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This review discusses the heavy-electron compounds and related materials from the perspective of
their electrodynamic response. The investigation of the electrodynamic response by means of optical
methods, extending over a very broad spectral range, should reveal, in principle, the complete
excitation spectrum. This study incorporates several important sources of information on the intrinsic
properties of the investigated materials. In particular, attention will be focused on the optical
properties of prototype heavy-electron systems and on Kondo systems with low-temperature
non-Fermi-liquid behavior or insulating characteristics. In the discussion, the electrodynamic response
will be related to other relevant results arrived at by various experimental methods and to the
theoretical state of the art. [S0034-6861(99)00303-7]
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I. INTRODUCTION

Highly correlated states of condensed matter have
opened new chapters in physics. Examples of particular
interest include the so-called Kondo or heavy-electron
materials, which were discovered in the late seventies.
The class of strongly correlated systems also includes the
transition-metal oxides, including d-electron (Mott-
Hubbard) systems as well as the high-temperature su-
perconducting cuprates, quasi-one-dimensional materi-
als, such as organic Bechgaard salts, and possibly the
carbon fullerenes. It would be hopeless to try to address,
even superficially and only from the optical point of
view, all of these topics. Due to space limitations, the
present review will be focused only on heavy-electron
and related materials.

Heavy-electron systems are electrically conducting
materials with peculiar low-temperature physical prop-
erties that distinguish them from ordinary metals (Ott
and Fisk, 1987; Fisk et al., 1988). In fact, the conduction-
electron specific heat is typically some 100 times larger
than that found in most metals. Similarly, the magnetic
susceptibility can be two or more orders of magnitude
larger than the temperature-independent Pauli suscepti-
bility observed in conventional conducting materials.

The prototype heavy-electron materials include ac-
tinide and rare-earth alloys, mostly containing U and
Ce, respectively, like CeAl3, CeCu6, UBe13, and UPt3.
687(3)/687(48)/$24.60 ©1999 The American Physical Society
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At high temperatures, these systems behave as a weakly
interacting collection of f-electron moments and conduc-
tion electrons with quite ordinary masses; at low tem-
peratures, the f-electron moments become strongly
coupled to the conduction electrons and to one another,
and the conduction-electron effective mass is typically
10 to 100 times the bare electron mass. This obviously
leads to an enhanced Sommerfeld coefficient g of the
linear T term associated with the electronic contribution
to the specific heat. Alternatively, such an enhancement
of the g values indicates a large electronic density of
states at the Fermi level EF .

Heavy-electron materials constitute a formidable
challenge to condensed-matter physicists not only with
respect to their normal properties but also to their su-
perconducting and magnetic properties, which are not
yet fully understood. Particularly, the coexistence of
heavy-electron behavior with magnetic ordering or su-
perconductivity (or both) has attracted a lot of interest.
In fact, although magnetic ordering and heavy-electron
behavior (possibly together with superconductivity)
seem, at first sight, to be mutually exclusive, various ex-
perimental observations in recent years indicate that this
is not necessarily so (Ott and Fisk, 1987; Fisk et al.,
1988). Both magnetic ordering out of a heavy-electron
state and the formation of a heavy-electron state in a
magnetically ordered matrix seem possible. Examples of
these two distinctly different situations are realized in
the low-temperature properties of U2Zn17 and UCu5,
which order antiferromagnetically at 9.7 and 15 K, re-
spectively. Also of interest are those heavy-electron ma-
terials showing the coexistence of superconductivity
with magnetic ordering (Maple et al., 1986). In this re-
spect, URu2Si2 attracted a lot of attention as the first
heavy-electron metal with superconductivity (Tc
51 K), developing in an antiferromagnetically ordered
matrix (TN517.5 K). More recently, a systematic search
(Geibel, Schank, et al., 1991; Geibel, Thies, et al., 1991)
led to the discovery of the coexistence of antiferromag-
netism and superconductivity in UNi2Al3 (TN54.6 K
and Tc51 K) and UPd2Al3 (TN514 K and Tc52 K), as
well. On the other hand, superconductivity also mani-
fests itself in some of the more ‘‘conventional’’ heavy-
electron materials, e.g., CeCu2Si2, UPt3, and UBe13.

Another major issue and a current topic of debate in
the field of highly correlated electron systems is the fun-
damental question of whether these systems, in their
normal state, may be described as simple Fermi liquids.
For some heavy-electron compounds (e.g., UPt3) this
seems indeed to be the appropriate picture. Specific-
heat C(T) and resistivity r(T) data, supported by re-
sults of de Haas-van Alphen experiments, may be ex-
plained in this way, if strongly renormalized Fermi-
liquid parameters are introduced. More recent
experimental work (Maple et al., 1994, 1995) has indi-
cated, however, that several heavy-electron compounds
and related alloys display quite remarkable properties,
which may be much less well related to ‘‘conventional’’
Fermi-liquid behavior. Problems with Fermi-liquid-type
descriptions of relevant data have been encountered on
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
different occasions, involving materials like UCu52xPdx
for x51 and 1.5, CeCu5.9Au0.1, UxY12xPd3 (x,0.2),
Th12xUxRu2Si2 (x,0.07), and U12xThxPd2Al3 (x
.0.4). In these compounds, specific-heat, magnetic sus-
ceptibility, and resistivity measurements were found to
be at variance with the usual temperature dependence
expected for these quantities in Fermi-liquid-type sys-
tems.

Among the highly correlated electron systems, various
rare-earth compounds known as hybridization gap semi-
conductors or Kondo insulators have also attracted
some interest recently (Aeppli and Fisk, 1992). These
semiconductors are, with one exception, cubic, and their
lattice parameters indicate a mixed-valence character
for the f element in all cases in which comparisons can
be made. Recent studies have reported on the properties
of two Ce members of this class of narrow-gap semicon-
ductors, and the conceptual simplicity of the Ce
4f1↔4f0 configuration fluctuations has led to renewed
interest in the several-decades-old hybridization gap
problem. Within this class of so-called Kondo insulators,
one finds a large variety of compounds, for instance,
Ce3Bi4Pt3, CeNiSn, SmB6, TmSe, YbB12, UNiSn, etc.

This work will review the current understanding of
electrodynamic responses in conventional or prototype
heavy-electron materials, non-Fermi-liquid Kondo al-
loys, and Kondo insulators. The electrodynamics of
heavy-electron antiferromagnets have already been
treated in a review (Degiorgi et al., 1997) and various
publications (Degiorgi, Dressel et al., 1994; Degiorgi,
Ott, Dressel et al., 1994; Degiorgi, Ott, Dressel et al.,
1995; Thieme et al., 1995). Measurements of the charge
dynamics should help to address the crucial issue of the
nature of the correlation effects. In our discussion, the
information gained from the optical properties will be
compared with information arrived at by other investi-
gations. The comparison of experimental results will be
complemented by a review of the theoretical back-
ground. The concluding section summarizes the princi-
pal findings and the major unresolved problems. The
reader is referred to the book of Wooten (1972), and
articles of Klein et al. (1993), Donovan et al. (1993),
Dressel et al. (1993), and Degiorgi (1995) for a thorough
presentation of the most commonly used experimental
optical techniques.1

II. HEAVY-ELECTRON SYSTEMS

A. A phenomenological introduction

Heavy-electron materials can be considered as metals
with strongly correlated, yet delocalized electrons. In or-
der to understand this, we shall first compare this new
kind of metal with ‘‘heavy electrons’’ to the more con-

1The optical properties are usually represented as a function
of frequency (in cm21 or Hz) or of photon energy (in eV). For
clarity, the various conversion factors among the mostly used
units are given here (Wooten, 1972): 12 400 Å→1 eV→8.065 48
3 103 cm21→1.531015 sec21→1.1633104 K.
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ventional or ordinary metals (Ott and Fisk, 1987; Fisk
et al., 1988). Usually, metals are characterized by typical
properties like increasing conductivity with decreasing
temperature, small and temperature-independent mag-
netic susceptibility (i.e., Pauli paramagnetism), and lin-
ear temperature dependence for the specific heat Cp(T)
at low temperatures (i.e., for T!EF , QD , Cp;T ,
where EF is the Fermi energy and QD is the Debye
energy).

In heavy-electron systems r(T) does not change ap-
preciably at high temperatures, and in several com-
pounds it might even increase with decreasing tempera-
ture down to a characteristic temperature Tmax . Below
Tmax there is a strong decrease of the resistivity with
decreasing temperatures. Furthermore, at very low tem-
peratures one finds

r~T !;r01AT2, (1)

where r0 is the residual resistivity. Such a T2 depen-
dence in r(T) at low temperatures is usually taken as
the criterion for the identification of Fermi-liquid behav-
ior in heavy-electron systems. The magnetic susceptibil-
ity x(T) follows a Curie-Weiss law at high tempera-
tures. However, the low-temperature behavior of x(T)
is not unique, and very often x(T) saturates at a con-
stant and usually quite enhanced value. The low-
temperature specific-heat behavior of heavy-electron
systems, while not universal, shows that there are far
more low-lying excitations present than in an ordinary
metal. Cp /T increases remarkably below Tmax and can
reach values as high as 1 J/mol K2 (instead of mJ/mol K2

for ordinary metals like Cu, with g;0.69 mJ/mol K2).
The most interesting finding is that there seems to be

a one-to-one correspondence between the low-lying ex-
citations in heavy-electron systems and those in a
nearly-free-electron gas when the parameters of the lat-
ter (e.g., the mass or the magnetic moment of the elec-
trons) are properly renormalized. The name ‘‘heavy-
electron’’ stems from the observation that an
enormously large specific-heat coefficient g implies an
effective mass m* of the quasiparticles, which is several
hundred times the free-electron mass. Indeed, the most
important experimental quantity by which to recognize
heavy-carrier masses is the Sommerfeld coefficient g of
the electronic specific heat. In Fermi-liquid theory, g is
proportional to the quasiparticle density of states (DOS)
at EF or to the effective mass. Then, the free-electron
formula

g5
p2

3
kB

2 NF5
kB

2

3\2 kFm* (2)

is used to give m* , where NF is the total quasiparticle
DOS at the Fermi surface, kF

353p2n defines the Fermi
wave vector, and n is the electronic density (Brandt and
Moshchalkov, 1984; Ott and Fisk, 1987; Fisk et al., 1988).

We can now understand, at least from a phenomeno-
logical point of view, the origin of the enhancement of
the effective mass. The key is the presence of localized f
electrons in all heavy-electron systems. These may be Ce
ions with 4f electrons or U or Np ions with 5f electrons.
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
Prominent examples of heavy-electron systems are
CeAl3, CeCu2Si2, CeCu6, UBe13, UPt3, UCd11, U2Zn17,
and NpBe13. The ‘‘heavy electron’’ can be considered as
the 4f or 5f electron interacting with the bands of the
delocalized electrons (d or s). It must be pointed out
that, since the 5f wave function is much more spatially
extended than the 4f one and direct overlap between
actinide 5f wave functions seems possible, the actinide
heavy electron really occupies a middle ground between
a d-transition metal and a rare-earth element. However,
both 4f and 5f heavy-electron systems present a large
number of similarities, and therefore we shall first con-
sider them from a very general and common point of
view. Essentially, the interaction between f and delocal-
ized band electrons is a hybridization with the band
states near EF via the Kondo spin fluctuations, which
happen through constant exchange spin-flip transitions
of f electrons and band electrons in the vicinity of the
Fermi level (Brandt and Moshchalkov, 1984; Lee et al.,
1986; Rice, 1987; Fulde, 1988). It is precisely this process
that leads to the strong mixing of the Fermi electrons
with the localized f electrons. The final result is a renor-
malization of the Fermi surface and a drastic enhance-
ment of the effective mass of free band electrons at EF .
In other words, the delocalized band electrons screen
the localized f electrons, forming a singlet state also
known as a Kondo cloud. The formation of such a cloud
leads to a gain in energy per magnetic impurity of the
order of

kBTK;EFe21/N~EF!J, (3)

where J is the coupling between f and conduction elec-
trons and N(EF) is the density of conduction-electron
states at EF . This is an important energy scale defining
the so-called Kondo temperature TK . It turns out that
the electrons close to EF will contribute most to the
singlet formation because for them the energy involved
in screening the f electron is small. The remarkable fea-
ture is the formation of a sharp and narrow resonance
(with a width of approximately TK for T!TK) in the
density of states N(E) at EF (Brandt and Moshchalkov,
1984). In the framework of a semiphenomenological
model for 3d Kondo systems, the formation of a narrow
resonance at EF in the density of states was first pro-
posed by Grüner and Zawadowski (1972) as a conse-
quence of the resonance in electron scattering by mag-
netic impurities (see also Grüner, 1974; Zlatic et al.,
1974). They called such a peak in N(E) an Abrikosov-
Suhl resonance. The electrons sitting in this narrow reso-
nance are the new ‘‘heavy’’ quasiparticles (i.e., with an
enhanced effective mass), responsible for the low-
temperature transport and thermodynamic properties.

The above scenario applies in the single-ion Kondo
regime, where the formation of the Abrikosov-Suhl
resonance reflects the screening of the f-localized mo-
ment by the free conduction electrons. The intersite in-
teraction of the Kondo clouds is then an essential fea-
ture in the low-temperature behavior of a periodic
Kondo system or Kondo lattice. From the density-of-
states point of view, the lattice periodicity leads to struc-
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TABLE I. Some relevant parameters for typical heavy-electron systems: the coefficient A of Eq. (1), the linear specific-heat term
g of Eq. (2), the T→0 magnetic susceptibility and the high-temperature magnetic moment m. Multiple values separated by slashes
indicate different crystallographic directions.

A
(mV cm K22)

g
(mJ mol21 K22)

x(T→0)
(1023 emu cm23)

m
(mB) Ref.

CeAl3 35 1620 0.41 2.63 Fisk et al., 1988
UPt3 0.5 450 0.19/0.1 3 Fisk et al., 1988
CePd3 37 Brandt and Moshchalkov, 1984;

Marabelli, 1989
UBe13 1100 0.18 3.1 Fisk et al., 1988
URu2Si2 0.17/0.1 180 0.03/0.1 3.51 Fisk et al., 1988
UCu5 250 0.18 3.52 Fisk et al., 1988
U2Zn17 500 0.19/0.24 3.3 Fisk et al., 1988
UPd2Al3 0.23 150 3.3 Fisk et al., 1988;

Giebel, Thies et al., 1991;
Dalichaouch et al., 1992;

Bakker et al., 1993
CeCu6 1300 0.28 2.6/2.67/2.46 Fisk et al., 1988
tures in the Abrikosov-Suhl resonance. Moreover, there
is a crossover to a low-temperature many-body coherent
state, which develops below a characteristic temperature
Tco (usually coinciding with Tmax). However, for both
single impurities and Kondo-lattice systems the heavy
electrons obey Fermi statistics and follow Fermi-liquid
behavior. The main difference between the two regimes
is manifested by the low-temperature dependence of the
resistivity, which increases or decreases with a T2 behav-
ior for an incoherent single Kondo impurity (at T
,TK) or coherent many-body Kondo-lattice (at T
!Tco,TK) situation, respectively (Cox and Grewe,
1988). Nevertheless, it is important to notice that in a
Kondo lattice there is an additional competing interac-
tion of a magnetic nature, induced by the periodic array
of magnetic impurities. This corresponds to the
Ruderman-Kittel-Kasuya-Yoshida (RKKY) interaction,
which defines another relevant energy scale (Doniach,
1977):

kBTRKKY;J2N~EF!. (4)

For small J, TRKKY is larger than TK and magnetic
ordering is expected. Otherwise, for large J the forma-
tion of singlet Kondo clouds will lead to a larger energy
gain than by magnetic ordering. Therefore in heavy-
electron systems there is a balance between Kondo fluc-
tuations and correlation effects of the impurity magnetic
moments. Such a balance can also lead to the coexist-
ence of various states, for example, a heavy-electron and
magnetic order, or even to a non-Fermi-liquid state (see
Sec. III).

B. The prototype heavy-electron systems

It is appropriate to review briefly some basic and well-
known results, particularly with respect to the transport
and thermodynamic properties, of the two ‘‘prototypi-
cal’’ heavy-electron systems, CeAl3 and UPt3. Table I
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
summarizes some important parameters (e.g., g and A)
for various heavy-electron systems, which we shall also
briefly discuss later in connection with the electrody-
namic response of CeAl3 and UPt3.

1. CeAl3

The CeAl3 compound has a hexagonal crystal struc-
ture and its resistivity r(T) is shown in Fig. 1 (Andres
et al., 1975). r(T) displays the usual fingerprints men-
tioned above. Particularly for T,0.3 K, r(T) follows
the T2 law of Eq. (1) (with r050.76 mV cm, A
535 mV cm/K2) and displays a broad maximum at
Tmax;35 K. Besides r(T), x(T) and Cp(T) also show
the typical heavy-electron behavior. In fact, below 0.2 K

FIG. 1. Temperature dependence of the resistivity r(T) for
CeAl3. The inset shows r(T) vs T2 with a fit after Eq. (1)
(Andres et al., 1975).
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the linear specific-heat term is enormous, with g
51620 mJ/mol K2. Thus transport and thermodynamic
results are consistent with the scenario of 4f electrons
obeying Fermi statistics at low temperatures with a very
high effective mass of the quasiparticles (Andres et al.,
1975; Stewart, 1984).

2. UPt3

The actinide UPt3 also has a hexagonal structure and
displays an anisotropic resistivity, as shown in Fig. 2,
between the ab plane and along the hexagonal c axis (de
Visser et al., 1984). Once again, at low temperatures, the
resistivity follows the T2 behavior of Eq. (1), and the
anisotropy of r is obviously also reflected in the prefac-
tor A, which is 1.6 mV cm/K2 for r' , and 0.7 mV cm/K2

for r i . These values are an order of magnitude smaller
than that for the polycrystalline CeAl3 mentioned
above. Such an anisotropic behavior in r(T) is also en-
countered in the magnetic spin susceptibility (Ott and
Fisk, 1987).

The specific heat of UPt3 also manifests the character-
istic Cel

p /T upturn with decreasing temperatures in the
liquid-helium temperature range and a subsequent tran-
sition to a superconducting state below 1 K. Concerning
the normal-state properties, it has been shown that the
total specific heat Cp(T) of UPt3 suggests a g of ap-
proximately 450 mJ/mol K2 (Ott and Fisk, 1987; Fisk
et al., 1988). Moreover, Cp(T) can be described by a
model calculation appropriate for a metallic system in
which the energy spectrum of the electrons is noticeably
affected by spin fluctuations (Doniach and Engelsberg,
1966).

FIG. 2. Temperature dependence of the resistivity r(T) for
UPt3 along the a and b axis, and the hexagonal c axis (de
Visser et al., 1984).
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
C. The electrodynamic response
of heavy-electron systems

This section discusses optical experiments on several
prototype heavy-electron compounds. For CeAl3, we
shall present a full analysis of the experimental data,
while for the other typical heavy-electron compounds
(UPt3, CeCu6, and CePd3) we shall limit our attention
mainly to the final results. The onset of the many-body
correlated state leads to the renormalization of several
intrinsic parameters (e.g., the scattering rate and the
plasma frequency associated with the charge carriers),
which in turn, are expected to considerably affect the
optical response.

1. CeAl3

We start our presentation from the data collected in
the micro- and millimeter wave spectral range (Awasthi
et al., 1993). By employing a cavity perturbation tech-
nique, Awasthi et al. were able to obtain both compo-
nents of the surface impedance Zs5Rs1iXs as a func-
tion of temperature at 35, 60, 100, and 150 GHz. At 10
GHz only the surface resistance (Rs) was measured
(Buranov and Shchegolev, 1971; Awasthi et al., 1989).

Figure 3 (Awasthi et al., 1993) shows the measured

FIG. 3. Temperature dependence of the complex surface im-
pedance of CeAl3 at dc and selected millimeter and microwave
frequencies. The choice of the particular representations of Rs

and Xs is made to show the frequency independent behavior at
high temperatures (above approximately 10 K) (Awasthi et al.,
1993).
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surface resistance Rs and surface reactance Xs at micro-
and millimeter-wave frequencies from 1.2 to 300 K. The
data were normalized to the dc resistivity at approxi-
mately Tmax . At low temperatures, the frequency depen-
dent increase in the resistivity (2Rs

2/m0v) results from a
steady loss of coherence, due to the ac perturbation.
From the surface impedance we can directly determine
the complex optical conductivity in the normal skin-
depth regime (see below).

Above Tmax;35 K the temperature dependence of Rs
and Xs at millimeter-wave frequencies were found to be
the same within the experimental uncertainty (error bar
in Fig. 3), suggesting a frequency independent response
at high temperatures. This implies that in the high-
temperature regime the scattering rate (1/t) is signifi-
cantly larger than the millimeter-wave frequencies, and
s2 is negligible compared to s1 . Consequently, the so-
called Hagen-Rubens limit is valid at these tempera-
tures. For the purpose of the Kramers-Kronig (KK)
analysis, the millimeter-wave and microwave data were
then joined with the reflectivity spectra R(v) from the
far infrared (IR) up to the ultraviolet (UV) in order to
obtain the optical response over a broad spectral range.
Figure 4 (Awasthi et al., 1993) shows the absorptivity
A(v)512R(v) from microwave frequencies up to 12
eV.

FIG. 4. Absorptivity in CeAl3 . (a) Frequency dependence of
the absorptivity A(v)512R(v) of CeAl3 at 1.2 and 10 K.
Both optical and microwave data are displayed in the figure.
(b) Temperature variation of A(v) in the 0.1–10 cm21 range
(Awasthi et al., 1993).
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
Above 15 cm21 the absorptivity spectrum does not
show any temperature dependence. Results at micro-
wave frequencies, however, show a strong frequency and
temperature dependence below approximately 10 K
(Fig. 4). At 10 GHz the measured absorptivity is close to
the Hagens-Ruben extrapolation (dots in Fig. 4). To
show the detailed temperature variation of the absorp-
tivity, an enlargement of A in the 0.1–10 cm21 range is
plotted in Fig. 4(b). The error bars on the surface im-
pedance data reflect the uncertainties in Rs at 1.2 K,
whereas at higher temperatures, the symbol size itself is
a measure of the uncertainty.

Figure 5 (Awasthi et al., 1993) shows the real part of
the optical conductivity s(v)5s1(v)1is2(v), as ob-
tained from the Kramers-Kronig analysis of the data in
Fig. 4 and directly from Rs and Xs . The 10-GHz point
[equal to (2RS

2 /m0v)21] represents an upper bound on
the conductivity rather than an exact value. Indeed, it
was evaluated from the surface resistance data by as-
suming Rs5Xs . This point is shown only to provide an
estimate of the maximum possible discrepancy that can
be expected between the conductivity obtained directly
from Zs or from the Kramers-Kronig transformation. In
fact, in the low-frequency regime the Hagen-Rubens
limit might break down, and in principle both Rs and Xs
components must be measured. Nevertheless, within the
experimental accuracy both methods (i.e., the Kramers-
Kronig transformation of the complete optical response
or the direct measurement of Zs) give the same

FIG. 5. Excitation spectrum of CeAl3 . (a) Real part of the
optical conductivity s1(v) obtained from the Kramers-Kronig
analysis of the data in Fig. 4, and directly from the surface
impedance measurements (Fig. 3). (b) An enlargement of the
dynamical conductivity showing the development of the low-
frequency resonance at low temperatures. The 10 GHz point
from the surface resistance data is equal to (2Rs

2/m0v)21 (Aw-
asthi et al., 1993).
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frequency-dependent s1(v) at different temperatures,
and consequently it is believed that the signatures of the
observed frequency dependent response are free of ex-
perimental ambiguities (Beyermann and Grüner, 1989;
Sulewski and Sievers, 1989).

2. UPt3

In analogy with CeAl3 and in order to probe the elec-
trodynamical response of UPt3 over a broad frequency
range (0.2–105 cm21), data obtained using a variety of
different experimental techniques have been combined.
Early investigations by several groups (Marabelli et al.,
1986; Sulewski et al., 1988; Awasthi et al., 1989) have
been carried out in the region between 2 and 105 cm21.
The most recent experiment by Donovan et al. (1997)
reported on new resonant measurements performed be-
tween 0.2 and 5 cm21, extending the previously mea-
sured frequency range by an order of magnitude. In this
latter work, two different and complementary methods
were used to extract the frequency-dependent conduc-
tivity from the measured surface impedance data. The
first method is based on an evaluation of the absorptivity
from the surface resistance. All of the results are dis-
played in Fig. 6 (Donovan et al., 1997), together with
those from previous measurements. An additional re-
flectivity measurement was carried out between 7 and 13
cm21 in the submillimeter spectral range using a

FIG. 6. The frequency dependence of the absorptivity A(v)
between 1.2 and 20 K. The solid curves are optical reflectivity
and absorption data taken from Marabelli et al. (1986) and
Sulewski et al. (1988); the open symbols are the results of mi-
crowave cavity perturbation measurements; the solid symbols
are submillimeter reflectivity measurements at 4.2 K; and the
dashed lines are the spectra used to calculate the conductivity
through the Kramers-Kronig relation. The dotted line at 1.2 K
between 0.7 and 3 cm21 shows a second interpolation used.
The inset shows the 1.2 and 20 K spectra over the entire fre-
quency range (Donovan et al., 1997).
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coherent-source spectrometer. Within experimental un-
certainty, the results of this nonresonant measurement
are temperature independent below 20 K. These data
are also shown in Fig. 6 and are consistent with previous
absorptivity measurements.

