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VI. PHENOMENA NEAR RESONANCE

Ia 1. Simpldlcation introduced near resonance

When the frequency of a light quantum is very
close to a possible absorption frequency the
probabilities of absorption and of scattering
become large. The formulas which we have
derived so far cannot be applied because they
give infinite scattering when the two frequencies
coincide. The effect of interaction between
matter and radiation is not small in this case so
that a special consideration near resonance is
necessary.

Qualitatively the effects near resonance may be
described as follows: If an atom is in an excited
state, it may emit a light quantum when it
jumps to a lower state. The probability of finding
this light quantum increases with the time.
Simultaneously the probability of finding the
atom in the excited state decreases. The smaller
the chance of finding the atom in the excited
state, the slower is the rate at which the proba-
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bility of finding a light quantum increases. The
larger the chance of finding a light quantum, the
more likely it is that the light quantum is
reabsorbed by the atom and the slower the rate of
decrease of the probability of excitation. These
effects are seen to cooperate in slowing down the
emission.

Similarly, if a light quantum is incident on an
atom, there is a chance of its being absorbed and
of the atom being excited. The larger the chance
that the atom is excited, the more likely it is
that another light quantum (of approximately
the original frequency) is emitted. This possi-
bility of emission slows down the rate at which
the excitation of the atom increases. The effect
will be seen to be much the same as though the
atom were a harmonic oscillator of natural
frequency equal to the absorption frequency and
damped by its own radiation.

We have to consider only light quanta of
frequencies in the neighborhood of the ab-
sorption frequency. The probability of finding
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other light quanta is relatively small. Their
neglect is expected to spoil the validity of the
results when the frequency of incident light
differs appreciably from the absorption fre-
quency. Under these circumstances, ho~ever, it
is not necessary to take into account the damp-
ing, so that the ordinary emission, absorption and
scattering formulas may be used.

The physical results may be seen by consider-
ing the probability amplitudes of states of
approximately equal energy. In fact, the energy
operator is constant so that the quantum mean of
the energy as well as of all its powers does not
change with time. If at t=p the energy has a
certain statistical distribution around a sharp
and narrow maximum, the same distribution
persists for other values of t. The interaction
energy between matter and radiation is con-
sidered as small. Equal energies of the whole
coupled system are, therefore, treated as ap-
proximately equal to the sums of the unperturbed
energies of the coupled parts.

There is little doubt that the interaction be-
tween radiation and matter is small and that it
contributes only an insignificant part to the
whole energy. A closer examination of the
equations of the present theory shows, however,
that they give an infinite value for the inter-
action energy. This is a defect of the present
theory. It will be discussed in VII, $6. For the
present, we are satisfied with the supposition
that our instinct is more correct than our

equations and that the equations will give good
results if we use them as though the interaction
energy were small.

)2. Emission of a resonance line

We consider first the emission of light from an
atom. At the time t=0 the atom is excited and
there are no light quanta. This case has been
already discussed under the heading of spon-
taneous emission by means of Eq. (111).This
discussion applies only for times short in com-
parison with the mean life of an atom and long in
comparison with the period of the emitted light
waves. It will be remembered that these re-
strictions were introduced when the probability
of the atom being excited was supposed to be
constant. We now remove the restrictions of
considering times short in comparison with the
mean life. Let the excited state of the atom be n'
and the normal n, their energies being hv(n') and
hv(n), respectively, and the energy difference
being written as h(v(n') —v(n)). The probability
amplitude for the atom to be in the state n'
while there are no light quanta we denote by
ce—'«'"~ "&'. The probability amplitude for the
atom to be in the state n, and there being one
light quantum of the kind s, we denote by
c,e ' '"&"". By (110) we have to satisfy the
equation

(d/2sidt+ v,)c,=A,c
(122)

(d/2n idt+ v(n'n) )c= QA, *c,
where

A, =a' „(v,V) & —e ~(2s.hv, V) l(ge, f,f,}„„'.
[Qe, thus, neglect deliberately all p's in (110) except

(122')

q (n', 0, 0 ~ ~ .}= ce '«'"«" and tv(n; 0, 0, ~ ~ ~ 1„0,0, ~ ~ )=c~ t«t" &"~'

with v, =v(n'n) since these probability ampli-
tudes refer to the only important states of
approximately the initial energy. j

Approximate solutions of (122) have been
found by Hoyt's and by Weisskopf and Wigner. "
The method consists in supposing that to a good

~ F. Hoyt, Phys. Rev. 36, 860 (1930).
~ V. %'eisskopf and E. Wigner, Zeits. f. Physik 63, 54

(1930). See here discussion of emissions ending in excited
states. The width of the line is shown to be the sum of
the widths of the initial and final levels; V. Weisskopf,
Ann. d. Physik 9, 23 (1931).

approximation c=e ' '&"&"'"& 'r' where I' is a real
constant. This is suggested by the fact that if all
c, were zero the last equation (122) would be
satisfied by c=e-'«'"&"'"". The analogy to the
classical oscillator leads one to expect that the
absolute value of c would decrease exponentially.
For this reason the factor e s '"' is also intro-
duced. There are as many equations of the first
type in (122) as there are kinds of light quanta.
Since at the time t =0 every c,=p, we can use
this value of c, as the initial condition in all the
differential equations. Having also the right-
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hand side as A,e-'»'("("'") 'r)', the values of c,
follow at once as

e-R»i(i(»~») —trg e-s»taIt

c,=A,
v, —v(n'n) +iF

These expressions must now be substituted into
the last equation (122) because it does not
follow, so far, that this equation is satisfiied. On
substitution we obtain

e-t»i(rq-w(»'»)+ir) t

iF=P, (A, ( . (123)
v, —v(n'n) +iF

By (109)
a'»„= (2+k) &(f,P(e;/2)(e +"tt +f;e +"t))

in the limit of a very concentrated O', , For
wave-lengths long in comparison with atomic
dimensions we may take

a' =(2)rh) &e +R(f,pied() „,

where R is the vector from the origin to the
center of mass of the atom. Substituting this into
(122') we have

(Atl = l(ftZeP. )»» ('/(2xkv, V). (123')

This number is practically independent of v.
within the natural breadth of the spectral line
because this breadth is very small in comparison
with v,. It depends much more strongly on the
polarization vector f,.

It is now important to realize that within a
very narrow range of v, the polarization vector f,
may have all sorts of directions. This follows
from the fact that there may be light quanta of
the same frequency moving in arbitrary di-
rections with arbitrary polarizations. In the
summation over s we may, therefore, average
first over the different directions f,.The resultant
average is

IA. I'= I I ((Z«i)»» (*+ ( CZe 1t')»» ('+ ((Zetei) ..('}/(2~I)v. V). (123")

It is seen to be practically independent of the
frequency if the approximation (123') applies. It
is also practically independent of v, if this
approximation does not apply. However, then
{123"} does not hold since the retardation
factors e ~"t may not be treated as constants.
Taking (A, (' outside of the summation sign the
summation is replaced by integration ( P,
m J'dv. /d, v,j where (hv, ) ' is the number of
possible light quanta per unit frequency range at
v, L(hv, ) '=8~v, '/c j. It is justifiable from the
present point of view to treat v, ' as a constant
=v'„„and to extend the limits of integration
from —0() to+ 0(). Doing so one obtains

F=~(A, (*/av. (124)

This expression is independent of the time. This
proves that all Eqs. (122) are satisfied, provided
F has the value just given. For future reference
we summarize the results

c—e-sr i (r(»~ »)—iF) t

(e—t»i(v(»~») —iF)t e—srtt~t)
c,=A, (125)

(v, —t {n'n)+~F)

The number of light quanta present is P.(c.('.
Using the expressions for c, in (125) replacing the

summation by integration as before we obtain

g (c (~= (A ( (1—e t"')=1—e t»"
F(h v)

by (124}.At the same time

( c (
2—e-4» i' t

Thus,
(c('+E.(c.

This relation follows also as a general conse-
quence of (122) and the initial conditions. It is
satisfactory to see that the approximations made
have not impaired its validity.

The mean life of the atom in the excited state
is (1/4~F). At the time t =0 the chance of emitting
a light quantum per second is 4)rF. By using
(123") it is seen that 4~F is equal to the ex-
pression (112).The mean life of the atom is thus
given by the reciprocal of Einstein's emission
probabilities. For t)){1/4)rF) the number of light
quanta per unit frequency range is by (125)

( (A, ('/(b v) j/( (v.—i (n'n))'+P].

The half-value breadth of the emission line is
thus 2F or (1/2)r)'" part of the emission proba-
bility. This is exactly the relation which holds for
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the classical harnzonic oscillator. More generally,
if t is not very large in comparison with the mean
life, the number of light quanta per unit fre-

quency range is given by

1+e—4 r' —2e ' "' cos 2x(v(n'n) —v,)t IA, I'

(v, —v(n'n))'+I' (Du)

In particular, if v(n'n) —u, =0, the numerator of
this expression is (1—e ' r')'. Thus, at the core of
the line the number of light quanta per unit
frequency range increases at the time t =0 as t'.
Throughout the whole frequency range the
number of light quanta at t=0 increases as t

the main contributions arising from regions

I u, —v(n'n)
I
»4~1'. The energy fzrst appears,

therefore, in the zstings of the line and only later
the maximum at the core is built up. " These
relations are also exactly similar to those for a
classical oscillator provided one averages over
the initial phase of the oscillator.

Within the approximations of sharp resonance
the relations between Einstein emission coeffi-

cient, the mean life, and the half-value breadth
are independent of the assumption that the effect
of retardation is negligible. The specialization to
long wave-lengths made in (123') is not essential
for the validity of these relations.

z~'& "o 'y) t
eo t (126')

where up we expect to be approximately v, and p
we expect to be very small. Then it follows from
the sp'" Eq. (122) that

c= [(v(sp) —vp+ip)/A „je 't"o '»'. (126")

Using this value in the equations for c, and im-

posing the initial condition c, =0(sgsp) we have

)3. Absorptinn by a resonance line

To discuss the relations in absorption we
consider one light quantum of the kind s being
present at the time t=0. We suppose that the
atom is at that time in the normal state n and
that there are no other light quanta present.
The frequency u(sp) we suppose to be in the
general neighborhood of u(n'n). Our calculation
will apply if

I
v(n'n) —v(sp) I is of the general

order of I' (e.g. , I'/100 or 1001') but not in cases
where it is at all comparable to u(n'n) itself. At
later times there may be a chance of the light
quantum being absorbed and the atom being in
the state n'. The probability amplitude for this
state is c. There may also appear light quanta of
other kinds s'/sp, the atom simultaneously
returning into n. The probability amplitude of
these states is c,.

We look for a solution of the type

ce (As/A~o)[{u(sp) —up+zan}/(v~ up+if) j[e—2xi(uo t&)t e—2vivat] (126'")

We substitute the expressions (126) into the last equation (122), replace the summation by inte-
gration, as before, and obtain

[v(n'n) —vp —i(I' —y) j{v(sp}—up+zan) = !A.o l2e ' '
t t'o)- o+'»t

having replaced the summation over all values of
s by an integral. The solutions (126) do not
satisfy the equations exactly. However, for
t«(2')-'[(v(sp) —vp)'+y'1-1 they are satis-
factory. We choose a y so as to satisfy the above
condition for such values of t, i.e. , so as to have

[ (n'n), —i(r —~)1(.{s.) —.,+is) = IA., I'.
(127)

This gives

y = I A „I'I'/[(v(n'n) —v(sp)') +I'j;
(127')

up =u(sp) + (7/I') (v(sp) —v(n'n) ).
st CI. P. A. M. Dirac, Ctzsp pf Resonance, Proc, Roy Soc.

A114, 710 (1927).

The maximum value of y is

However,

b, v = () /L)'(c/S~L),

where L is the side of the fundamental cube.
The time constant (4ny) ' is, thus, always
greater than

(2L/c)(L/X)'I A, I'/I A

The fraction
I
A. I

'/
I A,, I

' is of the order of
magnitude of 1. The fraction (L/c) is the time
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taken by light to travel through the cube. The comparison with the time taken for light to
time during which the factor e 'n«t may be travel through the cube.
replaced by 1 is seen to be exceedingly great in The derivation of (127) is valid only if

t«1/ I2 L{ (sp) —o)'+v'j'I -=I ( (n'n) —(so))'+I'0'/(2 I A pp I') ~

The minimum value of this upper limit is
I'/(2«r j A pp i

2), which is again of the same order
of magnitude as before. There can be no physical
interest in times so much larger than the time
taken for light to traverse the fundainental cube
because all the physical things suppo~ to
exist in one fundamental cube are also supposed
to exist in all others. Eqs. (126) together with
(127) are, therefore, sufficiently good approxi-
mations.

The solutions (126) represent a condition
somewhat analogous to forced oscillations of a

classical harmonic oscillator under the inffuence
of a purely sinusoidal impressed wave. The
quantity c is analogous to the amplitude of
classical oscillation s. The scattered radiation
must be thought of in this analogy to have been
removed at the time t =0 and to build up as
time goes on. It does not correspond to the case of
the atom being initially in the normal state. It is
clear that the latter condition can be represented
by superposing (125) with a proper coefficient
with the solution (126). The result is

—e-2n((rp-i«) t
pp

l
A e-2ni (n(n' n) —rr) t e

—2nin (pp) t
pp

v(n'n) —vp —2(I' —y) v(Sp) —v(n'n) +il'
(128')

e—2ni (np —i«) t e
—2ni( ~ (n'n) —tr) t

c=App
v(n'n) —vp —2(1' —y)

e—2nr(rp-r«) t e-2nr(r (nr n)-il') t

c,=A,A„P
.Lv(n'n) —vp —i(l —y) j(v —vp+2y) [v(n'n) —v p

—i(I' —y) j(v, —v(n'n)+21')

e—2Tinrt

(128")

+ {s8sp). (128"')
(v, —vp+py) (v, —v{n'n) +pr)

Here the small number v(sp) —vp+iy has been eliminated by means of (127). The emission solutions
(125) and absorption solutions {128)when superposed with proper coefficients give general solutions
of (122) for arbitrary initial values of c„c.

The main features of the state represented by (128) may be seen from the behavior of ( c I '. %e have

e 4n«t+e 'n"' —2e '« "+»' COS 22r(V(n'n) —Vp)t
lcl'=

I A pp I'
(v(n'n) —vp)'+ (I' —V)2

If t«(22') —' we may use instead
1+e 'art —2e 2n" cos 2«t(v(n'n) —v(s,))t

lcj'= IA..I'
(v(n'n) —v (sp) )'+ I'

(129)

(129')

This expression vanishes for t =0 as it should. After t exceeds (2«rl') —' it attains a stationary value

~
A „j2/L(v(n'n) —v(Sp))2+ r21.

If we wait still longer ic~2decreases on account of the terms inc ' «', e~n«'. Thus for t&&(2«rl') ', to
the first power of yt

lA apl' I' t
[c) = —4«r)A„['; (t»(2«rl') ',{.(n'n) —.(s.))2+r2

'
[{v(n'n) —.{sp)) +r j2

(129")
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the approximate value of p given by (127')
having been used. Thus, IcI' first increases to an
almost stationary value following (129'). After
the transient represented by the two last terms in
(129') dies down I c I

' decreases slowly following
(129"). According to (129') the absorption
probability at t=0 depends on v(n'n) —v(so). If
v(n'n)= v(so) we have exact resonance of the
incident radiation with the transition nmn'. In
this case the numerator of (129') is

e-err~) s

giving an initial increase proportional to t'. If,
however, (129') is averaged over different values
of the incident frequency v(so) in the neighbor-
hood of v(n'n) we obtain

~c'=
I
A „I'(~/F)(1 —e-""').

The initial rate of increase of IcI ' (i.e. , the ab-
sorption probability) is, thus,

4''I A„I'=4+F8, v.

The spontaneous emission probability is 4mF.
The ratio is in agreement with Einstein's relation
between emission and absorption probabilities.

The probability amplitudes c,(srr-'so) determine
the probability of finding a scattered light
quantum. The sum of the squares of their
absolute values may be determined by inte-
gration. A simple calculation shows that the
summation, when extended over the scattered
light quanta, gives

I
F+y —Fe ' y' —re ' r' a sin 2~at —(F+y) cos 2yrat

(w/hv) I A „I
'I A, I' -4 e-iir(r+y)t

{ I a'+(F+~)~jFq I a'+(F-q)'jLa'+(F+q)*j

where
a= vo —v(n'n).

In taking this sum we have used expression
(128"') also for s=so. This, however, is not

important because (1/d, v) is a large number, so
that making a mistake in counting of one light
quantum too many makes little difference. The
above expression is to a sufficient approximation

F IA„I~
e—4ryt 4~t a sin 2yrat —F cos 2~at

+ 4e-Err'
FI a'+(F+v)'j a'+(F+v)' I

a'+F'j'

For t»(2~F) ' the term in t predominates. In
this condition the number of light quanta
scattered per second is

4~F I A „I
'/La'+ (F+y)'j,

which corresponds to
I A,, I ~/I a'+ (F+y)'j

atoms emitting with the probability 4xF per
second.

