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A description of high-spin phenomena in atomic nuclei is presented from both the experimental and
theoretical points of view. The characteristic features of collective nuclear motion, such as rotational
bands, band crossings, and backbending, as well as noncollective aspects, like high-spin isomers and irregu-
lar decay patterns, are discussed in detail. Recent achievements of the cranking model including the in-
dependent quasiparticle and the shell correction methods are reviewed. Changes in the structure of nuclei
excited up to the highest possible angular momenta are analyzed; in particular, angular momentum align-
ment effects, shape changes, possible phase transitions, and sudden rearrangements in the single-particle
structure are discussed. Phenomena related to the nuclear quasicontinuum spectra are also examined. '
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I. lNTRODUCTION

A. Historical overview

During the last decade nuclear high-spin states have
been the subject of extensive experimental and theoretical
studies. Several new methods and ideas have been intro-
duced.

The phenomenon of nuclear rotation was discovered in
the early 1950s following pioneering suggestions by A.
Bohr (1952, 1953) and Bohr and Mottelson (1953). Early
experiments on Coulomb excitation by Huus and
Zupancic [(1953); see also Alder et al. , 1956], as well as
on alpha decay by Asaro and Perlman (1952, 1953), pro-
vided firm evidence for nuclear rotational motion. Dur-
ing the 1960s further experiments with the (a,xny) reac-
tions, initiated by Morinaga and Gugelot (1963), as well
as first experiments with heavy ions [see, for example,
Stephens et al. (1965)], including the in-beam gamma-ray
measurements, supplied new material for a systematic
analysis of rotational motion especially at relatively high
angular momenta. Many peculiar properties of nuclear
rotation were discovered and understood in terms of the
coupling between rotational and other nuclear degrees of
freedom (see the monograph by Bohr and Mottelson, 1969
and 1975).

This article presents further development of roughly
the last decade concerning the region of high spins where
substantial changes in nuclear structure can be expected
as induced by the presence of large quantities of angular
momentum.

B. Experimental progress in the high-spin region

The fascinating progress in this new field has been
made possible by the essential development in experiments
on exciting and detecting the high-spin states in nuclei.
Several types of nuclear reactions and processes have been
explored to search for the best ways of transferring a
large amount of angular momentum to the final nuclear
system. Such a transfer can be expected in nuclear reac-
tions initiated by high-energy heavy-ion (HI) projectiles.
Fusion reactions and multiple Coulomb excitation have
appeared to provide most efficient ways of populating
high-spin states.

It is instructive to analyze the decay of a compound nu-
cleus formed after fusion of projectile and target nucleus
(see Fig. 1), following from statistical calculations. The
upper part of the figure shows that in the reaction con-
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sidered a maximum angular momentum of I=50 can be
transferred, while the cross section reaches its maximum
at I=30. The central part of Fig. 1 gives the excitation
energy 5' of the nucleus as a function of angular momen-
tum. After the compound nucleus is formed, an equili-
bration process distributes the energy over all nucleons,
some of which can be emitted (in this example, a max-
imum of five neutrons). An emitted neutron lowers con-
siderably the excitation energy of the system, at least by
its separation energy of -8—10 MeV, but to a much
lesser degree the angular momentum (on the average
about lfi unit per neutron). In general, not only neutrons
but also charged particles. can be emitted from the highly
excited nucleus. A state populated by a particle that is
emitted last is called an entry state. The set of all entry
states forms the entry region. The results presented in the
figure suggest that almost the entire initial angular
momentum is carried off by the gamma rays.

In the discrete energy region, concentrated at the left

0 20 40 60 80
Z(7)

FIG. 1. Statistical model prediction for the decay of the ' Er
compound system formed at the excitation energy of 53.8 MeV
in the Ar+' Sn reaction. The assumed population of the

Er compound system is given as a function of angular
momentum at the top part of the figure. Calculated popula-
tions are indicated schematically by contour lines as functions
of the excitation energy and angular momentum of the system
after the emission of 1—5 neutrons. The shaded regions of the
3n —5n populations show the ranges where y-ray emission com-
petes. The entry populations for the 3n —Sn evaporation resi-
dues are also indicated as functions of angular momentum and
of the excitation energy at the bottom and at the left-hand side
of the figure. The predicted entry line is shown for each y-ray
emitting region (dotted line). The figure is taken from Hillis
et al. (1979).
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bottom corner of the central part of Fig. 1, the level den-
sity is low enough to enable observation of electromagnet-
ic transitions as resolved lines in the y-ray spectrum.
With increasing excitation energies, however, the level
density increases exponentially, creating many pathways
for the y rays which constitute a "continuum" in the
spectrum. On the other hand, no significant overlap be-
tween levels is implied from estimated level densities and
widths. Therefore the continuum part is commonly re-
ferred to as the quasicontinuum spectrum (qcs). The
study of the qcs is a new field in nuclear spectroscopy; a
selection of the information on the qcs obtained so far is
discussed in Sec. V.

With the possibility of studying experimentally very-
high-spin states using HI beams, new techniques have
been developed to detect the deexciting y rays. Enhance-
ment of those y rays with respect to the background du~
to the decay of other states, populated in a broad spiii
range in various reaction channels, has been achieved by
using multidetector multiplicity arrays and total y-ray en-

ergy (sum) spectrometers. Combination with convention-
al, but refined spectroscopic methods has revealed a
wealth of new data on the qcs (see Sec. V), and has en-
abled the observation of "discrete" high-spin states, even

up to spin 40 (see Secs. III and IV). This illustrates the
difficulty of making a sharp distinction between the
discrete energy region and the qcs. In fact, with progress
in the selection techniques the maximum spin of a state
observed by means of discrete y lines is expected to in-
crease even further.

C. Rotational bands and their crossings
in deformed nuclei

Simultaneously with the vast increase of experimental
data on high angular momentum phenomena a certain
level of understanding has been achieved in the structure
of the underlying nuclear motion.

Deformed nuclei —i.e., those characterized by a non-
spherical spatial distribution of nuclear density —are
known to exhibit rotational bands in their spectra. In a
more detailed, "microscopic" description the rotational
motion involves coherent contributions from many nu-
cleons and is thus referred to as a collective motion. It re-
sults in a rotation of the nucleus as a whole around an
axis different from the nuclear symmetry axis. A
schematic example of a collective rotation of a prolate nu-
cleus around an axis perpendicular to the nuclear symme-
try axis is given in Fig. 2(a). It was found (cf. Secs. II and
III) that the relation between the excitation energy 8' and
spin I is often a smooth one and, for spins that are not too
high, can be approximated by 8'-I(I+1). The corre-
sponding series of states with consecutively increasing an-
gular momentum is called a rotational band. The lowest
state of a band is traditionally referred to as a bandhead.
Many states of different intrinsic structure can in princi-
ple become bandheads; the band built on the ground state
of the nucleus is referred to as the ground-state band. All

(a)
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23
COLLECTIVE ROTATION OF PARTICLE ALIGNMENT IN
A PROLATE NUCLEUS AN OBLATE NUCLEUS

FIG. 2. Two different modes of rotation generating angular
momentum. The quantities M~z and M~~ represent the moments
of inertia of the two respective rigid bodies rotating around an
axis perpendicular to (a) or parallel with (b), the symmetry axis.

other bands are called excited (or sometimes side) bands.
The lowest energy state of a given angular momentum is
called the yrast state. The sequence of all yrast states
(represented in 8' vs I plot) is called the yrast line (Swed-
ish: yr "dizzy, "yrast "the dizziest").

It is instructive to represent the rotational bands of a
nucleus in the form of 8' vs I dependence. Apparently,
the different bands can cross in the (8',I) plane; the first
crossing of that type, viz. , between the ground state and
the first excited rotational band was found by Johnson
et al. in 1972, in Stockholm. Since then the first excited
rotational band in nuclei is often called the Stockholm, or
S band.

Near the crossing point between the two bands several
physical quantities related to the yrast line (e.g., energy,
angular momentum, moment of inertia) represented as
functions of the rotational frequency r0 often show a
characteristic multivalued behavior in the form of an S
shape. This fact is referred to as a backbending effect (see
a detailed discussion in Sec. III).

Typical examples of nuclei exhibiting such a collective
rotation with crossing bands are provided in the regions
of mass number 150(A (190 (partly overlapping with
the rare-earth region) and A )220 (actinide region).
These nuclei are, in addition, characterized by the ex-
istence of the superfluid type (pairing) nucleon-nucleon
correlations, which result in an appreciable reduction of
the rotational moments of inertia and the quasiparticle
(rather than particle-hole) excitations.

D. Angular momentum alignment in weakly
deformed nuclei; yrast traps

Another mechanism is likely to exist in spherical or
weakly deformed nuclei. Here the alignment in the indi-
vidual nucleonic orbitals along the nuclear symmetry axis
appears to be the only possible mechanism of building up
the high angular momentum. This type of nuclear
motion (often referred to as a noncollective rotation) is il-
lustrated schematically in Fig. 2(b); in this case a few
valence nucleons move in an oblate average potential and
populate orbitals with positive angular momentum projec-
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tion on the nuclear symmetry axis. It has been discovered
that the alignment of the angular momenta of only a few
nucleons may be sufficient for producing relatively high
nuclear spin. This is the case when the alignment is near-

ly complete and high-spin orbitals contribute to this
phenomenon. We shall argue that this mode of excita-
tion, due to the quantal (shell) structure of the
individual-particle spectrum, predominates in spherical
nuclei or in those with an oblate axially symmetric defor-
mation (cf. Secs. II.F and IV). The resulting yrast energy
spectrum represented as a function of angular momentum
forms a considerably irregular sequence [no I(I+1) rule
obeyed locally]. However, a remarkable result follows
from the quantal structure of the many-nucleon system:
nevertheless, the I(I + 1) rule is still obeyed on the aver-

age over a larger interval in angular momentum.
The various sing1e-particle states may contribute in dif-

ferent ways to the energies and wave functions of yrast
states, possibly leading to a retardation in transitions
deexciting these states, thus forming isomeric states.
High-spin isomers located at the yrast line are commonly
called yrast traps, or more specifically energy or structure
traps in reference to the two underlying mechanisms (see
Sec. II.F). Understanding of the single-particle features
responsible for high-spin phenomena emerges from
analysis of the vast amount of data on yrast traps.

The discoveries and investigations of the two phenome-
na, backbending and yrast traps in relation to collective
and noncollective rotation, respectively, are among the
most important achievements in recent nuclear spectros-
copy in the domain of high angular momentum. It
should be noted that some high-spin isomeric states had
already been discovered about twenty years ago but that
only recently has the notion of the yrast trap been intro-
duced (see Sec. IV).

E. Region of very high spin

It is very interesting to analyze the properties of a ro-
tating nucleus at still higher angular momenta in the re-
gion where the Coriolis and centrifugal interactions are
strong enough not only to destroy the superfluid (pairing)
correlations in nuclei but also to modify in an appreciable
way the nucleonic motion in the nucleus. The first ideas
about nuclear structure in such conditions profited con-
siderably from classical analogies. In the classical
description a nucleus is represented as a drop of in-
compressible liquid with properties adjusted to simulate
those of a finite piece of nuclear matter. In addition to
the rotational energy such a system is mainly character-
ized by its shape degrees of freedom determined by the
surface tension and Coulomb energy. A detailed analysis
of classical properties of rotating nuclei is given by Cohen
et al. (1974). Later on, Bohr and Mottelson (1974) ex-
tended this classical picture, including the quantal
description and analyzing various regions of nuclear
motion with the increasing angular momentum. An im-
portant feature of this treatment, both classical and quan-

tal, is based on the assumption that the nuclear moment
of inertia is in the very-high-spin region close to that of a
rigid body.

F. Perspectives

Several challenging questions can be posed concerning
the nuclear structure at increasing rotational frequencies.
Collective and noncollective modes of excitation may
compete and/or combine in various ways, thus generating
the observed richness of nuclear phenomena at high angu-
lar momenta. One of the intriguing processes possibly
occurring at high spin is a substantial change in nuclear
shape. The high angular momentum states carry the in-
formation on the role of superfluid correlations existing
among nucleons and, in particular, on a possible phase
transition in the nucleus (from the superfluid to the nor-
mal phase). The precise theoretical description of such a
phase transition and of the physical effects characteristic
of its manifestation are among the interesting, presently
unsolved questions on nuclear structure (see Secs. II and
III). There are fascinating problems related to the influ-
ence of fast rotation and angular momentum alignment
on the properties of the average nuclear field. Since a fast
rotating nucleus is an intrinsic system in which the time
reversal (~) invariance is broken, new components that are
not r invariant may arise in the average nuclear field.

The possible existence of very large distortions in fast
rotating nuclei bears some resemblance to large astronom-
ical objects such as stars or planets. Those objects are
held together by long-range gravitational forces, in con-
trast to atomic nuclei, which are governed by short-range
nuclear forces. It is known that slowly rotating astro-
nomical objects acquire a slight oblate deformation as a
result of the balance between gravitational and centrifugal
forces. At a certain critical angular momentum, however,
the rotation is fast enough for a more economic accom-
modation of energy in an elongated rather than an oblate
shape. This effect, called Jacobi instability, may lead to
the formation of double stars. %'e shall see that such a
shape transition seems possible in some physical situa-
tions involving fast rotation of nuclei (see Sec. V.C). The
search for superdeformed shapes in atomic nuclei present-
ly poses one of the challenging problems in nuclear struc-
ture.

G. Justification of the reviewer

It is our feeling that combining both the experimental
and theoretical aspects of high-spin phenomena in one
presentation is particularly relevant at present. During
the last decade powerful experimental techniques and
theoretical methods were elaborated, due to the growing
interest in high-spin nuclear physics. The investigations
have provided convincing evidence for collective and non-
collective high-spin rotation from both the theoretical and
experimental points of view, despite the fact that many
questions about the structure of some high-spin nuclear
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states are not answered yet. A new class of experiments
has just started, based on the gamma-ray detection in a 4m

geoinetry for each reaction event (crystal ball spectrome-
ters). Among the theoretical approaches, the independent
quasiparticle description of rotational bands is at present
a powerful tool for interpreting a broad class of high-spin
phenomena. The independent quasiparticle description
proinises a degree of generality analogous to that of the
Nilsson model which was introduced in the early 1950s to
interpret single-particle excitations. This and related
methods will be discussed throughout. An elementary
treatment of some of the current approaches can be found
in a textbook by Szymanski (1983).

II. THEORETICAL ASPECTS OF THE NUCLEAR
STRUCTURE OF HIGH-SPIN STATES

A. Basic concepts

The occurrence of collective nuclear rotation is closely
related to the existence of appreciable deviations from
spherical symmetry in nuclear shapes. Although the orig-
inal nuclear Hamiltonian constructed from two-body
nucleon-nucleon forces is rotationally invariant, strong
deviations from spherical shape may arise in some nuclei
as a result of a spontaneous symmetry breaking mecha-
nisin (Bohr and Mottelson, 1975; Bohr, 1976). In this
case the average nuclear field acting on individual
nucleons =.g., of the Hartree-Fock type does not exhib-
it spherical symmetry either, and its deformation is as-
sumed to follow that of a nuclear-matter distribution.

The rotation of a nucleus about an axis that does not
overlap with the symmetry axis induces coupling between
the individual nucleonic orbitals and the rotational de-
grees of freedom of the average nuclear field. This cou-
pling, which tends to align partially each of the nucleonic
angular momenta, may be regarded as an effect underly-
ing most of the important phenomena in the domain of
rotational excitations.

High angular momentum states in nuclei may also ex-
hibit an altogether different, noncollective nature. They
Inay be created by the complete alignment of angular mo-
menta of only a few individual nucleonic orbitals. Such
states are formed most favorably in nuclei with an aver-
age nuclear field which is either spherical or axially sym-
metric with respect to the axis of the angular momentum
alignment. They are referred to as states of noncollective
rotation.

The two modes of rotation at high angular momentum
may coexist and/or compete in various ways. At very
high angular momenta the difference between the two ex-
citation modes becomes less and less pronounced, since at
extremely high spins all orbitals tend to align their angu-
lar momenta completely, regardless of the mode of rota-
tion.

In order to gain a first insight into the average proper-
ties of rotating nuclei a description of nuclear rotation in
terms of classical motion may be employed as a zeroth

approximation. The nucleus is then thought to have a
structure analogous to that of a rotating drop of matter,
with its dynainical properties represented by surface ten-
sion and the Coulomb energy coefficients. These coeffi-
cients are adjusted in order to represent the properties of
nuclear matter. The collective rotation of such a drop in-
volves the moment of inertia as the main parameter
characterizing the rotational features of the system.

The quantal treatinent of nuclear collective and noncol-
lective rotations starts with the introduction of a nuclear
Hamiltonian. Throughout this paper its essentially
individual-particle character is assumed to dominate in
the nuclear motion considered. This corresponds to the
leading assumption of many recent investigations provid-
ing quantitative results on high-spin states in nuclei.
Consequently, the Hamiltonian H will be assumed in the
form of an independent-particle term, possibly supple-
mented by a residual two-body interaction. Either this
two-body interaction will be neglected or only the short-
range pairing force that produces nuclear superfluid
correlations will be adopted.

1. Cranking

x =x
y'=y cos~t +z singlet,

z'= —y sin~i+z coscot .

(2 1)

Here x =x, since the x axis is chosen as the rotation axis.
Transforming the original time-dependent Schrodinger
equation

~Ab
l f2 H lab /labBt

(2.2)

with &pi,b and Hl, b referring to a nonrotating laboratory
coordinate frame, by means of the rotation operator

—sJ opf~=e (2.3)

where J„=J„denotes the x component of the total angu-
lar momentum, we obtain

and

Aab ~fintr (2.4)

~lab ~~intr~ (2 5)

In order to account for collective rotation around an
axis perpendicular to the symmetry axis the procedure
suggested by Inglis (1954, 1955) known as the cranking-
model approximation is frequently employed. The nu-
clear field is rotated externally with constant angular
velocity about a fixed axis. The rotation of an average
field V, unsyinmetric with respect to the rotation axis, in-
troduces an explicit time dependence to the Schrodinger
equation. This may, however, be reduced to a stationary
equation of motion when the laboratory frame (x,y,z) is
transformed into the rotating frame (x',y', z'):
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The quantities g;„„and H;„„refer to the body-fixed (ro-
tating, intrinsic) coordinate frame. Within this frame one
has, after substituting Eqs. (2.4) and (2.5) into Eq. (2.2),

intr =(Hi.~r
—~Jx )AD~rBt

(2.6)

with the second term on the right-hand side following
from the time derivative of A'. Equation (2.6) is station-
ary, since the potential entering H;„„ is now expressed in
the rotating coordinate frame (x',y', z') and thus does not
depend explicitly on time. It is assumed that the average
field V is not affected by rotation. Thus the operation
&H;„„A is equivalent to merely transforming the
coordinates from the laboratory to the rotating coordinate
systems.

The second term on the right-hand side of Eq. (2.6) is
in analogy to the Coriolis and centrifugal forces in classi-
cal mechanics.

To demonstrate this analogy let us consider the expres-
sions for the two forces

Remembering that the total Routhian operator equals the
sum of single-particle operators

H"=gh (i)=Q [h(i) —Ra)j„(i)], (2.10)

[with h (i) =h;„„(i)]one diagonalizes first the problem

eigenvalues 8'"; of H" are not the laboratory-frame ener-
gies, one has to transform the eigenfunctions obtained in a
rotating coordinate frame back to the laboratory frame
[inverse to operation (2.4)] and calculate the expectation
values of the Hamiltonian in the laboratory coordinate
frame with the transformed wave functions. This is in
full analogy to classical mechanics, where the Hamiltoni-
an in a rotating frame of reference H,~„, does not overlap
with energy (see, for example, Landau and Lifschitz,
1965).

To perform such a transformation one starts with the
eigenvalue problem for the total nuclear Routhian

(2.9)

f„,= —2m' Xi' h" ix"„)=e"„ ix") . (2.11)

and

fcfug= MMX(M Xr )

in the rotating coordinate frame (x',y', z'). We must
construct a classical analogy to the quantal expression
(2.6) of the Hamiltonian in a rotating coordinate frame,
i.e., a classical Hamiltonian in a rotating frame. We first
observe that the centrifugal force f,f„g——m (0, —co y',
—co z') for re=(co, 0,0), and that it can thus be generated
by the "potential" V,f g

—
2 mao (y' +z' ). The veloci-

ty proportional f„„however, has a form which is

mathematically identical to that of a Lorentz force act-
ing on a pointlike particle moving in a uniform magnetic
field. After redefinition of constants in formulas from
electromagnetics the velocity can be described by a "vec-
tor potential" A=mcoXr'. Bearing in mind the analogy
with electromagnetics, we have

The total energies are then expressed as sums:

8'=pe„+Ra)g (x,"~j„(x„).

(2.12)

(2.13)

In the ground state the summation over v is understood to
include the states with lowest single-particle Routhians
e . In the last relation the approximate equality

Here the eigenvalue e" denotes the corresponding single-
particle Routhian. The true energies e„are defined as the
expectation values of the Hamiltonian h(i) [not h (i)]
with the eigenfunctions

~
X ) in a body-fixed frame:

e =e„(co) = (x,"
~

h
~

x"„)

H"„„,= (p' —m~ X r')' ——,~~'(y' '+z' ')2'
which is valid in the limit of high spin, is utilized.

& 2
P —~Lx' ~

2m

where I.'=r'Xp'. The last equality just demonstrates
the similarity between the classical and quantal expres-
sions for the Hamiltonian in rotating coordinate frames.

Equation (2.6) may be written as

2. Variational principle artd cranking model
(an alternative derivation of the cranking model)

The Hamiltonian of Eq. (2.8) follows from the varia-
tional principle. In such a derivation the expectation
value of the original Hamiltonian H;„„is minimized,

intr =H An~rBt
(2.7) (H;„„)=min,

under the subsidiary condition

(2.14)

H =H;„„—Ac@J ~ (2.8) (2.15)

is called a cranking Hamiltonian or Routhian. Since H
does not depend on time, the solution to Eq. (2.7) can be
reduced to the eigenvalue problem of H". In particular, if
H describes a system of independent particles, then so
does H, because J ~ is a one-body operator. Since the

Here the J ~ component of the total nucleonic angular
momentum is identified with the total angular momen-
turn I; such an approximation becomes a good one in the
limit of fast rotation. Introducing the Lagrange multi-
plier Am, we obtain the wave functions and energies from
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the condition

(H,„„—e J„)=(H")=min, (2.16)

where fm may be determined from Eq. (2.15). It can be
shown that the Lagrange multiplier %co divided by A is
identical to the angular velocity of rotation. We thus ar-
rive at the same form of the cranking-model Hamiltonian
as in Eq. (2.8). Moreover, the variational formulation of
the cranking model as described above can be applied to
both the collective and noncollective rotational modes.

The cranking-model procedure presented above, with
its two derivations (given here and in the preceding sec-
tion), turns out to be a basic theoretical tool in the
analysis of high angular momentum phenomena. This
procedure, although known since 1954, was at that time
applied in the perturbation approximation up to terms of
only the second order in co, in the calculation of the nu-
clear moments of inertia. It was not until the early 1970's
that the full advantage of the cranking model was realized
and applied for determining the nucleonic motion in a ro-
tating system up to all orders in angular velocity co (Ring
et al. , 1970; Banarjee et al. , 1973; Bengtsson et al. , 1975;
Andersson et al. , 1976; Neergaard et al. , 1976; and many
works which followed). The derivation, employing the
variational principle, remains valid for axially symmetric
nuclei and, in particular, for the spherical nuclei, as well.
In this case, the cranking model provides a recipe for
selecting nucleonic orbitals which are most favorable in
creating states with the largest possible angular momenta
and with the lowest possible energy. The spherical shell-
model calculations which were mainly based on intuitive-
ly estimated configurations for high-spin states are also
encompassed by the cranking-model procedure, without
losing accordance with the variational principle contained
in Eqs. (2.14) and (2.15).

The cranking-model approximation is a semiclassical
one, since the rotation is imposed externally. It also
breaks the rotational invariance, since a fixed rotation
axis is adapted. All these features, however, become less
important for very fast rotation (I~~1).

The cranking-model procedure becomes a poor approx-
imation in the immediate vicinity of the crossing frequen-
cy (in the 8' vs co plot) between two weakly interacting
bands. Problems of this type will be discussed in Sec. II.E
(cf. Sec. II.E.4).

even-multipolarity components only- quadrupole, hexa-
decapole components, etc.—but not by the octupole com-
ponent, etc. (see also discussion of single-particle poten-
tials in Appendix A). Then the intrinsic Hamiltonian
remains invariant with respect to the three rotations W„
through angle m around the three principal axes of the nu-
clear field:

A„=exp( i—m J„), (2.17)

with a =x', y', or z' denoting the directions of the three
axes. The finite-symmetry group defined by the three
operations (2.17) is called D2.

Returning to the full cranking Hamiltonian H" [Eq.
(2.8)], we immediately see that it remains parity invariant
(since [H, H ]=0 and [J„,H ]=0), while both the time-
reversal and the full Dz symmetries are broken (because
still uHu '=H, while u J„u '= —J„, and, more-
over, A»J„A'» '= —J„and A, J„A, '= —J„). The
only symmetry that remains, in addition to the A~ sym-
metry, is the invariance of H with respect to the rotation

A'„=exp( ivrJ~ )—. (2.18)

(~ )2 ( 1)A (2.19)

where A denotes the total number of fermions. Denoting
by r the eigenvalues of M„and introducing the notation

df.
r= exp( i+a),—

one finds (Bohr and Mottelson, 1975) for integer I
(2.20)

(2.21)

where I denotes the total nuclear spin. Thus for systems
with an even number of nucleons we have

r =+1 (a=0), I=0,2, 4, . . . ,

r = —1 (a= 1), I =1,3,5, . . . ,

(2.22a)

(2.22b)

while for systems with odd particle number we have

The square of this operator is equivalent to a rotation of
the system through the angle 2~, and thus it does not in-
fluence the wave function of a system composed of an
even number of fermions. On the contrary, systems with
an odd number of fermions transform under (&„) like
spinors, and consequently the corresponding total wave
function changes sign. Thus we can write

3. Signature —a quantum number classifying
high-spin rotational spectra

(a=+ —,), I= —,, —,, —, , . . . ,
1 1 5 9 (2.23a)

(2.23b)

The diagonalization of H" in the body-fixed frame is of
course greatly simplified after one has made use of its
possible symmetries. Obviously, the symmetries in H
depend on the symmetries existing in the original nuclear
Hamiltonian H; To simplify the notation let us set H
equal to H;„«. In most cases of interest H is invariant
with respect to space inversion H (parity invariance) and
time reversal M. In addition, in many cases the nuclear
deformed average field V entering II is characterized by

I=a mod 2 . (2.24)

Here and in the following the symbol df. above the equal sign
means "equal by definition. "

The above four relations can be cast into one equivalent
expression:
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FIG. 3. Experimental level scheme of ' Dy (Lee and Reich, 1979), illustrating the signature splitting in the spectrum of a rotating
odd-A nucleus. The odd particle occupies either the lower or the higher of the two orbitals which are degenerated at co=0 due to

1 5 9 13 3
Cromers degeneracy. The two orbitals differ in signature (r = —i or r =+i) leading to level sequences of 2, 2, 2, 2, . . . , and T,
z, 2, 2, . . . , respectively (see also Sec. III.A.3 for further explanation).

A =2umod2 . (2.25)

It also follows from Eqs. (2.19) and (2.20) that the particle
number fulfills the relation

The eigenvalue r of the 9F„operator is called the signa-
ture. The classification of single-particle states by means
of the signature quantum number proved to be, like pari-
ty, an important tool for identifying the nucleonic orbitals

Rev. Mod. Phys. , Vol. 55, No. 4, October 1983



de Voigt, Dudek, and Szymanski: High-spin phenomena in atomic nuclei S57

in the rotating nuclear potentials (Ring et a/. , 1969;
Goodman, 1974; Faessler et al. , 1976; Andersson et al. ,
1976; Neergaard et al. , 1976). The consequences of the
H and 9F„symmetries of the cranking Hamiltonian will
be discussed further in Sec. II.E.3 An example of two
bands which can be classified by the signatures r =+i is
given in Fig. 3 for ' Dy (see also experimental level
schemes presented in Sec. III).

B. Single-particle motion and pairing correlations

The present understanding of many of the mechanisms
in nuclear structure is based almost entirely on the picture
of individual nucleons moving in the nuclear average po-
tential. In the domain of high-spin phenomena, like in

many others, the rather detailed knowledge of the single-

particle orbitals proves to be important. On the other
hand, studying the properties of nuclei at high angular
inomenta may also provide new and valuable information
on the properties and distributions of the single-nucleon
orbitals in the nucleus. The description of nuclear aver-

age potentials can be found in almost every textbook on
nuclear physics (see, for instance, Bohr and Mottelson,
1969). In the present paper we shall not discuss it in any
detail. However, some of the features that seem to be
relevant to the formation of very high-spin nuclear states
can be found in Appendix A.

Two approaches are frequently employed to generate
the single-particle spectra of deformed as well as spherical
nuclei: the Nilsson and Woods-Saxon average field poten-
tials. They are summarized in detail in Appendix A.
There also exist other potentials, such as the folded Yu-
kawa potential (Bolsterli et al. , 1972) or such potentials as
the square-well or harmonic oscillator, which are some-
times used to imitate certain properties of the single-
particle nuclear levels. The latter two, although very
helpful in model calculations, are too simple for interpret-
ing the experimental data on single-particle excitations for
a wide range of nuclei. The folded Yukawa potential pro-
vides results on single-particle energies very close to those
of the Woods-Saxon potential; thus to some extent the
following discussion of the Woods-Saxon spectra (see Ap-
pendix A) applies to both potentials.

Knowledge of the correct single-particle spectra is in
many cases a prerequisite for analyzing such high-spin
phenomena as the alignment effects in nuclei. For their
theoretical reproduction it is frequently decisive to start
with the correct single-particle level order. In particular,
the correct description of the high-j orbitals then plays a
special role. Moreover, calculations show that the total
energy of a nucleus can be represented as a sensitive func-
tion of the single-particle level density. Thus for a correct
prediction of, for example, equilibrium deform ations,
especially at high spins, both properties of the single-
particle spectra —i.e., the level order and the level
density —have to be reproduced well. This can be
achieved by carefully choosing the parameters for the
average field potentials.

In addition to the nuclear average potential determining

Here
~
0) denotes the vacuum state of particles.

The BCS (Bardeen, Cooper, and Schrieffer) trial wave
function (2.28) clearly mixes components with various
numbers of particles. Consequently one usually requires
that the expectation value of the particle number operator
fulfills the relation

(y~N ~y)=n, (2.29)

where n =Z or N (proton or neutron number, respective-
ly). This equation can be treated as an auxiliary con-
straint when minimizing the total energy

(P ~H ~P)=min. (2.30)

Minimization in (2.30) with subsidiary condition (2.29)
leads to the well-known expressions for the coefficients u„
and u of the BCS wave function (2.28); the appropriate
considerations will not be repeated here (see, for example,

the properties of the nucleonic single-particle orbitals, a
residual two-body interaction must be added in order to
account for many specific properties of nuclei. In this pa-
per, the only two-body force that will be discussed is the
short-range attractive pairing force. We will limit our-
selves to the monopole-pairing component which leads to
an interaction only between pairs coupled to angular
momentum I~q ——0. As is well known, the inclusion of
the pairing interaction leads to the depression of the nu-
clear ground state I =0 in even nuclei with respect to the
energies of the other states in the nuclear spectrum. It
also reduces considerably the nuclear moment of inertia
with respect to the rigid-body value.

In solid-state physics such an interaction was con-
sidered a long time ago (Bardeen et al. , 1957) to explain
the effect of superconductivity. Bohr et al. (1958) sug-
gested that there may exist an analogy between superfluid
systems and finite nuclear systems. And since then the
nuclear superfluidity approach (the pairing model) has
been proven to be one of the most important elements in
nuclear effective interaction theory.

In its simplest version the nuclear Hamiltonian includ-
ing two-body pairing interactions reads

II =pe cQ + g (VV
~ pu, „~pp )cQ cp'c~ . (2.26)

V WPP

The monopole pairing interaction is defined as an in-
teraction that scatters only those pairs of nucleons whose
angular momenta are coupled to zero. This implied (see,
for instance, Rowe, 1970) that the two-body matrix ele-
ment has a simple form:

(vv'
~ u~», ~

pp') = —65 -,5„„,sgn(v)sgn(p), (2.27)

where, in addition, a constant matrix element 6 is as-
sumed (G„&——G =const) and

~
V) denotes a time reversed

state of
~
v).

An approximate solution to the problem of nucleonic
motion generated by Hamiltonian (2.26) and (2.27) is ob-
tained after introducing a trial function:

(y) =g(u. +u„.t~"„) ~O) . (2.28)
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Bohr and Mottelson, 1975).
The analogy between nuclear pairing correlations and

those existing in other superfluid systems may be pursued
further. It is well known that strong external influences
may destroy the superfluid structure in the system, thus
causing a transition from superfluid to normal state
(phase transition). Such a mechanism takes place, for ex-
ample, in the superconducting metals when a strong
external magnetic field is applied (Meissner effect). An
analogous role is played in the nucleus by the fast rota-
tion. In this case the strong Coriolis force tends to decou-
ple the I~2 ——0 pairs and thus to destroy the superfluid
correlations. The possibility of a nuclear phase transition
following fast rotation of the nucleus was predicted a long
time ago (Mottelson and Valatin, 1960). Such a transition
is referred to as the Mottelson-Valatin effect. In fact,
there are no clear-cut experiments showing evidence for a
phase transition in the nucleus (see Sec. III.C).

C. The liquid drop model and a classical
description of rotation

09—
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0.2

O.O
Q I 02 0.5 0,4 0.5 0 0.7 03 0.9 ).0

X

FIG. 4. Various critical rotational parameters y in their depen-
dence on the fissility parameter x. Triaxial shapes appear be-
tween y~ and y». Saddle shapes are stable against reflection
asymmetric distortions to the right of the dot-dashed portion of
y»&. Triaxial shapes are unstable against asymmetry between
the dashed portion of y»& and y» {from Cohen et a/. , 1974).

In the domain of very fast nuclear rotation one may ex-
pect substantial changes in nuclear structure. The strong
Coriolis and centrifugal effects acting on nucleons mov-
ing in a nuclear field may become dominant factors that
compete with the other nuclear interactions and deter-
mine the entire picture of nuclear dynamics.

Preliminary insight into the behavior of fast rotating
nuclei may be obtained by analyzing the systematic
features of the system. Such an analysis emphasizes the
classical aspects of nuclear motion and may be based on
the picture of a nucleus represented as a drop of in-
compressible liquid with its properties adjusted as closely
as possible to those known from studies of nuclear matter.
In such an approach a system is mainly characterized by
its shape parameters, and equilibrium is reached for a
given value of angular momentum as a result of a balance
between the surface and Coulomb energies that compete
with the centrifugal energy related to the rotation of the
system. In this approximation the total energy of the sys-
tem can be expressed as

5'(p, Z, N, I)= 8'id(p, Z, N)+
(~)'

2~(P,Z, N)
'

where M(p, Z, N) denotes the moment of inertia. Here,
5'~d(p, Z, N) denotes the nuclear average binding energy,
which is usually calculated from the liquid drop formula
(Myers and Swiatecki, 1967). In particular, 8'~d(p, Z, N)
contains the surface energy term, 8',„,t(p, Z, Ã) and the
Coulomb energy term 8'c,„~(p,Z, N). These two terms, to-
gether with the nuclear moment of inertia a (p, Z,N), de-
pend essentially on the nuclear shape and contribute most
significantly to the onset of the nuclear deformation. One
should take this into account when expression (2.31) is
minimized for fixed angular momentum I. Such an
analysis was performed by Cohen et a1. (1974). Two di-
mensionless parameters are usually introduced:

and

8'c,„i(P=0 Z, N) 8', 1 Z
2$',„+P=O,Z, N) 2N, 50

(trtI) /[2w „s,d(p=0, Z, N)]
8',„,t(P =0,Z, N)

(2.32)

(2.33)

They characterize the properties of a nucleus with respect
to fission (fissility parameter x) and nuclear rotation (pa-

80

Ioo 200 300
A

FIG. 5. The maximum angular momentum that can be accom-
modated in a P-stable rotating nucleus (classical estimates). The
figure is taken from Cohen et al. (1974). Below the dashed
curve the fission barrier is higher than 8 MeV (approximately
equal to nucleon binding energy); for further discussion see text.