At each temperature an interpolation between the
measured points was made, as shown in Fig. 6, and these
values, together with suitable extrapolations at both low
and high frequencies, were used to make the Kramers-
Kronig transformation of the absorptivity. Both the real
and imaginary parts of the optical conductivity were ob-
tained in this manner, and in Fig. 7 (Donovan et al.,
1997) s1(v) is displayed at both 1.2 and 20 K, normal-
ized to the dc conductivity at 1.2 K. A somewhat differ-
ent interpolation, shown by the dotted line, is also in-
cluded, for reasons discussed below.

The second method of evaluating s1(v) and s2(v)
uses both Rs and Xs . In order to extract absolute values
it has been assumed that above 30 K UPt3 behaves as a
simple metal in the Hagen-Rubens limit, s1(v)5sdc
@s2(v). The data were normalized at 30 K using the dc
resistivity. The results at 2 and 3 cm21 are displayed in
Fig. 7. At 0.25 and 0.4 cm21 it was not possible to mea-
sure Xs , and the values of s1 , which are shown in Fig. 7,
are calculated assuming the Hagen-Rubens relation
(Donovan et al., 1997). Moreover, a thorough reanalysis
of the data of Awasthi et al. (1989) at 3.3 and 5 cm21 was
made and compared with these new results at the same
frequencies. It was found that within the experimental
error, the two sets of data gave identical results.

FIG. 7. The optical conductivity s1(v) at 1.2 and 20 K, nor-
malized to the 1.2 K dc conductivities, 2.53105 (V cm)21 and
6.53105 (V cm)21 for the polycrystalline and single crystal
samples, respectively. The solid, dashed, and dotted lines are
the results of a Kramers-Kronig calculation using the spectra
in Fig. 6. The points at 2 and 3.3 cm21 were calculated directly
from Rs and Xs as well as from similar measurements of UPt3
single crystals. The points at 0.25 and 0.4 cm21 are simply
m0v/2Rs

2. The dot-dashed line is a fit to the low-frequency part
of the 1.2 K spectrum with Eq. (32) (Donovan et al., 1997).
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It immediately appears that the absorptivity is differ-
ent from that of a renormalized Drude metal. In particu-
lar, the 1.2 K absorptivity shown in Fig. 6 displays a
well-defined minimum near 3 cm21. Such a minimum is a
signature of the development of a pseudogap (see be-
low). This is also clearly evident in the frequency depen-
dence of the conductivity s1(v), displayed in Fig. 7.
This gap feature gradually disappears with increasing
temperature, and at 20 K the conductivity is observed to
be essentially independent of frequency.

There is, however, some difference in the precise
shape of s1(v). It is believed that this is related to the
difficulties associated with the Kramers-Kronig analysis,
in which interpolations have been used between data
points available at fixed frequencies. In order to demon-
strate this, Figs. 6 and 7 show two different interpola-
tions at 1.2 K, leading to somewhat different s1(v)
curves, one of which shows a significantly improved
agreement with the direct evaluation of s1(v) from the
measured Rs and Xs .

Besides the low-temperature minimum at about 3
cm21 (which seems to be a peculiarity of UPt3) the other
striking feature is the development of a narrow mode at
low temperature below the far-infrared range and ex-
tending down to the mm and microwave spectral range.
This feature is obviously similar to what has been en-
countered before for CeAl3 (Fig. 5) and seems to be a
fingerprint of the excitation spectrum at low tempera-
tures in highly correlated heavy-electron systems (for
both poly- and single-crystalline specimens).

We also remark that in the far infrared and only at
low temperatures Marabelli et al. (1986) identified an-
other huge resonance at approximately 5 meV. This lat-
ter feature is, however, quite controversial and does not
seem to be so relevant in the latest measurements
(Donovan et al., 1997). Moreover, the temperature de-
pendence of the absorptivity of polycrystalline UPt3,
measured by Sulewski et al. (1988) between 2 and 100
cm21, displays a low-frequency narrow mode in s1(v)
at low temperatures, similar to the results of Fig. 7, with
the apparent absence of the far-infrared resonance at 5
meV found by Marabelli et al. (1986).

Finally, we mention that the high-frequency spectral
range, mainly dominated by electronic interband transi-
tions, is not the central issue here. We refer the reader
to the literature (Schoenes and Andres, 1982; Schoenes
and Franse, 1985; Sulewski et al., 1988; Awasthi et al.,
1989) for a comprehensive discussion of how to identify
the electronic interband transitions in these compounds.

3. CePd3 and CeCu6

The results presented above for the prototype CeAl3
and UPt3 materials are very general and typical of a
large variety of heavy-electron systems. Indeed, the for-
mation of a narrow mode centered at zero frequency in
s1(v) at low temperatures is a common optical finger-
print of heavy-electron systems in their highly correlated
ground state (i.e., at T,Tco). Here, we mention the re-
sults for two more compounds, CePd3 and CeCu6, for
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which Fig. 8 (Webb et al., 1986; Awasthi et al., 1989) and
Fig. 9 (Marabelli et al., 1988) display s1(v), respec-
tively. Once again the low-temperature data clearly
show a fully developed narrow mode centered at zero
frequency in CePd3 (Fig. 8) and just the onset of it in
CeCu6 (Fig. 9). Moreover, a feature at approximately 5
meV also appears in s1(v) of CeCu6 (Marabelli et al.,
1988), similar to the situation encountered in the UPt3
single crystal (Marabelli et al., 1986).

D. Theoretical models for the optical properties
of heavy-electron systems

Before discussing the optical properties summarized
above and in order to have a theoretical background for
comparison, we should like to briefly review the major
theoretical results and models. Obviously, we do not

FIG. 8. s1(v) of CePd3 at 4 and 300 K from reflectivity and
resonant cavity perturbation (dots) experiments (Webb et al.,
1986; Awasthi et al., 1989).

FIG. 9. s1(v) of CeCu6 at 5 and 300 K from reflectivity data
(Marabelli et al., 1988).



695L. Degiorgi: Electrodynamic response of heavy-electron compounds
pretend to present an exhaustive theoretical review but
will limit our attention to a few theoretical approaches
that catch the essential features of the experimental ex-
citation spectrum of the prototype heavy-electron sys-
tems.

Millis and Lee (1987) developed the most comprehen-
sive theoretical calculation of the heavy-electron elec-
trodynamic response. They performed a study of the
low-temperature properties of the lattice Anderson
Hamiltonian, in the Kondo limit, where it describes a
band of nearly free electrons hybridizing with a very
highly correlated band of f electrons. In the absence of
this hybridization the f electrons would be confined, one
to a site, in localized orbitals far below the Fermi en-
ergy. This model is believed to contain the essential
physics of the currently interesting heavy-electron met-
als: a nonmagnetic ground state that behaves as a Fermi
liquid with a large effective mass. In the U5` limit,
where U is the Coulomb repulsion between f electrons
on the same site, the Hamiltonian may be written

HA5(
ks

«kscks* cks1(
im

E0mfim* f im

1 (
kims

~VeikRicks* f im1H.c.!. (5)

This Hamiltonian describes a band of conduction elec-
trons (c electrons) with operator cks and energy «ks ,
which hybridizes with a set of localized f electrons with
operator f im and energy E0m via an interaction V , taken
to be a constant for simplicity. The solution is subject to
the constraint that each site may be occupied by at most
one f electron (the U5` limit):

(
m

fim* f im5nf
i<1. (6)

Since the above constraint does not commute with HA ,
a slave-boson formalism has been used to handle the
Hamiltonian of Eq. (5). The analysis is then pursued
using conventional quantum-field-theoretical techniques
including a 1/N expansion, where N is the orbital degen-
eracy of the f state (Millis and Lee, 1987).

Here we are interested in the final results concerning
s(v ,T). In a perfect lattice, the dc conductivity is infi-
nite, and in order to obtain sensible results, scattering
must be incorporated. There are two possible sources of
scattering of electrons. One is the scattering of electrons
off of impurities; the other is scattering from boson fluc-
tuations. This latter turns out to be in some ways analo-
gous to electron-phonon scattering and corresponds to
the fluctuations of the slave bosons with respect to their
saddle-point value, i.e., a 1/N effect. In the following
discussion, the validity of ‘‘Matthiessen’s rule’’ (Ash-
croft and Mermin, 1976), which asserts that the resistiv-
ities due to different scattering mechanisms add, is as-
sumed. Thus, if in the presence of impurities only the
conductivity is s i and in the presence of bosons only the
conductivity is sb , then the total conductivity would be
given by
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
s215s i
211sb

21. (7)

Matthiessen’s rule is believed to be valid when the vari-
ous scattering mechanisms are not momentum depen-
dent and are weak.

At sufficiently low temperatures, only impurity scat-
tering is relevant. To compute the corresponding ‘‘impu-
rity component’’ s i(v ,T) of s(v ,T), disorder must be
coupled into the system. Millis and Lee (1987) assumed
that the disorder is weak and on the conduction-electron
sites only. The corresponding Hamiltonian is

Himp5 (
kk8m

Vlckm* ck8m , (8)

where Vl is the impurity scattering amplitude. More-
over, Millis and Lee (1987) introduced an energy param-
eter « f , which is analogous to the Debye frequency in
the electron-phonon interaction problem, in that it sets
the scale for the energy of the boson propagator. How-
ever, unlike the electron-phonon problem, « f is also act-
ing as the renormalized Fermi energy of the final ground
state. The resulting flat band implies a large effective
mass, so that

m* ;
W

N« f
, (9)

where W is the bare bandwidth. For v!« f and assuming
that the impurity scattering is isotropic, s i(v) reduces to

s i~v!5
ne2

mb

t i

11~m* /mb!2v2t i
2 5

ne2

m*

t i*

11~vt i* !2 ,

(10)

where Millis and Lee (1987) made use of the definition
t i* 5(m* /m)t i . Thus at dc the conductivity is what one
would expect for a conventional, unenhanced metal, in
agreement with the ideas of Varma (1985) and Fuku-
yama (1985). Note, however, that the quantity n
5NkF

3 /6p2 in the prefactor is the area of the Fermi sur-
face including both conduction and f electrons, in agree-
ment with Luttinger’s theorem. The new result (Millis
and Lee, 1987) is that the frequency dependence is very
strong (see Fig. 10). If the impurity scattering is weak, as
in a good metal, the frequency v* 51/t i* at which s1(v)
„to be understood as the real part of s(v)…, has fallen to
half of its dc value may be of order 109 Hz;0.3 cm21 (if
« f;100 K), a remarkably small value.

Freytag and Keller (1990) also calculated the dynami-
cal conductivity for heavy-electron systems, taking into
account the effect of impurity scattering within a mean-
field approximation of the Anderson Hamiltonian. Simi-
larly to Millis and Lee (1987), they obtained a dynamical
conductivity characterized by a narrow low-frequency
Drude peak (with spectral weight scaling with the effec-
tive mass of the heavy quasiparticle) superimposed on a
broad background with a minimum near kBTK . Freytag
and Keller attribute this result to a mixture of the broad-
ened interband transition and the Drude behavior of the
conduction electrons.

Two characteristic plasma frequencies are then ex-
pected: the one at high frequency (vp

254pnce2/mb),
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which identifies the uncorrelated conduction electrons,
and the one at low frequency associated with the heavy
plasmons:

ṽp* 5A6S 11
nf

nc
DT* , (11)

where T* is the renormalized Fermi temperature (usu-
ally identified with TK), and n5nc1nf is the total car-
rier density (conduction and f electrons), relevant to the
low-frequency electrodynamics. The heavy-electron
plasma mode (ṽp* ) reflects not only the heavy-
quasiparticle mass (m* /mb), but also the renormalized
Coulomb screening (Millis, Lavagna, and Lee, 1987).

The plasma frequency ṽp* is screened by the high-
frequency excitations defining the broad background in
s1(v) (see, for example, Freytag and Keller, 1990) and
should not be confused with the renormalized plasma
frequency (or unscreened heavy plasmon):

~vp* !25S 4pne2

m* D , (12)

which appears in Eq. (10) and corresponds to the spec-
tral weight associated with the narrow Drude-like mode
in s1(v) (Fig. 10). In other words, assuming that the
screening is mainly caused by the broad excitation (D0)
with onset near kBTK , one can find (Marabelli, 1989)

m*

mb
;S D0

T* D 2

. (13)

The next step concerns the inclusion of scattering off
of bosons (sb). In light of the above discussion of Mat-
thiessen’s rule, the conductivity is simply formed by add-
ing the c-electron self-energy due to electron-boson in-
teractions. Moreover, because the f electrons are
dispersionless in this approach, the applied model is not
Galilean invariant. Keeping in mind that the umklapp
process can occur at all nonzero temperatures and inter-
preting the imaginary part of the c-electron self-energy
as a temperature and frequency-dependent scattering
rate 1/2pt(v ,T), Millis and Lee (1987) found

FIG. 10. Sketch of the calculated frequency-dependent con-
ductivity s1(v) after Millis and Lee (1987).
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1
t~v ,T !

5
1
t i

1
m*

Nmb
S v21~pT !2

« f
D . (14)

Thus, at T50 and for v,vc , with

vc
25

N« f~mb /m* !

t i
(15)

the impurity scattering dominates and Eq. (10) applies,
but for larger v one finds

s1~v!;sb;
ne2

mb

1
N~m* /mb!« f

;
ne2

mbW
. (16)

Therefore for v.vc the conductivity becomes very
small (of the order of the Ioffe-Regel limit) and approxi-
mately independent of frequency. A sketch of the pre-
dicted s1(v) is given in Fig. 10. The qualitative agree-
ment with experiments is gratifying (see, for example
Figs. 5 and 8).

We now consider the case T.0, and v50. As can be
seen from Eq. (14), the resistivity r5s21 [after averag-
ing Eq. (14) over the energies of thermally excited elec-
trons] is

r5
mb

ne2 S 1
t

1
4m* ~pT !2

3Nmb« f
D . (17)

The coefficient of the T2 term in the resistivity is large
and scales as (m* /mb)« f

21;« f
22. To compare Eq. (17)

with experiment it is convenient to differentiate Eq. (17)
with respect to T2 and make the dimensional factors
explicit, obtaining

m*

Nmb« f
55An22 . (18)

Here n22 is the carrier density in units of
1022 particles/cm3, « f is acting as the Kondo temperature
in units of degrees Kelvin, and A is the coefficient of the
T2 term in the resistivity [Eq. (1)] in units of mV cm/K2.
For CePd3, one finds m* /mb540, which seems to have
the correct order of magnitude (see below). It must be
noted that because the details of Fermi-surface geom-
etry, umklapp scattering, etc. have been ignored, one
cannot expect Eq. (18) to hold precisely (Millis and Lee,
1987).

In conclusion, the results sketched here are valid only
if the following chain of inequalities holds:

1

t i*
!vc!« f . (19)

However, these conditions are equivalent to the simple
condition

« ft i* @1, (20)

which should not be restrictive in practice.
Cox and Grewe (1988) also calculated the transport

(dc and dynamical) properties for the Anderson lattice.
They performed the calculation for the sixfold (N56)
degenerate case, which should be appropriate for the Ce
ions. Moreover, coherence was explicitly included while
the effects of intersite interactions, which may be re-
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sponsible for magnetic and superconducting instabilities,
were neglected. The calculations were performed within
the self-consistent noncrossing approximation perturba-
tion theory. For the dc resistivity, the calculation dem-
onstrates the crossover between incoherent single-ion
scattering above the characteristic Kondo scale TK and
coherent (;T2) scattering for T→0 (Fig. 11). In fact,
the conductivity may be evaluated from the Kubo for-
mula:

smn~v ,T !5
1
V E

0

`

dt e2ivtE
0

b

dt^jem~2i\t!jen~ t !&,

(21)

where jem is the electrical current, V is the system vol-
ume, and b the inverse temperature. With the simplify-
ing assumption of isotropic dispersion and thus comput-
ing s(v ,T)5Trsmn(v ,T)/3, one can obtain the result

s~v ,T !5
ivp

2

4pv E
2`

`

d«
f~«2v!2f~«!

v1Sc
A~«2v ,T !2Sc

R~« ,T !
,

(22)

where Sc is the band electron self-energy, vp is the
Drude plasma frequency, and f(«) is the Fermi function.
In the dc limit Eq. (22) reduces to the standard transport
integral expression for the resistivity r(T) given by

r~T !5
1

s~0,T !
5

4p

vp
2^t&

, (23)

where t is given by

^t&;
1

12Af
S TK

kBT D 2

, (24)

where Af;1/N(EF).
The calculations of the optical conductivity are dis-

FIG. 11. Resistivity r(T) of the sixfold degenerate Anderson
lattice. The resistivity is measured in units of the dilute limit
zero-temperature resistivity r i(0) per ion; for comparison, the
full temperature dependence of the impurity resistivity is
shown (the upper curve). Logarithmic behavior of both impu-
rity and lattice curves is shown in the inset (Cox and Grewe,
1988).
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played in Fig. 12 (Cox and Grewe, 1988). For the pur-
pose of comparison, a calculation for the ‘‘incoherent’’
model is included in which each site is treated as an
Anderson impurity; although this model is unphysical, it
is a useful reference for isolating the features due to
coherence. The lattice curves for s1(v ,T) are seen to
have the sharp falloff, arising from the rapid rise of scat-
tering away from the Fermi level in the low-temperature
limit. The optical conductivity changes from having a
narrow low-frequency mode at low temperatures to a
behavior with much broader response in energy above
TK , where the single-impurity results nearly coincide.
As anticipated by Millis and Lee (1987) and Millis, La-
vagna, and Lee (1987), the s1(v ,T) curve at T!TK
saturates to a low plateau value at high frequencies. In
contrast, the incoherent impurity scattering produces a
broad monotonically decreasing conductivity. As the
temperature is raised, the lattice curves broaden signifi-
cantly until above the Kondo scale TK , and the lattice
curve and the impurity curve have similar shape. The
broadening of the low-frequency (Drude-like) mode
with increasing temperature indicates the gradual disap-
pearance of correlation effects.

Cox and Grewe (1988) also calculated the effective
mass m* (v) and the effective relaxation rate G(v)
;1/teff(v,T) functions at low temperatures for N56.
Despite the qualitative agreement between the calcu-
lated (Fig. 12) and the experimental s1(v) (e.g., Figs. 5
and 8), m* (v) and G(v) do not have the qualitative
character of the experimental data (see below). In par-
ticular, the overall curvature of the effective mass is up-
wards (apart from an initial downturn, which may be a
numerical artifact), and the overall character of the re-
laxation rate is that of a rather sharp peak instead of a
saturated plateau. Such a disagreement is due to the off-

FIG. 12. Real part s1(v ,T) of the optical conductivity for
sixfold degenerate Anderson lattice. The low-frequency nar-
row mode for the low-temperature (solid) curve arises from
the strongly frequency-dependent quadratic electron-electron
scattering. Upon warming, substantial broadening is visible.
Note the large impurity/lattice discrepancy for low tempera-
tures (Cox and Grewe, 1988).
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Fermi-level position of the Abrikosov-Suhl-Kondo reso-
nance. A remedy to this discrepancy might lie in consid-
ering lower orbital degeneracy such as might arise from
crystal-field splitting. The calculations of the optical ef-
fective mass and scattering rate for the present model
with N52 at low temperatures are displayed in Fig. 13
(Cox and Grewe, 1988). As the temperature is raised,
the curves fall away from the low-temperature behavior,
so that both become rather featureless. At least a quali-
tative agreement with the experimental data can be now
established. In the following discussion of the experi-
mental results, we shall address this issue in more detail.

In conclusion, because of the low-frequency v2 de-
pendence of the full Kondo-lattice self-energy, it follows
(Cox and Grewe, 1988) that

s21~v ,T !;@v21~6kBT !2# , (25)

a well-known result in the absence of intersite interac-
tions. Alternatively, we can say that Eq. (25) manifests
the Fermi-liquid nature of the Kondo-like ground state
(Ashcroft and Mermin, 1976),

1
t

5a~\v!21b~kBT !2, (26)

where a and b are temperature- and frequency indepen-
dent constants, and the ratio b/a is p2 or (2p)2 for qua-
siparticle (seen in photoemission experiment) or trans-
port (seen in optical experiment) scattering rate,
respectively.

The major piece of theoretical work that is left out of
these calculations is the inclusion of intersite interac-
tions. It is supposed that the primary effect of these cor-
relations for the present calculations is to renormalize
the inelastic scattering but not to produce significant
qualitative changes in the results.

Millis and Lee (1987) reached similar results for

FIG. 13. Effective mass enhancement @11l(v)# and effective
relaxation rate for the twofold degenerate Anderson lattice
model. Monotonic behavior follows from the greater proximity
of the Abrikosov-Suhl-Kondo resonance to the Fermi level.
The narrow feature near zero frequency is a numerical artifact
(Cox and Grewe, 1988).
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t(v ,T). In fact, when electron-boson scattering is domi-
nant, the imaginary part of the self-energy Zc at low
frequencies is

Im Sc~v ,T !5
nf

N

m*

mb

v21p2T2

« f
. (27)

This form for the self-energy agrees with the frequency
and temperature-dependent functional form of the scat-
tering rate [Eq. (26)]. Similarly, Riseborough (1983) cal-
culated the frequency dependent scattering due to spin
fluctuations. Besides a T2 contribution to the resistivity,
the calculated scattering rate also reduces to Eq. (26) in
the low-frequency and low-temperature limit.

Finally, we should like to mention the more recent
work by Schweitzer and Czycholl (1991), who calculated
the temperature dependence of the electronic transport
properties of heavy-electron systems within the self-
consistent second-order U-perturbation treatment of the
periodic Anderson model. This approach, within which
explicit calculations are possible in the limit of a large
spatial dimension (d) for correlated lattice electrons,
properly fulfills the Luttinger theorem. Such a ‘‘dynami-
cal mean-field theory’’ approach in the d5` limit
proves to be suitable for the calculation of measurable
physical quantities. Schweitzer and Czycholl explicitly
calculate transport quantities, which nicely illustrate and
reproduce the typical behaviors for nearly the whole
temperature regime for various positions of the f level.
Therefore the d5` approach can be applied not only to
the half filled Anderson lattice (corresponding to an in-
sulator, see Sec. IV.E) but also to a metallic mixed-
valent regime and it can describe d53 systems as well.

E. Discussion of the excitation spectrum
in heavy-electron systems

The general trend of the optical conductivity is rather
common in all heavy-electron materials. In fact, at high
temperatures we can easily recognize a rather broad me-
talliclike behavior (i.e., Drude, see below), indicative of
a scattering rate (i.e., the width of the Drude term) of
the order of 0.1 eV. In contrast, at relatively low tem-
peratures we observe the gradual emergence of a nar-
row mode centered at zero frequency in s1(v), which
merges into the high-temperature s1(v) at far-infrared
frequencies (Figs. 5 and 7–9), possibly going through a
rather deep minimum in s1(v) (as in UPt3 at about 3
cm21; see Fig. 7). This dramatic temperature depen-
dence does, nevertheless, preserve the good agreement
between the sdc values and the v→0 limit of s1(v).
What will attract our interest below is the low-
temperature narrow mode centered at zero frequency
which will be associated with the many-body ground
state, and the possible evidence of a pseudogaplike fea-
ture in the excitation spectrum of heavy-electron sys-
tems (Donovan et al., 1997).

