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The event rates and their recognized uncertainties are calculated for eleven solar neutrino experiments us-

ing accurate solar models. The same solar models are used to evaluate the frequency spectrum of the p
and g oscillation modes of the sun and to compare with existing observations. A numerical table of the
characteristics of the standard solar model is presented. Improved values have been calculated for all of
the neutrino absorption cross sections evaluating the uncertainties for each neutrino source and detector
as well as the best estimates. The neutrino capture rate calculated from the standard solar model for the

Cl experiment is 7.9(1+0.33) SNU, which spans the total theoretical range; the rate observed by Davis
and his associates is (2.0+0.3) SNU. The ratio of the observed to the predicted flux at Earth of neutrinos
from 8 decay lies in the range 0&[q&( 8) ~„,„,d/qr( 8) „&;„,d](0.5. The recent results from the
Kamiokande II electron scattering experiment confirm this conclusion. This discrepancy between calcula-
tion and observation is the solar neutrino problem. Measurements of the energy spectrum of solar neutri-
nos can discriminate between suggested solutions of the solar neutrino problem. Nonstandard solar mod-
els, many examples of which are also calculated in this paper, preserve the shape of the energy spectrum
from individual neutrino sources, whereas most proposed weak-interaction explanations imply altered
neutrino energy spectra. Detailed energy spectra of individual neutrino sources are presented as well as a
composite solar neutrino spectrum. hep neutrinos from the He+p reaction, probe a different region of
the solar interior than do B neutrinos. Measurements of the very rare but highest-energy hep neutrinos
are possible in proposed experiments using electron scattering, H, and Ar detectors. The standard solar
model predicts p-mode oscillation frequencies that agree to within about 0.5% with the measured frequen-
cies and reproduce well the overall dispersion relation of the modes. However, there are several small but
significant discrepancies between the measured and observed frequencies. The complementarity of
helioseismology and solar neutrino experiments is demonstrated by constructing a solar model with .a
drastically altered nuclear energy generation that eliminates entirely the important high-energy B and
Be neutrinos, but which affects by less than 0.01% the calculated p-mode oscillation frequencies.
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I. INTRODUCTION

A. Why?

Do we understand how the sun shines? Is the theory
of stellar evolution seriously challenged by the results of
the Cl solar neutrino experiment? Or, on the other
hand, is our understanding of solar energy generation
su%ciently reliable that one can use the sun to study
weak interactions with greater sensitivity than is possible
with terrestrial sources'? We have been trying to answer
these questions for the past two decades. Why are we
still at it? The reason is simple. There is not yet a
definitive solution of the solar neutrino problem.

There are other reasons why we are still working on
what seems like such a simple problem, perhaps the con-
ceptually simplest problem of stellar evolution. The cal-
culations are complicated and involve a number of
difFerent branches of physics and astronomy. Definitive
comparisons with solar neutrino experiments require
greater accuracy and detail than is necessary for studying
energy generation in less accessible, more evolved stars.
Each time that we have come back to this problem there
have been new (to us), previously uninvestigated efFects
that we had to evaluate quantitatively. In addition, the
uncertainties in the predicted cruxes must be calculated
explicitly in order to decide if there is really a problem
and, if there is, how accurately one can presume to know
the neutrino production rates that are essential in using
so1ar neutrinos for experiments on the nature of the weak
interactions. The quantitative evaluation of uncertainties
is not as crucial in other areas of stellar evolution for
which a statistical comparison between observations and
calculations is the more typical mode of testing the
theory. Moreover, new solar neutrino experiments that
are under way require for their interpretation specialized
calculations that we have not previously performed.

Finally, confrontation with the abundant and precise
measurements ofp-mode solar oscillation frequencies also
demands extensions of our previous analysis.

We continue to use the "best available physics" even
when this leads to major complications in the computer
codes. We believe that the origin of discrepancies be-
tween theory and observation will be most clearly re-
vealed by comparison of the data with the most accurate
possible theoretical calculations. Simplifications can blur
discrepancies or conceal improvements inherent in better
physics. Effort and precision are required to obtain
theoretical results for solar neutrino and solar oscillation
calculations that approach the accuracy being obtained
experimentally. Most of the improvements we make in
our analysis do not have a significant effect, but we never
know for sure which are important until we implement
the corrections. We therefore continuously refine our
codes, incorporating improved physics and input data.

There are feasible experiments, some in progress, that
can measure the energy spectrum of solar neutrinos. In
this paper, we emphasize future measurements of the
neutrino spectrum. We provide detailed figures and
tables for the calculated energy spectra from different so-
1ar neutrino sources. We also present an overall spec-
trum that is obtained from the standard solar model.
The most popular particle physics explanations of the so-
lar neutrino problem predict that the neutrinos incident
at Earth have an energy spectrum significantly difFerent
from what is presented in this paper (see especially Figs.
2 —5), while speculations that the standard solar model is
incorrect suggest only a change in the normalization of
some (or all) of the individual cruxes, but not in their
shape. Thus a measurement of the shape of the incident
solar neutrino spectrum will discriminate between
difFerent possible explanations.

In the 1ast 5 years, there has been an upsurge in the in-
terest of particle physicists in solar neutrinos (see Hax-
ton, 1986; Okun, 1986; Weinberg, 1987). This is partly
due to a Aowering of particle physics explanations of the
solar neutrino problem (e.g., WIMP's, resonant neutrino
oscillations, neutrino decay, neutrino electric or magnetic
dipole moments) and partly to a growing conviction
among the scientific community that the solution of the
problem is probably not a trivial error. One final reason
for reinvestigating standard solar models is that the ex-
planation of the solar neutrino problem in terms of reso-
nant neutrino oscillations [the Mikheyev-Smirnov-
Wolfenstein (MSW) eff'ect; Mikheyev and Smirnov, 1986;
Wolfenstein, 1978j requires, for accurate calculations, de-
tailed information about the distribution of neutrino pro-
duction within the sun, the electron density profile, the
shape of the neutrino energy spectra, and the neutrino
absorption cross sections as a function of energy. We
provide the required information in tabular form.
Machine readable versions of these tables will be provid-
ed upon request.

B. Definition of uncertainties

Is there a solar neutrino problem? Yes, provided the
difFerence for the Cl experiment between the astrophys-
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ical prediction and the measured capture rate exceeds the
range of the uncertainties. No, if the uncertainties
exceed the discrepancy between observation and theory.
A quantitative statement of the uncertainties is at the
heart of our subject.

We present the calculated uncertainties in terms of a
"total theoretical range" (cf. Bahcall, Huebner, Lubow,
Parker, and Ulrich, 1982, hereafter referred to as paper I,
where the same quantity was referred to as an "effective
3o level of confidence"). We would like to provide a true
"3o. level of confidence, "but we cannot do so because we
do not know the probability distribution for parameters
that must be calculated (e.g, , radiative opacity or forbid-
den corrections to neutrino cross sections), not measured.
In practice, our total theoretical range is equivalent to
the requirement that if the true value lies outside the es-
timated range, someone has made a mistake. The reader
will recognize that matters of judgment are important in
this undertaking, especially when systematic errors are
likely to exceed the measuring errors.

'We use standard 3o limits for measured quantities
(e.g. , nuclear reaction rates). Uncertainties in theoretical
quantities are sometimes calculated explicitly by the orig-
inal authors. However, more often, we have had to make
our own assessments of possible errors. In practice, we
have often taken uncertainties in quantities that are cal-
culated, not measured, to be equal to the range in values
in published state-of-the-art calculations. In cases where
only one calculation is available, we have had to make a
more delicate judgment. For example, we have chosen to
multiply the value of forbidden corrections to neutrino
capture cross sections by 3 and call this the total uncer-
tainty. It is possible that we assign relatively larger er-
rors for experimentally determined parameters (for which
the errors are more easily quantifiable) than we do for the
calculated parameters such as the opacity. However, the
adopted procedure is as objective as any we can think of
and has the advantage of simplicity.

In the final analysis, our method for estimating errors
is defined by the examples we discuss (see also paper I).
In all cases, the procedures and assumptions we use to
obtain the final uncertainties are stated explicitly. If the
reader has a better (or different) way of estimating the er-
rors, then he can recalculate easily the uncertainties in all
the predicted event rates using the results and prescrip-
tions described in this paper.

We have had to combine theoretical uncertainties with
statistical (and systematic) errors in measured quantities.
In doing so, we have adopted three rules. (1) Errors from
different sources are combined incoherently (the total un-
certainty is the square root of the sum of the squares of
the individual uncertainties). (2) The effects of individual
parameter uncertainties are determined by calculating
stellar models with different values of the parameters of
interest. (3) Only data published prior to January 1987
are used.

We have verified by constructing 1000 accurate solar
models (see Sec. VII) that this procedure correctly repro-

duces the theoretical probability distribution of neutrino
cruxes provided that the input parameters are normally
distributed.

Most of the predicted rates and uncertainties that we
give in this paper are calculated for the standard solar
model, assuming also that nothing happens to the neutri-
nos on the way to the Earth from the sun. However,
there is convincing experimental evidence that this com-
bined conservative hypothesis is incorrect.

How can we calculate the rates and uncertainties for
the likely situation in which the incident neutrino energy
spectrum is different from the standard spectrum'? The
procedure is relatively simple if the shape of the energy
spectrum for each of the individual neutrino sources is
unchanged and only the total number of neutrinos of a
specified type is altered. This condition is satisfied for all
of the so-called nonstandard solar models (including the
WIMP hypothesis; see Faulkner and Gilliland, 1985;
Spergal and Press, 1985), since for these models the rela-
tive numbers of neutrinos of different kinds are not the
same as in the standard model but the normalized energy
spectra are unchanged. In this case, we use the cross sec-
tions that are given below (see Tables VII and VIII), to-
gether with the appropriate neutrino fIuxes and the un-
certainties specified in Secs. II and IV. The situation is
more complicated if the shape of the individual energy
spectra are altered by physical processes such as the
MSW effect. In this case, one must use the individual
cross sections as a function of energy (given in Table IX)
to calculate efFective absorption cross sections for the
specified spectrum shape. The uncertainties can be in-
ferred in most cases from the information given in Sec.
IV.B, since the fractional uncertainties in the cross sec-
tion for a given source are, to a satisfactory approxima-
tion in most instances, independent of the precise shape
of the spectrum.

C. What?

In this paper we have taken advantage of a number of
advances that have occurred since our last extensive in-
vestigation, in 1982, of solar models and neutrino cruxes.
The improvements considered here include a number of
important new laboratory experiments on nuclear reac-
tion cross sections, some fine-tuning of our model codes,
(p, n) experiments on nuclei that will be used as neutrino
detectors, as well as improved determinations of the sur-
face abundances of the chemical elements in the sun and
appropriately refined opacity calculations. We have also
reevaluated the neutrino absorption cross sections taking
account of recent theoretical and experimental develop-
ments.

In addition, we have responded to the blossoming of
the field of helioseismology, there now being available
about 10 accurately measured (precision between 0.01%
and 0.04%) p-mode oscillation frequencies. Solar neutri-
nos and solar seismology are complementary and rein-
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forcing tools for studying the solar interior. S'e haUe

therefore extended the subject of this series ofpapers by in
eluding a detailed discussion of the interrelation between
the oscillation frequencies and the neutrino fluxes

This paper is not a review article. We concentrate on
new results that are necessary for interpreting solar neu-
trino experiments and for understanding their relation to
measurements of solar oscillation frequencies. The
reader is referred to an extensive discussion in the Re-
views of Modern Physics (paper I) for a description of the
background, the techniques, and. the literature references.
We describe in this paper only improvements made on
previous calculations and the new numerical results that
are relevant for comparisons with observations.

Details are the most important but the least interesting
aspect of this subject, except to the expert in each area.
We must get the details right in order to calculate accu-
rately the interesting quantities, which are neutrino
Auxes, oscillation frequencies, and their associated uncer-
tainties. The experts need to know how we have handled
aII of the details in order to appraise the final results. We
therefore present an account of the calculations which is
succinct but we believe complete (when considered to-
gether with paper I).

In order to help the reader find those parts of the pa-
per that fit his particular interests, we provide here a
brief summary of what is contained in each section. In
Sec. II we describe the input parameters for the solar
models. The nuclear parameters are discussed in Sec.
II.A; our best estimates and associated uncertainties are
given in Table I. Appendix A describes how we comput-
ed the nuclear energy generation and gives in Table XXI
the efFective Q values that include neutrino energy loss
and the thermal motion of the reacting particles. The
element abundance of the primordial composition is dis-
cussed in Sec. II.B and Eq. (I). The adopted fractional
abundances of the heavy elements are given in Table II,
where they are compared with the abundances that we
used previously. The I'adiatiUe opacities are discussed in
Sec. II.C. We give in Table III a convenient numerical
representation of the radiative opacity that is required to
compute a standard solar model. This table is derived
from a set of tapes supplied by the Los Alamos Opacity
Library and can be used by diA'erent groups to compare
results that are obtained for standard solar models with
independent computer codes. Figure 1 illustrates an
e6'ect that we have included for the first time in this pa-
per, the fractional increase of the opacity as a function of
solar radius that is caused by the conversion of carbon
and oxygen to nitrogen.

In Sec. III, we describe the most important neutrino
sources and their energy spectra. We describe in Sec.
III.A the individual sources: p-p, pep, hep, Be, 8, ' N,
' O, and ' F neutrinos.

We discuss the neutrino energy spectra in Sec. III.B.
Figure 2 shows the combined energy spectrum that is ob-
tained with the standard solar model. Figures 3—5 illus-
trate the shapes of the individual spectra from the p-p,

B, hep, and ' N neutrinos. We also present tables of the
calculated energy spectra from the fundamental p-p reac-
tion (Table IV), the B neutrinos (Table V), and the hep
(highest energy, Table VI) neutrinos.

We have recalculated neutrino absorption cross sections
for detectors for which experiments are under way or are
being developed. The new values of the absorption cross
sections are discussed in Sec. IV. The best estimates are
given in Sec. IV.A and the uncertainties in Sec. IV.B.
Table VII gives the cross sections for each of the neutri-
no sources incident on the following detectors: Li, Cl,
'Ga, 'Br, Mo, and " In. These results were computed

assuming that electron neutrinos are not a6'ected by in-
teractions within the sun or by the journey from the sun
to the detector on Earth. For detectors of H and Ar,
which record individual electrons produced by the cap-
ture process, the cross sections are given in Table VIII as
a function of the minimum electron kinetic energy that is
accepted. In order to facilitate the calculations of how
the MSW e6'ect or other energy-dependent physical pro-
cesses will a6ect the event rates in di6'erent experiments,
we give the absorption cross sections in Table IX as a
function of the incident neutrino energy for detectors
composed of H, Cl, " Ar, 'Ga, 'Br, and Mo.

We discuss in Secs. IV.C and IV.D possible calibration
experiments with laboratory neutrino sources that could
be used to test and improve the accuracy of the calculat-
ed neutrino absorption cross sections. We present in Sec.
IV.C the cross sections and estimated uncertainties for
experiments that could be performed with a 'Cr source.
We discuss in Sec. IV.D experiments that could be per-
formed with a stopped muon beam.

We describe the standard solar mode/ in Sec. V. In
Sec. V.A, we outline the basic aspects of the standard so-
lar model: the logic and the procedure. We present in
Sec. V.B some of the principaI. characteristics of the stan-
dard model. Table X gives the distribution with mass
and radius of the principal physical and chemical charac-
teristics. The distribution within the sun of the energy
generation and the neutrino Auxes is specified in Table
XI. Figure 6 illustrates the dependence upon solar posi-
tion of the energy generation, temperature, total density,
and electron density. Figure 7 shows the dependence of
the most important mass fractions upon solar position.
We show in Table XII the evolution with time of the sur-
face quantities: solar luminosity, radius, and eft'ective
temperature. In Table XIII of Sec. V.C, we give the best
current values for the standard model neutrino fluxes and
their uncertainties. The Auxes from a sequence of stan-
dard solar models are also discussed in Sec. V.C and
compared, in Table XIV, with the values obtained in pa-
per I. Figure 8 shows where the most important neutrino
Auxes originate in the sun. The primordial helium abun-
dance is derived in Sec. V.D and the surface lithium
abundance is discussed in Sec. V.E.

We calculate in Sec. VI the fractional uncertainties in
the individual neutrino Auxes by assuming that the un-
certainties in each input parameter and in each calculat-

Rev. Mod. Phys. , Vol. 60, No. 2, April 1988



John N. Bahcall and Roger K. Ulrich: Solar neutrinos and helioseismology 301

ed neutrino flux are all normally distributed. We present
in Sec. VI.A the calculated logarithmic derivatiues of each
of the neutrino fluxes with respect to each of the impor-
tant input parameters. These derivatives, which are sum-
marized in Table XV, are used to evaluate the uncertain-
ties in the predicted capture rates for different neutrino
detectors and to indicate the dependence of the predicted
rates on the parameters. We evaluate in Sec. VI.B the
fractional uncertainties in each of the neutrino fluxes.
The uncertainties are calculated using the logarithmic
derivatives given in Table XV and the fractional uncer-
tainties in each of the input parameters that are deter-
mined in Sec. II of this paper and in paper I. The uncer-
tainties discussed in Sec. VI.B are independent of detec-
tor sensitivities.

We describe in Sec. VII the results obtained by con-
structing 1000 accurate solar models, the input parame-
ters for which were drawn from normal distributions
with means and standard deviations that are specified in
Sec. II. Figure 9 compares the shape of the calculated
distribution of 8 fluxes for the 1000 models with the dis-
tribution obtained from a Gaussian with the same mean
and standard deviation.

We give in Sec. VIII the predicted capture rates and the
estimated uncertainties for the standard solar model for
both radiochemical and direct counting experiments. We
summarize the predictions for the radiochemical experi-
ments, Cl, 'Ga, 8Mo, I.i 'Br, and 5T1 in Sec.
VIII.A and for the direct counting experiments, electron
scattering, H, Ar, "B, and " In detectors, in Sec.
VIII.B. Table XVI displays the principal uncertainties in
the calculated capture rate for each of the neutrino
sources. The contributions of the separate neutrino
sources to the total capture rate of each detector are
shown in Table XVII. The existing experimental limit on
the ratio of observed to predicted flux of B neutrinos is
shown to be between 0.0 and 0.5 [see Eq. (23)].

We describe in Sec. IX the results of detailed calcula-
tions of nonstandard solar models. In Sec. IX.A, we
present the calculations for two classes of models with in-
homogeneous primordial compositions, the "low-Z" and
the "high- Y" models, and in Sec. IX.B, we describe the
results for two illustrative models with nonstandard nu-
clear physics. In Table XVIII, we give the predicted cap-
ture rates for each of the nine nonstandard models in all
of the detectors listed previously.

We devote Sec. X to a discussion of our results for
helioseismology. Paying special attention to the modeling
of the outer region of the sun, we calculate the frequen-
cies directly from the solar models and then show how
the systematic trends relate to the asymptotic theory.
We do not follow the more standard practice of using
asymptotic formulas to represent the calculated frequen-
cies, thereby avoiding some uncertainties. In Sec. X.A,
we provide a brief introduction to the theory and prac-
tice of helioseismology. We describe in Secs. X.B and
X.C arguments suggesting that the frequency difference
between the l =0 and the l =2 modes is relatively insens-

itive to poorly understood aspects of the solar surface
and that this frequency difference offers therefore the best
opportunity for using p-mode oscillations to study the so-
lar interior. We discuss our numerical codes in Sec. X.D
and Appendix C. We compare the calculated and ob-
served eigenfrequencies in Secs. X.E—X.G, discussing
both standard and nonstandard solar models.

We summarize in Sec. XI some of the principal results
and conclusions of this article. We also emphasize those
aspects of the subject that we feel are most important or
most urgently require further work.

D. How'?

How should this article be read? We recommend that
the user turn first to the summary and conclusions that
are given in Sec. XI and read this section quickly to find
out what we think are the major new results and recom-
mendations. Then we suggest you leaf through the
different sections, looking mainly at the headings and
glancing at what is contained in the tables and figures.
This perusal will give you an idea of what you want to
read in detail, if anything.

II. INPUT PARAMETERS FOR SOLAR MODELS

We discuss in this section those parameters for which
improved data have become available since paper I was
completed. Unless explicitly indicated in this section, we
adopt the values given in paper I for both the best esti-
mates of input parameters and their associated uncertain-
ties.

A. Nuclear parameters

Table I lists the reaction parameters for the proton-
proton chain. The first column shows the nuclear reac-
tion; the second column gives a reaction number for
reference. The third and fourth columns list Q, the nu-
clear energy released by the reaction, and ( q ), the aver-
age energy of the neutrino that is created. The values of
(q, ) were computed by averaging over the neutrino
spectra described in Bahcall (1978) and Bahcall and Hol-
stein (1986). The familiar cross-section factors (Fowler,
1984), So and dS/dE, are given in columns 5 and 6. Fi-
nally, we show in column 7 the order of magnitude of the
lifetime for nuclear burning of each of the nuclear
species, computed for typical solar core conditions
(T=1.5X10 K and p=150 gmcm ).

The reaction rates that are changed from what we used
in paper I are the p-p reaction (reaction 1 of Table I), the
pep reaction 2, the He- He reaction 5, the He- He reac-
tion 6, and the Be+p reaction 9. The value of So(p-p)
is increased by about 5%%uo (and the uncertainty al-
most halved) because of the more precise determina-
tion of gz/gr from P-asymmetry measurements

Rev. Mod. Phys. , Vol. 60; No. 2, April 1988



302 John N. Bahcall and Roger K. Ulrich: Solar neutrinos and helioseIsmology

TABLE I. Reaction parameters for the proton-proton chain. The uncertainties for the cross-section factors are indicated in
parentheses; they correspond to 3o errors and have been calculated using the data given in the original experimental papers (see Bah-
call et aI. , 1982; Parker, 1986 for discussions).

Reaction Number Q (q, )
(MeV) (MeV)

So
e arns

(dS/dE)
arns

Lifetime
(vr)

1H(p e+v )2H

tH(p e, v, )H

2H(p, q)sHe

sHe(p, e+v, )~He

He( He, 2p) He

sHe(4He, q) Be

7Be(e, v, ) Li

1.442 1.442

5.494

19.795 9.625

12.860

1.586

[see Eq. (5), Paper I]

2.5x10 4

8x10 2O

5.15(1+ 0.17) x 10

0.54(l + 0.06)

0.862
0.384

0.862
0.384

[see Eq. (9), Paper I]

1.442 0.265 4.07(1 + 0.051) x 10

1012

7.9x10 s 10 s

1012

10

-3.1 x 10 10

4.52 x 10 24 10~o

7Li(p, o.)4He

'Be(p, ~)sB

'B(e+ v, )' Be*
sBe'(o.)4He

17.347

0.137

17.980 6.710

52(1 + 0.5)

0.0243(1 + 0.22)

0

—3xl0 ~

10-'

References: (1) Bahcall and May (1969); (2} Bahcall and May (1969); (3) Gri%ths, Lal, and Scarfe (1963); (4) Werntz and Brennan
(1973);Tegner and Bargholtz (1983); (5) Bahcall et al. (1987); Krauss, Becker, Trautvetter, and Rolfs (1987); (6) Alexander, Ball, Len-
nard, Geissel, and Mak (1984); Parker (1986); (7) Qahcall and Moeller (1969};(8) Rolfs and Kavanagh (1986); Fowler (1987); (9) Filip-
pone, Elwyn, Davids, and Koetke (1983);Parker (1986};(10) Wilkinson and Alburger (1971};Warburton (1986).

(g„ /gr ———1.262+0.005; Bopp et al. , 1986). The larg-
est uncertainties in the p-p rate arise from the estimates
of the square of the nuclear matrix element (2.5%', see
Bahcall and May, 1969) and the corrections for mesonic
exchanges (-2%). The only change in the pep rate
occurs because of its proportionality to the rate of the p-p
reaction R . The form of Eq. (5) of paper I remains the
same; the value of R which enters this equation is
different because S is changed. The best value for S3 4
has also changed slightly (by about 4%) as a result of a
number of important new measurements (Osborne et al. ,
1982, 1984; Robertson et al. , 1983; Volk et al. , 1983; and
Alexander et al. , 1984). The results for this reaction
have been summarized by Parker (1986) in his Table III.
Parker (1986) reanalyzed all of the available data (includ-
ing the recent measurements of Filippone et al. , 1983) for
the important reaction (10) that produces the relatively
high-energy B neutrinos. By a very different analysis,
Kajino, Toki, and Austin (1987) have obtained a value
(0.56 keV b) for S3 4 that agrees well with Parker's value
(0.54 keVb). The best estimate for S, 7 has decreased by
about 16%. The low energy cross section -factor for -the

Be+p reaction remains the most important single param-

eter for the solar neutrino problem and the most uncertain
nuclear quantity (cf. Barker and Spear, 1986, and Kajino,
Toki, and Austin, 1987). The 3o uncertainty in this reac-
tion rate is about 22% (see Table IV of Parker, 1986), in-
cluding only recognized uncertainties.

Most of the solar models in this paper have been con-
structed using the value of S0 for the He- He reaction
that is given in paper I: 4.7 MeVb. However, for our
final standard solar model, labeled "Best" in Sec. V and
Table XIV below, we have taken account of the recent
and important experiment reported by Krauss, Becker,
Trautvetter, and Rolfs (1987). These authors derive an
S0 equal to 5.6+0.3 MeVb. %'e follow the analysis of
Parker (1987) and adopt the average of the previous Cal-
tech and the newer Munster results, namely, 5.15+0.09
MeV b.

The cross section for the He+p reaction (4) is espe-
cially uncertain because it is approximately proportional
(see Tegner and Bargholtz, 1983) to the poorly known ra-
diative capture cross section of thermal neutrons by He.
The quoted errors on the existing measurements are large
(see Bollinger, Specht, and Thomas, 1973; Suffert and
Berthollet, 1979; Alfimenkov et al. 1980); the experi-
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ments should be repeated with higher accuracy. Tegner
and Bargholtz (1983) quote an uncertainty of a factor of
more than 6 in the cross-section factor. In the absence of
further thermal neutron cross-section measurements, we
continue to use the cross-section value calculated by
Werntz and Brennan (1973), which is close to the geome-
trical mean of the extreme values obtained by Tegner and
Bargholtz. We are not able to assign a meaningful quan-
titative estimate of the uncertainty in the adopted- cross-
section factor.

Appendix A describes how we have computed the gen-
eration of thermal energy from nuclear reactions and
gives in Table XXI the e+ectiue Q values that apply when
neutrino energy losses are included. Our calculations are
the first that we know about in which the effect of the
thermal motion of the reacting particles on the neutrino
energy losses is evaluated explicitly [see Eqs. (A2)-(A4)].

B. Abundances

The present composition of the solar surface is
presumed, in standard solar models, to refIect the initial
abundances of all of the elements that are at least as
heavy as carbon. The pri.mordial ratio of heavy elements
to hydrogen, Z/X, is one of the crucial input parameters
in the determination of a solar model. The fractional
abundances of each of the elements is also important in
determining the stellar opacity, which is closely linked to
the predicted neutrino fIuxes. We include for the first
time a treatment of the change in the opacity caused by
the conversion of carbon arid oxygen to nitrogen in the
CNO cycle (see below).

In paper I we used the recommended elemental abun-
dances from the review of solar abundances by Ross and
Aller (1976) as the standard composition for which the
radiative opacities were calculated. Since that work was
completed, there has been a great deal of empirical and
theoretical work on the individual abundances on the so-
lar surfaces. This enormous joint effort of many different
researchers has been ably summarized in two reviews
(completed approximately at the same time) by Grevesse
(1984) and Aller (1986). We have taken account of this
improvement in our knowledge of the surface abun-
dances and have adopted as standard values for the opa-
city used in this paper (see below) the abundances listed
by Grevesse (1984).

Our abundance input procedure has been changed so
that we input the published ratios of individual abun-
dance to the hydrogen abundance rather than the mass
fractions. This new procedure assures that the required
(Z/X) is matched precisely and eliminates a potential
source of error.

Table II lists the individual fractional abundances of
the heavy elements that are recommended by Grevesse
(1984), Aller (1986), and, for comparison, Ross and Aller
(1976). The two recent studies are in excellent agree-
ment. The best-estimate value of Z/X has increased con-
siderably from the value of 0-.0228 of the Ross-Aller

(1976) mixture. The Grevesse (1984) value is
(Z/X)o„„,», ——0.02765 and for the Aller (1986) mixture
(Z/X)A&&„——0.02739. The difFerence between the Ross-
Aller value of Z/X and the current value of Grevesse
(1984) and Aller (1986) is about 19%%uo, almost twice the
uncertainty that we estimated in paper I. In accordance
with the "rule of thumb" procedure that was described in
paper I, we adopt as a total uncertainty

h(Z/X) =0.19(Z/X) .

The uncertainty given in Eq. (1) is only slightly larger
than that obtained from the papers of Grevesse (1984)
and Aller (1986) if we interpret their listed uncertainties
as 1o. errors and multiply by 3 in order to approximate
an efFective 3o. uncertainty.

C. Opacities

We have been fortunate to obtain detailed opacity
tapes for the Grevesse mixture that is specified in Table
II. The opacities were calculated with the programs of
the Los Alamos Opacity Library and were made avail-
able to us through the generous cooperation of W.
Huebner. A detailed description of the physics that un-
derlies these calculations is given in Huebner (1986), and
the most important opacity-related uncertainties are -de-

scribed in Sec. II.D of paper I.
In order that other workers can test their programs

and compare with our results for the same input parame-
ters, we give in Table III a numerical representation of
the Los Alamos opacities for the Grevesse mixture.
Table III covers the parameter range that is relevant for
the calculation of standard solar models and contains all
of the modifications described below except for the con-
version of carbon and oxygen to nitrogen [see correction
(3) below and Appendix B, Table XXII].

The Los Alamos Opacity Library can provide opacities
for mixtures that contain arbitrary total heavy-element
abundances Z. The detailed specification of Z is fixed by
the initial mixing done at Los Alamos and is provided on
one of three tapes that are combined by the library user
to yield opacities for any desired mixture of X, Y, and Z.
Because of our new method of defining the abundances in
the model, the value of Z must change as Y is iterated to
match the luminosity. Consequently, tables with at least
two values of Z are needed. We have used the four corn. -
binations shown in Table III to compute standard solar
models. The three models with low heavy-element abun-
dance that are discussed in Sec. IX use opacities based
upon a value of Z =0.1&Zarevesse as well as the normal
opacities given in Table III.

The opacities that we are currently using differ from
those discussed in paper I because of the four
modifications described briefly below. To give the reader
a feeling for the significance of these changes, we quote
the fractional change in the 8 neutrino Aux that we have
calculated by constructing detailed standard models with
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TABLE II. Fractional abundances of heavy elements.

Element Number fract, ion
revels se,

Number fraction
(Aller, 1986)

Number fraction
oss- er,

Total

0.29661

0.05918

0.49226

0.06056

0.00129

0.02302

0.00179

0.02149

0.00017

0.00982

0.00019

0.00230

0.00139

0.00006

0.00028

0.00017

0.02833

O.OO108

1.000

0.27983

0.05846

0.49761

0.06869

0.00125

0.02552

0.00198

0.02672

0.00018

0.01040

0.00019

0.00227

0.00134

0.00007

0.00035

0.00016

0.02382

0.00114

1.000

0.30279

0.06326

0.50249

0.02699

0.00138

0.02892

0.00241

0.03244

0.00023

0.01151

0.00023

0.00073

0.00163

0.00008

0.00037

0.00019

0.02297

0.00138

1.000

TABLE III. Rosseland mean opacities (cm g '). Here E —X =10
p/(T6) 2.818K-2 3.981E-2 5.623K-2 2.818K-2 3.981K-2 5.623K-2 2.818K-2 3.981K-2 5.623E-2 2.818K-2 3.981K-2 5.623K-2

T6

1.000
1.218
1.483
1.807
2. 200
2.680
3.264
3.975
4.841
5.896
7. 181
8.746

10.652
12.973
15.800
19.243
23.436

4. 659E+1 5.802E+1 7. 116E+1
4. 122E+1 5.168E+1 6.421E+1
3.931E+1 4.931E+1 6.083E+1
3.262E+1 4.050E+1 5.009E+1
2. 728E+1 3.286E+1 3.889E+.1
1.921E+1 2. 214E+1 2. 496E+1
1.267E+1 1.433E+1 1.606E+1
8. 107E+0 9.145E+0 1.036E+1
5.236E+0 5.940E+0 6.731E 0
3.527E+0 4.017E+0 4. 597E+0
2. 528E+0 2.895E+0 3.341E+0
1.941E+0 2.240E+0 2. 604E+0
1.620E+0 1.875E+0 2. 192E+0
1.434E+0 1.666E+0 1.938E+0
1.306E+0 1.484E+0 1.719E+0
1.130E+0 1.285E+0 1.429E+0
9.526E-1 1.053E+0 1.176E+0

4. 40 E+1 5.557E+1
3.823E+1 4.850E+1
3.592E+1 4. 528E+1
2.989E+1 3.694E+1
2. 464E+1 3.004E+1
1.760E+1 2.048E+1
1.160E+1 1.326E+1
7.404E+0 8.393E+0
4. 703E+0 5. 358E+0
3.137E+0 3.584E+0
2. 205E+0 2.553E+0
1.680E+0 1.952E+0
1.397E+0 1.624E 0
1.237E+0 1.434E+0
1.122E+0 1.285E+0
9.754E-1 1.086E+0
8.077E-1 8.932E-1

6.892E+1
6.075E+1
5.681E+1
4.555E+1
3.588E+1
2. 335E+1
1.494E+1
9.451E+0
6.115E+0
4. 118E+0
2.957E+0
2. 279E+0
1.910E+0
1.672E+0
1.474E+0
1.242E+0
1.000E+0

4.886E+1
4. 326E+1
4. 136E+1
3.434E+1
2.879E+1
2. 030E+1
1.340E+1
8.553E+0
5.502E+0
3.687E+0
2.627E+0
2.007E+0
1.668E+0
1.473i+0
1.340E+0
1.156E+0
9. 707E —1

6.085E+1 7.463E+1
5.424E+1 6.738E+1
5.188E+1 6.399E+1
4.267E+1 5.280E+1
3.470E+1 4. 109E+1
2.342E+1 2. 641E+1
1.515E+1 1.698E+1
9.644E+0 1.092E+1
6.238E+0 7.062E+0
4. 197E+0 4.798E+0
3.008E+0 3.468E+0
2. 315E+0 2.689E+0
1.930E+0 2.256E+0
1.712K+0 1.991E+0
1.523E+0 1.762E+0
1.313E+0 1.459E+0
1.072E+0 1.196E+0

4.609E+1 5.813E+1 7.208K+1
4.002E+1 5.078E+1 6.359E+1
3.772E+1 4. 752E+1 5.963E+1
3.14QE+1 3.883K+1 4.791K+1
2.595E+1 3.167E+1 3.786E+1
1.859E+1 2. 164E+1 2.468E+1
1.226E+1 1.402E+1 1.579E+1
7.814E+0 8.855E+0 9.966E+0
4.947E+0 5.633E+0 6.422E+0
3.284E+0 3.749E+0 4.303E+0
2. 295E+0 2.655E+0 3.074E+0
1.739K+0 2.020E+0 2. 356K+0
1.440E+0 1.674E+0 1.968E+0
1.272E+0 1.475E+0 1.720K+0
1.153E+0 1.321E+0 1.514E+0
1.000E+0 1.114E+0 1.270E+0
8.246E-1 9.111E-1 1.019E+0

X=0.7300, Z=0. 0195 X=0. 3500, Z=0. 0195 X=0.7300, Z=0. 0208 X=0.3500, Z=0. 0208
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FIG. 1. The fractional increase in the opacity, 5~/~, caused by
the conversion of carbon and oxygen to ' N, shown as a func-
tion of solar radius. The result illustrated applies to the model
CNO Cor that we have adopted (see Sec. V.C) as our standard
model and refers to the present epoch.

and without each modification (cf. Sec. VI). The frac-
tional changes in other neutrino Quxes are generally-less
important and can be estimated approximately from the
partial derivatives given in paper I (see also Sec. VI of
this paper).

(1) Abundances. As described in the previous subsec-
tion (II.B), we currently use the abundances recommend-
ed by Grevesse (1984) (see also Aller, 1986, and Table II).
The best estimate for ZlX has increased by about 19%
(see Sec. II.B), largely as a result of small increases in the
oxygen and carbon abundances and a substantial increase
in the neon abundance. The adopted change in chemical
abundances causes the 8 neutrino Aux to increase by
about 28% compared to the value obtained with the
Ross-Aller (1976) opacities used in paper I.

(2) CNO conuersion. In the calculations described in
this paper, we have taken account, for the first time, of
the efFect on the opacity of the conversion of carbon and
oxygen to ' N as a result of nuclear burning in the course
of the evolution of the sun. The opacity of a star changes
as a result of the gradual conversion of the CNO ele-
ments to nitrogen via the CNO nuclear burning cycle.
Even though this process contributes only a small frac-
tion of the solar luminosity, carbon and nitrogen nuclei
in the solar core go through the catalytic cycle about a
dozen times during the solar lifetime, and the oxygen nu-
clei go partially through the first cycle. Essentially all of
the carbon, and about 6% of the oxygen, is converted to
' N. The CNO atoms are important contributors to the
opacity in the solar core, so that this interconversion
alters the mean opacity.

Figure 1 shows the fractional increase, caused by the
conversion process, in the opacity as a function of radius
in a fully evolved standard model. The amplitude and
sign of the opacity change depends upon details of the
relevant atomic physics, including the relative strength
and placement of absorption edges and lines for the CNO

elements. We were unable to invent a reliable estimate of
thy effect prior to making a detailed calculation. All that
one can say from general considerations is that it is plau-
sible that the correction should be largest in the inner-
most regions, where the CNO cycle occurs often enough
to reach a steady state, and should go to zero outside the
region where the CNO cycle occurs. This general behav-
ior is rejected in Fig. l.

The CNO cycle conserves the number of heavy nuclei
but changes their masses and hence alters the mass frac-
tion of heavy elements Z. The value of Z is often
thought of as loosely indicating the number abundance of
heavy elements, so that a quick, but incorrect, interpreta-
tion of the CNO-induced change in Z would imply a
change in heavy-element number abundance. In order to
evaluate correctly the effect of CNO conversion on the
opacity, we must utilize the information about the num-
bers of the individual heavy elements as a function of
time that is available in the numerical calculations of the
solar model. In the standard solar models the conversion
of C and 0 to N during the CNO cycle increases the
value of Z slightly from 0.0196 to 0.0202. However, this
value of Z cannot be used directly for calculating the
correction to the opacity with the original tables, since
the tabulated distribution of heavy-element abundances
does not take account of CNO conversion. In practice,
all previous calculations of solar evolution have ignored
this subtle point. In the present calculation of our best
standard model, we recalculate Z at each point as the
CNO conversion occurs and then use the procedure de-
scribed in Appendix B to evaluate the correction to the
tabulated opacity at the originally specified value of Z.
For consistency, we must continue to use as our un-
corrected opacity (see Appendix B and Fig. 1) the Los
Alamos-supplied tables with the original value of Z that
does not take account of CNO conversion.

A full treatment of this effect would require adding
two more dimensions to the opacity lookup procedure,
which is beyond the capabilities of our current code. We
have therefore used an approximate treatment based
upon the results of Huebner (1986), who fitted opacities
to a power series in log( T) for a sequence of compositions
of difFerent mixtures. Huebner used the Ross-Aller mix-
ture to calculate a fiducial opacity and then calculated
the changes in the opacity induced by 25% variations, at
constant Z, of the individual abundances of carbon, ni-
trogen, oxygen, neon, .magnesium, and iron. We have ap-
plied the power-series expansions at temperatures be-
tween 1&10 and 16&10 K and have taken differences
in order to derive the fractional changes that would re-
sult from converting all of the carbon and oxygen to ni-
trogen.

Table XXII of Appendix B can be used to make the
op@city corrections caused by the conversion of carbon
and oxygen to ' N. The net result of including the con-
version is an increase of the B fiux by 8% over what is
obtained by ignoring this conversion.

(3) Electron scattering Collective e.ffects on the elec-
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tron scattering cross section are included in the opacity
library tables we currently receive from Los Alamos. In
paper I, we used the expression derived by Diesendorf
(1970), which implies a net decrease in the scattering
cross section (compared to the Thompson value) of about
3S% over most of the sun. We have compared opacity
tables supplied by our Los Alamos collaborators that
were computed with and without the collective correc-
tions to the electron scattering cross section. This com-
parison shows that the Los Alamos calculation of collec-
tive effects, which is more complete, gives a decrease of
only 18%, much smaller than implied by the Diesendorf
formula. ' The difference between the Los Alamos and
the Diesendorf corrections amounts to only a 2.4%
difference in the total opacity at the solar center.
Boercker (1987) has shown that a large part of the
discrepancy is due to the neglect by Diesendorf and Nin-
ham (1969) of an angular dependence to the scattering
cross section that integrates to zero for an electron in
vacuum, but which causes the. effect of electron correla-
tions to be suppressed in a plasma. Using the Los
Alamos estimate, we find an increase, over what we ob-
tain with the Diesendorf correction, of 9% in the calcu-
lated 8 neutrino Aux.

(4) Numevical vepvesentation We hav. e restructured
the grid in temperature T and density p (actually plT )

to ensure that the opacity changes by less than 40% be-
tween any adjacent points in the opacity table. This re-
vision required doubling the number of grid points and
resulted in an approximate 1% increase in the calculated
8 neutrino Aux. Our objective in increasing the density

of points in the opacity table was to have a slow enough
variation of the derived opacity from one table entry to
the next that any reasonable inter'polation scheme would
give reliable results. We are, however, dependent on the
basic opacity grid provided to us by our Los Alamos col-
laborators. The density of their table is comparable to
ours in temperature but not in density. Whereas we have
tabulated values of the opacity at density points close
enough that the change in the opacity from one point to

the next is less than about 20% in all cases, the Los
Alamos grid involves opacity entry-to-entry changes of
55% to 65% in the density dimension. The changes in
the temperature direction are consistent with our stated
goal. The Los Alamos Library overcomes the sparseness
of the opacity grid through the use of a spline interpola-
tion procedure that depends on all available opacities.
We have examined the spacing and distribution of the
(LANL-supplied) data points that were interpolated to
obtain the opacities given in Table III and have conclud-
ed that the spline interpolation should represent the data
with an accuracy of about 3%.

III. NEUTRINO SOURCES AND SPECTRA

We summarize in this section the characteristics of the
neutrino sources and their energy spectra.

A. Sources

There are five separate neutrino sources within the
proton-proton chain (see Table I). Three of the sources
produce continuum neutrino spectra, namely, p-p neutri-
nos (reaction 1, q,„&0.420 MeV), hep neutrinos (reac-
tion 4, q,„=18.773 MeV), and the B neutrinos (reac-
tion 10, q,„&15 MeV). The p-p and 8 neutrinos are
familiar sources. The production rate of He+p (hep)
neutrinos is expected to be Inuch smaller than the Aux of
rare B neutrinos. However, the hep neutrinos may be
experimentally accessible, because of their large max-
imum energy, in detectors that count individual events
(e.g. , electron scattering experiments, H, or the liquid-
argon Icarus detector; see Sec. VIII.D).

There are also two sources of neutrino lines within the
proton-proton chain: the pep neutrinos (reaction 2,
q = 1.442 Me V) and the Be neutrinos [reaction 7,
q =0.862 MeV (89.7%); 0.384 MeV (10.3%)]. These two
sources produce neutrinos with discrete energies except
for the small thermal broadening.

