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The intensity interferometry technique, commonly referred to as the Hanbury-Brown/Twiss effect, has
been applied to nuclear and elementary-particle collisions as a method of investigating their space-time
evolution. In this review the theoretical framework of the technique is presented, describing the formula-
tions in common use. A survey is made of its application to subatomic collisions, ranging from high-
energy elementary-particle reactions to low-energy nuclear reactions. Results derived from experimental
data analysis are compiled and discussed. A critique is made of the interpretational difficulties associated
with the use of the technique in reaction studies.
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INTRGDUCTION

The technique of intensity interferometry has its ori-
gins in astrophysics, but has seen significant theoretical
development and widespread application in subatomic

physics. It has been used to investigate the space-time
evolution of elementary-particle and nuclear collisions.
The method involves the construction of a two-particle
correlation function from the distribution of particles ra-
diated from a hot, spatially localized source. In the origi-
nal astrophysics applications of the technique, the source
was a distant radio-wave emitter. In applications involv-
ing the collision of nuclei or particles, the source is the
reaction region. The particles used to construct the
correlation function can be pions, protons, or even nu-
clei.

Intensity interferometry was developed by Hanbury-
Brown and Twiss in the 1950s, as a means of determining
the dimension of distant astronomical objects. They first
used the technique to examine radio-wave sources in the
galaxies Cygnus and Cassiopeia (Hanbury-Brown, Ien-
nison, and Das Gupta, 1952), and subsequently applied
the method to a measurement of the angular diameter of
Sirius (Hanbury-Brown and Twiss, 1956b). The theory of
the effect was presented and refined in a series of papers
also written by these authors (Hanbury-Brown and
Twiss, 1954, 1957a, 1957b). Initially, the technique did
not receive universal acceptance, and a number of terres-
trial experiments were performed to confirm it
(Hanbury-Brown and Twiss, 1956a, 1956c, 1957b; see
also Purcell, 1956). The method of intensity inter-
ferometry is now commonly referred to as the Hanbury-
Brown/Twiss effect.

The difference between intensity interferometry and
conventional amplitude interferometry is illustrated in
Fig. 1 (the mathematical treatment of this example can
be found in Chaps. 1—3 of Klauder and Sudarshan, 1968).
A finite-size source emits indistinguishable particles (for
example, from positions 5 and S&), and the particles are
later observed at positions P, and P2. Both emission
points contribute to both observation points.

In amplitude interferometry each of the "detectors" at
P, and P2 could be a slit through which the emitted par-
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FIG. 1. Schematic representation of the emission of two indis-
tinguishable particles from two points (5 and S&) on a source.
The particles are observed at points I', and I', .

ticles pass. The particles could then produce an interfer-
ence pattern, perhaps on a screen located on the opposite
side of the slits from the source, to use a traditional ex-
ample. The interference pattern so produced depends on
the relative phase of the particles' an1plitudes as mea-
sured at P& and P2.

In intensity interferometry a correlation function
R(r&, rz) is constructed from the number of counts n&

and n2 measured at P, and P2:

R (r&, r2)=((n, 2) l(n& )(n2) ) —1,
where n, 2 denotes the number of counts in which parti-
cles are observed at P, and P2. The correlation function
is proportional to the intensity (i.e., the complex square
of the amplitude) of the particles at I', and I'z. Because
of the symmetrization (or antisymmetrization) of their
wave function, identical particles can have a nonzero
correlation function even if the particles are otherwise
noninteracting.

One of the limitations to stellar diameter measure-
ments using amplitude interferometry is the phase shift
induced in the incident waves' amplitudes near P

&

and/or P2 due to atmospheric effects. The further apart
P

&
and Pz are, the greater the potential for phase

changes, and hence the poorer the resolution of the am-
plitude interferometer. Intensity interferometry was
developed to reduce the importance of these phase
changes.

Although the original application of the Hanbury-
Brown/Twiss effect used photons as the detected parti-
cles, it was rapidly realized that the technique could be
generalized to include correlation measurements for oth-
er bosons, and fermions as well. Within a decade, corre-
lations between identical pions were used to investigate
elen1entary-particle reactions. Subsequently the tech-
nique of intensity interferometry has also been applied to
the interpretation of correlations between (identical and
nonidentical) nuclear fragments: for simplicity we shall
refer to the general technique of intensity interferometry
as the Hanbury-Brown/Twiss (or HBT) eft'ect hereafter.

Today there is not only a substantial experimental litera-
ture on the technique's applications, but also a large
number of theoretical papers on correlations dealing with
final-state interactions and with different models for the
source region.

In order to review the extensive literature on the effect
and its applications we divide the topics in the following
fashion. Theoretical and experin1ental work are separat-
ed into three sections each, with the theoretical back-
ground appropriate for a given group of experiments
given first. In Sec. II we develop a theoretical framework
for interferometry based on the existing literature. We
present general formalisms, rather than models that may
be n1ore specific in their application. A significant num-
ber of models have been developed to characterize the
space-time evolution of the radiating source and the de-
gree to which particle emission is coherent. Models that
are n1ost relevant for pion emission are discussed in Sec.
III, while those more important for proton and nuclear
cluster emissions are treated in Sec. VI.

In subatomic physics the formalism has been applied
to reactions ranging from high-energy collisions of ele-
n1entary particles to low-energy collisions of nuclei. For
review purposes we have grouped the experimental work
into three sections which contain common themes. The
first measuren1ents of the Hanbury-Brown/Twiss effect in
subatomic physics came from elementary-particle reac-
tions. The results from these early experiments, as well
as more extensive measurements performed recently, are
summarized in Sec. IV. The role of interferometry in rel-
ativistic heavy-ion collisions is described in Sec. V, where
more recent applications n1ay be related to the detection
of the quark-gluon plasma. Low- and intermediate-
energy nuclear reactions are discussed in Sec. VII. The
lower-energy reactions have also exploited correlations
between clusters, for which the Coulomb and strong-
interaction effects may be more important than interfer-
ence arising from wave-function syn1metries imposed by
quantum mechanics.

There remain many interpretational questions associat-
ed with the application of the Hanbury-Brown/Twiss
eAect to subatomic reactions. We address these issues
throughout the review and finally summarize the results
in Sec. VIII.

Two final comments are in order. First, there is little
uniformity of notation an1ong authors for the correlation
function or its characterization. Here we choose that no-
tation which appears to us to be most commonly quoted.
In particular the correlation function will be defined so
that it vanishes when the correlations between particles
vanish, as in Eq. (1.1). Readers are urged to use caution
in comparing results from different papers. Second, we
have generally avoided quoting conference proceedings,
preprints, and other nonrefereed literature except for a
very few cases that bring up new directions. We have
tried to be thorough in our summaries, but there is un-
doubtedly work that has escaped our attention. To au-
thors of such work we apologize.
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II. THEOR Y OF INTENSITY INTERFEROMETRY

Theoretical development of the Hanbury-Brown/Twiss
(HBT) technique has fallen into several broad categories.
Much work has been done on the general formulation of
the technique, and such work is the subject of this section
of the review. However, a good deal of effort has gone
into the development of model characterizations and into
incorporating the effects of particle interactions on the
correlation function. Such work is addressed in Secs. III
and VI.

In astrophysics applications of the Hanbury-
Brown/Twiss effect, the spatial characteristics of the
particle-emitting source are assumed to have no strong
time dependence over the time scale of the measure-
ments. This is also true of the x-ray scattering applica-
tions investigated by Goldberger, Lewis, and Watson
(1963, 1966). The situation is very different in applica-
tions of the HBT effect to reactions of subatomic parti-
cles. Here the system is evolving with time, and the tech-
nique is used to investigate the system's spatial and tern-
poral characteristics.

A typical intensity interferometry study in subatomic
reactions involves a measurement of cross sections
d o./d p, d p2 for simultaneously observing a pair of
particles with momenta p, and pz [the units used in this
review are (h /2vr) =e =1, so that p is used interchange-
ably to denote momentum and wave vector]. A correla-
tion function R (pi, pz) can be constructed from the pair
cross section and the single-particle cross section
d o/d @by

(„)z ood o ld'p, d'pz

(n (n —1)) (d g ld pi )(d a'ld pz)

(2.1)

In this expression, (n ) is the particle multiplicity and ero

is defined by the normalization condition chosen for the
integrals of the inclusive cross sections. In many practi-
cal applications these prefactors are combined into one
overall normalization constant. For example, this is
necessary when the even multiplicity is unknown.

The individual momenta p& and p2 may be combined
to form other kinematic variables:

P=Pi+Pz Q=Pi Pz q (Pi Pz)l2

In the literature, the pair P, Q are commonly used for
high-energy reactions and the pair P, q for low-energy re-
actions. This review adopts the set P, q. Caution should
be used in comparing results from different areas of the
literature.

The first investigation of Bose-Einstein symmetrization
effects in subatomic reactions came from a study of pion
emission in proton-antiproton annihilation (Goldhaber
et a/. , 1959). To analyze this data, Goldhaber,
Goldhaber, Lee, and Pais (1960) adopted a static statisti-
cal model for particle emission and determined the conse-
quences of Bose-Einstein statistics to the angular distri-

butions of pions in such a system. The effect became
known for some time in the particle physics literature as
the Goldhaber (or GGLP) effect. The interpretation of
pion emission in terms of intensity interferometry was
pursued more than a decade later by Shuryak (1973a,
1973b) and Cocconi (1974). Another possible boson in-
terferometry application in reaction studies is correlated
photon emission. While this possibility has been investi-
gated theoretically (Neuhauser, 1986), difficulties associ-
ated with small cross sections and/or detection
eKciencies have restricted its experimental applications.

The early 1970s also saw the further development of
formalisms to handle not only pion emission (Kopylov
and Podgoretskii, 1972, 1973; Kopylov, 1974), but also
interference in resonant decay (Grishin, Kopylov, and
Podgoretskii, 1971a, 1971b; Kopylov and Podgoretskii,
1971; Kopylov, 1972). The early work on pion correla-
tions omitted effects arising from final-state interactions,
since low-energy ~~ scattering has a slowly varying I=2
s-wave phase shift. However, calculations of correlations
involving protons or nuclei must take into account strong
final-state interactions. The effects of strong interactions
have been investigated for pion emission (Suzuki, 1987;
Bowler, 1988), proton emission (Koonin, 1977; Nakai and
Yokomi, 1981; Ernst, Strayer, and Umar, 1985), and
cluster emission (Jennings, Boal, and Shillcock, 1986).

In Secs. II.A and II.B below, we discuss correlations
due to symmetrization (antisymmetrization) of the two-
particle wave function of identical bosons (fermions). We
outline a theoretical framework for describing correla-
tion functions based. upon a formalism for pion emission
developed by Gyulassy, Kauffmann, and Wilson (1979;
see also Bartnik and Rzazewski, 1978, for incoherent
pion production, and Horn and Silver, 1971, for coherent
pion production). Correlations due to strong or Coulom-
bic interactions between particles are discussed in Secs.
II.C and II.D.

A. Coherence and incoherence

While the main focus of this review is the two-particle
correlation function, it is instructive to discuss symmetri-
zation effects by considering an experiment in which only
one particle is measured in the final state. Suppose that
the particle can be emitted from one of a number of
discrete sources, each of which has a probability ampli-
tude f, (x) that is a delta function in coordinate space:
f;6(x—x;). Later, we shall consider models in which the
amplitudes f, are not static —for example, expanding
sources in heavy-ion collisions as considered by Pratt
(1984). It should be stressed throughout this section that
we have assumed that the source can be described by a
particular distribution. If this distribution changes with
impact parameter, and if the measurement of the correla-
tion function averages over impact parameter, then fur-
ther averages must be taken beyond those indicated here
(see, for example, Gyulassy, 1982).

In the present case, the total probability P(p) of ob-
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serving the particle with momentum p from these sources
is obtained from a sum over i of the product of the source
amplitude with the particle's wave function g(x). The
sum may be either coherent, i.e., Pc(p) =

I X;g(x; )f; I, or
incoherent, Pz(p)=X; If, g(x, )l, depending on the na-
ture of the experiment. The first choice, P&, is used if it
cannot be determined (for example, by measuring the
remainder of the reaction products) which source t emit-
ted the particle. The second choice, P~, is used if the
source i can be determined.

Suppose now that the source is continuous in space so
that the sum is replaced by an integral. Suppose further

l

2

Pc{p„pz)=—,
' f d x,d xzg, z(x„xz)fc(x, )fc(xz)

that the wave function of the particle is a plane wave,
lt (x)-exp(ipx). Then the probability of emission from
a coherent source is Pc(p)= I f g~(x)f (x)d xl . %'e see

that the momentum dependence of Pc(p) is determined
by the spatial dependence of the emitting region: it is
proportional to the Fourier transform off (x). However,
in the same limit, Pz(p) will have no momentum depen-
dence, since it simply becomes Pz(p) = f If (x)l d x.

The detection of two bosons can be treated by a similar
method. The coherent sum for the probability P(p„pz)
of observing identical bosons with momenta p, and p2
simultaneously can be written as

f d xid xz —(e e +e e )fc(xi)fc(xz)v'2

= Ifc(pi &fc{pz)I' . (2.2)

Here the tilde denotes a Fourier transform. Unnormal-
ized plane waves have been used for the two-particle
wave function (the normalization constant of the plane
waves disappears in the calculation of the correlation
function). The factor of —,

' in Eq. (2.2) comes from the
fact that the particles are indistinguishable. Note that a
coherent state cannot be constructed for fermions: an-
tisymmetrization of the wave function g in Eq. (2.2) leads
to a null result. We see that the coincidence probability
factoI'Ezes Ent, o contrEbutlons fIOID each momentum sepa-
rately. However, in most situations this momentum
dependence of Pc(p„pz) is influenced more by energy
and momentum conservation than the geometry of the
source. In any event when Eq. {2.2) is used to construct a
correlation function from

+(p pz)=fP(pl, pz)/P(pi)P(p )]2—1, (2.3)

one can see that there is no correlation between the two
momenta: Rc(p„pz) =0.

Repeating the above argument for the incoherent sum
we have

,(p„pz) = fd'x, d'xz lit „(x,, xz)f,(x, )f, (xz)I'

= IFs{0)l'+IP'2{pi—I z&l' (2.4)

where F~(x)=f~(x)*f~(x). This expression is valid for
both bosons (+) and fermions ( —). Here, P~ has no
dependence on the total momentum P =p&+p2 but there
is a correlation between the two individual momenta

&I(pl pz) =+ IP'I(pl —pz) ~FI(0) I'

It is from such an incoherent source that correlations can
arise (Hanbury-Brown and Twiss, 1954, 1957a, 1957b;
Cxoldhaber, Goldhaber, Lee, and Pais, 1960). If the
momentum difFerence vanishes, R~(p, p)=+1 ( —1) for
bosons (fermions).

Let us summarize the results so far. Two diferent pro-

cesses that contribute to the same measured final state
add incoherently if additional measurements along with
the original one could uniquely determine the initial
state. Alternatively, incoherence can be considered to re-
sult from phase averaging (see discussion below). Other-
wise, the processes add coherently. If the diA'erent parts
of the source contribute only coherently, the two-particle
correlation function in momentum vanishes. On the oth-
er hand, if the sources contribute incoherently, there is a
nonzero two-particle correlation function (but it has no
dependence on the total momentum of the particle pair if
the sources are static). Strong and Coulomb two-body in-

teractions may be included by using distorted waves for
the two-body wave function, rather than the plane waves
we have used thus far.

The problem of coherence can be approached from
another point of view. For the observation of one parti-
cle, the coherent sum, Pc(p) = IX,Q(x, )f, I, can be ex-
panded as

Pc{p)=g lg(x;)I'lf;I'+ g g g(x;)g*(x, )f;*f),

(2.6)

where the first sum on the right-hand side is recognized
as just Pz(p). Thus for Pc(p) to behave like a completely
incoherent sum (and possess the full nonvanishing corre-
lations associated with symmetrization) it is necessary for
the cross terms in Eq. (2.6) to vanish.

If the f, involve extra degrees of freedom and are or-
thogonal in these degrees of freedom, then the cross
terms vanish if the corresponding observables are not
measured (i.e., the degrees of freedom are summed over).
This is precisely the incoherent case discused above. One
may consider the vanishing of the cross terms as arising
from an averaging over some quantity or quantities. If
the f; Iluctuate randomly in the variables being averaged
over, then the average wili tend to be small. This method
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of generating orthogonality has led to the name "chaot-
ic" for such incoherent processes. However it is possible
to generate incoherent processes without anything being
random or chaotic. The elimination of the cross terms is
frequently referred to as phase averaging.

The effects of phase averaging on two-particle distribu-
tions have been discussed by Shuryak (1973a, 1973b),
Gyulassy, Kauffmann, and Wilson (1979), and Bowler
(1985). The coherent sum for the two-particle case is
given by [see Eq. (2.2)]

i'c(pi P2) +412( x; x, )f;&~
'

2 12 Xi~Xj i j 12 Xk7XI k I
i,j,k, l

=
—,
' y I @i2(x;,x, ) I'If; I'If, I'

l, J

+ —,
' y q„(x, , x))it*i2(x, , x;)If;I'If, l'

B. Sources of boson emission

The main issues raised in the previous section are (i)
how does the symmetrization of a two-particle wave
function lead to correlations in momentum and (ii) how
does the coherence of the source manifest itself in the
measurement of the correlation function'? In this section
we outline a more detailed treatment of the source for bo-
son emission. We adopt the formulation of Gyulassy,
Kauffmann, and Wilson (1979). The reader is referred to
this article, as well as those of Kopylov and Podgoretskii
(1972, 1973), Shuryak (1973a, 1973b), and Bartnik and
Rzazewski (1978), for a more detailed treatment than can
be accommodated here.

For definiteness we shall consider pion production.
We would like to solve the following field equation for
the pion field P(x) (where we denote the four-dimensional
x" simply by x in this subsection):

(i)"i)„+I )P(x) =J(x) . (2.9)

+
2 g 412( ixxj )412(xk&xi )fifj fk fl*

ij Wk, l

(2.7)

If the wave function is symmetric, the sum of the first
two terms equals the incoherent sum and we are left with

+I(PL~P2) +
p 2 1 12(xi xj )412(xk&xi )fi~jfkfl

In principle, the current J(x) is coupled to the pion
fields, and we would need to solve coupled equations in a
self-consistent manner. As a first approximation one can
treat the source as a c-number. The final pion state IP &

produced by such a classical current source is a coherent
state IJ& given by (see, for example, pp. 202—207 of
Bjorken and Drell, 1965)

i,j&k, l

(2.8) =exp —n/2+i f d p J(p)a+(p) I0&, (2.10)

If the second term in Eq. (2.8) vanishes due to phase
averaging, the incoherent sum is recovered.

From this discussion we also see that the two limits are
not mutually exclusive: we can go continuously from the
coherent to the incoherent situation depending on the de-
gree of orthogonality between the f;. In experiments, the
observed value of R (p, p) (i.e., the correlation function at
zero momentum difference) is often interpreted as a mea-
sure of the incoherence of the source, and it is given the
symbol A, =R (p, p). ' We refer to A, as the incoherence
parameter, although it has been called a variety of other
names. There are many other effects that cloud the inter-
pretation of A, as a measure of incoherence and we return
to them in Sec. III.E.

where

exp(iso t i p x)—
J(p)= f d x»iz J(x, t)[2' (2~)']'~' (2.11)

&n &=n= f d'plJ(p)l' (2.12)

which satisfies

&n &'=&n(n —1)&=n '. (2.13)

The density matrix

(2.14)

is the on-mass-shell Fourier transform of the current, i.e.,
~ =p +I . The pion multiplicity distribution is a Pois-
son distribution with mean

The incoherence parameter A. is unity for an incoherent boson
source from Eq. {2.5), and it is zero for a coherent source from
Eq. (2.2). However, the suppression of the correlation in R (q)
from a coherent source comes about because of the large Auc-

tuations that are present in the single-particle probability P(p).
Even with a coherent source, the function P&(P, q) has a corre-
lation as a function of q characteristic of the source size. The
correlation is retained in any analysis of R (q) that assumes
smooth behavior of the single-particle probability P{p). This
comment is due to G. Bertsch.

=Tr(p a+(p, ) a+(p )a(p ) . a(p, ))

=IJ(p )I' . IJ(p )I'. (2.15)

The two-particle correlation function, in this case, is sim-

ply R (pi, p~) =0: the pions are uncorrelated in momen-

describes a pure coherent state (Trp =Trp =1). Since

I
J & is an eigenstate of the destruction operator, the m-

pion inclusive distribution is easily calculated to be

p )
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turn space. This is just what is expected from the
coherent-sum example discussed above. Note also the
dependence of P (p„. . . , p ) on the individual momen-
ta.

We now want to consider a more general situation in
which there are a number X of independent sources.
Each source may emit any number of pions, so X is not
the number of pions produced in the reaction. The total
source current is written as

J(p)=J (p) g exp(iP;+ico~t; —ip x, ) . (2.18)

We now assume an incoherent sum (which is, in fact,
an integral) over the location of the points x, . This corre-
sponds to being able to distinguish where the collision
centers are. It does not imply that we know exactly
where the pions are produced. The density matrix can
now be written as

J(x)= g J;(x) . (2.16) p = +Ps(N) Jd x,p(x, )
. d x]vp(x~)IJ&& JI,

Each J, (x) can be considered to represent a different in-
elastic nucleon-nucleon collision in a heavy-ion reaction
or a difFerent parton-parton collision in a high-energy
hadron reaction. This approach is appropriate for either
a cascade or a thermal model. Consider the situation in
which the J;(x) depend only on the distance from the in-

dividual collision sites,

(2.19)

where Ps(N) is the probability that there are N collisions.
The density p(x) is normalized to one. Using our previ-
ous expression, Eq. (2.15), for the inclusive spectrum, we
find that the I-pion inclusive distribution for the present
case is given by

N
J(x)= g e 'J (x—x, , t —t, ), . (2.17)

p. )

= +Ps(N) Jd x,p(x, ) d x]vp(x~)

where we have allowed the possibility that the individual
currents have variable phase. The on-shell Fourier trans-
form of this equation is given by

xlJ(p, )l' . IJ(p )I'.
Using Eq. (2.18) we have

(2.20)

P (p„. . . , p )=IJ.(p])l' IJ.(p. )l'&P, (N) Jd'x]p(x]) d'x~p(x~)

N
X g g exp[ip, (x, —x, )] exp[ip (x, —x, )]

i =1
1

i =1
2m

Xexp[i(ii, —i], )]. exp[it/; —P; ]]) (2.21)

The factors of J (p; ) on the right-hand side give the
overall momentum dependence of the coincidence proba-
bility. The correlations, if any, come from the remaining
sums and integrals. Consider first the one-pion inclusive
distribution m=1 to illustrate coherence eff'ects in Eq.
(2.21). The Fourier transform of the density p(x) is
defined by

which x, ]Ax, ~. These N(N —1) terms each involve the
Fourier transform of p(x), so that Eq. (2.23a) becomes

P, (p)= IJ.(p)l'[&N &+ &N(N —1) & Ip(p, , )l'] .

(2.23b)

p(q)= 1 d x p(x)exp(iqx) .

