110
=<6,<170° for the angle between the muon spin direc-
tion and the positron momentum vector ( 4,), where x is
defined in Sec. II.C.1.

Experimentally, it is important to keep the muon po-
larization fully aligned with the magnetic field direction
at the stopping target. Any reduction of P}, the projec-
tion of P, on the field direction, must be mlnlmlzed ata
level of 10 4. Possible sources of reduction are a mis-
alignment between the muon-beam axis and the mag-
netic field at the spectrometer, a fringing field of the
spectrometer, a contamination of nonsurface muons
(such as cloud muons, which come from pion decays in
flight around the target region), multiple scattering of
muons in the production target, and possible depolariza-
tion of the muon spin in the aluminum muon-stopping
target. At the same time, crucial spectrometer require-
ments are the low-massness of tracking chambers to
minimize multiple scattering of positrons and position
accuracy of the detector assembly. Detector construc-
tion has been started, and physics data collection is ex-
pected in 2001.

. izati i —etv v
C. Polarization of e* in u*—e*v, v, deca

1. Phenomenology

The longitudinal polarization of e (P;) in u”
—e " v,v, decay is given in Eq. (38). When the muon is
not polarlzed (P,=0) and the SM values of p=6=3/4
are taken, P, leads to

P;(x,cos0,)=¢'. (97)
It is independent of the values of x and cos 6,. Therefore
a measurement of the longitudinal polarization of e*
emitted by unpolarized muons would provide a good
direct determination of the parameter §'.

If the muon is polarized with the SM values of the p
and ¢ parameters, P; is given by

éP, cos 0,(2x—1)
(3—2x)+¢éP,cos 0,(2x—1)

(&-é )
e

From this, the measurement of P; as a function of en-
ergy (x) and angle (4,) would give extra information on
the combination of parameters (&"—&¢')/&. In particu-
lar, for x~1 and cos §,~—1, it leads to

P;(x,cos6,)=¢ +

(98)
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—EP, (¢£-EE)

P;(x=1,cos0,=—1)~¢&" + T—¢p

' (99)
The combination (&"—¢&¢")/¢ is multiplied by an en-
hancement factor of ¢P,/(1—§&P,), which could be
large when P, is close to unity.

The two transverse polarization components (P, and
Pr;) of the e’ in u*—e " v,v, decay are given in Egs.
(36) and (37). If time-reversal invariance holds, P,
which is the transverse e™ polarization normal to the
decay plane determined by P, and the e” momentum
direction, should vanish. A nonzero P1, would signal a
violation of time-reversal invariance. The electromag-
netic final-state interaction, which mimics a 7-odd ef-
fect, is known to be small. On the other hand, P,
which is not forbidden by the fundamental symmetries,
is sensitive to the Michel parameter, 7. The determina-
tion of # from Pp is better than that from the isotropic
part of the e™ energy spectrum, since the latter is more
difficult owing to the small x,, factor (~10~2) multiplied
by 7.

2. Experimental status

The latest measurement of P; of e” in u™—e"v,v,
decay was carried out at SIN (Burkard et al., 1985a). A
magnetized-iron foil was adopted as a polarimeter for
the e* polarization, and was tilted by 45° with respect to
the e momentum direction. Either Bhabha scattering
of e” off e7’s (e"e”—e"e”) or annihilation in flight
(e"e”—vyy) in the magnetized-iron foil was utilized,
where the cross sections of those processes have a par-
ticular dependence on the relative angle between the e
polarization directions. Since the magnitude and direc-
tion of e~ polarization in the magnetized-iron foil is
known, the polarization of e” from u*—e v, v, decay
can be determined. Both e*e™ and yy pairs originating
in the foil were detected by four Nal(Tl) crystal detec-
tors located behind the foil. Both unpolarized and polar-
ized muons were studied. From the case of unpolarized
muons, P; (=¢')=0.998+0.042 was obtained, whereas
the current average value in the Particle Data Group is
P;=1.00=0.04 (Caso et al., 1998), showing no strong
evidence of the right-handed current. For the case of
polarized muons, they obtained (&'—§&-¢')/é=-0.35
+0.33, which, however, did not improve the constraints
on the coupling constants.

The transverse polarization components, Pp; and
Pry, of e’ in u"—e"v,v, decay were measured by the
same group (Burkard er al., 1985b). A magnetized-iron
foil was used again as a polarimeter, but was placed per-
pendicular to the e” momentum direction. The mea-
surement was based on the fact that two photons from
the annihilation of transversely polarized e* with e s in
a magnetized-iron foil are preferentially emitted in the
plane determined by the bisector of the e polarization

vector (P7) and the e~ polarization vector in a magne-
tized foil. Their results were (P;;)=0.016=0.023 and
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(P7,)=0.007£0.023. From the measured value of Py,
n=—0.007%=0.013 was obtained.

A new experiment, R-94-10, at PSI (Barnett et al,
1994), is in preparation to measure the transverse polar-
ization, both Pr and Pz, of the positrons from polar-
ized u*—e*v,v, decay with a precision of 3X107°.
The experimental principle is the same as the previous
one mentioned above. Major improvements are ex-
pected to occur from a higher muon-stopping rate due to
a higher proton current at the PSI cyclotron, installation
of two analyzing foils with an additional wire chamber in
between, and replacement of four Nal(TI) crystals by a
127 hexagonal BGO (Biy;Ge;0;,) crystal. An engineer-
ing run started in 1999.

Another new experiment, R-97-06 at PSI (van Hove
et al., 1997), is under development to measure the longi-
tudinal polarization, P; , of the positrons emitted anti-
parallel to the muon spin from polarized ,u*—>e+1/67u
decay. As explained in Eq. (99), P, at x~1 and cos 0,
~—1 is sensitive to the combination of (¢"—&¢")/& with
the enhancement factor. R-97-06 aims to measure this
observable with an improvement of more than one or-
der of magnitude over the previous experiments at SIN.
It will use three solenoidal magnets to track e*’s from
u"—e"v,v, decay with double-sided Si strip detectors.
Two magnetized-iron foils with opposite sign of the ana-
lyzing power are used as a polarimeter, followed by 127
BGO (Bi,Ge;04,) crystals to detect both e™’s and pho-
tons. The asymmetry for two different analyzing foils are
compared for the two cases of polarized and unpolarized
muons, giving a relative measurement to reduce system-
atic errors. The goal is to measure (&' —&¢&')/& to about
0.5%. An engineering run with the complete set up took
place in late 1999.

V. LEPTON-FLAVOR-VIOLATING MUON DECAYS

The muon system is one of the best places to search
for LFV. In Table VIII, the upper limits of various
lepton-flavor-violating decays are listed. The sensitivity
to LFV is superb in the muon system, mainly due to the
fact that a large number of muons (about
10%-10"/year) are available at current experiments.
The theoretical frameworks for LFV have already been
presented in Sec. III. In this section we review phenom-
enology and experimental results, and mention the pros-
pects for future improvements in each of the forbidden
muon LFV processes. These are u*—e™y decay, u™
—e"e"e” decay, u~ —e” conversion in a muonic atom,
u~ —e™ conversion, and muonium to antimuonium con-
version. In the first three processes, lepton flavors
change by one unit (JAL;/=1).

A. p*—e*y decay

1. Phenomenology of u*—e™y decay

The most popular process of lepton-flavor-violating
muon decay is u*—e " y. From Eq. (54), the Lagrangian
for the u™—e ™"y amplitude is given by
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TABLE VIII. Experimental limits for the lepton-flavor-violating decays of the muon, tau, pion,

kaon, and Z boson.

Reaction Present limit Reference

ut—ety <1.2x10" 1 Brooks er al. (1999)

ut—etete” <1.0x10" 12 Bellgardt et al. (1988)

w Ti—e Ti <6.1x10° 13 Wintz (1998)

ute —pu et <83x10° ! Willmann et al. (1999)

T—ey <2.7%x10°6 Edwards et al. (1997)

T Uy <3.0x107° Edwards et al. (1997)

T— AL <1.9x10°° Bliss et al. (1998)

T—eee <2.9%10°¢ Bliss et al. (1998)

m— e <8.6x107°7 Krolak et al. (1994)

K9 — pe <4.7x10712 Ambrose et al. (1998)

Kt—atute” <2.1x1071° Lee et al. (1990)

K —mute” <3.1x107° Arisaka et al. (1998)

AR <1.7x10°¢ Akers et al. (1995)

7= e <9.8%x107° Akers et al. (1995)

AR <1.2x107° Abreu et al. (1997)

4Gy o flight, or external bremsstrahlung of e’s from normal

Ly ey=— W[m yARrpgotte F,, muon decay. These backgrounds are described in more

+m Aot egF,,+Hel. (100)

The differential angular distribution of u*—e™y decay
has already been given in Eq. (92) by
dB(pn*—e'y)

= 2 201
d(cos 6,) 1927°[|Ag|*(1 =P, cos 6,)

+|ALP(1+P, cos6,)], (101)
where 6, is the angle between the muon polarization

and the e” momentum vectors. Here P, is the magni-

tude of the muon spin polarization. The branching ratio
is given by

T(u"—ey)
F(u"—evy)
=384m(|Ag*+]AL).

B(pt—ety)=
(102)

2. Event signature and backgrounds

The event signature of u*—e"y decay at restisa e™
and a photon in coincidence, moving collinearly back-to-
back with their energies equal to half that of the muon
mass (m ,/2=52.8 MeV). The searches in the past were
carried out by using positive muon decay at rest to fully
utilize its kinematics. A negative muon cannot be used,
since it is captured by a nucleus when it is stopped in a
material. There are two major backgrounds to the
search for u™—e™y. One is a physics (prompt) back-
ground from radiative muon decay, u'—e v, v,y,
when the e and photon are emitted back to back with
the two neutrinos carrying off a small amount of energy.
The other background is an accidental coincidence of an
e” in a normal muon decay, u* —e* v,v,, accompanied
by a high-energy photon. Possible sources of the latter
would be either u"—e"v,v,y decay, annihilation in
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detail in the following sections.

3. Physics background

One of the major physics backgrounds to the search
for uw"—e*y decay is radiative muon decay, u”
—e" v,y (branching ratio=14% for E,>10MeV),
when the e and photon are emitted back to back with
two neutrinos carrying off a small amount of energy.
The differential decay width of this radiative muon de-
cay was calculated as a function of the e* energy (E,)
and the photon energy (E,) normalized to their maxi-
mum energies, namely, x=2FE,/m, and y=2E /m,
(Eckstein and Pratt, 1959; Fronsdal and Uberall, 1959).
The ranges of x and y are shown in Eq. (50). The kine-
matic case when x~1 and y~1 is important as a back-
ground to u"—e"y. In the approximation x~1, y~1,
and angle between e and photon (6,,) of almost 180°,
the differential decay width of u"—e* v, v,y decay is
given by (Kuno and Okada, 1996)

23 @
+ + o)~ H
dF(,u —e VV’)’)—W

(1—x)*(1—P ,cos 6,)

+

1
4(1—x)(1—y)—§Z2)

X(1+P,cosb,)

Xdxdyzdzd(cosb,), (103)

where 6, is the angle between the muon spin and the e ™
momentum direction. The term G is the Fermi cou-
pling constant, « is the fine-structure constant, z=1
—0,,, and cos z is expanded as a polynomial of z, since
z is small. In Eq. (103), only the terms of up to second
order in (1—x), (1—y), and z are kept. At x~1 and
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y=~=1, the effect of the positron mass is found to be very
small, of the order of (m,/m #)2, and is therefore ne-
glected in Eq. (103). The first term in Eq. (103) repre-
sents the e being emitted preferentially opposite to the
muon spin direction, whereas in the second term the e*
is emitted along the muon-spin direction. When x=1
and y=1 exactly, this differential decay width vanishes.
However, in a real experiment, finite detector resolu-
tions introduce background events that would ultimately
limit the sensitivity of a search for u™—e™y.

