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We first show that, with the same input parameters, the standard solar models of Bahcall and Ulrich; of
Sienkiewicz, Bahcall, and Paczynski; of Turck-Chieze, Cahen, Cassé, and Doom; and of the current Yale
code all predict event rates for the chlorine experiment that are the same within 0.1 SNU (solar neutrino
units), i.e., approximately 1% of the total calculated rate. We then construct new standard solar models
using the Yale stellar evolution computer code supplemented with a more accurate (exportable) nuclear
energy generation routine, an improved equation of state, recent determinations of element abundances,
and the new Livermore (OPAL) opacity calculations. We evaluate the individual effects of different im-
provements by calculating a series of precise models, changing only one aspect of the solar model at a
time. We next add a new subroutine that calculates the diffusion of helium with respect to hydrogen with
the aid of the Bahcall-Loeb formalism. Finally, we compare the neutrino fluxes computed from our best
solar models constructed with and without helium diffusion. We find that helium diffusion increases the
predicted event rates by about 0.8 SNU, or 11% of the total rate, in the chlorine experiment; by about 3.5
SNU, or 3%, in the gallium experiments; and by about 12% in the Kamiokande and SNO experiments.
The best standard solar model including helium diffusion and the most accurate nuclear parameters, ele-
ment abundances, radiative opacity, and equation of state predicts a value of 8.0+3.0 SNU for the 'Cl
experiment and l32iﬂ SNU for the 7'Ga experiment. The quoted errors represent the total theoretical
range and include the effects on the model predictions of 30 errors in measured input parameters. All 15
calculations since 1968 of the predicted rate in the chlorine experiment given in this series of papers are
consistent with both the range estimated in the present work and the 1968 best-estimate value of 7.5+2.3
SNU. Including the effects of helium diffusion and the other improvements in the description of the solar
interior that are implemented in this paper, the inferred primordial solar helium abundance is Y =0.273.
The calculated depth of the convective zone is R =0.707R 5, in agreement with the value of 0.713R in-
ferred by Christensen-Dalsgaard, Gough, and Thompson from a recent analysis of the observed p-mode
oscillation frequencies. Including helium diffusion increases the calculated present-day hydrogen surface
abundance by about 4%, decreases the helium abundance by approximately 11%, and increases the calcu-
lated heavy-element abundance by about 4%. In the Appendix, we present detailed numerical tables of
our best standard solar models computed both with and without including helium diffusion. In the con-
text of the MSW (Mikheyev-Smirnov-Wolfenstein) or other weak-interaction solutions of the solar neutri-
no problem, the numerical models can be used to compute the influence of the matter in the sun on the ob-
served neutrino fluxes.
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culated quantities are derived from stellar models that in-
clude the diffusion of helium within the solar interior and
also make use of improved input data for radiative opaci-
ties, element abundances, and nuclear reaction rates. In
this introduction, we first describe in Sec. I.A the plan of
the paper, emphasizing the astronomical context of the
solar neutrino problem. In Sec. I.B we describe the solar
neutrino experiments that are in progress, and in Sec. I.C
we discuss the relation of the models and the experiments
to the question of whether the solar neutrino problem is
revealing new physics. This paper is the fifth in a series
of related papers in Reviews of Modern Physics dealing
with the physics and astronomy of solar neutrinos (see
Bahcall, 1978, 1987; Bahcall et al., 1982; Bahcall and Ul-
rich, 1988).

A. The plan of this paper

Approximately every five years for the past quarter
century, there has been a flurry of interest in possible
differences between neutrino fluxes computed with
different stellar evolution codes. The cause of these
differences has been identified in nearly all cases (see, for
example, Bahcall and Sears, 1972 and Bahcall, 1989) as
being due to differences in input parameters, although
there have occasionally been differences that were caused
by a lack of accuracy in a computer calculation. Because
of the revival of interest in the precision of results of neu-
trino fluxes from different solar models, we have com-
pared our calculated fluxes with those obtained recently
by other authors who have made detailed calculations.
For the same input parameters and physical assumptions,
we find numerical agreement between our models and the
standard solar models of Bahcall and Ulrich (1988), of
Turck-Chieze et al. (1988), and of Sienkiewicz, Bahcall,
and Paczynski (1990). The difference between the
Turck-Chiéze et al. (1988) result and the results obtained
by the other three groups that have recently computed
precise solar models to determine solar neutrino fluxes is
due to different choices by Turck-Chieze et al. for two
input values of nuclear cross sections (and an overesti-
mate for an opacity effect), as is shown in Tables III and
IV of this paper.

Having established the agreement among different so-
lar evolution codes, we turn our attention to improve-
ments in the input physics. Helium and the heavy ele-
ments sink relative to hydrogen in the radiative interior
of a star because of gravitational settling and thermal
diffusion. This slow physical process has generally been
omitted in previous calculations of precise standard solar
models and, in particular, is not included in any of the
solar models cited in the previous paragraph. Diffusion
can affect the chemical abundances and the radiative
opacity in the outer layers of a star, where the time scale
for diffusion is shortest. Hence diffusion is potentially
important for helioseismology. Diffusion also affects the
elemental abundances and the radiative opacity in the
stellar core, altering the calculated solar neutrino fluxes.
Quantitative estimates of other effects usually neglected
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in solar models suggest (see Bahcall, 1989) that for solar
neutrino calculations the diffusion of helium is the most
significant, well-understood phenomenon that is not in-
cluded in standard models. We have therefore developed
an exportable numerical code for including helium
diffusion in the calculation of precise stellar models.

The calculations of solar neutrino emission and of so-
lar p-mode oscillation frequencies require high precision
for comparison with experiments. The primary reason
for neglecting diffusion in previous calculations is that
earlier studies (Eddington, 1926; Aller and Chapman,
1960; Vauclair, Vauclair, and Pamjatnikh, 1974,
Montmerle and Michaud, 1976; Noerdlinger, 1977, 1978;
Vauclair, Vauclair, and Michaud, 1978; Fontaine and
Michaud, 1979a, 1979b; Wambsganss, 1988; Cox, Guzik,
and Kidman, 1989) all showed that element diffusion is a
relatively unimportant process in the cores of dwarf
stars. Indeed, for the conditions believed to be typical of
the solar interior, the characteristic time to diffuse a solar
radius is of order 6X 10" yr (Bahcall and Loeb, 1990).
Diffusion in the outermost layers of the sun could be even
longer than indicated by these estimates, since it may be
inhibited by meridional circulation or by turbulence
driven by hydrodynamic rotational instabilities. An ad-
ditional reason that diffusion has been neglected is that
diffusion complicates conventional stellar evolution
codes, since both space and time derivatives appear in the
same equations. Because the space and time derivatives
are treated separately in most existing stellar evolution
codes, the elapsed time required to write and test the new
subroutines describing diffusion is measured in years.
The effects of element diffusion on the calculated frequen-
cies of the solar p modes and g modes are discussed in a
separate paper that is in preparation.

Wambsganss (1988) calculated the effect of hydrogen
and helium diffusion on the central temperature and the
primordial solar helium abundance in some illustrative
solar models. The diffusion velocities used by
Wambsganss are larger than those calculated by
Noerdlinger (1977) and by Bahcall and Loeb (1990). In
addition, the nuclear reaction rates that were employed
in the calculations of Wambsganss were not specified in
his paper, and an older version of the Los Alamos opaci-
ty tables was used. In the results given by Wambsganss,
it is difficult to separate the effect of diffusion on neutrino
fluxes from the possibly larger effects of using older reac-
tion rates and opacity tables. A frontal attack on the
problem of diffusion in solar models was carried out by
Cox, Guzik, and Kidman (1989), who evaluated the effect
of diffusion on the helioseismological frequencies of a
standard solar model by solving numerically a set of 23
coupled partial differential equations. They used an older
set of nuclear reaction rates (taken from the review of
Fowler, Caughlan, and Zimmerman, 1975), an equation
of state that yielded pressures that they suggest are
slightly too large, and an opacity at the base of the con-
vective zone that was adjusted to give improved agree-
ment between calculated and measured solar p-mode fre-
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quencies. The results of Cox et al. (1989) were used by
Bahcall and Loeb (1990) to make, with the aid of approx-
imate formulas of the dependence of neutrino fluxes on
central temperature, an estimate of the differential effect
of diffusion on the predicted event rates in solar neutrino
experiments.

Since the calculated "Be and ®B neutrino fluxes are sen-
sitive to the conditions in the interior of a solar model,
the best way to determine the effect of element diffusion
on calculated neutrino fluxes is to construct precise solar
models with and without diffusion using the same com-
puter code and the same input parameters. In order to
ensure that our diffusion calculations were embedded in a
precise solar model, we developed a new (exportable) sub-
routine for evaluating the rates of nuclear reactions and
of the related solar neutrino fluxes. We have incorporat-
ed this improved nuclear reaction subroutine into the
standard Yale stellar evolution code and, in the process,
have uncovered some minor errors in previous calcula-
tions. ,

In Sec. II we describe and compare the nuclear cross-
section factors that are used in the studies of Bahcall and
Ulrich (1988), of Turck-Chiéze, Cahen, Cassé, and Doom
(1988), of Sienkiewicz, Bahcall, and Paczynski (1990), of
Sackmann, Boothroyd, and Fowler (1990), and in this pa-
per. In Sec. III we discuss opacities, equations of state,
and other input data used in the different stellar evolu-
tion codes. In Sec. IV we compare the neutrino fluxes
and event rates calculated from the five different codes of
Bahcall and Ulrich (1988), Turck-Chieze et al. (1988),
Sinekiewicz et al. (1990), Sackmann et al. (1990), and
this paper. The results are summarized in Table V. We
explore in Sec. VI the effects of different opacity codes
and of different heavy-element mixtures on the calculated
solar neutrino fluxes and the predicted event rates in
different experiments. In Sec. VII we describe our treat-
ment of helium diffusion and compare the neutrino fluxes
and other solar parameters that are calculated in stan-
dard solar models with and without diffusion. We dis-
cuss in Sec. VIII the uncertainties in the calculated neu-
trino fluxes and the experimental event rates. We calcu-
late the uncertainties using 30 errors for all measured
quantities, as described in Chap. 7 of Bahcall (1989) or in
Bahcall and Ulrich (1988). We present in Sec. IX the
predictions of a Maximum Rate Model, a nonstandard
solar model that can be used, together with nonstandard
neutrino physics such as the MSW (Mikheyev-Smirnov-
Wolfenstein) effect, to estimate the maximum changes in
neutrino properties that might be inferred from solar
neutrino experiments. In Sec. X we summarize the main
results of this paper. In the Appendix, we present tables
of the derived physical characteristics as a function of ra-
dius for our best standard solar models. These tables can
be used to make detailed calculations of the solar MSW
effect.

B. Solar neutrino experiments in progress

Four solar neutrino experiments are currently taking
data; two other experiments are being constructed. Two
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additional experiments are undergoing feasibility tests.
We summarize briefly here the main features of all these
experiments and provide basic references to the original
literature, from which more detailed information and ad-
ditional references can be derived. More extensive sum-
maries of all the experiments can also be found in Bahcall
(1989).

The first, and for two decades the only, solar neutrino
experiment uses a radiochemical chlorine detector to ob-
serve electron-type neutrinos via the reaction (Davis
1964; Pontecorvo 1946)

v,+3Cl—se ™ +%¥Ar . (1

The ¥’Ar atoms produced by neutrino capture are ex-
tracted chemically from the 0.6 kilotons of fluid, C,Cl,,
in which they were created, and are then counted using
their characteristic radioactivity in small, gaseous pro-
portional counters. The threshold energy is 0.8 MeV.
The chlorine solar neutrino experiment is described by
Davis (1978, 1987) and Rowley, Cleveland, and Davis
(1985). The experimental capture rate is (Davis, Harmer,
and Hoffman, 1968; Davis, 1978, 1987, 1989; Rowley,
Cleveland, and Davis, 1985; Davis et al., 1990)

capture rate=(2.21+0.2) SNU , (2)

where the quoted experimental error is the 1o uncertain-
ty and an SNU (solar neutrino unit) is defined as 10736
events per target atom per second. A number of authors
have discussed the possibility that the capture rate in the
chlorine experiment is not constant in time, but the event
rate is too small to permit definitive statistics (see Davis,
1987, 1989; Davis et al. 1990, and references therein).
The calculated capture rate derived in this paper is much
larger than the observed rate,

theoretical capture rate=8.0+3.0 SNU , (3)

where the uncertainty in the theoretical value takes ac-
count of 30 errors in all of the input experimental quan-
tities. All 14 previous calculations of the chlorine cap-
ture rate carried out in this series of investigations since
1968 lie within the quoted errors given in Eq. (3) (see Fig.
1.2 of Bahcall, 1989). During the past two decades, the
discrepancy between the various contemporaneous ver-
sions of Egs. (2) and (3) produced the ‘‘solar neutrino
problem” and gave rise to a number of suggestions that
either the standard theory of stellar evolution is in error
or that new physical ideas are required in addition to the
standard model of electroweak interactions (Glashow,
1961; Weinberg, 1967; Salam, 1968). The experiments
described below are designed to discriminate between
these two possibilities and to provide details about the
new physics or new astronomy that is required to resolve
the solar neutrino problem. .

The second solar neutrino experiment to have been
performed, Kamiokande II, is based upon the neutrino-
electron-scattering reaction,

vte—v+e', (4)
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which occurs inside the fiducial mass of 0.68 kilotons of
ultrapure water. Only B solar neutrinos are detectable
in the Kamiokande II experiment, for which the lowest
published value for the detection threshold is 7.5 MeV.
In the Kamiokande II experiment, the electrons are
detected by the Cerenkov light that they produce while
moving through the water. Neutrino-scattering experi-
ments provide information that is not available from ra-
diochemical detectors, including the direction from
which the neutrinos come, the precise arrival times for
individual events, information about the energy spectrum
of the neutrinos, and some sensitivity to muon and tau
neutrinos.

The result of the Kamiokande experiments is (Hirata
et al., 1989, 1990a, 1990b, 1991)

(A(®B)yps) - [0.47£0.05(stat)+0.06(syst) |¢cac(°B) ,
(5

when expressed in terms of the flux of B neutrinos calcu-
lated with our best standard solar model (see Sec. VII).
The direction of the recoiling electrons shows that the in-
coming neutrinos originate in the sun. No time depen-
dence of the signal has been observed over a period of al-
most three years.

The Super-Kamiokande experiment (Totsuka, 1990)
will have a fiducial volume for neutrino-electron scatter-
ing of 22000 tons of water, more than 30 times the
current detector, and will make possible accurate diag-
nostic experiments beginning in 1996.

There are two experiments in progress, GALLEX
(Kirsten, 1986, 1991) and SAGE (Gavrin et al., 1990;
Abazov et al., 1991a, 1991b), that provide the first obser-
vational information about the low-energy neutrinos
from the basic proton-proton reaction. The GALLEX
and SAGE experiments make use of neutrino absorption
by gallium,

v,+"'Ga—e +7Ge, (6)

which has a threshold of only 0.23 MeV for the detection
of electron-type neutrinos. This low threshold makes
possible the detection of the low-energy neutrinos from
the proton-proton (or pp) reaction; the pp reaction ini-
tiates the nuclear fusion chain in the sun by producing
neutrinos with a maximum energy of only 0.42 MeV.
Both the SAGE and the GALLEX experiments use ra-
diochemical procedures to extract and count a small
number of atoms from a large detector, similar to what is
done in the chlorine experiment. There are differences in
the chemical form of the two gallium detectors (SAGE
uses liquid metallic gallium; GALLEX uses an aqueous
solution of gallium chloride and hydrochloric acid), their
sizes (the first results from SAGE use 30 tons of gallium,
but this has recently been increased to 60 tons; GALLEX
uses 30 tons), their locations (SAGE is positioned in an
underground laboratory in the Baksan Valley in the
Northern Caucasus; GALLEX is situated in the Gran
Sasso Underground Laboratory in Italy), and in the de-
tailed construction and operation of the gaseous propor-
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tional counters that measure the extracted "'Ge.
The initial results from the GALLEX experiment are
(Anselmann et al., 1992):

"\Ga capture rate=[83+19(stat)+8(syst)] SNU ,
(7a)

and from the SAGE experiment are (Abazov et al.,
1991a, 1991b; Gavrin, 1992):

"\Ga capture rate=[58111+14(syst)] SNU. (7b)

The capture rate predicted by the standard model for a
"IGa experiment is relatively precise. Approximately
half of the predicted rate is contributed by the basic pp
neutrinos, whose flux can be evaluated accurately within
the context of the standard model. The estimated uncer-
tainties due to the other neutrino fluxes are also relatively
small (see Bahcall et al., 1982; Bahcall and Ulrich, 1988).
The result obtained in this paper (and in previous papers
in this series) disagrees. with Eq. (7), although the statisti-
cal uncertainties are large. We calculate in this paper a
best-estimate rate of

3(¢o)g,=132721 SNU , ®)

where the theoretical uncertainties include 3o errors on
measured input parameters. The minimum expected
event rate is (Bahcall, 1989) 80 SNU, provided only that
nothing happens to neutrinos while they are traveling in-
side the sun or on their way to the Earth.

The next solar neutrino experiment to be performed,
SNO, will use 1 kiloton of heavy water, D,O, and larger
photomultiplier coverage to observe Cerenkov light from
recoil electrons produced by three different reactions.
The charged current reaction,

v,+d—p+p+e” , 9)

will permit an accurate measurement of the energy spec-
trum of the electron neutrinos. Nearly all of the energy
possessed by the incoming neutrinos is transferred to the
outgoing electrons, although the protons take up much of
the incoming momentum. The SNO detector will also be
sensitive to neutrino-electron scattering, Eq. (4), in the
heavy water. In addition, the total neutrino flux, ir-
respective of neutrino type, can be measured by the
neutral-current reaction,

v+d—v+p+n, (10)

which has a threshold of 2.2 MeV. The neutrons will be
captured by *Cl from NaCl dissolved in D,0, producing
light from electrons when the gamma rays from the neu-
tron capture (with energies up to 8.6 MeV) are stopped in
the D,0. The cross section for Eq. (10) is independent of
the flavor of the incident neutrino. Comparison of the
flux of electron-type neutrinos inferred by measurements
of the charged current, Eq. (9), with the total flux of neu-
trinos determined by observing the neutral-current disin-
tegration of the neutrino, Eq. (10), will constitute a test of
the standard electroweak model that is independent of
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solar models. If the standard electroweak model is
correct, the flux of electron-type neutrinos will equal the
flux of all neutrinos measured by the neutral current.
Details of the SNO experiments have been described by
Aardsma et al. (1987) and Ewan et al. (1987). The ex-
periment is expected to begin operation in 1995.

Two additional experiments, one designed to detect
"Be neutrinos and one designed to detect pp neutrinos,
are currently being tested for feasibility. The "Be experi-
ment is known as Borexino (Raghavan, 1990; Arpasella
et al., 1991) and will observe the scattering of neutrinos
by electrons in an ultrapure liquid scintillator (design
purity of 10716 g of uranium and thorium per g) with a
total mass of only 0.1 kiloton. The event rate per day
(~50) in this small detector is expected to be comparable
to the event rate per year in the operating chlorine,
Kamiokande, and gallium experiments, because of the
predicted high flux of "Be solar neutrinos and because of
the high luminosity of the liquid scintillator. A real-time
detector of pp neutrinos, proposed by Lanou, Maris, and
Seidel (1987), would observe neutrinos scattered in liquid
helium by detecting rotons produced by the scattering.

C. New physics?

Solar neutrino experiments test the combined predic-
tions of the standard electroweak model and the standard
solar model. In principle, discrepancies between the cal-
culated event rates and the observations can be explained
in terms of nonstandard neutrino physics or nonstandard
solar models, or both. In fact, many examples of non-
standard models of both types have been proposed to ac-
count for the results of the chlorine solar neutrino experi-
ment (see ideas and references in Chaps. 5 and 9 of Bah-
call, 1989).

In the last few years, almost all of the theoretical work
has been devoted to nonstandard models of neutrino
physics. We therefore present a brief introduction to
these new ideas. A full discussion of nonstandard parti-
cle physics models would require at least one indepen-
dent and complete article in the Reviews of Modern
Physics and is beyond the scope of this paper. We note
that future developments in helioseismology will permit
observational tests of many of the nonstandard solar
models (see, e.g., Leibacher et al., 1985; Libbrecht, 1988;
Gough and Toomre, 1991).

To buttress this choice of emphasis on nonstandard
physics rather than on nonstandard solar models, we
note that Bahcall and Bethe (1990) have argued that the
combined results of the chlorine and the Kamiokande ex-
periments cannot be explained plausibly without new
physics. The argument is based upon the fact that the
spectrum shape of neutrinos from a given nuclear source
is, to measurable accuracy, independent of conditions in
the sun (Bahcall, 1991). Thus, if the standard elec-
troweak model is correct, one can convert the event rate
from ®B neutrinos that is observed in the Kamiokande II
experiment into an expected event rate in the chlorine ex-
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periment; this converted ®B rate is by itself somewhat
larger than the total observed chlorine rate. In addition,
there are significant contributions to the chlorine rate
from the pep and the ’Be neutrinos, whose calculated
fluxes are much less sensitive to conditions in the stellar
models than is the ®B neutrino flux. Assuming the validi-
ty of the standard electroweak model (i.e., the invariance
of the shape of the energy spectrum of ®B neutrinos), the
observed rate in the Kamiokande II experiment, and the
relative precision with which the flux of "Be neutrinos
can be calculated (compared to the much larger uncer-
tainties in the stellar calculation of the ®B neutrino flux),
a rate larger than that observed is predicted for the
chlorine experiment. The most plausible conclusion, ac-
cording to Bahcall and Bethe (1990), is that the shape of
the energy spectrum of electron-type neutrinos from *B
has been altered by physical processes that require an ex-
tension of the standard electroweak model.

The conjecture that new physics is required by solar
neutrino experiments is supported by the initial results
from the SAGE (gallium) experiment (Abazov et al.
1991a, 1991b; Gavrin, 1992) and the GALLEX experi-
ment (Anselmann et al., 1992), although the statistical
uncertainties in the experiments are large.

There are a variety of suggested explanations for the
solar neutrino problem that require new physics; these
explanations involve modifications, either minor or ma-
jor, of the standard electroweak model. The most fre-
quently discussed explanation, and the one for which the
most precise calculations have been performed, is some
form of the MSW effect (Wolfenstein, 1978, 1979; Bethe,
1986; Haxton, 1986; Kolb, Turner, and Walker, 1986;
Mikheyev and Smirnov, 1986a, 1986b, 1986c; Parke,
1986; Rosen and Gelb, 1986; see also the excellent re-
views by Kuo and Pantaleone, 1989 and Mikheyev and
Smirnov, 1989), according to which neutrinos of the elec-
tron type are converted to muon or tau neutrinos via
their interactions with electrons in the sun. The MSW
effect involves simpler changes in existing theory than
most of the other proposed modifications. For the MSW
effect, the suggested changes involve relatively natural
extensions of the standard electroweak model. Oscilla-
tions in vacuum are a possible but unlikely solution be-
cause of the fine-tuning that is required in the neutrino
parameters (see Gribov and Pontecorvo, 1969; Bahcall
and Frautschi, 1969; Glashow and Krauss, 1987). An al-
ternative possibility (see especially Voloshin, Vysotskii,
and Okun, 1986a, 1986b) is that the electron neutrino
possesses a magnetic moment many orders of magnitude
larger than implied by the standard electroweak model,
in fact, just barely smaller than existing physics and as-
trophysics limits. This large magnetic moment could
cause the neutrino spin to flip in the solar convective
zone, resulting in right-handed neutrinos that would not
be detected. This idea has been generalized to include
the possibility that the spin is flipped in the solar interior
by a combination of neutral and charged current scatter-
ing of neutrinos that have large magnetic moment in-
teractions (see Akhmedov and Khlopov, 1988; Lim and
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Marciano, 1988).

Many other elegant and intriguing modifications of the
standard electroweak model have been proposed to ac-
count for the discrepancy between the calculated and the
observed rates in solar neutrino experiments. The experi-
ments that are in progress or are under development will
eliminate many of these models. But, the number of neu-
trino parameters that have to be determined is so large,
and the imaginations of theoretical physicists so fertile,
that it seems likely that additional experiments will be re-
quired before a unique solution of the solar neutrino
problem can be inferred with confidence.

Il. NUCLEAR ENERGY GENERATION

In this section we discuss the rates of nuclear reactions
as they appear in different stellar evolution codes, includ-
ing the changes and corrections made in the course of the
development of a new energy generation subroutine. In
Sec. II.LA we describe the new exportable subroutine for
calculating nuclear energy generation and solar neutrino
fluxes, and in Sec. II.B we comment upon individual nu-
clear reaction rates. We compare in Sec. II.C the con-
stants adopted in different stellar evolution codes that
have been used recently to calculate solar neutrino fluxes.

A. Energy generation subroutine

For the work discussed in this paper, one of us (JNB)
wrote an essentially new nuclear energy subroutine with
the same structure as the original Yale subroutine. The
new subroutine, which contains an addition to calculate
the neutrino fluxes, also has extensive annotations ex-
plaining the origin of the various terms and the numeri-
cal expressions. The code is written in FORTRAN in a
style that facilitates the use of revised rate parameters as
new experimental data become available. A copy of the
nuclear energy generation and neutrino code can be ob-
tained by writing to one of us (JNB).

Surviving unscathed many years of revision of other
parts of the Yale stellar evolution code, the constants
describing nuclear reactions in the previous Yale subrou-
tine for energy generation (Prather, 1976) were taken
mainly from Fowler, Caughlan, and Zimmerman (1975)
and, for the crucial "Be and ®B rates, from Bahcall and
Sears (1972). The revised subroutine, which was used for
calculating, nearly all of the Yale models described in
this paper, employs reaction rates similar to those of
Bahcall and Ulrich (1988) and Bahcall (1989), except for
the hep reaction. For all of the reactions important for
solar neutrino calculations, the current best-estimate
cross-section factors differ significantly from what they
were in the original Yale code (which was not designed to
perform solar neutrino calculations). In a few cases, nu-
merical errors (not due to revisions in the nuclear data)
were corrected in the original code. In a small number of
other places, the original version contained physically in-
correct descriptions of nuclear processes, each of which
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has been corrected.

We expect that these changes in the nuclear reaction
rates, while important for the solar neutrino problem,
will lead to only minor revisions in the Yale isochrones,
since the latter are not sensitive to details of the nuclear
reaction rates of the major reactions and are insensitive
to even relatively large changes in the minor reactions.

Electron screening in the Yale code is computed ac-
cording to the prescriptions for weak and intermediate
screening given by DeWitt, Graboske, and Cooper (1973)
and Graboske et al. (1973). For the initial comparisons
with Bahcall and Ulrich (1988) and Sienkiewicz, Bahcall,
and Paczynski (1990), we considered only weak screen-
ing, since Bahcall and Ulrich inadvertently omitted inter-
mediate screening.

Neutrino energy loss in the' new Yale code is calculated
accurately according to the prescription of Bahcall and
Ulrich (1988; see their Table XXI), which is also used in
the Bahcall-Ulrich code and in the Sienkiewicz et al.
(1990) code.

B. Some individual reaction rates

We discuss in this section the nuclear cross-section fac-
tors adopted for the pp chain by different authors (Sec.
I1.B.1) and then describe the current situation with the
pp rate (Sec. II.B.2). and the hep rate (Sec. I1.B.3).

1. Comparison of different cross-section factors

Table I summarizes, for the most important nuclear re-
actions, the values for the low-energy cross-section fac-
tors [defined, e.g., in Eq. (3.7) of Bahcall, 1989] that have
been adopted by authors who have recently calculated
precise standard solar models. This table highlights the
similarities and the differences among the adopted values.
The values listed under column 4, ‘“Bahcall-Ulrich
(1988),” and column 9, “This work (1992),” are taken pri-
marily from the review articles of Parker (1986), Bahcall
and Ulrich (1988), Parker and Rolfs (1991), and Johnson,
Kolbe, Koonin, and Langanke (1992). Note that the S
value for the "Be(p,y)®B reaction has been reduced by
8.5% as a result of the comprehensive analysis by
Johnson et al. (1992); the estimated uncertainty in this
crucial quantity remains large, approximately 28% at the
effective 30 level. Cross-section factors for other, less
crucial reactions, and the best-estimate derivatives of the
cross-section factors, are given in Tables 3.2 and 3.4 of
Bahcall (1989).

In the following two subsections, we summarize the re-
cent developments that have led to our adoption of re-
vised values for the cross-section factors for the pp and
the hep reaction rates.