Now, if the phases P, are random, then the double sum

over the phases in Eq. (2.21) gives N diagonal elements
plus an off'-diagonal sum whose absolute value is also of
the order X. Performing a further ensemble average over
sets of phases, we obtain

(2.23a)

where &N & is the average number of collisions. Howev-
er, if all phases P; have the same value, there are an extra
N(N —1) terms in the sum over i, and i2 (for m=1) in

Whether the N(N —1) cross term in Eq. (2.23b) is impor-
tant depends on the source size Rz. For short wave-

lengths Ipl ))Rs ', the integrand in Eq. (2.22) oscillates

~apidly and
I p(p ) I' « l. As a consequence the cross

term can be neglected. On the other hand, for long wave-
lengths Ipl ((Rs ', so that p(k)=p(O, m ), where m is

the pion mass. For m ~0, p(O, m ) goes to one and the
interference term dominates for large X. As Gyulassy,
Kauffmann, and Wilson (1979) point out, it is the zero-
mass limit which is relevant for the Thompson scattering
of photons. The interference term is responsible for the
charge-squared dependence of the cross section. For
finite-mass particles there is a diff'erence due to the
minimum energy scale in p(O, m ). If the source p has a
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long lifetime, r))m ', then p(0, m ) is small and the
cross term vanishes. On the other hand, if the lifetime is
short, the cross terms remain.

This can be considered from another point of view.
For long separations between emission times it is possible
to tell which source i emitted the pion because the times
of pion emission can be determined individually. This
destroys the coherence. For short lifetimes, on the other
hand, the uncertainty principle prevents time considera-
tions from being used to tell which source emitted the
particle. The size of the interference term can change

from zero to its full size as a function of the source life-
time. The crucial point is the extent to which the source
that emitted the particle can be distinguished from the
other sources by additional measurements. For the rest
of this discussion we shall assume that the cross terms be-
tween the different sources vanish whether because of
time or ensemble averages.

Now we proceed to the two-particle distribution. Per-
forming an average over the random phase P, as we did
in Eq. (2.23a), we find that the two-particle distribution
becomes

~2(pi P2)= I J (pi) I'IJ.(p2) I'[(N'&+ (N(N —1) & Ip(pi —p2)l'] . (2.24)

(N(N —1))R (p»p»=, IP(pi —p2) I' .
N

(2.25)

%'e see that the value of the correlation function at the
origin is affected by more than just coherence (see also
Sec. III.E). In this case the incoherence parameter
A. =R (p, p ) is given by

The overall momentum dependence and the correlation
effects have different origins; the overall momentum
dependence comes from the properties of the individual
collisions, while the correlations come from the proper-
ties of the region where the collisions take place. This is
a general feature and not just a peculiarity of the model.
The next features to note are the factors of (N ) and
(N(N —1)). These change the size of the correlations
when the number of collisions is small. Hence we have

(2.26)

The full value of unity for A, is reached only when the
number of collisions X is large. If the number of col-
lisions is distributed according to Poisson statistics, then
X=(N)/((N)+1). For such a distribution in N, A, is
reduced to one-half if (N ) is one.

C. Final-state interactions

So far we have considered only the effect of symmetry
on two-particle correlations. However, correlations can
also arise from two-particle final-state interactions even if
there are no symmetry-based correlations. As a generali-
zation of Gyulassy, Kauffman, and Wilson (1979) we
have the following expression for the two-particle proba-
bility distribution in the presence of distortions:

N N
3

2

~2(pl P2) p g +s(N) f d x ip(+ 1 ) d +Np(+N ) y. y. fd'» d'V2 J (Yl x )J (Y2 xj % 12(yl Y2)
i =1 j=l

(2.27)

where we have assumed that the sources add incoherently. Further, we have assumed that the sources have zero life-
time so that the four-dimensional integrals in Eq. (2.20) become three dimensional in Eq. (2.27). Hence Eq. (2.27) can be
rewritten as

P, (p„p,)=(N) f d'~ p(x) f d'X d'3'J. (y —x)J.(y' —x)g»(y, y')

2+(N)((N) —1)fd'x d'x'p(x)p(x') J d'yd'y'J (y —x)J (y' —x')giz(y, y') (2.28)

This equation reduces to our previous result, Eq. (2.24), in the plane-wave limit:

f12(y y') = —[exp( ipiy)exp(ip2Y')+ exp(ipiy')exp(ip» )] (2.29)

We can rewrite Eq. (2.28) in momentum space as

~ (p p ) (» fd'~ d'S'd'S "d p p(p p +p p )J (p)J (p )J (p )J (p )'((' (p p )'(1' (p p

+(N)((N) —1)f d p d p'd p "d p'"p(p p")p(p' p"')— —

XJ (p)J (p')J*(p")J„*(p"')g»(p,p')P»(p", p'") . (2.30)
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Now if the J (p) are suKciently slowly varying functions of momentum, they can be taken outside the integral and eval-
uated at the asymptotic values of the momentum pi and p2. The wave function i/tiz(x', x") depends implicitly on these
two asymptotic momenta. This leads to the result

l', (pi, p2)=I~.(pi)l'IJ. (p2)l'[&» f d'x p(x)li/i~(x, x)l'+&l'l(&&& —»& f d'x d'x'p(x)p(x')l@i2(x, x')I'], (2.»)
which becomes, in the large & X & limit,

Pp(pi p2) =
& lV &'IJ (pi) I'I J (p2)l' f d'x d'x'p(x)p(x')l@i2(x, x')I' . (2.32)

This expression is used in the next subsection (Sec. II.D),
and it is commonly used in the literature.

If one-body distortions are included and two-body in-
teractions are neglected, the wave function can be written
as

shares many similarities with other treatments of final-
state interactions in correlation functions (Nakai and
Yokomi, 1981; Ernst, Strayer, and Umar, 1985; Bowler,
1988). Using Eqs. (2.32) we can write the correlation
function as

1
i/i, (x,x') = —[i/j, (x)i/r, (x')+i/i(x')i/, (x)] .

2
(2.33)

R (pi, p2) = f d'xid'x~(xi)p(xp)[li/i2(xi, x2)l' —I],

Here it is assumed that the individual wave functions are
orthogonal (where the + refers to the usual symmetry re-
quirements). It has been pointed out by Gyulassy et al.
(1979) that final-state interactions, even if only one-body,
can affect the geometrical content of R.

D. The large-source-size limit

We have shown that the two-particle correlation func-
tion is affected by both symmetry and final-state interac-
tions. In Secs. III and VI we provide a number of model
parametrizations of the source that have been used for
data fitting. In this subsection we consider an example in
which the two-body interaction is of much shorter range
than the size of the system. In this we follow the devel-
opment of Jennings, Boal, and Shillcock (1986), which

g(x)= f d Xp(X+ —,'x)p(X —
—,'x), (2.35)

whose volume element is again one, can be obtained from
p(x). We can use this function in rewriting Eq. (2.34) as
an expansion over partial waves. If g(x) is spherically
symmetric, cross terms between different angular mo-
menta vanish, and we obtain

(2.34)

where we use Jd x p(x)=1 and where we make the
sources instantaneous. Equation (2.34) is valid for boson,
fermion, or nonidentical particle pairs.

If we have only two-body interactions between equal-
mass particles, the wave function i/, 2(x, , x2) is just
a plane wave in the center-of-mass coordinate
X=(x&+x2)/2, and Ii/(x»x2)l depends only on the rela-
tive coordinate x=(x, —x2). A relative function

R (pi, pz) =4m f dx x g (x) '2 g (2l +1)[i/t(x) ji (qx)]+jo—(2qx) (bosons),
1 even

R(pi, p2)=4' f dx x g(x) 2 g (2l+1)[i/ti(x) jI (qx)] —jo(2—qx) (fermions),
1 odd

R (p„pz)=4' f dx x g (x) g (2l +1)[i/, (x)—ji (qx)] (nonidentical),

(2.36a)

(2.36b)

(2.36c)

1= g (2l+1)ji (qx)
1=0

(2.37)

and

where ji(x) is a spherical Bessel function and

q=(p, —p2)/2. Notice that q is the relative momentum
rather than just the difference in momenta; hence the fac-
tor of one-half in the definition of q and the two in the
spherical Bessel function jo(2qx). In deriving Eq. (2.36)
we have used the identities (see Abramowitz and Stegun,
1964)

jo(2qx)= g (
—1)'(2l+ 1)gi(qx) .

1=0
(2.38)

For this subsection we use q = lql and the integrals are
three dimensional. Equations (2.36a)—(2.36c) give the ex-
plicit expressions for three different particle combina-
tions. For simplicity, the remaining derivations in this
subsection up to Eqs. (2.46a)—(2.46c) are shown for bo-
sons only.

One can show that the contributions to the correlation
function from symmetrization and two-particle interac-
tions are additive. In deriving this result, no approxima-
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tions are required beyond those used in Eq. (2.34) and the
assumption that g (x) is spherically symmetric. The
jo(2qx) term in Eq. (2.36) is the usual correlation func-
tion of Eq. (2.4). To see this we note that in the plane-
wave case, Eq. (2.34) can be written as

R (p„p2)= f d x, d x2p(x, )p(x2)[2cos (q x) —1]

I dx x ( x Jl qx g (2.40)

Assuming g (x) is spherically symmetric, the angular in-

tegration of Eq. (2.39) gives the jo(2qx) of Eq. (2.36).
We concentrate on the integral

x g x cos 2q'x (2.39)
Adding and subtracting the asymptotic forms of it&(x)
and j&(qx ), we can rewrite this integral as

I = f dx x [g&(x)—sin (qx l~/—2+5 I)/(q x) j& (q—x)+sin (qx l~/—2)/(q x) ]g (x)

+ f dx x [sin (qx —l~/2+5&)/(qx) —sin (qx ln/2—)/(q. x) ]g(x), (2.41)

where 6t is the phase shift of the lth partial wave. For the first integral we may restrict the upper limit, since the quan-
tity in square brackets goes to zero as x ~ ~. If g (x) is sufficiently slowly varying (i.e., the source is sufficiently large)
we may replace g (x) by its value at the origin g (0). The replacement requires both that the range of the force be small
and that the momentum q be large, since the Bessel functions are being replaced by their asymptotic form. The integral
can now be written as

RoI =g(0)f dx x [gi(x) —sin (qx —ln/2+5')/(qx) j& (qx)+—sin (qx —lm/2)/(qx) ]
p

~ dx+ f sin(5& )sin(2qx l~+5& )—g (x),
0 q

(2.42)

where Ro is assumed to be sufficiently large that g&(x) and j&(qx) have reached their asymptotic forms and sufficiently
small that g (x) can be replaced by a constant. The second integral has been simplified using trigonometric identities.

For the first term in Eq. (2.42) we follow a procedure very similar to that used in Appendix B-2 of Preston and Bha-
duri (1975) for the effective range expansion. We define u&(x, q) = i'&(x)qx so that u&(x, q) satisfies the equation

d' l(l+1)
u&(x, q) — m V(x)+ uI(x, q) = qu&(x, q) —.

dx X
(2.43)

The same equation (with q replaced by q') is satisfied by u&(x, q'). Multiplying the first of these by u&(x, q'), the second
by u&(x, q), and taking the difference, we have, after an integration by parts

d
u&(x, q') u&(x, q) ut(x, q) —u&(x, q')

dx dx

xb=(q' q) f dx u, (x, q—)u((x, q') .
a

(2.44)

The procedure now is to divide through by (q' —
q ) and then let q go to q. Combining with similar results for the

Bessel function and taking x, —+0 and xb ~Rp we have

I = + f dx cos(2qx —le.+5i )
g(0) d5& sin5I dg (x) (2.45)
2q dq 2q dx

The derivative with respect to q has arisen from taking the q —+q' limit. For large source sizes the first term dominates.

Through integration by parts we can show that the second term can be expanded in terms of derivatives of g (x) evalu-

ated at the origin. Successive terms are one power in 1/a smaller, where a is a length scale related to the size of the sys-

tem. Thus for large source sizes R (p„p2) can be written as

4~ d5t
R (pi, p2) =g (0) g (2l + 1) + f d x g (x)jo(2qx) (bosons),

I even dq
(2.46a)

R (p&, pz)=g(0) g (2l +1) —f d x g(x)jo(2qx) (fermions),4~ d5(

I odd

(2.46b)

2~ d61
R (pi, pq)=g (0) z g (2l +1) (nonidentical) .

q

(2 46c)

Rev. Mod. Phys. , Vol. 62, No. 3, July 1990



562 Boal, Gelbke, and Jennings: Intensity interferometry in subatomic physics

This expression breaks down for very large wavelegnths,
as might be expected from the 1/q . We see that in the
large-source-size limit the eFect of the interaction comes
only through on-shell information, namely, the derivative
of the phase shift.

This behavior is very similar to that obtained in
thermal models (Jennings, Boal, and Shillcock, 1986). At
a resonance the phase shift increases rapidly through
w/2. The rapid increase in the phase shift leads to a peak
in the correlation function whose height and width are
determined by the width of the resonance. In general,
repulsive potentials have a decreasing phase shift, at least
for low momentum, which lowers the correlation func-
tion. An attractive potential has the opposite eFect, pro-
vided the attraction is not strong enough to bind a state
(in which case the result depends on how strong the bind-
ing is; see Sec. VI.A for a discussion of pd correlations in
which the phase shift decreases with energy, although the
potential is attractive).

III. MODEL SOURCES FOR PARTICLE EMISSION

In this section we review models for two-pion correla-
tion functions at high energy. Experimental results at
these energies are presented in Secs. IV and V. Relevant
issues include model parametrizations of the source, the
importance of the time evolution of the source, the mag-
nitude of strong and electromagnetic eFects in the corre-
lation function, and the interpretation of the incoherence
parameter k. Many of the results presented in this sec-
tion are also relevant to proton and cluster emission.
EFects that are most important at lower energies, at
which proton and cluster emission is measured, are dis-
cussed in Sec. VI. Correlations among three or more
pions are not included in this review. The interested
reader is referred to the literature for an introduction to
this topic (Biyajima and Miyamura, 1978; Biyajima,
1981;Zajc, 1987a).

This section begins with a discussion of the two most
commonly used parametrizations for particle emission.
The Gaussian source distribution (used in applications by
Goldhaber, Goldhaber, Lee, and Pais, 1960; Koonin,
1977; Yano and Koonin, 1978; I.ednicky and
Podgoretskii, 1979; Kvatadze, Moiler, and Lorstad, 1988;
Capella and Krzywicki, 1989) is the subject of Sec. III.A.
Radiation from a sphere or disk, often referred to as the
Kopylov-Podgoretskii parametrization (Kopylov and
Podgoretskii, 1972, 1973; Cocconi, 1974; Kopylov, 1974;
Podgoretskii and Cheplakov, 1986), is discussed in Sec.
III.B. These two distributions represent time-invariant
sources moving with uniform velocity. Expanding
sources are discussed in Sec. III.C (Pratt, 1984, 1986b;
Kolehmainen and Gyulassy 1986; Averchenkov, Makh-
lin, and Sinyukov, 1987; Machlin and Sinyukov, 1987;
Hama and Padula, 1988).

In Sec. III.D we review the effects of Coulomb (Gyu-
lassy, KauFmann, and Wilson, 1979; Prat t, 1986a;
Gersch, 1987) and strong final-state interactions (Bowler,

1987b; Suzuki, 1987) on the pion correlation function.
Mention is also made of resonance decays (Grassberger,
1977; Thomas, 1977), although this topic is dealt with
more thoroughly in Sec. VI. Final-state interactions be-
tween the measured pair and the emitting system have
not yet been systematically investigated (Gyulassy,
KauFmann, and Wilson, 1979; Gyulassy and KaufFmann,
1981; see also Sec. VII).

The origin and interpretation of the incoherence pa-
rameter k have attracted considerable attention (Fowler
and Weiner, 1977, 1978, 1985; Bartnik and Rzazewski,
1978; Fowler, Stelte, and Weiner, 1979; Gyulassy,
KauFmann, and Wilson 1979; Biyajima, 1980, 1981,
1982; Gyulassy, 1982; Pratt, 1986; Fowler et al. , 1988;
Vourdas and Weiner, 1988). This topic is reviewed in
Sec. III.E.

Formalisms for the correlation function based upon
the string model (Bowler, 1985, 1987a; Andersson and
Hofmann, 1986); and other statistical and dynamical
models (Biyajima and Miyamura, 1974; Miyamura and
Biyajima, 1975; Ranft and Ranft, 1975a, 1975b; Giovan-
nini and Veneziano, 1977; Engels and Schilling, 1978;
Pratt and Tsang, 1987) and other applications of Bose-
Einstein symmetrization (Bilic, Dadic, and Martinis,
1978; Carruthers and Shih, 1983, 1984) are discussed in
Sec. III.F.

I3ata analysis has been performed with several
diFerent source parametrizations. To provide a uniform
basis for comparison we adopt the most commonly used
form —the Gaussian source —in the experimental sections
of this review. In the discussion that follows, methods
are developed to allow parameters extracted by a given
method to be compared with those from the Gaussian
model. Finally, we should also mention that we often
adopt diFerent notation from that used in the original
literature in order to make the review self-consistent.

A. Gaussian source

The most extensively used parametrization corre-
sponds to particle emission from a Gaussian source that
may move with respect to the laboratory frame but does
not otherwise evolve with time. The Gaussi. an-source
model was formulated in investigations by Goldhaber,
Goldhaber, Lee, and Pais (1960), Koonin (1977), and
Yano and Koonin (1978); it has also been applied to a
Regge-Mueller model by Capella and Krzywicki (1989).
We begin our discussion of this model by considering a
distribution with no time dependence at all. The static
Gaussian model takes the distribution function
p(r)=+~(r)= fI(r)*fI(r) of Eq. (2.4) to be [we replace
I'l(r) with p(r) in the remainder of the review to facili-
tate comparison with the literature]

p(r) = 1
exp[ —[(x/a„) +(y/a )Qa'a'a'~'Z'

X P z

+ (z /a, ) ]/R I, (3.1)
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[(a2+ a2+a2)/2]1/2R (3.2)

When the two-body wave functions are plane waves, the
correlation function for an incoherent source, Eq. (2.5), is
given by the square of the Fourier transform of Ft(r):

where the a s are dimensionless constants that allow for
nonspherical sources. The root-mean-square radius r, ,
of this distribution is given by

the incoherence parameter A, : if measurements do not ex-
tend to suSciently small momentum differences, the
second Gaussian remains undetected and an incoherence
parameter of k=p& is determined.

Another refinement of the Gaussian-source model is
the inclusion of a finite source lifetime. One model
source distribution is given by (Koonin, 1977; Yano and
Koonin, 1978)

R (p„p2)=expt —2[(q, a, ) +(q a )2+(q, a, )2]R2I .

(3.3)

1
p(r, t)=, exp[ r —lro t~/r —

I .
77 I 07

(3.6)

The correlation function depends only on the width of
the emitting region parallel to the direction of
q=(p, —p2)/2, and it goes to unity when q=0. If
Ip, I

= IpzI, then q is perpendicular to the direction of the
total momentum of the particle pair P=p, +p2 and the
results depend only on the size of the emitting region
transverse to P. This aspect of the problem has been em-
phasized by Kopylov and Podgoretskii (1972, 1973).

The main quantities of interest in Eq. (3.3) are the
magnitudes of R and a s. These are measurable through
the width of the correlation function taken with respect
to an axis, typically the beam axis. The use of Eq. (3.3)
and its variants to determine spatial dimensions of aniso-
tropic sources is discussed in Secs. IV, V„and VII. Other
theoretical discussions of anisotropic sources can be
found in Podgoretskii and Cheplakov (1986) and Kva-
tadze, Moiler, and Lorstad (1988). Many authors choose
to set a~ =a =a, = 1 in their analyses, often for simplici-
ty or because of limited statistics. For such a spherical
Gaussian source, R = ro and r, , =(—,

' )'~ ro. It should be
noted that one parametrization by Goldhaber, Gol-
dhaber, Lee, and Pais (1960) used Eq. (3.1) with
a =a =a, =+2. This parametrization appears in
su%ciently many papers that we define a corresponding
radius parameter R = rG =ro/+2. —

Various refinements of the static single-Gaussian-
source model have been proposed. For example, I.ed-
nicky and Podgoretskii (1979) consider a source com-
posed of two Gaussians with different scales:

p(r)= exp( —r /R, )
(~R f) ~

—[(E, E2) r—/2]I . (3.7)

As in the two-Gaussian case, R (p, , p2) is aft'ected by two
scales rp and ~; as q is rotated with respect to P, the
source may appear anisotropic. Of course, a nonzero
value for ~ has no effect on the correlation function if the
energies of the particles are the same.

A further time dependence of the source distribution is
the translation of the source in the laboratory frame.
The effect of this motion on the correlation function can
be handled in a number of ways. Yano and Koonin
(1978) use a Lorentz-invariant form of the Gaussian
source:

p(x")=
~ 3 exp[ B,(x„S—~) +B2x„x"],1

'/7 P pV

where B] and B2 are source parameters and S„ is the to-
tal 4-momentum of the source system. Repeated indices
imply a summation and the Mandelstam variable s is
given by s =S„S".The choice for 8& and Bz of

B, =(ro +r )/s, B2 =ra (3.9)

gives the previous form for the correlation function if it is
observed in the rest frame of the source. In the absence
of final-state interactions, the correlation function corre-
sponding to Eq. (3.8) has the form

The. corresponding correlation function is, in the plane-
wave limit,

R (pi p~) =exp I
—[(pi —V»"o /2]

(3.4)

where p, +p2= 1. One of the length scales could refer to
direct pion production, while the second could refer to
pions produced through resonance decay. The corre-
sponding correlation function is

R (pi p2) =Viexp[ —(pi —V»'R i /2]

R (p, , pz) =exp[ 2B,ror (q„S") +2q—„q"/B2],
(3.10)

where q"=(p", —
p~z )/2 as elsewhere in this review.

When the velocity of the source Vp is nonrelativistic,
the source distribution reduces to [with the substitutions
of Eq. (3.9)]

+p2exp[ —(pl —p2)'R 2 /2] . (3.5)
1 2 2 1

p(r, t)= exp[ —(r —Vot) /ro], exp( —t /r ),
Evidence for such a two-length scenario has been cited in
experiments by Akesson et al. (1987b). The presence of
two length scales could complicate the determination of and the correlation function becomes

(3.1 1)
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R (p„p2)= —J d r expI —[r (r—V'r/d) ]/2ro] ~g~
1

(2') rod
(3.12)

where f is the two-particle wave function. In these ex-
pressions, V' =V —Vo and d = [ro + ( V'~) ]' where V is
the velocity of the two-pion c.m. position. The presence
of the term (r.V'rid) in the exponential means that the
distribution looks prolate in a direction determined by V'.
Note that even if the source is not moving, V0=0, a time
dependence is still present in Eq. (3.12), as expected from
Eq. (3.11). A stationary source of finite lifetime appears
to be prolate in the direction of observation (i.e., the
direction of V). This can also be seen directly from Eq.
(3.7) because of the on-mass-shell relationship between E
and p.

B. Kopylov-Podgoretskii model

Several other model source distributions that yield
analytically tractable results have been proposed. In this
subsection we discuss emission from either the interior or
the surface of an ellipsoid (Kopylov and Podgoretskii,
1972, 1973; Cocconi, 1974; Kopylov, 1974; for a discus-
sion of source shape analysis using this formalism, see
Podgoretskii and Cheplakov, 1986).