The expression (128"') contains a term in
e-'r"'. As v, varies its absolute value approaches a
maximum when v, = v(n'n). The sharpness of the
maximum is such that the half. breadth is 2F.
This term contributes, therefore, light quanta of
the emission frequency v(n'n) with a spread of
approximately F to either side. The term in
e-'r'i"r-'»' becomes large when v, = vo, i.e., when
the scattered frequency is approximately equal to
the incident. The half-value breadth of its
absolute value is 2y. The frequencies represented

by it are, therefore, very closely grouped around
the incident frequency. Finally the last term
becomes large both when v, = va and when
v, =v(n'n). It is a linear combination of two
terms one of which resonates at vo and another at
v(n'n). The term in e-'rr' is very similar to the
irnpube oscillations of a classical conciliator under
the influence of a harmonic force applied
suddenly. The vibrations may then be thought of
as the result of superposing a damped oscillation
with the natural frequency of the oscillator and
an undamped forced vibration with the frequency
of the impressed force. In the initial stages of
motion the oscillator radiates waves of its own
natural frequency in addition to those having the
frequency of the impressed force. The distri-
bution of energy among radiated quanta may be
seen best from Ic, I' which may be put into the
form
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JIIA fl pri(s+iy)c 1 c(&@i(s+a+ir)t 1 0

fc.l'=
a'+(I' —y)' a+a a+a+i l'

where x= v, —v(so), a= vo —v(n'n).

Q. A.bsorI&tion and scattering by an atom or
radiation emitted by another atom

We consider two atoms located sufficiently far
from each other to make the influence of direct
electrostatic and magnetic actions negligible in
comparison with the eHect of radiated light
quanta. Initially we suppose one atom (denoted
by I) to be excited to a state ni' from which it
may fall to a state ni. The other atom (denoted
by II) we suppose to be initially in its normal
state nii from which it may rise by absorption to
an excited state nii'. The frequencies which
correspond to these transitions will be written as
vi, vii, respectively. We concern ourselves with
those cases in which only the transitions ni'mni
and n»-+nii' are of importance, i.e., with such
absorbing atoms which do not have other
absorption lines from nii in the neighborhood of
vi and with emitting atoms for which vi is the
only strong emission line from ni'. The frequen-
cies vi, vii must, therefore, be not too far apart.
They may, however, be farther apart than the
half-value breadth of either line.

The probability amplitudes which we must
take into account are s i~i(~(~i&+e(sin ica proba-
bility amplitude for atoms I, II to be in normal
states and for there being one light quantum of
type s ~a~i( (~t&+.(~»&&ici probability ainplitude
for atom I to be in the excited state ni', for atom
II to be in the normal state and for there being no
light quanta, s-'~i("("&&+"("»'&'cii=probability am-
plitude for atom II to be in excited state nii', for
atom I to be in normal state and for there being
no light quanta.

For any type of light quantum the two atoms
have definite interaction constants A, (see
(122')). Their values for I and II, respectively,
will be written A ' A,». The time dependence of
the probability amplitude is now governed by
the immediate extension of (122)

(~/2xidt+, )c,=A, ci+A 'cii

(d/2~t+ vi)ci = Q,(A, )~c„(130)
(d/2'+ vii)cii = g, (A,») *c,.

At t =0, we take in accordance with the above
ci =1,cii =c,=0. Supposing for the moment that
the eSect of cii on ci is small, we may consider
(125}as a zeroth approximation to the values of
ci and c,.

This would be the solution of (130) if all the
A,» were zero, then cii would also remain zero.
In the next (first} approximation we take the
A, into account. The additions to cii and c,
which result, we call c»"&, c,(". In this approxi-
mation

cii=cii(' c =c.( )+c (')
~

The manipulation of equations (130) is dictated
to us now by physical considerations. Atom II
will be excited by the radiation from I repre-
sented by c.(".The probability of excitation will

depend on the distance between the atoms, the
spontaneous probability of absorption and also
on the rate at which atom II is able to radiate its
absorbed energy. For the larger this rate, the
smaller we expect to be the value of cii. The
reaction of the radiation from II on I we expect
to be small if the distance between them is
large. It does not interest us at present because it
may be described as the rescattering by I of the
radiation scattered by II. In order to keep the
calculation simple, we neglect, therefore, the
changes in ci" due to c.('&, thus neglecting the
rescattering by I. The second equation (130)
thus need not be considered any more. The
defining equations for cii('&, c,(" are, thus,

(d/2wuA+ v,)c,('& =A»cii"
(130")

(d/2~idt+ v»)c»('& = P.(A») «(c,('&+c,('&).

The first of these is homogeneous in c»('&, c,('&.

The second is not, containing a term of zero
power in these variables, i&iz. , g(A,»)~c.('&. The
classical theory analogon of this term is the
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electric intensity impressed by the light wave on
the oscillator.

In the evaluation of g (A,")«c,(') we encounter
the combination (A.ii)«A, r. The polarization
properties of the light quanta enter only through
this combination, the remaining factor of each
term in the summation being a pure function of
the frequency v,. The summation is, therefore,
performed by keeping the value of v, within a

very narrow range, averaging each term over
all directions of light quanta, multiplying the
result by the number of possible s per unit
frequency range of v, and integrating.

We shall suppose for the present that the
dimensions of each atom are small in comparison
with the wave-length of the light. The essential
features of the phenomena can be seen in this
simple case. We have

where (et)= Pe;t;.
(A,")*A,'= e (f,(et)")~ ~ (f,(et)'), , /(2xrhv, V)

To obtain the average of this for fixed v, we turn the coordinate system so as to have Rrr —Rr along
the s axis. Denoting the polar angles of k. by 0, 4' and the polar angles of (et) x x (et) xx xx by
(8rx (vr), (8rr, (err), respectively, we have to average

$ {sin 8r sin ((vr —4) sin 8rr sin ((x rr —4)+Lsin 8i cos 0 cos (~—4) —cos 8r sin 0)
XLsin 8rr cos 0 cos ((err —4) —cos 8ir sin 8jjexi'"xx x '

over 0 and 4. Performing the averaging and discarding terms in Rrr i ', Rrr r
' we obtain

sin (k Rrr i) sin 8i sxrl 8rr cos (yr —(vxr)
(A ii) «A I—

{ (et) I.„.„{(et) I ..., ,
(k,Rrr i) 4xrhv, V

where the matrix elements in ( { are the ratios
of the vector matrices to the unit vectors (sin 8
cos q, sin 8 sin rp, cos 8). It is possible to introduce
the polar angles 8, rp only if the absolute values of
the vector matrices have a definite meaning, i.e. ,

only if each vector matrix may be expressed as a
unit real vector times a complex number. For
degenerate states this is not possible, in general.

The simple modifications required by degeneracy
will be discussed later. The factor sin 8r sin 8ii cos
(c r-x rr) {(et) I xx' xxl(et) I x x' may be i~t~r-
preted as the scalar product of the projections of
the matrix vectors (et) xx xx (et) x x on to a
plane perpendicular to Rri —Ri. Denoting these
projections by a superscript (p) we have

(A,")'A,'= (sin kiRrr r/k&Rrr r) (et) (").xx'"xx(et) " &x„x'/(4xrhv, V).

We substitute this value into g(A, ")«c,(" and treat k., v. as though they were constants as long as
they do not enter in trigonometric or exponential expressions. We let

r=Rir i/c
and make use of the integrals

Then

+co ex I'lied

dvg= 0~
v, —vr+iI'r f

+00 e 'RFctg4

2~e-xei (ix-( rx) o

v —vr+iI r

(a&0 and real).

,+ e-2«(n-(rx) x e-2~(~ ~ x
x

e-'x«(~x-irx) (x- r) (t)r)
sin {2xrv,r) dvg =

v, —vr+iI'r =0 (t & r).
Thus P,(A,")«c,(') =0 if t (r. The atom II is not affected by the disturbance from atom I before the
lapse of the time Rii i/c. The irxteractiorx betroeerr the atoms takes place, therefore, roith the r)elocity of
hght.
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After the lapse of the time r

where

fg Ir) 4C (6)) —Ke-2ei(rr-iri) (6-r)Q ( )

(et')Ir(v)„,„(~}r(6') l I'/(&ll rhc2). (130"')

With (130"') substituted into (130")it becbmes natural to look for a solution of the type

(l) —Kre—2rr(rl-iri) (6—r)II

which by the first equation (130")makes it necessary to have

C,(')=K'A, »(e 2r'("6 rr»« ' —e ' '"'(' ')/(v —vr+il I).

Substituting both of these into the last Eq. (130") and replacing as usual the summation by an
integration we obtain

K'= K/fvrr —vr+i(I'I —Frr)].

These solutions satisfy the correct initial conditions for c,("but not for clr(". Correct initial conditions
for both are satisfied by superposing the emission type of solution (125) for atom II t in (125) being
replaced everywhere by t —2. Thus,

e-2ri(rl —i rl) (6—t) e
—2ri(rll-i l'l» (6-r)

crr(') =K
vrr —vr+i(FI —Fr()

KA," 2T1(rl il'» (6—r) e—2r&rr(6-r) e—2rt (rll-crll) (6-r) e—2rrrr(6- r)"
(I)—

vr I —VI+ i(I'I —Frr) v, —vr+iFI v~ —Vrr+iF«

According to (131) there is a chance of finding atom II in the excited state nrr' after the time T.
This chance is

e '~"I(' ')+e 2 rll«-r) 2e—2 'r'+r""6 ' cos 22r{vr —vrr){t —r)
Icr "'I'=

I
Kl'

(v« —vr)'+ (Frr —Fr)'
(131')

en t »(4 F ) (4)rFII) ' Ic«»I2m0
The atom (II}has then dissipated its energy by
radiating it away.

Let the atom II be put now in the vicinity of a
source of light containing many radiating atoms
excited at random intervals. We suppose for
simplicity that the atoms in the source are

excited in not too great numbers so that the
transient (131') has time to die down between
excitations. We wish to know the chance of
findrng II in the excited state. Let the number of
atoms excited in the source per second be ¹ The
required probability is then

00 (F,+F») IKI2X
N

I
crr(') I'dt=

6~r 42rFIFrrl {vr —vrr)'+(Fr+F«)'j
(131")

The maximum probability of excitation occurs
when vr = v». The atoms in the saurce are then in
exact resonance with the absorbing atom II. If
vr —vrr is varied, as is the case experimentally on
account of the Doppler effect, the resonance
becomes less effective. The half-value breadth is
then

It is equal to the sum of the half-value breadths
of atoms I and II. The addition of the half-value
breadths may also be explained by considering
the spectral distribution in the emission line
which according to (125) is such that

I ~.' I '/L(v. —vr)'+ Fr'J

bv= 2{Fr+Frr) = bvr+ bv». (131"'} is the chance of finding a light quantum of type s
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after the emission took place. On the other hand, the effect on j cxr j' due to light quanta is accord-
ing to (128) proportional to j (v, —vxx)'+ Fr/ j '. It is easily found that

~

~

~

~+CO dv, «(Fr+ Frr)

L(ve —vr) +Fr |L(ve —vrr) +Frr j FrFrrj (vxx —vr) +(Fr+1'rr)'j

which agrees with (131").The additivity of the
damping constants as described by (131"),
(131'") is old and well known for the case of
classical oscillators. " It has had technical appli-
cations in radiotelegraphy.

For large t we obtain from (131)

jKj'ji «j'
jc "'j'=

L(v —vr) +Fx jj (v —vxz) +Frr j
which shows that the distribution of scattered
energy among frequencies follows the same law in

the quantum as in the classical theory. The
total chance of finding a scattered quantum is

j & j x(Fr+ Frr)/Fr
g, jc,&'& j'= (132)

(vrr —vr)'+ (1'r+ 1'rr)'

This is seen to be in agreement with (131").
For if there is the number

N j cxxo& j'dt
z~r

of excited atoms and if each of them has a chance
4~Frr of emitting one light quantum per second
the rate at which light quanta will be scattered is
given by

4«rrN j err«& j'dh
l~r

which by (131")is N times p j c,&z& j' as given by
(132), i.e. , N times the number of scattered
quanta due to each atom in the source. Care
must be taken, however, not to conclude that the
frequency of scattered quanta is the emission
frequency vrx.

The same result can be obtained by analogy
xrzitk class&'al oscilkxtors. Each atom is then
considered as a classical oscillator with an
effective value of s'/m given by

{e'/m). ff, (2/kv) {jZ(szgr). .j'+ j7(szys)sa 'j +jg(szzr) 'j j,

which makes the emission probability 4~F
= (2/3c') (2w v)'(e'/m), zz, . Monochromatic radi-
ation of frequency v, with an electric intensity
is scattered by the virtual oscillator of atom II at
the rate

&'Frx
(e'/m)««cos' Hxr,

4s L(vrx —v)'+ Fxgj
where ttrr is the angle between the axis of the
virtual oscillator and 8. On the other hand,
atom I emits a total amount of energy kz x during
a time T. This energy is divided among fre-
quencies so that at a distance R from I the energy
density between v and v+dv is

3kvx(Fx/~) sin' 8r g„'
dv= —,

SmR cd (v —vr)~+Fz'j 4w

where 8x is the angle between the axis of the

I V. Bjerkntse, Ann. d. Physi% 44, 74 (1891);291, 121
(1895); M. %ien, Ann. d. Phyaik 25, 625 (1908); 29, 679
(1909).

equivalent oscillator for atom I and the line
Rxr r

In the direction of II the radiation due to I
must be considered as polarized in accordance
with the usual rule of classical electrodynamics.
This determines cos 8rr. Substituting this into the
rate of scattering of energy, multiplying by Tand
then integrating over v we obtain the rate of
scattering energy. Dividing this by kv we get the
probability of the scattering of a light quantum.
The result is the same as (132) but multiplied
by (vP/vvrr) where v is the mean frequency of the
scattered light quanta. This correction is not
significant because in the derivation of (132) we
have supposed that (vxx —vx)/v«&1.

Qa. Interference of radiation scattered by
several atoms

We can discuss scattering from several atoms
by the same method. Let atom I emit as before
and let atoms IIz, IIg, ~ ~ do the scattering.
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Similarly to (130),we have a system of equations

(d/2midt+ v,)c,=A, c&+P;A, icI&jy

(d/2srQt+ i t)cI=P,(A,') c„(133)
(d/2xjdt+ vt t&)cog,= Q, (A,"&)~c„

the meaning of the symbols being exactly
similar to that in (130).We consider the solution
for the condition in which the rescattering by II&,
II», ~ ~ ~ of the radiation scattered by 11t is not
important, and, similarly, we shall neglect the

rescattering by I of the radiation scattered by the
II;.The zeroth approximation will again be given

by (130'). It is clear that we can now solve (133)
simply by superposing the solutions (131)due to
the atoms II. This solution is, of course, not
exact, but the error introduced is small if the
scattering atoms are far apart.

The resultant c,&'& is the result of summing the
expression c,&u given by (131) over all the
scattering atoms. For O&(2~1't) ' the probability
of observing a light quantum of type s is simply

1 ' Etta, "~
I r. (c."')nil'=, , z

(i' —i't) +I x ' i' —i'tr;+&I gati

(133')

The important point to note is that the position
of the scattering atoms enters this formula
through A."& in exactly the way which we would
expect from the virtual oscillator analogy. For
each A "~ involves as a factor e-+~»i&.

By making F~ very small we approach the
condition of the scattering of monochromatic
radiation. We then have appreciable proba-
bilities for light quanta only when v, is very close
to i& and the solutions become equivalent to
those of formulas (128).

$5. Polarization of light quanta

So far for every direction of the wave normal
we had two types of light quanta, each linearly
polarized, the directions of the polarizations
being at right angles to each other. Otherwise
there has been no restriction on the choice of the
vectors f,. It is clear that we may carry through
the theory for any choice of the polarization
vectors f, provided they are perpendicular to k
and provided fi, t is perpendicular to fi, &. Any
choice is as legitimate as any other. However, for
the discussion of some problems a special choice
may be preferable. We shall make this matter
clear by an example.

We consider the emission of radiation by an
atom due to a transition from an excited to the
normal level. The solution is given by (125).The
probability amplitude for a light quantum of
type s is given by c, which according to the
calculation is proportional to A.. If A. is zero no
light quantum of type s appears. Now

A, =e-'~(2shi, V)-&((el)f,) „. (122')

Let us consider the simplest case of a linear
oscillator with the axis of vibration along the x
axis of coordinates so that:

and let us look for light quanta with the propa-
gation vector along the y axis as indicated in
Fig. 1. It is to our advantage to choose the two
polarization vectors f i, fz (we omit the suffix k in

fa, i because it is irrelevant in the present
discussion) along the z and z axes, respectively.
The probability of finding a light quantum with

Axle of oeeilator

ti'on of
pr opagation

Fto. 1. Linearly polarized light quanta.

the polarization fz is then zero since the corre-
sponding A, vanishes. The light emitted in the y
direction may be said to be linearly polarized in
the x direction.