2. The pprate

The effective cross section for the proton-proton (pp)
reaction can be written (Bahcall and May, 1969)
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Sg=S(0)[140.4177"14+12.67"2+36.6r 3], (11)

where 7=33.80T; !/? and T is the temperature in units
of 10® K. The first two terms in the brackets are indepen-
dent of the nuclear reaction cross section, and the last
two terms in the brackets of Eq. (11) are proportional to
the logarithmic derivative, (S~ !dS/dE)g_, of the
cross-section factor S at zero energy. The numerical
value given by Bahcall and May (1969) for the correction
associated with the logarithmic derivative has been
confirmed by independent calculations of Bargholtz
(1979), and therefore the bracketed term shown in Eq.
(11) has been incorporated without change in standard
solar model calculations. The cross section for the pp re-
action was first estimated by Bethe and Critchfield (1938);
Blin-Stoyle and Papageorgiou (1965) first discussed
meson exchange corrections in this context.

Much work has been done since 1969 on three impor-
tant quantities that determine the numerical value of the
low-energy cross-section factor S(0). The quantities of
interest are the square of the overlap integral in the im-
pulse approximation, A%0) [see Eq. (8) of Bahcall and
May, 1969 or Eq. (15) of Salpeter, 1952]; the ratio
G , /Gy of the axial vector to the vector coupling con-
stant; and the fractional correction 8§ to the nuclear ma-
trix element due to exchanges of 7 and p mesons. For
theoretical calculations of the strong-interaction aspects
of the pp cross section [A*0) and 8], see Brolley (1971);
Gari and Huffman (1972); Gari (1978); Bargholtz (1979);
Gould and Guessoum (1990); and Carlson, Riska,
Schiavilla, and Wiringa (1991); for the relevant weak-
interaction experiments, see references to the measure-
ment of G, /Gy in neutron decay given in the analysis of
Hernandez et al. (1990). Unfortunately, not all authors
have stated explicitly what values they adopted for each
of the three factors mentioned above when they were
providing new results for a specific one of the quantities
of interest.

The low-energy cross-section factor can be written (see
Bahcall et al., 1982) in terms of A2(O),GA /Gy, and 8 as
follows:

2
A%(0) G,/Gy
S(0)=3. 2
(0)=3.78 708 1238 (1+98)
X 1072 MeV b , (12)

where 3.78X1072° MeV b is the value obtained by Bah-
call and May (1969). In considering small effects due to
electromagnetic radiative corrections, it is convenient to
rewrite Eq. (12) in terms of the measured ft values for
the neutron and for the 0% to O decays (e.g., the beta
decay of *0). A convenient form for the scaling when
written in terms of nuclear beta-decay rates is given in
Eq. (12) of Bahcall and May (1969).

Table II shows the values obtained or used by a num-
ber of authors for the three important quantities being
discussed here. There are six published calculations for
which the best estimate for A%(0) is less than or equal to
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TABLE 1. Comparison of some important nuclear reaction parameters.®

This work®

Turck-Chieze Parker & Rolfs

et al. (1988)

Sienkiewicz Sackmann
et al.® (1990)
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*The tabulated values of S(0) are expressed in keV b. Other recommended nuclear parameters are given in Tables 3.2 and 3.4 of Bahcall (1989), which is also the source of “Eq. (3.17)”

and “Eq. (3.18).”

®Inferred by comparing formulas in Caughlan and Fowler (1988) with standard expressions for nuclear reaction rates. Sackmann et al. (1990), following Caughlan-Fowler, omitted the

terms involving derivatives with respect to energy, S'(0) and S"'(0), for reactions 4, 6, and 7.

°The uncertainties for the cross-section factors are indicated in parentheses; they correspond to 3¢ limits based upon the analyses of Bahcall and Ulrich (1988) and Parker and Rolfs

(1991). The values adopted here for reactions 3 and 4 are taken from Parker and Rolfs (1991).

9The value adopted here is from the recent comprehensive analysis by Johnson et al. (1992).

°The value used here is from Carlson et al. (1991). We adopt an uncertainty of a factor of 6 in the cross-section factor (see Sec. I1.B.1).
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TABLE II. Parameters for the pp reaction.

A%(0)

(G4/Gy) ) Authors
7.08+0.18 1.238 0.0 Bahcall and May (1969)
S . 0.02 Rozenblit (1970)
6.38210.05 1.247 : 0.0 Brolley (1971)
7.08218-23 cee 0.048+0.004 Gari and Huffman (1972)
S 0.035+0.004 Dautry, Rho, and Riska (1976)
6.911+0.17 0.026+0.03 Gari (1978)
6.96+0.11 - 0.0173-% Bargholtz (1979)
7.39(1£0.04) 1.271 0.02 Gould and Guessoum (1990)
7.04 1.262 0.0075 Carlson, Riska, Schiavilla, and Wiringa (1991)
7.08+0.18 1.261+0.004 0.01+5:%, This paper

?Includes vacuum polarization.

7.08; only the calculation by Gould and Guessoum (1990)
gives a best estimate (7.39) that is considerably larger
than this value. It is not clear what is the origin of the
discrepancy between the Gould-Guessoum calculation
and that of the other authors (including the recent and
precise calculation of Carlson et al., 1991; Carlson,
1991). The divergent value of Gould and Guessoum
(1990) is particularly puzzling in light of the fact that
Bargholtz (1979) noted that the effective range approxi-
mation for A%(0) agreed to within 0.3% with the result
obtained from integrating the numerical solutions for
four different nucleon-nucleon potentials. We use for our
best solar models in this paper the value of 7.08 for
A%(0), since there has not been a recent systematic
redetermination of this number that uses the best avail-
able modern data. Calculations are underway (Kamion-
kowski and Bahcall, 1992) to reevaluate A%(0) including
vacuum polarization in a self-consistent way (see below).
The ratio of G, /Gy used here, 1.2621+0.004, is taken
from Hernandez et al. (1990) and represents a weighted
average of four precise modern experiments. The origi-
nal detailed calculations of mesonic exchange by Gari
and Huffman (1972) and Gari (1978) took account of in-
teractions with 7 mesons, but did not include the terms,
which are more difficult to calculate, resulting from p-
meson exchange. Bargholtz (1979) and Carlson et al.
(1991) have shown that the effects of 7- and p-meson ex-
change largely cancel; constructive interference was en-
forced in an earlier phenomenological calculation by
Rozenblit (1970). For this paper, we adopt
8=0.0113%2. which is based upon the results of Bar-
gholtz (1979) and Carlson et al. (1991). The error esti-
mate that we have adopted for § may seem somewhat
large to the experts, given the good agreement between
the only two calculations that include destructive in-
terference between 7 and p exchange (see in Table II the
entries due to Bargholtz, 1979 and to Carlson et al.
1991), but in our view more numerical explorations with
plausible representations of the exchange processes are
required before we can be certain that this difficult-to-
calculate correction has been evaluated accurately. The
effects of vacuum polarization have been included in cal-
culations by Brolley (1971), by Gari and Huffman (1972),
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and by Gould (1990) and, within the context of certain
assumptions, reduce the reaction rate by approximately
1%. However, it is not clear, in any of the evaluations
referenced above, that the effects of vacuum polarization
have been included consistently in the determination of
the proton-proton-scattering phase shifts and in the
derivation of the nuclear potentials, as well as in the
cross-section calculations. For this reason, we include
the effects of vacuum polarization on the estimated un-
certainty, but not the absolute value, inferred for the
low-energy cross-section factor. Calculations now under
way include in a self-consistent manner both radiative
corrections to the weak-interaction matrix elements and
the effects of vacuum polarization on the strong-
interaction matrix elements.

The value of the low-energy cross-section factor at
zero energy, S(0) [see Eq. (3.14) of Bahcall, 1989], that
follows from Eq. (12) and the last row of Table II is

S$(0)=4.00313X 1072 keVb . (13)

The value given here is less than the other values given in
row 1 of Table I, because we have adopted the more re-
cent (but uncertain) calculation of Carlson et al. (1991;
see also Bargholtz, 1979) for the value of §, the mesonic
exchange correction. The ratio of the pep reaction rate to
the pp reaction rate is unaffected by the parameter
changes shown in Table II and is given by Eq. (3.17) of
Bahcall (1989).

3. The hep rate

Three important new studies have advanced our un-
derstanding of the hep reaction (see Wolfs, Freedman,
Nelson, Dewey, and Greene, 1989; Carlson, Riska,
Schiavilla, and Wiringa, 1991; and Wervelman, Abra-
hams, Postma, Booten, and Van Hees, 1991). Two
separate experiments (Wolfs et al., 1989; Wervelman
et al., 1991) determined the cross section for the radia-
tive capture of thermal neutrons on *He and obtained the
same answer to within relatively small errors (11% for
Wolfs et al., 1989; 5% for Wervelman et al. 1991).
However, there is a complicated relation between the
measured thermal-neutron cross section and the low-
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energy cross-section factor for the production of hep neu-
trinos. The most detailed published calculation (Carlson
et al., 1991) yields a cross-section factor of
S5(0)=1.3X10"2° keV b, which we use throughout this
paper. An even more recent calculation (Schiavilla, Wi-
ringa, Pandharipande, and Carlson, 1992) that includes
A-isobar degrees of freedom yields values between
S(0)=1.4X10"%° keVb and S(0)=3.2X10"% keVb.
Less sophisticated analyses yield very different answers
(see Wolfs et al., 1989; Wervelman et al., 1991). We
adopt a large uncertainty—essentially all from theoreti-
cal aspects of the problem-—of a factor of 6 in the abso-
lute value of the low-energy cross section. This adopted
uncertainty is about a factor of 3 larger than the range
found by Schiavilla et al. (1992), who performed several
precise calculations with specific assumptions. The es-
timated uncertainty for the low-energy cross-section fac-
tor of this reaction could be reduced significantly if a
variety of different theoretical calculations were to con-
verge to the same numerical value.

The numerical value of the cross-section factor used
here, 1.3X 10720 keVb, is 6.15 times smaller than the
value, based upon less accurate measurements and calcu-
lations, that was used by Bahcall and Ulrich (1988),
Turck-Chieze et al. (1988), and Sienkiewicz et al. (1990).
Since the hep reaction occurs only rarely, it does not
influence the rates of the other reactions, and the inferred
hep neutrino flux is linearly proportional to S (hep). For
the comparisons that are carried out in Sec. IV, we have
rescaled the calculated hep neutrino fluxes so that they all
refer to the cross-section factor adopted here.

C. Comparison of nuclear rates
in different stellar evolution codes

Section II.C contains comments on the nuclear reac-
tion data used recently in different stellar evolution
codes.

1. Bahcall and Ulrich

The nuclear reaction rates used in the most recent ver-
sion of the Bahcall-Ulrich code were discussed in detail
in Sec. IL.A of Bahcall and Ulrich (1988), in Chap. 3 of
Bahcall (1989), and in Ulrich and Cox (1991).

In the course of testing the energy generation and neu-
trino flux subroutine, one of us (JNB) discovered a pro-
graming error in the original Bahcall-Ulrich code. The
bracketed term in the expression of electron capture by
"Be should read [see Eq. (3.18) of Bahcall, 1989]
[14+0.004(T¢—16)], whereas it was programed as
[1+0.004(T¢—1.6)] in the Bahcall-Ulrich code. This
error caused all the calculated ®B fluxes previously re-
ported by Bahcall and Ulrich to be 6% lower than they
should have been for typical solar interior conditions.
The programing error had no significant effect on any
other solar variable ( <<1% on other neutrino fluxes and
<<0.01% on p-mode frequencies), since the 'Be rate
affects only the branching between "Be proton capture
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and 'Be electron capture (the overwhelming dominant
branch). The Bahcall-Ulrich ®B fluxes used in this paper
for comparisons with other calculations have been
corrected for the programing error.

2. Sienkiewicz et al.

The Sienkiewicz et al. (1990) code uses the same nu-
clear reaction parameters as Bahcall and Ulrich (1988),
but does not treat the CNO (carbon-nitrogen-oxygen) bi-
cycle in full detail. The CN part of the cycle was as-
sumed by Sienkiewicz et al. (1990) to be in equilibrium.

3. Turck-Chieze et al.

The Turck-Chieéze et al. (1988) calculation uses values
for two of the nuclear physics parameters that are
significantly different from the values employed by Bah-
call and Ulrich (1988), Sienkiewicz et al. (1990), and the
current Yale code.

The most important difference between the nuclear pa-
rameters adopted by Turck-Chieze et al. (1988) and by
Bahcall and Ulrich (1988) is in the low-energy cross-
section factor for the p +7"Be reaction. Bahcall and Ul-
rich (1988) used the value of 0.0243+0.0018 keVb (lo
error) determined by the experimentalists Parker (1986)
and Parker and Rolfs (1991). Caughlan and Fowler
(1988) ‘and Filippone (1986) also advocated 0.024 keV b,
in agreement with the value of Parker (1986) and Parker
and Rolfs (1991). On the other hand, Turck-Chieze
et al. adopted 0.021+0.003 keV b, which is 14.5% lower
than the value used by Bahcall and Ulrich (1988). This
difference in adopted values is primarily due to the way
that the measured reaction cross section is extrapolated
to low relative kinetic energies. The systematic reinvesti-
gation of this reaction by Johnson, Kolbe, Koonin, and
Langanke (1992) yields a cross-section factor of
0.022410.0021 keV b, intermediate between the values
adopted by Bahcall and Ulrich (1988) and by Turck-
Chieze et al. (1988). In this paper, we adopt the new
value determined by Johnson ez al. (1992).

For the *He->He reaction, Turck-Chiéze et al. (1988)
adopt a rate that is obtained by converting directly the
low-energy measurements by Krauss et al. (1987) to a
cross-section factor, 5.57+0.32 MeV b. Parker and Rolfs
(1991), following Assenbaum, Langanke, and Rolfs
(1987), correct the Krauss et al. (1987) measurement for
screening by electron clouds in the laboratory measure-
ments and average the newer results with the previously
performed  Caltech  experiments. The  Parker-
Rolfs—recommended value is 5.0+£0.3 MeV b (1o error).
The cross-section factor currently recommended by
Parker and Rolfs (1991) is 3% less than the value used by
Bahcall and Ulrich (1988) and 10% less than the value
used by Turck-Chieze et al. (1988). For solar neutrino
calculations, the choice of the rate for the *He->He reac-
tion is much less important than the choice of the rate
for the "Be+p reaction.
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The choices for cross-section factors made by Turck-
Chieze et al. (1988) are within the range of uncertainties
quoted by Parker (1986) and adopted by Bahcall and Ul-
rich (1988; Bahcall, 1989); they are also within the uncer-
tainties determined in this paper. We show in Sec. IV
that the difference in calculated event rates for the
chlorine solar neutrino experiment obtained by Turck-
Chieze et al. (1988) and Bahcall and Ulrich (1988) is due
primarily to the two choices, cited above, for the low-
energy nuclear cross-section factors.

4. Sackmann, Boothroyd, and Fowler

Sackmann, Boothroyd, and Fowler (1990) do not state
explicitly what low-energy cross-section factors they
used, but instead refer to the review by Caughlan and
Fowler (1988). These latter authors also do not give the
nuclear parameters in an explicit form; rather, they pro-
vide analytic expressions for the reaction rates which are
valid for temperatures that can be much higher than in
the sun (e.g., temperatures as high as 10° K). By compar-
ing the analytic formulas quoted by Caughlan and
Fowler (1988) with standard expressions for nuclear reac-
tion rates, we have inferred the cross-section factors that
are listed in Table I in the column labeled “Sackmann
et al. (1990).” Caughlan and Fowler (1988) have omitted
the cross-section derivatives in reactions 4, 6, and 7 of
Table I and have used approximate fitting formulas for
the rates of the electron-capture reactions pep and hep.
The quantitative effect of these approximations is not ob-
vious.

Ill. OTHER INPUT DATA

The numerical schemes and the basic physical descrip-
tions used in the different codes compared in this paper
were developed independently over two decades by
different programers with different applications in mind.
We discuss in Sec. IV results obtained with the Yale code
(see Appendix A of Prather, 1986; Guenther, Jaffe, and
Demarque, 1989; and Pinsonneault, Kawaler, Sofia, and
Demarque, 1989); the Bahcall and Ulrich (1988) code (see
also Bahcall, Huebner, Lubow, Parker, and Ulrich, 1982;
and Bahcall, 1989); the Paczynski-Ratcliff-Sienkiewicz
code (hereafter referred to as PRS; Paczynski, 1969,
1970; Sienkiewicz, Paczynski, and Ratcliff, 1988; Sienk-
iewicz, Bahcall, and Paczynski, 1990); the Turck-Chiéze
et al. code (1988); and the Sackmann, Boothroyd, and
Fowler (1990) code (see Paczynski, 1974 and Boothroyd
and Sackmann, 1988). In this section, we summarize the
most important input data that are used in these different
codes.

To make direct comparisons possible, we use in this
paper the same solar parameters as were used by Bahcall
and Ulrich (1988) and by Sienkiewicz et al. (1990) for the
solar age (4.6 Gyr), luminosity (3.86X10** ergs™!), and
initial *He abundance (10™* by mass fraction). For the
comparisons discussed in Sec. IV with standard solar
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models calculated by other groups, we used the values
compiled by Grevesse (1984) for the relative heavy-
element abundances and for the total ratio of heavy ele-
ments to hydrogen. We use neutrino interaction cross
sections from Bahcall and Ulrich (1988) and opacities ob-
tained from the Los Alamos Opacity Library (Huebner
et al. 1977; Huebner, 1986).

For our best solar models computed with and without
diffusion (see Secs. VI and VII), we use the improved rel-
ative heavy-element abundances and the value of Z/X
compiled by Anders and Grevesse (1989) and the radia-
tive opacities calculated at Lawrence Livermore National
Laboratory by Iglesias and Rogers (1991a, 1991b). In the
Yale code, the conductive opacity is computed separately
from the radiative opacity using the electron conduction
calculations of Hubbard and Lampe (1969). For all our
models, the helium abundance Y was fixed by the require-
ment that solar models with the given individual abun-
dance ratios Z; /X have the observed solar luminosity at
the solar age. In our models, this gives a value for the
heavy-element abundance in the range Z=0.0194 to
Z=0.0198 for the Grevesse (1984) mixture and
Z =0.01893 (without diffusion) and Z=0.01958 (with
diffusion) for the Anders and Grevesse (1989) mixture.
The exact value of the inferred Z depends upon the pre-
cise equation of state, opacity, and nuclear reaction rates
that are used.

It is important to iterate solar models to the correct ra-
tio of Z/X for the assumed solar mixture, especially
when there is a substantial change in the surface helium
abundance (see the discussion in Bahcall et al., 1982;
Bahcall and Ulrich, 1988). In our best models which in-
clude diffusion, precise iteration of Z /X is as important
for calculating the neutrino fluxes as is helium diffusion
(see Sec. VII.C). For each case, we first computed a solar
model with an initial estimate for the total Z for the
given mixture [0.0194 for Grevesse (1984) and 0.0188 for
Anders-Grevesse (1989) and Grevesse (1991)]. We used
the calibrated hydrogen abundance obtained for this
model and the Z /X of the mixture to determine an im-
proved estimate of the total Z. We then calibrated a so-
lar model with the new estimate for Z; for each case we
then had two sets of neutrino fluxes for two different
values of Z/X. We used linear interpolation to deter-
mine the fluxes for the correct value of Z /X (which was
intermediate between the two models and close to the
second one). We carried the iteration procedure further
in some cases, and found that the linear interpolation was
accurate to better than 0.05% in all of the neutrino
fluxes.

We used 10 initial time steps of 107 years (to resolve
the appearance and disappearance of a small convective
core) and 50 later time steps of 9X 107 years to construct
our models. By constructing sequences with doubled and
halved time steps, we determined that the finite time
steps caused errors of order 0.1% in the B?® flux estimate,
0.5% in the CNO fluxes, and 0.2% in the pp and pep
fluxes. We used Richardson extrapolation to correct the
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errors in our fluxes arising from the finite time steps; test
calculations performed for different models indicated
that the time-step dependence of our results was similar
for solar models with different assumed input physics.

In computing the experimental rates predicted by our
best solar models for the 3’Cl experiment, we use the re-
sult of Garcia et al. (1991). According to Garcia et al.,
the best estimate for the absorption cross section for *B
neutrinos is 1.09X 10™%? cm?, which is about 3% larger
than the value used by Bahcall and Ulrich (1988), and the
best estimate for the hep absorption cross section is
4.26 X 10~* cm?, which is 9% larger than the value used
by Bahcall and Ulrich (1988).

A. Opacities

The opacities that have been used for all the precise so-
lar neutrino studies carried out prior to 1991 were con-
structed from the Los Alamos Astrophysical Library
(Huebner, 1986), although different numerical methods
were used to construct opacity tables from the same Los
Alamos data. The change in opacity caused by CNO
conversion was overestimated by Bahcall and Ulrich due
to the limited numerical accuracy in the interpolation
formula for the opacity contributions of - individual
species given in Huebner (1986). This overestimate was
first pointed out by Cox (1990), who used the Los Alamos
Astrophysical Library; Iglesias and Rogers (1991a) also
found, using the Lawrence Livermore opacity code, that
the CNO correction defined by Bahcall and Ulrich (1988)
was negligible. A different mishap with respect to the
Los Alamos opacity calculations caused Turck-Chieze
et al. (1988) to overestimate the correction due to collec-
tive effects in the photon-electron-scattering cross sec-
tion. Turck-Chieze et al. (1988; Turck-Chieze, 1990) fol-
lowed Bahcall et al. (1982) and subtracted 0.07(1+X)
from the electron-scattering opacity, but this prescription
applies only to the opacities created on a special basis by
the Los Alamos group for the Bahcall et al. (1982) pa-
per. Subsequent Los Alamos calculations include collec-
tive effects in the numerical values of the opacities that
are distributed to different computational groups (see
footnote 1 in Bahcall and Ulrich, 1988).

The opacities that we have used for our best current
models (see Secs. VI and VII) are produced by the Liver-
more opacity code, OPAL (see Iglesias and Rogers, 1991a,
1991b; Rogers and Iglesias, 1992). We have used an opa-
city table with a relatively small number of data points
chosen to be near the locus of temperatures and densities
for a solar model (Rogers and Iglesias, 1991, private com-
munication). Opacities were calculated at the same
values of temperatures, densities, and hydrogen and met-
al abundances as were published in Table III of Bahcall
and Ulrich (1988). The opacities extend down to a
minimum temperature of 10° K; below this minimum
temperature, another opacity source must be used. We
have used opacities from the Los Alamos library, for the
same mixture of elements, below this temperature. The
low-temperature extension of the opacity tables does not
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affect, to calculable accuracy, the solar neutrino fluxes.

The small number (three, in the published table of Bah-
call and Ulrich, 1988; see also Ulrich and Cox, 1991) of
density values at a given temperature has caused some
concern about the accuracy of solar opacities (Faulkner
and Swenson, 1992), especially because in a solar model
the locus of temperature and density is outside the table
for temperatures below approximately 4X 10° K. How-
ever, the errors in opacity induced by the limited table
size are small—and the derived opacities are probably
more accurate than those derived by interpolation within
a larger but coarser table. We have tested the accuracy
of the table in two ways.

First, the opacity tables actually used by Bahcall and
Ulrich (1988) contained six densities at a given tempera-
ture rather than the three values that were published.
We compared the tabulated values for the densities that
were not published with the values obtained by extrapo-
lation from the central three values that were published
by Bahcall and Ulrich. The characteristic errors were
0.5% when extrapolating by one grid point, and 1%
when extrapolating by two grid points. We conclude
that, for temperatures in excess of 1X 10° K, the numeri-
cal error in the opacities is less than 1% with our table
format. For calculating neutrino fluxes, the opacities in
the center of the solar model are most important; in this
regime, the densities and temperatures are within the
table, and the numerical precision should be greater than
1%. Using the solar models evolved by Bahcall, Bahcall,
and Ulrich (1969) with different opacity perturbations,
we conclude that uncertainties in the numerical precision
of the opacity interpolation cause errors in the neutrino
fluxes that are only of order a few percent or less. The
larger errors reported by Faulkner and Swenson (1992)
may be a consequence of their having used linear interpo-
lation rather than the three-point Lagrangian extrapola-
tion used in our work.

As a further test of the numerical precision required in
the opacity tables, we also computed solar models using a
new set of tables with a greater range in temperature
(6X10° K to 10® K) and a greater range of density at a
given temperature (6 orders of magnitude rather than
0.5). These tables were also constructed using the OPAL
code (Rogers and Iglesias, 1991). The new tables are pro-
vided for values of the metallicity Z from 0.0 to 0.04 and
use a heavy-element mixture (Grevesse, 1991, private
communication) which is similar to the Anders-Grevesse
mixture with the meteoritic iron abundance. We con-
structed a table for the same value of Z (0.0188) as for
our best solar model by cubic spline interpolation in Z
from the overall set of tables. We then recalibrated our
solar model and compared the neutrino fluxes with those
obtained using the original table. The neutrino fluxes of
the solar models with this new opacity table were almost
identical to those obtained with the original model. The
fluxes for the CNO neutrinos changed by about 2-3 %
when switching from the more compact to the more ex-
tended opacity table, while the other neutrino fluxes
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differed by less than 1%. Furthermore, the location of
the base of the surface convection zone changed by less
than 0.001Rg. This almost negligible shift is much less
than the change obtained by Faulkner and Swenson
(1992) and may indicate the importance of the choice of
interpolation or extrapolation schemes. Even these small
changes may overestimate the errors due to numerical in-
terpolation. The original table was computed specifically
for the solar value of Z, while the larger table was inter-
polated from a set of tables for different Z. The points at
which the density was evaluated in the newer table are
also farther apart than in the original table. There are
also small differences in the mixtures involving the car-
bon and the oxygen abundances. Although the larger
tables are valuable for general stellar evolution calcula-
tions, they are less accurate for solar neutrino calcula-
tions. We have therefore adopted the opacities supplied
by Rogers and Iglesias (1991) in the Bahcall and Ulrich
(1988) format for computing our standard solar models.

The numerical comparisons we have made show that
errors of at most about 1% in the most sensitive neutrino
fluxes are caused by limiting the opacity values to the
tabulated entries we have used.

B. Equations of state

The equations of state used in the computer codes are
slightly different, although it is known from previous
studies that small differences (less than 1% in the interior
pressures) between existing accurate equations of state
have only a modest effect on the calculated neutrino
fluxes (see Bahcall, Bahcall, and Ulrich, 1969; and Bah-
call, Huebner, Lubow, Parker, and Ulrich, 1982). The
Bahcall-Ulrich and PRS equations of state are described,
respectively, in Bahcall et al. (1982) and in Sienkiewicz
et al. (1988). The Bahcall-Ulrich code includes the
Debye-Hiickel correction to the pressure (see footnote 15
of Bahcall, Bahcall, and Shaviv, 1968):

(3.5+X)32 pl”2
(3+5X) T

P=P, [1—0.044 , (14)

where P, is the pressure of a perfect gas including degen-
eracy, p is the density in g cm ™3, X is the hydrogen mass
fraction, and T is the temperature in units of 10°K. [A
minor typographical error in the footnote of Bahcall
et al. (1968) has been corrected in the above form of Eq.
(14).] The Debye-Hiickel correction reduces the pressure
in the solar interior by an amount that is approximately
constant, 1%, since p < T in the inner regions of the sun.
This reduction in pressure is compensated by a decrease
in Y of about 0.01. The neglect of the Debye-Hiickel
correction by some authors has led to some published so-
lar models with a primordial helium abundance that is
too large.

We added the Debye-Hiickel correction given in Eq.
(14) to the equation-of-state subroutine of the Yale code
and constructed solar models with and without this
correction. Comparing these models, we established the
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sensitivity of the calculated neutrino fluxes to this im-
provement in the equation of state (cf. rows 5 and 6 of
Table III in Sec. IV). The Turck-Chieze et al. (1988)
model includes the Debye-Hiickel correction; the Sack-
mann et al. (1990) code includes the correction for part,
but not all, of the pressure; and the PRS code does not
include the Debye-Hiickel correction.

The Yale evolution code solves the Saha equation for
partial ionization for temperatures less than 10°> K and
assumes full ionization above 10° K. At intermediate
temperatures, the ionization is determined by interpola-
tion. The formulation and tables used in the equation-
of-state calculations are described by Prather (1976).