The most important reactions that are believed to pro-
duce solar neutrinos within the CNO cycle are

During this study, we discovered a related problem with the
calculations carried out by Ulrich and Rhodes (1983) using a
specially developed code {CATMOS; see Sec. VIII) that in-
cludes a detailed treatment of the solar envelope (in contrast to
the schematic envelope treatment used in paper I and in previ-
ous versions of our solar neutrino code). In the Ulrich-Rhodes
calculations, recent Los Alamos opacity library tapes were used
that included the collective correction to the electron scattering
cross section and that also inadvertently incorporated the same
correction according to Diesendorf. Thus, in this code, there
was a double correction for the collective effects. Fortunately,
the solar oscillation frequencies are less sensitive to the interior
opacity than are the neutrino Auxes, so that, although the stan-
dard model frequencies change by small amounts, none of the
basic conclusions by Ulrich and Rhodes need to be modified.

' N~' C+e++v, (q &1.199 MeV),
' O~' N+e++v, (q & 1.732 MeV),

(2)

(3)

' F—+' 0+e++v, (q &1.740 MeV) . (4)

The '3N and ' 0 reactions [Eqs. (2) and (3)] provide in-
formation about the CNO cycle. The ' F neutrinos [Eq.
(4)] are potentially of great interest, since their Ilux is a
measure of the primordial oxygen abundance in the solar
interior. However, all three of the CNO neutrino sources
will be dificult to detect experimentally if the standard
solar models are correct.
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B. Spectra

A measurement of the spectrum of neutrinos that
reaches us from the sun will provide a decisive test of
whether the solar neutrino problem is caused by our lack
of understanding of the solar interior or by new physics.
Whatever modification is made in the solar model, the
calculated neutrino spectrum from each source will
remain the same as long as no physical effects change the
Aavor or the energy distribution of the emitted neutrinos.
We therefore provide in this subsection detailed informa-
tion about the expected neutrino spectra.

Figure 2 shows the neutrino spectrum predicted for the
standard solar model, Best, that is discussed in Sec. V
(see row 6 of Table XIV). We include in this spectrum all
of the important sources discussed in the previous sub-
section. The neutrino cruxes from continuum sources are
given in units of number per cm per s per MeV at one
astronomical unit and the line fIuxes are given in number
per cm per s.

Figures 3 and 4 show the energy spectra for the impor-
tant p-p and B neutrino sour'ces. Figure 5 shows the
spectra for the hep and ' N sources.

Each of the spectra shown in Figs. 3—5 has a charac-
teristic shape that is independent [up to terms of at least
order (kT/q, „), see Appendix A] of the conditions in
the solar interior. The p-p spectrum rises slowly and
peaks at about 0.31 MeV (which is =—„' of the maximum

neutrino energy), after which it is strongly cut off. The
B spectrum, on the other hand, is more nearly sym-

metric, with a peak at 6.4 MeV and a somewhat extended
tail. The hep spectrum is rather symmetric and peaks at
9.6 MeV. The ' N spectrum, like the p-p spectrum, rises
slowly and then cuts off sharply; the ' N peak is at 0.76
MeV.

Because of their importance for experiments that are

3.5

2.5

C4 2

1.5

0
0 .1 .2 .3

Neutrino Energy, q, in MeV

FIG. 3. Normalized energy spectrum, A,(q), of p-p neutrinos.
The integral of A,{q)dq is normalized to unity for dq measured in
MeV.

planned or under way, we present in Tables IV-VI the
calculated energy spectra for the p-p, B, and hep neutri-
no sources. These tables should be useful in making de-
tailed calculations of the implications of the MSW effect.
The energy spectrum for the 8 neutrinos is taken from
Bahcall and Holstein (1986).

IV. NEUTRINO ABSORPTION CROSS SECTIONS

The rate at which events occur in a solar neutrino
detector is determined by the summed product of indivi-
dual neutrino Auxes times cross sections. In this section,
we present new results on the cross sections for neutrino
absorption by some of the most important experimental
targets. Cross sections for neutrino scattering are given
by Bahcall (1987).

The basic ingredients of these calculations are de-
scribed by Bahcall (1978), although we include here in
addition forbidden corrections to the allowed formulas in
the approximation described by Bahcall and Holstein
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FIG. 2. The solar neutrino energy spectrum predicted by the
standard solar model, Best discussed in Sec. V. The neutrino
cruxes from continuum sources are given in units of number per
cm per s per MeV at one astronomical unit, and the line cruxes
are given in number per cm per s. Solid curves, spectra from
the pp chain; dotted curves, CNO spectra.
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FIG. 4. Normalized energy spectrum, A,(q), of 'B neutrinos,
. from Bahcall and Holstein (1986). The integral of A,(q)dq is nor-
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FIG. 5. The hep and ' N neutrino spectra: (a) normalized ener-

gy spectrum A,(q) of hep neutrinos; (b) normalized energy spec-
trum of ' N neutrinos. The integral of A,(q)dq is normalized to
unity for dq measured in MeV.

then integrated over the appropriate neutrino spectra to
form the weighted average cross sections, as a function of
the minimum accepted electron recoil energy, that are
given here (see Table XIV). The results agree to within a
few percent with the calculation of Ellis and Bahcall
(1968), who neglected forbidden corrections and ex-
change currents.

We use a number of important new experimental data,
especially (p, n) measurements that have made it possible
to calculate the cross sections for transitions to excited
states of 'Ga, 'Br, Mo, and " In. We use the (p, n)
data of Krofcheck et al. (1985) and especially Krofcheck
(1987) for 'Ga, of Rapaport et al. (1985) for the Mo
and " In cross sections, and the data of Krofcheck et al.
(1987) for 'Br. In the region in which the energy resolu-
tion was not suiticient to separate contributions from
difFerent excited levels ( ~ 1 MeV), we performed the cal-
culations in 0.5-MeV bins. Transitions were included up
to the region in which the product nucleus became parti-
cle unstable (estimated to be -7.5+0.5 MeV for all four
targets). For the 'Ga calculations, we have used the im-
proved measurements of the half-life and Q value for
'Ge that were determined, respectively, by Hampel and

Remsberg (1985) and Hampel and Schlotz (1984), as well
as the upper limit on the y decay of the isobaric-analog
state measured by Champagne et al. (1987). For the 'Br
cross sections, we used the improved Q value measured
by Kouzes, Lowry, and Bennett (1982) [see also Lowry
and Kouzes (1985)]. We have also used the important
new measurements (Davids et al. , 1987; Lowry et al. ,
1987) of the electron-capture branching ratio of metasta-
ble "K.r.

A. Values of the cross sections

(1986, see their Appendix). We also use the recently de-
rived B neutrino spectrum (Bahcall and Holstein, 1986)
to calculate more accurate cross sections for this impor-
tant source. The only computational change from the
earlier calculations is that the neutrino spectra are now
evaluated by separate codes, which produce numerical
files that are then used as input to a code that calculates
the cross sections. The H cross sections are based upon
the work of Nozawa, Kohyama, Kaneta, and Kubodera
(1986), who have included both exchange currents and
forbidden corrections. We have used cross sections at in-
dividual energies that were generously supplied to us by
Dr. Nozawa and Dr. Kubodera; these cross sections were

Forbidden corrections cannot in general be calculated accu-
rately. We evaluate them approximately in order to have a
quantitative measure of the uncertainty they constitute. In or-
der to simplify the analysis, we omit first forbidden corrections,
which may be of the same order of magnitude as the forbidden
corrections to allowed transitions that we evaluate explicitly
(see appendix of Bahcall and Holstein, 1986).

Table VII gives the neutrino absorption cross sections,
for each of the neutrino sources listed in, Sec. II, on tar-
gets of Li, Cl, 'Ga, 'Br, Mo, and " In. The results
of Table VII apply if nothing happens to the neutrinos on
the way to the Earth from the. sun, i.e., if ihe spectrum of
electron neutrinos is unchanged from what it is in the in-
terior of the sun. The forbidden correctjon appropriate
to Fermi transitions was used in calculating the Ar
cross sections.

The absorption cross sections for 8 and hep neutrinos
incident on H and Ar are given in Table VIII as a
function of the minimu~ accepted kinetic energy of the
recoil electron. The cross sections refer to transitions
from the ground state of Ar to the T=2 isobaric-
analog state at 4.38 MeV in K. The forbidden correc-
tion appropriate to Fermi transitions was used in com-
puting the" Ar cross section.

For theoretical calculations of what is implied by
different possible solutions of the solar neutrino problem,
it is important to know the individual cross sections as. a
function of neutrino energy. Different solutions imply
characteristic modifications of the neutrino energy spec-
tra.
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TABLE IV. The p-p neutrino spectrum. The normalized neutrino energy spectrum P (q) produced by
reaction 1 is given in intervals of 10 keV. The neutrino energy q is expressed in MeV, and P(q) is nor-
malized per MeV.

q(Me V) (q) q(MeV)

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0139

0.0542

0.119

0.205

0.312

0.436

0.576

0.731

0.897

0.23

0.24

0.25

0.27

0.28

0.29

0.30

3.49

3.75

3.86

3.95

4.02

4.07

4.10

0.10 1.07 0.31 4.10

0.11 1.26 0.32

0.12 1.45 4.02

0.13 1.64 0.34 3.93

0.14 1.84 0.35 3.80

0.15 2.04 0.36 3.63

0.16 2.24 0.37 3.41

0.17 2.44 0.38 3.13

0.18 2.63 0.39 2.76

0.19 2.82 0.40 2.28

0.20 3.00 0.41 1.60

0.21 3.17 0.42 0.00

Table IX gives the absorption cross sections for indivi-
dual neutrino energies that are relevant for solar neutrino
experiments or supernova detections. This table covers
the following targets for which experiments are under
way: H, Cl, Ar, 'Ga, 'Br, and Mo. Contributions
from excited states and from forbidden effects have been
included. For Ar, the cross sections refer to transitions
to the 4.38-MeV isobaric-analog state at K. The indivi-
dual cross sections given in Table IX are sufhcient to
reproduce the spectrum-averaged cross sections (given in
Tables VII and VIII) to an accuracy of the order of 10%%uo.

These results wi11 be useful for evaluating the effect of
energy-dependent wea¹interaction processes, such as the
MSW effect, on the event rates in different detectors and
in determining the potentialities of the detectors for ob-

serving supernovas. For completeness, we note that
o( Cl)=2X10 cm at a neutrino energy of 50 MeV.
[Readers who need even more detail can write to one of
the authors (J.N.B.) for additional results. ]

The 'Ga detector is a special case. Two major experi-
ments are under way (see Barabanov et al. , 1985; Ham-
pel, 1985; Kirsten, 1986). Somewhat paradoxically, a
majority of the captures expected on the basis of the stan-
dard model are from low-energy neutrinos (especially p-p
neutrinos), while most of the uncertainty is caused by
transitions to excited states (see Sec. VIII.A.2). We
therefore give here the cross sections for transitions be-
tween the ground state of Ga and the ground state of
'Ge, which can be useful in estimating the capture rates

and uncertainties for hypotheses in which the incident
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TABLE V. The spectrum of solar neutrinos from the decay of B. The neutrino energy q is in MeV, and P (,q) is the probability that
a neutrino with energy q is emitted between q+0. 5 MeV.

q P(q) q P(q) P(q) q P(q)

0.1 0.00022
0.2 0.00079
0.3 0.00152
0.4 0.00257
0.5 0.00386
0.6 0.00537
0.7 0.00709
0.8 0.00899
0.9 0.01105
1.0 0.01328
1.1 0.01565
1.2 0.01815
1.3 0.02077
1.4 0.02349
1.5 0.02630
1.6 0.02920
1.7 0.03217
1.8 0.03520
1.9 0.03828
2.0 0.04140
2.1 0.04455
2.2 0.04773
2.3 0.05093
2.4 0.05414
2.5 0.05735
2.6 0.06055
2.7 0.06374
2.8 0.06691
2.9 0.0?006
3.0 0.07317

3.1 0.07625
3.2 0.07929
3.3 0.08227
3.4 0.08521
3.5 0.08808
3.6 0.09089
3.7 0.09364
3.8 0.09631
3.9 0.09891
4.0 0.10144
4.1 0.10388
4.2 0.10623
4.3 0.10850
4.4 0.11068
4.5 0.11277
4.6 0.11476
4.7 0.11665
4.8 0.11845
4.9 0.12014
5.0 0.12173
5.1 0.12322
5.2 0.12460
5.3 0.12587
5.4 0.12703
5.5 0.12809
5.6 0.12904
5.7 0.12987
5.8 0.13060
5.9 0.13121
6.0 0.13171

6.1 0.13211
6.2 0.13239
6.3 0.13256
6.4 0.13262
6.5 0.13258
6.6 0.13242
6.7 0.13216
6.8 0.13180
6.9 0.13133
7.0 0.13075
7.1 0.13007
7.2 0.12930
7.3 0.12842
7.4 0.12745
7.5 0.12638
7.6 0.12522
7.7 0.12397
7.8 0.12263
7.9 0.12120
8.0 0.11969
8.1 0.11810
8.2 0.11643
8.3 0.11468
8.4 0.11286
8.5 0.11097
8.6 0.10902
8.7 0.10699
8.8 0.10491
8.9 0.10277
9.0 0.10057

9.1 0.09832
9.2 0.09603
9.3 0.09368
9.4 0.09130
9.5 0.08888
9.6 0.08643
9.7 0.08394
9.8 0.08143
9.9 0.07890

10.0 0.07634
10.1 0.07377
10.2 0.07119
10.3 0.06860
10.4 0.06601
10.5 0.06342
10.6 0.06083
10.7 0.05826
10.8 0.05569
10.9 0.05314
11.0 0.05061
11.1 0.04811
11.2 0.04563
11.3 0.04319
11.4 0.04078
11.5 0.03841
11.6 0.03609
11.7 0.03381
11.8 0.03159
11.9 0.02942
12.0 0.02731

12.1 0.02526
12.2 0.02328
12.3 0.02137
12.4 0.01952
12.5 0.01776
12.6 Q.01607
12.7 0.01446
12.8 0.01294
12.9 0.01150
13.0 0.01015
13.1 0.00889
13.2 0.00771
13.3 0.00664
13.4 Q.00565
13.5 0.00476
13.6 0.00396
13.7 0.00325
13.8 0.00263
13.9 0.00210
14.0 0.00166
14.1 0.00129
14.2 0.00099
14.3 0.00075
14.4 0.00056
14.5 0.00042
14.6 0.00030
14.7 0.00022
14.8 0.00016
14.9 0.00011
15.0 0.00008

neutrino spectrum is different from the standard one
shown in Fig. 2. For the p-p, pep, hep, Be, B, ' N, ' 0,
and ' F neutrino sources, respectively, the ground-state-
to-ground-state absorption cross sections are (unit is
10 cm ): 11.8, 170, 5.44X10, 69.1, 2.85X10, 58.1,
100.1, and 100.5. Note that ground-state-to-ground-state
transitions are dominant for all except the B and hep
neutrino sources (cf. Table VII).

B. Uncertainties

1. General considerations

There are two major sources of uncertainties in the ab-
sorption cross sections: (1) transitions to excited states

and (2) forbidden corrections.
For the Cl detector alone, it is possible (see Bahcall,

1978) to evaluate rather accurately the allowed matrix
elements that connect the ground state of the target nu-
cleus to the excited states of Ar. This special calibra-
tion is accomplished by using data obtained from the de-

cay of Ca, the isotopic analog of the neutrino capture
process. The uncertainties for this important detector
are discussed separately below (see Sec. IV.B.2).

More generally, we adopt a factor-of-2 uncertainty, to
tal theoretical range, for transitions to excited states whose
matrix elements must be inferred from (p, n) measure
ments. Speci6cally, we assume that the lower limit for
such transitions is one-half the value obtained from the
(p, n) measurements by the standard methods and that
the upper limit is twice the value found by using the
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TABLE VI. The hep neutrino spectrum. The normalized neutrino energy spectrum P (q) produced by
reaction 1 is given in intervals of 0.447 MeV. The neutrino energy q is expressed in MeV, and P(q) is
normalized per MeV.

q(Me V)

0.447

0.894

1.341

1.788

2.235

2.682

3.129

3.576

4.023

4.470

4.917

5.364

5.811

6.258

6.705

7.152

7.599

8.046

8.493

8.940

9.387

8.00E-04

3.05E-03

6.53E-03

1.10E-02

1.64E-02

2.24E-02

2.88E-02

3.56E-02

4.25E-02

4.95E-02

5.63E-02

6.29E-02

6.92K-02

7.50E-02

8.03K-02

8.49E-02

8.89E-02

9.22E-02

9.47K-02

9.64E-02

9.73E-02

q(Me V)

9.83

10.3

10.7

11.2
11.6

12.5

13.0

13.4

13.9

14.3

14.8

15.6

16.1

16.5

17.0

17.4

17.9

18.3

18.8

P(q)

9.74E-02

9.66E-02

9.50E-02

9.25E-02

8.93E-Q2

8.54E-02

8.08E-02

7.56E-02

6.98E-02

6.36E-02

5.70E-02

5.02E-02

4.32E-02

3.62K-02

2.94E-02

2.29E-02

1.68E-02

1.13E-02

6.62E-03

2.92E-03

O.OOE+00

TABLE VII. Neutrino absorption cross sections, given in units of 10 cm and averaged over the experimental spectra. Contribu-
tions from excited states and from forbidden effects are included. Uncertainties are discussed in the text.

Target p-p pep 13N 15O 17F

3"Cl

»Ga

sl Br

9SMo

II1

0.0

0.0

11.8

0.0

0.0

78.0

16

215

75

0.0

576

8.4 x 104

3.9 x 104

7.3 x 104

9.0 x 104

1.0 x 10'

6.1 x 104

9.6 3.9 x 104 42.4 246 249

2.4 1.06 x 104 1.7 6.8 6.9

18.3 2.7 x 104 14.5 36.7 37.0

0.0 3.0 x 104 0.0 0.0 0.0

2.5 x 104 224 355 356

73.2 2.43 x 104 61.8 116 117
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TABLE VIII. Absorption cross sections for 'B and hep neutrinos incident on H and Ar. The absorption cross sections are given
for different values of the minimum accepted kinetic energy T;„ofthe recoil electrons. The deuterium values were computed using
cross sections determined for individual energies by Nozawa (1987) (see Nozawa et al. , 1986) that were then averaged over the ap-
propriate neutrino spectra (see Bahcall and Holstein, 1986, and Sec. III). The cross sections for argon refer to transitions from the
ground state of Ar to the T =2 isotopic-analog state at 4.38 MeV excitation in K. The unit is 10 . cm .

min

2H

a (SB)
2H 4'Ar

.0

.0

.0

.0

.0

.5

.0

.5

.0

.5

7.0

7.5

.0

.5

.0

.5

10.0

11.0
12.0

12.5

13.0

13.5

14.0

14.5

15.0

1.17K+04

1.17K+04

1.17E+04

1.15E+04

1.11E+04
1.08E+04

1.04K+04

9.83K+03

9.17E+03

8.40E+03

7.53K+03

6.59E+03
5.60K+03

4.59K+03

3.62K+03

2.71K+03

1.90K+03

7.14E+02

1.45K+02

4.50E+01

1.07E+01
1.95K+00

2.28E—01

1.10E—02

O.OOE —00

7.85E+03

7.70E+03

7.16K+03

6.11K+03

4.60K+03

3.76K+03

2.92E+03

2.12K+03

1.42E+03

8.57E+03

4.46E+02

1.90K+02

6.20E+Ol

1.54E+01

2.89E+00

2.91E-Ol

O.OOE+00

O.OOE+00

O.OOE+00

O.OOE+00

O.OOE+00

O.OOE+00

O.OOE+00

O.OOE+00

O.OOE+00

3.03E+04

3.03E+04

3.03K+04

3.02K+04

3.01K+04

2.99E+04

2.96K+04

2.93K+04

2.89E+04

2.83E+04

2.76E+04

2.68K+04

2.58E+04

2.46E+04

2.33E+04

2.18E+04

2.02E+04

1.66K+04

1.27K+04

1.07E+04

8.81E+03
6.99E+03
5.31E+03
3.81E+03
2.54E+03

3.07K+04

3.06E+04

3.03K+04

2.94K+04

2.78E+04

2.67K+04

2.53K+04

2.3?K+04

2.20E+04

2.01K+04

1.79E+04

1.57E+04

1.35K+04

1.12K+04

8.98E+03
6.94E+03
5.09E+03

2.09E+03
4.23K+02

8.46K+01

O.00K+00

O.OOE+00

O.OOE+00

O.OOE+00

O.OOE+00

(p, n) experiments. Thus, if the cross section inferred
from (p, n) measurements is X, we take the upper limit to
be 2X and the lower limit 0.5X, which causes a di6'erence
in the upper and lower error estimates for some of the
detectors discussed in Sec. VI. In computing the uncer-

tainties from excited levels, we sum the contributions
from individual excited states and neutrino sources and
then square the result to obtain the quantity that is added
in quadrature to the other estimated uncertainties dis-
cussed in Sec. V. We believe this conservative procedure
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TABLE Ix. Absorption cross sections for specific energies that are relevant for solar neutrino experiments. The u»t is

Contributions from excited states and from forbidden effects are included.

333

&O-" cm'.

q(Mev)
0.130

o (2H)

O.00K+00

~(37ci)

O.00K+00

o40 r

O.OOE+00

o- 7' a

O.OOE+00

c ("Br)
O.OOE+00

98

O.OOE+00

0.150 O.OOE+00 O.OOE+00 O.OOE+00 O.OOE+00 O.OOE+00 O.OOE+00

0.200 O.OOE+00 O.OOE+00 O.OOE+00 O.OOE+00 O.OOE+00 O.OOE+00

0.250 O.OOE+00 O.OOE+00 O.OOE+00 1.39K+01 O.OOE+00 O.OOE+00

0.275 O.OOE+00 O.00K+00 O.OOE+00 1.53E+01 O.OOE+00 O.OOE+00

0.30Q O.OOE+00 O.OOE+00 O.OOE+00 1.70K+01 O.OOE+00 O.OOE+00

0.325 O.OOE+00 O.OOE+00 O.OOE+00 1.88E+01 O.OOE+00 O.OOE+00

Q.350 O.00K+QO O.OOE+00 O.OOE+00 2.06K+01 O.OOE+00 O.OOE+00

0.375 O.OOE+00 O.OOE+00 O.OOE+00 2.26K+01 O.OOE+00 O.OOE+00

0.400 O.OOE+00 O.OOE+00 O.OOE+00 2.46K+01 O.OOE+00 O.OOE+00

0.425 O.OOE+00 O.OOE+00 O.OOE+00 2.71K+01 O.OOE+00 O.OOE+00

1.000 O.OOE+00 5.21K+00 O.OOE+00 1.01E+02 2.90K+01 O.OOE+00

2.000 3.30K+01 3.70E+Ol O.OOE+00 4.06K+02 1.78E+02 1.16E+02
3.000 4.3?K+02 1.15E+02 O.OOE+00 1.01E+03 5.20E+02 9.64E+02

4.000 1.46E+03 2.63E+02 O.OOE+00 2.18E+03 1.31E+03 2.65E+03
5.000 3.24E+03 5.63E+02 O.OOE+00 4.48E+03 3.18E+03 5.67K+03

6.000 5.87K+03 1.52E+03 3.20K+02 8.62K+03 7.04E+03 1.04K+04

7.000 9.41E+03 4.76E+03 2.73K+03 1.56E+04 1.43K+04 1.77K+04

8.000 1.39K+04 1.02K+04 7.09K+03 2.63K+04 2.64K+04 2.91K+04
9.000 1.94E+04 1.79K+04 1.35E+04 4.06E+04 4.41E+04 4.67E+04
10.00 2.59E+04 2 7?E+04 . 2.18K+04 5.84E+04 6.?OE+04 ?.16E+04
11.00 3.35E+04 3.97E+04 3.2 1E+04 7.96E+04 9.51K+04 1.03K+05

12.00 4.22E+04 5.38K+04 4.42K+04 1.04E+05 1.28E+05 1.42K+05

13.00 5.21K+04 7.00K+04 5.82E+04 1.32K+05 1.66K+05 1.86E+05
14.00 6.31E+Q4 8.83E+04 7.40E+04 1.62E+05 2.08K+05 2.36K+05

15.00 7.53K+04 1.09K+05 9,15E+04 1.95K+05 2.54K+05 2.92E+05
16.00 8.8?E+04 1.31E+05 1.11K+05 2.32K+05 3.04K+05 3.52K+05

18.00 1.18K+05 1.81E+05 1.54E+05 3.11K+05 4.14E+05 4.84E+05
20.00 1.5E+05 2.38E+05 2.04K+05 3.99E+05 5.36E+05 6.30E+05
30.00 6.11K+05 5.25K+05 8.99K+05 1.21K+06 1.39E+06

is justified, since the most likely large error would result
from an inapplicable extrapolation of the low A calibra-
tion of the average relation between (p, n) and neutrino
capture cross sections (see Taddeucci et a/. , 1987) to a

particular large A nucleus. A calibration error would
cause all of the transitions to move up or down together
(in rate).

These conservative error limits represent an attempt to
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take account of possible systematic effects that can occur
in the calibration and application of the (p, n) experi-
ments to the calculation of weak-interaction matrix ele-
ments, as well as the sometimes smaller statistical errors.
Much more experimental and theoretical work is re-
quired on the relation between (p, n) cross sections and
weak-interaction matrix elements in order to understand
and, hopefully, reduce the uncertainties. The most ur-
gently required experiments are measurements in the
mass range A from -70 to —120, for which weak-
interaction matrix elements are already known from P-
decay experiments. A calibration sample that included
of order ten targets in this mass range mould provide a
much improved basis for estimating the errors. It would
be particularly desirable to measure the (p, n) cross sec-
tions for a number of different Gamow-Teller transitions
between the same pair of nuclei, all of whose 8(GT) values
are known from P-decay experiments. There is some evi-
dence (see Taddeucci et al. , 1987) that, for several targets
with A (42, the ratios of B(GT) s with significant
single-particle strength to a given daughter nucleus are
determined to an accuracy of order 10% by the (p, n)
measurements. However, there are only two well-studied
targets, both with moderate mass numbers ( Mg and

Al), in which as many as three ratios could be con-
sidered in the same nucleus (see Table III of Taddeucci
et al. , 1987). It is therefore not clear that this regularity
also applies for the larger mass numbers that are mainly
of interest in the present paper.

We assume an uncertainty due to forbidden correc-
tions that is 3 times larger than the best-estimate value
given by Bahcall and Holstein (1986), (which is based
upon dimensional analysis since the forbidden matrix ele-
ments cannot be reliably calculated). In addition, for the
B neutrinos, there is a further uncertainty that arises

from the imprecisely known shape of the B neutrino
spectrum. We adopt for this latter efFect, which refers
only to B neutrino absorption cross sections, a value of
3% (see Bahcall and Holstein, 1986).

How do we combine the cross-section uncertainties for
different neutrino sources that contribute to the capture
rate in a given detectors We have, for this purpose, di-
vided up the sources into two groups, a high-energy
group which contains only B and hep neutrinos and a
second group containing everything else. The most likely
errors (calibration errors, forbidden corrections, uncer-
tain decay rates) will usually affect in the same way
sources within each group, but will affect differently the
high-energy and the lower-energy sources. We have
therefore combined the uncertainties coherently within
each group (summed before we square) and incoherently
between the two groups (square and then sum to compute
the quadratic sum). For the " In experiment, we have
chosen to combine coherently all of the cross-section un-
certainties, since in this case every transition probability
was calculated using the (p, n) data.

The uncertainties adopted here for neutrino absorption
cross sections represent the intent of the "effective 3cr" un

certainties defined in paper I or the equivalent "total
theoretical range" that is described in Sec. I.B of the In-
troduction to this paper. The uncertainties for the cross
sections have to be evaluated separately for each neutrino
source and for each target.

2. Uncertainties for individual detectors

For the H detector, we assign an uncertainty of 10%.
This uncertainty is the same as was given by Ellis and
Bahcall (1968) in an earlier calculation of the H cross
sections. The work of Nozawa et al. (1986) includes for-
bidden corrections and exchange currents, both of which
effects were explicitly omitted from the Ellis and Bahcall
calculation. The nuclear models that were considered by
Nozawa et al. yield results, including electron recoils of
all energies, that have a range of +6%. However, No-
zawa et al. did not attempt to estimate the maximum
range for the values of the cross sections, but instead
adopted nuclear models that were readily available. We
have therefore adopted the original uncertainty estimate
of Ellis and Bahcall, even though this somewhat exceeds
the range in quoted cross-section values given by Nozawa
et al. (1986).

For the Li detector, we h'ave extracted the nuclear
matrix elements from the superallowed p decay of Be,
which is well studied in the laboratory. The major uncer-
tainties are from forbidden corrections. We estimate the
following percentage uncertainties for the different
sources: pep (6%), hep (21%), Be (5%), B (17%), ' N
(5.5%), "0(6%), and ' F (6%).

For the Cl detector, only B and hep neutrinos have
enough energy to populate excited states. All the other
sources have cross sections to which we assign uncertain-
ties (as defined above) of 6%. For B and hep neutrinos,
the cross section is uncertain by about 10% (Bahcall and
Holstein, 1986; Adelberger and Haxton, 1987).

For the Ar detector, forbidden corrections constitute
the dominant uncertainty, since the superallowed transi-
tion to the isobaric-analog state of K can be calculated
with high precision. The forbidden corrections are rath-
er large for the high-energy neutrinos from B and hep
that are absorbed by Ar. For a minimum electron ki-
netic energy T;„=0, 5, or 7 MeV, the lo. uncertainty
for B neutrino absorption is 2%, 2.5%, or 3%, respec-
tively, implying an effective 3o uncertainty -8% for
T;„=5MeV.

For the 'Ga detector, the uncertainties in the cross
sections are dominated by transitions to excited states for
all but the p-p, Be, and ' N sources. For p-p neutrinos,
the uncertainties are determined almost entirely by the
forbidden corrections. Transitions to excited states are
relatively infrequent also for Be and ' N neutrinos be-
cause of the small amount of energy available above
threshold and, in both cases, lead to estimated uncertain-
ties that are comparable to the uncertainties caused by
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forbidden corrections. We adopt the following upper-
limit uncertainties in absorption cross sections (uncer-
tainty in parentheses): p-p, (7%), pep (22%%uo), Be (9%%uo),
' N (9%), ' 0 (19%), and ' F (19%). The corresponding
lower-limit uncertainties are 7%, 13%, 8%, 8%, 11%,
and 11%%ug. The B and hep absorption cross sections are
determined almost entirely from the (p, n ) measurements.
The upper. and lower uncertainties for absorption of B
neutrinos are 88% and 45%, respectively, and for hep
neutrinos, 93% and 47%. (About 12% of the total cross
section for the B neutrinos is due to the ground-state-
to-ground-state transition; the corresponding number for
hep neutrinos is 7.5%.) The cross section that is calcu-
lated for B neutrinos using the lower-background data
presented by Krofcheck (1987) is 30% smaller than that
obtained using the data of Krofcheck et al. (1985); the
corresponding decrease for the hep cross section is 33%.
All of the other cross sections are changed by less than
2% when the Krofcheck et al. (1985) data are replaced
by the Krofcheck (1987) data.

All of the allowed transitions for the 'Br detector are
to excited states of 'Kr. Transitions to the level of 'Kr
at 190-keV excitation energy dominate the. absorption
cross sections for all the following sources (percentage of
the total cross section that is from the 190-keV level is
given in parentheses): pep (57%%uo), Be (76%), ' N (78%%uo),
' 0 (62%), and ' F (62%%uo). The uncertainty from forbid-
den corrections is between 6% and 7% for all of these
sources. The total adopted uncertainties for the upper
limit are, in the same order of sources, 46%, 33%, 32%,
42%, and 42% (cf. the discussion of a 'Br detector in
Sec. IV.C); the uncertainties for the lower limit are 27%,
26%, 26%%uo, 27%%uo, and 27%. The upper and lower uncer-
tainties for absorption of B neutrinos are 97% and 48%,
respectively, and for hep neutrinos, 97% and 49%.

For Mo, only B and hep neutrinos are energetic
enough to cause allowed transitions to Tc. The experi-
mental lo uncertainties in the (p, n) measurements (Ra-
paport et al. , 1985) are by themselves +30%, so that the
total theoretical range in the predicted capture rate for
this detector due to the neutrino absorption cross sec-
tions is at least a factor of 2. For definiteness, we adopt a
factor-of-2 uncertainty.

For the " In detector, all of the relevant transitions
are to excited states [see Bahcall (1978) for a discussion of
the difficulties of calculating the capture rates for this nu-
cleus]. The best estimate furnished by the (p, n) experi-
ments (Rapaport et al. , 1985) for the matrix element to
the lowest excited state at 0.61 MeV in " Sn is in re-
markably good agreement with an insightful estimate
made by Raghavan (1976) in his original paper on this
subject. However, the available (p, n) measurements for
all of the relevant transitions have large measuring er-
rors, Io. uncertainties of order 30%. In addition, the
calibration is uncertain for the usual reasons discussed in
the previous subsection. Thus the total theoretical range
in the predicted capture rate for this detector due to the
neutrino cross sections is also about a factor of 2.

C. Calibration experiments with a "Cr source

Systematic errors are difficult to estimate in any solar
neutrino experiment. The confidence with which one re-
gards the final measured number could be increased
significantly by performing calibration experiments in the
laboratory using megacurie amounts of radioactive
sources. The most promising source appears to be 'Cr.

The throughput efficiency of a 'Ga detector can be
tested by using a 'Cr calibration source (Bahcall et al. ,
1978). The total cross section for this source is

o( 'Cr on 'Ga) =59.2(1+0.1)X 10 cm (5)

The ratio of cross sections computed with and without
contributions from excited states is o(total) jo.(ground
state) =1.05. In computing the 'Ga cross sections given
in Table IV and Eq. (5), we have assumed that the B(GT)
value to the 0.175-MeV excited state of Ge is one-half
the upper limit determined by Krofcheck (1987). The
forbidden corrections to the capture rate increase the
'Ga cross sections by about 2.25% (total theoretical un-

certainty of 6.7%). The total formal uncertainties, com-
puted according to the prescription given in Sec. IV.B.1,
are +8% and —7%.

A calibration of the 'Br detector with a 'Cr source
would be important because of the uncertain contribu-
tion for the Be neutrinos of the 457 excited state of 'Kr
(see Bahcall, 1981), which cannot be studied by weak-
interaction experiments in the laboratory. We have es-
timated the total cross section for 'Cr neutrinos incident
on 'Br by combining the electron-capture measurements
on 'Br with the (p, n) experiments on 'Br (Krofcheck
et al. 1987). For the transition to the 190-keV excited
state of s'Kr, we adopt the weighted average B(GT)
value, 0.0264(1+0. 1), lo error, that is determined jointly
by the recent remeasurements of the electron-capture
branching ratio of 'Kr by Davids et al. (1987) and
Lowry et al. (1987) and by the (p, n) experiments. For
transitions to the other excited states, we use the B(GT)
values that were determined in the (p, n) experiments.
We find for the total cross section

o.( 'Cr on 'Br) =13.4(1+0.3) X 10 cm (6)

where the estimated uncertainty corresponds to the total
theoretical range (cf. discussion in Sec. IV.B,2). The
cross section given in Eq. (6) includes a 21%%uo contribution
from the 457 excited state of 'Kr and a 2% forbidden
correction.

For " In the calibration with a radioactive source is
almost essential since the uncertainty (of order a factor of
2; see Sec. IV.B) in the absorption cross section is much
larger than any of the astrophysical uncertainties (see
Secs. VI and VII). Fortunately, a calibration experiment
with a 'Cr source would provide exactly the required in-
formation. A 'Cr source would excite only the 0.61-
MeV level of " Sn in the allowed approximation. The
p-p and Be neutrinos, which according to the standard
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solar neutrino spectrum provide about 91%%uo of the ex-
pected capture rate in a " In detector, also excite only
the 0.61-MeV level. The neutrino sources that provide
the remaining 9% of the expected capture rate only oc-
casionally excite levels above the 0.61-MeV state. The
total contribution of states above 0.61 MeV to the cap-
ture rate is primarily from B neutrinos and is calculated
to be of order 2%%uo for the standard solar neutrino spec-
trum. Using the calibration inferred from the (p, n) data
of Krofcheck et al. (1985), we estimate

a( Cl);„„ t„b;d =0.93X10 cm

when forbidden corrections are included and

cr( Cl)„, t„b;d ——1.24X10 " cm

when forbidden corrections are ignored.
Similarly, for the 'Ga detector we find

(8)

(9)

Appendix A of Bahcall and Holstein, 1986, Eqs.
(A 17)—(A21)].

For the Cl detector, we find

cr( 'Cr on " In)=222+„, X 10 cm
o ( 'Ga);„,

& t«»d ——9.9 X 10 "' cm (10)
where the total uncertainty was obtained according to
the prescription given in Sec. IV.B.2. A measurement of
the 'Cr neutrino absorption cross section on In would
provide a valuable test of the validity of the (p, n) method
for determining GT matrix elements.

D. Calibration experiments with a muon beam

The neutrinos from the decay of p+'s that are stopped
in the beam dump of a meson factory such as the Los
Alamos Meson Factory can be used in principle to cali-
brate the overall performance of solar neutrino detectors.
The possibility of making such fundamental checks of the

Cl and the 'Ga solar neutrino experiments has been
discussed on a number of occasions (see, for example,
Davis et a/. , 1973; Evans et al. , 1980; Bowles, Cleveland,
and Robertson, 1986).

We have calculated the expected total cross sections
for neutrinos from stopped-muon decay using the known
(Bahcall, 1978) /3-decay matrix elements for transitions
between Cl and Ar and the recent determination
(Krofcheck et al. , 1985 and Krofcheck, 1987) by (p, n)
measurements of the B(GT) values for the 'Ga-to- 'Ge
transitions. The matrix elements that are most important
for the stopped-muon decay spectrum are the same ones
that are dominant for the absorption of B neutrinos.
The B(GT) values increase relatively rapidly up to the
neutrino separation energy, so that for both the Cl and
the 'Ga detectors the largest contributions come, for
both muon and B neutrinos, from transitions to excited
states at several MeV (typically —5 MeV) above the
ground state.

We have made two calculations for each detector: (1)
including corrections for forbidden terms in an expansion
of the weak-interaction Hamiltonian according to a re-
cently derived plausible prescription (Bahcall and Hol-
stein, 1986); and (2) ignoring all forbidden corrections.
Our goal is to show that the uncertainties are large be-
cause of terms that cannot be reliably calculated. For
simplicity, we have omitted contributions of the opposite
sign, but the same order of magnitude, as the contribu-
tions from the forbidden corrections to allowed capture
that are considered here. The omitted terms are expected
(Haxton, 1987) to arise from first forbidden corrections to
allowed neutrino capture [see the estimate given in

including forbidden corrections and

a( 'Ga)„, t„b;d ——2.0X10 cm

without forbidden corrections.
The difference between cross sections calculated with

and without forbidden corrections is much larger for
neutrinos from p+ decay than was found by Bahcall and
Holstein (1986) for the solar neutrino spectrum from sB.
The reason is that many of the most important forbidden
terms scale as (neutrino energy Xnuclear radius) .

The calculated forbidden terms include corrections to
allowed transitions measured either by the decay of Ca
(for the case of Cl) or by (p, n) measurements (for the
'Ga detector). However, other correction terms that are

potentially of the same order are not included. The
terms that are omitted are the so-called first forbidden
transitions in nuclear P decay, which would not show up
in either the P decay or the (p, n) measurements. We do
not know of a reliable way to estimate their nuclear ma-
trix elements. Moreover, the prescription (Bahcall and
Holstein, 1986) adopted for evaluating the forbidden
terms that are included provides only a plausible esti-
mate, not a rigorous determination.

We therefore regard the difference between the two
ways of calculating the absorption cross sections, with
and without forbidden corrections, as a measure of the
theoretical uncertainty. The neutrinos from muon decay
can be used to calibrate the overall performance of the
solar neutrino detectors to an accuracy of a factor of 2 or
better, but not to an accuracy of 10%%uo.

V. THE STANDARD SOLAR MODEL

A. The basics

The "standard solar model" is the result of the best
physics and input parameters that are available at the
time the model is constructed. Thus the set of numbers
that correspond to the standard solar model vary with
time, hopefully (nearly) always getting closer to the
"true" standard model. In the quarter of a century that
we have been working on this problem, we have made
many hundreds of improvements and changes in the
standard model. It would be impossible to summarize
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them all here. The reader who wants to investigate stan-
dard models in more detail can consult the references
listed in the caption to Fig. 10.

We continually upgrade our computer codes to include
more accurate physics and better input data. The com-
plications in the coding that are introduced by this (seem-
ingly) endless process of iterations make it difficult for
many of our colleagues to check directly our most de-
tailed numerical evaluations. However, we believe that
di%culty in replication is not too expensive a price to pay
for precision, especially when one wishes to compare
with solar neutrino experiments or measurements of solar
oscillation frequencies. Some seemingly esoteric aspects
of our codes make noticeable differences in the predic-
tions of neutrino Auxes or oscillation frequencies.

The most important input data used in constructing
standard solar models are nuclear reaction cross sections,
the solar luminosity, the solar age, the equation of state,
the elemental abundances, and the radiative opacity.
Our best estimates for all of these quantities are described
in Sec. II of paper I and in Sec. II of the present paper.

Some of the principal approximations used in con-
structing standard models deserve special attention since
they have been investigated particularly thoroughly or
often for possible sources of departure from the standard
scenario. (The interested reader can find detailed discus-
sions of the validity of these approximations, as well as
estimates of the small expected effects of departures from
the standard assumptions, in the references listed in Fig.
10 and in the reviews of nonstandard models listed at the
end of this subsection. ) (1) Hydrostatic equilibrium. The
sun is assumed to be in hydrostatic equilibrium; the radi-
ative and particle pressures of the model exactly balance
gravity. Observationally, this is known to be an excellent
approximation, since a gross departure from hydrostatic
equilibrium would cause the sun to collapse in a free-fall
time, which is less than 1 h. We also neglect pulsation,
rotation, and pressure due to magnetic fields. (2) Energy
transport by photons or convective currents. In the deep
interior, which is most important for the solar neutrino
problem, the energy transport is primarily by photon
diffusion and is described in terms of the Rosseland mean
opacity. For regions that are unstable against convective
motions, the temperature gradient is taken to be the adia-
batic gradient except very near the surface (important for
the helioseismological calculations), where mixing-length
theory is used. We neglect transport due to acoustic or
gravity waves or to possible weakly interacting massive
particles (WIMP's). (3) Energy generation by nuclear re-
actions. The primary energy source for the radiated pho-
tons and neutrinos is nuclear fusion, although we include
the small effects of gravitational contraction (actually ex-
pansion at the present epoch). We also include small
departures from equilibrium that are caused by the fusion
processes themselves, i.e., nuclear burning. We do not
include, for example, hypothetical transient events
caused by large, abrupt mixing of the solar interior nor
accretion onto a conjectured central black hole. (4)

Abundance changes caused solely by nuclear reactions.
We assume that the primordial solar interior was chemi-
cally homogeneous. Changes in the local abundances of
individual isotopes occur only by nuclear reactions in
those regions of the model that are convectively stable.
We neglect thermal and gravitational diffusion, as well as
meridional currents or low-amplitude pulsations.