Kopylov and Podgoretskii (1972, 1973) consider a
two-step approach to pion production. In the first step
an oscillator is excited. In the second step it deexcites by
emitting a pion. The decay is assumed to take place sta-
tistically. In the original work two models are con-
sidered for the spatial region where the oscillators are
produced. The first model uses an ellipsoidal region with
the oscillators distributed uniformly inside the boundary,
while the second model uses an ellipsoidal region with
the oscillators excited only on the surface. Once excited,
the oscillators move and decay. This approach difIers
from that presented in Sec. III.A: the spatial distribution
of the source is dift'erent (although it would take a very
precise experiment to detect this diA'erence) and a two-
step process is assumed for particle emission.

Following Kopylov and Podgoretskii (1972, 1973), we

(3.13)

Note the absolute value in the exponential. The source
g (r', t') is assumed to be a heavy pointlike oscillator with
a proper frequency (i.e., frequency in the rest frame of
the source) co* and lifetime w* = 1/I * (the corresponding
laboratory quantities are co and r, respectively). The os-
cillator is assumed to move with constant velocity v and
to be given excitation energy at the time to when it passes
through the origin. Thus the source is given by

(g(r', t')=g 5[r' —v(t' —t )] exp[ ice(t' —t )—
(3.14)

for t') to and is equal to zero otherwise. Combining Eqs.
(3.13) and (3.14) and assuming that r' is much less than

~

r' —r
~

we have, after neglecting slowly varying factors,

exp(ipr +iEto)3 (E,r) ~
E pv co+—i /(2~—)

(3.15)

The only space-time characteristics of the event are the
instant to when the oscillator is excited and its position at
that instant.

The above argument can be repeated with two oscilla-
tors excited at times t and tp with positions r and rp, as
in Fig. 1. The two emitted pions are detected at points
r

&
and r2. The distance between the oscillators,

r p=r —rp, is assumed to be small compared to the oth-
er distances in the problem. The amplitude for detecting
two particles now has two contributions: one contribu-
tion in which the pion emitted by oscillator o. is detected
at r, and the pion emitted by oscillator P is detected at rz,
the other contribution in which r& and r2 are inter-
changed. Hence

consider the amplitude A (E,r) for detecting a particle at
position r with energy E:

2 (E,r) ~ Jg(r', t') exp(iplr —r'~+iEt') d r'dt'

exp(ip, r i+iE, t„) exp(ip2r/3~+iE2t/3) exp(ip2r 2+iE2t ) exp(ip, rp, +iE, t/3)
A (E„E2)~ +-

p] & ~ +&I /~ +2 p2 &p ~p+E~p/2 +2 p2 & ~ +iI /2 + p &p ~p+iI p/2

(3.16)

The momenta p &
and pp& are indistinguishable and are

replaced by a single momentum p, in Eq. (3.16); similarly

Pa2 Pp2 P2'
The probability of detecting two particles is the com-

plex square of the amplitude. In addition, the unob-
served energies ~ and cop must be integrated out. This
leads to the joint probability

exp(i b, ) exp( i 5)—
2(g i )(gp+i )

— 2(g' +i )(gp —i )

( I+( gp) cosh, +(g —g'p) sink=1+
(1+g )( I + gp~)

(3.17)

where we have used (note that these are not dot products)
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and

P1~ 1 +I 2 IJ2 +1 Pl P2~ 2

—(E, E—, )(t tz—)

4(g) [Ei E2 v (t)) (P1 P2)]/~ (t))

%"hen the distance between the sources is small

b, ~(p( —p, ) ~ (r —
rt3)

—(E, E,—)(t tti) .—

(3.18)

(3.19)

(3.20) (3.26)= exp( —
p /4)

If r &0 in these equations, then R (p„p2) has its max-
imum value at qo =0 (i.e., ~p(~

=
~P2~ ) for a given value of

(q( and decreases as (qo( )0.
Equation (3.25) has been used extensively in data

analysis. In order to provide a means of comparing ex-
tracted values of RKP with r0 of the Gaussian model we
use the approximation suggested by Zajc (1987b):

2
2J1(p)

Note that 6 depends on the dot product of r &
and

q=(pi p2)/2.
In this subsection we consider the case in which the os-

cillators are excited at the same time t —t&, move with
the same velocity v =v&= v, and have the same decay
rate I =I &=I, so that g =gt)=g. The oscillator posi-
tions must now be averaged over the source distribution.
I( opylov and Podgoretskii (1973) consider two diFerent
source distributions. In their formalism the source is the
region where the oscillators are formed and not the re-
gion from which the pions are emitted.

The first source region is a uniform ellipsoid and the
correlation function is

R(p„p2)=[3j,(i~)/1(. ] /(1+/ ),
where j,(~) is a spherical Bessel function and

~=2[(q, A„) +(q 3 ) +(q, A, ) ]'~

(3.21)

(3.22)

The 3,. are the semiaxes of the ellipsoid. As with the
Gaussian source, the correlation R (q) depends only on
the source dimension parallel to q.

As a second source distribution, Kopylov and
Podgoretskii consider en1ission from an ellipsoidal sur-
face. This gives the result

R (p„p2)=[2J, (1~)/1~] /(1+/ ), (3.23)

R(p(, p2)=[2J)(2qR&p)/(2qRKp)] /[1+(2qor) ] .

(3.25)

where J)(v) is a cylindrical Bessel function. The interest-
ing feature of this result is that it is indistinguishable
from emission from a disk, even though it is derived from
a three-dimensional shape. The interested reader is re-
ferred to Kopylov and Podgoretskii (1973) for the
modification to the correlation function caused by relax-
ing the condition that the oscillator excitation times t be
simultaneous.

To simplify the parametrization further, let the source
be stationary (v=0) and isotropic (3 = A = A, =RKp;
the subscript is introduced to differentiate between this
radius and those from other models). Then a.=2qRKp
and Eqs. (3.21) and (3.23) become

R (p„p, ) = [3j, (2qR Kp ) /(2qR K, )]'/[1+ (2q, r)']

(3.24)

(which can be seen by comparing the power-series expan-
sions of each function) to obtain R Kp/V'2=ra.

C. Time-evolving sources

In Secs. III.A and III.B we discuss sources of fixed
geometry. In this subsection, results are presented for
time-dependent source geometries, in particular, expand-
ing sources. Resonance lifetime effects, which are com-
plementary to the discussions here, are deferred to Sec.
VI.

Pratt (1984) has developed a correlation function for-
malism based on signer functions, which he applies to
particle emission from a spherically expanding shell. As
a model calculation, pion emission is treated from a
source whose Wigner function has the form

g (x,p) =5(r Ro) exp—( t /r ) exp—[ —E'(p, r)/T],
(3.27)

where the pion is emitted at space-time coordinates
(Ron, t) from a spherical shell characterized by a radius
R0, lifetime parameter ~, and temperature T. The unit
vector normal to the sphere's surface is denoted by n. In
a frame comoving with the shell at velocity vn, the pion's
energy is E'(p, r)=(E —vn p)(1 —v )

'~ . The corre-
sponding correlation function has a form in which the
apparent source size Rs(P) depends on the total rnomen-
tum of the pion pair P =p, +p2..

Rs(P)=R()[(z tanhz) ' —sinh z]'~ (3.28)

where z =Pyv/(2T) and y is the usual Lorentz factor
( 1 2) —1/2

As an example, Fig. 2 shows Rs(P) for an expanding
source with T/yv= 100 MeV. The apparent size de-
creases significantly with increasing P. Pratt (1984)
presents a simple explanation for this dependence: ener-
getic particles are more likely to be emitted from a point
on the shell expanding with a velocity in the direction of
P, whereas pairs with smaller P can come from more
widely separated points. It should be pointed out that
there are effects arising from the mean time between
emissions that also result in decreasing apparent size
with increasing P; these effects are examined in Sec. VI.

A number of authors have explored the dependence of
R on collective expansion at relativistic energies. Mach-
lin and Sinyukov (1987) treat in a relativistically covari-
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R, (p) -1 ~ 2 I /2
(y tanh y) ' —sinh 2y

Ro

where

G(pl&P2) J40D(P2 Pl&30)J n(3 I Vo&plT)

xJ.(&2 30 PQT) . (3.30)

0.5

The distribution D comes from the space-time distribu-
tion of sources and is responsible for the two-particle
correlation, while the J„give the overall momentum
dependence. This is like Eq. (2.27) with only one source.
A simple characterization for the inside-outside cascade
model is

D (z, t, r T po ) = ( 1/7TR T )5( r rocoshyo )5(z —rosinhy o )

X exp( rT /R—T ), (3.31)

200 400 600
P/2 ( MeV/c)

FIG. 2. Effective size of an expanding radial source with
T/yv=100 MeV, shown as a function of the total momentum
P of the two-particle pair (after Pratt, 1984).

where y0 is the source rapidity and the source distribu-
tion in the transverse direction is assumed to be a Gauss-
ian with radius RT. The functions D in Eqs. (3.30) and
(3.31) are Fourier transforms of each other. To complete
the determination of R it is necessary to give J . Of the
two currents considered by Kolehmainen and Gyulassy,
more analyticaHy tractable results are found with the
pseudothermal mode1,

IG(p&, p&) I'
R(pi p2)=

G(pi Pi)G(P2 P2)
(3.29)

ant manner a source with internal collective motion.
Averchenkov, Makhlin, and Sinyukov (1987) then apply
this approach to a variety of situations, in particular a
scaling model of hydrodynamical expansion used in ul-
trarelativistic heavy-ion studies. In a different approach,
Hama and Padula (1988) also investigate the apparent di-
mension of the source. Although their applications are
more specific to the problem of quark-gluon plasma for-
mation, they find the same general features of the corre-
lation function as Pratt (1986b). Our treatment of expan-
sion at ultrarelativistic energies uses a model by Koleh-
mainen and Gyulassy (1986), which is based upon the for-
malism of Sec. II.

Pion production in the Kolehmainen-Gyulassy (1986)
approach is modeled after the inside-outside cascade dy-
namics in which the formation time of a secondary parti-
cle increases linearly with its energy due to time dilation.
A natural set of kinematic variables are the longitudinal
and transverse momenta p~l and pT, and the transverse
mass m T

=m +pT, so that the particle's 4-momentum is
p"=(mTcoshy, pT, mTsinhy). The particle production
dynamics leads to a strong correlation between the aver-
age space-time point (z, t) of the particle emission and the
longitudinal rapidity y =(—,

' )in[(E+p~~ )/(E p~~ )1 T»s
correlation can be expressed approximately by
z =~osinhy and t =rocoshy (for further details see Koleh-
mainen and Gyulassy, 1986, and references therein).

The final interference reAects only the geometry at the
proper time when the interactions have ceased. Using
the source current approach described in Sec. II, Koleh-
mainen and Gyulassy write the correlation function as

J (y —yo, pT) = exp[ —(mT/2T)cosh(y —yo) j
= exp( E'/2T'), — (3.32)

where E' is the pion energy in the rest frame of the pion
emitter. In this model, G is given by

G(p„pz)=aKO(&u ) exp( qTRT/4)—, (3.33)

where K0 is the modified Bessel function and the dynami-
cal and geometrical contents are contained in the vari-
able

u =2m, 7 mzT( —,'T +20)cosh(by)

+(m, T+m2T)( —„'T —ro)

+(i~o/T)(m fT
—mzT) . (3.34)

D. Pion Anal-state interactions

Several aspects of final-state interactions can be impor-
tant for two-pion correlation functions. These include
resonance decay as well as strong and Coulombic interac-
tions at both the two- and three-body levels. Resonance
decays are discussed more fully in Sec. VI, since correla-
tions between clusters are observed to show strong reso-
nance behavior. Interference between "prompt" pions

In this last expression, Ay is the rapidity difference

y, —yz. Unlike the Gaussian and Kopylov-Podgoretskii
parametrizations discussed in Secs. III.A and III.B, Eq.
(3.34) does not break up cleanly into components. Never-
theless, its parameters can be determined from measured
correlation functions (Bamberger et a/. , 1988). Koleh-
mainen and Gyulassy (1986) point out that their results
are numerically similar to a model advanced by Pratt
(1986b).
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= ~(pt p2)l:R (p»pz)+1]th-. , (3.35)

The Gamow factor is the square modulus of the nonrela-
tivistic Coulomb wave function at the origin (Gamow,
1928; Gurney and Condon, 1929; see Schiff, 1955, p. 141):

and those arising from resonance decay has been investi-
gated by Grassberger (1977), who shows that such in-
terference contributes to a narrow peak in the correlation
function near q =0. Other effects of production dynam-
ics on correlation functions have been considered by
Thomas (1977).

Gyulassy, KaufFmann, and Wilson (1979) suggest a
simple procedure for incorporating the Coulomb final-
state interactions between the pi.ons: the model pair prob-
ability without Coulomb interactions is multiplied by the
Gamow factor to produce a Coulomb-corrected correla-
tion function,

)R (pi~p2 +1]theory+coulomb

rives at the opposite and correct conclusion: there should
be no Bose-Einstein correlations for ++m .

The correlation function may be influenced by strong
or Coulombic interactions between the emitted particles
and their source. Gyulassy, Kauffmann, and Wilson
(1979) have developed a formalism for treating these
three-body-like interactions, but applications yielding
analytical results are difFicult to find. This is in contrast
to the two-body situation, in which Gyulassy and
Kauffmann (1981) examine the change in the single-
particle inclusive spectra arising from Coulomb interac-
tion of the particles with the emission region. Experi-
mentally, correlation function distortions from final-state
interactions with the source have received only modest
attention for pion emission (Zajc et al. , 1984). Such dis-
tortions have been identified at lower bombarding ener-
gies. They are important if the emitted particles have
difFerent charge-to-mass ratios (see Sec. VII).

with

8'(p„p2) =2m'/[ exp(2m') —I ] (3.36) E. The incoherence parameter

g=am /~p, —p, ~, a=e'/A'c . (3.37)

The Gamow factor suppresses the model correlation
function at small relative momenta. The factorization in
Eq. (3.35) is only an approximation valid when the source
radius is much less than the Bohr radius of the particle
pair.

The Gamow correction procedure is frequently used
for comparisons of experimental correlation functions
with simple model parametrizations. Slightly different
Coulomb corrections have been investigated by Pratt
(1986a). A comparison with a classical Coulomb trajec-
tory calculation is made by Gersch (1987).

Few two-pion correlation function analyses performed
thus far have included strong-interaction corrections.
Suzuki (1987) and Bowler (1988) have examined the
strong-interaction contributions to the I =0 and I =2 mvr

s-wave amplitudes (the I =0 phase shift may enter the
~+~+ correlation function analysis if m+m. pairs are
used experimentally to normalize the ~+7r+ yields). The
derivative of the I =2 phase shift d6/dq is negative,
whereas the I =0 value of d5/dq is positive for small q.
From the discussion of final-state interaction effects in
Sec. II.D, one sees that the I =2 contribution tends to
suppress the predicted correlation function for a given
geometry. Unfortunately, there is considerable uncer-
tainty in the measured phase shifts, so that the magni-
tude of the strong-interaction effects is not well deter-
mined. Both Suzuki (1987) and Bowler (1988) estimate
that strong interactions may suppress the correlation
function at q =0 by as much as 20%%uo.

Suzuki (1987) also argues on the basis of an isospin
decomposition of the m+~ amplitudes that Bose-Einstein
effects should be present in ~+~ correlations in spite of
their being nonidentical particles. Bowler (1987b) per-
forms a more general analysis of the amplitudes and ar-

In Sec. II the incoherence parameter k is introduced as
a means of describing boson-emitting sources that are
neither fully coherent nor fully incoherent. As shown in
Secs. IV and V, many experiments yield values for X that
are less than unity. Although the question of coherent
emission is of fundamental interest in subatomic reac-
tions, there are many factors that may make it an inap-
propriate concept. We begin this section by discussing
aspects of coherent emission encountered in hadronic,
and particularly nuclear, reactions.

The parameter A, =R(p, p) is afFected by many things
other than source coherence. In the pion source model
presented in Sec. II.B, R (p, p) is affected by the number
of source currents (Gyulassy, Kauffmann, and Wilson,
1979). The two-source model of Lednicky and
Podgoretskii (1979) presented in Sec. III.A illustrates
how phenomena such as long-time-frame decays (see, for
example, Grassberger, 1977; Gyulassy and Padula, 1988)
substantially alter R (p, p). Thus, if a significant fraction
of pions in a reaction results from resonance decays, the
small amount of coherent production may be so masked
as to be unobservable (Gyulassy, 1990). It may also hap-
pen that multiple scattering reduces initially coherent
emission, in much the same way as a ground-glass screen
is used in speckle interferometry from coherent laser
light (Gyulassy, 1990). In high-energy reactions there is
a question of the maximum coherence allowed by causali-
ty (Gyulassy, 1990). If particles are produced at small
temporal, but large spatial, separation, then the produc-
tion may not be coherent simply because the emission
points cannot be causally connected.

As if all of these reaction effects were not enough,
there are factors implicit in the measurement process
that affect R(p, p). Many measurements average over
impact parameter, orientation of q with respect to P,
etc. , and these averages may change R (p, p). For exam-
ple, Gyulassy (1982) shows in one particular dynamical
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J(P)=J oh(P)+J oh(P) . (3.38)

For real currents and source density, the corresponding
correlation function becomes

R (pi p2) = [1—D (pi)]l:1—D (pz)]p '(pi —P2)

+2[D (pi)D (pz)[1 —D (pi) ll:1 —D (p~)11'"

model that A, may even exceed unity because of impact-
parameter averaging. As mentioned earlier, experimen-
tal averaging procedures may smooth out single-particle
distributions [e.g. , Eq. (2.23)] and lead to an apparent
nonzero R (p, p) even for a coherent source. Finally, as
emphasized by Lednicky and Podgoretskii (1979), finite
experimental resolution always tends to wash out peaks
in R (p, p) at small q.

The critique in the preceding two paragraphs indicates
that there are a significant number of difficulties in inter-
preting A.. Bearing these difhculties in mind we examine
several methods for handling partially coherent sources.
Gyulassy, Kauffmann, and Wilson (1979) decompose the
pion source current J(p) into coherent and incoherent
contributions:

Kauffmann, and Wilson (1979), but neglect the momen-
tum dependence of the degree of coherence. The same
expression for A, as Eq (.3.41) (again without the momen-
tum dependence) in the Kopylov-Podgoretskii model is
obtained by Biyajima (1980). Other formulations of A, in
terms of the topological expansion model of Cxiovannini
and Veneziano (1977) are made by Biyajima (1981, 1982).

The measured values of the incoherence parameter,
which are summarized in Secs. IV and V, can be inter-
preted from many points of view (including the view that
they have no interpretation). Fowler, Stelte, and Weiner
(1979) propose two-pion interferometry as a signature for
the formation of pion condensates. Possible directional
dependence of A. on P has been interpreted by Fowler and
Weiner (1985) in terms of the decay of an N +6 baryon
collective state. Determination of the incoherence pa-
rameter from multiplicity distributions (rather than the
traditional two-particle correlation function) is investi-
gated by Fowler et al. (1988) and Vourdas and Weiner
(1988). However, given the cautionary notes at the be-
ginning of this section, at present no unique interpreta-
tion for the extracted value of X exists

xp(p, —pz) . (3.39)
F. Other formalisms and applications

The momentum-dependent degree of coherence D (p) is
defined by

J
&)(p) ~..h(p)+n;. ..h(p)

' (3.40)

~..h(p)

~..h(p)+~;...h(p)
(3.41)

Coherent and incoherent emission processes in particle
physics are discussed by Fowler and Weiner (1977, 1978).
They use a formalism similar to that of Gyulassy,

where n„h(p) and n;„„h(p) are the number densities of
coherently and incoherently produced pions with
momentum p. An expression for the incoherence param-
eter X can be obtained from Eq. (3.39) when p, =p2= p:

2 Jd r Fz(r)P*(q, r)P(q, r)
1+R (p„p2) =

d r Fx(r)
(3.42)

where P=p&+pz and q=(pi —p2)/2 as usual. The ap-
propriately symmetrized wave function is denoted by
P(q, r), and Fz(r) is the relative Wigner function

Previous parts of Sec. III discuss the eAects of source
geometry on the shape of the correlation function. Alter-
native approaches to the calculation of correlation func-
tions incorporate the reaction dynamics. For example,
Pratt and Tsang (1987; see also Koonin, 1977) point out
that the correlation function can be calculated from any
dynamical theory in terms of its predicted single-particle
Wigner function f (P /2, R; t) by means of

Fx(r)=lim(t~~) jd R f P/2, R+ —;tf P/2, R —;t— (3.43)

The models describing the reaction dynamics were
developed largely to interpret inclusive cross sections or
other observables popular in their time. For example, in
work performed in the 1970s, correlation functions were
examined in the context of Regge-Mueller models (Biyaji-
ma and Miyamura, 1974; Miyamura and Biyajima, 1975),
in which the properties of scattering amplitudes are as-
sumed to be dominated by particle exchange. In a simi-
lar vein, Giovannini and Veneziano (1977) developed a
framework for correlation functions based on dual topo-
logical expansions. Cluster and fireball models have been

developed to describe high-energy particle production,
and the correlation functions of such models have been
investigated by Ranft and Ranft (1975a, 1975b) as well as
Engels and Schilling (1978).

More recently, string models have become popular in
high-energy reaction studies. Correlations within the
string model context are investigated by Andersson and
Hofmann (1986), Bowler (1985, 1986), and Osborne
(1988). The relationship between different string model
calculations is shown in Bowler (1987a). The string mod-
els have been primarily applied to e e annihilation
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processes, although they have concepts, such as longitu-
dinal growth, that are useful in other reactions as well.

Finally, Bose-Einstein symmetrization effects have
been studied for observables other than correlation func-
tions. In particular, their role has been investigated in
multiplicity moments and inclusive particle production
(Bilic, Dadic, and Martinis, 1978; Carruthers and Shih,
1983, 1984). The interested reader is referred to the orig-
inal literature for further information on these investiga-
tions.

IV. PION EMISSION IN ELEMENTARY-PARTICLE
COLLISIONS

Historically, the first observations of Bose-Einstein
correlations in elementary-particle collisions were made
by Goldhaber et a/. (1959). Goldhaber, Goldhaber, Lee,
and Pais (1960) interpreted the angular correlations
among pions within the context of a statistical model in
which the particles of the system were confined within a
region of spatial dimension of the order 1 fm. Many of
the experiments performed on two-pion correlations dur-
ing the 1960s and early 1970s either determined parame-
ters of the GGLP statistical formalism or used the
GGLP model to deduce source volumes (Xuong and
Lynch, 1962; Bartke et al. , 1967; Donald et al. , 1969;
De Baere et al. , 1970; Boesebeck et al. , 1973; Oh et al. ,
1975).