Given the detector resolution, the sensitivity limita-
tion from this physics background can be estimated by
integrating the differential decay width over the signal
box. It is given by

dB(ut—etvvy)

1 1 1
[ af
D(u"—e vw) Jicae  Jizsy

min[ 8z 2V(T—x)(T—y)] dr(/.l,+—>€+1/7’)/)
Xdy
0

dxdydz ’

Z

o
E[Jy(l—PMcos 0,)

+J,-(1+ P, cos 6,)]d(cos 6,), (104)

where 8x, 8y, and 8z are half-widths of the u™—e*y
signal region for x, y, and z, respectively. Here T'(u™
—e " vv) is the total muon decay width, and J,; and J,
are given as the sixth power of a combination of éx and
oy. For the case of §z>2/6x 8y, they are given by
4 2 8 3 3
J1=(6x)"(dy)” and J2=§(5x)‘(5y) . (105)
When the angular resolution meets 6z<2./6x 8y, they
are given by

8 ; oz 4
1125(5?6) (6y) 5 —2(5X)
Tl )
+§ 5}’ 5 (106)
5 4
J,=8(8x)*(8y) (7) —8(5x)(5y)( )
8(&)6
~I—§ 5 (107)

Experimentally, the resolution of the e energy is better
than that of the photon energy, i.e., x<Jy. Moreover,
the angular resolution 6z has been poor in past experi-
ments. Thereby, from Eq. (105), J, is much larger than
J, in most cases.

Figure 22 shows the fraction of the u"—e" v, v,y de-
cay for the given 6x and Sy values with unpolarized
muons in the case of 6z=2xy. From Fig. 22, it can
be seen that both dx and Sy of the order of 0.01 are
needed to achieve a sensitivity limit at the level of 10~ 1
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FIG. 22. Effective branching ratio of the physics background
from the u*—e" v, v,y decay as a function of the e* energy
resolution dx and photon energy resolution dy. From Kuno
and Okada, 1996.

Radiative corrections to radiative muon decay for the
case of the physics background to u*—e™ y decay have
been calculated to be of the order of several percent,
depending on the detector resolution (Arbuzov et al.,
1998).

4. Accidental background

With a very high rate of incident muons, the acciden-
tal background becomes more important than the phys-
ics background. This is usually the case at present ex-
periments and is expected to occur at future
experiments as well. The event rate of the accidental
background normalized to the total decay rate (B )
can be estimated by

Aw,
Bacc:RM'f(eJ'f{;' (Atey)' (4_;) s

where R, is the instantaneous muon intensity. Here ]‘0
and f0 are respectlvely, the integrated fractions of the
spectrum of e and 7y in normal muon decay (such as
from u*—etv, v, .Y decay) within the signal region.
They include their corresponding branching ratios. The
terms Az, and Aw,, are, respectively, the full widths of
the signal regions for timing coincidence and angular
constraint of the back-to-back kinematics.

Given the sizes of the signal region, B, can be evalu-
ated. Let us take ox, dy, 660,,, and ot,,, to be respec-
tively, the half-width of the signal region for et photon
energies, angle 6,,, and relative timing between e’ and
photon. Then ¥ can be estimated by integrating the
Michel spectrum of normal muon decay over 1—dx<x
<1, yielding f’~2(éx). Given the angular resolution,
80, , the back-to-back resolution (Aw,,/41) is given by
(Aw /477) (566,/)2/4 As for 2, if the radiative muon
decay ut—e” v.v,y is considered as a source of the
52.8-MeV photon, it can be given by integrating Eq. (51)

(108)
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FIG. 23. Integrated rates of backgrounds: dotted line, from
annihilation-in-flight; dashed line, from radiative muon decay
as a function of the photon energy. The sum of the two is
shown by the solid line.

over 2 for ¢, and then over the photon energy within
the width of the signal region (1 —8y<y<1). For unpo-
larized muons, it is given by
1 dB(u*—e vvy)
f;_ Laydyf d(cos 6,) dy d(cos 6,)

~(i) (8y)2[In(8y)+7.33]. (109)
Equation (109) shows that fO for the decay u*
—e v, v,y is roughly proportlonal to (8y)>.

The other sources of high-energy photons are annihi-
lation in flight of ¢ *’s in normal muon decay and exter-
nal bremsstrahlung. The contribution from annihilation
of e* in flight depends on the materials along the e™’s
track path. Figure 23 shows, for instance, the contribu-
tion of annihilation in flight for the case of e*’s passing
through a muon-stopping target of 50-mg thickness. It
indicates that the contribution from the target is smaller
than the radiative muon decay, and only becomes im-
portant if the photon energy resolution becomes ex-
tremely good. However, it is dependent on the total
amount of materials in an experimental setup.

From the above, the effective branching ratio of the
accidental background is given by

Bue=R,-(261)- (%( 5v)2[In(Sy)+7.33]

2

X TV) (26t,,). (110)

For instance, taking some realistic values such as 1% for
the e’ energy resolution [full width at half maximum
(FWHM)] a photon energy resolution of 6% (FWHM),

=3x10"* steradian, At,,=1mns, and R,=3
><10g */s, By is 3X10 “ Thls shows the acmdental
background to be severe. Therefore it is critical to make
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FIG. 24. Angular distribution of e* from the physics back-
ground of the u*—e* v, v,y decay from polarized muons with
respect to the muon polarization direction (solid line); dotted
line, u*—ejy decay; dashed line, u*—ejy decay. From
Kuno and Okada, 1996.

significant improvements in the detector resolution in
order to reduce this background.

5. Muon polarization

The use of polarized muons has been found to be use-
ful in suppressing backgrounds for u*—e*y searches
(Kuno and Okada, 1996; Kuno et al, 1997). For the
physical (prompt) background, as already discussed in
Sec. V.A.3, the coefficient of J, is much larger than J,
since the resolution of the photon energy is much worse
than that of the e* energy detection. Therefore the an-
gular distribution of the physics background follows ap-
proximately (1+P, cos ) as long as 8y > ox. Figure 24
shows the angular distribution of u"—e"v,v,y with,
for instance, 8y/dx=4. If we selectively measure the
e*’sin u —e™ y that move opposite to the muon polar-
ization direction, the background from u*—e*v,v,y
would be significantly reduced in the search for u™
—epy. Furthermore, by varying 8x and 8y, the angular
distribution of the wu"—ev,v,y background can
change according to Eq. (104), thus providing another
means to discriminate the signal from the backgrounds.

Regarding the accidental background, the use of po-
larized muons has also provided a means for its suppres-
sion (Kuno et al., 1997). This is due to the sources of
accidental backgrounds having a specific angular distri-
bution when a muon is polarized. For instance, the e*’s
in normal Michel u* decay are emitted preferentially
along the muon spin direction, following the (1
+ P, cos 6,) distribution described by Eq. (33), whereas
the inclusive angular distribution of a high-energy pho-
ton (e.g., =50MeV) from u*—e" v, v,y decay follows
the (1+P,cos 6,) distribution described by Eq. (51),
where 6, is the angle of the photon direction with re-
spect to the muon spin direction. It should be noted that
this inclusive angular distribution was obtained after in-
tegrating the energy and direction of the e*’s, in con-
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FIG. 25. Suppression factor of the accidental background in a
ut—e’y search as a function of half of the detector opening
angle: solid line, 100% muon polarization; dotted line, 97%
muon polarization. From Kuno et al., 1997.

trast to the case of the physics background, where only
the extreme kinematics of the e ™ and photon being back
to back in 4" —e* v, v,y decay is relevant. In addition,
the other sources of high-energy photons, such as exter-
nal bremsstrahlung and annihilation in flight of e*’s
from the normal muon decay, also follow a (1
+ P, cos 6,) distribution.

This inclusive angular distribution of a high-energy
photon in u*—e" v, v,y implies that the accidental
background could be suppressed for u*—e; y, where
high-energy photons must be detected at the opposite
direction to the muon polarization. A similar suppres-
sion mechanism of accidental background can be seen
for " —eky when high-energy positrons are detected
in the opposite direction to the muon polarization. As a
result, the selective measurements of either e *’s or pho-
tons antiparallel to the muon spin direction would give
the same accidental background suppression for u™
—egy and u*—e; y decays, respectively. This favor-
able situation comes from the fact that the inclusive dis-
tributions of both high-energy e *’s and photons, respec-
tively, in the normal and radiative muon decays follow a
(14 P, cos 0) distribution, where 6 is either 6, or 6,.
The suppression factor #» is calculated for polarized
muons by

1
nEf d(cos 0)(1+ P, cos 0)
cos Op

1
X(l—Pﬂcosﬁ)/ f d(cos 6)
cos Op

1
=(1-P;)+ gPi(l —cos 0p)(2+cos 8p),  (111)

where 6p is a half opening angle of detection with re-
spect to the muon polarization direction. The term 7 is
shown in Fig. 25 as a function of 6. For instance, for
0#p=300 mrad, an accidental background can be sup-
pressed to the level of 1/20 (1/10) when P, is 100 (97) %.

6. Experimental status of 4™ —e* y decay

Experimental searches for u*—e™y have a long his-
tory of more than 50 years. These searches have been
actively promoted by intense muon beams available at
the meson factories. Experimental efforts have been de-
voted to improving the detection resolutions of four
variables, namely, the positron energy (E,), the photon
energy (E,), the timing between the positron and pho-
ton (At,,), and the angle between the positron and pho-
ton (A#6,,). Various kinds of apparatus have been tried
in the past. In Table IX, we list past and present 90%-
C.L. upper limits for ™ —e™y decay along with their
achieved detection resolutions.

The upper limit quoted by the Particle Data Group
(Caso et al., 1998) is B(u"—ety)<4.9x10"", which
was obtained by an experiment with the “Crystal Box”
detector (Bolton et al., 1988) at Los Alamos National
Laboratory (LANL). Its apparatus consisted of 396
Nal(T1) crystals and cylindrical drift chambers surround-
ing a muon-stopping target in zero magnetic field.

Since then, a new experimental search for u*—e*y
has been carried out by the MEGA collaboration at
LANL. A schematic view of the MEGA spectrometer is
shown in Fig. 26. The MEGA detector consists of a mag-
netic spectrometer for the positron and three concentric
pair spectrometers for the photon. They were placed in-
side a superconducting solenoid magnet of a 1.5-T field.
The positron spectrometer comprises eight cylindrical
wire chambers and scintillators for timing. The positron
energy resolution (FWHM) was from 0.5 MeV (0.95%)
to 0.85 MeV (1.6%) for a 52.8-MeV e*, depending on
the number of helical loops of e tracks. For the pair

TABLE IX. Historical progress of search for u*—e ™y since the era of meson factories with 90%-
C.L. upper limits. The resolutions quoted are given as a full width at half maximum (FWHM).

Place Year AE, AE, At Af,,  Upper limit References
TRIUMF 1977 10% 87% 6.7 ns <3.6X10"° Depommier et al. (1977)
SIN 1980 87% 93% 1l4ns <1.0X107°  Van der Schaaf et al. (1980)
LANL 1982 88% 8% 1.9ns 37mrad <1.7x107'° Kinnison et al. (1982)
LANL 1988 8% 8% 1.8ns 87mrad <4.9x10"'' Bolton et al (1988)

LANL 1999 12%* 45%* 1.6ns 15mrad <1.2x10"'" Brooks et al (1999)

aShows an average of the numbers given in Brooks et al. (1999).
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FIG. 26. Schematic layout of the MEGA detector (provided
by R. Mischke).

spectrometer, each layer had lead converters, multiwire
proportional chambers, drift chambers, and scintillators.
The photon energy resolutions (FWHM) were 1.7 MeV
(3.3%) and 3.0 MeV (5.7%) for the outer and inner Pb
conversion layers, respectively. A surface u beam of
29.8 MeV/c was introduced along the detector axis, and
was stopped in the muon-stopping target made of a thin
tilted Mylar foil. All of the charged particles from muon
decays are confined within the positron spectrometer.
The intensity of the muon beam was 2.5X10%/s with a
macroscopic duty factor of 6%. The total number of
muons stopped was 1.2X 10, By using the likelihood
method, a new limit of 1.2X 107! at 90% C.L. has been
reported (Brooks et al., 1999).