IV. COMPARISON OF NEUTRINO PRODUCTION
IN STANDARD MODELS

In Sec. IV.A we compare the neutrino fluxes and pre-
dicted event rates calculated from three different stan-
dard solar evolution codes that all use the same nuclear
parameters, including neutrino absorption cross sections,
as were used by Bahcall and Ulrich (1988). The fluxes for
the hep reaction were scaled to take account of the new
estimate, discussed in Sec. II.B.2, for the cross-section
factor of this reaction. We summarize in Table III the
results for the neutrino fluxes and for the neutrino cap-
ture rates in the chlorine and gallium experiments. For
the predicted rate in the >’Cl experiment, the three codes
give results that, for the same input data, agree to within
+0.05 SNU (better than 1%); they agree to within 0.5
SNU (better than 0.5%) for the gallium experiment. In
Sec. IV.B we compare the results of the present calcula-
tions with that of Turck-Chi¢ze et al. (1988), after
correcting for the differences in input data. The
Bahcall-Ulrich, Turck-Chiéze, Sinekiewicz, and Yale
codes all give the same answer to an accuracy of about
0.1 SNU for the *’Cl experiment, as is shown in detail in
Table IV. In Sec. IV.C we discuss the Sackmann et al.
(1990) results. In Sec. IV.D and in Table V, we give a
summary of all of the different comparisons.

The comparisons between three of the codes— Bahcall
and Ulrich (1988), Sienkiewicz et al. (1990), and Yale
(this paper)—are made directly by computing solar mod-
els with the same input data. The comparison with the
results of Turck-Chieze et al. (1988; see Table IV below)
requires (1) making corrections for different assumed
cross sections for two nuclear reactions with the aid of
previously published partial derivatives of neutrino fluxes
with respect to nuclear cross sections (Table 7.2 of Bah-
call, 1989), and (2) computing solar models for two
different prescriptions for the electron-scattering opacity
(Turck-Chieze, 1990).

A. Models with the same nuclear parameters

Table III compares the neutrino fluxes and the event
rates (in solar neutrino units, SNU) for the chlorine and
gallium experiments that were computed from a series of
solar models of Yale (this paper), of Bahcall and Ulrich
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TABLE III. Neutrino fluxes from different solar models.?

Solar PP pep hep "Be B BN 50 TR Cl Ga
model (E10) (E8) (E3) (E9) (E6) (E8) (E8) (E6) (SNU) (SNU)
BU® 6.02 1.42 1.24 4.57 5.64 5.78 4.90 4.83 7.8+2.6 131422
SBP® 6.05 1.30 1.28 4.79 5.65 3.9° 3.9¢ - 7.7+2.6 130*12
Old Yale 5.95 1.37 1.18 4.71 6.40 4.24 3.36 4.59 8.4+3.3 130%
BU Opac 5.95 1.38 1.18 4.69 6.38 4.23 3.35 4.59 8.41£3.3 1302%
WScr 6.00 1.41 1.21 4.71 6.04 6.00 5.15 5.09 8.2+3.1 133122
WScr+ DH 6.02 1.40 1.23 4.49 5.64 5.77 4.92 4.85 7.7£2.9 130+%
Compare
vs BU +0.0% —1.3% —1.2% —1.7% +0.0% —0.3% +0.4% +0.3% —1% —1%
Interm
screen 6.04 1.42 1.24 4.43 5.28 5.27 4.42 4.28 7.3+2.8 128+ %

*The unit of flux is cm™2s ™! and is given in exponential form, 10!°=E10.
®BU represents Bahcall and Ulrich (1988); SBP represents Sienkiewicz, Bahcall, and Paczynski (1990); see also Paczynski, 1969 and

Sienkiewicz, Ratcliff, and Paczynski, 1988.

“The CN part of the CNO bi-cycle was assumed to be in equilibrium in this calculation.

(1988), and of Sienkiewicz et al. (1990). Chapters 3 and
6 of Bahcall (1989) describe the nuclear reactions that
give rise to each of the neutrino branches listed in Table
III; Chap. 8 of the same reference gives the neutrino
cross sections used to compute the rates in SNU.

The first row in Table III corresponds to the “Best”
standard model of Table XIV of Bahcall and Ulrich
(1988; denoted BU in Table III), when (see Sec. I1.B) the
small hep flux is multiplied by 0.163 to take account of
the recently determined cross-section factor for the hep
reaction (see Sec. II.B.2), when the ®B flux is multiplied
by 1.058 to take account of the programing error for the
"Be reaction that was discussed in Sec. II.C, and when
the unnecessary CNO opacity correction is eliminated.
The CNO opacity correction was removed from the
fluxes given in the Bahcall-Ulrich “Best” table entry by
multiplying the “Best” fluxes by the ratio of two other
entries in Table XIV (“AllNew”/“CNO Cor”), this being
the ratio that accounts for the small difference between
models with and without the CNO correction. The event
rates for the chlorine and gallium experiments are, for
this corrected “Best” model, 7.8 SNU and 131 SNU,
which differ by 1% from the values of 7.9 SNU and 132
SNU given by the uncorrected ‘“Best” model (Bahcall
and Ulrich, 1988).

The second row, labeled “SBP,” contains the fluxes
computed for the standard solar model by Sienkiewicz,
Bahcall, and Paczynski (1990), with the factor of 0.163
included for the hep flux. The BU and SBP fluxes agree
to better than 10% for all the calculated fluxes (better
than 6% for the important pp, "Be, and ®B fluxes), except
for the CNO fluxes for which Sienkiewicz et al. made
simplifying assumptions that are described in Sec. I1.C.2.
Table III shows that the differences between the results
obtained with the Paczynski-Ratcliff-Sienkiewicz code
(Paczynski, 1969; Sienkiewicz et al., 1988, 1990) and the
Bahcall-Ulrich (1988) code amount to only 0.1 SNU for
the chlorine experiment and 1 SNU for the gallium ex-
periment. The results can be written symbolically for the
chlorine experiment as
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[Sienkiewicz et al.—(Bahcall-Ulrich)]=—0.1 SNU .

(15)

The third row of Table III, labeled “Old Yale,” gives
the results for the old Yale model before the series of im-
provements discussed below were made. The agreement
is already surprisingly good at this stage; the sensitive B
neutrino flux obtained with the old Yale code differs by
only 13% from the Bahcall and Ulrich (1988) and the
Sienkiewicz et al. (1990) values. In row 4, we give the
results that were computed with the Yale code using, in-
stead of the individual opacity values calculated by the
Yale numerical techniques, the values for individual opa-
cities that Bahcall and Ulrich computed from the Los
Alamos opacity data. The two slightly different opacity
tables give essentially the same neutrino fluxes, as expect-
ed. Sienkiewicz et al. used an interpolation routine
different from both BU and Yale.

For the models summarized in the fifth and sixth rows,
the nuclear physics parameters used were the same as
those in Bahcall and Ulrich (1988), including only weak
screening (see Sec. II.A) and the corrected hep cross-
section factor. The sixth row contains the results calcu-
lated by adding the Debye-Hiickel correction given in
Eq. (14). Comparing rows 5 and 6, we see that the
Debye-Hiickel correction decreases the calculated event
rate in the 3’Cl experiment by 0.5 SNU and in the galli-
um experiment by 3 SNU.

The seventh row of Table III, labeled ‘“Compare,”
gives the percentage difference between the neutrino
fluxes computed with the Bahcall-Ulrich code and the
fluxes computed with the improved Yale nuclear energy
generation routine (weak screening only), including in
both cases the Debye-Hiickel correction. This row deter-
mines how well the fluxes from the Yale and the
Bahcall-Ulrich codes agree when the input parameters
are made as similar as we can make them. The agree-
ment is excellent; the computed neutrino fluxes differ by
less than 2% in all cases. Table III shows that the
difference between the rates computed using the two
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codes amounts to 0.1 SNU in the chlorine experiment
and 1 SNU in the gallium experiment. The results can be
written symbolically for the chlorine experiment as

[Yale—(Bahcall-Ulrich)]=—0.1 SNU . (16)

To determine the specific effect of including intermedi-
ate screening, we computed a separate model—shown in
the last row of Table III—in which intermediate electron
screening was taken into account as described in Sec.
II.LA. The inclusion of intermediate screening lowers the
8B neutrino flux by about 7% and decreases the CNO
fluxes by about 10%. Intermediate screening reduces the
calculated rate of the chlorine experiment by 0.4 SNU
(5%), to a total rate of 7.3 SNU, and reduces the calcu-
lated rate for the gallium experiment by 2 SNU (1.5%),
to a total of 128 SNU.

B. Comparison with Turck-Chieze et al.

Table IV compares the neutrino capture rate calculat-
ed with the Yale model that includes intermediate screen-
ing (see the last row of Table III and the discussion at the
end of the previous section) with the capture rate calcu-
lated with the Turck-Chieze et al. (1988) model. The
first and second rows of Table IV refer to the cross-
section factors of the p +7Be and the *He->He reactions.
The second and third columns of this table list, respec-
tively, the values used in the Yale calculation and in the
Turck-Chieze et al. (1988) calculation. The last column
of Table IV gives the difference in SNU predicted for the
chlorine experiment due to the different choice of input
data. The quantity ASNU is positive if the Yale value of
the parameter causes the calculated event rate to be
larger than the rate calculated with the Turck-Chiéze
et al. value.

The flux of the rare ®*B neutrinos is linearly proportion-
al to the assumed value of Sy(p +7Be), and no other solar
neutrino fluxes (or other solar model parameters) are
significantly affected by this cross-section factor. Turck-
Chieze et al. (1988) chose a value for this cross-section
factor that is 14.5% lower than the value chosen by Bah-
call and Ulrich (1988; see row 6 of Table I). Because of
the choice of the lower value for the cross-section factor

for Sy(p +7Be), the event rate calculated by Turck-
Chieze et al. must be 0.83 SNU less than the Yale value,
all other input quantities being equal. The fact that
Turck-Chieze et al. chose a higher value for
S,(*He+3He) than Bahcall and Ulrich (1988; see row 3
of Table I) reduces their calculated event rate for the
chlorine experiment by 0.2 SNU (cf. Table 7.2 of Bah-
call, 1989) relative to the Yale value.

Turck-Chieze et al. (1988) may have overestimated
(see Sec. III.A) the collective effects on the photon-
electron-scattering opacity. Turck-Chieze (1990) states
that she subtracted 0.07(1+X) from the circulated Los
Alamos opacities on the assumption that the Los Alamos
opacities had not been corrected for collective effects.
This subtraction was not made by Bahcall and Ulrich
(1988), by Sienkiewicz et al. (1990), or by the present au-
thors in using the Yale code, since the Los Alamos opaci-
ties do contain a correction for collective effects (see dis-
cussion in Bahcall and Ulrich, 1988). Independent of the
precise size of the collective effects, if we want to com-
pare the results of calculations with the same input pa-
rameters, we must undo in the Turck-Chieze et al. (1988)
calculations the effect of the subtraction made on the Los
Alamos opacities. This undoing is illustrated symbolical-
ly in the third column of Table IV. According to Turck-
Chieze (1990), the additional correction she used for col-
lective effects reduces the calculated event rate by 0.6
SNU for the chlorine experiment.

Taking into account the three differences in input data
shown in Table IV, the Yale and the Turck-Chieze et al.
(1988) calculations are in excellent agreement. Symboli-
cally, one can write

[Yale—(Turck-Chieze)]

=7.3 SNU—[5.84+0.83+0.19+0.6] SNU, (17)
or,

[Yale—(Turck-Chieze)]=—0.1 SNU . (18)

Since the Yale value is 0.1 SNU less than the Bahcall and
Ulrich (1988) value for the chlorine experiment [cf. Eq.
(16)], it is plausible that for the same input data

[(Turck-Chieze) —(Bahcall-Ulrich)]5=0.0 SNU . (19)

TABLE IV. Comparison of Turck-Chiéze et al. (1988) with the Yale (1992) model.

Input Bahcall and Ulrich (1988) Turck-Chieze et al. (1988)

data value value A SNU
So("Be+p) 0.0243 keVb 0.021 keVb +0.832
So(*He+3He) 5.15 MeVb 5.57 MeVb +0.19*
K k (Los Alamos) k(LA)—0.07(1+X) +0.6°
Total 7.3 SNU® (5.8+1.6) SNU= 7.4 SNU°®

2Calculated using Table 7.2 of Bahcall (1989).

PCalculated with the current Yale code (see last row of Table III).
A different interpretation (see Sec. IV.B) leads to an opacity correction of 0.4 SNU and a total rate of

7.2 SNU.
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Most recently, Turck-Chieze (1992) kindly informed us

that the opacity tape used in the calculations of Turck-
Chieze et al. (1988) did not contain the best contem-
porary Los Alamos opacities, but instead represented a
much earlier version. According to the interpretation of
Turck-Chiéze of what the earlier opacity tape actually
contained, approximately 0.4 SNU (instead of 0.6 SNU)
should be added to the published Turck-Chiéze et al.
(1988) rate to account for the different opacities. Making
this assumption leads to a difference of 0.2 SNU (or 2%)
between the calculations of Turck-Chieze et al. (1988)

and of Bahcall and Ulrich (1988), which is still excellent .

agreement.

C. Comparison with Sackmann et al.

It would be necessary to evolve accurately a specially
constructed solar model with an altered code in order to
make a precisely defined comparison of the results of
Sackmann, Boothroyd, and Fowler (1990) with those of
Bahcall and Ulrich (1988), Yale (this paper), and Sien-
kiewicz et al. (1990). The reason is that Sackamnn et al.
(1990) omitted (see Sec. II.C.4) the derivative corrections
to the nuclear reaction cross-section factors, used ap-
proximate expressions for the rates of the pep and "Be
electron-capture reactions, and included (see Sec. II1.B)
the Debye-Hiickel correction only for ions but not for
electrons. In addition, Boothroyd (1992) had kindly in-
formed us of other important approximations that were
embodied in the stellar evolution code that was used by
Sackmann et al. (1990). The best standard solar model
of Sackmann et al. (1990) predicts a capture rate of 7.7
SNU for the chlorine experiment, in agreement with the
rates calculated from other precise standard solar mod-
els. However, the approximations made by Sackmann
et al. (1990) prevent a direct, quantitative comparison
with the Bahcall and Ulrich (1988), Sienkiewicz et al.
(1990), or Turck-Chieze et al. (1988) calculations.

D. Summary

For the same input data, all four codes—Yale,
Bahcall-Ulrich (1988), SBP, and Turck-Chieze et al.
(1988)—yield neutrino capture rates that agree to within
+0.1 SNU (= 1%) for the chlorine experiment, as shown
by Egs. (15), (16), and (18). These results are summarized
in Table V. In addition, Table III shows that the agree-
ment is also excellent for the gallium experiment. The
Yale, Bahcall-Ulrich, and SBP codes all agree to within 1
SNU for the same input parameters. For the gallium ex-
periment, a direct comparison cannot be made with the
Turck-Chieze et al. (1988) code, since Turck-Chieze
(1990) did not state for gallium the effect of the overesti-
mate of the correction on the photon-electron-scattering
opacity.

The comparisons made in this section show that
different stellar evolution codes, with different software
architectures and with different numerical techniques,
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TABLE V. Predicted *’Cl event rate for solar models with simi-
lar parameters.?

Authors SNU
Bahcall and Ulrich (1988) 7.8
Sienkiewicz et al. (1990). 7.7
Yale (this paper). 7.7
Turck-Chieze et al. (1988). 7.4%¢

2The comparison was made after adjustments were made for
known differences in input data (see discussion in Sec. IV).
®Could be 7.2 SNU. See last paragraph of Sec. IV.B.

°Should be compared with 7.3 SNU, since different input data
were used (see Table IV and Sec. IV.B).

predict similar neutrino fluxes when the same input phys-
ics is used (for similar conclusions reached at earlier
epochs, see Bahcall and Sears, 1972 and Bahcall et al.
(1982). We now proceed to calculate more accurate solar
models using improved input physics.

V. OPACITIES AND HEAVY-ELEMENT MIXTURES

Uncertainties in the radiative opacities and in the as-
sumed primordial heavy-element mixture have long been
recognized as major contributors to the total uncertainty
in the calculated solar neutrino fluxes (see, e.g., Bahcall,
Bahcall, and Ulrich, 1969; Bahcall et al. 1982; and Bah-
call and Ulrich, 1988 for complementary discussions). In
this section we evaluate the separate effects on neutrino
fluxes of the assumed heavy-element abundances and of
the atomic physics codes used in producing radiative
opacities. We begin by reviewing in Sec. V.A the status
of solar abundance determinations, and in Sec. V.B we
summarize the recent improvements in the calculations
of radiative opacities. In Sec. V.C we evaluate the uncer-
tainties in the calculated neutrino fluxes that arise from
uncertainties in abundance determinations and in radia-
tive opacities.

A. Heavy-element abundances

The most recent comprehensive analysis of the relative
heavy-element abundances on the surface of the sun is by
Anders and Grevesse (1989), who discuss both direct
measurements on the solar surface and measurements of
meteorites. Many of the photospheric abundances dis-
cussed in the Anders and Grevesse paper have been im-
proved significantly since the previous standard discus-
sion of Grevesse (1984); the improvements are largely due
to the availability of more accurate atomic transition
probabilities. The most significant remaining uncertainty
in the element abundances for our purposes is the
difference between the meteoritic value for the iron abun-
dance, log[Fe]=7.51, and the photospheric value for the
iron abundance, log[Fe]=7.67. If the photospheric iron
abundance is adopted, then the total heavy-element abun-
dance determined by Anders and Grevesse (1989) is al-
most identical to the value, Z /X =0.02765, obtained by
Grevesse (1984). However, if the meteoritic iron abun-
dance is used, then the Anders-Grevesse value of Z is
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significantly lower, Z /X =0.02668. In what follows, we
shall present neutrino fluxes calculated for both values of
the iron abundance.

- For our best estimates, we use the neutrino fluxes
determined for the meteoritic iron abundances, since his-
torically the meteoritic values have most often turned out
to be correct when there was a conflict between the
values inferred for the photospheric and the meteoritic
abundances. The choice of the lower iron abundance is
supported by the recent work using Fe II lines by
Holweger, Heise, and Kock (1990) and by the work on Fe
I lines by Holweger, Bard, Kock, and Kock (1991) and by
O’Brian, Wickliffe, Lawler, Whaling, and Brault (1991).

B. ‘Radiative opacities

Until very recently, radiative opacities for stellar mod-
els had been taken almost exclusively from calculations
performed at Los Alamos National Laboratory and made
available in the Los Alamos Opacity Library (LAOL; see,
for example, Cox, Stewart, and Eilers, 1965; Cox and
Stewart, 1970; Huebner et al., 1977; Magee, Merts, and
Huebner, 1984; and Huebner, 1986). The uncertainties in
the radiative opacity calculations were estimated by Bah-
call et al. (1982), who compared neutrino fluxes comput-
ed using Los Alamos opacities with the corresponding
fluxes computed using opacities obtained with a different
code developed by B. Rosznyai (1980). The Rosznyai
code uses a mean ion model that is based upon relativistic
Hartree-Fock-Slater calculations.

In a major contribution to stellar astrophysics, a group
at Lawrence Livermore National Laboratory has
developed a new and independent code, called OPAL, for
computing radiative opacities (see Iglesias, Rogers, and
Wilson, 1987, 1990; Iglesias and Rogers, 1991a, 1991b;
Rogers and Iglesias, 1992). This code removes several
approximations that are present in the Los Alamos calcu-
lations for the equation of state and in the method for
combining various photon absorption coefficients; the
Livermore code also contains improvements in the basic
atomic physics. The improvements in opacity values
have already led to a better understanding of apparent
discrepancies between stellar models and observations
that can plausibly be attributed to inaccuracies in opacity
(see, e.g., Stellingwerf, 1978; Andreasen, 1988; Andreasen
and Petersen, 1988; Swenson, Stringfellow, and Faulkner,
1990; Cox, 1991; Stothers and Chin, 1991; Cox et al.,
1992; Moskalik and Dziembowski, 1992).

Table VI presents the solar interior opacities that we
have used in our best solar models that were computed
with and without including helium diffusion; these opaci-
ties were calculated by the Livermore group and gen-
erously made available for this project (Iglesias and
Rogers, 1991c, private communication). The opacities
were computed for the Anders and Grevesse (1989) mix-
ture of heavy elements assuming the meteoritic iron
abundance. Analogous tables were used (see Sec. V.C) in
calculating solar models with the Grevesse (1984) mix-
ture and with the Anders and Grevesse (1989) mixture
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that has the higher photospheric iron abundance.

For the conditions that apply in the deep interior of a
solar model, the Livermore opacities are larger than the
corresponding Los Alamos opacities, which leads to a
higher calculated central temperature. Therefore models
computed with the Livermore opacities produce, for the
same element abundances, higher 8B neutrino fluxes (cf.
Bahcall, Bahcall, and Ulrich, 1969).

C. Neutrino fluxes with different abundances
and opacities

Table VII shows the neutrino fluxes calculated for
different sets of input abundances and radiative opacities.
We have constructed accurate standard solar models
with both sets of element mixtures, Grevesse (1984) and
Anders and Grevesse (1989), using both the Los Alamos
opacities and the Livermore opacities. We also present
models that differ only in whether the meteoritic or the
photospheric iron abundance is used. All of the models
described in Table VII were computed using the same nu-
clear reaction rates and the same equation of state (with
Debye-Hiickel correction included) as were used in com-
puting the final model listed in Table III (see Secs. IT and
III).

1. Results of model calculations

The first two rows in Table VII compare the neutrino
fluxes and event rates calculated with Los Alamos opaci-
ties for the two different heavy-element mixtures, the
largely photospheric abundances of Grevesse (1984) and
the meteoritic abundance values of Anders and Grevesse
(1989). The main difference between the two sets of input
data is in the assumed iron abundance. The opacities
used in evolving the model for row 1 were calculated for
the Grevesse (1984) tabulation, which gave the photo-
spheric iron abundance, 7.67, whereas the opacities used
in calculating row 2 were computed for the meteoritic
mixture of Anders and Grevesse (1989) with an iron
abundance of 7.51. The Anders and Grevesse (1989) mix-
ture leads to lower !*N and 3O neutrino fluxes relative to
the earlier Grevesse (1984) mixture as a result of both the
different relative and total abundances of CNO elements.
The differences in the computed "Be and ®B neutrino
fluxes that correspond to using either the Grevesse (1984)
or the Anders and Grevesse (1989) mixture are smaller
than the change in the total Z would lead one to expect,
because the difference in total Z between the two mix-
tures is compensated for partially by the different relative
abundances among the individual heavy elements. The
difference between the two sets of abundances corre-
sponds to 0.9 SNU for the chlorine experiment and 4
SNU for the gallium experiment. This result agrees with
the change predicted by the previously computed partial
derivatives of neutrino fluxes with respect to individual
element abundances (see Table XIII of Bahcall et al.,
1982).
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TABLE VI. OPAL radiative opacities.”

R=p/Ts
X =0.73, Z=0.0188 X =0.35, Z=0.0188
T, 1.000E—2 2.818E—2 3.981E—2  5.623E—2 1.000E—2 2818E—2 3.981E—2 5.623E—2
1.000 27.34 54.31 66.46 80.12 24.31 50.68 62.65 76.66
1.218 23.01 47.87 59.14 71.89 20.32 43.92 54.99 67.81
1.483 20.44 42.90 52.90 64.13 17.86 39.02 48.71 59.91
1.807 18.12 36.93 44.89 53.36 15.77 33.44 41.12 49.62
2.200 15.28 28.57 33.82 39.24 13.38 25.90 30.95 36.48
2.680 11.93 19.94 23.03 26.28 10.54 18.20 21.20 24.44
3.264 8.405 13.08 14.90 16.87 7.469 11.96 13.71 15.64
3.975 5.648 8.506 9.644 10.89 5013 7.760 8.856 10.05
4.841 3.750 5.576 6.316 7.182 3.306 5.067 5.737 6.562
5.896 2.520 3.776 4283 4.869 2.196 3.357 3.830 4.384
7.181 - 2.664 3.034 3.490 - 2.324 2.670 3.094
8.746 - 2.000 2.316 2.698 - 1.730 2.007 2.364
10.652 - 1.637 1.908 2.224 - 1.402 1.644 1.946
12.973 - 1.416 1.632 1.872 - 1213 1.413 1.647
15.800 - 1.230 1.383 1.553 - 1.061 1.203 1.371
19.243 - 1.040 1.146 1.270 - 0.9014 0.9944 1.124
23.436 - 0.8684 0.9469 1.036 - 0.7517 0.8165 0.9250
X =0.73, Z=0.0195 X=0.35, Z=0.0195
1.000 28.15 55.89 68.44 82.45 25.00 52.15 64.44 78.77
1.218 23.67 49.29 60.86 73.97 20.88 45.12 56.52 69.69
1.483 21.03 44.15 54.44 66.00 18.34 40.11 50.07 61.60
1.807 18.64 38.03 46.24 54.98 16.20 34.41 42.32 51.10
2.200 15.73 29.46 34.90 40.50 13.76 26.69 31.91 37.63
2.680 12.29 20.58 23.78 27.14 10.86 18.79 21.88 25.23
3.264 8.670 13.50 15.38 17.41 7.704 12.34 14.15 16.14
3.975 5.823 8.771 9.942 11.22 5.169 8.002 9.131 10.36
4.841 3.859 5.738 6.497 7.384 3.403 5216 5.905 6.748
5.896 2.585 3.875 4.394 4.992 2.255 3.447 3.932 4.498
7.181 - 2.725 3.102 3.568 - 2.380 2.733 3.165
8.746 - 2.040 2.361 2.750 - 1.765 2.048 2412
10.652 - 1.666 1.942 2262 - 1.428 1.674 1.981
12.973 - 1.438 1.657 1.902 - 1.233 1.436 1.674
15.800 - 1.248 1.403 1.575 - 1.077 1.221 1.391
19.243 - 1.053 1.160 1.285 - 0.9132 1.007 1.138
23.436 - 0.8770 0.9560 1.046 - 0.7597 0.8250 0.9341

2Computed for the Anders and Grevesse (1989) mixture of heavy elements with meteoritic iron abundance, Z /X =0.02668. See
Iglesias and Rogers (1991a, 1991b, 1991c) and Rogers and Iglesias (1992).

Rows 3, 4, and 5 were all computed with the new

Livermore opacities. For rows 3 and 4, we have used, re-
spectively, the photospheric abundances of Grevesse
(1984) and of Anders and Grevesse (1989). The difference
in event rates calculated with these two sets of abun-
dances is only 0.1 SNU for the chlorine experiment and 1
SNU for the gallium experiment, reflecting the fact that
the overall best estimates for the photospheric abun-
dances did not change significantly in the interval be-
tween these two reviews. The situation is different for
the fifth row, which was obtained using the lower meteor-
itic abundance of iron. This model, which uses what we
believe is a better estimate of the iron abundance (the
meteoritic iron abundance), predicts an event rate that is
about 1.3 SNU lower for the chlorine experiment and
about 6 SNU lower for the gallium experiment than is
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obtained with the models used to generate rows 3 and 4.

For the nuclear parameters used, our best estimate of
the event rates in the standard solar model without
diffusion is given in row 5 of Table VII. We believe that
the Livermore opacities are superior to the earlier Los
Alamos opacities because of the improvements summa-
rized in Sec. V.B and the references contained therein.
We adopt the meteoritic (lower) iron abundance for the
reasons described in Sec. V.A.

2. Uncertainties due to abundances and opacities

In this paper we have taken the uncertainties in neutri-
no fluxes caused by uncertainties in radiative opacities to
be equal to the full fractional differences in the neutrino
fluxes between models with the same compositions but
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TABLE VII. Standard solar models with different opacities and heavy-element mixtures. The neutrino fluxes are given in units of

cm™2s7!

Opacity pp pep hep "Be B BN 50 TR Cl Ga

source Mixture (E10) (E8) (E3) (E9) (E6) (E8) (E8) (E6) (SNU) (SNU)

LAOL? Grevesse® 6.03 1.42 1.26 451 5.10 5.49 4.64 4.52 7.3 128
(1984)

LAOL® AnGr? 6.07 1.44 1.27 4.31 4.47 4.01 3.37 4.20 6.4 124
(1989)

OPALY Grevesse® 5.98 1.40 1.22 4.90 5.97 6.07 5.25 5.14 8.4 134
(1984)

OPAL® AnGr® 5.99 1.40 1.22 496 6.11 4.92 4.32 5.46 8.5 133
(1989)

OPALP AnGr? 6.04 1.43 1.25 4.61 5.06 4.35 3.72 4.67 7.2 127
(1989)

2Los Alamos Opacity Library.

] awrence Livermore National Laboratory opacity code, Iglesias and Rogers (1991).

°Grevesse (1984) mixture of heavy elements.

dAnders and Grevesse (1989) meteoritic mixture of heavy elements, log[Fe/H]=7.51.
¢Anders and Grevesse (1989) photospheric mixture of heavy elements, log[Fe/H]=7.67.

different opacity codes. Symbolically, we take the frac-
tional uncertainty in a neutrino flux, ¢, due to radiative
opacities to be

Ad
¢

where for definiteness we use in Table VII the entries for
the first row (LAOL, Grevesse, 1984) and the third row
(OPAL, Grevesse, 1984) in computing the right-hand side
of Eq. (20). Thus we compare opacities obtained from in-
dependent computer codes and calculational techniques
in order to estimate the theoretical errors from this
source. This definition leads to an opacity uncertainty of
1.1 SNU in the chlorine experiment and 6 SNU in the
gallium experiment. In principle, we could also have
used the comparison between rows 2 and 5 in Table VII,
both computed for the Anders and Grevesse (1989)
meteoritic mixture. Following the guidelines described
in Bahcall et al. (1982) and Bahcall and Ulrich (1988),
we adopt for calculating the contribution to the total
theoretical error the definition that leads to the larger es-
timated uncertainty, which is the comparison between
rows 1 and 3.