Kopylov and Podgoretskii (1972, 1973) developed a
convenient formalism for interpreting two-particle corre-
lation measurements in terms of the space-time extent of
the particle-emitting source region (see Sec. III.B). Sub-
sequent to this development, a sizable number of particle
physics experiments were performed and interpreted in
terms of the source geometry. In this section we subdi-
vide these experiments into two categories. Experiments
involving the collision of two hadrons (Bartke et a/. ,
1967; Donald et al. , 1969; Biswas et a/. , 1976; Borreani
et al. , 1976; Calligarich et al. , 1976; Deutschmann
et al. , 1976, 1982; Grard et a/. , 1976; Angelini et al. ,
1977; Angelov et a/. , 1977, 1981; Ezell et al. , 1977;
Cooper et al. , 1978; De Wolf et a/. , 1978; Goossens
et al. , 1978; Loktionov et al. , 1978; Drijard et al. , 1979;
Akesson et a/. , 1983, 1985, 1987a, 1987b; Breakstone
et a/. , 1985, 1987; Adamus et al. , 1988; Albajar et al. ,
1989) are covered in Sec. IV.A. Only two lepton-hadron
collision experiments (Arneodo et a/. , 1986; Allasia
et a/. , 1988) have been performed; these are summarized
in Sec. IV.B, along with measurements for lepton-lepton
collisions (Aihara et a/. , 1985; Althoff et a/. , 1985, 1986;
Avery et a/. , 1985; Juricic et a/. , 1989).

Almost all of the particles used in the correlation func-
tion measurements discussed in this section are relativis-
tic. Unfortunately, most of the functional forms used to
fit these data either use nonrelativistic kinematics or
make assumptions about the velocity of the emitting
source. The experimental correlation functions generally
do not possess sufhcient accuracy to test the assumed ki-

nematics. In some analyses, arbitrarily chosen functiona1
forms with Lorentz-invariant variables are used without
regard for the fact that a variable such as
Q„Q"=(E& E2—) —

(p&
—p2) mixes together the time

and space dimensions of the source (Zajc, 1987b).

A. Hadron-hadron collisions

The original paper of Goldhaber, Goldhaber, Lee, and
Pais (1960) treated pion emission from pp annihilation.
One of the links between correlations and geometry is
also provided in their paper. However, experiments per-
formed in the decade following GGLP often did not in-
clude a geometrical analysis or did not possess sufhcient
statistics to allow for an accurate determination of the
source geometry (Xuong and Lynch, 1962; De Baere
et a/. , 1970; Boesebeck et a/. , 1973; Oh et a/. , 1975).
Since the development of the Kopylov-Podgoretskii for-
malism (1972, 1973), a considerable number of hadron-
hadron reactions have been investigated and interpreted
geometrically.

Tables I and II summarize the parameters extracted
from many of these experiments. We use the 2~+X no-
tation to indicate that the source parameters are deter-
mined from 2~ correlations. %'e do not use the notation
to imply that only two pions are measured in the final
state (often the experiment is far more exclusive). The
size parameters quoted in the tables are extracted assum-
ing an isotropic source. Results for anisotropic sources
are not included in Tables I and II; they are discussed in
more detail in the text below. It is often dificult to corn-
pare results from di6'erent experiments because of the
many di6'erent data analysis methods. Analysis metho-
dology is addressed more completely in Sec. VII, but the
issues include the following:

(i) How is the correlation function normalized?
(ii) How is the denominator in Eq. (2.3) determined.
(iii) What source parametrization is chosen?
(iv) What experimental gates are placed on the data

(e.g. , multiplicity cuts, kinetic-energy cuts, etc.).
As is shown in a11 of this review s experimental sec-

tions, the extracted parameters may be dramatically sen-
sitive to the method of analysis and to the applied cuts
and gating conditions.

In Tables I and II we convert the source radii from the
original papers into equivalent values of r0. The conver-
sion factors are given in Sec. III. It must be stressed,
however, that some of the analysis parametrizations in-
clude lifetime or incoherence parameters, while others do
not, and the numerica1 values of r0 are sensitive to the
presence of these terms. With all of these caveats in
mind let us examine the tables for trends.

Table I contains results for proton- and antiproton-
induced reactions. Most va1ues of r0 are close to 1 fm, as
expected. There are weak indications that the reaction
volume increases with bombarding energy, perhaps
reAecting the fact that the particle multiplicity increases
with bombarding energy. A smaller size is observed with
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TABLE I. Extracted Gaussian source dimensions for pp and pP collisions. The measured values have
been converted to equivalent values of ro as described in the text.

Reaction

pp ~2m+X'
pp ~2~+X"
pp ~2m+X'

p„.b (GeV/c)

1460
1500-2100

2100

ro (fm)

0.95+0.22
1.06+0.07
1.60+0.06

0.34+0.04
0.45+0.03

pp ~2~+X
pp ~2~+X'
pp K, K, +X
pp ~2~+X~
pp 2~+X"
pp —+2'+ X

0—0.7
0.76
1.2

22.4
2110

1.02+0.06
1.3+0.1

0.6+0.1

0.4
2.1+0.4

1.46+0.10

0.63+0.05

0.43+0.05

p+n ~2w+Xj

'Drijard et a/. , 1979.
bAkesson et a/. , 1985.
'Breakstone et al. , 1985.
Deutschmann et al. , 1982.

'Angelini et al. , 1977.

1.0—1.6 0.87+0.06

'Cooper et al. , 1978.
~Donald et al. , 1969.
"Loktionov et al. , 1978.
'Breakstone et al. , 1985.
'Borreani et al. , 1976.

KK pairs, as opposed to ~~ pairs, although a systematic
determination of this effect has not been performed (this
large diAerence in source size between 2~ and 2K pairs is
not observed in heavy-ion reactions; see Sec. V). A com-
parison of Tables I and II shows that the extracted
source size does not depend strongly on whether the pro-
jectile is a meson or baryon. Finally, the incoherence pa-
rameter k is observed to be less than unity —in some
cases substantially so (whether A, has a meaningful inter-

pretation is discussed in Sec. III.E). The usual caution-
ary note should be made that the extracted parameters
may be highly model dependent. For example, a study
by Akesson et al. (1987b) for the reaction pp ~2m+X at
&s =63 GeV shows that the incoherence parameter
changes from k =0.40+0.03 using a single Gaussian
source to X=0.74+O'I& using a two-Gaussian source (see
Sec. III for a discussion).

Because of the many diA'erent source parametrizations

TABLE II. Extracted Gaussian source dimensions for ~p and Kp collisions. The measured values have
been converted to equivalent values of ro as described in the text.

Reaction

~p ~2~+X'
~+p ~2~+X
w p ~2m+X'
w+p ~2~+X
m p~2m+X'
~ p~2~+X'
~ p~2~+X~

pl, b (GeV/c)

4—25
8

11.2
16
40
40
200

ro (fm)

0 7+0.3

1—
0.74+0.07
1.03+0.03
1.2+0.2
1.0+0.2

1.34+0.15

0.88+0.02

m+p /K+p —+2~+X" 250 0.98+0.07 0.30+0.03

K+p ~2m+X'
K+p ~2m+X"
K p —+2vr+X
K+p ~2m+X

8.25
16
16
32

0.6+0.06

0.96+0.04
0.6+0.07

0.83+0.04

'Deutschmann et al. , 1976.
Bartke et al. , 1967.

'Calligarich et al. , 1976.
Deutschmann et al. , 1982.

'Angelov et al. , 1977.
'Angelov et al. , 1981~

Biswas et a/. , 1976 (calculated in Bartnik and Rzazewski, 1978).
"Adamus et al. , 1988.
'Grard et a/. , 1976.
'De%'olf et al. , 1978.
Goossens et al. , 1978.
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and fitting procedures used in data analysis, we have
quoted values only for ro and A, in the tables. Some anal-
yses extract lifetimes as well, using source distributions
such as Eq. (3.6). Such fits generally obtain values of 1 —2
fm/c for the lifetime.

The bombarding energy dependence of the source pa-
rameters has been investigated systematically by the UA1
collaboration (Albajar et al. , 1989) with high statistics in

pp interactions over the c.m. energy range i/s =200—900
GeV. Examples of the data are shown in Fig. 3 for
i/s =630 GeV and several charged-particle multiplicity
(X,h), cuts: (a) 2&%,h & 10; (b) 10&%,h &20; (c)
20&iV,h &30; (d) 30&%,h &40; (e) 40&%,h &50. The ki-
nematic variable Q, is the projection of Q on the plane
perpendicular to P. The smooth curves through the data
are fits using a Gaussian source. Shown in Fig. 4 is the
center-of-mass energy dependence of the extracted source
radius at fixed charged-particle multiplicity for the reac-
tion pp —+2~+X (after Albajar et al. , 1989). Four
different ranges of X,h are shown, corresponding to
(a) —(d) in Fig. 3. Larger source dimensions are extracted
for high multiplicity than for low multiplicity. There is
little variation of ro over the c.m. energy range shown.
Similarly, the incoherence parameter A, also shows little
variation over this energy range at fixed X,h.

The experiments quoted in Tables I and II involve
averaging over many types of events and momentum

2—
ro{fm) i

c)
2 11

2— II

200 400 600
~s (Gev)

800

FIG. 4. Center-of-mass energy dependence (&s ) of the extract-
ed source radius at fixed charged-particle multiplicity N, h for
the reaction pp~2m+X. Four different ranges of N, h are
shown: (a) 2&N„.h &10; (b) 10&N,h ~20; (c) 20&N,„&30; (d)
30 & N, „~40 (after Albajar et aI., 1989).

1 6-

1.4-

1.2-

1.0, I.

1.2

1.0,.
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1,0.,

i&(t(tlIti
T&

4~.4 i
t t

6 44
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(b)

(c}

1.2-

1.2- (e)

1.0

08;
I

0.5

Qt [GeV/c)

1.5 2.0

FIG. 3. Charged-particle-multiplicity (N,h) dependence of the
correlation function for the reaction pp~2m+X at &s =630
GeV. Five different ranges of N, h are shown: (a) 2 &N, h

~ 10;
(b) 10&N,h ~20; (c) 20&N, h ~30; (d) 30&N, h 40; (e)
40 & N, h

& 50. The smooth curves through the data are fits with
a Gaussian source (after Albajar et ah. , 1989).

orientations. A number of experiments attempt to deter-
mine the source anisotropy by analyzing the correlation
function with the relative momentum vector
q=(p, —pi)/2 either parallel or perpendicular to the
beam direction. The corresponding extracted source ra-
dii r~~ and r j do not show a consistent trend in the early
experiments. Deutschmann et al. (1976) find a source
contracted in the beam direction, although the uncertain-
ties are large. Similar observations are made by Ezell
et al. (1977) in pp~2m+X at p~,b=28. 5 GeV/c, who
find r~~

=0.52+o.os fm and r~=1. 15—o.7o fm, and also by
Angelov et al. (1977) in vr p —+2m. +X at p„b =40
GeV/c, who find r~~

=0.78+0.3 fm and ri=1.3+0.3 fm.
In contrast, Loktionov et al. (1978) observe a source al-
most twice as long in the beam direction as in the perpen-
dicular direction for the reaction pp ~2m. +X at
p„„=22.4 GeV/c. In a higher-statistics experiment,
Akesson et al. (1987a) similarly find that r~~

=1.82+0. 17
fm and rj =1.02+0.06 fm in the reaction pp~2~+X at

pi, b =2100 GeV/c.
In other studies, a "jet" axis is defined through

kinematical cuts on the observed particles. Measure-
ments of the correlation function are then made of the
longitudinal and transverse dimensions (rI and rT) with
respect to the jet axis, rather than the beam axis (the two
axes are not necessarily coincident). One such study

0
(Akesson et al. , 1987b) shows no variation in the extract-
ed radii in the reaction pp~2m+X at i/s =63 GeV:
rI =0.93+0.07 fm and rI =0.96+0.07 fm.

High-statistics experiments have allowed extraction of
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parameters for more restricted data sets that involve
much less averaging over diferent event categories. In
particular, it is hoped that multiplicity triggers will be
able to provide data sets representing a narrower range of
impact parameters. For example, Barshay (1983) associ-
ates an increase in X,h with a decrease in impact parame-
ter for elementary-particle interactions. Popular kine-
matic variables for relativistic events are the rapidity
y =(—,

' )in[(E+p~~ )/(E —
p~~ )] or the pseudorapidity

r)= —In tan(e/2) (8 is the emission angle with respect to
the beam axis). Events can be characterized by the
charged-particle rapidity densities, An /Ay or An /Ag.

In early work, Goossens et al. (1978) find that the in-
coherence parameter A, decreases with increasing multi-
plicity in the reaction K+p~2~+X at p&,b =32 GeV/c.
In a high-statistics study of the reaction pp ~2~+X at
v's =31, 44, and 62 GeV, Breakstone et al. (1987) find
that the source size increases and the incoherence param-
eter decreases as a function of increasing An/hy. This
dependence of ro and X on the charged-particle density
An /hg has also been observed in the reaction
pp~2rr+X at &s =630 GeV by Albajar et al. (1989).
An examination of Figs. 4(a) —4(d) shows that the source
radii increase with increasing X,„. Figure 5(a) shows
more clearly the dependence of ro on An/Aq at fixed
c.m. energy +s. This trend has a simple interpretation,
namely, that the source volume grows with the number
of particles produced in a given reaction. Somewhat
more surprising is the behavior of the incoherence pa-
rameter A, . Figure 5(b) shows the dependence of A. on the

charged-particle rapidity density b.n /hq for the reaction
pp ~2~+X at &s =630 GeV (from Albajar et al. ,
1989). Not only does A, decrease at high multiplicity, it is
also small.

B. Lepton-induced collisions

Data from lepton-induced reactions tend to be more
limited than those from hadronic or nuclear reactions.
Table III summarizes the available data; most investiga-
tions involve e e annihilation. Because of the small
source sizes, the range of relative momenta q is large and
the correlation function may be aA'ected by particle reso-
nance decay. Hence the Bose-Einstein contribution to
the correlation function is more dificult to extract.
Several analyses quoted in Table III use a model for had-
ron dynamics to simulate the strong-interaction and
resonance-decay contributions to the correlation func-
tion, making the extracted source parameters less precise
than would be expected from statistical errors alone. For
example, the pp study by Arneodo et al. (1986) finds a
considerable variability in extracted source parameter de-
pending on how the hadronic contribution is handled; see
Table III.

The measured correlations exhibit little sensitivity to
the collision energy. Within errors, the extracted radius
and incoherence parameters are constant. In general,
measured radii are similar to those found in hadron-
hadron collisions, but smaller than nucleus-nucleus col-
lisions. The incoherence parameter values are similar as
well, although the errors are large. Both Avery et al.
(1985) and Juricic et al. (1989) argue that much of the
deviation of A. from unity can be explained by resonance-
decay eA'ects.

Within large errors, Arneodo et al. (1986) find that the
source is approximately spherical with respect to the
direction of observation P=(p, +p2) as measured in pp
collisions. Similar conclusions are reached for e+e col-
lisions by Aihara et al. (1985), Althoff et aL (1985), and
Avery et al. (1985). These data have been analyzed in
the string model context by Bowler (1985), and good
agreement is found if decays of the g' resonance are
neglected. Finally, it should be mentioned that both
Althoit' et al. (1985) and Juricic et al. (1989) perform
analyses of pion triplets, although such correlations are
not discussed in this review.

0.6—
V. PARTICLE EMISSION IN HIGH-ENERGY
NUCLEAR COLLISIONS

0.2—

FIG. 5. Charged-particle density (An /Aq) dependence of (a)
the extracted pion source dimension ro and (b) incoherence pa-
rameter A, for the reaction pp ~2~+X at &s =630 GeV (after
Albajar et a1., 1989).

The use of interferometry in heavy-ion collisions began
roughly a decade ago with the construction of the Be-
valac accelerator complex at Lawrence Berkeley Labora-
tory. The first experiments (Fung et al. , 1978) were per-
formed at beam kinetic energies per nucleon in the labo-
ratory frame E/2 in the 1.5 —2.0-GeV range, and subse-
quent work has expanded the beam energies studied up
to 200 GeV per nucleon and down to tens of MeV per nu-
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TABLE III. Extracted Gaussian source dimensions for lepton-induced collisions. The measured values
have been converted from the original analyses to equivalent values of ro as described in the text.
Where two errors are quoted, the first is statistical and the second is systematic.

Reaction

pp ~27T+X
2~+Xb

&s (GeV)

23
&27

ro (fm)

0.65 —1.19
0.68+0.10

0.60—1.08
0.36+0.04

e+e —+2m+X'
e+e ~2~+X'
e+e —+2m+X'

+e ~2~++d
e+e ~2m. +X'
e+e ~2m+X'

3.095
4.1-6.7

29
10.5
29

29-37

1.09+0.03+0.06
0.89+0.08+0.04
1.06+0.04+0.06

1.22+0.21
0.92+0.06+0.07

1.07+0.12

0.69+0.03+0.06
0.46+0.04+0.05
0.28+0.02+0.04

0.48+0.07
0.61+0.05+0.06

0.60+0.09

'Arneodo et al. , 1986.
Allasia et al. , 1988.

'Juricic et al. , 1989 (unlike-sign reference set).

"Avery et al. , 1985.
'Aihara et al. , 1985.
'Althoff et al. , 1985.

cleon (see Sec. VII).
Studies at 400 MeV (E//I ( 1 GeV (Gustafsson

et al. , 1984; Bock et al. , 1988; Dupieux et al. , 1988) are
reported in Sec. V.A. These experiments use pions or
protons to construct the two-particle correlation func-
tion. Extensive measurements involving predominantly
pion pairs have been made at kinetic energies per nucleon
of several GeV, using not only heavy-ion beams (Fung
et a/. , 1978; Angelov et a/. , 1980; Lu et a/. , 1981; Zar-
bakhsh et a/. , 1981; Beavis et a/. , 1983a, 1983b, 1986;
Agakishiev et a/. , 1984; Akhababian et a/. , 1984; Zajc
et al. , 1984; Liu et al. , 1986; Chacon et al. , 1988) but
also d and He beams (Agakishiev et al. , 1984). These re-
sults and some aspects of their theoretical interpretation
are presented in Sec. V.B.

Of particular theoretical interest are nucleus-nucleus
collisions at ultrarelativistic energies E/A ) 100 GeV,
since such high-energy collisions may produce a plasma
state of quarks and gluons. Unfortunately, existing ex-
perimental information at these energies is sparse. Sec-
tion V.C contains a summary of experimental work pub-
lished at the time of writing (Becker et al. , 1979;
Akesson et a/. , 1983, 1985; De Marzo et a/. , 1984; Bam-
berger et al. , 1988), as well as comparisons of these re-
sults with those from complementary elementary-particle
reactions (discussed in Sec. IV). This subsection also con-
tains theoretical interpretations of some of the results.

A. Collisions at 400 MeV &E/A &1 Gev

Experiments performed in the energy range
E/3 =400 to 800 MeV use detectors with large-solid-
angle coverage. Studies with equal-mass projectile and
target nuclei have been performed with the Plastic Ball,
which consists of 815 scintillator hE/E detectors cover-
ing the angular range of 9 to 160 in the laboratory
frame (Gustafsson et al. , 1984; Bock et al. , 1988).
Asymmetric mass systems have been investigated with
Diogene, a cylindrically symmetric detector consisting of
a pictorial drift chamber placed inside a magnetic field
(Dupieux et al. , 1988). Charged particles are accepted in

the angular range 20' to 132'. The Plastic Ball group has
measured both two-proton and two-pion correlations,
while the Diogene group has measured two-proton corre-
lations only.

The two-pion correlation function is often fitted with a
parametrization based on a stationary Gaussian-source
density p(r) of the form (Koonin, 1977; see Secs. III and
VI)

(5.1)

where the source parameter r0 is a measure of the spatial
dimension of the emitting region and the parameter r is a
measure of the source lifetime. Gustafsson et al. (1984)
investigate the charged-particle multiplicity dependence
of the correlation function for the reactions Ca+ Ca and
Nb+Nb at E/3 =400 MeV. By suitable kinematic cuts
on the transverse momentum of the light particles (with
respect to the beam direction), they obtain a quantity N
which is approximately the charged-baryon multiplicity
in the participant region. The participant region is
defined as that part of phase space most likely to be filled

by particles undergoing substantial momentum changes
during the reaction, as opposed to the spectator region,
which is close to the beam or target momentum per par-
ticle. In their fits, Gustafsson et al. , (1984) neglect the w

dependence in Eq. (5.1). The dependence of ro on X is
shown in Fig. 6. The extracted radius parameter exhibits
a slow increase as a function of multiplicity that is found
to be consistent with an X' dependence on multiplicity.
From this dependence the authors estimate that the reac-
tion products "freeze out" (i.e., pass out of equilibrium)
at a density of- roughly 25% of normal nuclear matter
density. As shown elsewhere in this section, this increase
with multiplicity is often, but not always, seen experi-
mentally.

Dupieux et al. (1988) extract zero-lifetime Gaussian
radii for Ne-induced reactions on a variety of targets at
E/A =400 and 800 MeV. These radii, listed in Table
IV, increase slowly with target mass in both energy
ranges. Further, the radii either decrease or remain un-
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TABLE IV. Extracted Gaussian source dimensions for a
variety of heavy-ion reactions with E/A & 1 GeV.

=pp+ X

E/A = 400 MeV

Reaction

Ne+ C~2p +X'
Ne+ NaF~2p+X'
Ne+ Nb~2p+X'
Ne+ Pb~2p+X'

Nb+ Nb~2m+ +X
Au+ Au~2m+ +Xb

E/A (MeV)

400
400
400
400

650
650

ro (fm)

3.3+0.2
3.3+0.2
3.6+0.2
4.1+0.2

3.4+0.4
4.8+0.6

0
E/A = 400 MeV

I I I I

P0 40
I

60

Ne+ C—+2p+X'
Ne+ NaF~2p+X'
Ne+ Nb~2p+X'
Ne+ Pb~2p+X'

'Dupieux et a/. , 1988.
Bock et al. , 1988.

800
800
800
800

2.5+0.2
2.7+0.2
3.8+0.2
4.2+0.2

Np

FIG. 6. Extracted Gaussian radii as a function of charged-
baryon multiplicity, N~, for the reactions Ca+Ca and Nb+Nb
at E/A =400 MeV. The solid curves are proportional to Xp
(from Gustafsson et al. , 1984).

er, extracted source dimensions of the order of 1 fm are
difticult to understand for such large collision partners.
Strong dependence of the extracted source size on the to-
tal momentum of the particle pair has been noted for
many different systems.

B. Relativistic collisions

changed with increasing bombarding energy. Finally, the
authors report that the radii do increase with multiplici-
ty. However, for their published results, multiplicity and
target change simultaneously and the systematic depen-
dence on multiplicity for fixed target mass is not ex-
plored. A direct comparison with the results of Gustafs-
son et al. (1984) is therefore dificult.

Studies involving ~+~+ correlations have also been
done in this energy range (Bock et al. , 1988), although
the average pion multiplicity per event is lower than
those reported in Secs. V.B and V.C. The authors fit their
measurements with a four-parameter function that in-
cludes a dependence on both the relative momentum
q=(p& —p2)/2 and the energy qo=(E& Ez)/2 of the-
pion pair:

C(q, qo)=C„[1+Xexp( 2roq 2r q )—]o. —(5.2)

The correlation C(q, qo) is equal to R(q, qo)+1 and C„
is a normalization constant. The Gaussian-source radii
extracted by their method are shown in Table IV. They
are similar to those determined by Dupieux et al. (1988).
In contrast to the pp correlations measured by the Plastic
Ball, the mw radii do not show a charged-particle multi-
plicity dependence in this experiment, remaining relative-
ly constant (within errors) over a substantial change in
multiplicity.