A standard solar model is really a sequence of models.
We generally begin with a main sequence star that has a
homogeneous composition. Hydrogen burns in the core
of the model, supplying both the radiated luminosity and
the local heat (thermal pressure) which supports the star
against gravitational collapse. Successive models are cal-
culated by allowing for composition changes caused by
nuclear reactions, as well as the mild evolution of other
parameters; the integration of the nuclear abundance
equations entails some numerical complications (see Ap-
pendix B of paper I). The nuclear interaction rates are
interpolated between the previous and new models and
multiplied by a time step (usually of order 5&& 10s or 109

yr), in order to determine the new chemical composition
as a function of mass fraction included. The model at the
advanced time is computed using the new composition.
The later models in an evolutionary sequence have very
inhomogeneous compositions, the innermost mass frac-
tion of hydrogen being about one-half the surface (pri-
mordial) value.

The stellar evolution models are constructed by in-
tegrating from the center outward and from the surface
inward, requiring that the two solutions match at a con-
venient point that is typically at about 0.2MO. Details of
how our codes work are provided in Appendix C of this
paper. Bahcall and Sears (1972) described and compared
many of the earlier standard solar models and the
methods by which they were derived. Evolutionary
codes have been developed recently by a number of
different groups (for example, Gilliland, 1982; Casse,
Cahen, and Doom, 1986); when adjusted for difFerences
in input parameters, all of the codes yield solar neutrino
Auxes that are in agreement with each other to of order
10%%uo or better.

How does one proceed in practice? Guess an initial set
of parameters; march the models along in time using
difference equations to represent the equations of stellar
evolution; calculate the predicted characteristics of the
present sun; and then iterate the results until good nu-
merical agreement is obtained between the model and the
observed sun. In our models, we begin by guessing pri-
mordial values of X, the initial homogeneous hydrogen
abundance, and S, the entropylike variable discussed in
Appendix A of paper I. [Sdefines the adiabat of the con-
vection zone; cf. discussion given below of the variables
listed in Table X. In earlier treatments of the problem,
one adjusted the constant K =I'/T, which gives the
relation between pressure and temperature in the convec-
tive envelope (see Sears, 1964, or Bahcall and Shaviv,
1968).] Typically, an evolutionary sequence requires of
order five-to-seven solar models of progressively greater
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ages to match the luminosity and radius to the desired
one part in 10.

The primordial helium abundance of the model is
determined in the process of iteration (see Sec. V.D for
our best current estimate of the primordial helium abun-
dance). The other two composition parameters are fixed
by the surface (primordial) ratio of Z/X that is taken
from observations (see Sec. II.B) and by the fact that the
sum of all the mass fractions is equal to unity, i.e.,
X+Y+Z =1.0.

Constructing a solar model is an eigenvalue problem,
with fixed boundary conditions. We seek a model with a
total luminosity {in photons) equal to L„&„and an outer
radius Rso», at an elapsed time of 4.6&&10 yr. The ini-

tially assumed values of X and S are iterated until an ei-
genvalue is obtained. Empirical relations have been de-
rived which can be used as guides in this iterative process
[see Eq. (15) of paper I].

The luminosity boundary condition has an especially
strong effect on the calculated neutrino flu xes. The
reason is that both the luminosity and the neutrino cruxes
are produced by nuclear reactions in the solar core. [The
interplay between the energy generation and the neutrino
cruxes can be seen most easily by comparing Figs. 6(a)
and 8, below. ] The strong coupling between the luminosi-

ty and the neutrino fiuxes has resulted in some groups'
deriving incorrect results because they have not iterated
the models suKciently.

An eigenvalue solution determines the primordial
values for the mass fractions of hydrogen, helium, and
heavy elements (respectively, X, Y; and Z), the present
complete run of physical variables inside the sun, the
spectrum of oscillation frequencies, and, of course, the
neutrino cruxes.

What are nonstandard solar models'? "Nonstandard"
solar models are, by definition, constructed by changing
something, physics or input data, from the current best
guess to something that is less plausible. Most of the
nonstandard solar models that have been published were
invented in order to "solve" the solar neutrino problem
[systematic investigations and reviews of many of the
nonstandard models have been given by Bahcall, Bahcall,
and Ulrich (1969), Rood (1978), Boyd et al. (1985), Rox-
burgh (1985a, 1985b), Schatzman (1985), and Newman
(1986)]. If the physics or input parameters used in the
nonstandard models were believed to be correct, then we
would have incorporated the "nonstandard" features into
the standard model.

B. Physical characteristics

We have constructed new standard solar models using
the best estimates for all of the parameters given in this
paper and in paper I. We derived evolutionary sequences
for the sun beginning with a zero-age main sequence
model with a homogeneous composition. Successive
models embody composition changes caused by the nu-
clear reactions. The models were iterated until agree-

ment with an accuracy of one part in 10 was achieved
between the model and the observations of the solar
luminosity and the solar radius. The adopted ratio of
heavy-element-to-hydrogen abundance was maintained
precisely throughout the calculations. Details of the cal-
culational procedure are described in paper I, Appendix
C of this paper, and in the references contained therein.

There are a number of characteristics of the standard
model that are of general interest. For example, the frac-
tion of the photon luminosity that originates in the p-p
chain is 0.984; the corresponding fraction for the CNO
cycle is 0.016. The gravitational expansion at the present
epoch corresponds to a luminosity fraction of —0.0003.
The convection zone terminates at 1.92&(10 K, corre-
sponding to a radius of 0.74RO and a density of 0.12 g
cm; the convection zone comprises the outer 1.5% of
the solar inass. One-half of the luminosity (or the flux of
p-p neutrinos) is produced within the inner
0.09MS(R &0 IIRo)I 95% of the luminosity is pro-
duced within the inner 0.36MO (R (0.21RO ).

The neutrino luminosity is 2.3%%uo of the photon lumi-
nosity, which corresponds to an average amount of ener-

gy lost in neutrinos per termination of the p-p chain of
0.572 MeV. The p-p chain is terminated 84.5%%uo of the
time by the He- He reaction (number 5 in Table I) and
14.5%%uo in the time by the He-"He reaction (number 6 in
Table I).

Tables X and XI provide a detailed numerical descrip-
tion of the solar interior of the standard model. Table X
lists the principal physical and chemical characteristics
of the standard solar model. The first seven columns
present the physical variables that define the model: the
zone number, the mass included in the current and all
inner zones (in units of Mo ), the radius (in units of Ro),
the temperature (in degrees K), the density (in units of
gcm ), the pressure (in units of ergscm ), the lumi-

The precise parameters for the convective zone are unimpor-
tant for the solar neutrino problem (see the end of Sec. X.D), al-
though they are relevant for the calculation of the p-mode oscil-
lation frequencies (see Sec. X). The parameters for the convec-
tion zone given here di6'er slightly from those obtained by
Christensen-Dalsgaard (1982), who finds a convection zone that
extends somewhat deeper (to 0.71Ro). The asymptotic inver-
sions given by Christensen-Dalsgaard et al. (1985) and dis-
cussed by Clough (1986) suggest that the depth of the solar con-
vection zone is closer to 0.71 Ro than to 0.74RO (our value).
The significance of this result is unclear, however, since the
Christensen-Dalsgaard (1982) model was derived using an opa-
city that is not up to date. Moreover, the equation of state used
by Christensen-Dalsgaard (1982) introduces significant uncer-
tainties because it is based upon the Eggleton, Faulkner, and
Flannery (1973) treatment of pressure ionization, which con-
tains an arbitrary function. The inhuence of this unknown
function on the derived properties of solar models has not yet
been studied systematically.
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TABLE X. Model physical and chemical characteristics.

MIMo R/Ro L,/Lo S , X( H) X( He) X( He) X( Be) X( C) X( N) X( 0)

1.56K+07
1.56K+07
1.56K+07
1.56K+0?
1.56E+07
1.55K+0?
1.55K+0?
1.54K+07
1.53K+07
1.52K+07
1.51K+07
1.50K+07
1.49K+07
1.48K+07
1.46K+O?
1.45K+07
1.43K+O?
1.42K+0?
».40K+0?
».38F„+0?
» .37K+0?
1.3-;i K+0?
1.33E+0?
1.3}K+07
1.30E+O?
1.28K+07
1.27E+07
1.25K+07
1.24E+O?
1.22K+07
1.2}K+07
1.20E+07
1.18K+07
1.17E+07
1.16K+07
1.» 5K+07
1.»4K+07
».13K+07
1.13K+0?
1.»2E+0?
1.» }E+0?
1.10K+07
».O9E+O?
1.08K+07
}.OSE+OV
1.07E+07
1.D6E+07
1.05K+07
1.04K+07
».O4E+O?
».03E+07
1.02K+0?
1.02K+0?
1.01K+07
».00K+0?
9.95K+06
9.SSE+06
9.8»K+06
9.74E+06
9.63K+06
9.52K+06
9.4»K+06
9.31E+06
9.20K+06
9.}DE+06

0.00000 0.0000
0.00001 0.0039
0.00005 0.0083
0.0001? 0.0120
0.00040 0.0158
0.00078 0.0197
0.00135 0.0237
0.00214 0.0277
0.00320 0.03»7
0.00456 0.0358
0.00625 0.0400
O.ODS32 0.0442
0.01080 0.0484
0.01373 0.0528
0.01715 0.0572
0.02109 0.06»6
0.02560 0.0662
0.03071 0.0708
0.03645 0.0?56
0.0428? 0.0804
0.05000 0.0853
0.05769 0.0902
0.06538 0.0948
0.07308 0.0992
0.08077 0.1033
0.08846 0.»073
0.096»5 0.1111
0.10385 0.»147
0.11154 0.1182
0.11923 0.1217
0.12692 G.»250
0.13462 0.1283
0.14231 0.13»5
0.15000 0.1346
0.15600 0.1370
0.}6200 0.1393
D.}6800 0.14»7
0.17400 0.1440
0.18000 0.1462
0.18600 0.1485
0.19200 0.»507
0.19800 0.»529
0.20400 0.»551
0.21000 G.»572
0.21600 0.1594
0.22200 0.»615
0.22800 0.1636
0.23400 0.»657
0.24000 0.16?8
0.24600 0.1699
0.25200 0.»719
0.25800 0.1740
0.26400 0.1760
0.27000 0.1?8»
0.27600 0.»80}
0.28200 0.1821
0.28800 0.1841
0.29400 0.1861
0.30000 0.1881
0.31000 0.1914
0.32000 0.1948
0.33000 0.1981
0.34000 0.2014
0.35000 0.2047
0.36000 0.2080

1.48K+02
1.48K+02
1.47E+02
».46K+02
1.45E+02
».44K+02
».42K+02
1.40K+02
1.3?E+02
1.35E+02
1.32K+02
1.29K+02
1.26K+02
».23E+02
1.19K+02
1.16K+02
1.]2K+02
».DSE+02
» .OSE+02
» .0»E+02
9.70K+0»
9.33K+01
8.99K+O»

8.68E+O»
8.40E+01
8.13E+01
7.88K+0»
7.64K+0»
7.42K+0»
7.20E+01
V.OOE+Ol
6.8»K+01
6.63E+Ol
6.45E+01
6.32K+01
6.20K+01
6.0?K+01
5.95K+Gl
5.S4E+0»
5.72K+01
5.6»E+01
5.50K+0»
5.40K+01
5.30E+01
5.2OE+0»
5.10K+01
S.OOE+O»
4.9}K+01
4.82E-+01
4.73K+01
4.64E+01
4.$5E+Ol
4.47K+01
4.38K+01
4.3OE+O»
4.22K+01
4.14K+01
4.06K+01
3.99K+01
3.86K+01
3.74K+01
3.63K+01
3.51K+01
3.40K+01
3.29K+0»

2.29K+17
2.29K+17
2.28K+17
2.27K+17
2.26K+17
2.24K+17
2.2»K+17
2.18K+1?
2.15E+17
2.12K+17
2.08K+17
2.03E+17
1.99K+17
1.94K+17
1.89K+»7
1.83E+1?
1.78K+» 7
1.72E+17
».66E+1?
».60E+»?
1.53K+1?
1.47E+17
1.41E+17
1.36K+»?
».31K+ 17
1.26K+ 1?
1.22K+17
1.18K+I?
1.14E+»?
1.10K+»7
».O6E+17
1.03K+17
9.92E+16
9.60K+16
9.36K+16
9.12E+16
8.89K+16
8.6?E+}6
8.46K+16
8.25K+16
8.05E+ }6
7.85K+16
7.66K+16
7.47E+16
7.29K+16
7.11E+16
6.94E+16
6.77K+16
6.6}K+16
6.45E+16
6.29K+»6
6.14K+16
5.99K+16
5.84K+16
5.70K+»6
5.56E+16
5.42K+16
5.29E+16
5.16E+»6
4.95K+16
4.75K+16
4.55K+16
4.36E+16
4.18K+16
4.01K+16

0.000
O.GOO

0.000
0.001
0.003
0.007
0.012
0.018
0.027
0.038
0.051
0.067
0.085
0.»06
0.»30
0.»5?
0.186
0.217
0.25»
0.287
0.325
0.363
0.400
0.434
0.466
0.497
0.525
0.553
0.5?9
0.603
0.626
0.648
0.668
0.688
0.702
0.716
0.729
0.?42
0.754
0.?66
0.777
0.788
0.798
0.807
O.S17
0.826
0.834
0.842
0.850
0.857
0.865
0.872
0.878
0.885
0.891
0.896
0.902
0.90?
0.912
0.919
0.926
0.933
0.939
G.94$
O.950

-0.12? 0.34111 7.74E-06 0.6386? 1.65E-l 1 2.61E-O5 6.34E-03 8.48K-03
-0.124 0.34103 7.73E-06 0.63875».65E-11 2.61E-05 6.34E-G3 8.48F-03
-0.127 0.34317 7.88E-06 0.63661 1.64K-11 2.60E-05 6.33E-03 8.5GE-03
-0.130 0;34546 8.04E-06 0.63432 1.62K-»» 2.59E-05 6.3}E-03 8.52E-03
-0.132 0.34885 8.29E-06 0.63092 1.59E-11 2.56E-05 6.29E-03 8.54E-03
-0.134 0.35328 .8.63E-06 0.62649 1.56E-»1 2.54E-05 6.26K-03 8.58E-03
-0.137 0.35868 9.06E-06 0.62108 1.52E-»l 2.$GE-O5 6.22K-03 8.62K-03
-0.141 0.36499 9.58E-06 0.61476 1.47E-11 2.4?E-05 6.18E-03 8.66E-03
-0.144 0.372»7 1.02E-05 0.60758 1.41E-»1 2.43E-OS 6.14E-03 8.7»E-03
-0.»47 0.38016 1.09E-05 0.5995S 1.34K-}1 2.38K-OS 6.10E-O3 8.76E-03
-0.150 0.38890 1.18E-05 0.59084 1.27E-»» 2.34F 05 6.06E-03 S.SlF-03
-0.155 0.39833 1.28E-OS 0.58140 1.19K-»» 2.29E-05 6.02E-03 8.86E-03
-0.160 0.40839 1.39E-05 0.57»33 1.1»E-»1 2.24E-05 5.'98E-03 8.90E-03
-0.»63 0.4»903 1.$2E-OS 0.$6069».02E-1» 2.19E-OS 5.94K-03 8.94E-03
-0.»6? 0.430»7 ».67K-OS 0.54954 9.33K-»2 2.13E-OS 5.91E-03 8.98K-03
-0.171 0.44176 1.85K-05 0.53794 8.44E-12 2.08K-05 5.88E-03 9.0»E-03
-0.176 0.45428 2.05E-OS 0.52542 ?.SSE-»2 2.03E-OS 5.86E-03 9.04K-03
-0.179 0.46672 2.28E-05 0.5»29? 6.69K-12 1.98E-0$5.84E-03 9.06E-03
-O.»83 0.47942 2.54E-05 0.50026 5.86E-»2 1.92E-05 5.82E-03 9.0SE-03
-0.188 0.49233 2.85E-OS 0.48?35 5.08K-»2 1.87E-OS 5.81E-03 9.»OE-03
-Q.»92 0.50536 3.20E-05 0.47431 4.35K-12 1.82E-OS 5.8OE-03 9.1IF 03
-0.196 0.518»7 3.60E-05 0.46150 3.70E-}2 1.76E-OS 5.79E-03 9.12E-03
-0.200 0.52988 4.02E-05 0.44978 3.16E-12 1.7»E-055.78E-03 9.13E-03
-0.205 0.54066 4.46K-QS 0.43900 2.7»E-12 1.6?E-OS $.?SE-03 9.14K-O3
-0.208 0.55064 4.93E-DS 0.42902 2.33K-12 1.62E-05 5.78E-03 9.14E-D3
-0.213 0.55990 5.42E-OS 0.419?5 2.0»E-12 1.58E-05 5.78E-03 9.14K-03
-0.216 0.56853 5.95E-05 0.41111 1.74K-12 1.54E-05 5.77E-03 9.14E-03
-0.219 0.57659 6.51E-05 0.40304 1.50K-12 ».SOE-OS 5.77E-03 9.15E-03
-0.224 0.58414 7.}OE-OS 0.39549 1.30E-12 1.4?E-OS 5.77E-03 9.15E-03
-0.228 0.59121 7.73E-05 0.38841 1.13E-»2 1.43E-05 5.77K-03 9.15E-03
-0.233 0.$97858.40E-OS 0.38»77 9.86E-»3 ».4GE-OS 5.7?E-03 9.}SE-O3
-0.237 0.60409 9.11K-05 0.3?552 8.59E-13 1.39E-05 5.77E-03 9.15E-03
-0.241 0.60996 9.86E-05 0.36964 7.$0E-»3 1.4SE-05 5.77E-03 9.15E-03
-0.246 0.61549 1.07K-04 0.36410 6.$6E-»3 1.68E-05 5.?7E-03 9.15E-03
-0.250 0.61958 1.13E-04 0.360G} 5.9»E-13 2.14K-05 5.76E-03 9.15E-03
-0.254 0.62349 1.20E-04 0.3$6»0 5.33K-13 3.07E-OS 5.75E-03 9.15E-03
-0.259 0.62?22 1.27E-04 0.35236 4.S»E-13 4.76K-05 5.73E-03 9.15E-03-
-0.264 0.63079 }.3$E-04 0.34879 4.34K-»3 7.59K-OS 5.?OE-03 9.»SE-03
-0.268 0.63420 1.43E-04 0.3453? 3.92E-»3 1.20E-04 5.65E-03 9.15K-03
-0.275 0.63747 1.51E-04 0.3421» 3.54E-}3 1.84E-04 5.57E-03 9.15E-03
-0.281 0.64059 1.60K-04 0.33899 3.20K-13 2.72E-04 5.47E-03 9.15E-03
-0.287 0.64359 1.69E-04 0.33600 2.90E-13 3.8?E-04 5.34E-03 9.15K-03
-0.295 0.64646 1.79K-04 0.33315 2.63E-}3 5.28E-04 S.l?E-03 9.15E-03
-0.304 0.64922 1.89K-04 0.33041 2.38K-13 6.94E-04 4.98E-03 9.15E-03
-0.312 G.65185 2.00E-04 0.32?79 2.»6E-}3 8.82K-04 4.76E-03 9.15E-03
-0.321 0.65438 2.1»E-04 0.32529 1.96K-}3 1.09E-03 4.52E-03 9.15E-03
-0.329 0.65681 2.22E-04 0.32289 1.78E-13 1.30K-03 4.26E-03 9.15E-03
-0.337 0.65913 2.34K-04 0,32058 ».6»E-13 1.$3E-O3 4.00E-03 9.}SE-03
-0.346 0.66136 2.47E-04 0.31838 1.47E-13 1.75K-03 3.74F-03 9.15E-03
-0.352 0.66349 2.60E-04 0.3162? 1.33E-13 }.98E-03 3.48E-03 9.»SE-03
-0.364 0.66550 2.73E-04 0.31429 1.22E-13 2.»SE-03 3.24E-03 9.1$E-03
-0.373 0.66746 2.8?E-04 0.31235».1»E-»3 2.39E-03 3.00E-03 9.}5E-03
-0.381 0.66934 3.03E-04 0.3»D49 1.0»E-»3 2.58E-03 2.78K-03 9.15E-03
-0.390 0.67113 3.}SE-G4 0.30871 9.22E-»4 2.75F 03 2.58E-03 9.15E-03
-0.399 .0.67285 3.35K-04 0.30700 S.40E-»4 2.9»E-03 2.39E-03 9.15E-03
-0.406 0.67450 3.52E-04 0.30536 ?.65K-14 3.06E-03 2.2»E-03 9.»SE-03
-0.4}4 0.67607 3.7}E-04 0.30379 6.97K-»4 3.19K-03 2.06E-03 9.»SE-03
-0.423 0.67758 3.90E-04 0.30228 6.36K-14 3.31E-03 1.92E-03 9.15E-03
-0.430 0.67902 4.»QE-04 0.30084 5.80E-»4 3.42E-03 1.80K-03 9.15E-03
-0.446 0.68129 4.45E-G4 0.29856 4.98E-»4 3.57E-03 1.62E-03 9.15E-03
-0.459 0.68339 4.84E-04 0.29644 4.27K-14 3.69K-03 1.4SE-03 9.15E-03
-0.473 0.685355.26E-04 0.29445 3.6?E-»4 3.?9E-03 1.3?E-03 9.15E-03
-0.488 0.68716 5.71E-04 0.29261 3.15E-»4 3.86E-03 1.28K-03 9.15K-03
-0.502 D.68885 6.20K-04 0.29088 2.?»E-14 3.92K-03 1.21K-03 9.15E-03
-0.517 0.69042 6.74K-04 0.28927 2.33K-14 3.97E-03 1.16E-03 9.15E-03
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TABLE X. (Continued).

M/Mo R/Ro Ill o 8-;~ X( H) X( He) X( He) X( Be) X(i2C) X(i4N) X(ieO)

0.37000 0.2113
0.3SGOO 0.2146
0.39000 0.2179
0.40000 0.2212
0.41000 0.2246
0.42000 G.2279
0.4SGOO 0.2313
0.44000 0.2347
0.45000 0.2381
0.46000 0.2415
0.47000 0.2450
0.48000 0.2485
0.49000 0.2520
0.50000 0.2555
0.51000 0.2591
0.52000 0.2628
0.53000 0.2664
0.54000 0.2702
0.55000 0.2739
0.58500 0.2876
0.62000 0.3020
G.65500 0.3176
0.69000 0.3344
0.72500 0.3529
0.76000 0.3737
0.79500 0.3975
0.83000 0.4255
0.86500 0.4597
0.90000 0.503S
O.92373 Q.5431
0.94183 0.5818
0.95563 0.6195
0.96616 0.6559
0.97419 0.6906
0.98032 0.7230
0.98499 0.7523
0.98855 0.7783
0.99127 0.8015
0.99334 0.8221
O.99492 0.8406
0.99612 .0.8573
0.99704 0.8722
0.99775 0.8858
0.99828 0.8981
0.99869 0.9093
0.99900 0.9197
1.00000 1.0000

9.ooE+o6
8.90E+06
S.SOE+06
8.70K+06
8.60K+06
8.51K+06
8.41K+06
8.32K+06
8.22K+06
8.13E+06
8.04K+06
7.95K+06
7.86K+06
v.v6E+o6
7.67K+06
7.58E+o6
v.49K+o6
7.41K+06
7.32K+06
7.01E+06
6.70E+06
6.39K+06
6.oSE+06
5.76K+06
5.44K+ o6
5.o9E+o6
4.73K+06
4.33K+06
3.88K+06
3.53E+06
3.20K+06
2.91K+06
2.64E+a6
2.38K+06
2.11K+06
1.82K+06
1.57K+06
l.s6E+o6
1.19K+06
1.03E+06
9.04E+05
7.91E+05
6.92E+05
6.o4E+o5
5.25K+05
4.54K+05
5.77K+os

3.18K+01
3.08K+01
2.98K+01
2.88K+01
2.78K+01
2.69E+01
2.60E+01
2.51K+01
2.42K+01
2.34K+01
2.25E+01
2.17K+01
2.09E+01
2.01K+01
1.94E+01
1.86K+01
1.79K+01
1.72K+01
1.65K+01
1.42K+01
1.20K+01
1.01K+01
8.34K+00
6.75K+00
5.32K+00
4.o6E+oo
2.96K+oo
2.03K+00
1.27K+00
8.42E-01
5.72E-01
3.96K-01
2.81K-O1
2.o5E-ol
1.54K-ol
1.22E-01
9.81E-02
7.92K-02
6.42K-O2
5.22E-02
4.26E-02
3.48E-02
2.84E-02
2.31K-02
1.87E-02
1.5OE-O2

0.00K+00

3.84K+ 16
3.67K+16
3.52E+16
3.36K+16
3.22K+16
3.08K+ 16
2.94K+16
2.81K+16
2.68K+16
2.56K+16
2.44K+16
2.32K+16
2.21K+16
2.1oK+16
2.00K+16
1.90K+16
1.81E+16
1.71K+16
1.62K+ 16
1.34K+ 16
1.09E+16
8.69K+ 15
6.82E+ 15
5.22K+15
s.SSE+15
2.77E+15
1.88E+15
1.18K+15
6.59E+14
3.98K+14
2.45K+14
1.55K+14
9.94K+ 13
6.53E+13
4.37E+13
2.98K+13
2.06E+13
1.44E+ls
1.01K+13
v. 19K+12
5.12K+12
3.65E+12
2.60K+12
1.84K+12
1.29K+12
8.95K+11
o.ooE+oo

0.954
0.959
0.963
0.966
0.970
0.973
0.976
0.978
0.981
0.983
0.985
0.987
0.989
0.990
0.992
0.993
0.994
0.995
0.996
0.99S
0.999
1.000
1.000
1.000
1.000
1.001
1.001
l.oal
1.001
1.001
1.001
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.OOO

1.000
1.000
1.000

-0.533
-0.548
-0.564
-0.580
-0.589
-G.600
-0.610
-0.622
-0.633
-0.644
-0.658
-0.667
-0.682
-0.69.4
-0.707
-0.721
-0.736
-0.751
-0.766
-0.815
-0.854
-0.896
-0.946
-0.996
-1.029
-1.065
-1.101
-1.111
-1.093
-1.048
-0.974
-0.874
-0.700
-0.499
-0.167
0.285
0.556
0.708
0.801
0.867
0.910
0.937
0.956
0.969
0.978
0.984

-1.000

0.69187
0.69322
0.69447
0.69563
0.69670
0.69770
0.69862
0.69946
0.70024
0.70096
0.70161
0.70221
0.70275
0.70324
0.70368
0.704G9
0.70446
0.70480
0.70512
0.70621
0.70723
0.70806
a.va866
0.70907
0.70934
0.70952
0.70962
0.70967
o.va9vo
0.70970
0.70970
0.70970
0.709VO
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970
0.70970

7.32E-o4
7.95E-04
8.64K-O4
9.38E-04
1.02E-03
1.11E-03
1.21K-03
1.32E-03
1.44E-os
1.57E-03
1.72E-os
1.88E-03
2.ovE-os
2.26E-03
2.4vE-os
2.69E-03
2.90E-03
3.08K-03
3.22K-os
3.18E-03
2.49E-O3
l.v4E-os
1.15E-03
v.4oE-o4
4.6vE-o4
2.95E-04
1.93K-04
1.38E-04
1.12E-04
1.04E-04
1.02E-04
1.01E-04
l.ooE-o4
1.ooE-o4
1.00E-Q4
l.ooE-o4
l.ooE-o4
1.00E-04
l.ooE-o4
l.ooE-o4
1.00K-04
l.ooE-a4
1.00K-04
l.ooE-o4
1.00E-04
1.00E-04
l.ooE-o4

0.28776
0.28636
0.28504
0.28381
0.28266
0.28158
0.28056
0.27960
0.27871
0.27786
0.27705
0.27629
0.27557
0.27488
0.27423
0.27361
0.27303
0.27251
0.27204
0.2?100
0.27066
0.27059
0.27058
0.27058
0.2705S
0.27058
0.27058
0.27057
0.27058
0.27058
0.27058
0.27058
0.27058
0.27058
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059
0.27059

2.0OE-14
1.72E-14
1.48K-14
1.27K-14
1.09E-14
9.38E-15
S.o6E-15
6.91E-15
5.93E-15
5.08K-15
4.35K-15
3.72E-15
3.18E-15
2.71E-15
2.29E-15
1.93E-15
1.60E-15
1.31E-15
1.05E-15
4.01E-16
1.15E-16
2.74E-17
5.69E-18
1.04E-18
1.61E-19
2.06E-20
2.11E-21
1.58E-22
6.87E-24
4.48E-25
2.90K-26
1.76E-27
9.11E-29
3.55E-30
2.23E-so
2.23E-30
2.23E-so
2.2sE-so
2.23K-30
2.2sE-so
2.23E-so
2.23E-30
2.23E-30
2.23E-30
2.23E-so
2.23E-30
2.23E-so

4.01E-03
4.04E-03
4.o6E-os
4.osE-os
4.09E-03
4.10E-03
4.11E-03
4.12E-as
4.12E-03
4.12E-03
4.13E-03
4.1sE-os
4.13E-03
4.13E-03
4.13E-03
4.13E-03
4.13K-03
4.13E-03
4.13E-03
4.13E-03
4.14E-03
4.14K-03
4.14E-03
4.14E-03
4.14E-os
4.14E-os
4.14E-03
4.14E-03
4.14E-os
4.14E-03
4.14E-03
4.14E-03
4.14E-03
4.14E-03
4.14E-G3
4.14E-03
4.14E-03
4.14E-03
4.14E-os
4.14E-03
4.14E-O3
4.14E-03
4.14E-03
4.14E-03
4.14E-03
4.14E-03
4.14E-03

1.11E-03
1.08E-03
1.05K-03
l.asE-os
1.02E-03
1.00E-03
9.93K-04
9.86E-o4
9.8OE-O4
9.v6E-o4
9.73E-04
9.voE-o4
9.68E-04
9.67E-o4
9.66E-o4
9.65E-04
9.64E-o4
9.64E-o4
9.64E-o4
9.6SE-O4
9.63E-04
9.63E-04
9.6SE-O4
9.63K-o4
9.63K-o4
9.6sE-o4
9.63E-o4
9.63E-o4
9.63E-04
9.63E-o4
9.6SE-O4
9.63K-04
9.63E-04
9.63K-O4
9.63E-04
9.63E-04
9.63K-04
9.6sE-o4
9.6sE-o4
9.6sE-o4
9.63K-04
9.63E-o4
9.63E-04
9.63K-04
9.63E-04
9.6sE-o4
9.63E-04

9.15E-03
9.15E-03
9.15E-03
9.15E-03
9.15E-os
9.15E-03
9.15E-03
9.15E-os
9.15E-03
9.15E-os
9.15E-03
9.15E-03
9.15E-03
9.15K-03
9.15E-os
9.15E-03
9.15E-03
9.15E-Os
9.15K-03
9.15E-03
9.15E-Gs
9.15E-03
9.15E-03
9.15E-Gs
9.15E-as
9.15E-as
9.15E-os
9.15E-os
9.15E-Os
9.15E-03
9.15E-03
9.15E-os
9.15K-03
9.15E-os
9.15K-Os
9.15K-os
9.15K-03
9.15E-03
9.15E-os
9.15E-os
9.15E-03
9.15E-03
9.15E-03
9.15E-03
9.15E-03
9.15E-03
9.15E-03

nosity integrated up to and including the current zone (in
units Lo), and S„;,=(1—V,d/V'„d). The last seven
columns give the most important isotopic abundances,
the fractions by mass of 'H, He, He, Be, ' C, ' N, and
' O. The primordial heavy-element abundance Z is
0.01961.

For some purposes, it is useful to have approximate re-
lations between the physical variables. Using the values
given in Table X, we find that the relation between the
density p (in units of gcm ) and temperature T6 (in
units of 10 K) is close to a polytrope of index 3 in the
inner 65% by mass of the sun. We find

p=0. 041(1+0.07)T6, (12)

for T6 ~ 6.5.
Table XI gives the local production rates in the sun for

nuclear energy and for individual neutrino Auxes. The
first four columns list the radius, the temperature (in
units of 10 K), the logarithm (to the base 10) of the elec-
tron density (in units of cm /N„, where N„ is
Avogadro's number), and the mass of the zone (in units
of MO). The fifth column gives the fraction of the energy
that is generated in the zone. The last eight columns give
the fraction of each neutrino Aux produced in the zone.
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TABLE XI. Rates of neutrino and energy production.

R/~ Tq log(p) d(Maes) d(energy) dV(m) dIp('B) «~"N) «("&) «("F) dIp('Be) dIp(Ver) A(hem)

0.001953 '15.6443
0.006088 15.6305
0.010122 1$.6073
0.013896 15.5773
0.017775 15.5360
0.021711 15.4836
0.025693 15.4206
0.029718 15.3474
0.033788 15.2640
0.037907 15.1708
0.042079 15.06?9
0.046308 14.9557
0.050601 14.8344
0.054961 14.7040
0.059393 14.5650
0.063905 14.4173
0.068501 14.2614
0.073187 14.0973
0.077968 13.9252
0.082850 13.7454
0.08778I 13.5601
0.092547 13.3?82
0.097020 13.2053
0.101255 13.0402
0.105291 12.8817
0.109159 12.7290
0.112881 12.$815
0.116478 12.4386
0.119964 12.2999
0.123353 12.1651
0.126654 12.0337
0.129878 11.9056
0.133032 11.7806
0.135789 11.6715
0.138164 11.5?78
0.140507 11.4856
0.142820 11.3949
0.145104 11.3055
0.147362 11.21?6
0.149596 11.1310
0.151808 11.045?
0.153998 10.9618
0.156168 10.8791
0.158320 10.7977
0.160455 10.7175
0.162574 10.6386
0.164679 10.5607
0.166769 10.4840
0.168847 10.4082
0.170916 10.3365
0.172973 10.2658
0.175019 10.1931
0.177055 10.1212
0.179084 I0.0501
0.181104 9.9799
0.183118 9.9105
0.185125 9.8418
0.187127 9.7739
0.189788 9.6845
0.193106 9.5743
0.196415 9.4658
0.199?18 9.3590

1.9939
1.9931
1.9916
1.9897
1.98?G
1.9837
1.9796
1.9749
1.9695
1.9635
1.9567
1.9494
1.9414
1.9327
1.9235
1.913$
1-.9029
1.8917
1.8798
1.8673
1.8543
1.8413
1.8288
1.8168
1.8050
1.7936
1.7825
1.7715
1.7608
1.7502
1.?398
1.7295
1.?193
1.7103
1.7025
I .6947
1.6869
1.6792
1.6716
1.6639
1.6563
1.6486
1.6410
1.6334
1.6258
1.6182
1.6105
1.6029
1.5952
1.5876
1.5799
1.5722
1.564$
1.5567
1.5490
1.5412
1.5334
1.5256
1.5151
1.5019
1.4886
1.4752

0.000006
0.000044
0.000119
0.000231
0.000381
0.000569
0.000?94
0.001056
0.001356
0.001694
0.002069
0.002481
0.002931
0.003419
0.003944
0.004506
0.005106
0.005744
0.006419
0.00?131
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.007692
0.006000
0.006000
0.006000
Q.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.006000
0.010000
0.010000
D.Q10000
0.010000

0.000055
0.000384
0.00103?
0.002005
0.003273
0.004822
0.006628
0.008664
0.010899
0.013299
0.015829
0.018449
0.021120
0.023800
0.026447
0.029041
0.031528
0.033838
0.035949
0.03?819
0.038493
0.036286
0.034240
0.032332
0.030546
0.028869
0.027289
0.025799
0.024392
0.023062
0.021803
0.020612
0.019483
0.014453
0.013830
0.01323$
0.012665
0.012120
0.011598
0.011099
0.010622
0.010164
0.009725
0.009304
0.008900
0.008511
0.008137
0.007777
0.00?432
0.007109
0.006798
0.006492
0.006198
0.005916
0.005646
0.005387
0.005140
0.004903
0.00?671
Q.OD?085
0.006541
0.006036

0.000038 0.000497 0.000386 0.000450 0.000462 0.000196 0.000059 0.000015
0.000265 0.003419 0.002651 0.003095 0.003177 0.001364 0.000411 0.000107
0.000721 0.0090250.006981 0.008150 0.008381 0.003655 0.001114 0.000294
0.001407 0.016947 0.013073 0.015262 0.015731 0.006999 0.00216? 0.000581
0.002327 0.026547 0.020413 0.023830 0.024634 0.011270 0.003564 0.000974
0.003483 0.037078 0.028423 0.033181 0.034405 Q.Q16305 0.005298 0.001484
0.004876 0.04??18 0.036493 0.042602 0.0443D? 0.021905 0.007356 0.002122
0.006505 0.057648 0.044046 0.051419 0.053611 0.027844 0.009?20 0.002898
0.008364 0.066110 0.050574 0.059040 0.061660 0.03386S 0.012362 D.003825
0.010445 0.072499 0.055686 0.065008 0.067924 0.039720 0.015249 0.004912
0.012731 0.0764QO 0.059124 0.069022 0.072039 0.045144 0.018337 0.006168
0.015201 0.077623 0.060771 0.070945 0.073828 0.049901 0.021571 0.007600
0.017S26 0.0?6219 0.060647 0.070802 0.073306 0.0537S8 0.024891 0.009208
0.020570 0.072448 0.058888 0.068748 0.070658 0.056647 0.028227 0.010990
0.023390 0.066743 0.055721 0.065053 0.066204 0.058372 0.031504 0.012940
0.026263 0.05966? 0.051456 0.060075 0.060390 0.058920 0.034673 0.015060
0.029121 0.051769 0.046398 0.054171 0.053651 0.058302 0.03?636 0.017324
0.031877 0.043597 0.040865 0.047712 0.046434 0.056603 0.040281 0.019689
0.034491 0.035656 0.035170 0.041065 0.039174 D.053944 0.042559 0.022137
0.036899 0.028317 0.029583 0.034544 0.032220 0.050486 0.044404 0.024634
0.038128 0.021407 0.023817 0.027814 0.025313 0.045402 0.044?01 0.026491
0.036410 0.014958 D.QI??6$0.020748 0.018410 0.03?788 0.04159$ 0.026296
0.034727 0.010548 0.013367 0.015615 0.013513 0.031599 0.038698 0.026014
0.033088 0.007497 0.010132 0.011838 0.009994 0.026531 0.035997 0.025663
0.031499 0.005364 0.00772? 0.009030 0.00?440 0.022354 0.033479 0.025258
0.029964 0.003860 0.005923 0.006924 0.005569 0.018892 D.031132 0.024812
0.028483 0.002791 0.004559 0.005332 0.004188 0.016010 0.028945 0.024332
0.027058 0.002028 0.003523 0.004122 0.003162 0.013600 0.026907 0.023825
0.025690 0.001479 0.002?31 0.003197 0.002396 0.011579 0.025008 0.023299
0.024378 0.001082 0.002127 0.002487 0.001822 0.009877 0.023238 0.022758
0.02312I 0.000794 0.001673 0.001939 0.001389 0.008441 0.021589 0.022206
0.021918 0.000585 0.00135$ 0.001516 0.001061 0.007226 0.020053 0.021647
0.020769 0.000432 0.001185 0.001187 0.000813 0.006195 0.018622 0.021083
0.015435 0.000257 0.000928 0.000745. 0.000501 0.004217 0.01359$ 0.016052
0.014?92 0.000204 0.001061 0.000616 0.000408 0.003747 D.012828 0.015708
0.014171 0.000161 0.001341 0.000510 0.000332 0.003332 0.012102 0.015365
0.0135?4 0.000128 0.001789 0.000421 0.000271 0.002965 0.011416 0.015024
0.012999 0.000102 0.002404 0.000347 0.000221 0.002640 D.010767 0.014684
0.012445 0.000081 0.00316S 0.000285 0.000181 0.002352 0.010153 0.014347
0.011913 0.000064 0.004035 Q.G00233 0.000148 0.002097 0.009572 0.014013
0.011401 0.000051 0.004942 0.000190 0.000121 0.001870 0.009024 0.013682
0.010910 0.000041 0.00582D 0.000154 0.000099 0.001669 D.008505 0.013355
0.010438 O.QD0033 0.006602 0.000124 0.000081 0.001491 0.008015 0.013032
0.009985 0.000026 0.007234 Q.OQOD99 0.000067 0.001333 0.00?552 0.012713
0.009550 0.000021 0.007683 0.000079 0.000055 0.001192 0.007115 0.012398
0.009133 0.000017 0.007934 0.000062 G.000045 O.G01066 D.006702 0.012089
0.008733 0.000013 0.007992 0.000049 0.000037 0.000955 0.006312 0.011784
0.008349 0.000011 O.OQ?875 0.000038 0.000030 0.000855 0.005943 0.011484
0.007980 0.000009 0.007611 0.000030 0.000025 0.000766 0.005595 0.011188
0.007636 0.000007 O.OO?263 0.000024 0.000021 O.000689 0.005272 0.010903
0.007306 0.000006 0.006834 0.000018 0.000017 0.000620 0.004967 0.010623
0.006981 0.0000050.006323 0.000014 0.000014 0.000556 0.004674 0.010343
0.006669 0.000004 0.005786 0.000011 0.000012 0.000499 0.004397 0.010068
0.006370 0.000003 0.005243 0.000009 0.000010 0.000448 0.0041350.00979?
0.006083 0.000002 0.004712 0.00000? 0.000008 0.000403 0.003888 0.009532
0.005807 0.000002 0.004203 0.000005 0.000007 G.000362 0.003654 0.009273
0.005544 0.000002 0.003727 0.000D04 0.000005 0.000325 0.003434 0.009018
0.005291 0.000001 0.003286 0.000003 0.000005 0.000292 0.003227 0.008768
0.008284 0.000002 0.004596 0.000004 0.000006 0.000422 0.004947 0.0140?2
0.007657 0.000001 0.003658 0.000003 0.000004 0.000353 0.004453 0.013416
0.007073 0.000001 O.002886 0.000002 0.000003 0.000296 0.004005 0.012?83
0.006529 O.Q00001 0.002261 0.000001 0.000002 0.000247 0.003599 0.0121?3
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TABLE XI. (Continued).