We may, however, also use another set of
mutually perpendicular polarization vectors fi',
fz' and perform a calculation with them. For
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each the A, does not vanish. There is a chance of
finding light quanta of polarizations fi' and f~'.

This corresponds exactly to our expectations
from analogy to the classical theory. Light
polarized linearly along the x axis excites
vibrations in oscillators turned at an angle with

respect to the z axis. In order to find out whether
a light quantum of polarization fi' may appear we

have to test for its presence. We may do so by
using an oscillator with its axis along f&' and
observing whether absorption will take place.
The classical analogy leads us to expect that the
absorption occurs for all orientations of the
absorbing oscillator with the exception of fs.
This expectation is correct, as shown by (130'"),
(131}.It is seen from these results that the only
thing of importance in a test for the polarization
of the radiation is the expression

to (V&v/c)A. We have

fi'= fi cos B+fs sin B,

fs'= —fi sin B+fs cos B,
so that if

ai'=ai cos B+as sin B

(134)

as'= —ai sin B+as cos B

(135)
ai'+=at+ cos B+as+ sin B

a~'+= —ai+ sin B+as+ cos B

this contribution is

(fi'a i'+ fs'as'}e '+"+i(fi'a i'++ f2'as'+) e'+"

The transformation (135) is canonical. It leaves
a&+a&+as+as invariant and, therefore, the Hamil-
tonian function is also invariant. The physical
consequences are therefore the same whether we
work with (a&, as) or (a&', a&'), just as in Pauli's
treatment of electron spin.

If use toished to do so, 7oe could ateid talking about

the polarization of Light quanta altogether, because

the final experiment for their discussion elimi-

nates the light quanta. However, there is no

harm in keeping the classical terminology.
In order to complete the connection of the

description by means of the fi, fs polarizations
with the fi', f~' representation, we must give the
transformations of the radiation variables be-

tween these two systems. We must also show that
these transformations lead in general to con-

sistent results. We go back to formula (1) for the
transverse part of the vector potential. For any
given k we have two sets of radiation variables

(ai, a&+)(as, a&+) corresponding to f&, f&. They
contribute

(fia&+fleas)e '""+i(fiai++fsas+)e'""

(2 J CZj

FIJI

Fio. 2. Transformation to elliptical polarization.

We may similarly perform a transformation
from two linear to two elliptical polarisations.
Referring to Fig. 2 we look for two sets of
variables such that

at'(f &" cos q
—ifs" sin y)e '""+iai'+(fi" cos y+ifs" sin y)e'""+as'(fs" cos y —if i" sin q)e-'""

+ias'+(fs" cos rp+ifi" sin y)e' "=(atfi+asfs)e '+'+i(ai+ft+am+f~)e'""

= (at"fi"+as"fs")e '""+i(a "+fi"+as"+fs")e'"r'

By P') the variables (a', a'+) represent a wave in
the vector potential of the form

const. R ( (fi" cos y —if'" sin y)e ""' '+" ),

which is elliptically polarized. The vector po-

tential at a fixed point describes by its end point
the ellipse designated by (1') in the direction
indicated. Similarly for (2'). The major semiaxis
is proportional to cos y, the minor to sin iv.

The transformation formulas are:
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ct"=ct' cos (hatt-ics' sin tie,

cs"= —sct' sin tt+as' cos tt&,

c&=ct"cos 8—cs" sin 8,

cs=ct" sin 8+cs"cos 8,

c,"+=ct' cos q+scs'+ sin q,

cs"+=set' sin ts+c, '+ cos (I,

ct+=ct"+ cos 8—cs"+ sin 8,

cs+=ct"+ sin 8+et"+ cos 8.

(136')

(136")

It is seen again that any succession of trans-
formations (136) leaves invariant: the Hamil-
tonian, the exchange relations and ct+c~+cs+cs.
We shall obtain, therefore, the same results
whether we work in one set of (c, c+) or in
another.

In practical applications (Zeeman effect,
resonance radiation) we encounter most fre-
quently czrctc4r g olcriections. The corresponding
transformation is a special case of (136).We set
8=0 and q =s./2. The corresponding term in the
vector potential is

e{2V)-'i-'
( Lcy'(f t —tfs)+cs'(fs —sft)]e '+"+ijct'+{ft+sfs)+cs'+(fs+sft) le+' I. {137)

The transformation formulas are:

Cg= (Ct' —ias')/2I,

Cs= (—SCt +Cs')/2&,

cg+= (ct'++ics'+)/2&,

as+= (sc,'++as'+)/2&.
{137')

We now remember that (c)N, st t ——(hN/(2s. )& and
that A. arose as the (ts e') matrix element of a
{fp). Working in the circular polarization di-
rectly we obtain then two A": At, As, corre-
sPonding to the variables c&', cs', resPectively.

Expression (137) shows that

A t =e-~{2skv V)"&((ef)(ft—ifs}/2&)...
As =e '~(2shyV) &((ef}(fs—sf()/2&)

Thus, if k is along e, ft along z', fs along y, the
emission of circularly polarized light quanta
polarized in the direction of rotating x into y is
determined by the matrix element of

({*+y)/»). ~

(n' is the upper level) in the same way as the
emission of linearly polarized quanta is de-
termined by (i)„„,{j')„„,respectively. "Circu-

~The same result can be inferred by forming a wave
packet out of the wave function for the upper state and
that of the lower, without making use of Dirac's theory of
radiation. Let the wave packet be

c '0 'c ski~(a~jt+c u s s+i~(n) t

The variable parts of the quantum mean of x, y are then

2Rc(c„ ~c„z cs~t"("'"~')

G(c 'ec y ' GReii(s&nl t)

These may be regarded as responsible for the emission of
the linear light quanta polarized in the z and y directions.

larly polarized light quanta having the direction
of rotation from y to x are similarly determined
by

((y+s*)/2')» -.

The use of the expression (137) is most
convenient for obtaining the result. It is usef'ul,

however, also to consider the matter from the
point of view of the transformation (137'). We
suppose the problem solved by working with the
variables c&, cs and their conjugates. We may
then still obtain all the desired information about
the variables c~', cs', i.e. , about the probability
of circularly polarized light quanta. For if we
wish to know how likely it is that a circularly
polarized light quantum of type 1' will be found,
we simply have to find the quantum mean of
sc&'c&'+. By (137')

Ct Cy = s(Ct+$Cs)(Ct —$Cs ).

Applying (61) and using (c+)~, N+ &
= —i{It/2s.)&(N

If
I —sx. .

(lags 90' behind)
the y motion ~, ) the z motion so that the

( leads 90' before J
fz to yIresulting motion is a rotation in the sense from
)

For the y to z' rotation z„'„+sy ' =0, while for the x' to
y motion it is 2z~'~. Thus z~'~+sy~'„ is a measure of the
purely rotational motion in the sense z to y.



G. B RE IT

+1)&{a)g,~ ~
= (h/2~)&¹ we have for the desired

quantum mean

cy +leg cg —lcd cg —tcp

2& 2& 2&

in agreement with the previous result. The
probability of finding a light quantum of type
{1') thus depends on the phase relation of the

probaNIity arnphlldes for linearly polarized light
quanta. If c&+ms=0 the probability arnphtldes
may be said to interfere so as to give circular

polarization.

)5, Aaalogy of atoms to virtual oscillators

It has been seen above that in some special
cases of emission and of scattering there is a
close analogy between the behavior of atoms
according to the theory of light quanta and the
corresponding behavior of classical oscillators. It
appears desirable to see a more general reason
for this analogy than the agreement in special
cases. It may, in fact, be shown that the solution
of the quantum equations for a collection of
atoms is connected with the solution of corre-
sponding classical equations for oscillators in
such a way that the quantum atoms may be
replaced by the classical oscillators provided the
frequencies dealt with are nearly in resonance
with a possible emission or absorption frequency
of the atoms in question. The atoms do not have

to be exactly alike nor need they be far apart
provided their electrostatic interaction is small.
In this way it is seen that the classical dispersion
theory remains valid for relatively dense matter
and that the approximations of supposing the
emitting and scattering atoms far apart made in
VI )II4, 4a are not essential for the validity of the
classical picture. If there is a strong electrostatic
interaction between neighboring atoms, the
analogy to the ordinary classical dispersion
model is, of course, destroyed.

In the quantum treatment above it is natural
to deal with the probability amplitudes c„c&,c&&,

etc. All the c's are essentially complex. In the
classical theory, on the other hand, we deal with
essentially real quantities, such as, the electric
intensity at a point, the displacement of a
classical dispersion electron from its position of
equilibrium, etc. In order to obtain equivalent
sets of equations in the two theories, we must
introduce proper complex variables in the clas-
sical theory. We consider a number of classical
oscillators. To an individual oscillator we refer
by the letter j.The j~ oscillator is supposed to be
located at the point R;. Its direction of vibration
is supposed to be restricted to a direction
described by the unit vector f;; the displacement
of the dispersion electron from its position of
equilibrium along f; is denoted by r, . Neglecting
retardation within r; we have: [cf. I, $3 (18)
{14)g

L(d/2')+v, ja,~= p {2~) '(v, V)-&(J;f,)e-d' a&,

f(d /dP)+ {2+vt)~jr; = 2+(e;/rn;) P, (v,/V) &(f;f,)fia e'& t —ia e-'&* ~'j

These equations should be compared with the quantum equations for probability amplitudes:

L(d/2~idt)+v, ){(k/2m)&c,)= g;(2m) '(v, V) &(J&„„f,)e +»'c;,

I (d/2Mt)+ v;)c;= g,h-'(v, V) &(Jt „f,)e~»{h/2x)&c„

(C)

(Q)

where J&„ is the matrix element of the current of
the j~ atom and c; is the probability amplitude
for the j~ atom to be excited to the energy level
kv;. The frequencies v; are supposed to be
nearly equal, and the possibility of excitation of
the same atom to another energy level is
neglected.

There is a similarity in the form of the first
Eqs. (C) and (Q). The second Eq. (C) differs
from the second Kq. (Q), inasmuch as it is of the

second order. As has been just mentioned, how-
ever, it is not to be expected that the essentially
real quantity r; should be similar to the essen-
tially complex c;. We examine, therefore, Eqs.
{C) and express them in terms of quantities
having a close resemblance to the quantum
quantities entering in (Q). We look for particular
solutions of (C) having the nature of free
vibrations. Let
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Since J; must be real

Substitution into (C) gives:

«;r;=(A;e' '"' —8;e ' '"")/{2xov').

A;*=B;.

(v,+u')a, = Q;(2x) '(v, V) &{f;f,}e-'""iA;; (v, —v'}P,= Q, (2~)-'(u, V)-I(f;f,)e-'"~ ~B

It follows that a.«&II. to the order d, v/v. Neglecting a, in comparison with P, Eqs. (C) give the
following relations between P, and B;

{u.—v')P. = Ei(2~) '(v. V} "'(fif.)e

(vt «')» —=— Z. — {ftf.)e~~'P'
m; v+u' V

(C')

We also look for particular solutions of (Q) in which the c's vary as exp (—2' v't). For such solutions

c,=c,& & exp (—2mv't), c,=c;&'& exp ( —2mv't)

where the c&'& are independent of the time

(v v')(h/2m}Ic &o& Pt(2~)-i{u V)
—I{J&,f )e—a,kict&o

(«7 u )ct& &= g h '(u V) I(Ji~'rf, )e+~R~'(h/2&r)Ic, &

{Q')

Eqs. (C') (Q') are identical in form with the
exception of numerical constants which are
easily adjusted and of the occurrence of v'/(u;
+v') in the second Eq. (C'). We replace this
factor by its approximate values $. This is
permissible as long as we are interested only in a
narrow range of frequencies v' in the neighbor-
hood of the v;. The general solution for c„c;can
be obtained by representing these quantities as
sums of particular solutions of the type assumed
for (Q'). The important range of values of v' is of
course in the neighborhood of the v;. For every v'

we let
P,=(h/2s)Ic, & &, f;B;=Ji„„c;&'.

The first Eq. (C'} is then satisfied automatically.
The second equation can also be satisfied,
provided

B;/c; ' = («&'/2mt)hu. (f;/ Ji„„)
= {«;o/2m;)hu, (c;&o&*/B ),

where v, is the average of v, over the range for
which c.&'& is appreciable. It follows that

(B;j'=(«P/2m;}hu, (c;&'& j'
and, therefore, that

«&o ={2m;/kv, }) Ji„„('.

To within the approximations used here we
cannot distinguish between v; and v, . The result
is, therefore, in agreement with the customary
interpretation for the equivalent number of
dispersion electrons. I Cf. Eq. 33 of preceding
report. ]Only in the present treatment it is more
natural to think of it in terms of the effective
value of the square of the charge for the equiva-
lent virtual oscillator. We have supposed f; to be
real, and, therefore, we have considered only
linear polarizations. The proof is easily general-
ized to elliptical polarizations by considerations
similar to those of VI, $5.

It is, thus, seen that to within the approxi-
mations of the above derivation the atoms act as
a collection of classical oscillators, The classical
P."' is connected with the energy of the radiation
field in the same way as (h/2r)Ic, &" is connected
with the expectation of the energy on the
quantum theory. Similarly, if the energy of the
equivalent classical oscillator is averaged over
many periods of its own motion it becomes

W; = (2m;/«P} ) B; (
'= hv }

ct&'& ('

again in agreement with the expectation on the
quantum theory.
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VII. CQHERENT AND INcoHERENT RADIATIQN;

THE RANGE OF VALIDITY OF THE THEORY

fl, Scattering from atoms with degenerate states
Consider one scattering atom with a doubly

degenerate normal state. The two states into
which it splits under the action of an external
field we call n and m. Let the atom be initially in
the state n. After scattering, the atom may
return to n, having emitted a light quantum s.
It may also happen that a light quantum has
been scattered but the atom is found after
scattering in the state m. The probability
amplitudes for the two states we write y(n, 1.),
y(m, 1,). The two states are orthogonal, and,
therefore, the total chance of a light quantum s
zs:

j q (n, 1,) j'+ j q (m, 1,) j'.

Let there be two scattering atoms located
suSciently far from each other to make the
rescattering by II of the radiation scattered by I
negligible in comparison with the direct scatter-
ing. In the absence of II atom I, scattering by
itself, would produce probability amplitudes
y'(nz, 1,},y'(mz, 1,) for the states in which it is

in the normal substates nz, mz, respectively, and
in which there is a light quantum of type s.
Similarly in the absence of I atom II, scattering
by itself, would produce probability amplitudes

q "(nzz, 1,), q "(mzz, 1,} for the normal substates
of atom II. When both I and II are present the
scattering occurs by either I or II going to an
intermediate state and returning to one or the
other of the normal states. The probability of
both atoms changing their state on scattering is
thus small and may be neglected. Supposing that
the initial states of the atom are nz, nzz, the
probability amplitudes which appear after
scattering are:

rp(nz, nzz' 1.)= p'(nz 1 )+p"(nzz, 1 ),

y(nz, mzz, ' 1 ) = y (mzz, 1 ),

v(mz, nzz, 1,)=pz(mz, 1,).
Here q(mz, nzz, 1,) is the probability amplitude

for atom I to be in mz, for II to be in nzz, and for
there being a light quantum s. The value of
q (mz, mzz,. 1,) is of a smaller order of magnitude
as has been explained above. The total chance of
finding a light quantum 1, is, therefore,

j q"(nz, 1 )+p"(nzz& 1 ) j
'+

j p'(mz, 1,) j
'+

j
y"(mzz, 1.) j'.

Similarly, for three scattering atoms the probability is

j y'(nz, 1.)+tl "(nzz, 1.)+v"'(nzzz, 1.) j'+ j e'(mz, 1.) j'+ j
v" (mzz, 1.) j'+ j v"'(mzz, 1.) j'.

The probability is seen to consist of two parts.
One of these of the form (133') is the square of a
sum and implies interference of probability
amplitudes. Another is a sum of' independent
contributions. The first part may be said to be
due to coherent and the second to incoherent
scattering. The scattering due to the return of
atoms to the initial state is coherent. The
scattering due to the transition into another
atomic state is incoherent. It should be empha-
sized that it does not matter whether the energy
of the new atomic state is different from the
initial energy. It is only important that the two
states be orthogonal. The fact that the transitions
to n and m may give rise to different polarizations
is also irrelevant, since coherent waves with
mutually perpendicular polarizations may inter-
fere when one of them is passed through a suita-

ble optical instrument (quarter-wave plate, for
example).

The above distinction between coherent and
incoherent radiation is identical with the original
terminology of Kramers and Heisenberg j Eqs.
(48), (53)J. Before Dirac's theory of light quanta
the most direct reason for supposing (48) to be
the coherent part of the scattered radiation has
been that it has the correct frequency. As has
just been explained there exists also incoherent
radiation of unchanged frequency. Thus, the
summation in (48) should be thought of as
including only one substate of J' if J' is de-
generate.