‘It would be easy, following the reasoning outlined in
Eq. (20), to underestimate the uncertainties due to com-
position measurements by comparing the first entry of
Table VII (LAOL, Grevesse, 1984) and the second entry
(LAOL, Anders and Grevesse, 1989). The fractional un-
certainty in an individual neutrino flux, ¢, caused by un-
certainties in the heavy-element abundances in this ap-
proximation would be taken to be

Ad
¢

=1 [¢(Livermore)—¢(Los Alamos)]
[#(Livermore)+¢(Los Alamos)] ’

(20)

opacity

[¢(AnGr’89)—¢(Gr’84)]
[¢(AnGr’89)+¢(Gr’84)] *

heavy elements

21

We believe that Eq. (21) would underestimate the un-
certainties. In the five years between the publication of
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the review by Grevesse (1984) and the appearance of the
Anders and Grevesse (1989) paper, there was relatively
little progress in reducing the uncertainties that are most
important for solar neutrino fluxes. The best-estimate
value for Z /X has changed by only 3.5% during the five
years that have elapsed from the publication of the
Grevesse (1984) value of 0.02765 to the publication of the
Anders and Grevesse (1989) value of 0.02668 for the
meteoritic iron abundance; the difference would be even
less, only 0.6%, if we used the photospheric iron abun-
dance with the Anders and Grevesse (1989) composition.
The results quoted in these two reviews are very similar,
in part, because there have not been great advances in
measurement techniques or in precision between the pub-
lication of the Grevesse (1984) paper and the publication
of the Anders and Grevesse (1989) paper. Therefore we
prefer the more conservative reasoning that led Bahcall
and Ulrich (1988) to adopt a 19% uncertainty in the pri-
mordial ratio of Z /X [see their Sec. II.B and Eq. (1)].
This uncertainty is larger than would be obtained from
the compilations of Grevesse (1984) and Anders and
Grevesse (1989) if we interpret their listed uncertainties
as 1o errors and multiply by 3 in order to approximate
the effective 30 uncertainties adopted here (see Sec.
VIII). The uncertainty in calculated solar neutrino rates
that follows from this more conservative prescription is,
for the neutrino fluxes listed in the last row of Table VII,
about 1.6 SNU for the chlorine experiment and 8.4 SNU
for the gallium experiment.

VI. BEST SOLAR MODEL WITHOUT
ELEMENT DIFFUSION

There has been some improvement in our knowledge of
nuclear physics parameters since the systematic deter-
mination of preferred values by Bahcall and Ulrich
(1988). Several important experiments and calculations
have been performed, and one previously outstanding
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discrepancy between different measurements has been
recognized as being due to a systematic error. In our
choice of nuclear parameters, we have been guided gen-
erally by the review and reanalysis carried out by two
senior experimentalists, Parker and Rolfs (1991). For
three reactions, the pp reaction, the hep reaction, and the
"Be(p,y )*B reaction, we have taken account in Secs.
11.B.1 and IL.B.2 of more recent work than was discussed
by Parker and Rolfs (1991). The final column of Table I
gives, for the most important nuclear parameters, the
preferred values we have adopted for our best standard
models, with and without diffusion. The revised values
we use here correspond to multiplying, the previously
standard cross-section factors for reactions 1, 3, 4, and 6
of Table I by 0.98, 0.97, 0.99, and 0.92, respectively, all
constituting relatively minor changes. In addition, the
cross-section factor for the rare and highly uncertain hep
reaction has changed by a large factor (see Sec. II.B.2
and Table I), but this has no significant effect on the cal-
culated solar structure or on the other solar neutrino
fluxes. For all nuclear parameters not given in Table I,
we have used the standard values adopted by Bahcall and
Ulrich (1988), except for the ®B and hep neutrino absorp-
tion cross sections for which the current adopted values
are 3% and 9% larger, respectively (see Sec. III and Gar-
cia et al., 1991).

A. Some important model resuits

The second column of Table VIII gives some of the im-
portant overall parameters for our best standard model
that was computed neglecting helium diffusion but in-

cluding the preferred nuclear parameters, the Anders and
Grevesse (1989) heavy-element meteoritic (i.e., smaller
Fe) mixture, the Livermore opacities (Iglesias and
Rogers, 1991a, 1991b), weak and intermediate electron
screening (see Sec. II), and the Debye-Hiickel correction
[see Eq. (14)]. For our purposes, two of the most impor-
tant numbers are the predicted event rates in the *’Cl ex-
periment (Davis, 1978, 1987; Davis et al., 1990) for a
currently best standard solar model,

3(¢o)=7.212.7 SNU , (22)

and the calculated rate for the 'Ga experiments (Kir-
sten, 1986; Gavrin et al., 1990; Abazov et al., 1991b),

3(¢0)g,=127.5713 SNU . 23)

The predicted 3B neutrino flux, which is measured direct-
ly in the Kamiokande (Hirata et al., 1989, 1990a, 1990b,
1991) and Super-Kamiokande (Totsuka, 1990), and which
will be measured in the SNO (Ewan et al., 1987) solar
neutrino experiments, is

#(*B)=5.1(1£0.43) X 10 cm "%~ ! . (24)

In order to predict event rates in the Kamiokande,
Super-Kamiokande, and SNO experiments, the flux given
in Eq. (24) must be convolved with the measured energy
resolution and detection sensitivity.

The calculated values given in Egs. (22)-(24) are well
within the range estimated previously for standard solar
models (see Bahcall and Ulrich, 1988). The theoretical
uncertainties determined in this paper are discussed in
Sec. VIII.

TABLE VIII. Some effects of helium diffusion in solar models?*

Best Best Percentage

Quantity without diffusion with diffusion change
z 0.01895 0.01958 +3.3
Yinitial 0.2716 0.2727 +0.4
Yourface 0.2716 0.2466 —9.6
Y central 0.6270 0.6376 +1.7
Tcemral 1.559 1.569 +06
M ony 0.0216 0.0254 +16.2
R ooy 0.721 0.707 —2.0
Mixing length 1.27 1.36 +6.8
é(pp) 6.04E+ 10 6.00(1+0.02)E+10 —0.7
¢(pep) 1.43E+38 1.43(1+0.04)E+8 0.0
¢(hep) 1.25E+3 1.23E+3 —1.6
¢("Be) 4.61E+9 4.89(1+0.18)E+9 +5.9
#(®B) 5.06E+ 6 5.69(1+0.43)E+6 +11.7
$(1’N) 4.35E+8 4.92(1+0.51)E+8 +12.3
#(1°0) 3.72E+8 4.26(110.58)E+8 +13.5
('"F) 4.67TE+6 5.39(1+0.48)E+6 +14.3
2(¢o)a (7.21£2.7) SNU (8.0+3.0) SNU +10.5
2(¢0)ga 127712 SNU 132+21 SNU +3.1

*Temperatures are expressed in 107 K, neutrino fluxes in cm ™27, and Moy, Rcony in solar masses and
solar radii. The values given here are computed using the preferred nuclear reaction rates (Sec. ILA,
Sec. II.B, and Table I), the Anders and Grevesse (1989) heavy-element mixture with meteoritic iron,
Z /X =0.02668, OPAL opacities (Iglesias and Rogers, 1991a, 1991b), and the Debye-Hiickel equation of

state [see Eq. (3) in Sec. II1.B].

Rev. Mod. Phys., Vol. 64, No. 4, October 1992



904 J. N. Bahcall and M. H. Pinsonneault: Solar models and neutrinos

B. Detailed numerical models

Tables XV and XVII in the Appendix present a de-
tailed numerical description of the solar interior of the
standard model without helium diffusion. These details
should be sufficient to permit accurate calculations of the
effects. of various proposed modifications of the weak in-
teractions on the predicted neutrino fluxes. The first six
columns of Table XV present physical variables that to-
gether help to define the model: the mass included in the
current and all inner zones, the radius, the temperature
(in degrees K), the density, the pressure, and the luminos-
ity integrated up to and including the current zone. We
use cgs units for density and pressure. The last five
columns of Table XV give, except for helium, the princi-
pal isotopic abundances by mass. The helium abundance
is determined by the relation Y=1.0—X('H)
—X (*He)—Z, where the heavy-element abundance Z is
given in Table VIII.

Table XVII gives the neutrino fluxes produced in a
given spherical shell, as well as the temperature, electron
number density, fraction of the solar mass, and the "Be
abundance by mass in the shell.

Vil. BEST-SOLAR MODEL WITH HELIUM DIFFUSION

Convection is the only mechanism that is usually in-
cluded in standard solar models which describes material
motions within a star. However, interactions between
species of different mass cause heavier elements to
transfer momentum to lighter elements; the heavier ele-
ments sink relative to hydrogen (gravitational settling).
The presence of a temperature gradient also causes
lighter elements to rise relative to heavier ones (thermal
diffusion). In addition, radiation pressure can cause par-
tially ionized or neutral species to rise relative to species
with a smaller cross section (radiative levitation); this
process is unimportant for the sun (Michaud et al.,
1976). For the remainder of this section, we concentrate
on gravitational settling and thermal diffusion of the two
most abundant elements, hydrogen and helium.

We summarize in Sec. VII.A the equations that de-
scribe helium diffusion in the convenient approximation
developed by Bahcall and Loeb (1990) and then outline in
Sec. VIL.B the calculations that are performed in a
separate (exportable) subroutine that computes helium
diffusion. In Sec. VII.C we present the results of solar
evolutionary models that include helium diffusion and
compare the characteristic parameters obtained with and
without diffusion. Detailed numerical models are
presented in Tables XVI and XVIII of the Appendix.
We note that the Bahcall-Loeb treatment of diffusion de-
scribes the same physical processes, gravitational settling
and thermal diffusion, as in previous treatments (e.g.,
Michaud et al., 1976; Noerdlinger, 1977; Paquette et al.,
1986; and Cox, Guzik, and Kidman, 1989). The princi-
pal difference from earlier work is that Bahcall-Loeb
made systematic approximations that reduced the in-
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teractions between multiple components into a single (for
helium diffusion) partial differential equation rather than
a set of coupled equations.

A. Basic equations for helium diffusion

The diffusion of the helium mass fraction, Y, satisfies
the equation (Bahcall and Loeb, 1990)

rZXT5/2§H(r)

(InA/2.2) ’ @3

where X is the hydrogen mass fraction and InA is the
Coulomb logarithm that has a weak dependence on the
plasma characteristics (see, e.g., Braginskii, 1965). For
the solar interior (and similar plasmas), one can use the
approximation InA=2.2 (Noerdlinger, 1977). The units
have been chosen so that the numerical coefficient of the
right-hand side of Eq. (25) is unity (see definition below of
the dimensionless variables used here). The time rate of
change of the helium mass fraction is approximately
equal in magnitude and opposite in sign to the rate of
change of the hydrogen mass fraction. Hydrogen diffuses
slowly upward from the stellar interior while helium
diffuses slowly downward.

The dimensionless function &;(r) that appears in Eq.
(25) is (Bahcall and Loeb, 1990)

| (3+5x)7?

_sS(1—X)dlmP 0o X(1+X)
Enlr) 4 or + arln{ ]

+®4(X) al‘;T

0
The first two terms in Eq. (26) correspond to gravitation-
al settling, and the third term represents thermal

diffusion. The thermal diffusion function ®(X) can be
written in the following form:

6(1—X)(X +0.32)
(1.8—0.9X)(3+5X) °
Equations (25) and (26) are in dimensionless form. The

unprimed dimensionless variables are defined in terms of
primed dimensional variables by

rl T' -B_I—
r= , IT'= , P= . (28)
Ro T, Po

. (26)

(X))~

27

Following Bahcall and Loeb, we adopt T(,"—'IO7 K and
po=100 g cm 3, representative values for the interior re-
gion of the standard solar model. The corresponding
characteristic diffusion time 7, where we define a dimen-
sionless time t by ¢ =t' /7, yields for a density p,, a tem-
perature T, and InA=2.2, 7,=6X 10"* yr.

In Egs. (25) and (26) the partial time derivatives are
evaluated at constant mass shells of the star. In these La-
grangian coordinates, the diffusion equations are solved
with zero hydrodynamic velocity of the stellar plasma.
The temporal evolution of the radius during the star’s
lifetime is automatically included via the changes in the
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spatial positions of the different mass shells.

The results summarized in Egs. (25), (26), and (27) are
expected to be accurate to of order +30% (total errors),
which is sufficiently accurate to permit a good estimate of
the small effects of diffusion in solar models and in a
number of other applications. The main uncertainties
arise with respect to the exact evaluation of the Coulomb
logarithm and the collision integrals needed for the
thermal diffusion coefficients. The effects of uncertainties
in the basic equations can be estimated easily by multi-
plying the right-hand side of Eq. (25) by a constant equal
to 1+0.3 and then evolving a solar model with this al-
tered equation for the helium diffusion rate. Uncertain-
ties that are related to the thermal diffusion coefficient
can be estimated by multiplying the right-hand side of
Eq. (27) by an appropriate constant.

B. Method

In constructing solar models with helium diffusion, we
used a new subroutine written by one of us (MHP) that
carries out the diffusion calculations using data supplied
by other parts of the Yale code, in which the thermal
structure and the element abundances are calculated. We
assumed that the amount of diffusion within a given time
step was too small to affect significantly the changes in
thermal structure, in abundances, and in nuclear reaction
rates that are calculated elsewhere. We verified the
correctness of this assumption by showing that decreas-
ing the time steps by a factor of 2 produced negligible
changes in the final results. Typical time steps were
9X 107 yr.

The diffusion subroutine computes the change in hy-
drogen and helium abundance as a function of mass frac-
tion. Within the subroutine, Eq. (25) was solved in two
stages. The first and third terms of £;(r) in Eq. (26) give
rise to first spatial derivatives of the hydrogen mass frac-
tion when used in Eq. (25). The second term in Eq. (26)
gives rise to a second spatial derivative of the hydrogen
abundance and is typically much less important. This
type of equation is most easily solved with an implicit-
explicit approach (Press et al., 1986).

We first solve Eq. (25) by neglecting the second deriva-
tives of the hydrogen abundance and by using a two-step
Lax-Wendroff technique (Press et al., 1986). We then
use this trial solution to determine the term depending
upon second derivatives by a fully implicit method; we
iterate the solution until the desired accuracy is achieved
(usually 1 part in 10'°). This approach requires only a
small additional amount of computer time, typically 1%
extra computational time, when compared to models that
were computed without diffusion.

C. Results with diffusion
The middle column in Table VIII gives the neutrino

fluxes and other parameters computed from the Yale
standard model including helium diffusion. The predict-
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ed event rate in the *’Cl (Davis, 1978, 1987, 1989; Davis
et al., 1990) experiment is

>(¢0)=8.0£3.0 SNU , (29)

and the corresponding rate for the 7'Ga experiments

(Kirsten, 1986; Gavrin et al., 1990; Abazov et al.,
1991b) is
S(¢o)g,=131.572L SNU . (30)

The ®B neutrino flux, measured in the Kamiokande
(Hirata et al., 1989, 1990a, 1990b, 1991), Super-
Kamiokande (Totsuka, 1990), and the SNO (Ewan et al.,
1987) solar neutrino experiments, is

#(*B)=5.7(1£0.43)X10° cm %! | (31)

The estimated uncertainties are discussed in Sec. VIII.

Inclusion of helium diffusion in the stellar evolution
code increases (see Table VIII) the calculated ®B neutrino
flux by about 12%, the "Be neutrino flux by about 6%,
and the CNO fluxes by approximately 13%. The predict-
ed event rate in the chlorine experiment is increased by
0.8 SNU, or about 11%, from 7.2 SNU to 8.0 SNU; the
calculated event rate in the gallium experiment is in-
creased correspondingly by 4 SNU, or 3%, from 127.5
SNU to 131.5 SNU.

As helium sinks, it raises the mean molecular weight in
the core. This leads (see Table VIII) to a 0.6% increase
in the central temperature, an increase of 0.4% in the
calculated primordial helium abundance, and a slight
concentration of the energy generation towards the
center. The computed depth of the convection zone,
R =0.707R, is in agreement with the value of 0.71R g
inferred from an early analysis of p-mode oscillation data
by Christensen-Dalsgaard, Gough, and Toomre (1985)
and with the more precise value of (0.713£0.003)R, in-
ferred recently by Christensen-Dalsgaard, Gough, and
Thompson (1991). The Christensen-Dalsgaard et al.
(1991) analysis uses the observed p-mode oscillation fre-
quencies reported by Duvall et al. (1988) and by Lib-
brecht and Kaufman (1988). The uncertainty in the cal-
culated depth of the convective zone that arises from the
estimated (Bahcall and Loeb, 1990) £30% uncertainty in
the helium diffusion rate is 0.004R .

In calculating accurate solar models with helium
diffusion, it is important to perform enough iterations in
order to be able to precisely match the ratio of heavy ele-
ments to hydrogen, Z /X, that is observed on the solar
surface at the present epoch. Since the surface abun-
dance of hydrogen changes with time in models with
diffusion, it is possible to make a factor-of-2 error in the
size of diffusion-induced changes if one fails to iterate the
model to achieve the correct Z /X ratio.

Figure 1 compares the temperature profiles computed
with and without including helium diffusion. Figure 2
compares the profile of the hydrogen abundance comput-
ed with and without helium diffusion. In the approxima-
tion we are using, the change in the helium abundance,
AY, that is caused by helium diffusion is related to the
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FIG. 1. Comparison of the temperature
profiles computed with and without including
helium diffusion.
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change in the hydrogen abundance (shown in Fig. 2) by

the simple equation AY = —AX.

It is also of interest to compare our results with those
of Proffitt and Michaud (1991), who have calculated the

effects of helium diffusion in the sun using diffusion
coefficients derived by Paquette et al. (1986). Table IX
shows for the Proffitt and Michaud (1991) calculations
(indicated by PM in the table) and for the work in this

TABLE IX. Effects of diffusion: two different approaches. The second and third columns give the per-
centage changes produced by diffusion as calculated by Bahcall and Pinsonneault (BP, this paper) and
by Proffitt and Michaud (1991; PM). The fourth and fifth columns list the absolute changes produced
by diffusion with the units, where relevant, indicated in the first column. The numbers in parentheses
were obtained by holding the heavy element abundance Z constant, rather than iterating so that the
model has the observed value of Z /X for the mixture.

8(%) 8(%) 8 8

Quantity BP PM BP PM
Yinitial +0.4(—0.6) (—=0.7) +0.0011(—0.0017) (—0.0020)
Y qurface —9.6(—10.2) (—12.0) —0.0250( —0.0278) (—0.0338)
Y central +1.7(+1.1) (+1.6) +0.0106(+0.0071) (+0.0102)
Teentra1 7/10° K +0.6(+0.4) (+0.5) +1(+0.6) (+0.8)
M ../ Mo +16.2(+15.7) (+25) +0.0038(+0.00339) (+0.004)
Reonv /R —2.0(—1.7) (—2.3) —0.014(—0.012) (—0.017)
Mixing length +6.8(+6.3) (+9.4) +0.09(+0.081) (+0.154)
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FIG. 2. Comparison of the profiles for the
hydrogen mass fraction X computed with and
without including helium diffusion.
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paper (indicated by BP in the table) the percentage
differences and the absolute changes that diffusion pro-
duces in the helium abundance, central temperature,
depth and mass of the convective zone, and the mixing
length. The quantities shown in parentheses were calcu-
lated by holding the heavy-element abundance Z con-
stant, rather than keeping the heavy-element-to-
hydrogen ratio Z /X constant and equal to the observed
value. The differences are within the expected accuracy
of the physical treatment of the diffusion process. The
slightly different change in central temperature found in
the two calculations corresponds to approximately 0.1
SNU in the chlorine experiment, using the approximate
scaling laws described in Sec. 6.2 of Bahcall (1989).

Tables XVI and XVIII, in the Appendix, present a de-
tailed numerical description of the interior of our best
standard solar model that was calculated with the in-
clusion of helium diffusion.

VIIl. UNCERTAINTIES

The uncertainties estimated in this paper for predicted
solar neutrino fluxes and predicted event rates represent
the total theoretical uncertainties as defined in Bahcall
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and Ulrich (1988) and in Chap. 7 of Bahcall (1989). We
use, as described in these references, 30 errors for all
measured input quantities. For parameters that must be
determined theoretically, we use a broad range of calcu-
lated values. The most important theoretical uncertainty
relates to the radiative opacity (see discussion below).

Many experimentalists quote lo errors. The most
comparable quantity for our theoretical calculations is
obtained by dividing the theoretical errors we quote by a
factor of 3. This prescription is accurate for all of the er-
rors in our results that are determined by measurement
uncertainties in input parameters and is plausibly of the
right size for the errors we quote on quantities that must
be calculated because they cannot be measured.

For most of the uncertainties, we have used the same
estimates as those given by Bahcall and Ulrich (1988).
However, we have revised some of the nuclear physics
uncertainties; the revised values are given in Sec. II and
in Table I. We have also determined new estimates for
the uncertainties due to radiative opacities and to heavy-
element abundances; these new estimates are described in
Sec. V.C.2 and in Egs. (20) and (21).

The uncertainty we estimate for the radiative opacity
is approximately twice as large as we used in our earlier
studies (see Bahcall et al., 1982 and Bahcall and Ulrich,
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1988); this increase is due to the inclusion here of the fac-
tor of 2 in the right-hand side of Eq. (20). The factor of 2
reflects the ‘“rule-of-thumb’ (see Sec. 7.1 of Bahcall,
1989) that the changes with time of the “best” estimate of
a particular quantity are often the most realistic indica-
tion of the uncertainties. However, a word of caution
should be included with this uncertainty estimate. Ap-
proximately half or more of the radiative opacity in the
central regions of the sun in which the neutrinos are pro-
duced is caused by photon scattering on free electrons
and by inverse bremsstrahlung in the presence of com-
pletely ionized hydrogen and helium, processes that
occur even if the heavy-element abundance is identically
zero and which can be calculated with an accuracy of
better than 10%. Simple physics dominates the opacity
in the central regions of the sun. It is therefore unlikely
that refinements in the calculations will reduce the cen-
tral opacity by a major factor. Moreover, opacities com-
puted for temperatures less than the temperature (2 X 10°
K) at the base of the convective zone have no influence
on calculations of solar structure or neutrino production,
although atmospheric opacities are important for
helioseismological studies. We believe, therefore, that we
may have overestimated the amount by which future im-
provements in opacity might decrease the ®B neutrino
flux.

In the same vein, we admit that we have made a very
conservative error estimate (see Sec. V.C.2 for a discus-
sion of our reasoning) for the important parameter, the
ratio, Z /X, of heavy elements to hydrogen. The best-
estimate value for Z /X has changed by only 3.5% from
the time of publication of the Grevesse (1984) value of
0.02765 to the publication of the Anders and Grevesse
(1989) value of 0.02668 (meteoritic iron abundance). In
our error estimates, we have followed Bahcall and Ulrich
(1988) and have assumed a total uncertainty of 19% in
the value of Z /X.

Table X gives the calculated uncertainties that are
caused by some of the most important individual parame-
ters. No single parameter dominates the calculated un-
certainties. The first four parameters are the low-energy
cross-section factors for reactions 1, 3, 4, and 6 of Table
I; the last three parameters are, respectively, the heavy-

TABLE XI. Comparison of uncertainties: 1o estimates.

Source o(this work) o(Turck-Chieze et al.)
So(®B) 9%* 15%
Opacity ~2.5%"° >5%

*Taken from Johnson et al. (1992).

Characteristic difference between the solar interior opacities
calculated with the Livermore and with the Los Alamos opacity
codes (see Iglesias and Rogers, 1991a, and Sec. V.C.2).

element-to-hydrogen ratio, the radiative opacity, and the
neutrino absorption cross sections. We have not shown
explicitly the small effect of the uncertainty in the
diffusion rate, which may be estimated directly from
Table VIII as a factor of 0.3 times the differences be-
tween models evolved with and without including helium
diffusion. The uncertainties in Table X are given in SNU
for the predicted event rates of the chlorine and gallium
experiments and are given in fractions of the calculated
fluxes for the "Be and ®B neutrino fluxes. When ex-
pressed in SNU, the uncertainties are slightly different
for the best standard model without diffusion (described
in Sec. VI) and for the best standard model including
helium diffusion (described in Sec. VII). The uncertain-
ties in SNU that appear in Table X were calculated for
the solar model that includes helium diffusion.

The total theoretical uncertainties in the individual
neutrino fluxes are given in the third column of Table
VIIL

Why are the uncertainties quoted by Turck-Chieze
et al. (1988) larger than those given in this paper and in
Bahcall and Ulrich (1988)? The reason is that Turck-
Chiéze et al. assume larger uncertainties for two impor-
tant quantities: the low-energy cross-section factor for
the "Be(p,7 )®B reaction and the radiative opacities. We
believe that the uncertainties assumed by Turck-Chiéze
et al. (1988) are too large. '

Table XI compares the 1o uncertainties for S,(*B) and
the radiative opacity used in the present work with the
values used by Turck-Chieze et al. (1988).

For S,(®B), we have adopted in the present work the
lo uncertainty of 9.3% determined by Johnson et al.
(1992) in their recent comprehensive reanalysis of all the

TABLE X. Individual uncertainties in predicted capture rates and in neutrino fluxes. The uncertain-
ties shown represent 30 errors for measured quantities. The different detectors are listed in the first
column. For the first two rows, columns 2 through 8 contain the uncertainty in SNU of the total cap-
ture rate caused by the uncertainty in the parameter shown at the top of the column. The last two rows
give the calculated fractional uncertainties in the "Be and the 8B neutrino fluxes. The total uncertainty
is calculated by combining incoherently the uncertainties from each parameter shown and the smaller

uncertainties estimated for less critical parameters.

Detector
or flux pp ’He+’He SHe+“He "Be+p Z/X Opacity O abs Total
3¢ 0.8 0.5 0.6 1.7 1.8 1.1 0.6 3.0
'Ga 3.7 2.9 3.6 3.9 9.4 5.4 16 21
""Be 0.04 0.07 0.08 0.0 0.11 0.08 0.18
’B 0.11 0.06 0.08 0.28 0.25 0.16 0.43
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available experimental information. We use in our calcu-
lations of the total uncertainty a 30 uncertainty of 28%
for S,(®B), consistent with our general policy of adopting
for each paper in this series the contemporary 3o error
limits for all experimentally determined quantities.
Turck-Chiéze et al. (1988) have adopted a bigger 1o un-
certainty, 15%, which is about a factor of 2 larger than
determined by the contemporary analyses of this reaction
by experimentalists (see Filippone, 1986; Parker, 1986).
The Turck-Chieze et al. prescription would, if applied to
our calculations, increase the estimated uncertainty for
the chlorine experiment from just the S,(®B) input pa-
rameter from 1.7 SNU to 2.7 SNU.

Turck-Chiéze et al. have adopted a large uncertainty
in the radiative opacity, in excess of 5% in the solar inte-
rior. This large uncertainty lacks justification. Our poli-
cy is to estimate theoretical errors, in the absence of a
specific error calculation, by comparing the differences
with time of different state-of-the-art evaluations.
Iglesias and Rogers (1991a) have evaluated the fractional
differences between the much improved Livermore opaci-
ties and the earlier Los Alamos opacities; the typical
differences are of order 2.5% in the solar interior. This
result is a factor of 2 less than the minimum lo uncer-
tainty assumed by Turck-Chieze et al. For our final error
estimates, we evolved accurate solar models using the
Livermore and the Los Alamos opacities and compared
the differences in order to estimate the total theoretical
uncertainties [see Sec. V.C.2, Eq. (20), and Table VII for
details]. We believe that our method of estimating the
error is preferable, since it is based upon comparing the
results obtained by explicit stellar evolution calculations
with different input parameters. If we had used instead
the Turck-Chieze et al. prescription, the total theoretical
uncertainty from radiative opacity .for our best calcula-
tions would have been increased for the chlorine experi-
ment by a factor of about 2.6 from 1.1 SNU (see Table X)
to 2.9 SNU.

