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I. INTRODUCTION1

Atomic physics deals with any interactions in nature
in which the electromagnetic force plays a dominant role
and the other forces of nature play relatively minor
roles, or no roles at all. Even so these ‘‘minor’’ roles can
be employed to great advantage to study a wide variety
of subjects, such as the determination of nuclear proper-
ties, and even delve into quantum electrodynamics and
parity nonconservation in weak interactions. Data from
atomic physics are necessary inputs for modeling phe-
nomena in plasmas, condensed matter, neutral fluids,
etc. Ionized and neutral atoms, positive and negative
electrons, physical properties of molecules, as opposed
to chemical and biological, and exotic systems such as
muonium and positronium can be considered to be fair
game for this enormous field. Atomic physics is periodi-
cally reinvigorated by new experimental and theoretical
methods. It led the way to initial developments in quan-
tum mechanics and remains extraordinarily vigorous to
this day. It is remarkable for its diversity. For example,
its energy domain extends from nanokelvin tempera-
tures to relativistic energies. It is also the proving
ground for studying the border area between quantum
and classical mechanics.

1The best single sourcebooks for research in atomic physics
are the biennial proceedings of the International Conference
on Atomic Physics (ICAP), for example, 1997, University of
Windsor, Windsor, Ontario, Canada.
S223/71(2)/223(19)/$18.80 ©1999 The American Physical Society
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Atomic physics has its own unique dynamics, continu-
ing as it began with the study of the electromagnetic
spectra of ions, atoms, and molecules, over a spectrum
now extended to all frequencies from radio waves to
x-rays and gamma-rays and continuing, as well, with the
study of processes involving collisions between neutral
and charged atomic and molecular systems. The two
strands of research inspired two classic treatises, The
Theory of Atomic Spectra by E. U. Condon and G. H.
Shortly (1935), and The Theory of Atomic Collisions by
N. F. Mott and H. S. W. Massey (1965). The two strands
intertwine and both have been transformed by the ap-
pearance of new tools, especially the laser. Dramatic ad-
vances in the range, sensitivity, and precision of experi-
ments have occurred, particularly in the past one or two
decades.2 Because of the rapid increase in computa-
tional power, problems once set aside can now be at-
tacked directly. For example, simulations and visualiza-
tions can be constructed that reveal previously unseen
aspects of the basic mechanisms that determine the out-
come of atomic collisions. Details of atomic and molecu-
lar structural features can be explored by numerical ex-
periments. Elaborate computer codes have been
constructed that provide the data on atomic and molecu-
lar processes needed for the interpretation and predic-
tion of the behavior of laboratory, fusion, terrestrial, and
astrophysical plasmas.

Atomic physics is but a subclass of an even broader
area of research, now canonized as a Division of the
APS under the rubric Atomic, Molecular, and Optical
(‘‘AMO’’) physics. In this section we have chosen some
representative examples of the scope of atomic physics
in several areas. Many other important aspects of AMO
physics are contained in other articles in this volume:
molecular astrophysics—Herschbach; Bose-Einstein
condensation and control of atoms by light—Wieman
et al.; quantum optics and precision spectroscopy—
Hänsch and Walther; the laser—Lamb et al. A short his-
tory of atomic, molecular, and optical physics is con-
tained in the article by Kleppner.

II. COLD COLLISIONS

T. F. Gallagher

Recent developments in the control of atoms by light
(see Wieman et al., this issue) have led to the extension
of atomic collision studies to the domain of ultracold
atoms. Alkali atoms in a magneto-optical trap (MOT)
typically have temperatures of hundreds of microde-
grees Kelvin, and as a result collisions between them are
qualitatively different from collisions between room-

2The best sourcebooks for an overview of activities in atomic
collision are the proceedings of the biennial International Con-
ference on the Physics of Electronic and Atomic Collisions
(ICPEAC). See, for example, J. B. A. Mitchell et al., Eds, 1996
ICPEAC XIX (American Institute of Physics, New York).
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temperature or more energetic atoms. The collisions last
for a long time, tens of nanoseconds rather than picosec-
onds. This time is longer than the radiative lifetime of
the excited alkali atoms, so it is likely that excited atoms
decay in mid collision, and it is possible to influence
these collisions to some extent with near-resonant laser
light. The collisions velocities are so low that the de Bro-
glie wavelength lB is larger than the typical interaction
length. Equivalently, the scattering is mainly s-wave
scattering, and whether the interatomic interaction is at-
tractive or repulsive determines the conditions under
which a Bose-Einstein condensate can be created (see
below).

Traditionally, one of the most useful ways of studying
atomic collisions has been collisional line broadening
(Gallagher, 1996). For cold collisions one form line
broadening takes is photoassociation spectroscopy
(Thorsheim et al., 1987). The essential notions of photo-
ionization spectroscopy for Rb are shown in Fig. 1 (Hei-
nzen, 1996). This shows the interatomic potential curves
for two Rb atoms when both are in the ground state and
when one is in ground and the other in the excited state.
Only the attractive potential curve from the excited
state is shown. (There is also a potential that is repulsive
at long range, but we ignore it for the moment). In a
MOT trap most atoms exist in the s1s dissociation con-
tinuum, connected to two s states as the interatomic
spacing R→` . The atoms have low translational energy,
,1 mK, and the squared amplitude of the wave function
for the relative motion of two such ground-state atoms
at relatively small separations is shown in Fig. 1. This
pair of atoms can absorb a photon tuned to the red of
the Rb 5s1/2-5p1/2 atomic transition, making a transition
to the more deeply bound molecular excited state. It is
more deeply bound at long range due to the resonant

FIG. 1. Cold atomic photoassociation. Colliding atoms inci-
dent on the ground-state potential are excited by a laser of
frequency vL to bound excited states. At low temperature, the
photon absorption rate exhibits a highly resolved peak when
vL is tuned across a free-bound transition. The triplet states of
Rb2 are shown in this example. The solid oscillating curve
shows the square of an approximate radial wave function u(R)
of the colliding atoms. From Miller, Cline, and Henzen (1993).



S225Datz et al.: Atomic physics
dipole-dipole coupling of the molecular states
5s1/215p1/2 and 5p1/215s1/2, which are degenerate at infi-
nite internuclear separation.

The temperature of the atoms in a MOT is less than
300 mK, which corresponds to 6 MHz. Therefore, in-
stead of a continuous far wing of the resonance line, like
that observed in a higher-temperature gas, well resolved
transitions to high vibrational levels of the excited state
are observed. The excited molecules can decay to bound
vibrational levels of the ground state by path vbb of Fig.
1 or, more often, to the dissociative continuum states, by
path vbf with enough kinetic energy for the atoms to
escape from the trap. The loss of atoms from the trap is
the usual method of detecting that a free-bound transi-
tion has been driven in the first place. Some of the atoms
do decay to high vibrational levels of the ground state,
forming translationally cold molecules, as has been ob-
served by photoionizing the dimers and detecting the
dimer ions using a time-of-flight technique.

Photoassociation spectroscopy gives direct insight into
the scattering of the cold atoms. Since lB is roughly
400 a0, it is far greater than the range of the interatomic
potential between two ground-state atoms, as shown by
Fig. 1, and their scattering is thus dominated by s-wave
scattering. On a longer length scale than the interatomic
separations shown in Fig. 1 we can represent the inter-
atomic motion by a wave function that has a sinusoidal
dependence on R, the interatomic distance. If there is no
interaction between the two atoms the sine wave has a
zero at R50. If the interaction is attractive the nodes of
the wave function are pulled towards R50, and if the
interaction is repulsive the nodes are pushed away from
R50. These phase shifts of the wave function are often
described by the scattering length a, which is propor-
tional to the tangent of the phase shift. If the interaction
is attractive, a,0, while it is repulsive if a.0.

The scattering length for two ground-state atoms can
be extracted from the photoassociation spectrum using
the Franck-Condon principle. Briefly, each antinode of
the ground-state vibrational wave function leads to
strong transitions to vibrational states with their outer
turning points at the same R. Thus the transitions near
the dashed line labeled A in Fig. 1 are strong. On the
other hand, transitions at a slightly longer wavelength,
resonant with transitions near the dashed line labeled B,
are vanishingly weak since there is a node in the ground-
state wave function at this interatomic spacing. In other
words there is a slow modulation in the intensity of the
lines in the photoassociation spectrum, which can be
used to generate the wave function of the ground vibra-
tional state and determine its phase shift relative to a
sine wave starting from R50. Measuring the phase shift,
or equivalently, the scattering length tells whether or not
it is possible to make a Bose-Einstein condensate in the
system. It is possible if a.0, but if a,0 the atoms at-
tract each other and BEC becomes more difficult, al-
though it in fact has been achieved for Li, where a,0.

The collisions of cold atoms have shown initially sur-
prising phenomena, and it has been possible to control
them in a way not usually possible. It is likely that there
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will be many interesting future developments as well.
One example is the use of cold atoms to make cold mol-
ecules. The first reports of the production of cold Cs2
molecules came from Fioretti et al. (1998), and already a
number of other cold-molecule experiments have been
successful.

III. ACCELERATOR-BASED ATOMIC COLLISIONS

Sheldon Datz

Accelerator-based atomic physics covers a huge num-
ber of phenomena ranging from multiple ionization
events and electron capture from pair production, in
very violent collisions, to charge transfer and electron-
ion recombination in rather more delicate ones.3 The
increasing availability of high-energy accelerators and
the development of sources that produce multicharged
ions with large stored energy, coupled with greater so-
phistication in experimental techniques, has brought
about a considerable increase in our understanding of
these processes in recent years. Some examples of spe-
cific areas of recent accelerator-based atomic physics re-
search are given below.