R/&o Te log(p) d(Mass) d(energy) dp(pp) d~( B) dp( N) d~( 0) d~( F) d~( Be) d~(pep) dp(hep)

0.203018
0.206317
0.209618
0.212923
0.216234
0.219555
0.222887
0.226232
0.229593
0.232972
0.236372
0.239794
0.243241
0.246716
0.250222
0.253760
0.257334
0.260946
0.264600
0.268298
0.272044
0.280751
0.294808
0.309802
0.325982
0.343676
0.363339
0.385619
0.411497
0.442571
0.481707
0.523422
0.562430
0.600638
0.637722
0.673285
0.706835
0.737676
0.765309
0.789883
0.811795
0.831385
0.848946
0.864737
0.878987
0.891906
0.903687
0.914518

9.2537
9.1500
9.0477
8.9469
8.8473
8.7491
8.652Q
8.5557
8.4602
8.3653
8.2712
8.1777
8.0848
7.9925
7.9008
7.8096
7.7189
7.6287
7.5389
7.4496
7.3607
7.1626
6.8550
6.5466
6.2360
5.9215
5.5994
5.2643
4.9113
4.5314
4.1077
3.7037
3.3650
3.0595
2.7785
2.5126
2.2482
1.9661
1.6944
1.4664
1.2740
1.1102
0.9695
0.8476
0.7412
0.6476
0.5644
0.4898

1.4617
1.4480
1.4342
1.4203
1.4062
1.3920
1.3776
1.3630
1.3483
1.3333
1.3182
1.3029
1.28?4
1.2716
1.2556
1.2394
1.2229
1.2061
1.1890
1.1716
1.1539
1.1135
1.0458
0.9729
0.8935
0.8062
0.7091
0.5998
0.4741
0.3262
0.1459

-0.0483
-0.2219
-0.3867
-0.5420
-0.6863
-0.8173
-0.9300
-1.0287
-1.1237
-1.2160
-1.3064
-1.3955
-1.4838
-1.5721
-1.6610
-1.7515
-1.8451

0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
0.010000
Q.010000
0.010000
0.010000
0.03SOQO

0.035000
0.035000
0.035000
0.035000
0.035000
0.035000
0.035000
0.035000
0.035000
0.023730
0.018099
0.013804
0.010528
0.008030
0.006124
0.004671
0.003563
0.002717
0.002072
0.001581
0.001206
0.000919
0.000701
0.000535
0.000408
0.000311

0.005568
P.005133
0.004730
0.004356
0.004010
0.003690
0.003393
0.003118
0.002864
0.002629
0.002412
0.002211
O.QP2026
0.001856
0.001698
0.001551
0.001411
0.001277
0.001144
0.001011
0.000879
0.002080
0.001073
0.000598
0.000357
0.000210
0.000115
0.000054
0.000018

-0.000002
-0.000012
-0.000010
-0.000009
-0.000007
-0.000006
-0.000005
-0.000004
-0.000001
0.0
Q.D

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.006024 0.000000 0.001761 0.000001 0.000002 0.000207 0.003231 0.011585
0.005554 0.000000 Q.001366 0.000001 0.000001 0.000173 0.002898 0.011019
0.005117 0.000000 0.001055 0.000000 0.000001 G.QOD145 0.002597 0.010476
0.004711 O.OQODQO 0.000812 0.000000 0.000001 0.000121 0.002324 0.009954
0.004335 0.000000 0.000624 0.000000 0.000000 0.000102 0.002078 0.009453
0.003986 0.000000 0.000478 0.000000 0.000000 0.000085 0.001856 0.008973
0.003661 0.000000 Q.OOD365 0.000000 0.000000 0.000071 0.001656 0.008513
0.003360 0.000000 0.000278 0.000000 0.000000 0.000059 0.001476 0.008073
O.OQ3081 O.OOOOOO D.QOO211 O.OOGOOO O.OOOOOO O.O00049 0.001313 0.007653
0.002822 0.000000 0.000160 0.000000 0.000000 0.000041 0.001167 0.007251
0.002582 0.000000 0.000121 0.000000 0.000000 Q.DD0034 0.001035 0.006869
D.Q02359 O.OGQOQD 0.000091 O.Q00000 0.000000 0.000029 0.000917 0.006504
Q.002154 0.000000 Q.DOD068 0.000000 0.000000 O.OD0024 0.000811 0.006157
0.001964 0.000000 0.000051 0.000000 0.000000 0.000020 0.000716 0.005827
0.001788 0.000000 0.000038 0.000000 0.000000 0.000016 0.000631 0.005510
0.001626 0.000000 Q.OOD028 0.000000 0.000000 0.000013 0.000555 0.005203
0.001477 0.000000 0.000021 0.000000 0.000000 0.000011 0.000487 0.004898
O.O0134O O.OODOOO O.DODO16 O.OOOOOO O.OOOOOO O.OOOOO9 O.O00427 Q.Q04585
0.001213 0.000000 0.000011 0.000000 0.000000 0.000007 0.000374 0.004253
0.001097 0.000000 0.000008 0.000000 0.000000 0.000006 0.000326 0.003895
0.000991 0.000000 0.000006 0.000000 0.000000 0.000005 0.000284 0.003504
0.002746 0.000000 0.000010 0.000000 0.000000 0.000008 0.000724 0.008788
0.001869 0.000000 0.000003 0.000000 0.000000 0.000002 0.000429 0.004266
O.OO1237 O.OOOOOO O.OOOOO1 O.OOOOOO O.OOOOOO O.OOOOOE D.OOO244 0.001665
0.000791 0.000000 0.000000 0.000000 0.000000 0.000000 0.000133 0.000569
0.000486 0.000000 0.000000 0.000000 0.000000 0.000000 0.000068 0.000176
0.000283 Q.000000 0.000000 0.000000 0.000000 0.000000 0.000032 Q.000049
0.000154 Q.OOOOGQ 0.000000 0.000000 0.000000 0.000000 0.000014 D.OOO012
O.OQOO76 O.OODOOO O.OOOOOO O.OOOOOO O.ODOOOO O.OOOOOO O.ODOOO5 O.OOOOO3

0.000033 0.000000 0.00000G 0.000000 0.000000 0.00000D 0.000002 0.000001
0.000012 0.000000 0.000000 0.000000 0.000000 O.D00000 0.000000 0.000000
0.000003 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.00000Q
O.OOOO01 Q.DOOOOO O.OGDOOO O.ODOOOO O.OOOOOO O.OOOOOO D.ODOOOO D.OOOOOD

0.000000 0.000000 0.00000D 0.000000 0.000000 0.000000 0.000000 0.000000
0.000000 0.000000 0.000000 O.OOGOOO 0.000000 0.000000 0.000000 0.000000
0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
O.Q 0.0 0.0 0.0 0.0 0.0 0.0 0.000000
Q.Q 0.0 0.0 0.0 0.0 0.0 0.0 0.000000
0.0 Q.Q 0.0 0.0 0.0 0.0 0.0 Q.000000
0.0 O.Q Q.O O.O O.Q Q.O O.O Q.OODOOO

Q.Q 0.0 Q.o 0.0 0.0 D.O 0.0 0.000000
Q.Q Q.O O.o O.O O.O D.O O.O Q.OOOOOO

Q.o' 0.0 0.0 0.0 0.0 0.0 0.0 0.000000
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.000000
00 00 00 00 00 00 00 0000000
0.0 Q.O 0.0 0.0 0.0 0.0 0.0 0.000000
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.000000
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.000000

Tables X and XI differ in that the quantities in Table X
refer to the end points of each zone, whereas the temper-
ature, radius, and electron density in Table XI refer to
the zone center. The remaining quantities in Table XI
are all integrals over the individual zones. The quantities
in Table XI can be summed to yield the total Auxes from
the neutrino producing reactions. The constraint on the
total luminosity for the converged solar model has been
enforced through the trapezoidal rule and the reported

total neutrino fluxes have also been calculated with this
algorithm. Consequently, Table XI is the appropriate
source to obtain local neutrino Auxes for studying the
MS%' effect.

Figure 6 illustrates some of the most interesting physi-
cal characteristics of the standard solar model. In Fig.
6(a) we show the fraction of the energy generation that is
produced at each solar radius. [The numerical values
used in plotting Figs. 6(a) and g, see below, were obtained
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FIG. 6. Energy production, temperature, density, and electron density: (a) the fraction of the energy generation that originates in a
given fraction of the solar radius as a function of position in the sun, ' (b) temperature distribution in the sun; (c) density distributions
in the sun; (d) solid line, the logarithm of the electron number density N„divided by Avogadro s number X~, as a function of solar
radius; dotted line, exponential fit to the density distribution, the parameters of which are given in the text. These results are ob-
tained from the standard solar model described in Sec. V.B and Tables X and Xl.

directly from the computer code. If the numbers given in
Table XI were used to compute these derivatives by di-
viding by the inner and outer radii of the zone, the result-
ing figures would show some numerical noise associated
with the finite zone size. ] The energy generation peaks at
a radius of 0.09Ro, which corresponds to about 0.06Mo,'

the half-peak values of the energy generation extend from
0.04Ro to 016Ro i e from the inner 0.007~0 to
0.23M~. Figures 6(b) and 6(c) illustrate the distribution
of the density and temperature; the central values are, re-

- spectively, 148 g crn and 15.6 X 10 K. The density de-
creases much more rapidly than the temperature [see.Eq.
(12)]; the half-peak value for the density occurs at
0.12RO, whereas the half-peak value for the temperature
occurs much further out, at 0.25Ro. The peak of the en-

ergy generation occurs at a temperature of about 14X 10
K and a density of about 95 g cm

The way that the electron density depends upon radius
is crucial for the MSW effect. Using the values given in
Table XI, we find that the logarithm of the electron den-
sity divided by Avogadro's number can be approximated
by the expression

log(n, /N~ ) =2.32 —4. 17x —0.000 125/[x 2+. (D. 5)2],

(13)

where x =R/Ro &0.25. This expression reproduces the
values given in Table XI to a root-mean-square accuracy
of 3%.

Figure 6(d) shows the dependence of the electron num-
ber density upon solar radius. Many authors have
represented the logarithm of the electron density by a
linear function of the solar radius. The dotted line in
Fig. 6(d) shows the fit of a linear function to the electron
density of the standard solar model. The equation for the
straight line in Fig. 6(d) is log(n, /N„)=2. 39—4.58x or
n, /N„=245 exp( —10.54x) cm, where as before
x =R/Ro. Note that the linear fit is not exact and the
parameters depend upon where the fitting is done. In
particular, the formula given here is in error by about a
factor of 2 at the solar center. The reader should be
aware that some published analytic representations of the
electron density in the sun are incorrect by factors of or-
der unity and that the domains of validity of the ex-
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ponential formulas are sometimes not specified properly.
Figure 7 shows the dependence of- the mass fractions

th sun. Figure 7(a) shows how helium
is increased in abundance with respect to hydrogen by
nuclear burning inb

'
in the solar interior. The most remar-

able distribution is shown in Fig. 7(b), which illustrates
1 k d abundance (on a linear scale) of He.

I th innermost region, the He abundance is sma e-
cause He is burned rapidly by reactions 5 and 6 in T b

3 ced b roton

near 0.28Ro. In this region, He is produced by the first
1 and 3 in Table I),prooton burning reactions (numbers

but is mostly not burned because reactions 4 and
0

5 in
Table I require higher temperatures.

Table XII presents the computed solar luminosity and

sun has a luminosity that has increased y o rom
nominal jc . paper, e .( f. I Sec. III.B) zero-age model, and the
efFective temperature has increased by 3%.

I I I I I I I
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FIG. 7. Mass fractions as a function of radius. ( ) g: (a) lo arithm of
the hydrogen an e

'
h d d h lium mass fractions as a function of posi-

iton in the sun; (b) dependence of the He abundance upon posi-
tion The figures shown here illustrate the values obtaine or
the standard solar model described in Sec. V.B and Table X.

TABLE XII. Surface properties of the standard solar model as
a function of time.

Time
(10~ yr )

Radius
(Ro)

Luminosity Tg
(OK)

Q.OO

0.04

0.27

0.50

1.50

2.GO

3.50

4.60

0.87321

0.88918

0.89293

0.89934

0.91971

0.94228

0.96744

1.00000

0.70687

0.?1408

0.73446

0.74542

0.79552

0.85142

0.91644

1.00000

5665

5627

5655

5656

5683

5712

5743

C. Neutrino fluxes from standard models

Our best estimates for each of the neutrino cruxes, to-
ether with the theoretical uncertainties, are given inget er wi

Table XIII. The Auxes were computed for ther the standard
solar model. The total theoretical range for each Aux

was evaluated using the parameter uncertainties is-
S II d the partial derivatives with respect

T blto input parameters that are given in ec.. VI see a e
XV and Eqs. (15) and (16) below]. The second column in
Table XIII gives the Auxes and the total uncertainties.
Columns 3—9 give the fractional uncertainties from each
of the indicated parameters.

What information about the solar interior do the indi-
vidual neutrino cruxes carry? Figure 8 shows where in
the sun the p-p, , e,h - 8 8 and hep neutrinos originate. By
comparison wit igs. a-'

h Fi s. 6(a) —6(c) (and Table XI), which
~ ~

give the hysical conditions as a function of solar ra ius
t is gure ah' fi llows one to determine what in ormation is

e. Theirnpnnte on ed th neutrinos of each nuclear source. e
region in w ic ep-ph' h th - Aux is produced is very simi ar to

. 6a the eakthat of the total energy generation [cf. Fig. 6(a)j; the pea
occurs in both distributions at essentially the same posi-

0.09R . and T =14/ 10 K. The half-pea posi-
withtions for the p-p production are shifted outward wi

respect to the energy generation by about 0.01Ro.
Because. of its strong temperature dependence, the 8

roduction is peaked at much smaller radii, . o anii 0.05R. and
T=15)&10 K, and is generated in a narrower region,
0-02Ro to 007Ro- The region of Be production is in-
terrnediate between the 8 and p-p regions, peaking at
0.06RO and spreading (half-peak range) fromm 0.03R . to
0.10Ro.

The hep distribution is the most extended, ranging
(half-peak points) from 0.06R~ to 0.21R ~ with a peak at
0 13Ro an d T=12&10 K. The reason that the hep
neutrinos are produced at relatively large radii in the so-
lar core is t a ehat the He abundance increases as one goes
outward from the center, peaking at 0.27Ro. At t e
lower temperatures in the outer solar core, the p-p chain
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TABLE XIII. Neutrino Quxes and theoretical uncertainties for the standard solar model. The unit of Aux is lo' cm ' s '. %e also
show the fractional uncertainties associated with each important parameter (e.g., p-p reaction rate, heavy-element-to-hydrogen ratio
Z/X, or opacity).

Source Flux
crrl sec

8He- He 3He-4He p-7Be p-i4N Z/X Opacity

6.0(1 + 0.02) 0.01 0.00 0.00 0.00 0.01 0.01 0.00

hep 7.6 x 10 0.00

pep 1.4 x 10 2(1 + 0.05) 0.01 0.00

0.07

0.01

0.00

0.00 0.01 0.03 0.02

Q.OO 0.00 0.03 O.OQ

Be 4.7 x 10 i(1 + 0.15) 0.05 0.07 0.05 0.00 0.00 0.11 0.04

8B 5.8 x 10 4(1 + 0.37) 0.12

t N 6.1 x 10 (1 + 0.50) 0.12

0 5.2 x 10 (1 + 0.58) 0.14

'7F 5.2 x 10 4(l + 0.46) 0.14

0.06

0.00

0.00

0.00

0.05

0.00

0.00

0.0

0.22 0.00 0.25

0.00 0.30 0.38

0.00 0.36 0.42

0.00 0.00 0.44

0.08

0.03

0.06

0.06

I I I I
]

l I l I
l

I I I I
l

I I I I

[
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l
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l
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FIG. 8. Neutrino production as a function of radius. The frac-
tion of neutrinos that originate in each fraction of the solar ra-
dius is [d Flux/d(R/Ro)][d(R/Ro)]. The figure illustrates
the production fraction for B, Be, p-p, and hep neutrinos for
the standard solar model described in Sec. V.B and Table XI.

produces He (by reactions l and 3 in Table I), but the
rate for burning He (by reactions 5 and 6 in Table I) lags
behind the production rate, creating a relatively large
nonequilibrium abundance of He.

The solar neutrino experiments that measure individu-
al recoil electrons of higher energy, like the natural water
electron scattering detectors and the H and Ar experi-
ments (see Sec. VIII.B), sample neutrinos from two
diferent parts of the solar interior. These detectors are
sensitive to both the 8 neutrinos, produced at relatively
small radii and high temperatures, and the hep neutrinos,

which are generated at larger radii and lower tempera-
tures. Fortunately, it is possible to distinguish on the
basis of the energy of the recoil electrons between events
that originate from hep' neutrinos and those that are
caused by B neutrinos (see Sec. VIII.B), allowing one ex-
periment to probe regions of the solar interior that are
both inside and outside the main energy-producing re-
gion (see Fig. 8).

The Aux of neutrinos from the proton-proton reaction
is the most accurately known; the estimated uncertainty
in this Aux is only 2%. It is often mistakenly said in the
literature that the Aux of this reaction is fixed by the ob-
served solar luminosity. In fact, the computed flux ofpp-
solar neutrinos would be about one half as larg-e as we
haue calculated if IIe were burned primari/y by interac
tions with an alpha particle rather than (as in the standard
model) by interactions with other He nuclei. Two p pre--
actions are required to terminate the chain via reaction 5
in Table I (which predominates in the standard solar
model), whereas only one p preaction is ne-cessary if reac-
tion 6 dominates. Fortunately, the cross-section factors
for reactions 5 and 6 are relatively well known (see Table
I); they indicate that reaction 5 occurs about 6 times as
often as reaction 6 under average solar conditions.

The uncertainty in the fIux of Be neutrinos is also
moderately small, of order 14%.

The uncertainty in the crucial 8 neutrinos is large,
34%. The largest single uncertainty in the calculation of
this fIux derives from the measurement of the low-energy
nuclear cross-section factor for the production of 8, al-
though there is a comparable uncertainty due to the
heavy-element abundance.
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The uncertainties are about 40go to 50% for the CNO
neutrinos. The largest contributors to their uncertainties
are the heavy-element abundance and the rate at which
' N is burned.

%'e are unable to estimate an overall uncertainty for
the hep neutrinos because of the need for further mea-
surement of the thermal neutron. capture cross section
(see Sec. II.A). All of the other uncertainties are small.

Table XIV, rows 1 —6, give the neutrino Auxes that
were computed for a sequence of six standard solar mod-
els that take account of successive stages of improvement
to the input parameters and physics. For comparison,
the'first model we list in Table XIV represents the results
we obtained with the standard solar model that was
presented in paper I. The physical characteristics de-
scribed in the previous subsection (V.B) and the neutrino
Quxes given in Table XIII were derived from the sixth
model, the one designated "Best" in Table XIV.

The principal changes that we have made since paper I
are represented by the models NewS, NewESc, A11New,
and CNO Cor, whose characteristics are given in the
second through fifth rows of Table XIV. The principal
changes that we have made are described below. NewS
was constructed using improved nuclear reaction cross

sections and Q values (see Sec. II.A). NewESc utilizes
the Los Alamos treatment of the corrections to electron
scattering due to correlations among the electrons (see
Sec. II.C). A11New uses the new determinations of the
surface abundances due to Grevesse and Aller (see Sec.
II.B). CNO Cor incorporates the change in the radiative
opacity that is caused by the conversion of carbon and
oxygen to nitrogen. Each model in the sequence de-
scribed above includes the improvements made in the
preceding models.

Our "Best" model (row 6 in Table XIV) includes all of
the above changes, as well as the most recent reevalua-
tion of the rate of the He- He reaction (see Sec. II.A,
row 5 in Table I, and Krauss et a/. , 1987). This
reevaluation reduced the calculated Aux of B neutrinos
by 4%%uo.

The most important changes in the nuclear cross sec-
tions are (cf. Sec. II.A) the lower value for the S factor
for the Be(p, y ) B reaction and the increased S factor for
the p-p reaction. These two changes, together with the
other much smaller variations caused by refinements in
other parameters, reduce the B neutrino flux by 29%%uo

with respect to the value computed in paper I. The Be
and pep neutrino Auxes are changed by only a few per-

TABLE XIV. Neutrino cruxes for standard and nonstandard solar models. The unit of flux is cm s ' at the Earth's surface. The
first six rows refer to a sequence of progressively more complete "standard" solar models that are described in Sec. V.C. The next
seven models, rows 7—13, refer to nonstandard models with either a low primordial heavy-element abundance or a high primordial
helium abundance, in the solar interior; these models are described in Sec. IX.A. The models in rows 14 and 15 were constructed to
illustrate the sensitivity of the results to changes in nuclear parameters; they are described in Sec. IX.B. The model CATMQS was
constructed using the computer code developed to calculate helioseismological frequencies and is described in Sec. X.D and Appen-
dix C. The entry under WIMP s was not computed in detail, but instead was scaled from the results of Gilliland et al. (1986) in the
manner described in Sec. IX.C.

Mod. el p-p
(Eio)

pep
(Es)

hep
(E3)

7Be
(Eg)

SB

(E6)

15O i7'F

(Es) (E6)

Paper I

NewS

NewESc

A11New

0.252

0.248

0.250

0.2?0

Best

No SB

~3,4 =0
CATMOS

WIMP's

0.271

0.127

0.116

0.114

0.268

0.266

0.263

0.258

0.271

0.250

0.2?1

CNO Cor 0.271

0.0167

0.0168

0.0167

0.0197

0.0196

0.0196

0.0023

0.0024

0.0024

0.0196

0.0196

0.0196

0.0196

0.0196

0;0168

0.0196

6.07

6.08

6.00

6.38

6.40

6.32

6.04

6.02

6.49

6.06

1.50

1.46

1.44

1.40

1.66

1.40

1.40

1.40

1.39

1.62

1.45

1.5

8.39

7.97

7.90

7.58

10.42

10.60

10.65

7.87

7.79

7.76

7.90

8.70

4.88

4.69

1.83

1.67

1.63

4.99

5.30

5.24

4.88

0.0
4.86

5.6

3.98

4.39

5.97

5.76

0.80

0.67

0.65

6.45

6.88

6.76

0.0
0.0
5.41

1.4

5.0

4.02

4.29

5.77

6.08

6.09

0.22

0.21

0.20

6.26

6.56

6.90

6.78

6.08

3.98

4.99

4.0

3.26

3.53

4.89

5.21

0.12

0.10

0.10

5.38

5.70

6.04

5.92

5.21

3.14

4.23

1.9

3.08

3.35

4.82

5.15

5.16

0.10

0.09

0.09

5.26

5.66

5.91

5.79

5.15

2.99

4.04

1.9
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cent; the CNO neutrino cruxes are changed by about
20%.

The Los Alamos implementation of the correlation
correction to electron scattering (cf. Sec. II.B) increases
the calculated B neutrino fiux by about 10% (cf. rows 2
and 3 in Table XIV) and changes the other fiuxes by less
than 10%.

The improved determination of surface abundances (cf.
Sec. II.C) increases the B neutrino Aux by about 26%
(cf. rows 3 and 4 in Table XIV), almost canceling the net
effect of all the other changes. The Aux of Be neutrinos
is also increased significantly, by about 12%. The ' N
and ' Q fluxes are increased by about 35%.

The changes in the radiative opacity due to CNO con-
version (cf. Sec. II.C) are refiected in the differences be-
tween rows 4 and 5. This correction is mainly important
for the Aux of B neutrinos, which it increases by 8%.

In al/ of the further discussions in this paper, we use as
our "standard model" the mode/ Iabeled "Best, " whose

cruxes are shown in the sixth row in Table XIV.
In all of the models, we have incorporated a number of

minor improvements to the computer code. The sensi-
tivity of the Auxes to each of these improvements is indi-
cated by changes produced in the Aux of B neutrinos.
These minor improvements are (with associated percen-
tage changes in the B neutrino fiux in parentheses): use
of the finer opacity grid (+1.3%; cf. Sec. II.C); tripling
the number of time steps ( —2.4%; cf. Table XII); use of
a finer mass zoning (+1.9%; see Tables X and XI); and
use of more accurate nuclear Q values (+0.3%', see Ap-
pendix A).

The net changes in calculated neutrino Auxes in the 5
years that have elapsed from paper I to the present dis-
cussion can be evaluated by comparing rows of Table
XIV.

For accidental reasons, the net change in the calculat-
ed B neutrino flux is small, =3%. The uncertainty in
this Aux is more than 10 times larger than the difference
between the presently calculated value and the value we
obtained in 1982. The change in the pep neutrino Aux
(from reaction 2 in Table I), which is closely related to
the p preaction, is-, ironically, rather larger, =8%%uo The'.
net changes in the Be, ' N, and ' O neutrino fIuxes are
also larger, about 9%, 21%, and 30%, respectively. The
Aux from the basic p-p reaction has changed by only
about l%%uo.

helium. Then the solar model depends only on the mass
fractions of hydrogen, X, of helium, Y, and of heavy ele-
ments, Z. There are three conditions on these three
quantities: (1) their sum is unity; (2) Z/X is given by the
surface observations of the relative element abundances;
and (3) the model luminosity must equal the observed
luminosity. Thus these conditions determine the mass
fractions, and, in particular, the cosmologically impor-
tant quantity Y. Of course, if one changes either the
physics or the parameters used in calculating the stan-
dard solar model, then the inferred value for Y will be al-
tered. An extensive discussion of the sensitivity of the
primordial helium abundance to various input parame-
ters and physics has been given in Sec. III.C and Table X
in paper I.

The helium abundance of the standard model discussed
here is Y=0.271. This value is significantly larger, as
anticipated by Casse, Cahen, and Doom (1986), than the
helium abundance, 0.252, given in paper I. The primary
reason is that the best value for the. observed ratio of
Z/X has increased from the Ross-Aller value used in pa-
per I, 0.0228, to the Grevesse value of 0.02765 that is
adopted here (see Sec. II.B). By iterating models with
different assumed values of Z/X, we obtained in paper I
the relation

Bing
aln(Z/X)

=+ (14)

Using the Ross-Aller value of Z/X, the Grevesse value of
Z/X, and the paper I value of F, Eq. (14) predicts a new
value of Y =0.267, in good agreement with the result of
0.271 that is obtained by detailed modeling, which in-
cludes other input parameter changes.

However, our result is 5% lower than the value of
I'=, 0.285 that is obtained by Casse et al. (1986) also for
the Grevesse heavy-element-to-hydrogen ratio. In addi-
tion, our value, given in paper I, of Y=0.244 for the
standard solar model with Ross-Aller abundances (and
without the Ulrich, 1982, equation of state is 9% less
than the value of Y =0.265 that the Casse et al. calcula-
tion implies for the same case.

In an effort to help clarify this discrepancy, Casse
(1986) generously made available to us the computer code
used to calculate their standard solar models. We have

D. The primordial helium abundance

The primordial helium abundance is determined au-
tomatically by the iteration of the standard solar model
to agree with the observed (present-day) solar luminosity.
One can understand how this comes about by the follow-
ing simplified argument. Suppose all of the noncomposi-
tion parameters and physics (such as nuclear reaction
rates, the equation of state in the solar interior, or the so-
lar luminosity) are held fixed and also keep constant the
relative abundance of all of the elements heavier than

4The plus sign in Eq. (14) was incorrectly printed as a minus
sign in paper I, a fact that was pointed out by Casse, Cahen, and
Doom (1986).

5Casse et aI. (1986) quote a value for Y=0.273 but for
Z =0.0179. This implies that their efFective value of
Z/X =0.0252. We have corrected for the difFerence in Z/X's
with the aid of Eq. (14). In a recent private communication
(July, 1987), M. Casse has informed us that their latest calcula-
tion gives a result for Y that is in good agreement with the value
we obtain.
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examined this code and have found a number of reasons
why the Casse et al. (1986) result for the primordial heli-
um abundance should differ from ours. (1) Casse et al.
scaled the opacity computed for the Ross-Aller (1976)
mixture of heavy elements to the Cxrevesse value of Z/X.
However, the increase in heavy-element abundance be-
tween the Ross-Aller mixture and the Grevesse abun-
dance comes largely from the new neon abundance, rath-
er than a uniform rescaling of all of the elements. We
have used a Los Alamos opacity computed for the
Grevesse mixture (see Table II) that correctly represents
the increased neon contribution. (2) The Casse et al.
model contains a small convective core whose size varies
in an unexpectedly nonmonotonic fashion with solar age.
Most modern solar models, including ours, do not have a
convective core, although at early times our model is
close to having a central convective core. It seems likely
that the numerical procedures that lead to the convective
core in the Casse et al. model are related to the
difference between our standard models and theirs in pri-
mordial helium abundance. (3) The numerical pro-
cedures used by Casse et al. are coarser than we have
found desirable in solar neutrino calculations. The num-
ber of integration zones is significantly smaller (by about
a factor of 2) in their program than in our standard cal-
culations, which typically have —100 zones in the region
in which the opacity and temperature change rapidly.
More extensive numerical investigations would be re-
quired to determine if their integration of the time depen-
dence of the nuclear abundance equations is properly
combined with the composition relations so as to give the
elements' abundances at the new integration time (see
Appendix B of paper I for a discussion of some of the pit-
falls and problems in this calculation).

The differences in helium abundance between our pro-
gram and that of Casse et al. (1986) are significant and
require further investigation. We have calculated helium
abundances by varying a number of parameters and input
physics, but have been unable to produce differences as
large as the 5 —9% discrepancies cited above. Neverthe-
less, the neutrino Auxes computed with the two models
are in agreement to the accuracy (better than 10%) that
is required to interpret contemporary solar neutrino ex-
periments.

E. The lithium abundance

The observed lithium abundance on the surface of the
sun is much less than is expected on the basis of the most
straightforward application of the standard solar model.
The observed surface abundance of lithium in the sun is
(Muller et al. , 1975) log[N(Li)]=0. 95+0. 1 on a scale
on which log[N(H)] = 12.0. The maximum, and
presumed primordial, abundance of lithium for popula-
tion I objects is 3.0+0.01 on the same scale, as shown by
measurements on meteorites (Nichiporuk and Moore,
1974; Reeves and Meyer, 1978), young T Tauri stars, F
and G dwarfs in galactic clusters, and in the field (see

Duncan, 1981, Boesgaard, 1976, and Boesgaard, Budge,
and Burck, 1988, for a summary of the evidence). It is
generally assumed that the sun originally contained the
maximum population I lithium abundance quoted above
and that the observed surface abundance is the result of
depletion by a factor of order 100 due to nuclear burning
near the solar surface by the Li(p, a) He reaction (num-
ber 8 in Table I).

Why should we discuss lithium depletion in the con-
text of the solar neutrino question? Any comparison be-
tween solar models and observational data potentially
could provide us with additional information about the
structure and evolution of the sun. Because the lithium
discrepancy is large, we might hope that solution to the
lithium problem would shed some light on the solar neu-
trino problem. We shall see below that lithium burning
is efticient even in the outer layers of the sun, so that
there is no necessary link between the two problems.
Nevertheless, some of the mechanislns proposed to ex-
plain the lithium depletion involve diffusion or mixing of
solar material in regions in which, according to the stan-
dard model, this should not occur. For example, in a
series of papers Schatzman and collaborators (Schatz-
man, 1969; Schatzman and Maeder, 1981;Baglin, Morel,
and Schatzman, 1985; Lebreton and Maeder, 1987) have
argued that mild turbulence could cause diffusion of lithi-
um to higher temperatures, explaining the observed de-
pletion. The paper by Lebreton and Maeder (1987) con-
tains a clear discussion of the possible mechanisms for
producing the required mild turbulence and discusses the
relationship between the solar neutrino problem,
helioseismology, and lithium depletion. On the other
hand, standard solar models have a temperature of about
2)& 10 K near the base of the convective envelope and, as
has been realized for a long time, this temperature is not
large enough to cause the observed depletion of lithium.

Previous calculations of the amount of depletion ex-
pected in standard solar models have been done with less
accurate input parameters than are now available. In
particular, the cross-section factor for the most impor-
tant burning reaction, Li(p, a) He, has recently been
shown to be smaller by a factor of 2 than was used in pre=
vious estimates (see Rolfs and Kavanagh, 1986). Using
more modern values of the input parameters, we confirm
(see below) the earlier determinations of the magnitude of
the required depletion.

In what follows, we discuss lithium depletion in terms
of the derived parameter r= —ln[N(Li)/No(Li)], where
No(Li) is the initial lithium abundance and r represents
the integrated exposure of the lithium nucleus to the
7Li(p, a)~He reaction. The observed value is r,» ——4.7.
The value obtained from our SUNEV standard model
code (see Appendix B) is r„&,——0.0037, which confirms
the conclusion of previous authors regarding the magni-
tude of the diff'erence (a factor of 10 ) between the calcu-
lated and observed depletion. We have also varied the in-
put parameters within the uncertainties discussed in Sec.
II; none of the variations reduces significantly the

Rev. Mod. Phys. , Vol. 60, No. 2, April 1988



John N. Bahcall and Roger K. Ulrich: Solar neutrinos and helioseisroology 329

discrepancy between ~,b, and v;,&,. For example, the log-
arithmic derivatives of r with respect to both Z/X and
the cross-section factor for the p-p reaction are only
0.02.'

Bodenheimer (1964) showed many years ago that
somewhat higher temperatures in the convective zone
during pre-main-sequence evolution would be consistent
with the observed depletion. Unfortunately, the observed
dependence of lithium depletion upon stellar mass is not
well explained by the original Bodenheimer calculations.
D'Antona and Mazzitelli (1984) have postulated instead
that pre-main-sequence evolution includes more exten-
sive mixing than is generally assumed. On the other
hand, Boesgaard, Budge, and Ramsey (1987) have found
one young main sequence star, HD23386, in the Pleiades
cluster with a mass near 1MO (spectral type Gl V) that
has a surface abundance of lithium equal to the max-
imum observed lithium abundance. Pre-main-sequence
lithium depletion has evidently not occurred in this star.
If this proxy evidence applies to all stars of about one so-
lar mass (and lithium depletion does not depend upon ro-
tation or some other intrinsic parameter), then lithium
must be depleted during main sequence solar evolution.

In order to provide a simple way of thinking about the
amount of mixing required in the convective envelope,
we have computed a sequence of solar models in which
matter is artificially homogenized within a region that ex-
tends to different specified fractions of a solar mass below
the convection zone. Since any realistic mixing will be
less thorough than our assumed complete homogeniza-
tion, our calculations provide a minimum depth to which
the mixing must extend. We find that in the homogene-
ous models, the mixing must extend to a mass of
0.046Mo in order to explain the observed depletion. The
temperature at this depth is 3& 10 K and the radius is
0.62Ao. The temperature that we find required to de-
plete lithium to the observed solar abundance is about a
factor of 0.4& 10 K higher than has been estimated pre-
viously by some authors (see, for example, Duncan,
1981). The depletion parameter r depends strongly upon
the mass fraction that is assumed to be mixed'„v. varies
from 7.9 to 2.1 as the mass fraction varies from 0.050 to
0.041, and the temperature at the base of the mixed re-
gion decreases from 3.0&10 K to 2. 8)&10 K.

Vl. FRACTIONAL UNCERTAINTIES
IN THE PREDICTED NEUTRINO FLUXES:
GAUSSIAN ESTIMATES

In this section, we estimate the uncertanties in the cal-
culated neutrino cruxes by assuming that all of the input

The SUNEV code does not represent the theoretical structure
of the convective envelope as precisely as does the CATMOS
code (see Appendix B). We were forced to use SUNEV because
we cannot calculate nuclear burning with CATMOS. For-
tunately, the uncertainties introduced by using SUNEV for this
application are not significant compared to the large difference
between the observed and calculated values of w.

parameters are normally distributed with the previously
specified best estimates and standard deviations (see Sec.
II) and that the probability distribution of each neutrino
Aux is also Gaussian. In the following section, we shall
investigate by Monte Carlo simulations the shape of the
probability distribution for the neutrino cruxes.

A. Logarithmic derivatives

In order to estimate the uncertainties in the predic-
tions for individual experiments that are caused by the
imprecisely known values of different input parameters,
we have calculated the logarithmic derivatives of each of
the neutrino cruxes with respect to each of the most
significant input parameters. These derivatives can also
be used to exhibit the dependence of the predicted count-
ing rate upon difFerent parameters [cf. Eq. (8) of Bahcall,
Bahcall, and Ulrich, 1969] and to evaluate the efFect,
without constructing a new sequence of standard solar
models, of small changes in the best estimates for param-
eters.

The derivatives were determined by changing a single
parameter by a small amount (typically by of order 10%)
(e.g., the cross-section factor for the p-p reaction or the
solar age) and then recalculating a series of standard so-
lar models until they converged accurately to the as-
sumed present-day luminosity and radius. The
differences in neutrino cruxes, between the model con-
structed with the perturbed parameter and the standard
solar model were used to form the logarithmic deriva-
tives,

Table XV contains the logarithmic derivatives of the
neutrino Auxes with respect to each of the significan pa-
rameters. The results shown in Table XV are in good
agreement with the derivatives given in paper I and Eq.
(8) of Bahcall, Bahcall, and Ulrich (1969), although the
values given here are calculated with respect to the new
standard solar model. We have not listed in Table XV
the derivatives with respect to S&7, since the rarity of this
reaction guarantees that the only derivative significantly
difFerent from zero is 8 1ng( B)/8 1nS,7

——1.00.

B. Neutrino flux uncertainties

There are two sources of uncertainty, in the produc-
tion and in the detection, that enter the predictions for
the counting rate in any solar neutrino experiment. In
order to Inake maximum use of solar neutrinos to reveal
nt:w things about the sun or about weak interactions, we
need to separate the production uncertainties from the
unknown aspects of the detector sensitivity. In this sec-
tion, we determine the uncertainties in the calculated
production rates of solar neutrino cruxes. In Sec. VIII we
present the predicted capture rates and their total uncer-
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TABLE XV. Calculated partial derivatives of neutrino cruxes. Each column contains the logarithmic
partial derivatives of the neutrino cruxes with respect to the parameter shown at the top of the column.

For example, 8 1nf~~ /8 1nS» ——+0. 138.

Source S11 Sss Lo Ro Z/X Age

pep

hep

78e

SB

isN

15O

—0.17
—0.08
—0.97
—2.59
—2.53
—2.93
—2.94

+0.05
—0.45

—0.43
—0.40

+0.02

+0.02

+0.02

+0.14 +0.03 —0.06
—0.09
—0.08

+0.86

—0.02

—0.02

—0.01
—0.00

+0.73 +0.01

+0.87 +0.21
—0.09+0.12

—0.08
—0.17
—0.22

—0.07

+0.00
—0.11

+3.40 +0.22 +0.58 +0.69

—O.OG

—0.05

—0.05

+0.85 +5.16 +1.86 +1.01

+1.00 .+5.94 +0.49 +2.03 +1.27

+0.01 +6.25 +0.37 +2.09 +1.29

+0.81 +0.01 +6.76 +0.48 +1.27 +1.28

g [(1+5XJ/XJ) "—1]
J

(16)

Here the ratios 5X /X are the fractional uncertainties in

each of the parameters 7 discussed in Sec. II in this pa-
per and, where not given explicitly here, in Sec. II in pa-
per I. The logarithmic derivatives used in the calcula-
tions are given in Table XV.

Table XIII lists the computed total theoretical uncer-
tainties in the individual neutrino fluxes that result from
uncertainties in nuclear reaction rates, assumed primor-
dial heavy-element abundances, the Rosseland mean opa-
city, and the solar constant. These results do not include
the (sometimes large) uncertainties in the neutrino ab-
sorption cross sections, which are discussed in Secs. IV
and VIII. The uncertainty from the opacity is calculated
as described in Sec. III.E in paper I (see especially Table
XIV in paper I). We have assumed that the fractional to-
tal theoretical range is equal to the difference between the

tainties (production and detection) for specific experi-
ments.

The results of this section are especially relevant for
experiments that are designed to detect neutrinos from
individual solar nuclear reactions. For the reader's con-
venience, we list briefly below some of the experiments
that detect primarily one neutrino flux. For example, the" In detector (Raghavan, 1976) is primarily sensitive to
p-p neutrinos. The scintillator proposed by Mann (1986)
could detect Be neutrinos. The natural-water (Bakich
and Peak, 1985; Beier, 1986; Suzuki, 1986; Hirata et al. ,
1987a), heavy-water (Chen, 1985; Sinclair et al. , 1986;
Aardsma et al. , 1987), liquid-argon (Bahcall, Baldo-
Ceolin, Cline, and Rubbia, 1986), and liquid-scintillator
(Badino et al. , 1984) experiments are sensitive primarily
to 8 neutrinos.

The total fractional uncertainty in individual neutrino
fluxes, y;, can be computed from the following expres-
sion:

Los Alamos and Livermore opacities, divided by their
average value. The uncertainty in the equation of state
does not affect significantly the calculated neutrino fluxes
(see Sec. III.F in paper I).

The neutrinos from the p-p and pep reactions have the
smallest calculated uncertainties, of order a few percent.
This uncertainty is small because the Aux of p-p (and re-
lated pep) neutrinos is determined mainly by the solar
constant and the fact that, with current models and ac-
cepted reaction rates (see Table I), the He- He reaction
occurs much more frequently than the He- He reaction.

The crucial Aux of B neutrinos is uncertain by 34%.
About half of this large uncertainty is caused by the rela-
tively poorly known low-energy nuclear cross-section fac-
tor for producing B (cf. reaction 10 in Table I and the
discussion in Sec. II.A).

The fluxes from CNO neutrino sources are all uncer-
tain by about 50%, primarily because of the large uncer-
tainty in the primordial heavy-element abundance and
the rate at which ' N is burned. None of the experiments
so far proposed is sensitive to the neutrinos from the
CNO cycle, since these neutrinos are relatively rare and
do not have high energies.

%'e have not listed an uncertainty for the flux of hep
neutrinos because their estimated production rate de-
pends upon the thermal neutron capture cross section for
He, which should be measured more accurately (see dis-

cussion in Sec. II.A). Note, however, that apart from the
nuclear physics uncertainties this flux is almost as model
independent as the pep flux.

Vll. MONTE CARLO SIMULATIONS
OF THE UNCERTAINTIES

Are the error estimates described in Sec. VI reliable?
Could enough measured parameters be in error, all in the
right .direction, to reduce the correct standard capture
rate to the rate observed in the Cl experiment? In the
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previous section, we have assumed that the errors in the
calculated neutrino fluxes are normally distributed and
can be obtained by calculating partial derivatives of
Auxes with respect to the standard model, extrapolating
small changes to large uncertainties. In principle, the as-
sumption of an extrapolated Gaussian could be vitiated
by the nonlinear relations imposed by the partial
differential equations of stellar structure, which are com-
bined with the boundary conditions of matching the ob-
served solar luminosity, effective temperature, and
heavy-element-to-hydrogen ratio (cf. Rood, 1978). We
did address partially the question of large changes in pa-
per I, where we showed by an explicit calculation that
the effects of a simultaneous change of four nuclear pa-
rameters, each by its estimated 3o. limit and each in the
direction to reduce the Aux of B neutrinos, could be well
approximated by the results obtained with the partial
derivatives. Table XII in paper I shows that the large
change in each of the neutrino Auxes for this specific
quadrupole 3o. variation is given to an accuracy of better
than 10% for all of the solar neutrino fluxes of interest.
Nevertheless, the nagging question remains: is the distri-
bution of uncertainties for a given Aux or capture rate
sufficiently well approximated by a Gaussian with the
standard deviation calculated as described in Sec. VI?

We have answered this question by brute force. We
have constructed 1000 accurate solar models with five in-
put parameters that were chosen each from a normal dis-
tribution with the mean and standard deviation specified
in Sec. II. The calculations were carried out in back-
ground mode on four microvaxes at the Institute for Ad-
vanced Study using an automated version of the SUNEV
code described in Appendix C. The five quantities that
were allowed to vary randomly were the primordial
heavy-element-to-hydrogen ratio Z/X and the cross-
section factors for the p-p, He- He, He- He, and p- Be
reactions (reactions 1, 5, 6, and 9 in Table I). These
quantities represent five of the dominant uncertainties in
predicting the rate of the Cl experiment (see Sec.
VIII.A. 1 and Table XVI). The inclusion of additional
parameters (with the uncertainties given in Sec. II) in the
simulations would have changed by a small amount the. -

total range of Auxes and capture rates found in the simu-
lations, but would not have affected our general con-
clusions.

The Monte Carlo simulations are in remarkable agree-
ment with the results obtained in Sec. VI using partial
derivatives of fIuxes with respect to each of the parame-
ters and the assumption that the uncertainties are nor-
mally distributed. The fractional standard deviations
that are calculated from the Monte Carlo simulations
(and in parentheses the value obtained using partial
derivatives) are for the p-p, pep, hep, Be,sB, ' N, ' 0, and
' F cruxes, respectively; 0.006 (0.006), 0.011 (0.011),0.029
(0.027), 0.050 (0.048), 0.120 (0.120), 0.124 (0.133), 0.137
(0.148), and 0.141 (0.153). The numbers in parentheses
were of course calculated using just the partial deriva-
tives for the five parameters that were allowed to vary in

the simulations. In all cases, the standard deuiations cal
culated by the two diferent methods agree to better than
10%.