1. The phenomenological Drude-Lorentz approach

The classical dispersion theory based on the Drude-
Lorentz approach (Wooten, 1972) will allow us to iden-
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tify several intrinsic parameters characterizing both the
many-body ground state and the so-called normal single
impurity phase. The optical conductivity can generally
be approximated by a sum of Lorentz harmonic oscilla-
tors and of the Drude term. The former contributions
arise each time an absorption at finite frequency takes
place and they are usually ascribed to vibrational infra-
red active modes (phonons) or/and to electronic inter-
band transitions. The precise nature and origin of the
considered harmonic oscillators will be specified later in
the discussion of the different compounds. The Drude
term applies for metals and describes the free charge
carriers contribution to the electrodynamic response.
The general formula for the complex dielectric function
is

«̃~v!5«`2
vp

2

v~v1iG!
1(

j

vp ,j
2

~v j
22v2!2iG jv

, (28)

where vp and G;1/t in the Drude term are the plasma
frequency and the damping (i.e., scattering relaxation
rate) of the free charge carriers, while v j , G j , and vpj
are the resonance frequency, the damping, and the
mode strength of the harmonic oscillators, respectively.
The high-frequency absorptions above the ultraviolet
spectral range are taken into account by «` . This phe-
nomenological fit is a useful approach in order to de-
couple the various components determining the excita-
tion spectrum and to evaluate several parameters like,
the plasma frequency and the scattering relaxation rate,
which can be afterwards compared with similar quanti-
ties arrived at by other experiments. Alternatively, one
can apply a more crude multiband Drude model, as sug-
gested by Sulewski et al. (1988), where the total optical
conductivity is a sum of several Drude terms. Equation
(28) is, however, more general and can better reproduce
the complex shape of the optical conductivity in heavy-
electron materials (see below).

2. Identification of the various contributions in s(v)

The goal of this section is to identify and discuss the
various components of the dynamics of the charge exci-
tation spectrum with particular emphasis on the excita-
tions at low frequency and temperature. Since our pur-
pose is merely to obtain the plasma frequency associated
with the free charge carriers, a set of Lorentzian oscilla-
tors is sufficient for a phenomenological description of
the high-frequency part (i.e., above the plasma edge) of
the excitation spectrum. Subtracting off the Lorentzians
(corresponding to the feature between 1 and 8 eV) al-
lows an estimate of the total spectral weight associated
with the Drude-like part of the optical conductivity as-
signed to the free charge carriers. The optical conductiv-
ity at high temperatures in heavy-electron compounds is
suggestive of a frequency-independent behavior with a
relaxation rate of approximately 1/(2pt);1000 cm21.
Moreover, the conductivity drops below its dc value at
frequencies of the order of 1/t and is starting to flatten
again for v.vh;3000 cm21, with a Drude-like roll off
as v22. ‘‘Sum-rule’’ arguments lead to the following in-
tegral (Wooten, 1972):
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Equation (29) is, strictly speaking, a partial sum rule,
crossing over to the total sum rule for vh→` . From Eq.
(29), one can thus determine the unscreened optical
plasma frequency \vp;3.5 eV for CeAl3 (Awasthi
et al., 1993) and 2.6 eV for UPt3 (Sulewski et al., 1988).

At low temperatures (i.e., T,Tco), what remains in
the conductivity, after the high-frequency interband
transitions are removed, is not a simple Drude free-
carrier structure. As already pointed out, there is the
appearance of a narrow mode centered at zero fre-
quency below the far-infrared spectral range which satu-
rates at higher frequencies (i.e., v.vc , vc being the
frequency above which the conductivity at 300 K is in-
distinguishable, within the experimental error, from that
at lower temperatures [Figs. 5 and 7]), merging in a
broad absorption. Such a broad absorption extends up
to the midinfrared and visible spectral range. The devel-
opment of the low-frequency narrow mode at T!Tco
bears a striking similarity with the theoretical prediction
of s1(v) (see Figs. 10 and 12).

The narrow low-frequency part of the spectrum at low
temperatures is very much reminiscent of a Drude term
with renormalized scattering rate. In fact, in the spirit of
Eq. (28), one can rewrite the Drude term with the
plasma frequency vp* 5vp /Am* /mb and the scattering
relaxation time t* 5tm* /mb , which correspond to the
bare quantities vp and t being renormalized by the en-
hanced effective mass m* of the heavy quasiparticles at
low temperatures. This is actually equivalent to Eq. (10)
in the approach by Millis and Lee (1987). Similarly as at
300 K, we can apply sum-rule arguments and calculate
the total spectral weight below the narrow ‘‘Drude-like’’
mode. This will allow us to estimate the renormalized
plasma frequency vp* :

I25E
0

vc
s1~v ,T!Tco!dv5

pne2

2m*
5

~vp* !2

8
, (30)

where vc is the cutoff frequency, defined above. A com-
parison of the plasma frequency at 300 K with the renor-
malized vp* at temperatures lower than Tco leads to the
expression

S vp~300 K!

vp*
D 5Am*

mb
An~300 K!

n~T,Tco!
. (31)

With the assumption that the total charge-carrier con-
centration does not change below Tco it is possible to
directly estimate the enhancement of the effective mass
m* . Table II summarizes the plasma frequencies for
various typical heavy-electron systems, obtained by ap-
plying either the phenomenological fit [Eq. (28)] or by
the sum-rule arguments [Eqs. (29) and (30)]. Both meth-
ods give equivalent values to within a few percent. Table
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TABLE II. Plasma frequencies vp and vp* [from the phenomenological fit with Eq. (28) or from the
sum rule with Eqs. (29) and (30)], effective mass m* /mb [from Eq. (31)], and m* /me [from Eqs. (2)
and (30)] of several heavy-electron systems.

vp
(eV)

vp*
(eV) m* /mb m* /me Ref.

CeAl3 3.5 0.155 510 809 Awashi et al., 1993
UPt3 2.6 0.323 65 248 Sulewski et al., 1988
CePd3 2.3 0.35 40 36 Webb et al., 1986;

Marabelli, 1989;
Awasthi et al., 1989

CeCu6 1.84 0.15 150 602 Marabelli, 1989
II also displays the effective mass at low temperatures,
obtained through Eq. (31), corresponding to the ratio of
I1 /I2 .

It must be observed that the vp and vp* plasma fre-
quencies allow the determination of m* with respect to
the band mass mb , which can be significantly larger than
the free-electron mass me . For instance, in CePd3 the
plasma frequency vp suggests a band mass approxi-
mately between 1me and 2me . Consequently, m* /mb is
expected to be close to m* /me . The conduction band in
UPt3, however, is believed to be heavier (Strange and
Gyorffy, 1985; Boring et al., 1985; Oguchi and Freeman,
1985; Wang et al., 1985), and the plasma frequency is
indicative of a band mass between 3 and 4me .

The preceding analysis is appealing because the
strength of correlation effects was extracted on the basis
of the frequency dependent conductivity alone. How-
ever, complicated band-structure effects, which deter-
mine the unrenormalized plasma frequency and optical
relaxation time, have been neglected. An alternative
analysis, which compares only parameters which are
sensitive to low-energy fluctuations, can be performed
by using the Sommerfeld g value of the specific heat
(Table I). By combining the expression for g of Eq. (2)
with vp* given by Eq. (30), two parameters m* /me and n
can be extracted. This analysis avoids difficulties associ-
ated with a complicated energy dependent density of
states since both vp* and g are determined from experi-
ments that sample the density of states within the same
energy range. Note that 5 K corresponds to approxi-
mately 100 GHz, and a specific heat measured at this
temperature samples a thermal energy range kBT com-
parable to the microwave far-infrared frequency range.
An important caveat in this alternative analysis is that
the thermodynamic and transport enhancements must
be determined by the same electrons. The results of this
analysis are also included in Table II. The effective-mass
m* /me agrees favorably with mass enhancement de-
rived from the low- and high-frequency conductivity
data and this suggests that a one-band model is appro-
priate to account for the various properties of these ma-
terials. Nevertheless, we recall that the difference is
principally due to the ratio mb /me (as mentioned
above) and also to the assumption that the charge-
carrier’s concentration remains constant. This latter ap-
proximation might be too crude and could lead to some
., Vol. 71, No. 3, April 1999
correction factors. For instance, the above analysis does
not rule out smaller carrier number associated with the
coherent state, along with a smaller mass enhancement,
because only the ratio n/m* appears in all expression
used and the specific-heat coefficient g;n1/3 [Eq. (2)]
would be only weakly affected by a reduction of the
carrier number.

So far, we have focused our attention on the T→0
limit of the electrodynamic response. Later in the discus-
sion (Sec. II.E.4) we will address the issue of the tem-
perature dependence of m* , which incorporates the de-
velopment of the correlation effects. In fact, the
approach based on the ratio I2 /I1 [Eq. (31)] is not suit-
able for estimating the temperature dependence of m* ,
since the low-frequency resonance becomes increasingly
less distinguishable from the frequency independent re-
sponse at high temperatures, making it harder to esti-
mate the ratio I2 /I1 .

3. The low-temperature far-infrared absorption in s1(v)

The overall behavior of the frequency dependent con-
ductivity at low temperatures is in general agreement
with the results obtained from various calculations (see
Figs. 10 and 12) (Millis and Lee, 1987; Cox and Grewe,
1988; Freytag and Keller, 1990). In the previous section,
we have already identified, in the narrow mode at low-
temperatures and frequencies, the optical fingerprint as-
sociated with the heavy quasiparticles. Another impor-
tant feature in s1(v) at low temperatures is the roll off
of such a narrow Drude mode. Almost all compounds
display a saturation of s1(v) (Figs. 5, 7, and 8) to a
more or less constant value from far infrared up to the
midinfrared and visible spectral range, where the onset
of electronic interband transitions takes place. However,
Marabelli and coworkers (1986, 1988, 1989, 1990a,
1990b) observed a minimum in s1(v) of CeCu6 (Fig. 9)
and UPt3 single crystals at far infrared frequencies. As
stated above in the theoretical section, such a minimum
could correspond to the energy range around ṽp* [Eq.
(11)], where the crossover between the plasma edgelike
feature in R(v) at v;ṽp* and the onset of the s-f(d)
excitation for v.ṽp* takes place. The broad midinfrared
feature, ascribed to s-f(d) excitations, has been named
hybridization gap (Wachter, 1994), because it is the di-
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rect consequence of the hybridization process between
the localized f electron and the broad conduction band.

Nevertheless, the majority of theoretical works do not
take hybridization gaps into account, principally because
they are intended to describe phenomena occurring only
at the lowest temperatures. In fact, besides the theoret-
ical work of Freytag and Keller (1990), where a mini-
mum in s1(v) at kBTK is suggested, most of the calcu-
lations predict a saturation of s1(v) at frequencies
larger than vc (see Figs. 10 and 12) (Millis and Lee,
1987; Cox and Grewe, 1988). As already pointed out, the
universality of this hybridization gaplike feature is also
experimentally a matter of debate, since a saturation of
s1(v) at v.vc is, instead, mostly seen.

Anyway, the most recent optical experiments (Dono-
van et al., 1997) on UPt3 questioned even more seriously
the hybridization-gap interpretation. As shown in Fig. 7,
there is an important temperature dependence in the
spectral range near 7 cm21 (;0.9 meV), which is at
much lower frequencies than the feature apparently
seen in UPt3 as well as in CeCu6 by Marabelli et al.
(1986 and 1988). The absorption is identified by Dono-
van et al. (1997) with a pseudogaplike absorption instead
of a hybridization gap. The conductivity at 1.2 K can be
decomposed into a Drude part and a high-frequency re-
sponse. This latter feature appears both in measure-
ments on single crystals and on the polycrystalline speci-
men. Because the single-crystal measurements probe the
response only along one axis, while the polycrystal mea-
surements average over all crystal axes, it is argued that
the pseudogap must open up along the entire Fermi sur-
face. The broad maximum observed around 7 cm21 is
different from what is observed for a three-dimensional
semiconductor [where the conductivity increases as
(\v2D)1/2 above the gap], and is instead reminiscent of
what is expected for a spin-density wave (SDW) gap,
such as that observed in organic metals like
(TMTSF)2PF6 (Degiorgi, Dressel, Schwartz et al., 1996)
and in some heavy-fermion compounds with a magnetic
ground state (Degiorgi et al., 1997). Magnetic correla-
tions have been known to be important in UPt3 (Kjems
and Broholm, 1988), and it would be natural to associate
the pseudogap with the onset of magnetic correlations
below 5 K. The energy scale associated with the gap
structure, D;0.5 meV, would support such a relation
(Donovan et al., 1997).

4. Frequency and temperature dependence of m* and G

Another method of estimating m* /mb together with
the scattering rate G is to consider the low-frequency
resonance arising from free carriers undergoing fre-
quency dependent scattering. This means that the opti-
cal conductivity may be described by a so-called gener-
alized Drude model (Sulewski et al., 1988; Awasthi et al.,
1993). Obviously, the frequency dependence of G im-
plies, through the Kramers-Kronig relation between s1
and s2 , that also m* is frequency dependent. This
method is particularly compelling at low frequencies,
where no obvious method exists for separating s1(v)
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
into an ordinary Drude contribution and midinfrared
modes. It will allow us to reveal a fundamental relation-
ship between the scattering rates derived from either dc
transport properties or the optical response in the infra-
red frequency range. Moreover, the application of the
generalized Drude at different temperatures will permit
the evaluation of the temperature dependence of m*
and G. Therefore the complex conductivity may be writ-
ten as (Thomas et al., 1988)

s~v!5

vp
2

4p

G~v!2iv
m* ~v!

mb

, (32)

where vp is the unscreened optical plasma frequency of
Eq. (29). A relationship between s1 , s2 , and G together
with m* /mb is then obtained as follows:

G~v!5
vp

2

4p

s1

usu2 (33)

and

m* ~v!

mb
5

vp
2

4p

s2

vusu2 . (34)

When v!G and v→0, s1 is constant and s2 should
tend to zero, while both G(v) and m* (v) must assume
frequency independent values. Figure 14 (Awasthi et al.,
1993) displays m* (v ,T) and G(v ,T) for CeAl3 at vari-
ous temperatures.

We first discuss the frequency dependent m* (v ,T),
shown in Fig. 14(b) for CeAl3. At 10 K and above, the
coherent state does not exist as the surface impedance
results suggest (Fig. 3), and consequently no mass en-
hancement is expected. At low temperatures, we expect
m* in Eq. (34) to assume constant values at frequencies
below which G becomes frequency independent. This
crossover frequency [say vco(T)] is approximately 0.3,
0.9, and 0.7 cm21 at 1.2, 3.0, and 5.0 K, respectively [Fig.
14(a)]. The values of m* /mb for CeAl3 at vco’s are 360,
225, and 160mb , which we believe to be appropriate
estimates of the zero frequency effective masses at these
temperatures (see Table II). Thus a substantial increase
in the effective mass occurs only below 3 K (for CeAl3,
TK;3 K!). Similarly, m* (v ,1.2 K) for UPt3 saturates to
an enhanced value of approximately 240me (i.e., m*
;65mb) (Sulewski et al., 1988; Donovan et al., 1997).

In order to highlight the comparison with the thermo-
dynamic results, Fig. 15 shows the effective mass vs tem-
perature, along with the specific-heat (Cp /T) data for
CeAl3 (Brodale et al., 1986). The two sets of results were
normalized (somewhat arbitrarily) at 5 K for the pur-
pose of comparison. The low- and the high-temperature
saturation limits of the electrodynamic mass are associ-
ated with the narrow mode in the density of states and
the broad underlying band, respectively. At mid tem-
peratures, the effective dynamical mass has intermediate
values due to the temperature-dependent Fermi-surface
renormalization. Regarding the thermodynamic experi-
ments, Cp /T and x primarily measure the density of
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states at the Fermi level (averaged over an energy width
kBT). The decrease of Cp /T and x with temperature
reflects the gradual disappearance of correlation effects,
and the contribution of higher-order temperature-
corrections. For T;TK (i.e., the many-body resonance
width) these higher-order terms (in the Bethe-
Sommerfeld expansion) become important. Conse-
quently, Cp /T may not be expected to give the correct
temperature dependence of the effective mass directly.
Nevertheless, it is remarkable that the thermo- and elec-
trodynamic quantities have comparably similar tempera-
ture dependences (Fig. 15).

The analysis of the optical data in terms of the gener-
alized Drude approach [Eq. (32)] also supplies the fre-
quency dependence of the scattering rate G(v). The val-
ues of G obtained directly from the surface impedance
measurements are also shown in Fig. 14(a). There is an
excellent agreement with those from the Kramers-
Kronig analysis. At each temperature, the error bar on
the 35 GHz point also represents the maximum percent-
age uncertainty in the higher-frequency surface-
impedance results. Above approximately 7 cm21, the
temperature dependence of G in CeAl3 disappears, while
at low frequencies, the scattering rate is only tempera-
ture dependent. Interestingly, by 10 K (57 cm21), there
is little frequency dependence left in G, as well! This
latter behavior could be considered as an indirect mani-

FIG. 14. Scattering rate and effective mass in CeAl3 . (a)
Frequency-dependent optical scattering rate for CeAl3 at four
temperatures from Eq. (33), along with the values obtained
using the microwave data. (b) Frequency dependence of m*
obtained from Eq. (34) (Awasthi et al., 1993).
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festation of the equivalence of temperature and fre-
quency, establishing temperature as the only relevant
energy scale of the system.

Moreover, while the frequency dependence of s1 is
due to a small scattering rate, its roll off to a finite value
starts where G acquires a significant frequency depen-
dence. This also implies that a simple Drude picture [Eq.
(28)] with constant parameters reproduces the narrow
s1(v) at low temperatures and frequencies only
roughly. Such an oversimplified Drude-like description
[Eq. (28)] was nevertheless useful in view of the spectral
weight arguments which led to the optical characteriza-
tion of the ‘‘heavy-electron’’ ground state.

It is worth noting that Fig. 14(a) displays the so-called
unrenormalized scattering rate G. Sometimes in the lit-
erature, one can find an alternative definition in terms of
the renormalized scattering rate G* 5G(mb /m* ). For
CeAl3 G* in its dc limit, i.e. G* (v→0), has values of
0.7, 2.5, and 4.5 cm21 at 1.2, 3, and 5 K, respectively. It is
interesting to observe that the values roughly corre-
spond to the width of the narrow mode centered at zero
frequency in s1(v) (Fig. 5). Also the latest measure-
ments on UPt3 suggest that, below about 100 GHz, G
and m* are only weakly dependent on frequency
(Donovan et al., 1997).

Finally, the quantitative estimation of the parameters
m* (v) and G(v) is particularly compelling for the issue
about the possible Fermi-liquid nature of these ‘‘conven-
tional’’ heavy-electron systems. Several experiments
suggest that in a variety of heavy fermion materials,
electron-electron interactions lead, upon lowering the
temperature, to the development of a coherent state,
where the electrodynamics can be described by a renor-
malized effective mass and relaxation rate. As the fre-
quency approaches zero, the scattering rate must ap-
proach the value given by the dc resistivity, as is borne
out by the data. At higher frequencies, the absorptivity
is again proportional to the root of the frequency, indi-
cating that the scattering rate saturates. At the lowest

FIG. 15. Temperature dependence of the effective dynamical
mass obtained from Fig. 14(b) for CeAl3 (Awasthi et al., 1993).
Also shown for comparison is Cp /T (Brodale et al., 1986).



703L. Degiorgi: Electrodynamic response of heavy-electron compounds
temperatures, the resistivity has a T2 term, possibly aris-
ing from electron-electron or electron-spin-fluctuation
interactions. This rise with T2 in the scattering rate
should also imply a similar rise with the square of fre-
quency at the lowest frequencies. Such a v2-dependent
scattering rate is interpreted as arising from the coupling
of the itinerant (heavy) electrons to the spin-fluctuation
spectrum, which dresses the electrons giving them a
large effective mass at low frequencies. At higher ener-
gies the (lighter) electrons should be unscreened, reveal-
ing the bare optical band mass, and so should scatter
from the spin fluctuations. Sulewski et al. (1988) ana-
lyzed their data on UPt3 within a phenomenological
model [i.e., Eq. (26)], suggesting a Fermi-liquid-like be-
havior of G(v). The recent work on UPt3 (Donovan
et al., 1997), extending the investigation to even lower
frequencies, casts, however, some doubts about the reli-
ability of such an interpretation.

Indeed, the v2 dependence of 1/t(v) at low frequen-
cies (v,10 cm21) and temperatures (T,Tco,TK),
combined with the low-temperature T2 dependence of
1/t(T) inferred from the transport properties, could sug-
gest a Fermi-liquid behavior, but only from a phenom-
enological point of view; the functional of 1/t(v ,T)
bears an overall similarity with the Fermi-liquid predic-
tion of Eq. (26), but the available experimental data
[e.g., Sulewski et al. (1988)] are rather controversial and
do not supply a unique ratio b/a [Eq. (26)]. The experi-
mental verification of Eq. (26) is still not yet completed.
This is mainly due to the low energy and temperature
scales below which a Fermi-liquid ground state mani-
fests. Such low characteristic energy scales necessitate
‘‘optical’’ investigations at very low frequencies and
temperatures, making the experiments very challenging
from the technical point of view. Moreover, in the spe-
cific case of UPt3 the coherent state gradually evolves,
upon further decrease of temperature, into a state with a
pseudogap, related most probably to magnetic correla-
tions (Figs. 6 and 7). Whether this scenario is a general
characteristic of heavy-electron compounds remains to
be seen. It is evident, however, that this description is in
clear conflict with conclusions based on the conventional
analysis of the specific heat coefficient g and the coeffi-
cient of the T2 term in the resistivity [Eq. (1)]. Such
analysis has been taken as evidence that UPt3 is a renor-
malized Fermi liquid at low temperatures (but above the
superconducting transition), with an energy-
independent density of states. A comprehensive clarifi-
cation of this issue is left for the future.

III. NON-FERMI-LIQUID KONDO ALLOYS

A. Fermi liquid versus non-Fermi-liquid behavior

During the past two years, there has been a great deal
of interest in a narrow class of materials among the
highly correlated metals, which exhibit non-Fermi-liquid
properties at low temperatures (Maple et al., 1994, 1995;
von Löhneysen, 1995; Steglich et al., 1997; von Löhney-
sen et al., 1997). We shall first start from Landau’s
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
Fermi-liquid theory, which is fundamental for our un-
derstanding of electron excitations in metals, as it estab-
lishes a one-to-one correspondence between the excita-
tions of a free-electron gas and those of interacting
conduction electrons in metals. One of the central points
of Fermi-liquid theory is the existence of a single energy
scale, the Fermi-energy EF , and for energies E!EF and
temperatures kBT!EF the electronic properties display
universal behavior (Ashcroft and Mermin, 1976). For
some time it seemed that in no other solids have the
predictions of Fermi-liquid theory more strikingly been
realized than in the heavy-electron intermetallics [for
example, see UPt3; Ott and Fisk (1987), and Fisk et al.
(1988)]. In a number of these f-electron based com-
pounds, analyses of the low-temperature specific heat,
magnetization, electrical resistivity, and dynamical sus-
ceptibility display a dependence on a single energy scale
consistent with Fermi-liquid theory, although unprec-
edented mass enhancements of 102 –103 imply strong
electronic interactions (Secs. II and V).

More recent experimental work has indicated, how-
ever, that several heavy-electron compounds and related
alloys display quite remarkable properties, which mani-
fest much less well a ‘‘conventional’’ Fermi-liquid be-
havior. Deviations from Fermi-liquid predictions have
now been observed in several f-electron alloys, including
UCu52xPdx (where x51 and 1.5) (Andraka and Stew-
art, 1993; Ott, 1996), CeCu5.9Au0.1 (von Löhneysen et al.,
1994), Y12xUxPd3 (where x,0.2) (Andraka and Tsve-
lik, 1991; Seaman et al., 1991; Ott et al., 1993; Xu et al.,
1994) Th12xUxRu2Si2 (where x,0.07) (Amitsuka et al.,
1993), U12xThxPd2Al3 (where x.0.4) (Maple et al.,
1994 and 1995) Ce7Ni3 (Umeo et al., 1997), and
Th12xUxCu2Si2 (where x,0.1) (Lenkewitz et al., 1997).

Typically, the non-Fermi-liquid behavior is observed
as a diverging linear coefficient of the specific-heat C for
temperature T→0:

C/T;~21/T0!ln~T/bT0!, (35)

and a strong T dependence of the magnetic susceptibil-
ity x as T→0:

x~T !512c~T/T0!1/2, (36)

(where b and c are constants of the order of unity) while
Fermi-liquid theory predicts g;x;constant at T→0.
Furthermore, the electrical resistivity r shows a T de-
pendence as

r~T !5r02ATm (37)

with usually A.0, and often m51, instead of the Fermi-
liquid behavior m52 [Eq. (1)] arising from particle-
particle interaction. However, we should caution on the
validity of Eqs. (35)–(37), since these fits are but one
possible interpretation of the data and merely represent
the trend encountered in various non-Fermi-liquid
Kondo alloys. More precisely, Eqs. (35)–(37) do not
have the same validity for all non-Fermi-liquid com-
pounds and sometimes apply over different temperature
regimes for different quantities and in some cases over a
temperature range less than a decade. Table III summa-



704 L. Degiorgi: Electrodynamic response of heavy-electron compounds
TABLE III. Examples of f-electron systems that exhibit characteristic non-Fermi-liquid behavior in the low-temperature specific
heat C(T) [Eq. (35)], magnetic susceptibility x(T) [Eq. (36)], and electrical resistivity r(T) [Eq. (37)], with m51. ‘‘Yes’’ denotes
agreement with the non-Fermi-liquid behavior, and in brackets we display the corresponding temperature range of validity for
Eqs. (35)–(37). The characteristic temperature T0 is proportional to TK and is deduced from b5d(C/T)/d ln T, the logarithmic
divergence in the specific heat, so that T050.251 R/b.

r(T) C(T)/T x(T)
T0
(K) Ref.