If the degeneracy of an atom is due to the
spherical symmetry of the field, it may be
removed by applying a magnetic field in any
direction, The atom is then space quantized. The
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scattering due to the atom leaving a magnetic
sublevel m, of the lower state, going to a sublevel

p, of the upper state and then returning to the
same m, has coherence properties. This scattering
contributes to the refractive index. The scattering
due to a transition from y to a different sublevel
m' of the lower state is incoherent and has no
effect on the refractive index. The average
contribution to the refractive index per atom
must be independent of the direction of the
magnetic field if the field is weak Lspectroscopic
stability).

If the magnetic field is parallel to the electric
intensity of the incident light, the absorptions
mme are due to the x components of the Zeeman
effect and, therefore, the coherent scattering
pm' is also due to the ~ components. If the
magnetic field is now turned so as to be parallel to
the direction of propagation of the light wave,
the coherent radiation is due to a components.
For a given initial m there may be either just one
coherent o component emitted or else there may
be two. In the first case the o component must
interfere with another oppositely polarized a
component due to another atom in another initial
state so as to give a resultant linear polarization
in the direction of the electric intensity of the
incident light wave. If there are two 0. com-
ponents ending on the same m then it may also
happen that they will combine into a linearly
polarized wave for a single atom. (See example of
mercury resonance radiation below. ] Such a
combination can happen only for the coherent
part of the scattering.

If the arrangement of the scattering atoms in

space is so irregular that no interference of
radiations from different atoms can take place,
one can still observe the scattered radiation, as is
the case in experiments on resonance radiation.
Again the intensity and the degree of polarization
of the scattered radiation cannot depend on the
direction of a very small magnetic field. This
comes about through the interference of
components due to a return of the atom to the
initial magnetic sublevel m. The mathematical
theory of this phenomenon is given in VII, $4
below. There are, thus, two types of possible
interference between radiation in the Zeeman
pattern: the type responsible for the refractive
index and the whole coherently scattered radi-

ation; and the interference which may take place
in resonance radiation between two Zeeman
components due to absorptions from m to p, and y'
and the return from p, and p' to m. The first type
is illustrated by Na below and the second is
illustrated by Hg.

We consider the resonance radiation of mer-
cury (neglecting the nuclear spin). The normal
state has an inner quantum number j= 0 and for
the excited state j=1. The scattering gas is
supposed to be in a magnetic field directed along
the electric intensity of the linearly polarized
incident beam. The magnetic quantum number
for the upper state can be m. =1, 0, —1; for the
lower state m=0. The transitions 1-+0, —1-+0
are circularly polarized (a Zeeman components).

$(

ElllH E J 5'
Vio. 3. Zeeman diagram for %2537 of mercury.

The transition Om0 is linearly polarized (ir
component). The scattered radiation is due to the
excitation to m=0 and is, therefore, linearly
polarized. If, on the other hand, the magnetic
field is perpendicular to the incident electric
intensity, the scattered radiation consists of two
frequencies (the two 0 components) each of
which is circularly polarized. Since the atom
returns in each case to the initial level, the
circular components may interfere. As long,
however, as the frequencies are appreciably
different, the interference is ineffective even
though it exists because the resultant linear
vibration has a rapidly precessing axis. When the
frequencies differ so little that the axis cannot
precess through an appreciable angle during the
time (2~I') ' the radiation is again linearly
polarized this time as the result of the inter-
ference of two ~ components. For small JJ there is
thus no difference between different directions
of IS. This is, of course, as it should be by the
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principle of spectroscopic stability. ~ We see that
in this instance this principle is satisfied by the
ability for interference of quanta having opposite
directions of circular polarization. The experi-
ments of Wood, Ellett and Hanle on the de-
polarization in weak magnetic fields may be
regarded as demonstrating the interference be-
tween circularly polarized quanta of slightly
different frequencies. This results in a linearly
polarized quantum with a precessing polarization
axis. It should be remembered, however, that
from the point of view of our theory it is the
probability amplitudes of light quanta having
precisely the same frequency that interfere. We
deal, therefore, with the overlapping of the
spectral ranges of the scattered radiation due to
the two o components. The quantitative features
of these phenomena will be dealt with in the
section on the polarization of resonance radiation.

We consider next the scattering by sodium, and
for simplicity we take into account the Di line
only. The possible transitions and the corre-
sponding polarization characters are shown in the
Fig. 4. Initially, we may suppose half the atoms

Only the coherent part of the scattering is of
importance for the discussion of the refractive
index of a gas. For any system of atoms satisfying
the conservation of angular momentum we can
apply a small magnetic field in the direction of
the incident electric vector. We then have to
consider only the s components. The plane of
polarization is unchanged. There is no double
refraction and no rotation of the plane of
polarization. If a magnetic field of appreciable
magnitude is applied in the direction of the
propagation of light, the o components are re-
sponsible for the coherent scattering and a
rotation of the plane of polarization results. This
is the essence of the Faraday effect of the
magnetic rotation of the plane of polarization.
The difference between the Faraday effect and
the depolarization of resonance radiation con-
sists, thus, in the fact that the Faraday effect is
concerned only with coherent scattering while
experiments on resonance radiation are affected
also by the incoherent radiation.

Interference between Zeeman components as
connected with the polarization of resonance
radiation has been discussed by Heisenberg and
Pauli~ before the invention of quantum
mechanics.

fj2. Emission from atoms with degenerate states
Again, consider an atom definitely located in a

certain excited state at the time 1=0. Let the
normal state be doubly degenerate as before. For

Fio. 4. Zeeman diagram of Di line of sodium.

j(
Tr

to be in the s state with m = $ and the other half
in the s state with re = —$. For E

~
)H we obtain

coherent scattering of the x's and incoherent
scattering of the r's. For EJ H it is the o's that
are scattered coherently while the e's are scat-
tered incoherently. If H becomes very small but
J E, the polarization of the coherent part of the
scattered radiation is again that of the a.'s, as
though H were [ ]E, on account of the inter-
ference between the coherent o's.

u%. Heisenberg, Zeita f. Physilr 31, 617 (1925); %.
Pauli, Qaasfestkeork Handhsck der Physi, Geiger-Scheel
XIH, 80-108.

FiG. 5. Interference of linearly and circularly polarized
quanta.

example, at the time t =0 we may have the atom
in the m = $ magnetic sublevel of the p, state of
sodium in the last illustration of scattering. The
atom may pass into either of the two normal
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levels emitting either a xr or a &r component. A
group of nondegenerate scattering atoms may be
used to test the resultant radiation for coherence.
To illustrate our point we shall use linear
oscillators for the scattering atoms, the line

joining the scattering atoms to the source will be
perpendicular to the magnetic field, and the axis
of the oscillators will be at 45' with respect to the
magnetic field. Both the x and the o components
will affect the oscillators. If we were to think of
the process in terms of classical electrodynamics,
we should expect the amplitude of the oscillator
vibrations to be a function of the phase of the ~
and o vibrations, Such a phase might be dinxcult
to ascertain, and it might be random for a col-
lection of emitting atoms; nevertheless, it exists
for any classical radiating system. The quantum
theory of radiation, on the contrary, does not
leave any possibility for the interference of the ~
and o vibrations in their effect on the exploring
oscillators. The xr component may be said to be
scattered coherently by the oscillators and the
scattering from them will be given by (133');

similarly, for the o components. The resultant
probability of finding a scattered light quantum
is the sum of the two probabilities.

Although quantum mechanics allows us to
discuss the scattering from an atom in a definite
state, the only meaning of the discussion is the
statistical interpretation which can be made
either by using a large number of identical atoms
in the same state or by using the same atom and
repeatedly bringing it back to the original state.
The sum total of the above discussion for
emission is thus that it is impossible to prepare an
excited atomic state in such a way as to have
depxzite phase rdatiorzships between the electro-
magnetic waves sent out when the atom jumps to
two different orthogonal lower states. Formally,
this is simply a restatement of the fact that energy
and time are canonically conjugate variables.

We now support the above discussion by
calculation. The two normal states of the
emittirzg atom we call nz, mx, its excited state rzz',

the normal and the excited states of the scatterirzg
atom (II) zxxz, xxzz', respectively. We let

ex '«"" &+"&" &&'=8' 8'(ex', xz z, 0, 0, 0, ~ ~ ) =c 8&v(m, rzz ', 0, 0, ~ ~ ~ ) =cz

8g(rzx~ xzzz', 0, 0& ~ ~ ~ ) =cxz~i 8y(rzxi xzxx~ 0~ ' ' ' 1„0, ~ ~ ) =c,„;
Working near resonance the equations are:

8y(mz, xzxz, 0, ~ ~ ~, 1„0,~ ~ ) =c

(d/2xrsdt+ v(xzx'xzz)) cz =P,(A *c +A,„'*c,„),
(d /2xridt+ v(nzx'rzzx))czx„= gQ, "*c,„,

(d /2mdt+ v(xxzz'xzxz)+ v(rzxxzz))cxx =g~ zz*c

(d/2xridt+ v,)c,„=A, 'ex+A, "czz„,

(d/2~t+ v, +v(mzrzz))c =A 'ex+A, "czz~,

A zz e-~zz(2ghv V) i(gzezxxf. zxf.)»zznzz'& A =e (2ghv V) i{pie' fz fe)nz~z

A ' ~e-~z(2~kv, V)-&(gzezxfzxf, )

The solution proceeds analogously to that of (130). If atom (II) were absent, we should have

(d/2~t+ v(nz xxx))cx'" = K~(A '~c &'i+A, „'*c,„&'&),

(d /2xidt+v, )c,„&"=A, 'cx&",

{d/2xridt+ v,+v(mxrzx)) c & & =A ~'cz&'&.

A sufFiciently approximate solution of these equations is

cz&'x =exp {—2~(v(nzz'xzx) —iFz)t },
c. "=(A '/f&r —v(xzz'rzx)+iFx)){exp {—2xri{v(zzx'xzz)-iFz)t} —exp {—2~v, t}j,
c & =A ze ~'& «z z)i/{ v —v(xzx'mx)+iFx) j{exp {—2xri(v(rzx'mz) —iFz)t }

—exp {—2miv, t }g,
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The damping constant for emission is seen to be the sum of the damping constants for the emission
of v(nr'nr), v(nr'nrr) independently as has been shown by Weisskopf and Wigner. ~

Neglecting the change in cro, i.e. , the rescattering by (I), we have on letting

ce)) = con +can(0) ) (I) ~ 4~ = C~N) +4~(0) 0) ~
CII )) crr)) (I) err~ =4I r~ 0)

the following pair of mutually independent sets of equations

(d/2rridt+v, )c, &') =A "crr &')

(d/2+idt+ v(nrr'nrr)cxlau' = ZA ' *(c,„&')+c,„&')),

(d/2rrMtyv, )(c "'e'~)~(~rwx)~) =A (4rr ("e ~(~(~x~r)~)

{(I/2xidt+v(nxx'nrx))(cxr ' e "~(~x"r)~) = g,A *(c~ o pc, )e
'

I

The solution of the first set is given by (131)directly. The same formulas apply to 4,„(')e'~("("I"»',
cxr &')e' '"' I"»' for the second set. The probability of a light quantum of type s is given by ~c,„~~

+ ~c, j
~ exactly as though there two kinds of incoherent scattered radiation described, respectively,

by the probability amplitudes c,„,c, . We shall make use of this fact in the next section.
In the classical theory the scattering by an atom depends on the square of the electric field of the

incident light wave. We expect that in the quantum theory it should depend on the qrrantrrm mean or
"expectation" of this quantity. This is the case as may be seen from the following consideration.

Using expression (4) for 8 we form the component of 8 in a given direction defined by the unit
vector f

(f8) = —+,2~i(ff,){v,/V)&/a, e +"—ia,+e~").

We form the square of this quantity. In the result we interchange the position of a, and a,+ so as to
have them always in the order a,a,+. The resultant quantity is directly related to the probability of
scattering. To evaluate it we use the values of the matrix elements.

(a, a,")~, , ~, : ~, -I, ~, -x = (h/2~)(N, N, ")&,

{a,+a,"+)~„,.v,";N, yx. rv, "yx = (h/2m)(N, +1)&(N,"+1)&) (s' gs")
—i(a, +a,")~, , x;; v, +r, x, ~ —I= (h/2x)(N, +1)V?,"I,

(a~,)~„N,-2= (h/2)r)N, &(N, —1)&; {a,+a,+)n, , x),pi = (h/2m)(N, +1)&(N, +2) &)

-i(a~,+}x, v, = (h/2x}N„ —i(a,+a,) = (h/2x) (N, +1),

and the general formula (61) for the quantum mean. Confining ourselves to cases in which the
probability amplitudes exist only for those states in which there is not more than one light quantum
present we have after an easy substitution the desired quantum mean at the point r

(f8)~ =2 ~ {4)rh/ V) I (ff,) v, Ie)""4
~ I

~ (138)

where the index n refers to the state of the matter.
This should be compared with the last equation

(130) and the second equation (130"). The
absorption by the atom (II) depends on PA, "*4,.
To within the approximations made throughout
the present treatment we cannot distinguish
between the factors v, & in A,"and v, & in (138).
Otherwise these two quantities differ only by a
constant factor if f is taken along (Pe,f,)„x

Formula (138) shows again the lack of co-
herence of probability amplitudes referring to
different states of matter. It shows also that

Q,{4xhv,/V}'e'+ rc„,f, (138')

is analogous to the electric intensity of classical
theory. The square of the absolute value of the
vector (138') determines part of the scattering by
an atom put at r. The total intensity of scattering



QUANTUM THEORY OF DISPERSION

is the sum of the intensities due to {138') for
different n.

(f3) Unidirectional emission of quanta

In all the preceding discussion we have sup-
posed the nuclei of the atoms to be fixed in
position. We shall now take into account the
motion of the nucleus. It is well known that the
emission of light leads to recoil actions on the
atom. According to Einstein, whenever a light
quantum is emitted the atom should suffer a
change of momentum numerically equal to hv/c

and opposite to the direction of emission exactly
as though the light quanta were unidirectional
darts each of momentum hv/c. It is known, on
the other hand, that the light emitted by an
atom resembles a spherical wave in many of its
properties. Thus, for example, the radiation
scattered by a collection of atoms interferes as
though each atom were the source of spherical
wavelets. Similarly, in any discussion of inter-
ference phenomena, such as Newton's rings, it is
very necessary to be able to consider the radia-
tion emitted in different directions by the same
point of the source as coherent. Experience
shows that this view leads to correct results. The
argument of Einstein about unidirectional emis-
sion and the classical requirements of interference
are at first sight in conflict with each other.

The reconciliation of the two demands can be
reached by inquiring more closely into the
meaning of the conditions dealt with in both
considerations. It is at once apparent that in
Einstein's discussion we have to deal with con-
ditions in which the momentum of the light
quantum and the momentum of the atom are
definitely known. "According to the principle of
uncertainty this automatically excludes the
knowledge of the positions of the atoms and thus
makes a discussion of interference impossible.
On the other hand, in discussing interference we
suppose the position of the atoms to be known so
that the momentum cannot be ascertained.
Under these circumstances the atom may be
said to emit spherical waves. We can say if we
wish that the atom must be held fixed in order
to emit a spherical wave.

"C.Eckart, Phys. Rev. 34, 167 (1929);%. Heisenberg,
Principles of the Quantnrn Theory, University of Chicago
Press, 1930; G. Breit, J. Opt. Soc. Am. 14, 324 {1927).

It is uncomfortable to have this differentiation
without seeing more clearly just what determines
a sufficient degree of fixedness for the atom in
order that radiation emitted in different direc-
tions could be considered as coherent. The
purpose of this section is to clarify this point. We
shall concern ourselves only with the essential
qualitative features of the problem and, there-
fore, shall suppose that the ratio of the nuclear
to the electronic mass is large and that the wave-
length of the emitted light is long in comparison
with atomic dimensions. For the sake of simplic-
ity we discuss the hydrogen atom although all

the essential deductions apply to many electron
atoms and molecules as well.

We denote the coordinates of the electron and
nucleus by indices e and n, respectively. The
relative coordinates and the coordinates of the
center of mass are then given respectively by

r=r, —r„, R=(mr, +Mr„)/(m+M)
and

r, = R+LM/(m+ M) jr,

r„=R —$m/(m+ M) ]r,

and where m is the mass of e and M is the mass
of n.

It is well known that the Schroedinger equa-
tion is separable in the variables r, R. The
eigenfunctions which contain r are exactly those
for a particle of mass p, =mM/(m+M) and a
fixed nucleus. The eigenfunctions containing R
are those for a free particle of mass M+m. The
stationary states of the whole atom, therefore,
can be described completely by assigning quan-
tum numbers to the relative coordinate states
which we call rt and by assigning momenta to the
center of mass. The latter we denote by the
letter P which stands collectively for the three
components of momentum P„P„,P,.