Recently, a new experimental proposal, R-99-05,
aiming at a sensitivity of 10~ for the u™ —e "y branch-
ing ratio has been approved at PSI (Barkov et al., 1999).
This improvement will be obtained by utilizing a con-
tinuous muon beam of 100% duty factor at PSI. By
keeping the same instantaneous beam intensity
as MEGA, the total number of muons available can
be increased by a factor of 16. A further improvement
is a novel liquid-xenon scintillation detector of the
“Mini-Kamiokande” type, which consists of 0.8m?
of liquid xenon viewed by an array of 800 photomulti-
pliers from all sides. The expected resolutions (FWHM)
of the photon energy and position are about 1.4% and 4
mm, respectively. As for e detection, a solenoidal mag-
netic spectrometer with a graded magnetic field is
adopted, in which the magnetic field is arranged so that
the e™ from the u™—e*y decay follows a trajectory
with a constant radius, independent of its emission
angle. This allows easier identification of the e™ in the
u—ety decay. Data collection is expected to start in
year 2003.

A search for u*—e* yy was also undertaken simulta-
neously with the u™—e ™y search, and a 90%-C.L. up-
per limit of B(u*—e’yy)<7.2x10" ! was obtained
(Bolton et al., 1988).
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FIG. 27. Kinematics of the u"—e*e*e™ decay in the muon
center-of-mass system, in which p; and p, are the momentum
vectors of the two e™’s and p is that of the e, respectively.
Plane I is the decay plane on which j;, p,, and p; lie. Plane II
is the plane in which the muon polarization vectors P and D3
are located. From Okada, et al., 2000.

B. u*—e*e*e” decay

1. Phenomenology of u*—e*e*e™ decay

The decay width of u™—e*e"e™ is determined from
the effective Lagrangian (at the scale of m,) described
by Egs. (54) and (58) in Sec. III. The relevant interac-
tions are

4G .
——[m Arpugo*’e, F,,

V2

[',uﬂeee:

+m A ppoterF,,+g(urer)(eger)
+ga(prer)(erer) +g3(upy*er)(ery er)
T8 yter)ery er) +8gs(ury*er)

X(ep v er) t8e(mry e ) (ery er)
+Hel, (112)

where the fr( and f,;, photonic contributions in Eq. (55)
are included in the four-fermion coupling constants.
When muons are polarized, the kinematics of the u™
—etete decay is determined by two energy variables
and two angle variables of the decay positrons (Okada
etal., 1998, 2000). The energy variables are x;
=2E,/m, and x,=2E,/m,, where E| (E,) is the
higher (lower) energy of the decay positrons. The al-
lowed regions of x; and x, are  <x;<1 and 1—x,
<x,<xy, if m, is neglected compared to m,. Let us
take the coordinate system shown in Fig. 27, where the z
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axis is in the direction of the decay electron momentum
(p3), and the z —x plane is the decay plane. The positive
direction of the x axis is chosen to be in the hemisphere
of the higher-energy positron. The two angles (6,¢)

dB(ut—e*ete™) 3
dx,dx,d(cos O)de

determine the direction of the muon polarization (P )
with respect to the decay plane.

In this coordinate system, the differential branching
ratio of the decay u*—ee*e™ is given by

ﬁ[Clal(xl ,Xz)(l +P# COsS 0)+C2a1(x1 ,Xz)(l _Pll« COoS 0)+C3{(12(X1 ,Xz)

+P,B1(x1,x3)c08 0+ P, y1(xq,x;)sin 6 cos @} + Cyf ar(xy,x,) — P, B1(x1,X;)cos 0

=P, y1(x1,x5)sin O cos o} + Cs{as(xy,x,) + P, Br(x1,Xx3)c0os 4 P, y,(x1 ,Xx;)sin 6 cos ¢}

+ Celas(x1,x3) =P, Bs(x1,x3)c08 6— P, y5(x1,%5)sin 6 cos ¢}

+Cr{ay(xy,x3)(1 =P, cos )+ P, y3(x1,x,)sin 6 cos o} + Cg{ay(x1,x,)(1+ P, cos 6)

— P, v3(x1,xp)sin 0 cos o} + Colas(x,x,)(1+ P, cos ) = P, y4(xy,x;)sin 6 cos ¢}

+ Ciofas(xq,x2)(1 =P, cos 0)+ P, y4(xy,x;)sin 6 cos o} + C 1 P, y3(x 1 ,X;)sin @ sin ¢

— C1oP v4(x1 xy)sin Osin ],

where P, is the magnitude of the polarization vector.
The functions «;, B;, and vy; are presented in Appendix
C. The coefficients C; are expressed by g; (i=1-6),
A, and Ai. They are given by

_|g1|2

|gz|2
Crﬂﬂ;+kﬂ{ =

C2_ 16 + |g4|2’

C3=|g5|2, C4:|g6|2, C5:|€AR|2, C6:|€AL|2,

C;=Re(eArgi), Cs=Re(eA;g3),
Co=Re(eArge), Crp=Re(eA g3),
C11:II‘11(614RgZc ‘|"614Lg;c )7

Cp=Im(eAggs +eA;g%). (114)

In Eq. (113), there are four types of contribution
which each have different angular dependences with re-
spect to the muon polarization. They may be categorized
as isotropic angular distributions (with even parity P
and time-reversal 7T), cos @ or sin fcos ¢ distributions
(which are P odd and T even), and those proportional
to sin @sin ¢ (which are P even and T odd).

The integrated branching ratio and the 7-odd asym-
metry for the decay u*—e"ee™ are given by (Okada
et al., 2000)

1 X 1
B(,uﬁ—>e+e+e7)=f1 dxlf ' dxzf d(cos 6)
5 1-x -1

fﬂd dB(u*—etete™)
0 ¢dx1dx2d(cosﬁ)d¢’

=2(C1+ Cr)+H(C5+Cy)
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(113)

+32 (Cs5+Cyg)

2
M) 11
ln( m2) 1

e

+16(C7+ Cg)+8(Cy+ Cyy),

1
A —etete )= =
P,B(p"—e'ete)

1 X1 1
fl dxlf dxzf d(cos 6)
- 1-x, -1

™  dB(ut—etete”)
<[Cas

0 dx,dx,d(cos 8)d¢

1 X1 1
—fldxlj dxzf dcosb

5 1-x; -1

om dB(ut —etete
" J‘ 1 B meTeTe) }

(115)

X

- dxidx,d(cos 0)d¢

_64
T 35B(uT—etete)

(3C11=2Cyy).

(116)

The T-odd asymmetry turns out to be proportional to
(3C{1—2Cy,). It arises from interference between the
on-shell photon-penguin terms and the four-fermion
terms.

If only photon-penguin diagrams contribute to u™
—eteTe” decay (namely, the case of Cs5#0, Cs#0,
with the remainder zero), a model-independent relation
between the two branching ratios can be derived, as fol-
lows:
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TABLE X. Historical progress and summary of searches for u™—e*e" e~ decay.

Place Year 90%-C.L. upper limit Reference
JINR 1976 <1.9x107° Korenchenko et al. (1976)
LANL 1984 <13x10°1° Bolton et al. (1984)

SIN 1984 <1.6x1071° Bertl et al. (1984)

SIN 1985 <24x10"12 Bertl et al. (1985)

LANL 1988 <3.5%x10° 1 Bolton et al. (1988)

SIN 1988 <1.0x10712 Bellgardt et al. (1988)
JINR 1991 <3.6x10° ! Baranov et al. (1991)

B(u"—e'ete) «a
B(u"—e'y) 3w

1 | 11 =0.006
n mg 4 =V. .
(117)

2. Event signature and backgrounds

The event signature of the decay u™—e"e*e™ is ki-
nematically well constrained, since all particles in the
final state are detectable. Muon decay at rest has been
used in all past experiments. In this case, the conserva-
tion of momentum (|2;5,/=0) and energy (X,E;=m,,)
could be effectively used together with the timing coin-
cidence between two e ’s and one e, where p; and E;
(i=1-3) are, respectively, the momentum and energy
of each of the e’s.

One of the physics background processes is the al-
lowed muon decay u*—e"e"e v, v,, which becomes a
serious background when v, and v, have very small en-
ergies. Its branching ratio is (3.4+0.4) X 10™°. The other
background is an accidental coincidence of an e® from
normal muon decay with an uncorrelated e e pair,
where an e®e” pair could be produced either from
Bhabha scattering of e, or from the external conver-
sion of the photon in u"—e*»,v,y decay. Since the
e*e” pair from photon conversion has a small invariant
mass, it could be removed by eliminating events with a
small opening angle between e* and e ™. This, however,
causes a loss in signal sensitivity, in particular for theo-
retical models in which u™—e*ee™ decay occurs
mostly through photonic diagrams.

The other background, which comes mainly at the
trigger level, comprises fake events with an e™ curling
back to the target, which mimics an ee™ pair. For this
background, an e e~ pair forms a relative angle of 180°,
and can therefore be rejected.

3. Experimental status of u* —e*e*e™ decay

After the pioneering measurement in 1976 using a cy-
lindrical spectrometer, which gave an upper limit of
B(pt—etete )<1.9x10~Y (Korenchenko et al., 1976)
various experiments to search for u*—e*ee™ decay
have been carried out, as shown in Table X. In particu-
lar, a series of experimental measurements with the SIN-
DRUM magnetic spectrometer at SIN (Bertl et al., 1984,
1985; Bellgardt et al., 1988) were carried out. A surface
w' beam with 5x10°4"/s was used, and the muons
were stopped in a hollow double-cone target. The e*’s
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and e ’s were tracked by the SINDRUM spectrometer,
which consisted of five concentric multiwire propor-
tional chambers and a cylindrical array of 64 plastic scin-
tillation counters under a solenoid magnetic field of 0.33
T. The momentum resolution was Ap/p=(12.0£0.3) %
(FWHM) at p =50 MeV/c. This experiment gave a 90%-
C.L. upper limit of B(u"—e*e™e )<1.0x107 12, as-
suming a constant matrix element for the u*™—e*e*e™
decay (Bellgardt et al., 1988). They also observed 9070
*10 events of u"—ee’e v,v, decay. A detailed
analysis of the differential decay rate of u*
—ee’e v,v, decay was studied, and was found to be
consistent with the V—A interaction (Kersch et al,
1988).

Another recent experiment to search for u
—eTeTe” was performed at the Joint Institute for
Nuclear Research (JINR), Dubna, Russia (Baranov
et al., 1991). A magnetic 47 spectrometer with cylindri-
cal proportional chambers was used. They obtained an
upper limit of 90% C.L. of B(u*—etete )<3.6
X 107!, where the matrix element of u™—eee™ was
assumed to be constant.

+

C. p —e~ coherent conversion in a muonic atom

1. Phenomenology of ©~ — e~ conversion

Another prominent process concerning lepton flavor
violation is 4~ —e~ conversion in a muonic atom. When
a negative muon is stopped in some material, it is
trapped by an atom and forms a muonic atom. After it
cascades down the energy levels in the muonic atom, a
muon is bound in its 1s ground state. The fate of the
muon is then either decay in an orbit (™ —e” v,v,) or
capture by a nucleus of mass number A and atomic
number Z, namely,

B+ (A,Z)— v, +(A,Z-1). (118)

However, in the context of physics beyond the standard
model, the exotic process of neutrinoless muon capture,
such as

w (A Z) e +(A,Z), (119)

is also expected. This process is called u~ —e~ conver-
sion in a muonic atom. It violates the conservation of the
lepton flavor numbers, L, and L, , by one unit, but con-
serves the total lepton number, L.
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The branching ratio of &~ —e~ conversion can be ex-
pressed as

Blu +(A,Z)—e +(A,Z)]
_Tu +(AZ)—e +(A,Z)]
- INMu~+(A,Z)—capture] °’
(120)

where I is the corresponding decay width.