A. Cold-target recoil-ion momentum spectroscopy

An excellent example of experimental refinement is
the cold-target recoil-ion momentum spectroscopy
method for analysis of collision phenomena (Ulrich
et al., 1998). The technique employs a well-defined tar-
get in the form of a precooled supersonic gas jet that
crosses the projectile beam. Collision products are ex-
tracted by an appropriate electric field and detected by
position-sensitive detectors. The position and time-of-
flight information are used to calculate the momentum
of the collision products with high precision. This tech-
nique makes it possible to determine the full momentum
vectors of all collision products yielding a kinematically
complete experiment. It has been employed in the last
ten years in a wide range of experiments including col-
lisions of ions, electrons, photons, and exotic projectiles
with atoms, molecules, and clusters. The technique
yields detailed information about the collision, including
the determination of impact parameter, scattering plane,
energy loss, and scattering angles. In addition, it allows
full detection at all solid angles of the emitted electrons.
In two-body systems, as in the case of electron transfer,
the momentum balance between projectile and target
allows for a measurment of the energy gain, which is
sufficiently precise to determine individual levels for
transfer into a given n state.

3See, for example, Atomic Physics; Accelerators (Marton and
Richard, 1980).
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B. Ultrarelativistic ion energies

Atomic collisions at ultrarelativistic energies (6.4-TeV
S ions and 33.2-TeV Pb ions) have been studied using
the SPS synchrotron at CERN (Vane et al., 1997). At
these energies, the electric fields have Fourier compo-
nents representing energies greater than twice the rest
mass, hn.2m0c2, and electrons can be promoted from
the negative continuum to produce electron-positron
pairs (via two virtual photons) or, alternatively, to pro-
mote an electron to a bound state of the projectile,
thereby changing its charge. This process, dubbed cap-
ture from pair production, can be responsible for beam
loss in relativistic colliders, for example.

C. Electron-ion recombination

At the other end of the energy scale, highly acceler-
ated ions may be used to study collisions at very low
center-of-mass energies (*1 meV), using ‘‘merging
beams.’’ An atomic ion can capture an electron and be
stabilized by the emission of a photon (radiative recom-
bination). In dielectronic recombination, the dominant
process at high temperatures, an electron from the con-
tinuum can be captured into a bound state by the simul-
taneous excitation of a previously bound electron (in-
verse Auger effect) and the doubly excited state can be
stabilized by the emission of a photon,

Aq1~n ,l !1e→A ~q21 !1~n8l 8,n9l 9!

→A ~q21 !1~nl ,n8l 8!1hn . (1)

This is a resonant process that requires a specific colli-
sion energy to form a given doubly excited state.

At Oak Ridge National Laboratory, a tandem Van de
Graaff accelerator was used to create an energetic
multiply-charged ion beam which was merged with a
collinear electron beam and the resultant reduced
charge from the dielectronic recombination ion mea-
sured (Datz and Dittner, 1988). Why use an accelerator?
High-charge states are easily obtained. The accelerated
beams have a lower electron-capture cross section from
background gas, and the higher-energy electron beams
needed to achieve comparable velocities have higher
space-charge limited currents. The system was used to
measure Dn51 dielectronic recombination cross sec-
tions for a variety of ions from B1 to S61. The resolution
of ; 4 eV was sufficient for integral measurements only.
Much higher resolution was later achieved at Aarhus
using a much improved merged electron beam ring. The
advent of ion storage rings initiated a qualitative im-
provement in the study of electron-ion collisions (Lars-
son, 1995). A storage ring comprises a closed magnetic
loop for the circulation of ions that have been injected
from an ion source. Such ion storage rings are presently
in operation in Sweden, Denmark Germany and Japan.
The ions may be accelerated in the ring up to the limit of
magnetic containment. In the case of the CRYRING in
Stockholm, the strength is 1.44 Tm, equivalent to 96
MeV times the ion charge divided by the mass. During
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its storage time, the ion can relax from metastable states
created in the source and, in the case of molecular ions,
vibrotational levels can also decay. In one of the straight
sections of the ring, an electron beam is merged with the
ion beam over a length of 1 m. The original purpose of
this merged beam was to reduce the momentum spread
in the stored ion beam (‘‘cooling’’). This is done by
matching the ion and electron beam velocities and tak-
ing up the random motion within the ion beam by Cou-
lomb scattering from ‘‘cold’’ electrons. The longitudinal
energy spread of the electron beam is negligible and the
transverse spread has now been reduced to 1 meV.

An intentional mismatch of velocities creates a
variable-energy ion-electron collision target. The results
obtained include highly precise dielectronic resonances
which have led to more accurate determinations of the
structure of doubly excited states. An unusual and, at
this time, unexplained finding is a large increase in ra-
diative recombination cross section above theory at very
low collision energies.

In similar experiments, molecular ions can recombine
and, upon regaining the ionization energy, dissociate
into neutral fragments. Precision measurements of dis-
sociative recombination of molecular ions in the energy
range of 1 meV to 50 eV have been made. For diatomic
molecular ions, the final states of the neutral atoms
formed have been measured using ring techniques. The
resonant structures and the fractionations observed
present a challenge to current theory.

IV. FUNDAMENTAL MEASUREMENTS IN ATOMIC
COLLISION PHYSICS

Hans Kleinpoppen

A. Introductory remarks

Atomic collision physics can be broadly divided into
cross-section measurements and analyses of fundamen-
tal quantum-mechanical processes. Such processes, par-
ticularly with regard to atomic and electron spin corre-
lations and resonances, have only been accessible to
detailed investigation since the second half of this cen-
tury. Studies of this kind are particularly connected with
‘‘complete atomic scattering experiments’’ (see Sec.
IV.B).

Approximately a hundred years ago the area of
atomic collision physics was opened up when photoion-
ization was discovered by H. Hertz in 1887 and electron
collision cross sections were estimated by P. Lenard in
1903 from processes in Braun’s classical electron tube.
Lenard postulated that the electron impact cross section
appeared to be much smaller than the atomic cross sec-
tions already known from chemical processes and ki-
netic theory. However, Lenard’s experiments failed to
reveal the presence of the massive positively charged
nucleus of atoms discovered by E. Rutherford in 1911.
While the detection of the inelastic energy loss of elec-
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trons in electron-impact excitation of atoms was discov-
ered by J. Franck and G. Hertz in 1913, electron scatter-
ing from rare-gas atoms carried out by Ramsauer,
Ramsauer and Kollath, and Townsend and Bailey in the
1920s revealed specific minima in the total electron-
atom cross sections. In 1931 Bullard and Massey de-
tected structure in the differential cross section which
could theoretically be interpreted as interference effects
in the partial waves of different orbital momenta. Early
calculations by N. F. Mott (1929) predicted electron spin
polarization through spin-orbit interaction in electron
scattering by heavy atoms; however, this sensational pre-
diction by Mott, in the 1920s, was only observed, much
later, by Shull, Chase, and Myers (1943). A series of
measurements to produce intense beams of polarized
electrons and to apply collisions of them with polarized
or unpolarized atoms only took place in the second half
of this century. Since that time, further highlights in
atomic collision physics were the scattering of electrons
by polarized atoms and coincidence experiments be-
tween atomic particles and photons. Cross-section mea-
surements were continuously stimulated by quantum-
mechanical theories of atomic collisions by Born, Mott,
Oppenheimer, Massey, and others [see, for example,
Mott and Massey (1965) and more modern versions of
theories by Bransden (1983), Joachain (1983), and
Burke and Joachain (1995)]. One of the outstanding
cross-section measurements in atomic collisions was
connected with electron scattering on atomic hydrogen.
The primary scientific aspect of such experiments was
that they represented the simplest and most fundamen-
tal quantum-mechanical collision phenomenon in com-
parison to more complicated many-electron atoms. Ex-
perimentally, the production of atomic hydrogen targets
was a very demanding and difficult problem, and, to a
certain degree, it still remains a problem today. A pio-
neering experimental step forward in producing a suffi-
ciently intense atomic hydrogen target was pioneered by
Fite and Brackman (1958).

Another important electron impact excitation prob-
lem was related to the polarization of resonance radia-
tion from atoms excited by electrons at or close to the
threshold energy of the exciting process. There were old
discrepancies between the theories of Oppenheimer
(1927, 1929) and Penney (1932) and the experiments of
Skinner and Appleyard (1927) which were only resolved
much later by studying fine and hyperfine structure ef-
fects of threshold polarization in both theory and experi-
ment. The fundamental quantum-mechanical theory of
impact polarization, introduced by Percival and Seaton
(1958), correctly took account of the fine and hyperfine
splittings and the level widths of the excited states from
which polarized radiation from the alkali resonance lines
could be measured (Hafner et al., 1965). Such polariza-
tions of impact line radiation can now be based on a
proper theoretical quantum-mechanical theory, and nu-
merous experimental comparisons are available con-
firming the theory of Percival and Seaton.