The extracted source radii exhibit a pronounced
dependence on the total momentum of the pion pair; see
Table V. The correlations become stronger with increas-
ing pion momentum in the projecti1e/target center-of-
mass frame, leading to smaller apparent source sizes.
For the Au+Au reaction the effect is dramatic. Howev-

TABLE V. Extracted Gaussian source dimensions from the
spatial dependence of the correlation function as a function of
the pion momentum in the projectile/target c.rn. frame for the
reactions at E /A =650 MeV, as indicated (Bock et al. , 1988).

Reaction

Nb+ Nb

Momentum range
(MeV)

0—80
80-160
160-350

ro (fm)

4.6+0.6
4.4+1.4
3.2+1.3

0—80
80-160
160-350

10.7+1.2
2.0+0.5
1.0+0.2

Historically, the first correlation measurements per-
formed with heavy-ion projectiles were done at kinetic
energies per nucleon in the 1 —2-GeV region. The detec-
tors used in this region have generally been of the 4m

type: streamer chambers or bubble chambers. Most ex-
periments have measured correlations of m. pairs, al-
though there have been some measurements with m+

pairs and proton pairs. Data now exist for a sufticiently
1arge number of projectile-target combinations to allow
the exploration of systematic effects.

However, several cautionary notes are in order. Since
the extracted source parameters may depend upon the
particle multiplicity of the event and the total momen-
tum of the measured pair, meaningful comparisons be-
tween or within data sets must take these complications
into account. Built-in biases from the detector or
analysis technique can affect the extracted source param-
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eters. With these caveats in mind we examine the results
that have been obtained thus far.

Table VI gives a summary of the equivalent Gaussian-
source radii obtained from analysis of two-pion correla-
tions in heavy-ion reactions at E/A = 1.5 —5 (Pung
et a/. , 1978; Angelov et a/. , 1980; Beavis et a/. , 1983a;
Agakishiev et a/. , 1984; Akhababian et a/. , 1984; Zajc
et al. , 1984; Chacon et a/. , 1988). In most analyses, the
data are first corrected for Coulomb effects and then the
parameters are determined by fitting the correlation func-
tion with a simple functional form such as Eq. (5.2). An
example is shown in Fig. 7, taken from Beavis et a/.
(1983a). The top and bottom parts of the figure show the
uncorrected and corrected experimental correlation func-
tions. The solid curves show fits with Eq. (5.2). Rather
similar source dimensions are extracted from the correct-
ed and uncorrected correlation functions, the major
difference being the magnitudes of the parameter A, . For
more details, see Beavis et al. (1983a). In other cases the
data were fitted with the Kopylov-Podgoretskii formula-
tion of a radiating disk or sphere (see Sec. III). In such
instances the Gaussian parameters quoted in Table VI
correspond to distributions with the same rms radii as
the radiating disks or spheres. Compilations of
equivalent rms radii, rather than Gaussian parameters,
can be found in Bartke and Kowalski (1984), Bartke
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FIG. 7. Correlation function C(q, qo) for Ar+KC1 collisions at
E/A =1.5 CxeV integrated over qo. (a) Correlation function
without Coulomb correction; (b) correlation function corrected
for Coulomb effects using Eq. (3.36). The solid curves show cal-
culations with Eq. (5.2) {after Beavis et al. , 1983a).

TABLE VI. Gaussian source dimensions extracted from two-pion correlations at kinetic energies in
the range 1&E/A &4 GeV.

Reaction

C+C—+2~ +X'
C+ C~2m. +X'

(central)

E/A
(MeV)

3.4
3.4

ro (fm)

2.3+0.6
3.1+0.7

cr {fm)

d+ Ta~2~-+Xb
o +Ta~2m +X
a+ Ta~2m++X'
C+Ta 2m +X
C+Ta 2m.++X

3.4
3.4
3.4
3.4
3.4

1.8+0.4
2.4+0.3
2.0+.4
2.8+0.3
2.3+0.3

Ne+ NaF~2m +X'
Ar+ KC1~2m. +X'
Ar+ KCl ~2m. + +X'

Ar+KC1~2m' +Xd

Ar+ KC1~2m +X'

1.8
1.8
1.8

1.5

1.2

1 8+0.8

4 2-'o.'s

4.7+0.5

3.8+0.5

3 0+0.9

3 3+1.4

1 5+2.4

4 2+1.8

5.4+1.8

0.59+0.06
0.63+0.04
0.69+0.06

1.2+0.2

0.74+0.17

Ar+ BaI2~2m +X
Ar+ Pb304~2+ +X
Ar+ Pb304 —+2m +X

(central)
Ar+ Pb ~2m +X~

1.8
1.8
1.8

1.8

3.1+1.1
3.3+0.9
4.0+0.8

5.5+0.4 0.0+2.5 0.99+0.13

Pe+Pe~2m +X" 1.5 4.0+0.5 1.7+ 1.7 0.66+0.05

'Akhababian et al. , 1984.
Agakishiev et al. , 1984.

'Zajc et al. , 1984.
Beavis, et al. , 1983a (quoted in Beavis, et al. , 1983b).

'Beavis et al. , 1983b.
'Pung et al. , 1978.
~Beavis et al. , 1986.
"Chacon et al. , 1988 (quoted in Zajc, 1987b).
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(1986), and Zajc (1987b).
A number of trends are worth noting. In general, the

source dimensions increase with target or projectile mass.
This can be seen in the work of Agakishiev et al. (1984)
for various projectiles on a tantalum target and by the
work of Zajc er al. (1984) for the reactions Ne+ Nap and
Ar+KCl. Similar trends emerge from other experimen-
tal work, but the error bars are too large to allow
definitive conclusions. It should also be pointed out that
not all of the data are fit with the same formula: in some
cases the lifetime parameter is either omitted or set equal
to a fixed value.

The source dimensions tend to increase f'or central col-
lisions (i.e., collisions at small impact parameter). De-
tailed evidence of this trend is presented by Lu et al.
(1981), who have examined the dependence of the radii
on pion multiplicity in the reaction Ar+ Pb at
E/3 =1.8 GeV. Their results are shown in Fig. 8, in
which the Gaussian-source parameter from 2~ correla-
tions is plotted against negative-pion multiplicity X
For comparison we have plotted the function
ro =2.2(X )'~ (fm) to show the power-law dependence

of ro. The data are consistent with a (N )' depen-

dence, although other powers cannot be ruled out.
In Sec. V.A we discuss the dependence of ro on the to-

tal momentum of the particle pair used to form the corre-
lation function. A similar dependence appears to be
present here as well. Beavis et al. (1983a) find

ro =6.0+1.1 fm if both pions have a momentum (in the
target/projectile c.m. frame) of less than 150 MeV/c, and
this decreases to 4.1+0.5 fm for momenta greater than
150 MeV/c (the incoherence parameter A, changes from
l.6+0.5 to 0.9+0.2 for the same momentum cuts).

A number of investigations have explored the source
dimensions in directions parallel and perpendicular to the
beam axis. The results reported by different groups are
difficult to reconcile. Beavis et al. (1983a) and Chacon
et al. (1988) rewrite Eq. (5.2) in the form

C(q, qo)=C„[1+A,exp( —
2r~~qI

—2i iqi 2—r qo)],
(5.3)

where r0 has been replaced by two new parameters, rll

and rj. The directions of
q~l

and qj are Parallel and Per-
pendicular to the beam, respectively. For the reaction
Ar+KC1 at E/A = 1.5 GeV, Beavis et al. (1983a) find a
spherical source: rl~

=5.0+1.5 and rj =5.0+1.5 fm. On
the other hand, Chacon et al. (1988) find a longitudinally
contracted source r~~

= 1.5(+0.7/ —1.5) and ri =4.6
+0.2 fm for the reaction Fe+Fe at E/A =1.7 GeV.
The fitting procedure used by the two groups is slightly
different: Chacon et al. allow the lifetime parameter to
vary, whereas Beavis et al. fix it at 1.5 fm/c.

An attempt has been made by Humanic (1986) to use a
computer simulation largely based upon classical
mechanics to predict the pion source distribution. In
general, the results of the simulation for averaged values
of r0 and ~ are in fair agreement with the data, consider-
ing the errors in the data and the uncertainties in the
simulation. The simulations predict that the sources in
the reactions Ne+NaF at E/2 = 1.8 GeV and Ar+KC1
at E/3 =1.2—1.8 GeV should be isotropic within er-
rors.

An experiment that measures both the longitudinal ex-
tension of the source and its dependence on the total
momentum of the outgoing pair of particles has been per-
formed by Beavis et al. (1986) for the reaction Ar+Pb at
E / 2 = 1.8 GeV. Events in which the c.m. momentum
of the pion pair P =p, +p2 is within a certain range are
collected and analyzed according to Eqs. (5.2) and (5.3)
separately. Their results are shown in Table VII. The
average of P for the three momentum bins used is shown
in the first column, while the results from the fits are
shown in the remainder of the table. Looking first at the
isotropic source fits, one can see the usual decrease in ap-
parent source size with increasing particle pair energy.
Further, the best fits from an anisotropic source parame-
trization indicate a source slightly elongated in the beam

50 I I I I I I I I

Ar +Pb gm +X
E/A = 1.8 GeV

I I I I I 111

P. .2 N~-

TABLE VII. Gaussian source parameters extracted from the
reaction Ar+Pb~2m. +X at F. /2 =1.8 GeV. The parame-
ters are shown as a function of the expectation of P, where
I' =

~p, +p2~ is the momentum of the pion c.m. system (from
Beavis et al. , 1986). The radii are quoted in fm.

(P)
(MeV/c)

203.6

Isotropic source
parameters

ro =5.7+0.6
k =0.96+0.18

Anisotropic source
parameters

rli =6.6+0.9
rj =5.4+0.7
k= 1.03+0.21

I I I I I I I I

IO

N 7r-
IOO 387.6 ro =5.7+0.6

A, = 1.28+0.27
rli =5.9+0.8

rj =6.2+0.8

A. = 1.31+0.30

FIG. 8. Extracted Gaussian radii as a function of negative-pion
multiplicity X for the reaction Ar+ Pb ~n ~ +X at

E/2 =1.8 GeV (data are from Lu et a/. , 1981). Shown for
comparison is the function f(ro)=2. 2(N )' (fm).

7/

645.8 ro =3.2+0.6
A, =0.68+0.23

rIi
—3. 1+0.7

rj =2.4+0.5
X=0.49+0. 15
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direction. However, within experimental errors, the re-
sults cannot exclude a spherical source.

Correlations among three pions have been studied by
Liu et al. (1986) for the reactions Ar+ Pb30~ at
E/A =1.8 GeV and Ar+KCl at E/A =1.5 GeV. The
analysis was performed using a formalism developed by
Biyajima (1980, 1981). Within experimental errors, the
source radii extracted in the three-pion analysis agree
with those found in the two-pion analysis of the same re-
actions.

Finally, we should mention the two-proton correlation
measurement of Zarbakhsh et al. (1981) for the reaction
Ar+KCl at E/A =1.8 GeV. They extract Gaussian-
source radii in two regions of ply, the parallel component
of the proton's momentum. For p

~l

near the beam
momentum per nucleon, they find r0 =2.2 fm, which has
a corresponding sharp sphere radius of 3.5 fm, similar to
that of an Ar nucleus. For pl~ near zero in the Ar+KC1
c.m. frame, however, the value of r0 decreases to 1.8 fm.
If a sample multiplicity of five or more particles is placed
on the events, the value of r0 near zero c.m. momentum
is reduced even further, to 1.5 fm. These results would
not seem to be consistent with the picture of a large
thermalized region being produced in the central region
of a high-multiplicity event; the e6'ect is not yet under-
stood.

Experiments in this energy range find that the extract-
ed source size decreases with increasing energy of the
particle pair. As is shown in Sec. VII, similar observa-
tions are made at much lower bombarding energies as
well. Taken at face value, this observation indicates that
energetic particles are emitted from small sources early
in the reaction. Given the computer simulation studies
performed at lower energies (see, for example, Boal,
1987), such expansion is likely to take place in these reac-
tions. However, the interpretation is not unique. Pratt
(1984) has shown that a time-dependent expanding
source can also give rise to such an energy dependence.

C. Ultrarelativistic collisions

(1984) have performed measurements of proton and an-
tiproton reactions with H, Ne, Ar, and Xe targets at 200
GeV bombarding energy. Table VIII shows the parame-
ters extracted for the hydrogen and xenon targets. De
Marzo et al. use a modified Kopylov-Podgoretskii pa-
rametrization (see Sec. III):

R (p&&p2) =A ][2J](2grRKp )/(2gTRKp )] /[ 1+(2/or) ]

(5.4)

where our definitions of q = ( p, —
pz ) /2 and qo

=(E& E2 )/2—remain as before and qT is the component
of q which is perpendicular to the two-particle c.m.
momentum P =p, +p2 (note that this q is half that used
by Kopylov and Podgoretskii and many of the papers
that use their formalism). We convert the radius R Kp in
Eq. (5.4) to its equivalent ro value by using ro =RKp/V2
(see Sec. III.B). The radii in Table VIII show little
dependence on target, being roughly constant at 1.1 fm
for both hydrogen and xenon targets. Similarly small ra-
dii are found from the measurements of Becker et al.
(1979) for proton-induced reactions on nuclear targets at
28.5 GeV/c bombarding momentum. Larger radii,
ra=2. 6+0.6 fm, are extracted by Angelov et al. (1981)
for the reaction m +C—+2~ +X at 40 GeV/c pion
bombarding momentum (the parameters quoted in the
original paper have been converted to equivalent Gauss-
ian radii). Azimov et al. (1984) examine the dependence
of r0 on particle pair momentum P=p&+p2 for the reac-
tion p+Ne at p~,„=300 GeV/c. They find that ro in-
creases with decreasing P, similar to what is found in the
heavy-ion reactions discussed previously, although their
statistics do not allow an accurate determination of r0.

0
The Axial Field Spectrometer group (Akesson et al. ,

1983, 1985) have measured both pion and kaon correla-
tions from a variety of reactions: p +p at &s =63 GeV,
p+p at +s =53 GeV, and a+a at i s =126 GeV
(where &s is the total energy in the c.m. system). For
the a+a reaction, the results for high-multiplicity gates

Because of the large pion multiplicities produced at ul-
trarelativistic energies, typical experiments are designed
to have the capability of measuring many particles simul-
taneously. For example, the NA35 group (Bamberger
et al. , 1988) working at CERN uses a streamer chamber
as a detector and records the track images on film. For
the experimental gates of interest in their interferometry
studies, this group uses events with m multiplicities on
the order of 100. At such high multiplicities relatively
few events sufBce for the construction of a correlation
function: less than 100 events are analyzed for the
O+Au reactions at E/3 =200 GeV. The number of
two-pion pairs that can be constructed with 100 particles
is sufFiciently high that one can contemplate performing
analyses with individual events.

%"e begin our discussion of reactions at ultrarelativistic
energies with proton-induced reactions. De Marzo et al.

Reaction

p +p —+277+X
p+p ~2~+X'
p +Xe~27T+X
p +Xe~2~+X'

ro (fm)

1.17+0.03
1.07+0.06
1.08+0.09
1.04+0.08

0.96+0.08
1.30+0.20
1.27+0.11
1.34+0.08

~+ (x~2w+X
(high multiplicity)

(x+(x~2K+X'
(high multiplicity)

1.8+0.3

1.6+0.4

0.16+0.04

0.60+0.28

'De Marzo et aI., 1984.
Akesson et aI., 1983, 1985.

TABLE VIII. Source parameters from ultrarelativistic col-
lisions (E/3 &100 GeV). Several different parametrizations
have been used in the data analysis. The value quoted for ro
corresponds to the Gaussian distribution with the same rms ra-
dius as the original fits to the data.
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TABLE IX. Source parameters extracted from the reaction
' 0+Au~2m +X at E/2 =200 GeV with a small impact-
parameter gate. The fits are performed over several ranges of
rapidity y for the pions. The perpendicular and parallel direc-
tions are with respect to the beam (from Bamberger et ah. ,
1988).

Rapidity
interval

1&y &4
1(y (2
2&y (3
3(y &4

rj (fm}

4.1+0.4
4.3+0.6
8.1+1.6
4 3+1.2

3 1+-0.4
2.6+0.6
5 6+1.2

5.8+2.2

0 34—o, o6

0.77+0.19
0.55+0.20

are included in Table VIII. The source size increases
with charged-particle multiplicity. It is interesting to
note that the radii extracted from KK correlations are
similar to those found from m~ analyses at similar multi-
plicity gates.

The NA35 experiment has measured both 0+Au and
S+S reactions at E//I =200 GeV, although inly results
from the 0+Au reaction have appeared in the literature
at the time of this writing. The group has analyzed their
two-pion correlation functions using the conventional
Gaussian source parametrization, as well as the
Kolehmainen-Gyulassy (1986) formulation. For ease of
comparison with results quoted in the other sections of
this review we quote only the parameters extracted with
the Gaussian source. The correlation functions measured
by NA35 are fitted with three parameters: r j, r~I, and the
incoherence parameter A, . The perpendicular and parallel
radii rj and rl~ correspond to directions with respect to
the beam axis. The analysis is carried out using the rapi-
dity, y =(—')in[(E+p )/(E —

p~~) j, of the particle pair as
an experimental gate. The results for several ranges of y
are shown in Table IX.

The emitting source is approximately spherical in
shape, although it tends to be somewhat larger in the
transverse direction than it is in the longitudinal direc-
tion. This behavior is not too diff'erent from that ob-
served by Beavis et al. (1986); see Table VII. The source
is largest for the intermediate rapidity region 2&y (3.
For a comparison of the rapidity scale, Bamberger et al.
(1988) point out that a system composed of 16 oxygen nu-
cleons and 50 gold nucleons from the geometrical overlap
region has a rapidity of 2.5.

In this midrapidity region, the source is large —as is
the number of negative pions per unit rapidity
(dX /dy =35—40). Taken together these results imply

that a source with many pions is formed at midrapidity.
The incoherence parameter A, appears to be larger in this
rapidity region as well, compared with the regions nearer
the beam and target rapidity. It should be emphasized
that the event sample has a "centrality trigger" based on
the energy Aow into the projectile fragmentation region.

Possible relationships between two-pion correlations in
ultrarelativistic collisions and the formation and decay of
the QCD plasma state have been investigated by Lopez,

Parikh, and Siemens (1984), Pratt (1986b), Bertsch,
Gong, and Tohyama (1988), Gyulassy and Padula (1988),
Hama and Padula (1988), and Bertsch (1989). The use of
dilepton interferometry as a probe of the QCD plasma is
discussed by Makhlin (1987). Bertsch, Gong, and Tohya-
ma (1988) have made first quantitative predictions of the
source characteristics for the NA35 results using a simu-
lation of the mixed plasma/hadron phase. Gyulassy and
Padula (1988) have compared several diFerent simulation
models to investigate the characteristics of the source:
the inside-outside cascade model (Kolehmainen and Gyu-
lassy, 1986), the resonance-gas-decay model and the
Bertsch-Gong-Tohyama (1988) model. They conclude
that none of the models can be ruled out by the present
data set.

The application of interferometry in plasma studies lies
in determining the time scale for conversion of the plas-
ma phase to hadrons (Pratt, 1986b; Bertsch, 1989). The
idea is to measure the source size along two directions of
q perpendicular to the beam axis. The "outward" direc-
tion is parallel to the pair momentum P when a frame is
chosen such that P is perpendicular to the beam axis.
The "sideways" direction is perpendicular to both the
emission direction and the beam. A long lifetime for
plasma-to-hadron phase conversion should make the ap-
parent size in the outward direction much larger than in
the sideways direction.

In this context a comparison with two-pion correla-
tions measured in pp collisions by the UA1 collaboration
(Albajar et al. , 1989, discussed in Sec. IV) is of interest.
Although the mean multiplicity of the pp reaction is
much lower than that of the 0+Au reaction, a similar
functional dependence of the extracted source radii on
the charged-particle multiplicity per unit rapidity b, n /by
is observed for both data sets; see Fig. 9 (Albajar et al. ,
1989; for the heavy-ion reactions, An/Ay is assumed to
be twice b,X /by). The straight line through the data

is drawn to guide the eye; it suggests that the behavior of
the source radii might be related. The incoherence pa-
rameters A, , extracted for the two reactions, are also
shown in Fig. 9. Given the large statistical uncertainties
of the NA35 data, no simple trend is apparent. Never-
theless, it is clear that a solid understanding of the rela-
tion between extracted source radii and An/hy must be
in hand before any hard conclusions can be drawn about
QCD plasma formation.

Vl. FINAL-STATE INTERACTIONS
AND RESONANCE DECAY

In the pion emission models discussed in Sec. III,
strong-interaction eA'ects are usually neglected because of
the weakness of the I =2m~ phase shift (see Suzuki, 1987,
and Bowler, 1988). For proton and cluster emission,
however, there are resonances at low excitation energy
that can have significant effects on the shape of the corre-
lation function. Calculations incorporating strong final-
state interactions have been performed by Koonin (1977)
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l0
~ UA1 p p ~s = 650 GeV

o NA35 0+ AU, E/A = 200 GeV

0
0 20

I 1 I

40
Qn/Qg

I

60

8 — —ro = 0.83+ 0.072{hn/b, g)
ro{fm)

I

SO

1971b; Kopylov and Podgoretskii, 1971, 1972; Kopylov,
1972; Grassberger, 1977; Thomas, 1977; Bernstein and
Friedman, 1985; Koonin, Bauer, and Schafer, 1989) are
treated in Sec. VI.C.

The correlations due to final-state interactions depend
on the nature of the source, which is the main focus of
this review, and on the nature of the Anal-state interac-
tions themselves. Indeed, we show in Sec. IV.A that cer-
tain deuteron-deuteron potentials are ruled out by the
correlation function data. Peaks in the relative momen-
tum distribution of a two-body system can given informa-
tion on the existence, energy, and width of resonances. A
perusal and the Review of Particle Properties (Particle
Data Group, 1988) shows that much of the information
on meson resonances comes from final-state interaction
correlations. However, this topic is far removed from
our main interest and we do not discuss it further in this
review.

FIG. 9. Extracted Gaussian source radius ro as a function of
charged-particle multiplcity per unit rapidity An /Aq for high-
energy reactions. Data are shown for pp reactions at &s =630
CxeV (Albajar et al. , 1989) and O+Au at E/A =200 GeV
(Bamberger et al. , 1988). The negative-pion multiplicities of
Bamberger et ah. have been multiplied by 2 to obtain a
charged-particle multiplicity (from Albajar et al. , 1989).

for proton-proton correlations, by Chitwood et ah.

(1985), Boal and Shillcock (1986), Jennings, Boal, and
Shillcock (1986), and Pochodzalla, Chitwood, et al.
(1986) for a variety of particle pairs, and by Sato and Ya-
zaki (1980) for aa pairs. The predicted correlation func-
tions are discussed in Sec. VI.A. Formalisms for han-
dling two-particle final-state interactions in correlation
functions are discussed in Sec. III.D.