Initially (at the time t=0) we suppose the
atom to be in the excited state n'. Its momentum
we shall not specify exactly. Instead we suppose
that there is a probability amplitude, C(P)
which by the square of its absolute value
determines the probability of there being a
momentum P. Since the momentum has a
continuous range of values, C{P) must refer to an
element of volume in the momentum space
(P„P„,P,). Thus, the probability of there being
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a momentum in the volume element dPQPQP,
shall be j C{P)I 'dPQPvdP, . In the course of time
light quanta are emitted. Correspondingly, there
appear probability amplitudes C.(P'). These refer
to states in which there is a light quantum of type
s and the electronic state is n. The probability of
finding such a light quantum and simultaneously
of having the atom in the normal state while the

momentum is in the volume element dPQPQP,
shall be

I C (P) I,'dPQPQP
In order to find the relations between the

probability amplitudes we go back to the general
Eq. (110). In this the state of the matter was
described by the index n, which denoted col-
lectively all the quantum numbers. In the present
case we replace this index by two letters n, P. We
have, thus,

(2~h)&a'~. ~ p. =(e/2)f, L(p,/nr)e +"~—(y„„,/M)e +"~ j„,p. „.p. ,

The operators representing the velocities of the in comparison with the wave-length of the light
electron and the nucleus are connected by we may approximate the above value of
relations quite similar to those for the coordi- a'„, p; ., p. by
nates. For a heavy nucleus and for an atom small

(2gk) &a'„, p. „,p = (e/2')(f, y), , (e +)p, p, (139)

where p is the relative momentum, conjugate to
the relative coordinates r. We see that the whole
matrix element splits in this case into two factors.
One of these (f,p), „ is exactly as though the
nucleus were fixed. The second refers to the

motion of the center of mass. The eigenfunction

k-&e" ""&P'R

represents a state of constant total momentum
P'. Since

hIL.
e e~+y&;Iag Ia

b P, PI-—en~'Ii) +gP+PQP,
2g

we have by the general expansion theorem
)cf. {70)]

where

and
A, ~ (2~h v, V) &(g;e;f;f,) ~ (141')

(e '+~)p p = b(P, P —hit, /2x) (140)

and similarly

(e+ )p p = b(P, P'+hk, /2'). (140')

Using (139), (140), {110)and proceeding quite
analogously to the treatment of emission from
fixed atoms Lcf. (122)j we have:

(
d (P —6,)'

+ +i, C,(P-G,) =A„C(P),
2~idt 2Mk

(141)

(
ps

+—+v(n'n) C(P) = Q,A.~C.{P—6,),
2~idt 2Nh

G, =kk. /2x = (k,/k, ) (hv, /c). (141")

The vector 6, is usually called the momentNnt

of the light ycantnni. Eqs. (141) are seen to
connect probability amplitudes of states mtk the
savne to&i linear ntontentunt. Thus in the state
referred to by C(P) the linear momentum is P,
there being no light quanta; in the state referred
to by C,(P-G,) the light quantum has a rno-
meutum 6, and the matter has a momentum
P-G„giving again P for the total.

Initially we have supposed all C,(P) to be zero.
An approximate solution of (141)can be obtained
for these initial conditions quite similarly to the
way in which (125) was obtained from (122).
Thus~

C(P) = Ci i(P) exp I
—2mTv(n'n)+(P /2Mk) —iFjt I,

(142)
exp I

—2xiLv(n'n)+(P'/2Mk)-iFjtI -exp I
—2~iI v, +((P—G,)'/2Mh) jt IC,(P—G,) = Cioi(P)A,

v.- (PG,/Mk) + (G,'/2Mk) —v(n'n) +iF
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where C'e)(P) is the value of C(P) at the time
t=0. Eqs. (142) thus describe emission in terms
of the initial probability amplitudes for different
momenta of the emitting atom. The damping
constant I' is a function of P. Its dependence on P
is slight provided M is large. In order not to
complicate the discussion we shall neglect the
dependence of I' on P.

Eq. (138) gives the effective value of the

square of a component of the electric vector as
observed by means of an exploring atom. In its
derivation the stationary states, which have been
denoted by n were supposed to be discrete. In the
present problem the stationary states are con-
tinuous and are denoted by P. The summation
over n must be replaced by integration over
P„P„,P,. We have

4xh
(f6)'=—P (ff, )(ff,")(v(s')v{s"))~e-«""-""')" C,.'v(P)C, .{P)dgp,

y I&, ,»
(143)

where
dOp dPQPQP, . (143')

The integral over dOp is seen to determine the
coefFicient of e&a' " " ')' in the Fourier expansion
of (fG)'. In order that (f8)' be localized in space
it is necessary for these integrals to have appreci-
able values for the probable ranges of k, , k,".
The localization of the light intensity in space at
a given time may be thought of as the result of

the interference of the light quanta k. , k, , the
effectiveness of the interference being determined
by the integral over dOp in (143). The propa-
gation of the light wave is then described as the
motion of the interference fringes formed by k, ,
k, and is brought about by the time dependence
of the integrals over dQp.

The same point of view can be taken also in
classical electrodynamics. Here

(fG)'=P(4H/V)(v{s'}v(s"})&(f.f)(f. f)fa, a, & e'&""'-"&"+a, a,. e«""-""')'
~»

a,a „e-&os,~+i&, )r a,+a „'ve&&k, +4 ~)r] (143 )

When the motion of the emitting system has
subsided the a. depend on the time as a, (0)e' '""
)see (I')j. They are thus analogous to the
C,~(P). The first two terms in the brackets of
{143")are similar to (143).Their dependence on
the time has the character

e&)x&(& (~ ')-r(e")) l

The v(s'), v(s") cover a range of the order of
magnitude of I'. These terms in a, a,"~ represent,
therefore, the motion of the interference fringes
through space which takes place for a given point

in approximately the time (2irI') '. The terms in
a, a,", a,.~a, ~ depend on the time as

exp L+2m(v(s'}+ v(s"))tj.
They represent high-frequency changes in the
light intensity. They have no analogon in (143).
This is due to the fact that only states of
approximately equal energies have been con-
si'dered, The absence of high-frequency fluctu-
ations in the light intensity is not serious since
such fluctuations are usually not accessible to
observation. We have:

C,.~(P) C, .(P)dOp =A, A,"I(s', s") exp [2iri(v(s') —v(s"))tj~ ~ ~

PG. G. &

I(s', s"}= C~'(P+G, )C"(P+G,") —1+exp —2+i(v(s') —v(n'n) ————-il')t
Mk 2Mh

PG," G,"~ PG, G—1+exp 2iri (s")—(n'n) — ——+iI' t (s') —(n'n) —————i I'
Mk 2Mb Mk 2Mb

(144)

PG." G. '
X v(s") —v(n'n) — ——+iI' dQp. (144')

Mk 2Mb
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It is useful to have an expression for I(s', s"}also in terms of the wave function P(R) describing the
state of the center of mass of the atom at t = 0. We have Lcf. (61')7

P(R) = h &C'(P)e'~' "~'dO C'(P) = k-&f{R)e "a'"dO (145)

The terms in [ ] of (144') can be expressed as a double integral of exponential functions. This
substitution and the substitution of C~(P+G, ), C{P+G,") by means of (145) give I(s', s") as an
integral which reduces, on integrating over P, to

G,2

4n dt'dt" f~(R') b R' —R"+—— P(R") exp —2~i v(s') —v(n'n) ———il' t'
M 3I 2Mh

We let

and we have

G. ' 2~i
+2~i v(s") —v(n'n) ——+il' t"+—(G,.R' —G,"R") dOs dOs .

2Mh k

R =R'+ G, t'/ilI =R"+G; t"/M

G, t' G;t" 2gi
I(s', s")=4m' dt'dt" P~ R ——P R — exp —(G, —G,")R

0 0 M M k

G,' G, '
—2)ri v(s') —v(n'n) — —il' t'+27ri v(s") —v(n'n) ——+il' t" dOa. (146)

2c1Ih 2Mh

By substituting into (143) and using {144):

16m'h G, r G 2

(f8)~ = Q(ff )v, 'A,e'"" "'" f R ——exp 2s.i v, —v(n'n)+il'+—
V 0 M 2Mk

2siG,R
dr dOR. (147)

h

If M is made very large the distance G.~/M can be made so small for all the important values of r
that f(R—G,r/M) is practically the same as ))t(R). For such sufficiently large values of M (147)
simplifies into

41l k e—2s a(v(n's) —ir) i e—2eij ~ t 2

(fg)'=— P(ff,)v, &(A,e '"&)e+" . lk(R) l'dO&
e v, —v(n'n) +il'

(147')

By (141'), (122') A,e + is just what A, would

be for an atom with a fixed nucleus put at the
point R. Comparing now (147') with (138) and
the emission solution (125) for fixed nuclei we
see that (147') may be thought of as the result of
adding the light intensities at the point r due to
atoms at the points R, each intensity being given
a weight ~p(R) ('. In this approximation, there-
fore, tke points R of tke initial mare package may

be considered as emitting independent and inco-
herent spherical tuaoes {cf. (130"')j. If the wave
package is made very small, the spherical waves
differ very little from each other and the
propagation of (f8)' becomes identical with that
of a fixed atom.

We call the waves represented by the integrand
of (147') spherical because we have already seen
f(130}, (130'")j that their effect on scattering
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atoms is exactly as though we had a spherical
wave of total energy hv(n'n) emitted. It may also
be verified directly that the summation over s
leads to a wave of this character. The calculation
is exactly similar to the one made for {130"').
Keeping v, constant and averaging over the
directions of f, the average value of (ff,)A.e'~ &'-")

is found to be

»n u. lr —Rl
ft t') {Qe,f,&"))„„(2xhu,V)

—I

2&, lr —Rl

where the superscript (p) indicates that instead
of the vector one takes its vector projection in a
plane perpendicular to the line of r —R. Substi-
tuting and performing the integration over v„ it is
found that

e-2st(r(n'n)-tr)(t —) I—R1/c) 2

(f8) =82rpv2(n'n)C ~lf&")(Qe,f,&")}
l f(R) l'dQR,

lr-Rl
ct)ir-R)

the integrand being zero if ct &
l
r —R

l
and

otherwise having the value written above.
Allowing 4irI'/ to be large, using {124),and taking
the integral of 8,2+8,2+8,2 over all space we
obtain

42rh v(n'n),

so that the energy of the electric field is -', hv(n'n)
and the total energy is kv(n'n).

In order to obtain the approximation (147') we
had to suppose that a change in R of the amount
G,r/M produced no eHect on the value of f(R).
The expansion of $(R) in terms of C&"(P) shows
that this is accomplished if the range of values of
P for which C&P) (P) is appreciable is kept constant
and if M increases indefinitely. In the limit of

infinite M the atom has then the velocity
P/M=O. The limiting form (147') corresponds,
therefore, to atoms of an infinite mass and at
rest. The limit of infinite mass may be approached
also in such a way as to represent moving atoms.
This condition is obtained by keeping C&p)(P)

constant for a given dP when P=Pp+hP. The
velocity of the wave packet is then Pp/M. This
quotient is kept cdhstant as M approaches
infinity. Thus, we let

ttt {R)= e&2r 'P)e+x(R) (148}

where x(R) is independent of Pp and suffers a
negligible change when R is changed into
R —G,r/M. Substituting this P(R) into (147) we
have:

4~k (ff,) u, IA,e-'a, &R-r)

(«&'=—Z Le ' '"'"'"'+ o '~" ' "—e 2 '"' j lp(R) l2dQR. (148')
V ' v, —v(n'n) —(PpG, /(Mh))+iI'

This represents the emission from a mo2)ing atom
with neglect of the spreading of the wave packet
due to different values of P/M. If I' is small the
emitted frequencies are given by

v, —PpG, /Mh = v(n'n),

which on using (141")becomes

v, = v(n'n)/t 1 —(Pp/Mc) {Ir,/k, )j
which is the Doppler eHect formula for emission
from a moving source. Similarly to (147'), Eq.
(148') can be interpreted as the superposition of
the intensities of light emitted classically by
moving point sources R the velocity of each point
being Pp/M.

Both (147') and (148') are approximations
valid only as long as G,r/M is small in com-
parison with the dimensions of the wave packet
f(R). The important values of r lie in the range
from r =0 to values equal to several times the
mean life (4xF) '. This restricting condition may
be written

lbRl»(lG, l/M)(22rI') '. (149)

It means that owing to the recoil action of the
emitted light quantum the atom during its mean
life should move through a distance which is
small in comparison with the size of the wave
packet. Supposing that the spread in the
momentum l hP

l
has an order of magnitude

given by
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we have

IMARI

jrhPI h/(2%),

( I ZIP I /M) ~ (I /c) «F. {149')

For ordinary wave packets the condition (149)
expressed in the form (149') means that the
momentum distribution should be so sharp as to
make the changes in the Doppler effect due to the
spread of possible values of the momentum
negligible in comparison with the line breadth. If,
therefore, the line is so narrow that the Doppler

effect due to M is readily observable the points
R of the wave packet cease to act as sources of
independent and incoherent waves.

By (140) the strength of the interference fringe
between the light quanta s', s" is determined by
I(s', s"). Neglecting G,r/M in f of (14/) is
equivalent to sieglecting changes in P in the
denominators of (144'). The integration over
dOp in (144') becomes confined to the numerator.
The absolute value of

C (P+G )C (P+G, )dap= y (R)ea 'I"i& " "'i~(R)dOR (150)

may be taken as a measure to within which the
strength of the interference between s', s" is
preserved by the wave package. The most
favorable condition for all frequencies is to have
a very concentrated f(R) and a flat C'(P). In
order that interference be pronounced we, thus,
want

I
aR I «X =c/v. (150')

This restriction is of an opposite kind to that of
(149). If M and F are such that both (149) and
(150') can be satisfied the conditions for the
emission from stationary atoms can be approxi-
mated. The conditions (149), (149') are always in
the way of approximating the emission from
stationary atoms quite exactly. For a hydrogen
atom taking {2vF) ' to be 10~ sec. and kv 5
volts the right side of {149)is of the order of 10~
cm which is not very small in comparison with
the wave-length.

If both (149) and {150')are to be fulfil)ed then
it follows a fortiori that

2~F)&h v'/Mc', (151)

so that there is not much meaning to the inclusion
of the term

G,'/2Mh =kv, ~/2Mc'

in the exponential of (147). This term changes
the frequency v(r«'s) into «(r«'««)-G, '/2Mh. It
represents thus the freqac««cy char«gc dlc to the
recoil of a stationary atom. It is closely allied to
the Compton effect. In order that this frequency
change be observable it is necessary to have

F«kv'/2Mc«. (152)

It is, thus, impossible to observe it satis-
factorily under the conditions required for
approximating a spherical wave since these con-
ditions lead to a directly opposite requirement
(151). In addition we must also require

jlB'I «hv/c, (152')

which, for wave packets satisfying IMARI IBPI
h/(2~) leads to

x«2 IMARI. {152")

The wave packet must be thus spread through a
region large compared with the wave-length.

Since (152) means that the distance travelled

by an atom due to recoil during the time (1/2F)
is large compared to ) the term G,r/M cannot be
neglected in (147) for cases where the line is
sharper than the frequency shift G, '/2Mh. The

I
' in (147) depends now not only on the value

of
I f(R) I

' but on the special phase relationships
between all the f(R—G,r/M). No single point of
the wave packet can be considered now as
responsible for the coefficient of dQR. On the
contrary all points on half a straight line

Pt —(G,r/M){0&r&~)) in the initial wave
packet are seen to interfere. There is no question
of resemblance to spherical waves after the
integration over r has been performed. The
spherical uevcs due to each dr ir«there artd give

risc to ur«ahrcctior«al glar«ta having different
frequencies in different directions and described

by (142) for small F and I hP j.
The above relations may be illustrated by

means of the Gauss error curve wave packet used

by Heisenberg:
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{X—Xo)' (Y- Yo)' (Z —Zo)' 2«i
y(R) -«-I(~X ~ Y ~Z)-I exp — —,— +—(P.R),

2(aX)» 2(a Y)» 2(az)» k

R=(X, Y& Z) I Ro=(Xoi Yo~ Zo) (153)

Here hX, d, Y, AZ are numbers determining the spread of the wave packet in space. Po is a constant
equal to the mean momentum. For the evaluation of {146}we need to perform the integration over
don. It is found that

6;t' 6;.t"
R ——exp L(2«i/k)(6, -G, .)Rjg R— dOa

M M

=exp
(G..t' —G.;.t")» «(G...—G.,-)ZX»-

+
4(AX)»M» k

2«» G, t'+G, -t" P,
+—(G, -G, ) Ro+ +—(6;t' —G, .t") . {153')

k 2M M

Tge terms of second degree in t', t" may be neglected in the approximation (148). Doing so and
introducing dP, by

SX M.=k/2»

it is found that:

(s-»xi(s'-i i') l 1)(s»vi(s"+ir) i 1) (G„—G„")'
I(s', s")= exp —(G, -6,")Ro-g, {153")

(z' —iF)(z"+iF) k '&' 4(b,P,)»

where
PoGs Ge Ge ~z'=.(s') —.(~'~) — '+ '
Mk 2Mk

PoGe" Ge G, ~

z"= ) (s")—) (»»'»») — +
Mk 2Mk

The terms G, G,"j(2Mk) do not have much significance since t' has been dropped in {153').The
factor

(G„.—G„)»
exp

4(BP~)»

(k„—k,")d,X
=exp

2
(153/I/)

represents the blurring effect due to the space
distribution of the wave packet. By (147'}, (148')
it should be the same in absolute value as

exp [i{k,—k; )Rj I f(R) l
&

which is readily verified using (153).