Cross-section measurements have been carried out
since, approximately, the beginning of this century and
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they are important tests of atomic collision theories. In
addition they are relevant to applications in plasma
physics, astrophysics, and atmospheric physics; for ex-
amples, see reference books such as Electronic and Ionic
Impact Phenomena, Vol. 1–4, by H. S. W. Massey
(1979); Atomic Collisions, by E. W. McDaniel (1989);
Atomic and Electron Physics–Atomic Interactions, by B.
Bederson and W. L. Fite (1968), as well as the biennial
series of proceedings of ICPEAC (footnote 2).

B. Complete atomic scattering experiments

1. Correlation and coincidence experiments

I shall now highlight developments (personally se-
lected) that can be linked to correlation and coincidence
measurements between atomic particles (including spin
correlations) and to the so-called ‘‘complete (or per-
fect)’’ atomic scattering and photoionization experi-
ments. Initial proposals for such types of experiments
can be traced to the pioneering papers of U. Fano (1957)
and B. Bederson (1969, 1970). The idea of ‘‘complete’’
experiments refers to the requirement that initially the
collision process be described by a quantum-mechanical
pure state vector. This means, for example, that particles
A and B may be in quantum states unAJAmA& and
unBJBmB& with the corresponding quantum numbers n,
J, and m for the two particles. The interaction process of
the collision with the particles in pure quantum states
can, at least in principle, be described by a quantum-
mechanical Hamilton operator H int , which is deter-
mined by the interaction potential between the colliding
partners. As a consequence of the linearity of the Schrö-
dinger equation, the total system of the particles after
the collision will also be in pure quantum states. In other
words, we can represent atomic collision processes be-
tween atomic particles in pure quantum states as fol-
lows:

uw in5uA&uB& ——→
linear operatorH int

uwout&5uC&uD&¯uK&¯ .

(2)

Before the collision, the colliding particles are in the
joint quantum state uw in&; after the collision the ‘‘colli-
sional products’’ are in the state uwout&.

If the state vector uwout& after the collision has been
extracted from an appropriate experiment, it may be de-
scribed by applying the quantum-mechanical superposi-
tion principle in the form

uwout&5(
m

fmwm , (3)

where wm are wave functions of possible substates of the
state vector uwout& and fm are complex amplitudes asso-
ciated with the collision process. The extraction of the
state vector uwout& represents the maximum information
and knowledge that can be extracted from the experi-
mental analysis of the collision process. Experiments
that are successful in providing such maximum informa-
tion are known as complete experiments. (Bederson ini-
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tially used the expression ‘‘perfect experiments,’’ but
they are generally now called ‘‘complete experiments.’’)

Complete experiments on atomic collision processes
require a high degree of experimental effort and special
methods, which have only been successfully applied
since the beginning of the 1970s. We cannot refer to
primary citations because of space limitations; many re-
view articles and books should serve instead, for ex-
ample, those of Andersen et al. (1988, 1997).

Macek and Jaecks (1971) first developed a concise
theory of the angular and polarization correlation be-
tween inelastically scattered electrons and polarized
photons from excitation/deexcitation processes of at-
oms. With regard to the relatively simple singlet excita-
tion process of 1P1 states of helium, i.e.,

e~E !1He~11S0!→He~n1P1!1e~E2E thr!

→He~11S0!1e~E2E thr!1hn , (4)

two amplitudes describing coincidence signals between
the inelastically scattered electron and the photon from
the excitation process can be extracted from the coinci-
dence experiment, namely, f0 for the magnetic sublevel
m150 and f1 for the sublevels m1561 of the 1P1 state.
The helium excitation/deexcitation 11S0→31P1→21S0
was investigated by observing the photon emitted from
the 31P1 state in coincidence with the inelastically scat-
tered electron in the forward scattering direction; by
measuring the photon linear polarization with reference
to the incoming electrons, experimenters could confirm
the selection rule Dm50 for the magnetic quantum
number according to the Percival-Seaton (1958) theory
of impact polarization of line radiation. They also could
correct the previous discrepancy with theory of the non-
coincidence threshold polarization measurements. Em-
inyan et al. (1973, 1974) extended the coincidence ex-
periment by measuring a more general electron-photon
angular correlation in the scattering place and deter-
mined a set of inelastic excitation amplitudes of the
21P1 state of helium for the first time. Standage and

FIG. 2. Schematic illustration of an electron charge cloud for a
coherently excited P state induced by an incoming particle par-
allel to the x direction [after Andersen et al. (1984)].
Rev. Mod. Phys., Vol. 71, No. 2, Centenary 1999
Kleinpoppen (1976) measured a full set of Stokes pa-
rameters (Born and Wolf, 1970) of the photon from the
31P1→21S0 excitation in coincidence with the scattered
electron and obtained a complete amplitude analysis as
well as the orientation vector L' (i.e., a finite expecta-
tion value of the angular momentum in the 31P1 state)
and an alignment (i.e., a nonisotropic distribution of the
magnetic sublevels JM with expectation values ^M&
5^J2&/3 of the excited 1P1 state in accordance with the
analysis of Fano and Macek, 1973). In addition to the
amplitude and orientation/alignment analysis the
‘‘charge cloud’’ of the excited 1P1 state of helium can
also be determined (Andersen et al., 1984).

Figure 2 shows an example of a collisionally induced
electron charge cloud distribution of a 1P1 state de-
tected by the coincidence of the scattered electron in the
kout direction and the photon detected in the z direction.
The scattering plane is defined by the directions of the
incoming k in and the outgoing kout relative momentum
vectors of the electron. The atomic charge can be char-
acterized by its relative length (l), width (w), and height
(h), its alignment angle (g) and its angular momentum
(L').

Following the definitions of Born and Wolf (1970), the
Stirling group (Standage and Kleinpoppen, 1976) could
also prove that photon radiation from the electron im-
pact excited He(31P1) state is completely polarized and
the relevant degree of coherence for its excitation is ap-
proaching 100%. Many electron-photon coincidence ex-
periments have been reported since the middle of the
seventies [see, for example, Andersen et al. (1988)] and
their results on coherence and correlation effects have
opened up completely new research topics in atomic col-
lision physics.

As already mentioned, electron impact excitation of
atomic hydrogen is both one of the most fundamental
and one of the simplest atomic collision processes. How-
ever, even for the excitation of the Lyman-a radiation,
i.e., the 22P1/2,3/2 state decaying into 12S1/2 state, by elec-
tron impact there was a long-standing discrepancy be-
tween the theory and the experimental electron
Lyman-a photon coincidences which has only recently
been resolved (Yalim et al., 1997).

Many measurements on collisions between heavy
atomic particles (neutral or ionized atoms) and atoms
have been reported since the middle of the 1970s, for
example, photon-particle (neutral or ionized atoms) co-
incidence experiments, in connection with charge-
exchange excitation of helium and molecular hydrogen
with He1 ions as projectiles. Angular correlation mea-
surements from direct excitation of helium atoms have
also been performed. Out of the many measurements of
heavy-particle–photon excitation [see the review by
Andersen et al. (1997)], we describe the alignment of the
2P state of atomic hydrogen produced in collisions be-
tween protons and atomic hydrogen as reported by the
Hippler and Lutz group (Hippler et al., 1988).

The collision process considered is described by the
following reaction with two outgoing results:
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(5)

i.e., a proton beam crosses an atomic hydrogen beam. At
incident energies of a few keV the H(2P) production
results from a united-atom (2ps-2pp) rotational cou-
pling. Lyman-a photons from the decay of the H(2P)
state were detected perpendicular to the primary proton
beam direction with a polarization-sensitive device. The
degree of linear polarization p5I i2I' /I i1I' of the
Lyman-a radiation is defined with the light intensity
components polarized parallel and perpendicular to the
proton beam direction.

The polarization p can be related to the integral align-
ment A20 of the H(2P) state by the following relations:

A205
Q12Q0

Q~2P !
5

6p

p23
, (6)

with the total excitation cross section Q1(5Q21) and
Q0 for the magnetic sublevels m1 , m0 and Q(2P)
5Q012Q1 as the total cross section for the 2P state.

Figure 3 shows experimental data for the integral
alignment A20 in comparison to several theoretical pre-
dictions. The theories fall into two categories in which
either only atomic wave functions are used or, alterna-
tively, molecular states or combinations of both atomic
and molecular states are employed. Only theories within
the second category include a quasimolecular rotational
coupling mechanism. Good agreement between experi-
ment and theory is obtained with the molecular orbital
calculations. Such experiments are considered as a very
important test case for theories of heavy-particle–
atomic collisions.

FIG. 3. Integral alignment A20 (left-hand scale) and linear po-
larization (right-hand scale) of the Lyman-a radiation for
H(2P) production of H11H collisions vs incident energy of
the protons. Experimental data by Hippler et al. (1988) are
compared to various calculations. Best agreement is obtained
with calculations that include quasimolecular rotational cou-
pling.
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2. Electron scattering by atoms in laser fields

Electron scattering by atoms in laser fields of various
intensities has become of fundamental importance in un-
derstanding the interactions of the colliding electron and
the electromagnetic field of the photon. Several out-
standing contributions are listed here:

(a) Transfer of energy in multiples of the photon en-
ergy hn to and from electrons while they are undergoing
elastic scattering by atoms is described by the process

e~E !1A1nhn→e~E6mhn!1A . (7)

Such a process was first observed by Weingartshofer
et al. (1977).

(b) The energy balance in electron impact excitation
of atoms can be made up jointly by the electron energy
E0 and the photon energy in a photon and electron im-
pact process such as hn1e(E0)1A→A* 1e(E01hn
2E thr).