Rev. Mod. Phys. , Vol. 55, No. 4, October 1983



959

1hal f-plane betw~e~ 1 . ~ d 60, correspond to
120' and

the—60', 0 an
ri-

y ——120 ~—case ~

axially symmc rict shapes with vapossi'ble rotations o
nuclear axes wit reh spect to the ro-ous orientations of t e

d b 0 &&&60 descr'bestation axis. The
~

the axis wit e
'

h the largest momenthe rotation about
lways ].Cads to the low estthus such a rotatio

or 2. Such
crtia an

. f tion parameter B2 orenergy «r ag; the classical description
iven dcforma ion

n of nu-an effect seems obvio
il have to hold in thebut does not nccessari yclear motion u

quantal description.

ohen et aI.
a

'
vario h pes and insta

' ' '
marizes t e re

ilitiesvarious nuclear s a
d . Th 1'

ihsp
h h

it of instability o a s ect to
ra ments. efission in

h ~ hinstability wi
o-f

'
h h f

hment). Finally, y& corresponds to t e
tating drop to a po ae '' '

sha e o a roa' aoblate equilibrium s p
d") shape; such a tra-ated ("superdeforme s; ra-nounced elongate

s to the Jaco ibi instability known in a-sition is analogous

r momenta
t bl' "u'1" L'n' I

F A 100 th 1

of the
II

to the increa
'of ln decreases due to

ou on1
s a map of t e energ

d dro of's st' itg o o gtatin liqui rospon
N =92 neutronsZ =62 protons and

seri tion of collectiveD The quantal de p
d the shell correction apprrotation and t e s

've description of a ro
'

gtatin nucleusTh semiquantitative ec
is asc

h hnuclear field. orc cons
'

1 in a rotating
ure (Inglis,cran ing-

h kfre uently applie .
S . II.A. I) d b th

1 d
=H —Acoj„see Sec.

rees ofd namical coupling of the intrins'
'zin nuclear rotation.those characterizing nufreedom wit t ose

mena in atomic nucleiki High-spin phenomenade»igt, uD dek and Szymans

'54 Sm

&0'

poJ

IO

Srn at I=40. For completenesess charac-for the nucleus ' Srn at I=model calculations o
'

ns of the total energy or e ' Srn at I
dersson et a/. , 197

of the liquid-drop rno
'llustrated (from Anderss

FIG. 6. Example o ' ' - rno ns o
n and orientations o t e axteristic s apes an

No. 4, October 1983Rev. Mod. Phys. , Vol. 55, o.



atomic nu
~ . „.,„h no~8~8~glisk&: H(g -sp96

sufficiently highmomentum is suMoreover, i m'f the angular m
I i) we may ex-above(e.g.,

Mottelson-Va a
'

atin effect o
elations per-

ect, due to the
n e pairing corre a i

tasmng to the supsu e ui s comer
their role in eh nucleus and

nkin Ham-g 'g'
'

1 'b th d
i 1

descri es
define'g -Ptween t e

indepcI1dcnt-part
interactions of th ne Corio is an

Routhians1. Single-particle

f the crankingthe eigenva ues e 0
e- ' R thians) Plotte as

igll tes
HamiH iltonian (smg e-P

e Nilsson Po

e si natures ~ =
)nding to 0

the g
R uthians corre p .

th ~ and can
ou

Jy ggt CO

Il.g.3).
decrease very s

I 1

to rotation e
b a large aRtel characterized ybe approximate y

g
e

'
ll and by a rather sma va

tr axis. They lead toh clear symme yjection m oont enu
e

'
an uar m

's. In fact, the a 'g
li nment o e a

n be seen as
h rotation axis.

(vi J„v canmomentum
the slope in the curve e vs w.

521»z
6337/2
523 S/2-

642 s/2
530 ~/z

6513/2
532 s/2
660 &/2

4001/2
402 3/zy
541 &/

5051

PROTONS

A =165 parameters
6 = 0.20

0g=O
', -e.5

514»z
402»z
411~/z
404»z
5237/z

~» Ol

Qvo

532 '/2
4113/2
413s/z, '

541»z

550 &/z

420 &/2,
422 3/2

431 &/z

404 9&z

413»z-—

301 1/2 -5.0

1

0.08
I

0.10 0.)2
I

ctions of rotational frequencye- ' R thiansj as functions o ro

0

d' te frame (sing e-pin the rotating coordina e e-le- article energies in e ordina eFIG. 7. The single-pa ic
'

h deformation o c=u calculated wit a

l. 55, No. 4, Qctober f 983Rev. Mod. Phys. , Vol.



de Voigt, Dudek, and Szymanski: High-spin phenomena in atomic nuclei

= —A'(vi J„ i
v), (2.34)

with the minus sign originating from the minus sign in
the formula for the Routhian. This equation follows
from a direct differentiation of the single-particle eigen-
value e" of H" [cf. Eq. (2.12)] expressed as the expecta-
tion value of H" within the single-particle state

~

v). The
rotation-sensitive orbitals are found to be the lowest
members of high-j multiplets, such as h ~ ~/2(i/2),

f ~ w'r' 1~ ]I/g(3/2) ~ ., Or ~ I3/2(]/2) ~ I3/2(3/2) ~ ~ ~

tation [550 1/2], [541 3/2], . . . , or [660 1/2],
[651 3/2], . . . , respectively).

The energy of a rotating nucleus can be expressed in
terms of cranking-model wave functions. We obtain,
then, within the framework of the single-particle picture,

8' = (@ ~

H
~
f) = 8' +fico (g ~

J„~P ) (2.35)

denotes the total nuclear Routhian in the independent-
particle approximation; the summation over v extends
over all the occupied states. The calculation of the total
nuclear energy in the way just described, however, is high-
ly unsatisfactory, as it was recognized a long time ago
that the sum of the single-particle eigenvalues does not
provide an adequate description of that energy. Until a
more fundamental description of nuclear dynamics be-
comes available, the procedure used so far will be based
almost exclusively on the shell correction approach.

[cf. Eq. (2.13)], where
~ P) is the eigenstate of the crank-

ing Hamiltonian H" [cf. Eq. (2.9)], while

(2.36)

gi(e )=+5(e"—e„") (2.40)

and the spin-density function as

g2(e )=g (m„)5(e —e ) . (2.41)

One then obtains the two corresponding smooth densities
g&(e") and g2(e") [cf. Eq. (2.39)]. Using the two density
functions, we find for the nonsmoothed quantities

I = 1 g, (e )de"= g (m~) (2.42)

Here S(e —e„) represents, for example, a Gaussian func-
tion or a coinbination of several Gaussian functions (Stru-
tinsky, 1967). Alternative approaches can be found, for
instance, in Bohr and Mottelson (1969 and 1975) and
references quoted therein. Here, we shall not go into
more detail in these descriptions. We mention only the
characteristic modification of the shell correction method
appropriate in the domain of very high angular momenta
[cf. Brack and Jennings (1976), Bengtsson et al. (1975),
Neergaard and Pashkevich (1975), Andersson et al.
(1976), Neergaard et al. (1976)]. In the case of nuclear ro-
tation, the single-particle energies e should be replaced
by the single-particle Routhians e„. The new degree of
freedom, represented by the rotational frequency co, intro-
duces a new dependence to the shell correction formula,
namely, a dependence on spin. Such a dependence in the
total energy formula (2.13) can be represented as the sum
(H)+fico(I„) [see Eq. (2.10)]. This suggests that the
Strutinsky smearing procedure should take care of both
the level and angular momentum densities [cf. Eq.
(2.13)]. In this spirit one defines the level density func-
tion by modifying Eq. (2.38) as

2. The phenomenological shell correction approach

We shall not describe here the whole procedure of the
shell correction (see, for example, Myers and Swiytecki,
1967; Strutinsky, 1967). The main idea of this approach
is to calculate the shell correction (by definition) as a
difference

and

8'= f g~(e )e"de"+(fico)I,

and for the analogous smoothed quantities
xI =f gi(e")de

(2.43)

(2.44)

58»»=8' —8 (2.37) 8'= f g)(e")e de +(Ace)I . (2.45)

g(e) =g 5(e —e„) (2.38)

is replaced by a smooth energy distribution corresponding
to the same levels e given by

g(e)=QS(e —e, ) . (2.39)

between the sum 8' of the single-particle energies (here
also pairing correlations may be included, thus modifying
slightly the expression for 8') and the averaged value 8'
of this energy. The latter quantity is calculated by replac-
ing the discrete single-particle level energies e by certain
smoothed energy distributions. For instance, a discrete
distribution of levels which is given by a Dirac delta-
function density

The shell correction is now defined [cf. Eq. (2.37)] by

58' »»(n, I)= 8 —8' (2.46)

8'„„,(Z,N;I) = 8'id+58', »,» (protons)

+58',„,» (neutrons) . (2.47)

with A, and A, defined from the corresponding particle
number equations. Equation (2.44) implies that co in a
smoothed case, as opposed to cu in the discrete case, must
be used so as to ensure the same value for I in both cases.
A more detailed discussion of the generalized shell correc-
tion method can be found in Andersson et al. (1976), for
example.

The final formula for the nuclear energy reads
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between (Hi and 8(Hi drastic changes may occur in equili-
brium shape. At low-spin values ' Yb has a weakly
elongated (prolate) shape; at higher spins it acquires ob-
late shapes and finally returns to an elongated shape. The
energy maps presented in the figure were calculated with
the Nilsson potential; similar results are expected for the
Woods-Saxon potential (Neergaard et al. , 1977).

The behavior of ' Yb may be typical for neutron-
deficient light rare-earth nuclei but not necessarily for nu-
clei in other regions of the Periodic Table. The only
feature common to the nuclear energy landscape investi-
gated so far is the pronounced elongation of shape at very
high angular momenta. This may be related to the possi-
ble existence of superdeformed nuclei. Today's experi-
mental and theoretical search for superdeformed states at
high spin is one of the most interesting endeavors in nu-

0
clear structure studies (Aberg et al. , 1980; Ragnarsson,
1978; Faber et al. , 1979; Bengtsson et al. , 1981; Rag-
narsson et al. , 1980).

In the theoretical predictions for the existence of the
superdeformed region the nuclear shell structure plays an
important role. At very large deformations —e.g., for el-
lipsoidal shapes with an axis ratio of 2:1—new magic
numbers and shells may emerge, different from those
known from spherical shapes (Bohr and Mottelson, 1975;
Swiytecki et al. , 1969; Tsang, 1969; Ragnarsson et al. ,
1978; Dressing et al. , 1977; Dudek et al. , 1982).

E. The independent quasiparticle method
and collective rotation

Within the last ten years the well-known Hartree-
Fock-Bogolyubov (HFB) formalism has been applied to
the description of nuclear rotation after employing the
cranking-model procedure (Ring et al. , 1969; Baner)ee
et aI., 1973; Bhargava, 1973; Bhargava and Thouless,
1973; Croodman, 1974, 1976; Faessler et al. , 1976; Ha-
mamoto, 1976; Bengtsson and Frauendorf, 1977, 1979a,
1979b and references cited therein). This formalism
known also as the HFBC (HFB cranking) leads to a
description of a rotating nucleus in terms of elementary
excitations, the so-called independent-quasiparticle ener-
gies (Routhians).

In this section we discuss in detail a phenomenological
realization of the HFBC method which consists of find-
ing an approximate form of the nuclear spectrum generat-
ed by the operator H,

1H =~e~c~~+ 4 ~ U &&c~~c&c&
w' WPP,

—~g (Jx)w'cKv (2.48)

u~» ———G5 .5».sgn(v)sgn(p), (2.49)

that represents the energy of protons or neutrons in a ro-
tating coordinate frame (Routhian). Here e~ denotes the
kinetic energy plus Nilsson or Woods-Saxon potential
term, while u~» is taken in the form of a monopole
pairing term:

with sgn(V) = —1 and sgn(v) =+1 (
~
v) =u

~

v)). Note
that those approaches explicitly employing average nu-
clear fields should not be mistaken with the fully self-
consistent Hartree-Pock method, despite the fact that the
name Hartree-Fock-Bogolyubov cranking is frequently
applied in the literature to the former, restricted ap-
proaches, as well.

Since the HFBC approach provides only an approxi-
mate expression

~
g) for the total nuclear wave function,

one may not expect it to be an eigenfunction of the parti-
cle number operator

N= g c~, , n =Z or X .
v=1

(2.50)

One thus resorts to the requirement that the average value
of the operator corresponding to

~
f) be equal to the pro-

ton or neutron numbers (Z or N):

(2.51)

Such an auxiliary condition can be accounted for most
easily by a I.agrange multiplier, A,„(chemical potential),
and a new auxiliary operator:

H —+H —A,„N . (2.52)

Since the wave functions generated by H depend on A.„
parametrically, one has to determine from Eq. (2.51) a k„
value appropriate for n particles. The Routhian in the
second quantization representation thus assumes the form

H"=g [e fico(j„) —X„5 ]c—~„

——,
' 6 g 5 -,5»,sgn(v)sgn(p)c~„c„c& .

(2.53)

at= A„,.c~+B.,c
v=1

(2.54a)

v=1
(2.54b)

One assumes auxiliary objects—i.e., quasiparticles —to
possess fermion properties just as nucleons (i.e., particles)
do, and thus by definition

{a;,aj I =5J, Ia;,a, J =0, (a;,aJ~I =0. (2.55)

1. The Bogolyubov transformation

The idea behind the transformation into a quasiparticle
picture is to introduce a new representation of Hamiltoni-

The summations in Eq. (2.53) extend over the basis states;
if the basis is cut =.g., to p states —then v, v', p,p'

1 p 2y ~ ~ ~ ppo

The first step in the HFBC method consists of
transforming operator (2.53) into a quasiparticle picture
by making use of the Bogolyubov transformation. The
latter leads to the quasiparticle creation and annihilation
operators a; and uj ..
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an (2.53) in which excitations of the system can be con-
structed from additive building blocks —i.e., quasiparticle
energies. Inserting expressions (2.54a) and (2.54b) into
Eq. (2.55), and using the anticommutation properties of
the operators c~ and c, we obtain the generalized ortho-
normality relations

Hii = g [v p(A';Apj —B jBp;)
ij,ap

+ b,apA a;A pi+ b,apB*;Apj]a;aj, (2.62b)

H20 = P~ (vap aiBpj + Y~apv aiA pj
ij,ap

g (A vi A vj +Bvi Bvj ) 5ij (2.56a) + YlkpB piBaj )ai aj +H. c. (2.62c)

Jj

g (A„~B,i+A iB„;)=0, ij =1,2, . . .,p . (2.56b) In the equalities (2.62a)—(2.62c) the following standard
notation is employed:

It is convenient to express the Bogolyubov transformation
in matrix notation. Formally, one then has pap g BaiBpi (pap=ppa) r (2.63)

A B
c

with a, n, c, and c denoting column vectors, e.g.,

c'C1

C2

Cp

(2.57)

(2.58)

Jj

X p=+Ap;B'; (X p= —Xp ),
P

~ap=2X UaprsXrs ~

yg

Jj

I ar =4+ Uaprspps
p5

Vap= Eap+ f ap [Eap= cap ~neap ~(jx )ap]

(2.64)

(2.65)

(2.66)

(2.67)
Defining

B
Z (2.59)

Hp() ——0 . (2.68)

We make use of the freedom in the coefficients of the A
and B matrices that are still undefined and require that

one can easily see, using Eqs. (2.56a) and (2.56b), that
ZZ = I—i.e., that the matrix Z is unitary. One can now
determine the inverse to the Bogolyubov transformation:

A~ B,

Simultaneously, we also require that the summation over
a and P in Eq. (2.62b) can be reduced to the form

g [vap(AaiApj BajBpi )+~a+ ai pj
ap

c (2.60) + b,
*pB*;Apj] =E;"5;i, (2.69)

It is essential to notice that the new vector space of the
C~

operators (, ) or ( ) is of doubled dimensions, i.e., equal
to 2p, as compared to the original basis I c;

~
0),

i =1,2, . . .,p].

2. The HFBC equations

Using the inverse to the Bogolyubov transformation,
Eq. (2.60), one may transform Hamiltonian (2.53) into
quasiparticle representation. It is convenient to group the
summation terms into sets containing no a operator (Ho),
two operators of the type a a (H»), two operators of the
type a a and aa (H20), and finally all combinations
of the type aaaa, aaaat, and aaatat together with their
Hermitian conjugates (H~). After such a grouping one
obtains

where Ei (i = 1,2, . . . ,p) represent some real numbers.
Until now all the transformations were exact. The ap-

proximation in the method consists of neglecting the
four-operator term H4. This is equivalent to saying that
we hope that the expectation values of H& are small as
compared to those of the remaining terms in the Hamil-
tonian.

One can show that the requirements (2.68) and (2.69)
are equivalent to the following system of nonlinear equa-
tions for A and B:

v~ p;+A~ p; ——+E;"A~;, i =1,2, . . . ,P,
P=1

(2.70a)
Pg (vapBp;+5 pApi) Ei Bp;, i =1,2, . . .,p-,—

p= 1

H" ~ H =Ho+H11+H2P+H4,

Ho=2 eappap+ T~X ~appap+X ~ap ap '
ap ap ap

(2.61)

(2.62a)

(2.70b)

The nonlinearity of this set of equations follows from the
fact that both v p and 5 p depend on A and B. Equations
(2.70a) and (2.70b) are called the HFBC equations. The
quantities v~p and A~p expressed in terms of A's and B's
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excit
COH» ——g E;aa;.

i=1
(2.71)

Using E; as additive quantities, one can thus construct
from the solutions to the HFBC equations all multiquasi-
particle excitations.

The iterative procedure applied to the HFBC equations
aims at finding the matrices 3 and B and simultaneously
the quasiparticle Routhians E"„ that fulfill Eqs. (2.70a)
and (2.70b). Once these quantities have been found, one
can calculate the total angular momentum and total ener-

gy from the relations

I=Ix =g (Jx )ap pap
ap

(2.72)

satisfying Eqs. (2.70a) and (2.70b) [see Eqs. (2.65) and
(2.67)] are called the self-consistent single-particle Routhi-
an and the self-consistent pairing field, respectively. The
auxiliary matrices p~p and X~p are called the single-
particle density and the pair density, respectively.

Note that in Eqs. (2.70a) and (2.70b) there is a depen-
dence on the rotational frequency co, since v p contains
the [—co(j„) p] term.

The requirements (2.68) and (2.69) can be interpreted as
follows:

(i) We assume that the Bogolyubov-transformed Hamil-
tonian describes the ground-state band of the system via
Eq. (2.62a) and that this band corresponds to zero-
quasiparticle configurations (such a zero-quasiparticle
state is frequently referred to as a quasiparticle vacuum
state). This ground state depends on the rotational fre-
quency co; for higher rotational frequencies the quasiparti-
cle vacuum states may differ from the states of the
ground-state band.

(ii) The excitations of the system are given by E;". The
excitation term is straightforwardly related to the number
of quasiparticles excited in the system, n,„„„sinceafter
solving Eqs. (2.70a) and (2.70b), one obtains

five, which were proven to be important for fission, are
less important for high-spin excitations. Consequently,
we have for the Routhian (2.53)

[H",%]=0, (2.74)

and

u„
I
k, Q„)=i( —I) "

I
k, Q, ) (2.75)

&„Ik, Q„)=i(—1) " Ik, Qk&, (2.76)

one can transform the representation of the basis in which
0 is a good quantum number into one in which the signa-
ture is a good quantum number (Goodman transforma-
tion):

from which it follows that the solution to the HFBC
equations [see, for example, (2.70a) and (2.70b)] can be
denumerated by the parity quantum number m. =+1 or
—1 and that the size of the matrix representation of H"
can be significantly reduced.

The presence of the ( —coj„) term in the Routhian ap-
parently breaks the initial time reversal invariance of the
nuclear Hamiltonian and thus removes the Cramers de-
generacy. As discussed in Sec. II.A, however, the Routhi-
an is invariant with respect to A'„[cf. Eq. (2.18)], and
thus the corresponding signature quantum number r can
be used together with parity m to denumerate the quasi-
particle states. This also considerably simplifies the
HFBC equations.

Consider a single-particle basis generated by some
single-particLe Hamiltonian obeying axial symmetry. Let
us denumer ate the corresponding single-particle basis
states by

I
k, Qk), where Qk denotes the single-particle

angular momentum projection onto the symmetry axis.
Generally, these states are at least doubly degenerate, and
thus

I
k, Qk ) and its time-reversed image

MI k, Qk) =
I
k, Qk) belong to the same eigenenergy.

Adopting the phase convention, according to which

and

cay +2+ UapysPps Pay+ 2 g+ap~ap ~

~r p5 ap

[—Ik Qk&+( —1) " Ik Qk&]
2

(2.77a)

(2.73)

and in principle compare these results with experimental
data in the form of [I,8'(I)] bands. In fact, one can ob-
tain much more information about rotating nuclei from
the HFBC approach than only the 8'-vs Idependence, as-
discussed below and in Sec. III.

IK)= [(—1) Ik, Qk)+ Ik, Qk)].
2

By representing all the operators that appear in the HFBC
approach by matrices with their matrix elements taken
within the states of Eqs. (2.77a) and (2.77b), one achieves
the following important simplifications:

3. Symmetries: parity and signature

The Hamiltonian that is used to describe high-spin
states in nuclei can in most cases be treated as parity in-
variant because the quadrupole and hexadecapole defor-
mations describe sufficiently well the nuclear distortions
of fast rotating nuclei along their yrast lines. The parity-
nonconserving collective degrees of freedom, such as the
octupole deformations or deformations of multipolarity

and

~KK'=O KK'

KK ' ' KK'

(j„) —,=0, (j„)-,=0,

~KK =O ~KK=O

KK'

(2.78)

(2.79)

(2.80)
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while

(J.)gg = (—J.)KK (2.81)
p —XX =p,
pX —Xp'=0 .

(2.87a)

(2.87b)

and

KK' (2.82)

The last two relations can easily be proven after employ-
ing the unitarity of Z and the definitions of p and P. Let
us also define the so-called HFB matrix:

In this new representation the HFBC equations split into
two systems of equations, each characterized by a given
signature value. For system I

—v' (2.88)

(&KK'~K'L +~KK ' Bg 'L } ( +EL )~EL
K,7= —i

Xi (vKK 'Bg 'L +~KK'~K'L } ( EL }BKL
K,7= —i

and for system D

(~KK ~KL+~KK KL = + L ~EL
K', 7 =+i

( KK EL+~KK ~EL = EL KL
K,7=+8

Replacing AKL, BK,L, and (+EL) in system I by BK,L,
AgL, and ( EL), re—spectively, transforms that system

into system II. It is thus sufficient to solve only one of
the two systems, since the solutions to the second are
given by the above simple transformation. The presence
of the A'„symmetry thus simplifies considerably the ef-
fort of finding pairing self-consistent solutions to the
HFBC equations.

The splitting [(2.83a)~(2.84a), (2.83b)~(2.84b)] of the
HFBC equations can be also be illustrated using the gen-
eralized density matrix.

[m,~]=0. (2.90)

Simple algebraic operations on the system of HFBC equa-
tions (2.70a) and (2.70b) prove that once (+E~ ) is an

eigenvalue of ~ to the eigenvector (~", ), then ( —E; ) is

also an eigenvalue of M to the eigenvector („»' ). From
(i)

the unitarity of Z it follows that if

Using the definitions of matrices A, B, and ~, we can
rewrite the HFBC equations [Eqs. (2.70a} and (2.70b)] as

r

A( ) A(-)
=E; (2.89}

(i) ' {i)

with &~;~ and B~;~ denoting the ith column of matrices A
and B, respectively. Note that the similarity between Eq.
(2.89) and the eigenvalue problem is only formal, since ~
depends on A and B and since the equations are apparent-
ly nonlinear. Nevertheless, we conventionally refer to Eq.
(2.89) as to the eigenvalue problem. Inserting the solu-
tions A~;~ and B&;~ of Eq. (2.89) into M and M, one can
show that

4. The generalized density matrix and the negative
quasiparticle Routhians

A {i) A (i)
(2.91)

Some important properties of the HFBC approach can
be presented in a most compact way by matrix notation.
For this purpose one employs the matrix Z,

AT BT

which was proven to be unitary (Sec. II.E.1), i.e., ZZ = 1.
In this section we confine our considerations to systems
with even numbers of protons and neutrons (the odd-
particle number system can be described after some sim-
ple modifications of the formalism). Recalling the defini-
tions of the density and pair-density matrices p and 7
[Eqs. (2.63) and (2.64)], we can define an auxiliary matrix
A of double dimensions (with respect to the dimensions
of p or X), viz. ,

then

B()
=(1—ki)

A (i)

B()
A (i)

(2.92)

0
0

0

From Eq. (2.86) it follows, however, that the eigenvalues
of A can only be k; =0 or 1, while Eq. (2.90) ensures that
there always exists a representation of the matrices M
and ~ in which both are diagonal. Consequently, A and~ can always be represented in such a way that in the
ground-state configuration

p X
7 (2.85)

0

which fulfills

(2.86}
»

»

the latter equality being equivalent to
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while (for E;"& 0 ordered in decreasing sequence along the
diagonal)

Ep 0

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~

Eco

(2.94)

whose structure resembles strictly that in representations
(2.93) and (2.94).

Taking into account the A„ invariance and its conse-
quences for the structure of the HFBC equations [cf. Eqs.
(2.83a),(2.83b) and (2.84a), (2.84b)] we find that, within
both parities separately, for each quasiparticle Routhian
EL that belongs to the solution of set I of signature
r = —i there exists the quasiparticle Routhian Ez ———EI
that belongs to the solution of set II of opposite signature
(r =+i). Quasiparticle Routhians of both signatures are
thus present on the diagonal of A . It is illustrative to

Due to the H invariance the matrix representation of
Routhian (2.53) reduces in most of the cases studied to
two submatrices denumerated by parity ~= —1 or + 1

(see Sec. II.E.3). Hence matrices A and 8 and hence also~ and A" split into m =+1 submatrices:

(2.95)

combine the information about quasiparticle Routhians of
both parities and both signatures in one plot. In Fig. 9, a
pictorial representation of Eq. (2.94), E;" are plotted as
functions of the rotational frequency co.

Recall that in this section we confine ourselves to sys-
tems with even particle number. Relations (2.91) and
(2.92) ensure that in both parities half the total number of

. eigenvalues of A are equal to zero and the other half
equal to one. In this way one discovers that the configu-
rations of the system of particles are represented within
the HFBC approach by a set of quasiparticle levels [cf.
Eq. (2.94) and Fig. 9], out of which one half has negative
and the other half positive values for a not too large co

(see also Sec. III). Excitations of the system above the
quasiparticle vacuum-state energy [Eq. (2.62b)] in the ro-
tating coordinate frame are given only in terms of the
positive eigenvalues E;" [cf. Eq. (2.71)]. If the eigenvalues
k; that correspond to positive E; are all equal to zero,
there is no quasiparticle excitation in the system. Thus
one can say that the corresponding quasiparticle vacuum
configuration is represented by all negative E;" "occu-
pied" [(1—k;) =1] and all positive E;" "empty" (k; =0)
[(Eq. (2.93)]. All possible two-quasiparticle, four-
quasiparticle, etc., excited configurations can easily be ob-
tained by proper permutations of zeros and unities in the
diagonal of the matrix M in Eq. (2.93); one has to
remember only that if a positive eigenvalue (+E;") is oc-
cupied by a quasiparticle, its negative eigenvalue partner
( —E-. ) of opposite signature must be unoccupied [cf. Eqs.
(2.91) and (2.92)]. For instance, the lowest two-
quasiparticle band (in many nuclei this is the Stockholm
band) can be represented by

0
0

0

[530 I/2]
[521 3/2]~.~.—"'"—.~-,
[532 3/2]
[66O 1/2]~~
[651 3/2] 0

0

-l.o—

or
0

0 0

I I I

0 O.IO 0.20 0.30 0.40 0.50
hcu (MeV)

FIG. 9. The quasiparticle Routhians —eigenvalues to the
HFBC operator of Eq. (2.88) with the Nilsson model average
potential. Here both the negative and the positive eigenvalues
are plotted, despite the fact that due to the symmetry of the
HFBC equations, essential information is repeated. This figure
represents graphically Eq. (2.94). [The figure is obtained from
Riedinger (1980).j

0

0
0

(2.96)
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In fact, the presence of negative eigenvalues in Eq. (2.94)
which results from the doubled dimensions introduced by
the Bogolyubov transformation (cf. Secs. II.E.1 and
II.E.2) can simply be ignored, since the vacuum configu-
ration corresponds to all negative states occupied by
quasiparticles. It is thus sufficient to use only the upper
half of the matrices (~~+~,A +,A ) just by em-

ploying [cf. Eq. (2.96) as an example]

0

ground-state configuration. Such a situation will be dis-
cussed further in Sec. III, where a comparison to the ex-
perimental data is given. Here we wish to present only
the simplified form of the quasiparticle diagrams in
which all those quasiparticle Routhians that are negative
at co=0 are disregarded, Fig. 10. The figure illustrates
the behavior of ~~ of Eq. (2.98) as a function of co. At
certain rotational frequencies crossings between quasipar-
ticle levels do in fact occur. Since, however, the contribu-
tions to the total spin that originate from individual
quasiparticle Routhians are

0 (2.97)
(2.99)

together with ~~, which is equal to
I

(2.98)

for m. =+1 and —1 each. Any two-quasiparticle excita-
tion is now obtained by selecting two diagonal elements of

that are equal to one [either both in M + or both in
(positive-parity excitation) or else one in A ~+ and

one in M~ (negative-parity excitation)]. Sometimes one
says that two quasiparticles occupy two states. The gen-
eralization for multiquasiparticle configurations is
straightforward. We want to emphasize once more that
the above argument is valid for co sufficiently small that
no eigenvalue E„which is positive at ~=0 becomes nega-
tive.

These simple rules become slightly complicated for
higher co values, where some of the quasiparticle Routhi-
ans cross in function of co. Then the vacuum may become
degenerate (gapless superconductivity) at a certain co=co',
and thus for higher rotational frequencies the original
quasiparticle vacuum configuration is no longer a

one can immediately see that the crossings of the occu-
pied quasiparticle levels leading to a change of sign of the
derivatives in Eq. (2.99) may also lead to the discontinui-
ties in angular momentum as function of co corresponding
to significant changes in nuclear alignment. In the case
of weak interaction between the crossing bands the im-
mediate vicinity of the crossing frequency (in the E vs co--
plot) is rather poorly described by the cranking model.
This fact is mainly caused by the large angular momen-
tum fluctuations which occur near the crossing frequency.
Hamamoto (1976) has suggested that the band interaction
obtained within the cranking model should be regarded
rather as unphysical in this case. This problem has also
been discussed by Marsh alek and Goodman (1978),
Grummer et al. (1978), and Faessler et al. (1981).

5. Odd-particle systems

The systems of protons and neutrons with odd-particle
numbers n can be treated analogously to the one described
in Sec. II.E.4. The only modification consists of first de-
fining an auxiliary system of, for example, (n —1) parti-
cles [(n —1) is an even number now] and treating the odd
particle in terms of a one-quasiparticle excitation of the
vacuum. Thus after one has solved the HFBC equations,
the generalized density matrix becomes

1.5
[530 'i~]

&f521 ~ra]
[532 ~ra]
[660 i/2] JI.O:
$65l &is]

0.5—

C I
I

I
'

I

o,

u)cp

Q
F

0

0

0
0

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

0

I

0 O. IO
I

0.20
I

0.30 0.40 0.50

50) (Mev)

FICi. 10. Results similar to those in Fig. 9; here, however, only
those quasiparticle Routhians positive at co=0 are plotted. In
this way, the superfluous information from Fig. 9 is not taken
into account. This figure represents graphically Eq. (2.98).

(2.100)

as a representative for the ground-state configuration.
The results, as discussed in Secs. II.E.4 and II.E.5, at

the same time prove the theorem according to which the
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quasiparticle excitations of an even-particle system consist
of an even number of quasiparticle eigenvalues and those
of odd-particle systems of an odd number of quasiparticle
eigenvalues.

F. A quantual description of noncollective
rotation

0-s =~p hR
(2.101)

(ii) for a prolate deformed body rotating about an axis
perpendicular to the symmetry axis

0-3
I-I', (l-O.3P)

60I
0- ll

+= g-g~(I+0.6P) 50

/P-II
/ c-i

40 0- II

P-i,
I-gg (l+ 0.3P)

~~ 30
4J

P-u
|"=g- g, (l-O.6P)

10

0
0 20 40 60 80 IOO

x(4j

FIG. 11. Characteristic modes of rotation and the correspond-
ing energies as functions of spin represented for prolate (P) and
oblate {0)deformed nuclei, with the rotation axis parallel (

~ ~

) or
perpendicular (l) to the symmetry axis (Stephens, 1979).

For axially symmetric nuclei with their angular mo-
menta aligned with the symmetry axis =.g, the x axis-
the nucleonic orbitals are not influenced by rotation about
the x axis of the nuclear potential. Therefore, in contrast
to the situation discussed in Sec. II.E, collective rotation
about that axis is not possible, and the system can in-
crease its angular momentum only by means of nucleonic
configuration changes. In many nuclei the alignment of
individual nucleonic orbitals does in fact occur and is the
basic mechanism in structuring the angular momentum
(see Sec. IV). We shall argue that this mechanism
predominates in spherical nuclei or those characterized by
an oblate, (or sometimes prolate), axially symmetric defor-
mation.

Let us first regard the classical aspects of the motion of
an ellipsoidally deformed nucleus. Simple geometrical
considerations lead to the following sequence of classical
moinents of inertia (see, for instance, Stephens, 1979, and
Fig. 11):

(i) For an oblate deformed body rotating about the sym-
metry axis

Wp g-Wp 1+0.3 bR
R

(2.102)

(iii) for an oblate deformed body rotating about an axis
perpendicular to the symmetry axis

r

hR~0 j -Wp 1 —0.3
R (2.103)

(iv) for a prolate deformed body rotating about the
symmetry axis

1 —0.6
R (2.104)

Here the deformation is expressed by hR/R, with b.R
representing the difference between the longer and the
shorter semiaxes, and ~0 the classical moment of inertia
of a spherical nucleus.

Obviously, the rotation about the symmetry axis (i) in
oblate nuclei corresponds to higher moments of inertia,
and consequently to lower energy, than the rotation per-
pendicular to symmetry axis (iii). In the quantal descrip-
tion one assumes that the mechanism of classical rotation
about symmetry axis (i) is replaced by the mechanism of
alignment of individual orbitals, while the rotation about
an axis perpendicular to symmetry axis (iii) is understood
as a collective one.

Gn the average the alignment of angular momenta in
individual orbitals leads to the average moment of inertia
W=W„s,.d, at least in simple nuclear models (Bohr and
Mottelson, 1969). This gives support to the existence of
some correspondence between the classical rotation about
the symmetry axis and the quantual alignment of indivi-
dual orbitals with this axis. Thus one may generally ex-
pect the collective bands to lie above the noncollective
yrast states in oblate nuclei. For prolate nuclei the oppo-
site is valid; the collective band is expected to lie below
those states formed by the alignment of individual orbi-
tals [cf. (ii)—(iv)].

Generally, shell effects do not modify any of the above
considerations significantly. The only known exception is
the region around the prolate ' Hf nucleus, where a very
strong negative shell correction shifts the noncollective
states below the collective band (see discussion in Sec.
IV.A.2). Several nuclei were found experimentally whose
yrast, and also higher excitations reveal a very irregular
dependence on spin (see examples in Sec. IV). In addition,
one also expects a very irregular dependence of the state
decay probabilities (lifetimes) on spin. Consequently,
some yrast states may become particularly long lived.
They are usually referred to as yrast isomers or yrast
traps (see Sec. IV for possible reasons for and mechanisms
prevalent in yrast traps).

Most of these properties were predicted by Bohr and
Mottelson (1974). Although several nuclei with irregular
excitation patterns were known experimentally before
1974, the great wealth of experimental information on
this excitation mode and high-spin isomeric states that
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now exists has been gained during the last five years.
Since these states may also be interpreted in terms of
shell-model configurations (spherical or deformed), re-
cently developed high-spin spectroscopy may furnish
valuable information on the single-particle structure in
excited nuclei.

For an axially symmetric nuclear field with @=60 or
—120 the individual-particle Routhians e are given by a
simple expression [cf. Eq. (2.12)]:

e =min,
V OCC

for a given spin I

(2.108)

(2.109)

(ii) go beyond any computer ability, and a reformulation
is needed. From the mathematical point of view, our
problem is to find a minimum,

e"„=e —(Ace)m (2.105) and for a given nucleus

where I denotes the projection of the particle angular
momentum onto the rotation, and at the same tin1e sym-
metry axis, and e is the single-particle energy in the case
of no rotation.

In independent-particle systems the filling of the nu-

cleonic orbitals may be studied either by means of plots of
the single-particle Routhians e vs ~, e given by Eq.
(2.105), or by minimizing the sum of the single-particle
energies e„(i.e., the eigenvalues of the original Hamiltoni-
an H, not H") under the constraint that the total angular
momentum I and the number of particles be fixed for
neutrons and protons separately. Frequently one assumes
the projection of I to be approxin1ately equal to I itself;
this is a good approximation for high-spin states. The
minimization of the sum of the energies ge, under these
conditions n1ay easily be illustrated by the geometrical
method that represents all the energies e of a given kind
of particle (neutrons or protons) as points in the (m, e)
plane (Bohr and Mottelson, 1975). The projection m, of
the individual nucleonic angular mon1enta is a good quan-
tum number in this case, as follows from the axial sym-
metry. The minimization procedure for the sum

(2.106)

[with the constraint for given angular momentum; cf. Eq.
(2.109) below] with respect to the selection of the set of
occupied states v occ is equivalent to including in Eq.
(2.106) only those points (m„,e„) that lie below a straight
line

(2.110)

Since in the independent-particle approach the lowest
(yrast) energies of the nucleus are composed of lowest-
energy neutron and proton contributions, we can limit our
considerations to one kind of particle first. We will then
combine the proton and neutron contributions. In order
to find the energy minimum in Eq. (2.108) under the sub-
sidiary conditions (2.109) and (2.110) formulated now for
the two kinds of particles separately, let us apply the
well-known Lagrange multiplier method. According to
the Lagrange method, one defines an auxiliary expression

g e"„=g [e„—(fico)m„—A. )]
V OCC V OCC

(2.111)

and then applies the theorem, which states that finding
the minimum of Eq. (2.108) under the subsidiary condi-
tions (2.109) and (2.110) is equivalent to finding the usual,
i.e., unconstrained, minimun1 of the auxiliary expression
(2.111),i.e.,

ev =min (2.112)

The two yet unknown parameters Ace and A, are called the
Lagrange multipliers. They can be calculated fron1 Eqs.
(2.109) and (2.110) after finding the minimum of Eq.
(2.112), which in turn is equivalent to finding the n
lowest-lying Routhians e or, in other words, the set of
[e"„I for which

e =A, +(%co)m
e —Arum (2.113)

in the (m, e) plane (tilted Fermi surface).
Generally, one can find the single-particle yrast config-

urations by (i) constructing all possible particle-hole excit-
ed states, and (ii) finding the yrast states for consecutive
spin values by minimizing the energy with respect to a
certain configuration at a given spin. Such an approach is
easy to formulate. Considering only the bound single-
particle states, however —i.e., neglecting the possibility
that some single-particle excitations may involve the posi-
tive energy part of the spectrum (resonances) —we have
for the neutrons in medium-heavy nuclei about 100 bound
states and as, for example, in ' Dy, about 86 neutrons
residing in these states. One thus has to take into account
all possible ways for 86 particles to occupy 100 levels.
This amounts to ( 43 ) —10 . Consequently, steps (i) and

One can thus formulate the following theorem. Finding a
constrained minimum in Eq. (2.108) is equivalent to the
geometrical problem of finding on the (m, e) plane n of
those and only of those points e which lie below the
straight line given by Eq (2.107).. The set of these points
defines the so-called optimal or Lagrange configurations.
The particular spin values for which a solution to the
Lagrange problem exists play an especially important role
in such an analysis.