The final state of the nucleus (A,Z) could be either
the ground state or an excited state. In general, the tran-
sition to the ground state is dominant, since it is a coher-
ent process where the initial and final nuclear states are
the same. The rate of the coherent conversion process
over noncoherent ones is enhanced by a factor approxi-
mately equal to the number of nucleons in the nucleus,
since all of the nucleons participate in the process.

The possible contributions to 4~ —e~ conversion in a
muonic atom can be grouped into two parts: the photo-
nic contribution and the nonphotonic contribution.
Therefore, in principle, this process is theoretically inter-
esting, since it occurs by mechanisms which do not con-
tribute to the u™—e™ y process. The study of the pho-
tonic contribution was initiated by Weinberg and
Feinberg (1959). The nonphotonic contribution was
studied later, for instance, by Marciano and Sanda
(1977b).

Let us first discuss the photonic transition whose ef-
fective Lagrangian is written as

Lonoto=—€hho0A - (121)

photo** n

The matrix element of the ™ (p,)—e (p.) y*(q) tran-
sition, where p,, p., and g=p ,—p, are the muon, elec-
tron, and virtual photon four-momenta, respectively, is
given by

M

photonic™ — €

A;(q)<e_(pe)|‘]‘ghoto(0)|/'L_(pp,)>

=—eA%(q)u.(p,.) (fro(g?)

MV

+(far(q?)

+ 75fM0(C]2))7V( gt —

,q"
+vsfE1( 2)) o
m,

Based on Eq. (122), the branching ratio of the coher-
ent u~ —e~ conversion through the photonic contribu-
tion is given by (Weinberg and Feinberg, 1959)

(122)

u,(pp)-

1
B(u N—e N)=(8a’m, Z,;ZF,¢)- ,
1_‘capt
where I',,,, is the total muon capture rate. Here & is
given by
E=fro(—my)+fan(—m) P+ fpi(—m?)
+ Fao(—m)|*. (124)

We note that in the photonic diagrams, in contrast to
u —ety, not only fz; and f);, but also fzy and fy

(123)
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can contribute to the = —e~ conversion. The term Z
is an effective atomic charge obtained by averaging the
muon wave function over the nuclear density (Chiang
et al., 1993). This is defined as

3.3 4
amy Zey

Pe 2B [ a0 Po,(D=(@,), (125)

where ® ,(X) is the nonrelativistic muon wave function
for the 1s state of the muonic atom and p,(X) is the
proton density in the nucleus normalized as

f d*x p,(¥)=1. (126)

Moreover, F12)
given by

is the nuclear matrix element squared,

sinm ,r
r2dr,

(127)

F,,zf d*x e*iﬁe')?p,,(f)zwf pp(r) —

where an isotropic proton density in the nucleus is as-
sumed in the second equation in Eq. (127). In Eq. (123),
the u~ —e™ conversion process is roughly proportional
to(Z eﬁ) Z, whereas the normal muon capture, I' ., , is
proportlonal to (Z eff) The enhancement by a factor of
Z in the 4~ —e~ coherent conversion is evident.

Let us next discuss the nonphotonic contribution. The
general four-fermion interaction of 4~ —e™ conversion
at the quark level is given by Eq. (59).

At first, this effective Lagrangian at the quark level is
converted into that at the nucleon level by using the
nucleon form factors (Vergados, 1986; Bernabeu et al.,
1993; Faessler et al., 1999). Since the momentum transfer
in the u~ —e~ conversion process is smaller than the
size of the nucleon structure, the momentum depen-
dence of the nucleon form factors can be neglected. In
such a case, the matrix element of the quark currents
can be replaced by the corresponding nucleon current
by using

(plaT kqlp)= Ggg’p)ﬂKP,

(n|qT kq|n)= Ggg’n)ﬂK’% (128)

with T'x=(1,%5,%,,YuY5:0 ,,) for K=(S,P,V,A,T).
For the vector current, G(; G{¥"=2 and G(d 2
= G%,”’”)ZL In general, the isospin 1nvariance requires
the relations GY{")=G{¢" | G{P) =G | and G¢P)
=G §g”> The effective Lagrangian at the nucleon level
is given by
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G[— —
Lnon—photo:_z eLIU’R\I,{(gEOS)JFg i

(1)

+er vV y 480 +gt )+ (8 + 8V T3) vsh W +er v g Py, (g

1— 1— —
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where ¥=(p,n)” and the isoscalar and isovector cou-

pling constants g(o) and g(l) (X=L,R, and K
=S8,P,V,A,T) are, respectively, given by
1
gg?}(:Eq:;ds (8x() G +8xk()G¥E™), (130)
€9) 1 (g.p) (g.n)
gXKZqugdS (&xk() G —gxk()G¥™). (131)

For coherent = —e~ conversion, only the scalar and
vector coupling constants can be kept. By using a non-
relativistic approximation for the muon wave function,
the transition rate becomes

p.E.G}

B(u"N—e N)=———[|X.(p.)
+|Xg(po)|? IT (132)
Lapt
where
Xi(po)=(g+gi+giN+eizZM,(p.)

+(g%— g+ e g NM,(p,), (133)
Xp(po)=(gW+gwd+g W +ghZM,(p,)
+(gR3—8RIF8RV—ERNINM,(p,), (134)

and N=A — Z is the number of neutrons in the nuclei.
Here M,(p) and M,(p) are given by

M,(p)= f dx e P Ep (F)D (%),

Mn(p)=f dx e p, (X) P, (3), (135)
with the proton and neutron densities, p,(X) and p,(X),
normalized to unity. If it is assumed that the proton and
neutron densities are equal and that the muon wave
function does not change very much in the nucleus, by
using Eq. (125), Eq. (132) can be transformed into

B(u"N—e ™ N)
peE my, G

Z, F?
o e Ny e+ £

+(Z-N)(gR+" N P+1(Z+N) (g +g)

(136)
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This equation corresponds to Eq. (123) for the photonic
case, which was derived in a similar approximation. In
Eq. (136), the coherent process is enhanced by a factor
equal to the number of nucleons, as can be seen in Eq.
(123).

In general, both photonic and nonphotonic contribu-
tions might exist. If the nonrelativistic approximation for
the muon Wave function is used and the momentum
transfer of ¢ is replaced by — m , the photonic contri-
bution can be regarded as addltlonal terms in the vector
coupling constants. They are given by

2v2
Agff)=agi= ,Zf(fb—o( m2)+ fan (=)
+fao(—mo) + fri(—m3),

2V2ar
mz (fro(—m )+fM1( m )

(137)

= fmo(— m —fE1(—m )) (138)

These contributions must be added to the corresponding
vector coupling constants in Eq. (136). In such a case,
the interference terms have been taken into account as
well.

So far, the nonrelativistic approximation for the muon
wave function and a plane wave for the emitted electron
have been used to derive the u~ —e~ conversion rates.
Possible corrections for this approximation turn out to
be important for heavy nuclei. A relativistic treatment
based on the Dirac equation was considered and the
corrections to the Weinberg-Feinberg formulas were
calculated (Shanker, 1979). Recently, the photonic tran-
sitions due to f);; and fg; were further examined by
properly treating the electric potential in the muonic
atom (Czarnecki et al., 1997).

In the case that the photonic contributions of fz;(g?)
and fy;1(g?) dominate over the other contributions, the
rate of u~ —e” conversion can be parametrized by
(Czarnecki et al., 1997)

B(u N—e N)=3X10"(|fpi|*+|fan ) B(A.Z),

(139)
where B(A,Z) represents the rate dependence on the
mass number (A) and the atomic number (Z) of the
target nucleus. This particular case becomes important,
for instance, in SO (10) SUSY GUT models. The values
of B(A,Z), based on different approximations, are
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TABLE XI. Z dependence of the photonic contribution in the = —e~ conversion estimated by
various theoretical models. After Czarnecki et al. (1997).

Models Al Ti Pb Reference
Byr(A,Z) 1.2 2.0 1.6 Weinberg and Feinberg (1959)
B(A,Z) 1.3 22 22 Shanker (1979)

Beuk(A,Z) 1.1 1.8 1.25 Czarnecki et al. (1997)

tabulated in Table XI, where Byr(A,Z) is from the
Weinberg-Feinberg approximation (Weinberg and Fein-
berg, 1959), Bs(A,Z) is from Shanker (1979), and
Beuk(A,Z) is from Czarnecki et al. (1997). From Eq.
(139), the ratio of B(u"—e"y)/B(u"N—e N) is
given by

B(u"—eTy) 967« 1
B(u~N—e N)  Gim, 3x10"B(A,Z)
428 140
B(A,Z)" (140)

By using the values in Table XI, the ratio B(u*
—e"y)/B(u~N—e ™ N) for different target nuclei can
be calculated. One obtains a value of 389 for 2’Al, 238
for **Ti, and 342 for 2°®Pb. This result indicates that the
rate of 4~ —e~ conversion has a maximum around the
medium nuclei (A=~60), and flattens out or slightly de-
creases for heavy nuclei. However, the calculations,
which took into account the nuclear effect, show a dif-
ferent Z dependence (Chiang ef al., 1993; Kosmas and
Vergados, 1996; Kosmas et al., 1998).

The u~ —e™ conversion rates to the ground state and
all excited states have been calculated by either the
shell-model closure approximation (Kosmas et al., 1990)
or the quasiparticle random-phase approximation (Kos-
mas et al., 1994). The fraction of the coherent transition
to the ground state is dominant. It was calculated spe-
cifically for **Ti to be (95-99)% in the quasiparticle
random-phase approximation, which is even larger than
in the shell-model closure approximation. Since the
transition to excited states is small, possible background
associated with deexcitation from those excited states
can be minimized. It was also found that among the
transitions to excited states, the dipole 1~ state is large
both in the photonic and nonphotonic contributions
(Kosmas et al., 1994).

2. Event signature and backgrounds

The event signature of the coherent = —e™~ conver-
sion in a muonic atom is a monoenergetic single electron
emitted from the conversion with an energy of

- _n _p0
E,=m,—B,—E

rec

%mﬂ—Bﬂ,

(141)
where m , is the muon mass, and B, and EY . are the
binding energy of the 1s muonic atom and the nuclear-
recoil energy, respectively. The nuclear-recoil energy is

approximately E?ecw(mﬂ—Bﬂ)z/(ZMA), where M, is
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the mass of the recoiling nucleus, which is small. Since
B, is different for various nuclei, the peak energy of the
M~ —e  conversion signal changes. For instance, it var-
ies from FE,,=1043MeV for titanium to FE,,
=949MeV for lead.

From an experimental point of view, u~ —e~ conver-
sion is very attractive. First, the e” energy of about 105
MeV is far above the end-point energy of the muon de-
cay spectrum (~52.8 MeV). Second, since the event sig-
nature is a monoenergetic electron, no coincidence mea-
surement is required. The search for this process has the
potential to improve the sensitivity by using a high muon
rate without suffering from accidental background,
which would be serious background for other processes,
such as u*—e*yand u*—e*e*e” decays.

One of the major backgrounds is muon decay in orbit
from a muonic atom (also called a bound-muon decay),
in which the e~ end-point energy is the same as the
energy of the signal. It is discussed in more detail in Sec.
V.C.3. The other background sources are (i) radiative
pion capture (7~ +(A,Z)—(A,Z—1)+y) or radiative
muon captures (u~ +(A,Z)—v,+(A,Z—-1)+y) fol-
lowed by internal and external asymmetric e "e~ conver-
sion of the photon (y—e*e™) with e™ undetected, (ii)
electrons in the beam scattering off the target, (iii) muon
decay in flight, and (iv) cosmic rays. To eliminate the
backgrounds from pions and electrons, the purity of the
beam is crucial. Moreover, a highly efficient veto is
needed for the cosmic-ray background.