Correlation functions can also provide information on
the lifetime of the emitting region. However, statistically
limited data sets have not allowed this aspect of the HBT
effect to be exploited to its fullest. Consequences of the
source's time evolution (Koonin, 1977; Boal and De-
Guise, 1986; Pratt and Tsang, 1987) are discussed in Sec.
VI.B. Contributions from resonance and compound nu-
clear decays (Grishin, Kopylov, and Podgoretskii, 197 la,

A. Strong-interaction effects

Almost all of the particles used to form correlation
functions in nuclear reaction studies are charged and pos-
sess strong interactions. At the very least, Coulomb in-
teractions must be taken into account when analyzing
measured correlation functions. To illustrate the magni-
tude of the Coulomb effects we show in Fig. 10 the pre-
dicted correlation functions for nonidentical particle
pairs emitted from a zero-lifetime Gaussian source and
subject only to their mutual Coulomb interaction (Boal
and Shillcock, 1986). Because these particles are not
identical, there is no correlation arising from symmetri-
zation. One can see that the range in q over which the
Coulomb interaction manifests itself is significant: 10—20
MeV/c for hydrogen isotopes and even larger for helium
isotopes. The curves for each particle pair are labeled by
their Gaussian-source parameter ro, and one can see that
the correlation function becomes more negative as the
size of the source decreases, as one would expect.

Koonin (1977) parametrizes the source distribution as
a Gaussian distribution in space and time, so that the
two-proton correlation function is

R(p„pz)= f d r exp[ —[r (r V'rid—) ]/2roI[ —,'~'g~(r)~ + —,'~ g~(r)~ —1],1

(2m ) rod
(6.1)

where V'=V —Vo is the difference between the velocity
of the two-proton c.m. position V and the source velocity
Vo. The other quantities have the same definitions as in

Eq. (3.12): q=(p& —p2)/2 and d =[ro+( V'r) ]'~ . The
superscript on the wave function tt is 2s + 1 and is used
to indicate the spin state s of the two protons: 0 or 1.
The weighting factors of —,

' and —' assume that the pairs
are emitted with statistical probability (i.e. , the dynamics

does not favor a particular spin state). Typically, the
wave functions in Eq. (6.1) are obtained by numerically
integrating Schrodinger's equation. These numerical
wave functions are themselves integrated over to obtain
the correlation function. This procedure usually takes
less than a minute on a fast computer to obtain numeri-
cally accurate results.

Koonin (1977) has investigated the effects on the corre-
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FIG. 10. Coulomb ccontributions to nonidentical articlepar ic e correlation functions {from 8 1 d Sh'oa an illcock, 1986).
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I.5-

0~2 p+X

TABLE X. Woods-Saxon potential parameters for the dd in-
teraction (Chitwood et al. , 1985) and tt interaction (Pochodzal-
la, Chitwood, et al. , 1986) determined by fitting the dd phase
shifts of the coupled-channel R-matrix approach (Hale and
Dodder, 1984) and the s-wave tt phase shifts (Hale, private com-
munication), respectively. Attractive potentials are denoted by
negative Vws. The rows with j =3 and 4 neglect the nuclear
part of the interaction.

+
ct- I.O-
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FIG. 11. Predicted two-proton correlation functions for source
parameter ro=3 —4 fm. The data {Lynch et al. , 1983) are for
the reaction ' 0+Au at E/A =25 MeV (from Boal and
Shillcock, 1986).

~ws
(MeV)

dd interactions
29.8
33.6
38.0
29.4
6.9

26.0
55.4
41.4

—11.5

tt interactions
30

R (fm)

4.21
4.14
7.16
1.37
1.09
1.08
5.87
6.33
1.85

a (fm)

0.134
0.75
0.385
1.67
1.57
1.25
0.74
0.65
1.65

0.6

nonidentical particle pairs also possess correlations that
can yield geometrical information. Such correlations can
provide useful analysis cross-checks because there are a
much larger number of particle pairs. To date, strong-
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FIG. 12. (a) Predicted dd correlation functions based on R-
matrix (RM) and resonating-group (RG) phase shifts (see text
for definitions). The dot-dashed curve neglects the nuclear part
of the potential. {b) Predicted tt correlation functions using
Coulomb plus s-wave nuclear potentials. The radius parameter
I"o is indicated (after Chitwood et al. , 1985, and Pochodzalla,
Chitwood, et al. , 1986).

interaction contributions for only three nonidentical
pairs have been treated in detail: pd (Jennings, Boal, and
Shillcock, 1986) and pu and da (Boal and Shillcock,
1986). Because sharp resonances are present in such
cluster pairs, the strong-interaction potential parameters
must be known accurately to ensure the accuracy of the
correlation function obtained by numerical integration of
numerically determined wave functions. In the three
pairs investigated thus far, the original phase-shift data
have been reanalyzed with Woods-Saxon partial-wave
potentials. The results are shown in Table XI. Note the
number of significant figures quoted for some of the pa-
rameters.

As a first application of nonidentical pair correlations
we demonstrate the prediction of Eq. (2.46) that the
relevant factor in determining whether correlations are
enhanced or suppressed is the derivative of the phase
shift and not whether the potential is attractive or repul-
sive. The pd system has an attractive potential because
of the presence of the He bound state. Here, the phase
shift at low momentum is ~, and the phase shift decreases
with increasing relative momentum. The behavior of the
pd correlation function is shown in Fig. 13 for a zero-
lifetime Gaussian-source parametrization (Jennings,
Boal, and Shillcock, 1986). The predicted pd correlation
function for Coulomb waves only is shown by the curves
marked with a C in the figure, and one sees that the
correlations become more negative with decreasing
source size. However, even though Table XI shows the
pd strong-interaction potentials to be mainly attractive,
the behavior of the phase shift causes the correlation
function to become more negative. This effect can be
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TABLE XI. Woods-Saxon potential parameters found in analyses of phase-shift data for pd interac-
tions (Jennings, Boal, and Shillcock, 1986) as well as pa and da interactions (Boal and Shillcock, 1986).
A negative sign for V~s indicates an attractive potential.

l
2
1

2
1

2
3
2
3
2
3
2

0
1

2

0
1

2

V~s (MeV)

pd interactions
—29.754
—8.214
—7.849

—18.115
—13.10

+ 14.878

R (fm)

2.826
2.962
2.974
2.837
2.067

2.527

a (fm)

1.187
0.259
0.991
0.9655
1.578

1.235

1

2
1

2
3
2
3
2
5
2

pa interactions
—25.575
—27.269
—30.929
—4.0
—3.4

3.050
2.231
2.700
1.5
2.0

0.938
0.682
0.488
1.0
1.0

da interactions
—5.82

0.3586
0.749
1.147

—11.3646
—31.0
—42.045

3.8767
5.57
4.14
3.848
4.1823
2.916
2.7648

0.1963
0.55
0.566
0.551
0.4712
0.6386
0.70

seen by comparing curves C and %+C in Fig. 13.
The two other pairs in Table XI both show resonant

behavior at low q. The predicted zero-lifetime correla™
tion function for the pa pair is shown in Fig. 14 (Boal
and Shillcock, 1986). The peak near q =50 MeV/c corre-
sponds to the Li ground state. Unfortunately, the un-
equal charge-to-mass ratio of this pair makes it suscepti-
ble to three-body interactions with the source region, as
is discussed in Sec. VII.

The da correlation function shows a very dramatic
peak around q =40 MeV/c arising from the d-wave reso-
nance in Li at 2.186 MeV (J =3+, I =24 keV,
I /I „,=1.00) and a broad peak due to the overlapping
states at 4.31 MeV (J =2+, I"=1.3 MeV,
I" /I «, =0.97), and 5.65 MeV (J =1+, I =1.9 MeV,
I /I „,=0.74). The predicted correlation function is
shown in Fig. 15 (Boal and Shillcock, 1986). However,
the true peak in the correlation function is so sharp that
the use of an experimental resolution function is manda-
tory for data comparison. The da system has a higher-
lying resonance at q=80 MeV/c, whose eft'ect on the
correlation function is shown in the inset. Results ob-
tained from many of these pairs are discussed in Sec. VII.

-0.2

-0.4

—0.6

4fm

8frn

20 40

q (Mev/c}

C ~&~ N+C
/ /

60

8. Emission time scales

Two di6'erent models for a fixed™geometry source of
particles are discussed at length in Secs. III.A and III.B

FIG. 13. Predictions of the pd correlation function with (XC)
and without (C) the nuclear contribution to the two-particle
wave function. The curves are shown for a zero-lifetime Gauss-
ian source with ro =4 or 8 fm (from Jennings, Boal, and
Shillcock, 1986).
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I—+B+8*~B+8+X, (6.4)

where I is an initial state, B is the detected particle, R * is
the resonance whose lifetime we want, and X is anything
else. The amplitude A for this process can be written as

a(P1 P2 P3) a(pz, p&, p3)
2

+
2» —M +lMr m23 —M +lMr

(6.5)

where p, and p2 are the momenta of the two identical
particles and p3 is the momentum of X. The mass of the
resonance R * is M, and the effective masses of the parti-
cle pairs 13 and 23 are m&3 and m23, respectively. The
plus sign corresponds to B having zero spin. It follows
that interference is significant for m, 3 m23 M. For
sufficiently narrow resonances these conditions may hold,
together with p& =p2, and we may assume
a (p, , pz, P3) = a (p2, p„p3). Using the notation

m )3+m23 —2M2 2 2

2MI
2 2m i3 m23

2Mr
we can write the probability for two-particle emission as

2

(6.6a)

(6.6b)

1 1

X+y+l X —y+l (6.7)

Interference effects can now be found by studying
d 8'/dx dy as a function of x and y. For example, in-
tegrating over x or y yields

resonances (Grishin, Kopylov, and Podgoretskii, 1971a;
Kopylov and Podgoretskii, 1971;Kopylov, 1972), nuclear
resonances (Grishin, Kopylov, and Podgoretskii, 1971b;
Bernstein and Friedman, 1985), or compound-nuclear
resonances (Kopylov and Podgoretskii, 1972; Koonin,
Bauer, and Schafer, 1989). In the latter case, spatial in-
formation is also obtained. The basic idea is to have a
particle of type B emitted when the resonance is formed
and another particle of the same type emitted when the
resonance decays. The two particles of the same type can
then interfere, and the extent of the interference can be
used to determine the lifetime. Bernstein and Friedman
(1985) use the effects of the Coulomb interaction rather
than Pauli correlations to determine the lifetime of H*.
Owing to their difficulty of implementation, some of the
formalisms presented in this subsection have not yet been
applied to data analysis.

Following Grishin, Kopylov, and Podgoretskii (1971a),
we consider a reaction of the type

w(y ) = = f dx =2m. 1+, (6.8a)
d8 d 8' 1

—oo dx dy 1+y
d8' ~ d 8'

w(x)= = J dy =2' . (6.8b)
dx —oo dx dy

This result differs from other examples in this review be-
cause here we have only two sources. The dependence of
the first of these two integrals on y gives information on
the width of the resonance; the distribution is enhanced
for small y. Notice that y depends on the resonance mass
M as well as the width I . Thus, for narrow resonances,
the correlation in energy will be wider than the natural
width of the resonance, allowing for the determination of
the resonance width with less energy resolution than
might be expected. This is the main advantage of the in-
terference approach to determining resonance lifetimes
(Grishin, Kopylov, and Podgoretskii, 1971a).

The basic procedure can also be applied when two
different resonances, decaying in parallel, produce identi-
cal particles; the reader is referred to Kopylov (1972) and
Kopylov and Podgoretskii (1971) for more details. Ex-
tensions and further discussion can be found in Thomas
(1977), who develops an S-matrix formulation for the cal-
culation of two-particle correlations, and Grassberger
(1977), who also investigates correlations between
promptly produced particles and those arising from reso-
nance decay. The work of Kopylov and Podgoretskii
(1971) leads to the more general interferometry results
(Kopylov and Podgoretskii, 1972, 1973; Kopylov, 1974)
discussed in Sec. III.B.

A number of calculations dealing with the effects of
specific resonance decays have also been performed. Bi-
yajima (1983) considers modifications to the simple
Gaussian-source model for two-proton correlations (Koo-
nin, 1977) caused by adding a second source associated
with the decay of two-proton quasiclusters. Bowler
(1986) has investigated the role of q, g', and ia decays on
two-pion correlations, while Thomas (1977) has con-
sidered p decays.

Compound-nucleus decay can be treated in a manner
similar to resonance decay. Here we can also have iden-
tical particles emitted at successive stages of the reaction.
Our presentation follows that of Koonin, Bauer, and
Schafer (1989). The reaction is assumed to proceed from
the initial channel i through an equilibrated compound
nucleus to an evaporative residue in state g by the
sequential emission of identical particles of momenta p,
and p2, with energies E, and E2. This is like sequential
resonance decay. The corresponding T-matrix element is

1 1
T17i(pl&P2) y V7]P(P2) E I /2 E l Pa(pi ) / ~ I /2 yai

aP Ep ' p C~ l
(6.9)

where E is the total energy. The intermediate compound-nucleus levels are labeled by a and /3, with energies E and s&
and total widths r and I p, respectively. The reduced width for the compound-nucleus state p to decay to v by the
emission of a particle of momentum p is y „(p), while y; is the reduced width for the entrance channel.

The two-particle inclusive cross section is proportional to the square of the coherent sum of the amplitudes corre-
sponding to the two different orders of emission summed over final states q:
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'r(pi~p2) 2 ~ Tg/(p2~pi) —Tg/(p»p2)~ 2~&

= g [I T„;(p2,pi)l'+ IT„;(pi,p2)l']2~&+ g 2 «[T,*;(p2,pi)T„;(pi, p2)]2~&

= nadir(Pi~ P2)—~int(P1&P2) (6.10)

The plus/minus signs correspond to spatially sym-
metric or antisymmetric particle emission, respectively.
The energy-conserving delta function 2m 6(E E„—

E, —E2)—is abbreviated to 2rr5. To this point we have
followed the same procedure as for resonance decay.
Now, however, we diverge and make the usual assump-
tion for compound nuclei (Feshbach, Kerman, and Koo-
nin, 1980), of maximal randomness of the widths. That
is, only pairwise correlations of the widths are nontrivial,
and these are given by expressions such as

( y»(p2)y„*/3(pi) ) =&///3 (1»(p) )g»(p„p, ),

(y/3 (pi)y/'i (p2)):—& (I /i (p))g/3 (pi, p, ),

(6.11a)

(6.11b)

which define the function g. The partial widths are
defined by I „=y „. The angular brackets denote
averaging over the compound-nucleus states. The ran-
domness is only with respect to the discrete states and
not the continuous-momentum label p [defined by
p=(pi+p2)/2=pi =p2].

The quantity of interest is the ratio

Oinr(p»P2)

rTdir(P i» P2)

(r )'
( ) ( )gap Pl'P2 gpr/ P2'Pl

( I )2+(E E )2
(6.12)

p 2 1

This equals the correlation function R only if
o d;,(p„p2) is just the product of the two single-particle
cross sections. Otherwise, R contains other contributions
from o.d;, . The spatial dependence is embodied in

g(p„p2), which describes the coherence of the source. It
is only the energy dependence that appears explicitly
through the Lorentzian factor. Thus, in contrast to Sec.
III where we encounter Gaussian sources, here we have
Lorentzians that are more natural for resonance decay.

As one would expect, applications of this formalism
are nontrivial. Koonin, Bauer, and Schafer (1989) con-
sider as an example the emission of two spinless neutrons
from a rapidly rotating nucleus. They show that the ex-
tracted radii vary with the orientation of P and q with
respect to the beam. This schematic calculation em-
phasizes the care that must be taken in interpreting inter-
ferometry results.

Vll. PARTICLE EMISSION IN INTERMEDIATE-
ENERGY NUCLEAR COLLISIONS

The transition from low-energy, mean-field-dominated
nuclear reactions to high-energy, nucleon-nucleon-
collision-dominated reactions is expected to take place at
intermediate energies, E/A =20—200 MeV. Over this
energy domain, particle emission from the early stages of
the reaction becomes increasingly important. Through
the use of two-particle correlation functions, we are able
to obtain from such emission information concerning
equilibration and the dynamics governing the early stages
of the collision.

In this section we review results obtained from
intermediate-energy heavy-ion reactions, E/A =20—100
MeV. We also include a brief discussion of data obtained
at lower energies and for reactions induced by 500-MeV
protons. At these energies, the cross sections for mul-
tipion emission are very small, and no attempts have yet
been made to measure source dimensions via two-pion in-
terferometry. At the same time, nucleons and complex
light particles are emitted with sufFiciently large multipli-
cities to make two-particle correlation measurements for
these particles relatively straightforward.

Experimental techniques are discussed in Sec. VII.A.
Results from two-proton correlation functions, integrat-
ed over various orientations between the total and rela-
tive momentum vectors (P and q, respectively), are
presented in Sec. VII.B. First measurements of longitu-
dinal and transverse correlation functions and efforts to
determine the importance of finite-lifetime effects are re-
viewed in Sec. VII.C. Correlations between complex par-
ticles are discussed in Sec. VII.D and the effects of reac-
tion filters are described in Sec. VII.E.

A. Experimental techniques

In this energy range, most measurements of two-
particle correlation functions employ hodoscopes com-
posed of one or several dozen densely packed AE —E
detector telescopes. Usually, single- and two-particle
cross sections are measured simultaneously. The experi-
mental two-particle correlation function R (P, q) can then
be defined in terms of the coincidence yield 1",2(p„p2)
and the single-particle yield Y'i(pi) and F2(p2):

g 1',2(p„p2)=C, 2[1+R(P,q)] g Fi(pi)&2(P2) .
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Accurate comparisons between experiment and theory
can be performed by filtering the theoretical cross sec-
tions with the response of the experimental apparatus
and by observing the appropriate gating and summation
conventions. Since present microscopic theories cannot
yet predict details of energy and other dependences of
two-particle correlation functions, the correlation mea-
surements have largely provided qualitative insight about
the space-time evolution of the reaction zone. In most
investigations, possible distortions arising from the ap-
plied gating conditions are neglected.

The definition of the experimenta1 correlation function
in terms of the ratio of single- and two-particle coin-
cidence yields, Eq. (7.1), is meaningful when single- and
two-particle yields correspond to the same class of col-
lisions. Due to the stochastic nature of the particle emis-
sion process, this assumption is generally well satisfied.
The definition of the experimental correlation function in
terms of Eq. (7.1) has been employed by many authors
(Lynch et al. , 1983; Chitwood et al. , 198S, 1986; Pochod-
zalla et al. , 1985a, 1985b, 1987; Kyanowski et al. , 1986;
Pochodzalla, Chitwood et al. , 1986; Pochodzalla, Gelbke
et al., 1986; Chen eI; al., 1987a, 1987b, 1987c, 1987d;
Awes et al. , 1988).

A number of authors (Trockel et al. , 1987; Fox et al. ,
1988; Cebra et al. , 1989; DeYoung et al. , 1989) have used
alternative definitions of the experimental correlation
function by generating an "uncor related" yield,
Y*,2(p„p2), via event mixing, e.g. , by taking particle 1

from event n and particle 2 from event n +k, where k is
chosen arbitrarily. The correlation function is then given
by

R (q )+ 1 =C &2
Y', 2(q ) /Y&2 (q ), (7.3)

where F&z(q) and Y&z(q) are the coincidence and un-
correlated yields integrated over the specified gating con-
ditions, and C&2 is an appropriate normalization con-

The quantities P and q are the total and relative momen-
ta of the pair, respectively. The normalization constant
C&2 is usually determined by the requirement that
R (q) =0 for large q.

In order to obtain sufhcient statistics, the sum in Eqs.
(7.1) and (7.2) is performed over all detector and particle
energy combinations satisfying a specific gating condi-
tion. In general, the experimental gating conditions cor-
respond to implicit integrations over possible angular and
other dependences of the two-particle correlation func-
tion. Most investigations explore the angle-integrated
correlation function R(q) (where by "angle-integrated"
we mean averaged over the orientations of q, not neces-
sarily over the orientations of P). There may also be a
second averaging in which R (q ) is evaluated for a
specific range of particle energies, E, +E2, with the im-

plicit constraint that the particle energies E, and E2
must lie above the detection threshold. For this special
case the experimental correlation function is evaluated as

g F12(pl, p2)=C&2[1+R(q)] g Yl(pl)Y2(P2) . (7.2)

stant. The prescription of Eq. (7.3) ensures that the
correlated and uncorrelated yields are taken from the
same class of collisions. Because of the inherent simplici-
ty of implementation, this method is often adopted in
studies where special triggers make the definition of
single-particle distributions more complicated or, simply,
when single-particle data are not available. In many
cases the two prescriptions yield virtually indistinguish-
able results (DeYoung et al. , 1989). When the phase-
space acceptance of the experimental apparatus is nar-
row, however, the use of Eq. (7.3) can artificially reduce
the correlation function since event mixing does not re-
move all correlations (Zajc et al., 1984). Such effects can
be assessed and corrected for by Monte Carlo simulations
(Zajc et al., 1984).

B. Inclusive two-proton correlations

The shape of the two-proton correlation function
reAects the combined e8'ects of the Pauli exclusion princi-
ple and the proton-proton interaction. The first measure-
ments of two-proton correlation functions in
intermediate-energy heavy-ion collisions performed by
Lynch et al. (1983) provide evidence of particle emission
from localized regions of high excitation. The magnitude
of the measured correlations is found to exhibit a surpris-
ingly strong dependence upon the total kinetic energy of
the emitted protons: the measured correlations are more
pronounced for particles emitted with higher kinetic en-
ergies. Similar dependences of the strengths of two-
particle correlation functions have been observed in
many subsequent investigations (Chitwood et al. , 1986;
Pochodzalla, Chitwood, et QI., 1986; 1987; Chen et al.,
1987a, 1987b, 1987c, 1987d; Pochodzalla et al., 1987;
Awes et al. , 1988) and also in reactions at higher energies
(see Sec. V).

As an example, Fig. 16 shows two-proton correlation
functions measured (Pochodzalla, Chitwood, et al. , 1986)
for the ' N+' Au reaction at E/A =3S MeV. The
correlation functions are evaluated via Eq. (7.2) for the
energy gates E, +E2 =24 —50, 50—75, and 75—100 MeV
and energy thresholds of E&,E2 12 MeV. The attrac-
tive singlet s-wave interaction between the two coincident
protons gives rise to a pronounced maximum in the
correlation function at a relative momentum of q =20
MeV/c. The minimum at small relative momenta, q =0,
results from the combined e8'ects of the Pauli exclusion
principle and the repulsive Coulomb interaction between
the coincident protons. For two-proton correlation func-
tions integrated over orientations of q, the magnitude of
the maximum at q =20 MeV/c is determined by the
volume of the reaction zone. The maximum of the mea-
sured correlation function is observed to increase with in-
creasing total kinetic energy, E i +E2, of the two coin-
cident particles, indicating that more energetic particles
are emitted from smaller sources or, alternatively, at
shorter time intervals. The dashed, solid, and dotted
curves represent theoretical correlation functions pre-

Rev. Mod. Phys. , Vol. 62, No. 3, JU(y 1990



Boal, Gelbke, and Jennings: Intensity interferometry in sUbatomic physics 587

+

CL

2.0
, «( N, pp), E/A=55MeV

8 =55
El+E~: + 75 —IOOMeV

o 50- 75 MeV
~ 24- 50 MeV

——— 5.5 fm
4 fm

. 5 fm

I

I 0 I op~~4 )0+y—
1 ~

I, :
I i l l . I, I

20 40 60 80 IOO I 20
q (MeV/c)

0

FIG. 16. Two-proton correlation functions measured for ' N-
induced reactions on ' Au at E / A =35 MeV. The particles
were detected at an average laboratory angle of 0, =35'; the
energy gates are indicated in the figure. The curves represent
theoretical correlation functions predicted for emission from
sources of negligible lifetime and Gaussian density distribution
with the radius parameters given in the figure (from Pochoda-
zalla, Chitwood, et al. , 1986).

dieted for Gaussian sources of negligible lifetime,
p(r ) =poexp( r lro ), with —ro =3.5, 4, and 5 fm, respec-
tively.