The method of employing the tilted Fermi surface and
the distinction between optin1al and nonoptimal configu-
rations can best be visualized with an example. Figure 12
illustrates a few solutions to the problem (2.108) for the
lowest spin configurations for %=83 and Z =64 parti-
cles. Not for any pair of the Lagrange multipliers A,

and Ace do there exist exactly n e"'s such that
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e„((%co)m„+A,. In other words, the Lagrange multiplier
method [Eqs. (2.108)—(2.110)] offers solutions only for
some spin values [in Fig. 12(a) these values are I+ ———,

and —, ; Iz ——7 and 10].
Finding the Lagrange configurations for a sequence of

several spin values for both neutrons and protons facili-
tates the finding of all other lowest-energy configurations.
For calculating all the yrast line configurations it is suffi-
cient to consider the one-particle —one-hole and two-
particle —two-hole configurations, defined with respect to
the consecutive tilted Fermi surfaces of Eq. (2.107) that
specify the Lagrange configurations. The result of such a
calculation is illustrated in Fig. 12(b).

The above conclusions are valid for even and odd parti-
cle numbers. The Lagrange multiplier method, with its
geometrical interpretation, facilitates the task of finding
the lowest-energy particle-hole configurations; its applica-
tion demonstrates how to select only a few most impor-
tant configurations using diagrams, such as the ones in
Fig. 12(a).

The procedure described above establishes the yrast line
of an axially symmetric nucleus. Possible isomeric states
can also be predicted. The latter emerge as a result of an
irregular single-particle structure in the nucleonic config-
urations, as discussed above. The high-spin isomers may
then appear either as energy yrast traps —i.e., as either lo-
cal minima in the yrast line or states decaying by very-
low-energy transitions---or as structure yrast traps —i.e.,
as states differing to such an extent from their neighbors
that the transitions deexciting one into another are strong-
ly retarded. In experiments, energy yrast traps rarely ap-
pear as local minima along the yrast line; they often decay
via electric quadrupole transitions.

The Lagrange multiplier method, known also as the
tilted Fermi surface method, has been applied in several
papers: by Andersson et al. (1976,1978), Andersson and
Krumlinde (1977), Dressing et al. (1977,1980,1981), Cer-
kaski et al. (1977,1979), Matsuyanagi et al (1978),
Leander et al. {1979),Aberg et al. {1979),Dudek et al.
(1981,1982a). Some of the calculations also take into ac-
count the pairing that leads to the superfluid correlations
in nuclei which may modify some properties of the nu-
clear spectrum (e.g., Andersson and Krumlinde, 1977); see
Sec. IV.

Another method of analyzing the yrast line is based on
the spherical shell model (see Blomqvist, 1979, and refer-
ences cited therein). In this approach the deformation is
neglected, but instead residual interaction between the
valence nucleons is introduced. This interaction is usually
more general than the pairing force utilized frequently in
calculating a deformed fieM. The interaction supplement-
ing the spherical shell-model Hamiltonian also includes a
long-range component responsible for static deformations.
This method, which can be regarded as merely an exten-
sion of the shell-model approach, was successfully applied
to nuclei in the vicinity of Pb and also in the heavy
rare-earth region around ' Gd, the latter being treated as
another nucleus with doubly closed shells (Kleinheinz,
Lunardi et al. , 1978; Kleinheinz, Ogawa et al. , 1978;

Ogawa, 1978, Kleinheinz et a/. , 1979; Broda, Kleinheinz,
Lunardi, and Blomqvist, 1979; Kleinheinz, 1979, and
references therein).

III ~ HIGH-SPIN NUCLEAR STRUCTURE STUDIED
BY MEANS OF y-RAY SPECTROSCOPY;
COLLECTIVE ROTATION

In this section we discuss selected aspects of nuclear
collective rotation at high angular momenta together with
theoretical and experimental ideas employed recently in
studies of collective nuclear structure. In Sec. III.A the
interpretation of yrast-state properties will be discussed in
terms of band crossings; related properties of excited rota-
tional bands will also be illustrated. In Sec. III.B the y-y
energy correlations in the high-spin spectra of collectively
rotating nuclei are discussed. The effect of nuclear pair-
ing correlations in the high-spin states and the related
pairing reduction due to Coriolis effects are the subject of
Sec. III.C. In Sec. III.D the multiple Coulomb excitations
of high-spin states are discussed from the point of view of
nuclear structure studies. In Appendix 8, elementary in-
formation on the electromagnetic transition probabilities,
lifetimes, and feeding times is collected.

A. Crossing rotational bands

Phenomenological description

In this section we discuss the properties of collective ro-
tational bands in nuclei which are appreciably deformed.
We shall see that the typical behavior observed and
analyzed in such nuclei is strongly related to the crossings
between different rotational bands along the yrast line.

We begin our discussion by recalling the typical quanti-
ties important in the description of collective rotational
bands. The bands are defined in terms of state energies 8'
as functions of angular momentum I; we know (cf. Sec.
II) that the nuclear states belonging to a given band are
characterized by a definite (common) parity and signa-
ture. Furthermore, bands of the same parity and signa-
ture can be distinguished with the help of other, addition-
al quantum characteristics —the number of quasiparticles,
the number of phonons, etc The ban. d identity (the fact
that we can defin bands) follows from the fact that in
most of the cases the intraband electric quadrupole transi-
tions (cf. Appendix B) are much faster than the related in-
terband transitions. Typical many-band level schemes are
illustrated in Figs. 13(a) and 13(b) (these level schemes
will also be discussed in more detail below).

A crossing of any two bands [in the (8',I) plane] means
that at certain I=I„„the energies of the corresponding
two states belonging to different bands are approximately
equal. In particular, a crossing of any two bands which
form a portion of the yrast line leads apparently to a rear-
rangement in the intrinsic structure in the deexciting nu-
cleus. Such a rearrangement is sometimes very abrupt.

We first introduce the angular velocity of rotation us-
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ing an analogy with classical physics. For a rotation
about a fixed axis (0„)we define

1 dw'(I) (3.1)
dI~

where I„denotes the component of angular momentum

along the axis of rotation. An approximate relation be-

tween I„and the total angular momentum I is often em-

ployed:
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[I(I+1) I( 2]1/2 [(I+ & )2 It 2)1/2 (3.2)

In Eq. (3.2) E denotes the component of I along the nu-
clear symmetry axis, say, 0,. The appearance of the
I(I +1) term in the square brackets in Eq. (3.2) takes into
account the three-dimensional character of rotation.
However, since for high spins the distinction between
&I(I+1) and I is not essential, one can often write
&I(I +1)-I.

2 d 5'(I)
d(I )

(3.3)

referred to as the "kinematical" moment of inertia, and

Next, important quantities introduced are the nuclear
moments of inertia. Following Bohr and Mottelson
(1981), we introduce (assuming the maximum O„axis
alignment, I„-I)
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1 d 8'(I)
dI

(3.4)

referred to as the "dynamical" moment of inertia. We
shall see later that the above two quantities reflect two
different physical aspects of nuclear structure; in particu-
lar, the dynamical moment of inertia is related to the cur-
vature of the 8'(I) line. For a rigid-body rotation the two
quantities coincide.

Let us also introduce the aligned angular momentum
i(co), defined as the difference between the actual yrast
angular momentum I„(co) and an auxiliary I„t(co), the
latter quantity describing the angular momentum of the
so-called reference rotor, i.e.,

i (co) =I„(co) I„t(co—) (3.5)

BAND INTERACTION

(g) WEAK (b) STRONG

CL

IJJ

PIN I SPIN I

cross

I-
CC
IJj

4
O
t-
IJJ

O

(Bohr and Mottelson, 1977; see also below). The above
quantity depends on how precisely I„t(co) is defined; we
will discuss a possible choice later.

Consider a nucleus deexciting along its yrast line. If in
a certain spin range two rotational bands cross at the
yrast line, it is equivalent to say that the nucleus changes
its intrinsic structure. This corresponds to a transition
from one band to the other (see Fig. 14). The situation of
a sharp crossing is illustrated in Fig. 14(a). It can im-
mediately be seen that the angular velocity of rotation

which is related to the slope in the curve of 8' vs I [cf.
Eq. (3.1)] must decrease at the crossing point I=I„„„
whereas I increases. This means physically that a part of
angular momentum is transferred into the intrinsic de-
grees of freedom, thus leading to a slowing down of the
collective rotation.

The graphical representation of the band crossing effect
looks much more dramatic if co instead of I is used as an
independent variable. In such a representation a11 the im-
portant physical quantities —energy, angular momentum,
aligned angular momentum, moments of inertia, etc.—
exhibit a multivalued behavior; the latter was discovered
experimentally for the first time by Johnson et al. (1972)
and is often called a backbending effect. Figure 14(b)
shows that a strong interaction ("repulsion" ) between the
bands may smooth out the dramatic effect of band cross-
ing.

Detailed spectroscopic information on the ground-state
and excited bands in nuclei exists at present. A small
fraction of this extensive information concerning the yrast
bands of even-even rare-earth nuclei has been chosen (cf.
Table I) in order to illustrate the band crossing depen-
dence on proton and neutron numbers. Additional infor-
mation can be found in the compilations of Lieder and
Ryde (1978), Lederer and Shirley (1978), Sayer et al.
(1975), Saethre et al. (1973), and Madjakov (1982), while
more recent experimental data on N =96 isotones are
summarized by Michel and Vervier (1981). From the
above experimental evidence it is clear that in many nu-
clei, at least, one band crossing (along the yrast line) has
been detected. In the following section we will argue for
the interpretation of this effect in terms of crossings be-
tween the ground-state and neutron quasiparticle bands.
However, the second crossing along the yrast lines in a
few nuclei has already been found experimentally —for
the first time by Lee et al. (1977) in ' Er at I =28 (cf.
Table I). In this experiment the ' Sn( Ar, 4n) ' Er reac-
tion was employed at 166-MeV beam energy. Observa-
tion of the 4n channel in this reaction was enhanced
detecting coincidences between two Ge(Li) detectors with
one NaI(T1) detector or more out of six. This s'election
technique was quite effective, due to relatively low y-ray
multiplicities in the competing 5n and 6n channels; thus
the above setup played the role of a multiplicity filter.

The second backbending in the yrast line of ' Er was
also found (Byrski et al. , 1980), using the reaction
' 'Pr(' F,4n) ' Er. The data were obtained with an array
of three Ge(Li) detectors used for the y-y coincidence
measurements.

2
(ROT. FREQUENCY)

2
(ROT. FREQUE NCY) 2. Independent quasiparticles

FIG. 14. Schematic illustration of the band interaction [(a)
weak and (b) strong], leading to two different curvatures of the
yrast lines and consequently to two different shapes of the mo-
ment of inertia curves. The distance of the closest approach of
the two curves is related to the interaction strength

~

V
~

dis-
cussed in the text (up to a good approximation, this distance is
equalto2~ V~).

We have seen (cf. Sec. II) that the collective rotational
motion can be approximately described in terms of the
nuclear cranking model. Since the nuclear coupling
scheme involves the two-body pairing (nuclear superfluid)
correlations, the appropriate derivation led to the expres-
sion of the relevant physical quantities in terms of in-
dependent quasiparticles rather than simply particles.
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TABLE I. Properties of even rare-earth nuclei.

&1/2 Ey(I~I 2) B(E2;I~I —2) B(E2;rot) ' B(E2)
B(E2)„,

2w /A" g2 2c

(keV) (ps) (keV) (e b) (MeV ') (MeV )

152
Gd88

344
755

1227
1747
2300
2884
3499
4143

2+
4+
6+
8+
10+
a2+
14+
16+

29+2 344
411
472
520
553
584
615
644

0.39+0.03
Zoanowski

17.4
34.1

46.6
57.7
68.7
78.8
87.8
96.3

et a/. , 1980
0.039
0.045
0.046
0.069
0.076
0.085
0.095
0.104

154
Gd9p Gono and Sugihara, 1974;

123
371
718

1145
1638
2185
2778
3405
4088

2+
4+
6+
8+
1O+
12+
14+
16+
18+

1190+20
46.0+1.5
7.9+0.4
2.6+0.2
1.1+0.2

123
248
347

493
547
593
627
683

0.77+0.02
1.18+0.04
1.38+0.06
1.53+0.08
1.7+0.2

0.77
1.11
1.22
1.28
1.31

1

1.06
1.13
1.20
1.30

48.8
56.5
63.4
70.3
77.1

84.1

91.1
99.0

102

Sie et al. , 1977
0.005
0.016
0.031
0.046
o.o6a
0.075
0.088
0.098
0.117

156
64Gd92
89

288
584
964

1415
1923

2+
4+
6+
8+
1O+
12+

2220+40
114+2
18+3
4.4+0.3
1.87+0. 11
1.10+0.10

89
199
296
380
451
508

0.92+0.03
1.29+0.02
1.47+0.04
1.57+0.25
1.59+0.09
1.51+0.15

0.92
1.31
1.45
1.51
1.56
1.59

1

0.98
a.oa
1.04
1.02
0.95

Sie et al. , 1977
67.4 0.0026
70.3 0.010
74.3 0.022
78.9 0.037
84.3 0.051
91.0 0.065

158
Gd94

80
261
539
904

1351
1867

2+
4+
6+
8+
10+
12+

2530+50
162+ 13

5.1+0.4
1.80+0. 10
0.98+0.08

80
181
278
365
447
516

0.97+0.03
1.28+0. 10

1.60+0. 15
1.74+0. 10
1.57+0. 16

0.97
1.41

1.60
1.64
1.67

1

0.91

1.00
1.06
0.94

Kearns
75.0
77.3
79.1

82.2
85.0
89.1

et al. , 1977
0.0021
0.0087
0.020
0.034
0.050
0.067

154
66Dy88

335
747

1224
1747
2304
2893
3509
4091
4638
5250

2+
4+
6+
8+
1O+
12+
14+
16+
18+
20+

40+4
12+2
5.0+ 1.5

335
412
477
523
557
589
616
582
547
612

0.29+0.03
0.52+0.09
0.61+0. 18

0.29
0.42
0.46

Davidson
Marchie van Voorthuysen

17.9
33.9
46.1

57.4
68.2
78.1

87.7
106
129
127

et al. , 1974;
et al. , 1977

0.037
0.045
0.060
0.069
0.078
0.087
0.095
0.085
0.074
0.094

5935
6691
7514
8401
9137
9942

22+
24+
26+
28+
3O+

(32+ )

685
756
823
887
736
805

Pakkanen et al. 1982
126 0.12
124 0.14
124 0.17
124 0.20
160 0.14
157 0.16
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TABLE I. (Continued. )

&1/2 Ey(I~I—2) B(E2;I~I—2) B(E2;rot) ' B(E2)
B(E2)„,

2W/A2b 2c

1S6
66Dy90

138
404
770

1216
1715
2286
2887

3499
4025
4635
5319
6069
6877
7738
8650

2+
4+
6+
8+
10+
12+
14+

16+
18+
20+
22+
24+
26+
28+
30+

840+40
29+3
9.1+0.7
2.21+0.14
0.89+0.06
0.46+0.09
0.51+0.07

0.79+0.10
0.92+0.05
0.49+0.04
0.35+0.06
0.39+0.06
0.21+0.07
0.16+0.06
0.12+0.05

138
266
366
446
509
561
601

612
526
610
684
750
808
861
912

(e2 b2)

0.76+0.02
1.33+0.06
0.91+0.07
1.46+0.05
1.85+0.06
2.2+0.4
1.4+0.2

1.7+0.2
1.52+0.09
1.36+0.12
1.09+0.19
0.61+0.09
0.8+0.3
0.8+0.3
0.8+0.3

0.76
1.10
1.20
1.25
1.28
1.31
1.32

1.34
1.35
1.35
1.36
1.36
1.37
1.37
1.38

1

1.21
0.76
1.17
1.45
1.67
1.08

1.30
1.13
1.00
0.80
0.45
0.6
0.6
0.6

(MeV ') (MeV2)

Ward et al. , 1979;
Bgerregaard et al. , 1963

43.5 0.006
52.6 0.019
60.1 0.033
67.3 0.050
74.7 0.065
82.0 0.080
89.9 0.090

Emling, 1981
101 0.094
133 0.069
128 0.093
126 0.117
125 0.141
126 0.163
128 0.185
129 0.208

158660y92

99
317
638

1044
1520
2050
2613
3191
3782
4408
5086

5822
6613
7454

160
66Dy94

87
284
581

967
1429
1951
2515

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+

24+
26+

(28+)

8+
10+
12+
14+

1942+17
71+5
9.1+1.0
2.9+0.6
1.41+0.19
0.85+0. 16
0.73+0.15
0.63+0.09
0.55+0.08
0.40+0.08
0.33+0.09

0.28+0. 10
0.17+1.10

2000+20

3.4+0.3
1.50+0. 10
0.93+0.07
0.6+0.2

99
218
321
406
476
530
563
578
591
626
678

736
791
841

87
197
297

386
462
522
564

0.934+0.008
1.39+0.09
1.74+0. 19
1.8+0.4
1.6+0.2
1.6+0.3
1.4+0.3
1.4+0.2
1.4+0.2
1.6+0.3
1.1+0.3

0.84+0.3
1.2+0.7

1.01
1.39+0.14
1.23+0.06

1.84+0. 18
1.77+0. 15
1.56+0. 12
1.7+0.6

0.93
1.35
1.47
1.53
1.57
1.60
1.62
1.64
1.65
1.66
1.66

1.66
1.67

1.01
1.46
1.60

1.67
1.71
1.74
1.75

I
0.99
1.20
1.15
1.04
0.99
0.85
0.85
0.86
0.93
0.66

0.51
0.73

1

0.95
0.77

1.10
1.04
0.90
0.94

128
129
131

Johnson et al. , 1972;
Sayer et al. , 1974;

Lopiparo, 1972
69.0 0.002
71.1 0.010
74.1 0.022

Kearns et al. , 1977
77.7 0.038
82.3 0.053
88.1 0.068
95.7 0.080

Emling et al. , 1981;
Funk et al. , 1966

60.6 0.003
64.2 0.013
68.5 0.026
73.9 0.041
79.8 0.057
86.8 0.070
95.9 0.079

107 0.084
118 0.087
125 0.098
127 0.115

Sunyar, 1979
0.135
0.156
0.177

162
66Dy96

81
266
549

921
1375
1903

2+
4+
6+

8+
10+
12+

2190+40

4.1+0.4
1.57+0. 12
0.93+0.06

81
185
283

372
454
528

1.03
1.47+0. 13
1.38+0.06

1.84+0. 18
1.86+0. 16
1.48+0. 10

1.03
1.49
1.63

1.70
1.74
1.77

1

0.98
0.85

1.08
1.07
0.84

Kurfess
Sayer et al. , 1974;

and Scharenberg, 1967
74.1 0.0022
75.7 0.009
77.7 0.020

Kearns et al. , 1977
80.6 0.035
83.7 0.052
87.1 0.069
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TABLE I. (Continued. )

(keV)

&1/2

(ps)

Eq(I~I—2)

(keV)

B(E2;I~I—2) B(E2;rot) '
(e2 b2)

B(E2)
B(E22„)

2P /A

(MeV ')

P~2c

(MeV')

164
66Dy9s Sayer et al. , 1974;

Kurfess and Scharenberg, 1967
73

242
501

2390+40 73
169
259

1.08
1.14+0.06
1.43+0.08

1.08
1.55
1.71

1

0.73
0.84

82.2
82.8
84.9

0.0017
0.0076
0.017

844
1261
1745
2290

8+
10+
12+
14+

6.2+ 1.0
2.34+0. 18
1.14+0.10
0.66+0.05

343
417
484
545

1.9+0.3
1.90+0.15
1.86+0.18
1 ~ 88+0. 14

1.78
1.83
1.86
1.88

1.04
1.05
1.00
1.00

Kearns
87.4
91.1
95.0
99.0

et al. ,
0.030
0.043
0.059
0.74

1977

156
68Erss

344
797

1340
1959
2633
3315
3837
4381
5006
5717
6489
7316
8082
8764
9S30

10330

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+
24+
26+

(28+)
(30+)
(32+)

33.2+ 1.7
5.4+0.7
1.1+0.7

344
453
543
619
674
682
522
544
62S
711
772
827
766
682
766
800

0.33+0.02
0.53+0.06
1.0+0.6

0.33
0.47
0.52

1

1.13
1.92

Diamond
Byrski et al.

17.4
30.9
40.5
48.S
56.4
67.4

104
114
112
110
111
114
133
161
154
157

et al. , 1969;
1980, 1981
0.040
0.054
0.074
0.095
0.114
0.116
0.068
0.074
0.098
0.126
0.149
0.171
0.147
0.116
0.147
0.160

15s
6sEr90

192
527
970

1494
2074
2683
3193
3666
4233
4892
5632
6438
7284
8143
9020
9927

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+
24+
26+
28+
30+
32+

300+ 15
14.4+0.7
2.8+0.5
1.2+0.5
0.8+0.4
(0.7
2.1+0.5
1.7+0.6
( 1.5

192
335
443
524
580
609
510
473
567
659
740
806
846
859
877
907

0.55+0.03
0.87+0.04
1.14+0.19
1.2+0.5
1.1+0.5
) 1.0
0.8+0.3
1.4+0.5

)0.6

0.55
0.79
0.87
0.91
0.92
0.95
0.96
0.97
0.97

1

1.1
1.31
1.32
1.20

0.83
1.44

Diamond
Lee

31.1
41.7
49.5
57.3
65.6
75.7

106
131
124
120
117
117
121
128
135
139

et al. , 1969;
et al. , 1977
0.012
0.030
0.050
0.069
0.084
0.092
0.065
0.056
0.080
0.108
0.136
0.162
0.179
0.184
0.192
0.206

10887
11906
12967

160
6sEr92

126

34+
36+
38+

920+50

960
1019
1061

0.83+0.04 0.83

Burde et al. , 1982
140 0.230

0.260
141 0.281

Diamond et al 1969
Lieder et al. , 1972;

Davidson et al. , 1972;
Ryde et al. , 1973

47.6 0.0052
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TABLE I. (Continued. )

7 1/2 Ey(I~I—2) B(E2;I~I—2) B(E2;rot) '
(e 2 b2)

B(E2)
B(E2)„, 2P /A~b

(Me& ')

390
765

1229
1761
2340
2931
3465
4021
4661

4+
6+
8+
10+
12+
14+
16+
18+

(20+)

34.5+1.7
5.4+0.5
2.2+0.5
1.2+0.5

264
375
464
532
579
591
534
556
640

1.16+0.06
1.34+0. 12
1.18+0.27
1.05+0.40

1.19
1.31
1.37
1.40

0.97
1.02
0.86
0.75

53.0
58.5
64.5
71.4
79.4
91.4

116
126
122

0.018
0.036
0.054
0.071
0.083
0.087
0.071
0.077
0.102

1626s«9~

102
330
667

1097
1603
2165
2746
3292
3847
4463

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+

102
228
337
430
506
562
581
546
555
616

Johnson
Fenzl

58.8
61.4
65.3
70.0
75.1

81.9
92.9

114
126
127

et al. ,
et al. ,

1972;
197S

0.0034
0.014
0.029
0.047
0.064
0.079
0.084
0.075
0.077
0.095

164
6sEr96

91
299
614

1025
1518
2083
2703
3263
3769
4346
5000

(5729)

2+
4+
6+
8+
10+
12+
14+
16+
18+

(20+)
(22+)
(24+ )

1430+0.18
86+8

3.69+0.18
1.46+0.09
0.8%0.06

91.4
208.1

315.0
410.2
493.5
564.7
619.8
560.5
SO5.5
577.1

654.4
729.0

1.02+0.07
1.39+0.14

1.86+0.09
1.91+0.12
1.75+0.13
2.33+0.32(2.8

1.02
1.48
1.61
1.68
1.72
1.75
1.77
1.80

1

0.94

1.11
1.11
1.00
1.32

1980;
1963;

Ben-Zvi
65.6
67.3
69.9
73.2

et al. , 1968
0.0028
0.011
0.025
0.042

77.0
81.5
87.1

111
138
135
131
132

0.061
0.080
0.096
0.079
0.064
0.083
0.107
0.133

Yates et al. ,
Fossan and Herskind,

1666s«9s
81

265
545
911

1350
1847
2390
2969

2+
4+
6+
8+

10+
12+
14+

(16+)

1870+30
117+7

4.2+0.4

1.68+0.15
0.93+0.07

81
184
280
366

439
497
543
579

1.00+0.02
1.63+0.10

1.97+0.19

2.05+0.18
2.00+0.15

1.0
1.45
1.58
1.65

1.69
1.72
1.74
1.76

1

1.12

1.19

1.21
1.16

West
74.1

76.0
78.6
81.9

Kearns
86.6
92.6
99.4

107

et al. , 1976
0.002
0.009
0.026
0.035
et al. , 1977
0.049
0.063
0.074
0.084

16s6s«ioo

80
264
549

2+
4+
6+

1860+20
119+7

80
184
285

1.18+0.02
1.71+0.10

1.18
1.71

1

1.0

Domingos et al. ,
Erb et al. ,

75.0 0.002
76.1 0.009
77.2 0.021

1972;
1972

928
1404

8+
10+

3.4+0.3
1.42+0.08

380
469

2.0+0.2
1.74+0. 10

1.95
1.98

1.03
0.88

Kearns et al. , 1977
78.9 0.036
81.0 0.055
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TABLE I. (Continued. )

Ex

(keV)

1942 12+

&1/2

(ps)

0.62+0.04

Ey(I —+I—2)

(keV)

S47

(e b)

1.86+0. 12 2.02

B(E2;I~I—2) 8(E2;rot) ' B(E2)
B(E2),~,

0.92 84.0 0.075

2~yg2 b g2~2 c

(MeV ') (MeV )

170
68Er102
79

261
540

913
1374
1916

2+
4+
6+

8+
1O+
12+

1880+50

3.6+0.3
1.48+0. 10
0.57+0.04

79
182
279

373
461
542

1.04+0.03

2.1+0.2
1.83+0.12
2.11+0.15

1.04

1.72
1.75
1.76

1.22
1.05
1.2O

Domingos
75.7
77.3
78.9
Kearns
80.4
82.4
84.9

et al. , 1972
0.002
0.009
0.019

et al. , 1977
0.03S
0.053
0.073

243
639

1148
1738
2375
2962
3366
3850
4429
5092
5829
6625
7461
8292
9129

10007
10960

2+
4+
6+
8+
ao+
12+
14+
16+
18+
2O+
22+
24+
26+
28+
3O+
32+

(34+)

aa4+6
8.1+0.4
1.9+0.2
0.9+0.2
0.6+0.3

7.6+0.7
1.9+0.2
2.1+0.2
1.2+0.2
0.69+0.14

243
396
509
590
637
587
404
484
579
663
737
796
836
831
837
878
953

0.50+0.03
0.69+0.04
0.86+0.09
0.9+0.2
0.9+0.5

0.70+0.07
1.07+0. 11
0.41 +0.04
0.37+0.04
0.29+0.5

0.50
0.72
0.79
0.83
0.85
0.86
0.87
0.88
0.89
0.89
0.89

1

0.96
1.19
1.18
1.18

0.80
1.22
0.46
0.42
0.32

Riediner et al. , 1980;
Bochev et al. , 1976;

Beck et al. , 1979;
Johnson, 1982

0.019
0.042
0.065
0.088
0.101
0.086
0.041
0.058
0.089
0.109
0.136
0.158
0.175
0.173
0.175
0.193
0.227

1620Yb

166
487
923

1445
2023
2634
3256
3877
4493
5146
5863

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+

(22+)

400+60
14+2
3.2+0.6
1.4+0.5

166
321
436
522
578
611
623
621
616
653
717

0.73+0.11
1.12+0.17
1.1+0.2
1.0+0.4

0.73
1.05
1.15
a.21

1

1.07
0.96
0.83

Riedinger et al. , 1980;
Bochev et al. , 1976
35.9 0.009
43.8 0.027
50.5 0.048
57.6 0.068
65.7 0.083
75.2 0.093
86.7 0.097
99.8 0.096

114 0.095
119 0.107
120 0.129

164
70Y194

123
386
761

1224
1754
2331
2901
3391

2+
4+
6+
8+
10+
12+
14+
16+

880+40
30+ 11
5.0+0.2
1.5+0.5
0.8+0.3
0.6+0.2
0.7+0.2
1.8+0.4

123
263
375
463
530
577
570
490

0.92+0.04
1.36+0.05
1.46+0.05
1.7+0.S
1.6+0.5
1.6+0.6
1.3+0.4
1.1+0.2

0.92
1.31
1.44
1.51
1.55
1.58
1.60
1.62

1

1.04
1.01
1.13
1.03
1.01
0.81
0.68

Lieder
Davidson

Bochev
48.8
53.2
58.7
64.8
71.7
79.7
94.7

126

et al. , 1972,
et al. , 1972;
et al. 1976

0.005
0.018
0.03S
0.054
0.070
0.083
0.O81
0.060
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TABLE I. (Continued. )

(kev)

7 1/2

(ps)

E~(I—+I—2)

(keV)

B(E2;I~I —2)

(e 2 b2)

B(E2;rot) ' B(E2)
B(E2)„, 2W/4

(MeV-')

2c

(MeV )

3934
4566
5279

18+
20+
22+

0.7+0.4 543
632
713

1.6+0.7 1.63 0.98 129
123
121

0.074
0.100
0.127

166
oYb96

102
330
668

1098
1606
2176
2779
3274
3783
4372

5038

5777

2+
4+
6+
8+
10+
12+
14+
16+
1S+
20+

22+

1240+60
53+17
7.9+O.3
2.1+0.2
1.0+O. 5
0.6+O. 3
0.5+0.3
1.1+0.3

102
228
338
430
508
570
603
495
509
589

666

739

1.05+0.OS

1.47+0.05
1.56+0.06
1.7+0.2
1.6+0.8
1.4+0.7
1.4+O. S
1.6+0.4

1.05
1.50
1.65
1.73
1.78
1.81
1.83
1.85

1

0.98
0.9S
0.98
0.90
0.77
0.77
0.86

Bochev
58.8
61.4
65.0
69.8
74.8
80.7
89.6

125
138
132
Kistner

130
Walus

127

et al. , 1976
0.003
0.014
0.029
0.046
0.065
0.081
0.091
0.061
0.065
0.087

et a/. , 1980
0.111

et al. , 1981
0.137

168
7oYb98 Johnson et a/. , 1972;

Dracoulis et al. , 1977
88

287
585
970

1425
1936
2489
3073
3687
4337

'7oYb1oo
84

278
573

963
1437
1983
2580
3196
3808

2+
4+
5+
8+
10+
12+
14+
16+
18+
20+

2+
4+
6+

8+
10+
12+
14+
16+
18+

1SSO+70

1600*20

3.0+0.3
1.16+0.08
0.77+0.07

88
199
298
385
455
511
SS3
584
614
650

84
194
29S

390
474
546
597
616
612

1.26+0.06

1.12+0.14

2.0+0.2
2.00+0. 14
1.51+0.15

1.12

1.85
1.89
1.93

1.08
1.06
0.78

68.4
70.4
73.6
78.0
83.4
90.1

97.7
106
114
120

Saethre
71.2
72.4
74 4
Kearns
77.0
80.2
84.3
90.4

101
114

0.0026
0.010
0.022
0.037
0.052
0.065
0.076
0.085
0.094
0.106

et a/. , 1973
0.0023
0.010
0.022

et al. , 1977
0.038
0.056
0.074
0.089
0.095
0.094

172
7oYb1o2

79
260
540

912
1370
1896

2+
4+
6+

8+
10+
12+

1680+60
115+80
17.1+0.9

3.5+0.3
1.32+0.08
0.52+0.07

79
181
280

372
458
526

1.16+0.04
1.8+1.3
1.76+0.09

2.18+0.19
2.08+0.13
2.6+0.4

1.16
1.68
1.83

1.91
1.96
2.00

1

1.07
0.96

1.14
1.06
1.3

Sayer
76.2
77.1

78.6
Kearns
80.8
82.9
85.5

et al. , 1970
0.002
0.009
0.020

et a/. , 1977
0.034
0.052
0.072

174
7oYb

76 2+ 1740+90 76 1.18+0.07 1.18

Funk et a/. , 1966;
Sayer et al. , 1970;
Ward et al. , 1976

78.9 0.002
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TABLE I. (Continued. )

(keV)

&1/2

(ps)

E,(I~I—2)

(keV)

B(E2;I~I—2) B(E2;rot) '

(~ 2 b2)

B(E2)
B(E2)„,

2Wya"

(MeV ') (MeV )

253
526
889

1337
1862
2458
3118
3837
4611

4+
6+
8+
10+
12+
14+
16+
18+
20+

135+20
14+4
3.6+0.5

1.52+0. 14
0.66+0.07
0.42+0. 10

177
273
363
448
525
596
660
719
774

1.68+0.12
2.4+Q. 3
2.3+0.2
2.10+0.10
2.20+0. 12
1.8+0.2

1.71
1.9
2.0
2.0
2.1

2.1

0.98
1.26
1.15
1.05
1.05
0.86

79.1
80.6
82.6
84.8
87.6
90.6
93.9
97.4

101

0.008
0.019
0.033
0.050
0.069
0.089
0.109
0.129
0.150

176
70Yb~06

82
272
S6S
954

1431
1985
2602
3270
3979

2
4+
6+
8+
10+
12+
14+
16+
18+

1760+50
110+10
13+4
3.1+0.5
1.20+0. 10
0.59+0.06
0.38+0.07

82
189
293
389
477
5S4
617
668
709

1.06+0.02
1.57+0.08
1.9+Q.3
2.00+0.16
1.91+0.08
1.84+0. 10
1.66+0. 15

1.06
1.54
1.7
1.8
1.8
1.9
1.9

Tipple
1

1.02
1.12
1.11
1.01
0.97
0.87

Sayer et al. , 1970;
Ward et al. , 1976;

and Scharenberg, 1966
73.1 0.002
74. 1 0.009
75.1 0.021
77.1 0.038
79.7 0.057
83.0 0.077
87.5 0.095
92.8 0.112
98.7 0.126

164
72Hf92

211
588

1086
1670
2306
2874
3213
3681
4265
4941
5702
6548
7465

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+
24+
26+

211
377
498
584
636
568
339
468
584
676
761
846
917

28.4
37.1

44.2
51.4
59.7
81.0

159
132
120
115
113
111
111

Riedinger, 1981
0.015
0.038
0.062
0.085
0.101
0.080
0.028
0.055
0.085
0.114
0.145
0.178
0.21Q

166
728&94

159
470
897

1406
1970
2564
3177

2+
4+
6+
8+
10+
12+

(14+ )

497+30
16.8+ 1.0
3.5+0.5
1.2+0.5
0.7+0.5
0.9+0.7

159
311
427
509
564
594
613

0.70+0.03
1.06+0.07
1.09+0.15
1.3+0.5
1.5+ 1.1

0.8+0.7

0.7
1.00
1.10
1.15
1.19
1.21

1

1.06
0.99
1.12
1.25
0.70

Bochev et
37.7
45.0
51.5
58.9
67.3
77.4
88.1

al. , 1977
0.008
0.026
0.046
0.066
0.079
0.088
0.094

168
7zHf96 Bochev et al. , 1977;

Janssens et al. , 1981
i24
386
757

1214
1736
2306
2858
3311

2+
4+
6+
8+
10+
12
14+
16+

890+40
36+4
S.9+0.6
1.98+0.19
1.00+0. 15
0.51+0.18
0.84+0. 18
1.8+0.2

124
262
371
457
522
570
5S2
453

0.84+0.04
1.15+0.12
1.30+0.13
1.40+0. 13
1.4+0.2
1.8+0.6
1.3+0.3
1.60+0.18

0.84
1.20
1.32
1.38
1.42
1.44
1.46
1.47

1

0.96
0.99
1.01
1.00
1.23
0.89
1.09

48.5
53.5
59.3
65.7
72.8
80.7
97.7

137

0.005
0.018
0.034
0.052
0.068
0.081
0.076
0.051
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TABLE I. (Continued. )

E„ &1/2 E~(I~I—2) B(E2;I~I—2) B(E2;rot) ' B(E2)
B(E2)„, 2P /4 $2 2c

(keV) (ps) (kev) (e2b2) {MeV ') (MeV )

3833
4440
5125
5875
6687
7560

18+
20+
22+
24+
26+

{28+)

522
607
685
750
812
873

134
128
126
125
126
126

0.068
0.092
0.118
0.141
0.165
0.191

170
7zHf98

100
321
642

1042
1504
2015
2565
3150
3765
4420

5130
5902
6739

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+

22+
24+
26+

1230+30
62+7
10.8+0.9
3.2+0.3
1.52+0. 19
I.OO+0. 10
0.66+0. 15
-0.45
-0.35
-0.25

100
221
321
400
462
511
551
585
615
655

710
772
837

1.0+0.2
1.43 +O. 15
1.43+0. 12
1.68+0. 16
1.7+0.2
1.6+0.2
1.7+0.4
—1.8
—1.8
-2.0

1.0
1.45
1.58
1.65
1.69
1.72
1.74
1.76
1.77
1.78

1

0.98
0.89
1.00
1.00
0.90
0.94

—1.0
—1.0
—1.1

Bochev
59.8
63.4
68.7
75.0
82.3
90.0
98.1

106
114
119

Lisle
121
122
122

et al. , 1977
0.003
0.013
0.026
0.040
0.053
0.065
0.076
0.085
0.094
0.107

et al. , 1981
0.126
0.149
0.175

172
72Hf lpp Skaali et al. , 1975;

Walker et al. , 1980
95

309
628

1037
1521
2065
2654
3276
3918
4575
5273

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+

1550+100 95
214
319
409
484
544
589
622
642
657
698

0.82+0.05 63.1

65.4
69.0
73.4
78.6
84.7
91.6
99.5

109
119
123

0.003
0.012
0.025
0.042
0.058
0.074
0.087
0.097
0.103
0.107
0.121

174
72Hf ~p2

91
297
608

1009
1486
2020
2597

2+
4+
6+
8+
10+
12+
14+

91
206
311
401
477
534
577

Jett and
65.9
67.8
70.8
74.8
79.8
86.0
93.7

Lind, 1970
0.003
0.011
0.024
0.040
0.057
0.071
0.083

17672Hfi~
88

290
597
998

1481
2035

2647
3308
4010

2+
4+
6+
8+
10+
12+

14+
16+
18+

1390+40 88
202
307
401
483
554

612
661
702

1.09%0.03
Saethre et

67.9
69.4
71.7
74.8
78.6
83.1

Khoo et
88.3
93.7
99.7

al. , 1973
0.0025
0.011
0.023
0.040
0.058
0.077

al. , 1976
0.094
0.109
0.123
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TABLE I. (Continued. )