(c) As a mirror symmetric inverse process of the
above electron-photon coincidences from electron im-
pact excitation of atoms (reported in Sec. B.1) Hertel
and Stoll (1974) studied electron scattering in conjunc-
tion with the resonance absorption of a laser photon
energy of hn5E thr2E with E as the ground-state en-
ergy and E thr as the threshold energy for the excited
state. The analysis of the angular distribution related to
the photon laser polarization again allows a description
of the scattering process in terms of two amplitudes and
their phase difference for S→P→S transitions.

(d) By inducing a resonance absorption of atoms by
photons, one can populate an excited state A1* .
Electron-photon coincidences can then be detected from
an even higher excited state A2* , i.e., hn1e(E)1A
→A1* 1e(E)→A2* 1hn11e(E2E thr). Excitation am-
plitudes have been extracted from such ‘‘stepwise exci-
tation electron-photon coincidences’’ for electron mer-
cury scattering.

3. (e,2e) ionization processes of atoms

With regard to ionization of atoms by electrons, stud-
ies of the coincidence between the impinging scattered
electron and the electron released from the ionization
process, (e ,2e) experiments, were first reported by Am-
aldi et al. (1969) and by Ehrhardt et al. (1969). Since that
time, many (e ,2e) and even (e ,3e) processes have been
investigated, including theoretical approximations. As
with the electron-photon coincidence experiments these
represent more sensitive tests of a theory than the tradi-
tional total-cross-section measurements of ionization.
As an example, we discuss here data on electron impact
ionization of atomic hydrogen and refer the reader to
other examples, e.g., to the review by McCarthy and
Weigold (1991) and the monograph by Whelan and
Walters (1997).

We first introduce the definition of the triply differen-
tial cross section: d3Q (E0 ,Ea ,Eb ,ua ,ub ,wb)/
dEbdVadVb with the polar scattering angles ua and ub
for the two electrons detected with an azimuthal angle
wb50 (defining the scattering plane); ua and ub are fi-
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nite, the energy of the scattered electron is Ea and the
energy of the incoming electron is E0 (Eb is then calcu-
lable from the energy balance); dVa and dVb are the
solid angles for the coincident detection of the two elec-
trons.

Figure 4 gives one example of theoretical and experi-
mental data on (e ,2e) processes for electron impact ion-
ization of atomic hydrogen. As can be seen, the Born
approximation essentially fails to reproduce the experi-
mental data while the Coulomb correlation method ap-
pears to be in reasonable agreement. Direct coincidence
measurements of electron momentum distributions of
the ground state of atomic hydrogen and other atoms
have also been performed.

4. Polarized-electron/polarized-photon interactions
with atoms

This is the subfield where most of the exciting new
approaches in experimental atomic collision physics are
found at present, combining coincidence measurements
with electron and atomic spin analysis. Early pioneering
papers include the electron-polarized atom recoil ex-

FIG. 4. Triple differential cross section for the (e ,2e) angular
correlation of atomic hydrogen as a function of the scattering
angle ub with fixed ua54°, Eb55 eV and the primary incident
electron energy E05150 eV [after Klar et al. (1987)]: dashed
curve, Born approximation; solid curve, Coulomb-correlation
method after Jetzke et al. (1989). The angle on the abscissa for
ub is measured from the direction of the incident electron. The
dotted vertical lines show the angle for scattering parallel (Dp)
and antiparallel (2Dp) to the vector of momentum transfer
Dp5lDk.
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periment of Rubin et al. (1969) and the Mott spin polar-
ization measurements of unpolarized electron scattered
by partially polarized potassium atoms (Hils et al., 1972).
Bederson, Rubin and collaborators applied a Stern-
Gerlach hexapole magnet as a velocity selector and a
polarizer to polarize potassium atoms. The electron im-
pact process may result in a change of the polarization
of the initially polarized atoms, which depend on Cou-
lomb direct interaction (amplitudes f0 and f1 for the
magnetic sublevels m50 and m561) and Coulomb ex-
change interaction (amplitudes g0 and g1). An E-H gra-
dient analyzer acts as a ‘‘spin filter,’’ which can be ad-
justed to pass only those atoms from the collision area to
the detector which have changed their spin state into the
antiparallel direction compared to the spin direction of
the atoms leaving the Stern-Gerlach magnet.

This experiment (undertaken approximately 30 years
ago) could only be matched, some years later, by the
JILA experimentalists S. J. Smith and collaborators
(Hils et al., 1972), who introduced an alternative experi-
ment in which a potassium atomic beam was polarized
(and focused) by a commercial Hewlett-Packard mag-
netic hexapole and the spin polarization by the elasti-
cally scattered electrons was measured by a Mott detec-
tor. Neglecting spin-orbit interactions, they could then
describe electron scattering by one-electron-atoms by
the spin reactions shown in Table I, in which e(↑), e(↓),
A(↑), and A(↓) are completely spin-polarized electrons
or atoms and only Coulomb direct and Coulomb ex-
change interactions take part.

On the other hand, only partially polarized electrons
and atoms (one-electron atoms) are so far available ex-
perimentally (i.e., spin-polarized electrons and spin-
polarized atoms with their polarization degree Pe , Pe8 ,
Pa , and Pa8 before and after scattering), which implies
that combined measurements of spin reactions should be
possible to determine both the modules of the ampli-
tudes f and g and their relative phase difference. For
example, the above experiment of Hils et al. (1972) gives
information on the ratio ufu2/s(E ,u)5(12Pe8Pa), that
is, the Coulomb direct cross section divided by the full
differential cross section, which is determined by know-
ing the degree of polarization of the atomic target (Pa)
and measuring the spin polarization (Pe8), of the scat-
tered electrons.

The next step in polarized-electron/polarized-atom
collisions was the detection of ion symmetries. The ion
asymmetry in electron impact ionization can be seen in
TABLE I. Electron scattering by one-electron atoms.

Scattering process Interactions Amplitudes Cross sections

e~↑!1A~↓!→A~↓!1e~↑! Coulomb direct f ufu2

→A~↑!1e~↓!, Coulomb exchange g ugu2

e~↑!1A~↑!→A~↑!1e~↑!, Interference between
direct and exchange
interaction

f –g uf –gu2

Full differential cross section: s(E ,u)51/2$ufu21ugu21uf –gu2%
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experiments in which polarized electrons collide with
polarized atoms and ions are produced; by introducing
the notations N↑↑(I) and N↑↓(I) for the number of ions
produced, with the relevant spins of the incoming elec-
trons and the target atoms either parallel or antiparallel
to each other one can define the so-called ion asymme-
try by the expression

A ion5
N↑↑~I !2N↑↓~I !

N↑↑~I !1N↑↓~I !
. (8)

The first experiments of this type were carried out
with polarized atomic hydrogen (Alguard et al., 1977)
and with polarized sodium atoms (Hils and Kleinpop-
pen, 1978).

In electron scattering by heavy atoms such as ru-
bidium and cesium, spin-orbit interaction between the
projectile electron and the target atom must be taken
into account in addition to the direct Coulomb and ex-
change interactions. This situation is similar to that for
the normal fine structure of excited atoms or the photo-
ionization of heavy alkali atoms, in which spin-orbit in-
teractions increase with increasing mass of the atoms
involved. Six amplitudes are necessary for the descrip-
tion of elastic electron scattering on heavy alkali atoms,
which means that 11 independent quantities, i.e., six
moduli and five phase differences, have to be deter-
mined for complete analysis of the scattering process. A
start in determining the six amplitudes has already been
made with spin-polarized electrons scattered elastically
by spin-polarized cesium atoms in the ground state
(Brum et al., 1997). By their measurements spin asym-
metries could be detected including the one predicted by
Farago (1974, 1976) as an interference effect between
the spin-orbit interaction and the spin-exchange interac-
tion.

The complication due to the large number of ampli-
tudes is reduced by using target atoms without a result-
ing total electron spin (‘‘spinless’’ atoms), as for example
with rare-gas atoms or two-electron atoms with opposite
spins. Two spin reactions can be defined for the scatter-
ing of polarized electrons on spinless atoms A:

~1 ! e~↑ !1A→A1e~↑ !, h , uhu2,

~2 ! e~↑ !1A→A1e~↓ !, k , uku2. (9)

We denote the first process, as before, as a direct pro-
cess with amplitude h and the second one as a spin-flip
process with amplitude k. The direct process can be su-
perposed coherently with an electron exchange process;
these processes cannot be individually observed due to
their indistinguishability in the experiment. The spin po-
larization of the electrons after scattering determines the
moduli uhu and uku and their phase differences Dw5g1
2g2 .

Figure 5 shows an example for the moduli of the
above amplitudes and their phase differences from elas-
tic electron-xenon scattering. As one can see, the modu-
lus uhu of the direct scattering amplitude shows a distinc-
tive diffraction structure, which is due to the
superposition of several partial waves of scattered elec-
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trons with various angular momenta. This structure is
determined by the dipole and exchange interactions, as
previously described in connection with the Ramsauer-
Townsend effect. The modulus of the spin-flip amplitude
uku, which originates from the spin-orbit interaction is
considerably smaller than that of the direct amplitude
uhu; the spin-flip amplitude is primarily determined by
the (l 51) partial wave of the scattered electrons, which
has the result that the diffraction structure is hardly dis-
cernible.