Such calculations provide upper bounds for the source
dimensions, since finite lifetimes lead to reduced correla-
tions (Koonin, 1977; Boal and DeGuise, 1986; Pratt and
Tsang, 1987). For example, a computer simulation (Boal
and DeGuise, 1986; see Sec. VI.B) of proton and neutron
emission from a hot spherically symmetric source of ra-
dius 4.0 fm shows that the mean time between particle
emission decreases with increasing energy of the mea-
sured pair of nucleons. In the simulation the apparent
source size d = [r +o(v' )r]' has the values 7.9, and 4.8,
and 4.0 fm for the summed energy bins E&+E2 of 0—30,
30—60, and )60 MeV. Although this simulation treats
nucleons semiclassically, it does provide an estimate of
the order-of-magnitude change in apparent source size
expected from finite-lifetime eA'ects in this temperature
range.

The calculated correlation functions shown in the
figure do not represent best fits to the data; the source ra-
dii extracted from these data are (Pochodzalla, Chit-
wood, et al., 1986): re=3. 8+0.2 fm, 4. 3+0.3 fm, and
4.9+0.5 fm, respectively. These parameters correspond
to the equivalent rms radii of r„,=4.7+0.3 fm, 5.3+0.4
fm, and 6.0+0.6 fm, respectively. For comparison, the
rms radii of ' N and ' Au are r, ,(' N)=2. 54 fm and

r„,(' Au)=5. 43 fm (Brown, Bronk, and Hodgson,
1984). The extracted source radii from the reactions are
always larger than the radius of the projectile. Very en-
ergetic protons appear to be emitted from a reaction zone
that is slightly smaller than the target nucleus, as may be
expected for emission from the early stages of the reac-
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FIG. 17. Source parameters extracted from pp correlation func-
tions measured for the following reactions: o, ' N+ ' Au at
E/A =35 MeV, 0, =35' (from Pochodzalla, Chitwood, et al. ,
1986); 0, ' 0+' Au at E/A =25 MeV, 8,„=15 (from Lynch
et al. , 1983);, ' 0+' Au at E/A =94 MeV, 0, =45' (from
Chen et al. , 1987c); 0, S+ ' Au at E/A =22.3 MeV,
0, =30' (from Awes et al. , 1988); 0, Ar+' Au at E/A =60
MeV, 0, =30' (from Pochodzalla et al. , 1987). Shown is the
dependence on the total kinetic energy per nucleon of the two
coincident protons, measured in units of the projectile energy
per nucleon (E, +Ez)A~/[(A, + A2)E~].

tion. For less energetic emissions, however, the extracted
source radii are larger than the radius of the target (or
the compound nucleus).

Figure 17 compares radius parameters for Gaussian
sources of negligible lifetime determined from two-proton
correlation functions measured for a number of
intermediate-energy heavy-ion reactions: ' N+' Au at
E/A =35 MeV, 8, =35' (open circles, from Pochodzal-
la, Chitwood, et al. , 1986), ' 0+' Au at E/A =25
MeV, 8, = 15' (open diamonds, from Lynch et al. , 1983),
and at E/A =94 MeV, 8, =45 (open squares, from
Chen et al. , 1987c), S+' Au at E/A =22.3 MeV,
(9„=30' (solid squares, from Awes et al., 1988), and

Ar+' Au at E/A =60 MeV, 0, =30 (solid circles,
from Pochodzalla et al. , 1987). If finite-lifetime eft'ects

cannot be ignored, these source radii only provide upper
limits for the spatial dimensions of the emitting system.
Shown is the dependence of ro on the total kinetic energy
per nucleon of the two coincident protons, measured
in units of the projectile energy per nucleon
(Ei+E2)A&/[(A&+ A2)E&]. This scaling (Chen et al. ,
1987c) is interesting, but may not be unique. (To exclude
contributions from evaporation residues, only the data
for E

&
+E2 ~ 70 MeV are shown for the ' 0+Au reac-

tion at E/A =25 MeV. ) In all cases, smaller source radii
are extracted for the emission of more energetic particles.
For the most energetic particles emitted in ' N- and ' O-
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induced reactions, the extracted upper limits of the
source dimensions are smaller than the size of the target
nucleus [ro(Au) = ( —', )' r, ,(Au) =4.3 fm]. Larger
values for r0 are deduced for S- and " Ar-induced reac-
tions.

Unfortunately, angle-integrated two-proton correlation
functions do not provide suKcient information to remove
the interpretational ambiguities that arise from the inter-
play between source dimensions and source lifetimes
(Awes et a/. 1988). The observed attenuation of the
correlation functions for the emission of lower-energy
proton pairs could be caused by an expansion of the reac-
tion zone or, alternatively, by increased time intervals be-
tween successive proton emissions as the reaction zone
cools by particle emission. An attempt to clarify this is-
sue experimentally (Awes et a/. , 1988) is discussed in Sec.
VII.C.

Dependences of two-proton correlation functions upon
the average angle of the emitted protons have been inves-
tigated by Pochodzalla, Chitwood, et a/. (1986) and Fox
et a/. (1988) for ' N-induced reactions on ' Au and
"'"Ag at E/A =35 MeV. Over an angular range of
0, =35'-80', no significant angular dependence could be
established within the experimental uncertainties. In
these experiments, contributions from compound-nucleus
evaporation are largely suppressed by the applied detec-
tion thresholds, and the detected protons are mainly
emitted in fast noncompound emission processes from
the early stages of the reaction. Different emission angles
do not appear to select different average reaction
geometries.

Correlation functions measured in regions of phase
space that are dominated by emission from the later,
equilibrated stages of the reactions appear to be strongly
attenuated, possibly as a result of long time intervals be-
tween successive particle emissions. Such correlations
can be investigated by measurements at low projectile en-
ergies, for which fast emission processes play an
insignificant role, or at large emission angles, for which
contributions from the early stages of the reaction are
kinematically suppressed.

Measurements at large angles and with low detection
thresholds have been performed by Ardouin et a/ (1989).
for the reactions Ar+""Ag, ' Au at E/A =44 MeV,
and ' 0+ ' 7Au at E/A =94 MeV. The energy-
integrated correlation functions are strongly suppressed
as compared to those measured at more forward angles
and higher detection thresholds (Lynch et a/. , 1983; Chit-
wood et al. , 1986; Pochodzalla, Chitwood, et aI., 1986;
Chen et al., 1987a, 1987b, 1987c, 1987d; Pochodzalla,
1987; Awes et a/. , 1988; Fox et a/. , 1988). In addition,
the magnitude of the observed correlations decreases
with increasing detection angle, leading to a complete
suppression of the maximum at q =20 MeV/c at back-
ward angles. This effect could be due to an implicit ener-

gy dependence: since the slopes of the single-particle en-

ergy spectra decrease with increasing detection angle, the
average energy of the detected particles decreases at
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FIG. 18. Two-proton correlation function measured for the
' 0+ Al reaction at E/A =8.75 MeV and g, =19.5', the
detector threshold was E&,E2 ~ 2 MeV. The curves show corre-
lation functions predicted by Coulomb trajectory calculations
for particles randomly emitted from the surface of the com-
pound nucleus assuming a distribution of the time intervals be-
tween successive emissions of the form exp( —t/~): dashed
curve, calculation with ~= 1 X 10 ' s; solid curve, ~=5 X 10
s {from DeYoung et al. , 1989).

more backward angles.
Measurements for low projectile energies and with low

detection thresholds have been performed by DeYoung et
a/. (1989) for the ' 0+ Al reaction at E/3 =8.75 MeV
and 0, = 19.5 . For this reaction, contributions from
preequilibrium processes are small. The measured corre-
lation function is shown in Fig. 18; it exhibits a narrow
minimum at q =0, but no maximum at q =20 MeV/ c. It
appears that R (q =0)) —1, an effect that could be due
to the finite resolution of the experimental apparatus.
The complete attenuation of the maximum at q=20
MeV/ c is attributed to large time intervals for subse-
quent equilibrium emissions. The solid and dashed
curves in Fig. 18 show correlation functions predicted by
Coulomb trajectory calculations for particles randomly
emitted from the surface of the compound nucleus. The
time intervals between successive emissions are assumed
to have a probability distribution P(ht)=exp( At/r)—.
From these calculations an emission time scale of
1 —5 X 10 ' s is estimated (DeYoung et a/. , 1989). For
comparison, the dotted curve shows the correlation func-
tion expected for a Gaussian source of negligible lifetime
with r0=4. 5 fm, a source that is clearly in disagreement
with these data.

Only sparse experimental information exists on the
dependence of two-particle correlation functions on the
size of the target nucleus. For ' 0-induced reactions at
E //I =25 Me V, two-proton correlation functions have
been measured (Lynch et a/. , 1983; Bernstein et a/. , 1985)
for three target nuclei, ' C, Al, and ' Au. In contrast
to simple geometrical expectations, more pronounced
correlations are observed for reactions induced on
heavier target nuclei. The reduced correlations for the
lighter target nuclei, ' C and Al, are attributed to in-
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FIG. 19. Energy-integrated two-proton correlation functions
measured for the reactions p+""Ag at E =500 MeV and
' N+""Ag at E/A =35 MeV; the energy threshold was
E&,Ez ~ 11.9 MeV (from Cebra et ah. , 1989).

creased contributions from compound-nuclear decays.
In fact, the correlation functions for the ' 0+' C and
' 0+ Al reactions can be quantitatively understood in
terms of He emission from fully equilibrated compound
nuclei (Bernstein et a/. , 1985). The large correlations
measured (Lynch et a/. , 1983) for the ' 0+' Au reac-
tion, on the other hand, are inconsistent with such an in-
terpretation. A satisfactory explanation of the observed
target dependence by a model that includes both equilib-
rium and nonequilibrium emissions does not yet exist.

At intermediate energies, most measurements of two-
proton correlation functions have been performed for
heavy-ion-induced reactions. Complementary measure-
ments for reactions induced by 500-MeV protons have
been made recently. No dramatic differences are ob-
served (Cebra et a/. , 1989) for the energy-integrated
correlation functions measured for the reactions
p +Be, p +Ag, and ' N+ Ag at projectile energies of
about 500 MeV (see Fig. 19). For Gaussian sources of
negligible lifetime, radius parameters of ro(ri +Be)
=3.3+1.1 fm, ro(p+Ag)=4. 0+0.5 fm, and
ro(' N+Ag)=4. 3 —4. 8 fm are extracted. While there
appears to be a tendency toward smaller source radii for
lighter systems, the experimental uncertainties are too
large to allow definitive conclusions. Since the magni-
tude of the experimental two-particle correlation func-
tions exhibits a strong dependence on the energy of the
detected particles, comparisons of the energy-integrated
correlation functions contain only a reduced amount of
information. Unfortunately, the dependence on the ener-

gy of the emitted particles has not yet been explored for
proton-induced reactions. More detailed comparisons of
proton- and heavy-ion-induced reactions, with higher sta-
tistical accuracy and as a function of the kinetic energy
of the emitted particles, would clearly be valuable.

C. Longitudinal and transverse two-proton correlations

The dependence of the two-particle correlation func-
tion on the angle between the vectors q and P can pro-
vide information on the source lifetime and shape (Kopy-
lov and Podgoretskii, 1972, 1973; Koonin, 1977; Pratt,
1984; Pratt and Tsang, 1987; Awes et al., 1988; see dis-
cussion in Secs. III.A, III.B, and VI.B). The two-proton
correlation function is affected by the Coulomb and nu-
clear interactions of the emitted proton pair as well as by
the requirement of antisymmetry. Because of the long
range of the Couloumb interaction, Coulomb effects de-
pend only weakly on the source size (see Sec. VI.A). For
dimensions on the nuclear scale, the short-range attrac-
tive singlet s-wave interaction gives rise to the positive
enhancement of the correlation function at q =20
MeV/c. To a first approximation the magnitude of this
enhancement is inversely proportional to the volume of
the emitting source. On the other hand, the effects of the
Pauli exclusion principle depend on the shape of the reac-
tion zone. Protons of identical spin projection will be
suppressed from occupying relative momentum states
over an interval of Ap =h /Ax, where Ax is the spread of
the final Wigner distribution in the x direction [see Eqs.
(3.42) and (3.43) for definition]. If the relative momen-
tum of the two coincident protons is selected to lie along
a specific direction, then the width of the suppression in
the correlation function is predominantly sensitive to
that particular spatial dimension. Measurements of the
two-proton correlation function for three difterent direc-
tions of the relative momentum can, therefore, provide
information about the shape of the relative Wigner func-
tion. The shape of the relative Wigner function depends
on the lifetime of the emitting source: emission from a
long-lived source would appear as a source that appears
elongated in the direction of observation, i.e., in the
direction parallel to the total momentum P =(pi+p2) of
the two detected particles (Kopylov and Podgoretskii,
1972, 1973; Koonin, 1977; Pratt and Tsang, 1987; Awes
et a/. , 1988). Because of the stronger Pauli anticorrela-
tion in the transverse direction, the transverse (qlP)
correlation function of a long-lived source should exhibit
a suppression relative to the longitudinal (q~~P) correla-
tion function.

The directional dependence of two-proton correlation
functions at intermediate energies was first investigated
in experiments performed by Awes et a/. (1988) for the

S+""Ag reaction at E/A =22. 3 MeV and 6, =30'.
The solid and open points in Fig. 20 show the measured
longitudinal (9[P,q] =0'—30 or 150'—180') and trans-
verse (0[P,q]=60 —120') two-proton correlation func-
tions gated by total kinetic energies of E, +Ez =90—100
MeV (part a) and Ei+E2 =60—70 MeV (part b). Within
experimental errors, the longitudinal and the transverse
correlation functions are very similar in shape, consistent
with emission from a spherical source and inconsistent
with emission from a long-lived compound nucleus (Awes
et a/. , 1988). To illustrate the correlations expected for
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FIG. 20. Longitudinal {solid points) and transverse {open
points) two-proton correlation functions measured for the

S+Ag reaction at E/A =22.3 MeV. (a) E&,E2 95+5 MeV;
{b) E&,E2 65+5 MeV. Solid curves show predictions for
spherical sources [(a) TgL= pgT=4 fin (h) ppL =7gT=6. 5 fII1J.
The dashed and dot-dashed curves show predictions for a non-
spherical source f=exp[(x'+y')/RT'+z /RI ] with rpp 20
fm and r»=4 fm.

nonspherical sources, part b of the f1gure shows calcula-
tions for an elongated source with longitudinal and trans-

rad of I OL 20 m a d ror =4 frn, respectively.
The dashed curve shows the predicted longitudinal corre-
lation function and the dot-dashed curve shows the pre-
dicted transverse correlation function, which clearly ex-
hibits the enhanced Pauli suppression. The data are in-
consistent with such a large ratio of the longitudinal to
transverse dimensions of the source.

Figure 21 summarizes the energy dependence of the
extracted source shapes (Awes et al. , 1988). High-energy
protons appear to be emitted on a short time scale froIn a
source of roughly compound-nuclear dimensions. Low-
energy protons, on the other hand, appear to be emitted
from a larger spherical source of up to twice the radius of
the compound nucleus. This trend would not be expect-
ed for emission from a long-lived compound nucleus of
lifetime ~ and constant size. Such emissions would ap-
pear (Awes et al. , 1988) as an elongated source of fixed
transverse dimension, roT =4 fm, and elongated longitu-
dinal dimension, roL =roT+~ P /4m~. Taken at face
value, the measurements rule out lifetimes larger than
1 —2X10 s

In the exploding-source model of Pratt (1984), the
correct geometry of the source is measured at low values

FIG. 21. Longitudinal and transverse radii extracted from the
analysis of longitudinal and transverse two-proton correlation
functions for the "S+""Ag reaction at E/3 =22.3 MeV. The
results are shown for diff'erent kinetic energies Epp EI+E2,
ranging from 55 to 105 MeV. The errors reAect variations in
the source dimensions which double the value of g {from Awes
et ah. , 1988).

of E, +E2. The system investigated in Fig. 2 shows
Rs(P=O)=0. 8Ro. The values of ro shown in Fig. 21
(particularly when extrapolated to small E, +Ez) are
much larger than the size of the target nucleus, making
their interpretation in terms of an exploding source
difticult. The understanding of these data awaits the de-
velopment of more detailed microscopic descriptions of
the reaction, particularly emission from compound nuclei
(see Sec. VI.C).

D. Correlations between complex particles

Composite particles are emitted with large probability
in intermediate-energy heavy-ion reactions. Because of
their larger reaction cross sections, composite particles
may be expected to interact for a longer reaction time
and may be emitted from sources of lower densities than,
for example, pions or protons (Baal and Shillcock, 1986).
The simultaneous investigation of correlations between
several light-particle pairs, including composite light par-
ticles, may ofter a unique tool to investigate the dynami-
cal expansion of the reaction zone.

Correlation functions involving composite light parti-
cles have been investigated by a number of authors
(Kohmoto et al., 1982; Chitwood et al. , 1985, 1986; Po-
chodzalla et al., 1985b, 1987; Kyanowski et a/. , 1986; Po-
chodzalla, Chitwood, et al., 1986; Pochdzalla, Gelbke, et
al. , 1986; Chen et al. , 1987a, 1987b, 1987c, 1987d; Trock-
el et al., 1987; Fox et al. , 1988; Cebra et al. , 1989;

Rev. Mod. Phys. , Vol. 62, No. 3, July 1990



Boal, Gelbke, and Jennings: Intensity interferometry in subatomic physics 591

DeYoung et al. , 1989). A number of investigations have
exploited the long-range Coulomb interaction between
the emitted particles to extract information about the
lifetime of the emitting system (Kohmoto et a/. , 1982;
Trockel et al. , 1987; DeYoung et al., 1989). However,
most measurements have been performed for fast, non-
equilibrium emission processes with the intent of extract-
ing source dimensions.

Figure 22 gives an example for ud correlation func-
tions, measured (Chen et al., 1987c) for the ' 0+' Au
reaction at E/A =94 MeV. The ad correlation func-
tions exhibit a sharp peak due to the 2.186-MeV state in
Li (J =3+, I =24 keV, I /I „„=1.00) and a broad

peak due to the overlapping states at 4.31 MeV
(J"=2, I =1.3 MeV, I /I'„, =0.97) and 5.65 MeV
(J =1+, I =1.9 MeV, I /I „,=0.74); see Sec. VI.A.
Consistent with the qualitative trend established for two-
proton correlation functions, these peaks increase in
magnitude for more energetic ad pairs. Theoretical
correlation functions, calculated for Gaussian sources of
negligible lifetime (Boal and Shillcock, 1986), are shown

by the solid and dashed curves. Because of the narrow
width of the 2.186-MeV state in Li, the theoretical o;d
correlation function is corrected in the figure for the
finite resolution of the experimental apparatus (Chen et
al. , 1987c) by folding the original calculation with a
Gaussian of appropriate width. Source radii have been
extracted (Chen et al., 1987c) from the integrated ad
correlation R,Ir

= fR (q )dq with the integration per-
formed over the range of q=30 —60 MeV/c; this pro-
cedure is less sensitive to uncertainties of the experimen-
tal line shape (Chen et aI., 1987d). Source radii extracted
from the broad peak of the ad correlation function at

q =85 MeV/c are larger by about 1 fm than those ex-
tracted from the sharp peak at q =40 MeV/c; such
discrepancies have also been noted by Chen et al. (1987d)
and Pochodzalla, Chitwood, et al. (1986), but they are
not yet understood.

Figure 23 compares source radii extracted from pp
(left-hand side) and ad (right-hand side) correlation func-
tions measured for ' N-, Ar-, and ' 0-induced reactions
on ' Au at E/A =35, 60, and 94 MeV, respectively (Po-
chodzalla, Chitwood, et al., 1986; Pochodzalla et al. ,
1987; Chen et al., 1987c). In all cases, smaller source ra-
dii are extracted for more energetic particles, indicating
that these particles are emitted at shorter time intervals
and/or from smaller sources. Because of the strong ener-

gy dependence, direct comparisons between the source
radii extracted from o;d and pp correlation functions can-
not be performed without a certain level of ambiguity.
Nevertheless, radii extracted from the sharp peak of the
ad correlation function (at q =40 MeV/c) tend to be
slightly smaller than those extracted from pp correlation
functions. Note, however, that slightly larger values of
r0 are extracted from the broad peak of the o.d correla-
tion function (at q =85 MeV/c ).

Significant correlations are also observed between two
particles for which the interaction does not exhibit reso-
nant features. As an example, Fig. 24 shows two-
deuteron correlation functions measured for Ar-
induced reactions on ' Au at E/A =60 MeV (Pochod-
zalla et al. , 1987). The correlation functions exhibit a
pronounced minimum at small relative momenta, which
becomes more pronounced with increasing energy of the
emitted particles. The curves show several calculations

Au(' O, da), E/A=94MeV, eav=45'
25

- E~+Eg=
55—120 MeV

o 120—200 MeV

94 MeV
Au+ & Ar, E/A= 60 MeV

N 35 MeV

15—+
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3 p+p
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FIG. 22. Correlation functions for the nd pair measured for the
' 0+' Au reaction at E/A =94 MeV and 0, =45'. The con-
straints on the total kinetic energy, E&+E2, of the ad pair are
indicated in the figure. The curves show calculations (Boal and
Shillcock, 1986) for Gaussian sources of negligible lifetime with
the radius parameters indicated in the figure (from Chen et al'. ,
1987c).

0 100 200 0 100 200 300
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FIG. 23. Source parameters ro extracted from pp correlation
functions (left-hand side) and Q.d correlation functions (right-
hand side) for the following reactions: 0, ' N+ ' Au at
E/A =35 MeV and 0, =35 (from Pochodazalla, Chitwood,
et al. , 1986);, Ar+' Au at E/A =60 MeV and L9 =30'
(from Pochodzalla et al. , 1987); 0, ' 0+' Au at E/A =94
MeV and 0, =45 (from Chen et al. , 1987c). The dependence
on the total kinetic energy, E& +E2, of the two coincident parti-
cles is shown (from Chen et al. , 1987c).
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FIG. 24. Two-deuteron correlation functions measured for the
Ar+' Au reaction at E/A =60 MeV and 6, =30'. The con-

straints on the sum energy, E, +E„are given in the figure. The
calculations are explained in the text (from Pochodzalla et al. ,
1987).