E„ &1/2 Ey(I ~I—2) B(E2;I—+I —2) B(E2;rot) ' B(E2)
B(E2)„,

2~/e2b g2 2c

(keV) (ps) (keV) (e'b') (MeV ') (MeV )

178
72Hf 106

93
307
632

1059
1571
2151
2778

2+
4+
4+
8+
1O+
12+
14+

1460+30 93
214
325
427
512
580
627

0.97+0.02
Khoo

64.4
65.6
67.6
70.4
74.2
79.3
86.1

0.0029
0.012
0.026
0.045
0.066
0.084
0.098

and Lgvhgiden, 1977

180
72Hf 108

93
309
641

1084

2+
4+
6+
8+

1520+20
S7+ 10

93
216
332
443

0.93+0.02
1.4+0.2

0.93
1.35

1

}.04

Gujrathi and
64.3
65.0
66.2
67.7

Dania, 1971
0.003
0.012
0.028
0.049

74~96

157
462
875

1363
1901
2464
2897
3343
3873
4489
5175

2+
4+
6+
8+
10+
12
14+
16+
18+
20+
22+

497+ 10
21.0+ 1.4
4.5+0.4

157
305
413
488
538
563
433
446
530
616
686

0.700+0.014
0.93+O.06
1.00+0.08

0.70
1.00
1.10

1

0.93
0.91

38.3
45.8
53.3
61.5
70.6
81.8

125
139
132
127
125

0.008
0.025
0.043
0.059
0.072
0.079
0.047
0.050
0.070
0.095
0.117

Walker et al. , 1976;
Michel et al. , 1980

172
74W98

123
377
727

1146
1616
2129
2677
3254
38S2
4497

174
4W

112
355
704

1137
1635
2186
2780
3392
3973
4602
5311

2+
4+
6+
8+
10+
12+
14+
16+
18+
2O+

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+

(22+ )

123
2S4
350
419
470
513
S48
577
598
645

113
243
349
433
498
551
594
612
581
629
709

Walker
48.8
55.1

62.8
71.6
80.9
89.8
98.S

108
117
120

Walker
53.6
57.6
63.0
69.4
76.3
83.5
90.9

101
120
124
121

et al. , 1976
0.003
0.017
0.031
0.044
0.055
0.066
0.075
0.083
0.089
0.104

et al. , 1976
0.004
0.016
0.030
0.047
0.062
0.076
0.088
0.093
0.084
0.099
0.126

17~gy74~ 102

109
349
699

2+
4+
6+

109
240
350

Walker et al. , 1976
5S.2 0.004
58.4 0.015
62.7 0.031
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TABLE I. (Continued. )

{keV)

&1/2

(ps)

Ey(I~I 2)

{keV)

B(E2;I~I—2) B(E2;rot) '
(e2 b2)

B(E2)
B(E2)„, 2P /A

(MeV-') (MeV')

1140
1640
2206
2802
3427
4002

g+
10+
12+
14+
16+
18+

441
508
558
596
625
575

68.1

74.8
82.5
90.7
99.3

122

0.048
0.065
0.078
0.089
0.097
0.083

178
74W 104

106
343
695

1142
1666
2245
2859
3489
4102

2+
4+
6+
g+
10+
12+
14+
16+
18+

106
237
352
447
524
579
614
630
613

Bernthal et al. , 1976;
Dracoulis and Walker, 1979

56.5 0.004
59.1 0.014
62.6 0.031
67.1 0.050
72.5 0.069
79.4 0.084
87.9 0.094
98.4 0.099

114 0.094

74~106
103
337
688

1138
1664
2236
2825
3416
4021

2+
4+
6+
8+
10+
12+
14+
16+
18+

1220+30 103
234
351
450
526
572
589
591
605

0.89+0.02
Bernthal et

57.9
59.8
62.7
66.7
72.2
80.5
91.7

105
116

al. , 1976
0.004
0.015
0.031
0.051
0.069
0.082
0.087
0.087
0.092

1&2
74W 108

100
329
680

1144
1712
2373

(3113)

172
76OS96

228
607

1056
1527
2027
2568
3105
3593
4181
4837
5533
6259

2+
4+
6+
g+
10+
12+

(14+)

2+
4+
6+
g+
10+
12+
14+
16+
18+
20+

(22+ )
(24+)

1380+20
64+5
8.7+0.9

100
229
351
464
568
661

(740)

228
379
449
471
500
541
537
488
588
656
696
726

0.91+0.02
1.17+0.09
1.20+0. 13

0.91
1.31
1.44

1

0.89
0.83

Bernthal
Milner
59.9
61.1
62.7
64.7
67.0
69.6
72.9

Durell
26.3
36.9
49.0
63.7
76.0
85.0

101
127
119
119
124
129

et al. , 1976;
et al. , 1971

0.003
0.014
0.031
0.054
0.080
0.109
0.137

et al. , 1982
0.017
0.038
0.051
0.055
0.063
0.073
0.072
0.060
0.086
0.108
0.121
0.132

174
76OS98
159
435

2+
4+

159
276

Durell et al. , 1982
37.8 0.0083
50.7 0.020
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TABLE I. (Continued. )

E„

(keV) (ps)

Ey(I~I 2)

(keV)

B(E2;I~I—2) B(E2;rot) '

( 2b2)

B(E2)
B(E2)„,

2W/fi "

(MeV-') (MeV )

778
1173
1619
2115
2658
3242
3864
4527
5236
5989
6788

176
76OS 100

135
395
742

1157
1633
2167
2754
3381
4018
4682
5396
6144

6+
8+
10+
12+
14+
16+
18+
20+
22+

(24+)
(26+ )

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+

(24+)

343
395
446
496
543
584
622
663
708
754
799

135
260
347
415
476
534
587
627
637
664
714
748

64. 1

75.9
85.2
92.7
99.4

106
113
118
121
125
128

Dracoulis
44.4
53.8
63.4
72.2
79.8
86.1

92.0
102
110
117
120
126

0.030
0.039
0.050
0.062
0.074
0.085
0.097
0.110
0.125
0.142
0.160

et al. , 1980
0.0060
0.018
0.031
0.044
0.057
0.071
0.086
0.098
0.101
0.110
0.127
0.140

178
76OS 102

132
398
761

1193
1682
2219
2804
3429
4020
4663
5382
6154

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+
24+

132
266
363
432
488
538
585
625
591
643
719
772

Dracoulis
45.5
52.6
60.6
69.4
77.9
85.5
92.3
99.2

118
121
120
122

et al. , 1980
0.0057
0.019
0.033
0.047
0.060
0.072
0.086
0.098
0.087
0.103
0.129
0.149

180
76OS 104

132
409
796

1258
1768
2309
2875

3495
4135
4822
5552
6326
7096
7823
8556

(9382)

2+
4+
6+
8+
10+
12+
14+

16+
18+
20+
22+

(24+ )

(26+)
(28+)
(30+)
(32+)

132
277
387
462
510
541
566

620
640
687
730
774
770
727
733

(826)

Dracoulis
45.5
50.5
56.8
64.8
74.4
85.0
95.4

Neskakis
100
109
113
118
121
132
151
161

(1S2)

et al. , 1980
0.0057
0.020
0.038
0.054
0.065
0.073
0.080

et al. , 1982
0.096
0.102
0.118
0.133
0.150
0.148
0.132
0.134
(0.170)
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TABLE I. {Continued. )

E„

(keV)

&1/2

(ps)

Ey(I~I—2)

(keV)

B(E2;I~I —2)

(e b)
B(E2;rot) ' B(E2)

B(E2)„, 2P /R g2 2c

(MeV ') (MeV )

182
76Os 106

127
400
793

1277
1811
2345
2839
3318
3855
4478
5189
5984

2+
4+
6+
8+
0+
2+
4+
16+
18+
20+
22+
24+

813+11 127
273
393
484
534
534
494
479
537
623
711
795

0.810+0.10
Dracoulis

47.2
51.2
55.9
62.0
71.2
86.1

109
129
130
125
121
118

et al. , 1980
0.0053
0.020
0.039
0.059
0.071
0.071
0.061
0.057
0.072
0.096
0.126
0.158

184
76OS 108

120
384
774

1275
1870
2546
3259
3787
4342
4998
5738

2+
4+
6+
8+
10+
12+
14+
16+
18+
20+
22+

1184+13
46+13

120
264
390
501
595
676
713
528
555
656
740

0.640+0.010
0.9+0.2

0.64
0.93

1

0.97

Neskakis
50.0
53.0
56.4
59.9
63.9
68.0
75.7

117
126
119
116

et al. , 1976
0.005
0.018
0.038
0.063
0.088
0.114
0.127
0.070
0.076
0.107
0.137

186
76OS 110

137
434
869

1421
2069
2782
3440
3934

(4494)

2+
4+
6+
8+
10+
12+
14+
16+

(18+)

820+30
24
3.1

137
297
435
552
648
713
658
494

(560)

0.62+0.02
1.0
1.17

0.62
0.90
0.94

1

1.11
1.24

Warner
43.8
47.2
50.6
54.4
58.7
64.5
82.0

125
125

et al. , 1973
0.006
0.023
0.047
0.076
0.105
0.127
0.108
0.061
0.078

'B (E2;rot) =
b 2~ 4I —2

I —I 1

(2I —1)2

8'"~'(E2;2 0}=5(I020
~

(I —2)0) 8'"~'(E2;2 0).
(2o2o

i
oo&'

The corresponding picture is based on the Hartree-Fock-
Bogolyubov method (Ring et al. , 1969; Banarjee et al. ,
1973; Bhargava, 1973; Bhargava and Thouless, 1973;
Goodman, 1974,1976; Faessler et a/. , 1976; Hamamoto,
1976; Bengtsson and Frauendorf, 1977; Cwiok et al. ,
1980).

Below, we shall briefly outline an analysis of the collec-
tive rotational bands at high angular momenta in terms of
independent quasiparticles (for the description of other
approaches see Sec. III.A.6), as suggested by Bohr and
Mottelson (1977), as well as by Bengtsson and Frauendorf
(1979a,1979b) (see also Bengtsson and Frauendorf, 1981;

Faessler et al. , 1981; Cwiok et al. , 1980). The procedure
consists of calculating the nuclear quantities for fixed an-
gular momentum using solutions of the cranking Hamil-
tonian [cf. Eq. (2.8) in Sec. II]. However, as already dis-
cussed in Sec. II, the single-quasiparticle solutions do not
specify the energies but rather the single-quasiparticle
Routhians (i.e., energies in a rotating frame). Instead of
calculating the true energies 8'(I) and comparing them
with experiments, Bohr and Mottelson (1977) and
Bengtsson and Frauendorf (1977,1979a,1979b) suggest a
different procedure. The experimental data are first
transformed to the rotating frame of reference (i.e., the
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"experimental" Routhians are determined from data on
true energies) and then compared with the results of the
calculation. The advantage of this formulation lies in the
possibility of a direct test for the calculated independent
quasiparticle diagrams (i.e., individual quasiparticle
Routhians plotted versus angular velocity co). In order to
achieve this goal one employs the relation for the Routhi-
ans of a nucleus [cf. Eq. (2.13)]

Routhians but rather in the excitation spectra —i.e., in the
differences between the actual total physical quantities
and the reference ones. The latter quantities are defined
properly so as to characterize a selected rotational band,
usually the ground band. For the ground band it is con-
venient to introduce the kinematical moment of inertia

The corresponding expression is usually assumed to
be linear ln 6)

8'"(I)= 8'(I) fico(—I)I„(I) (3.6) ~~(&) ~~(&)+~~(&) 2
ref = 0 2 (3.9)

8'(I + 1)—8'(I —1)
I„(I+ 1)—I„(I—1)

(3.7)

Remembering that the rotational frequency of a nucleus,
co=co(I) can be defined according to Eq. (3.1) only in
terms of differences in discrete points, we realize that

which makes it equivalent to the VMI model (variable
moment of inertia model) [i.e., the two-parameter Harris
formula —cf. Harris (196S), Mariscotti et al. (1969)].
Here the constants P o" and ~ 2" have to be adjusted for
each nucleus separately. The corresponding angular
momentum is given by

which reflects the discrete nature of angular momentum
I. We can rewrite Eq. (3.6) in the form ( ) (~~(()+~~(() 2) (3.10)

8'",„p,(I)= —,
'

I 8'(I + 1)+g'(I —1) I fun(I)I„(I—) . (3.8)

In the last relation we approximated the energy 8' of Eq.
(3.6) by the average between the neighboring experimental
values; we also added the subscript "expt" to stress the
fact that all the quantities entering (3.8) are deduced from
experimental data.

In the analysis by means of the independent quasiparti-
cles we are not interested in the absolute energies or

[angular momentum I equals ~("colfi; cf. Eq. (3.3)].
Any contribution to the total spin I(co) of the nucleus
possibly originating from the nucleon that aligned its an-

gular momentum with the axis of rotation will manifest
itself by a deviation from the smooth increase described
by Eq. (3.10). The value of I„r can then be used as the
reference quantity in Eq. (3.S). Figure 1S gives examples
of the aligned angular momenta i(cu) for various bands in
some even- and odd-A isotopes of Yb (' ' 'Yb) following
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Fpo. 15. Plot of the aligned angular momentum vs rotational frequency for the various bands in ' ' 'Yb. For the band labels see
notation of Fig. 13. The various crossing frequencies {where the curves show an up- or backbend) and the gains in aligned angular
momentum Ai are discussed in the text {Sec.III.A.3). The figure is from Riedinger {1980)and Gaardhgye et al. , {1980).
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directly from experiment.
In analogy with the aligned angular momentum i(co)

[cf. Eq. (3.5)] we can now introduce the relative energy
E'(I) as the difference between the total Routhian
8',"„~,(I) and the reference quantity 8'„f

E'(I)=5',"„p,(I)—Ã„f(I) . (3.11)

Here the latter quantity can be calculated as [cf. Eqs. (3.8)
and (3.10)]

8'«f= fi J—I«r(co)de= —fco~ "'(co)de

2 & ~(1) 4+g2/( 8~( & )
) (3.12)

E*(I)= +expt, odd ~ (I)

( +ref, A —1 ++ref, A + 1 ) +~ (3.13)

Here, 6 denotes an even-odd mass difference that enters
Eq. (3.13) for the energy in the odd-A nucleus (with
respect to the energies in its even-even adjacent nuclei).
An independent quasiparticle diagram has been shown in
Fig. 9 for neutrons in the ' Yb nucleus.

Figure 9 exhibits all the solutions to the corresponding
HFB equations. There, solid (dotted) lines denote positive
parity solutions with signature i (+i), wh—ile dotted-
dashed (dashed) lines correspond to the negative parity
solutions with signature i (+i). Sin—ce the picture ap-
pears to be symmetric with respect to the abscissa axis
(however, together with a reflection a simultaneous
change in signature is required), it suffices to plot only
one-half of the whole picture, i.e., including only the
"physical" Routhians, those that are positive at co=0
(Fig. 10). The calculated curves in Fig. 10 can be directly
compared with the experimental single-quasiparticle
Routhians determined from Eq (3.13) for. the system with
odd particle numbers. The experimental Routhians for
the even system are determined as sums of pairs A8, AE,
BE, etc , represent. ing the two-particle configurations (cf.
Fig. 10). Gne can immediately see that levels with the

where the constant A /(8WO ') has been added to assure
approximately vanishing N'"„$0) at I=O (cf. Bengtsson
and Frauendorf, 1979a,1979b). The derivation of Eq.
(3.12) is based on the fact that the derivative of the
Routhian with respect to co is simply proportional to the
angular momentum with negative sign [cf. Eq. (2.34)]. In
the even-even nucleus the quantity E"(I) determined by
Eq. (3.11) is close to zero in the region of co & co (with co'

denoting the angular velocity at the band crossing). For
co ~ co*, E'(I) corresponds to the excitation of two quasi-
particles.

In odd-mass nuclei relation (3.11) has to be modified.
For the odd-X (odd-Z) nuclear system the lowest excita-
tion energy of neutrons (protons) is given by a one-
quasiparticle excitation, and thus E"(I) in this case can be
interpreted as the experimental quasiparticle Routhian
(for an odd-A nucleus). The quantity 8'"„,f(I) is usually
approximated by an arithmetical average between the
analogous quantities corresponding to two neighboring
even-even nuclei. Hence

highest slopes, such as levels 3 and 8 in Fig. 10, play an
important role in the behavior of the rotating system, as
they are easiest to align [cf. Eq. (2.34)]. For the rare-earth
neutrons these are the [660—,'], [651—,], [642—,'],. . ., orbi-
tals (in the Nilsson notation, which is, however, not valid
for co&0) originating from the high-j multiplet. I.et us
now analyze a rather sharp crossing of two bands in the
quasiparticle picture. In the range of small co all the "un-
physical" levels (i.e., those deleted in Fig. 10 as compared
to Fig. 9) may be considered occupied, while those includ-
ed in Fig. 10 (the "physical" levels) can be thought of as
empty. At the point co=co*=0.23 MeV/A' an abrupt
change in the slope in levels A and 8 occurs simultaneous-
ly. This corresponds to the rearrangement in the vacuum
and the exchange in the properties of two quasiparticles
which is better visible in Fig. 9. Let us put aside for the
moment the interaction between the HFB solutions that
leads to the repulsion between the curves. We shall come
back to this question in Sec. III.A.4. We are then left for
the moment with a sharp crossing. The abrupt change in
the slope corresponds to a rapid increase in nuclear align-
ment, and —when translated into the (co, 8') plane —to the
backbending. For the odd-neutron system the presence of
the odd particle occupying the lowest level (say, level A in
Fig. 10) prevents the sudden jump in angular momentum.
Indeed, for the odd system level A is occupied, while level
B is empty. It then follows from the properties of the
HFB solutions (cf. Sec. II.E.4) that in this case the un-
physical image of level A [deleted from Fig. 10, but still
present in Fig 9; le.t us call it ( —A)] is empty. For the
same reason, the unphysical image of level 8 (say, —8) is
occupied. In this situation the "gain" in alignment com-
ing from the change in slope of ( —8) is compensated ex-
actly by the "loss" in level (+A). We thus see that there
is no jump in angular momentum and consequently no
backbending. This phenomenon is often referred to as
blocking of the backbending on the yrast line by the odd
particle. Similar blocking may occur in the excited bands
(sidebands) if they are built on two orbits (say, AE in Fig.
10), one of which (say, A) is involved as a bandhead con-
figuration of the sideband. %'e shall discuss this behavior
in more detail below in connection with the "user's in-
structions" providing simple rules for employing the in-
dependent quasiparticle diagrams.

3. User's instructions for the independent
quasiparticle diagrams

In order to facilitate the application of the independent
quasiparticle diagrams we present below "user's instruc-
tions, " similar to those formulated by Bengtsson and
Frauendorf (1979a,1979b). Their diagrams, however, con-
tain both positive- and negative-energy solutions to the
HFBC equations [cf. Eq. (2.83) and our Fig. 9]. Due to
the symmetry of the diagrams, such a presentation repeats
essential information. %'e thus prefer to include in the di-
agrams only those curves above zero at co=0 (cf. Fig. 10).

The independent-quasiparticle diagrams are composed
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1 dE"
(v

f j„fv)= —— (3.14)

Instruction 5: If the total-signature exponent in a given
configuration is a«„ then spins within the corresponding
rotational band obey the relation I=a„,mod2 and the to-
tal number of particles N =2a„,mod2.

Instruction 6: If the slopes of the two lowest-lying
quasiparticle Routhians of opposite signature change sign
(cf. Fig. 10 for illustration) at some rotational frequency
co [strictly (Bldg)(E,"+E"„) changes sign-], the vacuum
undergoes structural rearrangement, and the vacuum
contribution to the total angular momentum increases
(often rapidly) by the amount given by the change in slope
according to Instruction 4.

Instruction 7 (blocking effect): If only one of two
opposite-signature levels which are degenerated at ~=0 is
occupied by a quasiparticle, a possible crossing (cf. In-
struction 6 and its footnote) at frequency co* is blocked—

Such a change occurs for co close to the value at which the
lowest two-quasiparticle excitation energy is equal to zero, i.e.,
when the two-quasiparticle state and the vacuum degenerate.
Since this often happens while the pairing superfluid correla-
tions are still present in the nucleus, although the excitation en-
ergy gap has disappeared, the whole effect is referred to as nu-
clear "gapless superfluidity. " As already discussed above, the
corresponding crossing between the ground-state and the excited
bands frequently leads to backbending.

of only those quasiparticle levels which are positive at
m=0. Each level is characterized by parity +=+1 or
—1 and by signature r =+i or —i; alternatively, one can
use the signature exponent a= ——,

' or + —,
' related to r by

r =e ' . The vacuum state is defined for even particle
numbers only as the state in which all levels in the dia-
gram are unoccupied by quasiparticles. The vacuum-state
energy, spin, etc., undergo variations with increasing rota-
tional frequency. They are described in more detail
below. The total signature of the vacuum is r„„=+1
(a„„=0),and the total parity n.„„=+l.

Instruction I: The excitations of the even (odd) particle
number systems are constructed from an even (odd) num-
ber of quasiparticles.

Instruction 2: The excitation energy (with respect to the
vacuum) is obtained as the sum of appropriate quasiparti-
cle contributions E", [v=(m, r, x.), with x denoting all fur-
ther quantum numbers needed to identify the levels
uniquely].

Instruction 3: The total parity, total signature, total
spin, etc. , of the excited configurations are given by the
corresponding product of parities, product of signatures,
sum of spins, etc., of the contributing quasiparticles and
the contribution from the vacuum.

Instruction 4: The angular momentum contributions to
the total spin-projection on the axis of rotation originat-
ing from each occupied level v can be calculated from the
slopes of the curves in the diagram

i.e., no structural rearrangements in the bands and in the
vacuum (and thus no backbending) are possible at co'.

Examples for the application of the quasiparticle dia-
gram are given below. The excited bands (i.e., in contrast
to the ground-state band, those bands built on certain
two-quasiparticle excited states) and their crossings are
described in terms of quasiparticle Routhians.

The two nuclei, ' Yb and ' 'Yb, provide a good exam-
ple for the rotational band analysis. In the measurements
by Riedinger et al. (1980) and Riedinger (1980) yrast
states were observed up to I =32+ and four excited
bands were identified up to at least I=18 in ' Yb. In the
measurement by Gaardh@ye et al. (1980) the yrast band of
162Yb was observed up to —, , and, in addition, four ex-

49 +

cited bands were found. The detailed decay schemes are
presented in Figs. 13(a) and 13(b) for ' Yb and ' 'Yb,
respectively.

In the work of Riedinger et al. (1980) the reaction
Sm(' 0,3n) ' Yb was employed with beam energies up

to 82 MeV. Data were taken with an array of four Ge(Li)
detectors in coincidence with at least one out of three NaI
detectors Wit. h the use of a 108-MeV Ne beam and of a
25X25-cm NaI(T1) sum spectrometer it was possible to
extend the yrast band beyond the second backbending (at
I =28+) up to 32+ (Riedinger, 1980). In addition, two
negative-parity side bands were extended with at least two
transitions each.

Investigation of odd-mass nuclei may often reveal
which quasiparticle configurations are responsible for cer-
tain observed features in the adjacent even-mass nucleus.
It is thus instructive to compare the results on ' Yb with
the results of the simultaneous investigation of ' 'Yb per-
formed using the (' 0,3n) reaction and applying the same
technique as the one applied for the ' Yb measurement
(Gaardhisye et al. , 1980). In ' Yb a sharp backbending in
the yrast band is observed at Ace, ]-0.27 MeV, a value
close to those of the first backbending in most of the
rare-earth nuclei. The three negative-parity bands in

Yb and the two bands in ' 'Yb are observed to bend up
at a somewhat higher frequency, fm, q-0.36 MeV (see
Fig. 15). The r = i band (3—) in ' 'Yb shows an up-
bend at the still higher frequency fico, &-0.42 MeV, a
similar value as that of the second backbending in ' Er
and ' Yb. The gain in angular momentum at the first
backbending in ' Yb is approximately 10.6, while the
negative parity bands (1 and 2) gain about 6.6 units at the
crossing frequency. The newest data on the second back-
bending in ' Yb allow an estimate of the alignment
gained at the crossing frequency %co,3-0.42 MeV of
di =5.5 (Riedinger, 1980). Detailed analysis (see below)
provides evidence that the h&&&2 protons are responsible
for the second backbending, as suggested by Faessler and
Ploszajczak, 1978; cf. also Bengtsson and Frauendorf,
1979a,1979b. Detailed cranking-model calculations yield
fair agreement for the above-given crossing frequencies
and aligned angular momentum in the yrast bands of' 'Yb and the negative parity bands in ' Yb (cf. Ried-
inger, 1980). The resulting quasiparticle diagram (see
below) indicates that the corresponding first backbending
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can be attributed to the alignment of i J3/p neutrons.
The high-j orbitals closest to the Fermi level of ' Yb

are i&3/2 3/2 and i/3/2 ]/2 (in Nilsson notation [651—,] and
[660—,

'
], respectively). The corresponding quasiparticle

Routhians are illustrated in Fig. 10 as functions of rota-
tional frequency. A strong signature splitting (fast remo-
val of Cramers degeneracy present at co=0) can be seen
from the figure; the corresponding opposite signature
partners are denoted by (A, B) and (C,D).

The excitation of 7o Yb9o must be composed of an even
number of quasiparticle levels (Instruction 1); in particu-
lar, the Stockholm-band configuration is defined by levels
A and B (occupied by quasiparticles). The excitation ener-

gy of the Stockholm band (more exactly, Routhians) is
given by the sum (Eq +Eg ) (Instruction 2). The parity of
the Stockholm band configuration m; =(+ I)(+1)~„„
=1 and signature r, =(+i)( i)r„,—=1 (Instruction 3).
Note that parity and signature of the S band are always
(+ 1) and (+ 1), respectively. The contributions to the S
band aligned angular momentum are given by

de de =5.3+4.1=9.4
dc' d Q)

and are practically independent of rotational frequency
(for not too high co). Since rs ——1, or aq ——0,
I=as mod2 =0,2,4,. . . (even numbers only for the Stock-
holm band; Instruction 5). At co* =0.23 MeV/ft the
slopes of curves A and B change sign (cf. Instruction 6);
moreover, the total excitation of the S band equals

E& +EJ3 -0 and thus the S band crosses the ground-
state band at co=co'. This crossing frequency agrees well
with the average derived from the aligned angular
momentum plot (Fig. 15). Apparently, at co=co' the roles
of the vacuum configuration and the Stockholm configu-
ration interchange, the latter becoming the yrast.

The lowest negative-parity bands result from a configu-
ration in which only one of the A and B levels is occupied.
The second occupied quasiparticle level is one of the two
lowest negative-parity levels (E,I' displayed in Fig. 10, for
complete illustration see Fig. 9, where the negative-parity
levels mentioned are denoted also E and R. Since only
one quasiparticle level out of two (E~ and E~) is occupied
in this configuration, no band crossing {orbackbending) is
possible in these bands at m=co =0.23 MeV/R, which il-
lustrates the effect of blocking, Instruction 7.

The blocking effect can also be demonstrated using

70 Yb9y data. Here the lowest neutron excited bands are
of one-quasiparticle character (Instruction 1). The
ground-state band configuration in this nucleus is defined
by the vacuum state (identical to the vacuum state in

Yb, since the vacuum is defined only for even particle
numbers) and the lowest one-quasiparticle excitation. The
quasiparticle level (denoted by A in Fig. 10) has the signa-
ture r= i (a=+ —,'), and thus th—e corresponding yrast
band is composed of spins I= —,'mod2= —,, —,, —,,—, , . . .
(Instruction 5). The band corresponding to level B occu-
pied is characterized by signature r=+i (a= ——,) and
the spin sequence I=—', ,—,,—', , . . . (according to Instruc-

tion 5). According to Instruction 7, neither of the two
bands can produce any backbending effect at co =co*.

In contrast to the blocking effect at Ace=0.23 MeV, no
blocking-type limitations apply to the configurations in-
volving either Ez or Eg at co=0.36 MeV/fi (cf. Fig. 10).
Consequently a backbending could occur in the corre-
sponding excited bands at this frequency for ' 'Yb. A
more detailed analysis of the ' ' 'Yb data can be found
in the work of Riedinger (1980).

4. The strength of interaction between crossing bands

The absolute value of the interaction strength
~

V
~

is
obtained from the two solutions of the HFB equations
with the same signature and parity as the closest distance
between the two corresponding curves in the quasiparticle
diagram. This quantity can be read directly from the dia-
gram as half of the distance at co=co*=0.23 MeV/R be-
tween curve B and the reflection of A in Fig. 9, or as half
of the algebraic sum of ordinates in the curves 3 and B at
~=co* if Fig. 10 is used. In other words,

I
VI = '«+E )=—'(IE"

I

—IE— I) (3.15)

at a=co .
The quantity

~

V
~

determined in this way corresponds
to the nonphysical interaction of the two bands for equal
values of co. It was analyzed by Bengtsson and Frauen-
dorf (1979a,1979b), who suggested that the "true" interac-
tion of the two bands corresponding to states with the
same angular momenta equals approximately V. The
magnitude of

~

V
~

appears to be crucial for the existence
(or nonexistence) of backbending. Large values of

~

V
~

lead to the strong repulsion of the bands, and it can be
seen from Fig. 14 that in this case the backbending may
disappear.

A remarkable property of
~

V~ has been noticed by
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FICx. 16. The strength
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~

of the interaction between the gsb
and the Stockholm (S) band as a function of the neutron num-

ber for the rare-earth nuclei (Bengtsson, 1980). The characteris-
tic oscillatory behavior was obtained using the HFB cranking
model after assuming that the band interaction strength can be
approximated from Eq. (3.15). The dash-dotted line shows the
limit for the backbending (points lying below this line corre-
spond to nuclei which will produce a bankbending effect accord-
ing to the calculations).
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5. Variation in the pairing gap

It seems to be worth mentioning that calculations that
include the possible variations in the gap parameter b
(self-consistent) in the HFB scheme (cf. Sec. II.E), togeth-
er with a thorough choice of the single-particle level
scheme and proper deformation, seem to improve greatly
the detailed agreement with experiment (Cwiok et al. ,
1980, Dudek, Nazarewicz, and Szymanski, 1981). Figure
17 illustrates an example of the P '" vs co curve calculat-
ed with the self-consistent gap parameter b. The good
agreement with experiment is due largely to the self-
consistency in 6 as well as "realistic" single-particle spec-
trum (cf. discussion in Appendix A Sec. 3).

The important role of variation in the gap parameter 6
seems to be in line with recent observations by Garrett

150—

12

HFBC

EXP T.

60Yb

I

0.1 0.35

(hu&) (MeV )

FIG. 17. The double backbending effect in ' Yb reproduced
theoretically within the pairing self-consistent HFBC method
(cf. Sec. II.E) using the %'oods-Saxon single-particle potential.
The experimental data are taken from Beck et al. (1979), with
the 30+ and 32+ data points from Riedinger (1980,1981), and
the calculated results from Cwiok et al. (1980). The main
difference between this approach and that of Bengtsson and
Frauendorf (1979a, 1979b) lies in the fact that the proton and
neutron pairing 6 values are calculated from the HFBC equa-
tions at each rotational velocity in the former approach, while
in the latter, 6 values are assumed to be constant.

0.05

Bengtsson, Hamamoto, and Mottelson (1978), who calcu-
lated the quantity

~
V~ in a simple model of a large j

shell. It follows from the quantal interference effects in
the wave function that

~

V
~

exhibits oscillatory behavior
as a function of the location of the Fermi suface A. rela-
tive to the members of the high-j multiplet (split by the
deformation in the nuclear potential) exhibiting j——,

zeros. These zeros correspond to sharp crossings. The
behavior of

~

V
~

as a function of the Fermi surface (and
thus of particle number) is illustrated in Fig. 16. The
analysis using this feature of the oscillatory behavior of V
by Bengtsson and Frauendorf (1979a,1979b) and others
(Grummer et al. , 1979; Faessler et al. , 1981; Bengtsson,
1980; Dudek, Nazarewicz, and Szymanski, 1981) shows
generally a very good agreement with experiment.

et al. (1982) and Garrett and Frauendorf (1982), who per-
formed a systematic analysis of the crossing frequency co'

in even- and odd-mass nuclei. A pronounced odd-even ef-
fect has been observed in co*, which may be attributed to
the influence of the odd-even difference in the gap param-
eter A. The search for the disappearance of the pairing
correlations due to rotation will be discussed in Sec. III.C.

6. Other approaches to nuclear rotation

The independent quasiparticle approach based on the
cranking model described in Sec. II and this section
(III.A) seems to be the only existing theoretical scheme
applied successfully on a large scale to the problem of
high-spin collective rotation up to now. Various correc-
tions and improvements of this scheme based mostly on
the Hartree-Fock-Bogolyubov method have been suggest-
ed and tested in many detailed calculations (see, e.g.,
Faessler et aI. , 1976a; Goodman, 1979; Fleckner et al. ,
1979; Egido and Ring, 1982, 1982a; Hara et al. , 1982,
Praharaj, 1982). A considerable effort has been devoted
to the elimination of possible inaccuracies due to the non-
conservation of the particle number X and angular
momentum I in the HFB cranking method. Attempts
were also made to use the HFB method in its possibly
most self-consistent form. The calculations with X-
projected HFB wave functions should in principle lead to
more realistic descriptions of actual nuclei. They lead in
particular to a much more smooth transition from the su-
perfluid to the normal nuclear state. However, it seems
still to be an open question whether the variational princi-
ple with the X-projected wave functions constitutes the
best way of correcting for the nonconservation of the par-
ticle number in the HFB approximation. The method
consisting of projection of total angular momentum out
of the Slater determinants built from the individual-
nucleon wave functions in the deformed nuclear potential
could be considered an alternative procedure (see, for ex-
ample, Bohr and Mottelson, 1975). However, this method
has been explored up to now only in light nuclei and for
relatively low angular momenta (see, however, Hara
et al. , 1982 and Praharaj, 1982). Another method, the in-
teracting boson approximation (IBA model in the various
versions of Arima and Iachello 1976, 1978, 1979, and
Scholten et al. , 1978) has been used to describe rotational
and vibrational features reflected in various bands of
many nuclei. However, it is not certain whether the in-
teracting boson approximation which seems to be valid at
low angular momenta (depending on the number of bo-
sons) would provide an adequate description for the nu-
clear response to the fast rotation. This model has been
used by Morrison et al. (1981) as a description of the nu-
clear core for the calculation of the high-spin spectra in
transitional Hg nuclei. Further discussions of these prob-
lems fall outside the scope of the present article.

We have based all our discussions of nuclear rotation
on the concept of the cranking model (cf. Sec. II.A).
Another basis could be provided by the model of valence
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particles coupled to the nuclear rotor core (Bohr and Mot-
telson, 1975). This model which is not fully equivalent to
the cranking model has been discussed recently in several
papers (Bohr and Mottelson, 1980; Almberger et al. ,
1979, 1980a, 1980b; Hilton et al. , 1981}. It may provide
an interesting alternative for the calculation of nuclear
properties at high angular momentum.

Finally, let us observe that the pseudospin [or, more
general, pseudo-SU(3)] symmetry introduced a long time
ago by Hecht and Adler (1969), Arima et al. (1969), Rat-
na Raj'u et al. (1973) may also be employed as a promis-
ing tool for the investigation of nuclear properties at high
angular moinenta (Bohr et al. , 1982; see also Draayer
et al. , 1981).

B. Energy correlations in the high-spin
spectra of collectively rotating nuclei

An experimental technique particularly useful for the
studies of the y-ray energy correlations was developed by
Andersen et al. (1979), Garrett and Herskind (1979), and
Herskind (1980). It consists in registering coincidences
between y quanta with the help of at least two detectors
(more elaborate setups have been described, for instance,
in the above references}. A convenient means of
representing the results of such a coincidence experiment
is to plot the number of coincidences Nr vs Er, and

y&&

simultaneously versus Er, the energies of the coincidenty2'

quanta registered by the first and the second detector,
respectively. Such a two-dimensional plot is sometimes
referred to as a correlation matrix.

To illustrate the advantage of the two-dimensional rep-

resentation let us first consider the Er E—r correlation

pattern due to radiation from an ideal rotor. We define
an ideal rotor as an object generating the spectrum

N'(I) = I(I + 1),
2LF rIg

(3.16)

with a constant W„g, called the rigid rotor moment of in-
ertia. The corresponding transition energies, Er(I}, are
given by

Er(I) = 8'(I)—8'(I —2)

$2
(4I —2) .2' rig

(3.17)

The ideal rotor generates an "ideal coincidence spectrum"
like the one illustrated in Fig. 18. Open circles in the fig-
ure represent the sharp maxima of Nr Nr(Er, ——,Er, ) si-

tuated at points with the coordinates Er Er (I), ——
Er Er(I') [——cf. Eq. (3.17)]. Note that in the idealized

example there are no counts for energies different from
those defined by Er(I) and Er(I').

Since a given y quantum cannot be in coincidence with
itself, the main diagonal in the correlation matrix con-
tains no counts.

Apparently, atomic nuclei do not, in general, resemble
closely perfect rotors, and thus in more realistic con-
siderations one has to expect deviations from the simple
pattern of Fig. 18. In particular, transition energies dif-
ferent from the one given by Eq. (3.17) (and also various
line intensities) may contribute strongly to such deviations
(cf. the schematic illustration in Fig. 19). Moreover, from
the discussion in previous sections it follows that in the
case of backbending (multivalued behavior of total energy
versus co) the valley can be locally filled by the nonzero
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FIG. 18. A model for an E~-E~ correlation matrix (coincidence
intensity pattern) in the case of an ideal rotor with four bands of
constant Wb, „d. The spacing between adjacent ridges on each
side of the diagonal correspond to 4E~ =8A, with
A =A /2Mb, „d, and the width of the central valley equal to 16A.
[From Herskind (1980).]