Finally I should like to mention a new kind of com-
plete experiment on photoionization of partially polar-
ized atoms reported by Plotzke et al. (1996). By applying
a hexapole magnet, they were able to polarize and focus
atoms on the target area, where a small magnetic guid-
ing field orients the atom spin or J-vector parallel or
antiparallel to the direction of the incoming synchrotron
radiation of BESSY (Berliner Elektronenspeicherring-
Gesellschaft für Synchrotronstrahlung), which is linearly
polarized. Photoionization experiments with randomly
oriented targets yield two independent parameters, the
cross section s and the parameter b of the angular dis-
tribution of the emitted photoelectrons (Yang, 1948).
However, this description of the photoionization process
is restrictive and averages over the finer details. Klar

FIG. 5. Moduli of amplitudes uhu and uku and phase differences
g12g2 between the two amplitudes for elastic scattering of
polarized electrons on xenon atoms, as a function of the scat-
tering angle at an energy of 100 eV. Experimental data points
with error bars after Berger and Kessler (1986). The dotted
lines and solid curves represent various theoretical predictions:
after Haberland et al. (1986), McEachran and Stauffer (1986),
Awe et al. (1983). The data uhu and uku are given in units of the
Bohr radius a0 and are normalized to the measured differen-
tial cross section s5uhu21uku2.
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and Kleinpoppen (1982) have shown that ‘‘complete’’
information on the photoionization process can be ob-
tained by analyzing the photoelectron angular distribu-
tions from partially polarized atoms. This method is
complementary to the spin analysis of photoelectrons
from unpolarized atoms (see, for example, Heinzmann
and Cherepkov, 1996).

A new approach to complete photoionization experi-
ments, by means of coincidence measurement between
autoionized electrons and polarized fluorescent photons,
in the region of the 3p-3d resonance in calcium has
recently been reported.

C. Summary

Atomic collision physics has developed to a high de-
gree of sophistication particularly due to advanced ex-
perimental technology combined with ever-increasing
computational capability. Recent emphasis of ICPEAC1

(Aumayr and Winter, 1998) has been on fundamental
quantum-mechanical aspects such as coherence, correla-
tion, alignment, orientation, polarization and, lately, col-
lisions of Bose-Einstein condensates. Recent experimen-
tal investigations that apply polarized electrons in
electron-electron (e ,2e) and in electron-photon (e ,eg)
coincidence experiments have been reviewed by Hanne
(1996a 1996b).

Limited space does not permit discussion of the many
other important recent accomplishments in fundamental
atomic collision physics, for example, superelastic scat-
tering by polarized excited atoms, synchrotron radiation
experiments, spin asymmetries based on spin-orbit inter-
actions in electron-atom and ion-atom collisions, reso-
nances, and resonant interactions with radiation fields.

While we have concentrated here on fundamental
types of experiments, it should be emphasized that many
theoretical investigations were crucial for the interpreta-
tion of ‘‘complete atomic collision experiments.’’ See,
for example, Karl Blum’s book, Density Matrix Theory
and Applications, in which the most relevant theoretical
papers are discussed and listed. More basic treatments in
connection with atomic and quantum collisions and scat-
tering theories are covered by, for example, Massey,
1979; Bransden, 1983; Joachain, 1983; Merzbacher, 1998.

In a lecture given by Sir Harrie Massey approximately
one year before his death he stated

We now have the opportunity for gaining deeper un-
derstanding of (atomic) collision mechanisms
through providing information about the shapes and
circulations of atomic wave functions in collision pro-
cesses. The (experimental) techniques required are
very elaborate. Indeed it is probably true that experi-
ments in this field (of coherence and correlation) are
among the most complicated in atomic physics today.
They are very important for deepening our under-
standing of atomic collisions and it is essential that
their very complexity should not be allowed to ob-
scure their importance (Massey, 1979).
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V. HIGH-PRECISION ATOMIC THEORY:
THE FEW-BODY PROBLEM

G. W. F. Drake

A. Introduction

This section focuses on the remarkable advances that
have taken place over the past fifteen years in the theory
of atomic systems more complicated than hydrogen—
specifically helium and other three-body systems. Since
the time of Newton, the classic three-body problem has
defied the best attempts of mathematicians to find exact
analytic solutions. In the modern context, solutions to
the three-body Schrödinger equation are equally diffi-
cult to obtain. However, once found to sufficient accu-
racy, they form the basis for studying the relativistic and
quantum electrodynamic effects that must be included in
order to account for the results of high-precision spec-
troscopic measurements. It is of course the advances in
laser spectroscopy that provide the necessary accuracy
to allow new and meaningful tests of quantum electro-
dynamics in systems more complicated than hydrogen,
and possibly to find new physical effects. There is no
guarantee that a consideration of pairwise interactions
among the particles alone is sufficient or that there are
no specifically three-body effects.

B. The nonrelativistic Schrödinger equation

The helium problem played an important role in the
early history of quantum mechanics (Hylleraas, 1963).
As pointed out by Max Born, the old Bohr-Sommerfeld
quantization scheme worked perfectly well for hydro-
gen, and so helium became a crucial test of Schröd-
inger’s (1926a) wave mechanics. Were it not for the
e2/r12 Coulomb repulsion between the two electrons, the
three-body Schrödinger equation for helium would be
separable, and therefore exactly soluble in terms of
products of hydrogenic wave functions. Since the full
equation is not separable, approximation methods must
be applied, as described in the following sections.

The earliest tests involved the central-field approxi-
mation of Hartree (1928) in which each electron is as-
sumed to move in the spherically averaged field of the
other. Results for helium, and especially rubidium,
yielded reasonable agreement with experiment and
markedly different results from the classical orbital
model. Hartree’s result for the ionization energy of he-
lium was 24.85 eV, as compared with the experimental
value 24.60 eV. However, Hartree’s central-field model,
and its extension by Fock (1930) to include electron ex-
change, can never recover the remaining correlation en-
ergy of about 1 eV (relative to the Hartree-Fock ioniza-
tion energy of 23.7 eV).

The Hartree-Fock approximation can be thought of as
the best possible wave function that can be written in a
separable product form. This has a clear physical mean-
ing rooted in the shell model of an atom; but the exact
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wave function cannot be expressed in this form. The key
innovation of Hylleraas in 1927 [with influences from
Slater (1928), as well as Max Born, Eugene Wigner, and
Hans Bethe] stems from the realization that the triangle
formed by the nucleus and the two electrons of helium is
determined by the three lengths r1 , r2 and r125ur1
2r2u, where r1 and r2 are the position vectors of the two
electrons relative to the nucleus. Since the orientation of
the triangle in space is not important, the essential dy-
namics of the system is contained in just these three
variables out of the total of six (or equivalently s5r1
1r2 , t5r12r2 , u5r12). With this in mind Hylleraas
constructed a trial variational wave function for the
ground state of helium consisting of a sum of terms of
the form

Ai ,j ,ksit juk expS 2
1
2

Ks D , (10)

where each term has different powers i,j,k, and the Ai ,j ,k
are linear variational coefficients determined by simulta-
neously diagonalizing the Hamiltonian and overlap inte-
grals in this basis set of functions [see Drake (1998) for a
review of variational methods]. Early numerical experi-
ments by Hylleraas and others [see Bethe and Salpeter
(1957), Sec. 32 for a review] showed that just a few terms
involving powers of u5r12 (especially the odd powers)
were sufficient to recover nearly all the correlation en-
ergy.

Further calculations with basis sets of increasing size
and sophistication, culminating with the work of Pekeris
and co-workers in the 1960s (see Accad, Pekeris, and
Schiff, 1971) showed that nonrelativistic energies accu-
rate to a few parts in 109 could be obtained by this
method, at least for the low-lying states of helium and
He-like ions. However, these calculations also revealed
two serious numerical problems. First, it is difficult to
improve upon the accuracy of a few parts in 109 without
using extremely large basis sets where roundoff error
and numerical linear dependence become a problem.
Second, as is typical of variational calculations, the ac-
curacy is best for the lowest state of each symmetry, but
rapidly deteriorates with increasing n.

1. Recent advances

Modern spectroscopic accuracies in the sub-MHz
range require theoretical energies accurate to a few
parts in 1012 to make meaningful comparisons with ex-
periment. Over the past 15 years, both of the above limi-
tations on accuracy have been resolved by ‘‘doubling’’
the basis set so that each combination of powers i,j,k is
included twice with different exponential scale factors
(Drake, 1993a, 1993b). A complete optimization with re-
spect to all the nonlinear parameters leads to a natural
partition of the basis set into two distinct distance
scales—one appropriate to the long-range asymptotic
behavior of the wave function, and one appropriate to
the complex correlated motion near the nucleus. The
greater flexibility in the available distance scales allows a
much better physical description of the atomic wave
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function, especially for the higher-lying Rydberg states
where two sets of distance scales are clearly important.
However, the multiple distance scales also greatly im-
prove the accuracy for the low-lying states.

For the classic example of the ground state of helium,
the nonrelativistic energy is now known to be

ENR522.903 724 377 034 119 598 13~23!, (11)

obtained by extrapolation from a doubled basis set con-
taining 2114 terms. The accuracy is about one part in
1019. Other results approaching this accuracy have been
obtained in recent years, using both Hylleraas and other
basis sets (Bürgers et al., 1995, Goldman, 1998). The cal-
culation of Baker et al. (1990) is significant for its accu-
racy, given that only 476 terms were used. The signifi-
cant point is that all of these methods are evidently
converging to the same numerical value.4

The same Hylleraas-type methods can in principle be
applied to atoms more complex than helium, but the size
of the basis set required for a given degree of accuracy
and the demands on computer resources grow extremely
rapidly with the number of particles. That is why alter-
native methods of more limited accuracy have been de-
veloped, such as multiconfiguration Hartree-Fock,
configuration-interaction, many-body perturbation
theory, finite-element, diffusion Monte Carlo, and varia-
tional Monte Carlo techniques. These techniques can
readily be extended to arbitrarily complex systems, but
the accuracy seldom exceeds one part in 106 for the en-
ergy. Hylleraas-type results with accuracies comparable
to helium have been obtained only for lithium and simi-
lar four-body systems (Yan and Drake, 1998).