La0.9Ce0.1Cu2Si2 yes yes 2ln(T/bTK) 9 Andraka, 1994b;
(1,T,5 K) (1.8,T,10 K) (1,T,10 K) Maple et al., 1994, 1995

M12xUxPd3 yes yes yes 40–220 Seaman et al., 1991;
(M5Sc,Y) (T,30 K) (0.5,T,10 K) (0.6,T,40 K) Andraka and Tsvelik, 1991;

Ott et al., 1993; Xu et al., 1994
Maple et al., 1994, 1995

UCu3.5Pd1.5 yes yes yes 28 Andraka and Stewart, 1993;
(T,30 K) (2,T,15 K) (2,T,15 K) Maple et al., 1994, 1995;

Ott, 1996
U12xThxPd2Al3 yes yes yes 20 Maple et al., 1994, 1995

(T,40 K) (0.5,T,10 K) (T,10 K)
M0.1U0.9Ni2Al3 yes yes 200 Kim et al., 1993;
(M5Pr,Th) (1.8,T,9 K) (1.8,T,9 K) Maple et al., 1994, 1995
Ce12xThxRhSb yes 33 Andraka et al., 1994a;

(1,T,10 K) Maple et al., 1994, 1995
Th12xUxRu2Si2 yes 2ln(T/bTK) 11 Amitsuka et al., 1993;

(4,T,10 K) (0.1,T,10 K) Maple et al., 1994, 1995;
U0.9Th0.1Be13 yes (A,0) yes yes 8 Maple et al., 1994, 1995;

m51: 0.23,T,0.7 K (1.7,T,10 K) (1.7,T,10 K) Dickey et al., 1997
m5

1
2 : 0.7,T,4 K

U0.1Th0.9Cu2Si2 yes (A,0) yes Maple et al., 1994, 1995;
(0.1,T,3.5 K) (0.4,T,10 K) Lenkewitz et al., 1997

CeCu5.9Au0.1 yes (A,0) yes yes 3.5 von Löhneysen et al., 1994;
(0.1,T,1 K) (0.1,T,3 K) (0.1,T,3 K) Maple et al., 1994, 1995
rizes the characteristic non-Fermi-liquid properties of
several Kondo alloys together with the corresponding
temperature range where non-Fermi-liquid behavior ap-
plies. Note that the characteristic temperature T0 gener-
ally scales with TK . In the following paragraph we shall
discuss in particular the Kondo alloy systems which have
also been investigated optically; namely, Y12xUxPd3,
U12xThxPd2Al3, and UCu52xPdx .

As far as the other systems are concerned, we shall
review here just a few peculiarities. The non-Fermi-
liquid behavior in CeCu5.9Au0.1 was attributed to the
proximity to magnetic order in the sense that this system
is at the edge of a zero-temperature quantum phase
transition (von Löhneysen et al., 1994). This picture is
further motivated by the latest neutron-scattering ex-
periment, which enforces a model of three-dimensional
conduction electrons coupled to two-dimensional critical
ferromagnetic fluctuation near such a quantum critical
point (Rosch et al., 1997). It has been, moreover, estab-
lished that in a large magnetic field (B.3 T) Fermi-
liquid behavior is recovered (von Löhneysen et al.,
1994). Interestingly, the sister compound CeCu5.7Au0.3
has an antiferromagnetic phase at TN50.49 K for pres-
sure p50, which can be continuously tuned to zero with
pressure. At the critical pressure pc58.2 kbar
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CeCu5.7Au0.3 displays the same logarithmically divergent
behavior in C(T) as in CeCu5.9Au0.1 at zero applied
pressure (Bogenberger and von Löhneysen, 1995). This
clearly demonstrates that non-Fermi-liquid can be tuned
with pressure. This result also represents (apart from
alloying experiments) the first tuning experiment of the
specific heat in a magnetic-nonmagnetic quantum phase
transition in heavy-electron systems, although a number
of pressure studies have revealed the interplay between
Kondo compensation and magnetic order (Sereni and
Kappler, 1994; Bogenberger and von Löhneysen, 1995).
Similarly, Ce7Ni3 has a TN51.9 K at p50, which van-
ishes near pc50.33 GPa. Non-Fermi-liquid appears for
applied pressure between 0.4 and 0.62 GPa. Above 0.62
GPa a Fermi-liquid behavior is recovered (Umeo et al.,
1997). Finally, it is worth mentioning that
Th12xUxCu2Si2 exhibits non-Fermi-liquid behavior for
x,0.1, in the neighborhood of ferromagnetism, which
develops for alloys with x.0.15 (Lenkewitz et al., 1997).

B. A few examples of non-Fermi-liquid Kondo alloys

1. UxY12xPd3

The UxY12xPd3 system exhibits many interesting phe-
nomena including a structural phase transition, spin-
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glass freezing, crystalline electric-field effects, Fermi-
level tuning, and unusual Kondo behavior (Seaman
et al., 1991; Maple et al., 1994). Of particular interest is
the Kondo behavior, which occurs at low U concentra-
tion for Y and has low-temperature properties with non-
Fermi-liquid characteristics.

Shown in Fig. 16 (Maple et al., 1994) is the
temperature-U concentration (T-x) phase diagram of
UxY12xPd3, which summarizes the general behavior as a
function of x. Besides the mixed phase region for 0.6
,x,0.8, the samples, which form in the hexagonal
Ni3Ti crystal structure (0.9,x,1), appear to have non-
magnetic ground state. On the other hand, the interme-
tallic compound UPd3 has recently been studied by in-
elastic neutron scattering (McEwen et al., 1992) and
reported to undergo a quadrupolar transition at 6.5 K,
followed by a magnetic transition at 4.5 K. UPd3 is one
of the few actinide materials whose properties are all
consistent with localized 5f electrons. Moreover, sharp
crystal-field levels are observed that are indicative of an
f2 nonmagnetic ground state and tetravalent U ions
(Maple et al., 1994 and 1995).

The samples with U concentrations 0.3,x,0.5, which
form in the cubic Cu3Au structure, exhibit spin-glass
(SG) freezing below a temperature TSG which increases
monotonically with x, as shown in Fig. 16. Such an in-
crease is expected for RKKY interactions whose
strength increases as J2N(EF)x , where J is the exchange
interaction parameter (Maple et al., 1994 and 1995). Fur-
thermore, recent muon spin-relaxation measurements
on UxY12xPd3 demonstrate that spin-glass order in this
system can be understood in the context of induced mo-
ments (Wu et al., 1993 and 1994; Amato, 1997).

For 0,x,0.2, UxY12xPd3 exhibits unusual Kondo
behavior with a Kondo temperature TK that increases
with decreasing x, as indicated in Fig. 16. This is consis-
tent with the ‘‘Fermi-level tuning’’ revealed by previous

FIG. 16. Low-temperature U concentration phase diagram of
UxY12xPd3 (Maple et al., 1994).
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photoemission studies of UxY12xPd3 (Kang et al., 1989),
where it was found that the separation between EF and
the 5f peak below it, uEF2E5fu, decreases with decreas-
ing x as UPd3 is diluted with Y. Because N(EF) is low
throughout the series (;1 state/eV cell), the drop in EF
is rather large (;1 eV as x decreases from 1 to 0). The
nearly linear decrease in the binding energy with de-
creasing x should cause a large increase in TK [Eq. (3)].

The existence of a Kondo effect in UxY12xPd3 system
for x,0.3 is evident from the electrical resistivity r(T),
which increases logarithmically with decreasing tem-
perature at high temperatures T.TK . However, at T
!TK , r(T) does not saturate quadratically which is ex-
pected for a conventional Kondo effect [Eq. (1)], reflect-
ing the behavior of a Fermi liquid. Rather, the behavior
of Eq. (37) with m51 is found for T,30 K. Figure 17
(Ott et al., 1993) shows r(T) for U0.2Y0.8Pd3, from
where the linearity in T of r(T) can be recognized. At
very low temperatures (T,0.1 K), there is a deviation
from such a linear behavior (however, the resolution is
here not quite good enough) whose origin is yet un-
known although it may represent a crossover to a Fermi-
liquid behavior.

The specific heat (Ott et al., 1993; Maple et al., 1994,
1995) also displays the characteristic non-Fermi-liquid-
like logarithmic divergence [Eq. (35)] over the tempera-
ture range 0.7,T,10 K. Such non-Fermi-liquid behav-
ior is obviously in contrast to a conventional Kondo
effect where C/T approaches a constant value. A re-
markable aspect of the specific-heat data is that the as-
sociated entropy S(T) saturates to a value close to
(R/2)ln 2 before continuing to increase due to the higher
temperature upturns in DC/T . This suggests a finite
zero-temperature entropy of the same value, in order
that the full degeneracy of the ground doublet be recov-
ered at high temperatures. This entropy is expected to
be removed at low but finite temperatures due to any
weak interactions which might lift the ground-state de-
generacy. Below 0.5 K C/T rises dramatically without

FIG. 17. Temperature dependence of the resistivity r(T) in
U0.2Y0.8Pd3 at T,5 K (Ott et al., 1993).
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any sign of saturation. Furthermore, Ott et al. (1993) re-
ported that the upturn in C/T of U0.2Y0.8Pd3 persists to
at least 0.05 K. The deviation away from logarithmic
dependence is well described by DC/T5AT22, which is
the temperature dependence of a Schottky anomaly in
the high-temperature limit. The magnitude of A from
the measurements of Ott et al. (1993) is too large for a
nuclear Schottky anomaly in the high-temperature limit,
but for a two-level electronic Schottky anomaly it corre-
sponds to a level splitting of 2.5 mK. It has been sug-
gested previously that this rise may account for the miss-
ing entropy of (R/2)ln 2.

The magnetic susceptibility (Maple et al., 1994, 1995)
exhibits a Curie-Weiss temperature dependence at high
temperatures T.150. At low temperatures x(T) in-
creases more rapidly with decreasing temperature than
the Curie-Weiss temperature dependence, and contin-
ues to increase with positive curvature down to the low-
est measured temperature. Such a temperature depen-
dence is again in contrast to the Fermi-liquid behavior of
the single channel, S5 1

2 Kondo effect in which x(T)
becomes temperature independent for T!TK due to
screening of the impurity moments by the conduction
electrons. The x(T) data are well described by Eq. (36),
even though the precise temperature dependence of
x(T) at the lowest temperatures is masked by the pos-
sible presence of magnetic impurities other than U.

2. U12xThxPd2Al3

The reference system UPd2Al3 belongs to the class of
materials, characterized by the coexistence of supercon-
ductivity and antiferromagnetism. Its large ordered mag-
netic moment of 0.85mB is in contrast to the small or-
dered moments (;0.02mB) observed for URu2Si2 and
UPt3, two other heavy-electron compounds in which su-
perconductivity and antiferromagnetism also coexist
with Tc,TN . The Th-doped UPd2Al3 provides an inter-
esting opportunity to scan a rather complex phase dia-
gram, where the evolution from the coexistence of su-
perconductivity and magnetic order towards non-Fermi-
liquid behavior can be studied. Such a phase diagram is
shown in Fig. 18, while Fig. 19 displays the temperature
dependence of the dc resistivity r(T) for various Th
concentration (Maple et al., 1994, 1995). The electrical
resistivity of this system shows a smooth evolution from
Kondo lattice to single-ion Kondo behavior as the U
concentration is decreased.

In the Kondo-lattice regime (x,0.4), the Neel tem-
perature TN for antiferromagnetic ordering of the U
ions and the superconducting critical temperature Tc of
UPd2Al3 decrease somewhat with increasing Th-dopant
concentration x and the features associated with the an-
tiferromagnetism and superconductivity are rapidly sup-
pressed and eventually become undetectable. For x
,0.4 and at temperatures Tc,T!TN , r(T) can be fit-
ted by a T2 dependent term (Dalichaouch et al., 1992;
Bakker et al., 1993).

However, in the single-ion Kondo regime for x.0.4,
the resistivity increases linearly [Eq. (37)] with decreas-
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
ing temperature below approximately 50 K and the spe-
cific heat diverges logarithmically at low temperatures
[Eq. (35)], indicative of non-Fermi-liquid behavior. The
fully Th-doped (x51) material is also rather peculiar
since r(T) can be fitted by Eq. (37) with m51 and A
,0 over a very large temperature regime from 50 up to
300 K and, furthermore, has a superconducting phase
transition at Tc50.2 K. However, the phase diagram is
yet incomplete near x51 but it is certainly remarkable
that UPd2Al3 has an isostructural counter part based on
a rare-earth or actinide element with an empty or filled
f-electron shell, which is also superconducting (Maple
et al., 1995).

Similarly to U0.2Y0.8Pd3, the resistivity r(T) levels off
at low temperatures (i.e., T,0.5 K) for x.0.4, suggest-

FIG. 18. Low-temperature U concentration phase diagram of
U12xThxPd2Al3 (Maple et al., 1995).

FIG. 19. Temperature dependence of the resistivity r(T) in
U12xThxPd2Al3. The dashed lines for x50.6, 0.8, and 0.9 rep-
resent fits to Eq. (37) with m51, indicative of non-Fermi-
liquid behavior (Maple et al., 1995).



707L. Degiorgi: Electrodynamic response of heavy-electron compounds
ing that the degeneracy of the conduction-electron chan-
nels or the localized electron spin or charge degrees of
freedom have been removed by some type of residual
interaction, producing an evolution towards single-
channel Fermi-liquid behavior (Maple et al., 1995). Ex-
periments are still in progress in order to determine
whether the specific heat exhibits a sharp upturn at low
temperatures, deviating from the divergent logarithmic
behavior, as it does in the UxY12xPd3 system.

The x(T) data for UPd2Al3 exhibit a maximum near
40 K and an abrupt drop at TN . With increasing x, the
maximum in x(T) is suppressed until it disappears at x
50.1 and, below 10 K, is accompanied by an increase in
x with decreasing temperature. For x.0.4, x(T) merges
in a square-root dependence at low temperatures [Eq.
(36)], again indicative of non-Fermi-liquid behavior.

3. UCu52xPdx

This family of compounds is peculiar among the
uranium-based intermetallics known to have non-Fermi-
liquid properties as it is a concentrated moment system
(the previous two examples can be classified as diluted
systems). All x,2.5 share the common ABe5 structure,
characterized by a periodic fcc uranium lattice with two
inequivalent copper sites. The parent compound UCu5 is
a prototype Kondo-lattice antiferromagnet. Upon sub-
stitution of Pd for Cu (UCu52xPdx), the antiferromag-
netic order is quickly suppressed, vanishing at a Pd con-
centration x between 0.5 and 1, and a spin-glass regime
is observed for x.2 (Maple et al., 1994, 1995). The in-
termediate values x51 and 1.5 display no long-range
order of any kind at the lowest temperatures, although
thermal and transport measurements at temperatures
below ;20 K reveal that both have remarkable tem-
perature and magnetic-field scaling (Andraka and Stew-
art, 1993). For both UCu4Pd and UCu3.5Pd1.5, the resis-
tivity [shown in Fig. 20, Ott (1996)], the specific heat and
the static magnetic susceptibility display typical non-

FIG. 20. Temperature dependence of the resistivity r(T) in
UCu52xPdx (x51 and 1.5) (Ott, 1996).
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Fermi-liquid behaviors [i.e., Eqs. (35)–(37)]. The level-
ing off of r(T) below approximately 1 K is clearly rec-
ognized here.

Moreover, neutron time of flight measurements
(Aronson et al., 1995, 1996) performed for energy trans-
fer between 0.5 and 400 MeV at temperatures from 10 to
300 K reveal unusual frequency/temperature scaling
properties of the magnetic excitation. The scaling of the
magnetic excitations can be expressed in terms of the
dynamical susceptibility x9(T), which for frequencies
v,v* ;25 meV follows the universal scaling relation

x9~v ,T !T1/35~T/v!1/3Z~v/T ! (38)

with Z;tanh(v/1.2T). Even though this choice may not
be unique (Maple et al., 1995; Aronson et al., 1995,
1996), it represents a qualitatively new type of magnetic
response for an f-electron-based system. Moreover, by
adding those low-energy excitations (at v,v* ) with the
high-energy localized moment excitations (at v.v* )
one can calculate the static susceptibility x(T) through
the Kramers-Kronig relation linking x9(T) and x(T). A
good agreement has been found with the measured
static susceptibility (Aronson et al., 1996), indicating
that relatively little of the magnetic response falls out-
side the experimental energy window (1,v
,200 meV).

Finally, although both systems display virtually iden-
tical temperature dependences in r, C, and x, the nature
of the magnetic excitations for UCu3.5Pd1.5 and UCu4Pd
are qualitatively different from those of U0.2Y0.8Pd3
(Mook et al., 1993; McEwen et al., 1995). The uranium
ions in the latter compound have a nonmagnetic ground
state, and a magnetic response consisting of two inelastic
crystal-field levels at ;5 and 16 meV. In contrast, a
broad, quasielastic magnetic response was found to be
virtually identical for UCu4Pd and UCu3.5Pd1.5, indica-
tive of a magnetic ground state for the uranium ions,
with no evidence for distinct crystal-field excitations.

C. Optical properties of a few prototype non-Fermi-liquid
Kondo alloys

Generally, optical investigations, extending over a
broad frequency range and at various temperatures, are
an efficient experimental tool for the simultaneous study
of the energy and temperature dependence of intrinsic
parameters characterizing these systems. Of particular
relevance, in connection with the anomalous dc electri-
cal resistivity, is the identification of the energy and tem-
perature dependence of the transport relaxation time t.
When scattering due to phonon modes or impurities is
negligible, the scattering rate G51/t for a conventional
Fermi-liquid system has the energy (frequency v) and
temperature dependence of Eq. (26). Consequently, the
motivation for the optical work resides in the fact that
non-Fermi-liquid behavior is expected to considerably
affect both the temperature and frequency dependence
of t, thus leading to distinct deviations from the behav-
ior expressed in Eq. (26).



708 L. Degiorgi: Electrodynamic response of heavy-electron compounds
1. U0.2Y0.8Pd3

Figure 21(a) presents the complete reflectivity spectra
at several temperatures, from which the optical conduc-
tivities s1(v), displayed in Fig. 21(b), were calculated
(Degiorgi, Ott, and Hulliger, 1995). One can note imme-
diately that in the far-infrared spectral range the reflec-
tivity decreases with decreasing temperature, while it is
temperature independent at high frequencies. Conse-
quently, the optical conductivity s1(v) in far infrared
and its dc (i.e., v→0) limit drop as well.

A rather broad maximum in s1(v) at about 1600
cm21, apparent already at 300 K, overlaps a low-
frequency Drude component due to free charge carriers.
Below 100 K, an additional broad shoulder appears at
about 350 cm21 overlapping the midinfrared absorption
mentioned above. A very simple phenomenological de-
scription of the optical conductivity may be obtained us-
ing the classical dispersion theory and associating sev-
eral harmonic Lorentz oscillators with the absorption
maxima at 1.63103, 1.83104, and 83104 cm21, overlap-
ping the free charge-carrier contribution, described by
the Drude model [Eq. (28)]. At temperatures of 100 K
and less, it is necessary to introduce an additional har-
monic oscillator in order to account for the far-infrared
shoulder at 350 cm21. This phenomenological analysis
permits the evaluation of several parameters, like the
unscreened plasma frequency (vp), the relaxation scat-
tering rate (G) of the free charge carriers, and also the
mode strength, or spectral weight, associated with the
broad absorptions from the far infrared up to the ultra-

FIG. 21. Optical properties of U0.2Y0.8Pd3 . (a) Reflectivity
spectra of U0.2Y0.8Pd3 at 300, 100, 30, and 10 K and (b) corre-
sponding optical conductivity (note the logarithmic scale). The
inset is an enlargement of the reflectivity in the far-infrared
frequency range (linear scale) (Degiorgi, Ott, and Hulliger,
1995).
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violet frequency range (Degiorgi, Ott, and Hulliger,
1995).

One can ascribe the high-frequency excitations to
electroniclike interband transitions. For a more precise
identification of these absorptions, however, one has to
await a complete band-structure calculation and the cor-
responding joint density of states. Somewhat more puz-
zling is the appearance of the absorption at 350 cm21 at
low temperatures. It remains to be seen whether it may
be related to excitations between levels of 5f electrons
split by the crystalline electric field or simply to some
phonon modes. Recent neutron-scattering measure-
ments (Mook et al., 1993) indicate, however, crystal-field
splittings of distinctly lower energies.

As we shall demonstrate below, the appearance of a
far-infrared absorption at energies between 100 and 300
cm21 at low temperatures seems to be a characteristic of
all these materials. It should be noted that this addi-
tional absorption cannot be reconciled with possible
crystal-field excitations since it is not suppressed when
such excitations are absent. Therefore it turns out to be
an intrinsic feature associated with the onset of the non-
Fermi-liquid state. In the discussion, this low-frequency
spectral range will be approached from a more compre-
hensive point of view with the application of the gener-
alized Drude model [Eq. (32)] (Thomas et al., 1988),
where the interplay of low-frequency metallic behavior
and finite frequency excitation is globally taken into ac-
count.

2. U12xThxPd2Al3

The optical conductivity s1(v) for the x50.8 com-
pound at several temperatures is displayed in Fig. 22
(Degiorgi, Wachter, Maple, et al., 1996). The measure-
ments for x50 are presented in Degiorgi, Dressel, et al.
(1994) and Degiorgi et al. (1997). For x50.1, similar re-
sults as for the undoped materials were obtained, while

FIG. 22. Optical conductivity at 300, 30, and 10 K for
U0.2Th0.8Pd2Al3 (note the logarithmic energy scale). The inset
displays the temperature dependence of the resistivity r(T)
with the fit using Eq. (43) at v50, with m51, and T05217 K
(Degiorgi, Wachter, Maple, et al., 1996).
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the results presented here for the x50.8 compound can
be considered as representative of the compounds with
0.4,x,0.9.

For all investigated compounds there is a fair agree-
ment between the v→0 limit of the optical conductivity
s1 at various temperatures and the sdc5s1(v→0) val-
ues, obtained from the dc transport investigation (for
example, see the inset of Fig. 22 with r(T) of the x
50.8 compound). The results of Fig. 22 bear a striking
similarity to those obtained for U0.2Y0.8Pd3 (see Fig. 21).
In fact, there is once again a suppression of Drude
weight in far infrared with decreasing temperature.
Moreover, such a behavior is somehow upside down
with respect to the far-infrared enhancement in s1(v)
at low temperatures encountered in the reference un-
doped UPd2Al3 material (Degiorgi, Dressel, et al., 1994;
Degiorgi, Ott, Dressel, et al., 1995).

At about 1600 cm21 we observe a rather broad maxi-
mum in s1(v), apparent at all temperatures, which
overlaps a low-frequency metallic component due to
free charge carriers. Below 100 K, there is an additional
broad shoulder at about 100 cm21, overlapped by the
low-frequency tail of the midinfrared absorption men-
tioned above. The high-frequency excitations are associ-
ated to electroniclike interband transitions.

3. UCu52xPdx

Figure 23 (Degiorgi and Ott, 1996) shows s1(v) at
several temperatures for x51.5. Similar results were
also obtained for x51. The inset is an expanded plot of
s1(v) in the far infrared. We note immediately that in
this spectral range s1(v) decreases with decreasing tem-
perature, while it is temperature independent at high
frequencies. This is obviously in accordance with the in-
creasing resistivity with decreasing temperature. There
is also a fair agreement between the v→0 limit of the
optical conductivity s1 at various temperatures and the

FIG. 23. Optical conductivity of UCu3.5Pd1.5 at 300, 100, 50,
and 6 K. The inset is an enlargement of the optical conductiv-
ity in the far-infrared frequency range (linear scale), showing
the good agreement between the s1(v→0) limit and the dc
values of the conductivity (Degiorgi and Ott, 1996; Ott, 1996).
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sdc values, obtained from the dc transport investigation
(see inset of Fig. 23) (Andraka and Stewart, 1993; Ott,
1996). At 300 K s1(v) is basically Drude-like up to the
midinfrared spectral range. Overlapping this typical me-
tallic contribution is a broad maximum due to an ab-
sorption at approximately 1000 cm21. Below 100 K,
apart from the suppression of s1(v) in the far infrared,
there is a displacement of spectral weight leading to a
new feature at about 100–200 cm21. The high-frequency
and temperature-independent excitations in the rest of
the spectrum are ascribed to electroniclike interband
transitions.