FIG. 19. The same matrix as in Fig. 18, but, in addition, with
four bands with a 10% larger and four bands with a 10% small-
er ~b,„d. Also, backbending features are indicated by black
peaks and dots. [From Herskind (1980).]
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the number of full-energy coincidences between two
detectors covers only -25% and -2%, respectively, of
all coincidence events. Subtraction techniques were pro-

posed (Andersen et al. , 1979; Herskind, 1980) to remove

the uncorrelated background of events which are not due

to full-energy coincidences (for instance, Compton-
scattering events). An example of an Er Er—contour

plot obtained with the reaction I59Tb(I4N~tt ) I73 "Hf at
95 MeV (de Voigt et al. , 1981) is presented in Fig. 2().
Two anti-Compton spectrometers were used with a
photopeak/total efficiency of -60% each and thus the
remaining -40% of the total number of counts were
spread in the region of the Compton edge. The probabili-
ties for the various detection coinbinations using two
detectors in coincidence follow from these efficiency
numbers; full energy events in both detectors -36%,

counts in the diagonal, since there may be two or more y
rays corresponding to different spins but to the same rota-
tional frequencies. Such a piling up of coincidence counts
in some place at the main diagonal is often referred to as
a "bridge. " The presence of valleys in the Er E—r plots

is thus a signature of collective rotation, while the pres-
ence of bridges can be related to the band crossings and
backbending effects.

In the correlation method we are interested only in the
registration of the full energies of the emitted y rays. Un-
fortunately the response of commonly used y-ray detec-
tors limits the registration of the full energy only to the
so-called photopeak, which contains a certain fraction of
the total number of events. Owing to this limited
(photopeak/total) efficiency, which amounts to —50%
for large NaI crystals and to —15% for Cxe(Li) detectors,
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Fl~. 20. Contour p1ot of the symmetrized y-y correlation matrix. Six different intensity thresholds are indicated by &he numbers at
the dashed ]ines. Enhanced intensities in the valley are indicated by co, l, . . . , m, 4. The first two at ~, l and cu, 2 are due to known

ackbending effects in ' Hf and '6 Hf, respectively. The known discrete yrast-band transitions in these nuclei are indicated on the

left and in the bottom part by the spin of the initial levels (de Voigt et a/. , 1981).
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AEr (I) Ey (I) Er (I 2) 8
2

2~ ~g
(3.18)

in the simplified case of an ideal rotor (cf. Fig. 18). It
also becomes apparent that the width of the central "val-
ley" is simply related to the rotational constant
3 =iii /2~ „s—i.e., the width equals 163 (cf. Fig. 18) mea-
sured along the E& axis. From the example considered
one also learns that the width of the valley is straightfor-
wardly related to the second derivative of the excitation
energy with respect to spin, since (for AI =2 transitions)

Compton in one detector and full energy in the other one
and vice versa -(2&24)%, and Compton events only
—16%%uo. The valley along the diagonal is clearly seen to
about 900 keV. The known band crossings are identified
in the lower energy range, but several more "bridges"
across the valley are seen at higher y-ray energies. The
enhanced intensities in the central valley, as indicated in
Fig. 20, occur at the rotational frequencies of
fico=0.23—0.26, 0.34, 0.42, and 0.52 MeV. The first two
were identified as due to the crossings of the vi &3/2 two-
quasiparticle S band with the ground-state band (gsb) in
'68Hf and '67Hf, known from conventional spectroscopy
{Janssens et a/. , 1981). The two higher frequencies were
attributed to crossings of bands which may involve m.h ~~~2

or higher orbitals. The frequency of Aco3 ——0.42 MeV is
the same as in ' Er (Lee et al. , 1977) and in ' Yb (Beck
et al. , 1979), where the second backbending was attribut-
ed to h ~ &~2 protons. The highest crossing frequency
fuu4 ——0.52 MeV in ' ' Hf is close to the one reported by
Deleplanque et al. (1980) at 0.55 MeV in erbium nuclei.
In this energy region, however, the statistics seem rather
poor.

At a given fixed energy of, say, Ez the maxima along
Yj

the straight line given by equation E=Ez appear at the

intervals

400
50

600
I I

0 0

E& (kev)
800 1000 1200

' 0 beam on ' Gd. The correlation pattern for ' Hf
showed a decreasing valley width at the highest frequen-
cies %co =0.37 MeV. The corresponding average dynami-
cal moment of inertia values increased to about that of a
rigid sphere, an observation interpreted as being due to a
decrease of pairing. Such a conclusion was also reached
by BiaIkowski et al. (1981) on the basis of correlation
data from the reaction ' Te(' C,6n) ' Ce at 118-MeV
bombarding energy. They observed an approximately
constant value of the valley width around fico=0.4 MeV
and a decrease at the highest frequencies 0.5—0.6 MeV.
The Coriolis antipairing may be responsible for that de-
crease (cf. Sec. III,C). However, as mentioned above, the
determination of the valley width and the interpretation
of features seen in the correlation matrix are far from
unambiguous at present. Refinement of the technique
and analysis methods are required (besides better statis-
tics) before detailed nuclear structure information can be
extracted.

Theoretical interest in the E —E correlations is re-
P2

flected in the calculations of correlation patterns for y-
ray cascades using, for example, particle-rotor spectra
(Leander et aL, 1981). Some details of the calculation are
given in Sec. V.C. In Fig. 21 a calculated y-y energy
correlation pattern corresponding to a certain mixture of
spectra of the ' Yb and ' Yb nuclei is given. It is seen
that the correlation pattern reproduces some typical
features occurring in the corresponding observed coin-
cidence patterns, such as the existence of the valley at the
diagonal, and some bridges across the valley, related to

8'(I) —8'(I —2 )
r

dS'
dI

(3.19) —1000

and similarly

AE, =a d 8'

dI
(3.20)

30
C)

-eoo—
UJ

The latter quantity is related to W' ' [cf. Eq. (3.4)]. We
also notice that the central valley is determined by coin-
cidence counts coming from adjacent transitions, presum-
ably belonging to one rotational band. The width of the
valley at a certain point is thus related to the dynamical
moment of inertia ~b»z characteristic for one band.

The width of the central valley in the correlation ma-
trix was reported to decrease smoothly with Er (see Fig.
20) in the work of de Voigt et al. (1981). This seems to
be in contrast with the finding of Deleplanque et al.
(1980), who observed an increasing width of the valley at
the highest frequencies. On the other hand, the ' N data
on ' Hf show a behavior quite similar to those obtained
by Lisle et al. (1981) who studied ' Hf with an 80-MeV

-
J

—600
-t

10 —'

='7

~~(~~/ (&

0 10 20 30 40 50

E& {chn.no. )

FIG. 21. Gamma-correlation plot from cascades through
particle-rotor spectra calculated for ' Yb and ' Yb. The con-
tour lines are for 150, 600, 1200, and 1800 "coincidences" per
(16X16)-keV bin. Bridges across the central valley are marked
with the cranking-model crossings, wj.th A, B, C, and D denot-

ing quasiparticle states that lie lowest at small co (from Leander
et al. , 1981).
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the crossings between various bands. These results illus-
trate that the E& —E& energy correlations provide infor-

mation on both the discrete and quasicontinuum y-ray
spectrum and thus provide a link between the two corre-
sponding regions of excitation.

Some further implications of the fast rotation on the
properties of band dynamical moments of inertia at
moderately high spins are discussed in Sec. III.C.

C. Pairing reduction at high spin
and the dynamical moments of inertia
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0 eg
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There is no doubt at present that the nuclear pairing
correlations decrease at high rotational frequencies and
that the state of nuclear superfluidity eventually disap-
pears at some critical frequency m, „, Alt. hough several
authors attempted description of this phenomenon using
various versions of the cranking model, very little is
known at present about possibilities of its quantitative
description. One of the main difficulties is the problem
of extracting the information on the pairing collapse
(pairing phase transition) directly from the experimental
data. In this section first attempts to attack this problem
are briefly discussed.

One of the most relevant physical quantities in discuss-
ing the phase transition effect seems to be the dynamical
moment of inertia W' ' as suggested by Bohr and Mottel-
son (1981). They also pointed out that for rotational fre-
quencies slightly below the critical frequency the dynami-
cal moment of inertia should exceed the corresponding
rigid-body value. Bohr and Mottelson discuss, in fact, the
expected qualitative behavior of the yrast moment of iner-
tia, thus stressing mostly the characteristic "average"
properties of the yrast line in the vicinity of the phase
tl ans1tlon.

The evidence for the pairing phase transition drawn
directly from experimental data is, however, strongly ob-
scured by the effect of the band crossing and the accom-
panying alignment in individual angular momenta (cf.
Sec. III.A). Indeed, in the region of backbending the an-
gular momentum I plotted versus co exhibits a typical S-
sllRpcd cul vc (slmllar to 'tlIRt, of tllc IIloIncIlt of Illcltla~'" vs cI cf. the bottom part of Fig. 14). The dynami-
cal moment of inertia M' ' would then exhibit violent
changes in the vicinity of the crossing frequency. This
behavior clearly indicates that the dynamical moment of
inertia as a quantity related to the second-order derivative
is far too sensitive to describe sharp crossings between the
levels. In the search for the pairing phase transition one
would like to get rid of the very rapid fluctuations of W' '

vs ~ caused by ordinary bandcrossings and to concentrate
on the probably less violent behavior underlying the pair-
ing collapse.

One way to achieve this goal is to study the dynamical
moment of inertia ~ ' ' along one selected band without
leaving it at its crossings. This may be possible, for in-
stance, if the members of the ground band are known way
up beyond the crossing. The part of the band above the
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FIG. 22. The experimental values of the u ' ' moment of inertia
for the gsb in ' Dy (solid circles}. In this particular nucleus
both the yrast band and the continuation of the gsb have been
measured up to I =30+ and 28+, respectively {cf.%ard et al. ,
1979). Here the data of the gsb were selected since they corre-
spond to a higher collective rotational velocity than that in the
yrast states. The open circles correspond to the neutron u'„'
values [obtained by subtracting the theoretical proton
values]. Open squares correspond to the neutron moments of
inertia u '„" obtained similarly —i.e., ~ '„"=W',„'~,—u~,',~,. Note
that W'„"=a '„' at the highest co value. The theoretical results
for the ~ "' and ~ ' ' moments of inertia calculated within the
0 times degenerate two-level model are indicated at the bottom.

crossing —which lies, of course, above the yrast line—is
characterized by a rather large angular velocity of rota-
tion (compared to that on the yrast line) and may thus be
a very good test ground for the study of the pairing corre-
lations. In this region the pairing-destroying trend in the
Coriolis interaction is the strongest.

Figure 22 presents the experimental data for ' Dy for
which the ground-state band is known up to I"=28+,
showing the experimental values of the kinematical and
dynamical moments of inertia as a function of the rota-
tional frequency. For comparison, also the degenerate
model [with two levels "f. Valatin (1961), Krumlinde
and Szymanski (1973), and Szymanski (1977)] calculation
results are presented to stress striking qualitative similari-
ties between experimental and the simplified Inodel re-
sults. In Fig. 23 the "realistic" HFBC model results with
the %oods-Saxon potential are compared to the same ex-
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FKx. 23. (a) Comparison between the experimental data from Fig. 22 and the pairing self-consistent HFBC calculations with the
Woods-Saxon potential for the W"' and u' ' moments of inertia. The middle part shows the calculated "self-consistent" neutron
pairing 5 as a function of co. The bottom part displays the relevant neutron quasiparticle Routhians. The frequency at which the
calculated pairing 6 collapses corresponds very well to the point at which W'„",„p,=W'„,'„„,=W„„.g. The behavior of quasiparticle
Routhians reveals characteristic differences when compared with the diagrams of Bengtsson and Frauendorf (1979a, 1979b), with
constant 6, the latter overstressing the alignment behavior. (b) The experimental (squares) and calculated (circles) moments of inertia
W"' (upper part) and W' ' (bottom part) for the yrast states of ' Dy. Note that the multivalued behavior of P "' for the yrast states
results in singularities of W' ' as it follows from the relation W' ' =P '"+co dW"'/de [cf. Eqs. (3.3) and (3.4)].

perimental data. Calculations indicate clearly that the po-
sitions of maxima of the moment of inertia W' ' are
strongly correlated to the disappearance of the neutron
pairing (the corresponding neutron ~ values are also
displayed in the figure).

From the above results one can conclude that the quali-
tative description of not only the kinematical but also the
dynamical moments of inertia is possible for fast rotating
nuclei by making use of the HFBC method of Sec. II.E
with the Woods-Saxon potential. Moreover, good quanti-
tative description of the experimental data suggests the
possibility of interpreting characteristic behavior of W'"
and W' ' moments of inertia in terms of the pairing col-
lapse mechanism although the latter may be initiated by
alignment.

On the other hand, one has to take into account that
the band interactions and crossings may also be reflected
by rapid variation of M' ' with rotational frequency. In
fact, the two mechanisms, viz. , the rotational alignment
and the pairing collapse, are strongly related. Alignment

of individual nucleonic angular momenta gives rise to
breaking of the nucleonic pairs, which in turn diminishes
the role of pairing interactions and leads, according to the
calculations, to a pairing collapse.

The rotational bands whose states carry minimum
alignment of individual nucleonic angular momenta are
among the best "candidates" to reveal the pairing phase
transition at relatively low spin (see discussion above).
Such bands are often nonyrast at higher rotational fre-
quencies, and their states are most likely interacting with
the states of the other multiquasiparticle excited bands.
The related possible irregularities in the kinematical mo-
ment of inertia in the form of so-called upbendings give
an indication for the possible band interactions. Smooth
behavior of M ' ', on the other hand, indicates very strong
(or no) interaction of the band with the neighboring
bands. If this happens, the characteristic "bump" in the
W' ' vs co curve can more likely be related to a rapid
reduction or even collapse of the pairing correlations in
nuclei.
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D. Multiple Coulomb excitations of high-spin
nuclear states 100-

Neutrons Protons

Z =92

Coulomb excitation induced by heavy projectiles is
known as a very selective process of populating rotational
states. The excitatio~ process is caused by the elec-
tromagnetic field of impinging charged projectiles. For
projectile energies not too high the distance of closest ap-
proach between the two ions remains larger than the
range of nuclear forces (due to Coulomb repulsion). In
such a case the intrinsic nuclear properties enter the ex-
pression of the excitation cross section only via elec-
tromagnetic multipole moments. One can show in partic-
ular (see, e.g., Alder et al. , 1956) that the cross section for
the excitation via an EA, (MA. ) transition is proportional
to the corresponding nuclear reduced transition probabili-
ty B(EA, ) [B(MA, )] (see Appendix B). Therefore the mea-
surement of these cross sections provides important ex-
perimental information on B(EA, ) [B(MA, )] and thus also
on the nuclear structure.

For heavy ions of sufficiently high energies the
Coulomb excitation passes consecutively via a series of
many rotational states (multiple Coulomb excitation)
reaching possibly high spins. One can estimate, for in-
stance, that using U as a target, states of up to I=6
can be populated with ' Q projectiles with an energy of 73
MeV, states of up to I=14 with 185-MeV Ar, those up
to I=26 with 605-MeV ' Xe, and those up to I=32 with
1000-MeV Pb beams, respectively. The energy of the
beam particles should be sufficiently high that possibly
the highest spins are reached. On the other hand, this en-

ergy should not exceed the relative potential barrier E, of
the colliding ions, since otherwise the nuclear interactions
disturb the "clean" Coulomb excitation mechanism. One
can estimate that

E, =1.44Z, Z, /1. 16(A, ~ +A,'~'+2) . (3.21)

The limitation (see above) for the beam energies leads
to a limitation for the projectile velocities (v/c signifi-
cantly smaller than 1). One can show that for v/c rela-
tively small, magnetic-type excitations can be neglected as
compared to those of electric type and that the latter are
dominated by quadrupole transitions. Therefore in the
multiple Coulomb excitations one can preferably populate
ground-state bands; this property is sometimes stressed by
calling multiple Coulomb excitation a clean, or selective
mechanism.

Since the target nuclei must be relatively long living
(the nuclei not too far from the beta-stability line) the
multiple Coulomb excitation process can be used to study
nuclei often not accessible via (Hl~n) reactions, the latter
leading mostly to the neutron-deficient isotopes. Exam-
ples of the high-spin spectroscopic studies using the
Coulomb excitation can be found in Ward et al. (1976) on

Yb excited with Kr and ' Xe beams from the
Berkeley Super-Hilac, in Grosse (1979), Emling et ai.
(1981), and Grosse et al. (1981) on ' ' Dy and U ex-
cited with Pb beams from the Darmstadt (GSI) Unilac,
and in Simon et al. (1980) on U and Np nuclei.
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The measurements for actinide nuclei seem to provide
particularly interesting data on the interplay between the
individual-nucleonic alignment effect and the collective
effect of pairing collapse (see Sec. III.C). In the preceding
section we discussed the possibility of analyzing the possi-
ble pairing reduction and/or collapse in terms of the u "'
and u ' ' moments of inertia. Such an analysis may be
complicated by the fact that angular momentum align-
ment originating from one nucleonic pair may give rise to
a characteristic maximum very similar to that produced
by the pairing collapse. From the equality

da '"
~~(2)( ) ~~())( )+

dc'

and the relation

(3.22)

I(co) =Ib„)k(n))+sz~(co) (3.23)

[Ib„)),(co) refers to the angular momentum generated by
the A —2 nucleons, while i2~(n)) denotes the contribution
from a decoupling pair] one finds that

dM b„I) dtzN, (n))~ "'((v)=~ b'„I),((v)+n) + —. (3.24)

Thus it becomes clear that increase in M b &k due to pair-
ing decrease (or collapse) or increase in i2~(co) due to
strong alignment will give rise to a pronounced maximum

0.0 0.1 0.2 0,3 0,4 0.5 0.6 0.0 0.1 0.2 0.3 0.4 0.5 0,6
tlm (MeY) 'fl~{MeY)

FIG. 24. Comparison between the u'" and W' ' moments of
inertia calculated for selected neutron and proton numbers in
actinide nuclei. In this calculation the pairing effect was arbi-
trarily set equal to zero. Calculations performed at the equili-
brium deformatiogs of the corresponding nuclei indicate that
W'"=~ ' ' in all the cases for Ace &0.3 MeV. Therefore if the
pairing collapses for Ace & 0.3 MeV, the relation
W" '= W ' =P „s at co, , should be expected for these nuclei. At
higher rotational velocities the effect of alignment splits the
W" ' and W ' values, since P ' ' =P "'+co dP "'/dco.
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FIG. 25. Quasiparticle Routhians (top), the total angular
momentum I„(co) (middle), and the aligned angular momentum
i(co) (bottom) for the U nucleus. Note that even subtle varia-
tions in I„vs co are reproduced by the pairing self-consistent
HFBC calculations with the Woods-Saxon potential (cf. Sec.
II.E). The experimental data (points) are from Grosse et aI.
(1981). The increase in aligned angular momentum is correlated
with the change in slope of the Routh-
ian curves in the quasiparticle diagram. The small value of the
aligned angular momentum can be understood in terms of the
strong band interaction

I
V

~

-0.4 MeV and the smooth
behavior of the Routhians as a function of the rotational veloci-
ty.

FIG. 26. Comparison between the calculated and the experi-
mental values of the moments of inertia: u'" (top) and W' '

(middle) for the "U nucleus [the data points are from Grosse
et al. (1981)]. At the bottom the corresponding proton and neu-
tron pairing energy gaps are also displayed as a function of the
rotational velocity. Note that the pairing collapse frequencies
are correlated with the characteristic maxima revealed by P ' '

(cf. comments in the caption of Fig. 24).

tron pairing gaps as a function of rotational frequency.
The maxima in the moments of inertia P ' ' are clearly
correlated with the decrease in pairing correlations. A
characteristic behavior of M"' and ~ ' ' (monotonic in-
crease in W "' and a pronounced maximum in W ' '),
common values at co =0 [cf. Eqs. (3.22) and (3.24)], and a
tendency for the two to merge at some co-0.28 MeV/A'

~(2)(~) ~(i) (~) ~(1)(~) (3.25)

in W' ' vs co. For most of the actinide nuclei studied un-
til now the deformation seems to be relatively stable dur-
ing the deexcitation process (at least for I &30). Thus
most of the variation in P b'„Iz is expected to originate
from the variation of pairing. At normal configurations
(i.e., after pairing collapse) one may expect that

C9

~lK

ph

(+1
p-i

p

13/2& I 3/2& 6

I/2& I 1/2&

—'= 0.85
G

0 =40
p(2)

OTOR

provided that the contribution from the aligning nucleons
can be neglected. Figure 24 shows that indeed for
co & 0.35—0.40 MeV/A' both moments of inertia r '" and
M' ' calculated from the Woods-Saxon spectra are nearly
identical (b.„=6~=0 was set in this auxiliary calcula-
tion). The results of Fig. 25 show that (according to the
calculations) the effect of the last term in Eq. (3.24) is
generally sinall in most of the discussed frequency range.

Figure 26 shows a comparison between calculated and
experimental moments of inertia for 23sU; the lower part
of the figure displays also the calculated proton and neu-

2320 234
U 236U 238U

0-
I

0
I

0.1 0.2 0.3
h iu (lvleV)

FIG. 27. Comparison between the experimental values of W"
(solid symbols) and P ' ' (open symbols) moments of inertia for
four uranium nuclei. The inset illustrates the results of the cal-
culation based on the II times degenerate two-level model [for
experimental data see Grosse et al. (1981)].
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deserve notice. This behavior is similar for some other
actinide nuclei; cf. Fig. 27, where the experimental data
f 3 U are shown.

Unfortunately, most of the analyses of the alignment
effect in actinide nuclei based on the subtraction of the
reference-rotor contribution from the total angular
momentum contain both effects, i.e., the alignment due to
two quasiparticles and that due to reduction in pairing
simultaneously. This can be demonstrated by splitting the
angular momentum I(co) into two parts [cf. Eq. (3.23)]:
(a) i2~(co) ontributed by the pair of aligning nucleons,
and (b) Ib„&i,(co)—contributed by the rest of the nucleus.
Calculating then the "aligned angular momentum, " i (co),
by

i (co) =I(co) I„r(co—)

(3.26)

one includes in i (co) the contribution from the square
brackets in Eq. (3.26), as well; the latter quantity may in
general be different from zero in the actinide nuclei, al-
though in the rare-earth nuclei, where the dramatic align-
ment often occurs, it can be neglected in the first approxi-
mation.

Recent information on the alignment effect in actinide
nuclei has been deduced from g-factor measurements in

Th and U employing ' I and ' Nd beams (Hausser
et al. , 1982). An increase of the g factor from -0.3 to
-0.5 in the spin region I = 18—24 in both nuclei was in-
terpreted as evidence for the onset of proton effect. More
information on g-factor measurements is contained in Sec.
IV.B.3 and in Appendix B.

IV. HIGH-SPIN NUCLEAR STRUCTURE STUDIED
BY MEANS OF y-RAY SPECTROSCOPY;
NONCOLLECTIVE MOTION, YRAST TRAPS

The observation of high-spin ( & 10) isomeric yrast
states initiated extensive theoretical studies mainly
focused on the explanation of the observed phenomena in
terms of noncollective rotation. We have argued in Sec.
II.F that such a motion of axially symmetric nuclei with
their angular momenta aligned with the syrnrnetry axis re-
sults from quantum effects. The calculations lead first of
all to the assignment of a nucleonic configuration to each
state. In addition, some other properties of nuclear spec-
tra, such as electric quadrupole and magnetic dipole rno-
ments, were calculated and compared with the measured
values.

An overall characteristic of the spectrum is provided by
the average slope of the curve representing the yrast ener-
gies as functions of I or I(I+1). In a relatively large
range of angular momentum. the curve is almost a straight
line, when the low-spin part of the spectrum (I (15) is
neglected. Although there is no collective rotation in this
case, we may introduce the moment of inertia P ',„"„that
characterizes this slope according to Eq. (3.3). It is denot-
ed ~"', since it is determined over a rather large interval
in angular momentum. Qn the other hand, the subscript

"env" has been added to indicate the average over many
different configurations (an envelope). This definition ap-
pears to be a limiting case of a more general notion of
W,„,introduced in Sec. V.C. The noncollective character
of the motion manifests itself in a particularly irregular
excitation pattern which contrasts with the characteristic
N'-I (I + 1) smooth energy-spin dependence in collective-
ly rotating nuclei (cf. Fig. 32 below). Nevertheless, the
envelope moment of inertia is of interest, since it describes
the ability of the system to increase its angular rnomen-
tum by means of configuration rearrangements. For sim-
ple systems of nucleons moving in a static potential P,'„v'

appears to be of the order of the rigid-body value, W„s,.d
(Bohr and Mottelson, 1969).

Owing to an irregular dependence of N' on I the y-ray
energies Ez of transitions deexciting some yrast states are
particularly low. Since the corresponding transition prob-
abilities are -Er +'

(A, is the transition multipolarity),
the corresponding yrast states become long living. The
decay of some yrast states may also be hindered because
of the local energy minima appearing along the yrast line.
Both mechanisms give rise to the existence of yrast iso-
mers referred to as energy traps. Another mechanism
possibly leading to occurrence of isomers is due to signifi-
cant differences in the intrinsic structure between the ini-
tial and possible final states involved in the y-ray transi-
tions. The latter isomers are also called structure traps.

High-spin isomeric states are of particular interest for
the study of nuclear structure, because (i) they may serve
as reference states helpful for the study of still higher-
lying quasicontinuum states (cf. Sec. V) and of discrete
states and (ii) they provide information about the single-
particle structure at high-spin excitations (the topic of
this section).

The E2 transitions deexciting the isomeric states are all
strongly retarded with respect to rotational values, which
may exhibit enhancement factors of 200 W.u. (Weisskopf
units). This is a clear indication that they stem from rear-
rangements in the occupation of single-particle orbitals
rather than from collective transitions.

The existence of the high-spin (I ~ 10) isomeric states
has been known for a long time near the Z =82, N =126
closed shells ( " ' Po). In some of the shell-model calcu-
lations (Glendenning, 1962; Auerbach and Talmi, 1964)
attempts were made to relate the existence of these iso-
mers to the single-particle level spectrum and the nu-
cleonic residual interaction. A few years later, in a series
of pioneering papers Grover and Gilat (Grover and Gilat,
1967a—1967c; Grover, 1967) initiated an extensive study
of nuclear properties and decay modes at large angular
momenta. In particular, an attempt was made (Grover,
1967) to construct high angular momentum states out of
many shell-model orbitals with nucleonic angular momen-
ta aligned parallel to the nuclear symmetry axis.

New interest in the possible existence of yrast traps was
initiated by Bohr and Mottelson (1974) who emphasized
the importance of the axial symmetry in the potential for
the formation of noncollective high-spin states in nuclei.
A search for possible regions of nuclei possessing axially
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symmetric shapes at high-spin excitations was also car-
ried out by Andersson et al. (1978). The results are
presented in Figs. 28 and 29, where possible types of nu-
clear axially symmetric shapes are located in the (N, Z)

plane. Three regions that have been explored most exten-
sively so far are the neutron deficient rare-earth region of
58 &Z & 70 and 80 & X & 88, the doubly magic Pb re-
gion of Z-82 and N -126, and the relatively light nuclei
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in the vicinity of Te, Xe, and Ba, with Z ranging from 52
to 56 (cf. Ragnarsson et al. , 1975; Andersson et al. , 1976;
Pomorski and Nerlo-Pomorska, 1977). In the above three
papers no definite predictions of the yrast traps are given.
The method used was essentially the shell correction
method with two level densities (cf. Secs. II.D and II.F).
The pairing correlations were not taken into account by
these authors. Such an approximation is expected
to be good only in the high-spin limit. The region
A =40—80 has been analyzed by Aberg and Leander
(1979). Here again no predictions for definite isomers
have been made, although there seems to exist a non-

negligible chance for the occurrence of isomers in some
nuclei in this region.

The recently increased experimental efforts were in fact
triggered by the systematic search for nucIei with high-
spin isomers in the region between Ba and Pb carried out
by the Copenhagen-Darmstadt collaboration (Pedersen
et al. , 1977). Delayed y-ray cascades of high multiplicity
were measured by this group after the formation of corn-

pound systems with Ar, Ti, and Cu beams from the
Unilac at CxSI, Darmstadt. A new technique of enhanc-

ing high multiplicity (spin) events by means of a multipli-

city filter composed of sixteen 5 X 5 cm NaI(T1) detectors
was employed. In many experimental studies this tech-
nique was applied; sometimes use was also made of a sum
spectrometer to select the high-energy long (high multi-

plicity) y-ray cascades. Those investigations yielded in

recent years a wealth of information on the properties of
isomeric yrast states, not only concerning final nuclei, ex-
citation energies, spins, and parities, but also electromag-
netic transition rates and magnetic dipole and electric
quadrupole moments. Detailed quasiparticle structure of
yrast states cannot be deduced from electromagnetic tran-
sition probabilities only; such details are rather to be ex-
pected from the measurements of the magnetic dipole mo-
ments of long-lived yrast traps. The quadrupole moments
for high-spin states have been explored less; they give sup-
plementary information on the nuclear deformation of
yrast traps for which magnetic moments appear to be
rather irrelevant.

%e will compare experimental data obtained in three
mass regions with theoretical results in Sec. IV.A. Selec-
tions of isomeric states and their main properties in the
rare-earth, hafnium, and lead regions are collected in
Tabl'es II, VII, and VIII, respectively, below, as an illus-
tration rather than an attempt to be complete. Technical
and experimental details and problems are discussed in
Sec. IV.B.

A. Nuclear structure of yrast states; yrast traps

1. The light neutron-deficient nuclei

in the rare-earth region

The most intensive searches for yrast traps have been
carried out in this mass region. (The results are collected
in Table II.) Initial experimental (Pedersen et al. , 1977)
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FIC». 30. Illustration of time selection on y rays with a multiplicity filter. Cramma rays in "Dy feeding (top) and deexciting (bot-
tom) the 60-ns isomer, as observed with a Ge(Li) detector in coincidence with one out of sixteen NaI(T1) detectors using a 100-MeV
' C beam (Jansen et al. , 1979).

and theoretical (Andersson et al , 1978) se.arches provided
indications for the existence of high-spin isomeric states
here.

Experimental setups have always been designed in such
a way that the time difference between y rays feeding and
deexciting the isomer could be observed. Depending on
the details of the applied technique, the energies Ey and
Inultiplicities M&" of the delayed transitions could also be
measured. From these quantities the excitation energy
and spin of the isomeric states have been estimated; from
measurements with a sum spectrometer (see Sec. IV.B},in
particular, the excitation energies of isomers have been
found.

An example of the selection of y rays feeding and deex-
citing the 60-ns isomer in ' Dy with the 16 NaI(T1)
detector multiplicity array of the Groningen group is
given in Fig. 30. The quantity M &" is deduced from the
Ge(Li) spectra taken in coincidence with one to, say, six
NaI(Tl) detectors (out of sixteen} after imposing the prop-
er time restrictions on these detectors. The quantity E z'
is obtained from simultaneously generated NaI(T1) energy
spectra. The work performed with this multiplicity setup

supplemented an extensive conventional y-ray spectro-
scopic study of ' Dy (Jansen et al. , 1976), which estab-
lished the decay scheme up to the second isomeric state
with TJ~2 ——10 ns at 8'„=(6077+5) keV (Jansen et al. ,
1979). This nucleus has been a subject of extensive exper-
imental investigations also by several other groups. The
Argonne —Chalk River —Strasbourg collaboration (Khoo
er al. , 1978; Haas et al. , 1979, 1981) extended the discrete
level scheme to 8' =12.650 MeV, I =37, including a
third isomer in the nanosecond region and seven isomers
in the picosecond region. This work included the mea-
surement of linear polarizations with a three-Ge(Li)
Compton polarimeter in coincidence with a four-NaI(T1)
detector multiplicity array. A Strasbourg-Cracow col-
laboration (Merdinger et al. , 1979) investigated discrete
states up to I-28, including the three isomers (in the
nanosecond region), and measured also the linear polari-
zations of y rays above the first isomer. Moreover, they
determined the g factor of the 10-ns isomer as
g =+0.55+0.06. Finally, the Jiilich group (Nagai et al. ,
1980) settled the long-standing question (Jansen et al
1976) about the unobserved isomeric transition 5 and es-
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FIG. 31. The level scheme of ' Dy as deduced from the com-
bined evidence of several experiments (Jansen et al. , 1976, 1979;
Khoo et al. , 1978; Haas et al. , 1979, 1981; Merdinger et al. ,
1979). The spin s parities are obtained above the 60-ns isomer
and are taken from Haas et al. (1979, 1981), using the M1 as-
signment to the 604-keV transition of Nagai et al. (1980). The
isomeric transition 5=53.3 keV with E2 character was mea-
sured by Nagai et al. (1980). The population intensities refer to
reactions induced by S and S beams (Haas et al. , 1981) and
by a ' C beam (Hageman, 1981).

tablished its energy as 53.3 keV and its character as E2.
This finding was confirmed by Haas et al. (1981). It es-
tablishes the spin and parity of the (60-ns) isomeric state
in ' Dy as I =17+, a result based also on the M1 char-
acter of the 604.4-keV transition (Nagai et al. , 1980).
The results of all these investigations on ' Dy are
presented in Fig. 31, which illustrates refined y-ray spec-

troscopic work revealing many yrast traps. It is worth
noting that the observation of those very-high-spin states
has been facilitated by the use of various heavy-ion beams
such as ' C, ' G, and S. The level scheme of ' Dy (Fig.
33) deviates from that of Haas et al. (1981) only in the
sense that in the latter no parity assignments are given for
the I = 15 and higher spin states.

The high-spin spectrum in this nucleus with several iso-
mers has been used by many authors as a test for various
versions of theoretical calculations. Table III gives a
comparison of some theoretical estimates for single-
particle configurations with both deformed and spherical
orbitals in ' 'Dy and ' Dy. Figure 32 illustrates some of
the attempts of explaining the yrast line in ' Dy with
several different versions of the calculation in comparison
with experiment. It can be seen that the discrepancy be-
tween theory and experiment in the slope of the yrast line
is rather large if no pairing correlations are taken into ac-
count (Cerkaski et al. , 1979). Leander et al. (1979) sug-
gests that the discrepancy may disappear if the pairing
correlations are included. The other groups (Faessler and
Ploszajczak, 1980; Dudek, 1980; Dressing et a/. , 1981) em-
phasize the role of the proper reproduction of the single-
particle levels. This may be more important than the in-
clusion of pairing for a good fit, especially for I & 20. Fi-
nally, the assignments of the spherical shell model
(Kleinheinz, 1979) seem to show that the results for ' 'Dy
are similar to those obtained by the use of deformed orbi-
tals (cf. Table III). This agreement is not so surprising,
because the deformation arises from the residual interac-
tions, and thus the deformed field simulates the effect of
those interactions used in the spherical shell model
(Matsuyanagi et al. , 1978). Calculations of magnetic di-
pole moments of isomeric states in ' Dy were performed
by Cerkaski et al. (1979). The results given in Table IV
show among others a value of g =0.66 for the 21 state
(Ti&2 ——10 ns) which agrees reasonably well with the ex-
perimental value of 0.55+0.06.

An interesting possibility arises in the interpretation of
the characteristically irregular pattern for nuclei with spin
aligned with the symmetry axis. It consists in decompos-
ing the spectrum of high-spin states into multiplet sub-
structures as discussed below. In the calculation based on
deformed single-particle orbitals (cf. Sec. II.F) one may
consider in particular the set of particle-hole states in
which the particle state is fixed, while the hole states run
over the whole j multiplet, or vice versa. In the weakly
deformed field of oblate shape, energies e„(m„) lie ap-
proximately on inverted parabolas (cf. Fig. 35 below).
This is easily seen from the single-particle energies of a
j(m„) multiplet in the case of a deformed quadrupole
field with the strength parameter a; e„=—re[3m
—j(j + I)]/[j(j+1)]' . Consequently, the yrast line
would reflect this dependence. Figure 33 illustrates this
possibility for the analysis of the spectrum in ' Dy.
Indeed, one can distinguish the existence of smooth pa-
rabolalike branches in the yrast line with the characteris-
tic E2 transitions deexciting states within the branch.
Moreover, occurrence of isomers is noted on top and at

Rev. Mod. Phys. , Vol. 55, No. 4, October 1983



1008 de Voigt, Dudek, and Szymanski: High-spin phenomena in atomic nuclei

TABLE III. Configuration assignments of some isomeric states in ' 'Dy and ' Dy on the basis of deformed and spherical orbitals.
Some of the labels include quantum number m„ in addition to l and j [for example, (h11/2)7/2 denotes 1=5 j= 2, and m =

2 ].
151D

I1T

27
2

41
2

49 +
2

Deformed orbitals
(Dudek, 1980)

7r(h11n), c+v(f7/2)7/2

m(h»~2) +V(h9/2)

7r(h»/2 )„+v(f7/zh 9/22 13/2 )29/2+

Spherical shell model
(Piiparinen et al. , 1979, Lister et al. , 1979)

7r(h11n) +v(f7n), /2—

~(h 11/2) „+v(f7/2h9/2)„„
2 2

I7T

17

21
27
31+

33

Deformed orbitals

(Dressing et al. , 1980)
7r(h 11/2 )ov(f 7/2h9/2213/2 ) „—

~(h 1 1/2 )v[f7/2h9/22 13/2 }
7r[d5/2(h 11/2 )27/2}14vff 7/zh9/2213/2 }

7r[d5/z(h11/2)27/2}14v[ f7/2h9/2/13/2 }

152D

Deformed orbitals
(Cerkaski et al. , 1979)

~[ (h 11/2)9/2(d 5/2 )„,—}v[ (113/2)13/2(h 9/2)9/2} 16+

7r[(h11/2)9/2(h 11/2)11/2}v[(213/2)13/2( 9/2)9/2}
7r [ (h 11/2 )9/2( h 11/2 )11/12 }v[ (213/2 )13/2(f7/2 )5/2( h 9/2 )9/2(f 7/2 )7/2 }
7r [ h 11/2 )9/2(h 11/2 )7/2( h11/2 ) 11/2(d 5/2 ) 1/2 —}

v[(2 13/2) 13/2(f 7/2)5/2(h9/2)9/2)(f 7/2)7/2 }

'Experimental assignment to the 5.088-MeV level is I"=17+.