2. Asymptotic expansions

Results of similar accuracy are now available for all
the higher-lying 1snl1,3L Rydberg states of helium up to
n510 and L57. One might object that these long
strings of figures are just numerology with little physical
content. However, with increasing L, one can give a full
physical account of the variational results by means of a
simple (in concept) core polarization model largely de-
veloped by Drachman (1993). An examination of the
eigenvalues for Rydberg states reveals two significant
features. First, with increasing L, the first several figures
are accounted for by the screened hydrogenic energy

ESH52
Z2

2
2

~Z21 !2

2n2 (12)

corresponding to the energy of the inner 1s electron
with the full nuclear charge Z, and the outer nl electron
with the screened nuclear charge Z21. Second, the
singlet-triplet splitting goes rapidly to zero with increas-
ing L. This suggests that for sufficiently high L, one can

4See the Atomic, Molecular, and Optical Physics Handbook
(Drake, 1996), which includes a number of articles discussing
computational techniques for the few- and many-body prob-
lems in detail, and which includes many important earlier ref-
erences.
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treat the Rydberg electron as a distinguishable particle
moving in the field of the polarizable core consisting of
the nucleus and the tightly bound 1s electron. The vari-
ous multipole moments of the core then give rise to an
asymptotic potential of the form

DV~r !5
c4

r4
1

c6

r6
1

c7

r7
1¯ , (13)

where r is the coordinate of the Rydberg electron. In
first order, the correction to the energy is then ^DV(r)&,
where the expectation value is with respect to the Ryd-
berg electron. Since the core is a hydrogenic system, all
the ci coefficients and expectation values can be calcu-
lated analytically. For example, c4 is related to the core
polarizability a15(9/32)a0

3 by c452a1/2 (a0 is the Bohr
radius), and c6 is related to the quadrupole polarizability
a25(15/64)a0

5 and a nonadiabatic correction to the di-
pole polarizability b15(43/512)a0

5 by c652a2/213b1 .
Detailed expressions for the higher-order terms up to
c10 have been derived [see Drachman (1993) for further
discussion]. Each term can be calculated analytically by
repeated use of the perturbation methods of Dalgarno
and Lewis (1956). However, the expansion must be ter-
minated at i5(L11) because the expectation values
^r2i& diverge beyond this point. In this sense, the series
must be regarded as an asymptotic expansion.

As an example, Table II shows that the terms up to
c10 , together with a second-order perturbation correc-
tion, account for the variationally calculated energy of
the 1s10k state to within an accuracy of only a few Hz.
All the entries can be expressed analytically as rational
fractions. For example, the c4^r24& contribution is ex-
actly (in atomic units)

c4^r24&52
3361

21035637313317

527.39334195¯31029. (14)

Since the accuracy of the symptotic expansion rapidly
gets even better with increasing L, there is clearly no

TABLE II. Asymptotic expansion for the energy of the 1s10k
state of helium.

Quantity Value

2Z2/2 22.000 000 000 000 000 00

21/(2n2) 20.005 000 000 000 000 00

c4^r24& 20.000 000 007 393 341 95

c6^r26& 0.000 000 000 004 980 47

c7^r27& 0.000 000 000 000 278 95

c8^r28& 20.000 000 000 000 224 33

c9^r29& 20.000 000 000 000 002 25

c10^r210& 0.000 000 000 000 003 73
Second order 20.000 000 000 000 070 91
Total 22.005 000 007 388 376 30(74)
Variational 22.005 000 007 388 375 8769(0)
Difference 20.000 000 000 000 000 42(74)
Rev. Mod. Phys., Vol. 71, No. 2, Centenary 1999
need to perform numerical solutions to the Schrödinger
equation for L.7. The entire singly excited spectrum of
helium is covered by a combination of high-precision
variational solutions for small n and L, quantum defect
extrapolations for high n, and asymptotic expansions
based on the core polarization model for high L.

Asymptotic expansion methods have similarly been
applied to the Rydberg states of lithium and compared
with high-precision measurements (Bhatia and Drach-
man, 1997). This case is more difficult because the Li1

core is a nonhydrogenic two-electron ion for which the
multipole moments cannot be calculated analytically,
and variational basis-set methods must be used instead.
However, the method is in principle capable of the same
high accuracy as for helium.

3. Relativistic and QED effects

The accuracy of the foregoing results for helium ex-
ceeds that of the best measurements by a wide margin.
However, numerous small corrections must be added
before a meaningful comparison with experiment can be
made. Many of these can also be calculated to high pre-
cision, leaving a finite residual piece due to higher-order
relativistic and quantum-electrodynamic effects which
lie at the frontier of current theory.

The two relevant parameters in calculating correc-
tions to the nonrelativistic energy for infinite nuclear
mass are m/M and a, where m5meM/(me1M) is the
reduced electron mass and a is the fine-structure con-
stant. Since m/M'1.370731024 for helium, and a2

'0.532831024, these terms are the same order of mag-
nitude. The expansion then has the form (in units of
e2/am)

E5E0
01E0

1~m/M !1E0
2~m/M !21E2

0a2

1E2
1a2~m/M !1E3

0a31¯ . (15)

The leading terms can be expressed as expectation
values and accurately calculated. For example, E0

1

52^D1•D2& is the specific mass shift due to the mass
polarization operator, and E0

2 is the second-order per-
turbation correction. The leading relativistic term E2

0 is
the expectation value of the well-known Breit operator
(Bethe and Salpeter, 1957) for infinite nuclear mass, but
the finite-mass correction E2

1 contains new operators
coming from a systematic reduction of the pairwise Breit
interactions in the full three-body problem to center-of-
mass plus relative coordinates along with mass scaling
and mass polarization contributions. Although these
terms become increasingly complicated, they can still be
accurately calculated and subtracted from measured
transition frequencies.

The leading QED term E3
0 is the first term to present

new computational challenges. It contains contributions
coming from both the electron-nucleus interactions of
leading order a3Z4 and the electron-electron interaction
of leading order a3Z3. The general form of the electron-
nucleus part E3,Z

0 for helium is simply obtained from the
corresponding hydrogenic case by inserting the correct



S235Datz et al.: Atomic physics
electron density at the nucleus in place of the hydro-
genic quantity ^d(r)&5Z3/(pn3). This part is easily
done, but the Bethe logarithm b(nLS), representing
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the emission and absorption of virtual photons, is much
more difficult to calculate. It is defined in terms of a sum
over virtual two-electron intermediate states,
b~nLS !5
Smu^0up11p2um&u2~Em2E0!ln@2Z22~Em2E0!#

Smu^0up11p2um&u2~Em2E0!
. (16)
The accurate calculation of b(nLS) is one of the most
challenging problems in atomic structure theory. The
problem is that the sum in the numerator is very nearly
divergent, and so the dominant contribution comes from
states lying high in the scattering continuum (both one-
and two-electron). In a monumental calculation based
on earlier work by Schwartz (1961), Baker et al. (1993)
have obtained accurate values of b(nLS) for the low-
lying S states of helium (11S , 21S , and 23S). These re-
sults have an important impact on bringing theory and
experiment into agreement.

Although no other direct calculations of similar accu-
racy are available for other states, for sufficiently high L
one can use instead the core polarization model. This
picture shows that the dominant contribution to the
change in b(nLS) from the hydrogenic b(1s) comes
from the perturbing effect of the Rydberg electron on
the 1s electron, rather than from the Rydberg electron
itself. The dipole polarization result allows b(nLS) to
be expressed in terms of the known hydrogenic Bethe
logarithms, plus a correction term proportional to
^r24&nl calculated with respect to the screened hydro-
genic wave function of the Rydberg electron. This result
is of pivotal importance because it allows the QED part
of the D-state energies to be calculated to sufficient ac-
curacy that these states can be taken as absolute points
of reference in the interpretation of measured transition
frequencies. In particular, the much larger S-state QED
shift can then be extracted from measured nS-n8D tran-
sition frequencies by subtraction of the other known
terms.

Relativistic and QED terms of order a4 a.u. and a5

a.u. are also important in the comparison with experi-
ment. The theory of these terms is incomplete. A com-
plete treatment requires a systematic reduction of the
Bethe-Salpeter equation in order to find equivalent non-
relativistic operators whose expectation values in terms
of Schrödinger wave functions yield the correct coeffi-
cients for a given order of a. The result then represents
an extension of the Breit interaction to higher order. To
date, this ambitious program has been carried to
completion only for the spin-dependent parts (see Sec.
V.B.4). However, a comparison with experiment indi-
cates that for S states, these higher-order terms are
dominated by large QED contributions analogous to the
corresponding terms in the one-electron Lamb shift. For
example, the term E4,Z

0 or order a4 contributes to
2771.1 MHz, 251.995 MHz, and 267.634 MHz, respec-
tively, to the (positive) ionization energies of the helium
1s2 1S , 1s2s 1S , and 1s2s 3S states, while the experimen-
tal uncertainties are more than an order of magnitude
smaller. There would be large discrepancies between
theory and experiment without this QED term. The
comparison between theory and experiment [see Drake
and Martin (1998)] shows that, for the ionization energy
of the 1s2 1S ground state of helium, the two agree at
the 6100 MHz level (1.7 parts in 108) out of a total
ionization energy of 5 945 204 226(100) MHz. The total
QED contribution is 241 233(100) MHz. For the
1s2s 1S state, the agreement is spectacularly good. The
difference between theory and experiment is only 1.1
MHz (1.2 parts in 109) out of a total ionization energy of
960 332 040 MHz. Both of these results rely on the cal-
culated ionization energies of the higher-lying P- and
D-state energies as absolute points of reference.