What about the very large variations? What is the
probability that a random variation of the input parame-
ters would yield a neutrino Aux that differs from the best
estimate (average of the simulations) by more than some
specified number of standard deviations?

Figure 9 compares the distribution of Auxes obtained
from the simulation with that calculated using the as-
sumption of a Gaussian distribution with a standard de-
viation evaluated using the partial derivatives given in
Table XV. We show three separate curves in Fig. 9: (1)
the normal distribution (solid curve); (2) simulations
above the average value (short dashes); and (3) simula-
tions below the average value (long dashes).

Figure 9(a) compares the three distributions between
zero and four standard deviations. The probability distri-
butions for all three cases are very similar, so much so
that it is hard to see on this scale how the other two
curves deviate from the normal distribution.

For clarity, Fig. 9(b) displays the three distributions in
the limit of large deviations more than 2' differences
from the mean. We see from this comparison that the
number of very small values of the B Aux in the simulat-
ed distribution is somewhat lower than for the normal
distribution. For the 1000 simulated cases, we would
have expected 6.2 cases that are 2.5o. below the mean and

7Filippone and Schramm (1982) simulated the uncertainties in
the Cl and 'Ga experiments by calculating 100 solar models.
Our results differ from theirs primarily because Filippone and
Schramm assumed a large and asymmetric 1o standard devia-
tion for the cross-section factor for the He- He reaction (num-

ber 6 in Table I), which was plus 17%%uo in the direction of in-

creasing cross-section factor and minus 44% in the direction of
decreasing cross-section factor. Their adopted plus uncertainty
is 3 times as large as ours (see Table I in this paper or Sec. II in

paper I), and their minus uncertainty is more than 7 times as
large as ours. With such a large adopted uncertainty, Filippone
and Schramm must have made some (unspecified) assumption in
their simulations to prevent negative nuclear cross sections
from occurring. The reason that Filippone and Schramm used
a large asymmetric error is that they decided to define their 1o.

range so as to include a discrepant experimental value reported
by the Munster group. Subsequent experiments have shown
that the Miinster result was in error (see Parker, 1986, and
Table I of this paper). We are unable to make specific compar-
isons with the neutrino Aux calculations of Filippone and
Schramm, since the details of their solar model are not specified
in their paper. There may have been convergence problems
with some of their models, since they apparently only con-
verged the models to an accuracy of a few percent in luminosity
(Filippone, 1982), instead of the typical value we use of either
0.01% or 0.001%%uo. Some additional questions concerning the
Filippone and Schramm calculations are discussed in comment
7 in Sec. VI of paper I.

Rev. Mod. Phys. , Vol. 60, No. 2, April 1988



332 John N. Bahcall and Roger K. Ulrich: Solar neutrinos and helioseismology

TABLE XVI. Individual uncertainties in predicted capture rates. Each column contains the uncertainty in SNU of the total capture
rate caused by the uncertainty in the parameter at the top of the column.

Uncertainty
from
Parameter

p-p
(SNU)

3He —3 He
(SNU)

3He —4 He
(SNU)

p — Be7

(SNU)
Z/X
(SNU)

Opacity
(SNU)

&abs

(SNU)
Total
(SNU)

Detector

2H

7Li

37C]

4'Ar

7iaa

n

0.7

5.1

0.9
0.2
4.1

2.6

2.1

8.2

0.4

1.6
0.5
0.1

1.5

0.3

0.4
0.1

1.2
0.8

1.3

4.9

0.4

3.1

3.8

1.5

12.2

1.8
0.4

10.1

5.8

22.3

0.5
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0.5
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FIG. 9. Distribution of B neutrino cruxes in 1000 solar models.
This figure compares the distribution of B neutrino cruxes cal-
culated from 1000 accurate solar models with what is expected
from a Gaussian distribution whose mean and standard devia-
tion are calculated as described in Sec. VI. The parameters of
the 1000 solar models were selected randomly from normal dis-
tributions for each of 6ve important parameters, listed in the
text, whose means and standard deviations are given in Sec. II.
Solid curves; normal distribution; short-dashed curves, simula-
tions that have B cruxes above the average value; long-dashed'
curves, simulations that have B cruxes below the average value.
(a) The three distributions between zero and four standard devi-
ations; (b) the three distributions at large deviations, on an ex-
panded scale.

we found none. The high values are in good agreement
with the normal distribution.

The smallest B Aux found in our simulations was
4.0&(10 cm s ' and the largest value was 7.9~10
crn s '. The corresponding 3' limits that we calculat-
ed with the Gaussian partial-derivative method are
3.6&10 crn s ' and 7.7&(10 cm s

The agreement between the Monte Carlo simulations
and the Gaussian extrapolation is similarly excellent for
the total capture rates predicted for the Cl and 'Ga ex-
periments. The 1000 simulations have capture rates
varying between 5.8 SNU and 10.5 SNU; the correspond-
ing 30 limits calculated as described in Sec. VI are 5.4
SNU and 10.3 SNU. For the 'Ga detector, the 1000
simulations range from 119 SNU to 144 SNU, while the
range calculated via the Gaussian extrapolation is 120
SNU to 143 SNU.

We could have run more simulations to determine if
the slight dift'erences from a normal distribution are real-
ly significant or not. We decided, however, that more
simulations would not tell us anything of value. We do
not know the error distributions of the input parameters
sufticiently well to justify studying in detail the tail of the
combined uncertainty distribution.

The question of greatest importance is does one expect
variations of the input parameters with the assumed best
values and standard deviations given in Sec. II to lead,
with a significant probability, to the existing discrepancy
between observation and calculation for the Cl experi-
ment? The answer given in Fig. 9 and the above-cited
range of capture rates is "no."

VIII. PREDICTED EVENT RATES
IN SOLAR NEUTRINO EXPERIMENTS

In this section we present the total theoretical range in
the predicted event rate, as well as a best-estimate rate,
for each of the detectors whose neutrino cross sections
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are discussed in Sec. IV. We combine incoherently the
uncertainties in the predicted event rates due to each of
the factors discussed previously, including nuclear reac-
tion cross sections, solar constant, primordial composi-
tion, radiative opacity, equation of state, and solar age.
We denote each of the neutrino cruxes by cp; and each of
the input parameters by 7 . The neutrino cruxes are tak-
en from the model "Best" in Table XIV, which gives the
values computed with the standard solar model for each
of the sources. The best-estimate event rate is
R =g,.y;o;. Here 1 SNU=10 event (target atom)
(s) ' (Bahcall, 1969b).

The total incoherent uncertainty in the predicted rate,
5E, for a particular experiment is obtained from the rela-
tion.

2 1/2

5R = g g(ya ), [(1+5X,/X, ) "—1]
J

(17)

For each parameter j, the sum is carried out coherently
over each of the neutrino sources i.

The neutrino cross sections we use here are given in
Tables VII and VIII. The other input parameters and
the logarithmic derivatives [defined in Eq. (15)j that were
used in the calculations are described in Secs. II, VI, and
VII in this paper and Secs. II and IV in paper I.

For nonstandard solar models, also assuming nothing
significant happens to the neutrinos after they are pro-
duced, the predicted rates and uncertainties can be calcu-
lated in the same way, using the appropriate neutrino
Auxes. The procedure is parallel to that used for the
standard solar models because the shapes of the individu-
al neutrino spectra are unchanged and therefore the cross
sections given in Tables VII and VIII still apply. If the
shapes of the individual neutrino spectra are changed by

processes such as the MSW effect, one-must integrate
over energy the appropriate spectral shape times the
cross section as a function of energy (given in Table IX or
Bahcall, 1987). The MSW eff'ect in the Earth can cause,
for certain values of the neutrino mixing angles and mass
differences, large time-dependent effects in the observed
event rates in radiochemical detectors {see, for example,
Carlson, 1986; Baltz and Weneser, 1987; Cribier, Rich,
Spiro, Vignaud, Hampel, and Cleveland, 1987; Dar and
Mann, 1987; Kuo and Pantaleone, 1987). If we are lucky
and the parameters nature has chosen are the ones for
which the time-dependent effects are large, then the ra-
diochemical experiments could directly demonstrate the
existence of the MSW effect.

We follow historical precedent and begin with ra-
diochemical detectors and then discuss direct counting
detectors.

A. Radiochemical detectors

We consider first the three experiments that are in pro-
gress, involving Cl, 'Ga, and Mo detectors, and then
give the predictions for two other often discussed poten-
tial detectors Li and 'Br.

1. CI

The predicted capture rate for a Cl detector is

gP;o; =7.9{1+0.33) SNU . {18)
l

This detector is sensitive to neutrinos with energies above
0.814 MeV, which excludes the abundant p-p neutrinos.

The principal uncertainties in the calculated capture
rate are shown in the third row in Table XVI. The con-
tributions of different neutrino sources to the total cap-
ture rate are shown in Table XVII.

TABLE XVII. Capture rates predicted by the standard solar model. The capture rates predicted by the standard solar model, row 5
in Table XIV (CNO Cor), are given for each target (first column) and for each neutrino source (columns 2—9). The total rate is given
in the last column. All event rates are in SNU.

Target p-p pep hep 7Be 8B 17F Total

2H 0.0 0.0 0.02 0.0 6.0 0.0 0.0 0.0 6.0

Ll 0.0 0.06 4.5 22.5 12.8 0.1 51.8

37C1 0.0 0.2 0.03 6.1 0.1 0.3 0.004 7.9

0.0 0.0 0.02 0.0 1.7 0.0 0.0 0.0 1.7

71 Ca 70.8 3.0 0.06 34.3 14.0 3.8 6.1 0.06

81gr 0.0 0.07 8.6 15.3 0.9 1.9 0.02 27.8

"Mo

115ID

0.0 0.0

8.1

0.08

0.05

0.0

116

17.3

14.4

0.0 0.0

18.5

0.0

0.2

17.4

639
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How reliable is the theoretical prediction'? Figure 10
illustrates one way of answering this question. We plot
in Fig. 10, as a function of the date of publication, all of
the predicted capture rates, and their quoted errors, for
each paper in this series. All of the 14 values published
since 1968 are consistent with the range given in Eq. (18).
The 6rst calculation in 1963 was made before the realiza-
tion (Bahcall, 1964) that the capture rate for B neutrinos
is enhanced by a factor of about 17 by transitions to ex-
cited states, especially to the analog state.

The best-estimate capture rate is 4% larger than the
value of 7.6 SNU that was determined in paper I. The
total theoretical uncertainty, has decreased from 43%, or
3.3 SNU, in paper I to 33%%uo, or 2.6 SNU, in Eq. (18)
above.

The total uncertainty is made up of contributions of
comparable size from several different input parameters
(see row 3 of Table XVI): 1.8 SNU from the primordial
heavy-element-to-hydrogen ratio [cf. Eq. (I)]; 1.3 SNU
from the S factor for the Be-p reaction; 0.9 SNU from
the p-p reaction; and 0.6 SNU from the neutrino absorp-
tion cross sections. Since several different parameters
contribute appreciably to the total uncertainty, it seems
unlikely that the total theoretical uncertainty will be re-
duced much below 2 SNU, or of order 25% of the pre-
dicted capture rate, in the foreseeable future.

The Cl experiment is primarily sensitive to neutrinos
from B decay. Approximately 77%%uo (6.1 SNU) of the
predicted event rate is contributed by B neutrinos; the
next largest contribution is the 14%%uo (1.1 SNU) from Be

g (per), =2.0+0.3 SNU .

We can convert this experimental constraint into a limit
on the B neutrino flux by dividing the event rate in
SNU's by the absorption cross section given in Table VII.
Ignoring for the moment all of the estimated uncertain-
ties, we find

y( B)„,„„„&2X10cm s (20)

which is about a factor of 3 times smaller than the best-
esti~ate value of 5.8&10 cm s ' obtained from the
standard model.

If we assume instead that the 3o. upper limit to the en-
tire observed capture rate, i.e., 2.9 SNU, is due to B neu-
trinos, then we can obtain a conseruatiue upper limit to
the observed Aux. We obtain

neutrinos. Most of the calculated uncertainty is caused
by the B neutrino Aux. About 87/o, or 2.3 SNU out of
the total estimated uncertainty of 2.6 SNU, is associated
with the B Aux.

We can use the Cl experiment- to set an upper limit
on the Aux of electron neutrinos with a B spectrum that
reaches the Earth from the sun. The ratio of the ob-
served to the calculated Aux is the crucial quantity that
must be compared with models of weak interactions to
determine if neutrinos oscillate or decay on the way to
the Earth from the sun. However, the conversion of the
experimental limit to the desired ratio of observed to pre-
dicted cruxes depends upon what one is willing to assume.
We illustrate this dependence in the following discussion.

The observed event rate is (Davis, 1964; Davis, 1978;
Rowley, Cleveland, and Davis, 1985; Davis, 1986)

37Predicted Cl Rate vs. Time, y( B)»s««d&2. 7X10 cm s (21)
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The limit given in Eq. (21) is about a factor of 2.15 times
smaller than the best-estimate fiux given in Tables XIII
and XIV.

Since the theoretical uncertainties are much larger
than the observational errors, we can obtain a conserva-
tive limit to the decrease in Aux by using, instead of the
best estimate provided by the standard solar model, the
smaller value that is decreased by the estimated total
theoretical uncertainty given in Table XIII. The
"theoretical lower limit" is

FIG. 10. Predicted capture rates as a function of time. The
published predictions of neutrino capture rates in the Cl ex-

periment are shown as a function of the date of publication.
The values and their error bars are from Bahcall. Fowler, Iben,
and Sears (1963), Bahcall (1964), Bahcall (1966), Bahcall and
Shaviv (1968), Bahcall, Bahcall, Fowler, and Shaviv (1968), Bah-
call, Bahcall, and Shaviv (1968), Bahcall (1969a), Bahcall and
Ulrich (1970), Bahcall and Ulrich (1971), Bahcall, Heubener,
Magee, Merts, and Ulrich (1973), Bahcall (1977), Bah call,
Heubner, Lubow, Magee, Merts, Argo, Parker, Rozsnyai, and
Ulrich (1980), Bahcall, Heubner, Lubow, Parker, and Ulrich
(1982), Bahcall, Cleveland, Davis, and Rowley (1985), Bahcall
(1986), and the present paper (1987). Similar results have been
obtained by many other authors.

0 theoretica] -+ (22)

which is about 1.9 times larger than the experimental
upper limit given in Eq. (20).

We note that there is another extreme possibility. The
experimental result cited in Eq. (19) is consistent with no
observed B neutrino flux. The contribution of all but B
neutrinos is 1.8 SNU (see Table XVIII below, next to last
column), which is consistent with the observed capture
rate. We note in addition that the observed event rate
could, in principle, be due partly or wholly to interac-
tions caused by something other than neutrinos from the
solar interior. In this case also, we would have no evi-
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dence yet available that a finite B neutrino flux has been
detected.

We conclude that the experimental limit on the ratio of
observed to predicted B neutrino Aux is in the range

(23)
m('B)p-a. ~.a

Measurements with the Cl detector are continuing in
order to build up statistics on the possible time depen-
dence of the capture rate, to provide overlap with obser-
vations using other neutrino detectors (see below), and to
search for evidence of a day-night eFect caused by regen-
eration of electron neutrinos as neutrinos of diFerent type
pass through the Earth (see Davis, 1986).

Is the rate of neutrino events observed in the Cl ex-
periment consistent with statistical fluctuations? Or is
there some significant dependence upon time, perhaps
correlated with the season of the year or the intensity of
solar cosmic radiation? Does the time dependence of the
observed capture rate suggest that the neutrino has a
finite magnetic moment and that what we observe is
influenced by the solar magnetic Geld configurati. on along
the line of sight (see Voloshin, Vysotskii, and Okun,
1986)? Answers to these questions are important but
controversial and can only be settled by obtaining more
data to check the time dependences that have been
claimed. For two opposing viewpoints, with references
to the previous literature, see Davis (1986) and Bahcall,
Field, and Press (1987). Davis has described an ap-
parently remarkable correlation between sunspot number
and the event rate observed in his solar neutrino experi-
ment. On the other hand, Bahcall et al. have shown that
while the correlation is significant at the 5% level, it de-
pends sensitively upon how the errors are estimated and
on a small number (four) of experimental runs. More-
over, they have argued that a correlation, if real, would
be puzzling on energetic grounds. It is important to set-
tle this question observationally. If a correlation were to
be established unequivocably between event rate in the

Cl experiment and sunspot activity, it would have fun-
damental implications suggesting either that we do not
understand the order of magnitude of energy generation
in sunspots or that new physics is occurring that is out-
side of the standard electroweak theory (Voloshin and
Vysotskii, 1986, Okun, 1986).

The intensity of the controversy surrounding this question
can be gauged from the fact that at the Solar Neutrino
Workshop held at the Institute of Theoretical Physics in Santa
Barbara in April, 1987 the two co-organizers (Bahcall and
Davis) publicly wagered a bottle of "good" French champagne
on whether or not SNU's are correlated with sunspots. The ob-
servations, the most crucial of which will occur in 1990 and
1991, will be collaboratively interpreted and the wager con-
sumed jointly.

2. 'Ga

The predicted capture rate for a 'Ga detector is

gp;o;=132+]7 SNU . (24)

All electron neutrinos with energies above 0.233 MeV
can be -absorbed by 'Ga. This Iow threshold energy
makes 'Ga sensitive to the fundamental p-p neutrinos.

The contributions of diFerent neutrino sources to the
total capture rate are shown in Table XVII. Neutrinos
from the basic p-p reaction produce approximately half,
54% or 71 SNU, of the computed total capture rate. The
other main contributors are Be neutrinos, 26% or 34
SNU, and B neutrinos, 11% or 14.0 SNU.

The principal uncertainties in the calculated rate are
shown in the fifth row in Table XVI. The dominant un-
certainty is caused by the transitions to excited states
whose matrix elements must be inferred from (p, n) mea-
surements (see discussion in Sec. V.D of paper I and in
Sec. IV of this paper). According to the prescription for
calculating errors that is described in Sec. IV.B.1, the
maximum increase that could be caused by excited-state
transitions is + 16 SNU, and the corresponding extreme
decrease is —8 SNU. Excited-state transitions contribute
88%, or 12 SNU, of the total B contribution. The curve
of absorption cross sections versus excitation energy has
a broad peak in the range 3—5 MeV, which contains
about one-third of the total calculated strength. If we
were to ignore all of the uncertainties associated with the
excited-state transitions, then the remaining total calcu-
lated uncertainty would be only 12 SNU (or 9% of the
total capture rate).

The transition from the ground state of 'Ga to the
isobaric-analog state in 'Ge does not contribute
significantly to the expected capture rate because the
analog state decays mostly by particle emission. The
cross section for absorption of B neutrino is large,
3. 14& 10 cm, but the upper limit for the y decay of
this state is less than 10% (Champagne et al. , 1987).
Thus transitions to the isobaric-analog state account for
less than 0.2 SNU.

The largest change in the predicted capture rate for
the 'Ga experiment since the calculations in paper I
were performed is caused by transitions to excited states
in 'Ge. The rate given in paper I was 106.4 SNU if ex-
cited states were ignored completely and 119 SNU if
transitions to low-lying excited levels (up to 0.71-MeV
excitation energy) were included with a maximum plausi-
ble estimate based upon systematics of measured labora-
tory P decays involving similar transitions. No estimate
was made in paper I of transitions to highly excited levels
in 'Ge since (see Bahcall, 1978) no measurements were
available for analogous P-decay transitions. The (p, n)
measurements of Rapaport et al. (1985) and Krofcheck
(1987) yield a predicted capture rate of 3 SNU to the
low-lying levels in 'Ga, consistent with the guessed
range of 0 to 13 SNU given in paper I. In addition, how-
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ever, the (p, n) measurements suggest that there is a large
contribution from transitions to highly excited states.
%'e estimate that the total contribution of transitions to
excited states is 16.8 SNU, slightly larger than the upper
limit for low-lying levels that was suggested in Bahcall
(1978).

Transitions to highly excited states account for about
12 SNU; this estimate is based entirely upon (p, n) mea-
surements. The theoretical 'Cr cross section given in
Eq. (5) has only a small ( =6%) contribution from excit-
ed states, none of which are above 0.5 MeV. Therefore
the calibration of the 'Ga detector with a 'Cr source
cannot remove the significant uncertainty in the sensitivi-
ty caused by transitions to highly excited states.

Excited state -transitions cause a significant
uncertainty of or—der l0% in the total capture rate for-
the standard solar model predictions, an uncertainty
which seems unauoidable unless an unanticipated major
improuement is achieved in the accuracy with which GT
matrix elements to excited states can be determined (cf.
the discussion of p, n measurements in Sec. IV.B.1 and of
calibrations with a muon beam in Sec. IV.D).

How large are the uncertainties if, as appears likely,
the standard predictions are incorrect? The answer de-
pends upon what is wrong with the standard predictions.
The fractional uncertainties would be increased if, as is
possible for one MSW solution, lower-energy neutrinos
are preferentially affected by resonant matter oscillations
and only the higher-energy electron neutrinos reach the
Earth without having their Aavor changed. In this case,
nearly all of the small expected event rate ( —10 SNU)
could come from transitions whose strength is deter-
mined entirely by (p, n) interactions and is therefore very
uncertain (see Sec. IV.B.1). On the other hand, most
nonstandard solar models would give rise to smaller un-
certainties in the predicted event rate, since they primari-
ly suppress the higher-energy neutrinos that populate ex-
cited states. The most extreme of these nonstandard
models is the so-called "No B" model (see Tables XIV
and XVIII), in which all of the higher-energy neutrinos
are artificially removed. This "model" predicts a capture
rate of 1.8 SNU for the Cl experiment and is therefore
in satisfactory agreement with the neutrino observations
(although it is inconsistent with a number of excellent
laboratory experiments on the nuclear reaction cross sec-
tion; see Sec. II.A). The "No B" hypothesis effectively
minimizes the uncertainty in the predicted event rate,
since the capture rates for high-energy neutrinos are less
well known, due to uncertainties in both the production
rates and the absorption cross sections. For this particu-
larly favorable case (with regard to uncertainties), we find

g,.q&, o, = 118+Iz SNU. The total theoretical uncertainty
is approximately 10%.

Two major solar neutrino experiments using 'Ga are
under way, one by a primarily European collaboration
(GALLEX) and the second by a group in the Soviet
Union (see Hampel, 1985; Barabanov et al. , 1985; Kir-
sten, 1986; see also Kuzmin and Zatsepin, 1966; Kuzmin,

1966; Bahcall et al. , 1978). The GALLEX collaboration
will use 30 tons of gallium in an aqueous solution of galli-
um chloride and hydrochloric acid; the detector will be
located in the Gran Sasso Laboratory in Italy. Measure-
ments are not expected to begin until 1990. The Soviet
experiment will use 60 tons of gallium metal as a detector
in a solar neutrino laboratory constructed in the Baksan
valley. The Soviet experimentalists expect to have a
detector that is operating in 1988 or 1989. The initial
chemical extraction is different in the GALLEX and the
Soviet experiments, but the final chemical procedures and
the methods of low-level counting will be similar for both
collaborations. The comparison of the results from the
two experiments will be a valuable check on any possible
systematic errors.

3 'Mo

The Mo detector is sensitive only to B (and hep)
neutrinos (see Table VII). The ground-state-to-ground-
state transition, which has a threshold energy of 1.68
MeV, is forbidden. All of the transitions of interest are
to excited states of -Tc.

The predicted capture rate is

g y; cr, =17..4+
I ) SNU, (25)

4. "Li

The predicted capture rate for a Li detector is

g y;o; =51.8(1+0.31) SNU . (26)

The Li experiment is also mostly sensitive to neutrinos
from 8 decay, although much less so than the Cl or

Mo experiments. The threshold energy for neutrino ab-

of which all but 0.08 SNU comes from B neutrinos. The
dominant uncertainty in the predicted capture rate is
from the neutrino capture cross sections; the total uncer-
tainty from all other sources is only 6 SNU (see Table
XVI).

Since the half-life of Tc is 4X10 yr, this detector
provides information about the B neutrino Aux averaged
over the past several million years (see Cowan and Hax-
ton, 1982).

A geochemical experiment has been developed at Los
Alamos National Laboratory to extract Tc produced by
solar neutrino capture on Mo. The experiment will
make use of about 13 tons of molybdenite obtained from
2600 tons of ore that was buried deeply in the Henderson
Mine in Colorado, operated by the AMAX corporation.
An ultrasensitive mass spectrometer will be used to
detect the predicted 10 atoms of Tc. Wolfsberg et al.
(1985) have described the sophistical experimental pro-
cedures that they are using. The first results of this ex-
periment are expected in 1988.
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sorption is 0.862 MeV, which means that only the p-p
neutrinos are undetectable with this target. Approxi-
mately 43% (22.5 SNU) of the predicted event rate is
contributed by 8 neutrinos; the next largest contribu-
tions are the 25% (13 SNU) from ' 0 neutrinos and the
18% (9 SNU) from pep neutrinos. About half of the total
calculated uncertainty is related to the 8 neutrino Aux.

The principal uncertainties in the calculated capture
rate are shown in the second row in Table XVI. The con-
tributions of di6'erent neutrino sources to the total cap-
ture rate are shown in the second row in Table XVII for
standard solar models and in Table XVIII for nonstand-
ard models.

This detector provides the best available opportunity
for detecting the CNO neutrinos. For the illustrative
case in which no B neutrinos reach the Earth (see next
to last column in Table XVIII), the predicted capture
rate is 29.3+8.S SNU, of which 12.8 SNU is from ' 0
and 2.6 SNU is from ' N. Thus for this extreme (but
conceptually possible) case, the CNO neutrinos contrib-
ute more than half (53%) of the counting rate. The neu-
trino absorption cross sections for this case are all well
determined (to an accuracy of about 6%; see Sec. IV.B).

The theoretical advantages of using Li to detect solar
neutrinos have been recognized for a long time (Bahcall,
1969b). Moreover, Rowley (1978) has stressed that a
lithium detector would be relatively cheap, the chemical
procedures straightforward, and the backgrounds
manageable; the dificult part is detecting the Be that is
produced by neutrino capture. Various schemes have
been proposed to count Be atoms (see Rowley, 1978),
but none of the methods has as yet been demonstrated in
the laboratory.

The predicted capture rate for a 'Br detector is

g y; cr; =27.8+,', SNU . (27)

The eA'ective threshold energy for neutrino absorption by
'Br is 0.471 MeV (cf. Sec. IV.B), which excludes the im-

portant p-p neutrinos.
The contributions of di6'erent neutrino sources to the

total capture rate are shown in the sixth row in Table
XVII. Neutrinos from B decay constitute about 55% of
the expected capture rate. The next most important
source is Be, whose neutrinos contribute 31% of the to-
tal capture rate.

All previous discussions of this experiment have sup-
posed that it would be primarily sensitive to Be neutri-
nos (e.g. , Scott, 1976; Bahcall, 1981; Haxton, 1981; Itoh
and Kohyama, 1981; Hurst et a/. 1984, 1985; Davis,
1986). The reason for this important change in the pre-
dicted nature of the detector sensitivity is the large mea-
sured Gamow-Teller strength to highly excited levels of
'Kr that was found in the (p, n) measurements of

Krofcheck et al. (1987).
The principal uncertainties in the calculated rate are

shown in the second row of Table XVI. The dominant
uncertainty is caused by the transitions to excited states
whose matrix elements must be inferred from (p, n) mea-
surements (cf. discussion in Sec. V.D of paper I and in
Sec. IV of this paper). According to the prescription for
calculating errors that is described in Sec. IV.B.1, the to-
tal uncertainty due to neutrino absorption cross sections
is +16 SNU or —8 SNU. If we ignore all of the uncer-

TABLE XVIII. Capture rates predicted by some nonstandard solar models. The total capture rates predicted by some nonstandard
solar models are given in columns 3—11. For comparison, the rates for the standard solar model are given in column 2. The non-
standard models are described in Sec. IX and the standard model is described in Sec. V. All rates are in SNU.

Target Stnd. Zl Z2 Z3 Yl Y2 Y3 Y4 No sB Sq 4
——0 WIMP's

2H 6.0 0.9 0.7 0.7 6.3 6.7 7.2 7.1 0.02 0.0 1.5

Li 51.8 16.2 15.4 15.3 53.6 56.3 59.1 58.2 29.3 20.2

3 Cl 7.9 1.6 1.4 1.4 8.3 8.8 9.3 9.2 1.8 0.6 2.7

4'A. r 0.3 0.2 0.2 1.8 1.9 2.0 2.0 0.02 0.0 0.4

~ Ga 132 94.5 93.2 93.0 139 138 141 140 118 86 107

81Br 28 6.9 6.2 6.1 29 31 32 32 12.5

gsMo 17 2.5 2.1 2.1 18 19 21 20 0.1 O. l

~~sin 639 556 553 552 673 658 663 661 624
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tainties associated with absorption cross sections, then
the remaining total theoretical uncertainty is only 7 SNU
(or 25% of the total capture rate).

A bromine detector experiment would be a natural
successor to the Cl experiment since it could be per-
formed inexpensively using the same tank and would in-
volve similar chemical procedures (Hurst et a/. , 1984,
1985; Davis, 1986). Resonance ionization spectroscopy
could be used to detect the atoms of 'Kr that are pro-
duced by neutrino capture (Hurst et al. , 1985). The rela-
tively large uncertainty in the theoretical predictions [see
Eq. (27)], resulting from inaccurately known neutrino
cross sections, limits the inferences that would be possi-
ble from a bromine experiment. However, a 'Br detec-
tor could provide valuable constraints on both the B and
the Be neutrino cruxes.

6 205TI

A Tl detector would provide especially interesting
information, since (see Freedman et al. , 1976; Freedman,
1978; Henning et al. , 1985) it is sensitive to neutrinos
emitted over the past 10 yr. However, the neutrino ab-
sorption cross sections for the most obvious transitions
between low-lying states cannot be calculated accurately
(see Bahcall, 1978, Sec. IV.1), and it is difficult to give a
rigorous upper limit to the uncertainties (see Braun and
Talmi, 1987). This situation is particularly distressing
because Tl could potentially furnish unique informa-
tion about the time dependence of the fundamental p-p
neutrinos. Freedman (1986) has suggested that it may be
possible to measure the Gamow-Teller strength of the
most important low-1ying transition by a very clever lab-
oratory technique.

We have estimated the rate of the transitions to
higher-energy excited states of Pb using preliminary

(p, n) data obtained by Krofcheck (1987) and his colla-
borators and generously made available to us. These
data cannot be used in the traditional way to obtain the
cross sections for the previously considered dominant
transition to the low-lying 0.0023-MeV excited state of

Pb because this transition is first forbidden. Neverthe-
less, we can perform an illustrative calculation of the
cross section for absorption of B neutrinos because al-
lowed transitions to higher-energy states of Pb
presumably dominate this process, and the usual calibra-
tion procedure may be appropriate. The result is of in-
terest even though it is very preliminary, since it shows
that the capture rate may not be completely dominated
by p-p neutrinos, as has been assumed in all previous dis-
cussions.

We find a total absorption cross section for B neutri-
nos incident on Tl of o. =8X10 cm . Given the
preliminary nature of the data, this cross section must be
considered to be uncertain by at least a factor of 2 and
probably more; we do not consider the result suKciently
reliable to merit inclusion in Table VII. We have also
reestimated the cross sections for all the other sources us-

ing the log ft value of 5.7 that was suggested by Braun
and Talmi (1986) as possibly appropriate for the transi-
tions to the lowest-lying 1/2 state in Pb (0.0023-MeV
excitation). The log ft value of Braun and Talmi implies
that all of the "nominal" cross sections of Bahcall (1978)
should be reduced by a factor of about 2.5. The thresh-
old energy for neutrino absorption -via this lowest first-
forbidden transition is only 0.062 MeV. This low thresh-
old causes Tl to be sensitive to the basic p-p neutrinos.

With the above cross sections, we find a total rate of

g y;o; =263 SNU . (28)

We refrain from quoting a forrnal uncertainty on the
above rate because all of the neutrino absorption cross
sections are very uncertain. Nevertheless, it is of interest
to note here that the nominal contributions of p-p, Be,
and B neutrinos to the total rate are, respectively, 173
SNU, 34 SNU, and 46 SNU. Within the large uncertain-
ties that apply for this case, we note that the Be and B
neutrinos contribute an amount comparable to the p-p
neutrinos.

B. Direct counting experiments

Ue
P(8) = 1+ a cosO

C
(29a)

where U, is the recoil velocity of the electron, and the
asymmetry parameter a is given by

(29b)

Here, (6„/Gi, ) =1.54 and (1), (o. ) are, respectively,
the usual reduced matrix elements for the Fermi and
Czamow-Teller interactions. (For example, for neutron
decay, (1) =1,(o ) =3.) For the H detector, a= ——,

'

and for Ar, a = + 1.
The absorption experiments discussed here ( H and

Ar detectors) will provide a direct measurement of the
incident spectrum of high-energy neutrinos. The mea-
sured spectrum can be compared with the calculated
spectra shown in Figs. 2—5, which assume nothing hap-
pens to the neutrinos from the time they are produced
until they are detected. For absorption experiments, the

We consider in this section experiments in which indi-
vidual recoil electrons are detected. The recoil energy of
the electrons can be produced either by neutrino-electron
scattering or by neutrino absorption. In both cases, the
angular distribution of the electrons with respect to the
Earth-sun axis is an important measurable quantity (not
observable for radiochemical experiments). For
neutrino-electron scattering, the angular distribution is
strongly forward peaked for relativistic electrons [see
Eqs. (20) and (21) of Bahcall, 1987]. For neutrino absorp-
tion, the angular distribution is much less concentrated
and is given by the simple formula (Bahcall, 1964)
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energy of the produced electron is essentially equal to the
energy of the incident neutrino minus a constant, which
makes the comparison between observed and calculated
spectra particularly simple and unambiguous.

For neutrino-electron scattering, the comparison is less
direct because a neutrino with a given energy can pro-
duce a broad range of recoil electrons. Since there will be
significant uncertainties in both the measured energy and
the scattering angle of the recoil electron, it will be much
more difficult (than is the case for absorption experi-
ments) to reconstruct the incident neutrino spectrum
from the measured electron recoil energies and scattering
angles. Nevertheless, important information about the
incident neutrino energy spectrum can be obtained from
neutrino-electron scattering experiments (see especially
Sec. VI.6 and Fig. 15 of Bahcall, 1987).

1. Neutrino-electron scattering (general}

Neutrino-electron scattering experiments can be used
to study the Qavor content, spectrum shape, intensity,
time dependence, and angular distribution of solar neu-
trino sources. Assuming that the energy spectra of the
various neutrino sources are identical to the spectral dis-
tributions when the neutrinos are produced, Bahcall
(1987) gives the predicted energy and angular dependence
of the recoil electrons, as well as the total cross sections,
for all of the sources considered in this paper. The
modifications implied by the MSW effect are described by
Bahcall, Gelb, and Rosen (1987). The results depend
strongly upon the assumed threshold for the minimum
electron recoil energy that is accepted. However, the
minimum reduction that can be caused by the complete
conversion of electron neutrinos to muon or tau neutri-
nos via the MSW effect is almost constant, about 0.15 for
a 5-MeV threshold and 0.14 for a 10-MeV threshold (see
Table II of Bahcall, 1987).

Table XIII displays the calculated total neutrino cruxes
and their fractional uncertainties for each of the solar
neutrino sources. Several solar neutrino experiments in-
volving neutrino-electron scattering are either under way
or in an advanced stage of planning. They include detec-
tors composed of a liquid scintillator that could detect
Be neutrinos (see Mann, 1986), and B detectors that use

natural water (Bakich and Peak, 1985; Beier, 1986;
Suzuki, 1986; Hirata et a/. , 1987), heavy water (Chen,
1985; Sinclair et a/. , 1986; Aardsma et a/. , 1987}, liquid
argon (Bahcall, Baldo-Ceolin, Cline, and Rubbia, 1986),
or liquid scintillators (Badino et a/. , 1984). These experi-
ments could, if we are lucky, reveal directly the existence
of an MSW effect by showing evidence for resonance
effects in the Earth (see Bahcall, Gelb, and Rosen, 1987;
Hiroi, Sakuma, Yanagida, and Yoshimura, 1988).

Work has begun on two promising proposals that
could ultimately lead to the direct detection of the basic
p-p neutrinos and a test of whether the observed low-
energy neutrinos have the fundamental spectrum shown
in Fig. 3 and Table IV. These exceptionally interesting

but diScult experiments involve the use of crystalline sil-
icon as a low-temperature bolometer (see Cabrera,
Krauss, and Wilczek, 1985; Marthoff, 1987) or superfluid
helium (Lanou, Maris, and Seidel, 1987).

2. Kamiokande II

The first electron scattering experiment to yield
definitive results is the Kamiokande II natural-water
Cherenkov detector (see Beier, 1986; Suzuki, 1986; Hira-
ta et a/. , 1987a, 1987b; Totsuka, 1987). Hirata et a/.
(1987b) give an upper limit at the 90% confidence level
for the Aux of B.neutrinos of

q&( B)(3.2&(10 cm 's

This upper limit is about 55% of the value calculated
with the best standard solar model and is inconsistent, at
the 90% confidence level, with the range of values al-
lowed by the recognized uncertainties in the calculation
of the flux (see Table XIII). The Kamiokande II result is
of great importance, since up to the present time all of
the observational results on solar neutrinos have come
from a single experiment, the Cl detector of Davis and
his collaborators.

If the MSW effect is the correct explanation of the so-
lar neutrino problem, then a moderate increase in sensi-
tivity in the Kamiokande II detector should reveal a so-
lar neutrino signal. The minimum rate expected from
complete conversion of electron neutrinos to muon or tau
neutrinos (see Table II of Bahcall 1987; Bahcall, Gelb,
and Rosen, 1987; Hiroi, Sakuma, Yanagida, and
Yoshimura, 1987) is 14% of the standard model predic-
tion. Thus Kamiokande II should see a definite solar
neutrino signal with an increase in sensitivity of no more
than a factor of 3.8 of the already obtained sensitivity,
provided the MSW effect is the correct explanation.

The Kamiokande experiment was originally designed
as a 3-kt water Cherenkov detector in order to study pro-
ton decay. In late 1984, improvements were begun to
make possible the detection of the relatively low-energy
events that are expected to be produced by solar neutri-
nos. The upper limit quoted above results
from 128 d of low-background data accumulated from
December 1986 to May 1987. This detector also provid-
ed the first-ever observation of neutrinos from a superno-
va (Hirata et a/. , 1987a); the supernova neutrinos happen
to have energies in about the same range as those expect-
ed from solar B neutrinos. Fortunately, Kamiokande II
had been converted to a solar neutrino detector some
months before the blast of neutrinos from the Large
Magellanic Cloud reached the Earth. Reductions in the
background rate that are in progress should lead to a
much improved limit, or a detection, of the solar neutri-
no B Aux, perhaps in 1988.

How many electron scattering events should have oc-
curred in the Kamiokande detector if the standard solar
model were correct? The standard model predicts a few
hundred per year, sufhcient to obtain good statistics.
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From 8 neutrinos, one expects 325 events per yr for a
minimum accepted recoil electron kinetic energy of 7
MeV (fiducial volume of 680 ton); for an 8-MeV thresh-
old, one expects 190 events from 8 neutrinos per yr.
The number of events that would be observed in the
detector must be calculated by convolving the expected
spectrum of electron recoil energies (given in Table VI of
Bahcall, 1987) with the detection efficiency as a function
of energy. The above numbers should provide a crude
approximation to the actua1 expected n.umbers, since can-
celing effects occur in the energy convolution. (Lower-
energy electrons that can be produced by more abundant
lower-energy neutrinos are mistaken for higher-energy
electrons because of the finite energy resolution, and a
significant fraction of all of the events near threshold are
not detected. )

Unfortunately, the size of the Kamiokande II detector
is not large enough to permit a robust detection of the
hep neutrinos if the standard solar mode1 is correct. The
expected number of events from hep neutrinos is only 1.5
per yr for a 7-MeV threshold and 1.1 per yr for an 8-
MeV threshold. In order to have, on the basis of the
standard solar model, the expected event rate from hep
neutrinos exceed by a factor of 3 or more, the expected
event rate from 8 neutrinos, the minimum value for the
recoil kinetic energy of the electrons must be 14 MeV (cf.
Tables II and III of Bahcall, 1987). For Kamiokande II,
one expects above 14 MeV only 0.08 hep events per year.

The H detector is sensitive only to 8 and hep neutri-
nos. The predicted capture rate depends upon the adopt-
ed minimum recoil energy of the electrons that are pro-
duced, although not very strongly (see Table VIII). For
the plausible (Aardsma et al. , 1987) threshold of 5-MeV
kinetic energy,

(30)

(Rate)& ( & 5 MeV)

=1.2X10 [y( B)/6X10 cm s '] eventskt 'yr

(31)

g y;o; =6.01(1+0.38) SNU,
l

of which all but 0.02 SNU comes from 8 neutrinos. The
calculated rate increases only by 11%%uo when the threshold
is lowered to 3 MeV.

The cross section for neutrino absorption on H can be
calculated accurately (see Sec. IV). Therefore almost all
of the uncertainty in the predicted capture rate is from
the 34% uncertainty in the estimated B neutrino flux

(see Tables XIII and XVI).
How many events are expected to occur in the 1-kt

detector of heavy water proposed as a solar. neutrino ex-
periment by Aardsma et al. (1987)? Assuming nothing
happens to the neutrinos on the way to the Earth from
the sun and a threshold of 5 MeV, the expected rate of
absorption events from 8 neutrinos is

For the same threshold, the number of neutrino electron
scattering events is (see Bahcall, 1987) about 8.65%%uo as
large as the absorption rate, i.e., with the same assump-
tions approximately 1.0&10 scattering events should
occur in the 1-kt detector per yr for the standard model
Aux. If a significant fraction of the higher-energy 8 neu-
trinos reach the Earth, one could measure well with this
proposed experiment the shape of the 8 neutrino spec-
trum.

If the MSW effect converts most of the higher-energy
electron neutrinos into neutrinos of a different Aavor,
then the main process that is observed will be neutrino-
electron scattering. Assuming complete Aavor conver-
sion of all of the 8 neutrinos, the expected rate is re-
duced to 1.5X 10 scattering events per kt per yr (see row
4 in Table II of Bahcall, 1987, for the appropriate scatter-
ing cross section). This rate can be considered as a plau-
sible lower limit to be expected in the proposed (Aardsma
et al. , 1987) deuterium experiment, provided only that
the standard solar model is not disastrously incorrect.

The proposed heavy-water detector can also observe
neutrons from the neutral-current neutrino disintegration
of the deuteron (Aardsma et al. , 1987): v+ H
~v+l+in (threshold 2.2 MeV). The cross section for
this neutral-current process is independent of neutrino
type. The reaction will therefore be sensitive to the total
8 neutrino Aux, independent of MSW or vacuum oscilla-

tion effects. The ratio of event rates for the charged-
current (absorption) process and the neutral-current
(disintegration) process can be a sensitive indicator of
possible weak-interaction effects (Bahcall, Kubodera, and
Nozawa, 1988).