10—
152p

x
x

x

x

X

Faessler and pjaszajczak
x

0—

the bottom of the branch. One can think of the "upper
isomer's" being due to energy hindrance [a small transi-
tion energy E& and thus small decay probability (-Er )],
while the "lower isomer" is often due to a configuration

trap (see introduction to Sec. IV). The excitation pattern
of ' 'Dy was also interpreted in this spirit (Dudek, 1980).
However, in many nuclei an evident decomposition of the
excitation pattern into parabolic branches may be very
difficult in view of a large number of possible parabolas
competing and thus only the nuclei with particularly sim-
ple structure (close to doubly magic nuclei) can possibly
be treated this way.

Much experimental work was performed on nuclei in
the vicinity of the closed neutron shell N =82, notably on
Gd and Tb isotopes by the Jiilich group (cf. Kleinheinz,
1979). Several groups have carried out detailed theoreti-
cal analyses on these isotopes (Andersson et al. , 1976,
1978; Cerkaski et aI. , 1977, 1979; Leander et al. , 1979;
Dsissing et al. , 1980, 1981; Dudek, 1980) in terms of the
deformed independent-particle orbitals or (Kleinheinz,
1979; Broda, Kleinheinz, Lunardi, and Blomqvist, 1979;
Hausser, 1979) on the basis of a spherical shell model
with two-body residual interaction. Energy-level schemes
can thus be interpreted in terms of configurations ob-
tained from the spherical shell model as well as from de-
formed orbitals. This has been done, for example, for

Gd, ' Tb, and ' Gd, including most of the states
below I-18, and also including isomeric states. The
agreement between the results obtained for the configura-

TABLE IV. Calculated gyromagnetic factors g and magnetic
moments p for the predicted yrast traps in ' Dy. (From Cer-
kaski et al. , 1979.)

0—
I I

0 10
I

20
I

30
I

40

I
FICz. 32. Comparison of the experimental data with the calcu-
lations of the yrast line by different groups based on various as-
sumptions on the single-particle levels and nucleonic residual in-
teraction in the nucleus '52Dy [from Dtissing et al. (1981)].

16+
21
27
30+
31+

0.44
0.66
0.39
0.34
0.55

7.00
13.61
10.54
10.26
16.90
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~ ~ ~ EXPER)MENT 17+

(21 ) ~

20
19

18' '

' 18+

4 —
m (h211/2)

- g{/ 7/2)

16+
14+

12+

10+

1.7 ns

/
/

/
/

/

', ~ (11 )
/

/

Q 1.1 ns
I 3 ev(l 7ig)

g {h 9/2, f 7/2 ), 8 ~

0—

/
/

/
/

/
/

/
/

/
/

/
/

/
/ 0+

tion assignments within the two methods is very good [cf.
Kleinheinz (1979) and references quoted therein, and Du-
dek (1980)]. The comparison of the results calculated us-

ing the shell correction method and the experimental data

f I

16

18
17'

I ) I I i ~ I I I ~ I I I I i I I I I I I ~ I

0 5 10 15 I
FIG. 33. Experimental high-spin excitations in ' Dy
(Kleinheinz, 1979). Points belonging to the same j-multiplet
configuration are connected by dashed lines (Dudek, 1980).

for ' Gd are given in Fig. 34, as an example. Figures 34
and 35 display the results of taking pairing interactions
into account via the pairing correction term with block-
ing; also, the projection onto the correct particle number
was performed. It has generally been found that inclusion
of these features improves considerably the agreement
with experiment. The results are very sensitive to the
single-particle level spectrum used. This property can
sometimes be applied for extracting information about
single-particle level energy differences. This is illustrated
in Fig. 35, where the experimental excited-state energies
of ' Tb (right-hand side) are plotted together with the
single-particle Woods-Saxon levels used for the interpreta-
tion of the high-spin states (left-hand side). The proton
single-particle excitations lead, among other states, to a

19 + 21 + 27 +sequence of configurations with spins —,

which correspond to observed yrast states. By comparing
left- and right-hand sides of the figure one can observe
how the high-spin excitations can be created in terms of
single-particle excitations. In addition, taking into ac-
count, for instance, the experimental difference between
yrast and yrare states at I = —, (denoted by 5,„~, in the
figure) one can conclude that the difference between h»/2
and g7/2 orbital energies is exaggerated in the calculation
as compared to the analogous difference for 15/2 and
h t t/2 orbitals. Thus one arrives at the conclusion that the
theoretical ds~q —g7~2 difference should be diminished.
The model dependence of the single-particle structure of
high-spin states (due to the sensitivity for the interactions
employed) is illustrated in Table V, based on results from
Dalssing et al. (1980), Dudek (1980), Kleinheinz (1979),
and Hausser (1979). This table displays some of the re-
cent results in the assignments of the configurations in
terms of spherical or deformed orbitals for some isomeric
high-spin states in the ' Gd and ' Gd nuclei. Further

6

IX
LQ

4,
LU

D 3

Ul

10

9

8
7

COLLECTIVE

ADMI XTURES

0

EXPT. CALC.

FIG. 34. High-spin excitations in ' Gd. Experimental results
from Kleinheinz (1979) are compared with calculations based on
shell-correction plus particle-hole analysis employing the
Woods-Saxon potential (Dudek et aI. , 1982a).

I II I I I I I I I

PROTONS P
= —.o4

h 11/2
Q o 6 8 o QS 1/2

-2— ooo o. . A ~
/ /

d 3/2, '
~ - .' 19/2+

23/2+: . p gp' 25/2+

—5— ~ ~

g 7/2
' & 25/2+

—6— 27/2+

t I I I I I I I t I I I

-9l2 -5/2 -Il2 1/2 5/2 9/2 m
V

I I
)

I I
(

I I
j

$ I

YRAST STATESX e2
4)

& ((»1/2, »/2, 9/2), (g-' 7/2, -5/2))
2

K ({h 11/2, 11j2, 9/2 ), ( g 7/2, - 7/2 ))

3—
EXPT-

2—
. . 'g((h 11/2,11/2, 9/2), (d 5/2, -5/2))

' K ((h 11/2 11/2, 9/2 ) (d 5/2 -3/2 ))

' &((h 11/2, 11/2, 9/2)/(d 5/2, -1/2))
2

2& ((" 11/2, 11/2, 9/2 ),(d 5/2, +1/2))

i I » I » I t i l

11/2 17/2 23/2 29/2 35/2 SP)N

FIG. 35. Illustration of the particle-hole structure of high-spin
states in ' Tb. On the left is given the proton single particle en-

ergy e„as a function of the angular momentum m calculated
using the Woods-Saxon potential. The ground state is indicated
by the occupied h»~2, m„= 2 level (dot). High-spin excitations

are indicated by promotions of d5~2 or g7/2 particles to the h»q2
levels (with the least energy difference and maximum gain in
spin). The results of the configurations are indicated in the ex-
perimental yrast spectrum on the right and in fact correspond to
the observed spins, although the calculated excitation energies
are systematically too large (see text). The figure is taken from
Dudek (1980).
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TABLE V. Configuration assignments of some calculated yrast traps in ' Gd and ' 'Gd. '

10+
20
25+

Deformed orbitals
F

7r{ (dsn )oh 11/2 j
~{(dS/2)0h11/2 j V{(d3/2)Qf7/21 13/2j
7r{(d 3/2 )3/2h 11/2 j V{(d 3/2 )Qf7/2113/2 j

146~d

Deformed Woods-Saxon orbitals'

Sr{ (h 11/2 )10(dS/2 )

Spherical shell model

~{(h 11/2 )10(d S/2) j

21+
2

27
2

41
2

49 +
2
59
2

~{(d 5/2 )Oh 11/2 j V(f7/2)

~{( d 5/2 )oh 11/2 j V {d 3/2 (f7/21 13/2 ) 10 j 21/2

&{(d 5/2 )oh 11/2 j V{(d 3/2 )Qf7/2h9/2/13/2 j 29/2+

&{(dS/2 )3/2h 11/2 j V{(d3/2 )Qf7/2h9/2!13/2 j 29/2+

147Gd

7r{h11ndsn jv(f7n)
7r{h 11/2d 5/2 j V(113/2)

77 I d 5/2h 11/2 j 7V(f7/2 )'

77{d 5/2h 11/2 j 10V(f7n )'

77 {d 5/2h 11/2 j 10V {h 11/2113/2f 7/2 j 29/2+

'Comparison is made between various versions of the calculation.
bD@ssing et al'. , 1980.
'Dudek, 1980.
Kleinheinz, 1979 (no isomer observed with I =10+).

'Hausser et al. , 1979, and Hausser, 1979.

comparisons among the methods show that the differ-
ences in the theoretical structure assignments to states
with not too high spins (I &20) are not big, and thus
various approaches turn out to yield consistent results.

Observation of the quadrupole moments as a function
of the excitation energy within one nucleus is of interest
in view of the detection of possible shape changes. A for-
tunate situation where data are available occurs for ' Gd
(Hausser et al. , 1980), with measured g factors and quad-
rupole moments for the —, , —, , and —, yrast traps

13 + 27 49 +

(see Table II). The absolute values of the quadrupole mo-
ments are 0.73, 1.26, and 3.14 e b, which would imply ef-
fective neutron charges of 2.0, 2.9, and & 3, respectively,
to bring pure shell-model values into agreement with ex-
periment. A somewhat different neutron configuration
(for instance, including the h9/2 orbital) would decrease
the effective charge without much affecting the magnetic
moment. Alternatively, the large quadrupole moments
have been explained (Hausser et 12I. , 1980) with bare nu-
cleon charges by assuming that the high spins are generat-
ed by quasiparticles aligned with the rotation axis of an
oblate deformed core. The deformation has been calculat-
ed to take the substantial value of 132- —0.2 for the —",

T&&2
——530 ns isomer.

In the calculations by Cerkaski et al. (1979) and

Dressing et al. (1981) (see also references quoted therein)
the magnetic dipole and electric quadrupole moments of
nuclear high-spin states were also obtained. The results
for the magnetic moments seem generally to confirm the
configuration assignments and are in line with the exist-
ing experimental data. Calculations of the quadrupole
moments indicate rather weak oblate deformations in
some isomeric states in ' Gd which seem also to be in
line with the few existing data. It is worth noting here a
slight but systematic increase with spin (on the average) in
the calculated oblate equilibrium deformations (cf. Figs.
28 and 29). Such an effect can be understood in terms of
increasing polarization of the nuclear matter distribution
in the equatorial plane of the nucleus, when more and
more nucleons align their angular momenta with the sym-
metry axis. The experimental data, however, provide only
the absolute value of the quadrupole moment, while its
negative sign does not seem to be confirmed yet in a
clear-cut experiment. Table VI shows a comparison be-
tween the calculated and measured values of Q and g of
some of the high-spin states of ' Gd (from Dressing

TABLE VI. Electromagnetic moments of observed isomers in ' Gd. Column 1 lists spin and pari-

ty of the isomer. Columns 2—5 list the calculated values of the deformation parameter, the liquid-
drop quadrupole moment, the "microscopic" quadrupole moment, and the gyromagnetic factor.
The last three columns give the measured half-life, the quadrupole moment (absolute value), and the
gyromagnetic factor. The table is taken from Dressing et al. (1980).

Calculation
(Dressing et al. , 1980)

Q1d Q
(e b) (e b)

Experiment
(Hausser et al. , 1979,1980)

tlr2
I Q I

(ns) (e b)

13 +
2

27
2

49 +
2

—0.03
—0.05
—0.17

—0.52
—0.82
—2.78

—0.44
—1.25
—2.99

—0.18

0.81

0.47

22.2(5)

26.8(7)

510(20)

0.73(7)

1.26(6)

3.14(17)

—0.04(1)

0.84(2)

0.45(1)
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FIG. 36. The total energy (upper part) and the shell energy
(lower part) plotted vs the total angular momentum I for ' Hf
at a fixed prolate deformation. The rotation takes place around
the axis with the largest moment of inertia (y =0', collective ro-
tation, crosses) or, alternatively, around the axis with the small-
est moment of inertia (y= —120', noncollective rotation, open
circles). The calculation was performed with the Nilsson poten-
tial [from Aberg (1978)].

2. The hafnium isotopes

In the above discussion we have limited ourselves only
to the case of yrast traps in nuclei with oblate shape. Let
us now turn our discussion to the possibility for the oc-
currence of yrast traps in axially symmetric nuclei of pro-
late shape. Although the corresponding envelope moment
of inertia for the noncollective rotation in this case

et al. , 1980). A significant jump in deformation at
I = —", for ' Cxd (confirmed experimentally) is here an

interesting consequence of irregularities in the intrinsic
structure along the yrast line, characteristic of nuclei with
the total spin aligned with the symmetry axis. According
to the calculations (Dressing et al. , 1980), the deformation
jump is due to the promotion of a neutron pair across the
X =82 gap.

Another prediction for the existence of a rather exotic
region of high spin (I ~ 44), strong deformation
(aq-0. 4,y-60'), and possible yrast traps was made by

Debasing et al. (1977) (see also Bohr and Mottelson, 1977)
for nuclei with %=82 and 84 neutrons and Z =62—70
protons. The region would be related to an expected
strong shell effect, with nuclear shape corresponding to
the ratio of axes close to 2:3. The existence of isomers in
this region, however, has not been confirmed up to now
experimentally.

(y= —120') is generally lower than that for the collective
nuclear rotation (y=O'), one may expect that in some
peculiar cases a very strong shell effect may lower the
noncollective states in prolate nuclei down to the yrast
line, which is mainly composed of the collective (y=O')
bands (cf. Sec. II.E). In an experimental study of ' Hf
Khoo et al. (1976) interpreted observed yrast traps as due
to alignment of single-particle orbitals with the symmetry
axis of a prolate deformed nucleus. A typical example
may be provided by the island of nuclei around ' Hf
(Faessler and Ploszajczak, 1977; Aberg, 1978; Andersson
et al. , 1978). Figure 36 illustrates the total energy and
shell correction calculated for this nucleus by Aberg
(1978) on the basis of the rotating Nilsson potential. It is
seen that the shell effects for the noncollective rotation
(y= —120') are exceptionally large and negative, thus
leading to the preference of the system for this type of
motion over the collective rotation about another axis
(y =0 ) in the spin region of 15 (I (43.

From Table VII it can be seen that the lifetimes and
trarisition retardation factors for the Hf isotopes are in
general much larger than for rare-earth nuclei (Table II).
The four or six (high-spin) quasiparticle isomeric states
are well described in terms of the Nilsson model with
high 0 (projection of single-particle spin on the symmetry
axis of a prolate deformed nucleus). Thus high-IC (projec-
tion of summed single-particle spins) states are formed
with less energy than is required by the collective motion
at the same angular momentum. Those high-K band-
heads are thus lower in energy than the ground-state band
with the same spin and appear as a peculiar sort of yrast
traps which can only decay by K-forbidden transitions.
The Hf isotopes thus exhibit at the same time well-
developed rotational bands, due to collective motion, and
yrast traps as EC isomers, due to quasiparticle alignment.

3. The lead region

Let us now discuss high-spin properties of nuclei
around the doubly magic Pb nucleus. A considerable
amount of experimental data exists in this region for
many nuclei, as can be seen from Table VIII and original
papers cited there. This domain has been thoroughly
analyzed by the methods of the spherical shell model, as
already mentioned in Sec. II.F.

As an example, let us take the spectrum of ' Rn (Fig.
37). The experimental spectrum is known up to I =30+.
Calculations have been performed both for the spherical
shell model [see Blomqvist (1979) and references quoted
therein] and the deformed fields with the Nilsson and
Woods-Saxon potentials (Andersson et al. , 1978;
Matsuyanagi et al. , 1978; Dressing et a/. , 1977; Dudek,
Szymanski, and Werner, 1981). Table IX lists possible
configuration assignments. The similarity between the as-
signments reached in different ways is significant. It re-
sults from a big effect of the shell closures at Z =82 and
X =126. As a consequence, only a few single-particle or-
bitals are active in I &20 excitations (the proton h9/p,
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f7/p l ]3/2 ); they are described by the discussed models in
a similar way, and thus the results for the high-spin struc-
ture are almost identical. For higher spins new orbitals
become active (the neutron p}/2 g9/2 and j»/2), and the
fact that neutrons and protons contribute now in the yrast
states makes the final result more sensitive with respect to
small details of the models. As a consequence, the num-
ber of discrepancies among the results from various
models increases for I ~ 20.

The static magnetic moments (or, equivalently, g fac-
tors) are sensitive to details of the intrinsic structure of
the isomeric states. The distinct change in the g factor as
a function of spin observed for I & 20 in ' Rn is evident
from Fig. 38, where the excitation energies and g factors
are plotted versus I(I+1). The g factors calculated on
the basis of the aligned-particle configurations (Horn
et al. , 1977) given in Table IX agree very well with the
experimental values. This establishes the transition from
a pure four-valence proton structure to a mixed proton-
neutron configuration in the wave functions of states
above I =20 in ' Rn.

4. Collective excitations
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We shall terminate this section by discussing briefly the
possible excitation modes that may be superimposed on a
nuclear state in which several orbitals have already been
strongly aligned (for example, an yrast trap with spin I).
One of the possible excitation modes is the transverse ro-
tation of the system, i.e., the rotation about an axis per-
pendicular to the alignment axis (Bohr and Mottelson,
1981; Andersson, Krumlinde et al. , 1981). The nuclear
field related to the excition mode of this type is of the

Yz+& character (b,I =+1) and may lead to the occurrence
of a band with spin sequence I,I+1,I+2, . . . ,
originating from the yrast trap and extending fairly above

the yrast line. Figure 39 illustrates schematically the
bands calculated within the random-phase approximation
for these excitations, sticking out of the yrast line (for the
' Rn nucleus, Andersson, Krumlinde et al. , 1981). The

calculated moments of inertia for the bands turn out to be
rather low —in fact, considerably below the corresponding
rigid-body estimates.

Another possible excitation of the system in the highly
aligned state is the nonaxial vibration M =2 (gamma vi-

bration) related to the field of the F2+2 symmetry (Bohr
and Mottelson, 1981; Andersson and Krumlinde, 1977;
Andersson, Krumlinde et al. , 1981; Bottges et al. , 1981).
The first excited state would then have spin (I+2).
There are good chances that these vibrations may lead to
bands lying below the rotational hI =1 bands in the case
of a weak particle-core coupling, while for a strong cou-
pling the transverse rotational band may lie below the
(I +2) vibrational band (Bohr and Mottelson, 1981). The
relative importance of the two possible excitation modes
and perhaps of some other relevant modes has not yet
been fully analyzed and seems to require further clarifica-
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FIG. 37. The yrast spectrum of ' Rn. The experimental data
(for references see Table VIII) are compared with calculations
based on the shell correction method with the Woods-Saxon
single-particle spectrum (WS) (0udek, 1980) and obtained
within the spherical shell model (SM) (Blomqvist, 1979). The
shell-model results fit slightly better to experiment, but rather
severe limitation on the dimension of diagonalized matrices
makes extension of the calculation to very high spin difficult.
On the other hand, the shell correction method can be extended
to very high spins and states of well-deformed nuclei. The shell
correction method, although more "flexible" in applications, is
more phenomenological.
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FIG. 38. Plot of the excitation energy vs I(I+1) for yrast
states in ' Rn (upper half). The solid line represents the mo-
ment of inertia of a rigid spherical rotor. A structural change at
I-20 is evident from the g factors given in the lower part
(Hausser, 1979). The solid lines are results calculated on the
basis of the aligned particle configuration given in Table IX
(Horn et aI., 1977).

tion, both from the experimental and the theoretical
points of view.

Examples discussed in this section illustrate the rich-
ness of phenomena related to the noncollective rotation of
the atomic nucleus. This field of study has in recent
years experienced a great interest both from experimental-
ists and theoreticians. For further progress more detailed
properties of highly excited isomeric states need to be
measured. Particularly important are unambiguous spin
and parity assignments, dipole and quadrupole moments,
and decay probabilities. Specific techniques which have
been used so far are discussed below in Sec. IV.B.

(i) the observation of delayed y rays in coincidence with

y rays which were previously known to occur in a certain
nucleus;

(ii) the observation of known radioactive decay by
known half-lives or by y rays with known energies;

2'2R n

20

B. Experimental techniques and problems

1. Isotope assignment for yrast traps

)
10

Most of the observed yrast traps were excited in fusion
reactions, which in general produced more than one resi-
due. Therefore it was not always easy to identify which
isotope emitted the delayed' y rays. It may occur that
even more than one isotope, produced with a certain
projectile-target combination and at some bombarding en-
ergy, contains isomeric states. More than one isomer may
also be excited in the same isotope.

One or more of the following observations may be used
for the isotopic assignment to isomeric states:

0 I

0 10 20 30 50

I
FICx. 39. An 8' vs I plot for the nucleus ' Rn. The dashed line
represents the noncollective rotation around the oblate symrne-
try axis. The straight lines correspond to collective rotational
bands around an axis perpendicular to the symmetry axis [from
Andersson et al. (1981)].

Rev. Mod. Phys. , Vol. 55, No. 4, October 1983



1016 de Voigt, Dudek, and Szymanski: High-spin phenomena in atomic nuclei

TABLE IX. Configuration assignments of some calculated yrast levels in ' Rn. '

Deformed Nilsson
orbitals

(Andersson et a/. , 1978)
Protons Neutrons

Deformed Woods-Saxon
orbitals

(Matsuyanagi et aI., 1978)
Protons Neutrons

Deformed optimized Woods-
Saxon orbitals

(Dudek et al. , 1981)
Protons Neutrons

Spherical shell model
(Horn et al. , 1977)

Protons Neutrons

2 ~ 2h 9/2l 13/2

h 9/2f 7/2l 13/2

—1

P 1/2g9/2
—2 2

P 1/2g 9/2

12+ h 9/2

13+
14+ h 9/2f7/2

15 h g/2l 13/2

16
17 h 9/2i13/

18 h 9/2f 7/21]3/2
19+
20+ h 9/2l 13/2

21
21+
22+ h g/2l 13/2 p 1/2gg/

h 9/2f7/2113/2 p 1/2g9/2
24+
24
25

4
h 9/2

3h g/2f7/2
3

h 9/7f 7/2
3 ~

h 9/2l 13/2
3 ~

h 9/2l 13/2
3 ~

9/2 13/2

h gnf7nl 13n
2 '2

h g/2l 13/2
2 ~ 2h 9/Zl 13/2

3 ~

h 9/2l 13/2
3h 9/2l13/

h 9/2f 7/2113/2
h 9/2f 7/2113/2

—1

P 1/2g9/2—1

P 1/2g9/2
—1

P 1/2g9/2—1 ~

P 1/2l 11/2

2 ~ 2 —1h 9/2l 1 3/2 p 1 /2g 9/2

h 9/2f 7/2113/2 p 1/7J 15/2

4h 9/2
3

h 9/2f 7/2
3h 9/2f 7/2
3 ~

h 9/2l 13/
h 9/2l 13/2

3 ~

h 9/2l 13/2
2h 9/2f 7/21 13/2
2 i2

h 9/2l 13/2
2 i2

h 9/2l 13/2
2 ~ 3h 9/2l 13/2

2 i2
h 9/2l 13/2

2 '2
9/2 13/2
2
9/21 13/2f 7/2

—1

P 1/2g9/2—1

P 1/2g9/2

P 1/2J 15/2

~ 3 —1h 9/2 l 13/2 p 1/2g9/2
2 —1h 9/21 13/2f 7/2 p 1/2g9/2

(h 9/2 )12+

' »/2 —(f7n —)

(h 9/2l13/2)17—

(h 9/2l 13/2 )

(h 9/2l13/2 )17—

—1
(P 1/2g9/2 )

(P 1/2J15/2 ),+

3 ~

h 9/2l 13/2
—2

P 1/2g9/2l 11/2
2 '2

h g/2l 13/2
—1 ~

P 1/2J 15/2

P 1/2J 15/2g9/2

2 —2 2 2 —2h 9/2f 7/2 l 13/2 p 1/2g9/2 J 15/2 h 9/2f 7/2l 13/2 p 1/2g9/2 J 15/2

2 —2 2 —2h 9/2f 7/2113/2 pi/2g9/2111/2 h 9/2f 7/2113/2 p 1/2g9/2111/2
28+
29+ h g/2l 13/2
30+

2 i 2h 9/2l 13/2 P 1/2J 15/2

2 '2
h 9/2l 13/2

2
h 9/2l 13/2

P 1/2J 15/2—1 ~fs/2J isn
2 —2h 9/21 13/2f 7/2 p 1/2g9/2J 15/2

(h 9/2l 13/2 )

(h 9/2l 13/2 20

(g9/2l 13/2 )11+

(J is/2f 5/2 ) 111+

(g9/2 l 13/2 ) 11+

(J 1 snj s/2 ) 111+

'Comparison is made between various versions of the calculation method.

(iii) known experimental and theoretical cross sections
for the production of certain isotopes and their variation
with bombarding energy (including cross bombardments,
i.e., various beam-target combinations to excite the same
final nuclei);

(iv) known systematics in isotope production and high-
spin isomer excitations.

Only the first of those four classes leads to unambiguous
isotope assignment. The reliability of assignments based
on (iii) or (iv) depends strongly on details of experimental
data and combinations of the data. The entries in Tables
II, VII, and VIII satisfy one or more of the above criteria.

2. Determination of excitation energies and spins

The simplest way to determine the excitation energy of
an isomeric state is to add the energies of the sequentially
emitted delayed y rays, if they are known. For unam-
biguous spin assignments, in most cases one has to per-
form several conventional y-ray spectroscopic measure-
ments. Such measurements are often hindered by lack of
information on the decay scheme. In that case, one can
take advantage of the special properties of sum spectrom-
eters and multiplicity filters. The sum spectrometer is

very well suited for measuring excitation energies for
high-multiplicity cascades. Spin estimates from this
method, however, are based on model assumptions relat-
ing excitation energy to spin. Unfortunately, the multipli-
city of the y-ray cascade can be determined only to a cer-
tain degree of accuracy with such a spectrometer and only
if additional detectors are used.

More detailed information on spins can be obtained
from experiments with multiplicity filters. They measure
rather accurately the multiplicity of the delayed cascades,
but yield less accurate information on the excitation ener-
gies than the sum spectrometer does. The main difficulty
in interpreting the data is the transformation from multi-
plicity M& to spin I. For a ground-state rotational band
this would simply be I=2M&. More elaborated relations
(see Sec. V) concern y-ray cascades of a rotational nature
(with a smooth dependence of N' on I). The nuclei dis-
cussed here, however, do not rotate collectively, and a
severe deviation from such a simple relation may be ex-
pected. One may use the presently known systematics in
nuclei with such complicated and irregular structure for
which the multiplicities and spins have been determined
independently. In the work of Jastrzebski et al. (1980) an
empirical relation is derived between the spin of an isomer
I and the number of delayed transitions Mr between that
isomer and the ground state with spin Ix (or another iso-
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FIG. 40. The empirical relation between spins of isomeric
states and the y-ray multiplicity of the deexciting cascades ex-
tracted from cross experiments in various Cxd and Dy isotopes.
The spins and multiplicities were determined independently.
The solid lines indicate the upper and lower estimates for spin
assignments, reflecting uncertainties in the used decay schemes.
This systematic may be used to assign spin limits to isomeric
states from measured multiplicities [from Hageman (1981)].

10

mer) as I =Is+M& &L. The mean value of the average
angular momentum AL removed by one transition varied
between —1.9 and —1.6, when 2—22 levels above the
ground state were included. These numbers were extract-
ed from known level schemes of ' Er, ' 'Ho, ' ' " Dy.
A similar function was determined from well-established
data on ' ' Gd and ' ' Dy isotopes by Hageman
(1981) and is presented in Fig. 40. This set of data also
contains a reasonable estimate of the uncertainties in-
volved in deriving the spin of an isomeric state from the
measured multiplicity. The excitation energies are in
most cases derived from the measured average multi-
plicites M &, and the average y-ray transition energy E

&
d cf

in the delayed cascade as 8'„=M rE r.

3. Magnetic dipole and electric quadrupole moments

It was argued above that magnetic dipole moments
serve as a direct test ground for the quasiparticle structure
of long-lived yrast traps. From Tables II, VII, and VIII
one may conclude that most of the efforts were concen-
trated on nuclei in the lead region. Short reviews on mag-
netic dipole and electric quadrupole moments of high-spin
states have been presented by Hausser (1979) and Mahnke
et al. (1979), respectively.

Detailed descriptions of various experimental methods
can be found in the work of Morinaga and Yamazaki
(1976). Here we will discuss only briefly the few methods

commonly used in the investigations of yrast traps. When
the lifetime of a nuclear excited state is sufficiently
long —say, more than a few nanoseconds —then the mag-
netic rnornent may be determined from the observed time
dependence of the angular distribution of the deexciting

CO
10 I s

C)
C3

100-

/I

ey-+ 135
PROMPT

IOO

V)
IO

D
C3

—IO
I

l

400
I

100300 200 0
TIME (ns)

FICy. 41. The effect of an external magnetic field H,„, on the
y-ray intensity pattern as a function of time. The magnetic di-
pole moment {and spin) together with the associated asymmetric
dipole y-ray emission pattern rotate with the Larmor frequency
co around the direction of the magnetic field. The fluctuations
in the y-ray intensities observed in space-fixed (0=+135 )
detectors as a function of time yield directly the frequency co.
The y rays detected in this case were due to the 30+~27
transition in ' Rn (Hausser, 1979).

delayed y rays. The spatial intensity distribution rotates
with angular velocity co of the Larmor precession induced
by an external magnetic field H on an oriented nucleus.
The initial orientation can be produced in the nuclear re-
action which excites the isomeric state of interest. The re-
lation between the gyromagnetic factor g and co is given
by g =co%/(p~ H), where pz is the nuclear magneton.

For very short lifetimes —say less than a few
picoseconds —the Larmor precession due to external mag-
netic fields is too small. In that case the very high inter-
nal transient fields can be employed as discussed in Ap-
pendix B.

For yrast traps discussed in this section the lifetimes
are sufficiently long to apply external fields and in some
cases to observe even more than one full precession period
by detecting delayed y rays as a function of time. An ex-
ample of such a measurement for the highest yrast isomer
in 2' Rn with I =30+, taken from Hausser (1979), is
given in Fig. 41. The rotation of the angular distribution
pattern can be followed for more than eight turns in about
400 ns, which accurately determines the Larrnor frequen-
cy and thus the g factor.

En contrast to the lead region, measuring magnetic mo-
ments in the rare-earth region is very difficult. This diffi-
culty is mainly due to the paramagnetism of the
lanthanides, which have an unfilled 4f atomic shell and
which generate large internal magnetic fields acting on
the nucleus. These paramagnetic ions, embedded into a
solid, experience thermal fluctuations, and the rapidly
fluctuating field acting on the nucleus will tend to
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disorient the nuclear spin. Moreover, the paramagnetism
enhances the external field due to the induction of un-
equally populated electronic substates. Apparently, these
two disturbing effects are small only for europium and
gadolinium as a slowing down material. Therefore it is
not surprising that the measured g factors in the rare-
earth region are restricted to the Gd isotopes (see Table
II). One of the exceptions is ' Dy, where these problems
have been circumvented by using a lead backing as a
slowing down material (Merdinger et al. , 1979).

Determination of quadrupole moments by making use,
for instance, of the reorientation effect, as has usually
been done for low-lying 2+ states, is not possible in the
case of yrast traps because of the relatively long lifetimes.
In such cases quadrupole moments may be determined
when the nucleus moves with certain velocity through an
electric field gradient (EFG) due to the quadrupole in-
teraction (QI) with the field. This EFG is most common-
ly supplied by the surrounding atoms of a crystal lattice
of noncubic symmetry. The QI causes a time-dependent
change in the shape of the spatial emission pattern of y
rays. This perturbation of the angular distribution of y
rays can be measured as a function of time with a pair of
detectors at fixed positions —for instance, at 0' and 90'
with respect to the beam axis. From the data one obtains
the difference and the sum of the two normalized y-ray
time distributions represented by the quadrupole modula-
tion function. The quadrupole moment cannot be extract-
ed directly from a fit to the data because it is not possible
to calculate the EFG reliably and subsidiary calibration
experiments must be carried out. Another difficulty
arises from the fact that the energy splittings of the nu-
clear magnetic substates due to the QI decrease quadrati-
cally with increasing spin. As a consequence the deter-
mination of the quadrupole moments becomes increasing-
ly difficult at higher spin. Nevertheless, it appears to be
possible to measure quadrupole moments —for instance,
of high-spin states in ' Gd—which is important when
following the deformation as a function of spin. Such a
measurement is possible because Gd + has an almost
pure, spherical S7/2 electronic ground state which keeps
the magnetic hyperfine fields weak enough to observe spin
relaxation times up to —1 ps (Hausser et al. , 1980).
Measured quadrupole moments and g factors for several
yrast traps are included in Tables II, VII, and VIII (for
discussion see Sec. IV.A).

V. THE QUASICONTINUUM ENERGY SPECTRUM

In this section properties of the nuclear quasicontinu-
um spectra (qcs) will be discussed. It was argued in the
previous sections that it is possible to resolve the individu-
al gamma lines in the angular momentum region up to,
say, I-30; sometimes this limit could be shifted up to
I-40.

When the excitation energy and angular momentum in-
crease, the number of gamma rays detected in experiment
increases considerably, while their intensities generally de-

crease. It is impossible to detect the individual gamma
transitions when the intensity for each transition becomes
too weak and the density of levels large. This, however,
does not mean the existence of overlap between most of
the levels. It follows from the estimates of the level den-
sities that the average level distance exceeds considerably
the level widths. Thus it would not seem proper to call
the corresponding spectrum a continuum. It is therefore
usually referred to as quasicontinuum (or the region of
unresolved y rays). Its definition obviously depends on
the existing technical possibilities in resolving the indi-
vidual gamma lines. Thus the border line between the
quasicontinuum and the region of observed individual
gamma lines is rather conventional, and it may be shifted
with improving techniques of detection.

The investigation of the qcs is of great importance,
since it may provide valuable information on the behavior
of nuclei in a vast region of high angular momenta, inac-
cessible by means of the ordinary methods of nuclear
spectroscopy.

In this section we shall first briefly review the methods
of populating the nuclear high-spin states that belong
mostly to the region of the qcs (Sec. V.A). Then the ex-
perimental methods for treatment of the qcs will be dis-
cussed (Sec. V.B). Finally, in Sec. V.C we shall discuss
what can be deduced about nuclear structure from the ob-
served y radiation of the qcs.

A. Population of the high-spin states

Atomic nuclei are about the only strong-interacting
quantal objects that allow studying fast rotation corre-
sponding to as much as 80 (or even more) units of angular
momentum. Several nuclear reactions can lead to those
high-spin states. Among all known reaction mechanisms
the complete fusion (CF) of the bombarding ion with the
target nucleus seems to be most effective for the produc-
tion of high-spin states in nuclei. We shall not attempt
here a detailed discussion of this reaction mechanism, as
it has been extensively discussed in the literature [see, for
example, Wilczynski (1973), Bass (1974), Lefort (1974),
Lefort and Ngo (1978), Galin et al. (1974), Glas and
Mosel (1974), Siwek-Wilczynska and Wilczynski (1976),
Namboodiri et al. (1975), Birkelund et al. (1979), Krappe
(1979), Wilczynski et al. (1980), and references quoted
therein].

The transfer of angular momentum in the CF process
obviously depends on the mass and energy of the bom-
barding ion and on the equilibration process of the
formed compound nucleus. These effects have been stud-
ied in detail for beams varying from proton to "Ar, to-
gether with the particle (neutron) spectra [cf. Ockels et al.
(1978), Ejiri et al. (1978), Sarantites, Westerberg, Halbert
et al. (1978), Westerberg, Sarantites, Hensley et al.
(1978), Sakai et al. (1979), de Voigt et al. (1979a, 1979b,
1982), Hillis et al. (1979), Hageman et al. (1981), Beene
et al. (1981), Geoffroy Young et al. (1981), g,ukasiak
et al. (1982)].
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In order to transfer as much angular momentum as
possible into the compound nucleus formed in the CF
process it is desirable to employ high-energy collisions
with the largest possible impact parameter. However, in
such collisions the cross section for the CF process is usu-
ally rather small. Some other reaction mechanisms, such
as the incomplete fusion or absorptive breakup may ap-
pear more probable [see, for instance, Inamura et al.
(1977), Siwek-Wilczynska et al. (1979a, 1979b), Geoffroy
Young et al. (1979), Wilczynski et al. (1980), Bauer et al.
(1980), Wu et al. (1979), Sujkowski (1981)].

At still higher energies and impact parameters the deep
inelastic collisions, or even the quasielastic scattering may
become dominant (these processes depend in general on
the mass ratio of the colliding nuclei). All these mecha-
nisms could also be employed for the production of high-
spin states. However, up to now they have not been used
extensively for this purpose, and thus we shall mainly
concentrate on the complete fusion.

The amount of angular momentum transferred to the
compound nucleus in the CF process may be estimated
with a quasiclassical approach that emphasizes the impor-
tance of the critical angular momentum (Wilczynski,
1973; Bass, 1974) or the critical distance between the two
ions (Lefort, 1974; Lefort and Ngo, 1976; Glass and
Mosel, 1974; Namboodiri et al. , 1975). Several detailed
analyses of the classical trajectories for the colliding nu-
clei have been discussed in the literature (see the papers
quoted above in this section). Instead of describing the
details of various approaches, we shall quote here simple
formulas estimating the maximum angular momentuml,„ involved in the collision. Assuming that the classical
turning point occurs at the radial distance between the
two ions r =r;„,we may calculate l „as

2p
Imax dmin I Ec.m. V( min ) I

fi

1/2

(5.1)

Here E, denotes the energy in the c.m. system of refer-
ence and p the reduced mass. The potential energy V
may be assumed in the form of the Coulomb energy

Z)Z2e
V(r) =

r
(5.2)

[see, for example, Diamond and Stephens (1980)]. In a
more detailed approach it includes, in addition, the con-
tributions from the nuclear potential energy [see, for in-
stance, Namboodiri et al. (1975)].