$4. The polarization of resonance radiation
The polarization of resonance radiation has

been treated by means of Dirac's theory of light
quanta by Weisskopf. ~ The theory of the
absorption and scattering by an atom from a
nondegenerate state presented above in VI, $3

has been extended by him to cover the case of a
degenerate normal state and a degenerate upper
level. The intensity of radiation scattered due to
a given frequency of incident radiation ) {so) is
then integrated over ) (so). The results are applied
to the calculation of the angle of maximum
polarization in the special case of a nondegener-
ate normal state (j 0) and a triply degenerate
upper level.

The theory is easily generalized so as to cover
the possible cases of groups of hyperfine structure
levels which arise in practice. The calculation can
be made simpler by avoiding the integration over
the incident frequencies. The resonance bulb is
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supposed below to be subjected to the action of
radiation from an atom having a fairly large
damping constant l'z. We make I'z large in
comparison with the damping constant I' of the
scattering atom and we thus approach the
condition of white radiation being incident. The
calculation is very similar to that of VI, )4. We
refer to the sublevels of the normal state by m

and to the sublevels of the upper level by p. The
scattering atom is supposed to be initially in a
definite sublevel mp. The emitting atom is taken
for simplicity as having nondegenerate states.
We use the following probability amplitudes:
c, for light quantum s, scatterer in m, emitter
in normal state; c„ for no light quantum,
scatterer in )It, emitter in normal state; cz for
no light quantum, scatterer in m, emitter in
excited state. The transition frequency of the
emitter we call vz, the transition frequencies

between tt and m of the scatterer v„', by A, ' we
mean expression (122') for the emitter, by A, "&

the same expression for the scatterer using
n=m, rz'=tt, . We have to solve the equations

(d/22(idt+v, +v(m))c„=A, 'cz, „+g„A, &c„,

(d/2zrzdt+ vz+ v(m)) cz, =P,(A,')~c..

(d/2xidt+ v(p))c„=P.. .„(A,"&)*c, „,.

If there were no scattering the solutions would be
(0) —

dI e
—2ru(ui+upg-I I' t) t

Z, un un, uno

e—2«(ut+u»~ —u I'I) t e—2»t(uu+u»i) I

cu, uuu ~rn, unou4 u

v, —vz+zl z

Analogously to (130") we have:

{d/2rridt+ v, +v(m))c, ,
(') = P„A,"&c (')

(155)

(d/2zridt+ v(tt))c„("= g, , (A '"&)*(c, ( )+c ('))

and similarly to (130"')
(A untu)4C (0) K g e-2»i(ut+u(»u) —i I'I)(t—r)2(u( u ) tun =

ttun ntrnt

K»u= {ef')n " (@ ) "z"z' " /(Rzz zlzc ); r =&zz z/c.

We let t' = t —r and we look for solutions of the type

C„'"=K„'eXp j —2irZ(vZ+v(mp) —il', )t'I,

c„„"'= pK„'A, '"&pv, —vz+il'z+ v(mmp) j 'j exp j
—2~i (vz+ v(mp) —il'i)t'I —exp j

—2+i(v, + v(m))t' I j.
Substituting these into (155) we get

K„'(v„—vz —v(mp) +zl'z) =K„,+Pi I'„„K„', (156)

where
I'„„=P (zr/b, v)(A.~n)~A, nn' (156')

analogously to {124).The bar indicates as before
an average over the directions of s. Expression
(156) is thus to within a constant factor

P j (ei) nrn(ei)rnn'+ (ej)»'(ey) un''+ (eZ) v (eZ) un»'
I .

The calculation is simplified by the fact that in
the important cases which may arise this sum
vanishes unless zt is p,'. In fact it will be shown
that

(156")

where 1' is independent of zt. That this is true is
well known for the case of no nuclear spin and

definite values of the total electronic angular
momentum for the upper as well as the lower
states. For it is readily shown that the matrix
I'„„commutes with the matrices representing the
three components of angular momentum for the
upper state. A matrix commuting with these
three matrices is known to be a constant times a
unit matrix which is in agreement with (156").If
the nuclear spin I is coupled to the electronic
angular momentum J, Eq. (156") still remains
correct. To see this, imagine the coupling of I to J
to be first very weak. The nuclear spin orients
itself in the magnetic field independently of J.
Each sublevel IIt must then be characterized by
the projections m J and mz. In this case (156")
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is, thus, correct because the eigenfunctions are
simple products of the electronic and the
nuclear-spin functions. If next the nuclear spin
is coupled more strongly to J the eigenfunctions
become linear combinations of the products. The
transformation from the decoupled to the coupled
condition can be represented as a unitary trans-
formation of the wave functions. There is one
unitary transformation S„ for the lower state a
and another one Si, for the upper one b. It is
readily seen that

jj I'»»' ll
= S& jj I'»»' ll Sb)

where the bar indicates a state of the coupled
condition. The F„„matrix transforms itself

entirely as Jz which is a constant times a unit
matrix both for the weak as well as the strong
field condition. Eq. {156") remains, therefore,
correct.

We now solve {156)for X»' and obtain possible
solutions for c»u', c,„&".These solutions are not
yet quite suitable for the discussion of the
problem because c„&'»0 at t'=0. They must be
combined with emission solutions from the levels

p in such a way that c„"' should vanish at
t'=0. The emission solutions are obtained simi-

larly to VI, $2. In the derivation, use is made of
the fact that I'„„ is F times a unit matrix. The
result of the combination with the emission
solutions gives for large t

c, u& = PA,"»K„„„e"'&"+"&»'/(v, —vi+iFi+v(mm, ))(v, —v(imam)+iF). (157)

We make Fi large and obtain by so doing the condition of radiation having a uniform intensity
distribution in the spectrum. Then

~
c,„&»

~

z = F,-'p». , »K„„,*K„., (A, »')*A," /(v, —v(I 'm) —iI;)(v, —v{z m)+iF). (157')

~cs, tn ~
dvs.

Sxhv
(158)

The number of light quanta scattered into a
small solid angle Ace having a polarization of
type s is then

This may be summed over all initial states m&

and divided over the statistical weight g, of the
lower state a. The result is the probability of
finding a light quantum of polarization s per
atom of scattering substance and per atom of the
source. The result is

f = (C/go) Q(»"'» ')(d'f)„„,(d'f),„„{eff,)„„,(ef'f,) „/(1—2nirv(p, ', p)), (159)

where f is a unit vector in the direction of the
projection of (ef')„,„, on to the plane perpen-
dicular to the line joining the emitting atom
to the scatterer, i.e, , f is a unit vector parallel to
the electric intensity of the incident light wave;
f. is a unit vector parallel to the electric intensity
which is transmitted by the nicol prism or some

other analyzing apparatus; v = (4~F)—' and is the
mean life of the atom; C is a constant involving
Rii i, Fi, F, which is of no interest to us.

If the incident electric wave is polarized in the
x direction and if the analyzing apparatus is
arranged so as transmit waves polarized along a
direction &, we may take

Iz, = (C/g )g(„'„".)(ei)„„,(ei), „(eg)„„,(e$) „/(1 —27rzv v(zz'p)).

If all the v(p, 'zz) =0, Eq. (159') gives I as the sum
of the diagonal elements of a product of 4
matrices. Such a sum will be denoted by Sp. The
direction of the auxiliary magnetic field used as
an axis for space quantization can now be
changed. The matrices are then transformed
canonically. As a result the Sp is left unchanged.

The intensities of radiations having different
directions do not depend, therefore, on the
direction of the auxiliary magnetic field. Again
the result is independent of whether one supposes
the nuclear spin i to be coupled to the electronic
angular momentum j or not. In fact, as long as
there is no energy difference between the different
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states y, coupling t' to j simply means working
with proper linear combinations of uncoupled
states. Such a linear transformation for the upper
states may be represented by a unitary trans-
formation Ss. Similarly, for the lower state there
is a similar S,. The matrix product occurring in
(159') is transformed canonically with Ss and the
Sp is unchanged. We see, therefore, that if i is
coupled so weakly to j that the frequency
differences between different kfs levels in the
upper level are small in comparison with the
natural breadth 1/(2sr), the degree of polariza-
tion of the resonance radiation is the same as
though there were no nuclear spin.

We consider next upper states having kfs
separations which are large in comparison with
the natural breadth. We use thus all terms in
(159') except those for which p and p' lie in
different hyperfine structure levels. Let the hfs
levels of b be denoted by y and those of a by f.
The matrices involving only one q and one f are
called submatrices and are written

x ~=(z'„„), x~ ={z )

and similarly for y and z. For any direction of
polarization g the intensity of radiation in the
absence of a magnetic field is

I&={C/g.)g P Spl (zi) ~(ei)«(eg) f'(e$)~' j. {159")

We have the following relations~ for any vector with components having the same commutation
relations with J„J„,J, and F„F„F,as (ci), (ej), (zz):

Spg(ei) +~(ei)~+'(ci) &'~'(si) ~'+j SpDej) +~{ej)«'(ejj) &'f'(ejj)f'+'j= Spg(ei) +~{zi)~+'{ei)+'~'(ei) f"j,
(160)

Sp[{ei)«(ei)z~'(ejj) ~'~'(ejr)1's'j Spt (ej) ~r(egj)~+'(ez) +'~'(ez)~'& j=Spg(ez) ~f(ez) la'(Ci) e'I'(zi)f's j
Spf(ei) &~(ei) ~ +(ei) &f'(ei) ~'&j+2Sp/(ci) +~(ei)1+(ej) +~'(ej) ~'+j= (2y+1)A '~A +~'/3, (160'}

~here

A"'-E~f i(zi)" i'+i(~)"', i'+i(zi)„., i'k

is proportional to the transition probability from p to f and is independent of p.
The Eqs. {160)show that (159') is in agreement with the principle of spectroscopic stability also

in the case of hyperfine structure. In addition

QgA«=A, (160")

(161)
I„=(C/.)P., . .Sp[(. } (. ) (.y) '(~) "j,

I,+2I„=(C/3g„)A'Q «(2(p+1) = CgsA'/3g,
and

(16V)
by (160').

where A is proportional to the transition probability from any sublevel of b and is independent of
y, p. Thus

I =(C/go)Zy, /, I SPI (sz)' (zi) '(zi) " '(zi) '1

Eq. (161) shows that the total intensity of the
radiation scattered in all directions does not
depend on whether the nuclear spin is coupled to

N M. Born and P. Jordan, E/eeseelars Qseatensscckoeik,
Julius Springer, 1930, pp. 1S1-152.The equations used in
the text are derived without difhculty by the methods of
this section.

the electronic angular momentum or not. This is
true, of course, only as long as the incident
radiation forms a broad band with a uniform
distribution of intensity among frequencies. Such
a condition is usually designated as that of broad
incident lines. It was to be expected that (161')
should hold because otherwise the absorption
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coe%cient would depend on the nuclear spin.
The occurrence of A' in (161') is of no significance
because A is involved also in C.

We now apply a magnetic field K of suflicient
strength to have the Zeeman splitting comparable
with I' but not large enough to make the
Paschen back effect appreciable. The direction

of X shall be the z axis and the angle between &

and 3'. will be called 8. It is convenient to use the
standard representation of angular momentum
matrices in which (gz) is diagonal and the matrix
elements of (g(i —ij)) vanish except when ran+1
=m while those of (g(i+2'1r)) vanish except when
rr-1=m. Substitution into (159') shows that

where

g-2id gRid

1&=2» (c V)+P(V), +
1—i2g»gX/mc 1+2m g»gX/mc

~(o) =(C/4g. )Err E~(A.)» (A.)» =(C/4g. )E»»(Zr(A. )„"»'&'

P(o) -(C/4g. ) I E ( i)„",„,( ')„'",.I',

(A.),"'=2 I I («)."r, ,+1I'+
l {gi),,-i l

'I

(162)

(162')

Here (A.)„»r may be thought of as the transition probability from the magnetic sublevel ri of y to f
d6e to all possible a Zeeman components. We have further

(o2)+2p{o2) =(C/g )g, r Sp{(gi) r(gi)r {gi) r'(ex)r' ),

a(2d} —2p{2o) = (C/g, }err Sp({gi)»r(gi)r»(gj)»r'{g j)r'»).
{163)

Adding twice the second of these to the first and
using {160')(160")

3-«}-2~«)=«/g. }{2.+1}A /3 (163)

Eq. (163') together with the first equation (162')
determines e(2d), tI(o2) in terms of the intensities
of the lines of the Zeeman pattern.

By (162) the degree of polarization in the
presence of a magnetic field is

(Po}»= E» (164)I,+I, 1+{rg»gX/mc)2
where

(~o) = 2P{p}/Z (v') * (164')

The calculation can be carried through either by
using (162') for both a and P, or by using the first
Eq. {162') for a and (163') for P. The latter
method is preferable because it involves only the
use of transition probabilities. One can also
calculate n and P using Heisenberg's rule as
applied to hyperfine structure by Ellett. "That
this is true is seen from the fact that Eqs. (163)
involve only spurs; z may be, therefore, substi-
tuted for x and x for y without changing the
values of the sums. Letting y be any sublevel of y
we have from (163)

~(o }+20(o}= (C/g. )Er, r E» l
(gz)»"'I'I (gz)„"'I',

~(~)—2P(v ) = (C/g. )Zr. r Z» I (gz),"'l'I
i (gi)„"",.+I I'+ I (gi), '.-ll'I.

(164")

The interpretation of this formula is that one
can think of a(y}+2P(y) as being due to the
absorption along 21 components to the sublevels p
in q followed by emissions of ~ components from
the same p, , the absorptions being taken pro-
portional to I (gz)„~ ' and the emissions to
~(gz)„~2. The origin of a(o2) —2p{qd) is, on the

other hand, first an absorption to ri with the
same probability as before followed by the
emission of cr components with a probability
2t t{gi)» „+,['+((gi)» „,(2I. The result must
then be divided by 2 in order to agree with
(164").This is in agreement with the fact that ir

"A. Ellett, Phys. Rev. 35, 588 (1930),
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components radiate only with a the e%ciency of
a components in a direction perpendicular to the
magnetic field.

Using (160},{160'),(160")one can express a, P
in terms of quantities proportional to transition
probability. We let A,"be a number proportional
to the total transition probability from sublevel
ti of y due to m components

A""=Q [(ez)'~~'

and A," we, similarly, make proportional to the
total transition probability due to o components

A","=2ZII l(ei)„'~»+, j'+ j(ei)»' » i[ I,
then

A =A""+A'"

is the total transition probability (on the same
scale) and is independent of p and y. In terms of
the a components

&(v') =(C/4g. }E»(A."»)' P(w) =(3C/4g )P (A"")'—(C/g. )(2~+1/3)A'

By using these expressions, the polarization in zero field is

Pp = P ~Pp(y) =3—74A'~(2i+1)(2jb+1)/3E ~. » (A "»)']

for broad incident lines. The most convenient expressions are in terms of the a. components

e(q) = (C/4g. ) i 2 (A'»)'+(2v'+1)A'/3) ' 2P(p) = (C/4g») (3Z»(A,"")'—(2m+1)A'/3 I,

Q „o.(P) = {C/4g,) I Q „, »(A~»)'+A'(2i+1)(2jb+1)/3 t (165)

where i is the nuclear spin and jb is the inner
quantum number of b. For broad incident lines
the polarization in zero field is'" by (165)

3{A ~») ~ —A ~(2i+ 1)(2gb+ 1)/3
Pp= . (165')

Q„, „(A "»)'+A'{2i+1)(2jb+1)/3

In order to calculate the polarization in a
magnetic field, however, it is most convenient to
use Eq. (165). For narrow incident lines Eq.
(164") is the simplest starting point. One must
multiply then

~
(ez)„+~I' by I„~, the intensity of

incident radiation having the frequency v(pf).
The angle of maximum polarization is found

from Eq. (162). It is given by

g»Pp(p) sin 28(q) cos 28(y)
tan 28= {166)

P +Pp(rp) cos 28(p)
where

tan 28(q) = 7g(p)e3C/mc. (166')

Let now the distance between the hfs levels of b be
comparable mith the natural breadth of the lines.
It was already seen that if the natural breadth is
large Eq. (159) gives the same result as though
there were no nuclear spin. For small natural
breadths all terms of (159') in which p and p'

referred to different hfs levels y and q' were
omitted because the denominators were large and
Eq. (159") followed. For intermediate cases, in

the absence of an external magnetic field we have
by (159'), (160'), (165)

I,= g „, „(C/go)(A ~»)'+gf, f, ~&„(2C/g,)Sp((ei)»~(ei)«'(ei) &'~'{ei)~'")/I 1+(2ar»„f)'j,
(167)I,+2I„=(CA /3g, )P (2y+1) = (CAP/3g, ) (2i+1)(2j +1).