Will one be able to detect unambiguously the hep neu-
trinos? For the standard model predictions, the answer is
"yes" provided that a significant fraction of the higher-
energy solar neutrinos do not change their flavor on the
way to the Earth and that the measurement of the
thermal neutron cross section on He does not lead (see
Sec. II.A) to a much reduced cross section for the pro-
duction of these highest-energy neutrinos. Consider a
threshold electron recoil energy that is sufficiently large
that the expected number of events from hep neutrinos
exceeds by a big factor the expected number of events
from 8 neutrinos. One can find such a threshold be-
cause the absorption cross sections depend sensitively,
for a given neutrino energy spectrum, on the difference
between the minimum accepted recoil energy and the
maximum energy of the neutrino spectrum (see Table
VIII); the hep neutrinos have a larger end-point energy
than do the B neutrinos (see Sec. III). For a minimum
electron recoil kinetic energy of 13.5 MeV, hep neutrinos
are expected to cause many more events than do 8 neu-
trinos, assuming the thermal neutron cross section on
He shown in Table I, the neutrino Auxes from the stan-

dard model given in Table XIII, and the neutrino absorp-
tion cross sections given in Table VIII. In this relatively
clean region of the recoil spectrum, we expect 10 events
per kt per yr from absorption of hep neutrinos and only 2
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events from the absorption of B neutrinos. Given the
above assumptions, neutrino-electron scattering is ex-
pected to be too rare to be detectable in this energy
range.

Suppose the standard solar model is disastrously wrong
and that the Aux of neutrinos from B decay that is pro-
duced in the sun is less than the calculated value by or-
ders of magnitude. Will one still be able to observe the
hep neutrinos? Yes, if the diminution is not caused by
something happening to the 8 neutrinos after they are
produced. About 43 absorption events and 9 scattering
events with electron recoil energies above 5 MeV are cal-
culated to occur per kt per yr in a heavy-water detector
exposed to the Aux of hep neutrinos given by the stan-
dard solar model. Since the hep Aux is relatively insensi-
tive to changes in the solar model (except for some non-
standard models in which the Aux is much larger; see dis-
cussions in Secs. V, IX, and XI.H), one can be confident
that a total of about 50 hep events should occur per kt
per yr with electron recoil energies about 5 MeV unless
MSW efFects or some other weak-interaction process re-
moves the high-energy neutrinos of electron flavor.

A Canadian-American-English collaboration has been
established to carry out a solar neutrino experiment with
1 kt of DzO that is to be placed in an INCO nickel mine
near Sudbury, Ontario (see Aardsma et al. , 1987). Cana-
da is the only country in the world that has sufficient
surplus deuterium (due to the presently depressed market
in heavy-water reactors) to make possible this experi-
ment. The nominal 1987 cost of the deuterium is 250
million Canadian dollars. The event rates, detection
efficiencies, and backgrounds in the proposed 1-kt detec-
tor have all been extensively studied and show that the
proposed experiment is feasible and will provide crucial
information about the energy spectrum, the distribution
of flavors, and the time dependence of incident solar neu-
trinos. If funded promptly, this experiment could begin
providing data by 1991.

4. 4'Ar

The Ar detector is sensitive only to 8 and hep neu-
trinos. The threshold energy T,h„» for exciting the su-
perallowed transition that dominates the capture rate is
Tth«» ——5.885 MeV. For typical values of the minimum
counted recoil electron energy T;„, the sum of
T,h„,h+ T;„is well beyond the peak, 6.4 MeV (see Table
V and Fig. 4), of the energy spectrum of the B neutrinos.
The predicted capture rate therefore depends sensitively
(see Table VIII) upon the adopted threshold T;„. For

The Cl and Kamiokande experiments show that the actual
contamination by 8 neutrinos will be at least a factor of 2 less
than the above estimate, which is based on cruxes from the stan-
dard solar model.

the plausible (Bahcall, Baldo-Ceolin, Cline, and Rubbia,
1986) threshold of 5-MeV kinetic energy,

g y;o; =1.70(1+0.38) SNU, (32)

of which all but 0.02 SNU comes from B neutrinos. The
cross section for neutrino absorption on Ar can be cal-
culated accurately (see Sec. IV}. Therefore almost all of
the uncertainty in the predicted capture rate is from the
34% uncertainty in the estimated neutrino 6ux (see
Tables XIII and XVI).

The predicted standard rate of absorption events from
88 neutrinos is

(ger)g ()5 MeV)

=831[y( B)/6&&10 cm s '] eventskt 'yr

(33)

The absorption 'events wi11 be relatively easy to distin-
guish from background events, since neutrino absorption
will be accompanied by characteristic y-ray deexcitation
of the isobaric-analog excited state that is excited by neu-
trino capture (see Bahcall, Baldo-Ceolin, Cline, and Rub-
bia, 1986; Raghavan, 1986).

Approval has been obtained (Cline and Rubbia, 1987)
for placing a 3-kt detector of liquid argon in the Gran
Sasso underground laboratory in Italy. The detector is
expected to begin operating sometime around 1990. If a
signi6cant fraction of the standard model Aux of the
higher-energy B neutrinos reach the Earth, one could
measure well with this experiment the shape of the B
neutrino spectrum.

Because of the large value of T,h„» for absorption
events, the number of neutrino-electron scattering events
exceeds the number of absorption events for most reason-
able values of the minimum accepted electron recoil ener-

gy T;„(see Tables II and III of Bahcall, 1987, for the
relevant scattering cross sections). For T~;„=5 MeV,
the rate of neutrino-electron scattering events is about
11% larger than the absorption rate, i.e., approximately
3&10 scattering events should occur in a 3-kt detector
per yr. The ratio of scattering to absorption events in-
creases rapidly with increasing T;„;the ratio is about
I3.5 for the relatively moderate value of T;„=8 MeV.

If the MSW efFect converts most of the higher-energy
electron neutrinos into neutrinos of a different Aavor,
then the main process that is observed will be neutrino-
electron scattering. Assuming complete Aavor conver-
sion of all of the B neutrinos, the expected rate is re-
duced, for T;„=5MeV, by a factor of 6.64 (see Table II
of Bahcall, 1987} to about 140 scattering events per kt
per yr. This value may be regarded as a plausible lower
limit for the expected event rate provided that the stan-
dard solar model is not disastrously in error.

hep neutrinos will produce a unique signature in this
detector. For a minimum electron recoil energy of 9
MeV, the expected number of absorptions per kt per yr is
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3.4 from hep neutrinos and only 0.8 from B neutrinos.
Thus, one expects an observable, although not large, sig-
nal from hep neutrinos in a large liquid-argon detector
provided that the highest-energy solar neutrinos do not
change their Aavor on the way to the Earth and that the
thermal neutron cross section on He has approximately
the value assumed in Sec. II.A. Much larger event rates
would be expected from nonstandard solar models in
which He is mixed into the core (cf. Bahcall, Bahcall,
and Ulrich, 1968; Ezer and Cameron, 1968; Shaviv and
Salpeter, 1968).

Even if the standard solar model is off by an order of
magnitude or more in the fIux of the rare B neutrinos,
one may still expect to observe the much less model-
sensitive Aux of hep neutrinos. The standard model pre-
dicts about 7 hep absorption events per kt per yr with
electron recoil kinetic energies above 5 MeV.

11B

A "B target would provide the opportunity (see
Raghavan, Pakvasa, and Brown, 1986) to perform several
simultaneous experiments with B solar neutrinos. In the
same detector, one can study: neutral-current excitations
to three excited nuclear states in "B; charged-current
transitions to four nuclear levels in the mirror nucleus
"C; and neutrino-electron scattering. The neutral-
current transitions were estimated (Raghavan et al. ,
1986) from shell-model calculations and electromagnetic
excitation experiments. The charged-current transitions
can determine the energy spectrum of the electron-fIavor
B neutrinos. The ratios of corresponding neutral-

current and charged-current transitions should indicate
the relation between the spectrum of electron-Aavor neu-
trinos and the spectrum of all neutrinos (which contrib-
ute to the neutral-current excitations). The threshold for
charged-current reactions range from 2 to 7 MeV, there-
by providing different samplings of the electron-flavor B
neutrino spectrum. Raghavan (1987) is studying the
most hkely background sources and is developing a de-
tailed experimental design.

115ln

The predicted capture rate for an " In detector is

g p.o'. =639+ SNU

The effective threshold energy for allowed neutrino cap-
ture is 0.119 MeV. This low threshold is rejected in the
great sensitivity of " In to the p-p neutrinos.

The basic proton-proton reaction supplies about 73%
of the capture rate predicted by the standard solar model,
the largest percentage for any of the targets we have dis-
cussed in this paper. Unfortunately, the detection of p-p
neutrinos is especially difficult for this nucleus because of
an intense low-energy background (see discussion by
Raghavan, 1976). However, there is a large expected sig-

nal (116 SNU), from Be neutrinos, which produce a
recoil electron with a higher energy than the most intense
background. The contributions of different neutrino
sources to the total capture rate are shown in the last row
in Table XVII.

All of the usual astrophysical and reaction uncertain-
ties are relatively small for an " In detector. The uncer-
tainties from all sources other than neutrino absorption
cross sections amount to only 28 SNU. The total uncer-
tainty in the predictions is therefore dominated by the
uncertainty in the neutrino absorption cross sections,
which at present must be estimated with the aid of (p, n)
reactions.

From a theoretical point of view, this experiment has
many attractions prouided that the absorption cross sec-
tion can be accurately determined. A calibration experi-
ment with 'Cr is the most direct and potentially accu-
rate method of determining the cross section [see Sec.
IV.C and especially Eq. (7)].

Two projects are under way to develop an " In solar
neutrino experiment (see Booth, Salmon, and Hukin,
1985; de Bellefon, Espigat, and Waysand, 1985; Booth,
1987).

IX. NONSTANDARD MODELS

What do measurements of the solar neutrino cruxes tell
us about stellar evolution? What is really being tested by
these experiments?

The best way to determine what is at stake for the
theory of stellar evolution is to calculate nonstandard so-
lar models, using different assumptions regarding the un-
derlying astrophysical context, or to vary arbitrarily im-
portant physical quantities such as the equation of state,
opacity, or nuclear reaction rates. Many of the non-
standard models have been systematically investigated
and reviewed (Bahcall, Bahcall, and Ulrich, 1969; Rood,
1978; Roxburgh, 1985a, 1985b; Schatzman, 1985; New-
man, 1986). Unfortunately, relatively few of the non-
standard models have been calculated with a precision
equal to that used for standard models; hence, it is often
difficult to determine exactly what they predict for the
different solar neutrino experiments that are discussed in
Sec. VIII.

We discuss in this section two classes of models for
which we have calculated accurate neutrino Auxes and
oscillation frequencies. We discuss 6rst models with
ad hoc inhomogeneities in their chemical compositions
(i.e., inhomogeneities that are not due to nuclear fusion)
and then describe two models with nonstandard nuclear
physics.

A. ad hoc tnhomogeneous models

In this section we consider models with specially con-
cocted inhomogeneities in their primordial abundance
distribution. We hypothesize that segregation of the ele-
ments took place while the sun formed out of the solar
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nebula or as a result of diffusion during the sun's early
history. The variation of chemical composition from pla-
net to planet shows that at least some elemental segrega-
tion was possible early in the sun's life. The roles of
agents and processes such as magnetic fields, cosmic-ray
ionization, ambipolar diffusion, grain formation, mole-
cule freeze-out onto grains, gravitational settling, grain
coagulation, radiation pressure, and the dynamics of ac-
cretion disks in the formation of the sun are sufticiently
poorly understood that we feel justified in at least calcu-
lating the effects of possible inhomogeneities.

We consider two qualitatively different types of vari-
able composition models. In the first set of models, the
heavy-element abundance Z, which is assumed to be the
same at all points and at all times in the standard model,
is assumed to have a smaller value in the interior than in
the outer regions. In the second set of models, the pri-
mordial helium abundance is assumed to be nonuniform,
larger in the interior than in the outer regions. The first
set of models (variable Z) was developed as a possible
solution of the solar neutrino problem (Bahcall and Ul-
rich, 1971), and the second set of models (variable pri-
mordial Y) was considered by Ulrich et al. (1983) as a
possible solution of a problem in helioseisinology (see
Sec. X}.

Models with variable Z are nonstandard because their
opacities are different from those in the standard model,
while models with variable primordial Y alter directly the
mean molecular weight and sound speed. Although both
types of variation could be present simultaneously, we
consider them separately in order to isolate their princi-
pal effects. Also, in order to limit the number of free pa-
rameters, we have assumed that the abundance changes
occur as step functions, which eliminates the necessity of
specifying a mass increment over which the variation
occurs. The discontinuity is treated numerically by in-
serting a pair of mass points at the same mass and by as-
signing the appropriate (but different) compositions to
the inner and outer members of the pair. The equations
of energy transport and hydrostatic equilibrium then re-
quire that the temperature and pressure be cont&nuous
across the discontinuity, while the density and entropy
are different across the boundary. Dynamical stability
requires that the outer density be less than or equal to the
inner density.

We have evolved seven ad hoc inhomogeneous models,
three with reduced heavy-element abundances in the inte-
rior and four with increased helium abundance in the in-
terior. In both cases, we calculate models with the
discontinuity occurring in different places in order to il-
lustrate the sensitivity of the computed neutrino Auxes
and oscillation frequencies to the location of the compo-
sition jurnp. The neutrino Auxes from each of these mod-
els, as well as the primordial composition parameters, are
given in rows 6—12 in Table XIV. In order to maximize
the differences from the standard solar model, we have
assumed that the decrease in heavy elements occurs close
to the base of the convective envelope and that the

enhancement of helium occurs near the solar core.
Rows 6—8 in Table XIV describe the three so-called

"low-Z" models for which we have artificially reduced
the heavy-element abundance in the interior region of the
sun. The values of Y and Z given in Table XIV are the
assumed primordial values in the solar interior, we have
continued to use the Grevesse value (see Sec. II.B) for
Z/X in the outer regions. For the model labeled Zl, the
discontinuity in composition was introduced at 0.559RO,'

the discontinuities for Z2 and Z3 were introduced at
0.664Ro and 0.682Ro, respectively. The reduction of
heavy elements alters the model structure primarily
through the change in the heavy-element opacity. Hence
the maximum effect on the central temperature and neu-
trino Aux is achieved by placing the composition jump as
near to the solar surface as possible so that the opacity is
reduced throughout the radiative regions. In the follow-
ing section, we shall present the oscillation frequencies
computed from these models.

Rows 9—12 in Table XIV give the neutrino cruxes and
composition parameters for four models that we have
evolved with an inhomogeneous primordial helium and
hydrogen composition. Each of the models had an initial
helium abundance that was enhanced by 0.025 (and a hy-
drogen abundance that was decreased by the correspond-
ing amount} for a specified fraction of the interior mass
of the sun. For the models labeled Y1 through Y4 in
Table XIV, the fraction of the mass in which the initial
helium abundance was enhanced was, respectively,
005Mo 010Mo 020Mo and 0.40MO.

Table XVIII presents, for all seven of the inhomogene-
ous models discussed above, the expected capture rates in
each of the experiments discussed in the previous section.
The low-Z models reduce the calculated capture rate in
the Cl experiment to a value that is approximately con-
sistent with observation, i.e., —1.5 SNU. The "high- Y"
models increase the capture rate for the Cl experiment
by 0.1 to 1 SNU, giving a calculated rate between 8.3
SNU and 9.2 SNU.

B. Models with different nuclear physics

If the rare reaction that produces 8 neutrinos, num-
ber 9 in Table I, did not occur for some unknown reason,
the predicted capture rate for the Cl experiment would
be 1.8 SNU '(see next to last column in Table XVIII), in
agreement with observation. It is of interest therefore to
record what this "v' ery nonstandard" nuclear physics hy-
pothesis would yield for other detectors; the results are
shown in the next to last column in Table XVIII. Unfor-
tunately, the calculated capture rates for this nonstand-
ard nuclear physics hypothesis are degenerate, within the
expected experimental uncertainties, with the rates pre-
dicted using some of the possible MSW parameters.

What happens to the calculated p-mode oscillation fre-
quencies if we artificially change the overall energy gen-
eration significantly? We have answered this question by
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constructing a solar model in which the rate of the im-
portant He+ He reaction (number 6 in Table I) is set
equal to zero (S34 0). For the standard solar model,
about 15% of the terminations of the p-p chain proceed
through this reaction. Therefore the calculated solar
structure is significantly altered from what is obtained
with the standard parameters, unlike the previously con-
sidered "No 8 model. " The result calculated for S3 4 —0
is a significantly different temperature and density profile
for this nonstandard model.

Table XIV, next to last row, gives the calculated neu-
trino Auxes for the S3 4 ——0 model, and the last column in
Table XVIII gives the calculated event rates in different
detectors. For five of the seven detectors listed in Table
XVIII, the predicted event rate is reduced by more than
an order of magnitude; solar neutrino astronomy would
be very much more difticult were this nonphysical hy-
pothesis correct. However, we show in Sec. X.F that the
p-mode frequencies calculated for this model are not
significantly different from those evaluated for the stan-
dard solar model.

C. WIMP's

Weakly interacting massive particles (WIMP's) have
been proposed as a simultaneous solution to the missing
mass problem and to the solar neutrino problem (see, for
example, Press and Spergel, 1985; Faulkner and Gilli-
land, 1985; Spergel and Press, 1985). If exotic weakly in-
teracting particles make up the galactic missing mass,
then they can modify the energy transport in the solar
core in just such a way as to reduce the calculated cap-
ture rate to the value observed for Cl, provided that the
scattering cross section and the mass for the WIMP's are
chosen to lie in an appropriate range (see Faulkner and
Gilliland, 1985; Spergel and Press, 1985; Gould, 1987).
There are difFiculties in making this scenario consistent
with any already discovered particle, but various authors
have discussed new particles that might satisfy the re-
quired conditions (e.g. , Gelmini, Hall, and Lin, 1987;
Raby and West, 1987; Griest and Seckel, 1987).

There is not yet available a definitive calculation of the
predicted neutrino Auxes if WIMP's are the correct solu-
tion of the solar neutrino problem. However, Gilliland,
Faulker, Press, and Spergel (1986) have estimated the ex-
pected neutrino Auxes using reaction rates from Fowler,
Caughlan, and Zimmerman (1975), the equation of state
of Eggleton, Faulkner, and Flannery (1973),and opacities
from Cox and Steward (1970). Without performing a de-
tailed ab initio calculation, we cannot rigorously correct
the calculated cruxes of Gilliland et al. (1986) to take ac-
count of all the improvements since the 1970s in reaction
rates, opacities, and equation of state.

However, we have estimated the neutrino Auxes to be
expected on the WIMP hypothesis by assuming that, for
each neutrino source, the ratio of the Aux on the WIMP
hypothesis to our best estimate for the Aux on the stan-
dard model is the same as the ratio of WIMP to standard

fluxes calculated by Gilliland et al. (1986). Explicitly, we

PWIMp(I ) ~PBest(I ) PWIMp, G(I )~f standard, G
the subscript 6 stands for Gilliland et al. (1986).

The neutrino Auxes determined by scaling in the
above-described fashion are listed in thy last row in Table
XIV. The important Aux of 8 neutrinos should be given
reasonably accurately by this procedure, since it depends
most strongly upon the cross section for the rare (p, y )

reaction on Be, which does not affect the structure of the
sun. The Auxes of p-p and pep neutrinos are also prob-
ably well determined since they differ by only 2% and
7%, respectively, in the WIMP and standard models.
The Aux of Be neutrinos is probably not very well deter-
mined; it is about 20% higher in the standard model than
in the WIMP model. The CNO Auxes cannot be reliably
evaluated by the scaling procedure we have used; their
neutrino Auxes are about a factor of 2 larger for the stan-
dard model than for the WIMP model. Fortunately, the
CNO neutrinos are not crucial for any of the experiments
we discuss here.

The calculated capture rates for different solar neutri-
no experiments are given in the last column in Table
XVIII. They illustrate the expected trends. The main
result is that the Aux of 8 neutrinos is reduced by about
a factor of 4 relative to the standard mode); this reduc-
tion decreases by about the same factor the calculated
capture rate for electron-neutrino scattering and for H,

Ar, 'Br, and Mo detectors. The reduction is about a
factor of 2 for a Li detector and almost a factor of 3 for

Cl. For 'Ga the reduction is only about 25% and is
even smaller for an " In detector.

The WIMP hypothesis can be tuned so that it reduces
the 8 neutrino Aux by a factor of 4 or by almost any
desired reduction factor that may be indicated by the ob-
servations. Unfortunately, Gilliland et al. gave individu-
al neutrino Auxes for only one set of WIMP parameters.
The basic results that are likely to be relatively invariant
to future improvements in the solar model and in the
choice of WIMP parameters are the relative lack of
change in the p-p Aux from the standard to the WIMP
model (only 2.5%, cf. columns 2 and 12 in Table XVIII)
and, to within a factor of order 2, the ratio of Be to 8
Aux (about 2.4X10 with the assumed input nuclear
physics parameters).

D. Temperature dependence of the 8
and p-p neutrino fluxes

The local rate of production of 8 neutrinos is a sensi-
tive function of temperature; Flux ~ T, where a = 13 at
the center of the sun. The total flux of neutrinos from
the sun is an integral over the entire temperature and
density profile and depends also upon the nuclear reac-
tion cross sections. Very approximately, the 8 neutrino
Aux is proportional to (S XS34 XSI7/S33 XS, 7

)'
The S factors in the above expression correspond, in or-
der of appearance, to reactions 1, 6, 9, 5, and 7 in Table I.
Since the temperature dependence is strong, one may
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write the total rate of B neutrino production in the fol-
lowing suggestive form:

ip( 8)=const X T~ . (35a)
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Figure 11(a) shows the relation between 8 neutrino
Aux and central temperature for the 1000 solar models
that are described in Sec. VII. With P-18, Eq. (35a) de-
scribes well the relation between temperature and 8 neu-
trino fiux for the models we have calculated. If one as
sumes that nothing happens to the neutrinos from the time
they are produced until they are obserued on Earth and
that the nuclear cross sections are reasonably mell known,
then a measurement of the B neutrino fiux uphill determine
the central temperature of the sun to an accuracy of about
a percent or better.

The p-p neutrino Aux is much less sensitive to tempera-
ture. Figure 11(b) shows the relation between the p-p
neutrino Aux and the central temperature for the 1000 so-
lar models in Sec. VII. The band of points in Fig. 11(b) is
well described by the equation

ip(p-p) =const)& T (35b)

where u= —1.2. Note that the p-p neutrino Aux de-
creases with increasing temperature, contrary to naive
expectation. The reason for this nonintuitive behavior is
that as the temperature increases a greater fraction of the
terminations of the p-p chain occurs via the He- He re-
action (which produces only one p-p neutrino) and a
smaller fraction occurs via the He- He reaction (which
requires two p-p neutrinos).

The reader should keep in mind that each of the mod-
els used in constructing Fig. 11 is the end result of solv-
ing a complicated set of coupled differential equations
with boundary conditions in space and in time that de-
scribe the physical evolution of the sun (see Sec. V.A), to-
gether with many input parameters. The iterated solar
model that satisfies the boundary conditions and the ini-
tial physical assumptions yields a complete temperature
and density profile of the solar interior. The central tem-
perature is not an adjustable parameter; it is a by-
product. We have used the central temperature in plot-
ting Fig. 11 only for simplicity. We could have plotted
the B neutrino Aux versus, for example, the average tem-
perature in the inner 10% of the solar mass or versus the
temperature at 0.05Ro, where the rate of generation of
8 neutrinos peaks (see Sec. V.C).

X. HELlOSEISMOLOGY
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FIG. 11. Temperature dependence of the 8 and p-p neutrino
Auxes. (a) Logarithm of the calculated B neutrino Aux shown
as a function of central temperature for the 1000 solar models
that are discussed in Sec. VII; for this figure, the temperature is
given in units of 10 K andthe Auxin units of 10 cm s '. (b)
Logarithm of the p-p neutrino Aux displayed as a function of
central temperature for the same 1000 solar models; for this
figure, the Aux is expressed in units of 10' cm s '; the unit of
temperature is the same as for (a).

Helioseismology, like terrestrial seismology, provides
information about. the interior of the body under study by
using observations of very slight motions on the surface.
The method is analogous to striking a bell and using the
frequencies of the emitted sound to make inferences
about the bell's constitution. Leighton, Noyes, and
Simon (1962) first discovered solar oscillations by study-
ing the velocity shifts in absorption lines formed in the
solar surface. To their surprise, they found —instead of
the anticipated purely chaotic motions —that the surface
of the sun is filled with patches that oscillate intermit-
tently with periods of the order of 5 min and velocity am-
plitudes of order 0.5 km s '. The oscillatory motion was
subsequently detected in measurements of the solar inten-
sity. The oscillations typically persist for several periods
with a spatial coherence of order a few percent of the so-
lar diameter.

The correct explanation for the observed solar motions
was a long time in coming. We now know (Ulrich, 1970;
Leibacher and Stein, 1971) that the sun acts as a resonant
cavity. Sound waves that are excited in its interior are
largely trapped between the solar surface and the lower
boundary of the convection zone. The observed motions
result from the superposition of several million resonant
modes with di6'erent periods and horizontal wave
lengths. Individual modes may have velocity amplitudes
of as much as 20 cms ' and vertical excursions of as
large as 1 or 2 m.

In order for a mode to resonate in the solar acoustic
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cavity, an integral number of waves must fit along the
path leading from the solar surface to the base of the cav-
ity. The depth of the cavity is fixed by the condition that
horizontal wave number equal the total wave number
(i.e., the vertical wave number becomes equal to zero), at
which point the wave is refracted back towards the sur-
face. The vertical wave number decreases with increas-
ing depth in the sun because the temperature rises in the
inner regions. For many of the waves that have been
most intensively studied, the base of the resonant cavity
is close to the base of the convective zone.

For a given horizontal wavelength only certain periods
will correspond to a resonance in the solar cavity. It was
therefore predicted (Ulrich, 1970) and subsequently ob-
served (Deubner, 1975; Rhodes, Ulrich, and Simon, 1977)
that the strongest solar oscillations fall in a series of nar-
row bands when the results are displayed in a two-
dirnensional power spectrum that shows amplitude as a
function of both period and horizontal wavelength. Just
as in a musical instrument, the largest amplitudes corre-
spond to standing waves that experience constructive in-
terference at the boundaries of the cavity. The simplest
example is an oscillating organ pipe. The information
about the conditions in the cavity (in the sun or in the or-
gan pipe) is contained in the observed frequency spec-
trum, since the rate of propagation depends upon the
physical conditions of the medium in which the wave
travels. However, unlike most musical instruments with
which we are familiar, the sun oscillates in three dimen-
sions, giving rise to an especially rich spectrum of tones
or frequencies. These frequencies provide information
about the temperature and density distribution within the
sun and its chemical composition. Solar rotation breaks
the symmetry between otherwise degenerate modes and
enables observers and theorists working together to make

important inferences about the rate at which interior re-
gions of the sun are rotating.

Observations by Claverie et al. (1979) and by Grec,
Fossat, and Pomerantz (1980), which utilized the in-
tegrated light from the entire solar disk, showed that the
oscillations are globally coherent. The modes observed
by these techniques provide the most important informa-
tion currently available for the study of the deep solar in-
terior, since they penetrate most deeply toward the solar
center (see discussion below).

What causes the excitation and the damping of solar
oscillations? This question is difficult to answer both
theoretically and observationally. Fortunately for us, the
growth and decay of the modes is not particularly impor-
tant for the purposes of this paper. We need only to as-
sume that frequencies are not significantly influenced by
the damping or excitation processes. The stability of the
oscillations sets a limit on the precision of the
helioseismological constraints that we can impose on so-
lar models. Present observations indicate that the fre-
quencies of the oscillations can be measured to an accura-
cy of about two parts in ten thousand, which provides
very strong constraints. Indeed, some of the earliest de-

tailed observational results led to the conclusion that the
depth of the solar convection zone was deeper than previ-
ously believed (Gough, 1977; Rhodes, Ulrich, and Simon,
1977). We show in this paper (see especially Sec. X.E and
Fig. 20) that the available observations require still fur-
ther revisions in the calculations.

In this paper, we focus on the relation between the oscil
lation frequencies and the neutrinoPuxes.

We describe in this section the state of the art of
helioseismological calculations and observations. We be-
gin in Sec. X.A with a general review of the method:
theory and observation. More detailed reviews of the
method have been given by Deubner and Gough (1984),
Leibacher et al. (1985), Christensen-Dalsgaard, Gough,
and Toomre (1985), and Toomre (1986). We pay particu-
lar attention to the form of the equation used to represent
the dependence of the p-mode frequencies upon the prin-
cipal quantum numbers, n and l [see especially Eq. (40)]
and derive expressions relating the parameters we use to
the parameters that appear in the asymptotic expres-
sions. In our calculations, we avoid many of the uncer-
tainties, present in some other treatments, by calculating
the eigenfrequencies directly from solar models that in-
clude a full treatment of the atmospheric zones and

. without invoking asymptotic approximations. In order
to focus on information about the solar interior, we dis-
cuss the technique of difFerential helioseismology and ap-
ply the method to the frequency separation between the
I=O and the 1=2 modes in Secs. X.B and X.C. Section
X.B describes the physical reasons why the frequency
separation between the l=0 and the 1=2 modes [5o2,' see
Eq. (41), note also that 502 is unrelated to the Kronecker
delta] is expected to be relatively insensitive to surface
uncertainties and summarizes briefly the observational
results. We use in Sec. X.C the kernel-function approach
of Backus and Gilbert (1967) to illustrate semiquantita-
tively the sensitivity of the computed eigenfrequencies to
variations in the solar model. This study provides added
justification for the expectation that the separation 502
should not be strongly influenced by surface uncertain-
ties. We describe in Sec. X.D the two separate codes that
we have developed: SUNEV (primarily for solar interior
calculations) and CATMOS (primarily for helioseismo-
logical calculations). Table XIX shows a quantitative
comparison of the two models. The neutrino fluxes cal-
culated from the two codes are in excellent agreement.
In Sec. X.E, we compare with the observational results
the eigenfrequencies that are calculated from diC'erent
standard models. Table XX summarizes the compar-
isons. The calculations represent well the general
features of the measured frequency spectrum; the ob-
served and predicted frequencies agree to an accuracy of
order 0.5%. However, there are small but persistent
discrepancies; the most serious pertains to the frequency
splitting 502, for which the observations yield 9.45+0.25

p Hz and the calculations give about 10.6 p Hz (out of a
total of about 3 & 103 p Hz). We discuss in Sec. X.F mod-
els with nonstandard physics. We show that even a dras-
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tic modification of the nuclear energy generation will not
lead to measurable changes in the predicted p-mode
eigenfrequencies [see row 8 in Table XX below and Eq.
(54)]. This result illustrates the complementarity of solar
neutrino experiments and helioseismology. Finally, we
show in Sec. X.G that models with an inhomogeneous
helium abundance are potentially capable of resolving the
discrepancies between the measured and computed
values of 502 without significantly affecting the predicted
neutrino cruxes.

A. The method

Helioseismology consists in the comparison of the ob-
served frequencies of oscillation of the solar surface with
the frequencies computed using a model of the solar inte-
rior and surface. Progress in determining the solar con-
ditions is achieved by refining the model in order to
match more closely the observed frequencies. The modes
that have been unambiguously detected are confined to
the range of periods near 5 minutes. The restoring farce
in this frequency range is the compressibility of the gas.
The observed p modes correspond to standing acoustic
oscillations.

The sensitivity of a given eigenmode to the properties
of the solar interior depends upon the amplitude of the
mode at the position of interest. For the 5-min (pressure)
modes, this amplitude is much larger in the surface layers
than in the interior. Therefore the information that these
oscillations contain about the interior layers where the
neutrinos are produced is contaminated by effects from
the surface.

For simplicity, we shall concentrate on perturbations
with a high degree of symmetry; however, we recognize
that some observed properties of the sun do not have a
high degree of symmetry. For example, the density of
magnetic fibrils of the type discussed by Bogdan and
Zweibel (1985) could be concentrated in regions of solar
activity that have a preferred latitude and possibly even a
preferred longitude. Significant asymmetries of this type
could cause the overlap integral between the perturbation
and the modes of different angular dependences to yield a
larger frequency shift for the mode that has a greater
fraction of its amplitude in the region of the perturba-
tion. Our limited knowledge of the character of such
asymmetric effects makes it difficult to set rigorous upper
limits to the potential size of the resulting frequency
shifts.

Important constraints on the magnitude of asymmetric
perturbations can be obtained from the fact that such
perturbations break the degeneracy in the azimuthal
quantum number. The resulting multiple frequencies are
potentially observable, and their absence could be used to
set upper limits on the size of the perturbations. Gough
(1982) has discussed inhomogeneities of this kind and has
applied constraints derived from the absence of observed
splittings to the question of a large internal dipole mag-
netic field. A similar discussian is needed for the inho-

l al(l +1)—P
0 n+ —+C. —Vo

ln+ —+c
2

(36)

where v„l is the frequency of the nth eigenmode that is
described by the spherical harmonic YP(8, y), and the
various quantities on the right-hand side of Eq. (36) are
adjustable parameters, except for the quantum numbers l
and n The form .of Eq. (36) constrains the dependence of
the frequencies upon the quantum numbers, but permits,
for all of the modes, the adjustment of the zero point,
slope, and curvature of the relationship between v„ I and
n. Once the overall parameters are specified, the l depen-

mogeneities that result from convection, fibrils, and other
complicated phenomena that are observed near the solar
surface.

The modes in the 5-min band that provide the most in-
formation about the central regions of the sun are those
which propagate closest to the solar core, and those in
turn are most nearly spherically symmetric [see Eq. (49)
and the following discussion]. These central-peaking
modes correspond to the lowest-degree spherical har-
monics and have been observed by full, and nearly full,
solar disk techniques by Claverie et al. (1979, 1981).
Grec, Fossat, and Pomerantz (1980), and Henning and
Scherrer (1986). Because the global acoustic modes are
propagating in a nearly vertical direction at the solar sur-
face, and because the vertical wavelength is small com-
pared to the solar radius, near the solar surface the am-
plitude as a function of depth is primarily a function of
frequency rather than spherical harmonic degree. Conse-
quently surface effects can be partially canceled, and
properties of the deep interior can be deduced in princi-
ple by studying differences between modes of similar fre-
quencies.

There are two related fundamental questions that we
have to address. What are the frequencies, or frequency
differences, that are least affected by poorly understood
surface physics like convection or turbulence? How big
are the surface effects in the optimal cases? In what fol-
lows, we suggest reasons why the frequency difference 602
given in Eq. (41) below may be a particularly useful quan-
tity to study in order to obtain information about the so-
lar interior.

The gravity modes could provide more direct informa-
tion about the regions of nuclear energy generation, since
they are confined below the convection zone and in fact
have amplitudes that reach their maxima in the inner
10/o of the solar radius. Unfortunately, observations of
these modes are not yet in a state that would allow us to
infer reliably the properties of the solar interior.

There has been an emphasis in the published literature
on parameters that have their basis in analytic approxi-
mations: The asymptotic expressions derived by Tassoul
(1980) and Vandakurov (1967), and popularized by
Christensen-Dalsgaard and G-ough, have been the focus
of many discussions. We start, following Gough (1984),
from the following result:
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dence of the zero point, slope, and curvature are deter-
mined. The use of Eq. (36) may therefore discard valu-
able information contained in the observations about the
l dependence. This information is potentially valuable
since, for the high-n, low-l modes, the value of l strongly
inAuences the depth of penetration into the solar core.
We have developed a fitting procedure [see Eq. (40)
below] that retains a significant amount of the observa-
tional information regarding the l dependence.

Scherrer et al. (1983) have used the following fitting
formula:

v„ i
——vpp —1 ( 1 + 1)Dp

I'+ [hvp+1 (1 + 1)dp] n +— np—
2

(37)

0 dy
Vp= 2

0 C
(38)

where c is the sound speed. Note that vp and Avp are
close numerically but differ as is described below [see Eq.
(42)]. The fitting parameter Dp is related approximately
to the differences between nearly degenerate frequencies
at l and l+ 2by

Dp =(v„,—v„, , +2) I(41 +6) . (39)

Although the asymptotic expressions and various
fitting parameters are useful for understanding what is
being measured and in explaining the major features of
the solar spectrum, there are four significant problems
with this approach.

First, the formulas are not exact and the values of the
fitting parameters depend on the way they are derived
from the data. For example, the curvature in the v vs n

relationship at fixed l implies that the values of vp and

hvp depend on the range of n used to make the deter-
mination. An inaccurate representation of the l depen-
dence can cause similar problems. Second, when the
form of the n or l dependence deviates from the observed
dependence, the systematic mismatch increases the for-
mal rms error in the derived fitting parameters and ob-
scures the estimate of the errors of measurement. Conse-
quently one loses the possibility of estimating objectively
the errors of measurement from the size of the rms devia-
tion. Third, the higher-order terms contain information

Equation (37) can be obtained by expanding Eq. (36)
about an arbitrary fiducial point for n (denoted by np)
and retaining only those terms that are linear in n. The
quantity vpp in Eq. (37) and below is an offset frequency
that is close to v„p. The l dependence of the slope of

v„& with n is also retained from Eq. (36). Equation (37)
has the advantage that the differences between pairs of
frequencies are closely related to the fitting parameters.
For example, frequencies for successive values of n at
fixed I are separated by approximately Avp. An often
used approximate relation between the structural charac-
teristics of the solar model and vp is

about the solar interior that is unavailable if these terms
are neglected. Fourth, the integral formula in Eq. (38) is
dificult to cut off at the solar surface. The solar atmo-
sphere and chromosphere is 2000 km thick and has a
sound speed of roughly 7 kms '. Consequently this re-
gion contributes about 8%%uo to the integral in the denomi-
nator. If the integral is cut off at the temperature
minimum, the contribution between ~=—', and &=0.001 is

only 1.5%, but the resulting value of vp is larger than the
exact value obtained by the eigenfrequency calculation by
about 2%%uo. Consequently, quantitatiue use of Eq. (38) is
Qm&lgQOQs.

In order to base our conclusions on comparisons that
are only weakly dependent on the choice of mode fre-
quencies, we fit the frequencies at each l to a polynomial
in n. If the lower-order frequencies are not included in
the fit (i.e., we retain only n & 15), a parabolic fit of v vs n

is adequate to represent the data to within the observa-
tional uncertainty quoted by Palle et al. (1987). We use
the form

v„/ ——vp/+ Av/(n np )—+a/(n np )—2 (40)

~02 v00 v02 ~ (41)

which is essentially 6 times Dp.
For any particular value of l, the relationship between

the fitting coefficients and the parameters in Eq. (36) can
be derived by a straightforward expansion of Eq. (36).
Note that vp and vp& are distinct quantities: vp is the
fitting parameter from Eq. (36), which is similar to a fre-
quency spacing interval. In contrast vpI is the zero-point
frequency in Eq. (40) and hv& is similar to vp. As long as

i a& i
&b,v&/vp& then it can be shown that vp, 5vi, vpi,

and ar are related by the following quadratic equation:

2 A
vo —~vl vo —aI vpl

——0,
and aI is given by

piai v= vp[ctl (1 + 1 ) P]

(42)

(43)

Equation (43) can be used to derive P froin the fit to 1=0,
and Eq. (42) gives vp from b,v, , vp, , and at. The value of

where n0 is a reference value of n that we have taken to
be 18—I/2 with ll2 truncated to the next lowest integer.
The formula given in Eq. (40) includes the quadratic
dependence of v„& on n from Eq. (36) and permits the
fitting coefficients to be determined independently for each
l. The quantities vpI and Av& depend on the choice of np
in a way that can be calculated explicitly from Eq. (40).
If the fit is good, the exact range of n values included in
the fit will not inhuence the derived coefBcients. This ex-
pectation has been verified by numerical tests with both
simulated and actual observational data.

The parameter vpI plays a role similar to the frequency
itself but, because it depends on several individual fre-
quencies, it has a smaller rms error than any single mea-
surement or calculation. The difference of two offset
values vpI for l =0 and 2 is
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c is found from

—no
Vp

and the value of cx can be calculated from

ln+ —+c
2

vn —1, 1+2 vn, l (4I +6)

(44)

The parameter Do is related to o, by

CXV~ IDo=
ln+ —+c
2

(46)

These expressions exhibit the l dependence of the fitting
parameters of Eq. (36), and it will be seen in the discus-
sion of both the observational and theoretical results
below that the actual l dependence deviates from that ex-
pected according to Eq. (36) by amounts that are large
compared to the uncertainties. The particular predic-
tions we examine are

b, vz —hvo = —5oz/( no+ e ) (47)

and

az —ao ——5oz/(no+ E)2

In our calculations, we avoid the uncertain inAuence of
the surface region on the integral expression for vo that is
given in Eq. (37) because we calculate the eigenfrequen-
cies directly from the model, without making use of the
approximate integral. However, the chromospheric layer
does introduce a second resonant cavity, which makes
possible an independent set of eigenfrequencies. When
there is an accidental degeneracy between the frequencies
of these two cavities, the interior frequencies are altered
by observable amounts. The frequency pulling that re-
sults in the numerical calculations can be large. We use
an automated procedure, based on the deviation from the
fitting curves described above, to detect and delete these
greatly perturbed frequencies.

How can we extract the significant parameters from
the large number of frequency measurements? This is a
major problem. Without a careful analysis, it is not clear
which quantities contain significant information .about
the solar interior and which are only redundant or reAect
primarily surface conditions.

Because of the large number of observed frequencies,
there are many possible combinations in addition to
those represented by the asymptotic expressions and in
addition to the coefficients in Eq. (40). Some linear com-
binations of the frequencies are redundant with other
linear combinations. Our object is to select the largest
possible set of linearly independent combinations of fre-
quencies and to evaluate the significance of the resulting
quantities. The spectral analysis method of seismology as
described by Parker (1977) provides a mechanism for car-
rying out this task. The significance of such trends in the

data should be evaluated in an objective manner based on
the errors in the frequency measurements and a compar-
ison to theoretically derived trends. A complete global
analysis of the solar frequencies will be discussed by
Korzennik and Ulrich (1988).

Differential helioseismology, i.e., examining frequency
differences rather than individual frequencies, is an im-
portant method for trying to isolate the effects of struc-
ture in the solar interior from the inhuence of the solar
surface. Although the individual frequencies of two
modes are usually difBcult or impossible to calculate to
the accuracy with which they are measured, for some
pairs of modes the frequencies of each mode are expected
to respond in similar ways to uncertain conditions near
the solar surface. For such pairs, the frequency
differences will contain relatively clear information about
the solar interior. The following sections focus on the
frequency differences between the l=0 and l=2 modes
because the differential technique seems to be particular-
ly illuminating for this case. The success of the argument
depends on establishing three points: (1) the sensitivity of
each frequency to local changes in the properties of the
solar interior is proportional to the mode amplitude at
that point; (2) appropriately selected pairs of modes have
nearly identical amplitudes as a function of depth in the
outer regions, so that the frequency difference is insensi-
tive to surface phenomena; and (3) the predicted low sen-
sitivity of the frequency differences to surface phenomena
is exhibited by direct numerical calculations of standard
solar models. The first of these points has been made
plausible by Backus and Gilbert (1967), with rather gen-
eral approximations, and will not be discussed further
here. The second point is discussed for the case of 502 in
the next two sections; the results given in Sec. X.D. pro-
vide the numerical justification of the third point.