The kinematical endpoint (EX") of radiative muon
capture is given by

kin __ _ _
Ermcwm,u B,u AZ*la

(142)

where A,_; is the difference in the nuclear binding en-
ergy of the initial (A,Z) and final (A,Z—1) nucleus
involved in radiative muon capture. Therefore an appro-
priate target with a large A,_; can be selected so as to
keep a wide background-free region for the coherent
signal. Practically, the empirical end point of radiative
muon capture (E¢?), which is evaluated by taking ac-
count of the radiative-muon-capture spectrum shape
given by Primakoff’s formula (Primakoff, 1959), is used.
The E;? values for Ti were estimated from the ob-
served radiative muon capture on *’Ca (Armstrong
et al., 1992). They are 89.7 and 91.4 MeV for “*Ti and
4Ti, respectively (Kaulard et al., 1998), whereas E pe 18
104.3 MeV.

When the muon is polarized, the angular distribution
of e~ in the coherent ™ —e~ conversion process is
given by



188 Y. Kuno and Y. Okada: Muon decay and physics beyond the standard model

dB(uw  N—e™N)
d(cos 6,)

p.E.G}
= WHXL(pe)lz(l —P,cosb,)

+|XR(pe)|2(1+PM cos 06)]

Fcapt ’ (143)
where 6, is the angle between the e~ direction and the
muon spin direction. Since the nucleus does not change
for the coherent process, the conversion electron carries
the information of the original muon spin. The terms X,
and Xy are given in Egs. (133) and (134), and corre-
spond to the emission of left-handed electrons (e; ) and
right-handed electrons (eg), respectively. As in polar-
ized u*—e™y decay, in principle, the angular distribu-
tion would be useful to discriminate between theoretical
models. However, even if negative muons in the beam
are 100% spin polarized, they are depolarized during
their atomic cascades down to the 1s ground state. For a
nucleus with zero nuclear spin, the residual polarization
is about 16% (Evseev, 1975). For a nucleus with nonzero
nuclear spin, it becomes much smaller. This makes dis-
crimination of theoretical models difficult unless high
statistics are accumulated. However, if the p~ polariza-
tion is restored, it might provide useful information.
One possible way to repolarize a negative muon in a
muonic atom is to use a polarized nuclear target (Naga-
mine and Yamazaki, 1974; Kuno et al., 1986).

3. Muon decay in orbit

Muon decay in orbit (Porter and Primakoff, 1951) is
one of the important background sources in the search
for u~ —e~ conversion in a muonic atom, since the end
point of the electron spectrum comes close to the signal
region of u~ —e~ conversion. Only the high-energy end
of the electron energy spectrum is of interest for u~
—e~ conversion experiments. At the high-energy end,
the effect of the nuclear-recoil energy plays an impor-
tant role (on its phase space). There have been several
studies on its electron energy spectrum with nuclear-
recoil energy taken into account (Hanggi et al., 1974,
Herzog et al., 1980; Shanker, 1982). With the approxima-
tion of a constant nuclear-recoil energy, the electron
spectrum with an expansion in powers of the electron
energy (E,) at the end-point energy is given by
(Shanker, 1982)

Ee 2 51 > 51
N(E,)dE,= —| |D+E-|—
m,| \m, m,
+F. —> dE,, (144)
m, ¢
where 6=E,,—FE, and &6=(m,—B,)—E, —E,.

Here E,, is the e” energy of the u~ —e~ conversion
signal defined in Eq. (141), and E,,, is the nuclear-recoil
energy given by E,,.~E2/(2M 4). It should be stressed
that the spectrum falls off sharply as the fifth power of
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FIG. 28. Energy distribution of electrons from muon decay in
orbit normalized to the total nuclear muon-capture rate for a
titanium target. This represents an effective branching ratio of
muon decay in orbit as a background to the u~ —e~ conver-
sion. It was calculated by Shanker’s formula in Eq. (144). The
energy of the 4~ —e™ conversion signal in a titanium target is
E,.=1043MeV.

6, towards its end point. The coefficients D, E, and F as
well as the end-point energy are tabulated in Shanker
(1982). The contributions of the E and F terms to the
total rate are about 4% and 8%, respectively, for Z
=29 and E,=100MeV. Equation (144) agrees with
those in Hanggi et al. (1974) and Herzog et al. (1980). In
the evaluation of the leading term D, important are (i)
the use of a correct electron wave function incorporating
the finite nuclear charge distribution, (ii) the use of the
Dirac muon wave function, and (iii) the use of the small
component of the muon relativistic wave function. In
particular, the effect of (i) is large (Shanker and Roy,
1997).

Experimentally, to avoid any background from muon
decay in orbit, the momentum resolution of e~ detection
must be improved. Figure 28 shows the effective branch-
ing ratio of the muon decay in orbit as a function of E,
for the case of a titanium target, where FE,,
=104.3MeV. It was calculated using Eq. (144). For a
resolution better than 2%, the contribution from muon
decay in orbit occurs at a level below 10~ 14,

What is the asymmetric angular distribution of elec-
trons in muon decay in orbit, if muons are polarized?
Numerical calculations can be made by taking into ac-
count the angular distribution of electrons from polar-
ized muon decay in orbit (Watanabe et al., 1987). It is
given by

N(E dE dq,
(Ee,0)dE |

dQ,
=Ny(E)[1+a(E,)P,cos 06]( yp ), (145)
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the SINDRUM 1II detector
(provided by P. Wintz).

where Ny(E,) is the energy spectrum with zero polar-
ization. Here a(E,) is the asymmetry parameter, which
becomes a(FE,)=—1 at the end point, giving a distinct
(1-P, cos 6,) distribution, i.e., electrons are likely to be
emitted opposite to the muon polarization direction. At
low energy, a«(E,) becomes positive and electrons are
emitted along the direction of muon polarization. The
Coulomb effect is significant for heavy nuclei, like **Pb,
but very small for light nuclei, like °O. The calculated
results of the decay rate, emitted electron energy spec-
trum, and asymmetry parameters for muon decay in or-
bit are tabulated for some nuclei (Watanabe et al.,
1993).

4. Experimental status of ©~ —e~ conversion

The SINDRUM II Collaboration at PSI is carrying
out experiments to search for 4~ —e~ conversion in
various nuclei. A schematic view of the SINDRUM II
spectrometer is shown in Fig. 29. It consists of a set of
concentric cylindrical drift chambers inside a supercon-
ducting solenoid magnet of 1.2 T. Negative muons with a
momentum of about 90 MeV/c were stopped in a target
located at the center of the apparatus, after passing a
CH, moderator and a beam counter made of plastic
scintillators. Charged particles with transverse momen-
tum (with respect to the magnetic field direction) above
80MeV/c, originating from the target, first hit two lay-
ers of plastic scintillation arrays followed by two layers
of drift chambers, before eventually hitting plexiglass
Cherenkov hodoscopes placed at both ends. Charged
particles having transverse momentum below about
80MeV/c were contained inside, and could not reach
the tracking region under a magnetic field of 1.2 T. A
momentum resolution of about 2.8% (FWHM) for the
energy region of conversion electrons was achieved. For
the background rejection, the following are used in an
off-line analysis: the e~ energy (FE,), a time delay be-
tween the times of charged-particle tracks in the spec-
trometer and the beam-counter signal (A¢), the position
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of the origin of the reconstructed trajectory (Az), and
the polar track angle. Events with small Ar were re-
moved so as to reject prompt backgrounds, such as elec-
tron scattering and radiative pion capture.

In a 1993 run with a titanium target, a total of 3
X 10" stopped u~’s were accumulated at a rate of 1.2
X107 /s from the uE1 beam line at PSI. The overall
efficiency was about 13%. The ¢e” momentum spectrum
for the Ti target in the 1993 data is shown in Fig. 30,
where the successive background rejections by prompt
veto (i.e. At cut) and cosmic-ray suppression are shown.
Since no events were found in the signal region, a 90%-
C.L. upper limit of 6.1x10"!* was obtained (Wintz,
1998). Moreover, for a lead target, it gave B(u™ Pb
—e Pb)<4.6X107 ' (Honecker et al., 1996); see Table
XII.

The next round of the SINDRUM II experiment is
under preparation at the wES beam line at PSI. The key
element of the next stage is a pion-muon converter to
eliminate contamination of pions and electrons in the
muon beam. It is needed because a veto of secondary
pions and electrons by a beam counter will no longer be
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FIG. 30. Electron momentum distributions for the w~ +Ti
—e~ +Ti conversion, measured by the SINDRUM II detector,

after the consecutive analysis cuts. The expected signal at
B ,,=4x10""% is shown (provided by P. Wintz).
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TABLE XII. History and summary of 4~ —e™ conversion in various nuclei.

Process 90%-C.L. upper limit Place Year Reference

u~ +Cu—e +Cu <1.6x10°8 SREL 1972 Bryman et al. (1972)
uw+328—e +328 <7x10~ " SIN 1982 Badertscher et al. (1982)
u +Ti—e +Ti <1.6x10" 1 TRIUMF 1985 Bryman et al. (1985)

u +Time +Ti <4.6x10" 12 TRIUMF 1988 Ahmad et al. (1988)

u +Pb—e +Pb <4.9x10710 TRIUMF 1988 Ahmad et al. (1988)

pu +Ti—e +Ti <43x10712 PSI 1993 Dohmen et al. (1993)
u” +Pb—e +Pb <4.6x10" PSI 1996 Honecker et al. (1996)
u +Ti—e +Ti <6.1x10° 1 PSI 1998 Wintz (1998)

working with a high rate (e.g., 108 7 /s) at the wES
beam line. The pion-muon converter consists of a long
straight superconducting solenoid magnet with length of
8.5 m and an inner diameter of 0.4 m. It is located be-
tween the pion target and the SINDRUM II spectrom-
eter, and produces the same magnetic field as that of the
SINDRUM II spectrometer, 2 T. Low-energy negative
muons (called cloud muons) from the production target
are injected into the pion-muon-converter. After the
8.5-m flight length, most of the pions in a beam would
decay out, resulting in negligible pion contamination.
Unfortunately, the original pion-muon-converter mag-
net did not fulfill the specification at the initial installa-
tion stage, and thus caused a severe delay. After its new
assembly, the magnet finally achieved its goal. With a
lower magnetic field for the pion-muon-converter mag-
net, data with a gold target were taken in 1997. A new
run on gold started in spring 2000.

A new experiment (E940) at the BNL AGS, called
the MECO (Muon Electron COnversion) experiment,
has been prepared (Bachman et al., 1997). MECO aims
to search for u~ +Al—e + Al at a sensitivity below
107'%. It will use a new high-intensity pulsed muon
beam, which could yield about 10'! &~ /s stopped in a
target. A schematic layout of the MECO detector is
shown in Fig. 31. The MECO apparatus consists of a
superconducting solenoid magnet to capture pions from
the production target (production solenoid), a curved
transport superconducting solenoid magnet system
(transport solenoid), and a superconducting solenoid
spectrometer, which observes only the 105-MeV signal

Collimators

Production Electron
Solenoid > Trigger
Proton Stopping Tracking
Beam Production Target Dectector
Exit Target

Detector ¥
Solenoid R

FIG. 31. Schematic layout of the MECO detector (provided by
W.R. Molzon).

Transport
Solenoid
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electrons (detector solenoid). Based on the solenoid-
capture scheme originally proposed by MELC
(Dzhilkibaev and Lobashev, 1989) it has an axially
graded magnetic field (from 3.5 to 2.0 T) to efficiently
capture pions from a tungsten target located on the axis
of the solenoid magnet. The curved transport solenoid
will capture muons from pion decays, and select the mo-
mentum and sign of charged particles by using collima-
tors at three positions. Layers of thin aluminum targets
where the p™’s are stopped are placed in the detector
solenoid with an axially graded magnetic field. The con-
version electron of 105 MeV is momentum analyzed
with a resolution of 300 keV (rms) and an acceptance of
25% in a straw tracking chamber. A pulsed proton beam
of about 1-MHz repetition with a pulse length of 30 ns
can be extracted at the AGS. A high extinction between
the beam pulses (the ratio of the number of protons
between pulses to that in the beam pulse) of 107 is
needed to eliminate severe beam backgrounds at a high
rate. They expect to observe six signal events for
B(u~ Al—e~ Al)~10"'® during a one-year run, with an
expected background of 0.4 events.