(Chitwood et al. , 1985; see Sec. VI.A) for Gaussian
sources of negligible lifetime. The dotted curve
represents calculations based on deuteron-deuteron phase
shifts extracted by the resonating group method
(Chwieroth, Tang, and Thompson, 1972). These phase
shifts exhibit a resonant behavior in the l = 1 partial wave
at energies below 2 MeV. The predicted maximum of the
correlation function at low relative momenta is not, how-
ever, observed experimentally. The dashed, solid, and
dot-dashed curves represent calculations based on the
phase shifts of Hale and Dodder (1984) and are seen to be
in better agreement with the data. Radius parameters ex-
tracted from two-deuteron correlation functions are con-
siderably large than those extracted from pp or o.d corre-
lation functions (Chitwood et al. , 1985; Pochodzalla,
Chitwood, et al. , 1986; Pochodzalla et al. , 1987; Chen et
al. , 1987c; Fox et al. , 1988; Cebra et al. , 1989). Such
differences could indicate that correlations between
different light-particle pairs are sensitive to different
stages of the reaction. They could, however, also reflect
uncertainties in the dd interaction for which coupled-
channel effects may not be negligible.

The shapes of two-triton correlation functions are
qualitatively similar to those of two-deuteron correlation
functions. A number of authors have extracted source
parameters from tt correlation functions (Pochodzalla,
Chitwood, et al. , 1986; Pochodzalla et al. , 1987; Fox et
al. , 1988; Cebra et al. , 1989), using calculations based on
Coulomb interactions only or on Coulomb plus s-wave
nuclear interactions between the tritons (see Sec. VI.A).
The extracted source radii are generally larger than those
extracted from pp and cad correlations and are compara-
ble to those extracted from dd correlations. However,
the uncertainties of the triton-triton interaction are even
larger than those for the deuteron-deuteron interaction.

0
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FIG. 25. Correlation function for coincident protons and alpha
particles for the Ar+' Ar reaction at E/A =60 MeV and
0, =30'. Open and solid points correspond to the constraints
v (v~ and v ) v~, respectively I'from Pochodzalla, Gelbke,
et al. , 1985).

The resulting errors are unknown.
Quantitative analyses of two-particle correlation func-

tions generally neglect distortions of the relative wave
function by the Coulomb field of the residual nuclear sys-
tem (Gyulassy, Kauff'mann, and Wilson, 1979; see Sec.
III.D). Such Coulomb distortions are expected to be less
important for the case of narrow resonances, which de-
cay at large distances from the emitting nuclear system,
or for particles with identical charge-to-mass ratios,
which experience similar accelerations in the Coulomb
field. Coulomb distortions, however, are not negligible
for light particles of different charge-to-mass ratio when
their interaction at small relative momenta is dominated
by short-lived resonances or when their interaction is
nonresonant (Pochodzalla et al. , 1985b, 1987; Pochodzal-
la, Gelbke, et al. , 1986).

An example of line-shape distortions due to final-state
interactions with the Coulomb field of the residual nu-
clear system is given in Fig. 25 (Pochodzalla, Gelbke, et
al. , 1985). The figure shows pet correlation functions
measured for " Ar-induced reactions on ' Au at
E /A =60 MeV and 0, =30'. For these correlation
functions the summation in Eq. (7.2) is performed with
the constraints v & v (open points) and v ) v (solid
points), where v and v denote the laboratory velocities
of alpha particles and protons, respectively. The experi-
mental correlation functions exhibit two pronounced
maxima located at q =15 and 50 MeV/c. While the loca-
tion of the first maximum (q = 15 MeV/c ) is the same for
both kinematic branches, the location of the second max-
imum (q =50 MeV/c) is not. The peak near q =15
MeV/c is due to the detection of two of the three frag-
ments from the two-stage decay B~p+ Be—+p
+(rr+a); it is a result of the small decay energies and
the narrow widths of the ground states of B and Be (Po-
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TABLE XII. Source radii extracted from energy-integrated
two-particle correlation functions measured for the reactions
p+ Be and p +Ag at E =500 MeV and 0, =65' (Cebra et al. ,
1989) and ' N+Ag at E/A =35 MeV and 0, =45' (Fox et al. ,
1988).

Particle
pair

pp

tt
pd
pA'

dc'

3.3+1.1
9+5
10+6

12.2+2.6
1.6+1.8
1.9+1.2

ro (fm)

p +Ag

4.0+0.5
9.4+2. 1

11+8
11.8+1.6
1.8+ 1.2
2.0+1.1

' N+Ag

4.5+0.3
7.3+0.7
5.9+0.8
9.1+0.7
4.6+0.3
4.9+0.4

chodzalla, Gelbke, et al. , 1985). Because of the long life-
times of these states, distortions in the Coulomb field of
the residual nucleus are negligible. The peak near q =50
MeV/c is related to the unbound ground state of Li,
which has a width of about 1.5 MeV corresponding to a
short mean life of about F130 fm/c (see Sec. VI.A).
Since the charge-to-mass ratio of protons is greater than
that of alpha particles, the former will experience greater
accelerations in the Coulomb field of the residual nuclear
system. As a consequence, the asymptotic velocity
difference between protons and alpha particles will be de-
creased if v ) v at the time of decay and increased if
v & v . The solid lines in Fig. 25 show the results of sim-
ple classical calculations for this eft'ect (Pochodzalla,
Gelbke, et al., 1985). Source radii can be extracted from
the ap correlation function with fair accuracy when these
line-shape distortions are taken into account. However,
one should bear in mind that such corrections can be as-
sociated with considerable uncertainties, especially when
the charge distribution of the emitting system is un-
known.

The situation is even more complicated for proton-
deuteron correlations. These two particles have different
charge-to-mass ratios and experience nonresonant final-
state interactions (see Sec. VI.A). For nonresonant sys-
tems, the Coulomb distortion already sets in at the point
of emission, where the Coulomb force is strongest. Since
the correlation functions for nonresonant systems are
rather featureless, the effects of the Coulomb distortions
are more dificult to unravel. A number of investigations
have revealed significant distortions of the shapes of the
experimental pd correlation functions due to Coulomb in-
teractions with the residual nuclear system (Pochodzalla,
Gelbke, et al. , 1986; Pochodzalla et al. , 1987). In those
cases, a quantitative extraction of source dimensions
from pd correlation functions has not been possible.
Some analyses of pd correlation functions ignore these
complications (Cebra et al. , 1989; Fox et al. , 1988) and
extract radii even larger than the radii for the dd correla-
tions.

Source radii extracted from correlations between
different particle pairs are compared by Pochodzalla,
Chitwood, et al. (1986), Pochodzalla et al. (1987), Fox et
al. (1988), and Cebra et al. (1989). Table XII summa-

rizes the results of Cebra et al. (1989) and Fox et al.
(1988), who investigate energy-integrated correlation
functions. Cebra et al. (1989) concluded that the ob-
served correlations are insensitive to the details of the
emitting system. This conclusion may be premature.
Energy-integrated correlation functions depend strongly
on the detection threshold and contain less information
than energy-dependent correlation functions. In addi-
tion, the uncertainties in the extracted source radii are
large, and more accurate measurements are needed to
firmly establish similarities or differences between the
two reactions.

Energy-dependent two-particle correlation functions
have been measured for the reactions ' N+' Au at
E/2 =35 MeV and 0, =35 (Pochodzalla, Chitwood, et
al. , 1986) and Ar+' Au at E/A =60 MeV and
8, =30' (Pochodzalla et al. , 1987). The results are sum-
marized in Table XIII. The extracted source parameters
exhibit considerable dependences on the reaction, the
particular particle pair, and the kinetic energy of the
emitted particles. However, the wealth of information
contained in the various experimental correlation func-
tions cannot yet be fully exploited since present micro-
scopic treatments of intermediate-energy nucleus-nucleus
collisions have not yet been used to calculate two-particle
correlations. The detailed interpretation of the energy
dependence of the two-particle correlations remains a
challenging theoretical problem.

E. Filtered correlation functions

While inclusive two-particle correlations provide in-
sight into the average properties of the emitting system,
more detailed information must be obtained from more
exclusive measurements in which specific classes of reac-
tions can be suppressed or enhanced. Ideal reaction
filters would allow the determination of the impact pa-
rameter and the orientation of the reaction plane. For
intermediate-energy heavy-ion reactions, the develop-
ment and calibration of various possible reaction filters is
still a topic of ongoing research (Ogilvie et al. , 1989;
Tsang, Bertsch, et al. , 1989; Tsang, Kim, et al. , 1989).
Qne can for example, discriminate between quasielastic
and more violent, fusionlike projectile-target interaction
by measuring the linear momentum transfer to the heavy
reaction residue. Alternatively, one can classify the
violence of the projectile-target interactions in terms of
the light-particle multiplicity. At lower energies,
E/3 (50 MeV, the two techniques provide similar
selectivities (Tsang, Kim, et a/. , 1989): Violent collisions
involving a large overlap between projectile and target
nuclei can be selected by large linear momentum
transfers or large particle multiplicities. Less violent
peripheral interactions can be selected by small linear
momentum transfers or small charged-particle multiplici-
ties. With increasing projectile energy, however, multi-
plicity measurements become the tool of choice (Tsang,
Bertsch, et al. , 1989).
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TABLE XIII. Source radii extracted from two-particle correlation functions measured for the reac-
tions ' N+ ' Au at E/3 =35 MeV and 0, =35' (Pochodzalla, Chitwood, et al. , 1986) and

Ar+' Au at E/A =60 MeV and 0, =30' (Pochodzalla et al. , 1987). The analysis of the nd correla-
tion function is based on Ats to the peak at q =40 MeV/c. The errors include normalization uncertain-
ties for the different energy gates; theoretical uncertainties are not assessed. Note that nuclear interac-
tions for l & 0 were omitted in the calculations of the tt correlation function.

Particle
pair

' N+' Au E/3 =35 MeV
E, +E, (MeV) r() (fm)

Ar+' Au E/A =60 MeV
E)+E2 (MeV)

'

r() {fm)

24-SO
50-75

75-100

4.9+0.5
4.3+0.3
3.8+0.2

25-75
75-125
125-175
175-225

6.0+ )'()

6.0+0.5
5.5+0.4
4.6+0.3

30-80
80-160

8+2
5.5+1

25-75
75-125
125-175
17S-225
225-27S

10+3
7+2
6+2
5+1
4+1

36—120
120—200

6.5+1
5.5+1

36-100
100-180
180—260

7.5+1.5
6+1.5
6+1.5

52—100
100-150
150-200

6+0.5
5+0.5
4+0.5

52-125
125-200
200-300

7 5+0.5

6.7+0.4
5.9+0.3

55-100
100-150
150-220

3.8+0.2
3.0+0.2
3.0+0.2

55-100
100-200
200-300
300-400

5.7+0.2
4.8+0.2
4.3+0.2
4.4+0.2

The dependence of two-particle correlation functions
on the multiplicity of the emitted light particles has not
yet been measured for intermediate-energy nucleus-
nucleus collisions. A first step in this direction has been
undertaken by Kyanowski et al. (1986) for the

Ar+ ' Au reaction at E /8 =60 MeV and 0, =30 .
They classify the reactions in terms of the number v of
charged particles detected in a forward-angle scintillator
array covering an angular range of about 0, =5 —30.
The 0.'d correlation function is found to depend strongly
on v. Correlation functions gated on small values of v
exhibit very pronounced maxima, whereas correlations
gated on large values of v are strongly suppressed.
Source radii extracted from energy-integrated correlation
functions vary from ro=4. 5 fm for v=0 to ro=8 fm tor
v=11. Unfortunately, the number of particles emitted at
forward angles does not exhibit a unique dependence on
impact parameter (Tsang, Bertsch, et a/. , 1989; Tsang,
Kim, et al. , 1989). The interpretation of these results
remains unclear.

Information about the linear momentum transfer can
be extracted from the folding angle Off between two
coincident fission fragments (Sikkeland, Haines, and Vio-
la, 1962; Back et al. , 1980). Because of kinematic focus-
ing, small folding angles (Off &(180 ) correspond to large
linear momentum transfers, and large folding angles
(H,fr=180') represent small momentum transfers. Two-

particle correlation functions gated on folding angles
have been measured by Chen et al. (1987a, 1987d) for the
' N+' Au reaction at E/A =35 MeV and 8„=20.
Figures 26 and 27 show pp and ad correlation functions,

Au( N, pp ff), E/A=35MeV, eav ——ZO'
2,~ 0 I I I l

~

I I I I

(
t I I I

(

I I I I

E1+E2=50—220MeV
I ) (

+ Sff=1ZO' —145'
~ 0& fg

= 160 —180'
it'

ii. 5+

l

t

0 5 ( I

0 25

4 fm
5 fm

I I I I I I I 1I

50 75
q (MeV/c)

100

FIG. 26. Two-proton correlation functions gated on large
( Off 120' —145', open points) and small ( 0ff = 160' —180', solid
points) linear momentum transfers to the heavy reaction resi-
due. The gate on the total kinetic energy is indicated in the
figure (from Chen et al. , 1987d).
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Au( N, dn ff), E/A=35MeV, 0@v——20'
I I I I

I

I I I I

I

I I I
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FIG. 27. Correlation functions for the ad pair gated on large
( Off 120 —145', open points) and small ( 8ff = 160'—1 80', solid
points) linear momentum transfers to the heavy reaction resi-
due. The gate on the total kinetic energy is indicated in the
figure (from Chen et al. , 1987d).

respectively, gated on small (0I&= 160 —180, solid
points) and large (8&J =120 —145 open points) linear
momentum transfers (Chen et al., 1987d). In order to
reduce contributions from later stages of the reaction for
which sequential emission of low-energy particles from
the fully equilibrated composite system may be impor-
tant, these correlations are gated on total energies well
above the compound-nucleus Coulomb barrier. In both
cases the selection of events with large linear momentum
transfer produces enhanced correlations. For orientation
the curves show theoretical correlation functions for
Gaussian sources of negligible lifetime with the radius
parameters indicated in the figures. From the two-
proton correlation functions shown in Fig. 26, source ra-
dii of r0 =3.7 and 4.0 fm are extracted for the central and
peripheral collisions gates; from the sharp peak of the ad
correlation functions shown in Fig. 27, source radii of
ro=2. 8 and 3.6 fm are extracted (Chen et al. , 1987d).
Source radii extracted from the broad peak at q=85
MeV/c are larger by about 0.8 fm. Consistent with the
results from inclusive measurements these source dimen-
sions are slightly smaller than the size of the target nu-
cleus [ro(Au) =4.4 fm].

A strictly geometric interpretation of the correlation
functions would imply that quasielastic collisions are
characterized by sources significantly larger than the size
of the projectile nucleus [ro(N) =2. 1 fm]; furthermore, it
would imply that quasielastic collisions produce sources
of larger dimensions than fusionlike collisions. Such im-
plications are difficult to understand. The observation of
reduced correlations for peripheral processes could also

reAect longer emission time scales rather than larger
source dimensions. For example, sequential decays of ex-
cited and fully equilibrated projectile residues could in-
volve longer emission time scales than preequilibrium re-
actions; such longer emission time scales would lead to
reduced correlations (Chen et al. , 1987d). Measurements
of longitudinal and transverse two-proton correlation
functions could clarify this issue.

Figure 28 summarizes the present information about
the dependences of nd correlation functions on the total
energy per nucleon, (E/2 )„,=[E +Ez]/6, of the two
coincident particles, on emission angle, and on reaction
type for ' N+' Au collisions at E/A =35 MeV (Chen
et al. , 1987a). Inclusive correlations and correlations
measured in coincidence with fission fragments are
shown in the right- and left-hand parts of the figure, re-
spectively. The left-hand scale of the figure gives the in-
tegral correlation R,s = JR(q)dq with the integration
range of q =30—60 MeV/c. The right-hand scale of the
figure gives Gaussian source radii ro, extracted in the
limit of negligible lifetime. At low energies, the ad corre-
lations are of comparable magnitude. For small linear
momentum transfers, they are nearly independent of en-
ergy. For larger linear mom. entum transfers, on the other
hand, the o,d correlations depend strongly on energy.
For inclusive correlations shown in the right-hand part
of the figure, a similar energy dependence exists. It be-
comes more pronounced at larger emission angles, where
contributions from quasielastic processes become less im-
portant, thus lending support to the previous conclusion
that contributions from the decay of equilibrated projec-
tile residues lead to reduced two-particle correlations.

'N+ A
300 s g i s

I

» s i

I

s s

d —n —ff
- 8 =20av

E/A = 35MeV
I I I I I I I

I
I I I I

I

I I I I
I

I I I I

o 200—
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~ 100—
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FICx. 28. Dependence of ad correlations on the total energy per
nucleon of the outgoing particles. Correlations measured in-

clusively and in coincidence with fission fragments are shown in
the right-hand and left-hand parts, respectively. The left-hand
scale corresponding to R,s.= fR(q)dq, with the integration

performed over the range of q =30—60 MeV. The right-hand
scale gives source radii ro for Cxaussian sources of negligible
lifetime (from Chen et a/. , 1987a).
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Vill. SUMMARY AND DISCUSSION

Two-particle correlation functions contain useful infor-
mation about the space-time characteristics of radiation
sources when the emitted radiation is at least partially in-
coherent. Such incoherence could arise from a complete
randomization of the phase relation between the wave
functions describing individual emission processes, as
should be the case for emission from thermal systems. It
would also apply if, at least in principle, the contribu-
tions from individual emission processes could be deter-
mined by a more complete experiment performed on the
remainder of the system. Coherent emission destroys
such information. For example, in optical applications,
intensity interferometric techniques can be applied to
measure the dimensions of stars and galaxies for which
the individual photons are emitted incoherently. In con-
trast, the diameter of a coherent laser beam can be mea-
sured through a correlation function if the beam is first
made incoherent, for example, by passage through a
ground-glass screen.

For subatomic particles, measurable two-particle
correlations arise from final-state interactions and, for
the case of identical particles, from the required sym-
metrization (or antisymmetrization) of the two-particle
wave function. Both effects depend on the size of the
emitting system. The correlation function can be written
as the sum of an interaction term and a plane-wave term.
Roughly speaking, the interaction term corresponds to
the ratio of the number of resonances (which is indepen-
dent of the source volume) to the number of standing
waves (which does depend on the source volume). The
plane-wave term is the Fourier transform of the source
function.

Present microscopic theories do not yet allow the cal-
culation of two-particle correlation functions. Insights
gleaned from measured two-particle correlations are,
therefore, largely qualitative. Existing experimental in-
formation is still scarce, and only a few attempts have
been made to explore the systematic dependence of two-
particle correlation functions on various reaction param-
eters, such as the incident energy, the mass of target and
projectile, the energy dependence of the emitted parti-
cles, or the impact parameter of the collision. Neverthe-
less, some systematic dependences begin to emerge.

In general, the measured two-particle correlation func-
tions depend on the total momentum of the emitted par-
ticle pair. The magnitude of the correlations increases
with increasing total momentum or, equivalently, with
increasing kinetic energy of the coincident particles. Ac-
cordingly, the extracted source dimensions decrease
when more energetic particles are detected. Such a
dependence has been observed in nucleus-nucleus col-
lisions at both high and intermediate energies. It cannot
be understood in terms of emission from a single station-
ary source. Qualitatively, these observations have been
associated with the expansion of the reaction zone or, for
reactions at lower energies, with increasing time intervals

between successive emission processes. More quantita-
tive tests of existing reaction models have been per-
formed only at lower energies.

The dependence of the experimental two-particle
correlation functions on the impact parameter of the col-
lision remains largely unexplored. A number of investi-
gations performed for nucleus-nucleus and elementary-
particle collisions at relativistic energies report source di-
mensions that increase as a function of the associated
charged-particle multiplicity. But not all experiments
confirm this effect. At lower energies the situation is less
clear due to difIiculties in finding observables that are
uniquely related to the impact parameter and due to the
possible importance of temporal effects.

A number of groups have extracted source dimensions
in directions parallel and perpendicular to the beam axis
from two-pion correlation functions measured for
nucleus-nucleus collisions at relativistic energies. The in-
dividual results are di%cult to reconcile: different groups
find evidence for sources of rather different shapes for
rather similar systems and incident energies. More ex-
periments with better statistical accuracy are needed to
clarify the situation.

Information on the degree of incoherence of the emit-
ting system has been obtained from two-pion correlation
measurements at relativistic energies. In these investiga-
tions the magnitude of the experimental correlation func-
tion at zero relative momentum has been characterized in
terms of an incoherence parameter X. Most experimental
investigations find that A, is less than unity. Unfortunate-
ly, this potentially interesting finding has not yet been
brought into contact with some more fundamental prop-
erty of the emitting system. Distortions due to impact-
parameter averaging, contributions from resonance de-
cays and many other aspects of reaction history and mea-
surement may have non-negligible effects on the extrac-
tion of A. ; these effects are largely unknown. At the
present time it is unclear whether the concept of incoher-
ence is useful in nucleus-nucleus collisions.

Interesting similarities exist between two-pion correla-
tion measurements performed for ultrarelativistic p-p and
nucleus-nucleus collisions. %'ithin the experimental un-
certainties both reactions show the same functional rela-
tion between extracted source radii and associated multi-
plicity per unit rapidity. This relationship must be un-
derstood in depth before two-pion interferometry mea-
surements can be used as a diagnostic tool to signal the
formation of the quark-gluon plasma.

At relativistic energies few attempts have been made to
cross calibrate the two-pion and two-proton correlation
experiments. Quantitative comparisons of existing data
are hampered by large experimental uncertainties and
different gating conditions applied to individual measure-
ments. In most cases the dependence of the extracted
source radii on the total momentum of the emitted parti-
cle pair is not su%ciently well known to allow definitive
conclusions. A detailed comparison for one specific reac-
tion would be highly valuable.
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For nucleus-nucleus collisions at intermediate energies,
source radii have been extracted for a number of different
particle combinations emitted in the same reaction.
Different source radii were extracted for different particle
pairs even when dependences upon the energy of the
emitted particle pair have been taken into account. Such
differences may be related to the sequential freeze-out of
different degrees of freedom, which could be expected for
realistic treatments of the final stages of the reaction.
Specific degrees of freedom are expected to freeze out at
different average densities because of differences in the in-
teraction cross sections between individual constituents.
Quantitative calculations that take such effects into ac-
count have not yet been compared to the data.

Finite-lifetime effects may give information on reaction
dynamics in intermediate-energy heavy-ion collisions.
For example, the latent heat of a first-order phase transi-
tion would aA'ect the apparent source lifetime. First mea-
surements of longitudinal and transverse correlation
functions find evidence for spherical systems whose ap-
parent size decreases with total pair momentum and
whose lifetimes are shorter than 1 —2X10 s. Yet a
number of observations are difIicult to reconcile with
purely geometric interpretations of the measured two-
proton correlation functions: Correlation functions mea-
sured in regions of phase space for which compound-
nucleus decays are expected to dominate are strongly at-
tenuated. In such cases purely geometric interpretations
are clearly unphysical. For low-energy nucleus-nucleus
collisions, compound-nucleus lifetimes were estimated via
Coulomb trajectory calculations. The determination of
shorter time scales believed to prevail for noncompound
emission in intermediate-energy heavy-ion reactions
remains a challenge.
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