B. The separation between the /=0 and /=2
mode frequencies

The parameter Do [of Eq. (39)] represents the separa-
tions between the l=0 and 1=2 mode frequencies [of Eq.
(40)] and is sensitive to the gradients at the solar core.
The observed frequency difference corresponding to Do is
often quoted as 9.3 p Hz and the theoretical value as 10.4
p Hz. In fact, the observations from the Tenerife-Hawaii
network reported by Palle et al. (1987) show that this
separation varies from 9.9 p Hz for n =15 to 8.9 p Hz for
n=28. We discuss in this section the significance of this
discrepancy and its trend with n.

The frequency separation 5oz [of Eq. (41), 50 z=6DO] is
relatively insensitive to surface uncertainties. Therefore
the observed discrepancy between the results of the stan-
dard solar model and observations has often been taken
to require some modification of the computed interior
characteristics. This result is counter to what one might
expect for modes in the 5-min band, since these modes
spend the largest fraction of their travel time near the
surface. Consequently the 5-min modes are more sensi-
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tive to surface than to interior effects.
The local dispersion relation for the waves, in com-

bination with the kernel-function theory of the next sec-
tion, provides a framework for understanding why the
502 combination is relatively independent of the solar
outer structure. Each oscillation mode is described by an
angular frequency co and a vertical wave number k„. The
dispersion relationship between these quantities is

(49)

where r is the distance from the center of the sun, ~p is
the acoustic cutoff frequency c/2H (H is the density
scale height), and X is the Brunt-Vaisala frequency. The
turning point for the modes occurs at the depth for
which k„=O, which is at a radius r =c[l(l +1)]' /co.

According to the variational analysis of Backus and
Gilbert (1967), a change in a local quantity such as the
sound speed alters the frequency of a mode by an amount
proportional to the amplitude of the mode at that loca-
tion. This proportionality is governed by the kernel
functions, which are discussed in greater detail in the
next subsection. The key result that is obtained from the
kernel theory is that two modes will respond to localized
perturbations of the model in the same way as long as
their amplitude as a function of depth is similar. The
modes obey the same outer boundary condition and
remain in spatial phase as long as they have the same k, .
According to Eq. (49), the quantities that differ for the
I=O and the l=2 modes are the angular frequency co and
the horizontal structure, which is governed by l(l+ 1).
Near the solar surface, the vertical wave number is of or-
der 2X10 cm ', while [l(l+1}/r ]' is 3.5X10
cm ' for l=2. Observationally, the difference in fre-
quency between the 1=0 and I=2 modes is only 10 p Hz
out of 3000 pHz. The combination of the differences
from horizontal structure and angular frequency pro-
duces a spatial phase shift between the structure of the
two sets of modes which is only a fraction of a percent
per vertical wavelength. Less quantitatively, the angle of
propagation between the mode that goes directly to the
center of the sun (l=O) and the mode that misses the
center (I=2) is small and, if we are fortunate, may not
cause the mode structure to differ significantly near the

- solar surface.
It is plausible that the effect of the vertical spatial

phase shift can be further reduced by combining several
modes. Successive modes with a fixed l have an increas-
ing number of nodes. Consequently the maxima of one
mode tend to fall near the nodes of the next mode, and
the average of several modes will depend on the model
structure more smoothly than for any individual mode.

The effects described above reduce the sensitivity of 502
to surface effects. On the other hand, p modes spend
most of their travel time near the surface, which
magnifies the importance of the outer regions. The com-
bination of all these effects can be discussed quantitative-

ly using the kernel-function theory. The key question is
whether any of the many uncertainties in the modal
analysis theory associated with the complicated physics
of convection, magnetic fields', inhomogeneities, and sur-
face activity can modify 50z without making the agree-
ment between theory and observation of v00 substantially
worse. In order to make progress at this stage, we are
forced to assume that eigenmodes are described by linear-
ly independent spherical harmonic eigenfunctions. We
know observationally that inhomogeneities and anisotro-
pies are present at the solar surface, but we cannot calcu-
late how much they affect 502.

With the reservations described above, the frequency
separation between the I=0 and the l=2 modes provides
an important test of solar models (interior plus surface).
The result is a strong hint that our present quantitative
description requires improvement.

C. The kernel-function approach

5v„ I RQ, 5c= J K„&(r) dr .
0 ' c

(50)

The dimensionless kernel function K„ I is the logarithmic
partial derivative of the frequency with respect to the
fractional change in the sound velocity, 5c/c and is relat-
ed to K' in Eq. (54) of Backus and Gilbert (1967), Appen-
dix B by K„&.(r)=K'/pr co . A density term has been
dropped from Eq. (50), since the present discussion is in-
tended only to be illustrative. We can exhibit the sensi-
tivity of the frequency separation 502 to model variations
by forming a difference of the kernel functions
K„p—K„2. Since the coefFicients v00, v02, and 502 all de-
pend on a range of n (in practice, typically between 15
and 30), we average the kernel difference over this same
range of n and define (K)0 and 5(K )Oz as

(K)o——(n2 n, +1) ' g K„o—,
n=a&

(51)

We can understand semiquantitatively the sensitivity
of the eigenfrequencies to solar model variations with the
aid of the kernel functions derived by Backus and Crilbert
(1967} using a variational analysis of the equations of
motion. This approach does not provide an adequate
tool by itself for the understanding of errors in the solar
model because it does not incorporate the constraints
from the equations of solar structure. In particular, the
equations of energy transport and conservation are not
included in the formalism. Some of the changes in the'
structure of the solar model that can be derived directly
from the Backus and Gilbert approach will not be corn-
patible with the energy equations. Nonetheless, the ker-
nel functions are useful as a guide, and future extensions
of the variational theory may make it possible to incorpo-
rate the energy constraints.

The dependence of the frequencies on the sound speed
can be written in terms of the kernel functions as follows:
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n2

A(K)o~=(n~ —n, +1) ' g (K„o—K„z),
n=n&

(52)
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where n, and n2 are the lower and upper limits on the n

range.
Figures 12 and 13 display the dependencies of (K)o

and b, (K )o2 on r It. is clear from these figures that the
Inodel values of 502 are primarily dependent on gradients
near the solar center, while v00 depends mostly on the
properties of the surface. However, even in the case of
502, there does appear to be some sensitivity to the struc-
ture in the outer layers.

Can 502 be adjusted without at the same time introduc-
ing excessively large changes in v00? We examine the ra-
tio (K )old, (K )oz in order to answer this question. The
ratio gives the partial derivative Bvoo/B5o2 that is caused
by a local change in the sound speed when the model is
held constant elsewhere. The smoothing effect of averag-
ing over several modes has reduced but not eliminated
the ripples in the two functions. Since 6(K)oz changes
sign, the partial derivative would have many divergences
if we were to look at sound speed changes in too small a
zone of the sun. In order to avoid such divergences,
which would only strengthen our argument, we first in-
tegrate (K)o and b.(K )o2 over a finite zone which we
have taken as 0.1Ro and then calculate the ratio.

Figure 14 gives the resulting partial derivatives as a .

function of r/Ro. The kernel functions that relate v„&
to p yield qualitatively similar results.

We can now restrict the regions of the model that
might be responsible for the discrepancy in 5&2. Since the
discrepancy between calculation and observation in v00 is
approximately 10 p Hz (or -0.5%), we can only permit
changes in this quantity of the same order of magnitude
before the agreement will be substantially worsened. If a
model change is to produce a I-p Hz ( —10%) change in

5p2 subject to this restriction, then —according to Fig.
14—the zone involved must be inside of r =0.3Ro.

) )salsa)) lass)la) s al) as)I) a)ala))) I)s a)I) as)la)a ~'

0 . 1 .2 .3 .4 .5 .e .V .8 .9
r/Ro.

FIG. 13. The difference in kernel functions for l =0 and 2 as a
function of radius. This kernel function difference illustrates
the sensitivity of 5o2 to localized changes in sound speed.

Since the neutrino Auxes. are produced in the innermost
part of this region, the resolution of the discrepancy may
alter the predictions of the neutrino Quxes.

The hypothesis that WIMP's increase the conduction
of energy near the solar core does alter the calculated
neutrino cruxes, as has been discussed by Faulkner,
Gough, and Vahia (1986) and by Dappen, Gilliland, and
Christensen-Dalsgaard (1986). We show in Sec. X.F.
below that an alternate hypothesis of inhomogeneous ini-
tial distribution of helium (see also Sec. IX.A) can also
resolve the 502 problem without significantly altering the
predictions of v00 or the neutrino cruxes.

D. Model computations

As outlined in a recent series of papers (Ulrich and
Rhodes, 1983; Ulrich, 1986; Popper and Ulrich, 1986),
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FICs. 12. The kernel-function average (K)o vs radius. This
kernel function illustrates the sensitivity of the zero-point fre-
quency voo to localized changes in the sound speed.

FIG. 14. Ratio of the averaged kernel function in Fig. 12 to the
difference in kernel functions in Fig. 13 as a function of radius.
This function illustrates the relative effect a change in the model
will have on voo and 5oz.
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the calculation of eigenfrequencies is based on a sequence
of two models. The first model is constructed using a
code, SUNEV, which treats the solar interior accurately
and which yields the physical characteristics and neutri-
no cruxes given in Sec. V and Tables X—XII. This code
describes the nuclear evolution in detail (see paper I) but
replaces the surface zone with a grid of model atmo-
spheres that is represented by an interpolation formula.
The grid was computed in the early 1970s and is based on
an earlier version of the present atmosphere code. Al-
though this approach is inadequate for the calculation of
seismological frequencies, it does provide a representa-
tion of the surface zone that is sufticiently accurate for
the computation of solar neutrino fIuxes. ' The second
model used a code, CATMOS, that takes the nuclear
abundances and gravitational energy generation as a
function of mass from SUNEV and calculates a detailed
envelope structure. CATMOS carries the integration to
the solar center and represents the innermost zone by
fitting the lowest-order expansion of the central regular
solution onto the numerical model.

The two codes are substantially independent of each
other and share only the opacity 1ookup subroutine and
parts of the nuclear energy production code. Thus, a
comparison of their output illustrates the sensitivity of
the calculated neutrino fluxes to the details of the numer-
ical method. Unfortunately, the SUNEV models are
inadequate for the purpose of computing seismological
eigenfrequencies, so that we cannot carry out a similar
exercise for the frequencies of the oscillations.

The basic physical functions, equation of state, opaci-
ty, and nuclear energy generation are similar but
not identical in the two codes. The equation of state in
CATMOS is more detailed than in SUN EV; the
CATMOS equation of state includes partial ionization of
13 elements and molecule formation at low temperatures.
SUNEV treats only the partial ionization of hydrogen
and helium and enforces full ionization at high tempera-
tures with the Planck-Larkin formalism. Both codes in-
clude the Debye-Huckel treatment of the electrostatic
corrections, and both codes include the second Virial
coe%cient treatment of the collective effects according to
Ebeling and Sandig (1973). The opacity tables at
high temperature are identical for the two codes, while
CATMOS includes low-temperature tables from Vardya
(1964). The two sets of formulas for nuclear energy gen-

Contrary to the comments of Cahen et aI. (1986), it has been
known for two decades that the solar neutrino Auxes are insens-
itive to variations of the solar surface parameters (see Sears,
1964; Bahcall and Shaviv, 1968). We present at the end of this
section additional quantitative evidence that the calculated so-
lar neutrino cruxes are insensitive to assumed properties of the
solar surface; the cruxes calculated by two independent codes
with difFerent techniques agree to of order 2% (see rows 5 and
15 in Table XIV).

eration and cross-section factors are identical, but the
abundance of He in CATMOS is not carried over from
SUNEV. In CATMOS, the He reaction sequence is as-
sumed to be in steady state. The CNO cycle approach to
steady state is dificult to treat without a detailed tirne-
dependent calculation but because of the need to apply
the CNO correction to the opacity the time dependence
cannot be ignored. We have adopted the following pro-
cedure: The ratios X&2/X&4 and X,6/X, 4 are passed
from SUNEV to CATMOS. The steady-state values of
these ratios are calculated by CATMOS. If the SUNEV
ratios difFer from the CATMOS steady-state values by
less than 10%, then the CATMOS value is adopted. If
the SUNEV ratio exceeds the steady-state ratio by more
than 50%, the SUNEV ratio is adopted. In between
these fiducial values a linear interpolation is used.

The distribution of zoning is difFerent in the two codes.
CATMOS uses 250 points to represent the zone omitted
from SUNEV, which encompases the outermost 8% of
the sun. SUNEV uses a fourth-order accuracy integra-
tion scheme with 90 points for the inner 30% of the ra-
dius where the temperatures are above S)&10 K, while
CATMOS has roughly the same number of points for the
same region but uses a numerical scheme with second-
order accuracy. In the section between the outermost
zone of SUNEV and the beginning of the inner zone,
SUNEV has only 15 points, while CATMOS uses 150.
The interpolation formula used by SUNEV repre-
sents the physical parameters computed explicitly by
CATMOS to within a few percent at the first point. Due
to the different zoning in the two modes and the more de-
tailed equation of state in CATMOS, the physical vari-
ables computed with SUNEV and CATMOS differ slight-

ly and reach a maximum difference of 6% in density and
pressure at a temperature of 2&10 K. The temperature
as a function of radius agrees between the two models to
within 0.5% for all points interior to I X 10 K. Quanti-
tative comparisons of the models computed using the two
codes are shown in Table XIX.

The most noticeable difFerence between the two models
is in the central temperature, which is about 1.5% higher
in CATMOS than in SUNEV. This difFerence is largely a
reAection of the less obvious but equally important
discrepancy between the two calculations of the mass as a
function of the radius. CATMOS has a slightly higher
included mass at each radius and, since the composition
is assumed to be a function of M(r), the abundance of
hydrogen is systematically too large by a fraction of a
percent. The iteration that is required to achieve
the correct luminosity adjusts X by adding a constant
increment to all mass points. The increment used by
CATMOS to match the SUNEV model was —0.00370.
The change in the central temperature goes in the direc-
tion to equalize the rate of nuclear energy production at
the centers of the two models.

The rates of neutrino production for the CATMOS
model are compared in Table XIV with the rates calcu-
lated using SUNEV (see rows 5 and 15 in Table XIV).
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TABLE XIX. Comparison between two solar model codes. The characteristics of the SUNEV model
are given on the top row of each entry and the characteristics of the CATMOS model are given on the
bottom row of each entry.

(&o)

0.9204

0.8420

0.7254

0.5054

0.3349

(Mo)

0.9990
0.9992

0.9949
0.9953

0.9803
0.9816

0.9000
0.9004

0.6900
0.6967

T
(10' 'K)

0.451
0.468

1.026
1.043

2.095
2.101

3.883
3.861

6.084
6.072

P
(gm cm )

0.0151
0.0149

0.0525
0.0497

0.155
0.145

1.25
1.22

8.27
8.22

P
(dyn cm 2)

8.95E ll
9.09E 11

7.16K 12
6.88E 12

4.33E 13
4.08E 13

6.50E 14
6.29E 14

6.75E 15
6.70E 15

0.2212

0.1145

0.0000

0.4000
0.4054

0.1039
0.1055

0.0000
0.0000

8.708
8.724

12.49
12.57

15.62
15.85

28.7
28.9

76.8
77.9
149
150

3.35E 16
3.38E 16

1.18E 17
1.21E 17

2.31E 17
2.37E 17

The neutrino cruxes calculated with SUN EV and
CATMOS agree to within 2% or better for all of the
fiuxes except the CNQ sources (for which nonequilibrium
efFects are important; see discussion above). This excel
lent agreement, particularly for the dificult to calculate
B and Be neutrino fiuxes, giues us additional confidence

that the answers are independent of the numerical pro
cedures to the desired accuracy of a few percent

E. Standard models and comparison
with observations

Table XX gives the principal results of our calculations
of oscillation frequencies. The results given in the table
for pressure oscillations have been limited to the l=O and
l=2 modes alone. The discussion of kernel functions
given in Sec. X.B shows that these particular modes pro-
vide the most direct test of the solar interior that is avail-
able from solar oscillations in the 5-min band. We have
verified by extensive calculations of the frequencies of
other modes that model results for the higher l values are
also consistent with the general trend of the data.

Although there have been suggestions that the longer-
period gravity modes have been tentatively detected (De-
lasche and Scherrer, 1983), the interpretation of the mea-
sured frequencies is complicated by the combination of
the complexity of the spectrum and the window function
introduced by the diurnal observing pattern. As an indi-

cation of the sensitivity of the gravity modes to various
model parameters, we include in Table XX the asymptot-
ic gravity mode factor Po (see Christensen-Dalsgaard
et al. , 1985, and references therein):

—1f'x" (53)
0 r

where X is the buoyancy frequency and r, is the radius at
the base of the convection zone. Here Po/[l(l +1)]'
gives the approximately uniform period interval for the
gravity modes.

For the modes in the 5-min band, a least-squares fit has
been made using the form given in Eq. (40) for modes
with 13~n &30 and no=18. All the observational en-
tries in Table XX have been derived from published or
calculated frequencies in a uniform manner. In addition
to the fitting coefticients, we give below each entry the
derived standard error (square root of the variance) of the
coefficient. This variance is partly a result of random
variation about the fitting line (especially for the observa-
tions) and partly a result of the inadequacy of the fitting
form. Although higher-order terms could be derived for
the theoretical models, the observations do not contain
enough information to permit a useful comparison with
additional coefficients. Therefore we have limited the
power series to the terms indicated in Eq. (40).

Table XX is divided into four sections. Entries 1 —3
represent observations; entries 4—7 give properties of the
sequence of standard solar models corresponding to rows
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1, 2, 4 and 5 in Table XIV (Sec. V); entry 8 is a model
developed to illustrate the complementarity of
helioseismology and solar neutrino astronomy (see row
14 in Table XIV, the last column in Table XVIII, and

Sec. IX.B); entries 9 and 10 were calculated to test the
sensitivity of the p-mode oscillations to changes in the
equation of state (see Sec. X.F.2 below); and the subse-
quent entries are for a series of models with inhomogene-

TABLE XX. Frequencies and frequency separations. For each entry, the numerical values for the coefficients are given in the top
line and the variances are given in the second line. The units are pHz, except for the g-mode period PO, which is given in minutes.

No. Case

1. Grec et al. (1983)

2. Woodard(1984)

3. Palle et al. (1987)

4. Paper I

5. New S

6. All New

?. CNO Cor

8. S34=0

Pcoul 2+Pcoul

Pcoul=2&& Pcoul
for T ( 2 x 10 K

ll. Low Zl

12. Low Z2

13. Low Z3

14. X down 0.025
for M(0.05 M~

15. X down 0.025
for M(0.10 Mo

16. X down 0.025
for M(0.20 Mo

17. X down 0.025
for M(0.40 Mo

Pp

37.334

36.972

37.864

37.661

37.750

37.046

38.205

40.328

41.119

40.559

36.902

37.162

36.042

37.298

&oo

2630.457
0.430

2629.751
0.422

2630.020
0.200

2615.728
0.150

2616.341
0.147

2619.264
0.159

2618.679
0.159

2616.044
0.151

2621.458
0.167

2617.484
0.182

2629.814
0.136

2613.678
0.151

2603.641
0.186

2620.111
0.157

2620.574
0.152

2621.776
0.149

2642.092
0.131

9.445
0.462

9.871
0.476

9.455
0.252

10.515
0.228

10.430
0.222

10.438
0.232

10.576
0.237

10.540
0.230

10.210
0.266

10.371
0.278

11.639
0.201

12.028
0.240

12.093
0.285

10.153
0.233

9.873
0.227

9.639
0.219

10.187
0.196

AVp

134.433
0.129

134.653
0.330

134.310
0.064

134.326
0.048

134.303
0.047

134.442
0.051

134.482
0.051

134.375
0.048

134.631
0.053

134.532
0.058

134.995
0.043

134.576
0.048

134.265
0.057

134.416
0.050

134.389
0.048

134.490
0.047

134.517
0.042

—0.355
0.145

—0.227
0.373

—0.101
0;088

—0.284
0.082

—0.288
0.080

—0.269
0.083

—0.284
0.086

—0.266
O.OS3

—0.333
0.097

—0.293
0.100

—0.461
0.072

—0.463
0.087

—0.431
0.102

—0.301
0.084

—0.329
0.082

—0.282
0.078

—0.229
0.071

ao

0.123
0.025

0.051
0.053

0.112
0.009
0.184
0.007

0.183
0.007

0.181
0.007

0.182
0.007

0.186
0.007

0.195
0.007

0.191
0.008

0.196
0.006

0.205
0.007

0.202
0.008
0.181
0.007

0.184
0.007

0.186
0.007

0.181
0.006

Go —G2

0.062
0.026

0.010
0.028

—0.001
0.011
0.006
0.010

0.006
0.010

0.0004
0.010

0.004
0.011
0.007
0.010

0.011
0.012

0.008
0.012

0.023
0.009

0.023
0.011

0.020
0.013
0.005
0.010

0.008
0.010

0.013
0.010

—0.003
0.009
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FIG. 15. Echelle diagram of the observed and theoretical fre-
quencies of the solar oscillation spectrum. The high-resolution
spectrum in the 5-min band has been cut into regularly spaced
horizontal sections, which are displayed in successive strips that
are displaced vertically from each other: &(, frequencies of ob-
served power spectrum peaks from Palle et al. (1987);
theoretical frequencies for the CNO Cor model of this paper.
The vertial axis gives the values of the cutting frequencies v,„„
while the horizontal axis gives the offset frequency v,z„,.

ous initial chemical compositions (rows 11—17 in Table
XX correspond to rows 6—12 in Table XIV). The entries
in the first section give the fitting coefticients derived
from the observations reported by Grec, Fossat, and
Pomerantz. (1983), Woodard (1984), and Palle et al.
(1987), respectively. We concentrate in the subsequent
discussion on a comparison to the recent results of Palle
et al. (1987), which represent an improvement in pre-
cision over earlier observations.

The sequence of standard models in Table PX includes
four models sum. marized in Table XIV, namely, paper I,
NewS, A11New, and CNO Cor. As described in Sec.
X.D, these models are not identical to those used to
derive the neutrino cruxes, since they have all been corn-
puted with CATMOS. The first solar model, designated
as paper I, corresponds approximately to the computa-
tional procedure and parameters used in paper I.

We summarize in Fig. 15 the comparison between our
best model, CNO Cor, and the most precise available fre-
quencies, those of Palle et al. (1987) in an echelle format
diagram. We use the same format for this figure as has
been adopted by many observer groups in order to facili-
tate comparison to observed results. This format dia-
gram is similar to the way in which an echelle spectro-
graph displays a spectrum. With high-resolution data
the full spectrum cannot be displayed in a single band,
since that would either require a larger horizontal dis-
tance than is available or excessively narrow spectral
bins. The problem is solved by cutting the spectrum into
regularly spaced sections and displaying them one above
the next. In the case of the solar oscillation spectrum
this technique is especially effective, since the pattern of
frequencies is regularly spaced. In fact, if the quadratic

terms were absent and the spectral cutting interval were
matched to the frequency spacing, we would find vertical
lines on the echelle diagram. For the real spectrum the
quadratic terms introduce curvature. The starting fre-
quency for the regular sectioning of the spectrum is also
arbitrary and can be selected in order to avoid interfering
with the regularly spaced observed and calculated pat-
terns formed by the different values of I. We have chosen
the starting frequency, &st,«, and cutting interval, hv, u„
to be consistent with the figure given by Palle et al.
(1987). The echelle diagram then consists of a series of
spectral sections beginning on the left with

+cut k ~+cut+ +start '

Here k is the integer rounded down from (n +1+I/2).
The abscissa for each section is v,z;„——v —v,„t. In a true
echelle spectral display, we would use the spectral energy
density as the vertical axis. In fact, we simply mark the
location of the identified spectral peaks on each horizon-
tal section of this diagram and label the scale of the verti-
cal axis with v,„t. We have used Av, „t=135.5 p Hz and
v„„t=28.5 p Hz. The X symbols represent individual
measured frequencies and the CI symbols represent indivi-
dual theoretical frequencies. The solid and dashed lines
are the polynomial fits to the observed and theoretical
frequencies, respectively.

The calculations represent well the quantitative
features of the frequency spectrum. However, there are
discrepancies between the calculated and the observed
frequencies. For example, the small (-0.5%) but ap-
parent discrepancy between the calculated and observed
value of v00 is not resolved by the various improvements
in the physics. The general trend of the disagreements is
evident both in the numerical values given in Table XX
and in Fig. 15. The combined error in v00 and in Av0 re-
sults in the mismatch in the lower-n frequencies. Ulrich
and Rhodes (1983) showed that changes in the surface
properties can alter v00 and Av0 in such a way that the
higher n frequency mismatch is improved but not the
lower n frequency mismatch. The discrepancy in a0 is
not striking in Table XX but is evident in Fig. 15, where
the curvature of the trend with n for all l clearly differs
between the theory and observation. Perhaps the most
significant discrepancy is the slightly larger than 3'
discrepancy between calculation and observation for the
60& combination. Relative to the formal error, the
discrepancy for voo is larger. However, voo is sensitive to
the details of the model calculation, whereas the analysis
of kernel functions in Sec. IX.B suggests that we should
regard the 502 problem as more revealing.

An examination of Table XX shows that the predic-
tions of the asymptotic formula of Eq. (36), as represent-
ed by Eqs. (47) and (48), are not well met by either the
observed or theoretical fits. The pattern of results seems
to be difFerent for the chemically inhomogeneous models,
and we anticipate that the presence of such an inhomo-
geneity could well invalidate the asymptotic assumptions.
Thus we concentrate on the comparison of the predic-
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tions of Eqs. (47) and (48) to the observations of Palle
et al. (1987), which have small errors of measurement,
and to models 4—7. The value of s determined from Eqs.
(42) to (44) is in the range of 0.6 to 1.3, so that no+E is
about 18.6 to 19.3. Consequently Eq. (47) predicts a
slope change of about —0.52 p Hz, whereas the actual
value is —0.1 for the observations and about —0.28 for
the models. Since the error in the determination of this
fitting parameter is only 0.08 pHz, the discrepancy is
significant just at the 3o. level. The prediction from Eq.
(48) that the curvature changes by 0.027 p Hz is diff'erent

from the actual results, which are between —0.001 and
0.006 p Hz. However, the error in the determination of
this paper is relatively larger, about 0.01 pHz, so that
the discrepancy is slightly less than 3o. significant. The
combined effect of these two discrepancies is that a strict
fit of the asymptotic formula to both the theoretical and
observational results would result in an artificial increase
in the variance of the fitting parameters.

F. Models with nonstandard physics

In order to test the sensitivity of the fitting coe%cients
to the potential areas of uncertainty, we have computed
several nonstandard solar models, which are listed in the
third section of Table XX. All models in this subsection
use the same parameters and physics as those for A11New
except where explicitly indicated otherwise. Some previ-
ous work (Ulrich and Rhodes, 1984; Korzennik and Ul-
rich, 1988) has shown that likely variations in the sound
speed or the radiative opacity cannot explain the ob-
served discrepancies.

1. Nuclear energy generation

Suppose we make a change in the rate of nuclear ener-

gy generation. Will this affect the computed oscillation
frequencies? Certainly not if we just eliminate the Be-p
reaction (number 9) in Table I. As shown in Table XVIII
(next to last column), this change would reduce the pre-
dicted rate for the Cl experiment from 8 SNU to 2 SNU
and would muse the predicted rates in the H, Ar, and

Mo experiments to be effectively zero. It would have a
catastrophic effect on most future solar neutrino experi-
ments, but would leave the overall nuclear energy genera-
tion essentially unaffected and would not change within
believable accuracy the computed stellar structure vari-
ables.

We have made instead a hypothetical drastic change in
the nuclear energy generation: we have set the cross sec-
tion for the He- He reaction (reaction 6 in Table I) equal
to zero. This results in a model with no B and Be neu-
trino ffuxes (see next to last row in Table XIV). The pre-
dicted solar neutrino capture rates are reduced by an or-
der of magnitude for five of the seven experiments dis-
cussed in Sec. VIII (see last column in Table XVIII). The
structure of the sun is also affected, since approximately
15 /o of the energy generated in the standard solar model

involves this reaction.
The p-mode frequencies are insensitive to even this

drastic change in, nuclear energy generation. Let Av be
the characteristic difference in frequencies caused by
switching oF the He -He reactio~ (and all the higher-
energy neutrino ffuxes); then we find (see row 8 in Table
XX) that

+standard
(54)

The g-mode frequencies exhibit a small sensitivity
(-0.2%) to the hypothetical change in nuclear energy
generation. The interior structure of the solar model is
affected significantly by this change in nuclear energy
generation. In particular, the central hydrogen abun-
dance is increased by 10%, and the central He abun-
dance by 54%, relative to the standard solar model. The
central pressure is increased by 3%. These fractional
changes in central quantities are more than 2 orders of
magnitude larger than the fractional changes in the p-
mode oscillation frequencies [see Eq. (54)]. This numeri-
cal experiment demonstrates the complementavity of the
neutrino fi'ux measurements and seismic analysis

2. Equation of state

G. Models with inhomogeneous initial composition

The calculated frequencies for the low-Z models dis-
cussed in Sec. X.A are in worse agreement with the ob-

Does the equation of state affect the computed oscilla-
tion frequencies? The thermodynamics of the solar medi-
um is well described as an ideal gas with small correc-
tions. The largest of the corrections is due to the
Coulomb interaction, whose leading term is given by the
Debye-Huckel formula. This term, as a fraction of the
ideal gas pressure, depends on (p/T )', which in the
convective envelope increases toward the surface and is
only cut off by the onset of neutrality. An error in the
treatment of this interaction could change the model
structure in the outer regions of the sun. In order to test
the sensitivity of the computed oscillation frequencies to
this outer solar regime, we have artificially multiplied the
Debye-Huckel correction by a factor of 2. The resulting
frequencies are given in row 9 in Table XX: they are
changed slightly from the standard model, but only by
rather small fractions of the discrepancies.

We have carried out an additional test in which the
factor-of-2 increment in the Coulomb term was restricted
to regions in the convective zone and above that have
T & 2.0& 10 K. We explore in this way whether changes
in the equation of state of solar surface alone can affect
the computed frequencies. The resulting coefIicients are
given in row 10 in Table XX; the changes are again
small. We conclude that the p-mode frequencies are in-
sensitive to changes in the equation of state of the type
we have considered.
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served p-mode oscillation frequencies than are the values
obtained with the standard solar model (see rows 11—13
in Table XX). The low-Z models could in principle
"solve the solar neutrino problem" (see Table XIV, rows
6—8, and Table XVIII, columns 3—5), but they exacer-
bate the discrepancy for 502. For the low-Z models, the
difference between observed and calculated values of 5O2

is about 2 p Hz, compared to about 1 p Hz for the stan-
dard model. We conclude that the low-Z models are un-
likely to be correct (see also Gough, 1981).

We have found one change in the physics that does
acct the computed frequencies in the desired direction,
namely, models with a primordial gradient in the helium
abundance. We present these results in the spirit of an
existence theorem which shows that the small (but
significant) discrepancies between the computed and ob-
served frequencies can be removed by changes in the
physics that do not affect very much the calculated neu-
trino cruxes. The models we discuss here were introduced
in Sec. IX.A, where we presented their neutrino cruxes
and predicted event rates in solar neutrino experiments.

For specificity and simplicity, we have increased the
abundance of helium by 0.025 in mass fraction ( F) for all
regions of a variable core mass. In order to minimize the
number of free parameters, we have assumed that the
abundance follows a step function across the core bound-
ary; a discontinuity of this type could result if the bound-
ary represented the maximum extent of a convection
zone. We required that the mean molecular weight al-
ways increase inward, since a zone with heavy matter
above is unstable against doubly diffusive motions.

Rows 14—17 in Table XX give the frequency
coefBcients resulting from models with core masses of
0.05, 0.1, 0.2, and 0.4 Mo. The smallest core does not
modify the frequencies enough to be interesting. The in-
termediate cases, however, do decrease the discrepancy
in both v00 and in 602. In efI'ect, these models make the
sun appear to be older than the known age of 4.6&10
yr. When the core becomes large, the constraint that the
model match the solar luminosity and radius causes the
frequencies to match those of the standard model. The
rise of the frequency splitting for the 0.4MO model (last
line in Table XX) is a result of this effect.

According to Table XIV, the calculated B neutrino
Aux is increased by of order 15% by the change in pri-
mordial helium abundance, ' the Be Aux is increased by of
order 10%. We conclude that changes in the interior
structure of the sun sufBcient to account for the observed
p-mode oscillation frequencies may change the predicted
neutrino cruxes by amounts that are smaller than the un-
certainties discussed in Sec. VI.

A. Parameter uncertainties

The most important parameter uncertainty for the so-
lar neutrino problem is the value of the low-energy
cross-section factor for the Be+p reaction, a situation
that has prevailed for about two decades (see the histori-
cal summary by Bahcall and Davis, 1982). The calculat-
ed counting rates for most of the proposed solar neutrino
experiments discussed in Sec. VI are proportional, or ap-
proximately proportional, to the rate of this crucial reac-
tion. The recognized uncertainty in the cross-section. fac-
tor for the Be+@reaction is about 22% (see Sec. II.A),
our best estimate having decreased by 16% from the
value we used in 1982 (paper I). With more than a de-
cade and a half of careful work on this reaction (see
Parker, 1986) as a basis for further refinements, it is im-
portant to perform additional laboratory experiments
that are desigried to fj.x even more fIrmly the absolute lim-
its on the low-energy cross section.

The cross section for the He+p reaction is important
for calculating the number of high-energy neutrinos that
may be observable in experiments that measure individu-
al electron recoil energies. The crucial quantity that is
required for this calculation is the capture cross section
for thermal neutrons incident on He (see Tegner and
Bargholtz, 1983). The existing measurements are not
sufficient for making a realistic 3o error estimate (see
Sec. II.A).

The fractional uncertainty in the heavy-element-to-
hydrogen ratio is about 20%, which corresponds to the
largest single uncertainty in the Cl and a number of
other experiments (see Table XVI).

A new systematic investigation of radiative opacities is
urgently needed for the astrophysically relevant regimes.
By comparing the new opacities with the I.os Alamos
opacities (which have provided the fundamental astro-
nornical standard for more than two decades), one could
make a more informed estimate of the true theoretical
uncertainties. In the absence of a systematic reinvestiga-
tion, we have made several improvements in the radiative
opacities that we use in our codes (see Sec. II.C and Ap-
pendix B). These include (1) an explicit calculation of the
conversion of carbon and oxygen to nitrogen as a result
of nuclear burning during the evolution of the sun; (2) a
more accurate treatment of electron scattering; (3) more
recent abundance determinations; and (4) a more precise
nuxnerical representation of the calculated opacities.
Each of the improvements listed above increases the cal-
culated B neutrino fIux, the largest change being the
28% increase caused by the new measured heavy-
element-to-hydrogen ratio. Table XVI shows the uncer-
tainties in event rates in dift'erent experiments that are
caused by separate parameter uncertainties.

Xl. SUMMARY AND CONCLUSIONS B. Neutrino spectra

We list here some of the principal results and con-
clusions of this article.

The energy spectrum of neutrinos reaching us from the
sun contains information both about the nuclear process-
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es occurring in the solar interior and about the effects of
weak interactions in changing the spectrum. If the solar
neutrino problem is caused by something wrong with the
standard solar model, then the shapes of the energy spec-
tra from the individual sources listed in Sec. III should
remain the same; only the number of neutrinos from one
or more sources will have changed. On the other hand,
most (but not all) currently popular explanations of the
problem in terms of weak-interaction physics lead to
significant changes in the shapes of the individual energy
spectra from each of the sources.

Thus the shape of the measured energy spectrum will
provide a crucial diagnostic of the solar interior and of
weak-interaction physics. The H, Ar, and neutrino-
electron scattering experiments will provide direct infor-
mation on the spectrum of the 8 neutrinos that reach
the Earth.

Figure 2 shows the overall neutrino spectrum calculat-
ed with the aid of the standard solar model, "Best," that
is discussed in Sec. V. Figures 3—5 illustrate the shapes
of the individual energy spectra that are expected from
the experimentally most accessible continuum sources:
p-p, B, and hep neutrinos. Because measurements of the
spectra can provide fundamental tests of the solar models
and weak-interaction physics, we also present in Tables
IV —VI numerical representations of the normalized ener-

gy distributions of neutrinos produced by the p-p, B, and
hep sources.

Figure 8 shows where the p-p, 8, Be, and hep neutri-
no fiuxes originate in the sun. Fortunately, electron
scattering, H, and Ar detectors can distinguish (see
Sec. VIII) between the B and the hep neutrinos, permit-
ting one experiment to explore two different regions of
the solar interior (one largely inside and one largely out-
side the volume where the energy production peaks; see
Fig. 6).

C. Neutrino absorption cross sections

The rate at which events occur in a neutrino detector
is proportional to the summed product of interaction
cross sections times neutrino cruxes. Thus uncertainties
in the detector cross sections are as important as, and
sometimes more important than, the more publicized un-
certainties in the predicted cruxes obtained with solar
models. Unfortunately, this fact has sometimes been ig-
nored and the anticipated results of solar neutrino experi-
ments have been discussed without considering the errors
in absorption cross sections. %'e have tried to remedy
this situation by providing a full discussion in Sec. IV.B
of the uncertainties involved in calculations of neutrino
absorption cross sections. We discuss in Sec. IV.B.1 the
general procedures for determining the uncertainties in
the absorption cross sections and give in Sec. IV.B.2 the
uncertainties that we have calculated for each source in-
cident on each detector.

We have recalculated more accurate neutrino absorp-
tion cross sections for all of the targets for which experi-
ments are currently being actively developed or are in

progress. The main results are presented in Sec. IV.A
and in Tables VII—IX. We have determined best esti-
mates and uncertainties for the cross sections of neutri-
nos detectors made of targets with H, Li, Cl, Ar,
'Ga, 'Br, Mo, and " In. For the last three detectors,

the neutrino absorption cross sections are more uncer-
tain, in our opinion, than the neutrino cruxes calculated
from the standard solar models.

The cross sections averaged over the appropriate solar
neutrino energy spectra are given in Tables VII and VIII.
These values can be used for calculating the expected
event rates for all nonstandard solar models, since
changes in the solar physics affect the number of neutri-
nos of different types but not the shapes of the neutrino
Auxes from each source.

We present in Table IX the cross sections as a function
of incident neutrino energy in order that readers can
make their own calculations of what is expected if weak-
interaction effects cause the spectra to be different from
the standard shapes shown in Figs. 2—5. The associated
uncertainties can be inferred in most cases from the in-
formation given in Sec. IV.B, since the fractional uncer-
tainties in the cross section for a given source are, to a
satisfactory approximation in most instances, indepen-
dent of the exact shape of the assumed spectrum. The
cross sections given in Table IX are also useful in es-
timating the detectability of supernovae or other astro-
nomical neutrino sources.

We discuss in Sec. IV.C the possibility of calibrating
the 'Ga, 'Br, and " In detectors with the aid of an in-
tense radioactive source of 'Cr. The relevant absorption
cross sections and their estimated theoretical uncertain-
ties are displayed in Eqs. (5)—(7). For an " In detector, a
laboratory calibration experiment would be very infor-
mative and is, in fact, necessary in order to reduce the
uncertainties in the capture rate to a level that is com-
parable to the uncertainties in the neutrino cruxes calcu-
lated with the standard solar model. Laboratory calibra-
tion of the 'Ga and 'Br detectors will not reduce
significantly the cross section uncertainties if the spec-
trum of incident neutrinos has the standard shape given
in Fig. 2, but would be important if the high-energy neu-
trinos are significantly depleted.

A number of authors have discussed the possibility of
calibrating the detector sensitivities of the Cl and 'Ga
experiments with the aid of neutrinos from a stopped
muon beam (see references in Sec. IV.D). We show in
Sec. IV.D that calibrations with a muon beam can deter-
mine the overall performance of neutrino detectors to an
accuracy of order 2, but unfortunately not to the desired
accuracy of 10%. The main uncertainties are caused by
forbidden corrections to allowed transitions and by for-
bidden transitions from the ground states of the target
nuclei to various excited states in the daughter nuclei.

D. Standard model

Section V contains a description of the standard solar
model. Figure 6 and Tables X and XI provide a numeri-
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cal representation of the solar interior. Figure 6 shows
where the energy generation originates in the sun and il-
lustrates the distribution of temperature, total density,
and electron density. Figure 7 shows the dependence of
the most important mass fractions upon solar position.
Table X gives as a function of solar radius (or enclosed
mass) the physical variables that define the model and the
most important isotopic abundances. Table XI lists the
local production rates of nuclear energy and neutrino
fIuxes from different sources. These tables provide
sufhcient information so that one can perform accurate
calculations of, for example, the effect of resonant neutri-
no absorption within the sun (the MSW effect).

Table XII lists the calculated solar luminosity, radius,
and effective temperature as a function of time. The
luminosity of the present-day solar model has increased
by 41% relative to the zero-age model, and the effective
temperature has increased by 3%.

The information given in this paper and in paper I is
sufhcient for testing a new stellar evolution code. We not
only give our final results but also present explicitly the
input parameters and the physical assumptions that we
have used. The adopted nuclear reaction parameters are
given in Sec. II.A and Table I (see also Sec. II.A of paper
I), while the radiative opacities are presented in a con-
venient numerical form in Table III and are described in
Sec. II.C and Appendix B.

The primordial mass fraction of helium abundance
that is deduced for the standard model is Y =0.271. The
principal reason that this value is larger than was ob-
tained in paper I (where we found I'=0.252) is that the
best estimate for the observed surface value of the
heavy-element-to-hydrogen ratio has increased by 21%%uc

(see Sec. II.B).

E. Solar neutrino fluxes

The bottom line for our calculations of solar neutrino
Auxes is given in Table XIII, where we list our best esti-
mates and the total theoretical range for the Aux of neu-
trinos from each of the nuclear fusion sources. The error
estimates are discussed in Secs. VI and VII. The Aux of
p-p and pep neutrinos can be calculated accurately, with
total theoretical uncertainties of 2% and 4%, respective-
ly. " However, the important Be and 8 neutrino Auxes
have much larger uncertainties, 14% and 34%, respec-
tively. The standard model cruxes of CNO neutrinos are
even more uncertain. The Aux of hep neutrinos could be
calculated accurately if we knew the rate of reaction 4 in
Table I.

It has often been claimed in the literature that the Aux of p-p
is practically "model independent. " This is not correct.
Without a theoretical solar model, the Aux of p-p neutrinos
could not be calculated to better than a factor of two (see dis-
cussion in Sec. V.C).

Table XIV lists the neutrino Auxes for a sequence of
nonstandard and standard solar models. The standard
models that we have constructed are described in Sec.
V.C; the nonstandard models (which have inhomogene-
ous primordial compositions or ad hoc and presumably
wrong nuclear physics) are discussed in Sec. IX.

The Aux of B neutrinos depends on the central tem-
perature of the solar model, standard or nonstandard, as
approximately T' . This result is illustrated in Fig. 11.
A measurement of the B neutrino Aux would determine
the central temperature of the sun to an accuracy of or-
der 2% if we knew that nothing happened to the neutri-
nos on the way to the Earth from the sun or if the total
Aux of high-energy neutrinos could be measured by
neutral-current reactions, which are independent of neu-
trino flavor.