The CF reactions lead usually to the formation of com-
pound nuclei in highly excited nuclear states ("hot" nu-

clei). Because of the enormous density of states at high
excitation energy a statistical treatment of the deexcita-
tion process of such nuclei is usually applied (see also Fig.
1 for illustration of the deexcitation process of a corn-
pound nucleus). Most of the excitation energy of a hot
nucleus is removed from the system by emission of one or
a few particles. Here, we shall discuss only the evapora-
tion of neutrons. The probability for evaporation of a
neutron tends to vanish very fast when the excitation en-

20.

UJ

'"Sn("Arxn) '" "Er

E (Ar)= l47 MeV

Statistical
Transitions

3n

Yrast
Line

grast- like
Cascades

IO
'

I—

X
ELJ

0 20 60

I {b)
FICi. 42. Illustration of the deexcitation process of the ' Er
compound nucleus according to a statistical-model calculation.
The contours enclose regions corresponding to y rays emitted
from the (3—5)n evaporation residues (Hillis et al. , 1979).

ergy of the compound nucleus decreases below a certain
limit (depending on the neutron separation energy).
Furthermore, the neutrons are most easily evaporated
from their s-state, so usually they do not carry away more
than lh' angular momentum from the nucleus, on the
average.

After the evaporation of a few neutrons the nucleus is
led to the vicinity of its yrast line where no more neutrons
can be evaporated. Figure 42 illustrates this situation (as
does Fig. 1). From these figures it becomes evident that
those reaction channels with the highest number of
evaporated neutrons leave the final nuclei (evaporation
residues) in states with the lowest energy and angular
momentum. Thus the distribution of the cross section for
nuclear reactions with various numbers of evaporated
neutrons gives a rough estimate of the distribution of an-
gular momentum in the original compound nuclei (Fig.
42).

At the final stage of the evaporation process, when no
more neutrons can be emitted, the only means for further
deexcitation of the nucleus is provided by the emission of
cascades of gamma quanta. States at which the probabili-
ties for neutron evaporation and for gamma-ray emission
are comparable are called entry states, since they define
the origin of the gamma-ray cascades. A set of entry
states populated in many reactions of a certain type forms
an entry line (or, more precisely, an entry region), which
is usually represented as a curve (or an area) above the
yrast line in the plot of energy 8' versus angular momen-
turn I. This situation is illustrated schematically in Fig.
43, where, in addition, the region probed by qcs studies is
indicated. Figure 44 presents an example of the entry
lines for various nuclear reactions leading to evaporation
residues ' Er and ' Er. The experimental data, which
are also compared with the calculations based on the sta-
tistical model, give an idea about the typical distribution
of entry states above the yrast line.
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exploration of this interesting domain has required the
development of new methods and techniques. Selected as-
pects of this development will be discussed below.

B. Experimental analysis of the gamma cascades
in the quasicontinuum spectra
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FIG. 43. Schematical ) -ray decay pattern [in the g' vs I plane
with I(I +I) scale] of states in the entry region, populated —for
example in (HI,xn) reactions —to discrete states near or on the
yrast line (Khoo, 1979).

A general conclusion following from the analysis of
plots of this type is that nuclear evaporation residues are
very often produced in states with angular momentum
considerably exceeding the highest limits that have been
observed in experiments with individual gamma lines
(presently corresponding to states with spins 30—40). The

When neutron evaporation from highly excited states is
no longer possible, emission of cascades of gamma rays
from the nucleus remains the only way for further deexci-
tation and removal of angular momentum. One can a
priori think of two possible types of gamma cascades in
this situation. The high-energy and generally low mul-
tipolarity (mostly dipole) gamma rays are very likely to
bring the nucleus quickly into the vicinity of the yrast hne
without an appreciable loss in angular momentum. This
type of radiation is often referred to as a statistical cas-
cade, since it corresponds to random transitions. It fol-
lows from statistical considerations that the number of
gamma rays should be an exponentially decreasing func-
tion of the transition energy. This dependence of the ra-
diation intensity on the transition energy has been roughly
confirmed by measurements. Figure 45 illustrates the re-
sult of an experiment at Berkeley (Simon et al. , 1977). In
the logarithmic scale the high-energy part of the spectrum
exhibits a linear dependence on the transition energy
(indeed, the intensity decreases exponentially).
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for 204 MeV) and "0 beams, respectively (Folkmann et al. ,
1981), are shown together with the centroids of exit-channe1
selected entry regions from the ~Ar+ ' Sn reaction at 161 and
236 MeV (Hillis et a/. , 1979). The contours marked 0.1 and 1.0
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evaporation residues. The entry line calculated with a statistical
model (Folkmann et al. , 1981) is shown as a broken line.
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FICx. 45. The y-rays qcs from the reaction '2 Te(~Ar, 4n) '6 Yh
at 181 MeV is given in the form of raw (squares) and also nor-
malized unfolded (small black dots) data. The larger dots are
five channel averages. At the top the 0 /90 ratio for unfolded
spectra is given; at the bottom experimental unfolded spectra
for the same case (solid line) and for the reactions

Te(~Ar, 4n )
' Yb at 157 MeV (long-dashed line) and"Sm(' 0,4n )
' Yb at 87 MeV (short-dashed line) (Simon et al. ,

1977) are schematically illustrated.
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The second type of gamma cascade corresponds to
transitions originating usually in the yrast region and fol-
lowing the yrast line. The angular distribution of the
gamma rays (or the 0' to 90' ratio) for these cascades
often indicates the stretched (collective) E2 (electric quad-
rupole) character of these transitions (cf. top part of Fig.
45). They are commonly referred to as yrast cascades and
exhibit a much more ordered character than statistical
cascades. The existence of yrast cascades can be clearly
seen in the lower-energy range "f. Fig. 45—as a region
of an increased intensity forming a "bump" over the ex-
trapolation of the straight line corresponding to the sta-
tistical cascades.

Obviously, the two types of gamma cascades mentioned
above do not always have to occur in a definite order in
time. It may also happen that after the emission of a few
statistical gamma rays, a collective E2 transition takes
place, followed by new statistical gamma rays, etc.

Various experimental methods have been employed in
order to probe the whole range of unresolved gamma
spectra (i.e., the qcs region). In particular, it is important
to determine the origin of the longest possible yrast cas-
cade deexciting states with the highest angular rnomen-
tum to the yrast states observed via discrete y rays. The
energies corresponding to the uppermost transitions in
those cascades may be read directly from the y-ray spec-
tra of the type of Fig. 45 as the position of the upper edge
of the "bump. " This is true if the cascades follow collec-
tive E2 bands thus with the highest-energy transitions on
top.

Another interesting quantity is the angular momentum
corresponding to those uppermost states. Experimentally,
however, it is difficult to isolate long yrast cascades, be-
cause entry states are usually populated over a broad re-

gion of angular momentum in CF reactions. A lot of ex-

perimental effort has been devoted to the determination of
the average value of I;„,i.e., the input angular momentum
(Ward et a/. , 1975; Newton et a/. , 1975; Banashik et a/. ,
1975; Simon et a/. , 1976; Stephens, 1977; Hagemann
et al. , 1975; Newton et al. , 1977; Simpson et a/. , 1977;
Andersen et a/. , 1978; Deleplanque, Lee et a/. , 1978;
Hillis et a/. , 1979; de Voigt et a/. , 1979a, 1979b; Feenstra
et a/. , 1977, 1979).

A rough estimate of the magnitude of I;„can be gained
after the identification of the reaction channel. This iden-
tification is usually achieved by employing a Ge(Li)
counter used for the detection of known discrete lines in

the final nucleus. Figure 42 illustrates regions corre-
sponding to various reaction channels. Their location in
the ( 8',I) plane may serve as a rough estimate of I;„.

A more direct indication is obtained by the rneasure-
ments of the total number M of gamma rays in the cas-
cades (multiplicity). The average multiplicity {M) can
be measured with the help of a large number of gamma-
ray (NaI) detectors working in coincidence. Such a set
may be supplemented with one Cxe(Li) detector, used to
identify the final nucleus. Working with multidetector
systems, various experimental groups have been able to
determine not only the average multiplicity {M) but also

the higher moments of the gamma-ray multiplicity distri-
bution: the variance (i.e., the width which is related to
the second moment), the skewness (third moment), etc.
The detailed methods are extensively treated in hterature
(cf. Hagemann et a/. , 1975; Westerberg et a/. , 1977;
Westerberg, Sarantites, Young et a/. , 1978; Lindblad,
1977; Ockels, 1978a, 1978b; Andersen et a/. , 1978; Kerek
et al. , 1978; Kohl et a/. , 1978; Van der Werf, 1978; Hillis
et al. , 1979).

Now, the question arises of how to relate the average
multiplicity {M) with the angular momentum value I;„
at the origin of the cascades. The problem would be sim-
ple if the cascades corresponded to pure stretched E2
bands. In order to include the possibility of other transi-
tions (some of them statistical) different from stretched
E2, some empirical formulas are currently used. Often a
relation of the type

(5.3)

is employed where parameters M, (-4) and a (-0.5)
have to be adjusted, depending on reaction mechanism,
energy, etc. For further details see, for instance, Simon
et a/. (1976), Sarantites et a/. (1976), Sarantites, Wester-
berg, Dayras et a/. (1978), Hillis et a/. (1979), de Voigt
et a/. (1979a, 1979b), Hageman et a/. (1981), and
Kukasiak et a/. (1982).

A crucial quantity that affects the relation between
{M) and I;„and that also bears some nuclear structure
information on the qcs is the multipolarity 1 of the y rays.
It has already been mentioned above that the yrast cas-
cades have predominantly a stretched E2 character
(1=2) and the statistical cascades mixed stretched and
nonstretched dipole (1=1) El character. Such informa-
tion is obtained mainly from angular distribution mea-
surements or from the intensity ratio W(0')/W(90') of y
rays [cf. Banashik et a/. (1975), Simon et al. (1977),
Newton et a/. (1978), Deleplanque, Byrski et a/. (1978),
Folkmann et a/. (1981)]. Additional information on the
electromagnetic character of the y radiation is obtained
from conversion electrons establishing the E2 character
for the yrast bump and E1 for the statistical transitions
(Feenstra et a/. , 1977, 1979) and possibly some low-
energy M 1 transitions (Westerberg, Sarantites, Young
et a/. , 1978). Such a general idea about the gross
behavior of the qcs was confirmed by several measure-
ments of the linear polarization (Vivien et al. , 1979;
Trautmann et a/. , 1979; Hubel et a/. , 1980). Significant
low-energy M 1 radiation found in the polarization experi-
ments (in nuclei near closed shells) may indicate the ex-
istence of rotational bands in the qcs when M 1 transitions
can compete with cross-over E2 transitions. It should be
emphasized, however, that the picture may change some-
what from nucleus to nucleus and that it also depends on
the excitation process.

A sensitive measure for the collective character of tran-
sitions in the qcs can be obtained from B(E2) transition
probabilities. A strong E2 enhancement characteristic
for collective rotation was concluded from the short life-
times of the order of a few tenths of a picosecond per

Rev. Mod. Phys. , Vol. 55, No. 4, October 1983



1022 de Voigt, Dudek, and Szymanski: High-spin phenomena in atomic nuclei

transition. This conclusion was reached in early works on
several nuclei ranging from ' Xe to ' Hg by employing
the recoil distance Doppler-shift technique (Diamond
etI aI. , 1969; Kutchera et al. , 1972; Newton et a/. , 1973;
Ward et a/. , 1973; Rud et a/. , 1973; Bochev et a/. , 1975).
Confirmations of that result were reported more recently
by Emling et a/. (1981) using the same technique and by
Hiibel et a/. (1978, 1982) observing the Doppler shift of a
large ensemble of y rays from the qcs.

Important progress in analyzing the qcs has been made
through the application of sum spectrometers. These in-
struments are designed mainly to measure the total
gamma-ray energy by summation of the energies of the
individual gamma rays of the cascade. For that purpose
sum spectrometers cover a large part of the total solid an-
gle and are optimized for detection efficiency rather than
for energy resolution. They are usually applied in coin-
cidence with one or two NaI detectors or a Ge(Li) detec-
tor used as an individual gamma-ray transition detector
which may identify the reaction channel.

Several relevant quantities mentioned above, such as
average values of E&, M, and I, can be studied in function
of the total y-ray energy of the qcs cascades. Their
behavior can then be followed as a function of the excita-
tion energy, and changes in the quantities related to dif-
ferent deexcitation modes (or even to different nuclear
shapes) can be studied. A good example of such a study
employing a sum spectrometer can be found in the works
of Folkmann et a/. (1981) and Aguer et a/. (1981). As
another example, let us mention the experiment by
Korner et a/. (1979), where the sum spectrometer was
used together with other detectors in a multiplicity ar-
rangement. The top part of Fig. 46 presents the total
gamma-ray energy spectrum of the ' Sn + 185-MeV Ar
reaction analyzed in terms of the various reaction exit
channels. The bottom part of Fig. 46 illustrates the mul-
tiplicity as a function of the total gamma-ray energy. The
multiplicity value M-40 measured in this experiment is
very high. Comparison with Eq. (5.3) leads to angular
momentum I of the order of 60 or 80 which is about the
highest estimated liquid-drop value of angular momen-
tum (cf. Fig. 5 for A —160) that can be accommodated in
the nucleus)

Without going into much detail, we can observe that
combining sum spectrometers and multidetector arrange-
ments may lead to the determination of the average angu-
lar momentum I;„at the origin of the gamma cascades as
a function of the excitation energy. Figure 44 illustrates
the determination of the entry line from the experiment
with the sum spectrometer (Folkmann et a/. , 1981) in
comparison with other experimental (Hillis et a/. , 1979)
and theoretical estimates. From the slope of the entry
line (in the 8' vs Iplane) one ma-y -estimate the average
moment of inertia (see next section).

Experimental analysis of the qcs region is progressing
steadily also through application of crystal ball spectrom-
eters (Sarantites et a/. , 1980; Simon, 1980). These are
multidetector spectrometers able to record simultaneously
the energies, angles, times of emission, etc., for all gamma

rays per individual reaction with high efficiency. In this
way, the entry line and many other properties of the qcs
may be determined most efficiently and accurately. First
reports of the Oak Ridge group concerned experiments
with a 69-NaI(T1)-detector 4m spectrometer and a high-
resolution Cxe detector for identification of the evapora-
tion residues following '" Nd+ (136—149)-MeV Ne re-
actions. The deduced cross sections for the 5, 6, 7, and 8n
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FIR. 46. The experimental total y-ray energy spectrum and the
components corresponding to the various reaction products ob-
tained by gating on known lines in the y-ray spectrum (top) of

Er nucleus. At the bottom the multiplicity parameters are
given for 4-MeV-wide slices in the sum spectrum represented by
points on the dashed (uncorrected for angular correlations) and
on the solid (corrected by assuming 80% hL =2 quadrupoles
and 20% AL =1 dipoles) lines. The open triangles represent the
results from the Ge(li)-multiplicity setup; in this case the total
y-ray energy is obtained by (M )(Er)(Krorner et al. , 1979).
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exit channels as functions of multiplicity and excitation
energy and the total fusion cross section as a function of
angular momentum were reproduced rather well by sta-
tistical model calculations (Sarantites et al. , 1982). The
same group also reported entry lines and spectral y-ray
distributions (Jaaskelainen et a/. , 1982).

Finally, let us observe that the method of gamma-
gamma energy correlations described in Sec. III.B may
also lead to some valuable information about the qcs. In
fact, some structures in the y-y coincidence plots have
been seen that were not observed otherwise by means of
individual gamma-ray measurements.

Most of the y-y-energy correlation experiments have
been carried out on nuclei known to have prolate defor-
mations at low spins, thus exhibiting regular patterns like
a "central valley" (minimum of counts) in the correlation
matrices as well as "bridges" (maximum of counts) relat-
ed to band crossings, etc. A possible relationship between
the observed width of the central valley in the coincidence
plots and the moment of inertia is discussed in Sec. III.B.

When the technique is applied to more spherical nuclei,
one may explore the existence of yrast traps as stepping
stones to reach nuclear states with the highest angular
momentum. In a study of ' Er (with an isomer at —12
MeV and I-33) Baba et al. (1981) seem to confirm a
structure typical for spherical or weakly oblate shapes up
to I—50.

We may conclude from these accounts on experimental
techniques that a fascinating area of research has just
been opened and that further refinements of the methods
in the future should yield more quantitative results on the
properties of nuclei at the highest angular momenta.

C. Nuclear structure information deduced
from quasicontinuum spectra

Various calculations concerning nuclear behavior at
high angular momenta can also be applied to the region of
the qcs. In particular, considerable changes in nuclear
shape with increasing angular momentum have been
predicted (Cohen et al. , 1974; Bohr and Mottelson, 1974;
Bengtsson et al. , 1975; Neergaard and Pashkevich, 1975;
Neergaard et al. , 1976, 1977; Andersson et al. , 1976;
Faessler et al. , 1976). These predictions have been
described and illustrated in Secs. II.C and II.D (in partic-
ular, cf. Figs. 4—6 and 8). One of the most striking
features of these calculations is the possible existence of
superdeformed nuclear states corresponding to the transi-
tion over the Jacobi instability. Such an effect is well
known from classical mechanics and has also been exten-
sively discussed in astrophysics in connection with the
equilibrium shapes of rotating stars and planets.

Fascinating effects are connected with the possible
disappearance of the pairing correlations (phase transi-
tions from superfluid to normal) in the rotating nuclei (cf.
Sec. III.C). We have to emphasize, however, that the in-
formation on nuclear structure at high angular momen-
tum obtained so far is rather preliminary. Thus both phe-

nomena mentioned above can neither be clearly con-
firmed, nor can they be ruled out on the basis of the
present experimental results on the qcs.

Many experimental efforts were devoted to determina-
tion of the nuclear moments of inertia. Two methods for
determining the moment of inertia W have been suggest-
ed, for example, by the Berkeley group (Banashik et al. ,
1975; Simon et al. , 1976, 1977). In the approach referred
to as "integral, " two quantities are involved: the angular
momentum I;„at the origin of the cascade, and the gam-
ma transition-energy Er. Employing a simple formula
(3.16) for the rotational band, one obtains [cf. Eq. (3.17)]:

(5.4)

an equation that relates Ey I1, and ~. The quantity P
determined in this way follows the definition of ~ "' [cf.
Eq. (3.3)], since it is related to the first derivative of
energy with respect to angular momentum
(Er ——8'I —8'I 2

——b, S'). On the other hand, it is under-
stood that Eq. (5.4) employed here is not confined to a
single rotational band; it rather follows a path along many
bands. Thus the quantities Er and I entering Eq. (5.4) are
better considered averages (Er ) and (I;„).This leads to
the conclusion that ~ "' obtained in this way character-
izes the envelope curve extended over many collective
bands and thus should be labeled M,'„",. This quantity ap-
pears to be larger than the moments of inertia u b', „'d

characterizing just one band [~,'„„&M b,„d], since ~,'„„'

describes in addition the contributions to the total inertia
coming from the configuration changes (band crossing).

Another (differential) method has also been proposed
[cf. references above and Herskind (1980)] for determin-
ing ~, which is derived from the change AE& in the tran-
sition energy Ez corresponding to the increase AI in an-
gular momentum. It follows from the rotational formula
(3.16) that [cf. also Eq. (3.18)]:

b,Er 8' /(2~ ) 2Er——d (1nW)/dI—

(5.5)

Here, the moment of inertia W,'„„' has been used, since it
corresponds to the second derivative of energy 8'(I), and
the subscript "env" (envelope) is added again in order to
indicate a path combining many bands. Finally, the mo-
ments of inertia obtained from the gamma-gamma coin-
cidence spectra (cf. Sec. III.B) may correspond to Wb, „'d,

i.e., the dynamical moment of inertia characterizing one
given rotational band.

As stated above also here, the inequality W,„,& W b,„d
is related to the additional contribution of band crossings
into ~,'„„'. However, this relation expresses a local prop-
erty of the yrast line in a region of crossing, unlike the in-
equality W', „'„' & Wb', „'d. In fact, the ratio ~ b,„'d/W,'„,' can
be directly related to the relative contribution of the align-
ment Ai with respect to the total increase EI in angular
momentum [cf. Bohr and Mottelson (1981)]:

~ (2)
band Ai (5.6)
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1977). The data in the right part of the figure represent the extension of rotational bands into the quasicontinuum derived from the
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indicated.

Nuclear moments of inertia have been discussed exten-
sively [see, for example, Bohr and Mottelson (1975)],
especially in the domain of low angular momenta. It is
known (cf. Sec. III.D) that moments of inertia in super-
fluid nuclear states are considerably reduced as compared
to the rigid-body values, W„s. For the normal (i.e., non-
superfluid) nuclear system it was predicted long ago
[Bohr and Mottelson (1955); see also Bohr and Mottelson
(1975)] that the average moment of inertia should roughly
coincide with that of the rigid body, ~„g. The depen-
dence of W„.z on nuclear deformation has been rather well
investigated on the basis of simple calculations (cf. Sec.
II.F, where some estimates are given). Consequently, the
variation with spin I of the moments of inertia deter-
mined experimentally could be used to obtain information
on shape changes in nuclei, if other phenomena causing
an increase in ~ (such as the alignment) were ruled out.

Figure 47 illustrates the moments of inertia for some
Er nuclei obtained in reactions with Ar and Kr leading
to Er isotopes (Hillis et al. , 1979). The left-hand side of
the figure presents a comparison with the lower-spin ex-
periments (Lee et al. , 1977) performed with discrete
gamma-line spectroscopy. The right-hand side of the fig-
ure illustrates the moments of inertia ~,'„,' obtained from
multiplicity experiments. Comparison with an estimate
from the rigid sphere seems to show a slight increase in
W', „'„' and thus perhaps also (in deformation) with increas-
ing spin.

Another method of searching for the changes in the nu-
clear moment of inertia u b,„'d could follow from the ob-
servation of the width of the central valley in the
gamma-gamma coincidence plots (cf. Sec. III.B). As fol-
lows from Eq. (3.18) the increase in moments of inertia
with angular momentum would result as a gradual de-
crease in the width of the central valley and vice versa.
Changes of this type have indeed been observed [see, for
instance, Schutz et al. (1982)], but no systematic behavior
has yet been deduced (cf. Sec. III.B).

Experimental and theoretical investigations of' the nu-
clear moments of inertia have been continued by many
authors (Bohr and Mottelson, 1981; Leander et al. , 1981;
Deleplanque, 1981; Deleplanque et al. , 1982; Zang and
Aberg, 1982; Bengtsson and Ragnarsson, 1982; Stephens,
1982). The behavior of the moments of inertia for spins
much above the critical value at which the superfluid
pairing correlations disappear reflects important micro-
scopic structure properties in the domain of a very fast
rotation. In particular, the variation in M may indicate
an alignment or dealignment in consecutive neutron or
proton orbitals and/or shape changes (Deleplanque et al. ,
1982).

Moments of inertia are, of course, not the only physical
quantities that can be an object of the analysis of the qcs.
As an example of a different quantity, let us look for the
differences in the side-feeding patterns between two iso-
topes of dysprosium. Side feeding of a level is defined as
the population of that level which is not due to the popu-
lation of the adjacent higher-spin level belonging to the
same band. Figure 48(a) illustrates the result of several
experiments on the gamma-ray intensities from ' Dy ob-
tained in different nuclear reactions. The ' Dy nucleus is
known as well deformed in the low-spin range. We can see
from Fig. 48 that the intensities do not change very much
with either the reaction mechanism or the ion energy. We
can understand this behavior in the following way. The
deformation of ' Dy implies that there are definite rota-
tional bands (channels) along the yrast line in the qcs re-
gion. Most of the intensity originating at the entry line
therefore goes along these rotational bands. Thus the
population of the various levels in the low-spin part of the
spectrum (I =2,4, 6, . . . , 20) is affected very little by ei-
ther the reaction mechanism or the ion bombarding ener-

gy
For the ' Dy nucleus [cf. Fig. 48(b)], the situation is

different. This nucleus is known to be spherical or weak-
ly deformed in a rather large-spin range up to at least
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I-40 (cf. Sec. IV). Consequently, in its qcs there may be
no rotational bands along the yrast line (or, at least, they
are not so well pronounced). Hence there is no pro-
nounced y-ray channeling mechanism above the yrast line
(which was the case in ' Dy). Thus the side-feeding pat-
tern may be entirely different, and, in particular, it may
depend more sensitively both on the reaction mechanism
and on the ion bombarding energy. This seems to be con-
firmed by the experiments with various beams and ener-
gies [see also Khoo (1980)].

One has to be careful, however, to seek explanation of
the side-feeding only in the deexcitation process via col-
lective bands of the qcs. One should also take into ac-
count the level density which increases at high spin when
the number of active nucleonic orbitals increases. [See
also Khoo (1980), who investigated yrast states in
i48, &so, &si, &s20y populated in ' "S induced reactions with

spins up to the valence limit, i.e., the total spin of active
particles in outer shells. ] The discussion above may serve
as an example of the exploration of the qcs region by
means of the y-ray intensity measurements.

Several groups have initiated and performed calcula-
tions of the distribution of the gamma-radiation intensity
over the whole region of quasicontinuum spectra (Liotta
and Sorensen, 1978; Civitarese et al. , 1979; Wakai et al. ,
1980; Leander et al. , 1981). These calculations are based
mainly on statistical assumptions about the particle and
gamma emission from highly excited compound nuclei at
large angular momenta. Starting from some reasonable
model assumptions, these calculations aim at reproducing
properties of various physical quantities —gamma-ray in-
tensities, average multiplicities, average side-feeding pat-
terns, gamma-gamma energy correlations, etc.

A microscopic theory of the energy spectra in the
quasicontinuum region could be provided in principle by
the temperature-dependent Hartree-Fock-Bogolyubov
method. Several attempts have been recently made in this
direction (Tanabe and Sugawara-Tanabe, 1980; Tanabe
et al. , 1981, 1981a; Goodman, 1981). These calculations
provide the whole description of highly excited (heated)
nuclei in the region above the yrast line (behavior of the
pairing gap, level densities, deformation changes, etc.).
For the moment, however, the results of these calculations
have not yet been extensively employed in the analysis of
experimental data.

We may conclude that quasicontinuum y-ray studies
have been focused mainly on bulk properties of fast rotat-
ing nuclei. For more detailed and also quantitative infor-
mation it seems necessary to observe discrete y-ray lines.
In this respect, one may expect new results from mul-

tidetector Compton suppression spectrometers with high
resolution, large coincidence efficiency, and with superior
peak-to-background ratios presently being developed.

Vl. SUMMARY

In this section we will summarize the main topics dis-
cussed in the article. Results of the studies on nuclear
structure at high angular momenta and the most impor-
tant conclusions are collected in Sec. VI.A. Since, howev-
er, we could not resist the temptation also to discuss the
perspectives for similar research in the near future, relat-
ed problems are briefly reviewed in Sec. VI.B.

A. Conclusions

High spins are most often generated in atomic nuclei by
collective rotation of the nucleus as a whole, by an align-
ment of a few nucleonic angular momenta, and by com-
bination of both these mechanisms.

The collective rotation consists of smooth adjustments
in the individual nucleonic orbitals, many of which con-
tribute coherently to the rotation of the nuclear system as
a whole. The regular rotational band structures establish-
ed in many well-deformed nuclei up to I-12—14 are well
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understood in terms of the collective mechanism. The
yrast state structure often undergoes a sudden change at
I-12—14. It has been found that this change is the
strongest in nuclei which have high-j and low-mj- single-
particle levels close to the Fermi level. Extensive calcula-
tions based on the independent quasiparticle method in a
rotating nuclear potential (in some versions also referred
to as the HFBC method) have clearly indicated that the
structure rearrangement can be associated with the align-
ment of the corresponding nucleonic orbitals with the axis
of collective nuclear rotation. Such an alignment leads to
a sudden increase in the total angular momentum and has
been found experimentally in many nuclei. This
phenomenon, commonly called backbending, is related to
a sharp crossing between two rotational bands (i.e., those
with no, or only weak interaction).

Systematic analyses of the alignment effect have estab-
lished its quasiparticle character, and numerous excited
rotational bands have successfully been interpreted in
terms of quasiparticle excitations superimposed on the
collective rotation.

Elaborate detection techniques and use of the high-
energy heavy ion projectiles (up to —10 MeV per nucleon)
have enabled studies of discrete y-ray transitions up to
spins 30—40. This, in particular, led to discovery of the
second backbending effects in several nuclei. Very de-
tailed analysis of the excited band structure, nuclear mo-
ments, etc , hav.e provided firm evidence for the multi-
quasiparticle structure in high-spin nuclear rotation.

In spherical or nearly spherical nuclei individual nu-
cleonic alignment was found to dominate the high-spin
excitation pattern. The yrast sequence of these nuclei is
very irregular in contrast to the smooth behavior of the
yrast lines of collectively rotating nuclei. Both
phenomenological and shell-model studies have confirmed
the tendency toward maximum alignment (allowed by the
Pauli principle) of individual nucleonic angular momenta
with the total angular momentum. This in turn causes a
polarization of the nucleus, giving rise to oblate shape
configurations with a symmetry axis in the direction of
the total angular momentum (apart from some rather ex-
ceptional cases of prolate deformed nuclei, e.g., in some
Hf isotopes). Apparently, no collective rotation is allowed

by quantum mechanics in such nuclear configurations,
and the only mechanism of exciting high angular momen-
ta is that via rearrangement in the individual nucleonic
orbitals. This has been shown to generate isomeric (rela-
tively long-living) states at high angular momenta.

Several properties of the high-spin isomers (excitation
energies, spins, parities, lifetimes, y-ray feeding and decay
schemes, and in some cases also electromagnetic mo-
ments) have been measured. On the basis of measured
hindrance in the electromagnetic transition probabilities
the noncollective character of rotation in high-spin iso-
mers has been indeed experimentally confirmed. Detailed
single-particle structure of many isomeric states has been
suggested theoretically and tested experimentally by
measuring the corresponding magnetic dipole moments.

The degree to which isomeric states also exhibit some

collective properties has been estimated only in a few
cases from measured electric quadrupole moments (in the
nucleus '

Cxd, for example, the absolute values of the
quadrupole moments were seen to increase with the exci-
tation energy and spin of the isomeric states). Coex-
istence between basically single-particle excitation modes
and collective vibrations have been suggested. In particu-
lar, the existence of the nuclear shape vibrations and the
giant dipole (quadrupole) resonances at high-spin states
have been proposed. No systematic data exist on this as-
pect of high-spin excitation and only future studies can
possibly shed some light.

The nuclear properties at very high angular momenta
(exceeding the spin limit -40 accessible at present with
the discrete-line spectroscopy) have also been studied. Us-
ing sum spectrometers and multiplicity filters, experi-
menters have measured the y-ray energy and multiplicity
distributions in several nuclei. This information, supple-
mented with the angular and y-y-energy correlation mea-
surements, has indicated a collective character of nuclear
motion in many nuclei for I&40. In particular, the
methods of measuring the nuclear moments of inertia at
these super-high angular momenta have been designed
and first results analyzed. Unfortunately, the studies con-
cerned mainly the gross properties of the unresolved
(quasicontinuum) spectra. This limitation was due to the
fact that in the quasicontinuum range only the averages
over many nuclear y cascades could be measured.

No straightforward and systematic results have been
obtained so far on two fascinating nuclear structure prob-
lems: the nuclear shape evolution and the disappearance
of the nuclear pairing correlations at high spin. This will
certainly be a subject of forthcoming analysis.

B. Perspectives

The two excitation modes —i.e., the collective rotation
and the alignment of the individual orbitals —can compete
in high-spin excited states. For example, an oblate system
with a few aligned orbitals may rotate collectively about
an axis perpendicular to the symmetry axis. Some other
modes of excitation which should be investigated more
extensively in the near future involve the collective vibra-
tion. A possible mode is a nonaxial shape vibration
occurring simultaneously with the excitation of aligned
orbitals. Other vibrational excitations including those
connected with the giant resonances may also be involved.
These competing mechanisms may reveal new aspects of
the collective excitations characteristic for the lack of
time reversal invariance in fast rotating systems.

Since the present knowledge about nuclear states at
super-high angular momentum (I &40) mainly concerns
gross properties, one has to concentrate in the near future
on the detailed properties. Gamma-ray spectroscopy may
be focused on the determination of the properties of high-
ly excited states which unambiguously reveal the nature
of the band-crossing phenomena. Among other properties
are the lifetimes (in the picosecond region) and the elec-
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trornagnetic moments, which may shed light on the
changes in nuclear shape and structure with increasing
angular momentum. These measurements are particularly
needed in and above the first and second backbending re-
gions, thus at least up to spin I-30. Extension of these
detailed spectroscopic studies towards lighter nuclei (for
instance, the barium region) and also towards heavier sys-
tems (e.g., the actinides) is of much interest. In particu-
lar, backbending features have been established in several
lighter nuclei, but not in the actinides, although in the
latter some anomalies in the rotational band structures
have been observed recently.

Similar detailed information on the properties of high-
spin isomers is needed in order to establish their structure.
Future experiments have to prove whether very-high-spin
(I &40) isomers do or do not exist. Much remains to be
learned about the interplay between collective and single-
particle modes of excitation at various rotational frequen-
cies.

Fast nuclear rotation may imply substantial changes in
the properties of the average nuclear field. Until now,
such changes were allowed for in the theoretical descrip-
tion mainly through appropriate variation in the nuclear
deformation. At large angular velocities, however, one
may expect the existence of new terms in the nuclear
potential —for instance, those breaking the time reversal
invariance.

Interesting information on discrete as well as on
quasicontinuum states can be expected from a further
development of the y-y-energy correlation technique. Be-
sides improvement of the statistics one has to apply back-
ground subtraction techniques more reliable than the ones
used at present or to enhance experimentally the ratio of
true to random (or other background) events. The latter
possibility is being exploited with systems of many Comp-
ton suppression spectrometers in coincidence. This
would, in addition, allow registration of triple coin-
cidences with sufficient statistics to remove ambiguities in
the identification of long y-ray cascades and to improve
the observation of resolved weak y-ray transitions be-
tween the very-high-spin states.

One of the fascinating present problems is the possible
occurrence of the Jacobi instability in atomic nuclei at
high angular momentum, sometimes referred to as "su-
perdeformation. " While this effect has been predicted by
theory, no clear-cut experimental evidence seems to exist
as yet. This Jacobi instability is assumed to exist in astro-
nomical objects, where it results from a competition be-
tween the centrifugal stretching and long-range gravita-
tional forces and may lead to the formation of double
stars. However, in atomic nuclei at least two essentially
different aspects can be indicated, apart from the
Coulomb repulsion between protons: First, the nuclear
interaction is of short-range character; second, the quan-
tal shell structure may also play an important role.

For all these kinds of investigations one probably needs
to combine high y-ray energy resolution and large effi-
ciency with sharp selectivity for reaction exit channels
and for high-spin states. It thus seems necessary to com-

bine, for instance, sum spectrometers, multiplicity filters
with several Compton suppression spectrometers [includ-
ing the high-resolution Ge(Li) detectors] in compact as-
semblies. This may become effective if new high-density
scintillation material can be applied, as, for instance,
Bi4(Ge04)3.

Another major challenge in studies of the nuclear struc-
ture is the detailed constitution of the individual y-ray
cascades which connect the highly excited entry states
with the ground state. In order to reveal the nature of the
cascades, one has to record all relevant parameters of the
y-ray cascades per individual nuclear reaction rather than
averages over many reactions and cascades. New mul-
tidetector spectrometers called "crystal balls" have been
developed for this purpose. They are designed to record
in an event-by-event mode per single reaction the energies,
angles, and times of emission of all y rays with high effi-
ciency. One spectrometer developed at Oak Ridge —St.
Louis contains 72 NaI(T1) detectors in a ball shell of 35.6
cm inner diameter and 17.8 cm thickness (Sarantites
et a/. , 1980). Another one, designed at Darmstadt-
Heidelberg, contains 162 NaI(T1) detectors in a ball shell
of 50 cm inner diameter and 20 cm thickness (Simon,
1980). Those spectrometers can also be used in coin-
cidence with Ge(Li), or particle detectors, placed in the
scattering chamber inside the ball or outside it after re-

moving one or more NaI detectors. The development of
almost massless detectors (parallel-plate or avalanche
detectors) makes it possible to detect particles or heavy
ions inside the spectrometer without influencing the y-ray
detection.

An essential problem for future experiments is sharp
selection of the initial angular momentum and excitation
energy in the entry regions through the simultaneous
measurement of the total y-ray energy and the multiplici-
ty. The instrumental spreads in these quantities may be
as low as -20% at full width at half maximum (FWHM)
compared with —50—100% in the present sum spec-
trometers and multiplicity filters. An important applica-
tion of combining the crystal ball with particle detectors
will be found in polarization experiments in which the in-
itial spin alignment can be detected by observing y rays
which hit a ring of detectors in one plane. This may be
particularly useful when combined with the observation
of emitted charged particles or heavy ions for the study of
reaction processes.

It is obvious that sophisticated spectrometers on line at
high-energy heavy-ion accelerators will yield a vast
amount of interesting and probably also unexpected re-
sults. However, data acquisition may be very complicat-
ed, the spectrometers very expensive, the beam time limit-
ed, and the analysis presumably rather time consuming.
Therefore we expect these projects to yield unique results,
but only in a very limited number of cases probably con-
centrating on highly excited nuclei with high angular
momentum. Therefore many supporting experiments
may remain to be done at other nuclear physics labora-
tories with smaller accelerators and more beam time
available. In addition, much support is expected and
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needed from large and small theoretical groups, especially
in stimulating new ideas. Also, extensive investigations at
medium and low angular momentum have to be contin-
ued to establish the systematic trends in nuclear structure
and reaction processes. In this sense, one should not for-
get that the extension of the present knowledge of band
structures towards low spin may be as important and dif-
ficult as towards high spin.

The highly developed methods in theoretical and exper-
imental nuclear physics with heavy- and light-ion ac-
celerators and with advanced and conventional spectro-
scopic techniques common nowadays promise fascinating
research and results in the field of nuclear structure in the
forthcoming years.
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APPENDIX A. DETAILS OF NUCLEAR POTENTIALS

u.„=—,
'

m [co',(x'+y')+ ei,'z'], (A 1)

in which the oscillator frequencies co) and co, are set to be
functions of the nuclear deformation parameters. The de-
formation dependence is introduced after transforming
the potential (A 1) into the so-called stretched coordinates

g=x[(mcoi)/iii]'~, il =y[(mcoi)/fi)'

g =z[(mao, )/iri]'~

Inserting (A2) into (Al), one obtains

u»c =
2 Act)0(E2)p [ 1 ——,EzPz(cos8, ))

(A2)

(A3a)

+2s4P&(cos8, )] . (A3b)

The hitherto arbitrary factor iruuo(E2, s4) is calculated from
the condition that the volume enclosed by equipotential
surfaces need not depend on the deformation (see also
below). Here Pi denote the Legendre polynomials.

Apparently, transformation (A2) also affects the kinetic
energy term in the Schrodinger equation with the poten-
tials u„, or V„,. Owing to the particular form of this
transformation, the matrix elements of the kinetic energy
term that connect states with different major shells X and
N' cancel with the corresponding matrix elements of u», .
Thus the whole Hamiltonian becomes block diagonal with
respect to N if quadrupole deformation alone is used.

The deformation introduced in Eq. (A3b) contains only
a quadrupole Ez and hexadecapole s4 term. Terms of any
other multipolarity I, can similarly be introduced by add-
ing 2EiP~(cos8, ) to the right-hand side of Eq. (A3). Note
that the s2 and eq deformations are not identical with the
quadrupole P2 and hexadecapole P4 degrees of freedom in-
troduced as proportionality coefficients in the nuclear sur-
face expansion (see also below):

where p =g +il +g and cos8, =g/p. Then higher
multipolarity deformations .g., the hexadecapole
deformation —are introduced by modifying Eq. (A3a):

df.

Vo„= —,irttu (E,& )p'[ I ——,e2P2(cos8, )

We will first recapitulate the properties of the Nilsson
and Woods-Saxon spectra (Secs. 1 and 2). In Sec. 3 some
systematic differences between the single-particle spectra
of the two potentials will be discussed.

1. The Nilsson average potential

The first "realistic" deformed single-particle potential
was introduced by Nilsson (1955). Modified since then, it
has been used to calculate various nuclear properties.
After some extensions both the ground and excited states
in nuclei could be calculated [Nilsson et al. (1969), Gus-
tafson et al. (1967), Andersson et al. (1976); see also
references cited therein).

The basic constituent of the model is a deformed oscil-
lator potential. Here we limit our discussion to the case
of axial symmetry around the z axis and define

VN;)ss = V„,—2airtaio[l, .s —p(1, —(I, ) )], (A5)

where 1„defined in stretched coordinates, resembles the

R ( 8 )=R0e (p2 p4 )[1 +p2 Fpp (cos 8 ) +p4 F40 (cos8 )]
(A4)

where c(P2,P4) is calculated from the constant-volume
condition. The main differences originate from the
stretched coordinate system used [Eq. (A2)], from the fact
that cos8, &cos8=z/(x +y +z )', and also from the
fact that p P~(cos8, ) contains a radial dependence (on x,
y, and z) different from that in multipole moments de-
fined as -r Fxo(cos8).

The deformed oscillator potential does not reproduce
the nuclear shell structure, i.e., the magic numbers,
throughout the Periodic Table. This difficulty can be
overcome by adding two more terms to the Nilsson poten-
tial formula:
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angular momentum operator; sc and p are adjustable con-
stants, whereas

uju =no ——const,2 (A6)

in order to satisfy the constant volume condition [cf. Eq.
(A9) below]. It is the role of the 1, s term to imitate the

nuclear spin-orbit interaction potential. The last term in
Eq. (A5) deepens the effective potential well for particles
residing close to the nuclear surface, i.e., in the high-j or
high-l orbitals. In other words, it renders the potential
more square-mell-like for these orbitals.

The Nilsson single-particle Hamiltonian in its final
form thus reads

r

HNnss= 2 ~p(e2, e4) —b«„~+—e2—2
2

—
2

—
2 +p —Ts3o P2(cose, )+2s4)o P4(cos6, )

2

Bg Bg' BrI

—2afui) [1, s —p(1, —(I, )~)], (A7)

I osc(g~ r)rg ) eFermi

be deformation independent gives

A&Op
Scop(c2, c4)=

2(1+Tc2)(1—
3 c2)

(A8)

+ ' d(cosa)

[ I —
3 s2P2( cos8) +2e4P4( cos8) ]

(A9)

[In fact, with the form of the potential (A3b) the volume
enclosed by any of the quasipotentials remains constant,
provided Eq. (A9) is fulfilled. ] The parameter A'r00 is
usually found from the condition that the nuclear radii
be reproduced. This implies that Scop is in general a
function of the proton and neutron numbers Z and N.

with the first two terms in the square brackets represent-
ing the kinetic energy after one has tranformed the La-
place operator h„~, into stretched coordinates.

The Schrodinger equation with this Hamiltonian can
now be solved numerically by diagonalizing expression
(A7) within, for example, the harmonic oscillator basis.
As is well known, in the diagonalizing methods one has
to limit oneself to the finite number of basis states (basis
cutoff). This is done in such a way that the number of
basis states is large enough to provide sufficient accura-
cy, but at the same time not too large to keep the corre-
sponding computer memory requirements acceptable. It
is an important property of the Nilsson potential that the
matrix elements of such operators as, for instance,

c~ P~(cosg, ) for A,&2, 1,.s, or 1, ,

that connect states of different major harmonic-oscillator
shells, are generally smaller than the matrix elements of
the total Nilsson Hamiltonian calculated within a given
shell N. (This is not generally true, but applies only to
the physical range of variation of the Nilsson deforma-
tion parameters. ) Since the operators listed above do not
couple strongly with the various major harmonic-
oscillator shells, the errors introduced by the cutoff pro-
cedure must be small.

For an adequate calculation the constants entering Eq.
(A7) have to be adjusted properly. First, the volume con-
servation condition which says that the volume enclosed
by the equipotential surface

One argues that the proton and neutron matter distribu-
tions should lead to similar rms radii, which in turn im-
plies that the neutron and proton oscillator parameters
should differ. It was found (Nilsson et al. , 1969) that in
order to meet both of the above requirements one sets

fuu„=Lo 1+—
3 A

(A10a)

(A10b)

Scop ——41/A ' MeV . (A10c)

The other four parameters, two pairs of ~ and p for
protons and neutrons each, are adjusted in such a way
that the experimental single-particle order is reproduced
optimally. The results of such a fit can be found in
Nilsson et al. (1969).

The main advantage of Hamiltonian (A7) is that with
six smooth functions of Z and N (viz. , fm„, ~z, jr', p~,
Ir„, and p„) a good description of the single-particle spec-
tra is obtained. But it also contains a few disadvantages.
One of them stems from the fact that the (1,—(I, ) ) term
is introduced in a purely phenomenological manner in or-
der to obtain systematic shifts of some single-particle lev-
els with respect to the others. Its nature, in contrast to
the nature of the spin-orbit term, is not a physical one.
Its presence causes several difficulties in high-spin calcu-
lations, as will be discussed below. Moreover, the spin-
orbit term —1, s should rather be replaced by
s (p&&gradV) (Bohr and Mottelson, 1969). The difference
between the two expressions becomes relevant for very
large distortions.

Despite these deficiencies, the Nilsson potential played
and still plays an important role in studying numerous
properties of nuclear structure. Its simplicity —in partic-
ular, the fact that the main harmonic-oscillator number N
remains an approximately good quantum number—
helped to reveal principal mechanisms in nuclear phe-
nomena, which were later studied with more complicated
methods. For a long time the results provided by Nilsson
model calculations were of such quality that they could
compare with those of more refined approaches. Only re-
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cently has it been realized that the presence of the 1, term
in the potential introduces some systematic effects, espe-
cially on the high-j orbitals, of importance for high-spin
calculations. Some of these effects will be discussed
below in Sec. 3.

The finite deformed-potential well of the Woods-Saxon
type is free from most of the above deficiencies. Since,
however, the corresponding Schrodinger equation is more
complicated in structure, the numerical codes used to
solve such an equation are also more complex. The fol-
lowing section will be devoted to a brief discussion of the
deformed Woods-Saxon potential.

2. The Woods-Saxon average potential

Introduced initially to describe the single-particle levels
of spherical nuclei, the potential

rameter. The Coulomb potential is added for protons; it
is frequently defined as an electrostatic potential generat-
ed by a uniform charge distribution, with its shape identi-
cal to that of a proton distribution (in the Nilsson poten-
tial the difference between neutrons and protons enters
the potential only via numerical constants).

The strength X„ofthe spin-orbit potential is tradition-
ally introduced together with the numerical factor
[A'/(2mc)], m denoting the nucleonic mass, in order to
resemble the form of the electromagnetic spin-orbit po-
tential obtained in a nonrelativistic limit of the Dirac
equation.

The form of the Woods-Saxon potential in Eqs.
(Alla) —(Al lc) does not account for a possible deforma-
tion of the nucleus. In order to generalize this form, one
usually introduces a parametrization of the nuclear defor-
rnation, using two auxiliary surfaces, X and X„, defined
by

Vws ——V, (r)+ V„(r)+—,
' (I+r3) Vc,„)(r),

where

(A 1 la)
X

i

.R(8)=c(p2, p4)RO
i

[1+p2I'20(cos8)
SO SO

Vo
V, (r)= Vo (O1+exp[(r —RD)/a]

(A 1 lb)

V„(r)=A,„
2%iC

1 d Vol.s-
r dr 1+exp[(r —8„)/a]

proved to provide a very good description of the single-
particle levels. In Eqs. (Al la)—(Al lc) Vo denotes the
central-potential depth parameter, and A o

——roA '1/3

(R„=r„A '~ ). The radius parameters ro and r„are ad-

justable, 3 independent constants; a is a diffuseness pa-

+p4I'qo(cos8)] . (A12)

Here R (8) denotes the distance from the origin of the
coordinate frame to any point on the nuclear surface (axi-
al symmetry with respect to the z axis is assumed). The
quadrupole and hexadecapole deformations are denoted
by P2 and P4, respectively. Deformations of higher mul-
tipolarity A, can be introduced similarly by adding
p~ Yqo(cos8) to the right-hand side of Eq. (A12). The
factor c(pz, p4) is calculated from the condition that the
volume enclosed by X be equal to —', ro 2, independently of
the deformation. A straightforward generalization of the
potential in Eqs. (Al la) —(Al lc) is now obtained by intro-
ducing

Vo Vo
Vws = glad .(o Xp)+ —,(1+r3)V( j(r p),1+exp[dist(r:p;8O)/a] " 2mc 1+exp[dist( r; P;8„)/a „]

(A13)

where o. and p denote Pauli matrices and a linear rnome-
tum operator, respectively, and dist(r; p;R0)
[dist(r;p;R„)] represents the distance of a point r from
the surface X (X„). The function dist is taken with the
minus sign if r belongs to the nuclear interior and with
the plus sign otherwise in order to provide the flat bottom
and steep walls of the potential well, just as in Eqs.
(Alla) —(Allc). Definition (A13) ensures that the dif-
fuseness of the potential does not depend on the curvature
of the nuclear surface, and p represents the entire set of
deformation parameters [the odd-parity multipoles, e.g. ,
A, =3,S,7, . . ., and also the nonaxial degrees of freedom
can be included in definition (A13)].

For zero deformation the spin-orbit potential in the
form of Eq. (A13) yields exactly the same result as the
traditional one [Eqs. (Al la)—(Al lc)]. The Coulomb po-

tential is usually generated using a classical expression for
the electrostatic potential of a uniformly distributed
charge enclosed by X,

Vc..i(r;p) = —,
'

J «'p, h„„(r)/
~

r —r'
~

. (A14)

Sometimes a diffused-edge charge distribution is also in-
troduced [see, for example, Chepurnov (1967)]. Since the
solution to the Schrodinger equation with potential (A13)
is obtained numerically, any particular form of the poten-
tial, or any of its parts, poses no major difficulty for the
numerical procedure. Special numerical methods were
devised for solving the Schrodinger equation with the de-
formed Woods-Saxon potential [see Pashkevich and Stru-
tinsky (1968), Damgaard et al. (1969), Pauli (1973)].

The parameters of the %'oods-Saxon potential were ad-
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justed mostly on the basis of the experimental data on the
single-particle levels in spherical nuclei (Blomqvist and
Wahlborn, 1960; Chepurnov, 1967; Rost, 1968; Pauli,
1973). A systematic optimization of the Woods-Saxon
potential parameters for deformed medium-heavy and
heavy nuclei of A &40 has recently been accomplished
(Dudek and Werner, 1978; Dudek et al. , 1979). This op-
timization procedure aims at adjusting the potential pa-
rameter values by taking into account the experimental
equilibrium deformations, as well as the experimental
single-particle level order. To this end the experimental
quadrupole and, if known, hexadecapole deformations of
even-even nuclei were collected together with the ground-
state spins and parities of the neighboring odd-A nuclei.
Qn the basis of this empirical information "experimental"
single-particle spectra were constructed. Then the
Schrodinger equation with the potential as defined by Eq.
(A13) was solved numerically at the experimental defor-
mation values, and the two spin-orbit potential parame-
ters, A,„and (ro)„, were varied until agreement between
the calculated and experimental single-particle level or-
ders was achieved. The results of this analysis (Dudek
and Werner, 1978; Dudek et al. , 1979) were the follow-
ing.

(i) It was enough to vary only the two spin-orbit poten-
tial parameters specified above in order to reproduce more
than 95%%uo of the experimental data for nuclei with 2 & 40.
All other parameters were kept constant. To be more pre-
cise, the diffuseness paramet'ers were set equal for both
the central and spin-orbit potentials, and a =a„=0.7 fm
independently of' the kind of particles involved. The
depth of the central part of the potential was given by

120 160 200 240

FICx. 49. Variation of the strength parameter A, =A,„of the
spin-orbit part of the Woods-Saxon potential (upper part} and
the corresponding radius parameter (bottom part) relative to the
values of the Pb nucleus. Neutron and proton curves are in-
dicated by symbols N and I', respectively. Approximately 95%
of the existing experimental data on spins and parities of odd-3
nuclei have been reproduced with the above parameters at the
appropriate equilibrium deformations [for more details see Du-
dek et al (1979). and Dudek et al. (1980)].

g =g, (r)+g, (r)Si2+g&, (r )l.s+g~(r)L &2, (A16)

Scheerbaum (1976b) demonstrated that the main contribu-
tion of spin-unsaturated orbitals to the spin-orbit splitting
is due to the central and tensor rather than to the spin-
orbit or quadratic spin-orbit terms in Eq. (A16). From
earlier investigations (Wong, 1968; Scheerbaum, 1976a) it
was known that spin-unsaturated orbitals contribute to
the spin-orbit splitting with the minus sign. In order to
imitate the effect of this negative contribution, in the mi-
croscopic formula for the spin-orbit potential

~micro
2plC

V'p(r). (tT Xp) (A17)

[see Bohr and Mottelson (1975)] the total density of the
nuclear matter p(r) was subdivided into spin-saturated
core and spin-unsaturated valence terms:

(A18)

for V= —49.6 MeV and ~=0.86, independently of A.
(ii) The resulting dependence of the optimized values of

A,„and r„on A turned out to be very smooth, as illustrat-
ed in Fig. 49. Characteristically for deformed nuclei, the
optimal values of A,„were a few percent larger and those
of r„a few percent smaller than the corresponding values
valid for spherical nuclei.

(iii) Whereas the optimization procedure was based on
the assumption that the calculated and observed single-
particle level orders agree well, in many cases this as-
sumption also provided a good description of the single-
particle level distances. Figures 50(a) and 50(b) for neu-
trons and protons, respectively, compare the experimental
and calculated levels on the example of U and Bk
and illustrate a remarkable correspondence between the
two.

Recently an attempt was made to justify the charac-
teristic result of the optimization procedure, as depicted
in Fig. 49 (Dudek, Nazarewicz, and Werner, 1980) by us-
ing the results of a microscopic theory of the average
spin-orbit nuclear potential (Wong, 1968; Scheerbaum,
1976b, 1976c). For this purpose the notion of spin-
saturated (s-s) and spin-unsaturated (s-us) levels was intro-
duced: A level with a given (Ij) (1 denoting the single-
particle orbital angular momentum, j the single-particle
total angular momentum) in a spherical nucleus is called
spin saturated if all 2(21 + 1) states are occupied, and spin
unsaturated otherwise. On the basis of the expression for
the effective nucleon-nucleon interaction g, which is
represented in coordinate space as a local interaction com-
posed of central (c), tensor (t), spin-orbit (Is), and qua-
dratic spin-orbit (q) components,

(A15) Here a phenomenological (positive) constant p is intro-
duced (see below). After substitution Eq. (A17) reads
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FIG. 50. (a) Single-particle neutron levels calculated with the Woods-Saxon deformed potential from Dudek et al. (]979). The calcu-
lated energies are compared to the experimental data and to the results of the independent theoretical study by Chasman (1978). Al-

though only the single-particle level order (and not the level distances) was taken into account when optimizing the Woods-Saxon po-
tential parameters, the relative distances between the calculated energies reproduce the experimental data rather well. The goodness
of the calculated single-particle spectra becomes decisive for the quality of further interpretation of such high-spin phenomena as the
collective band crossing and backbending or upbending effects discussed in detail in Sec. III. (b) The same as in (a) but for protons
[from Dudek et al. (1979)].

micro =g(Z N)
2mc

X I/'[p', o'„(r)—pp'„,I,"„„(r)].(o X p) . (A19)

3. Systematic differences between
the single-particle spectra
of the Nilsson and Woods-Saxon potentials

This formula was not used for calculating the spin-orbit
potential for individual nuclei, for which purpose the ap-
proximation would be too crude, but rather for conclud-
ing about the expected average behavior of the spin-orbit
potential parameters as functions of the shell filling. For-
mula (A19) suggests that the contribution of the valence
term will oscillate as a function of the particle number n

equal to Z or N, since the partition of Z or N into core
and valence parts oscillates with n. It follows (Wong,
1968) that p must be positive, and thus the effective ra-
dius of the spin-orbit potential is diminished significantly
for half-filled major-shell nuclei and less significantly for
magic nuclei (for illustration see Fig. 51). The corre-
sponding effect on /li, „and r„ is shown as a function of
particle number in Figs. 52 and S3. The empirical depen-
dencies of A,, and r„on the particle number are con-
sistent with the results of the semimicroscopic theory of
the average spin-orbit potential.

Although the two average field models are used alter-
natively for calculating the structure of high-spin states,
the results of the two potentials for the single-particle
spectra differ systematically. Such differences may influ-
ence just as systematically the results of further analyses
that are based on the particle spectra of the two models.

Let us first illustrate the systematic shift of the
Nilsson-potential single-particle levels relative to the cor-
responding Woods-Saxon levels as a function of the
single-particle angular momentum j, for spherically
shaped nuclei (see Fig. 54 for A = 152 single-particle spec-
tra). The low-j orbitals of the Nilsson potential lie sys-
tematically higher than their Woods-Saxon partners,
while the high-j orbitals for the Nilsson potential are
slightly lower than the ones for the Woods-Saxon model.

The tendency to lower high-j orbitals in the Nilsson
model can be traced back to the presence of its I, term
(see Sec. 1). It creates some undesirable effects for heavier

Rev. Mod. Phys. , Vol. 55, No. 4, October 1983



de Voigt, Dudek, and Szymanski: High-spin phenomena in atomic nuclei 1033

20 ' '
I

'
I

'
I

'
I

'
I

(o)
I

]
I

I
i

I

I

0
O

-20—X
O

-40—

- v(p, +p, )

—-~(p +p )

-20—
O
QP

X -40—
O)
-60—

-60—
I I i I i I i I I I

I, I i I I I i I I I

0.08—
I

'
I

'
I

'
I

'
I 0.08—

I
I

&

I
I

I
i

I
I

I
I

—0.06—
E
—0.04—
C:

~ 0.02—

0,06—
E /

0.04 —
p

C,

a 0.02—

0.0
I I i I i I i I i I

I I I I I I I I I I I I 0 2 4 6 8 r (fm)
0 2 4 6 8 r (fm)

FIG. 51. (a) The calculated density of neutrons in the ' Sm nucleus (bottom part) was split into contributions from the spin-
saturated core (p, ) and the spin-unsaturated valence particle (p„); a cross section of the three-dimensional distributions along the
(x =0, y =0, r =z) plane is shown in the figure. In the top part the results corresponding to Eqs. (A17) and (A19) for the V„""are
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count for such an effect in the Woods-Saxon potential calculations the effective radius of the spin-orbit potential has to be decreased
correspondingly [cf. Figs. 53(a) and S3(b)] by 5r„=M„/3 "~ '. (b) The same as in (a) but for protons. One can see the splitting into
a core and a valence contributions even more pronouncedly. This splitting varies with the particle number; the smallest effect of
spin-unsaturated valence particles corresponds to magic nuclei.

nuclei —i.e., for nuclei in the lead region the proton i/3/2
energy lies lower than the energy of the f7/2 orbital and
the neutron ji5&2-state energy is lower than the energy of
the iii~2 state, in contrast to the experimental data (see
Fig. 55 for the Pb spectra). Consequently, in applica-
tions to high-spin calculations the proton i&3/2 and neu-
tron j»/2 levels had to be shifted arbitrarily in order to
avoid artificial effects on the calculated properties of
yrast lines. The thus modified single-particle spectra are

sometimes referred to as distorted modified oscillator
(DMO) results [see, for instance, Andersson et al. (1976)].

Another important difference between the two models,
again originating from the presence of the 1, term in the
Nilsson potential, manifests itself in the overestimates of
the average moments of inertia. It was shown by Bohr
and Mottelson (1975) on the basis of the Fermi gas model
that the effective moment of inertia of a system of nonin-

teracting particles is equal to the rigid-body value corre-
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FIG. 52. (a) The calculated spin-orbit potential strength parameter A,„=—k„ for the neutrons; the line indicates the corresponding re-
sults from Fig. 49 scaled linearly [for details see Dudek et al. (1980)]. (b) The calculated spin-orbit potential strength parameters

A~ = A,„for the proton [see caption to (a) and text].
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sponding to the same shape as the shape imposed on the
Fermi gas. Consequently, pure (i.e., without residual in-
teractions) independent-particle potentials —such as the
average field potentials of Nilsson or Woods-Saxon —are
expected to provide, on the average, the rigid-body values
for the moments of inertia in deformed nuclei. Using the
methods presented in more detail in Sec. II.D.2, one can
calculate the corresponding dependence of the total ener-

gy versus the total angular momentum resulting from the
average field approach. This can be done particularly
easily for nuclei that have their angular momentum
aligned with the symmetry axis. The results of these cal-
culations are presented in Fig. 56 for three potentials, the
deformed harmonic-oscillator, Nilsson, and %'oods-Saxon
potentials, at the same deformation. The slope of the
straight lines is inversely proportional to the moment of
inertia M, since 8'=(fi /2~ )I(I+1). The Woods-Saxon
values of the moment of inertia are only slightly higher
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(about 3%) than the harmonic-oscillator values (the latter
are equal to the rigid-body moment of inertia), while the
Nilsson-model spectrum overestimates the moments of in-
ertia by about 30%. By arbitrarily setting the 1, matrix

I
FIG. 56. The average (Stratinsky-smoothed) total energy of the

Yb nucleus calculated as a function of spin (quadratic scale
used), normalized to the corresponding value at I=O (for fur-
ther discussion see text and Sec. II.D.2).

~ =2III g '(u&U„—u, v&)
&s Ii Iv&',

(A20)

[for a more complete version of this formula see Nilsson

elements equal to zero in the calculations, one can easily
demonstrate that this 30% discrepancy decreases to about
a 3% discrepancy only if the 1, term is eliminated. Such
a numerical exercise reveals the spuriosity introduced by
the 1, term, which, let us recall from the discussion in Sec.
l, was introduced into the Hamiltonian (A7) in order to
obtain better agreement with the experimental single-
particle levels.

One can probe farther in comparing the properties of
the two average field models by calculating microscopi-
cally the moments of inertia (alternatively, the first collec-
tive I =2+ state energies) in the presence of residual
interactions .g., pairing. Having first found the best
parameter values for both potentials and at the same time
the corresponding optimal parametrizations of the pairing
Hamiltonians (for the discussion of the pairing effect see
Sec. II.B), one can apply the first-order perturbation
theory to the cranking Hamiltonian [Eq. (2.8)].

The resulting Inglis formula for the moment of inertia
1S

)I
16- Nd0

CL

bJ x
Q8- oo

L 0
0~ 0.4-

Sm Gd Dy

Qx

0 0
00 Oooo

"x„'II,

oooaa 0 0~ OOO x
00 00

HF

x "x
«a aao Xa~

0

III )L )L

Ra Th U Pu Cm

R )I
16—0I—0 1.2-

CL - 0
L. Q.8-
U
cLp 4

I s a

XX
oo

I I a ~ ~ ~

I ~ I ~ ~

~g~
ox

0 x
a

oo
I . . I.

IIIISIIx
0

I a ~ I .

x
--«x

I a

I a ~ ~

I . a

I ~ ~ a~

x&

I ~ am

xx
~X

I ~ a a~

xx
X~

)L )I )I

I . . I. I a. I ~ ~ ~ I I ~ ~ I . . I. ~ ~ ~ a ~ I a s I a ~ ~ I a s~ I ~ ~ ~ I a ~ a~

jI
300- ooo G calc.

C
200-

+

LLJ

100-

xE x

~ Og

6 f'i t ted.
Modi F. oscillator
Exper Iment

"x
a~a yea ~ aa &

134 136 140 144 14884 9o 86 92 86 92 88 94 92 98 94 100
NEUTRON NUMBER

FKx. 57. Results of a systematic calculation of the first I =2+ state energies (the lowest part of the figure) for some representative
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and Prior (1961)], where
I p &,

I
v& are the Nilsson

(Woods-Saxon) single-particle states and the correspond-
ing quasiparticle energies are denoted by Fz and E .

A comparison of the moments of inertia obtained
within the two models for a wide range of nuclei can il-
lustrate the differences in their single-particle spectra. In
Fig. 57 the Nilsson and Woods-Saxon potential results ob-
tained with the above Inglis formula are shown and com-
pared with the experimental data, together with the calcu-
lated equilibrium deformations and pairing energy gaps.
One can conclude from the figure that, on the average,
the Inglis values of the moment of inertia are about 10%
too low (the I =2+ state energies are too high) for the
Nilsson model and 2—3% too low for the Woods-Saxon
model.

Figure 57 also illustrates the validity of the Inglis for-
mula as an adiabatic approximation. The agreement be-
tween the calculated and experimental data is typically
better for heavy nuclei (actinides) for which the moments
of inertia are larger (and consequently the rotational fre-
quencies corresponding to the lowest collective 2+ states
are smaller) than for the rare-earth nuclei. Since the
Inglis formula is an adiabatic approximation, it follows
that its goodness increases in the limit co~O. Moreover,
for the deformation decreasing to zero—i.e., where the
cranking approximation loses its meaning —the discrepan-
cies between the calculated and experimental results
quickly augment, as one can see from the figure.

Summing up, we can say that (i) there exist systematic
differences between the single-particle spectra of the two
potentials, (ii) they originate from the presence of an
empirical I, term in the Nilsson Hamiltonian [Eq. (A7)],
and (iii) these differences influence systematically the re-
sults of calculations employing their single-particle levels.

APPENDIX 8: TRANSITION PROBABILITIES,
LIFETIMES, AND FEEDING TIMES

Measurements of the lifetimes ~ of excited riuclear
states provide important information on the probabilities
I' of transitions between different states (r-P ') and
thus may test the theoretical results on the structure of
nuclear states.

A nuclear state with spin I is represented by the wave
function

I /AM & (K denotes projection of I onto the
"third" axis in a body-fixed coordinate frame, M the pro-
jection of I onto the "third" axis in a laboratory frame).
In the adiabatic approximation and after the appropriate
symmetrization we can express

I /AM & by
1/22I+1

16~ (1+5'.o)

X I:~Mx
I yx &+(—1)'+ ~~ x I kg & ]

(81)

where the standard & functions describe the orientation
of the nucleus with respect to the laboratory frame and
the intrinsic wave functions

I
Px- & describe the motion (of

nucleons in the nucleus) in the body-fixed (rotating) coor-
dinate frame.

The amplitudes of the electromagnetic transitions from
J,. If

the initial state
I
px. M & to the final state

I px. ~ & are
l l f f

calculated with the help of the matrix elements

&P~,M, I

q'f(~ v) I A, M, &, (82)

where M(A, ,p) denotes an electromagnetic transition mul-

tipole operator with multipolarity A, . By use of the
Wigner-Eckart theorem we can reduce the dependence on
the M and p quantum numbers in (82) to the Clebsch-
Gordan coefficient as

&4z M I
~(~v)

I A;M, &

(I;M~kP I IfMf &

(IfKf I
IM(A, )III;K; & .

(2If + 1)'~
(83)

I &IfKfI f~(x)III,K, & I'

(84)

does not depend on projections M and determines the
probability T(A, ) for radiating a photon of multipolarity

.21+1
Sm.(A, + 1) 1 &y

A, [(2A,+1)!!]'& B(A,;I;K;~IfKf ),

(85)

where E& denotes the transition energy and
n!!=13 5. n [cf. Blatt and Weiskopf (1952)]. The
electric multipole operators are given by

(Ap)= g eqrq Yg~(@q q)q)
q=1

and the magnetic multipole operators by

(86)

In the calculation of matrix elements (83) with wave
functions given by Eq. (81) a transformation of the mul-

tipole operator M(ip) to the intrinsic frame of reference
is necessary. This transformation involves the standard
functions &„,. As a result, the matrix element (83) fac-
torizes into the intrinsic part, depending on the intrinsic
wave functions and on some Clebsch-Gordan coefficients.
We shall not discuss the details of this calculation here
[cf. Bohr and Mottelson (1969)]. The quantity

df

B(A;I;K;~IfK.f)= g I (QxfM
I
M(Ap)

I @K M & I

Mf (P)

g g, s+ el grad, [r, Y~„(&qeq)]+
eA 1

2mc ' k+ 1
g~ Jd VI.(r)grad[r" Yg„(5,y)] .

mc 1+1 (87)
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In the above relations e& and m denote the nucleonic
charge and mass, respectively; g& ——0 and g, = —3.826 for
neutrons, while gt ——1 and g, =+5.585 for protons; I.(r)
is the angular momentum density in the collective motion
and gz the gyromagnetic factor associated with collective
rotation (gtt -Z/A).

Connection between the multipole operator in (86) and
the electric multipole moments of the nuclear charge dis-
tribution describing its deviations from spherical symme-
try is established by the corresponding expectation values;
in particular, for the quadrupole moment in a state
characterized by I and E we have

' 1/2
16m-

& +x M =t
l
~e (~=2,P =o)

I
t('x, M =t &,

(88)

while the so-called intrinsic quadrupole moment

1/2

Qp=
5

(P& l
~,(A, =2,p=O)

l
Px. ) . (89)

Combining Eqs. (84) and (89) and transforming the mul-
tipole operator M( A, =2,p ) into the intrinsic frame by
means of W&„ functions, we obtain

8, (A, =2;I;K~IfK)= (I;K20
l IfK) [Qp(K) j16m.

(810)

For the important ground-state and Stockholm rotational
bands of even-even nuclei (K =O,If =I;—2) the above re-
lation reduces to

B,(&=2;I,K =0 +I —2,K—=0)= (I020
l

I —2,0) [Qp(K)]

=5(I020
l
I —2,0) 8, (A, =2,2,K =0~0,K =0) .

The following auxiliary relations are helpful for quick
estimates of relevant quantities: If the mean lifetime r
(ps) of the initial state decaying predominantly via quad-
rupole transitions of energy Er (MeV) is known, then the
"experimental" value of the reduced 8, (A, =2) can be ob-
tained from

curve from which the lifetimes are deduced.
Some complications in this approach arise when

measuring very short lifetimes (shorter than what is need-
ed to stop the recoil ion), since then there is no s peak in
the spectrum. In such a case Ward et al. (1979) proposed

8, (A, =2;I,K =0~I 2,K =0)—— 0.081 56

(Er) r (1+a„,)

X (e'b'), (812)

where n«, denotes the total electron conversion coeffi-
cient. Using the shape parametrization of the nucleus (in-
troduced in Appendix A), one can derive a crude estimate
for Qp..

Ex
(NeV)

7

( Xe,t n) D&

t.1 MeV/A

(WP = 17(2)
5') = 4-8

0.8ps

04 ps
teedjng

7
Q6PS ~ feedinq

e-~
26+

021ps

Qp(K =0)= Z(rpA '
) 132 .5'

Most of the lifetimes and feeding times associated with
collective rotation are, typically of the order of pi-
coseconds; a technique commonly applied to measure
these times is the recoil distance Doppler-shift method.
An example of this approach can be found in Ward et al.
(1979); there one observes the splitting of a y line into two
components: s, originating from recoil ions which emit
their y rays after they have been stopped, and m, originat-
ing from those recoil ions which are still moving. In
analyzing the spectra one obtains the survival fraction
R(d ), defined as

Ir(s)R(d)=
Ir(m)+Ir(s)

where Iz denotes the corresponding y-ray intensities. The
value R (d) is determined for several distances d between
the target and the stopper in order to obtain the decay

1,8ps OQS ps

5- 2,5ps
14

3.9ps
11 )~ 051ps

Sps 18+
13 ( 080ps

-&OPS 16+
15ps 16 ~/ 091 Ps

-20ps "3
] 1.05ps

-14

2- 3 12''i, 1,&3ps-)o' „„,
1

—
ly

-8' e.2 ps

~00 6 j. ~ Ps
&067qs

200 t+00 I(I+1)

FIG. 58. Lifetimes of nuclear states in ' Dy and the yrast-state
feeding times of quasicontinuum y rays deduced from recoil
distance measurements. The intensities relative to the one of
the 6+~ 4+ transition of the feeding y rays are indicated. All
times are given in picoseconds [from Cxrosse (1979) and Emling
et al. (198})].
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to determine the survival fraction as

Ir(m)R(d)=1-
Ir(m, d = oo )

(B15)

where Ir(m, d =Do) denotes the y-ray intensity corre-
sponding to an infinite distance between target and
stopper and thus contains the total intensity produced by
the moving recoil ions. Some further details of the
method can also be found in the above reference.

In the works of Grosse et al. (1979) and Emling et al.
(1981) lifetimes and feeding times were obtained up to the
26+ state in ' Dy. These data are illustrated in Fig. 58.

A second means of measuring the lifetimes with the
help of the Doppler effect is the Doppler-shift attenuation
method (DSAM); due to the attenuation of the moving
excited recoil ions in the target, the y rays are emitted at
various velocities, causing a broadening of the y-ray spec-
tral lines. The broadening depends on the lifetime of the
decaying state.

The broadening of y-ray lines may also occur due to
the finite solid angle of the y-ray detector. Doppler
broadening can be particularly strong when one is using
very-heavy-ion projectiles or detecting high-energy transi-
tions; for instance, if the lifetime of a state decaying via

Er -700 keV is comparable with the stopping time of the
recoil ion in a thick target (approximately a few pi-
coseconds), then the linewidth is equal to the Doppler
shift. For a heavy-ion induced reaction with v/c-5%
(typically) this width amounts to -35 keV, while the un-
broadened value is -2 keV.

Various techniques have been developed to observe the
unbroadened y-ray lines from fast-moving recoil ions
(Ward et al. , 1976; Grosse, 1979)—for instance, to use
thin targets, or to observe y rays in a small forward cone;
one can also correct for the Doppler shift by registering
the recoil velocity and angle. The latter can be done by
observing coincidences between y rays [in a Ge(Li) detec-
tor] and a particle in, say, a position-sensitive heavy-ion
detector. The use of thin targets, on the other hand, may
cause a significant reduction (compared to a thick target)
in the y-ray yield. In such a case it is advisable to use
"sandwich" targets —i.e., a stack of several separated thin
targets.

Difficulties connected with the application of DSAM
are caused by strong feeding via higher-lying levels. Such
complications can, however, be overcome when using
MCE (multiple Coulomb excitation, which selects a given
yrast cascade) and the sum spectrometer in coincidence
with a Ge(Li) detector. Another difficulty is caused by
our limited knowledge of the slowing-down process (at-
tenuation of the recoil ions in the stopping material). The
best way of overcoming this difficulty is apparently to
measure the stopping power of the slowing-down material
in the actual experiment. Various methods of determin-
ing stopping powers are reviewed by Alexander and Fost-
er (1978); alternatively, tables [e.g., Northcliff and Schil-
ling (1970)] are used.

It often happens that with the large angular momentum

brought into the compound nucleus several reaction chan-
nels are open; it is then particularly important to enhance
detection in the channel of interest. To achieve this in
techniques used so far one applies a multiplicity filter or a
sum spectrometer, along with thin targets.

Another sensitive probe for the structure of nuclear
states is the magnetic dipole moment. The lifetimes of
states belonging to rotational bands, however, are too
short (at most, a few picoseconds) to observe a Larmor
precession of the nucleus due to an applied external mag-
netic field (as is the case for yrast traps; see, for instance,
Sec. IV.B.3). It has been demonstrated recently by Rud
et al. (1981) that observable precessions can be produced
by very high internal magnetic fields during a period of
0.5 &t & 1 ps after formation of a compound nucleus.
This was achieved by utilizing the transient magnetic
field interaction for nuclear recoils passing a thin foil of
magnetized iron. The g factor was observed to increase
from 0.2 for states with spiris around 12, to 0.6 for spins
around 22. These results were interpreted in terms of
neutron aligned bands in the vicinity of the first back-
bending and of proton aligned bInds below the second
backbending at the yrast line, respectively (Rud et al. ,
1981).

However, that experiment is the only one so far to yield

g factors for quasicontinuum states in ' Dy. The in-
crease of the g factors at high spin has not yet been con-
firmed from the observation of discrete y-ray lines. On
the contrary, all values reported so far show a decrease at
spins I =4—14, as has been summarized by Hausser
(1982).

It thus appears important that further improvements of
the high-spin experiments be carried out in the future.
Since the gyromagnetic factors for the free proton and
neutron differ significantly (even in their sign), the mea-
surement of the magnetic moments in the rotational
bands may become a valuable tool for the distinction be-
tween the proton or neutron character of the nucleonic
alignment.
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