D. p~-e* conversion in a muonic atom

1. Phenomenology of u~—e* conversion

The other neutrinoless muon conversion process is a
charge-changing reaction, such as

w (A Z)—et+(A,Z-2)%, (146)

which violates the conservation of total lepton number
as well as the lepton flavor numbers, L, and L, . This
process is closely related to neutrinoless double-8 decay
(BBy,), since both processes require a mechanism in-
volving two nucleons. The final state of the nucleus
(A,Z—2)* could be either the ground state or an ex-
cited state. Since the final nucleus is not the same as the
initial nucleus, no coherent enhancement is expected,
even for the transition to the ground state. The branch-
ing ratio of u~ —e™ conversion is defined by

Blp +(A,Z)—et+(A,Z—2)*]
B IMu +(A,Z)—et+(A,Z-2)*]
- I'p™+(A,Z)—capture]
(147)
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FIG. 32. Positron energy spectra of the u~ +Ti—e™ + Ca re-
action; u~e"(gs) and u~ e’ (gr) are the expected signals for
the transitions to the ground state and to the giant-dipole-
resonance states, respectively. The assumed branching ratios
for gs and gr are 2.2x107 ' and 4.5x 107! (provided by P
Wintz).

Various theoretical models predict experimentally ac-
cessible rates. One is the minimum supersymmetric
model (MSSM) with R-parity violation, which allows the
predicted branching ratio of u~—e™ conversion of the
level of 10 !2, since the relevant A and N\’ parameters
are not constrained (Babu and Mohapatra, 1995). Left-
right symmetric models with a low-mass Wy also predict
a u~ —e"-conversion branching ratio of 10”4, a value
estimated by the same authors.

2. Event signature and backgrounds

The energy of the positron from u~—e™ conversion is
given by

Eye+=m,—B,—E, .~
%mM_BM_AZ_z, (148)

where A, _, is the difference in the nuclear binding en-
ergy between the (A,Z) and (A,Z—2) nuclei, with the
excitation energy in the final nucleus taken into account.
Usually, it is assumed that a large fraction of the final
nucleus could be in the giant-dipole-resonance state,
which has a mean energy of 20 MeV and a width of 20
MeV. Therefore the e from u~ —e™ conversion would

AZ*Z

TABLE XIII. Historical progress and summary of u~ —e™

have a broad momentum distribution corresponding to
the width of giant-dipole-resonance excitation.

The principal background is radiative muon capture
or radiative pion capture, followed by asymmetric e e~
conversion of the photon. For some nuclei, the end point
of the radiative-muon-capture background in Eq. (142)
can be selected to be well separated from the signal. The
background from radiative pion capture must be re-
duced by the rejection of pions in the beam.

3. Experimental status of .~ —e™ conversion

The SINDRUM II Collaboration at PSI has reported
a search for the charge-changing process u~ +Ti—e™
+ Ca in muonic atoms (Kaulard ef al. 1998). It was car-
ried out simultaneously with a measurement of x~ +Ti
—e~ +Ti. The e” momentum spectrum is shown in Fig.
32. The results are given separately for the transition to
the ground state and that to the giant dipole resonance.
They are summarized in Table XIII, together with the
previous results.

E. Muonium to antimuonium conversion

A muonium atom is a hydrogenlike bound state of u™
and e”. The spontaneous conversion (or oscillation) of a
muonium atom (,u e~ or Mu) to its antiatom, antimuo-
nium atom (u”e* or Mu,) is another interesting class of
muon LFV process. In this Mu—Mu conversion, the or-
dinary additive law of conservation of muon and elec-
tron numbers is violated by two units (AL,,==*2),
whereas muon or electron number is conserved multipli-
catively (Feinberg and Weinberg, 1961). This possibility
was suggested by Pontecorvo in 1957 (Pontecorvo,
1957), even before the muonium atom was observed for
the first time at the Nevis cyclotron of Columbia Univer-
sity (Hughes et al., 1960).

1. Phenomenology of Mu—Mu conversion

Various interactions could induce [AL,;[=2 processes,
such as Mu—Mu conversion, as discussed in Sec. IILLE.
To discuss the phenomenology of the Mu—Mu conver-
sion, we take as an example the effective four-fermion

conversion in various nuclei; gs and ex,

respectively, denote the transitions to the ground state and excited states (mostly giant-dipole-

resonance states), respectively.

Process 90%-C.L. upper limit Place Year Reference
u~+Cu—e™+Co 2.6x1078 SREL 1972 Bryman et al. (1972)
- +S—et+Si 9%x10°10 SIN 1982  Badertsher et al. (1982)
u” +Ti—e™ +Ca(gs) 9x10™ 12 TRIUMF 1988 Ahmad et al. (1988)
u” +Ti—e" +Ca(ex) 1.7x10710 TRIUMF 1988 Ahmad et al. (1988)
u +Ti—e+Ca(gs) 43%x10°12 PSI 1993 Dohmen et al. (1993)
u +Ti—e" +Ca(ex) 8.9x10° 1 PSI 1993 Dohmen et al. (1993)
u” +Ti—e™+Ca(gs) 1.7x107 12 PSI 1998 Kaulard et al. (1998)
wu”+Time™+ Ca(ex) 3.6x1071 PSI 1998 Kaulard et al. (1998)
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FIG. 33. Time dependence of the probability of antimuonium
decay when a pure muonium atom is created initially: solid
line, the exponential decay of muonium; dotted line, the decay
probability of antimuonium given for G ;;,/G r=1000; dashed
line, for G ;3;/Gr=1.8X10"2. In the latter case, the maximum
probability occurs at about twice the muon lifetime. From
Willmann and Jungmann, 1997.

interaction of the (V—A)(V—A) type (Feinberg and
Weinberg, 1961). It is given by Eq. (93).

In the absence of an external magnetic field, the muo-
nium and the antimuonium atoms have the same
ground-state energy levels. The possible new interaction
in Eq. (93) would cause a splitting of their energy levels
of

5EZ<M|HMum|M>:

8Gr (GMum (149)

V2n*mal\ Gr
where n is the principal quantum number of the muo-
nium atom, and a is the Bohr radius of the muonium

atom. For the ground state of the muonium atom (n
=1),

S=15%10"12. (M

(eV). (150)

F

The Mu—Mu conversion is analogous to K’— K" mix-
ing. If a muonium atom is formed at r=0 in a vacuum
under no external electromagnetic field, it could oscil-
late into an antimuonium atom with time. For a small
value, the probability (p i) 1S approximately given by
(Willmann and Jungmann, 1997)

2
PMuM_u(t)Zsin2<§> -)\Me)‘u’%(?) N e N

(151)
where \,=1/7,(=2.996X 107'%eV) is the muon decay
width. The maximum probability of antimuonium decay
occurs at t,,,=27,. Figure 33 shows the oscillation pat-
tern as a function of time. The total conversion probabil-
ity after integration over time (POMum) in a zero mag-
netic field is

2
o [ . | 6]
PMuMu_ fo Pyuvin(D)dt= 2(|5|2_|_|)\M|2)

—\2
G MuMu

=2.56x1073 ( (152)

F

Rev. Mod. Phys., Vol. 73, No. 1, January 2001

-
3

- o Gyums 1Ge

o
-]

e o ¢
P
T

effective Hamiltonian form:

(VFAIX(VFA) or (STP)X(S7P)
______ (VEAYX(V A) or (STP)X(S+P)

< [ ss
F - === PP
0 PRI AN UITT AT SRR TTIN SR RUTI SR T .. Liion

107 10?2 107 1 10 107 10° 10* 10’

magnetic field [G]

relative conversion probability
o
()
T

FIG. 34. Mu— Mu conversion rate for different interactions as
a function of the external magnetic field. From Willmann and
Jungmann, 1997.

The experimental limit constrains the maximum allowed
value of G- The limit of Gy is improved by the
square root of the conversion probability.

The presence of an external electromagnetic field
would remove the degeneracy between the muonium
and antimuonium atoms. It would reduce the probability
of the muonium-to-antimuonium conversion. The split-
ting of different muonium energy levels in the presence
of a magnetic field is calculated by using the Breit-Rabi
formula for the states of their total spin F and its z
component, mg. In a magnetic field, the (F,mp)=(1,
+1)—(1,£1) transitions become rapidly suppressed,
even in a weak field, because of the Zeeman splitting of
energy levels. The transitions between different F states
are also highly suppressed, even in a zero magnetic field,
owing to the muonium 1s hyperfine splitting (of 1.846
X 107%eV). By taking into account the magnetic field
dependences of different energy levels of muonium and
antimuonium and their transition rates, Eq. (152) can be
modified for unpolarized muons by

Pruvia(B) =7 2 X
MM 4 2(l8P H [AP+ NP

Fmp

=P S5(B), (153)

where A=FE,,;,(F.mg)— Ez;(F,mp), and 6 and A are
functions of the magnitude of the magnetic field (B).
The reduction factor Sg(B) has been calculated for pos-
sible interactions of different types (Hou and Wong,
1995; Horikawa and Sasaki, 1996). Figure 34 shows the
dependence of the Mu—Mu conversion probability on
the external magnetic field and different types of cou-
pling. For example, for the traditional (V—-A)(V—-A)
interaction, the conversion rate becomes one-half for a
magnetic field of about 100 mG and is further strongly
suppressed for a magnetic field greater than 10° G.

2. Event signature and backgrounds

In experiments of Mu—Mu conversion, one searches
for an antimuonium atom that has been produced from
an initial muonium atom. The experimental signature of
antimuonium decay is the emission of an energetic e~

from u~—e v,v, decay with a residual e” possessing
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TABLE XIV. Historical progress and summary of Mu-Mu conversion.

Place Year Guaia/Gr Reference
TRIUMF 1982 <42 Marshall ef al. (1982)
TRIUMF 1986 <20 Beer et al. (1986)
TRIUMF 1990 <0.29 Huber et al. (1990)
LANL 1991 <0.16 Matthias et al. (1991)
LANL 1993 <6.9 Ni et al. (1993)

PSI 1996 <0.018 Abela et al. (1996)
JINR 1997 <0.14 Gordeev et al. (1997)
PSI 1999 <0.003 Willmann et al. (1999)

an average kinetic energy of 13.5 eV. This corresponds
to the binding energy of the 1s state of a muonium
atom. L

The sensitivity to Mu—Mu conversion is known to be
suppressed when the muonium atom is in matter. This
occurs because a negative muon in antimuonium is eas-
ily captured by surrounding atoms. Therefore recent ex-
periments have been performed by using muonium at-
oms in a vacuum.

There are two major backgrounds. One is the coinci-
dence of a low-energy e and an energetic e~ which are
produced by Bhabha scattering of e from u* decay in
a muonium atom. The second is the physics (prompt)
background from the decay u"—e*v,v,e"e” (whose
branching ratio is 3.4X107>), when the ¢ becomes en-
ergetic and only one of the two e™’s is detected.

3. Experimental status of Mu—Mu conversion

The historical progress in the searches for Mu—Mu
conversion is listed in Table XIV. A recent experiment
was carried out at PSI (Willmann ez al., 1999). The ex-
periment fully utilized the powerful techniques devel-
oped at the previous experiment at LANL (Matthias
et al., 1991), which requires the coincidence identifica-
tion of both particles in the antimuonium decay. Its ex-
perimental setup is shown in Fig. 35. Muonium atoms
were produced by stopping surface muons in a
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\ ?eam counter photons—||
\ . H
\ \\ | | SiOytarget .

|
| accelerator G
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i
i

separator

FIG. 35. Schematic layout of the detector for muonium-
antimuonium conversion at PSI. From Willmann et al., 1999.
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SiO,-powder target, where some fraction diffused out
through the target surface with thermal energy in a
vacuum. To detect e~ from p~ decay, a magnetic spec-
trometer was used. It consisted of five concentric multi-
wire proportional chambers with 64 segmented hodo-
scopes at a 0.1-T magnetic field. The e* with an average
kinetic energy of 13.5 eV was detected by microchannel
plate detectors after electrostatic acceleration to 8 keV.
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FIG. 36. Distribution of the distance of closest approach be-
tween the e” and e~ trajectories vs their timing difference in
the experiment to search for Mu—Mu conversion: (a) Monte
Carlo data; (b) experimental data. From Willmann et al., 1999.
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TABLE XYV. Intensities of existing muon beams.

Y. Kuno and Y. Okada: Muon decay and physics beyond the standard model

Facility Protons Time structure Muon intensity

PSI 1.5 mA continuous 3X10% ut/s at 28 MeV/c (surface muons)
590 MeV (50 MHz) 1x10% ™ /s at 100 MeV/c

TRIUMF 150 pnA continuous 2%x107 u*/s at 28 MeV/c (surface muons)
500 MeV (50 MHz) 3X105 u™ /s at 100 MeV/c

RAL 200 uA pulsed 1X 100 't /s? at 28 MeV/c (surface muons)
800 MeV (50 Hz) 1X10° ™ /s at 50 MeV/c

MSLP 6 nA pulsed 1X10°u™/s at 28 MeV/c (surface muons)
500 MeV (20 Hz) 1Xx10* ™ /s at 55MeV/c

JINR® 4 nA continuous 3x10* u*/s at 28 MeV/c (surface muons)
660 MeV 1X10° w™ /s at 100 MeV/c

*The highest instantaneous intensity of 2 X 10*x *s/200 ns.
"Meson Science Laboratory at KEK, using the existing 500-MeV booster ring.
“Phasotron, Joint Institute for Nuclear Research, Dubna, Russia.

About 5.7x10' muonium atoms were produced, and
their analysis yielded one event satisfying all of the re-
quired criteria with the expected background events of
1.7%0.2 due to accidental coincidence. The Monte-Carlo
data and experimental data are given in Fig. 36. The
90%-C.L. upper limit on the conversion probability at
zero magnetic field is

P x==<83%10"1Y/S4(B), (154)

where the factor Sz(B) describes the suppression of
Mu—Mu conversion in an external magnetic field, B. It
could be translated into the upper limit on the effective
coupling constant, Gy, Which is given by

Grave=<3.0X10"3Gp (155)
at 90%-C.L. upper limit under a 0.1-T magnetic field.

VI. FUTURE PROSPECTS: TOWARDS NEW HIGH-
INTENSITY MUON SOURCES

The field of muon-decay physics is presently very pro-
ductive, even after its long history of over 60 years. Cur-
rently, there are several new experiments that are being
either prepared or planned. Some of them, which were
mentioned in this article, are R77 at RIKEN-RAL and
R-99-07 at PSI for the muon lifetime measurement (in
Sec. IV.A.2), E614 at TRIUMF to measure the Michel
spectrum and its asymmetry (in Sec. IV.B.2), R-94-10
and R-97-07 at PSI to measure the e” polarization in
polarized u"—e"v,v, decay (in Sec. IV.C.2), R-99-05
at PSI for u"—e™y decay (in Sec. V.A.6), the new
phase of SINDRUM II at PSI, and E940 (MECO) at
BNL for = —e~ conversion (in Sec. V.C.4). Each of
these is aiming at an improvement of about an order of
magnitude or more over the previous experiments. The
potential progress expected at each of the above experi-
ments is based not only on innovative detection meth-
ods, but also on muon beams of high intensity and good
quality. In particular, the planned searches for muon
LFV processes strongly rely on the beam, such as the
pion-muon converter in SINDRUM II and the super-
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conducting solenoid capture and transport systems for
the MECO experiment. More muon fluxes with less con-
tamination are critical for further improvements.

Currently, two out of the three meson factories are
operational. One of the two operational machines, the
PSI cyclotron, has increased its proton current, achiev-
ing 1.5 mA, the highest proton current in the world. The
muon beam intensities for various existing laboratories
are listed in Table XV. In addition, the use of higher-
energy proton machines, such as the BNL AGS for
negative muons, is being considered for the MECO ex-
periment, where a pulsed-beam capability at the AGS
and a larger cross section of negative pions at a few tens
of GeV of proton energy are to be utilized. In the long-
term future, there are several new projects to construct
high-intensity proton accelerators: the JAERI/KEK
Joint Project (previously JHF) (JAERI/KEK Joint
Project, 1999), which consists of a 50-GeV proton syn-
chrotron with a 15-uA beam intensity, and a 3-GeV pro-
ton synchrotron with a 330-uA beam intensity; the Spal-
lation Neutron Source at Oak Ridge; and a possible
European Spallation Neutron Source. A proton driver
for a w"u~ collider (Muon Collider Collaboration,
1996; Ankenbrandt et al, 1999) can probably be in-
cluded in the long-term future. Note that among the
above, only the 50-GeV proton synchotron is planned to
have a continuous proton beam by slow beam extrac-
tion, whereas the others may only have fast beam ex-
traction of a low repetition rate.

Regarding LFV, besides the study of muon decays, a
unique possibility of lepton-flavor-changing Rutherford
scattering has been discussed (Abraham and Lampe,
1996). This is the conversion of incident electrons into
muons of the same energy by scattering in the external
electric field of a massive nucleus. However, the ex-
pected cross section is too small to compete with rare
muon-decay processes, and the technical details have
not yet been discussed.

Significant improvements in low-energy muon physics
would be expected if a high-intensity muon source with
a beam intensity of 10>—10"3u4*/s, a narrow energy
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FIG. 37. Schematic layout of a high-intensity muon source.

spread, and less contamination can be realized. The
muon beam intensity envisaged would be four or five
orders of magnitude higher than that available today.
Ideas of such a high-intensity muon source are based on
(i) solenoid pion capture, (ii) phase rotation, and (iii)
muon cooling. A schematic view of the basic concept is
shown in Fig. 37.

In solenoid pion capture, low-energy pions and muons
are trapped in a high solenoidal magnetic field (such as
10 T or more). From Monte Carlo simulations with ap-
propriate pion-production cross sections, about 0.3 to
0.1 captured pions (of less than 0.5 GeV/c) per proton
are estimated for proton beam energies of 50 GeV to 15
GeV. For a proton intensity of about 10'3~10'* proton/s
(i.e., that at existing and planned proton machines), a
large number of captured pions are expected, which is
sufficient to attain the aimed intensity of muons.

The phase rotation is to accelerate slow muons and to
decelerate fast muons by a strong radio-frequency (rf)
electric field, yielding a narrow longitudinal momentum
spread. To identify fast and slow muons by their time of
flight from the production time, a very narrow pulsed
proton beam must be used. An intensity enhancement of
a factor of about ten in the longitudinal energy distribu-
tion has been estimated from Monte Carlo simulations
(Kuno, 1997).

The muon cooling, which is based on ionization cool-
ing (Skrinskii and Parkhomuchum, 1981), is to reduce
muon beam emittance. The ionization cooling is based
on the repetition of energy loss by ionization and subse-
quent acceleration to restore the longitudinal momen-
tum. The ionization cooling works only for muons.

These ideas have emerged from studies of a u*u~
collider at the high-energy frontier (Muon Collider Col-
laboration, 1996; Ankenbrandt ef al., 1999). The physics
potential with low-energy muons available from the
front end of the u™u~ collider complex has been dis-
cussed. Although there are many common R&D items
between a low-energy muon source and a u*u”~ col-
lider, there have been discussions on whether the front-
end muon collider could be used directly in experiments
with muons. The front-end muon collider will run with a
pulsed beam of slow repetition (at typically 15 Hz).
However, most experiments with muons require a beam
with a high duty factor, or a nearly continuous beam,

Rev. Mod. Phys., Vol. 73, No. 1, January 2001

because of the reduction of the instantaneous rate (Mol-
zon, 1997). The precise requirement of the beam time
structure depends on the type of experiments. For in-
stance, searches for u*—e*y and u"—ee*e must
use a continuous beam to reduce the instantaneous rate,
whereas searches for u~—e~ (or u~—e™) conversion,
Mu—Mu conversion, and a measurement of the muon
lifetime need a pulsed beam with a pulse separation in
the order of the muon lifetime (~ us). Thus indepen-
dent R&D items, in particular concerning phase rotation
and the muon-cooling system, exist in a low-energy
muon source. These technical issues must be pursued
separately.

There are several dedicated R&D programs concern-
ing low-energy muon sources with high intensity. One of
these is the PRISM project at KEK in Japan (Kuno,
1998). The PRISM project, which is an acronym of
Phase-Rotation Intense Secondary Meson beam, would
combine solenoid capture, phase rotation, and possibly
modest muon cooling to produce a cooled muon beam.
The requirement of muon cooling as a secondary beam
is not as strict as that at a w* ™ collider. Its R&D pro-
gram starts from a relatively low repetition rate
(~kHz), and aims for higher repetition in the future.
Other projects include the MUONS project at TRIUMF
(Blackmore et al., 1997) and the Super-Super Muon
Channel project at the RIKEN-RAL muon facility
(Ishida and Nagamine, 1998). In the latter project, a new
scheme of the production of cooled u™’s by laser ioniza-
tion of thermal muonium has also been proposed (Na-
gamine, 1996).

Once a highly intense muon source with a narrow en-
ergy spread and less contamination is available, physics
programs with stopped muons, in particular, searches for
rare muon LFV processes, would be significantly im-
proved. First of all, the potential sensitivity achievable in
searches for rare processes is ultimately limited by the
number of muons available. Therefore a high-intensity
beam is essential. Small beam contamination is neces-
sary to further reduce any background associated with it.
A narrow energy spread of the beam will allow a thin
muon-stopping target to improve the detection resolu-
tion. For instance, if about 10'°-10* muons/year are
available, a new experiment of = —e~ conversion with
a sensitivity of 10™!® could be possible (Blackmore et al.,
1997; Kuno, 1999).

The high-intensity muon sources could be used not
only for experiments with low-energy muons, but also
for experiments with energetic muons if the muons thus
produced are injected into additional accelerators for
further acceleration. Potential programs might include
the measurements of the muon anomalous magnetic mo-
ment and the muon electric dipole moment, and also a
muon accumulator ring for neutrino sources (Geer,
1998; Autin et al., 1999). In addition to particle physics
programs, a broad research field from materials science
to biology would benefit from new highly intense muon
sources, which would definitely open up a new era of
muon science.
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VIl. CONCLUSIONS

We have described the current theoretical and experi-
mental status of the field of muon decay and its potential
to search for physics beyond the standard model.
Among the many interesting physics topics related to
muons, we have discussed precise measurements of nor-
mal muon decay and searches for muon LFV processes,
in particular stressing the importance of the latter.

The field of LFV in muon decays has received grow-
ing attention from both theorists and experimentalists.
This surge in interest can be attributed to the fact that
many SUSY models predict large branching ratios for
such LFV processes, in some cases as large as one or two
orders of magnitude below the the present experimental
limits. Such enhancements will be accessible and test-
able at future experiments. Among the SUSY models
which predict sizeable LFV effects, one could mention
SUSY GUT’s, SUSY with right-handed (heavy) Majo-
rana neutrinos, and SUSY with R-parity violation. In
particular, LFV in muon decays is sensitive to physics at
a very high energy scale, e.g., the GUT scale or the mass
scale of a heavy right-handed Majorana neutrino for the
see-saw mechanism. Non-SUSY models may also pre-
dict large LFV effects, leading one to conclude that the
study of LFV in muon decays offers an attractive way of
probing new physics phenomena that would be kine-
matically inaccessible at present and future colliders.

We have described the phenomenology of muon LFV
processes of |ALj|=1 (e.g, wu*—e"y and u*
—e"e"e” decays, and u~ —e” conversion in a muonic
atom) and those of |AL;|=2 (e.g, muonium-to-
antimuonium conversion). All of the [AL,;|=1 processes
were discussed within the framework of an effective La-
grangian in order to illustrate how the various contribu-
tions (such as photonic and nonphotonic) can be sepa-
rately identified with measurements of the three muon
LFV processes. Therefore searches for these three pro-
cesses are of equal importance. If the muon is polarized,
additional information could be obtained by measuring
the angular distributions in u*—e"y decay and wu~
—e~ conversion, and the T-odd and P-odd correlations
in u*—e*e*e” decay. Furthermore, for u*—e™y de-
cay, the use of polarized muons would be useful in elimi-
nating background processes in the search. Experimen-
tally, positive muons in a surface muon beam are known
to be 100% polarized, and thereby the use of polarized
muons will be feasible in the future. We then briefly
mentioned the latest experimental results together with
future experimental prospects. Recent experiments in-
clude MEGA (u"—e"y decay), SINDRUM II (u
—e~ conversion), and the recent search for Mu—Mu
conversion at PSI, whereas future prospects are such as
a new phase of SINDRUM II, R-99-05 at PSI (u*
—e"y decay), and E940 (MECO) at BNL (u~ —e”
conversion). In addition, precision measurements of
normal muon decay, " —e™ v,v,, have attracted much
interest. In the near future, new measurements of the
muon lifetime, the Michel spectrum and its asymmetry,
and e polarization in polarized u* —e* v, v, decay will
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be carried out while aiming at an order-of-magnitude
improvement. From all of these current and planned ex-
periments, we could expect stronger constraints on pa-
rameter spaces of various theoretical models such as
SUSY, or if a positive signal is discovered, we would
obtain clear evidence of physics beyond the SM.

A new intense muon source with 102-10" u*/s
would be required to make substantial improvements in
low-energy muon physics. The aimed intensity is four or
five orders of magnitude higher than that available at
present. The ideas for such a muon source are based on
(i) solenoid pion capture, (ii) phase rotation, and (iii)
muon cooling. These ideas originated from design stud-
ies for a w* u~ collider. However, the beam time struc-
ture must be of high duty factor for low-energy muon
physics, leading to new technical challenges which do
not exist for the u*u~ collider R&D studies. To over-
come these issues, several R&D programs dedicated to
low-energy muons are now being undertaken at KEK,
RIKEN, and TRIUMF. With increased muon fluxes, the
searches for rare muon LFV processes, as well as preci-
sion measurements of muon decay, are expected to be
significantly improved.

In summary, muon physics is expected to play a lead-
ing role in the search for physics beyond the SM. Experi-
ments with low-energy muons offer extraordinary op-
portunities for exploring new phenomena which would
otherwise be directly inaccessible at future high-energy
colliders.
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APPENDIX A: RADIATIVE MUON DECAY

The differential branching ratio of the radiative muon
decay, u"—e " v,v,v, is given in Eq. (49). The functions
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TABLE XVI. Chiral multiplets in MSSM.

0:(qiL-qiL) Ui(ai, ui)  DY(dS, .dS,)  Li(T,,.0,)  Ei(Ep.ei)  H(H,H)  Hy(H,.H>)
SUB3)¢ 3 3 3 1 1 1 1
SU2), 2 1 1 2 1 2 2
1
1 2 1 1 1 Z
U(1 - —— — - 1 i
Dy 3 3 3 3 2
appearing in Eq. (49), F(x,y,d), G(x,y,d), and 5 96
H(x,y,d) in the SM, are given as follows: GP(x,y,d)=~ 2 (A7)

F=FO) +yF1)4,2F?)
G=GO+rGW+r2G®,
H=HO+rHD+r2H®), (A1)

where r=(m,/m,)?. The terms m, and m, are the
masses of an electron and a muon, respectively. Here, x
and y are the normalized electron and photon energies,

x=2FE,/m, and y=2FE,/m,; d is given by d=1-8p,
. ﬁy; and p, and ﬁy are unit momentum vectors of the
electron and the photon, respectively. Moreover, B is

defined as B=|p,|/E,.

FO(x,y.d)= ;{y2(3—2y)+6xy(1—y)
+2x2(3—4y)—4x3}+8{—xy(3—y
—y?)=x*(3—y—4y?)+2x°(1+2y)}
+2d{x?’y(6—5y—2y?)
—2x3y(4+3y)}+2d*x3y*(2+y),

(A2)
2 -2
FO(x,y,d)= 37 - M—(3—4y)+2x
8
+ E{y(6—5y)—2x(4+y)+6x2}
+8{x(4—3y+y2)—3x2(1 +y)}
+6dx%y(2+y), (A3)
2((4— 4
F(z)(x,y,d)Zf?(ﬂ—3]+%, (A4)

8
GO(x,y,d)= E{xy(l —2y)+2x%(1-3y)—4x3}

+4{—x*(2-3y—4y?)+2x3(2+3y)}
—4dx’y(2+y), (A5)
32 8

GW(x,y,d)= T(—1+2y+20)+ E(—xy+6x2)
—12x%(2+y), (A6)
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8
HO(x.y.d)=—{y*(1=2y)+xy(1-4y)—2x%y}

+4{2xy*(1+y)—x2y(1—4y)+2x%y}
+2d{x?*y*(1-2y)—4x3y?}

+2 d*x%y?, (A8)
HW(x,y,d)= ;( - y(1—_2y)+2y
8
+ oy (@2=5y)—ay;
+4xy(2y—3x)+6 dx>y?, (A9)
H(Z)(x,y,d)=—%+?. (A10)

APPENDIX B: MINIMAL SUPERSYMMETRIC STANDARD
MODEL LAGRANGIAN

The Lagrangian for the minimal supersymmetric stan-
dard model (MSSM) is described. In SUSY theories, el-
ementary fields are introduced as a pair of bosonic and
fermionic fields. Such a pair is called a supermultiplet.
There are two types of supermultiplets, a gauge multi-
plet and a chiral multiplet. A gauge multiplet consists of
a gauge field (A and its superpartner, a gauge fermion
(or gaugino) field (\“), which is a Majorana fermion
field in the adjoint representation of the gauge group. In
the MSSM, we have to introduce gaugino fields for
SU3)¢, SU(2)., and U(1)y gauge groups. A chiral
multiplet is a set of a complex scalar field (¢) and a
left-handed Weyl fermion field (¢, ). Its complex conju-
gate is called an antichiral multiplet, which consists of
¢* and ¢ . In the MSSM, these chiral multiplets corre-
spond to matter fields, namely, quark, lepton, and Higgs
fields, and their superpartners. The fields in the same
chiral multiplet have the same quantum numbers for the
gauge groups. Chiral multiplets necessary for the MSSM
are listed with their quantum numbers in Table XVIL.
The right-handed squarks and sleptons are defined as

follows: (¢, )* =Tz, (d$)*=d;x, and (25)* =%;x.
We sometimes use a notation ES and 'Q/L for superpart-
ners of ¢ and ¢; and ® for a supermultiplet (¢, ;).
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In phenomenological applications of SUSY model,
the SUSY Lagrangian consists of two parts, namely, the
SUSY-invariant Lagrangian (Lgysyin,) and the soft
SUSY-breaking terms (Lsysy preaking) s

L=Lsysy invT LSUSY breaking - (B1)
Lsusy iny €an be decomposed into two parts:
'CSUSYinvz‘C'gauge_i_['superpotential . (BZ)

Lgauge depends on the gauge coupling constants, and is
given by

‘Cgauge: F(“V)F(")’”’

gauge multiplet

+ > (i%LV'D#’fiLHDMd’iP)

chiral multiplet
(B3)

where for each gauge group the L,i,cino—marer and
Lp term terms are given by

+ Lgaugino —matter T LD term >

‘Cgaugino—matler: - 2 ‘/ig ¢j‘fa T {r/,iL + H'C" (B4)

2
Lowm=-2 53 ($T'¢). (BS)
In addition to the normal gauge interactions defined in
the covariant derivatives, these two types of interactions
specified by the gauge coupling constants in Eqs. (B4)
and (B5) are necessary to keep the SUSY invariance of
the Lagrangian. Here Ly, crporeniiar 18 determined from
the superpotential W( ¢;), which is a function of scalar
fields of the chiral multiplets,

W(¢)
d¢;

1 PW(e)
2 ddiig

The superpotential therefore generates a set of bosonic
and fermionic interactions. From the gauge invariance,
the superpotential [ W( ;)] for the MSSM is given by

Wssu=ye) i HiE{L;j+ (y2);;HD;Q;
+ (V) iHa Ui Qj— pH Ho,

2

Lsuperpotential == 2

i

(i) ¢y +He.  (BO)

(B7)

where the contraction of the SU(2) indices is made by
using the antisymmetric tensor, &,5. Moreover,
R-parity conservation is required (Sec. II1.C.3). By sub-
stituting these functions in Eq. (B6), this superpotential
would induce the ordinary Yukawa couplings and the
Higgsino mass terms, as well as the other interactions
that are necessary to ensure SUSY invariance.

The soft SUSY-breaking mass terms are defined as
terms that do not introduce quadratic divergence, and
essentially serve as mass terms for superpartners. A gen-
eral form of SUSY-breaking terms in the MSSM is given
by
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_ 2\ =% ~ 2\ J* 7
ﬁsusmreaking—_(me)ije?RejR_(mz)ijl}kLle
2\ % 2\ ~% ~
_(md)ijd?Rde_(mu)iju?RujR

2\ =% ~ 2 *
_(mq)iqu‘LQjL_mHlHl H,

2 * ~% ~
_mHszHz_ mo(Ae)inleiRejR

+mo(Ag)HdRq,L

+mg(A,);;Hyifrq . — wBH H,
1 - 1 -
+5 M BB+ 5 MWW,

+ %M36RE;L+H.C. . (B8)

These terms are quadratic terms for scalar quarks,
leptons, and Higgs fields, scalar trilinear terms (A
terms), and gaugino Majorana mass terms. These terms
are supposed to be generated from spontaneous symme-
try breaking of SUSY, presumably at some high energy
scale in some sector outside the MSSM dynamics, such
as the supergravity or the dynamical SUSY-breaking
sector. For more details, see, for example, Nilles (1984)
or Haber and Kane (1985).

APPENDIX C: DIFFERENTIAL BRANCHING RATIO OF THE
pnt—e*e*e” DECAY

The differential branching ratio of the u™—e e e
decay is given in Eq. (113). The kinematical functions
appearing in Eq. (113), a;(x;,x,), Bi(x;,x,), and
¥i(x1,x,), are given as follows [x,=2E;/m ,(i=1,.2) are
the normalized e™ energies]:

ay(x1,X2)=8(2—x;—xp)(x1+x,—1),

ay(x1,x)=2{x1(1—x1) +x2(1—x,)},

2x3-2x,+1 2x1-2x,+1
az(xq,x)=38 T—x, —x,
ag(xy,x7)=32(x;+x,—1),
as(x1,X2)=8(2—x;—x,),
Bi(x1,x2)
5 (x1+x2)(x%+x%)—3(x1+x2)2+6(x1+x2)—4
(2—x1—x3) ’

8
Ao X) = T A=) -1, - 1)

X{2(x1+x) (x7+23) —4(x1 +7)
X (2x%+x1x,+2x3)
+(19x2 4 30x x5+ 19x3)

- 12(2x1 +2XZ_ 1)},
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V1 =x)(1—=x3) (x 1 +x,— 1) (x;—x5)
(2—x,—x1)

Yi(x1,x2)=4

(x1+x,—1)
(1=x1)(1—xy)

(x1+x,—1)
(1=x)(1—xy)

o] (rtx—1)
Ya(x1,x2)=8 m(z—xl—xz)(xz_)ﬁ)-

(&)

(x1+x=1)(x2—xq)

X1,X,)=32
Ya2(x1,X2) (2—x1—x,)

v3(x1,X2)=16 (x1+x=1)(x2—xy),
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