F. Solar neutrino experiments

According to our last count, the number of proposed
solutions to the solar neutrino problem (nonstandard so-
lar models or new weak-interaction physics) is about an
order of magnitude larger than the number of funded so-
lar neutrino experiments. Many of the proposed explana-
tions lead to similar expectations for each of the experi-
ments under consideration, especially when uncertainties
in the calculations and in the neutrino measurements are
included. The MSW effect by itself offers a wide range of
possible parameter values. In general, there are six pa-
rameters to be determined: three masses and three mix-
ing angles. (The above counting neglects I'C violation. )
If one assumes the simplest MSW hypothesis, that the
electron neutrino mixes strong with only one other neu-
trino, then the particle physics goal for the foreseeable
future will be to determine two parameters, the square of
the neutrino mass difference and the mixing angle. Al-
lowing for the full range of theoretical possibilities, we
recognize that one must perform a large number of solar
neutrino experiments both to test the theory of stellar
evolution and to constrain fundamental weak-interaction
theories.

The calculated "standard" event rates for different so-
lar neutrino experiments are presented and discussed in
Sec. VI. The results presented in equation form in Sec.
VI assume both that the standard solar model is correct
and that nothing happens to the neutrinos on the way to
the Earth from the sun. In this case, the neutrino ab-
sorption cross sections given in Tables VII and VIII can
be used to calculate the expected event rate. However,
the observations from the Cl experiment show that at
least one of these conventional assumptions is incorrect.
We give here, nevertheless, these maximally conventional
results in order that there will be a unique prediction for
each detector with which to compare the observational
results. For nine nonstandard models, the event rates in
different experiments are shown in Table XVIII. Some of
these nonstandard models were discussed previously as
possible solutions to the solar neutrino problem and some
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were invented here to show the relation between solar
neutrino experiments and helioseismology (see Sec. X).

For each detector, we show in Table XVI the individu-
al uncertainties that derive from the most important in-

put parameters, nuclear reaction cross sections, primor-
dial composition, opacity, and neutrino interaction cross
sections.

The capture rates predicted by the standard solar mod-
el are shown in Table XVII for each of the experiments
considered here. The contributions of individual neutri-
no sources, as well as the total calculated event rate, are
shown separately.

The predicted capture rate for the Cl experiment is
7.9(1+0.33) SNU, of which 6.1 SNU are from B neutri-
nos. The observed value of 2 SNU is outside the range
allowed by the recognized uncertainties. This discrepan-
cy is known as the "solar neutrino problem. "

Figure 10 shows, as a function of the date of publica-
tion, all of the predicted capture rates and their quoted
errors (when given in the published paper) for each of the
papers in this long series. Several different input parame-
ters make comparably large contributions to the present-
day total uncertainty; it therefore seems unlikely that the
effective 3o. uncertainty will be reduced much below 2
SNU in the foreseeable future, except by an accurate ex-
perimental determination of the 8 neutrino Aux. A
comparison of the calculated event rate with the ob-
served rate (Davis, 1978; Rowley, Cleveland, and Davis,
1985) shows that the fiux of B neutrinos at Earth is be-
tween zero and one-half the calculated standard value
[see Eq. (23)].

The calculated standard capture rate for the 'Ga ex-
periment is 132+&7 SNU. Neutrinos from the basic p-p
reaction contribute about 54%, or 71 SNU; the other
main contributors are Be neutrinos, 26%, and B neutri-
nos, 11%. The dominant uncertainty (see Table XVI) is

caused by transitions to excited states whose matrix ele-
ments must be inferred from (p, n) measurements. The
calibration of a 'Ga detector with a 'Cr source, or a
stopped muon beam, cannot remove the uncertainty due
to transitions to highly excited states. The size of the un-

certainty in the calculated capture rate depends upon
what one assumes about the solar model and the weak-
interaction processes that may affect the incident neutri-
no spectrum. The so-called "No 8" model provides a
special case with a particularly small uncertainty, 10%,
in the predicted rate.

The Mo detector is sensitive to 8 and hep neutrinos
averaged over the past few million years. The calculated
capture rate is 17.4+ii SNU. Lack of knowledge of the
neutrino absorption cross sections dominates the uncer-
tainty estimate; the uncertainty from all other sources is
only 6 SNU.

The standard prediction for the Li detector is
51.8(1+0.31) SNU, of which 43% (23 SNU) are from B
neutrinos and 25% (13 SNU) from "0 neutrinos. This
experiment provides one of the best opportunities for
detecting the CNO neutrinos. For the nonstandard "No

B" model, 53% of the total calculated 29 SNU are con-
tributed by CNO neutrinos.

The predicted capture rate for a 'Br detector is
27. 8+', , SNU, of which 55% are from B neutrinos and
31% from Be neutrinos. The (p, n) measurements re-
ported by Krofcheck et al. (1987) show that this detector
is most sensitive to 8 neutrinos, if the standard solar
model is correct, instead of to Be neutrinos, as was pre-
viously believed. Most of the uncertainty (all but 7 SNU)
in the standard model prediction is from the neutrino ab-
sorption cross sections. If the "No 8" model is correct,
then most (69%) of the capture rate is from Be neutri-
nos. In fact, for this case the calculated rate is 12.5+4
SNU, of which 8.6 SNU are from Be neutrinos.

The predicted capture rate for a Tl detector is very
uncertain because of difticulties in estimating the neutri-
no absorption cross sections (see Sec. VI.A.7). We esti-
mate a nominal value of 263 SNU, of which 173 SNU
come from p-p neutrinos and about 80 SNU come from
Be and 8 neutrinos. Within the recognized uncertain-

ties in the cross sections, one cannot establish with a high
confidence level whether or not the p-p neutrinos are
more important than the 8 plus Be neutrinos, since
different nuclear transitions are most important for the
two groups of (lower- and higher-energy) neutrinos.

We consider four experiments in which individual
recoil electrons are detected. They are neutrino-electron
scattering and neutrino absorption by H, Ar, and " In.
All four of these experiments can be used to provide
direct information about the energy spectrum of incident
solar neutrinos.

Neutrino-electron scattering as a technique for study-
ing solar neutrinos has been discussed extensively by
Bahcall (1987). This paper gives the predicted energy
and angular dependence of the recoil electrons, as well as
the total cross sections, for all of the important solar neu-
trino sources. The results are presented for both v, and

v„. A number of experiments have been proposed that
will detect solar neutrinos via neutrino-electron scatter-
ing; they are described briefly in Sec. VI.B.

The Kamiokande II natural-water detector (see refer-
ences in Sec. VII.B) is the first electron scattering experi-
ment to yield a definite result. Hirata et al. (1987b) give
an upper limit at the 90% confidence level for the Aux of
B neutrinos of P( B)(3.2&&10 cm 's '. This upper

limit is about 55% of the value calculated with the best
standard solar model and is inconsistent, at the 90%
confidence level, with the range of values allowed by the
recognized uncertainties in the calculation of the ft.ux.
The Kamiokande II result confirms experimentally the
existence of a solar neutrino problem, but has not yet
yielded a limit on the Aux of 8 neutrinos that is more
stringent than is provided by the Cl experiment [cf. Eq.
(23)]. If the MSW effect is the correct explanation of the
solar neutrino problem, then the Kamiokande II experi-
ment should detect a definite solar signal at a Aux level
that is 14% or more of the value predicted by the stan-
dard model.
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The standard predicted capture rate for an H detector
with a threshold energy of 5 MeV is 6.23(1+0.38) SNU,
of which all but 0.02 SNU come from B neutrinos. Al-
most all of the estimated uncertainty derives from the un-
certainty in the B neutrino Aux. An absolute measure-
ment to high statistical accuracy of the capture rate with
this detector would determine the incident flux of
electron-fj. avor 8 neutrinos to an accuracy of order
+10%%uo (see Sec. IV.B). For the 1-kt detector proposed by
Aardsma et al. (1987), the absorption rate should be
1.2&10 events per yr if the standard model is correct
and nothing happens to the neutrinos after they are pro-
duced in the solar core. The corresponding number of
neutrino-electron scattering events in the detector is
1.0&10 per kt per yr, i.e., about 9% of the absorption
rate. If the MSW effect converts essentially all of the
higher-energy electron neutrinos into neutrinos of a
different Aavor, then the expected rate for neutrino-
electron scattering with a 5-MeV threshold is reduced to
1.5)& 10 scattering events per kt per yr. This rate can be
considered as a plausible lower limit provided that the
standard solar model is not disastrously incorrect and
that neutrin'os do not decay on the way to the Earth from
the sun. The proposed deuterium detector can also ob-
serve neutrons from the neutral-current disintegration of
the deuteron. The ratio of the number events caused by
the charged current (absorption) to the number of events
caused by the neutral current (disintegration) is a sensi-
tive indicator of weak-interaction processes, such as the
MSW effect.

A "8 detector would provide several simultaneous ex-
periments with 8 solar neutrinos, neutral-current excita-
tions to three excited nuclear states in "8, charged-
current transitions to four nuclear levels in the mirror
nucleus "C, and neutrino-electron scattering. The ratios
of corresponding neutral-current and charged-current
transitions would indicate the relation between the spec-
trum of electron-Aavor neutrinos to the spectrum of all
neutrinos (which contribute to the neutral-current excita-
tions).

For a liquid-argon detector, the total number of ab-
sorption events per yr is 8& 10 per kt of detector, pro-
vided the standard solar model is correct and nothing
happens to the neutrinos on the way to the Earth from
the sun. The recoil electrons will be accompanied by
prompt and characteristic y-ray deexcitation of the
isobaric-analog state that is excited by the neutrino cap-
ture, which will provide an efticient way of measuring the
spectrum of incident B neutrinos of electron flavor. The
predicted number of neutrino-electron scattering events
is larger than the predicted number of absorption events,
by 11/o for a threshold recoil energy of 5 MeV and by a
factor of 13.5 for a recoil threshold of 8 MeV. If the
MSW effect converts all of the B neutrinos to a different
flavor, then the expected event rate is reduced by a factor
of 6.6 to about 140 scattering events per kt per yr. This
value may be regarded as a plausible lower limit for the
expected event rate provided that the standard solar

model is not disastrously wrong and that neutrinos do
not decay on the way to the Earth from the sun.

The predicted standard capture rate for an " In detec-
tor is 639+3&0 SNU, of which 73%%uo (468 SNU) are from
the basic proton-proton reaction. No other target we
have discussed has such a high percentage contribution
from the p-p reaction. There is also a large signal expect-
ed from Be neutrinos, 116 SNU (or 18%%uo). The Be sig-
nal is above most of the background in this experiment.
All of the usual astrophysical and nuclear reaction uncer-
tainties are relatively small in this experiment (see Table
XVI); they amount for the standard model to only 26
SNU. The total uncertainty in the predictions is present-
ly dominated by the uncertainty in the neutrino absorp-
tion cross sections. Fortunately, a calibration experiment
with 'Cr could provide a direct determination of the ab-
sorption cross sections of greatest importance [see Eq. (7)
of Sec. IV.C and the related discussion].

G. Nonstandard models

We have calculated a set of nonstandard solar models
that were constructed with the same numerical precision
as the standard solar models. We use these nonstandard
models to illustrate what can be learned about stellar
evolution from different solar neutrino experiments and
to establish the relation between helioseismology and so-
lar neutrinos.

The neutrino cruxes from the different models are given
in Table XIV, and the event rates that the models predict
for different solar neutrino experiments are shown in
Table XVIII.

We. construct models with artificial chemical inhomo-
geneities: "low-Z" models in which the heavy-element
abundance is lower in the interior than on the surface
and "high-7" models in which the primordial helium
abundance is assumed to be larger in the interior regions
than on the surface. The low-Z models reduce the calcu-
lated capture rate in the Cl experiment to about 1.5
SNU, approximately consistent with the observed rate.
The high- Y models increase the calculated capture rate
by between 0.1 and 1 SNU, giving a predicted Cl rate of
between 8.3 to 9.2 SNU. The low-Z models are incon-
sistent (see below) with the existing helioseismological
data; the high- Y models yield better agreement (see
below) with the measured p-mode oscillation frequencies
than does the standard solar model. We also consider ad
hoc models in which the He+ He reaction (number 6 in
Table I) is set equal to zero and a model in which the rare
B-producing reaction (number 9 in Table I) does not

occur. These models, if correct, predict undetectably low
counting rates for most of the proposed solar neutrino
experiments, but do not change significantly the calculat-
ed p-mode oscillation frequencies (see below and Sec. X).

Models in which some of the energy transport in the
solar interior is carried by weakly interacting massive
particles (WIMP's) reduce, compared to the standard
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model, the expected event rate by a factor of between 2
and 4 for experiments sensitive mainly to B neutrinos
(cf. the second and the last columns in Table XVIII).
WIMP's have rather minor effects on the expected count-
ing rate for experiments with detectors such as 'Ga or" In that are sensitive to p-p neutrinos.

a direct way of testing the nonstandard mixing models
for the solar interior (for a discussion of these solar mod-
els see Bahcall, Bahcall, and Ulrich, 1968; Ezer and
Cameron, 1968; Shaviv and Salpeter, 1968).

I. Helioseismology

H. hep neutrinos

The extremely rare but very informative hep neutrinos
can be detected by their unique energy signature. The
hep neutrinos have the highest end-point energy (18.773
MeV) of any of the significant solar neutrino sources.
Moreover, the hep neutrinos are produced in a different
region of the sun from the other high-energy neutrinos
that come from B decay (see Sec. V.C, Fig. 8 and Table
XI); the hep neutrinos are produced over a much more
extended region and are much less sensitive to tempera-
ture than are the B neutrinos.

The expected event rates are small, but nevertheless
potentially observable, if the standard model is correct
and solar neutrinos do not change their Savor on the way
to the Earth. In the H experiment, hep neutrinos will
dominate the capture rate for electron recoil energies
above 13.5 MeV. For the 1-kt detector discussed by
Aardsma et al. (1987), one expects 11 events per yr in
this energy range from hep neutrinos and only 1.5 from
B neutrinos. In a liquid-argon detector, hep neutrinos

will dominate the capture rate for electron recoil energies
above 9 MeV. Per kt per yr of liquid argon, one expects
3.4 events above 9 MeV from hep neutrinos and only 0.8
events from B neutrinos. For a several kt detector, the
event rate in liquid argon should be observable. The ex-
pected event rate in the fiducial volume of 0.7 m of the
Kamiokande II natural-water experiment (Beier, 1986;
Suzuki, 1986; Hirata et al. , 1987) is too small to be
detectable in the region where hep neutrinos are more
numerous than B neutrinos. One expects only 0.09
events per yr above 14 MeV from hep neutrinos.

hep neutrinos may be observable in the deuterium and
liquid-argon experiments even if the standard solar model
predicts too large a Aux for the temperature-sensitive B
neutrinos. From the point of view of stellar evolution,
the Aux of hep neutrinos is much more reliably deter-
mined than is the flux of 8 neutrinos. For the standard
solar model, about 50 absorption and scattering events
per yr would be expected from hep in the proposed 1-kt
H detector and about 21 absorption events in the

planned 3-kt liquid-argon detector, all with recoil elec-
tron kinetic energies above 5 MeV.

If one assumes the correctness of nonstandard solar
models in which He is mixed into the core on a time
scale shorter than or comparable to the He nuclear
burning time, then higher event rates from hep neutrinos
might be expected for all of the above-mentioned experi-
ments. Thus the H, " Ar, and perhaps even the
Kamiokande II natural-water detector, in all of which
the energies of individual electrons are measured, provide

We discuss helioseismology in Sec. X. We review in
Sec. X.A the-state of the art of helioseismology and focus
upon the information that is derivable about the solar in-
terior from observations of p-mode eigenfrequencies. We
suggest a specific polynomial representation of both the

(

observations and the calculations [see Eq. (40]; the
characteristic parameters of the polynomial are only
weakly dependent upon the choice of mode frequencies.
Wc argue in Secs. X.B and X.C that thc differenc be-
tween the fiducial frequencies referring to the l =0 and
the I =2 modes, which we denote by 5o2 [see Eq. (41)], is
relatively independent of uncertainties regarding the sur-
face properties of the sun and therefore offers the best op-
portunity for determining characteristics of the solar in-
terior by measuring p-mode oscillation frequencies. Un-
fortunately, we are not able to establish a quantitative
upper limit on the contribution of complicated surface
physics (convection, magnetic fields, inhomogeneities,
and surface activity) to 5O2, although we do present argu-
ments that suggest that the surface uncertainties largely
cancel out in forming the frequency difference that 502
represents.

Our calculations of oscillation frequencies are indepen-
dent of some of the usual uncertainties associated with
using asymptotic integral expressions. We calculate the
eigenfrequencies directly from the solar models using
three different solar analysis codes that are described in
Sec. X.D and Appendix C. The reader can obtain a feel-
ing for the contents and structures of the codes from the
descriptions.

We compare, in Sec. X.E and Table XX, the calculated
oscillation frequencies with observations. Figure 15 is a
pictorial representation of the agreement between calcu-
lation and observation.

The calculations using the standard solar model
represent well the quantitative features of the solar p-
mode frequency spectrum. However, there are small
( -0.5%) discrepancies between observation and calcula-
tion. The most significant discrepancy in our opinion is
the difference between the calculated and observed values
of 6pp which we estimate to be at approximately the 3o.

level of significance. The observed value for 602 is be-
tween 8.9 and 9.9 pHz (Palle et al. , 1987), depending
upon the number of radial nodes in the oscillation mode.
The value calculated with the standard solar model is
10.6 pHz (cf. Table XX and the uncertainties quoted
therein).

We have demonstrated the complementarity of solar
neutrino experiments and helioseismology by calculating
the oscillation frequencies for a solar model in which we
have made a drastic change in the nuclear energy genera-
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tion cycle, namely, setting the cross section for the
He+ He reaction equal to zero. This results in a model

with no B and no Be neutrino fiuxes (see the next to last
row in Table XIV). This model, if correct, would have
catastrophic implications for planned solar neutrino ex-
periments (see the last column in Table XVIII); there
would be effectively no measurable event rate in the H,
"B, Ar, and Mo experiments, and much reduced rates
in 'Ga and 'Br experiments. Quite remarkably, this
drastic change in the nuclear energy generation, and the
associated change in the interior solar structure, produces
only a negligibly small change in the p-mode oscillation
frequencies /see Fig 6, E.q. (54), and row 8 in Table XXJ.
The g-mode oscillation frequencies are changed by only a
small amount, -0.2%.

On the other hand, we show in Sec. X.G that a small
gradient in the primordial helium abundance can modify
the calculated oscillation frequencies significantly and in
the correct sense to improve the agreement with observa-
tions (see rows 14—17 in Table XX). The calculated B
neutrino fiux is increased by about 15% by the specified
ad hoc assumption regarding the composition gradient.
We conclude that changes in the interior structure of the
sun sufficient to account for the observed p-mode oscilla-
tion frequencies Inay change the predicted neutrino
fluxes by amounts that are smaller than the currently es-
timated uncertainties in calculating the neutrino cruxes.
We speculate that the explanation of some of the most
significant discrepancies between observation and calcu-
lation of p-mode oscillation frequencies may require a
composition gradient that is slightly different from what
is assumed in the standard solar model.

The low-Z models, which have often been considered
as a possible solution to the solar neutrino problem, re-
sult in a worse disagreement between the observed and
calculated values of 502 than for the standard solar mod-
el. The discrepancy is of order 2 pHz for the low-Z
models and of order 1 p Hz for the standard model, out
of a total observed value of about 9 p Hz (see Table XX).

J. Our bottom line

The discrepancy between the predicted and the ob-
served event rates in the Cl and the Kamiokande II so-
lar neutrino experiments cannot be explained by a "like-
ly" fiuctuation in input parameters with the best esti-
mates and uncertainties given in this paper. Whatever is
the correct solution to the solar neutrino problem, we
think it is unlikely to be a "trivial" error. If the cause of
the discrepancy is that the neutrino cruxes from the stan-
dard solar model have been calculated incorrectly, then
the identification of this error will probably have other
important consequences for the theory of stellar evolu-
tion and therefore many branches of astronomy. If new
weak-interaction physics is the correct explanation, then
the many scientists who have helped to probe and define
the solar neutrino-problem will have been extraordinarily
fortunate in finding something fundamental about micro-

scopic physics while attempting to test a basic macro-
scopic theory, stellar evolution.
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APPENDIX A: NUCLEAR ENERGY 'GENERATION

We describe in this appendix how we compute the rate,
c., at which thermal energy is generated by nuclear reac-
tions. The basic relation is

e=X„Q,s „R„, (Al)

where the individual nuclear reaction rates are represent-
ed by R„. We computed new values for Q,s„, the
thermal energy communicated to the star by nuclear re-
action r.

Table XXI lists the values of Q,s that we used (and
also indicates how we grouped nuclear reactions when
calculating the energy generation). The tabulated values
include —in addition to the nuclear mass differences—
corrections for the neutrino energy losses, determined by
averaging the neutrino energy over the relevant neutrino
emission spectrum. The Q value for the p-p reaction
takes account of the fact that in about 0.25% of the con-
versions of two protons to deuterium an electron is cap-
tured from the initial state (pep reaction), which results
in the loss of about 1.442 MeV of neutrino energy not in-
cluding corrections described below (instead of 0.2649
MeV from the usual p-p reaction). For the Be electron-
capture reaction, we did the thermal average over the
electron-capture rate and also took account of the y-ray
energy released following transitions to the first excited
state of Li. For the B P decay, we used the recently
redetermined neutrino spectrum (Bahcall and Holstein,
1986). We also included corrections for the thermal
Inotion of the reacting particles, which changes the max-
imum neutrino energies. For the p-p and pep reactions,
we evaluated the most probable center-of-mass interac-
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TABLE XXI. Eff'ective Q values for nuclear reactions. The values listed are corrected for neutrino energy loss and represent the

average thermal energy communicated to the star per reaction.

Reactions Q.ff
(Mev)

Notes

'H(p, e+v, ) 2H

2H(p, g)3He
Includes thermal energy loss
via p-p neutrinos; also pep reaction.

3He( He, 2p) He

3He(a, q) 7Be

7Be(e v, )7Li(p, o.)4He

12.860

1.586

17.394 Includes branching to excited state of
7Li and correction for thermal energy loss
in the electron capture.

'Be(p, ~)'B(.+v, )'Be*
'Be* ~ 2o.

11.499 Used experimental n spectrum to
compute neutrino energy loss.

"C(p ~)»N(e+v )"C
13C(p +)14N

11.008 0.707 MeV neutrino energy loss

14N (p &)»o (e+v, )»N

1$g(p ~)12C

15'(p +}16O

9.054

4.966

12.128

0.997 neutrino energy loss

16O(p ~}17F(e+v )17O

17P(p ~)14N
3.553 0.999 MeV energy loss

tion energies, and for the pep and Be electron-capture
reactions we added the average electron thermal energy
carried away by the neutrinos. These corrections cause
additional neutrino energy losses 6q, which when aver-
aged over the neutrino spectra are

bq(p p) =3.6T, s~ keV-,

bq( Be+e )=2.6T,5 keV, (A3)

bq(pep) =3.6T,5 keV+2. 6T» keV,

where T&5 is the temperature in units of 15 && 10 K.
For simplicity, we approximated the small corrections

represented in Eqs. (A2) —(A4) by their values at
T&5 =—1.0. The average thermal corrections are negligibly
small [-(U,I,«m»/c) q —10 qj for the P decays of 8,
' N, and ' 0, which have only one particle in the initial
state.

The average energy loss from the CNO neutrino

emitters is, respectively, 0.707 MeV (' N), 0.997 MeV
(' 0), and 0.999 MeV (' F).

APPENDIX 8: CNO OPACITY CORRECTION

%'e present in this appendix the fractional changes in
the radiative opacity that result from the conversion of
carbon and oxygen to nitrogen as a result of nuclear
burning in the CNO cycle. This effect has been discussed
in Sec. II.C.

Table XXII presents the fractional changes,
b,a/a. =(a.—Ir ' ""')/Ir, in the radiative opacity as a
function of T, p/T6, and X. These corrections were de-

rived using the Ross-Aller abundances of ' C and ' O as
fiducial values: XI2 ——0.003 900 and Xl6 ——0.008 620.
The opacities given in Table III weri calculated for
slightly diferent initial ' C and ' 0 mass fractions:
~Table III 0 004 13 and ~Table III 0 009 15

The corrections to the radiative opacity used in calcu-
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TABLE XXII. Opacity correction due to conversion of carbon and oxygen to nitrogen.

Carbon

X=0.35 0.75

Oxygen

0.35 0.75

p/T63 0.0350 0.0410 0.0350 0.0410 0.0350 0.0410 0.0350 0.0410

1.0 —0.06593—0.06592—0.05671—0.05671 —0.52291 —0.52290 —0.54133 —0.53211

2.0 —0.11428—0.10011—0.12274—0.11082 —0.14?46 —0.10580 —0.15587 —0.11195

3.0 —0.08554—0.06673—0.09326—0.08184 —0.04770 0.00138 —0.05069 —0.00630

4.0 —0.05467—0.03145—0.05853—0.04887 —0.01615 0.03810 —0.01505 0.02618

5.0 —0.03041—0.00211—0.03001—0.02176 —0.00862 0.05236 —0.00409 0.03473

6.0 —0.01319 0.02086 —0.00875—0.00133 —0.01082 0.05885 —0.00319 0.03470

7.0 —0.00203 0.03830 0.00602 0.01318 —0.01699 0.06303 —0.00651 0.03187

8.0 0.00415 0.05111 0.01537 0.02273 —0.02459 0.06707 —0.01146 0.02865

9.0 0.00624 0.06012 0.02023 0.02821 —0.03242 0.07195 —0.01675 0.02611

10.0 0.00099 0.06926 0.01945 0.02963 —0.04665 0.08537 —0.02627 0.02470

11.0 0.00499 0.06600 0.02138 0.03032 —0.03987 0.07802 —0.02178 0.02456

12.0 —0.00528 0.0?033 0.01497 0.02658 —0.05264 0.09400 —0.03000 0.02568

13.0 —0.01346 0.06955 0.00833 0.02160 —0.05781 0.10379 —0.03300 0.02807

14.0 —0.02324 0.06720 —0.00016 0.01494 —0.06215 0.11471 —0.03527 0.03165

15.0 —0.03435 0.06349—0.0101? 0.00686 —0.06567 0.12660 —0.03675 0.03625

16.0 —0.04665 0.05864 —0.02156—0.00240 —0.06848 0.13944 —0.03762 0.04189

lating the solar model called "CNO Cor" in the text and
in the main tables were obtained by interpolating in
Table XXII. We used the values of T, plT6, and X at
each point in the model and then evaluated the correc-
tion to the opacity from the expression

KCC [(~Table III X )y~RA ]

O [(~Table III ~ )yXRA]
K

APPENDIX C: HISTORY AND DESCRIPTION
OF THE CODES

The solar interior structure and oscillation frequen-
cies are calculated with a set of three codes: SINEV,
CATMOS, and KWAVES. The history and characteris-
tics of these codes is of interest to anyone who wishes to
compare them with other codes in use today. Although
the physics of the nuclear reactions is well documented in

this series of papers (see the references in the caption to
Fig. 10), some other aspects of the interior calculations
are less well summarized, and in fact the description of
the physics of the three codes is spread over a variety of
publications. Some of the most pertinent characteristics
of SUNEV and CATMOS are brieAy reviewed in Sec.
X.C.

The three codes will be made publicly available
through the Global Oscillation Network Group (GONG)
project sponsored by the National Solar Observatory
(NSO) in Tucson, Arizona. Indeed the KWAVES pro-
gram is currently available along with the current stan-
dard solar mode (Best) on the computing facilities at the
NSO. In support of this project and to make available
adequate information on the computational procedures,
this appendix gives a history and description of three
codes.

The sequence of computations begins with the deter-
mination of the nuclear stratification and gravitational
energy generation using SUNEV. The structure of the
outer layers starting with the innermost parts of the coro-
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na and extending inward to about 1% of the solar radius
is calculated with CATMOS. Finally, this complete
structure is analyzed with KWAVES. Most of the calcu-
lations are currently being carried out using the
VAX/750 operated by the Department of Astronomy at
UCLA or a MicroVAX operated by the Institute for Ad-
vanced Study. The CPU time required for SUNEV is
about 15 min in order to obtain a fully converged solar
model starting from a guess that is close to the correct
I/H and Y(within 0.01 and 0.004, respectively). Typical-
ly, we compute five to seven such fully converged models
in order to match the solar luminosity and radius to one
part in 10 . CATMQS takes about 25 min and
KWAVES about 15 s per mode. Since some of the appli-
cations require about 2000 modes to be analyzed per
model, the KWAVES part of the code sequence can be
the most time consuming.

The SUNEV code is in many respects a second-
generation solar structure code. We intended in 1970 to
combine the best features of two parent codes —a code
called ASTRA, which was written by Rakavy, Shaviv,
and Zinamon (1967) and modified by Shaviv for this col-
laboration, and a code called STEVE, which was written
by Henyey, Forbes, and Gould (1964) and Bodenheimer,
Forbes, Gould, and Henyey (1965). The modification of
the ASTRA code by Shaviv consisted of replacing the
numerical integration scheme described by Rakavy,
Shaviv, and Zinamon by a simple fitting procedure,
which uses fourth-order Runge-Kutta trial integrations
from the center and the surface. The basic architecture
of the Shaviv modified ASTRA was adopted, and the de-
velopment of SUNEV began with this code. The code
was gradually rewritten to include new physics and to
improve performance on the computation of solar mod-
els. At present, none of the original code from ASTRA
remains in SUNEV. The features remaining from the
Shaviv version of ASTRA are the definition of the physi-
cal variables and dimensional scaling, the use of a fitting
method for finding the solar models, and the use of the
entropy instead of' the internal energy and density to
compute the gravitational and thermal energy-generating
contributions. The features taken over from STEVE are
the strategy for computing the nuclear abundances as a
function of time (see Bodenheimer et al. , 1965, Appendix
C) and the treatment of partial electron degeneracy (see
Bodenheimer et a/. , 1965, Appendix A). The backward
time differencing method adopted from STEVE for the
study of the nuclear evolution allows the consistent treat-
ment of the approach to steady-state abundance over a
wide range of reaction rates and time steps. Our ap-
proach to this problem has been described in Appendix 8
of paper I.

There is a problem with the fitting method, which is
well known and has led to its abandonment for the study
of stellar models that have evolved off the main sequence.
This problem is the difhculty of carrying trial integra-
tions over regions in the star for which the thermal
diffusion time (see Henyey and L'Ecuyer, 1966) is long

compared to the time step. Under those conditions a tri-
al solution will diverge exponentially from the correct
solution and lead to nonphysical conditions such as nega-
tive temperature. This problem places a fundamental
limitation on the smallness of the time steps. For most
solar evolution applications, this limitation is not serious.
However, there are some applications for which it is
desirable to use very small time steps. In order to accom-
modate such applications, we developed a modified fitting
method in which multiple interior fitting points are used.
The information from the inner boundary condition can
be carried forward across an integration zone, and the
number of trial integrations remains three for all zones.
There are two inef5ciencies in using multiple fitting
points: the need to doubly compute the properties of
each fitting point and the need to carry out a modest
computation to use the inner boundary condition infor-
mation. The limitation on the time step becomes the re-
quirement that the time step exceed the longest diffusion
time across any zone. As many as 45 fitting points out of
a total of 130 mass zones have been successfully used in
applications such as those reported on by Ulrich and
Burger (1976). There was no noticeable reduction in the
speed of the computation as a result of the additional
fitting points. The only significant difFiculties are the
need to produce a first guess for the properties at. each
fitting point and the fact that the method is inherently
serial rather than parallel, so that modern array proces-
sors cannot be effectively used. For all but the first mod-
el of any evolutionary sequence, the properties of the pre-
vious model can be used. Since relatively short sequences
of models are used for the studies of the solar evolution,
multiple fitting points are rarely useful for computing so-
lar models. The absence of parallelism is not a serious re-
striction for solar models, since this part of the sequence
is the least computation intensive. The multiple fitting
point option is available in SUNEV for those applications
which require short time steps.

A feature of SUNEV that simplifies the code and pro-
duces stable and reproducible results is the absence of
any rezoning algorithm. The distribution of mass points
is specified by the user and remains unchanged during an
integration sequence. This procedure yields stable nu-
merical derivatives by eliminating the possibility of small
changes induced in the model by variable mass zoning in
different models. There is a potential hazard, since it is
possible for a user to carry out an integration with inap-
propriate zoning. The time step sequence is also under
direct user control. Care is required in setting up the
SUNEV models.

The principal application of SUNEV has been to com-
pute neutrino Auxes. During the computation of the neu-
trino Auxes it is important to calculate both the luminosi-
ty of the model and the neutrino Aux in a consistent
manner. We have found over the course of our investiga-
tions of the solar neutrino problem that a large fraction
of any expected change in the neutrino spectrum because
of a different specification of the physics of the model is

Rev. Mod. Phys. , Vol. 60, No. 2, April 1988



John N. Bahcall and Roger K. Ulrich: Solar neutrinos and helioseismology 367

compensated by the need to rnatch the solar luminosity.
The same consideration applies to the numerical
specification of the model. We therefore use two
methods to calculate the model luminosity. During the
relaxation of the fitting method, the luminosity is calcu-
lated along with the other principal variables of stellar
structure from the Runge-Kutta formalism. After the
match at the fitting point has been achieved, the luminos-
ity and the neutrino cruxes are calculated from a tra-
pezoidal rule. The precision of this second calculation is
lower than that of the Runge-Kutta integration, but the
precision is the same as that for the neutrino Auxes,
which are also calculated from a trapezoidal rule. The
match to the observed solar luminosity is required of the
trapezoidal rule result rather than the Runge-Kutta re-
sult. Typically these two luminosities differ by 0.0005L,o.
Using the partial derivatives given in Table XV, we see
that this difference would not have caused a significant
error in any of our derived neutrino cruxes.

The second code in the sequence is CATMOS. This
software began with the code described by Henyey, Var-
dya, and Bodenheimer (1965). The code continues to use
the opacities from Vardya (1964) even though the more
modern results from, for example, the Los Alamos Opa-
city Library would include more contributors to the opa-
city and a better treatment of the line opacity. The
reason that we have kept the older opacities is that they
use the electron pressure rather than the density as the
second independent variable. The 0 opacity is the
dominant continuum source in the solar photospheric re-
gions and depends primarily on the electron pressure
rather than the density. Consequently, by determining
the opacity from the electron pressure, we achieve more
consistent results than would be possible with the densi-
ty. Minor variations in the detailed distribution of met-
als like Na, which are important at low temperatures,
will be automatically included in the opacity this way;
they would not be included if the density were used. Ex-
cept for the changes noted below, the equation of state is
that of Vardya (1965). Modifications were made in this
code to permit the optional computation of models with
nonlocal convection. This option has been used on rare
occasions and has not been invoked for any of the models
reported on in this paper. Because of this option, the
basic convection equations were rewritten in a form that
is superficially different from that used by Henyey, Var-
dya, and Bodenheimer but that in fact reduces to the
standard result for the local mixing-length theory. The
treatment of the full solar madel by an algorithm origi-
nally designed to compute atmospheres and the improve-
rnent. of the models for computation of the oscillation fre-
quencies has necessitated several modifications, which
are listed below.

The detailed thermal stratification (see Ulrich and
Rhodes, 1977, 1983) as given by Vernazza, Avrett, and
Loeser (1981) is used to compute the structure of layers
above the photosphere and extending into the low coro-
na. CATMOS is structured so that the thermal

stratification of these layers can be changed by altering a
separate input data set, which gives temperature and tur-
bulent velocity as a function of optical depth. The T-~
format is required by the basic depth integration algo-
rithm of CATMOS and can make matching the pub-
lished chromosphere and coronal structures awkward,
since the latter usually give temperature as a function of
altitude. Typically some trial and error searching is
necessary to obtain a satisfactory T-~ relation.

The equation of state for hydrogen and helium is that
of Vardya (1965), except for the modification of the parti-
tion function described by Ulrich (1982) and the in-
clusion of the detailed ionization equilibrium for the
CNO elements as given in the same reference. The
effects of the Debye-Huckel approximation to the
Coulomb interactions were first incorporated in this code
in the work reported on by Lubow and Ulrich (1979).

The integration is carried to the center of the solar
model by using the abundances from SUNEV and by in-
corporating into the CATMOS code the energy and neu-
trino generation formalism from SUNEV. The abun-
dances and gravitational energy generation are interpo-
lated using the mass variable from SUNEV and a 6-point
Lagrangian formula. The points for this interpolation
are chosen so that the mass of interest is between the
third and fourth points unless a boundary of the model is
too close or a chemical discontinuity would be spanned
by the 6 points. This procedure was first used in the
present paper. Linear interpolation was used in the
preceding papers reporting on solar oscillation fre-
quences by Ulrich and co-authors.

CATMOS treats the model as if it were defined by four
variables that come in two pairs —the luminosity and ra-
dius are one pair and the helium abundance and the mix-

ing length are another pair. CATMOS satisfies the inner
boundary conditions by iterating the values of one pair of
variables while holding the other pair constant. Thus
one has a choice of computing the model to match a
specified star, like the sun, or of computing the model as
if it were part of a cluster of presumably known composi-
tion.

Although not important for solar models, CATMOS
includes a treatment of molecular opacity according to
the formalism described by Scalo and Ulrich (1975).
These additional opacity sources can be important for
models of cooler stars. A minimal molecular equilibrium
network is used to calculate explicitly the abundances of
the key species.

The zoning in CATMOS is governed by the increment
in the temperature from one point to the next. The spac-
ing can be adjusted to include additional points in regions
of interest. The algorithm attempts to keep the spacing
in the logarithm of the pressure uniform. As the integra-
tion approaches the center of the model, the algorithm
attempts to keep the spacing in radius uniform. Since the
integration is going in the unstable direction towards a
singularity, it is possible to follow an unphysical solution
which corresponds to the existence of a point mass at the
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center of the sun. If the integration pursues this spurious
solution too far, the numerical derivatives become badly
defined and convergence does not occur. This difficulty
is prevented by terminating the integration when a
specified temperature is reached, which is typically
slightly above the central temperature from SUNEV.
Additional details about the application of the inner
boundary conditions are given in Ulrich and Rhodes
(1983).

The center of the sun is a singular point and requires
special care in order to avoid introducing spurious solu-
tions. We use an analytic representation of the regular
solution in order to obtain the values of the variables at
the innermost point of the model. The regular solution
to the structure equation is characterized by the ap-
proach of the thermodynamic intensive variables T, P,
and p to a constant value, with deviations being propor-
tional to r . At the innermost point, r& say, the expan-
sion of the properties of the model is a series in
E=(P, P, )/P,—. The value of E in terms of the proper-
ties of the model at r, is given by E =(2m. l3)(Gp, r, IP, ).
The value of c in SUNEV is typically 0.001 and in
CATMOS is typically 0.005. We retain only the leading
term in the series expansion that represents change in the
intensive variable near the solar center; we thus make an
error of this magnitude in the difference between the cen-
tral variables and the value we adopt at the first point.
This error is negligible for the calculation of the structure
of models computed by either code. Christensen-
Dalsgaard, Dilke, and Gough (1974) have retained the
next higher term in the expansion when it is applied to
the calculation of the eigenmodes. They choose their
inner point slightly further out than we do for SUNEV,
about where we do for CATMOS. We prefer not to use
higher-order terms in c., since if two are needed, then oth-
ers may be required also. Instead, when we compute the
eigerifrequencies from the CATMOS model, we insert an
analytic representation of the regions interior to the in-
nermost point of CATMOS and extend the mode in to
where c, &5&10 . At this point, the treatment of the
inner boundary condition does not inhuence our solution
to any significant accuracy. [Christensen-Dalsgaard
et al. (1974) could continue to have elfects at the 10
level; they indeed describe a numerical experiment that is
in accordance with this expectation. More recent calcu-
lations by Christensen-Dalsgaard and Gough achieve
greater precision. ]

The final code in the sequence is KWAVES. This code
originated in 1968 as a response to the observations re-
ported by Frazier (1968a, 1968b), which indicated that
the 5-min oscillations were not being caused by the solar
granulation, but rather were being temporarily disrupted
by the arrival of individual granules and then reesta-
blished themselves in phase with their previous wave
train after the granule had passed. The general working
hypothesis at that time was that these oscillations were a
purely atmospheric phenomenon; they were described ex-
tensively as gravity-modified acoustic waves in a plane-

parallel atmosphere. Particularly complete treatments of
this problem are to be found in the work of Souffrin
(1966) and Stein (1968). Because of this background, the
initial formulation of the code was a result of an attempt
to include the temperature gradient in the analysis. It is
important to recognize this origin because the more pop-
ular formulation today begins from the point of view of
nonradial oscillations of stars and is based on definitions
and variables typically used in this literature (see, for ex-
ample, Ando and Qsaki, 1975). The initial application by
Ulrich (1970) of the code (then called WAVES) to the so-
lar atmosphere showed for the first time that trapping of
the acoustic waves below the solar surface could lead to
resonances at well defined frequencies which depend on
the horizontal wave number. Prior to that work, the fre-
quencies of the 5-min oscillations had been assumed ran-
dom within a broad band. The subsequent observational
confirmation of Ulrich's prediction by Deubner (1975)
and Rhodes, Ulrich, and Simon (1977) represents the be-
ginning of the use of solar oscillations as a probe of solar
internal structure. The observations by Claverie et al.
(1979) and by Grec, Fossat, and Pomerantz (1980)
demonstrated the potential precision of the data available
for the analysis of the solar interior and the possibility of
obtaining information about the innermost parts of the
sun. The potential of the helioseismic method evident
from these observations stimulated some of the improve-
ments in the three codes that are described in this appen-
dix.

The definition of the numerical algorithm for
KWA VES is given in Ulrich (1970). Important
refinements beyond that algorithm were developed in Ul-
rich and Rhodes (1977), where the plane-parallel assump-
tion was relaxed, and in Ulrich and Rhodes (1983), where
the gravitational potential perturbation was included, the
chemical gradients were properly treated, and the in-
tegration was carried to the solar center. The radiative
interaction as described by Ulrich (1970) was used up to
1983, but is no longer included since it is now more prim-
itive than alternate available formulations such as that by
Christensen-Dalsgaard and Frandsen (1983). The addi-
tional computing time associated with carrying out the
nonadiabatic calculation makes the use of a primitive for-
mulation an undesirable use of resources. Based on the
pioneering work by Gough (1984a), the WAVES pro-
gram has been extended to yield the kernel functions that
are needed for the analysis of the solar interior using in-
verse theory. This additional capability is refiected in the
renaming of the code KWAVES.

In developing all the codes, we have struggled to mini-
mize the number of programming errors. This is a tedi-
ous and difficult task in complicated codes, particularly
ones, like ours, in which separate parts are constructed
over many years. We have found one technique to be
particularly useful: we document the history of the cal-
culated numbers (such as neutrino fiuxes or oscillation
frequencies) and make sure that we understand and can
demonstrate the causes for any changes. This tracking
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technique has been used for both SUNEV and CATMOS;
the recorded history goes back to 1970, when both codes
were shorter and simpler.

The historical method of finding errors has on occasion
revealed subtle bugs that may otherwise have escaped
detection. The reader may find one example especially
interesting, since the bug resulted in better agreement
with the observations than did the corrected code. In
1978, Ulrich and Rhodes extended the atmospheric
structure to include the transition region and the lower
corona. This extension improved the agreement between
the calculations and observations of the high I modes;
however, the change was larger than anticipated. After a
protracted investigation, the bulk of the change turned
out to be due to an erroneous determination of the value
of I. If we had adopted the model with the extended
upper atmosphere without tracking the changes in detail,
we would probably have interpreted the better agreement
with observation as a confirmation of the improved
theory. In fact, the improvement was spurious and
rejected a programming error.

The moral of the above story is not "better is worse. "
We simply want to share with the reader a procedure for
checking codes that we have found useful.
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