4. Fine-structure splittings and the fine-structure constant

The helium 1s2p 3P manifold of states has three fine-
structure levels labeled by the total angular momentum
J50, 21, and 2. If the largest J50→1 interval of about
29 617 MHz could be measured to an accuracy of 61
kHz, this would determine the fine-structure constant a
to an accuracy of 61.7 parts in 108, provided that the
interval could be calculated to a similar degree of accu-
racy. This degree of accuracy would provide a significant
test of other methods of measuring a, such as the ac
Josephson effect and the quantum Hall effect, where the
resulting values of a differ by 15 parts in 108 (Kinoshita
and Yennie, 1990). Groups are now working toward the
achievement of a 61 kHz measurement of the fine-
structure interval.

Theory is also close to achieving the necessary accu-
racy. In lowest order, the dominant contribution of or-
der a2 a.u. comes from the spin-dependent part of the
Breit interaction. This part is known to an accuracy of
better than 1 part in 109, and corrections of order a3 a.u.
and a4 a.u. have similarly been calculated to the neces-
sary accuracy. At each stage, the principal challenge is to
find the equivalent nonrelativistic operators whose ex-
pectation value in terms of Schrödinger wave functions
gives the correct coefficient of the corresponding power
of a. This analysis has been completed for the next
higher-order a5 ln a and a5 terms, and numerical results
obtained for the former. A full evaluation of the remain-
ing a5 terms should be sufficient to reduce the theoret-
ical uncertainty from the present 620 kHz to less than 1
kHz. Once both theory and experiment are in place to
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the necessary accuracy, a new value of a can be derived.
At present, theory and experiment agree at the 620-
kHz level (Storry and Hessels, 1998). This already rep-
resents a substantial advance in the accuracy that can be
achieved for spin-dependent effects on helium.

C. Theory of few-electron ions

In the foregoing discussion of helium, the starting
point was the nonrelativistic Schrödinger equation with
relativistic and QED effects treated by successive orders
of perturbation theory. However, measurements of tran-
sition frequencies are available for many He-like ions all
the way up to two-electron uranium (U901). For such
high-Z systems, relativistic effects predominate and a
perturbation expansion in powers of aZ is no longer
appropriate. On the other hand, electron correlation ef-
fects decrease in proportion to 1/Z relative to the one-
electron energies due to the dominant Coulomb field of
the nucleus. This suggests that one should start instead
from the one-electron Coulomb-Dirac equation so that
relativistic effects are included to all orders from the
beginning, and treat electron correlation effects by per-
turbation theory. As a rough rule of thumb, the high-Z
region begins when relativistic effects become larger
than electron correlation effects, i.e., when (aZ)2

.1/Z , or Z.26.
The so-called Unified Method (Drake, 1988) provides

a quick and simple way to merge 1/Z expansions for the
nonrelativistic part of the energy with exact Dirac ener-
gies [i.e., (aZ)2 expansions summed to infinity] for the
relativistic part. With allowance for QED corrections,
the resulting energies are remarkably accurate over the
entire range of nuclear charge. However, the accuracy of
recent measurements for high-Z ions has now reached
the point that higher-order contributions arising from
the combined effects of relativity and electron correla-
tion become important. The leading such term not in-
cluded by the Unified Method is of order (aZ)4 a.u. and
a4Z2 relative to the nonrelativistic energy. Terms of this
order are automatically included in much more elabo-
rate calculations based on the techniques of relativistic
many-body perturbation theory and relativistic configu-
ration interaction [see Sapirstein (1998) for a review].
Especially important are methods for evaluating all or-
ders of perturbation theory at once. Although these
methods are less accurate than the nonrelativistic
Hylleraas-type calculations for the neutral helium and
lithium atoms and their isoelectronic low-Z ions, they
yield good agreement with experiment for intermediate-
and high-Z ions. There is a broad range of Z between
about 6 and 40 where both approaches yield results of
useful accuracy and allow interesting comparisons be-
tween them.

D. Future prospects

The results described here indicate the high degree of
understanding that has been achieved for few-electron
systems over the entire range of nuclear charge from
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neutral atoms to highly ionized uranium. For the heli-
umlike systems, the Schrödinger equation has been
solved and lowest-order relativistic corrections calcu-
lated to much better than spectroscopic accuracy. To a
somewhat lesser extent, accurate solutions also exist for
lithiumlike systems.

For highly ionized systems, many-body perturbation
theory and relativistic CI provide powerful computa-
tional techniques. The residual discrepancies between
theory and experiment determine the higher-order rela-
tivistic and QED (Lamb shift) contributions to nearly
the same accuracy as in the corresponding hydrogenic
systems. Interest therefore shifts to the calculation of
these contributions, for which theory is far from com-
plete for atoms more complicated than hydrogen. New
theoretical formulations are needed, such as the simpli-
fications recently discussed by Pachucki (1998). Each
theoretical advance provides a motivation for parallel
advances in the state of the art for high-precision mea-
surement. The results obtained to date provide unique
tests of both theory and experiment at the highest at-
tainable levels of accuracy, and they point the way to
applications to more complex atoms and molecules.

VI. EXOTIC ATOMS

G. zu Putlitz

‘‘Exotic atoms’’ such as positronium and muonium are
pure leptonic hydrogenlike systems perfectly suited for
testing the electromagnetic interaction and possible tiny
admixtures of other interactions like the weak and
strong force or possible unknown forces beyond the
standard model. The progress made in this field up to
now has produced experimental values of such precision
that the results and their interpretations compete with
the experiments of elementary particle physics carried
out at the highest energies available so far.

Of major importance are atoms with negatively
charged particles in the atomic shell, particularly those
with a negative muon.

The production of exotic atoms relies on the produc-
tion of exotic particles with suitable intensity, phase
space, and energy to be captured by a normal atom. For
muonic atoms with a negative muon, formation initially
involved a proton beam with energies of 0.5 to 2.0 GeV
striking a target to produce negative pions. The p2 de-
cay with a lifetime of tp52.631028 sec through the re-
action p2→m21 n̄m . The negative muons are subse-
quently decelerated by propagation through matter until
they reach energies at which they are captured in states
with rather high principal and orbital angular momen-
tum quantum numbers. In the beginning of the capture
process the energy is mostly released by Auger ioniza-
tion of outer-shell electrons. Later on the muons reach
lower states by emission of electromagnetic radiation
with discrete energies. This part of the spectrum is par-
ticularly important not only for the investigation of the
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atomic potential but also for a measurement of the mass
of the muon. In lower orbits the negative muons interact
directly with the nucleus and annihilate through the
weak interaction.

The electromagnetic spectrum emitted from a muon
captured in an atom results in the emission of g radia-
tion where the energy levels En are

En52
mredc2

2 S Za

n D 2

. (17)

The corresponding Bohr radius is

tn5
\2

mrede2

n2

Z
, (18)

where n is a principal quantum number of the state, mred
is the reduced mass of the negative particle X in the
shell Z5nuclear charge number, and a5(e2/hc)
5fine-structure constant' 1

137 . For a medium-mass
nucleus the energy for the muonic Lyman-a line (10.2
eV for the electron in hydrogen) is in the MeV range.
The corresponding orbit of the muon is located well in-
side the electronic shells for lower principal quantum
numbers. The measured energy in this case is smaller
than the point-charge value estimated above because of
the different potential the m2 experiences close to the
nuclear surface. The Bohr radius and the nuclear radii
become comparable.

Muonic x rays were first measured by Fitch and Rain-
water in 1953. Over the decades the precision in muonic
atom spectroscopy (as well as that for pionic, kaonic,
and other spectra) has increased greatly due to in-
creased beam intensities, the availability of solid-state
detectors, and the construction of special crystal-
diffraction spectrometers. Extensive data have been ob-
tained on the energies of muonic spectra, which have led
to the measurement of nuclear radii, of isotope and iso-
tone displacements of muonic lines, and the change of
the charge distribution of isomeric nuclei.

For larger nuclear charges, radiative corrections and
corrections for effects of nuclear polarization are signifi-
cant. Nevertheless, the spectra of pionic, kaonic, and
hadronic atoms have played a very important role in the
study of systematic trends of the charge and mass distri-
bution in nuclei as well as nuclear deformations over
large sequences of isotopes.

From the measurement of several transitions in a par-
ticular muonic atom at least two parameters of the
charge distribution can be determined, the mean charge
radius C and the skin thickness of the charge distribu-
tion t. In addition the width of the energy levels mea-
sured through the linewidth of the g transition can be
used to measure the rate of absorption processes of the
exotic particles in the nucleus. For muonic hydrogen in
the 1S state this rate is rather small compared to the
natural decay rate of the muon of R'(1/tm)'53105

s21 but has been measured rather precisely to be Rc
'500 s21. For lower nuclear charge numbers the cap-
Rev. Mod. Phys., Vol. 71, No. 2, Centenary 1999
ture probability for the muon by the nucleus increases
with Z4. For this reason even at relatively low Z capture
processes dominate the linewidth of lower muonic tran-
sitions.

Muonic helium is an exotic atom with special features.
It is produced by a capture reaction in which both of the
electrons are emitted by the Auger effect. The remain-
ing (He11m2)1 ion has a hydrogenlike spectrum and
can capture an electron in the same way as does a pro-
ton. Its term energies have been recorded through soft
g-ray spectroscopy (in which the energy of the Lyman-a
line58.2 keV) and its fine structure was investigated in a
laser experiment. A decade later neutral (He11m2e2)0

atoms were produced and the hyperfine structure was
measured with high precision (Hughes, 1990). This
atomic system is very peculiar because it constitutes a
hydrogen atom within a hydrogen atom. Table III lists
the negative exotic particles that are suitable for the pro-
duction of exotic atoms. Tauonic atoms have not been
observed so far because the lifetime of the t lepton of
10213 s is very short, and the probability of annihilation
by nuclear absorption is very large.

Antiprotonic atoms are also formed by the capture of
antiprotons into states with large quantum numbers.
The spectra recorded for antiprotonic hydrogen, He,
and other light atoms correspond, for large quantum
numbers, to the theoretical predictions based on electro-
magnetic forces. However, for smaller quantum num-
bers the strong interaction starts to dominate and a
strongly bound system, protonium p̄p , is formed which
annihilates very rapidly via the strong interaction into
hadrons.

The study of antiprotonic atoms was stimulated by the
discovery that some of the highly excited states in anti-
protonic neutral helium 4He1p̄2e2 have a rather long
lifetime (Yamazaki, 1992). This fact was utilized to in-
vestigate via laser spectroscopy transitions between
states of quantum numbers around n535 and the high-
est possible orbital angular momentum quantum num-
bers.

The investigation of neutral antimatter with high pre-
cision has been a target of scientific investigation for
many decades, promoted by the synthesis of antideuter-
ons some 30 years ago. With our present knowledge the
strong electromagnetic and weak forces have to be con-
sidered as equal for matter and antimatter, but the ques-
tion of the gravitational equality of matter and antimat-
ter remains unsettled. For this reason, and also to
achieve a more sensitive test of CPT invariance, the pro-
duction of neutral antihydrogen (H̄5p̄e1) is being ac-
tively pursued following three different pathways. These
are (1) the storage of antiprotons and positrons in the
same trap volume and obtaining H̄ by three-body colli-
sions; (2) laser-induced recombination of parallel p̄ and
e1 beams of the same velocity from continuum states5;
and (3) production of p̄ and e1 in the same phase space

5See also the discussion of electron-ion recombination in Sec.
III.C.
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with simultaneous binding of oppositely charged par-
ticles. The latter method was successful in detecting an-
tihydrogen at high energy. However, it is not well suited
for precision measurements on antihydrogen. The forth-
coming experiments with H̄ in traps may clarify this in-
teresting basic question about gravitation.

Positronium and muonium are prominent examples of
the wealth of information which can be obtained from
these exotic atoms. Positronium was discovered by M.
Deutsch and collaborators (1951) and has been investi-
gated with ever increasing precision with respect to its
term energies and decay constants in the different angu-
lar momentum coupling states. Positronium is formed if
positrons from a source (e.g., 22Na, 64Cu) are stopped in
a gas or in a fine dispersed powder. Positron-electron
capture results in two states, 11S0 (parapositronium)
and 13S1 (orthopositronium). The decay of positronium
is governed by C parity conservation, which requires
that parapositronium decay collinearly into g quanta
with the energy of the rest mass of the electron Eg
5511 KeV and the lifetime t(1S0)51.25310210 s. The
3S1 state (orthopositronium) decays predominantly via
3g quanta and has a lifetime of t(3S1)51.431027 s. The
difference in decay modes and lifetimes makes possible
high-precision spectroscopic measurements of the en-
ergy difference between 1S0 and 3S1 . After the fast de-
cay of the 1S0 state formed initially, radio-frequency
transitions into this state from the 3S1 increase the num-
ber of two-quantum decays and thus provide a signal.
Positronium is an ideal system in which to study quan-
tum electrodynamics and radiative corrections. The
splitting DE of the ground state can be written in lowest
order as

DE~13S1211S0!5S 4
6

1
3
6 Da2R` , (19)

where R` is the Rydberg constant.
The latest values for splitting are DE(13S1

211S0)theor52.0338031011 Hz and DE(13S1211S0)exp
52.03398(11)31011 Hz, are in satisfactory agreement.
The annihilation rates are a further test of the electro-
magnetic interaction. The corresponding results for the

TABLE III. Properties of nonstable leptons, mesons, hadrons
and antiprotons (all with Z521).

Particle
Mass

m [MeV]

Mean
lifetime

t@s#

Bohr
energy [KeV]

EB5E0

m

me
z2

Bohr
radius

aB5
me

m

a0

Z
@fm#

m2 106 2.23 1026 2.83Z2 255/Z
t2 1784 2.9310213 47.53Z2 15/Z
p2 140 2.63 1028 3.73Z2 193/Z
K2 494 1.23 1028 13.13Z2 55/Z
S2 1197 1.5310210 31.83Z2 23/Z
J2 1321 1.6310210 35.23Z2 21/Z
V2 1673 0.8310210 44.53Z2 16/Z
p̄ 938 ` 25.03Z2 29/Z
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lifetime of the 1S0 state are in adequate agreement,
t theor50.79854(36)31010 s21 and texp50.799(11)31010

s21. However for the 13S1 state, the results texp
21

50.7262(15)3107 s21 and t theor50.72119(39)3107 s21

disagree substantially (Mills and Chu, 1990).
Like positronium, muonium is also a pure leptonic

atom dominated by the electromagnetic interaction be-
tween the particles. Since pair annihilation cannot take
place between two unequal leptons, muonium (m1e2) is
much more longer lived than positronium. Its lifetime is
determined by the lifetime of the positive muon t(m1)
52.19703(4)31026 s. This rather long lifetime makes
muonium very suitable for high-precision experiments.
The spectrum of muonium in its ground and first excited
states (Fig. 6) shows which measurements are possible
and desirable. The hyperfine-structure splitting of the
ground state can be written in lowest order as

Dnhfs5S 16
3

a2cR`

mm

m0
D S 11

me

mm
D 3

. (20)

Measurements in zero, weak, and strong magnetic fields
can be utilized to extract the magnetic moment of the
muon and the fine-structure constant.

Muonium was discovered by Hughes and collabora-
tors (Hughes et al., 1960) when positive muons were
stopped in highly purified argon gas. Muons are pro-
duced by the decay of pions in a two-body decay via the
weak interaction. Consequently they exhibit spin polar-
ization with respect to their momentum. Since the cap-
ture process of the electron does not destroy this polar-
ization, muonium is polarized. The subsequent weak
decay into positrons and neutrinos shows a
(11cos u)-positron distribution with respect to the
muon spin direction, which can be used to detect the m1

polarization at the time of the decay. Consequently spin
depolarizing radio-frequency transitions can be detected

FIG. 6. Level scheme of muonium for the two first main quan-
tum numbers n51 and n52. Double arrows indicate those
transitions which have been measured experimentally so far.
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through the change in the e1 decay angular distribution
(Hughes and zu Putlitz, 1990). After some 35 years of
research the value of the hyperfine splitting in muonium
Dnhfssls(M) has been improved from 4461.3 (2.2) MHz
to 4463.302764 (54) MHz.

The mass of the muon can be determined from a mea-
surement of the energy difference between the 1S and
2S levels. The method of collinear two-photon laser
spectroscopy between the 12S1/2222S1/2 states at l
5244 nm and the subsequent ionization by a
third quantum of the same light field resulted in a
best value for the splitting Dn(12S1/2222S1/2)
52 455 529 002 (33) (46) MHz. It should be mentioned
also that muonium has been used to measure the Lamb
shift in the n51 and n52 states and the fine-structure
splitting 22P1/2222P3/2 .

The formation and synthesis of the pionium atom II
5(p1e2) have been observed. The pion has no spin
and pionium no hyperfine structure, but the n512n
52 transition is attractive for an investigation of the
pion form factor. An experiment to observe this transi-
tion can possibly be made in the future if larger intensi-
ties of such particles are available. Obviously high inten-
sities of exotic particles open the way also to artificial
bound systems containing two unstable particles like
m1m2, p1p2, K1p2, and K1K2, as well as many
other combinations. The p1m2 atom has been detected
from the decay KL

0→pmn where p and m were emitted
with the same velocity and in a small solid angle
(Coombes et al., 1973). Another five orders of magni-
tude in the flux of muons possibly available in a muon
collider would result in unprecedented possibilities with
low-energy high-intensity muon beams.

Exotic atoms have contributed to our understanding
of exotic particles and their binding in an atom, as well
as to our knowledge of the structure and deformation of
atomic nuclei. Simple pure leptonic and hydrogenlike
exotic atoms have provided some of the most precise
tests of quantum electrodynamics in bound systems. In
simple systems of bound elementary particles, funda-
mental symmetries in physics have been tested. Exotic
atom spectroscopy will continue in the future to be a
highly exciting field of research.
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