Moreover, s1(v) of UCu52xPdx contrasts with the re-
sults obtained on the parent compound UCu5 (Degiorgi,
Ott, Dressel, et al., 1994). In UCu5, s1(v) develops a
narrow Drude-like mode in far infrared with decreasing
temperature and by crossing the antiferromagnetic
phase transition (i.e., T,TN) there is the additional ap-
pearance of a new absorption at about 30 cm21. This
latter feature was ascribed to the excitation across a
spin-density-wave-like gap, opening at the Fermi surface
because of the antiferromagnetic transition.

Summarizing, the peculiar far-infrared temperature
dependence of s1(v) (i.e., the suppression of the Drude
weight with decreasing temperature) is common to vari-
ous Kondo alloys with supposed non-Fermi-liquid be-
havior.

D. Theoretical routes to non-Fermi-liquid behavior
in Kondo alloys

The Fermi-liquid theory of Landau has provided a re-
markably robust paradigm for describing the properties
of interacting fermion systems. The key notion of this
theory is that the low-lying excitations of the interacting
system possess a 1:1 map to those of the noninteracting
system and hence are called ‘‘quasiparticles.’’ The exis-
tence of such quasiparticles is the defining property of
Landau-Fermi-liquid behavior. In the metallic context,
one may think of the quasiparticles as propagating elec-
tronlike wave packets with renormalized magnetic mo-
ment and effective mass reflecting the ‘‘molecular field’’
of the surrounding medium. A sharp Fermi surface re-
mains in the electron occupancy function nk , which
measures the number of electrons with a given momen-
tum. For energies v and temperatures T asymptotically
close to the Fermi surface the excitations have a decay
rate going as a(\v)21b(kBT)2, which is much smaller
than the quasiparticle energy, and generally translates at
low temperatures into a T2 contribution to the electrical
resistivity r(T) [Eq. (1)] and a v2 contribution to the
scattering relaxation rate G(v) [Eq. (26)]. This theory
has proven useful in describing phase transitions within
the Fermi liquid, such as superconductivity, which is
viewed as a pairing of Landau quasiparticles in conven-
tional metals such as aluminium (Ashcroft and Mermin,
1976).

The Fermi-liquid paradigm appears now to be break-
ing down empirically in numerous materials, notably
the quasi-two-dimensional cuprate superconductors



710 L. Degiorgi: Electrodynamic response of heavy-electron compounds
(Tanner and Timusk, 1992) and a number of fully three-
dimensional heavy-electron alloys and compounds
(Maple et al., 1994, 1995). In these systems such anoma-
lies as a conductivity with linear dependence on v (see
below) and T, and logarithmically divergent linear
specific-heat coefficients are often observed. If the qua-
siparticle paradigm indeed breaks down, this may re-
quire completely new concepts to understand these ma-
terials. While the Luttinger-liquid theory provides an
elegant way to achieve non-Fermi-liquid behavior in one
dimension (with, for example, no jump discontinuity in
nk and separation or unbinding of spin and charge quan-
tum numbers), this results from the special point char-
acter of the Fermi surface (Schultz, 1991). Whether the
essential spin-charge separation may ‘‘bootstrap’’ into
higher dimensions remains unclear. Among the remain-
ing theories explaining experiments are those based
upon proximity to a zero-temperature quantum critical
point (Hertz, 1976; Continentino, 1993; Millis, 1993; Ts-
velik and Reizer, 1993; Sachdev et al., 1995; Sengupta
and Georges, 1995; Zülicke and Millis, 1995; Sachdev,
1997a), those based upon disorder induced distribution
of Kondo scales in local-moment systems (Dobrosavl-
jevic et al., 1992; Bernal et al., 1995; Miranda et al.,
1997a, 1997b), and those which hope to explain the
physics from impurity to lattice-crossover effects in the
multichannel Kondo model (Cox, 1987, 1993; Sacra-
mento and Schlottmann, 1989; Schlottmann and Sacra-
mento, 1993; Cox and Jarrell, 1996).

1. n-channel Kondo model

The n-channel Kondo model for an impurity spin S
and an arbitrary number of orbital conduction-electron
channels is given by (Schlottmann and Sacramento,
1993)

HK5 (
kms

«kakms* akms1J (
kk8mss8

Sakms* sss8ak8ms8 ,

(39)

where S are the spin operators describing the magnetic
impurity, J is the antiferromagnetic coupling constant, s
are the Pauli matrices and m labels the orbital channels.
In general, the number of channels n and the impurity
spin S can be considered as independent model param-
eters. Three qualitatively different situations have to be
distinguished:

(i) If n52S the number of conduction-electron chan-
nels is exactly sufficient to compensate the impurity spin
into a singlet, giving rise to Fermi-liquid behavior.

(ii) If n,2S the impurity spin is only partially com-
pensated (undercompensated spin), since there are not
enough conduction-electron channels to yield a singlet
ground state. This leaves an effective degeneracy (in
zero field) at low temperatures of (2S112n).

(iii) If n.2S the number of conduction-electron
channels is larger than required to compensate the im-
purity spin. The impurity is said to be overcompensated
and critical behavior is obtained as the temperature and
the external field tend to zero.
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The multichannel Kondo (impurity) model, first con-
sidered by Nozieres and Blandin (1980) in an attempt to
describe the physics of realistic dilute alloy systems in
which the impurity and/or the conduction band can have
various finite degeneracies, has been solved exactly us-
ing the Bethe Ansatz and, very recently, by conformal
field theory (Schlottmann and Sacramento, 1993). A
special but widely used application of the n-channel
Kondo model is the two-channel model, which consists
of two identical species of noninteracting electrons anti-
ferromagnetically coupled to a spin- 1

2 impurity. Non-
Fermi-liquid behavior results because of the inability to
screen out the impurity spin: it is energetically favorable
for both conduction-electron bands to couple to the im-
purity which gives a spin- 1

2 complex on all length scales.
As a result, the ground state is degenerate and the
model produces a local marginal Fermi-liquid excitation
spectrum, with logarithmically divergent DC/T and
x(T), a resistivity which exhibits a AT dependence as
T→0, and a residual ground-state entropy of (R/2)ln 2.
These latter theoretical results are partially in agree-
ment with experiments (see Secs. III.A and III.B, and
Table III). However, the prediction for r(T) is in dis-
agreement with the experimental results, which indicate
a linear behavior as T→0. In contrast, the single-
channel Kondo model has a singlet ground state with the
impurity spin screened out, and a Fermi-liquid excita-
tion spectrum corresponding to the removal of one con-
duction state from the system.

So far, the magnetic two-channel Kondo effect has
been considered. However, in the case of vanishing mag-
netic dipole matrix elements but nonvanishing electric
quadrupole matrix elements, one considers the local
quadrupolar degrees of freedom described by an effec-
tive isotropic spin 1

2 (pseudospin). The orbital motion of
conduction states couples ‘‘antiferromagnetically’’ to
this local quadrupolar ‘‘spin’’ to quenched it. The orbital
quadrupolar moments are invariant under time reversal,
so that two channels of conduction quadrupolar pseu-
dospin couple to the f site (Cox, 1987). In other words,
one can then map the problem into the so-called two-
channel quadrupolar Kondo effect, which leads to the
same results as for the magnetic two-channel Kondo
model. Obviously, for such a two-channel quadrupolar
Kondo effect, it is the electric quadrupolar susceptibility
(which can be extracted from ultrasound measurement)
that diverges logarithmically. The quadrupolar two-
channel Kondo model was first introduced on symmetry
ground in order to understand the physics of the heavy-
electron superconductor UBe13 (see conclusion) (Cox,
1987; Cox and Zawadowski, 1998).

Jarrell and coworkers (1996, 1997) extended the two-
channel Kondo approach to the lattice limit. One might
anticipate that, ignoring the renormalization of the envi-
ronment around each spin, the array of single-channel
model singlets would renormalize the potential scatter-
ing but the array of many-body doublets in the two-
channel case would give rise, in contrast, to a dynamical
spin disorder scattering. In the absence of any coopera-
tive transition, inducing coherence to the spin array, a
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non-Fermi-liquid behavior can be expected. The Hamil-
tonian for the two-channel Kondo lattice is (Jarrell et al.,
1996)

H5J(
ia

Sisia2
t*

2Ad
(

^ij&as
~cias* cjas1H.c.!

2m(
ias

cias* cias , (40)

where cias* (cias) creates (destroys) an electron on site i
in channel a51, 2 of spin s, Si is the Kondo spin on site
i, sia are the conduction-electron spin operators for site i
and channel a, and t* is the hopping integral. Jarrell and
coworkers (1996 and 1997) also presented the first rigor-
ous solution for the dynamics of the two-channel
Kondo-lattice model in infinite spatial dimension (d
5`). They found that below

T0;0.85J exp~21.01t* /J !

(defining a so-called Kondo scale) the single-particle
properties of the model have a non-Fermi-liquid behav-
ior. For example, the imaginary part of the one-electron
self-energy [Fig. 24(a)] appears to approach [away from
the origin of the complex plane where the function S(v)
is not analytic]

Im S~v!;2c1uvu, (41)

instead of the Fermi-liquid form represented by Eq.
(27). Similarly, the real part of S(v) [Fig. 24(b)] is
anomalous since its initial slope is positive indicating a
quasiparticle renormalization factor that is greater than

FIG. 24. Two-channel Kondo lattice self-energy: (a) imagi-
nary and (b) real part. As the temperature is lowered an
anomalous behavior, different from the Fermi-liquid expecta-
tion, develops (Jarrell et al., 1996, 1997).
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one. Moreover, at low temperatures the numerical cal-
culation of the resistivity can be fitted by Eq. (37) with
m;1.03. Such an almost linear T dependence of r(T)
suggests a rather good agreement with the experimental
findings (see Figs. 17, 19, and 20).

The computed optical conductivity (Fig. 25) displays a
progressive suppression of the Drude weight at low tem-
peratures together with a finite frequency peak at v
;0.6J . Both these features again support an interpreta-
tion in terms of a new kind of non-Fermi-liquid metallic
state (Jarrell et al., 1996, 1997). The peculiar frequency
dependence of S(v) and of s1(v) will be of relevance
later by the discussion of the experimental optical prop-
erties in terms of G(v) and m* (v). Generally, and as
partially anticipated before, there are strong reasons to
argue for the applicability of the two-channel Kondo
model to the alloys UxY12xPd3 and UxTh12xRu2Si2,
and, in its lattice version, to the concentrated heavy-
electron system UBe13.

2. Disordered driven non-Fermi-liquid behavior

Another possible explanation for non-Fermi-liquid
behavior in Kondo alloys is the presence of disorder for
sufficiently dirty metals (Dobrosavljevic et al., 1992; Ber-
nal et al., 1995; Miranda et al., 1997a, 1997b). In this
model, the presence of random disorder results in a dis-
tribution of Kondo temperature values which could be

FIG. 25. Optical conductivity of the two-channel Kondo lat-
tice. (a) Optical conductivity when J50.625. As the tempera-
ture is lowered T,T0 , the optical conductivity develops a
pseudogap at low frequencies with a vanishing Drude weight.
(b) Optical conductivity vs v/J when T50.0156 for various
values of J. s1(v) displays a finite-frequency peak at roughly
v;0.6J (Jarrell et al., 1996, 1997).
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singular enough to produce diverging C/T and x at T
50, again a strongly non-Fermi-liquid behavior.

In a recent study (Bernal et al., 1995) the strong inho-
mogeneous broadening of the copper nuclear-magnetic-
resonance line of UCu52xPdx (x51 and 1.5) has been
used as an indication of the essential role played by dis-
order in at least one of these compounds. The presence
of strong spatial fluctuations in the characteristic Kondo
temperature TK of the local moments was assumed. By
using a model distribution function P(TK) that was fit-
ted to experiments and well-known single-impurity re-
sults, Bernal et al. (1995) were then able to quantita-
tively describe the low-temperature thermodynamic
properties (specific heat and magnetic susceptibility)
which were independently measured. The proposed pic-
ture implicitly assumes independent local moments,
which is well known to be sufficient for understanding
the thermodynamics of most heavy-electron compounds.
Of course, in the context of transport in concentrated
Kondo systems, such an assumption appears to be unjus-
tified, since it cannot be reconciled with the well-
established coherence effects at low temperatures
(Miranda et al., 1997a, 1997b).

Miranda and coworkers (1997a, 1997b) addressed the
problem with d5` approximation to see whether disor-
der effects can explain not only the thermodynamics, but
also the transport anomalies in these systems. Their the-
oretical approach is based on the central idea that mod-
erate bare disorder in a lattice model of localized mo-
ments is magnified due to the strong local correlations
between the moments and the conduction electrons. In
particular a broad distribution of energy scales is gener-
ated (i.e., a distribution of Kondo-temperature TK). As
a result, the low-temperature properties can be viewed
as resulting from a dilute gas of localized elementary
excitations—those Kondo spins that become incoherent.
Miranda et al. (1997a, 1997b) were able to prove that in
sufficiently disordered Kondo alloys, such that P(TK)
;const at low temperatures, the resistivity decreases lin-
early with temperature. In other words, the effect of dis-
order [e.g., on r(T)] can be understood as follows. Sup-
pose one is measuring some property at temperature T.
As seen in Fig. 26 (Miranda et al., 1997a, 1997b), there
are always a few f sites with TK!T . While the remain-
der of sites will have undergone quenching and effec-
tively fallen out of the problem, these low-TK spins re-
main unquenched and dominate the low-temperature
behavior. As T is lowered, their number decreases and it
is their gradual screening which is ultimately responsible
for the non-Fermi-liquid behavior. Therefore it is the
presence of low-TK spins, unquenched even at low tem-
peratures, which give rise to anomalous scattering.
Moreover, an immediate consequence of the physical
origin of the anomalous scattering in this disorder model
is a negative magnetoresistance at low temperatures.
Much like the temperature, a magnetic field acts to de-
stroy low-TK Kondo singlets and thus to suppress their
effectiveness as source of disorder (Miranda et al., 1996).
It must be stressed that P(T50)Þ0 is essential, other-
wise with P(T50)50 a Fermi-liquid behavior is recov-
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ered, since all spins freeze out at some finite tempera-
ture. Essentially, disorder fluctuations lead to the
absence of a characteristic energy scale, which is associ-
ated with a conventional Fermi liquid.

Recently, Chattopadhyay and Jarrell (1997) calcu-
lated the dynamical quantities such as the optical con-
ductivity and the self-energy within the phenomenologi-
cal framework introduced by Dobrosavljevic et al.
(1992), again for d5` . They chose three different dis-
tributions P(TK), corresponding to very strong, very
weak and a phenomenological disorder. The latter ap-
proaches (weak and phenomenological) were motivated
by Miranda et al.’s argument (1997a, 1997b), that the
P(TK) should be relatively constant at low tempera-
tures. Also consistent with Miranda et al. (1997a, 1997b)
they considered the distribution of Kondo scales as aris-
ing from a distribution of couplings between the conduc-
tion and the f electrons.

The nature of the disorder gives rise to very different
physics in each case. For a very weakly disordered sys-
tem, Im S(v) goes as the square of the frequency [i.e., as
in Eq. (27) with v2 for v→0], suggesting the formation
of a local Fermi liquid with a resistivity r(T);T2 [Eq.
(1)]. For the case of very strong disorder, P(TK) is di-
vergent at low TK and even though on the metallic side,
having a large number of spins with a very low Kondo
temperature, a non-Fermi-liquid ground state develops.
For this scenario,

Im S~v!;2c1v1/4 at low v . (42)

If the distribution of Kondo scales is intermediate be-
tween these two cases, Eq. (41) for Im S(v) is recovered.
Moreover, averaging the energy v over a region of
width kBT near the Fermi surface results in a linear in T
resistivity. The calculated optical conductivity of the
phenomenologically disordered system is shown in Fig.
27 (Chattopadhyay and Jarrell, 1997). The progressive
suppression of the Drude peak with decreasing tempera-
ture and a low-frequency pseudogap in the real part of
the optical conductivity, a negative low-temperature op-
tical mass, and a linear in frequency optical dynamical
scattering rate at low temperature are found. However,

FIG. 26. Kondo temperature distributions P(TK) determined
experimentally for UCu52xPdx (Miranda et al., 1997a, 1997b).
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the results for the disorder model depend quite sensi-
tively on the details of P(TK) for low TK , which was
adjusted in such a way to fit the experiments. It was
already pointed out that the disorder driven model has
some relevance to the non-Fermi-liquid physics of
UCu52xPdx at low temperatures (i.e., T,10 K). Never-
theless, in the intermediate temperature regime, Aron-
son et al. (1996) emphasized that a quite different
power-law behavior than Eqs. (36) and (37) for x(T)
and r(T), respectively, holds, thus favoring an uncon-
ventional single-impurity scaling.

It is important to stress once again that Kondo disor-
der is not the sole possible explanation of non-Fermi-
liquid behavior in these systems. In fact, the two-channel
Kondo-lattice model (Jarrell et al., 1996, 1997) displays
remarkably similar optical properties (see above). On
the other hand, the linear behavior of r(T) in the two-
channel Kondo model is merely an empirical observa-
tion based on numerical results. Moreover, it remains to
be seen if an appropriate two-channel Kondo model can
accurately describe the transport and optical properties
of dilute systems.

3. Scaling behavior due to fluctuations in the vicinity
of a critical point

Andraka and Tsvelik (1991) have raised several objec-
tions to the multichannel Kondo interpretation of the
non-Fermi-liquid behavior in UxY12xPd3 and other
f-electron systems. One of these objections is based on
specific-heat measurements on U0.2Y0.8Pd3 where they
find that the specific heat scales as C(H ,T)/T

FIG. 27. Optical conductivity for the phenomenological distri-
bution of Kondo scales at various temperatures. At low tem-
peratures a finite number of unquenched spins prevent the for-
mation of a Fermi liquid. The interesting feature is the
development of a Drude peak as one goes from temperatures
much below the bulk Kondo value (TK;100 K) to those much
above it. The inset shows the conductivity for three different
P(TK) when T50. The one corresponding to weak disorder
has a v2 behavior as v→0, suggesting the formation of a local
Fermi liquid (Chattopadhyay and Jarrell, 1997).
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2C(0,T)/T52f(H/Tb) with b51.360.1. They argue
that a scaling dimension b greater than one precludes a
single-site interpretation of this phenomenon. More-
over, it has been noted that scaling of the magnetic field
for a two-channel spin- 1

2 Kondo effect has predicted
scaling dimensions of 1

2 for the magnetic case and 1
4 for

the nonmagnetic (quadrupolar) case well outside the ex-
perimental uncertainty of b. A phenomenological theory
for the non-Fermi-liquid behavior of f-electron systems
such as U0.2Y0.8Pd3 and UCu3.5Pd1.5 has been proposed
by Tsvelik and Reizer (1993). According to this theory,
the alloys have a critical point at T50 K so that their
low-temperature thermodynamics is determined by col-
lective modes corresponding to fluctuations in the order
parameter in the vicinity of a critical point, rather than
single-particle fermion excitations, as in a Fermi liquid.
This scenario would also seem to be applicable to the
CeCu5.9Au0.1 system in addition to those mentioned be-
fore. Nonetheless, we caution that the scaling exponents
deduced from experiment so far lack internal consis-
tency with the context of this particular theory.

The approach by Tsvelik and Reizer (1993) must be
seen in a much broader context of models, where non-
Fermi-liquid behavior is due to the proximity to a zero-
temperature critical point. In fact, besides critical point
occurring in models of isolated impurity (Cox, 1987),
another class of proposed critical points would separate
a T50 magnetically ordered phase from a phase with no
long-range order (Hertz, 1976; Continentino, 1993; Mil-
lis, 1993; Tsvelik and Reizer, 1993; Sachdev et al., 1995;
Sengupta and Georges, 1995; Zülicke and Millis, 1995;
Sachdev, 1997a). For these latter models, there is not to
date any calculation of the dynamics of the charge exci-
tation spectrum. Therefore in the following, we shall
only sketch a few essential aspects, referring the reader
to the literature for a more ample discussion. Inspired
by or based on the pioneering analysis of quantum criti-
cal phenomena by Hertz (1976), Millis (1993) and Zü-
licke and Millis (1995) provide quantitative expressions
for the universal contributions to the specific heat of a
three-dimensional metal near T50 magnetic-
nonmagnetic phase transition. In two companion papers,
Sachdev et al. (1995) and Sengupta and Georges (1995)
investigated the Kondo metal for the case of a transition
into a spin-glass phase. Within a mean-field approach, it
was found that in the quantum critical regime nonana-
lytic corrections to the Fermi-liquid behavior for the
specific heat and uniform static susceptibility develops,
while the resistivity (dr;T3/2 instead of r(T);T2 for
Fermi liquid) and nuclear-magnetic-resonance relax-
ation rate (1/TT1;1/T3/4, instead of 1/TT1;const for
Fermi-liquid Korringa behavior) have a non-Fermi-
liquid dependence on temperature (Sachdev et al., 1995;
Sachdev, 1997a). The reported experimental behavior
[mainly following the trend envisaged by Eqs. (35)–(37)]
is not in good agreement with these mean-field results.
This raises theoretical questions associated with the fluc-
tuations beyond mean field. Moreover, the non-Fermi-
liquid behavior in systems such as UxY12xPd3 and
U12xThxPd2Al3, which definitely do exhibit Kondo-like
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features in r(T) and x(T) at high temperatures T
,TK , persists into the dilute-U concentration limit, sug-
gesting that a single-site mechanism as a multichannel
Kondo effect might be operative (Cox, 1987).

Finally, it should be stressed that Kondo-disorder and
spin-glass quantum critical-point models are not mutu-
ally exclusive. Sachdev (1997b) pointed out that these
mechanisms are really better viewed as different limiting
regimes of the same underlying physics and that no ma-
terial is strictly in one or the other regime. In other
words, the Kondo disorder model is in many ways a pre-
cursor effect of the transition into a metallic spin glass.
This is more or less the approach taken in the recent
work by Castro-Neto et al. (1998), who study the inter-
play among disorder, the RKKY, and Kondo interac-
tions, arguing that non-Fermi-liquid behavior is due to
the existence of a Griffiths phase close to a quantum
critical point.

E. Optical evidence of non-Fermi-liquid behavior

The frequency dependence of the scattering rate as
well as of the effective mass can be in principle deter-
mined by using the generalized Drude model of Eq.
(32). Considering such an approach as a general trans-
formation, one can invert the complex optical conductiv-
ity obtained from the Kramers-Kronig transformation.
Figures 28 and 29 (Degiorgi, Ott, and Hulliger, 1995)
present the frequency dependence of the scattering time
t at various temperatures and the corresponding
temperature dependence of t at some representative
frequencies for U0.2Y0.8Pd3, respectively. For
U12xThxPd2Al3, t(v) of the x50.8 compound for sev-
eral temperatures is displayed in Fig. 30(a), while Fig.
30(b) shows G51/t at low temperatures for various Th
dopings (Degiorgi, Wachter, Maple, et al., 1996). Finally,
Fig. 31 (Degiorgi and Ott, 1996) shows G51/t at various
temperatures evaluated from the UCu3.5Pd1.5 data.

For all investigated compounds, similar features and
behaviors have been found, which can be summarized as

FIG. 28. Frequency dependence of the scattering relaxation
time at various temperatures for U0.2Y0.8Pd3 with the corre-
sponding fits [Eq. (43)] at 10 and 30 K, using the parameters
given in Table IV (Degiorgi, Ott, and Hulliger, 1995).
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follows. At 300 K, t(v) is almost constant, while at lower
temperatures a quite significant frequency dependence
develops (Figs. 28–31). We point out that we consider
the frequency dependence of t(v) for v,100 cm21, i.e.,
well below the frequency range dominated by the mid-
infrared absorptions between 1000 and 2000 cm21.

Since the temperature variation of the dc resistivity at
moderately low temperatures (1,T,20 K) is found to
vary like 12(T/T0)m, with m approximately equal to
one, one is tempted to generalize this temperature de-
pendence by including a frequency dependence for the
scattering relaxation rate of the charge carriers in the
form

G5
1
t

5
1
t0

F12S T

T0
D m

2S v

v0
D mG , (43)

where v0 and T0 play the role of a cutoff frequency and
temperature, respectively, and t0 is a constant.

At temperatures below 30 K (see, for example, the
data obtained at 6 or 10 K, Figs. 28–31) one finds a good
fit to G(v ,T) with m;1, and values of T0 and \v0 sum-
marized in Table IV. With these parameters it is pos-
sible to fit the frequency range in G(v) extending from
dc up to approximately 80 cm21. The v-linear depen-
dence seems to be the unique characteristic of these ma-
terials in their non-Fermi-liquid regime and it represents
a clear deviation from the Fermi-liquid predictions of
Eq. (26). It is, moreover, remarkable that the values of
m and T0 are quite close to those obtained by indepen-
dently fitting the dc resistivity (see, for example, inset of
Fig. 22). However, the cutoff temperature T0 of Eq. (43)
does not always agree with the estimation of the similar
quantity from the specific heat (Table III). The similar-
ity of the T and v dependence (see Fig. 29 at various v)
implies the near equivalence of temperature and fre-
quency or energy, establishing the temperature itself as
the only relevant energy scale of the system well below
the characteristic energies represented by the quantities
T0 and v0 . However, what kind of relationship or scal-
ing between v0 and T0 might be established remains an
open issue. So far, it seems that the fitted cutoff energy

FIG. 29. Temperature dependence of the scattering relaxation
time of U0.2Y0.8Pd3 read at different frequencies (Fig. 28) and
with the corresponding fits using Eq. (43), with the parameters
given in Table IV (Degiorgi, Ott, and Hulliger, 1995).
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and temperature scales are somehow independent.
Above 90 cm21, additional scattering mechanisms start
to be important and the frequency dependence of G(v)
is more and more influenced by the infrared (at 100
cm21) and midinfrared (at 1000 cm21) absorptions. This
also means that the limitation of the frequency range, in
which the behavior of Eq. (43) is valid, implies that only
a very small part of the infrared spectral weight below
approximately 2000 cm21 can be assigned to the carriers
involved in the non-Fermi-liquid behavior. On the other
hand, for T.30 K, the exponent m tends to increase,
and the tendency of G(v) to saturate to a constant value
is clearly manifested in the far-infrared spectral range.

Figure 30(b), which depicts the low-temperature G(v)
for the Th-doped UPd2Al3 system, well incorporates the
main conclusions of this analysis. In the G(v)/G0 repre-
sentation, one can, first of all, better appreciate the
v-linear dependence for Th doping with x.0.4. For
clarity, the presentation is limited to the x50.8 com-
pound at 10 and 30 K, and to the x50.6 one at 10 K.
Second, Fig. 30(b) demonstrates the capability of optical
investigation to discriminate between different fre-
quency dependences; namely, a crossover upon Th dop-

FIG. 30. Scattering rate in U12xThxPd2Al3 . (a) Frequency de-
pendence of the transport relaxation time t of U12xThxPd2Al3
for x50.8 at various temperatures with the corresponding fits
[Eq. (43)] at 10 and 30 K, using the parameters given in Table
IV. (b) Frequency dependence of the scattering relaxation rate
G51/t at low temperatures for different Th dopings together
with the fits using Eqs. (26) and (43). The data have been
normalized by G05G(v50), in order to eliminate the depen-
dence from vp (Degiorgi, Wachter, Maple, et al., 1996).
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ing from a Fermi-liquid-like to a non-Fermi-liquid be-
havior. Indeed, it is rather compelling that for low Th
doping (x,0.2), for which the representative x50 case
is shown, a more conventional Fermi-liquid-like behav-
ior [Eq. (26)] is recovered. Nevertheless, we must cau-
tion that the Fermi-liquid behavior in the frequency de-
pendence of t for x,0.2 might be only apparent and
could be considerably influenced by the analysis of the
data in the spectral range below far infrared (Dressel
et al., 1998). In fact, it is quite remarkable that a v2

dependence extends up to relatively high far-infrared
frequencies (of the order of 60 cm21), even though the
corresponding T2 dependence of the transport scattering
relaxation rate applies only for temperatures smaller
than 15 K. More detailed optical investigations in the
mm and microwave spectral range would be important
in order to clarify the apparent crossover to a Fermi-
liquid behavior for small Th doping.

Another quantity, which can be extracted from s(v),
is the enhancement of the effective mass. Figure 32 (De-
giorgi and Ott, 1996) displays such a quantity for the
case of UCu8.5Pd1.5. Similar results were also obtained
for the other optically investigated compounds. The re-
markable feature is that m* (v) is frequency dependent
and negative (see below).

F. Comparison with theory

It is now of relevance to compare the experimental
findings with the theoretical models. We limit here our

FIG. 31. Frequency dependence of the transport relaxation
rate G of UCu3.5Pd1.5 at various temperatures with the corre-
sponding fits [Eq. (43)] (Degiorgi and Ott, 1996).

TABLE IV. Fit parameters of Eq. (43) for a few non-Fermi-
liquid Kondo alloys.

\v0
(cm21)

T0
(K) m

U0.2Y0.8Pd3 106 260 0.93
UCu4Pd 948 71 1
UCu3.5Pd1.5 308 78 1
U0.4Th0.6Pd2Al3 173 251 1
U0.2Th0.8Pd2Al3 110 189 1
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attention to the two-channel Kondo approach and the
disordered-driven non-Fermi-liquid model, for which to
date the optical properties have been calculated (Jarrell
et al., 1996, 1997; Chattopadhyay and Jarrell, 1997).
Both models suggest a breakdown of the quasiparticle
concept, where one-electron excitations are ill defined
on approach to the Fermi surface. In terms of s1(v),
the predictions (Figs. 25 and 27) of these two theoretical
approaches are in very good agreement with the optical
data (Figs. 21–23). The relevant feature consists of the
suppression of the Drude weight and the apparent
pseudogaplike behavior of s1(v) at low temperatures.

FIG. 33. Mass enhancement @11l(v)# (a) and optical scatter-
ing rate G(v) (b) obtained from the optical conductivity shown
in Fig. 25 (Jarrell et al., 1996, 1997).

FIG. 32. Enhancement of the effective mass of UCu3.5Pd1.5,
expressed in terms of Re S(v) [see Eq. (44)] (Degiorgi and
Ott, 1996).
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An alternative and possibly more precise way to re-
veal the non-Fermi-liquid nature of these Kondo alloys
is to evaluate the frequency dependence of m* and G
(see Sec. III.E), and to look for possible deviations with
respect to the Landau-Fermi-liquid framework (see Sec.
II). Such a procedure and a comparison with the theory
can be performed, in general, through the self-energy
S(v). Even though the quasiparticles do not exist one
can try to establish a relationship between the compo-
nents of the complex self-energy S(v), and m* (v) and
G(v) evaluated from the generalized Drude model [Eq.
(32)]. For a Fermi liquid (i.e., for quasiparticles) one
expects

m* ~v!5@11l~v!#mb512~2/v!Re S~v/2! (44)

and

G~v!522 Im S~v/2!. (45)

From the strict theoretical point of view, there is a dif-
ference between Im S(v) and G(v): the first is a true
one-particle relaxation rate, the second reflects the two-
particle nature of the energy absorption process associ-
ated with electrical charge transport. Generally, G(v)
and Im S(v) are equivalent [Eq. (45)] (only for a Fermi
liquid at very low temperatures and frequencies.

Figures 33 and 34 (Jarrell et al., 1996, 1997; Chatto-
padhyay and Jarrell, 1997) display m* (v) and G(v) ob-

FIG. 34. Theoretical scattering rate and effective mass. (a)
Frequency dependence of the scattering relaxation rate G at
T50 for the three different P(TK) (see text). (b) G(v) for
Pph(TK) (ph stands for phenomenological model, see Figs. 26
and 27) at different temperatures, and finally, (c) optical mass
enhancement for Pph(TK) at different temperatures. At low
temperatures 11l(v),0 is indicative of a non-Fermi-liquid
behavior. The parameter m in (b) corresponds to the exponent
in Eq. (43), obtained by fitting the numerical results (Chatto-
padhyay and Jarrell, 1997).
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tained by inverting the calculated s(v) for both the two-
channel and disordered-driven Kondo models,
respectively. One can immediately appreciate the quali-
tative good agreement between theory and experiments
in both cases, and also the good correspondence
[through Eqs. (44) and (45)] between G(v) and m* (v),
and Re S(v) and Im S(v); see, for example, Figs. 24 and
32. This latter agreement indicates that the optical and
quasiparticle scattering rates are consistent, even though
strictly speaking quasiparticles do not exist.

As already pointed out, optical results alone cannot
distinguish between the different theoretical ap-
proaches, a situation which is common to other experi-
mental quantities [r(T), C(T), and x(T)], as well.
However, for the two-channel Kondo model m* will be
again positive for large enough J. Thus the negative
mass enhancement should be viewed as a sufficient but
not necessary condition identifying feature of a non-
Fermi liquid. On the other hand, the tuning of disorder
(i.e., by changing the alloying) will not affect the two-
channel Kondo lattice model unless it is sufficient to
change the average J, but affect quite considerably the
position of the peak in s1(v) (see inset of Fig. 27) in the
disorder-driven non-Fermi-liquid model. This aspect
might be used in order to discriminate between the two
approaches. A systematic optical work on systems,
where the doping is precisely tunable, would be of great
importance, and in the perspective of the results arrived
at by other methods should lead to a comprehensive and
possibly unique understanding of this class of highly cor-
related materials.

IV. KONDO INSULATORS

In heavy-electron compounds, the high-temperature
state is believed to consist of a lattice of uncorrelated 4f
ions, each independently scattering conduction electrons
by the Kondo mechanism. On the other hand at low
temperatures, correlations exist, and two types of a co-
herent state can occur. As we have already discussed, in
the vast majority of cases the ground state is metallic
with a large variety of possibilities (paramagnetic, anti-
ferromagnetic, or superconducting). In a very limited
number of cases the ground state is insulating with a
small energy gap. Table V summarizes the members of
this class of Kondo-like materials with a small semicon-
ducting gap, as determined by the activated behavior of
the transport properties (Aeppli and Fisk, 1992). This
gap is believed to arise in a lattice of Kondo impurities
from hybridization of the f and conduction electrons,
and hence is called a hybridization gap (Wachter, 1994).
Since the Kondo-lattice Hamiltonian is applied, the term
‘‘Kondo insulator’’ has been coined. The Kondo semi-
conductors are, with one exception, cubic, and their lat-
tice parameters indicate mixed-valence character for the
f element in all cases, which also led to the definition of
intermediate-valent semiconductor (Wachter, 1994).

In this review, we shall limit our attention to three
prototype Kondo semiconductors: Ce3Bi4Pt3, SmB6, and
FeSi, for which a rather extensive optical work has been
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performed. FeSi is of particular interest because this cu-
bic compound shares certain similarities in physical
properties with the various rare-earth hybridization-gap
semiconductors. Of course, this possibility is of high cur-
rent interest because it would make FeSi particularly
suitable for investigating aspects of the electronic prop-
erties of a d-transition-metal system that might be re-
lated with features of correlation effects in f-electron
materials.

A. Some relevant properties

1. Ce3Bi4Pt3

The reference compound La3Bi4Pt3 is metallic at all
temperatures, while the isostructural Ce3Bi4Pt3 is semi-
conducting, its resistance, shown in Fig. 35 (Hundley
et al., 1990), rising some two orders of magnitude on
cooling from 300 to 4 K. The transport gap D is approxi-
mately 50 K (Table V), and the low-temperature resis-
tance levels off at a value that is quite sample depen-
dent, but is generally of order 1 V cm. The Hall constant
shows activated behavior with activation barrier D
;40 K (;3.5 MeV). Inelastic neutron scattering on pow-
ders (Severing et al., 1991) yield a magnetic gap without
substructure of 12 meV. The high-temperature magnetic
susceptibility is Curie-Weiss, with effective moment
slightly reduced from the full 4f1 Hund’s rule ground-
state moment of 2.54mB . The magnetic susceptibility
x(T) goes through a maximum at 80 K, falling by about
half at low temperature before rising in a sample-
dependent Curie tail at lowest T. This tail is almost cer-
tainly due to extrinsic dirt, an interpretation confirmed
by the neutron measurements (Aeppli and Fisk, 1992).
Substituting La for Ce or Au for Pt decreases the resis-
tance significantly (Fig. 35), and large (x50.3) dopings
eliminate the semiconducting characteristic in the resis-
tivity completely and lead to a large electronic specific
heat g;150 mJ/mol-x K2. Pure Ce3Bi4Pt3 has g;3 mJ/
mol-Ce K2, a sample-dependent value that is larger in
samples with larger Curie tails. This g is less than the 9
mJ/mol-La K2 of pure La3Bi4Pt3.

TABLE V. Examples of so-called Kondo insulators or semi-
conductors, with their crystallographic structure and activation
gap evaluated from the transport measurements (Aeppli and
Fisk, 1992).

Structure
D

(K)

CeNiSn «-TiNiSn 3
Ce3Bi4Pt3 Y3Sb4Au3 42
SmB6 CaB6 27
SmS NaCl 300–3000
TmTe NaCl 3500
YbB12 UB12 62
UNiSn MgAgAs 700
FeSi FeSi 300
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All these features, together with a large negative mag-
netoresistance at low T and an increasing semiconduct-
ing gap with hydrostatic pressure, suggest a scenario of a
nonmagnetic semiconductor at low T with a gap of
roughly 50 K, and local moment behavior at T.100 K,
with strong scattering of carriers, reminiscent of Kondo
metals. Moreover, the most recent measurement of the
pressure dependence of r(T) (Cooley et al., 1997) shows
that the transport at high temperatures is dominated by
excitations across a small activation gap, which increases
rapidly with pressure. The low-temperature transport in-
volves variable range hopping between extrinsic states in
the gap.

2. SmB6

SmB6 is another prototypical member of the class of
narrow-gap semiconductors. The most recent electrical
resistivity measurement as a function of temperature for
pressure ranging from 1 bar to 66 kbar on SmB6 single
crystal is displayed in Fig. 36 (Cooley et al., 1995). The
measured resistivity is well described at 45 kbar and be-
low by a parallel combination of an activated term,
dominant above 5 K, and a constant residual term r0 ,
accounting for the temperature-independent resistivity
found below ;3.5 K. The activation gap D is suppressed
linearly ;0.5 K/kbar from its ambient pressure value of
41 K. Above 45 kbar, the resistivity is metallic and it is

FIG. 35. Transport properties of (Ce12xLax)Bi4Pt3 . (a) The
logarithm of the resistivity of Ce3Bi4Pt3 vs temperature T and
inverse temperature 1000/T . The dashed line represents acti-
vated behavior. (b) Resistivity vs temperature for
(Ce12xLax)3Bi4Pt3 for several values of x given in the figure.
The resistivity for x50.07 is typical of a moderately disordered
valence-fluctuation metal (Hundley et al., 1990).
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no longer possible to extract an activation gap. The mea-
surements indicate a gap instability at a critical pressure
Pc between 45 and 53 kbar, in disagreement with the
conclusions of previous workers (Beille et al., 1983; Ber-
man et al., 1983), who found that D vanished continu-
ously near 60 kbar. In the study reported by Beille et al.
(1983) the sample was of demonstrably lower quality
than the specimen used by Cooley et al. (1995), with a
significantly smaller ambient pressure gap D533 K and a
much smaller r0;10 m V cm, both symptomatic of Sm
vacancies or defects introduced in powdering.

From the thermodynamic point of view, it is worth
noting that the measurements of the thermal expansion
and of the specific heat are also well described by a
semiconducting gap model (Mandrus et al., 1994). Such
a model consists of two narrow bands with width of the
order of 100 K. From these latter investigations, it is also
believed that such a gap of about 140 K is the single
energy scale relevant for driving the thermodynamic
properties.

3. FeSi

Nearly 25 years ago FeSi was recognized as a material
with puzzling physical properties (Wolfe et al., 1965; Jac-
carino et al., 1967), but only recently has a comprehen-
sive series of low-temperature thermal, magnetic, and
transport measurements been presented (Hunt et al.,
1994; Chernikov et al., 1997; Paschen et al., 1997). The
magnetic susceptibility x(T) of FeSi rises rapidly with
increasing temperature above 100 K, goes through a
maximum at around 500 K, and obeys a Curie-Weiss law
at higher temperatures. Neutron diffraction, Fe57 Möss-
bauer (Watanabe et al., 1963), and Si29 nuclear-
magnetic-resonance (Wertheim et al., 1965) studies ex-
clude, however, the onset of an antiferromagnetic
behavior below 500 K. An anomalous behavior was also
observed for the specific heat (Paschen et al., 1997). Its
electronic component was reported to have a broad

FIG. 36. Pressure dependence of the electrical resistivity r of
SmB6 as a function of temperature (Cooley et al., 1995).
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peak at around 200 K, which is roughly the temperature
where the magnetic susceptibility increases most steeply
with temperature.

Figure 37 (Chernikov et al., 1997) shows the electrical
conductivity s(T) of the polycrystalline sample FeSi,
measured in the temperature range between 0.05 and
300 K. We note that although s(T) was measured on a
polycrystalline sample, the general features are very
close to those revealed in experiments using single crys-
tals. Below 300 K, there is a monotonic drop in conduc-
tivity by almost five orders of magnitude to the lowest
measured temperature of 0.05 K. Between 200 and 300
K, s(T) suggests that the material enters the electroni-
cally degenerate regime. Furthermore, it is not possible
to identify a regime of thermally activated conductivity
over any extended range of temperature because the
temperature variation of s is, strictly speaking, charac-
terized by a temperature-dependent slope.

Similarly to SmB6, it has been shown (Mandrus et al.,
1995) that above 100 K the behavior of s of pure FeSi is
consistent with that of a hybridization-gap semiconduc-
tor, i.e., a system with a strong renormalization of the
noninteracting bands and their widths that leads to an
enhanced electronic density of states at the gap edges
(see below). In the low-temperature regime (i.e., be-
tween 2.5 and 40 K), s(T) of pure FeSi can be described
with a variable-range hopping behavior (Mott and
Davis, 1971; Takagi et al., 1981; Chernikov et al., 1997;
Paschen et al., 1997), while at the lowest temperatures
below 0.18 K, the conductivity s is well described by Ta

with a;3.2 (see Fig. 37).
Taken together, the s(T) behavior of FeSi is consis-

tent with that of impure hybridization-gap semiconduc-
tors, for which in the intrinsic regime at high tempera-
tures, the s(T) curves are expected to depend only
slightly on doping. On the other hand, a strong concen-
tration dependence of s(T) is expected in the regime of
extrinsic conductance at low temperatures. This trend is
also confirmed by recent investigation on Co-doped FeSi
(Chernikov et al., 1997). The high-temperature intrinsic
semiconductor description finds its extension to lower

FIG. 37. Temperature variation of the electrical conductivity s
of Fe12xCoxSi. The inset shows s(T) of nominally pure FeSi
plotted as a function of T3.2, below 0.17 K (Chernikov et al.,
1997).
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temperatures in the assumption of approximately
1018 cm23 donor levels situated less than 1 meV below
the conduction-band edge, and of a slightly lower accep-
tor concentration. These ‘‘impurities’’ could be identi-
fied with coordinational defects in the perfect FeSi struc-
ture that might be related to a slight Si deficiency
(Chernikov et al., 1997; Paschen et al., 1997).

Moreover, the saturation of the electrical conductivity
below about 5 K suggests a ‘‘metallic’’ ground state
(Hunt et al., 1994), with a density of itinerant charge car-
riers of the order of only 1022 cm23. A possible origin of
this metallic behavior is an impurity band formed out of
the donor states, with a spectacularly narrow bandwidth.
Thus itinerant and localized states would have to coexist
at low temperatures so that the Fermi level would have
to lie at or very close to the mobility edge, the energy
which separates the localized from the extended states
(Mott and Davis, 1971).

B. A phenomenological description:
the hybridization-gap model

A simple model that captures most of the properties
in Kondo insulators is that of a flat f band hybridizing
with a broad conduction band, with exactly two elec-
trons per unit cell. At T50 these two electrons fill the
lower hybridized band [Fig. 38(a)]. Furthermore, for ap-
plied magnetic fields small compared to the hybridiza-
tion gap [Fig. 38(b)], the magnetic response x vanishes
because the numbers of up- and down-spin electrons re-
main equal. As T grows from 0 K, however, the filling of
the lower and upper bands deviates from unity and zero,
respectively, and a thermally activated Pauli-like term
dominates x(T) [Fig. 38(c)]. Analogously, the transport
properties at low T are those of a semiconductor, while,
at T of order of the gap and above, the resistivity should
resemble that of a metal. This scenario is supported by a
large variety of experimental results (see Sec. IV.A). For
instance such a hybridization-gap-semiconductor ap-
proach to FeSi seems to consistently describe magnetic,
thermodynamic, and transport properties of this mate-
rial at temperatures exceeding 100 K (Sales et al., 1994;
Mandrus et al., 1995; Chernikov et al., 1997; Paschen
et al., 1997). In addition, high-resolution photoemission
studies of FeSi (Park et al., 1995; Saitoh et al., 1995) have
shown the development of a band with spectacularly
sharp features near the edge of the valence band, which
strongly supports a picture involving two narrow bands
at the edges of a narrow gap. The estimated gap was,

FIG. 38. Schematic band structure and magnetic-field depen-
dence of a Kondo insulator (Aeppli and Fisk, 1992).
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however, very small. More recent high-resolution photo-
emission experiments (Breuer et al., 1997) on poly- and
single-crystal specimens with an ordered surface estab-
lished an incomplete opening of a gap (pseudogap) with
similar size to that measured by other techniques (see
below).

Nevertheless, this model has been questioned in some
cases. Even though the mean-field solution of the
Kondo-lattice model neglects long-range magnetic inter-
actions, it has been proposed that these correlations may
drive first-order transitions with magnetic field, tempera-
ture, or pressure from a Kondo-compensated insulator
to magnetically ordered metal (Millis, 1992). Charge de-
grees of freedom may also play an important role in gap
formation, and are essentially ignored in the Kondo-
lattice model. Alternatively and in analogy to Mott-
Hubbard insulators, the insulating state may have a simi-
lar intrinsic instability, like a Mott insulator-to-metal
transition involving f electrons, as external variables
(i.e., pressure, magnetic field) modify the band structure
and correlations. Unlike the continuous insulator-metal
transition envisaged in the hybridization-gap scenario,
all three of these alternatives encompass a discontinuous
vanishing of the gap with pressure, magnetic field, or
even temperature. For instance, a recent high-pressure
resistivity measurement on SmB6 (Cooley et al., 1995),
briefly mentioned above, indicates that the semiconduct-
ing gap cannot be the result of simple Kondo hybridiza-
tion, since its discontinuous vanishing is not accompa-
nied by a reduction in crystal symmetry. Various
experimental evidences, as the absence of magnetic or-
der in the high-pressure metallic state or the magnetic-
field independence of the activation gap, led to the sug-
gestion that SmB6 could be a manifestation of a
‘‘classic’’ Mott-Hubbard system. Nevertheless, a theoret-
ical basis, connecting the systems with typical Kondo
features to the disparate Mott-Hubbard ones, remains a
challenging task.

C. The excitation spectrum of Kondo insulators

Even though local density-functional band-structure
calculations (Mattheiss and Hamann, 1993; Fu et al.,
1994) yield a semiconducting gap of roughly the correct
size (e.g., ;0.1 eV for FeSi), spin-fluctuation effects are
claimed to play an important role, as in FeSi in view of
the large magnitude of x(T) (Tajima et al., 1988). This
would be indicative of substantial discrepancies with
conventional band theory and would also hint to a pos-
sible difference for the gaps in the charge and spin exci-
tation channels. A relevant issue is then to see whether
such discrepancies also arise from the charge fluctua-
tions point of view. In this regard, optical investigations,
addressing the charge dynamics, are a suitable experi-
mental tool. The target of the optical work is therefore
the crucial issue about the nature of the narrow (hybrid-
izationlike) semiconducting gap.

Another topic of debate concerns the spectral weight
transfer that accompanies the opening of the semicon-
ducting optical gap. In fact, in a band insulator, develop-
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
ment of a gap is expected to redistribute the spectral
weight just above the gap, but large spectral weight
transfers are not excluded in the context of strongly cor-
related electron system. Within a single-impurity Ander-
son model, the Kondo resonance in the f-spectral func-
tion is formed at TK by transferring spectral weight from
much higher energies of order 6U above and below the
Fermi energy (Coleman, 1995). It would be intriguing by
itself, if the reversed transfer (i.e., at high energies)
would develop in Kondo semiconductors.

1. Ce3Bi4Pt3

In Fig. 39(a) (Bucher et al., 1994) the infrared reflec-
tivity for Ce3Bi4Pt3 is shown for selected temperatures.
In the high-temperature region (100 and 300 K) the re-
flectivity resembles that of a low conducting metal, and
does not show much temperature dependence. Below
100 K the reflectivity begins to show strong temperature
dependence, and exhibits characteristics of a gap devel-
opment at low frequencies. In Fig. 39(b), the real part of
the optical conductivity s1(v) is shown as a function of
frequency for several temperatures. Between 100 and
300 K the conductivity is nearly constant as a function of
frequency in the far infrared. Changes of the conductiv-

FIG. 39. Optical properties of Ce3Bi4Pt3 . (a) Far-infrared re-
flectivity of Ce3Bi4Pt3 at several temperatures: from bottom to
top, 25, 50, 75, 100, and 300 K. (b) Corresponding real part of
the optical conductivity s1(v) at the same temperatures as in
(a) (from bottom to top). A gap is opening at Dc , which seems
to be temperature independent. The insets show the high-
frequency spectral range (Bucher et al., 1994).
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ity are modest above 100 K. Below this temperature,
however, spectral weight begins to disappear from the
low-frequency region signifying the development of a
charge gap or pseudogap.

2. SmB6

Similar to Ce3Bi4Pt3, the reflectivity of SmB6 at 300 K
is metallic with a small shoulder at 0.1 eV and a
screened plasma edge at 1.75 eV (Travaglini and
Wachter, 1984). Interesting is once again the reflectivity
behavior at low temperatures. R(v) is reduced by 10%
in the far-infrared region and a new maximum appears
at about 5.5 meV, far below any observed optical-
phonon frequency (Mörke et al., 1981), and reaches a
constant value for v→0. Consequently, the correspond-
ing real part of the optical conductivity, shown in Fig. 40
(Travaglini and Wachter, 1984), displays the typical fea-
tures reminiscent of a gap opening in the charge excita-
tion spectrum, i.e., a suppression of spectral weight in
the far infrared at low temperatures. Similar optical re-
sults over different spectral ranges were also obtained
by Nanba et al. (1993) and Kimura et al. (1992, 1994).

3. FeSi

Figure 41 (Chernikov et al., 1997) presents the optical
conductivity of Fe12xCoxSi (0,x,3) polycrystals at
some significant temperatures. The spectra for x50 sat-
isfactorily compare, at least as far as the qualitative
shape of s1(v) and its relative temperature dependence
are concerned, with several optical results obtained by
various groups (Schlesinger et al., 1993; Degiorgi, Hunt,
et al., 1994; Ohta et al., 1994; Bauer et al., 1997; Damas-
celli, Schulte, van der Marel, et al., 1997; Damascelli,
Schulte, van der Marel, and Menovsky, 1997), which
made use of different types of specimens (i.e., a single
crystal grown in vapor transport, or in antimony flux as

FIG. 40. Real part (s1) of the optical conductivity of SmB6 at
300 and 4 K. The dot-dashed lines are the v→0 extrapolation
(Travaglini and Wachter, 1984).
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well as polycrystals). This is particularly compelling for
FeSi, since it is not a line compound.

The most striking feature is, once again, the strong
temperature dependence of s1(v) in the far-infrared.
As can be seen in Fig. 41(a), the Drude component in
s1(v), ascribed to itinerant charge carriers, is progres-
sively quenched down to 100 K and disappears below 40
K. Even though r(T) still increases by orders of magni-
tude below 40 K, it was not possible to detect any tem-
perature dependence of s1(v) in the far infrared range,
this part of the spectrum being characterized by an op-
tical conductivity typical of insulators. The excitation
spectrum in far infrared is weakly influenced by doping.
In fact, the electrodynamic response of Co-doped FeSi is
qualitatively similar to the undoped FeSi. Figures 41(b)–
41(d) present s1(v) at several selected temperatures for
Fe12xCoxSi with x50.5, 2, and 3%. As in FeSi [Fig.
41(a)], there is the progressive opening of a gap, which
leads to the suppression of spectral weight in the far-

FIG. 41. Optical conductivity as a function of temperature of
Fe12xCoxSi with x50, 0.5%, 2%, and 3% (Chernikov et al.,
1997).
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infrared mid-infrared range. The dc limit of s1(v) at
each temperature is consistent with the measured dc
conductivity (Fig. 37). At low temperatures, by x52 and
3% one can still observe a (residual) metallic contribu-
tion to s1(v), which manifests with a constant s1(v
→0)Þ0 behavior below the far-infrared spectral range.
This contrasts with the behavior of s1(v) for x50 and
0.5%, where the metallic component is completely sup-
pressed at low temperatures. It is also clearly demon-
strated by these data that the suppressed spectral weight
due to the opening of the gap piles up at the gap absorp-
tion. This is, however, a controversial issue, since
Schlesinger et al. (1993) for FeSi and Bucher et al. (1994)
for Ce3Bi4Pt3, as well, found missing spectral weight up
to very high frequencies (i.e., v.10D). The magnitude
of the energy gap of FeSi that follows from the optical
data is in fair agreement with the transport results (see
below) and also with the results of other experiments
(i.e., tunneling, Raman etc.) probing the width of the
gap in the electronic excitation spectrum (Sarrao et al.,
1994; Aarts and Volodin, 1995; Mandrus et al., 1995; Ny-
hus, Cooper, and Fisk, 1995). The sharp peaks in the far
infrared and the absorptions in the visible-ultraviolet
spectral range were found to generally agree with the
expected vibrational modes (phonons) (Bauer et al.,
1997; Damascelli, Schulte, van der Marel, et al., 1997;
Damascelli, Schulte, van der Marel, and Menovsky,
1997) and electronic interband transitions (Ohta et al.,
1994), respectively.

Moreover, from the residual metallic component be-
low the gap absorption [see Fig. 41(c) and 41(d)] at T
,10 K for x52 and 3%, described with a Drude term,
one can estimate the effective mass (m* ) and the carrier
concentration (n) of the itinerant charges. One can com-
pare the corresponding plasma frequency vp , inferred
from the phenomenological fit [Eq. (28)], with the Som-
merfeld g(T→0) value of the electronic contribution to
the specific heat. With vp51832 and 2652 cm21 and g
55.7 and 7.6 mJ/mol K2 one obtains m* ;30, and n
59.9531026 and 2.1431027 m23 for x52 and 3%, re-
spectively. For x50 and 0.5%, only a rough estimation
is possible since at low temperatures (i.e., T,40 K) the
Drude component disappears completely. However, a
simple linear extrapolation of vp for alloys with x
,2% and taking into account the corresponding g val-
ues results again in mass enhancement of the order of
30. Such a mass enhancement is surprisingly high for 3d
transition metal alloys. Thus the low-temperature state
of FeSi is that of a strongly correlated metal with a very
low concentration of itinerant charge carriers, a rather
unusual feature for a 3d transition metal compound
(Chernikov et al., 1997).

Finally, it is worth noting that the optical investigation
on FeSi were also extended over a very broad frequency
range, well beyond the far infrared spectrum: namely, in
the millimeter-wave and microwave spectral range (De-
giorgi, Hunt, et al., 1994), and even lower between 20 Hz
and 1 GHz (Lunkenheimer et al., 1995). These results
were found to be compatible at low frequencies and
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temperatures (i.e., in the extrinsic regime) with impuri-
tylike localized states, in agreement with the transport
data.

D. The narrow-semiconducting-gap problem

The relevant feature in the electrodynamic response
of these Kondo semiconductors is the mid-infrared ab-
sorption, which is associated with a semiconductor-type
gap, and which will be the focus of the present discus-
sion.

Historically, SmB6 was the first intermediate-valent
system investigated with optical methods. The origin of
the semiconducting gap at 5.5 meV was ascribed to the
hybridization-gap model (Wachter, 1994), which was
found to be in agreement with conclusions drawn from
transport, Hall effect (Allen et al., 1979), and tunneling
(Batlogg et al., 1981) as well as point-contact spectros-
copy (Frankowski and Wachter, 1982) results. However,
the pressure-dependent transport measurements in
SmB6 do not fully support this hybridization-gap sce-
nario (see Secs. IV.A and IV.B). Nanba et al. (1993) also
questioned the d-f hybridization-gap picture for SmB6.
In such a model the gap occurs between the bonding and
antibonding states of the d-f mixing band, then sharp
peaks of the density of states are expected at both edges
of the gap (Fig. 38). The gap excitation is, however, not
an allowed dipole transition, from the stand point of a
momentum conservation rule. An indirect transition
would be possible but with a very small transition prob-
ability. It was alternatively proposed (Kasuya et al.,
1979; Nanba et al., 1993) that the gap excitation could be
the consequence of a weak Wigner crystallization which
gives indeed a direct gap. Moreover, the latest Raman
investigations questioned again the validity of a simple
hybridization-gap model (Nyhus, Cooper, Fisk, and Sar-
rao, 1995; Nyhus et al., 1997). These latter investigations
suggest a gap of about Dc;290 cm21 substantially larger
than previously found by transport and optical measure-
ments. Furthermore, the opening of the gap is character-
ized by a suppression of electrons scattering over an en-
ergy scale Dc that is much larger than the characteristic
temperature T* ;50 K for the gap development, i.e.,
Dc;8kBT* . The development of the gap in SmB6
renormalizes electronic states over a wider energy
range. This might be not primarily influenced by f-d hy-
bridization but rather by strong Coulomb correlations in
the d band, because of the low carrier densities.

Bucher et al. (1994) pointed out for Ce3Bi4Pt3 an al-
ternative interpretation of 2D as the energy needed to
excite a bound charge out from a local Kondo singlet
and this should set the value for the Kondo energy
kBTK . Moreover, they found that this charge excitation
is different from the spin excitation. Indeed, for the spin
excitation of the singlet a local triplet is predicted with
an additional energy needed to delocalize the charge:
Dc.Ds . It was established that the ratio Dc /Ds;1.8
points to the strong coupling Kondo limit with the pre-
dicted ratio Dc /Ds;2.
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As far as FeSi is concerned, the optical gap seems to
be in qualitatively fair agreement with results of band-
structure calculations, even though its magnitude is
smaller than the predicted gap. The systematic optical
study on Co-doped FeSi permits to establish the precise
doping dependence of the optical gap. This is performed
by analyzing s1(v) within the Lorentz-Drude approach
[Eq. (28)], which permits to better decouple the various
contributions in the excitation spectrum. Figure 42
(Chernikov et al., 1997) shows the gap value vs the dop-
ing x in Fe12xCoxSi. The comparison with the value ex-
tracted from the transport properties demonstrates that
the gap is doping independent for x,2% and seems to
undergo a 10–20% reduction by x53% (particularly
from the optical point of view).

A general conclusion with respect to the gap issue as
inferred from the optical data could be that such an ex-
citation is consistent with the great majority of experi-
mental findings, even though its origins (also with re-
spect of various theoretical suggestions) is difficult to
establish on the basis of optical investigation alone.

Another important issue concerns the redistribution
of the missing spectral weight below the gap. For the
present results of Fig. 41, the spectral weight of FeSi is
essentially recovered at a frequency vc;8D , where 2D
5770 cm21 is the gap excitation frequency. A similar
conclusion for SmB6 (Fig. 40) is in order, as well. The
spectral-weight function is defined as [see also Eq. (29)]

n~v!

m*
5

2
p E

0

v

s1~v8!dv8, (46)

which is displayed in Fig. 43(a) for FeSi after the data of
Degiorgi, Hunt, et al. (1994). Equivalent evaluations
were also obtained for similar data by Chernikov et al.
(1997) and Paschen et al. (1997). It may be seen that the
spectral weight that disappeared below the gap is indeed
redistributed for this set of data in a limited frequency
range, and that above 3000 cm21 there is almost no tem-
perature dependence (i.e., all the curves in Fig. 43(a)
merge together). This means that there should be no
need for an integration of s1(v) to very high frequen-
cies in order to satisfy the spectral weight sum rule.

FIG. 42. The optical gap value vs the doping x in Fe12xCoxSi,
evaluated from transport and optical measurements (Cherni-
kov et al., 1997).
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Nevertheless, the redistribution of the spectral weight
still remains a puzzling and controversial experimental
issue. In fact, the result of Fig. 43(a) contrasts with other
reported optical results on FeSi, even though the spectra
in terms of s1(v) look qualitatively similar. As antici-
pated before, Schlesinger et al. (1993) and Bucher et al.
(1994) claimed that the Kondo narrow gap semiconduc-
tors FeSi and Ce3Bi4Pt3 recover the spectral weight,
which is missing below the gap, at much larger energies
than the gap itself. Figure 43(b) shows the spectral-
weight analysis of Schlesinger et al. (1993) for FeSi and
shall point out such a spectral weight controversy. The
absence of a full compensation of spectral intensity due
to the (pseudo)gap opening was also established in re-
cent photoemission experiments (Breuer et al., 1997).

On the other hand, Raman-scattering studies of FeSi
(Nyhus, Cooper, and Fisk, 1995) reveal below T,250 K
an abrupt suppression of low-frequency electronic Ra-
man scattering, and a hardening of the characteristic en-
ergy for transitions above the charge gap. Even though
this might be more consistent with correlation gap mod-
els than with a conventional band-gap description, the
electronic spectral weight suppressed at low frequencies
by the charge gap is primarily recovered within the en-
ergy range v,6D . Analogous conclusions can be
reached from Raman data on SmB6 (Nyhus, Cooper,
Fisk, and Sarrao, 1995; Nyhus et al., 1997). Nevertheless,
this similarity between the conclusions inferred from the
optical data of Figs. 40 and 41 and the Raman spectra
should be considered with caution, since both experi-
ments as well as the photoemission one are not equiva-
lent with respect to the spectral weight sum rule. If the
redistribution of the spectral weight would take place
around the gap, one could consider FeSi at low tempera-
tures as a classical band insulator.

On a more general ground, it is worthwhile to quote
the recent work by Di Tusa et al. (1997), where a heavy
fermion metal emerges upon doping with Al at the Si
site the strongly correlated insulator FeSi. The resulting
metals and associated insulator-metal transition bear an
extraordinary and even quantitative resemblance to
those near the classic metal-insulator transition in the
more conventional insulator Si. The strong Coulomb ef-

FIG. 43. Frequency dependence of the spectral weight sum
rule, defined as the ratio between the effective charge carrier
concentration up to v and the effective mass, at various tem-
peratures, calculated using Eq. (46) from the data of (a) De-
giorgi, Hunt, et al. (1994) in Fig. 41(a) and (b) Schlesinger
et al. (1993).
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fects present in insulating FeSi serve only to renormalize
the critical concentration and effective carrier masses
(see Sec. IV.C) in the metallic phase.

E. The transfer of spectral weight in correlated electron
systems: the theoretical point of view

The important issue associated with the redistribution
and transfer of spectral weight in spectroscopies (like
photoemission and optics) of strongly correlated elec-
tron systems was recently studied by Rozenberg et al.
(1996). They started from the consideration that tradi-
tional methods used in the strong correlation problem—
exact diagonalization of small clusters (van Veenendaal
and Sawatzky, 1993, 1994), slave boson approaches (Mil-
lis, 1992), and perturbative calculations—have not been
very successful in describing the interesting transfer of
optical weight that takes place as a function of tempera-
ture in the strong correlation regime. Recently, much
progress has been achieved by mapping lattice models
into impurity models embedded in an effective medium.
This technique, the local impurity self-consistent ap-
proximation (LISA) (Georges et al., 1996), is a dynami-
cal mean-field theory that becomes exact in the limit of a
large number of spatial dimension (Metzner and Voll-
hardt, 1989). For instance, the Hubbard and Anderson
lattice models can both be mapped onto the Anderson
impurity model subject to different self-consistency con-
ditions for the conduction-electron bath (Georges and
Kotliar, 1992; Georges, Kotliar, and Si, 1992). These re-
sulting self-consistent impurity problems can be ana-
lyzed by a variety of numerical techniques (Georges and
Krauth, 1992; Jarrell, 1992; Rozenberg et al., 1992).

First of all, it is important to recall the definition of
the optical conductivity for a given system (Rozenberg
et al., 1996):

s~v!5
1

Vv
Im E

0

`

~^@J~ t !,J~0 !#&!eivt dt , (47)

where V is the volume, J is the current operator, and ^ &
indicates an average over a finite temperature ensemble
or over the ground state at zero temperature. In general,
s(v) obeys a version of the f sum rule (Kohn, 1964;
Maldague, 1977):

E
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where P is a polarization operator obeying dP/dt5J .
In a model which includes all electrons and all bands,

the current operator J is given by

J5
e

m (
i

pid~r2ri!, (49)

where pi is the momentum and ri the position of the ith
electron, and e and m denote its charge and bare mass. P
is given by

P5e(
i

r id~r2ri!. (50)
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Thus (1/V)^@P ,J#&5ine2/m , where n is the density of
electrons, and the sum rule becomes

E
0

`

s~v!dv5
pne2

2m
, (51)

equivalent to Eqs. (29) and (46) for the upper integra-
tion limit tending to infinity. This result is clearly tem-
perature independent, and does not depend on the
strength of the interactions (Rozenberg et al., 1996).

When dealing with strongly correlated electron sys-
tems, in a frequency range where few of the bands are
believed to be important, it is customary to work with an
effective model with one or two bands, such as the Hub-
bard or periodic Anderson model. The current operator
is thus projected onto the low-energy sector. In this case
the expectation value ^[P,J]& is no longer ;ne2/2m [Eq.
(51)], but is proportional to the expectation value of the
kinetic energy ^K& of the conduction electrons in the
case of nearest-neighbor hopping (Maldague, 1977;
Baeriswyl et al., 1987). In general, ^K& depends on the
temperature and strength of interactions; therefore, for
these few-band models, the optical weight sum rule will
depend on them as well. If the projection onto a few-
band model is valid, this result also implicity indicates
that a portion of the optical spectral weight (the weight
not exhausted by ^K&) is transferred to much higher en-
ergies; that is, to bands that were excluded by the pro-
jection to low energies (Rozenberg et al., 1996).

As it was anticipated, the kinetic energy is related to
the conductivity by the sum rule

E
0

`

s~v!dv52
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2d\2n
^K&5
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2

8p
. (52)

An important result is the notable dependence of the
plasma frequency vp on temperature. This feature
emerges because correlation effects generate small en-
ergy scales (e.g., the ‘‘Kondo temperature’’ of the asso-
ciated impurity). It is the competition between the small
scales and the temperature that gives rise to an unusual
temperature dependence to the integrated optical spec-
tral weight.

In the present review, we limit our attention to the
discussion of the periodic Anderson model (PAM), fol-
lowing the treatment of Rozenberg et al. (1996). In a
pedagogical and intuitive manner, the physical content
of the periodic Anderson model within the dynamical
mean-field theory can be seen in the following way.
There are two different types of electrons; c electrons,
which form a band, and f electrons with localized orbit-
als. In the noninteracting particle-hole symmetric case,
the hybridization amplitude V opens a gap in the
c-electron density of states D ind;V2/D (D52t is the
half band width with t the hopping amplitude). On the
other hand, the original d-function peak of the localized
f electrons broadens by hybridizing with the conduction
electrons and also opens a gap D ind .

When the effect of the interaction term is considered,
as the local repulsive U is increased, one finds that for
low frequencies the noninteracting picture which was
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just described still holds; though with the bare hybridiza-
tion V being renormalized to a smaller value V* . Thus
one can say that there is a hybridization band insulator
with the hybridization amplitude renormalized by inter-
actions. This can also be interpreted by considering that
the interacting f electrons form a band of ‘‘Kondo-like’’
quasiparticles, allowing the definition of a coherence
temperature T* . This coherent band further opens a gap
due to the periodicity of the lattice. This is the well-
known scenario that is borne out from slave-boson
mean-field theory and variational calculations (Cole-
man, 1984; Rice and Ueda, 1986; Rozenberg et al.,
1996). On the other hand, the present dynamical mean-
field theory also captures the high-energy part of the
f-electron density of states that develops incoherent sat-
ellite peaks at frequencies 6U/2 with a spectral weight
that is transferred from low frequencies. Consequently,
the c-electron density of states is mainly made of a cen-
tral broadband of half-width D52t and a gap at the
center that narrows as V→V* . Also, it develops some
small high-frequency structures, that result from the hy-
bridization with the f electrons. Figure 44 (Rozenberg
et al., 1996) schematically presents the density of states
for the c and f electrons. Since the f sites are localized
orbitals, only the c electrons contribute to the optical
response of this system. At T50, following the previous
interpretation in terms of a renormalized noninteracting
hybridization band insulator one expects to find an op-
tical conductivity spectra with a gap Ddir , which de-
creases as the interaction is increased. One also expects
that D ind!Ddir , as the first corresponds to the indirect
gap from the density of states D ind;V* 2/D , while the
second is the direct gap Ddir;V* that is defined as the
minimum energy for interband transitions at a given k
(see Fig. 44).

This model should be appropriate for the Kondo in-
sulators, which are expected to display anomalous tem-
perature dependence induced by correlations. Indeed,
while the most qualitative physics of these systems is
well understood, several features remain puzzling (Aep-
pli and Fisk, 1992). The charge gap Dc , measured in
optical conductivity is larger than the spin gap Ds , mea-
sured in neutron scattering (Bucher et al., 1994). Also,
the transport gap D t obtained from the activation energy

FIG. 44. Schematic DOS (half-filling) for c and f electrons in
the periodic Anderson model (top). The corresponding sche-
matic optical spectra at T50 (bottom left) and the schematic
band structure with the direct and indirect gaps (bottom right)
(Rozenberg et al., 1996).
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in dc transport measurements is smaller than Dc (see, for
example Fig. 42). From the optical experiments on
SmB6, Ce3Bi4Pt3, and FeSi presented above (Secs. IV.C
and IV.D), one can distinguish some common features
regarding the energy scales associated with the forma-
tion of the optical gap. The gap Dc , begins to open at a
characteristic temperature T* ;D/5 and becomes fully
developed at a much smaller temperature of the order of
T* /5. Also, the gap is temperature independent below
T* . Just as example, in Ce3Bi4Pt3, it is found that Dc
;450 K, Ds;250 K, and T* ;100 K, and the optical gap
is completely depleted only below 25 K. Qualitatively
similar results were reported for FeSi, with Dc;1000 K,
and T* ;200 K, and the gap becomes depleted between
20 and 100 K.

The mean-field theory accounts for all these observa-
tions. Figure 45 (Rozenberg et al., 1996) shows the opti-
cal conductivity for different temperatures with the pa-
rameters U53 and V50.25 fixed. The gap is essentially
temperature independent. It begins to form at T*
;0.02;Dc/5, and is fully depleted only at temperatures
of the order of T* /5. The mean-field theory is able to
capture the qualitative aspect of the experimental re-
sults. This basically consists in the individualization of
three different energy scales: a large one which corre-
sponds to the gap of the optical spectra Dc;Ddir , an
intermediate scale T* ;Dc/5 where this gap starts to
form and quasiparticle features start to appear in the
density of states, and a third and smaller scale D ind
;T* /5, which corresponds to the temperature where the
optical gap is completely depleted.

In order to make a meaningful comparison with the
experimental data, one has to add the effects of disorder
by putting a Lorentzian distributed random site energy
on the conduction-electron band with width G50.05.
The results are displayed in the inset of Fig. 45, showing

FIG. 45. The optical conductivity of the Anderson model at
T50.001 (bold), 0.005, 0.01, 0.02 (dotted), and 0.03 (thin). The
interaction U53 and V50.25. Inset: the same quantity at T
50.001 (bold), 0.005, 0.01, 0.02 (dotted), and 0.03 (thin) with
Lorentzian random site disorder of width G50.05 (Rozenberg
et al., 1996).
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that the introduction of disorder places the overall shape
of the spectra in closer agreement with the experimental
results. This latter theoretical result also bears a similar-
ity, at least qualitative, with s1(v) calculated with a self-
consistent augmented spherical wave method by Fu
et al. (1994). They incorporated in the calculation simple
finite-temperature effects, given by electron-phonon
scattering of intrinsic carriers. The rough features, en-
countered in the experimental data, are reproduced.
However, the number of intrinsic carriers is low com-
pared to experimental observations, even with an ad hoc
renormalization of the gap, and a strong scattering
mechanism with attendant disordering of the band struc-
ture is required, as well.

In the following, we briefly address the question of the
integrated spectral weight from the theoretical point of
view. Rozenberg et al. (1996) suggested that, in order to
contribute to the proper interpretation of the experi-
mental data, it is important to compute the kinetic en-
ergy of the model at finite temperature, which is directly
related to the sum rule of Eq. (52). The results are pre-
sented in Fig. 46 (Rozenberg et al., 1996), which shows
the notable dependence of the kinetic energy with tem-
perature and interaction strength [the negative of ^K& is
plotted which is the quantity that enters Eq. (52)]. The
strong correlation effects that renders ^K& a function of
the temperature implies that if the periodic Anderson
model is the relevant model for the systems at low en-
ergies, then the results predict the behavior of the inte-
grated optical weight within the low-frequency range.
The behavior of ^K(T)& in Fig. 46 is nonmonotonic. As
the temperature is increased from zero, one can observe
initially that the kinetic energy decreases. This is a con-
sequence of electron delocalization, since the system be-
comes a metal as the small gap in the density of states is

FIG. 46. Expectation value minus the kinetic energy ^K& as a
function of the temperature for U50,2,3,4, and V50.4 (bot-
tom to top) as obtained from iteration perturbation theory.
This quantity is directly related to the optical conductivity sum
rule. It predicts a notable decrease in the total optical spectral
weight as the temperature is decreased in the range below the
maxima (Rozenberg et al., 1996).
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filled. The kinetic energy then goes through a minimum
and starts to increase as the temperature is further in-
creased. This is due simply to the thermal excitation of
electrons within the single conduction band. Correla-
tions now play an irrelevant role, as the temperature is
higher then the coherence temperature T* .

In regard to the experimental situation in the Kondo
insulators, which indicate the apparent violation of the
optical sum rule in some cases, these results could give,
in principal, a plausible explanation for the observed be-
havior. In fact, for experimental data obtained at tem-
peratures smaller than the size of the gap Dc and re-
stricted to a finite low-frequency range, the model
predicts the apparent ‘‘disappearance’’ of spectral
weight as the temperature is decreased. However, the
experimental state of the art on this issue is not unani-
mous. Moreover, it might well be that a small percent of
the total spectral weight, which is missing at relatively
high energies with respect to the gap energy, is beyond
the resolution of the experiment.

In conclusion, one should point out that although this
simple model (Rozenberg et al., 1996) accounts, rather
successfully, for the various energy scales, it fails to pro-
vide an accurate reproduction of the detailed experi-
mental line shape of s1(v) and, similarly, to the work of
Fu et al. (1994), cannot account for the large scattering
rate measured in these materials, if one does not include
the effects of disorder in the model. It also remains to be
seen if the sensitivity of the model at low energies is still
compatible with a quantity [Eq. (52)] obtained by inte-
grating over the whole frequency range. Moreover,
questions are raised about the role of the bands, which
are excluded by the projection to low energies in the
calculation of ^K&. One might argue that at high frequen-
cies such bands might lead to important contribution in
the optical sum rules. Furthermore, this approach leaves
open the main controversy in the experimental results;
namely, up to which frequency range one can recover
the missing spectral weight due to the opening of the
gap.

V. CONCLUSION

A. Systematics

The complete electrodynamic response of a series of
heavy-electron systems in the correlated state (i.e., at
temperatures below Tco) displays the typical behavior
expected for the excitation spectrum of heavy quasipar-
ticles (see Sec. II.D). In fact, at T,Tco there is the pro-
gressive development of a narrow mode centered at fre-
quency zero, which is fully established at very low
temperatures. The renormalized Drude-like nature of
such a narrow mode suggests excitations of the heavy
quasiparticles as its origin. It is, moreover, possible to
extract several intrinsic parameters characterizing the
coherent many-body state, e.g., the enhancement of the
effective mass of the heavy electrons.

At this point, it is very tempting to introduce a kind of
systematics in order to summarize the major results.
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There are several ways to describe in a comprehensive
fashion the general trends encountered in these materi-
als. Hill (1970) first suggested a simple and attractive
idea: there is a clear dichotomy between magnetic, non-
bonding electronic states and nonmagnetic, bonding
ones. f orbitals are supposed to bond most easily with
other f orbitals, hence a plot of magnetic behavior (such
as magnetic-ordering temperature) versus f atom inter-
atomic separations should give a clear border between
the magnetic and nonmagnetic intermetallic compounds,
the so-called Hill limit (;3.4 Å). It turns out that the
Hill limit gives a necessary, but not sufficient, condition
for the minimum f-f spacing above which magnetic or-
dering can occur (Ott and Fisk, 1987).

Another well-recognized striking fact about heavy-
electron systems is that x(T→0) nearly scales with
g(T→0) (Ott and Fisk, 1987; von Löhneysen, 1995).
This is somewhat surprising considering the underlying
angular momentum of the appropriate f states. Such a
scaling between x and g is also incorporated by the so-
called Wilson ratio, which is of the order of 1 (i.e., 1 for
free electrons, while for the heavy electron it is between
2 and 5). Therefore even though the Wilson ratio for the
heavy electron can be greater than 1, the free-electron
relation between x and g approximately and qualita-
tively holds.

Here, we are mainly interested in a systematic repre-
sentation, relating quantities inferred from both dynami-
cal (optics) and thermodynamic or transport investiga-
tions. Figure 47 (Degiorgi et al., 1997) shows the specific
heat g(T→0) values (Ott et al., 1984, 1985; Ott and
Fisk, 1987; Fisk et al., 1988; Grewe and Steglich, 1991;
Geibel, Schank et al., 1991; Ott, 1992a, 1992b; Caspary
et al., 1993; Bernasconi et al., 1994) versus the effective
mass m* of the heavy quasiparticles extracted from the
optical data with the spectral-weight analysis [Eq. (30)].
The g vs m* representation is, indeed, alternative to g
vs the T50 magnetic susceptibility x(0) or vs the coef-
ficient A of the T2 behavior in the resistivity r(T),

FIG. 47. Specific-heat g values vs effective mass m* , evaluated
from the optical data using spectral-weight arguments (De-
giorgi et al., 1997).
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which are mostly used. This choice (Fig. 47) allows us to
compare magnetic with nonmagnetic systems in the
same framework. It clearly appears that the conven-
tional as well as the moderate heavy-electron materials
undergoing magnetic ordering have g values nearly scal-
ing with m* . Such a scaling does not seem to be affected
by the onset of magnetic ordering and indicates a kind
of universal behavior, and represents the realization of
the quasiparticle concept within the Landau-Fermi liq-
uid theory in the prototype heavy-electron systems. The
deviations from g;m* (which are not systematic) might
be explained by the fact that one compares the outcome
of different experimental techniques applied to speci-
mens of different origin.

B. Heavy-electron superconductors

The onset of superconductivity in heavy-electron ma-
terials as well as the observation that superconductivity
involves the heavy quasiparticles are another fascinating
topic of high current interest. Since superconductivity
was so unexpected in this kind of material, it did not
take long for arguments to be brought forward suggest-
ing that unconventional mechanisms are responsible for
this superconductivity. Various experimental facts, to be
briefly noted below, make it quite possible that these
heavy-electron superconductors are the first in which the
pairing of the electrons is not due to phonon exchange,
but rather due to electron-electron interactions. In this
case the resulting superconducting state is characterized
by nonspherical symmetry, opposite to what is accepted
for ordinary superconductors (Anderson, 1984; Varma,
1984). Heuristic arguments supporting this possibility
are:

(1) the characteristic temperature of the heavy-
electron subsystem (the renormalized Fermi tempera-
ture) is equal or smaller than the Debye temperature
which characterizes the lattice-vibration spectrum.

(2) magnetic interactions (possibly spin fluctuations)
dominate the low-temperature physical properties for
example, the electrical resistivity or the specific heat.
Such interactions are known to be harmful to ordinary
superconductivity.

Actual calculations demonstrating a superconducting
transition induced by electron-electron interactions in
these materials is, of course, a very formidable task, if
one considers that such a calculation would also have to
predict the transition temperature. Predictions of transi-
tion temperatures are known to be quite difficult even in
conventional superconductors and also for superfluid
3He. In this case, additional complications due to the
peculiarities of the electronic energy spectrum and
strong spin-orbit interactions make calculations using
known techniques and approximations even less mean-
ingful (Ott and Fisk, 1987).

UPt3 and UBe13 are the two most known supercon-
ducting heavy-electron materials, on which a large
amount of experimental data has been collected. With
respect to the superconducting state properties, some
general trends can be recognized (Ott and Fisk, 1987;
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Fisk et al., 1988). First of all, one usually finds that the
entropy balance between the hypothetical normal and
the superconducting state is never quite zero. It is not
clear whether this imbalance is due to an as yet un-
known feature of the hypothetical normal state as T
→0 K. Second, a comparison of Cp(T) with the univer-
sal BCS prediction (Tinkham, 1975) shows considerable
deviations both at T;Tc and T!Tc . The temperature
variation of Cp is fairly well approximated by a power
law Tn, where n52.85–2.9, hence close to 3 (contrary to
the BCS exponential decay of Cp at T,Tc). There is
evidence that the superconducting energy gap is aniso-
tropic and has nodes at certain points of the Fermi sur-
face, as is possible for nonsinglet-type pairing of elec-
trons in unconventional superconductors. Third, there is
indication from both the thermal conductivity and the
specific heat that a considerable contribution linear in T
is found, again indicating the possible presence of nor-
mal electrons well below Tc . Furthermore, nonclassical
behavior was also found for the temperature depen-
dence of the magnetic-field penetration depth l. From
Bardeen-Cooper-Schrieffer theory (Tinkham, 1975) the
penetration depth l(T) is expected to be close to the
law @12(T/Tc)4#21/2 (i.e., the empirical ‘‘two-fluid’’ ap-
proximation), while in UBe13 is rather proportional to
(T/Tc)2 (Ott and Fisk, 1987).

Clearly, all these results indicate that for both UBe13
and UPt3 the superconducting energy gap is not nonzero
over the entire Fermi surface. This gap anisotropy, in-
cluding gap zeros, is particularly intriguing for the cubic
compound UBe13. Also for UPt3 any crystal-structure
induced anisotropy should not necessarily lead to gap
zeros. These gap anisotropies are used to argue that the
superconducting state of UBe13 and UPt3 is character-
ized by lÞ0 pairing of the electrons, which would then
imply that the essential pairing mechanism is not due to
the usual electron-phonon interaction (Ott and Fisk,
1987; Fisk et al., 1988).

In previous sections, we pointed out that small
amounts of impurities often drastically change the low-
temperature physical properties of heavy-electron com-
pounds with respect to their magnetic phase transition.
The same is true for the superconducting state of UBe13
and UPt3. The superconductivity of UPt3 is extremely
sensitive to impurities and defects. Powdered UPt3 ob-
tained by grinding superconducting single crystals is re-
ported to have lost the superconducting properties down
to temperatures of a few milli-Kelvin. Small amounts of
Pd substituted for Pt have the same devastating effect
(Ott and Fisk, 1987).

Generally, the interplay between magnetism and (un-
conventional) superconductivity is one of the main top-
ics in the physics of strongly correlated electron system
(Aeppli and Broholm, 1994). The most important issue
for heavy fermion superconductors such as CeCu2Si2,
UPt3, URu2Si2, UPd2Al3, and UNi2Al3 is that supercon-
ductivity is realized in the antiferromagnetic state. Fur-
thermore, the mechanism of the pairing as well as the
nature of the small magnetic moment (particularly for
UPt3 and URu2Si2) are still open questions and could be
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also addressed from the perspective of both the local
and itinerant characters of the f electrons.

From the optical point of view, the superconductivity
in the heavy electron has been less studied, however.
The relatively low critical temperature Tc together with
the intrinsically low characteristic energy scales (i.e., TK
or 1/t* ) make optical investigation of the superconduct-
ing ground state technically very challenging, since ex-
tremely low temperatures and energies are required.
Nevertheless, there is a lot of interesting problems on
which optical methods might add relevant information.
For instance, the comparison of the normal and super-
conducting state optical conductivity could allow the es-
timation of the penetration depth l(T) from spectral
weight arguments. As far as the penetration depth is
concerned, one can alternatively extract its temperature
dependence from the imaginary part of the surface im-
pedance. Besides l(T), optical investigations would
also be helpful in order to disregard or confirm scenarios
about the symmetry of the superconducting ground
state. This can be achieved by analyzing the nature of
the superconducting gap or through the analysis of the
coherence factor effect (i.e., Hebel-Slichter coherence
peak) in the optical conductivity (Tinkham, 1975).
Moreover, the spectral weight argument would allow to
establish whether the renormalized (vp* ) or the un-
renormalized (vp) plasma frequency play the major role
for superconductivity. This could confirm that the heavy
charge carriers are, indeed, involved in the Cooper pairs.
Furthermore, it remains to pin down whether supercon-
ductivity develops in the clean or dirty limit, a question
which can be addressed optically.

C. Non-Fermi-liquid behavior: the UBe13 case

The crossover from a Fermi-liquid towards a non-
Fermi-liquid ground state among the highly correlated
systems raised a lot of interest.2 The Fermi-liquid theory
is very successful even for the description of complex
systems like the heavy-electron ones, as also pointed out
above (Fig. 47). In some special cases this description is
not enough. Anomalous screening of the magnetic im-
purity or vicinity to a magnetic instability are two pos-
sible scenarios for the development of non-Fermi-liquid
behavior. Those scenarios also represent two different
points of view: namely, a local single-electron effects vs
a more collective one.

Besides the transport and thermodynamic investiga-
tions, optical data reveal interesting behavior. In fact,
the mapping of the complete electrodynamic response of
the so-called Kondo alloys (see Sec. III) leads to fre-
quency and temperature dependences of the scattering
relaxation rate which deviate remarkably from the
Fermi-liquid-prediction of Eq. (26). The optical data

2For the most recent developments see: Proceedings of
Conference on Non-Fermi Liquid Behavior, 1996, J. Phys.:
Condens. Matter 8, edited by P. Coleman, M. B. Maple, and A.
J. Millis.
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demonstrate that it is possible to monitor the different
ground states of the non-Fermi-liquid Kondo alloys by
investigating the frequency dependence of an intrinsic
parameter, such as the transport relaxation rate G(v).
This latter quantity displays a linear temperature or fre-
quency dependence at low frequencies and tempera-
tures, respectively, which is considered to be a clear
manifestation of a non-Fermi-liquid-like behavior.

At this point, it would seem important to explore the
frequency spectral range extending far below the far in-
frared. It is expected that at such low frequencies, the
low-temperature behavior of G(v) uncovered so far in
the far-infrared spectral range will be further empha-
sized. Moreover, at these low frequencies and tempera-
tures it should be possible to obtain additional informa-
tion concerning the significance of the deviations from
the power law or logarithmic divergences in r(T) and
C(T) for T,0.3 K (Seaman et al., 1991; Ott et al., 1993;
Maple et al., 1994). It also remains to be seen what kind
of relation may be established between the experimental
optical data and the predictions of models based on the
occurrence of the quantum phase transition. The combi-
nation of optical methods with magnetic-field depen-
dence should, moreover, shed light on the interplay and
coupling of charge and magnetic degree of freedom in
the non-Fermi-liquid Kondo alloys.

As future outlook, we would like to briefly discuss the
superconducting heavy-electron compound UBe13,
which is also characterized by a non-Fermi-liquid behav-
ior in g, and moreover possesses a very large residual
resistivity (;100 mV cm) at the superconducting transi-
tion even in high-quality samples (as determined by a
large Tc) (Ott and Fisk, 1987; Fisk et al., 1988). UBe13 is
a prototype ‘‘ordered’’ non-Fermi-liquid system, where
the non-Fermi-liquid behavior may be possible from a
two-channel Kondo model description (Cox, 1987, 1993;
Ludwig and Affleck, 1991; Kim and Cox, 1994). Based
on symmetry grounds, the model predicts that the elec-
trical quadrupole moments of the twofold nonmagnetic
G3 ground state of the U ion are screened by orbital
motion of the conduction electrons. Because the mag-
netic moment of the electrons is a spectator to this pro-
cess, there are two screening channels (see also Sec. III).
In the perspective of the previous Sec. (V.B), UBe13 is
also of compelling importance, because superconductiv-
ity arises in a normal state which is clearly not described
as Fermi liquid. The other way around, it has been
speculated that such a non-Fermi-liquid normal phase
corresponds to the manifestation of fluctuations effects
due to the vicinity of a superconducting state.

Anders and coworkers (1997) recently presented a so-
lution of one particle properties of the two-channel
Anderson lattice model in infinite spatial dimensions.
This calculation was performed for UBe13 but, in view of
the similarity with the model described in Sec. III (par-
ticularly the two-channel Kondo lattice), it is suggested
to be applicable also for the Kondo alloys. In fact, be-
cause of the incoherent normal metal phase, little quali-
tative difference between the more dilute alloys and the
lattice is expected.
Rev. Mod. Phys., Vol. 71, No. 3, April 1999
Besides the calculation of the magnetoresistance,
Anders and coworkers (1997) focused their attention on
the optical conductivity, displayed in Fig. 48. The large
peak at ;0.9G0 results from high-energy charge excita-
tions. With decreasing temperatures the optical conduc-
tivity develops a pseudogaplike feature. This is a char-
acteristic feature, encountered also by other similar
models for non-Fermi-liquid behavior (see Sec. III). A
shift of a small amount of spectral weight to higher fre-
quencies can be seen clearly in the figure by comparing
the T510TK and the T5TK curve (note that the loga-
rithmic plot overemphasizes the area of the gap). At low
temperatures a small increase in s(v) can be observed
when v→0. Nevertheless, no clear Drude peak is seen
even for T50.01TK , one decade lower than the ob-
served maximum in r(T). However, in a magnetic field
of H5HK a low-frequency (renormalized) ‘‘Drude’’
peak develops again, consistent with the return to
Fermi-liquid behavior suggested in r(T ,H) by the
strong negative magnetoresistivity at temperatures be-
low the resistivity maximum in an applied magnetic field
(Willis et al., 1987; Anders et al., 1997).

The s(v ,T) calculations are very compatible with the
available yet incomplete optical data for UBe13 (Klassen
et al., 1987; Eklund et al., 1987; Bonn, Klassen et al.,
1988; Bommeli et al., 1997). Figure 49 (Bommeli et al.,
1997) shows the most recent data over a broad fre-
quency range on a single crystal. There is a striking
agreement with the theory. In fact, a suppression of
s1(v) in far infrared, similar to a pseudogap opening,
and no clear Drude peaks are seen and the rescaling of
the frequency axis suggests a TK;10 K. The differences
between experiment and calculation at high frequencies

FIG. 48. Optical conductivity in arbitrary units vs frequency
over three decades in temperatures. In the inset the corre-
sponding curves for the single-channel periodic Anderson
model for two high temperatures are shown (see also Figs. 10
and 12). The dashed-dotted line in the main figure is calculated
with H5HK (Anders et al., 1997).
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are due to the fact that the calculation neglects the ex-
citations associated with the crystal field splitting or in-
terband transitions. The trend established by the far in-
frared optical conductivity for 1,T,10 K is also
supported by earlier surface resistance Rs;(rdc)

1/2 mea-
surements at 100 and 150 GHz (Beyermann et al., 1988).

Obviously, detailed measurements of both Rs and Xs
in the microwave spectral range as well as far-infrared
reflectivity investigations at T,6 K are desired for a
more precise evaluation of the temperature dependence
of the electrodynamic response. Moreover, it would be
useful to have detailed s(v ,T) data for UBe13 in a mag-
netic field. If a quadrupolar Kondo picture applies here,
a c-axis magnetic field will split the channels, inducing a
narrow Drude-like mode in s1(v) and consequently the
crossover to a Fermi-liquid state (Anders et al., 1997).
Such a magnetic-field-dependent investigation will per-
mit a more compelling comparison with the calculation.

D. Kondo insulators and low-carrier Kondo systems

Heavy-electron phenomena were originally observed
in metallic systems like CeAl3, CeCu2Si2, UBe13, UPt3,
etc., but more recently they have been also found in
semimetals or even in insulators. In this review, we have
addressed the topic of the electrodynamic response of
the so-called Kondo semiconductors or insulators (Sec.
IV). Another class of materials, which is often associ-
ated with the Kondo insulators and which was not
treated here, corresponds to the low-carrier Kondo sys-
tems, like Yb4As3 and CeNiSn. This class of materials is
presently attracting a lot of interest both theoretically
and experimentally (Fulde, 1997). A particularly fasci-
nating member is Yb4As3, which undergoes a trigonal
distortion at Ts5300 K by a weak first-order phase tran-
sition. Measurements of the Hall constant reveal a dra-
matic increase below Ts implying a sharp drop in the
charge-carrier density. At low T only one carrier per

FIG. 49. Optical conductivity of UBe13 at 300, 100, and 6 K
(Bommeli et al., 1997).
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103 Yb ions remains. With decreasing temperature the
resistivity increases to a maximum of approximately 10
mV cm, while at low T it is of the form of Eq. (1) as for
a Fermi-liquid. The linear specific-heat coefficient g is
found to be ;200 mJ/mol K2. The spin susceptibility xs
is Pauli-like and equally enhanced with a Wilson ratio of
order unity. No indication of magnetic order is found
down to T50.045 K. The above experimental findings
strongly suggest heavy-electron behavior which is fur-
ther confirmed by the observation that A/gn (n;2) is
similar to that of other heavy-electron systems. In
Yb4As3, the low-energy scale (which defines the onset of
the heavy-electron behavior) is due to the band width of
the spin-density like excitations in chains of Yb31 ions.
The few charge carriers (one per 103 Yb ion) are not
important for the low-temperature specific heat which is
governed exclusively by the spin excitations. Therefore
this system presents an almost perfect separation be-
tween spin and charge degrees of freedom. In other
words, the increasing interest on this class of materials
resides in the fact that, contrary to metallic heavy-
electron systems, not only the effective mass but also the
effective charge is strongly renormalized, because the
system is a semimetallic one. Consequently, it is more
appropriate and less misleading to speak of a neutral
heavy-electron instead of a charged heavy-electron
(Fulde, 1997).

A systematic optical investigation is right now in
progress. For instance, the first optical results on Yb4As3
are characterized by an absorption band at 0.4 eV which
is strongly temperature dependent. From sum-rule argu-
ment, such an absorption seems to be linked to the
change of the dc conductivity, and it is ascribed to the
mixing of Yb31-4f and Yb-5d bands (Kimura et al.,
1996, 1997). Further studies will be obviously of rel-
evance for a comprehensive understanding of the dy-
namics of the charge excitation spectrum and of the
anomalous physical properties of this class of materials.

Closing this review, we can generally state that the
qualitative picture of heavy-electron materials is quite
simple. At high temperatures these compounds show be-
havior usually associated with Kondo impurity systems.
This single-site viewpoint becomes inadequate in a
smooth manner on cooling to low temperature, where
these systems approach a ground state possessing some
of the characteristics of a Fermi liquid. The Fermi-liquid
state in the sense of Landau is, however, only estab-
lished at very low temperatures. As pointed out, this
low-temperature state is adopted without a distinct
phase transition, but it may itself be unstable against
phase transitions that often occur before the Landau-
Fermi-liquid state is fully developed and might lead to a
non-Fermi-liquid state.

However, various issues remain to be fully understood
(see above). For instance, very little is known about how
parameters describing the high-temperature regime can
be used to describe the low-temperature behavior. So
far, only model calculations have been able to reproduce
the salient features of experimental quantities. More-
over, there is little predictive capability as to which ma-
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terials will develop heavy-electron behavior and even
less success with predicting possible phase transitions.

It is fair to claim that heavy-electron physics will con-
tinuously lead to a better understanding of possible
states and processes in solids in general. The develop-
ment of theoretical techniques for treating many-body
effects among electrons in metals, and the experimental
verification of these results, will still attract the interest
of the community in the future.
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M. B. Maple, 1993, Phys. Rev. B 48, 10692.

Baeriswyl, D., C. Gros, and T. M. Rice, 1987, Phys. Rev. B 35,
8391.

Bakker, K., A. de Visser, L. T. Tai, A. A. Menovsky, and J. J.
M. Franse, 1993, Solid State Commun. 86, 497.

Batlogg, B., P. H. Schmidt, and J. W. Rowell, 1981, in Valence
Fluctuations, edited by L. M. Falicov, W. Hanke, and M. B.
Maple (North-Holland, Amsterdam), p. 267.

Bauer, E., S. Bocelli, R. Hauser, F. Marabelli, and R. Spo-
lenak, 1997, Physica B 230-232, 794.

Beille, J., M. B. Maple, J. Wittig, Z. Fisk, and L. E. Delong,
1983, Phys. Rev. B 28, 7397.

Berman, I. V., N. B. Brandt, V. V. Moschalkov, S. N. Pash-
kevich, V. I. Sidorov, E. S. Konovalova, and Yu. B. Paderno,
1983, JETP Lett. 38, 477.

Bernal, O. O., D. E. MacLaughlin, H. G. Lukefahr, and B.
Andraka, 1995, Phys. Rev. Lett. 75, 2023.

Bernasconi, A., M. Mombelli, Z. Fisk, and H. R. Ott, 1994, Z.
Phys. B 94, 423.

Beyermann, W. P., A. M. Awasthi, J. P. Carini, and G. Gruner,
1988, J. Magn. Magn. Mater. 76-77, 207.
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1993, Int. J. Infrared Millim. Waves 14, 2459.
Donovan, S., A. Schwartz, and G. Grüner, 1997, Phys. Rev.
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