We also note that Turck-Chieze et al. assume a large
1o uncertainty of 10% for the primordial ratio of heavy
elements to hydrogen, Z /X. The corresponding 30 un-
certainty for Z /X is 30%, which is significantly bigger
than the conservative estimate of 19% adopted in this
work and by Bahcall and Ulrich (1988) and much larger
than the change of 3.5% that has occurred from the time
of publication of the standard Grevesse (1984) value of
0.02765 to the publication of the Anders and Grevesse
(1989) value of 0.02668 (meteoritic iron abundance). Fur-
ther observational improvements over the next decade
will determine if all groups have overestimated the uncer-
tainty due to Z/X. Decreasing the error estimate for
Z /X by a factor of 2 would decrease the total calculated
uncertainty for the chlorine experiment by a modest
amount, about 15%.

Suppose we use in the Turck-Chieze et al. (1988) cal-
culation the recently determined (Johnson et al., 1992)
uncertainty in Sy(®B) and the uncertainty in radiative
opacity that results from comparing the most recent
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Livermore and Los Alamos solar interior opacities (see
Table XI). The total uncertainty (30 limits on experi-
mental input data) for the Turck-Chieze et al. model is
then in good agreement with the value of 3.0 SNU given
in this paper.

IX. THE MAXIMUM RATE MODEL

Nearly all published nonstandard solar models yield,
by design, a smaller ®B neutrino flux than is predicted by
the standard solar model (see Chap. 5 of Bahcall, 1989).
Presumably, the explanation for this fact is that a num-
ber of imaginative scientists have concentrated on discov-
ering what changes in various input quantities or in-the
physical descriptions of the solar material would “solve
the solar neutrino problem,” even if the changes were im-
plausible or, as was true in many cases, apparently ruled
out by independent theoretical or experimental con-
siderations. There is a need, in addition, for a different
kind of nonstandard solar model that yields as large as
possible—in some well-defined sense—a °B neutrino
flux. This Maximum Rate Model could be used together
with models for changed neutrino physics, such as the
MSW solution, to set limits on the maximum influence of
nonstandard neutrino physics on the produced solar neu-
trino fluxes. For example, at present it is usually as-
sumed that the reduction caused by neutrino oscillations
could be at most a factor of 4, from the best-estimate cal-
culated rate for Cl of about 8 SNU to the experimental
value of about 2 SNU. In principle, the true production
rate for the ®B neutrino flux could be larger than predict-
ed by the best standard solar model, and this larger rate
could then be reduced to the observed value by nonstand-
ard neutrino physics whose parameters should be in-
ferred from the correct (larger-than-standard) production
rate (cf. Chen and Cherry, 1991).

For illustrative purposes only, we give in Table XII the
calculated results of a Maximum Rate Model. This mod-
el is identical to our best standard model including heli-
um diffusion, except for the fact that we have set the rate
of the *He->He reaction (reaction 4 of Table I) equal to
zero. The Maximum Rate Model is a nonphysical model
in which all of the terminations of the proton-proton
chain occur via the *He-*He reaction. The opposite lim-
it, in which all of the terminations occur via the 3He->He
reaction, yields (see Chap. 11 of Bahcall, 1989) the
minimum rate consistent with standard electroweak

TABLE XII. Maximum rate model.

Neutrino Flux C1 Ga
source (cm™ 27} (SNU) (SNU)
P 3.5E+10 0.0 414
pep 6.9E+7 0.1 1.5
hep 4.1E+4 0.2 0.3
"Be 3.3E+10 7.8 239.4
B 74E+6 8.0 17.9
BN 1.7E+38 0.03 1.0
50 9.9E+7 0.07 1.1
Total 16.3 303
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theory and the assumption that the sun currently is gen-
erating nuclear energy in its core at the rate at which it is
radiating energy from its surface.

The energy production in the Maximum Rate Model is
dominated by reactions 4 and 5 of Table I followed by
7Li(p,a)“He. The changed nuclear reaction chain, taken
together with the standard boundary condition that the
model luminosity at the current epoch be equal to the ob-
served solar luminosity, leads to some unusual effects
that are discussed below.

The calculated neutrino fluxes and event rates for the
Maximum Rate Model are shown in Table XII. For the
chlorine experiment, the Maximum Rate Model predicts

2(¢0)=16.31+4.7 SNU ; (32)
the corresponding rate for the "'Ga experiment is
3(¢o)g,=30313] SNU . (33)

These rates for the Maximum Rate Model are about a
factor of 2 larger than the corresponding predictions of
the standard solar model. As shown in Table XII, the
"Be and ®B neutrino fluxes contribute almost equally to
the chlorine rate, while the calculated rate for the galli-
um experiment is dominated by the "Be neutrino flux.

Compared to standard solar models, the Maximum
Rate Model has a low central temperature, T=14.7 X 10°
K, but a high predicted ®B neutrino flux and high pre-
dicted neutrino capture rates. This combination of rela-
tively low temperature (6% lower than in the standard
solar model, see Table VIII) and high rates departs
strongly from the well-known correlation between tem-
perature and ®B neutrino flux (or predicted event rate in
the chlorine experiment) that exists for standard solar
models (see Sec. 6.2 of Bahcall, 1989). The key to under-
standing this result is the distribution of *He in the solar
interior, which peaks at a very large value (2% by mass
at 0.16R ) in the Maximum Rate Model. The dominant
mechanism for destroying 3He in the standard model, the
3He-3He reaction (reaction 3 of Table I), is, by assump-
tion, not operative in the Maximum Rate Model, which
allows 3He to build up to a large equilibrium abundance
that can be burned efficiently by the 3He-*He reaction.
The exclusive dependence upon the more temperature
sensitive *He-*He and CNO reactions (see Table I) to
produce the solar luminosity results in a convective core
that persists for 1.9 X 10° years and which contains about
9% of the mass for the first 10° years. These two factors,
the higher *He abundance and the convective core, result
in a smoother and lower temperature profile for the Max-
imum Rate Model as compared to the standard solar
model.

X. DISCUSSION

We have shown in Sec. IV that, for the same input
data, four state-of-the-art solar evolution codes all give
the same event rates to within £0.1 SNU (1%) for the
chlorine experiment. The three codes that can be com-
pared give the same result within £0.5 SNU (better than
0.5%) for the gallium experiment. The computed ®B neu-
trino fluxes agree to within a few percent, when the pub-
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TABLE XIII. Individual neutrino contributions to the calcu-
lated event rates in the chlorine and gallium solar neutrino ex-
periments. The neutrino fluxes are calculated with our best so-
lar model which includes helium diffusion.

Neutrino Cl Ga
source (SNU) (SNU)
pp 0.0 70.8
pep 0.2 3.1
"Be 1.2 35.8
B 6.2 13.8
BN 0.1 3.0
150 0.3 49
Total 8.0+3.0 131.5%%

lished fluxes are corrected to all refer to the same input
data. These important results are made manifest by
Tables III-V and by Egs. (15)-(19). The larger
differences between event rates that are occasionally
found in the literature arise from different choices of in-
put data or from programing errors; the differences do
not reflect uncertainties in the equations of stellar evolu-
tion or in the numerical techniques. This point has
sometimes been misunderstood by physicists not familiar
with stellar evolution theory who have inferred that
differences in quoted solar neutrino fluxes reflected
different stellar astrophysics rather than different choices
of input data.

In new models discussed in this paper, we have includ-
ed the diffusion of helium and hydrogen in the evolution-
ary calculations of a standard solar model according to
the prescription of Bahcall and Loeb (1990). The
diffusion process increases the calculated event rates for
the chlorine and gallium neutrino experiments, respec-
tively, by 0.8 SNU (i.e., 11%) and by 4 SNU (i.e., 3%)
and increases by 12% the calculated ®B solar neutrino
flux, which is measured in the Kamiokande experiment
and will be measured more precisely in the SNO and the
Super-Kamiokande experiments.

For our best model including diffusion, Table XIII
shows the contributions from individual neutrino
branches to the calculated event rates for the chlorine
and gallium experiments.

A heuristic measure of the accuracy with which the so-
lar neutrino fluxes and event rates are calculated is the
dependence upon time of the published best-estimate
theoretical values. Table XIV compares the fluxes and
the predicted event rates determined by Bahcall and Ul-
rich (1988) with the values obtained here using improved
input data and improved physics (including helium
diffusion). The fractional changes in the fluxes are small,
less than or of order of a few percent, for all the fluxes
that contribute significantly to ongoing or planned solar
neutrino experiments, i.e., all but the CNO neutrinos.
The change in the predicted rate for the chlorine experi-
ment is about 1%; the change in the predicted rate for
the gallium experiment is less than 1%. In all cases, the
changes are less than the estimated uncertainties (see Sec.
VIII and Table VIII).

The diffusion rate used in this paper is expected to be
accurate to =30% (see Bahcall and Loeb, 1990). Since
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TABLE XIV. Comparison with Bahcall and Ulrich (1988).

Source Before® After® % Change
pp 6.0E+ 10 6.0E+ 10 <1
pep 1.4E+8 1.4E+38 <1

hep 8E+3 1.2E+3° order of

mangitude®

"Be 4.7E+9 49E+9 +4

B 5.8E+6 5.7E+6 -2

BN 6.1E+8 49E+8 —22

50 52E+38 43E+8 —19

TR 52E+6 54E+6 +4
3(¢o)a 7.942.6 SNU: 8.0+3.0 SNU +1
S($0)ga 132139 SNU 131.57% SNU <1

#Bahcall and Ulrich (1988).
®This paper.
°Used new calculation of Carlson ez al. (1991); see Sec. IL.B.2.

the effects of diffusion are small for all of the quantities
we have calculated, this accuracy is sufficient for study-
ing the solar neutrino problem. The formulation used
here has the advantage of being relatively simple to im-
plement numerically.

The primordial solar helium abundance found here,
Y =0.272 without diffusion and ¥ =0.273 including heli-
um diffusion, agrees with the result, Y=0.271, of Bahcall
and Ulrich (1988), who used different abundances, radia-
tive opacities, and nuclear parameters. We conclude that
the primordial solar helium abundance is robustly deter-
mined with current input parameters, although a survey
of the historical record (see Bahcall et al., 1982 and Bah-
call and Ulrich, 1988) suggests that a plausible estimate
for the overall uncertainty due to systematic errors might
be as large as AY =0.015. ‘

The surface abundances of hydrogen, helium, and the
heavy elements are affected significantly by diffusion.
For our best solar model without helium diffusion, we
find the following surface abundances at the current
epoch: X=0.70945, Y=0.2716, Z=0.01895. Including
helium diffusion in our best solar model, we find the fol-
lowing surface abundances: X =0.73382, Y =0.2466,
Z =0.01958. The effect of including helium diffusion is
to increase the calculated hydrogen surface abundance by
about 3%, to decrease the helium surface abundance by
approximately 10%, and to increase the calculated
heavy-element abundance by about 3%.

Finally, we note that the depth of the convective zone
found here, R =0.721R; without diffusion and
R =(0.707%0.004)R o with helium diffusion, is in agree-
ment with the best observational determination, using p-
mode oscillation frequencies (Christensen-Dalsgaard
et al., 1991), which yields R =(0.713+0.003)Rg. The
precise parameters of the convective zone are unimpor-
tant for solar neutrino calculations, although they are im-
portant for the calculation of the solar oscillation fre-
quencies. We shall therefore present in a future paper
the p-mode and g-mode frequencies. calculated with the
series of standard solar models presented in this paper.

In connection with the work presented in this paper,
we have developed two exportable FORTRAN subroutines:
a subroutine that calculates nuclear energy generation
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and solar neutrino production and a subroutine that
evaluates helium diffusion. Both subroutines have been
implemented in the Yale stellar evolution code, but were
written in an exportable and user-friendly style. Copies
of the energy and neutrino generation routine can be ob-
tained from J. Bahcall, and copies of the helium diffusion
routine can be obtained from M. Pinsonneault.

Tables XV through XVIII give detailed numerical
descriptions of our best solar models with and without
helium diffusion. The first six columns of Table XV (no
diffusion) and Table XVII (including helium diffusion)
present the mass included in the current and all inner
zones, the radius, the temperature (in degrees K), the
density, the pressure, and the luminosity integrated up to
and including the current zone. We use cgs units for
density and pressure. The last five columns of Table XV
and Table XVII give, except for helium, the principal iso-
topic abundances by mass. The helium abundance is
determined by the relation Y=1.0—X (‘H)— X (*He)— Z.
Table XVI (no diffusion) and Table XVIII (including heli-
um diffusion) give the neutrino fluxes produced in a given
spherical shell, as well as the temperature, electron num-
ber density, fraction of the solar mass, and the "Be abun-
dance by mass in the shell. Taken together with the de-
tailed tables of a solar model presented by Bahcall and
Ulrich (1988), the results given here should be sufficient
to allow different workers to estimate the uncertainties in
calculations of the effect of the sun on the emergent solar
neutrino fluxes. We have constructed the present tables
so that they contain the information required to calculate
accurate results for the MSW effect (Wolfenstein, 1978,
1979, 1986; Mikheyev and Smirnov, 1986a, 1986b,
1986c). Machine-readable copies of all these tables can
be obtained from J. Bahcall.

Future calculations in this series of studies of solar
neutrino fluxes will take account of the diffusion of heavy
elements, in which the chemical abundance and the opa-
city must both be adjusted after each time step and at
each radial shell. We intend to implement the differential
equation of Bahcall and Loeb (1990) that describes
heavy-element diffusion by a relation similar to Eq. (25).
We anticipate that including the diffusion of heavy ele-
ments will slightly increase the calculated central temper-
ature and the predicted ®B neutrino flux.

ACKNOWLEDGMENTS

This work was supported in part by NSF Grant No.
PHY-91-06210 with the Institute for Advanced Study
and by NASA Grant NAGW-777 with Yale University.
It is a pleasure to acknowledge important discussions
with, or suggestions from, E. Adelberger, E. Beier, A.
Boothroyd, T. Bowles, J. Carlson, A. Cox, R. Davis, P.
Demarque, S. Freedman, M. Fukugita, A. Garcia, V.
Gavrin, A. Gould, R. Gould, C. A. Iglesias, C. Johnson,
B. Kayser, T. Kirsten, S. Koonin, K. Lande, A. Loeb, A.
McDonald, P. Parker, W. H. Press, H. Robertson, F.
Rogers, I.-J. Sackmann, E. E. Salpeter, Y. Totsuka, S.
Turck-Chieze, R. K. Ulrich, and J. Wilkerson.



912 J. N. Bahcall and M. H. Pinsonneault: Solar models and neutrinos

APPENDIX: NUMERICAL SOLAR MODELS

TABLE XV
STANDARD SOLAR MODEL WITHOUT HE DIFFUSION

M/Mg R/Ro T o p L/Le X(*H) X(®He) X(}?C)  X(N)  X(*¢0)
0.0000298 0.00652 1.667TE+07 1.613E+402 2.334E+17 0.00026 0.35407 8.76E-06 2.03E-05 6.09E-03 9.08E-03
0.0000431 0.00737 1.6567TE4+07 1.5612E+02 2.332E+417 0.00038 0.35445 8.79E-08 2.03E-05 6.09E-03 9.08E-03
0.0000622 0.00833 1.656E4+07 1.5610E402 2.330E+17 0.00054 0.35493 8.83E-08 2.03E-06 5.09E-03 9.09E-03
0.0000899 0.00943 1.656E4-07 1.608E+02 2.327TE417 0.00078 0.35665 8.87E-08 ' 2.02E-05 5.09E-03 9.09E-03
0.0001300 0.010866 1.666E407 1.6056E+02 2.323E+17 0.00113 0.35633 8.94E-06 2.02E-05 5.08E-03 9.10E-03
0.0001563 0.01134 1.684E4-07 1.5603E+-02 2.321E+17 0.00136 0.35880 8.97TE-08 2.02E-05 5.08E-03 9.10E-03
0.0001879 0.012086 1.654E+407 1.601E+02 2.318E+17 0.00163 0.35734 9.02E-06 2.01E-05 5.08E-03 9.10E-03
0.0002259 0.01283 1.663E407 1.499E+02 2.315E+17 0.00196 0.35794 9.08E-08 2.01E-05 5.07E-03 9.11E-03
0.0002716 0.01364 1.662E407 1.497E+02 2.312E+417 0.00236 0.356862 9.12E-06 2.01E-05 5.07E-03 9.11E-03
0.0003266 0.01451 1.661E407 1.494E+02 2.308E+17 0.00283 0.35939 9.18E-06 2.00E-05 5.07E-03 9.12E-03
0.0003926 0.01544 1.6561E+07 1.491E+402 2.304E+17 0.00340 0.36025 9.26 E-06 2.00E-05 5.06E-03 9.12E-03
0.0004721 0.01642 1.550E+407 1.487E+02 2.299E+417 0.00408 0.36123 9.33E-08 1.99E-05 5.06E-03 9.13E-03
0.0005676 0.01747 1.648E+407 1.483E+402 2.294E+417 0.00490 0.36233 9.42E-06 1.99E-05 6.06E-03 9.13E-03
0.0006823 0.01859 1.647TE407 1.479E+02 2.288E+17 0.00588 0.36358 9.52E-068 1.98E-05 5.04E-03 9.14E-03
0.0008204 0.01978 1.546E4-07 1.473E+4-02 2.281E+17 0.00706 0.36498 9.64E-06 1.98E-05 5.04E-03 9.16E-03
0.0009863 0.021056 1.5644E+407 1.468E+-02 2.273E417 0.00848 0.36856 9.78E-08 1.97E-05 5.03E-03 9.16E-03
0.0011858 0.02240 1.642E407 1.461E+402 2.265E+17 0.010156 0.36834 9.93E-06 1.96E-05 5.02E-03 9.17E-03
0.0014256 0.02385 1.640E4-07 1.454E+02 2.256E417 0.01216 0.37035 1.01E-086 1.96E-06 5.01E-03 9.18E-03
0.0017140 0.02539 1.837E407 1.446E+4-02 2.244E+17 0.01457 0.37260 1.03E-05 1.94E-05 5.00E-03 9.20E-03
0.0020606 0.02703 1.635E+07 1.437E+02 2.231E+17 0.01745 0.37514 1.05E-05 1.93E-05 4.98E-03 9.21E-03
0.0024774 0.02878 1.631E+407 1.427E+402 2.218E+17 0.02089 0.37799 1.08E-05 1.92E-05 4.97E-03 9.22E-03
0.0029785 0.03065 1.528E+407 1.416E402 2.202E+17 0.02500 0.38119 1.11E-08 1.90E-05 4.96E-03 9.24E-03
0.00326859 0.03164 1.626E407 1.409E+02 2.193E+417 0.02733 0.38294 1.13E-05 1.89E-05 4.95E-03 9.25E-03
0.0035810 0.03266 1.624E+407 1.403E+02 2.184E+17 0.02988 0.38479 1.14E-056 1.89E-05 4.94E-03 9.26E-03
0.0039265 0.03371 1.5622E+4-07 1.396E+-02 2.175E+17 0.03267 0.38674 1.16E-05 1.88E-05 4.93E-03 9.27E-03
0.0043053 0.03479 1.519E4-07 1.389E4-02 2.166E417 0.03570 0.38883 1.18E-05 1.87E-05 4.92E-03 9.28E-03
0.0047206 0.03592 1.5617E+07 1.381E402 2.154E+17 0.03901 0.39102 1.21E-05 1.86E-05 4.92E-03 9.29E-03
0.0051761 0.03708 1.514E+407 1.373E+4-02 2.143E+417 0.04262 0.393356 1.23E-05 1.85E-05 4.91E-03 9.30E-03
0.0056754 0.03829 1.612E407 1.364E+02 2.131E+17 0.04654 0.395680 1.26E-056 1.84E-05 4.90E-03 9.31E-03
0.0062230 0.03954 1.509E4-07 1.355E402 2.118E+417 0.05082 0.39839 1.28E-05 1.83E-05 4.89E-03 9.32E-03
0.0068234 0.04083 1.606E4-07 1.346E4-02 2.106E417 0.06547 0.40113 1.31E-05 1.82E-05 4.88E-03 9.33E-03
0.0074817 0.04217 1.502E+407 1.336E+402 2.090E+17 0.06053 0.40403 1.35E-05 1.81E-06 4.87TE-03 9.34E-03
0.0082035 0.043556 1.499E+407 1.325E402 2.076E+417 0.06603 0.40708 1.38E-05 1.79E-05 4.86E-03 9.35E-03
0.0089950 0.04499 1.495E+07 1.314E+4-02 2.060E4+17 0.07201 0.41031 1.42E-05 1.78E-05 4.85E-03 9.37E-03
0.0098628 0.04647 1.491E+407 1.303E+4-02 2.043E+17 0.07850 0.41371 1.46E-05 1.77E-05 4.84E-03 9.38E-03
0.0108143 0.04802 1.487E+407 1.291E+02 2.025E+17 0.08555 0.41730 1.50E-05 1.76E-05 4.83E-03 9.39E-03
0.0118577 0.04961 1.482E+407 1.278E+402 2.007TE+17 0.09318 0.42111 1.55E-08 1.74E-05 4.82E-03 9.40E-03
0.0130017 0.05127 1.478E+407 1.265E+02 1.987TE+17 0.10146 0.42509 1.61E-05 1.73E-06 4.81E-03 9.41E-03
0.0142561 0.05299 1.473E+407 1.251E402 1.966E+17 0.11042 0.42928 1.66E-05 1.71E-05 4.80E-03 9.42E-03
0.0156315 0.05478 1.467E+407 1.236E+4-02 1.944E+17 0.12010 0.43369 1.73E-05 1.69E-05 4.79E-03 9.44E-03
0.0171396 0.05664 1.462E+407 1.221E+402 1.922E+417 0.13057 0.43832 1.79E-05 1.68E-05 4.78E-03 9.45E-03
0.0187932 0.05856 1.456E+07 1.205E4-02 1.897E+17 0.14187 0.44319 1.87E-05 1.66E-05 4.77TE-03 9.46E-03
0.0206063 0.06057 1.449E+407 1.188E+02 1.872E+17 0.154086 0.44834 1.95E-05 1.64E-05 4.76E-03 9.47E-03
0.0225944 0.06265 1.442E+07 1.171E+402 1.845E+17 0.16718 0.45370 2.04E-05 1.62E-05 4.76E-03 9.48E-03
0.0247742 0.06482 1.435E407 1.163E+402 1.818E+17 0.18129 0.45931 2.14E-05 1.61E-05 4.74E-03 9.49E-03
0.0271644 0.06707 1.428E+4-07 1.134E+4-02 1.788E+17 0.19644 0.46518 2.25E-05 1.69E-05 4.74E-03 9.50E-03
0.0297852 0.06942 1.420E+07 1.115E+402 1.767TE+17 0.21269 0.47138 2.37E-05 1.57E-056 4.73E-03 9.51E-03
0.0326588 0.07186 1.411E407 1.094E+02 1.726E+17 0.23009 0.47779 2.51E-05 1.54E-05 4.72E-03 9.62E-03
0.0358097 0.07441 1.402E+4-07 1.073E+402 1.692E+17 0.24869 0.48448 2.66E-056 1.562E-05 4.71E-03 9.63E-03
0.0392645 0.07707 1.393E407 1.052E+02 1.666E+17 0.26851 0.49144 2.82E-05 1.50E-05 4.71E-03 9.63E-03
0.0428509 0.07970 1.383E4-07 1.030E+02 1.621E+17 0.28851 0.49837 3.00E-05 1.47E-05 4.70E-03 9.54E-03
0.0465450 0.08229 1.374E4-07 1.009E+402 1.587TE+17 0.30851 0.50510 3.19E-05 1.45E-056 4, 70E-03 9.54E-03
0.0503522 0.08485 1.364E+407 9.888E+01 1.653E417 0.32850 0.61170 3.38E-05 1.43E-05 4.69E-03 9.66E-03
0.0542780 0.08739 1.355E4-07 9.688E+401 1.620E+17 0.34851 0.51818 3.69E-05 1.41E-05 4.69E-03 9.66E-03
0.0583286 0.08991 1.345E407 9.492E+401 1.487E+17 0.36851 0.5624565 3.81E-05 1.39E-05 4.69E-03 9.56E-03
0.0625107 0.09242 1.336E+07 9.298E+01 1.454E+17 0.38851 0.53086 4.04E-05 1.37E-05 4.68E-03 9.66E-03
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TABLE XV—continued