The second of these equations shows that the total amount of scattered radiation does not depend on
the relative values of the hfs separations and the natural breadth, By (160)

gf, ~ Sp{(ei)~f(ei)I~'(ei) ~'~'(ei)1'") = g»~ Pq(ez)~„(er')„~'~'. {167')

+ Pauling and Goudsmit, Strnctlre of Line SPectra, p. 241, McGraw-Hill, l930.
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As an example, consider the Dz line of Na on
the supposition that the spin of the nucleus in
units of h/2' is 1. Ke write the electronic
eigenfunctions of the I'~ state corresponding to
magnetic quantum numbers ~z, $ ~ as J(T),
J(iz), similarly, the nuclear spin functions as

I(1), I(0), I(—1) and the electronic eigenfunc-
tions of Si as Ji', J 1'. The coeScients with which
the products of these functions must be used in
forming the proper functions for hfs levels with
definite magnetic quantum numbers are given in
Table I.

TABLE I

ga=s/2

J(3/2) I(1)

3/2

J(1/2) I(1) J(3/2) I(0)

31/SI 21/51

21/sk 31/51

3/2

J(—1/2) I(1)

31/101

2$/151

1/2

I

.(()))i(o)
6$/101

—1/151

21/61

1/2

J(3/2)I(-1)
1/101

—61/151

(v =5/2

(v =3/2 ~ I ~zpi

(v = 1/2

I (1/2) I(1) I'( —1/2) I'(1) I'(1/2) I(0)

ZI/31

-2&/3&
~

1/3&

f=3/2

f=1/2
s~'Si

By means of Table I (transformation matrix) the
values of gy in (167') can be found. The calcu-
lation is simplified by the fact that the matrix
element (J($)/(ee)/J'($)) is equal to {J(—q}j
(ez)/J'( —~)) as follows for instance from the

fact that the state y=~z, p =-,' should not combine
with f=$, m=$. This matrix element we write
z(z, ~z'). The coe%cients of s{~,y') for {ee}»vfare
given in Tables II and III.

3/2

1/2

TABLE II.

3/2

5/2 3/2

{2/5)'

1/2

3/2

1/2

TABLE III.

p= 1/2

5/2 3/2 1/2

3(1/10)I (2/45)1 —1/18&

0 —5/451 -2/9I

Hence the expression (167) is found to have the following values for

((v, z ') = {5/2, 3/2) {5/2, 1/2) (3/2, 1/2) (5/2, 5/2) (3/2, 3/2) (1/2, 1/2)

14/25 1/10 2/5 117/50 26/25 1/2 X Iz{1/2, 1/2 )I'

It is easily found that (s(~, ~')
I
'= 2A'/3. Hence by (167}

97 28/25 1/5 4/5I.=(c/g. ) ~.(-'„-,")
~

—+ + +
25 1+(2xrv(5/2, 3/2))2 1+(2x rv(5/2, 1/2))z 1+(2n rv(3/2, 1/2})z

64 14/25 1/10 2/5
I„=(c/g. ) I

e(-'„g')
~

~ ——
25 1+(2+rv(5/2, 3/2)}z I+ (2n. rv(5/2, 1/2))z 1+(2x r v(3/2, 1/2))z



124 G. BREIT

If all the v(oo, rp') are made large, one may take
I,=97, I„=64corresponding to P=0.205. If all
the «(oo, y') are small, one, similarly, gets P = 0.60.
According to Larrick, "the splitting «($, $) = 1.44
X10 sec. ' so that «($, f) =0.90X10' sec. ',
v(~o, $) =0.54X10'sec. 'and byusingr =10 'sec. ,

P =0.228. According to the latest observations of
Heydenburg, Larrick and Ellett, ~ the polariza-
tion for both D lines together is 16.48+.33
percent which according to their calculations
corresponds closely to a polarization of 20.5
percent for Di alone. The calculations of these
authors correspond apparently to the suppo-
sition that the strengths of the incident Di and Do
lines are equal. Calculating, similarly, the ex-
pected polarization for Di+Do we obtain 18.5
percent which is, therefore, somewhat higher
than the observed value. If, on the other hand,
the incident Do line is taken to have its theoretical
strength of twice that of Di, we would get only
15.6 percent with the line-breadth correction and
14.0 percent without it.

Modified formula for unpolarizedincident radiation.
In some experiments the incident radiation is
unpolarized. This practice has the advantage of
giving larger intensities of scattered radiation by
eliminating losses of light in the polarizing
apparatus and we shall indicate brieRy the
necessary treatment.

The incident radiation is considered as
traveling along the y axis and the directions of
observation and of the magnetic field are taken
to be the s axis. We consider the incident beam
as a mixture of two beams polarized along OX
and OZ. The intensities of the two beams are
equal and phase relations between them are
supposed to be absent. The intensity due to the
first beam is given by (162) where a, P are
obtained by means of (165). The second beam is
polarized along OZ. We consider the general
formula {159).We have only terms with p and y'

lying in the same q. For elf we must now write ez.
For this component the selection rule p, =m=ti'
applies. Thus the sum (159) involves only terms
with p= p,

' and all «„„=0which shows that the
magnetic field has no eSect on this radiation. Its
intensity is therefore also independent of 8. By a

L. Larrick, PhyL Rev. 40, 1041A (1932).

direct application of the formulas already given
this intensity is

as is clear also from the fact that this intensity
must be equal to the intensity of the radiation
scattered along s polarized along y due to
radiation polarized along z. We may thus use
Eqs. (162), (164), (164'), (166) provided a(cp),
go,a(oo) are replaced by Lsee Eq. (165)]

a(v ) =2a{y) —2P(y).

For zero magnetic field the polarization due to
unpolarized incident radiation is found from the
above to be

Po =Po/(2 —Po)

where Po is given by (165'). By (164') Po{y)
contains a only in the denominator. Therefore
Po(y) is diminished in the same proportion as Po.
Thus the modification of (164), (166) for un polar-
ized incident radiation consists simply in multi-

plying the values given by these formulas by

1/(2 —Po) where Po is the polarization due to
polarized incident radiation in zero magnetic
field.

Modified formula for fluorescence. The formulas
derived above for resonance radiation are easily
extended to Ruorescence. We suppose the atom
to be in state a having an inner quantum number

j, to absorb radiation taking it to state b from
which it falls to various states c. The levels a, b, c
are supposed to be split into hyperfine levels
with fine quantum numbers f, y, h. We are in-
terested in the polarization of the line due to the
fall from b to c. Eq. (159) applies to this case
as well provided m is restricted to lie in a and
m' in c. This restriction must be made for m

because I'i of (157) is small compared with
~
v„I

and because we are interested only in scattered
radiation near the frequency vo, . Performing
calculations exactly similar to those above it is
seen that (163) is changed only to the extent of
replacing f by h in the last two factors in the
Sp. Similarly in (164")f' is to be replaced by h.
Eqs. (165) go into
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a(q}=(C/4g, ) I P„A "(a)A +&{e)+(2y+1)A(bc)A(ba)/3I,

2P(q) =(C/4g, ) I3+„A '&(a)A &&(c) —(2q+1)A(bc)A(ba}/3I

where A„+&{a),A,+4(c) are the transition proba-
bilities from the magnetic sublevels y of y due to
~ components to all magnetic sublevels in a and c
respectively while A (ba), A (bc) are similar
transition probabilities due to both ~ and o

components from b to a and c respectively. With
these changes (164'), (166) still apply. In all of
the above formulas the factor 1/g„ is present
so as to give the scattered radiation per atom of
scattering substance. If one deals with a mixture
of isotopes the contributions of a and P (i.e. , the
intensities} due to the different isotopes are
proportional to their abundance and are obtained
by first multiplying the expressions derived above
for each isotope by its abundance and then
summing the results. Calculations using this
theory have been made for )2537 of Hg by
A. C. G. Mitchell to whom the writer is very
grateful for the permission to reproduce the
graphical comparison between theory and ex-
periment given below.

—ffFJ' 252 7 r = F oe x /o '--- tvo AFAR P~ = 8+.7 %
0/sons a'ace F' - 8+F'

an expression similar to (159). The factor
1/(1 —2xirv„„) is now multiplied by some con-
stants and also by

/Lv(p. 'mo) —~r+i{F+Ft)j
+i/[vg —v(pm'}+i(l'+ Fr) j.

Let F& be large compared with I' and yet small
compared with the distance between two hyper-
fine structure components. The above factor is
then appreciable only for that kfs component for
which the absorption frequency ugmo) =~~. The
two terms combine under these conditions to give
a resonance factor 1/t (v(pro) —~~)'+F&') which
is proportional to the intensity of the incident
light per unit frequency range at the absorption
frequency v{pnta). Thus for any mixture of wave
trains having F~)l' we can simply modify Eq.
(162) by including in (163) (164") a factor
proportional to the intensity of incident radiation
at the frequency v~f. This applies also if F&-F
provided the incident line is broad compared to
I'. In fact in this case we must integrate over r~

and we are again left essentially with the intensity
at the frequency v~1. In practice incident lines are
broad in comparison with the natural breadth
and further refinements are not necessary.

lO

l l
h fg&ou'. 1

Fio. 6.

Narrow incufent limes. It has been supposed
above that the intensity of the incident radiation
is sensibly uniform throughout the range of all
possible transition frequencies between the sub-
levels of the levels a and b. This assumption has
been introduced in passing from (152) to (152')
by making FI large. The integration over v, in-
volved in passing to (159) can be performed
without this approximation and leads then to

)5. The Comptoq effect and Klein's method; the
two-body problem

One of the most striking demonstrations of the
unidirectional nature of light quanta is the
Compton effect. As is well known the wave-
length of x-rays scattered by free electrons
initially at rest is increased on scattering. This
change of wave-length is called the Compton
effect. The x-ray quantum imparts to the
electron a certain momentum and, therefore, also
a certain amount of energy. The amount of
energy available for the scattered quantum is
smaller than that of the incident. The wave-
length shift is derived without difficulty from the
laws of conservation of energy and of momentum
when applied to this collision process. As is well
known, the wave-length shift is

hX = (b/roe)(1 —cos 0),
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where 8 is the angle made by the direction of
scattering with the direction of the incident
radiation.

The theoretical justification of applying the
laws of conservation of energy and momentum to
this collision process is essentially the same as
that used above [VII, $3] in the discussion of
the unidirectional emission of light quanta. The
point in the calculation at which the conservation
of momentum makes its appearance is

(e
—'& t)p z ~ = b(P, P' —hk, /2s). (140)

In the discussion of the Compton effect we let
R = (X, F, Z) be the coordinates of the electron
and P=(P„P„, P,) its components of mo-
mentum. R occurs in the interaction energy only
as e +~ the —sign occurring with the radiation
variable a, and the + sign with t4*. One has as a
result a selection principle according to which
there can be transitions only between states with
exactly equal total momenta provided each light
quantum is interpreted as having a momentum
hv/c in the direction of its propagation. )See Eq.
(141).j The point at which conservation of
energy is brought in is in the fact that the
problem is treated by means of a Hamiltonian
function. The wave-length shift is, thus, in
agreement with Dirac's theory of light quanta
inasmuch as it is a consequence of the laws of
conservation.

The intensity of the scattered radiation can be
also derived from the theory of light quanta.
The formula believed in at present is that of
Klein and Nishina. 4' It is derived using Dirac's
relativistic equation for the electron. Previously
to that: Dirac" and Gordon derived a somewhat
simpler formula by means of Schroedinger's
quadratic relativistic equation without spin. The
method of calculation in both papers is that of
Klein" and is closely allied to the treatments of

optical dispersion by Born, Heisenberg, Jordan
and by Schroedinger presented in IV above. The
relativistic electron equation of Dirac gives better
results for most problems than Schroedinger's
quadratic equation and the formula of Klein-
Nishina is, thus, to be preferred.

The justification for using the correspondence
method in the discussion of intensity relations in
the Compton effect has been given by Dirac4' and
by Wailer. " Dirac makes use of the general
validity of Einstein's A/8 relation I V, CI6

above/. Wailer performs a direct calculation
using Dirac's theory of light quanta from the
beginning. The calculations necessary for a
presentation of the connection of the theory of
light quanta with the correspondence method
have been performed by us in V, $7 above. We
explain only the case of the Klein-Nishina for-
mula, since it is probably the more correct
formula and since its theoretical discussion is
simpler than that of Schroedinger's quadratic
equation.

By using Dirac's relativistic electron equation
the interaction energy between radiation and
matter is

H'= aeA, (168)

where the electronic charge is e, the vector
formed by the three Dirac matrices ul, a&, a3 is
called a and A as usual is the vector potential. In
order to emphasize the connection with the
nonrelativistic discussion of U above we use

ca = —t, XI' = —(e/c)fA. (168')

The calculation for scattering is now practi-
cally the same as that of V, $7 above. Only

+i +It
the terms in P„,'„., are now absent. Thus, Eq.
(118') applies omitting the term in P. Remember-
ing the definition of a„' given by {109) and
making the distribution function D infinitely
concentrated, we have instead of (118')

e2 + „ I (fg—a rfI) (fe-a rf~~)*, (fe-~w rf~), (f'e—a"rf«)*

2xh Vv(s") v(n'n) t —v" v' —v{ntn')
(169)

where the incident radiation is referred to by f", k", v", the scattered by f', k', v', the initial state of
matter by n„ the final by n& and n' refers to the intermediate states. Eq. (169) gives the effective

0. Klein and Y. Nishina, Zeits. f. Physik 52, SS3
(1929); Y. Nishina, Zeits. f. Physik 52, 869 (1929).

"P. A. M. Dirac, Proc. Roy. Soc. A111, 405 (1926);
W. Gordon, Zeits. f. Physik 40, 117 (1927).For connection

with correspondence principle: G. Breit, Phys. Rev. 27,
362 (1926); Amer. Phys. Soc. Proc. , December, 192$.

"P.A. M. Dirac, Proc. Cam. Phil. Soc. 26, 361 (1930)."I. Wailer, Zeits. f. Physik 52, 75 (1929).
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value of I see Eqs. (109), (111),(114), (118)g

(f&
—4'rf ) eff. —((2otk)~/8)(a )eg. » {170)

which should be used in emission formulas such as (111), (114) in order to obtain the probability of
scattering a light quantum s'.

In order to see the relation with the classical theory, consider the equation immediately preceding

Eq. (111) from which the latter was derived:

'nno e

+ Vo andri»s(n) t — tolrio(nno) t- (fe—&rf ) Pris(nno) t

2+Mt (Vv,)& (2+It Vv, ) &

and compare this with Eqs. (18}of classical electrodynamics making use of (9):

(171a)

(
d e

+v, a,*= f je-hard V
2xglt 2x( Vv, ) &

(171b) (classical)

Eqs. (171a), (171b) are very similar to each other.
In (171a) the probability amplitude a, is
determined by its initial value and by the
matrix element standing on the right; in (171b)
the radiation variable a,~ is similarly determined

by its initial value and the integral on the right.
The similarity suggests that the an, are identical
with the a,~ for a proper classical radiation field.
It must be remembered, however, that in {171b)
ej is a current of classical electrodynamics and is,
therefore, necessarily real, while the quantity
which corresponds to it in {171a) is g ~agro

Xt." '"&""o" and is essentially complex. We let,
therefore,

Jt»mrio(nno) t+ JO»t»
—2rir(nno) t ~

(172)J- g»o|sg t»2rio(nno) l
sso

and we substitute this into (171b) and the corre-
sponding equation for a,. These equations de-

termine a., a,~ as:

a —a (Jprt&(nno) t) +a ( Jo»t» —curio(nno) t)
(172')

a o'{Jprir(nno) t) +a o'( Jo't» —2ri »(nno) t)

where by a.~(Jt.
' '} is meant the result of solving

(171b) with Je~t substituted for j. Thus, in

(172') a, (Jt,' '" ""o ') a,*(Jt," '"""") are not the
complex conjugates of each other but are simply
functional symbols. The left sides of the two Eqs,
(172') are, nevertheless, just as usual the complex
conjugates of each other because j as defined by
{172)is real.

If v(vtvto) &0 and if initially a, ( ), a,* ( ) are
all zero, the only appreciable values of the

functions in (172') are those of

a Os( Jtsoris(nno) t) a (Jkts —'Rois»(nno) t)

as is seen by comparison with Eqs. (111),{114).
t These two quantities'are also complex conju-
gates. j Thus, the only part of j which is of
importance in (171b) is that containing J. W'e let,
therefore,

Jt»Iris(nnO) l —g st»fg etrsu(nnO) t

(173)
a,*= (k/2') &a t,'r'"&n& '

and we see that the distribution of energy through
the spectrum and among various space directions
for the classical radiation caused by (172) is the
same as the probable distribution in the quantum
problem. For the classical energy is 2~v, ja, j'
which by (173) is the same as the expectation of
the quantum energy h v. j a, j

'.
By means of (172) we can picture the emission

of radiation as due to a classical current density.
What has been proved so far is only that the
classical electromagnetic field emitted by j has
the same energy distribution among frequencies
and space directions as the expectation of the
energy distribution has for the quantum problem.
It has already been seen VII, $3 that in some
cases the equality of a, and of a,* leads also to a
similarity of quantum and classical theories so
far as location in space is concerned. It is hardly
necessary to elaborate this point. It will suffice to
remember that (f8)' of the classical theory is
analogous to the expectation of this quantity in
quantum mechanics and that the behavior of the
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classical quantity is quite similar to that of its
quantum analogue.

The validity of considering the radiation as
due to the classical current density (172) is
closely related to the correspondence PrinciPk
discussion Lsee II above]. Einstein's transition
probability from the state J' to the state J"was
supposed to be given by Eq. {47) in which

2erg' J~~ = C,(J}"",
while the polarization was expressed as

$(C erri(r~) t+ Q pe-'Rri(r~) t}

It is clear that the current density (172) gives the
same rate of radiation as (47) if the atomic
dimensions are small in comparison with the
wave-length. We may, thus, regard (172) as the
generalization of (47) to the case of no restriction
on atomic dimensions.

So far we have explained the justification of
the treatment of emission by means of the
classical current given by (172) in terms of the

theory of light quanta. A classical current density
similar to (172) may be used for the discussion of
scattering. There is in fact not very much
difference between spontaneous emission and
scattering if one regards the incident light wave
and the scattering electron as one coupled
system, This point of view has been elaborated in
detail in Section IV of this report. It has been
shown there that it is legitimate to use the
explicit time dependence of the perturbing
potential and that one arrives in this manner at
the same results as follow from a consideration of
the coupled system. The discussion of Section IV
did not include the retardation of potentials and
is for this reason not altogether sufficient for our
present purpose. Including the retardation eRects
we consider the electron under the action of an
electromagnetic wave having a vector potential

A —f(be-ihr+priri+bpeslrr-priri) (174)

Let the interaction energy be given by (168),
(168'). Under the action of the light wave an
atomic state np is changed into Pc "pg„where

e e%ri(~-i(sp) t e-%ri(i+r(sp)) i
no b(fe-*tf} +bP(tearf)

kc v+ v(nnp) v(nnp) —i

The current density eg„,ptg, e' '"("~"r"which determines the probability of a jump from ni to np is
changed into

er {fe—i)rf f) ~ {fe-Hrrf)
eg pfg eprir(ngsg) t+ Q, g,pfg + bepri(a(s~ar)+v) t

kc v(n'ni) —v v+ «(n'np)

e' (fe+'f}, ~ (fe~rf) „.„
+Z ~— g„ fg„,+ g„,*fg„bPe' '('"&"~ ') '. {175)

hc v+ v(n'ni) v(n'np) —v

This expression will now be used in place of
eJe'ri"(""o" of (172) and the effective classical
current density ej will be given again by (172).
It is maintained that this procedure is equivalent
to the calculation by means of the theory of light
quanta which led to (169).

In fact, we see that the part of J Lsee Eq.
(175}Jwhich contains the frequency v(n&np)+v
is very closely related to the complex conjugate of
the expression for "(a")eff."given by (169).LIt
should be remembered that in (169) the incident
frequency v was denoted by v".j Using (175) we

compute without difficulty "(a")eff."by means

of (170). The expression in { I involving matrix
elements is obviously identical with the complex
conjugate of the corresponding expression in

(169).The factors by which the sum is multiplied
are also readily seen to be identical, provided we
let

b =ca"'/(Vv") ~'
l a,"I' = N"'k/2

in accordance with (1). The factor for
(ete +"f) ..."' is then by (170)

(e'/(2sh}&) (N; / Vv") & = (e'/kc)
I
b

~

in agreement with (175). We have not followed
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through the analogy of the classical phases
occurring in a„u.e and the quantum phases
which occur in the probability amplitudes. This
may also be readily done.

The use of the classical current density (172)
with J given by (175) for the calculation of the
intensity of scattered radiation is the corre-
spondence method of Klein. In applications of
the method it is not always necessary to use Eq.
{175)for in some cases the perturbation of the
proper functions may be computed more con-
veniently in other ways. The only essential point
in (175) is the representation of sJ as a sum of
terms involving definite frequencies. Klein's
method was formulated before the invention of
the theory of light quanta. It may be looked at
either as an e priori hypothesis or else one may
prefer to justify it by means of the theory of
light quanta as we have done here. The latter
way has the appearance of being the better one,
since it makes it possible to treat radiation and
matter as a coupled dynamical system. It should
be borne in mind, however, that the theory of

light quanta has not gone so far much beyond the
justification of the correspondence method and
that it cannot claim to be logically consistent on
account of the well-known divergence difficulties.
Klein's formulation appears at the present time,
therefore, as a particularly clear way of stating
our knowledge about the probabilities of spon-
taneous emission and of scattering. Although it
does not aspire to the same degree of finish as the
theory of light quanta it is highly recommended
by its simplicity and is likely to be correct quite
independently of the theory of light quanta. In
practical applications it has the additional
advantages of avoiding too complicated calcu-
lations and of enabling one to visualize the
phenomena in terms of charge and current
distributions.

The result of the calculations of Klein and
Nishina is that at a distance r from the scattering
electron the intensity of radiation scattered in a
direction making an angle 8 with the incident
beam and an angle 8 with the incident electric
intensity is

s sin' 8
I= Ip

m'c'r' (1+a(1—cos 8))'
(1—cos 0)'

1+a
2 sin' 8(1+a(1—cos 8))

(176)

For unpolarized incident radiation:

e' 1+cos' 8I=Ip 1+a'
2msc'r' (1+a{1-cos8))'

(1—cos 8)'
(1+cos' 0)(1+a(1—cos 8))

(176')

where
a = kv/mes = h/) (176")

with the Compton wave-length denoted by

h = It,/mc. (176'")

For small values of a, i.e. , for long wave-lengths
Eqs. (176), {176')are the same as follow from the
theory of scattering according to classical
electrodynamics as given by J. J. Thomson. The
factors in front of L j are derivable according to
Dirac and Gordon from the quadratic equation of
Schroedinger. The L j represents the modifi-
cation due to Dirac's relativistic linear equation
as compared with Schroedinger's quadratic
equation. Qualitatively, the important difference
between the formulas of Klein and Nishina and
those of Thomson is that the scattering takes
place more intensely in the direction of the
incident radiation. If 8=0, the intensity of

scattering is the classical intensity on any
theory because for scattering in this direction the
electron is at rest both before and after scattering.

Present experimental evidence speaks in favor
of the validity of the Klein-Nishina formula. 4'

In the experiments only light elements seem to
scatter hard y-radiation according to this
formula. For heavier elements the nuclei pre-
sumably take part in the scattering" giving an
additional effect and the photoelectric effect is
also responsible for a part of the absorption. 's

~ G. T. Tarrant, Proc. Roy. Soc. AI28, 345 (1930);C. Y.
Chao, Proc. Nat. Acad. 16, 431 (1930);L. Meitner and H.
Hupfeld, Zeits. f. Physik 67, 147 (1931); J. Jacobsen,
Zeits. f. Physik 70, 145 (1931); Gray, Proc. Roy. Soc.
A130, 524 (1931).

"W Heisenberg, in press.
~ Harvey Hall and J. R. Oppenheimer, Phys. Rev. 38,

57 (1931);F. Sauter, Ann. d. Physik 11, 454 (1931);H. R.
Hulme, Proc. Roy. Soc. A133, 381 (1931).
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There appears to be no serious objection to the
use of Dirac's linear equation in the derivation of
the scattering formulas, although it must be
conceded that the Klein paradoxon makes the
universal validity of Dirac's equation question-
able. It would appear, however, that a more
serious limitation must be met with when the
wave-length of the incident light is very short. In
particular, one would be inclined toward special
caution when the wave-length is comparable
with or smaller than a=e'/2mc' which is ap-
proximately the electronic radius demanded by
the classical theory of electromagnetic mass. It
is true, of course, that in the present quantum
theory the electron is supposed to be a point
charge and no direct meaning is assigned to the
electronic radius of classical electricity and
magnetism. Nevertheless, one would hardly
expect quantum theory to be valid when applied
to such small dimensions because the experi-
mental facts which served as guides and tests for
the formulation of the theory have to do with
phenomena on a larger scale. The application of
quantum theory to dimensions of the order of
magnitude of a would at best appear as a
speculative extrapolation of knowledge gained
from larger scale phenomena. There appears to be
no reason to believe in the validity of such an
extrapolation and„ in fact, there is strong experi-
mental evidence against it. For it is well known
that nuclear structure cannot be understood in
terms of ordinary quantum mechanics. According
to Heisenberg4t an electron cannot exist in the
nucleus and have anything like the experi-
mentally observed energy. The thing in the way
is the very small dimension of the nucleus. In his
recent theory Heisenberg supposes, in fact, that
the nucleus is made up of protons and neutrons
and, thus, throws the deviations from quantum
theory into the existence of Chadwick's neutron.
It is certain, therefore, that quantum mechanics
cannot be applied to the description of phe-
nomena concerned with differences of properties
of points separated by distances of the order of
10 "cm and at first sight one would be inclined
to mistrust the Klein-Nishina formula for wave-
lengths of the incident radiation of this order of
magnitude.

"W. Heisenberg, Zeits. f. Physik 77, 1 (1932).

An important consideration of this point has
been given by Bohr at the 1931 congress in
Rome. According to Bohr,"one should expect
that the Klein-Nishina formula is nevertheless
correct for still shorter wave-lengths when
measured in a frame for which the electron is
initially at rest even though at distances of the
order of 10 's cm quantum theory is known to
fail. Bohr's argument is that special relativity
would at all events be expected to be applicable
to the phenomena under consideration. By
choosing a frame of reference moving with an
appropriate velocity one is able to change the
wave-length of the incident radiation at will on
account of the Doppler effect. Simply requiring
that the wave-length of the incident radiation
should be larger than a certain amount therefore
does not have very much meaning because by
choosing a proper frame of reference one can
change this wave-length at will. On the other
hand, there exists a unique choice of a frame of
reference in which the wave-lengths of the
incident and scattered radiations are the same.
This is the frame moving with such a velocity
that the initial momentum of the electron is
equal and opposite to the momentum of the
incident light quantum. On scattering, the
rnomenta are still equal and opposite, and on
account of the conservation of energy the abso-
lute value of either momentum is unchanged on
scattering. "For this reference system the wave-
length has a unique and simple meaning because
it is the same before and after scattering while for
a frame in which the electron is initially at rest
the wave-length is usually much longer after
scattering so that from the point of view of the
scattered radiation the restriction on the wave-
length would at all events be expected to be less
stringent.

According to Bohr, the limitation on the
shortness of wave-length should be stated for this
particular reference system in which the wave-
length is unchanged by scattering, and in this

'4The writer became acquainted with these consider-
ations through Professor Heisenberg to whom he is very
much indebted also for an interesting discussion of this
matter.

"This frame of reference has been used with great suc-
cess by Pauli in a discussion of the equilibrium between
black-body radiation and free electrons. W'. Pauli, Zeits. f.
Physik 18, 272 (1923).
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reference frame it is expected that when the
wave-length becomes so small as to be compara-
ble with a =e'/2mc' the Klein-Nishina formula

will fail.
Let the wave-length and the frequency of the

incident radiation in the frame of reference at
rest with respect to the initial state of the
electron be X, v, respectively, and let the corre-

sponding quantities in the frame of equal and

opposite initial momenta be X', v'. The relative
velocity of the two frames of reference is given by

e =hv/[mc+(hv/c) j
and

1-e/c & v

1+ti/c (1+2h vjmc') &

For high values of v

v'={vmc'/2h)&; X'=(2hX)&. (177)

The wave-length which has absolute significance
for Bohr's argument is )~', and it is the geometric
mean of twice the Compton wave-length and the
wave-length X. %hen )~«&h, 'A' is appreciably
greater than X so that X' may be greater and X

less than a. Numerically, the difference is very
large. Let us require that

X'»a
Then by (177)

a2 es a a
X»—=—a = . ——.(178)

2h 2hc 4s-"137" 1730

The Klein-Nishina formula may be, thus, ex-

pected to fail when ) has the value given by
{178),i.e. , when the energy of the incident light
quantum referred to the electron initially at rest
is

cjX '=-1730 hc/a ={1730)'mc'—=1.5 X 10"
electron-vol ts.

If, on the other hand, it is required that

The energy of the quantum is hc/a=1730mc'
—8.7 X 10'electron-vol ts. Bohr's argument makes
it, thus, probable that the Klein-Nishina formula
is applicable for energies such as are at present
considered in connection with cosmic radiation. '"

"W. Heisenberg, Ann. d. Physik 13, 430 (1932).

It should, of course, be regarded not as a proof of
the validity of the K-N formula up to 10~
electron-volts but rather as a point of view. It is
essential for Bohr's argument to consider the
limitation as due only to the wave-length and not
to be concerned with the velocity of the electron.

The interaction between two particles can also
be treated according to quantum electrody-
namics, ' and it is possible" to explain by this
means the interactions of the electron spins of
two particles as well as the orbital and orbit spin
interactions. It should be remembered, however,
that the divergence difficulties of the theory
make it impossible. according to Oppenheimer s'

to arrive at a unique interpretation of the results.
It is satisfactory to know that retardation of
potentials applies to the interaction of two
particles. Two limiting cases are fairly well
understood. For particles moving with low
velocities one may use an interaction energy

'= e'/ —(e'/2) (a'"/r+ {~'&)(a"&)/r') (179)

According to the derivation of Breit, one could
only be sure of this form of the energy to the
first order in e'. According to Oppenheimer, "the
first term e'/r should have significance to much
higher approximations. This comes about through
the fact that the electrostatic field may be
eliminated exactly, as has been explained in I
and V above.

The second term involving Dirac's e's is of a
more questionable type. There is no evidence
that it is correct to higher than the first order in
e' even though it is analogous to a similar term
occurring in the classical Hamiltonian of Darwin. ~

It is, on the other hand, possible to show a
simple connection between the second term and
RIaxwell's equations quite independently of the
details of the theory of light quanta. "

Thus, it follows from the equations

8 = —BA/celt+ 8'; 3C = rot A; div8'= 4s p,

rot 8' =0

used in I and V above that neglecting acceler-

"G, Breit, Phys. Rev. 34, 553 (1929); see also: J. A.
Gaunt, Phil, Trans. Roy. Soc. 228, 151 (1929); Proc, Roy.
Soc. A122, 153 (1929).

''-C. G. Darwin, Phil. Nag. 39, 537 (1920).
"G. Breit, Phys. Rev. 39, 616 (1932).
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ation and higher order e8ects the energy which must be added on account of the presence of
transverse waves represented by the vector potential A is

Jp'jp" (jp'r)(jp"r)
+ tf Vp~g Vp~~,

4c' r
(179')

where the j's represent the electric current
operators at points P', P" and r is the distance
between P' and P". By the use of' Dirac's
equation, the self energy connected with M may
be shown to be an infinite constant in the same
sense as this is the case [V, $31 for the elec-
trostatic self energy. One feels rather certain
from purely theoretical considerations, therefore,
that the second term of (179) has a significance
as an additive energy which must be considered
in addition to the term value corresponding to
the use of e'/r alone. At the same time this term
has no significance to higher orders of c'. Kith
this interpretation (179) is in agreement with
experiment" leading essentially to the interaction
energy set up by Heisenberg by means of the
spin model.

It will be noted that the use of the theory of
light quanta is not essential to the understanding
of (179') and that the largest claim which can be
made for the theory is its consistency with
experiment provided the divergence difficulties
are treated in a proper way.

It followed already from the first formulation
of the Heisenberg-Pauli theory of wave fields that
retardation of potentials applied also to particles
moving with any velocity. Thus, it was known"
that to the first order in c the interaction energy
between two electrons can be represented by a
formula exactly similar to the ordinary formulas
using purely electrostatic interactions with the
simple modification of having all exchange inte-
grals replaced by

where

A, &, &, = (N, 'N, '{1/r)(tt, 'tt, ')'-tt, *'o~e, '{1/r}(e„'a»tt„')')dVd V',
(180)

{1/rJ =(1/r) cos 2m/X. g, X,g=ch/~E, —E&).

Here s, t refer to two unperturbed electronic
stationary states of energies E„EII the proper
functions are N, where p is Dirac's spin index;
P, P' are two points in space; the elements of
volume at P and P' are d V and d V', respectively,
and, similarly, the charge and current indices
with and without are taken at P' and P. By
expanding the cosine in {1/rJ and using its first
two terms one obtains a result in agreement with
(179).

A simple derivation of (180) not involving the
use of the theory of light quanta has been given

by Rosenfeld. "The particles are described in
their configuration space. Referring to one of

them as I and to the other as II particle II is
thought of first as subject to the field of I as
though the latter were not perturbed by II. The
"four potential" at rii due to the current and
charge distribution of I is calculated using the
formulas of classical electrodynamics. The un-
perturbed state of I is taken to be

f=Qc„ig„i,

where the tt ' are eigenfunctions of states n of I
not involving the time while each c„' involves the
time in the form of exp (—2xiv(e)t). The energy
which must be added on account of the action of
I and II is then found to be

~=ei&il~s, sa; r, