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This article reviews the physics of deep-inelastic lepton-hadron processes in the region of small x, where x
is the Bjorken scaling variable. The theoretical concepts concerning the Regge limit of deep-inelastic
scattering are summarized and recent theoretical results on the small-x limit of parton distributions in

perturbative QCD are discussed. Presently available experimental data on the free- and bound-nucleon
structure functions at small x are reviewed in detail and their theoretical interpretations (including the
low-x, low-Q region) are discussed. QCD predictions are given for the deep-inelastic scattering structure
functions F2 and FL in the small-x (10 &x (10 ) and moderately large-Q region relevant for HERA
(g —10GeV )
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Deep-inelastic lepton-hadron scattering is a very
powerful tool for studying the underlying parton (i.e., the
quark and antiquark and, indirectly, also the gluon)
structure of a nucleon. This process is described in terms
of the structure functions, which are directly related to
the quark and antiquark distribution functions in a nu-
cleon.

The interaction of quarks and gluons is described by
quantum chromodynamics (QCD). Deep-inelastic lepton
scattering is a unique tool for testing QCD in its pertur-
bative regime (Reya, 1981; Altarelli, 1982). The study of
deep-inelastic lepton-nucleon scattering in the region of
small x, where x is the Bjorken scaling variable, is very
interesting both phenomenologically and theoretically.
Among other things, it opens the way to the study and
testing of QCD in a new kinematical regime where
several new phenomena are expected to occur.

According to QCD, at low values of x (x —10 ) and
at large values of Q a nucleon consists predominantly of
gluons and sea quarks. Their densities grow rapidly in
the limit x =0, leading to possible spatial overlap and to
interactions between the partons. Several novel physical
phenomena are thus expected when parton densities are
high, for example, shadowing or semihard processes ap-
pearing with large cross sections in the high-energy ha-
dronic reactions (Gribov et al. , 1983; Levin and Ryskin,
1990a; Levin, 1991).

Over the past decade our knowledge of the nucleon
structure functions, or the parton distributions in the nu-
cleon, has greatly improved. A vast amount of data has
been accumulated from neutral and charged-lepton
scattering experiments at high values of the scattering
variable, x ~0.03 (see, for example, Milsztajn et al. ,
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928 B. Badefek et af.: Small-x physics

1991). Below this limit the experimental data are still
scarce, and a firm understanding and well established
theoretical approach are still lacking.

The analysis of deep-inelastic scattering data from
fixed-target experiments is now almost finished. It is thus
important to summarize our knowledge of low-x phe-
nomena and define goals to be set for the forthcoming ex-
periments at the ep HERA collider, which is now being
commissioned and which will allow us to probe the low-x
region.

The presently running accelerators do not, in principle,
permit the exploration of low-x physics at sufficiently
large Q values. For example, the CERN SPS permits
nucleon structure-function measurements down to
x =0.006—0.008 at Q =3 GeV with a high-energy
muon beam. In contrast, the SLAC electron machine
cannot achieve values of x smaller than 0.1. Measure-
ments at the lowest values of x have been performed at
both CERN and FNAL (x )0.002 and x )0.00002, re-
spectively) at the expense of lowering the Q value down
to 0.1 —0.01 GeV . The Tevatron, especially in its first
stage, can offer slightly better possibilities, but the very
best opportunities for measurements in the low-x region
will be found at HERA, down to x —10, and at the
LHC, down to x —10, at moderate values of Q, as
summarized in Fig. 1 (Tung et a/. , 1989).

Several deep-inelastic scattering experiments have been
performed on nuclear targets, and various nuclear effects
have shown up at small x, as for example shadowing,
which depletes the bound-nucleon structure function rel-
ative to that measured from free nucleons.

Small-x physics is a very complicated subject with
scarce data and a variety of different theoretical ap-
proaches. There exist comprehensive theoretical reviews
(Gribov et a/. , 1983; Levin and Ryskin, 1990a; Levin,
1991) addressing the rather advanced reader. The data,
on the other hand, are distributed over many publica-
tions. This paper provides a review of theoretical and ex-

perimental low-x (x (0.03 or so) physics. Its aim is to
introduce the inexperienced reader to this rich and fas-
cinating field. We shall concentrate almost exclusively
on lepton-hadron scattering, since most of the experi-
mental and theoretical work is in this area. The paper
consists of three parts:

A theoretical introduction, in which we present the im-
portant definitions and concepts relevant to the small-x
region, i.e., elements of Regge theory, predictions of per-
turbative QCD for the small-x behavior of parton distri-
butions, deep-inelastic diffraction, small-x nuclear phys-
ics, and specific problems of the low-Q region (Sec. II);

A survey of the small-x experimental situation, includ-
ing a description of methods for extracting the results
from the measurements and a review of the low-x data
(Sec. III);

A short presentation of theoretical predictions for the
HERA small-x region (Sec. III).

The theoretical introduction has a form resembling a
lexicon, where certain problems are only mentioned but
always with relevant references (mainly to review arti-
cles). Wherever possible simple intuitive pictures are also
given. The experimental problems and results are dis-
cussed in greater detail, since the lack of an established
approach to small-x phenomena means that guidance
from the data is important. The present paper provides
the first collection of experimental results. We hope that
this kind of presentation of low-x physics will be useful,
especially for experimentalists and for those just begin-
ning their work in this field. From this point of view our
review is similar to the reports of Charchufa et a/. (1990)
and Abramowicz et a/. (1991b), in which other topics re-
lated to ep scattering at HERA were discussed. The no-
tation used here will be the same as in those papers.

II. THEORETICAL IDEAS

X
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We shall start by discussing the elements of Regge
theory and its consequences for deep-inelastic scattering
on a nucleon. Then we consider evolution equations,
screening corrections for structure functions, and deep-
inelastic diffraction. Phenomena that appear at small x
in the nuclear medium are discussed next. Finally, as the
present small-x measurements were usually made at
Q ~ 1 GeV, we found it necessary to summarize current
knowledge of the low-Q phenomena for both nucleon
and nuclear targets.

'1 0"
A. Definitions

'l0 ~ 103

g~(geq2 )

FIG. 1. Road map of high-energy physics in the 1990s (from
Tung et al. , 1989).

The small-x region of deep-inelastic scattering offers
the unique possibility of exploring the Regge limit of per-
turbative QCD (Cheng and Wu, 1969; Frolov et a/. ,
1970; Landshoff and Polkinghorne, 1972; Collins, 1977;
Balitskij and Lipatov, 1978; Bronzan and Sugar, 1978;
Bartels, 1979, 1980; White, 1979; Jaroszewicz, 1980,
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1982; Lipatov and Szymanowski, 1980; Cxribov et al. ,
1983; Lipatov, 1989, 1976; Levin and Ryskin, 1990a,
1990b; Levin, 1991). To clarify this statement let us con-
sider the deep-inelastic lepton-nucleon scattering (see also
Charchul'a et al. , 1990)

lN ~l'X,

x =Q /2p q=g /2Mv, (2)

where l' is the scattered lepton and X stands for the final
hadronic state. The cross section for this process can be
illustrated as in the left side of Fig. 2. The wavy line in
the figure denotes the exchanged vector boson: y or Z
for neutral current and 8'—for charged-current interac-
tions. At fixed energy the kinematics of inelastic lepton-
nucleon scattering is determined by two independent
variables. Let q and p be the momenta of the exchanged
gauge boson and of the nucleon. The Bjorken scaling
variable x is then defined as

yet Q is still large (i.e., at least a couple of GeV ). The
limit 2Mv»g is equivalent to s »Q, that is, to the
limit when the center-of-mass energy squared, s, is large
and much greater than Q . The high-energy limit, when
the scattering energy is kept much greater than the exter-
nal masses (and momentum transfers), is by definition the
Regge limit .In deep-inelastic scattering Q is by
definition also kept large (i.e., Q »A, where A is the
QCD scale parameter). The limit of large v and
2Mv»Q is therefore the Regge limit of deep-inelastic
scattering (Landshoff and Polkinghorne, 1972). The fact
that Q is large allows the use of perturbative QCD.

Low-energy charged-lepton scattering is mediated by a
pure electromagnetic interaction. This is also the dom-
inant contribution at low and medium Q at large ener-
gies. Therefore it is natural to focus the discussion on
one-photon exchange. In this case l and l' in Fig. 2 are
leptons of the same kind. The differential cross section is
then given by the formula

where M denotes the nucleon and where —Q =q (0
and v correspond to the virtuality of the exchanged bo-
son and its energy in the nucleon rest frame, respectively.
Note that v=p. q/M. It is convenient to introduce a
variable

d o(x, g ) 4ma

dg dx Q

Mxy
1 —y—

2E x

+y F, (x, g ) (6)

which measures the ratio of the exchanged boson energy
to the incident lepton energy in the nucleon rest frame.

Inelastic lepton-nucleon scattering is related through
the one-boson exchange mechanism (see Fig. 2) to the
scattering of a virtual boson of "mass" +—Q and ener-

gy v on a nucleon. The center-of-mass energy squared of
the virtual boson-nucleon scattering is

s =(p+q) = —Q +2Mv+M (4)

Q Q-q =Q x= 2p. q 2M'

and is equal to the square W of the invariant mass of the
hadronic system X.

Deep inelastic s-cattering corresponds to the region
where both v and Q are large and x is finite and of the
order 8(1). The small-x limit of deep-inelastic scattering
corresponds to the case in which

2Mv»g'

R(x, g )=or IcrT=(1+4M x IQ )Fzl(2xF3) —1 (7)

is often used. The difFerential cross section (6) then reads

d o(x, g )

dg dx

4~a' F~(x, g')
g4 x

1 —y—Mxy
2E

+ y (1+4M x /Q )

2[1+R (x, g )]

where due to parity conservation only two structure
functions, F, and Fz, appear. At much higher

Q (Q &Mz, where Mz is the Z boson mass) an admix-
ture of the weak interaction (thus axial-vector current)
may appear, which introduces a third structure function

F3 (see Charchula et al. , 1990). Thus, when discussing
existing deep-inelastic scattering data, we shall mention
only the structure functions F, and Fz, except for neutri-
no scattering data, where the function F3 will also be re-
ferred to. Instead of F, the structure function R (x, Q )

defined as

2

P

FIG. 2. Kinematics of deep-inelastic scattering and its relation

through the optical theorem to Compton scattering for the vir-

tual photon.
Fq(x)=x g e; [q;(x)+q, (x)] (9)

Note that, in charged-lepton scattering, R =o
L /o T

where o.
L and a T denote the cross sections for longitudi-

nally and transversally polarized virtual photons, respec-
' tively. Real photons are only transversally polarized, and
therefore o L and R vanish when Q —+0. Within the par-
ton model for quarks of spin —,

' (Halzen and Martin,
1984), Fz depends only on x and is expressed in terms of
quark (antiquark) distributions:
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F2(x) =2xF, (x) . (10)
q

" "q

0
'TT

The last equality (the Callan-Gross relation) gives R ~0
in the scaling limit. Small nonzero values of R are ex-
pected due to the transverse momentum that can arise
from the Fermi motion of the quarks inside the nucleon,
from radiation of hard gluons by the scattered quark, or
from photon-gluon fusion. The longitudinal structure
function

Fr (x, Q )=(1+4M x IQ )F2 2xF&—

is related to R via R =FL l2xF&', FL is directly sensitive
to the gluon distribution function, which plays a crucial
role in the interactions at small x.

B. Regge theory

Since the small-x limit of deep-inelastic scattering cor-
responds to the Regge limit, the concepts of the old
Regge theory and Regge phenomenology appear and ac-
quire a new content within perturbative QCD. It may be
useful to recapitulate some elements of Regge theory
(Collins, 1977), in particular those needed in the descrip-
tion of deep-inelastic scattering at small x.

For a long time it has been known that two-body
scattering of hadrons is strongly dominated by small-
momentum transfers t or equivalently by small scattering
angles. This is successfully described by the exchange of
a particle with appropriate quantum numbers. Regge-
pole exchange is a generalization of a single-particle ex-
change (Fig. 3). The Regge poles, like elementary parti-
cles, are characterized by quantum numbers like charge,
isospin, strangeness, 6 parity, etc.

The Regge pole carrying the quantum numbers of the
vacuum and describing diffractive scattering is called the
Porneron. It is related to the Pomeranchuk theorems for
asymptotic behavior of total cross sections. Other Regge
poles are called Reggeons. It is useful to represent
Regge-pole exchange in terms of quarks and gluons.
Thus the exchange of qq bound states (Fig. 4) corre-
sponding to the exchange of mesons can be related to the
Regge pole (Reggeon) that carries quantum numbers
different from those of the vacuum, while the Pomeron
can be thought of as corresponding to an exchange of a
pair of gluons. There are no known particles, however,
that might be associated with the Pomeron. Note that,
in the case of a Regge pole carrying nonzero quantum

/

0 g
g o

( g

FICx. 4. Quark-exchange (a) and gluon-exchange (b) diagrams
and the corresponding Regge-pole exchange for meson-proton
scattering. P denotes Pomeron and R Reggeon.

numbers, configurations of the qq pairs are possible
which cannot be represented by known mesons. Forrnal-
ly the Regge pole corresponds to a pole of the t-channel
partial-wave amplitude in the complex angular momen-
tum plane. The position of this pole is described by the
trajectory function a(t).

The high-energy behavior of a two-body amplitude due
to Regge-pole exchange is

A(s, t)-s '", (12)

where s is the c.m. energy squared of the colliding had-
rons. The value of the trajectory function for t =0, a(0)
is called the intercept. The optical theorem relates the
imaginary part of the forward (i.e., t =0) elastic-
scattering amplitude 2 to the total cross section o „,:

ImA =so, , (13)

Therefore the imaginary part of the forward elastic am-
plitude gives the high-energy behavior of the correspond-
ing total cross section for the reaction a +b ~anything.
Regge-pole exchange thus gives

a(0) —1
tot (14)

i.e., the high-energy behavior of the total cross section is
controlled by the intercept.

The nonvacuum trajectories of Regge poles associated
with the known mesons have intercepts smaller than one
[az(0) = —,

' or less], and so the corresponding contribu-
tions to the total cross section decrease with increasing
energy. In order to describe the energy-independent total
cross sections observed at lower energies, one has to as-
sume the intercept of a Pomeron to be equal to I.

C. Pomeron at high energies

FIG. 3. Regge-pole exchange.

It should be emphasized that the detailed mechanism
of high-energy interactions and in particular the nature
of the Pomeron may be more complicated than the sim-
ple Regge-pole exchange picture. It is therefore more ap-
propriate to speak in general of Regge singularities,
which may not necessarily be simple poles. The name
Pomeron is in general a name for the m.echanism respon-
sible for diffractive processes at high energies. In partic-
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ular, the Pomeron should be able to describe cross sec-
tions that increase with the increasing energy.

The increase of the total cross sections with energy
(and so the possible nature of the Pomeron) is strongly
constrained by the Froissart bound, implying that,
asymptotically, the total cross sections cannot increase
faster than ln s (Froissart, 1961; Martin, 1982). This
bound is a consequence of unitarity and analyticity. It
has, in fact, a very simple geometrical content, namely,
diffractive scattering can at most correspond to scatter-
ing on an expanding black disk with the radius growing
not faster than lns. We stress that this is the asymptotic
bound; for finite energies it is possible to have the total

ap —1

cross sections behave (for instance) as s with a~ & 1

and still be consistent with unitarity. This behavior, if
present, must eventually be slowed down in order not to
violate unitarity. We shall discuss this point in more de-
tail now.

When studying the high-energy limit of scattering am-
plitudes in perturbative quantum field theory, one usually
proceeds in two steps: first the leading In(s) approxima
tion, in which the contributions of those diagrams which
at each order n of the perturbative expansion give the
maximum power of In(s) (usually n) are summed. The
sum is called the bare Pomeron. Since the leading 1n(s)
criterion does not necessarily respect unitarity, one finds
in many cases, and as a rule in gauge field theories, that
the intercept az of this bare Pomeron is above unity.
The total cross section corresponding to the exchange of

ap —1
B

this bare Pomeron behaves as s, i.e., increases as a
power of energy for a~) 1. This behavior violates the
Froissart bound at very high energies. One is then forced
to understand how unitarity is restored and to find the
appropriate unitarization procedure, which brings the
Pomeron back within the unitarity limit. This is the
second —and in general much more complicated —step
in the analysis of the higher-energy limit. The eikonal
model, which treats the bare Pomeron as the eikonal or
as the "potential, " may be used in the unitarization pro-
cedure (Bourrely et al. , 1984a, 1984b, 1988). With the
bare-Pomeron intercept above unity, this model leads to
diffractive scattering on an expanding black disk and may
lead to the saturation of the Froissart bound (Froissart,
1961; Martin, 1982). It should be kept in mind that,
within a specific field theory and in particular within the
non-Abelian gauge field theories, restoring unitarity may
be much more complicated than is implied by application
of the simple eikonal prescription (Frolov et al. , 1970;
White, 1979; Bartels, 1979, 1980).

D. Small x in deep-inelastic
scattering on a nucleon

Let us now briefly review the application of Regge
theory to deep-inelastic charged-lepton scattering on a
nucleon. The natural quantities to consider are the struc-
ture functions F, and F2, which are proportional to the
total virtual photon-nucleon cross section (see Sec. II.A

and Fig. 2) and which are expected to have Regge behav-
ior corresponding to Pomeron and/or Reggeon exchange
(Landshoff and Polkinghorne, 1972). Let us consider this
point in more detail. The virtuality of the exchanged
photon is equal to q = —Q, where Q & 0, and the ener-

gy of the photon in the laboratory fraine (nucleon at rest)
is equal to v=pq/M (see also Sec. II.A). The invariant
mass of the hadronic system produced in y*N collision,
8' is equal to the total energy in the photon-nucleon c.m.
system: W=&s. We shall assume that Q &&s, this be-
ing equivalent to 2Mv»Q . Applying now the optical
theorem to the total cross section for the reaction
y*N —+hadrons, we introduce the elastic amplitude for
the Compton process y'N ~y*N at zero-momentum
transfer t between initial and final photons (or initial and
final nucleons); see the right side of Fig. 2. At large ener-
gies &s and small t, t~0, we use the Regge pole or in
general the Regge-theory approach to describe this am-
plitude and then the total cross section [see Eq. (6)]. The
predictions obtained in this way for the production of the
hadronic system in deep-inelastic scattering can be used
to estimate the small-x behavior of the structure func-
tions, since the limit of large s »Q discussed above cor-
responds to small x —Q /s.

1. Regge behavior of the structure
functions in the parton model

In order to match the Regge behavior of the structure
functions with the Bjorken scaling implied by the parton
model, one considers the Regge parametrization using
the variable 1/x instead of s in Eq. (14) (note that 1/x -s
in the limit s »Q ). From the Regge behavior of the
virtual-photon nucleon total cross sections for transver-
sally and longitudinally polarized photons one gets the
following Regge behavior for the structure functions:

&
—a(0) F & 1 —a(0)X 7 2 7 (15)

(16)

corresponds to a Compton amplitude (Fig. 2) with a
Pomeron exchange of intercept a& = 1, while a behavior
of the valence-quark distributions as x " with o,'+ ———,

'

corresponds to a mesonic Regge-pole exchange, i.e.,

1
q„,i(x)-

x
(17)

where a(0) is an intercept of the corresponding Regge
trajectory.

In the parton model, which is appropriate in large-Q
limit, the structure functions are related to the quark and
antiquark distributions in the nucleon [see Eq. (9)]. The
Regge behavior of the structure function F2(x) in the
large-Q region refiects itself in the small-x behavior of
the quark and antiquark distributions. Thus a 1/x be-
havior of the sea-quark and antiquark distributions for
small x,
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The difference between the sea-quark and valence-quark
behavior at small x is related to the quantum number ex-
change in the t channel of the virtual-photon —hadron
scattering. The valence-quark distributions stem from
the qq pair-exchange mechanism, in which the qq state
can- have its quantum numbers different from those of the
vacuum. The small-x behavior of the valence-quark dis-
tributions is therefore associated with Reggeon exchange.
On the other hand, the sea-quark distributions corre-
spond predominantly to the exchange of a qq pair carry-
ing vacuum quantum numbers. Their small-x behavior is
therefore controlled by Pomeron exchange. ' Since the
same processes lead to gluon and sea-quark distributions
in the nucleon, we expect that for small x

1G(x)- —.
x (18)

The x dependence of the parton densities given above
[Eqs. (16)—(18)] is often assumed also for Q2 depende-nt

parton densities at moderate Q . Further discussion of
this point is given below.

2. Evolution equations

Let us now discuss the perturbative QCD predictions
for the small-x behavior of parton distributions. We
shall consider the sea quark and gluon distributions that
dominate the valence quarks in the small-x limit. Pertur-
bative QCD becomes applicable in the large-Q region
leading to the evolution of the parton densities with Q,
expressed in some form of evolution equations. The. exact
form of these equations depends upon the accuracy with
which one treats the "large" logarithms ln(g /A ) or
In(1/x). In the leading ln(g ) approximation, which cor-
responds to keeping only those terms in the perturbative
expansion which have the leading power of In(g ), i.e.,
ct,"In"(Q ), the equations have the familiar form of the
Altarelli Parisi e-quations (Altarelli and Parisi, 1977;
Dokshitzer et al. , 1980; Reya, 1981;Altarelli, 1982):

Bq;(x, g ) a, (g )

8ln(g /A2) 2~ ~x y

BG(x,g ) erg(g ) i dy

8ln(g /A ) 2~ x y

P„—q;(y, Q')+P,G—
3 y

r

XPG, —q;(y, Q')+PGG

G(y, g')

G(y, Q')

(19)

(20)

where I',b are the one-loop splitting functions. When the
appropriate gauge is chosen, the diagrams that contrib-
ute in this approximation are the ladder diagrams with
gluon and quark exchange (Fig. 5). In those diagrams the
longitudinal momenta -x, are ordered along the chain
(x; ~x;+&), and the transverse momenta are strongly or-
dered (i.e., kt; &&kt;+& ). It is this strong ordering of
transverse momenta towards Q which gives the maximal
power of ln(g ), since the integration over transverse
momentum in each cell is logarithmic (viz. , the integrand
is proportional to I /kz ).

When terms with higher powers of the coupling
a, (g ) are included in the right-hand side of Eqs. (19)
and (20) one obtains the next to leading lo-gar-ithmic ap-
proximation. For more details see CharchuIa et al.
(1990).

Let us now look at the small-x limit of the distribu-
tions generated by these equations. We note that the
term PGG(z) behaves as 6/z at small z, which is relevant
at small x [see Eqs. (19) and (20), where z =x/y]. Re-
taining in the above equations only these terms, one gets

'A possible model for the Pomeron exchange, which would
give a constant {i.e., energy-independent) cross section and
therefore the 1/x behavior of the sea-quark distributions, is the
two-gluon exchange model (Low, 1975; Nussinov, 1976; Gunion
and Soper, 1977).

Y

"p )t

,
O'a
O

I

l

1

I

l

0 0 0 O 0 0 0 0 O L D O O O

&&i+1p :-kz, i+1

xip yg ky i

Ioooooooooooaooao
I

l

I

I

I

O ling+a|

p--

kg g
a Jooooooo~

1

FIG. 5. Ladder diagram for deep-inelastic scattering in the
leading ln(Q ) approximation.

the product of maximal powers of both large logarithms,
ln(g ) and ln(1/x), which leads to the so-called double
logavithmic approximation The pow.ers of In(1/x) come
from the fact that integration over the longitudinal
momentum fraction becomes logarithmic also, and so in
the nth order given by the nth iteration of the evolution
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equations one finds for the gluon at small x

G( g )
P(Q )ln" '(1/x) 1

x (n!) ln(1/x)
(21)

where

g ~ dk2 3a (k ) g2
g(g2) = ' -ln ln

A
(22)

X [slowly varying function of g(Q2)ln(1/x)]

(23)

at small x and large Q, i.e., g(Q )lnl/x ))1. This pre-
dicts that in the small-x limit the gluon distribution (mul-

tiplied by x) will grow faster than any power of ln(1/x).
The same applies to the sea quarks, since the dominant
contribution to sea-quark distributions at small x comes
from the qq pairs emitted from gluons (Fig. 6).

The double logarithmic approximation does not, how-
ever, take into account all leading terms in the parton
densities in the small-x limit. By definition it neglects

The factorials in the denominator of Eq. (21) refiect
strong ordering in longitudinal and transverse momenta,
respectively. The sum of these terms behaves as

xG -exp[2+/(Q )ln(1/x)]

terms in the perturbative expansion that contain the lead-
ing power of ln(1/x) but are not accompanied by the
leading power of ln(Q ).

The sum of leading powers of ln(1/x) [and arbitrary
powers of ln(Q )] corresponds to the leading in(1/x) ap-
proximation (Kuraev et al. , 1977; Balitskij and Lipatov,
1978; Gribov et al. , 1983; Ciafaloni, 1988; Catani et al. ,
1990a, 1990b). This approximation is equivalent to the
leading ln(s) approximation. The equivalence of the
leading in(s) and leading ln(1/x) approximations follows
from the fact mentioned above that in the limit s ))Q,
x —Q /s, and so 1n(1/x)-ln(s/Q ). This approxima-
tion gives the bare Pomeron in perturbative @CD. The
diagrams that contribute in this approximation are
ladderlike, but the exchange mechanism along the ladder
is slightly more complicated. Instead of the elementary
gluon exchange, one has the exchange of the Reggeized
gluon (Fig. 7). The term "Reggeized gluon" means that
one can associate with the gluon the Regge trajectory
that is calculable in perturbative QCD (Kuraev et al. ,
1977; Balitskij and Lipatov, 1978; Bronzan and Sugar,
1978; Lipatov and Szymanowski, 1980; Gribov et al. ,
1983; Levin, 1991).

The Balitskij-l. ipatou equation, which sums these dia-
grams, has the form (Balitskij and Lipatov, 1978; Bron-
zan and Sugar, 1978; Gribov et al. , 1983; Kwiecinski,
1985a; Levin, 1991)

f ( k2) —fo( k2)+ k&
& d ' "dk' f(x', k') —f (x', k') + f (x', k')

m x x' &4k'+k"
C

(24)

where the function f (x, k ) is the nonintegrated gluon
distribution, i.e.,

f ( k2) BxG(xk )

3 ink
(25)

f (x, k ) is a suitably defined inhomogeneous term,
k, k' are the transverse momenta squared of the gluon
in the final and initial states, respectively, and ko is the
lower-limit cutoK The important point here is that, un-
like the case of the leading ln(Q ) approximation, the
transverse momenta are no longer ordered along the
chain. As before the dominant contribution to sea-quark
distributions comes from the qq pairs emitted from

I

gluons (Fig. 6).
When the running of the QCD coupling is neglected

[i.e., when one sets a, (Q )=ao] the Balitskij-Lipatov

equation can be solved analytically, and one obtains at

I

I

I

l

I

OO!OOOOOOOOOO
O

~ O O O O O O O O Ot~ O O O O O~
I

I
C

C

c & O O O Og O O O O O ~ O O O O O O O~

I

I

OOOOO~OOOOO

p

FICx. 6. Sea-quark distribution related to the gluon distribution
in deep-inelastic scattering.
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FICz. 7. Ladder diagram for deep. -inelastic scattering in leading
ln(1/x) approximation, with gluon exchanges reggeized along
vertical lines.
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small x
1 —ap

1
xG(x, Q )-,/~

I+&
(lnx )' lnx

where
12o,o

ap = 1+ ln2 (27)

corresponds to the intercept of the bare QCD Pomeron,
which in this approximation describes the fixed (i.e., t-
independent) branch-point singularity. It should be not-
ed that it can have a potentially large magnitude, e.g. ,
o;&) —,

' for a typical value of F0=0.2. When running

coupling-constant eFects are taken into account, this
fExed branch-point singularity turns into an infEnite num-
ber of Regge poles (Cardy, 1974, 1975; Lipatov and Szy-
manowski, 1980) where positions are controlled by
a, (ko). The small-x behavior of parton distributions is

now

1 —apxG(x, Q )-x (28)

where ai, denotes the intercept of the leading (i.e., the
rightmost) pole. Again this can be large, az-——,'(Lipa-
tov, 1986; Collins and Kwiecinski, 1989), as in the fixed-

coupling case.
It is also possible to generalize the leading ln(l/x)

equation in a way that treats both large logarithms, i.e.,
ln(Q ) and ln(1/x), on an equal footing (Gribov et al. ,
1983; Levin, 1991). The numerical study of these equa-
tions suggests, however, that the results do not differ sub-
stantially from the solution of the conventional Altarelli-
Parisi equations, at least in the region of not-too-small
values of x ) 10 (Kwiecinski, 1985b; Charchul'a and
Krawczyk, 1990; Krawczyk, 1990; Marchesini and
Webber, 1991, 1990).

These considerations summarize the properties of the
bare perturbative QCD Pomeron. The validity of the
various approximations depends upon the regions of x
and Q, as presented in Fig. 8. Since this problem is re-

I

y(Q )

lated to the screening corrections, it will be considered
below.

The above discussion dealt with purely perturbative
QCD results. Possible nonperturbative effects (i.e., those
generated by the nonperturbative modification of the
gluon propagators coming from the gluon condensate) on
small-x behavior are discussed by Landshofl'and Nacht-
man (1987), Cudell et al. (1989), and Donnachie and
Landshoff (1989).

3. Screening corrections

The unlimited increase of the parton distributions
(multiplied by x) leads to a conflict with unitarity, i.e.,
too rapid increase of high-energy cross sections violating
the Froissart bound (Froissart, 1961; Martin, 1982). The
violation of the Froissart bound and its possible restora-
tion can be understood within a simple geometrical pic-
ture (Gribov et al. , 1983; Levin, 1991), which we shall
now describe. To this end let us fErst note that the quan-
tity xG(x, Q ) is equal to the number of gluons nG in the
nucleon per unit of rapidity y = ln( 1 /x ) having a trans-
verse size —1/Q. This follows from the fact that the
function G(x, Q ) is, by definition, the number density of
gluons En a nucleon~ E.e.,

G (x, Q )=dnG(x, Q ) /dx,

and so

(29)

xG(x, Q )=dnG/d ln(1/x)=dnG/dy . (30)

Unfortunately we have no direct deep-inelastic scattering
type of measurement with photonic or S'/Z probes for
gluons. There does exist, however, a strong-interaction
analog to deep-inelastic scattering, which is the hadron-
nucleon interaction in which a highly virtual gluon from
a hadron probes the structure of the nucleon. So, for the
moment, let us consider the interaction of an external
hard gluonic probe G" of virtuality 0& q = —Q2 with a
nucleon.

Within the QCD improved parton model, when one
counts incoherently the individual probe-gluon cross sec-
tions, the cross section corresponding to the virtual
gluon-nucleon interaction (per unit of rapidity) is

cr, =o.oxG(x, Q ), (31)

lO—

lo
n(Q2 )

)fl Q~/jP

FIC». 8. Regions of applicability of di6'erent approximations
and the definition of the critical line, which here corresponds to
the large-Q asymptotic form y, (Q ) =(1/4c)ln'(Q'/A'), where
c =12/(11 —2nf/3) with the nomber of flavors nf set to 4
(Kwiecinski et aI., 1991a, 1991b}.

where o.
o is the total cross section corresponding to the

interaction of the probe with the gluon in a nucleon, i.e.,

a, (Q')
o.o= o. + =const Q(32)

The increase of the gluon distributions in the manner de-
scribed in the previous sections would violate the Frois-
sart limit for the cross section o. + as well as for other
hadronic cross sections.

%'e are now in a position to see that the violation of
the Froissart bound can be interpreted in simple
geometric terms. I et us assume that the cross section o.o
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croxG(x, Q )
')Vs«(x, Q )=

m.R
(33)

In the region of x and Q, where ')Vs«« 1, we are in the
limit of applicability of the QCD improved parton model,
and the parton evolution with Q proceeds along the
lines described in the preceding section. The QCD evolu-
tion described by Eqs. (19) and (20)—and corresponding
to the ladder diagram —is the evolution of the individual
partonic cascades. The important point here is that the
interaction of partons from different cascades can be
neglected.

When ')V,«-a, (Q ), then partons from difFerent cas-
cades begin to overlap spatially (transversely) and in-
teract. This interaction of partons leads to nonlinear
screening (or shadowing) corrections to the evolution
equations (19) and (20).

In the simplest version, the corrected evolution equa-
tion takes the form (Gribov et al. , 1981a, 1981b; Mueller
and Qiu, 1986)

axG(x, Q')
a lnQ'

3a, (Q ) i gyf "[yG(y Q')]

2
'2

f dy
[ G( Q2)]2

3a, ( )

Q
(34)

In this equation the linear term on the right-hand side
was obtained from the standard evolution equation for
gluons [Eq. (20)] by neglecting the quark contribution

is equal to the transverse area of the probed parton.
Since xG(x, Q ) denotes the number of small-x gluons,
the right-hand side of Eq. (31) is equal to the area occu-
pied by the small-x gluons in a nucleon. Since the num-
ber of gluons, xG, can grow indefinitely for x~0, Eqs.
(23), (26), and (28), the total transverse area occupied by
gluons can become comparable to or larger than the
transverse area of a nucleon, mA, for sufficiently small
values of x and/or Q . This effect is called in the litera-
ture parton overcrowding W. hen this happens (and in fact
before this happens), gluons begin to overlap spatially in
the transverse direction and interact. This means that
they can no longer be treated as free partons (Gribov
et al. , 1983; Levin, 1991). This is in conflict with the
basic assumption of the QCD improved parton model, in
which the partons are assumed to be noninteracting. The
formula for the cross section must therefore be modified
accordingly. The interaction of partons should be ex-
pected to tame the indefinite increase of parton distribu-
tions in the small-x limit in such a way that the total
cross section becomes equal to the geometrical one, i.e.,
equal to mR . When this limit is reached, one speaks of
parton saturation.

We shall now briefly discuss how this picture is quanti-
tatively realized in QCD. Clearly the crucial parameter
here is ')V„, defined as

and keeping only the most singular term of the
PGG-6/z. That means that, in fact, G(x, Q ) is treated
here in the double logarithmic approximation. The
second term in Eq. (34) is the screening correction. Note
that this equation is written for G(x, Q ) times x. The
origin of the negative sign of the screening correction will
be discussed in Sec. II.F.

The modified evolution equation (34) makes our discus-
sion of the screening effect more quantitative. In particu-
lar, the parameter ')V,«can be defined here to be equal to
the ratio of the integrands of the second and first terms
on the right-hand side of Eq. (34). This leads to the fol-
lowing expression for the parameter ')V„,:

27na, (Q.
)

'lV„,= xG(x, Q') .
16R Q

(35)

The screening term may also contain terms with higher
powers of the gluon distributions (Mueller, 1990a). Tak-
ing into account the quadratic term alone, as in Eq. (34),
is justified only when the nonlinear corrections are rela-
tively small.

The main role of the nonlinear screening term in Eq.
(34) is to tame the indefinite increase of xG(x, Q ) in the
small-x limit. One finds that for x ~0 the gluon distribu-
tion obtained in this way approaches the so-called parton
saturation limit G"'(x, Q ) (Gribov et al. , 1983; Collins
and Kwiecinski, 1989; Bartels, 1991;Levin, 1991):

xG"'(x Q )= R Q
16

27~a, (Q )
(36)

11 2nf /3 —n2
y, (Q )= ln (37)

in the (y =lnl/x, lnQ ) plot, where nf denotes the num-
ber of flavors. A complete discussion of the origin of the
critical line would require introduction of the so-called
"semiclassical approximation" of the evolution equation,
which is too technical and therefore avoided here. The
details concerning this point are presented by Gribov
et al. (1983), Bartels (1991), Kwiecinski et al. (199la,

which corresponds to %',«=1 in Eq. (35). Before this
limit is reached, however, one expects that higher-order
terms of the screening corrections, as well as other con-
tributions, will become important. In some models these
higher-order contributions modify the saturation limit by
a factor that is a slowly varying function of x (Mueller,
1990a). In the region of x and Q, where ')V « sI, non--

perturbative confinement effects can also become impor-
tant.

The most dramatic consequence of parton saturation is
a linear scaling violation in parton distributions [see Eq.
(36)] to be contrasted with the mild logarithmic scaling
violation given by perturbative QCD.

The evolution equation (34) is expected to hold in the
region where ')V,«& a, (Q ), i.e., below the so-called criti
cal line (Fig. 8) (Gribov et al. , 1983; Bartels, 1991;Levin,
1991),where )V,«-a, (Q ). For large Q,
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1991b), and Levin (1991).
The magnitude of the radius parameter R controlling

the strength of the screening corrections is expected to be
smaller than the magnitude of the hadronic radius. This
comes from the fact that two diagrams can contribute to
the shadowing term (Fig. 9). The magnitude of the con-
tribution in Fig. 9(a) (when the gluonic ladders forming
the gluon distribution are attached to the different con-
stituents of a hadron) is controlled by the hadronic ra-
dius, while the contribution of the diagram in Fig. 9(b)
(when the ladders are attached to the same constituent) is
controlled by the much smaller constituent radius. If the
second contribution prevails, as advocated by Levin and
Ryskin (1990a, 1990b), then one obtains the so called
"hot spots" picture of a hadron, in which the gluons are
packed within regions much smaller than the hadronic
size (Gribov et al. , 1983; Mueller, 1990b; Levin, 1991).
In this model, screening (shadowing) is very important,
and parton saturation can be reached for values of x and

Q that are accessible at HERA (Bartels et al. , 1990,
1991; Kwiecinski et al. , 1990; Mueller, 1990b; Bartels,
1991).

4. Types of parton parametrizations

The existing experimental data for moderately large
values of Q (e.g. , Q ) 5 GeV ) do not provide very
strong constraints on the behavior of parton distributions
in the very-low-x region. The accessible values of x are
x ~ 10, where the shape of the parton distribution is
still to a large extent controlled by terms that are non-
leading in the small-x limit. The main message from
QCD analysis is that small-x behavior, particularly in the
region of moderately large values of Q, is very sensitive
to the boundary conditions at some reference Qo scale,
and the results can differ by an order of magnitude or
even more.

The conventional assumption has been that the gluon
and quark sea distributions should have a 1/x behavior
at small x and for moderately large values of the refer-
ence scale Q (see Sec. II.D.1). The increase of the par-
ton distributions (multiplied by x), and so the increase of
the structure function F2(x, Q ) for Q not far from the
reference scale (i.e., for Q =10—20 GeV or so), is then
still rather slow. This comes from the fact that the evolu-
tion parameter g(Q ), which controls the increase in the
small-x region [see Eq. (22)], is still small. The screening
corrections were also estimated for this class of distribu-
tions and found to be relatively small (i.e., & 20%;

~ 'y! ~
'I

50414k a
,
e

g e

(a)
FIG. 9. Shadowing terms (a) with R =RH and (b) for the hot
spots picture with R =R„„„„(fromKwiecinski et a/. , 1990).

Kwiecinski, 1985b). These conventional distributions
can become negative when evolved "backwards" to scales
Q &Qo. One can argue, however, that the "leading
twist" approximation, which neglects terms proportional
to 1/Q, it is not applicable in this region.

Positivity of the parton distributions down to very low
values of Q can be achieved through less conventional
input parametrizations, which for moderately large
values of Q predict a steep rise in the parton distribu-
tions with decreasing x. Such, for instance, are the radia-
tiuely generated parton distributions (Reya, 1981; Gliick
et al. , 1988, 1989; see Sec. II.G). They start from the
pure valence-quark distributions at the very low scale
Qo =0.06 GeV [for Qo ——0.2 GeV and some "valence"
gluons in the new formulation of the model (Gliick et al. ,
1990, 1991)]. In another example, approximate effects of
the bare QCD Pomeron are included in parton distribu-
tions in the form of the x behavior of the input sea-
quark and gluon distributions at the scale Q2O-5 GeV~
(Kwiecinski et al. , 1990). In the former case the very
steep increase of the parton distributions with decreasing
x is caused by the relatively large magnitude of the evolu-
tion parameter g(Q ), while in the latter case the increase
is the direct consequence of the input. In both cases the
calculated gluon distributions can overcome their satura-
tion limit at x ) 10 and moderately large values of Q,
and so the screening corrections can no longer be
neglected as in the case of distributions that originated
from "1/x" input. The screening corrections can indeed
be very important, since they could reduce the magnitude
of the gluon distributions by a factor as large as 2.5 —3 for
x = 10 (Collins and Kwiecinski, 1990).

Most QCD analyses go beyond the leading ln(Q ) ap-
proximation, taking into account also the next-to-leading
terms in the evolution kernels. They are dependent upon
the renormalization scheme, leading to scheme-
dependent parton distributions. The most frequently
used is the modified minimal subtraction (MS) scheme
(Tung, 1989). In this scheme the next-to-leading term in
the gluon-quark splitting function becomes singular at
small x, enhancing the sea quarks at the expense of
gluons. These effects can be partly compensated by
changes in the value of the QCD scale parameter A
(Tung, 1990). As has been discussed, for example, by
Charchura et al. (1990), one cannot directly compare
parton distributions obtained in different schemes or par-
ton distributions belonging to the leading ln(Q ) approxi-
mation with those of the next-to-leading ln(Q ) type.

Recently three next-to-leading-order Q'CD analyses
were performed (Gluck, Reya, and Vogt, 1990, 1991;
Kwiecinski, Martin, Roberts, and Stirling, 1990; Morfin
and Tung, 1991), in which special attention was paid to
the small-x behavior of the parton distribution functions.
In particular, Kwiecinski et al. incorporated both the
singular x type of behavior of the gluon and sea-
quark distributions and shadowing effects into their pa-
rametrization. In Sec. IV we discuss the predictions for
HERA based on these parametrizations.
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E. Deep-inelastic diffraction

The deep ine-lastic diffractive process related to deep-
inelastic scattering is defined as

(38)

I

I

I

~r
I

~L

I

with a large rapidity gap between the nucleon in the final
state and the produced system X. The production mech-
anism in this case is expected to be dominated by Pome-
ron exchange (Fig. 10). In the large-Q region one is
therefore probing the parton content of a Pomeron (Fig.
11; Donnachie and Landshoff, 1984, 1987; Ingelman and
Schlein, 1985; Berger et al. , 1987; Ryskin, 1988, 1990;
Streng, 1988; Bartels and Ingelman, 1990; Ingelman,
1990; Nikolaev and Zakharov, 1992).

Concerning the partonic structure of the Pomeron, it is
usually assumed that it consists predominantly of gluons
(Donnachie and Landshoff, 1984, 1987; Ingelman and
Schlein, 1985; Berger et al. , 1987; Streng, 1988). In this
approach the parton distributions are assumed to be nor-
malized by the ordinary momentum conservation sum
rules saturated by gluons. Various forms of gluon distri-
butions in a Pomeron have been considered; the experi-
mental data on jet production within the diffractively
produced system seem to favor "soft" parametrization
(Bonino et al. , 1988). In this model the quark distribu-
tions within the Pomeron are generated radiatively from
gluons as the effect of QCD evolution. On the other
hand, in the papers by Donnachie and Landshoff (1984,
1987; see also Ingelman and Schlein, 1985, Berger et al. ,
1987, and Streng, 1988) it is assumed on the basis of the
Pomeron-photon analogy that the Pomeron couples
predominantly to quarks. In this approach the quark
distributions are not constrained to satisfy the momen-
tum conservation sum rules. The very interesting possi-
bility was considered by Ryskin (1988, 1990), by Bartels
and Ingelman (1990), and recently by Nikolaev and Za-
kharov (1992) that deep-inelastic diffraction can be calcu-
lated almost entirely within perturbative QCD from tri-
ple gluonic ladder diagrams, i.e., from the same diagrams
that describe parton screening effects in the modified evo-
lution equations discussed in Sec. II.D.3. Theoretically
this problem is strongly connected with the calculation in
QCD of the fundamental quantity describing (large-mass)
diffraction, i.e., the so-called triple Pomeron vertex.
Again the parton distributions calculated within this

FICx. 10. Deep-inelastic diffraction. The zigzag line represents
a Pomeron.

FIG. 11. Pomeron structure function in deep-inelastic
diffraction.

purely perturbative model are not constrained to satisfy
the momentum conservation sum rules. In general
momentum conservation sum rules give parton distribu-
tions of relatively large magnitude in a Pomeron.

F. Low-x nuclear physics

In the last decade abundant experimental data on the
structure of a nucleon in a nuclear environment have be-
come available. The bound-nucleon structure is interest-
ing in itself, but an understanding of it also permits ex-
traction of the free-nucleon structure function from the
nuclear data. This has important practical consequences,
especially for neutrino scattering experiments in which
luminosity limitations exclude the use of hydrogen tar-
gets. In what follows, Fz(A) and R (A) shall denote
bound nucle-on structure functions or the structure func-
tions of a nucleus A normalized to the number of nu-
cleons. In particular, F2(H) is the structure function of a
proton (sometimes also denoted F~z), and Fz(D) is the
structure function of a nucleon (obtained from a deuteron
neglecting its weak binding). The same convention will
be applied to a cross section a ( A ).

It is known that the bound-nucleon structure function
Fz(A) differs substantially from that measured for free
nucleons F2(D) (Frankfurt and Strikman, 1988), a still
controversial phenomenon called the EMC eQect after
the European Muon Collaboration who first observed it
(Aubert et al. , 1983). The most intriguing and (quantita-
tively) rather poorly understood part of this effect, the
reduction of F2( A) for x (0.1, has been known for a
long time as nuclear shadouu'ng (Bauer et a/. , 1978;
Grammer and Sullivan 1978; Covolan and Predazzi,
1991). Shadowing describes a phenomenon in which the
reaction cross section per nucleus is less than A times the
single-nucleon cross section. This phenomenon is studied
by comparing the cross sections (structure functions) per
nucleon from nuclear and nucleon targets. Deuterium is
traditionally taken as a free-nucleon target in the experi-
ments (Arnold et al. , 1984; Bari et a/ , 1985; Ashma. n
et al. , 1988; Arneodo et al. , 1990, 1988; Amaudruz
et a/ , 1991b). Nucle. ar interactions can be described us-

ing the partonic language exclusively. However, in cer-
tain circumstances it might be easier to use the nucleon
degrees of freedom as well.
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Nuclear shadowing effects in the large-g region
where the parton model is applicable are expected to
reAect shadowing at the parton level in the nucleus. In a
simple space-time picture of the interaction of the virtual
probe with the nuclear target, shadowing sets in when
the longitudinal size of a parton having a certain momen-
tum fraction x, b,z = 1/xp exceeds the Lorentz contract-
ed distance between two neighboring nucleons in the nu-
cleus, b,z&=2r+M/p (p is nucleon momentum, rz —1

fm), in the reference frame in which the nucleus is
suKciently rapid. This means that partons longitudinal
dimensions extend over more than one nucleon, possibly
over the whole nucleus. If their transverse dimensions
b = I/Q are similar, then such partons may overlap spa-
tially and recombine. This leads to the suppression of the
parton density for values of x smaller than a certain value
x„=1/2Mr~ =0. 1 {shadowing) and possibly to the
enhancement of the parton distributions at x )x z (an-

tishadowing), i.e., to a redistribution of the parton mo-
menta. Thus, at sufficiently small x, the partons (quarks
and/or gluons) in a nucleus are not independent, as is as-
sumed in the parton model; that is, the cross section for
hard scattering wiH not grow linearly with A. Shadow-
ing will disappear very slowly with increasing Q . The
interaction of partons from different nucleons, leading to
a reduction of the effective number of partons in a nu-

cleus, is the basic mechanism of shadowing in nuclear
parton distributions in perturbative QCD (Nikolaev and
Zakharov, 1975; Mueller and Qiu, 1980; Qin, 1987). In
the region of very small values of x (x ((1/2MR ~ where
R ~ is the nuclear radius), shadowing effects can be
enhanced by partons overcrowding in a nucleon, as im-
plied by perturbative QCD (Gribov et al. , 1983; Levin,
1991;see discussion in Sec. II.D.3).

To quantify the above mechanism of nuclear shadow-

ing, one can represent the interaction of the virtual pho-
ton with the nucleus in the form of a muhtip/e-interaction
series. Different terms of the series correspond to
different numbers of nucleons in a nucleus participating
in the interactions (see Fig. 12). For a deuteron, for ex-
ample, one has two such terms. The corresponding
structure function is related via the optical theorem to
the imaginary part of the amplitude from Fig. 12. The
first diagram gives the sum of all structure function of
protons and neutrons. Shadowing comes from the
second and higher terms, when more than one nucleon
participate in the interaction. The different models of
shadowing correspond to different structural details of
these diagrams. In what follows we shall limit our dis-
cussion to double scattering.

The shadowing contribution to the sum of structure
functions of all nucleons is negative. Two possible ori-
gins of this negative sign are discussed in the literature.

{1) The "conventional" origin, which corresponds to
the dominant imaginary amplitude describing individual
virtual-photon —nucleon interactions in double scattering.
This is essentially the same as the origin of the negative

~ ~ ~
I

PA

FIG. 12. Multiple-scattering expansion for the virtual-
photon —nucleus scattering amplitude. The solid lines corre-
spond to the probe and nucleons in a nucleus (from Kwiecinski,
1990).

sign of the Glauber double-scattering term in hadron-
nucleus interactions (see Franco and Glauber, 1966)
when the hadron-nucleon scattering amplitudes are
predominantly imaginary. This "conventional" ap-
proach is usually combined with Pomeron exchange in
the multiple-interaction mechanism (Kwiecinski and
Badelek, 1988; Kwiecinski, 1990; BadeJek and
Kwiecinski, 1992). Almost all models of shadowing be-
long to this class, e.g. ,

(i) the model based on the theory of inelastic screening
adapted to deep-inelastic scattering on nuclear targets.
This allows the shadowing corrections in parton distri-
butions to be related to deep-inelastic diffractive process-
es on a nucleon target and to parton distributions in the
Pomeron (Kwiecinski and Badegek, 1988; Zoller, 1992a,
1992b; Badegek and Kwiecinski, 1992). Multiple scatter-
ing of the di6'ractively produced system within a nucleus
can also be taken into account in a model-dependent way
(Kwiecinski, 1990);

(ii) the aligned-jet model in which the virtual probe is
assumed to dissociate into a qq pair of limited p~ (i.e., the
virtual-photon-aligned . "jet"), which in turn interacts
within the nucleus with a "typical hadronic" cross sec-
tion (Frankfurt and Strikman, 1989). Absorptive rescat-
tering of this pair within a nucleus leads to shadowing
(Nikolaev and Zakharov, 1991);

(iii) the model in which the virtual photon is assumed
to dissociate into a qq pair and shadowing is a conse-
quence of a subsequent antiquark-nucleus multiscatter-
ing process (Brodsky and Lu, 1990).

The shadowing term in perturbative QCD is given by
the multiple exchange of gluon ladders coupling to the qq
pair in the upper part of the diagram shown in Fig. 13.
In the case of a two-ladder exchange diagram, the nega-
tive sign comes from the fact that each amplitude corre-
sponding to the QCD ladder is predominantly imaginary.
Different cuts (i.e., diagrams in which either zero, one, or
two ladders are cut) give different contributions to the
imaginary part of the amplitude, corresponding to the di-
agram of Fig. 13. Cuts between the ladders [diffractive
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the magnitude of shadowing depends essentially upon the
magnitude of the input, see, for example, Mueller
(1990a). An extensive review of shadowing is that of Co-
volan and Predazzi (1991).

G. Low-x, low-Q' phenomena

As will be shown in the next section, in the presently
available data coming from both nucleon and nuclear tar-

FIG. 13. Two-gluon ladder exchange for the double-interaction
diagram. The upper blob denotes different perturbative QCD
couplings of the four gluons to the qq pair.

production, Fig. 14(a)] and through both of them [part of
the nondiffractive production, Fig. 14(b)] give a positive
contribution. The contribution is negative when the cut
goes through one of the ladders [nondiff'ractive produc-
tion with absorption, Fig. 14(c)]. A cut through both
ladders (Fig. 15) may be related to perturbative QCD par
ton recombination processes that modify the parton evolu-
tion (Nikolaev and Zakharov, 1975; Mueller and Qiu,
1986).

(2) An alternative explanation of the negative sign of
the shadowing term uses the probabilistic "gain and loss"
arguments when considering the e6'ects of parton fusion
on their momentum distributions (Close et al. , 1989; see
Fig. 16). Shadowing corresponds to the negative "loss"
term, while the "gain" term leads to a positive antisha-
dowing contribution in the large-x region (x )0. 1), i.e.,
the mornenturn sum rule is unchanged.
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The first approach leads to shadowing eC'ects in the
small-x region, while the antishadowing has to be added
as a separate phenomenon. In contrast to this, in the
second approach the antishadowing results from parton
fusion, and the negative "loss term" has to be added as a
separate contribution to balance the momentum. It
would certainly be very interesting to understand the
possible relation between these two approaches and to
show that the "loss term" can be related to the double
scattering corresponding to absorptive amplitudes. It
should be noted that in both cases one encounters the
parton recombination mechanism, yet their details are
significantly diferent. It is therefore misleading to refer
to a single "recombination" mechanism without specify-
ing which of the cases (1) or (2) one has in mind. To be
precise, the genuine perturbative QCD recombination
e6'ects which modify the parton evolution involve radia-
tively produced partons (Fig. 15). On the other hand, the
shadowing eff'ects considered by Close et al. (1989) corre-
spond to recombination of partons in the initial state
(Fig. 16). Within the QCD evolution formalism this
initial-state recombination may be regarded as a possible
model for the shadowing corrections to the input parton
distributions which have to be provided before evolution.
In fact, most of the analyses performed so far imply that
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FIG. 14. Cuts of the two-gluon ladder exchange diagrams: {a)
di6'ractive production accompanying breaking of the nucleus;
(b) nondiffractive production on both nucleons; (c)
nondift'ractive production on one nucleon followed by absorp-
tive corrections on the other nucleon. There exists a symmetric
diagram in which the second ladder is cut instead of the first
one.
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!
PA

FIG. 15. Possible contribution to the diagram from Fig. 14(b).
The box illustrates the recombination of two gluons coming
from different nucleons.

gets the lowest x values correspond to the region of low

Q, Q ( I GeV, i.e., the nonperturbative region. There-
fore we shall briefly summarize the current knowledge of
low-Q phenomena. This will be done using "tradition-
al" approaches. Some of the results for Q -0 can also
be obtained in a different way, using the concept of the
photon structure function (Abramowicz et al. , 199lb).

Due to conservation of the electromagnetic current, F2
must vanish as Q goes to zero. Also R ~0 in this limit
(see Sec. II.A). This implies that scaling should not be a
valid concept in the region of very low Q . The ex-
changed photon is then almost real, and the close similar-
ity of real photonic and hadronic interactions justifies the
use of the vector-meson-dominance (VMD) concept
(Bauer et al. 1978; Grammer and Sullivan, 1978) for the
description of E2. In the language of perturbation
theory, this concept is equivalent to a statement that a
physical photon spends part of its time as a "bare, "
pointlike photon and part as a virtual hadron or hadrons.
In the simplest form of VMD, the hadronic component is
identified with the vector mesons p, co, and P. The inter-
play between the hadronic behavior of the virtual photon
(dominating at low Q ) and its pointlike electromagnetic
interaction (dominating at high Q ) can be studied
through the measured Q dependence of the structure
functions in a wide range of Q values. For a more de-
tailed discussion of the high-energy photon-hadron in-
teraction, including not only the VMD component but
also pure partonic contributions to the physical photon
state, see Abramowicz et al. (199lb).

It is desirable to have a theoretical scheme capable of

including in a consistent way both photon interaction
mechanisms, independently of the involved value of Q .
One possible scheme is provided by the generalized
vector-meson-dominance model (GVMD) (Bauer et al. ,
1978; Grammer and Sullivan 1978), which is an extension
of the parton model ideas into the low-Q region. Apart
from GVMD there exist several phenomenological pa-
rametrizations extrapolating the structure functions from
the scaling region to low values of Q (Stein et al. , 1975;
Gordon et al. , 1979; Donnachie and Landshoff, 1984;
Abramowicz, Levin, Levy, and Maor, 1991). Although
very useful, they lack the dynamical content of GVMD.

The GVMD model is based on a dispersion-relation-
like representation of structure functions in Q for fixed
(large) s, with s ))Q, where s = O' . This representation
is approximated by the contribution of (an infinite num-
ber of) vector mesons which couple to virtual photons
(Fig. 17). In this traditional formulation the GVMD
model contains several ambiguities, such as the choice of
spectrum for the vector mesons (or parametrizations of
the large-Q part), magnitude of possible nondiagonal
terms, scaling violation effects, etc. Below we shall give
two examples of the nucleon structure-function calcula-
tions which extend over the low-Q region.

An example of a model based on the GVMD represen-
tation of I'2 is that developed by Kwiecinski and Baderek
(1989). In this model the large-Q part of the corre-
sponding discontinuity was directly obtained by an ana-
lytic continuation of the structure function from the scal-
ing region, instead of its decomposition into possible cori-
tributions from (large-mass) vector mesons. This pro-
cedure not only avoided some of the above-mentioried
ambiguities of the traditional GVMD model, but also al-
lowed to obtain a representation of the structure function
that permitted studies of the effect of scaling violation in
the large-Q region on the low-Q part of the structure
function. It was shown that the magnitude of the parton-
ic contribution to F2 can be as large as 50% of the
vector-meson contribution in the low-Q, low-x region.
At the same time, the increase of the quark sea in the
limit x =0 at large Q, implied by QCD, was found to be
rather weak at low Q .

In the quantitative QCD calculations of the low-x
structure function done by Gluck, Godbole, and Reya
(1988, 1989; see also Sec. II.D.4) the starting point for the
moment evolution was taken as Q =p =(0.25
GeV) =(M/3), where valence quarks were assumed to2 2

be the only partons existing in the nucleon at the scale p
(the "static point"). The generated parton distributions
are well defined and positive, but they rise steeply with
decreasing x, much more so than the conventionally cal-

l
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FIG. 16. "Initial-state" fusion of gluons from different nucleons
in a nucleus.

FIG. 17. The generalized vector-meson-dominance representa-
tion for Compton scattering.
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culated distributions (e.g., Diemoz et al. , 1988). In a new
version of the model a number of "valencelike" gluons
are also present at the initial scale, and the steep growth
of the parton distributions at low x is tamed (Gliick
et al. , 1990, 1991).

The natural and probably dominant mechanism of nu-
clear shadowing at low Q and in photoproduction is the
multiple scattering of vector mesons, which couple to
photons (Bauer et al. , 1978; Grammer and Sullivan 1978;
Covolan and Predazzi, 1991; Baderek and Kwiecinski,
1992; see Fig. 18). Assuming that the vector-
meson —nuc1eon amplitude is predominantly imaginary,
one obtains immediately a negative sign of shadowing
corrections, as in the Glauber model with predominant1y
imaginary amplitudes. This mechanism of shadowing
does, therefore, belong to case (1) of Sec. II.F. The
space-time picture of the interaction is now as follows: at
sufficiently high photon energies the hadronic fluctuation
of the photon may travel a distance exceeding the nuclear
diameter 2R&. A virtual photon will then interact with
the nucleus like an ordinary hadron. In the rest frame of
the nucleus, the propagation distance for a photon in the
hadronic state of mass MI, is

b,d— 1 2v

Q +Mp
(39)

where b,E is the difference between the energy v of the
virtual photon and EI, of the hadron of the same momen-
tum. In the VMD picture, the condition for the onset of
shadowing is that b,d )2r~ (assuming that the h Ncross-
section is large enough), where rz —1 fm is the distance
between two neighboring hadrons in the nucleus. From
Eq. (39) one sees that the shadowing of a particular ha-
dronic state Mh will vanish when v is small and Q is

large. This last condition corresponds to Q ))Mh, since

MI, is equal to 0.5 —1 GeV for the p, co, and N mesons.
When Q »Ml„ then hd —1/Mx and the condition for
the onset of shadowing can be expressed in terms of the
Bjorken scaling variable only: x (x„=l/2Mr~=0. 1,
which is the same value as that obtained in the fast-
nucleus reference frame, Sec. II.F.

Several VMD-based models have been proposed to ex-
plain nuclear shadowing effects (Bilchak et al. , 1988,
1989; Piller et al. , 1989; Shaw, 1989), applying hadronic
language to describe the deep-inelastic scattering at
x &0. 1 at low and moderate Q . The models include
both the low-mass vector mesons and the continuum of
the qq states in the photon, the former contribution ac-
counting for the low-Q region of the shadowing

phenomenon. These models are reviewed by Covolan
and Predazzi (1991). Multiple scattering of vector
mesons that couple to the virtual photons was considered
in a formalism in which shadowing was related to the in-
clusive diffractive processes (Kwiecinski and BadeJek,
1988; BadeJek and Kwiecinski, 1992).

III. EXPERIMENTS IN THE LOW-x REGION

Where the parton model is applicable (i.e., for Q ) 3
GeV or so), small values of x can be measured only in
high-energy (high-v) experiments. However, for the ex-
isting fixed-target experiments, the low-x, high-v condi-
tion can only be obtained at the expense of lowering Q
below 1 GeV . This in turn means that the outgoing lep-
ton is scattered at very small angles, usually equal to a
few milliradians, i.e., practically within the lepton beam
divergence limits. Therefore the selection and recon-
struction of the events in the small-angle scattering ex-
periments involve triggers, trigger processors, and
software systems that are much more sophisticated than
those normally used in deep-inelastic scattering experi-
ments. Moreover, the extraction of the inelastic single-
photon exchange cross section (or extraction of the struc-
ture functions) from the data requires corrections of the
experimental yield for the radiative processes, i.e.,
separating the cross section due to the reaction in Fig. 2
from the higher-order electromagnetic and weak effects
faking the interesting events and distorting experimental
distributions. Radiative processes may account for a sub-
stantial part of the measured low-x cross section, espe-
cially for nuclear targets.

This section is a survey of small-x experiments up to
the present. The experiments are listed, then a method of
extracting structure functions from the measurements is
given, together with a more detailed discussion of radia-
tive corrections. Finally an up-to-date collection of the
small-x results is presented.

A. List of experiments

Listed below are the experiments providing the
presently available low-x (x (0.03) data referenced later
in this paper. The ranges of x and Q covered by some of
the high-energy experiments are displayed in Fig. 19.
Observe the strong correlations between these ranges.

1. Muon (eiectron) scattering experiments

r

&A I'A

FIG. 18. Double scattering of vector mesons.

(1) The Cambridge-Chicago-Illinois-Oxford (CHIO)
Collaboration experiment performed at the Fermilab ac-
celerator with 96, 147, and 219-CieV muons scattering off
hydrogen and 147-GeV muons off deuterium. The struc-
ture function I 2 was measured for 0.0005 & x & 0.7,
0.2&Q (80 GeV and R for 0.003&x &0.10,
0.4(Q &30 GeV (Gordon et al. , 1979). Observe that
in this experiment low values of x were obtained by using
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E139 (Arnold et al. , 1984), and E140 (Dasu et al. , 1988a,
1988b)]. The data were recently reanalyzed (Whitlow,
1990; Whitlow et al. , 1990; Bodek et al. , 1991) using the
improved versions of the radiative correction procedure
and were normalized to those from the high-precision ex-
periment E140. The reanalysis permitted extraction of
R (x, Q ) and F2(x, Q ) for proton and deuteron over the
range 0.1&x &0.9, 0.6&Q &20 GeV (Whitlow, 1990;
Whitlow et a/ , 19.90; Bodek et al. , 1991).

2. Neutrino scattering experiments

0.1 I l

0.001 0.1
X

FIG. 19. Acceptance regions in some deep-inelastic scattering
experiments on deuterium. For comparison the CDHSW ac-
ceptance for v(v)-Fe scattering is also shown.

0.01

data at high values of y, where systematic efFects are most
significant (see Sec. III.B).

(2) A dedicated, low-scattering-angle experiment num-
bered NA28 performed by the European Muon Colla-
boration (EMC) at the CERN SPS with a positive muon
beam of nominal energy 280 GeV. Structure functions
F2 were measured on deuterium, carbon, and calcium
targets for 0.002&x &0. 17 and 0.2&Q &8 GeV (Ar-
vidson et al. , 1986; Arneodo et al. , 1990, 1988).

(3) The New Muon Collaboration (NMC), experiment,
performed at the CERN SPS with muon beams of ener-
gies 90, 120, 200, and 280 GeV. The target materials
were, 'H 2D 4HC 6Lj, I C 0Ca 56FC 120Sn 208Pb, and
the kinematical range of measurements was:
0.006 & x & 0.6, 0.8 & Q & 75 GeV for F2(H) and F2(D)
(Bird et al. , 1991);0.003 &x & 0.7, 0. 12 & Q & 100 GeV
for the ratio F2(D)/F2(H) (Allasia et a/. , 1990; Amau-
druz et al. , 1991a; Briill et al. , 1991; Amaudruz et al. ,
1992a); 0.007 &x &0.8, 0.6 & Q & 18.3 GeV for the
F2 (Ca)/F2 (Li), F&(C)/F2 (Li), and F2 (Ca)/F& (C) ratios
(Amaudruz et al. , 1992b); and 0.0035 & x & 0.65,
0.5 & Q &90 GeV for the Fz(He)/Fz(D), F2(C)/F2(D),
and F2(Ca)/F2(D) (Amaudruz et al. , 1991b). The bulk of
the data is stiH being analyzed.

(4) The experiment of the E665 Collaboration under
way at FNAL using a 490-GeV positive muon beam and
'H, D, ' C, Ca, ' 'Xe, Pb targets. Preliminary re-
sults for the Fz(Xe)/F2(D) structure-function ratio at Q
down to 0.01 GeV and x down to 0.00002 have been
presented (Halliwell et al. , 1991; Jaffe et al. , 1991;
Schellman et al. , 1991).

Several low-energy electroproduction experiments
have been performed on both hydrogen and nuclear tar-
gets (see Franz et al. , 1981, for a comprehensive review
of the results). In particular, extensive studies were car-
ried out from 1970 to 1985 at SLAC using a variety of
targets [experiments E49a (Poucher et al. , 1974, 1973),
E61 (Stein et al. , 1975), E87 (Bodek et a/. , 1979, 1983),

(1) The Caltech-Columbia-FNAL-Rochester-
Rockefeller (CCFRR) Collaboration measured the neutri-
no (antineutrino)-iron scattering in the FNAL
quadrupole-focused beam of energies 120, 140, 168, 200,
and 200 GeV (MacFarlane et al. , 1984). Fz and xF3
were extracted for 0.015 &x &0.65 and 1.3 &Q &200
GeV . New, precise results in the kinematic limits ex-
tending to higher Q at high x were presented recently by
the Chicago-Columbia-FNAL-Rochester-%'isconsin
(CCFR) Collaboration (Mishra et al. , 1991).

(2) The CERN-Dortmund-Heidelberg-Saclay-Warsaw
(CDHSW) Collaboration performed a neutrino
(antineutrino)-iron scattering experiment at the CERN
SPS using the wide-band beam of energy up to about 280
GeV. Measured were F2, xF3 for 0.015 & x & 0.65,
0. 19 & Q & 196 GeV and Ft, q in somewhat narrower

Q intervals (Berge et al. , 1991).
(3) The Big European Bubble Chamber (BEBC) Colla-

boration at CERN measured the neutrino (antineutrino)-
deuteron interaction using the wide-band beam of energy
up to 200 GeV. Both F2 and xF3 isoscalar functions
were measured in the range 0 & Q & 64 GeV,
0.028 &x &0.7 on neon in BEBC (Varvell et a/. , 1987;
Guy et al. , 1987).

B. Extraction of the structure functions,
radiative corrections, and systematic errors

In muon (electron) scattering experiments usually only
the scattered lepton was measured, while in neutrino-
induced reactions a measurement of the final-state ha-
dronic energy was also performed. The bulk of the low-x
experimental data comes from muon scattering experi-
ments. Neutrino measurements are limited in this region
by poor experimental resolution. Thus we shaB concen-
trate on the muon data unless we state otherwise.

The inelastic cross section (8), denoted by o;„,i, is ex-
pressed in terms of the two structure functions Fz(x, Q )

and R (x, Q ). The function R (x, Q ) is determined us-

ing measurements of the cross section at diFerent beam
energies. Experimental information on R is scarce (see
Sec. III.C. l), and in order to determine Fz from Eq. (8)
one Ilccds to make var1ous assumpt1ons conccI ning thc
behavior of R over a wide range of x and Q values (see
below).
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It is traditionally assumed that R is independent of the
nuclear mass. This is consistent with the current experi-
mental data at higher values of x (Whitlow, 1990;
Whitlow et a/. , 1990; Bodek et al. , 1991). The 3 in-
dependence of R implies that the ratio of cross sections
measured in targets 1 and 2, o.&/o2, is equal to the
structure-function ratio, o.&/o. 2=I' z

/I'" 2.
Knowing R (x, Q ), one extracts Fz(x, Q ) from the

data in an iterative process: the events are Monte Carlo
simulated assuming the I'2 parametrization and taking
into account the radiative corrections and apparatus
ineSciencies. The extr'acted values of I z are weakly sen-
sitive to the assumed values of R when the data are re-
stricted to small y values, say y (0.5.

As mentioned earlier, extracting I'2 at small x depends
crucially on excluding the background from the higher-
order electromagnetic and weak processes accounting for
a large fraction of the measured cross section o. „,.
These higher-order corrections comprise radiation of real
photons by the incoming or outgoing muon [Fig.
20(a), (b)], vertex and vacuum polarization corrections
[Fig. 20(c),(d)], two-photon exchange [Fig. 20(e)], hadron
current correction [Fig. 20(f),(g)], and electroweak effects.
Of these, the radiative processes of Fig. 20(a), (b),(c),(d)
contribute significantly to o. „,. They change the kine-
matics and the experimental resolution of the deep-
inelastic scattering event [Fig. 20(a),(b)] or modify the
flux of the virtual photons [Fig. 20(c),(d)].

To evaluate the radiative processes, one needs detailed
information on nuclear structure (nuclear and nucleon
form factors, as well as models for calculating suppres-
sion due to the Pauli exclusion principle). Observe that
calculations require o;„,&(x, Q ), i.e., F2(x, q ) and
R (x, Q ) in the region

x „,&x & 1 and 0& Q'& Q'(x = l, v „,);
see Fig. 21.

As an example in Fig. 22 the radiative correction fac-
tor, g=cr;„,~/cr „„is shown as a function of y [cf. Eq.
(3)] for different values of x. Calculations were per-
formed for the muon-deuteron and muon-calcium
scattering at 280-GeV incident muon energy. The
method of Mo and Tsai (1969) and Tsai (1971) was used

W = const

2y )

FIG. 21. Kinematic region in which the cross section must be
known in order to compute the radiative corrections to the in-

elastic cross section at point A.

1.0— X=0.002 X 0.06

0.6—

to calculate o „,(Lietzke and Wimpenny, 1989).
Radiative processes indeed give a predominant contri-

bution to o „, at low x, especially at large y and for
heavy nuclear targets. Most important here are those
photon bremsstrahlung reactions [Fig. 20(a),(b)] in which
the muon-nucleon interaction is coherent. One way of
decreasing this background is to use the information
from the hadron vertex (Fig. 2) measurements. In the ra-
diative correction calculations for HERA, defining Q
from the lepton and x from the hadron vertex seems to be
the best solution (Feltesse, 1992). Calorimetric measure-
ments of the radiative photons may also provide a useful
coristraint.

The calculations of the radiative processes were
checked experimentally by the EMC in two consecutive
measurements of bremsstrahlung photons for
0.006&x &0. 1 and high values of y (Aubert et al. ,
1981,1984). A reasonable agreement between the calcula-
tions and the data was obtained. A further check was
made on the EMC NA28 results, in which the v depen-
dence of a fraction of events containing no secondary
tracks and corning from the pCa and pD interactions was
studied (Arneodo et aL, 1988, 1990). The observed be-

(a) (b) (c) (d)

0.2—

1.0—
E

0.2—

-."Ca

X 001 X=0.1

Internal 8remsstrahlung

(e)

Vertex correction Vacuum polarisation
correction

(g)

II
1.0—

0.6

X 0.02 X 0.2

Two-photon exchange Hadron current corrections

0.2—
I I I . I I

0.2 0.4 0.6 0.8 1.0
I I I I I

0.2 0.4' 0.6 0.8 1.0

FIG. 20. Some lowest-order and second-order contributions to
the radiative corrections. From Sloan et al. (1988).

FIG. 22. Radiative correction factors obtained for deuteron
(solid curves) and for calcium (dashed curves). From Arvidson
et al. (1987).
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havior agreed with that expected from the radiative pro-
cesses within the errors, after allowance for the conver-
sion of photons and acceptance effects.

In addition to the early work of Mo and Tsai, a much
more detailed scheme developed by the Dubna group
(Akhundov et a/. , 1977, 1986; Bardin and Shumeiko,
1979; Lohmann and Akhundov, 1990) is also used for ra-
diative correction calculations (Sloan et al. , 1988). Al-
though there are significant differences in how the
different factors are calculated in these two methods, the
effects tend to cancel out, and no discrepancy between
the resulting radiative correction factors g are noticeable
except perhaps a few-percent difference in the large-x,
large-Q region (Lietzke and Wimpenny, 1989) due to
electroweak effects that are neglected in the Mo and Tsai
treatment. Therefore large-Q measurements (e.g. , at
HERA) should be radiatively corrected using the Dubna
scheme, since in this region the electroweak effects are
much more significant.

The largest systematic uncertainties in small-angle
scattering experiments come from the trigger and
software reconstruction ineKciencies; see, for example,
the results of EMC NA28 (Arneodo et al. , 1988, 1990).
In the complementary target experiment of NMC (Al-
lasia et al. , 1990; Amaudruz et al. , 1991a, 1991b), most
of these uncertainties cancel in the structure-function ra-
tios, and the dominant systematic error at low x comes
from uncertainties in the calibration of the (incoming and
outgoing) muon momentum, in the position of the in-
teraction vertex, and in the radiative corrections (infor-
mation on nuclear structure, accuracy of the method,
etc).

C. Results of the low-x structure-function measurements
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FIG. 23. Recent CDHSW measurements of the R(x, g ) to-
gether with other high-Q results. From Berge et al. (1991).

measurements (Gordon et al. , 1979), due to the large er-
rors, the data were consistent with both a constant value
of R: R =0.52+0.35 and R varying with x and Q, as
suggested by QCD: R =Ro(l —x)/Q or R =Ro(1
—x)/ln(Q2/A ) Ro=1.20+oo3o, Ro=1.18+o i3 when
A=0. 5 GeV.

At HERA the ability to change the beam energies be-
tween 15 and 30 GeV and 300 and 820 GeV for electrons
and protons, respectively, will provide an opportunity for

Qnly a few sets of deep-inelastic scattering data extend
to x &0.03. The reader should be warned that these data
sets are obtained under different assumptions. For exam-
ple, structure functions F2(x, Q ) are extracted assuming
difFerent values of R(x, Q ), or systematic errors (espe-
cially normalization) are not always included in the final
results. In neutrino-scattering analysis, the treatment of
heavy-quark contribution effects is often not the same for
different data sets.

1. R(x, Q2)

02—

0.1

~ CDHSW

oQ2 1.0
a Q~=1.5 SLAC

(E140)
&Q~=5.0
& QUA=10. 0,

Recent CDHSW measurements of R (x, Q ) together
with other high-Q experimental results are shown in
Fig. 23 (Berge et al. , 1991). The CDHSW results are
consistent with R =1.5(1—x) /ln(Q /A ), A=0. 2 GeV.
Comparison with the SLAC E140 points is given in Fig.
24. All data indicate a small value of R at moderate
values of x and an increase of R with decreasing x, com-
patible with QCD predictions. These predictions depend
on the knowledge of Fi(x) and of the gluon distribution
function G(x), and may therefore differ for difFerent in-
put quark and gluon distributions. In the old CHIQ

El
41

00 ~ ~
~ 0

0.4
I

0.5 D.6 0.7

FIG. 24. CDHSW measurements of the R(x, Q ) compared
with the SLAC E140 points. From Serge et al. {1991}.
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statistically precise measurements of 8 down to x —IO
or so (Fig. 25; Blumlein et a/. , 1988).

2. Nucleon structure functions from hydrogen and deuterium

The results for the nucleon structure function obtained
from deuterium in the dedicated EMC NA28 experi-
ment, F2(D), are presented in Figs. 26 and 27 as a func-
tion of x and Q (Arneodo er a/. , 1990, 1988). In addi-
tion to the errors marked on the figures there is an
overall normalization error of 7%. Values of the
coeScients of the function fitted to the data and the nu-
merical values of F2(D) are given in Arneodo et a/.
(1990, 1988). In the analysis the CHIO parametrization
of RR, =Ro(1 —x)/Q (Gordon et a/. , 1979), was used
(for the NA28 data y was smaller than 0.6, and therefore
the results were not too sensitive to assumptions about
R).

No significant x dependence is visible in any Q inter-
val for Q (3 GeV (Fig. 26). This means that the in-
crease of the structure function coming from the increase
of the quark sea in the limit of small x, implied by QCD
at higher Q, is relatively weak at low Q . For larger Q,
the data are shifted towards the higher x values due to
the experimental acceptance, and the x dependence ob-
served in deep-inelastic scattering emerges. This pattern
is confirmed when comparing the data coming from
SLAC (Poucher et al. , 1974, 1973; Bodek et a/. , 1979,
1983), CHIO (Gordon et a/. , 1979), and the EMC mea-
surements at low angles (Arneodo et a/. , 1990, 1988)
(Fig. 28).

The Q dependence of F2(D) is shown in Fig. 29. Once
systematic errors are taken into account there is reason-
able agreement of the NA28 results with the SLAC data
(Poucher et a/. , 1974, 1973; Bodek et a/. , 1979, 1983) at
lower Q, and with the CHIO (Gordon et a/. , 1979) and
EMC measurements at higher Q (Aubert et a/. , 1987).
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04
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In addition, a relative normalization correction of 8% be-
tween the data of Stein et a/. (1975), Poucher et a/.
(1974, 1973), Bodek et a/. (1979, 1983), and Aubert et a/.
(1987) is necessary. The data in Fig. 29 are therefore
consistent with linear variation of Fz(D) with logQ at
both low and high Q . This means that a similar scale-
breaking pattern to that observed at high Q (Aubert
et a/. , 1987) holds in the range of moderate Q . Since
NA28 found I"

2 to be constant with x for x &0. 1, the
values were averaged over x in this range. Figure 30
shows the mean value of I'2 for x &0. 1 as a function of
Q in linear [Fig. 30(a)j and logarithinic [Fig. 30(b)j
scales in Q, as measured by the NA28 experiment. The
data extrapolate well to F2=0 at Q =0, as expected
from the conservation of the electron. agnetic current.

The data are reasonably well reproduced by the
GVMD-based model (Kwiecinski and Baderek, 1989),
Fig. 31, which has no free (fitted) parameter. However,
the comparison should be treated only qualitatively due
to the lack of an asymptotic structure function reliable in
a wide interval of x, which is necessary in the GVMD
calculations [Kwiecinski and Badelek (1989) used a pa-
rametrization based on the old neutrino data (Eichten
et a/. , 1984)j. The radiatively generated structure func-
tion (Gliick et a/. , 1988, 1989) overshoots the data points

0 S ~ rss ~.~ . — IW I assail
~ ~ I rasa ~ I I I I I ~ ~ Isl ~ ~ I ~a ~ Ekl ~

I
~ I salsa ~

R[x)
0-6 Q = 2.0
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yt
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1O' 1O' 1O' 1 0-2 1 0-1 1O' 1O-'

0.0 '
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FICs. 25. Measurements of the R (x, g2) planned at HERA.
From Bliimlein et al. (1988).

FIG. 26. Nucleon structure function F&(D) obtained by EMC
NA28 from deuterium as a function of x for diferent intervals
of Q2 (in CseV ). Statistical errors are indicated by bars; sys-
tematic errors are shown by the bands beneath. In addition to
the marked errors there is an overall normalization error of 7%
(from Arneodo et al. , 1990, 1988).
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FIG. 27. Nucleon structure function F2(D) obtained by EMC
NA28 from deuterium as a function of Q' (in GeV') for
different intervals of x. Errors as in Fig. 26 (from Arneodo
et al. , 1990, 1988).
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FIG. 29. Nucleon structure function F2(D) obtained by EMC
NA28 from deuterium as a function of Q (in GeV ) for
different intervals of x, compared to the results of EMC (Aubert
et al. , 1987), CHIO (Gordon et al. , 1979), SLAC (Poucher
et al. , 1974, 1973), and SLAC-MIT (Bodek et al. , 1979, 1983).
Errors are statistical (from Arneodo et al. , 1990, 1988).
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FIG. 28. Nucleon structure function F2(D) obtained by EMC
NA28 from deuterium as a function of x for different intervals
of Q (in GeV ) compared to the results of CHIO (Gordon
et al. , 1979), SLAC (Poucher et a/. , 1974, 1973), and SLAC-
MIT (Bodek et a/. , 1979, 1983). Errors are statistical (from Ar-
neodo et al. , 1990, 1988).
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FIG. 30. Mean value of F,(D) for x (0.1 as a function of Q',
obtained by EMC NA28 on (a) linear and (b) logarithmic scales

2in Q . Error bars represent statistical and systematic errors
summed in quadrature (from Arneodo et al. , 1990, 1988).
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FIG. 31. F2(D) as a function of Q' at x =0.005, from EMC
NA28, compared to the proton structure function F$ predicted
from the dynamical (Gluck et al. , 1988, 1989) and conventional
(Diemoz et a/. , 1988) parton distributions and to F2(D) from
the GVMD calculations (Kwiecinski and Badelek, 1989). Error
bars represent statistical and systematic errors summed in quad-
rature (from Arneodo et al. , 1990, 1988).
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(x1.2)

x = 0.070
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(see Fig. 31). The comparison improves, however, in the
new version of the dynamical structure-function calcula-
tions (Fig. 32), when valencelike gluons are included at
the low scale (Cxluck et al. , 1990, 1991).

Recently NMC presented preliminary results on low-x
measurements of F2(H) and F2(D) (Bird et al. , 1991)„
Figs. 33—35, obtained assuming R (x, g ) given by the
parametrization of the SLAC results (Whitlow, 1990;
Whitlow et al. , 1990; Bodek et al. , 1991). These are the
first precise data on F2(H) in this region of x; a significant
statistical improvement was also obtained over the EMC
NA28 measurements of Fz(D). The two experiments
agree well within errors.
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FIG. 33. Proton structure function E2(H) from the preliminary
analysis of the NMC data taken at two energies of the muon
beam. Error bars are statistical, systematic error bands are
plotted around fitted function. In addition there is an overall
normalization error of 4%%uo (from Bird et al. , 1991).
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FICr. 32. F2(D) as a function of Q at x =0.005, from EMC
NA28, compared to the proton structure function F$ predicted
from the modified dynamical calculations in higher order (solid
curve) and leading order (dashed curve) of Gluck et al. (1990,
1991), the conventional calculation (dot-dash curve) of Diemoz
et al. (1988), and to E2(D) from the GVMD calculations of
Kwiecinski and Badelek (1989). From Gluck et al. (1990,
1991).
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FIG 34. As in Fig. 33, but plotted is the nucleon structure func-
tion Fz(D) (from Bird et al. , 1991).
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3. Nucleon structure function from heavy nuclei

The nucleon structure function obtained from calcium,
Fz(Ca), is shown in Figs. 36 and 37 as a function of x and

Q (Arneodo et a/. , 1990, 1988). These figures also in-
clude data from the EMC NA2 muon-iron experiment
(Aubert et a1., 1986) and the CDHSW neutrino-iron re-
sults (Berge et al. , 1991),both obtained with R =0. The
charged-lepton structure function was computed from
the CDHSW v and v data, neglecting the contribution of
charm but making a correction for the strange quark dis™
tribution (Berge et al. , 1991). Within errors there is
reasonable agreement between the di6'erent experiments,
except perhaps in the x =0.015 bin, where the CDHSW
data appear to be somewhat higher than the NA28 data.
Unlike the deuterium results (Fig. 26), Fig. 36 shows that
F2 from calcium tends to decrease with x, indicating the
onset of shadowing. There is no such trend in the neutri-
no data, which are, however, rather sparse in the ap-
propriate low-x region. Figure 37 shows that in the cal-
cium data a similar logQ dependence exists to that ob-
served for deuterium (Fig. 27). Numerical values of the
Fz(Ca) and F2(C), as well as the coeKcients of the func-
tion fitted to the data, can be found in Arneodo et ah.

(1990, 1988).
In Figs. 38—41, the new, precise CCFR neutrino-iron

(preliminary) results are shown, together with the similar
CDHSW data and the SLAC and BCDMS results on
deuterium (Mishra et al. , 1991). There is a remarkable
shape disagreement between CCFR and CDHSW mea-

) xI'3
Sacs = dx

0 x
(40)

Theoretically, taking AMs=250 MeV, SaLs =2.63. The
result for 0.005 &x &0.85 and at (Q ) =3 GeV is

SoLs =2.50+0.018(stat)+0. 078(syst) (Shaevitz, 1992),
i.e., the sum rule is satisfied at the 2o. level.
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surements at x (0.225. However, the latter experiment
has large systematic errors at low x, which are not
marked on the figures. Moreover the compared sets of
data were obtained with diFerent functional shapes of
R (x, Q ): the parametrization from the SLAC measure-
ments (Whitlow, 1990; Whitlow et al. , 1990; Bodek
et al. , 1991) was used for the CCFR, while R =0 was
used for the CDHSW data. Further, a correction for the
charm production threshold was applied only for the
CCFR data. Therefore the low-x disagreement between
the two neutrino experiments may not be as serious as
the above comparison would imply.

The recent CCFR measurements permitted a check on
the Gross-Llewellyn Smith sum rule, SaIs, defined as

Deuterium
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FIG. 35. Same data as in Fig. 34 compared to the results of the
EMC NA28. Errors are statistical (from Bird et al. , 1991}.

FIG. 36. Nucleon structure function F2(Ca) obtained from cal-
cium as a function of x for different intervals of Q, from EMC
NA28, compared to the results of Cl3HSW (Berge et al. , 1991)
and EMC (Aubert et al. , 1986), both obtained with iron and
evaluated with R =0. Error bars represent statistical and sys-
tematic errors summed in quadrature. In addition there is an
overall normalization error of 8% (from Arneodo et al. , 1990,
1988}.
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F1G. 37. F2(Ca) as a function of Q for different intervals of x.
Errors as in Fig. 36 (from Arneodo et al. , 1990, 1988).

The x dependence of the Fz(D)/F2(H) ratio has been
determined by the NMC with high statistical and sys-
tematic accuracy (Allasia et a/. , 1990; Amaudruz et a/. ,
1991a, 1992a; Briill et a/. , 1991). At low x both statisti-
cal and systematic errors are below 2 Jo. These are prac-
tically the only data for x &0.06. Accurate measure-
ments of this ratio put strong constraints on parton dis-
tributions derived from analyses of deep-inelastic scatter-
ing, prompt photon, and leptoproduction data (Harriman
et a/. , 1990). The NMC determined the ratio
r =F2/F~2 =o(pD)/cr(pH) —1, where the ratio
cr(pD)/o(pH) was the measured quantity. The results,
shown in Fig. 42, extend down to x =0.003; the average

Q for the lowest x value is 06 GeV and
r =0.990+0.016(stat)+.0.026(syst) (Brull et a/. , 1991;
Amaudruz et a/. , 1992a). The interesting quantity,
R =Fz(D)/F (2H)=(r +1)/2, is then 0.995+0.008
+0.013 at x =0.003. The measured ratio r decreases
monotonically with increasing x. Thus within errors
there is no evidence for virtual-photon shadowing in the
deuteron for x )0.003. Indeed, the e6'ect is expected to
be small due to the weak deuteron binding. There is,
however, an indication of shadowing of low-energy real
(Q =0) photons on the deuteron. The ratio of the total
photoproduction cross section cr„,( yD ) /2cr „,(ySE) is
around 0.95 at the photon energy v-18 GeV (Alekhin
et a/. , 1987). No data exist for o„,(yD) at v) 1.8 GeV.
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F&G. 38. Nucleon structure function F2(Fe)
from the preliminary analysis of the CCFR
data compared to the F&(Fe) of CDHSW,
F,(D) of SLAC, and F~(D) of BCDMS. Com-
parison with deuterium data was made after
correcting for the EMC effect in iron. Errors
are statistical. From Mishra et al. (1991).
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FIG. 39. Slopes of the Q2 dependence of Fz(Fe) for the preliminary CCFR data (from Mishra et a/. , 1991).

A calculation of the virtual-photon shadowing in the
deuteron based on the double-interaction formalism, in
which shadowing was related to inclusive diQ'ractive pro-
cesses, was carried out for the Q range covered by the
NMC results (Zoller, 1992a, 1992b; Badegek and
Kwiecinski, 1992). BadeJek and Kwiecinski (1992) con-
sidered both the vector-meson and the parton contribu-
tions to shadowing for low and high Q values, including
QCD corrections with parton recombination for high Q .
As expected, the shadowing e6'ects were found to be

& dx
SG = — F~q —E2 (41)

Separating the quark distributions into valence and sea
components, and assuming proton-neutron isospin sym-

small, i.e., less than 2% or so. The data can accommo-
date this, but they do not exclude the complete lack of
shadowing.

The NMC measurements allow a check to be made on
the Gottfried sum rule SG, de6ned as

0.40
0.35
0.30

x F'~ 0.25
0.20
0.15
0.10

1.0

I»
'-I'-

I
~ I I I I ~ I I llj

CCFR() vs CD'HSW('. ".)
I I ~ ~

I
I ~ 'I ~ I ~

x=0.015 —:

' —.0.8
x=0.045

—.' 0.6
—:0.5

x=p. OBO-.

FIG. 40. As in Fig. 38 but plotted is the
xF3 (Fe) (from Mishra et al. , 1991) .
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metry, one obtains

SG =
—,
' + ', I [—u (x)—d (x) ]dx, (42)

where u = u =d„and d =d =u„are the distributions of
the sea quarks (heavier Ilavors are neglected). For a
flavor-symmetric sea, d=u, the second term vanishes
and the expected result is SG =

—,'. The NMC data deter-
mine SG for 0.004 & x & 0.8 through the relation

I r r r I r r
I
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FICx. 42. The ratio r =Fz/F2=a(pD)/a(pH) 1 as a func-—
tion of x, measured at 90- and 280-GeV incident muon energy
by the NMC. The average Q changes from point to point and
is different for the two data sets. The bands show the systemat-
ic uncertainties (from Brull et al. , 1991, and Amaudruz et al. ,
1992a).

1 —I'2/I J2

F~p F2 =2F—2(D) 1+I'
2 /FJ2

(43)

b Fe( A )/Fe(D).
Comparison of the structure functions from nuclear

and elementary targets allows a study of the inAuence of

For the region x (0.004, an extrapolation was used and
F2(D) was obtained from a fit to all available electron and
muon scattering data. The value of the Gottfried sum
rule in the measured region at Q =4 GeV is
S (0.004 —0.8)=0.227+0.007(stat)+0. 014(syst). Sum-
ming the contributions from the measured and unmea-
sured regions and adding the errors quadratieally, Amau-
druz et al. (1991a) obtained the value Sa =0.240+0.016.
The error accounts also for the low-x extrapolation un-
certainties. Any Q dependence was neglected. The re-
sult is significantly below the simple quark-parton model
prediction of —,'. While a Aavor-asymmetric sea appears
to be a likely explanation, other e6'ects should also be
considered (see Kumano and Londergan, 1990, for a re-
view of the literature). It is possible to make parametriz-
ations of parton distributions that agree with the NMC
measurements of r and are constrained to fulfill the
Gottfried sum rule (Martin et al. , 1990). With these pa-
rametrizations, one-third of the Gottfried sum comes
from the region x (0.004. This, however, seems unlikely
given the CCFR results on the Gross-Llewellyn Smith
sum rule for iron (see Sec. III.C.3).

The Q variation of the F2/F~2 ratio has been studied
by Briill et al. (1991) and Amaudruz et al. (1992a). For
each x bin they parametrized the ratio as a linear func-
tion of log(Q ). The slopes obtained in this way are
shown in Fig. 43. No Q dependence of F2/Ft2 is ob-
served for x &0.1.
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d tnQ
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F&G. 43. d(F2/F()/d 1n{Q') as a function of
x (from Brull et a/. , 1991, and Amaudruz
et a/. , 1992a). Error bars represent statistical
and systematic errors summed in quadrature.
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the nuclear medium. Deuterium is traditionally taken as
a free-nucleon target in the comparisons (Arnold et al. ,
1984; Sari et al. , 1985; Ashman et a/. , 1988; Arneodo
et al. , 1990, 1988; Amaudruz et al. , 1991b). The small
amount of shadowing predicted for the deuteron
(Baderek and Kwiecinski, 1992) justifies this procedure
up to alinost 2% accuracy at x -0.004.

Figure 44 shows the x dependence of the structure-
function ratios F2( A)/F2(D) obtained on A =4,
( A ) =12, and A =40 targets in the charged-lepton
scattering experiments: SLAC (Arnold et a/. , 1984),
BCDMS (Bari et a/. , 1985), EMC (Ashman et al. , 1988;
Arneodo et a/. , 1990, 1988), and NMC (Amaudruz et al. ,
1991b). The data extrapolate smoothly to those obtained
with real photons of v = 100 GeV where

oto, (yCu)/64o „,(yH) is about 0.7 (Caldwell et a/. , 1979)
and join to those obtained with electrons and muons at
larger x. The data show a pronounced signal of shadow-
ing, which increases with nuclear atomic number. For
A =40 targets, shadowing does not show any flattening,
even at the lowest values of x (x -0.003). This may not
be the case for the E665 results, in which the preliminary
measurements on the ' 'Xe nucleus show that, in the x
range 0.0002 to 0.002, the Fz(Xe)/F2(D) ratio remains
roughly constant at -0.70 (Fig. 45; Jaffe et al. , 1991;
Schellman et al. , 1991). The intermediate x enhance-
ment ("antishadowing") is clearly manifested in the data
of Fig. 44 for x between 0.1 and 0.3. The crossover point
between shadowing and antishadowing shifts towards
larger values of x when A increases. Figure 46 shows the
x dependence of the slopes from a linear fit in lng of the
F2(A)/F2(D) ratio for the NMC. No clear Q depen-

1.0
4

4

~ I I ~ I ~
I

He/D

4 NMC

0 SLAC

E) EMC-NA28

EMC-NA2

BCOMS

(He, C,Ca)

(He,C,Ca)

(C,Ca)

(C)

(N)

'1 .0
C/D

0.8

t.o
Ca/0

0.8

0.01 0. 't

FIG. 44. Structure-function ratios F, ( A)/F, (D) as functions
of x averaged over Q', obtained by NMC, compared to the re-
sults of SLAC E139 (Arnold et a/. , 1984), EMC NA2 (Ashman
et a/. , 1988), and EMC NA28 (Arneodo et a/. , 1990, 1988).
Also shown are the data F2(N)/F, (D) from BCDMS (Bari
et a/. , 1985). Error bars represent statistical and systematic er-
rors summed in quadrature (from Amaudruz et a/. , 1991b}.
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to have approximately equal radii (2.6 and 2.5 fm, respec-
tively), but their mean densities difFer by a factor of 2
(0.04 and 0.09 fm ), while Ca has a mean density (0.11
fm ) comparable to that of ' C but a much larger radius
(3.5 fm). The results, Fig. 47, show that the shadowing
depends on both parameters, while the "antishadowing"
signal appears to be primarily dependent on the target
density.

IV. PROBING THE SMALL-x REGION AT HERA

The forthcoming ZEUS and H1 experiments at the
HERA ep collider will provide the first test of the

FIG. 45. Preliminary results of the E665 experiment on the
o.{Xe)/a(D) ratio compared to the EMC NA28 points (Arneo-
do et al. , 1990, 1988). The band shows the estimated systematic
uncertainty (from JafFe et al. , 1991,and Schellman et al. , 1991).

dence is observed in the fixed x intervals, which also im-
plies a lack of strong v dependence in these intervals.
This suggests that the vector-meson-dominance model, at
least in its simplest form, is not the main explanation for
the shadowing observed in the data, or, in other words,
shadowing is a leading-twist phenomenon.

The sensitivity of the nuclear cross section to nuclear
size and density was investigated in the NMC measure-
ments of the F2(C)/Fz(Li) and F2(Ca)/F2(Li) ratios
(Amaudruz et al. , 1992b). Li and ' C nuclei were found
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FIG. 46. The slopes b from a linear fig lng of the
F2(A)/F2(D) ratio for each x bin separately up to & =0.45, ob
tained by NMC. The errors shown are statistical only (from
Amaudruz et al. , 1991b).

FIG. 47. Structure-function ratios F2( A
& )/Fz( A2) as functions

of x averaged over Q, obtained by the NMC at 90-GeV in-
cident muon momentum (from Amaudruz et al. , 1992b). Errors
are statistical; the bands show the systematic uncertainties. The
normalization uncertainties (not included in the errors) are
0.8%, 0.7%, and 0.5% for Ca/Li, C/Li, and Ca/C structure-
function ratios. The open symbols in {c)were obtained by di-
viding the Ca/D and C/D structure function ratios from the
NMC measurements at 200 GeV (Amaudruz et al. , 1991b).
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theoretical ideas behind small-x physics. In this section
we shall brieAy review the quantities that are sensitive to
small-x phenomena. More systematic and detailed inves-
tigations are being performed by the HERA working
groups.

One of the main subjects to be studied by the experi-
ments at HERA will be the proton structure function
and parton distributions in the new kinematic region. A
precise measurement of the I'2 structure function will be
possible for (Feltesse, 1988)

5X10 +x ~0.6,
Q ~5 GeV

y ~0.1,
(44)

assuming a center-of-mass energy &s =314 GeV. This
should be compared with the range of x explored so far
in lepton-nucleon scattering at similar values of Q:
0.03&x &0.9. Thus the x range can be extended by
more than two orders of magnitude. A large number of
events (small statistical errors) is expected for F2 in the
small-x region, x &0.01 corresponding to Q & 100 CxeV

at HERA (Wolf, 1990).
To illustrate the di6'erent approaches used so far in the

description of the small-x region, let us recall the basic
assumptions of the three recent parametrizations of the
parton distribution functions for the proton (see also Sec.
II.D.4). All of them are based on next-to-leading-order
analyses and take into account recent muon and neutrino
deep-inelastic data (EMC, CDHSW, BCDMS, and NMC;
Aubert et al. , 1987; Benvenuti et al. , 1989; Allasia et ah. ,
1990;Berge et al. , 1991).

In the analysis by Morfin and Tung (1991), the follow-
ing form of the parton distribution in the proton was as-
sumed:

xG(x, QO)-x ("82"set).
The approach of Kwiecinski, Martin, Roberts, and

Stirling (Kwiecinski et al. , 1990) relied on assumptions
based on Regge theory. Shadowing corrections were in-
cluded here by modifying the initial distributions (at Qo )

in the region of x &x0=10 and by including nonlinear
terms in the evolution equation. In addition, two
diFerent scenarios for shadowing phenomena were con-
sidered. In the erst, saturation of partons appeared over
the full transverse size of the nucleon (radius R —5
GeV '). The second prescription assumed that satura-
tion begins in a nonuniform fashion, namely, in smaller
regions of size R -2 GeV . This is the so-called "hot
spots" picture (Mueller, 1990b). The resulting parame-
trization consists of several sets of individual parton dis-
tributions, with the following assumptions about gluon
behavior at small x: (i) xG(x, Q„)-x ("8—"set); (ii)
xG(x, QO)-x ' with shadowing corrections in two
different scenarios, ("8—5" and "8—2" sets); (iii)
xG(x, Qo )-x ("80"set).

Finally, in the approach of Gluck, Reya, and Vogt
(1990,1991), radiatively generated gluon and sea-quark
densities were parametrized in the form

xf '(x, Q ) = [ x '( 2 +Bx +Cx )(ln 1 /x )

+s exp( E++E—'splnl /x )](1—x)

where s =ln[ln(Q /po)/In(pHo/po)], pc, @Ho are around
0.3 GeV and a =G, u, d. The quantities A, B,C, etc. are
second-order polynomials of s.

In Fig. 48 we present gluon distributions calculated

]00.0

xf'(x Q )-x '(1 —x) 'ln ' 1+—
x

80.0

where a runs over the fiavors. Their treatment of the
small-x region differed from other analyses (Charchufa
et al. , 1990; Abramowicz et al. , 1991a) on two essential
points: (i) the parameter 2, of the gluon and sea-quark
distributions was a free parameter in the data analysis,
i.e., its value at Qo =4 GeV was determined by the data
rather than by some arbitrary assumption; (ii) the factor
ln (1+1/x), in addition to the traditional power-law
form, allowed for a logarithmic extrapolation to the
small-x region.

With additional assumptions (choice of the fitting pa-
rameters, symmetry of the sea quarks, choice of the data)
these authors obtained several sets of parton distributions
that reproduce the data very well but lead to difFerent
predictions beyond the presently measured region. For
example, the input gluon distribution at Qo =4 CxeV in
the sets "81" and "82" (which are both based on the
BDMS data) has the following small-x behavior (in the
MS scheme): (i) xG(x, QO)-x ("81" set), (ii)

60.0

40.0

20.0

0.0
10-' 1O-4 10 3

FIG. 48. Behavior of the gluon distribution function xG (x, Q )

Q = lp GeV~, as predicted by parametrizations of Crluck,

Reya, and Vogt (1990, 1991), Kwiecinski et al. (1990), and

Morfin and Tung (1991).
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from the above parametrizations at Q = 10 GeV (next-
to-leading-order parton distributions, MS scheme). In
Figs. 49 and 50 the respective behavior of F2 and FL
structure functions for the proton is shown. Note that
available parametrizations of parton distribution func-
tions, especially those using recent data in the 6tting pro-
cedure, reproduce the experimentally measured F2 well
for x & 0.01 (Abramowicz et al. , 1991a). However, their
predictions at smaller x diverge. The predictions of the
parametrizations for the structure function F~z down to
x = 10 are shown at Q = 10 GeV in Fig. 49(a). The
spread between different curves is substantial in the
HERA region. For completeness the predictions for F~z
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FIG. 49. Predictions for F((x, Q ) according to parametriza-
tions of Gluck, Reya, and Vogt (1990, 1991), Kwiecinski et al.
(1990), and Morfin and Tung (1991): (a) as a function of x at
Q = 10 GeV; (b) as a function of Q for several x va1ues.

0.5

0.0
10 3

FIG. 50. Predictions for FL (x, Q ) at Q = 10 GeV, according
to the parametrizations of Gluck, Reya, and Vogt (1990, 1991),
Kwiecinski et al. (1990), and Morfin and Tung (1991}.

as a function of Q for various x are presented in Fig.
49(b). The spread of the predictions increases as x de-
creases. It appears to be constant with Q . The
differences in Fig. 49 come mainly from assumptions
about the x behavior of parton distributions at the input
Qc scale, as discussed in Sec. II.D.4. For the same input
distribution, shadowing corrections can also change the
small-x behavior of Ii2 (compare predictions of the "B—"
set with those of the "B—S" and "B—2" sets). Because
of the large number of events expected at small x, there is
hope of differentiating experimentally between various
predictions if the systematic effects can be kept below
3%.

In spite of the large differences between the various
predictions, it might be quite difBcult to observe new
phenomena beyond any doubt. For example, a measure-
ment of a Hat structure function may arise both from a
"conventional" parton distributions of "BO" and from a
1/&x type behavior with strong shadowing effects
("B—2" set). Even the Q evolution, which dift'erentiates
between solutions of linear and nonlinear equations, may
not be helpful in this case.

As a remedy for these kinds of difBculties two experi-
ments specifically designed to look for signals of new phe-
nomena at small x were proposed. Both of them refer to
the "hot spots" picture mentioned in Sec. II.D.3. Essen-
tially one should look at exclusive Gnal states, in a
speci6c region of phase space, which measure the parton
distribution inside a limited region of the proton. In the
proposal of Mueller (1990b) one would measure a one-jet
inclusive cross section in the region of Q &k~;„&&Qo
and xjet »x, where k Jjet is the transverse momentum of a
measured jet and x;„denotes the longitudinal momen-
tum fraction carried by this jet. The proposal of Ryskin
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(1988, 1990) is based on the hypothesis that in the
difFractive dissociation of the photon the saturation eAect
substantially changes the value of the difFerential cross
section.

As the small-x region is highly populated by gluons,
several methods have been proposed for extraction of the
gluon distribution in this region. The conventional one is
by QCD analysis of the F2 structure function, as the
gluon distribution affects its Q evolution. There are,
however, several drawbacks to this method, such as the
restricted Q range at fixed x, the requirement of simul-
taneously fitting xG(x, Q ) and A, the type of evolution
equation to be used (linear or nonlinear, in what range of
x), etc. The determination of the gluon distribution from
the FI structure function seems to lead to a higher pre-
cision. At low x, FL is almost directly related to the
gluon distribution (see, for example, Cooper-Sarkar
et al. , 1988):

xG(x, Q )-—5.92 3
5

Fl (0.4x, Q )
4a, (Q')

——Fz(0. 8x, Q )

and refIects the small-x behavior of gluons very clearly,
as can be seen by comparing Fig. 48 (gluon distribution)
with Fig. 50 (FL distribution). HERA offers the possibil-
ity of. determining Fl at x values of the order of 10 and

Q values of the order of 10—100 GeV, through mea-
surements at at least two difFerent proton-beam energies,
(see Sec. III.B). Other methods of determining the gluon
distribution at small x rely on J/4 production (Tkaczyk
et al. , 1988) and open heavy-flavor production (Barbagli
and O'Agostini, 1988; O'Agostini and Mondaldi, 1990;
Abraham et al. , 1991).

In the context of probing the low-x region it should
also be mentioned that HERA will be able to investigate
the Pomeron structure through difFractive deep-inelastic
scattering (Donnachie and I.andshoff, 1984, 1987; Ingel-
rnan and Schlein, 1985; Berger et al. , 1987; Ryskin, 1988,
1990; Streng, 1988; Bartels and Ingelman, 1990; Ingel-
man, 1990; see Sec. II.E). It may be possible, for exam-
ple, to separate the gluon and the quark (if any) content
of the Porneron, since they lead to difFerent processes.

Finally we shall mention the low-x QCD predictions
for nuclear targets using the deuteron as an example.
For large Q, the shadowing contribution to the deuteron
structure function is related to the shadowing terms in
the quark and antiquark distributions in the deuteron.
The shadowing terms are also present in the gluon distri-
bution. At x ~ 10, two perturbative QCD corrections
to shadowing become important: the logarithmic scaling
violations induced by QCD evolution and possible
recombination of partons from difFerent nucleons in the
deuteron (see Fig. 13), giving additional terms in the evo-
lution equations. The corrections are displayed in Fig. 51
and compared with shadowing obtained without the
QCD evolution and parton recombination (Badel'ek and

0,025
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Q' = 10 GeV'

o

0.015
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0.005

0
0.0001

I I I I I I I I

0.001
X

0.01 0.1

FIG. 51. Effects of QCD evolution on the shadowing contribu-
tion to the deuteron structure function 5F2(D), for Q =10
CxeV: long-dashed curve, unevolved 5F, ; solid curve, QCD
evolution starting from Qo =4 GeV without parton recombina-
tion. The remaining three curves show effects of the QCD evo-
lution with recombination included and correspond to three
difterent gluon distributions in a nucleon: short-dashed curve,
results for xG (x, Q )~const for x —+0; dotted curve, results for
the gluon distribution containing both the singular 1/&x be-
havior and shadowing efFects; dashed-dotted line, results for
xG(x, go)~1/&x. From Badelek and Kwiecinski (1992).

Kwiecinski, 1992). Both effects change substantially the
low-x results, the parton recombination mechanisms be-
ing very sensitive to gluon distributions in the nucleon.
The deuteron structure function itself is also very sensi-
tive to the gluon distribution in that region (see the dis-
cussion above), and therefore the shadowing turns out to
be again only a 2%%uo effect, almost independent of the as-
sumed small-x behavior of the parton distributions.

V. SUMMARY AND OUTLOOK

In this report we have reviewed the present under-
standing of the deep-inelastic phenomena at small x.
This has included a survey of the theoretical expectations
for the small-x behavior of parton distributions as well as
a summary of the available experimental data.

The small-x region is on the edge of applicability of
perturbative QCD. Deeper (and further) understanding
of physics at small x can come from the Regge theory
and phenomenology, since the small-x limit of deep-
inelastic scattering corresponds to the Regge limit. Out
of many concepts of Regge theory that acquire a new
content within perturbative QCD, the Pomeron certainly
plays the most fundamental role. It determines, for ex-
ample, the small-x behavior of the gluon and sea-quark
distributions. Perturbative calculations predict that par-
ton distributions rise very steeply in the small-x limit.
This behavior must be slowed down (and finally tamed) in
order to satisfy unitarity. This is achieved by including
screening (shadowing) corrections in the evolution equa-
tions for the parton distributions. For x ~0, the screen-
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ing effect leads to saturation of the parton distributions
with a linear dependence on Q instead of a mild loga-
rithmic one as in perturbative QCD.

A quantitative understanding of the relation between
the Regge and perturbative QCD approaches is the main
challenge in small-x physics. The following problems
have to be solved in particular: (i) region of validity of
the standard Altarelli-Parisi equation, (ii) importance of
the resummation of large In(1/x) terms, (iii) region of va-
lidity of the partonic picture or boundaries of the satura-
tion region, (iv) scenarios of the approach to the satura-
tion limit, e.g. , the "hot spots" picture.

The measurements in the low-x region extend down to
x =0.00002 and Q below and above 1 GeV . The free-
nucleon structure function Fz does not display any
significant x dependence down to x -0.003, and the Q
dependence of this structure function is linear in ln(Q ),
which is the same as at higher four-momentum transfers.
The structure function F2 of nucleons bound in nuclei
show a significant x dependence for x &0. 1, which is in-
terpreted as a nuclear shadowing effect. Shadowing be-
comes more pronounced with increasing 3 of the nucleus
and does not show any significant Q dependence for
fixed x intervals. Many models in which shadowing may
be due to partonic interactions as well as the vector-
meson component of the virtual photon are trying to de-
scribe these data.

A strong increase in the parton distributions at small x
is perhaps the most spectacular and dramatic prediction
of perturbative QCD. This increase leads to a corre-
sponding increase of F2 and FI . Figures 48 —50 summa-
rize the predictions for the small-x region that will be
probed at the HERA ep collider. It may be seen that, al-
though one should in principle be able to reveal details of
the possible theoretical QCD scenarios at small x, the re-
gion of x that will be accessible at HERA, x & 10,- may
not be sensitive to the expected saturation effects (Gribov
et al. , 1983; Levin, 1991).

Our discussion has been almost exclusively limited to
deep-inelastic lepton-hadron scattering. Nevertheless the
singular small-x behavior of parton distributions should
also manifest itself in various semihard processes in
hadron-hadron collisions like minijet production, the 8'
Z, or Higgs production, etc. The next generation of ha-
dronic colliders, such as the SSC and the LHC, will be
capable of probing the parton distributions in these pro-
cesses at still smaller values of x, where the differences
between various theoretical scenarios become
significantly amplified. Nevertheless, deep-inelastic
lepton-hadron scattering will still remain the most direct
tool for probing the quark and antiquark distributions in
the nucleon. In this respect the chance to study ep col-
lisions with the LHC facility would offer a unique oppor-
tunity to study the very-small-x region (x ((10 ).

Note added. After this paper was completed we be-
came aware of three events related to small-x physics:

(1) Very recently the Second Workshop on HERA
Physics provided more detailed predictions of the possi-

bilities for investigating the small-x region at HERA
(materials from the Workshop are published in Proceed
ings of the 8'orkshop "Physics at HERA, "DESY Ham-
burg, 1991,edited by W. Buchmiiller and G. Ingelman).

(2) New, still preliminary NMC data on the nucleon
structure function F2 have been presented (E.M. Kabuss,
invited talk at the DESK-Zeuthen 8'orkshop on Deep In-
elastic Scattering, Teupitz, 1992). These data differ at
low x from what was presented at the Geneva Confer-
ence (Bird et al. , 1991).

(3) A new structure-function analysis incorporating the
above-mentioned NMC data (A. D. Martin, W. J. Stir-
ling, and R. G. Roberts, Durham University preprint
DTP/92/16) has been completed. The results of this
analysis differ significantly from those of Kwiecinski
et al. (1990) in the region relevant for HERA.
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