M/Mg R/Rg T P P L/Lg X(*H) X(®He) X(*2c) X(**N) X('¢0)
0.0668314 0.09493 1.326E+4+07  9.108E+01 1.422E+417 0.40851 0.53711 4.29E-06 1.34E-05 4.68E-03  9.56E-03
0.0712994 0.09745 1.316E4+07  8.920E+4+01  1.390E+17 0.42852 0.54322 4.55E-06 1.32E-06 4.68E-03 9.57E-03
0.0759241 0.09997 1.307E407  8.734E+01 1.358E+17 0.44853 0.54926 4.83E-05 1.30E-05 4.68E-03 9.57E-03
0.0807161 0.10251 1.297E407  8.560E+01 1.326E+4+17 0.46854 0.56523 5.13E-06 1.28E-05 4.68E-03  9.57E-03
0.0856869 0.10607 1.287E+07  8.367E+01 1.204E+17 0.48855 0.56113 5.46E-05 1.26E-05 4.68E-03 9.57E-03
0.0908494 0.107656 1.277E4+07  8.186E+401 1.262E+17 0.50856 0.56698 5.81E-05 1.24E-06 4.68E-03 9.57E-03
0.0962184 0.11027 1.266E407  8.006E+4+01 1.230E+17 0.52857 0.567277 6.19E-06 1.22E-06 4.68E-03 9.57E-03
0.1018102 0.11293  1.256E4-07 7.825E4+01 1.198E417 0.54859 0.57851 6.60E-06 1.20E-05 4.68E-03 9.57E-03
0.1076435 0.11564 1.245E407  7.645E+01 1.166E+17 0.56860 0.58421 7.04E-06 1.17E-05 4.68E-03 9.58E-03
0.1137396 0.11841  1.234E407 7.465E+4+01 1.134E+4+17 0.58862 0.58987 7.53E-05 1.16E-056 4.68E<03 9.58E-03
0.1201228 0.12124 1.223E407  7.284E401 1.102E+17 0.60863 0.59549 8.07TE-05 1.13E-06 4.68E-03 9.58E-03
0.1268212 0.12414 1.212E407  7.103E+401 1.069E+17 0.62865 0.60108 8.66E-06 1.10E-05 4.68E-03 9.58E-03
0.1338675 0.12712 1.200E+4+07  6.920E+4+01 1.036E+17 0.64867 0.60665 9.31E-05 1.08E-05 4.68E-03 9.58E-03
0.1412997 0.13021 1.188E+407  6.735E+4+01 1.003E417 0.66869 0.61218 1.00E-04 1.07E-06 4.68E-03 9.58E-03
0.1491629 0.13341 1.176E407 6.547TE+4+01 9.690E+16 0.68871 0.61770 1.08E-04 1.13E-05 4.68E-03 9.58E-03
0.1575101 0.13673 1.163E+07 6.357TE+4+01 9.346E+16 0.70873 0.62320 1.18E-04 1.47E-05 4.67E-03 9.58E-03
0.1664046 0.14021 1.150E4+07  6.163E+01 8.996E+16 0.72875 0.62869 1.28E-04 2.66E-05 4.66E-03 9.58E-03
0.1759221 0.14386 1.136E4+07  5.965E+401 8.638E+16 0.74876 0.63417 1.40E-04 6.01E-06 4.59E-03 9.58E-03
0.1861546 0.14771  1.121E407  5.762E+4+01 8.272E+416 0.76878 0.63966 1.54E-04 1.37E-04 4.47E-03 9.58E-03
0.1971242 0.15177 1.106E+4+07 5.554E+4+01 7.898E416 0.78863 0.64511 1.70E-04 2.84E-04 4.22E-03 9.58E-03
0.2081396 0.15578 1.091E+07 5.355E+401 7.541E+16 0.80702 0.65017 1.88E-04 5.02E-04 3.86E-03 9.68E-03
0.2191875 0.15974 1.076E+07 5.164E4+01 7.200E+416 0.82402 0.65487 2.07E-04 7.77E-04 3.42E-03 9.58E-03
0.23025556 0.16365 1.062E+07  4.981E4+01 6.876E416 0.83970 0.65923 2.28E-04 1.08E-03 2.94E-03 9.58E-03
0.2413322 0.16753 1.048E+07  4.805E+401 6.564E+16 0.85413 0.66325 2.51E-04 1.39E-03 2.49E-03 9.58E-03
0.2524068 0.17136 1.035E+07  4.635E4+01 6.268E+16 0.86739 0.66697 2.76E-04 1.69E-03 2.09E-03 9.58E-03
0.2634692 0.17516 1.021E4+07  4.473E401 5.985E+16 0.87954 0.67040 3.03E-04 1.95E-03 1.79E-03  9.58E-03
0.2745100 0.17892 1.008E+07  4.316E+4+01 5.7156E+4+16 0.89066 0.67365 3.33E-04 2.17E-03 1.56E-03 9.58E-03
0.2855205 0.182656 9.954E+4+06  4.166E+01 5.456E+16 0.90083 0.67644 3.65E-04 2.36E-03 1.40E-03 9.58E-03
0.2964924 0.18634 9.829E+06  4.021E+4+01 5.210E+16 0.91012 0.67911 4.00E-04 2.51E-03 1.29E-03 9.58E-03
0.3074180 0.19001 9.706E+06  3.881E4+01 4.975E+16 0.91860 0.68156 4.38E-04 2.63E-03 1.22E-03 9.58E-03
0.3182904 0.19364 9.587E-+08  3.746E4+01 4.750E+16 0.92634 0.68380 4.80E-04 2.72E-03 1.18E-03 9.58E-03
0.3291030 0.197256 9.469E408 3.616E+01 4.536E+16 0.93339 0.68587 5.24E-04 2.80E-03 1.15E-03 9.68E-03
0.3398496 0.20083 9.355E+06  3.491E+4+01 4.331E+16 0.93981 0.68776 5.73E-04 2.85E-03 1.14E-03 9.58E-03
0.3505247 0.20439 9.242E+06  3.370E4+01 4.136E+4+16 0.94565 0.68950 6.26E-04 2.90E-03 1.13E-03 9.58E-03
0.3611230 0.20792 9.132E4+068  3.253E+401 3.949E+16 0.95097 0.69110 6.83E-04 2.93E-03 1.12E-03 9.58E-03
0.3716399  0.21143 9.025E+406 3.140E4+01 3.771E+16 0.95581 0.69256 7.46E-04 2.96E-03 1.12E-03 9.58E-03
0.3820709 0.21492 8.919E+06  3.032E+01 3.600E+16 0.96021 0.69390 8.13E-04 2.98E-03 1.11E-03 9.58E-03
0.3924120 0.21839 8.816E-+406 2.926E4+01 3.438E+16 0.96420 0.69513 8.87E-04 2.99E-03 1.11E-03 9.58E-03
0.4026596 0.22184 8.714E+406 2.826E4+01 3.283E+16 0.96783 0.69625 9.67E-04 3.00E-03 1.11E-03 9.58E-03
0.4128105 0.22528 8.615E+4086 2.727E+01 3.135E+416 0.97113 0.69728 1.05E-03 3.01E-03 1.11E-03 9.58E-03
0.4228615 0.22869 8.518E+4086 2.632E+01 2.993E+16 0.97413 0.69822 1.15E-03 3.02E-03 1.11E-03 9.58E-03
0.4328100 0.23209 8.422E+406 2.540E4+01 2.858E+16 0.97685 0.69907 1.26E-03 3.02E-03 1.11E-03 9.58E-03
0.4426536  0.23548  8.329E-+06 2.452E4+01 2.729E+16 0.97932 0.69985 1.36E-03 3.03E-03 1.11E-03 9.58E-03
0.4523900 0.23885 8.237E+086 2.367E+4+01  2.606E+16 0.98156 0.70056 1.48E-03 3.03E-03 1.11E-03 9.58E-03
0.4620175  0.24221 8.147E406 2.284E4+01 2.489E+4+16 0.98360 0.70121 1.62E-03 3.03E-03 1.11E-03 9.58E-03
0.4715341  0.24556 8.058E-+406 2.204E+4+01 2.376E+16 0.98545 0.70179 1.76E-03 3.03E-03 1.11E-03 9.58E-03
0.4809386 0.24888 7.971E+086 2.127E401  2.269E+16 0.98713 0.70232 1.92E-03 3.04E-03 1.11E-03 9.58E-03
0.4902295 0.25221 7.886E-+06 2.053E4+01 2.167E+16 0.98866 0.70280 2.09E-03 3.04E-03 1.11E-03 9.58E-03
0.4994059 0.25552  7.802E+406 1.981E4+01 2.069E+16 0.99006 0.70323 2.28E-03 3.04E-03 1.11E-03 9.58E-03
0.5084687 0.25882 7.720E406 1.912E401 1.976E+416 0.99131 0.70361 2.47E-03 3.04E-03 1.11E-03 9.58E-03
0.5174112 0.26212 7.639E+06 1.844E4+01 1.887E+16 0.99245 0.70396 2.67E-03 3.04E-03 1.11E-03 9.58E-03
0.5262388 0.26540 7.559E-+06 1.780E401 1.801E416 0.99348 0.70427 2.87E-03 3.04E-03 1.11E-03 9.58E-03
0.5349491 0.26868  7.481E+06 1.717E401  1.720E4+16 0.99439 0.70456 3.04E-03 3.04E-03 1.11E-03 9.58E-03
0.5435417 0.27195 7.404E4-06 1.656E401 1.643E+4+16 0.99518 0.70484 3.17E-03 3.04E-03 1.11E-03 9.58E-03
0.5520165  0.27521  7.328E4-06 1.598E+401 1.569E+16 0.99588 0.70510 3.26E-03 3.04E-03 1,11E-03 9.58E-03
0.5603735  0.27847 7.254E406 1.541E401 1.498E+16 0.99647 0.70536 3.29E-03 3.04E-03 1.11E-03 9.58E-03
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TABLE XV—continued

M/Mg R/Re T p P L/Le X(*H) X(®°He) X(*?C) X(*N) X('°*0)
0.5686126 0.28173 7.181E+406 1.487E+01  1.430E+16 0.99697 0.70561 3.27E-03 3.04E-03 1.11E-03 9.58E-03
0.5767340 0.28498 7.109E+406 1.434E401 1.366E+16 0.99739 0.70586 3.21E-03 3.04E-03 1.11E-03 9.58E-03
0.5847380 0.28822 7.038E-+406 1.383E+4+01 1.304E+16 0.99774 0.70610 3.11E-03 3.04E-03 1.11E-03 9.58E-03
0.5926251 0.29147 6.968E+06 1.334E+401  1.245E4+16 0.99804 0.70634 2.97E-03 3.04E-03 1.11E-03 9.58E-03
0.6003955 0.29471  6.899E-+08 1.286E401 1.189E+16 0.99829 0.70657 2.82E-03 3.04E-03 1.11E-03 9.58E-03
0.6080499 0.29794 6.831E+06 1.240E401 1.136E+16 0.99850 0.70678 2.65E-03 3.04E-03 1.11E-03 9.58E-03
0.6155887 0.30118 6.764E+406 1.196E4+01 1.084E+16 0.99869 0.70699 2.49E-03 3.04E-03 1.11E-03 9.58E-03
0.6230128 0.30441 6.699E406 1.153E401 1.035E+16 0.99885 0.70718 2.32E-03 3.04E-03 1.11E-03 9.58E-03
0.6303227 0.30765 6.634E+06 1.112E401 9.888E+15 0.99899 0.70736 2.16E-03 3.04E-03 1.11E-03 9.58E-03
0.6375193 0.31088 6.570E-+06 1.072E401 9.442E+15 0.99911 0.70763 2.00E-03 3.04E-03 1.11E-03 9.58E-03
0.6446033 0.31411 6.507E+406 1.034E+401 9.016E+15 0.99922 0.70768 1.86E-03 3.04E-03 1.11E-03 9.68E-03
0.6684372 0.32068 6.383E+06  9.608E400 8.221E4+15 0.99940 0.70796 1.59E-03 3.04E-03 1.11E-03 9.58E-03
0.6718318 0.32705 6.263E--06 8.929E+00 7.497E+415 0.99954 0.70819 1.36E-03 3.04E-03 1.11E-03 9.58E-03
0.6847950 0.33352 6.146E+06  8.297E+4+00 6.836E+15 0.99966 0.70839 1.16E-03 3.04E-03 1.11E-03 9.58E-03
0.6973350 0.34001  6.032E+06 7.709E+400 6.233E+15 0.99975 0.70855 9.97E-04 3.04E-03 1.11E-03 9.58E-03
0.7034491 0.34326 5.976E+4-06 7.430E+00 5.952E+15 0.99979 0.70863 9.24E-04 3.04E-03 1.11E-03 9.58E-03
0.7094607 0.34651 5.921E+06 7.161E400 5.684E+15 0.99982 0.70870 8.56E-04 3.04E-03 1.11E-03 9.58E-03
0.7153709 0.34976 5.866E+06 6.902E4+00 5.428E+4+15 0.99985 0.70876 7.94E-04 3.04E-03 1.11E-03 9.58E-03
0.7211809 0.35302 5.812E+06  6.652E4+00 5.183E+15 0.99988 0.70882 7.37E-04 3.04E-03 1.11E-03 9.58E-03
0.7268918 0.35628 5.759E+06  6.411E4+00 4.949E+15 0.99980 0.70887 6.85E-04 3.04E-03 1.11E-03 9.58E-03
0.7380213 0.36282 5.854E+06 5.954E+00 4.513E+15 0.99994 0.70896 5.92E-04 3.04E-03 1.11E-03 9.58E-03
0.7487687 0.36937 5.552E+4086 5.530E4+00 4.115E+415 0.99997 0.70904 5.14E-04 3.04E-03 1.11E-03 9.58E-03
0.7591436 0.37595 5.452E406 5.135E4+00 3.753E+4+15 1.00000 0.70910 4.49E-04 3.04E-03 1.11E-03 9.58E-03
0.7691557 0.38255 5.3556E+06  4.767E+00 3.422E+15 1.00002 0.70916 3.93E-04 3.04E-03 1.11E-03 9.58E-03
0.7788146 0.38917 5.260E+06  4.426E400 3.120E+15 1.00003 0.70921 3.47E-04 3.04E-03 1.11E-03 9.58E-03
0.7881298 0.39583 5.166E4-06 4.109E+00 2.845E+15 1.00004 0.70925 3.07E-04 3.04E-03 1.11E-03 9.58E-03
0.7971111  0.40251 5.075E+06 3.814E+00 2.595E+4+15 1.00005 0.70928 2.74E-04 3.04E-03 1.11E-03 9.58E-03
0.8057678 0.40921 4.986E+06 3.540E+00 2.366E+15 1.00006 0.70931 2.46E-04 3.04E-03 1.11E-03 9.58E-03
0.8141093 0.41595 4.899E-406 3.286E4+00 2.158E+415 1.00006 0.70933 2.23E-04 3.04E-03 1.11E-03 9.58E-03
0.8221450 0.42272 4.813E+086 3.050E+00 1.967E+15 1.00006 0.70935 2.03E-04 3.04E-03 1.11E-03 9.58E-03
0.8298841  0.42953 4.729E-+06 2.830E+00 1.794E+15 1.00008 0.70937 1.87E-04 3.04E-03 1.11E-03 9.58E-03
0.8373354 0.43637 4.647E+06 2.627E4+00 1.636E+415 1.00006 0.70938 1.73E-04 3.04E-03 1.11E-03 9.58E-03
0.8445080 0.44324 4.566E+406 2.438E+00 1.492E+15 1.00006 0.70939 1.61E-04 3.04E-03 1.11E-03 9.58E-03
0.8514104 0.45015 4.487E-406 2.262E4+00 1.360E+15 1.00006 0.70940 1.561E-04 3.04E-03 1.11E-03 9.58E-03
0.8580512 0.45710 4.409E+08 2.099E+4+00 1.240E+415 1.00008 0.70941 1.43E-04 3.04E-03 1.11E-03 9.58E-03
0.8644388  0.46408 4.332E+06 1.948E+00 1.131E+15 1.000086 0.70942 1.36E-04 3.04E-03 1.11E-03 9.58E-03
0.8705812  0.47111  4.257E+06 1.808E+00 1.032E+15  1.00006 0.70942 1.30E-04 3.04E-03 1.11E-03 9.58E-03
0.8764866 0.47817 4.184E406 1.677TE+00 9.406E+14 1.00006 0.70943 1.25E-04 3.04E-03 1.11E-03 9.58E-03
0.8821626 0.48527 4.111E+406 1.556E4+00 8.577E+14 1.00005 0.70943 1.21E-04 3.04E-03 1.11E-03 9.58E-03
0.8876169 0.49241  4.040E-+06 1.444E4+00 7.822E+14 1.00005 0.70944 1.17E-04 3.04E-03 1.11E-03 9.58E-03
0.8928567 0.49959 3.970E+406 1.340E+00 7.133E+14 1.00005 0.70944 1.15E-04 3.04E-03 1.11E-03 9.58E-03
0.8978895 0.50682 3.901E+406 1.244E4+00 6.504E+14 1.00005 0.70944 1.12E-04 3.04E-03 1.11E-03 9.58E-03
0.9027220 0.51408 3.833E-+406 1.1564E+4+00 5.931E+14 1.00004 0.70944 1.10E-04 3.04E-03 1.11E-03 9.58E-03
0.9073613 0.52138 3.766E+086 1.071E+4+00 5.408E+14 1.00004 0.70944 1.08E-04 3.04E-03 1.11E-03 9.58E-03
0.9118138 0.52872 3.700E+06 9.942E-01 4.932E+14 1.00004 0.70945 1.07E-04 3.04E-03 1.11E.03 9.58E-03
0.9160861 0.53610 3.635E+06 9.228E-01 4.497E+14 1.00004 0.70945 1.06E-04 3.04E-03 1.11E.03 9.58E-03
0.9201843 0.54352 3.571E+06 8.565E-01 4.101E+14 1.00004 0.70945 1.05E-04 3.04E-03 1.11E-03 9.58E-03
0.9241146 0.55098 3.507E+06 7.951E-01 3.740E+14 1.00003 0.70945 1.04E-04 3.04E-03 1.11E-03 9.58E-03
0.9278829 0.55848 3.445E+06 7.382E-01 3.410E+14 1.00003 0.70945 1.03E-04 3.04E-03 1.11E-03 9.58E-03
0.9314948 0.56601 3.383E+06 6.854E-01 3.110E+4+14 1.00003 0.70945 1.03E-04 3.04E-03 1.11E-03 9.58E-03
0.9349559 0.57359 3.322E+06 6.365E-01 2.836E+14 1.00003 0.70945 1.02E-04 3.04E-03 1.11E-03 9.58E-03
0.9382715 0.58119 3.261E+06 5.912E-01 2.586E+14 1.00003 0.70945 1.02E-04 3.04E-03 1.11E-03 9.58E-03
0.9414468 0.58883 3.201E+06 5.492E-01 2.358E+14 1.00003 0.70945 1.02E-04 3.04E-03 1.11E-03 9.58E-03
0.9444868 0.59650 3.142E+086 5.103E-01 2.150BE414 1.00002 0.70945 1.01E-04 3.04E-03 1.11E-03 9.58E-03
0.9473964 0.60420 3.083E-+06 4.742E-01 1.961E+14 1.00002 0.70945 1.01E-04 3.04E-03 1.11E-03 9.58E-03
0.9501802 0.61192 3.024E+406 4.408E-01 1.788E+14 1.00002 0.70946 1.01E-04 3.04E-03 1.11E-03 9.58E-03

Rev. Mod. Phys., Vol. 64, No. 4, October 1992



J. N. Bahcall and M. H. Pinsonneault: Solar models and neutrinos 915
TABLE XV-—continued

M/Mg R/Ro T P P L/Le X(*H) X(®He) X(*%0C) X(}N) X(*°0)
0.9528429 0.61967 2.965E+406 4.099E-01 1.631E4+14 1.00002 0.70945 1.01E-04 3.04E-03 1.11E-03 9.58E-03
0.9553886  0.62744 2.907E406 3.813E-01 = 1.487E+14 1.00002 0.70945 1.01E-04 3.04E-03 1.11E-03 9.58E-03
0.9578218 0.63522  2.849E+406 3.548E-01 1.356E+14 1.00002 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9601464 0.64302 2.791E-406 3.303E-01  1.237E+414 1.00002 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9623663 0.65083  2.732E+406 3.076E-01 1.128E+414 1.00002 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9644854 0.65864 2.674E+06 2.866E-01 1.028E+14 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9665073 0.66645 2.615E+406 2.673E-01 9.377E+13  1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.568E-03
0.9684355 0.67424 2.5665E+406 2.494E-01 8.560E4+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9702734 0.68202  2.494E+406 2.330E-01 7.797E+13 1.00001 0.709456 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9711595 0.68690 2.464E+06 2.2563E-01 7.446E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9736910 0.69747 2.369E-+06 2.041E-01 6.484E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9750056 0.70379  2.314E+406 1.936E-01 6.009E+13  1.00001 0.70945 = 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9755795  0.70662  2.289E-+06 1.891E-01 5.806E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9761427 0.70944  2.263E4-06 1.848E-01 5.611E+413 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9766954 0.71225  2.237E+406 1.807E-01 5.422E+413 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9772376 0.71504  2.210E406 1.768E-01 5.239E+13  1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9777694 0.71782  2.183E+406 1.730E-01 5.063E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9782911  0.72058  2.1564E+406 1.694E-01 4.893E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9788076 0.72336 2.125E+4+06 1.659E-01 4.726E+413  1.00001 0.70946 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9793140 0.72611  2.096E+406 1.626E-01 4.566E+413 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9798104 0.72885  2.067E-+06 1.5692E-01 4.410E4+13  1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9802969 0.73156  2.039E+406 1.5569E-01 4.261E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9807736 0.73426 2.011E406 1.5627E-01 4.116E4+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9812407 0.73694 1.984E+-06 1.496E-01 3.976E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9821463  0.74224 1.930E+406 1.435E-01 3.710E+13 1.00001 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9838476  0.75262 1.827E+06 1.321E-01 3.231E+13  1.00001 0.709456 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9854092 0.76269 1.730E+406 1.215E-01  2.814E+13 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9868395 0.77245 1.637E+406 1.119E-01  2.450E+13 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9881467 0.78191  1.550E-406 1.030E-01  2.134E+13 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9893391  0.79106 1.467E+406 9.477TE-02 1.858E+13 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9904246 0.79991  1.389E-406 8.722E-02 1.618E+13 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9914109 0.80845 1.315E406 8.028E-02 1.409E+13 1.00000 0.70945 = 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9923054 0.81670 1.244E+406 7.389E-02  1.227E+13  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9931153  0.82465 1.178E406 6.801E-02 1.069E+13 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9938472 0.83232 1.115E406 6.260E-02 9.310E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9945076  0.83969 1.056E4-06 5.762E-02 8.108E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9951025  0.84679 9.995E+405 5.304E-02 7.061E+412 1.00000 0.70945 - 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9956376 0.85361 9.462E-405 4.882E-02 6.149E+12  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9961182  0.86016 8.958E4-05 4.494E-02  5.356E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9965492 0.86645 8.480E405 4.136E-02 4.664E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9969353 0.87249 8.029E-405 3.807E-02 4.062E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9972807 0.87827 7.601E405 3.504E-02 3.538E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9975892 0.88382  7.196E-+405 3.225E-02 3.081E412 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9978645 0.88913 6.813E405 2.967E-02 2.683E412 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9981098  0.89421  6.450E4-05 2.730E-02 2.337E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9983283 0.89908 6.106E+05 2.5612E-02 2.035E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.568E-03
0.9985226 0.90373  5.780E-+405 2.311E-02 1.773E+12 1.00000 0.70946 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9986952 0.90818 5.472E4-05 2.126E-02 1.5644E+12  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9988484 0.91243  5.180E-4-05 1.955E-02  1.345E+12  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9989843  0.91649  4.904E4-05 1.798E-02 1.171E+12 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9992112  0.92408  4.394E+405 1.5621E-02 8.883E+11  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9993889  0.93098 3.938E405 1.287E-02 6.738E+11  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03  9.58E-03
0.9995274 0.93726 3.530E-+05 1.090E-02 5.111E+11 1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
0.9996353 0.94295 3.165E-+405 9.227E-03  3.877E411  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03  9.58E-03
0.9997095 0.94749  2.878E+05 7.978E-03  3.045E+11  1.00000 0.70945 1.00E-04 3.04E-03 1.11E-03 9.58E-03
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TABLE XVI
STANDARD SOLAR MODEL WITH HE DIFFUSION

M/Mg R/Rg T P 2 L/Le X('H) X(®He)  X(}2C) X(#N)  X(*¢0)
0.0000298 0.00648 1.567E-+07 1.542E+402 2.365E+17 0.00026 0.34279 7.99E-06 2.14E-05 5.30E-03 9.34E-03
0.0000431 0.00733 1.567E+07 1.541E402 2.363E+17 0.00038 0.34316 8.02E-06 2.14E-05 5.30E-03 9.34E-03
0.0000622 0.00829 1.566E+07 1.539E+4+02 2.361E+17 0.00055 0.34364 8.05E-06 2.14E-05 5.30E-03 9.34E-03
0.0000899 0.00937 1.566E+407 1.636E+4+02 2.358E+17 0.00079 0.34425 8.10E-06 2.13E-05 5.29E-03 9.35E-03
0.0001300 0.01060 1.565E4-07 1.633E+4+02 2.354E4+17 0.00115 0.34503 8.16E-06 2.13E-05 5.29F-03 9.36E-03
0.0001563 0.01127 1.564E+07 1.532E+4+02 2.351E+17 0.00138 0.34550 8.19E-06 2.12E-05 5.28E-03 9.36E-03
0.0001879 0.01199 1.564E407 1.530E402 2.349E+17 0.00165 0.34603 8.23E-06 2.12E-05 5.288-03 9.36E-03
0.0002259 0.01275 1.563E+407 1.527E+02  2.346E+17 0.00199 0.34662 8.28E-06  2.12E-05 5.28E-03 9.37E-03
0.0002716 0.01356 1.562E+07 1.625E+402 2.342E+17 0.00239 0.34730 8.33E-06 2.11E-06 5.27E-03 9.37E-03
0.00032668 0.01443 1.561E+407 1.522E+402 2.339E+17 0.00287 0.34808 8.39E-06 * 2.11E-06 5.27E-03 9.38E-03
0.0003926 0.01535 1.561E+407 1.5619E402 2.334E+417 0.00344 0.34892 8.45E-06 2.11E-05 5.26E-03 9.38E-03
0.0004721 0.01633 1.569E+407 1.5615E402 2.329E+17 0.00413 0.34989 8.53E-06 = 2.10E-05 5.26E-03 9.39E-03
0.0005675 0.01737 1.558E+07 1.5611E402 2.324E+417 0.00496 0.35099 8.61E-06 2.10E-05 5.25E-063  9.40E-03
0.0006823 0.01848 1.557E4-07 1.506E+4+02 2.318E+17 0.00595 0.35223 8.71E-06 2.09E-05 5.24E-03 9.41E-03
0.0008204 0.01967 1.5565E407 1.501E402 2.311E+417 0.00714 0.35362 8.82E-06 2.08E-05 5.24E-03 9.42E-03
0.0009863  0.02093  1.554E+407 1.495E402 2.303E+417 0.00856 0.35519 8.95E-06 2.07E-05 5.23E-03 9.43E-03
0.0011858 0.02228 1.552E+407 1.488E+402 ~ 2.294E+17 0.01027 0.35696 9.10E-06 2.06E-05 5.22E-03 9.44E-03
0.0014256 0.02371  1.549E+407 1.481E402 2.284E+17 0.01230 0.35896 9.26E-06 2.05E-05 5.20E-03 9.45E-03
0.0017140 0.02524 1.547TE+407 1.473E402  2.273E+417 0.01474 0.36121 9.45E-06 2.04E-05 5.19E-03 9.47E-03
0.0020608 0.02687 1.544E+07 1.463E402 2.260E+17 0.01765 0.36374 9.67E-06 2.03E-05 5.18E-03 9.48E-03
0.0024774 0.02862 1.541E407 1.453E+4+02  2.246E+17 0.02112 0.36659 9.92E-06 2.01E-05 5.16E-03 9.50E-03
0.0029785 0.03048 1.537E+407 1.441E402 2.230E+417 0.02526 0.36978 = 1.02E-05 2.00E-05 5.15E-03 9.52E-03
0.0032659 0.03146 1.535E+407 1.435E402 2.221E+417 0.02762 0.37153 1.04E-05 1.99E-05 5.14E-03 9.53E-03
0.0035810 0.03247 1.533E+407 1.428E402 2.212E+417 0.03020 0.37338 1.06E-056 1.98E-05 5.13E-03 9.54E-03
0.0039265 0.03352 1.531E+07 1.421E+4+02  2.202E+17 0.03300 0.37533 1.07E-05 1.97E-05 5.12E-03 9.55E-03
0.0043053 0.03460 1.529E+407 1.414E+402 2.192E+4+17 0.03606 0.37741 1.09E-05 1.96E-05 5.11E-03 9.56E-03
0.0047206 0.03572 1.526E+07 1.406E+402 2.181E+4+17 0.03940 0.37960 - 1.11E-06 1.95E-05 5.10E-03 9.57E-03
0.0051761 0.03688 1.524E+4-07 1.397E+4+02 2.169E+17 0.04303 0.38193 1.14E-05 1.94E-05 5.09E-03 9.58E-03
0.0056754 0.03808 1.521E407 1.389E+4+02 2.157E+17 0.04699 0.38438 1.16E-05 1.93E-05 5.08E-03 9.59E-03
0.0062230 0.03932 1.518E407 1.379E+4+02  2.144E+17 0.05130 0.38698 1.19E-05 1.92E-05 5.07E-03 9.61E-03
0.0068234 0.04060 1.515E407 1.370E+4+02 2.130E+17 0.05598 0.38973 1.22E-05 1.91E-05 5.06E-03 9.62E-03
0.0074817 0.04193 1.511E407 1.359E4+02 2.115E+417 0.06108 0.39264 1.25E-05 1.90E-05 5.05E-03 9.63E-03
0.0082035 0.04331 1.508E+407 1.349E+4+02 2.100E+17 0.06662 0.39571 1.28E-05 1.88E-05 5.04E-03 9.65E-03
0.0089950 0.04474 1.504E407 1.337E+4+02  2.084E+17 0.07263 0.39895 1.32E-05 1.87E-05 5.03E-03 9.66E-03
0.0098628 0.04622 1.500E+407 1.325E402 ' 2.067TE+4+17 0.07916 0.40238 1.36E-05 1.86E-05 5.02E-03 9.67E-03
0.0108143  0.04775  1.495E+407 1.313E+4+02  2.049E417 0.08625 0.40599 1.40E-05 1.84E-05 5.00E-03 9.68E-03
0.0118577 0.04934 1.491E+07 1.300E+402 2.030E+17 0.09392 0.40980 1.45E-05 1.82E-05 4.99E-03 9.70E-03
0.0130017 0.05100 1.486E+07 1.286E+402  2.009E+17 0.10224 0.41381 1.50E-05 1.81E-05 4.98E-03 9.71E-03
0.0142561 0.05271 1.481E407 1.272E402  1.988E+17 0.11124 0.41804 1.55E-06 1.79E-05 4.97E-03 9.72E-03
0.0156315  0.05449 1.476E+07 1.267TE+02 1.966E+17  0.12097 0.42250 1.61E-05 1.78E-05 4.96E-03 9.74E-03
0.0171396 0.05633 1.470E+407 1.241E402 1.943E+17 0.13148 0.42718 1.68E-06 1.76E-05 4.95E-03 9.75E-03
0.0187932 0.05825 1.464E+07 1.224E402 1.918E+17 0.14283 0.43211 1.75BE-05 1.74E-05 4.94E-03 9.76E-03
0.0206063 0.06025 1.457E407 1.207E+02 1.892E+17 0.15505 0.43728 1.83E-056 1.72E-05 4.93E-03 9.78E-03
0.0225944 0.06232 1.450E4-07 1.189E+4+02 1.865E+17 0.16821 0.44271 1.91E-05 1.70E-05 4.92E-03 9.79E-03
0.0247742 0.06448 1.443E407 1.171E+4+02 1.836E+17 0.18237 0.44841 2.01E-05 1.68E-05 4.91E-03 9.80E-03
0.0271644 0.06673 1.435E+407 1.151E+02 1.806E+17 0.19756 0.45437 2.11E-05 1.66E-05 4.90E-03 9.81E-03
0.0297852 0.06907 1.427E+407 1.131E+02 1.775E+17 0.21385 0.46062 2.23E-05 1.64E-05 4.89E-03 9.82E-03
0.0326588 0.07151 1.419E-+407 1.110E402 1.742E+17 0.23128 0.46714 2.36E-05 1.61E-05 4.88E-03 9.83E-03
0.0358097 0.07405 1.410E+07 1.088E+02 1.707E+17 0.24991 0.47395 2.51E-06 1.59E-05 4.87E-03 9.84E-03
0.0392645 0.07670 1.400E4-07 1.066E+4+02 1.671E+17 0.26976 = 0.48105 2.67E-05 1.57E-05 4.87E-03 9.85E-03
0.0428469 0.07932  1.390E407 1.044E+02 1.636E+17 0.28976 0.48805 2.84E-05 1.54E-06 4.86E-03 9.85E.03
0.0465377 0.08190 1.381E+07 1.022E+02 1.601E+17 0.30976  0.49491 3.02E-05 1.52E-05 4.86E-03 9.86E-03
0.0503418 0.08445 1.371E407 1.001E+4+02 1.566E+17 0.32976 0.50164 3.20E-05 1.49E-05 4.85E-03 9.87E-03
0.0542649 0.08699 1.361E+407 9.808E4+01 1.532E+417 0.34976 0.50827 3.40E-05 1.47E-05 4.85B-03 9.87E-03
0.0583130 0.08950 1.352E+407 9.605E+401 1.499E+17 - 0.36976 0.51479 3.62E-05 1.45E-05 4.84E-03 = 9.87E-03
0.0624930 0.09201  1.342E+407 9.406E+01 1.465E+17 0.38976 0.52122 3.84E-05 1.43E-05 4.84E-03 9.88E-03
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TABLE XVI—continued

M/Mp R/Rg T P P L/Le X(*H) X(®He)  X(*?C)  X(*N) X(*°0)
0.0668124 0.09451 1.332E407  9.210E401  1.432E+17  0.40977 0.52756 4.08E-05 1.40E-05 4.84E-03 9.88E-03
0.0712795 0.09702 1.322E407  9.017E+01  1.400E+17  0.42977 0.53383 4.34E-05 1.38E-06 4.84E-03 9.88E-03
0.0759036 0.09954 1.313E407  8.826E4+01  1.367E+17 0.44978 0.54002 4.61E-056 1.36E-06 4.84E-03 9.88E-03
0.0806953 0.10208 1.303E+07  8.637E401  1.334E+17 0.46979 0.54615 4.90E-05 1.34E-05 4.83E-03 9.89E-03
0.0856661 0.10464 1.292E+07  8.449E+01 1.302E+17 0.48980 0.56221 5.22E-05 1.31E-05 4.83E.03 9.89E-03
0.0908289 0.10723 1.282E+407  8.263E+01 1.270E+17 0.50981 0.56822 5.66E-06 1.29E.05 4.83E-03 9.89E-03
0.0961984 0.10985 1.272E407  8.077E4+01 1.237E417 0.52982 = 0.56418 5.93E-05 ' 1.27E-056 4.83E-03 9.89E-03
0.1017912 0.11251  1.261E+407 7.892E4+01 1.206E+17 0.54983 0.57009 .6.33E-06 ~ 1.26E-06 4.83E-03 9.89E-03
0.1076259 0.11522  1.260E407 7.707TE401 1.172E+17 0.56985 0.57596 6.76E-06 1.22E-06 4.83E-03 9.89E-03
0.1137238 0.11798 1.239E407  7.522E+01 1.140E+17 0.58986 0.58180 7.23E-056 1.20E-06 4.83E-03 9.89E-03
0.1201094 0.12082 1.228E+4+07  7.337TE+01  1.107E+17  0.60988. 0.58760 7.76E-06 1.17E-05 4.83E-03 9.89E-03
0.1268110 0.12372 1.217E407  7.151E+01 1.074E+17 0.62989 0.59337 8.33E-05 - 1.15E-05 4.83E-03  9.89E-03
0.1338614 0.12672 1.205E4+07  6.963E+01  1.040E4+17 0.64991 0.59912 8.97E-05 '1.13E-05 4.83E-03 9.89E-03
0.1412988 0.12981 1.193E+07  6.774E+01  1.006E+17 0.66993 0.60485 9.68E-05 1.11E-05 4.83E-03 9.89E-03
0.1491686 0.13301 1.180E4+07  6.583E+01 9.719E+16 0.68995 0.61056 1.05E-04 1.15E-06 4.83E-03 9.89E-03
0.1575242 0.13635 1.167E407  6.388E+01  9.370E+16 0.70996 0.61626 1.14E-04 1.43E-06 4.83E-03 9.90E-03
0.1664296 0.13984 1.154E+4+07  6.190E+01 9.015E+16  0.72998 0.62196 1.24E-04 2.47E-05 4.81E-03  9.90E-03
0.1759612 0.14350 1.140E+07 5.988E+4+01 8.652E+16  0.74999 0.62766 1.36E-04 5.53E-05 4.76E-03 9.90E-03
0.1862118 0.14737 1.126E407  5.780E+01 8.281E+16 0.77001 0.63336 1.50E-04 1,29E-04 4.64E-03 9.90E-03
0.1970741 0.15140 1.109E+407 5.571E401 7.906E+16 0.78963 0.63897 1.65E-04 2.71E-04 4.40E-03  9.90E-03
0.2079824 0.15538 1.096E+07  5.370E+01 7.549E+16 0.80782 0.64419 1.82E-04 4.85E-04 4.05E-03  9.90E-03
0.2189238 0.15932 1.080E+407 5.177TE+4+01  7.208E+16 0.82465 0.64904 2.01E-04 . 7.61E-04 3.60E-03 9.90E-03
0.2298863 0.16321 1.066E+07  4.993E+01 = 6.882E+16 0.84018 0.65356 2.21E-04 1.07E-03 3.11E-03  9.90E-03
0.2408586 0.16707 1.052E+07  4.8156E+01 6.571E+16  0.85449 0.65774 2.44E-04 1.39E-03 2.64E-03 9.90E-03
0.2518303 0.17088 1.038E+07  4.645E+01  6.274E+16  0.86764 0.66162 2.68E-04 1.70E-03  2.22E-03  9.90E-03
0.2627914 0.17466 1.025E4+07  4.481E+01 5.991E+16 0.87970 0.66521  2.94E-04 1.97E-03 1.89E-03 9.90E-03
0.2737327 0.17841 1.012E407 4.324E401 5.720E+16 0.89076 ~ 0.66852 3.23E-04 2.21E-03 1.64E-03 -9.90E-03
0.2846456 0.18212 9.987E4-06 4.172E+01 5.462E+16 0.90086 0.67157 3.54E-04 2.41E-03 1.47E-03 9.90E-03
0.2055221 0.18581 9.862E+06  4.026E+01 5.215E+16 0.91010 0.67439  3.88E-04 2.57E-03 1.35E-03 9.90E-03
0.3063546 0.18948 9.739E+06  3.886E+01 4.980E+16 0.91854 0.67698 4.25E-04 2.70E-03 1.28E-03 9.90E-03
0.3171361 0.19309 9.619E+06  3.750E+01 4.7556E+16  0.92624 0.67938 4.65E-04 2.80E-03 1.23E-03 9.90E-03
0.3278602 0.19669 9.502E4-06 3.620E+4+01 4.540E+18 0.93326 0.68159 5.09E-04 2.88E-03 1.20E-03 9.90E-03
0.3385209 0.20026 9.387E+08 3.494E4+01 4.335E+16 0.93966 0.68362 5.56E-04 2.94E-03 1.18E-03  9.90E-03
0.3491125 0.20381 9.274E4-06 3.372E4+01 4.139E+16 0.94549 0.88550 6.08E-04 2.99E-03 1.17E-03  9.90E-03
0.3596300 0.20734 9.164E+06  3.255E+01 3.952E+16 0.95080 0.68723 6.63E-04 3.02E-03 1.16E-03 9.90E-03
0.3700686 0.21085 9.056E4+068  3.142E+01 3.774E+16  0.95563 0.68882 7.24E-04 3.06E-03 1.15E-03 9.90E-03
0.3804240 0.21433 8.950E+4-06 3.032E4+01 3.604E+16 0.96002 0.69029 7.89E-04 3.07E-03 1.15E-03 9.90E-03
0.3906921 0.21780 8.846E--08 2.927E4+01  3.441E+16 0.96402 0.69164 8.61E-04 3.09E-03 1.15E-03  9.90E-03
04008695 0.22125  8.745E-+06 2.8256E4+01 3.286E+16 0.96765 0.69289 9.38E-04 3.10E-03 1.15E-03 9.90E-03
0.4109526 0.22468 8.645E+08 2.727E401 3.137E+16  0.97094 0.69404 ' 1.02E-03 3.11E-03 1.15E-03 9.90E-03
0.4209387 0.22810 8.548E+406 2.631E4+01 2.996E+16  0.97394 0.69510 1.11E-03 3.12E-03 1.156E-03 9.90E-03
0.4308248 0.23160 8.452E+406 2.540E+01 2.861E+16 0.97667 0.69607 1.21E-03 3.12E-03 1.15E-03 9.90E-03
0.4406087 0.23489 8.358E+-06 2.451E+4+01 2.731E+16 0.97914 0.69697 1.32E-03 3.13E-03 1.14E-03 9.90E-03
0.4502880 0.23826 8.266E+4-06 2.365E+4+01 - 2.608E+16 0.98139 0.69779  1.44E-03 3.13E-03 1.14E-03 9.90E-03
0.4598609 0.24162 8.176E+406 2.283E+01  2.490E+16 0.98343  0.69855 1.57E-03 3.13E-03 1.14E-03 9.90E-03
0.4693256 0.24497 8.087E+06 2.203E+4+01 2.378E+16 0.98529 0.69924 1.71E-03 3.14BE-03 1.14E-03 9.90E-03
0.4786806 0.24831 8.000E+406 2.125E401 2.271E+16 0.98697 0.69988 - 1.86E-03 3.14E-03 1.14E-03 9.90E-03
0.4879245 0.25164 T7.914E406 2.051E4+01 2.168E+16 0.98851 0.70046 2.03E-03 3.14E-03 1.14E-03 9.90E-03
0.4970564 0.25496  7.830E406 1.979E+4+01 2.071E+16 0.98990 0.70099 2.21E-03 3.14E-03 1.14E-03 9.90E-03
0.5060751  0.25827  7.748E-+406 1.909E401 1.977E+16  0.99117 0.70147 2.40E-03 3.14E-03 1.14E-03 9.90E-03
0.5149799 0.28157 7.667E+406 1.842E+4+01 1.888E+16 0.99232 0.70191 2.60E-03 3.14E-03 1.14E-03 9.90E-03
0.5237701 0.26486 7.587TE-+06 1.777E401 1.803E+16  0.99335 0.70231 2.79E-03 3.14E-03 1.14E-03  9.90E-03
0.5324453 0.26815  7.508E-+06 1.714E4+01 1.721E+16 - 0.99427 0.70268 2.97E-03 3.14E-03 1.14E-03  9.90E-03
0.5410050 0.27143 7.431E+406 1.654E+01 1.644E+16 0.99508 0.70303 3.11E-03 3.14E-03 1.14E-03  9.90E-03
0.5494491 0.27470 7.355E+408 1.595E+4+01 1.570E+16 0.99579 0.70336 3.21E-03 3.14E-03 1.14E-03 9.90E-03
0.5577775  0.27797 7.281E+4086 1.539E+4+01 1.499E+416 0.99639 0.70368 3.26E-03 3.14E-03 1.14E-03  9.90E-03
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TABLE XVI-—continued

M/Mg R/Rg T P P L/Lg X(*H) X(®He) X(*20) X(**N) X(*¢0)
0.5659901 0.28124  7.207E+06 1.484E401 1.431E416 0.99690 0.70400 3.26E-03 3.14E-03 1.14E-03 9.90E-03
0.5740871 0.28450 7.135E+06 1.431E4+01 1.367E+16 0.99734 0.70431 3.21E-03 3.14E-03 1.14E-03 9.90E-03
0.5820687 0.28776 7.064E+06 1.380E+01 1.305E+16 0.99770 0.70462 3.12E-03 3.14E-03 1.14E-03 9.90E-03
0.5899351 0.29101  6.994E+4086 1.331E401 1.246E4+16 0.99801 0.70493 3.00E-03 3.14E-03 1.14E-03 9.90E-03
0.5976869 0.29426 6.926E+408 1.284E+401 1.190E4+16 0.99827 0.70523 2.85E-03 3.14E-03 1.14E-03 9.90E-03
0.6053244 0.29751 6.857E+06 1.238E4+01 1.136E4+16 0.99849 0.70553 2.69E-03 3.14E-03 1.14E-03 9.90E-03
0.6128482 0.30076 6.790E+08 1.193E401 1.085E416 0.99868 0.70581 2.53E-03 3.14E-03 1.14E-03 9.90E-03
0.6202589 0.30401 6.724E+-06 1.151E4+01 1.036E+416 0.99884 0.70608 2.36E-03 3.14E-03 1.14E-03 9.90E-03
0.6275572 0.30726 6.659E-+06 1.109E401 9.893E+15 0.99898 0.70635 2.20E-03 3.14E-03 1.14E-03 9.90E-03
0.6347438 0.310561 6.595E+06 1.070E4+01  9.447E+15 0.99911 0.70660 2.04E-03 3.14E-03 1.14E-03 9.90E-03
0.6418194 0.31376 6.531E+4-06 1.031E401 9.021E+415 0.99922 0.70684 1.89E-03 3.14E-03 1.14E-03 9.90E-03
0.6556412 0.32026 6.408E+06 9.582E4+00 8.226E+415 0.99940 0.70728 1.63E-03 3.14E-03 1.14E-03 9.90E-03
0.6690296 0.32676 6.287E+4-06 8.903E+00 7.501E+4+15 0.99955 0.70768 1.39E-03 3.14E-03 1.14E-03 9.90E-03
0.6819922 0.33327 6.169E+4-06 8.272E+00 6.839E+415 0.99966 0.70804 1.19E-03 3.14E-03 1.14E-03 9.90E-03
0.6945369 0.33980 6.055E+-06 7.684E4+00 6.236E+415 0.99976 0.70837 1.02E-03 3.14E-03 1.14E-03 9.90E-03
0.7008552  0.34307 5.999E+406 7.406E4+00 5.955E+15 0.99979 0.70853 9.48E-04 3.14E-03 1.14E-03 9.90E-03
0.7066722 0.34634 5.943E+406 7.138E+00 5.687E+15 0.99983 0.70868 8.79E-04 3.14E-03 1.14E-03 9.90E-03
0.7125890 0.34961 5.889E-+06 6.879E400 5.430E+15 0.99986 0.70882 8.16E-04 3.14E-03 1.14E-03 9.90E-03
0.7184067 0.35289  5.834E+4-06 6.629E+00 5.185E+15 0.99989 0.70896 7.57E-04 3.14E-03 1.14E-03 9.90E-03
0.7241265 0.35618 5.781E+06 6.389E4+00 4.951E+415 0.99991 0.70909 7.03E-04 3.14E-03 1.14E-03 9.90E-03
0.7352768 0.36276 5.676E+06 5.933E400 4.515E4+15 0.99995 0.70934 6.09E-04 3.14E-03 1.14E-03 9.90E-03
0.7460489 0.36937 5.573E-406 5.509E4+00 4.117E+415 0.99998 0.70958 5.29E-04 3.14E-03 1.14E-03 9.90E-03
0.7564523 0.37599  5.473E+4-06 5.114E400 3.754E+15 1.00001 0.70980 4.61E-04 3.14E-03 1.14E-03 9.90E-03
0.7664962 0.38265 5.375E+406 4.748E+00 3.423E+15 1.00003 0.71000 4.04E-04 3.14E-03 1.14E-03 9.90E-03
0.7761902 0.38933  5.280E+4-06 4.407E4+00 3.121E+415 1.00004 0.71020 = 3.56E-04 3.14E-03 1.14E-03 9.90E-03
0.7855434 0.39604 5.186E--06 4,091E4+00 2.846E+415 1.00005 0.71039 3.156E-04 3.14E-03 1.14E-03 9.90E-03
0.7945654 0.40278 5.095E+406 3.797E4+00 2.595E+415 1.00006 0.71058 2.81E-04 3.14E-03 1.14E-03 9.90E-03
0.8032653 0.40955 5.005E+06 3.524E4+00 2.367E+15  1.00007 0.71076 2.52E-04 3.14E-03 1.14E-03 9.90E-03
0.8116523 0.41635 4.917E+406 3.271E400 2.168E+15  1.00007 0.71093 2.28E-04 3.14E-03 1.14E-03 9.90E-03
0.8197356 0.42319 4.831E+406 3.035E4+00 1.968E+15  1.00007 0.71111 2.08E-04 3.14E-03 1.14E-03 9.90E-03
0.8275241 0.43007 4.747E+086 2.816E400 1.794E+15  1.00007 0.71128 1.90E-04 3.14E-03 1.14E-03 9.90E-03
0.8350266 0.43698 4.664E4-06 2.613E4+00 1.636E+15 1.00007 0.71145 1.76E-04 3.14E-03 1.14E-03 9.90E-03
0.8422518 0.44393  4.583E4-06 2.425E400 1.492E415 1.00007 0.71162 1.64E-04 3.14E-03 1.14E-03 9.90E-03
0.8492083 0.45091 4.503E+-06 2.250E4+00 1.361E+4+15 1.00007 0.71180 1.563E-04 3.14E-03 1.14E-03 9.90E-03
0.8550043 0.45794 4.425E+406 2.088E+00 1.241E415 1.00007 0.71197 1.45E-04 3.14E-03 1.14E-03 9.90E-03
0.8623482 0.46501  4.348E4-06 1.937E4+00 1.131E+415 1.00007 0.71214 1.38E-04 3.14E-03 1.14E-03 9.90E-03
0.8685478 0.47211 4.272E+406 1.797E400 1.032E4+15  1.00006 0.71232 1.31E-04 3.14E-03 1.14E-03 9.90E-03
0.8745111  0.47926 4.198E406 1.668E4+00 9.407E+14 1.00006 0.71250 1.26E-04 3.14E-03 1.14E-03 9.90E-03
0.8802457 0.48645 4.125E+-08 1.547E+00 8.578E+14 1.00006 0.71268 1.22E-04 3.14E-03 1.14E-03  9.90E-03
0.8857590 0.49369 4.053E+06 1.436E4+00 7.822E414 1.00006 0.71286 1.18E-04 3.14E-03 1.14E-03 9.90E-03
0.8910584 0.50096 3.983E-+06 1.332E400 7.133E+414 1.00005 0.71305 1.15E-04 3.14E-03 1.14E-03 9.90E-03
0.8961508 0.50828 3.913E+06 1.236E400 6.504E+14 1.00006 0.71323 1.13E-04 3.14E-03 1.14E-03 9.90E-03
0.9010433 0.51665 3.845E+06 1.147E4+00 5.931E+4+14 1.00006 0.71343 1.11E-04 3.14E-03 1.14E-03 9.90E-03
0.9057424 0.52305 3.777E+06 1.0656E400 5.408E+14 1.00006 0.71363 1.09E-04 3.14E-03 1.14E-03 9.90E-03
0.9102548 0.53050 3.711E+4-06 9.880E-01 4.932E+14 1.00004 0.71383 1.07E-04 3.14E-03 1.14E-03  9.90E-03
0.9145868 0.53799 3.645E-406 9.170E-01 4.497E+14 1.00004 0.71404 1.06E-04 3.14E-03 1.14E-03 9.90E-03
'0.9187446 0.54552 3.580E+4-06 8.511E-01 4.101E+14 1.00004 0.71425 1.05E-04 3.14E-03 1.14E-03 9.90E-03
0.9227341 0.55309 3.516E+406 7.901E-01 3.740E4+14 1.00004 0.71448 1.04E-04 3.14E-03 1.14E-03 9.90E-03
0.9265611 0.56070 3.453E+4-06 7.335E-01 3.410E+14 1.00004 0.71471 1.03E-04 3.14E-03 1.14E-03 9.90E-03
0.9302313 0.56836 3.390E+06 6.811E-01 3.109E+414 1.00003 0.71495 1.03E-04 3.14E-03 1.14E-03 9.90E-03
0.9337500 0.57605 3.328E+406 6.326E-01  2.835E+14 1.00003 0.71520 1.02E-04 3.14E-03 1.14E-03 9.90E-03
0.9371227 0.58377 3.266E+06 5.876E-01 2.586E+14 1.00003 0.71545 1.02E-04 3.14E-03 1.14E-03 9.90E-03
0.9403543 0.59153 3.206E+06 5.459E-01 2.358E414 1.00003 0.71573 1.02E-04 3.14E-03 1.14E-03 9.90E-03
0.9434498 0.59933 3.144E+08 5.073E-01  2.150E+14 1.00003 0.71601 1.01E-04 3.14E-03 1.14E-03 9.90E-03
0.9464140 0.60715 3.084E+06 4.715E-01 1.961E+14 1.00002 0.71632 1.01E-04 3.14E-03 1.14E-03 9.90E-03
0.9492514 0.61500 3.023E+406 4.385E-01 1.788E+14 1.00002 0.71665 1.01E-04 3.14E-03 1.14E-03 9.90E-03
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TABLE XVI—continued

M/Mg R/Ro T P P L/Le  X(*H)  X(®He)  X(*2C) X(N)  X('°0)
0.9519666  0.62287 2.963E-+06 4.078E-01  1.630E+14 1.00002 0.71703 1.01E-04 3.14E-03 1.14E-03 9.90E-03
0.9545639 0.63076 2.902E-+06 3.795E-01 1.487E+414 1.00002 0.71749 1.01E-04 3.14E-03 1.14E-03 9.90E-03
0.9570473 0.63867 2.842E408 3.533E-01 1.356E+14 1.00002 0.71808 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9594209 0.64659 2.781E+06 3.290E-01 1.236E+14 1.00002 0.71879 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9616886 0.65451 2.719E+406 3.066E-01 1.127E+414 1.00002 0.71975 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9638540 0.66243 2.657E+06 2.859F-01 1.028E+14  1.00002 0.72099 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9659208 0.67035 2.593E+406 2.668E-01 9.374E+13 1.00001  0.72253 1.00E-04 3.14E-03 1.14E-03 9.90E-03
09678923 0.67824 2.528E+406 2.493E-01 8.548E+413  1.00001 0.72438 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9697719  0.68611  2.460E+06 2.332E-01 7.795E+413 1.00001 0.72652 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9702672 0.68824  2.442E+06 2.291E-01 7.602E+413 1.00001 0.72715 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9709324 0.69114 2.416E+406 2.236E-01  7.347E+13  1.00001 0.72803 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9716858 0.69404 2.389E-+-06 2.184E-01 7.100E413 1.00001  0.72895 1.00E-04 3.14E-03  1.14E-03 9.90E-03
0.9722273 0.69693  2.362E-06 2.133E-01 6.861E+13 1.00001 0.72990 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9728573  0.69980  2.334E+406 2.084E-01 6.631E+13 1.00001 0.73089 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9734767 0.70267  2.306E+4-06 2.038E-01 6.408E+13 1.00001 0.73192 1.00E-04 3.14E-03 1.14E-Q3 9.90E-03
0.9740827 0.70552  2.276E+08 1.993E-01 6.192E+413  1.00001 0.73301 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9746808 0.70837 2.246E4-06 1.951E-01 5.984E+413 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9762722 0.71123  2.215E+406 1.911E-01 5.780E+413 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9758524 0.71406 2.185E+406 1.872E-01 5.584E+13 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9764214 0.71688  2.155E+-06 1.833E-01 5.394E+413 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9769795  0.71968  2.126E+406 1.796E-01  5.211E4+13 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.97752687 0.72246  2.097E+06 1.759E-01 5.033E413  1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9780632 0.72523  2.068E+406 1.723E-01 4.862E+13 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9796093 0.73340 1.985E+4-06 1.619E-01 4.383E+13 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9815287 0.74404 1.879E+406 1.490E-01 3.817E+413 1.00001 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9832937 0.75437 1.779E+06 1.371E-01 . 3.324E+413 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9849131  0.76439  1.684E+06 1.262E-01 2.895E+13  1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9863958 0.77411  1.594E+08 1.161E-01  2.521E+13 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9877504 0.78352 1.509E-+06 1.069E-01 2.195E+13  1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9889855  0.79262 1.428E+406 9.840E-02 1.912E+13 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9901095 0.80142  1.352E+06 9.057E-02 1.665E+13 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9911304 0.80992  1.280E+406 8.336E-02 1.450E+13 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9920559 0.81812 1.211E+406 7.673E-02 1.263E+13  1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03  9.90E-03
0.9928936 0.82603 1.147E+06 7.062E-02 1.100E4+13 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9936504 0.83364 1.086E-+06 6.501E-02 9.578E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9943331  0.84098  1.028E-+06 5.984E-02 8.342E+412 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9949479  0.84803  9.730E405 5.508E-02 7.265E+12 1.00000° 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9955008 0.85480 9.211E405 5.070E-02 6.327E+12 1.00000  0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9959972 0.86131  8.720E+05 4.666E-02 5.510E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9964423 0.86756 8.2566E-+405 4.295E-02 4.799E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9968409 0.87355 7.816E+05 3.953E-02 4.179E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9971973  0.87929  7.400E+05 3.638E-02 3.640E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9975157 0.88480  7.006E-+05 3.348E-02 3.170E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9977997  0.89007 6.633E+05 3.081E-02  2.761E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9980527 0.89511 6.279E+05 2.835E-02 2.406E4+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9982780 0.89994  5.945E+405 2.608E-02 2.094E+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9984783  0.90456  5.628E+405 2.399E-02 1.824E+412 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9986563  0.90898  5.328E405 2.207E-02 1.588E412 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9988142 0.91320 5.043E+405 2.030E-02 1.383E+412 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9989542 0.91723  4.774E+05 1.867E-02 1.205E4+12 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9991881  0.92475  4.278E+05 1.580E-02 9.139E+11  1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9993710 0.93160 3.834E+05 1.337E-02 6.933E+11  1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9995137  0.93782. 3.437E+405 1.132E-02 5.259E+411  1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03  9.90E-03
0.9996247  0.94347 3.082E+05 9.582E-03 3.989E+11 1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
0.9997095  0.94850 2.770E+05 8.136E-03  3.041E+11  1.00000 0.73381 1.00E-04 3.14E-03 1.14E-03 9.90E-03
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TABLE XVII
STANDARD SOLAR MODEL (NO HE DIFFUSION) "BE MASS FRACTION AND RATES OF NEUTRINO PRODUCTION

R/Re

T6 log pe d(Mass) X("Be)

d¢(pp)

d¢(*B)

dg(1°N)

dg(150)

dg(*F)

dg("Be)

d¢(pep)

dé(hep)

0.00652
0.00693
0.00737
0.00784
0.00834
0.00887
0.00943
0.01003
0.01067
0.01134
0.01206
0.01283
0.01365
0.01452
0.01544
0.01643
0.01748
0.01860
0.01979
0.02108
0.02241
0.02386
0.02540
0.02704
0.02879
0.03067
0.03267
0.03481
0.03710
0.03955
0.04218
0.04500
0.04803
0.05129
0.05480
0.05859
0.06267
0.06710
0.07189
0.07710
0.08233
0.08742
0.09246
0.09748
0.10255

Rev. Mod

16.571 2.011 3.274E-05 1.668E-11
15.5669 2.010 6.622E-06 1.666E-11
15.5667 2.010 7.961E-06 1.665E-11
15.5665 2.010 9.571E-06 1.663E-11
16.562 2.010 1.151E-05 1.661E-11
15.559 2.010 1.383E-05 1.658E-11
15.556 2.009 1.663E-05 1.656E-11
15.552 2.009 2.000E-05 1.653E-11
15.647 2.009 2.404E-05 1.649E-11
15.542 2.009 2.890E-05 1.645E-11
15.537 2.008 3.475E-05 1.641E-11
15.530 2.008 4.178E-05 1.636E-11
15.5623 2.007 5.023E-05 1.630E-11
15.515 2.007 6.039E-05 1.624E-11
15.508 2.008 7.260E-05 1.617E-11
15.495 2.005 8.729E-05 1.608E-11
15.484 2.004 1.049E-04 1.599E-11
16.470 2.003 1.262E-04 1.589E-11
15.455 2.002 1.517E-04 1.577E-11
15.438 2.001 1.824E-04 1.564E-11
15.419 2.000 2.193E-04 1.548E-11
15.397 1.998 2.636E-04 1.531E-11
15.373 1.997 3.169E-04 1.511E-11
15.345 1.995 3.810E-04 1.490E-11
15.314 1.993 4.581E-04 1.465E-11
15.279 1.990 5.508E-04 1.437E-11
15.239 1.987 6.622E-04 1.406E-11
15.194 1.984 7.961E-04 1.370E-11
15.143 1.981 9.571E-04 1.330E-11
15.086 1.977 1.151E-03 1.286E-11
15.022 1.972 1.383E-03 1.237E-11
14.949 1.967 1.663E-03 1.182E-11
14.868 1.961 2.000E-03 1.121E-11
14.776 1.955 2.404E-03 1.056E-11
14.672 1.948 2.890E-03 9.839E-12
14.5656 1.939 3.475E-03 9.066E-12
14.425 1.930 4.178E-03 8.243E-12
14.278 1.920 5.023E-03 7.384E-12
14.113 1.908 6.039E-03 6.498E-12
13.928 1.894 6.994E-03 5.600E-12
13.738 1.881 7.506E-03 4.779E-12
13.548 1.867 7.982E-03 4.059E-12
13.357 1.852 8.509E-03 3.427E-12
13.164 1.838 9.100E-03 2.875E-12
12.968 1.823 9.772E-03 2.392E-12
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2.074E-04
4.195E-05
5.044E-05
6.064E-05
7.292E-05
8.768E-05
1.054E-04
1.268E-04
1.525E-04
1.833E-04
2.205E-04
2.652E-04
3.189E-04
3.835E-04
4.613E-04
5.548E-04
6.672E-04
8.025E-04
9.653E-04
1.161E-03
1.396E-03
1.679E-03
2.020E-03
2.429E-03
2.920E-03
3.510E-03
4.218E-03
5.066E-03
6.082E-03
7.295E-03
8.742E-03
1.046E-02
1.250E-02
1.491E-02
1.773E-02
2.101E-02
2.480E-02
2.913E-02
3.400E-02
3.796E-02
3.905E-02
3.963E-02
4.013E-02
4.059E-02
4.099E-02

2.534E-03
5.112E-04
6.130E-04
7.348E-04
8.804E-04
1.054E-03
1.262E-03
1.510E-03
1.805E-03
2.156E-03
2.573E-03
3.068E-03
3.655E-03
4.348E-03
5.165E-03
6.126E-03
7.252E-03
8.568E-03
1.010E-02
1.187E-02
1.391E-02
1.624E-02
1.888E-02
2.186E-02
2.518E-02
2.881E-02
3.275E-02
3.692E-02
4.125E-02
4.560E-02
4.981E-02
5.364E-02
5.681E-02
5.908E-02
6.011E-02
5.964E-02
5.749E-02
5.360E-02
4.806E-02
3.994E-02
3.000E-02
2.207E-02
1.609E-02
1.160E-02
8.252E-03

1.922E-03
3.877E-04
4.648E-04
5.569E-04
6.673E-04
7.988E-04
9.559E-04
1.144E-03
1.367E-03
1.632E-03
1.947E-03
2.321E-03
2.763E-03
3.285E-03
3.902E-03
4.626E-03
5.474E-03
6.464E-03
7.615E-03
8.948E-03
1.048E-02
1.224E-02
1.423E-02
1.648E-02
1.898E-02
2.175E-02
2.477E-02
2.799E-02
3.139E-02
3.487E-02
3.833E-02
4.164E-02
4.462E-02
4.709E-02
4.884E-02
4.963E-02
4.929E-02
4.769E-02
4.475E-02
3.928E-02
3.134E-02
2.462E-02
1.923E-02
1.491E-02
1.147E-02

2.253E-03
4.545E-04
5.449E-04
6.530E-04
7.823E-04
9.367E-04
1.121E-03
1.341E-03
1.602E-03
1.913E-03
2.283E-03
2.721E-03
3.240E-03
3.853E-03
4.575E-03
5.424E-03
6.418E-03
7.5679E-03
8.929E-03
1.049E-02
1.229E-02
1.435E-02
1.668E-02
1.932E-02
2.226E-02
2.550E-02
2.904E-02
3.282E-02
3.680E-02
4.088E-02
4.494E-02
4.882E-02
5.232E-02
5.521E-02
5.725E-02
5.818E-02
5.778E-02
5.590E-02
5.246E-02
4.604E-02
3.675E-02
2.887E-02
2.255E-02
1.750E-02
1.346E-02

2.348E-03
4.738E-04
5.680E-04
6.809E-04
8.157E-04
9.768E-04
1.169E-03
1.399E-03
1.672E-03
1.997E-03
2.384E-03
2.842E-03
3.385E-03
4.027E-03
4.783E-03
5.673E-03
6.716E-03
7.935E-03
9.353E-03
1.099E-02
1.289E-02
1.505E-02
1.751E-02
2.029E-02
2.338E-02
2.679E-02
3.050E-02
3.446E-02
3.861E-02
4.283E-02
4.699E-02
5.089E-02
5.431E-02
5.700E-02
5.868E-02
5.908E-02
5.799E-02
5.527E-02
5.094E-02
4.373E-02
3.409E-02
2.610E-02
1.985E-02
1.497E-02
1.117E-02

1.026E-03
2.072E-04
2.488E-04
2.987E-04
3.5686E-04
4.303E-04
5.162E-04
6.192E-04
7.424E-04
8.899E-04
1.066E-03
1.277E-03
1.528E-03
1.828E-03
2.186E-03
2.611E-03
3.116E-03
3.715E-03
4.424E-03
5.261E-03
6.247E-03
7.405E-03
8.760E-03
1.034E-02
1.218E-02
1.429E-02
1.671E-02
1.947E-02
2.257E-02
2.604E-02
2.985E-02
3.396E-02
3.831E-02
4.281E-02
4.730E-02
5.168E-02
5.541E-02
5.850E-02
6.051E-02
5.908E-02
5.278E-02
4.644E-02
4.071E-02
3.554E-02
3.088E-02

3.259E-04
6.590E-05
7.922E-05
9.522E-05
1.144E-04
1.376E-04
1.653E-04
1.987E-04
2.388E-04
2.869E-04
3.448E-04
4.142E-04
4.977E-04
5.978E-04
7.180E-04
8.623E-04
1.035E-03
1.243E-03
1.492E-03
1.790E-03
2.147E-03
2.574E-03
3.084E-03
3.694E-03
4.421E-03
5.287E-03
6.317E-03
7.5638E-03
8.983E-03
1.069E-02
1.269E-02
1.503E-02
1.774E-02
2.088E-02
2.446E-02
2.851E-02
3.303E-02
3.797E-02
4.326E-02
4.703E-02
4.705E-02
4.640E-02
4.567E-02
4.485E-02
4.394E-02

8.778E-05
1.777E-05
2.138E-05
2.573E-05
3.096E-05
3.727E-05
4.487E-05
5.403E-05
8.507E-05
7.837E-05
9.443E-05
1.138E-04
1.372E-04
1.655B-04
1.996E-04
2.409E-04
2.909E-04
3.514E-04
4.247E-04
5.136E-04
6.215E-04
7.526E-04
9.121E-04
1.106E-03
1.343E-03
1.632E-03
1.984E-03
2.415E-03
2.941E-03
3.586E-03
4.375E-03
5.340E-03
6.518E-03
7.961E-03
9.717E-03
1.185E-02
1.443E-02
1.754E-02
2.125E-02
2.470E-02
2.647E-02
2.797E-02
2.949E-02
3.106E-02
3.268E-02
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TABLE XVII—continued
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R/Rpe

Te

log pe

d(Mass)

X("Be)

d¢(pp)

dé(°B)

dg(!3N)

dg(1%0)

d$(*'F) dé("Be) dé(pep) d(hep)

0.10770
0.11298
0.11845
0.12419
0.13026
0.13679
0.14392
0.15183
0.15980
0.16759
0.17523
0.18272
0.19008
0.19733
0.20447
0.21151
0.21848
0.22536
0.23218
0.23894
0.24565
0.25231
0.25892
0.26550
0.27208
0.27858
0.28509
0.29158
0.29806
0.30453
0.31100
0.31747
0.32394
0.33041
0.33690
0.34339
0.34990
0.35642
0.36296
0.36952
0.37610
0.38270
0.38933
0.39598
0.40266

12.767
12.560
12.345
12.121
11.884
11.631
11.368
11.060
10.765
10.483
10.213
9.954
9.706
9.469
9.242
9.025
8.816
8.615
8.422
8.237
8.068
7.886
7.720
7.5659
7.404
7.254
7.109
6.968
6.831
6.699
6.570
6.445
6.323
6.204
6.089
5.976
5.866
5.759
5.654
5.562
5.452
5.355
5.260
5.166
5.075

1.807
1.791
1.773
1.7565
1.735
1.713
1.688
1.660
1.831
1.602
1.572
1.543
1.514
1.484
1.454
1.424
1.3956
1.364
1.334
1.304
1.273
1.243
1.212
1.181
1.150
1.119
1.087
1.056
1.025
0.993
0.962
0.930
0.898
0.866
0.835
0.803
0.771
0.739
0.707
0.8674
0.642
0.610
0.578
0.546
0.513

1.054E-02
1.144E-02
1.250E-02
1.377E-02
1.5632E-02
1.728E-02
1.978E-02
2.182E-02
2.212E-02
2.215E-02
2.210E-02
2.198E-02
2.180E-02
2.156E-02
2.128E-02
2.095E-02
2.059E-02
2.021E-02
1.980E-02
1.937E-02
1.893E-02
1.847E-02
1.801E-02
1.7564E-02
1.707E-02
1.660E-02
1.613E-02
1.566E-02
1.520E-02
1.474E-02
1.429E-02
1.384E-02
1.340E-02
1.297E-02
1.254E-02
1.213E-02
1.172E-02
1.133E-02
1.094E-02
1.056E-02
1.020E-02
9.838E-03
9.489E-03
9.150E-03
8.821E-03

1.972E-12
1.608E-12
1.294E-12
1.025E-12
7.970E-13
6.042E-13
4.445E-13
3.143E-13
2.206E-13
1.556E-13
1.103E-13
7.851E-14
5.617E-14
4.039E-14
2.918E-14
2.118E-14
1.545E-14
1.132E-14
8.339E-15
6.169E-15
4.588E-15
3.428E-15
2.559E-15
1.878E-15
1.322E-15
8.734E-16
5.459E-16
3.243E-16
1.861E-16
1.047E-16
5.829E-17
3.227E-17
1.785E-17
9.875E-18
5.467E-18
3.033E-18
1.687E-18
9.406E-19
5.263E-19
2.956E-19
1.666E-19
9.438E-20
5.372E-20
3.073E-20
1.768E-20

4.135E-02
4.167E-02
4.195E-02
4.221E-02
4.244E-02
4.263E-02
4.272E-02
4.049E-02
3.489E-02
2.960E-02
2.495E-02
2.092E-02
1.746E-02
1.451E-02
1.203E-02
9.939E-03
8.194E-03
6.742E-03
5.538E-03
4.541E-03
3.719E-03
3.042E-03
2.485E-03
2.028E-03
1.654E-03
1.348E-03
1.098E-03
8.941E-04
7.274E-04
5.914E-04
4.806E-04
3.902E-04
3.167E-04
2.568E-04
2.082E-04
1.686E-04
1.365E-04
1.104E-04
8.927E-05
7.213E-06
5.825E-05
4.701E-05
3.791E-05
3.056E-05
2.462E-056

5.778E-03
3.969E-03
2.665E-03
1.741E-03
1.100E-03
6.651E-04
3.806E-04
1.948E-04
8.818E-05
3.953E-05
1.77T7E-05
8.015E-06
3.631E-06
1.653E-08
7.5664E-07
3.480E-07
1.610E-07
7.492E-08
3.5607E-08
1.651E-08
7.817E-09
3.722E-09
1.773E-09
8.320E-10
3.759E-10
1.601E-10
6.444E-11
2.467E-11
9.111E-12
3.293E-12
1.177E-12
4.178E-13
1.481E-13
5.250E-14
1.861E-14
6.608E-15
2.350E-15
8.378E-16
1.172E-16
0.000E+-00
0.000E+00
0.000E+-00
0.000E+-00
0.000E+-00
0.000E+-00

8.712E-03
6.530E-03
4.811E-03
3.471E-03
2.513E-03
2.668E-03
7.428E-03
1.967E-02
2.953E-02
2.962E-02
2.317E-02
1.565E-02
9.708E-03
5.742E-03
3.308E-03
1.879E-03
1.060E-03
5.964E-04
3.352E-04
1.885E-04
1.061E-04
5.977E-05
3.373E-05
1.906E-05
1.079E-05
6.115E-06
3.470E-06
1.971E-06
1.121E-08
6.374E-07
3.628E-07
2.065E-07
1.176 E-07
6.692E-08
3.809E-08
2.167E-08
1.232E-08
7.000E-09
3.975E-09
2.256E-09
1.279E-09
7.245E-10
4.099E-10
2.317E-10
1.308E-10

1.023E-02
7.676E-03
5.662E-03
4.092E-03
2.882E-03
1.962E-03
1.259E-03
6.886E-04
2.985E-04
1.147E-04
4.297E-05
1.737E-05
7.832E-06
3.826E-06
1.950E-06
1.013E-06
5.313E-07
2.800E-07
1.482E-07
7.858E-08
4.180E-08
2.229E-08
1.191E-08
6.376E-09
3.420E-09
1.838E-09
9.890E-10
5.329E-10
2.874E-10
1.552E-10
8.380E-11
4.528E-11
2.447E-11
1.322E-11
7.143E-12
3.857E-12
2.082E-12
1.123E-12
6.054E-13
3.261E-13
1.765E-13
9.436E-14
5.067E-14
2.717E-14
1.455E-14

8.232E-03
5.972E-03
4.251E-03
2.957E-03
1.999E-03
1.302E-03
8.086E-04
4.527E-04
2.250E-04
1.105E-04
5.431E-05
2.671E-05
1.316E-05
6.502E-06
3.220E-08
1.600E-06
7.975E-07
3.988E-07
2.001E-07
1.006E-07
5.077E-08
2.568E-08
1.302E-08
6.620E-09
3.372E-09
1.721E-09
8.801E-10
4.507E-10
2.311E-10
1.186E-10
6.090E-11
3.129E-11
1.608E-11
8.265E-12
4.247E-12
2.181E-12
1.120E-12
5.746E-13
2.947E-13
1.510E-13
7.727E-14
3.951E-14
2.018E-14
1.029E-14
5.239E-15

2.668E-02
2.290E-02
1.949E-02
1.643E-02
1.369E-02
1.123E-02
9.029E-03
6.742E-03
4.651E-03
3.043E-03
2.035E-03
1.363E-03
9.140E-04
6.141E-04
4.135E-04
2.790E-04
1.887E-04
1.279E-04
8.697E-05
5.931E-05
4.058E-05
2.784E-05
1.906E-05
1.281E-05
8.267E-08
5.016E-06
2.873E-06
1.563E-06
8.197E-07
4.206E-07
2.132E-07
1.073E-07
5.391E-08
2.707E-08
1.359E-08
6.833E-09
3.442E-09
1.738E-09
8.796E-10
4.467E-10
2.276E-10
1.165E-10
5.985E-11
3.090E-11
1.604E-11

4.295E-02
4.189E-02
4.073E-02
3.948E-.02
3.812E-02
3.664E-02
3.495E-02
3.134E-02
2.649E-02
2.039E-02
1.621E-02
1.281E-02
1.008E-02
7.891E-03
6.158E-03
4.791E-03
3.717E-03
2.877E-03
2.221E-03
1.712E-03
1.317E-03
1.012E-03
7.764E-04
5.948E-04
4.552E-04
3.480E-04
2.858E-04
2.028E-04
1.646E-04
1.178E-04
8.967E-05
6.819E-05
5.182E-05
3.934E-05
2.985E-05
2.263E-05
1.714E-05
1.298E-05
9.817E-06
7.420E-06
5.605E-06
4.230E-06
3.191E-08
2.405E-08
1.811E-08

3.438E-02
3.619E-02
3.813E-02
4.026E-02
4.262E-02
4.527E-02
4.827E-02
4.894E-02
4.524E-02
4.115E-02
3.716E-02
3.336E-02
2.979E-02
2.649E-02
2.347E-02
2.073E-02
1.827E-02
1.607E-02
1.412E-02
1.240E-02
1.090E-02
9.577E-03
8.370E-03
7.165E-03
5.869E-03
4.510E-03
3.265E-03
2.242E-03
1.483E-03
9.594E-04
6.124E-04
3.881E-04
2.454E-04
1.550E-04
9.785E-05
6.186E-05
3.917E-05
2.486E-05
1.583E-05
1.010E-05
6.476E-06
4.168E-08
2.695E-06
1.752E-08
1.145E-06
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TABLE XVIII
STANDARD SOLAR MODEL (WITH HE DIFFUSION) "BE MASS FRACTION AND RATES OF NEUTRINO PRODUCTION

R/Rg

T6 log pe d(Mass) X("Be)

dé(pp)

dé(*B)

de(13N)

dg(1%0)

de(17F)

de("Be)

dé(pep)

de(hep)

0.00648
0.00689
0.00733
0.00779
0.00829
0.00881
0.00937
0.00997
0.01060
0.01127
0.01199
0.01275
0.01356
0.01443
0.01535
0.01633
0.01737
0.01848
0.01967
0.02093
0.02228
0.02371
0.02524
0.02687
0.02862
0.03048
0.03247
0.03460
0.03688
0.03932
0.04193
0.04474
0.04775
0.05099
0.05449
0.05825
0.06232
0.06673
0.07150
0.07670
0.08190
0.08698
0.09201
0.09702
0.10208
0.10722

Rev. Mod.

15.672 2.015 3.274E-05 1.739E-11
15.671 2.015 6.622E-06 1.738E-11
15.668 2.015 7.961E-06 1.736E-11
15.666 2.015 9.571E-06 1.734E-11
15.663 2.014 1.151E-05 1.732E-11
15.660 2.014 1.383E-05 1.730E-11
15.657 2.014 1.663E-05 1.727E-11
15.653 2.014 2.000E-05 1.724E-11
15.648 2.013 2.404E-05 1.721E-11
15.643 2.013 2.890E-05 1.717E-11
15.637 2.013 3.475E-05 1.713E-11
15.631 2.012 4.178E-05 1.708E-11
15.623 2.012 5.023E-05 1.702E-11
15.615 2.011 6.039E-05 1.696E-11
15.605 2.010 7.260E-05 1.688E-11
15.595 2.010 8.729E-05 1.680E-11
15.583 2.009 1.049E-04 1.671E-11
15.569 2.008 1.262E-04 1.660E-11
15.554 2.007 1.517E-04 1.649E-11
15.536 2.006 1.824E-04 1.635E-11
15.517 2.004 2.193E-04 1.620E-11
15.495 2.003 2.636E-04 1.603E-11
15.470 2.001 3.169E-04 1.583E-11
15.442 1.999 3.810E-04 1.561E-11
15.410 1.997 4.581E-04 1.536E-11
16.374 1.994 5.508E-04 1.507E-11
15.333 1.992 6.622E-04 1.475E-11
15.287 1.988 7.961E-04 1.440E-11
15.236 1.985 9.571E-04 1.399E-11
15.178 1.981 1.151E-03 1.353E-11
15.112 1.976 1.383E-03 1.302E-11
15.038 1.971 1.663E-03 1.246E-11
14.955 1.965 2.000E-03 1.183E-11
14.861 1.959 2.404E-03 1.115E-11
14.756 1.951 2.890E-03 1.040E-11
14.637 1.943 3.475E-03 9.591E-12
14.504 1.933 4.178E-03 8.727E-12
14.355 1.923 5.023E-03 7.823E-12
14.187 1.911 6.039E-03 6.890E-12
13.999 1.897 6.990E-03 5.939E-12
13.806 1.883 7.500E-03 5.072E-12
13.613 1.869 7.977E-03 4.308E-12
13.420 1.855 8.506E-03 3.638E-12
13.224 1.840 9.099E-03 3.051E-12
13.025 1.825 9.771E-03 2.538E-12
12.822 1.809 1.054E-02 2.091E-12
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2.044E-04
4.135E-05
4.973E-05
5.979E-05
7.190E-05
8.645E-05
1.040E-04
1.250E-04
1.503E-04
1.808E-04
2.174E-04
2.615E-04
3.145E-04
3.783E-04
4.550E-04
5.473E-04
6.583E-04
7.919E-04
9.526E-04
1.146E-03
1.378E-03
1.658E-03
1.995E-03
2.399E-03
2.885E-03
3.469E-03
4.170E-03
5.011E-03
6.017E-03
7.222E-03
8.658E-03
1.037E-02
1.240E-02
1.479E-02
1.761E-02
2.089E-02
2.468E-02
2.902E-02
3.390E-02
3.787E-02
3.899E-02
3.960E-02
4.015E-02
4.064E-02
4.108E-02
4.147E-02

2.519E-03
5.083E-04
6.095E-04
7.306E-04
8.754E-04
1.048E-03
1.255E-03
1.501E-03
1.795E-03
2.144E-03
2.560E-03
3.052E-03
3.636E-03
4.326E-03
5.140E-03
6.097E-03
7.220E-03
8.530E-03
1.006E-02
1.182E-02
1.386E-02
1.619E-02
1.883E-02
2.180E-02
2.512E-02
2.875E-02
3.269E-02
3.690E-02
4.124E-02
4.560E-02
4.983E-02
5.368E-02
5.690E-02
5.919E-02
6.024E-02
5.981E-02
5.765E-02
5.373E-02
4.818E-02
3.998E-02
3.001E-02
2.206E-02
1.607E-02
1.157E-02
8.217E-03
5.743E-03

1.976E-03
3.988E-04
4.781E-04
5.729E-04
6.863E-04
8.216E-04
9.830E-04
1.176E-03
1.405E-03
1.678E-03
2.002E-03
2.386E-03
2.841E-03
3.377E-03
4.009E-03
4.751E-03
5.622E-03
6.636E-03
7.817E-03
9.180E-03
1.075E-02
1.255E-02
1.458E-02
1.688E-02
1.944E-02
2.225E-02
2.532E-02
2.860E-02
3.204E-02
3.556E-02
3.906E-02
4.238E-02
4.537E-02
4.782E-02
4.951E-02
5.024E-02
4.981E-02
4.809E-02
4.504E-02
3.944E-02
3.140E-02
2.462E-02
1.920E-02
1.486E-02
1.140E-02
8.643E-03

2.287E-03
4.614E-04
5.631E-04
6.629E-04
7.940E-04
9.506E-04
1.137E-03
1.360E-03
1.626E-03
1.941E-03
2.316E-03
2.760E-03
3.286E-03
3.807E-03
4.638E-03
5.497E-03
6.504E-03
7.678E-03
9.043E-03
1.062E-02
1.244E-02
1.452E-02
1.687TE-02
1.953E-02
2.249E-02
2.575E-02
2.929E-02
3.309E-02
3.707E-02
4.114E-02
4.518E-02
4.903E-02
5.248E-02
5.531E-02
5.727E-02
5.811E-02
5.762E-02
5.563E-02
5.210E-02
4.561E-02
3.632E-02
2.848E-02
2.222E-02
1.720E-02
1.320E-02
1.002E-02

2.367E-03
4.777E-04
5.728E-04
6.865E-04
8.225E-04
9.849E-04
1.179E-03
1.410E-03
1.686E-03
2.013E-03
2.403E-03
2.865E-03
3.412E-03
4.0569E-03
4.821E-03
5.718E-03
6.768E-03
7.995E-03
9.423E-03
1.108E-02
1.298E-02
1.616E-02
1.764E-02
2.042E-02
2.353E-02
2.696E-02
3.068E-02
3.466E-02
3.881E-02
4.303E-02
4.718E-02
5.107E-02
5.447E-02
5.711E-02
5.873E-02
5.907E-02
5.790E-02
5.510E-02
5.069E-02
4.342E-02
3.376E-02
2.581E-02
1.959E-02
1.474E-02
1,098E-02
8.070E-03

1.016E-03
2.052E-04
2.464E-04
2.958E-04
3.551E-04
4.261E-04
5.113E-04
6.133E-04
7.355E-04
8.817E-04
1.066E-03
1.265E-03
1.515E-03
1.812E-03
2.167E-03
2.589E-03
3.090E-03
3.685E-03
4.390E-03
5.222E-03
6.204E-03
7.357E-03
8.707E-03
1.028E-02
1.211E-02
1.422E-02
1.664E-02
1.941E-02
2.252E-02
2.598E-02
2.980E-02
3.394E-02
3.832E-02
4.285E-02
4.738E-02
6.172E-02
5.568E-02
5.869E-02
6.074E-02
5.927E-02
5.295E-02
4.658E-02
4.083E-02
3.564E-02
3.094E-02
2.671E-02

3.234E-04
6.5641E-05
7.862E-05
9.450E-05
1.136E-04
1.365E-04
1.641E-04
1.972E-04
2.370E-04
2.848E-04
3.422E-04
4.112E-04
4.941E-04
5.935E-04
7.129E-04
8.562E-04
1.028E-03
1.234E-03

1.482E-03"
1.778E-03.

2.133E-03
2.567E-03
3.065E-03
3.672E-03
4.395E-03
5.258E-03
6.283E-03
7.501E-03
8.941E-03
1.064E-02
1.264E-02
1.498E-02
1.769E-02
2.083E-02
2.442E-02
2.848E-02
3.301E-02
3.797E-02
4.329E-02
4.707E-02
4.710E-02
4.649E-02
4.578E-02
4.497E-02
4.408E-02
4.310E-02

8.426E-05
1.706E-05
2.053E-05
2.470E-05
2.973E-05
3.579E-05
4.309E-05
5.190E-05
6.251E-05
7.531E-05
9.075E-05
1.094E-04
1.319E-04
1.691E-04
1.920E-04
2.318E-04
2.800E-04
3.383E-04
4.091E-04
4.950E-04
5.994E-04
7.263E-04
8.808E-04
1.069E-03
1.299E-03
1.579E-03
1.922E-03
2.343E-03
2.857E-03
3.488E-03
4.261E-03
5.209E-03
6.371E-03
7.794E-03
9.532E-03
1.165E-02
1.422E-02
1.732E-02
2.103E-02
2.448E-02
2.628E-02
2.782E-02
2.939E-02
3.100E-02
3.267E-02
3.441E-02
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R/Re

Té

log pe

d(Mass)

X("Be)

dé(pp)

dé(°B)

dé(*>N)  dé(**0)

d¢(*TF)

dé("Be)  deé(pep)

d¢(hep)

0.11251
0.11798
0.12372
0.12980
0.13635
0.14350
0.15140
0.15931
0.16706
0.17466
0.18212
0.18946
0.19668
0.20381
0.21084
0.21780
0.22468
0.23150
0.23826
0.24497
0.25163
0.25826
0.26486
0.27142
0.27797
0.28449
0.29100
0.29751
0.30400
0.31050
0.31700
0.32350
0.33001
0.33653
0.34306
0.34961
0.35617
0.362756
0.36936
0.37599
0.38264
0.38932
0.39603
0.40277
0.40954

12.612
12.395
12.167
11.927
11.872
11.395
11.095
10.800
10.517
10.246
9.987
9.739
9.502
9.274
9.056
8.846
8.645
8.452
8.266
8.087
7.914
7.748
7.587
7.431
7.281
7.135
6.994
6.857
6.724
6.595
6.469
6.347
6.228
6.112
5.999
5.889
5.781
5.676
5.573
5.473
5.375
5.280
5.186
5.095
5.006

1.792
1.774
1.756
1.735
1.713
1.688
1.859
1.630
1.601
1.672
1.542
1.513
1.483
1.454
1.424
1.394
1.364
1.333
1.303
1.272
1.241
1.211
1.180
1.149
1.118
1.086
1.055
1.023
0.992
0.960
0.929
0.897
0.865
0.833
0.801
0.769
0.737
0.705
0.673
0.641
0.608
0.576
0.544
0.512
0.479

1.144E-02
1.250E-02
1.377E-02
1.534E-02
1.730E-02
1.978E-02
2.163E-02
2.190E-02
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2.139E-02
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5.946E-16
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6.484E-17
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3.311E-19
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3.434E-20
1.973E-20
1.140E-20

4.181E-02
4.212E-02
4.240E-02
4.264E-02
4.285E-02
4.289E-02
4.033E-02
3.475E-02
2.952E-02
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1.748E-02
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4.904E-04
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3.936E-03
2.636E-03
1.717E-03
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6.513E-04
3.703E-04
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8.495E-05
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3.528E-06
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7.337E-08
3.437E-08
1.620E-08
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3.662E-09
1.748E-09
8.243E-10
3.767E-10
1.619E-10
6.584E-11
2.545E-11
9.470E-12
3.442E-12
1.235E-12
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1.563E-13
5.552E-14
1.973E-14
7.016E-15
2.499E-15
8.921E-16
1.249E-16
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0.000E+00
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6.462E-03 7.495E-03
4.749E-03 5.515E-03
3.417E-03 3.975E-03
2,447E-03 2.791E-03
2.421E-03 1.894E-03
6.437E-03 1.211E-03
1.738E-02 6.598E-04
2.679E-02 2.887E-04
2.744E-02 1.120E-04
2.179E-02 4.204E-05
1.486E-02 1.691E-05
9.283E-03 7.575E-08
5.518E-03 3.690E-06
3.190E-03 1.880E-06
1.817E-03 9.773E-07
1.028E-03 5.130E-07
5.794E-04 2.709E-07
3.263E-04 1.436E-07
1.838E-04 7.629E-08
1.036E-04 4.066E-08
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3.306E-05 1.162E-08
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1.946E-06 5.242E-10
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1.053E-04
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2.505E-08
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1.690E-09
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2.176E-12
1.119E-12
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3.626E-02
3.825E-02
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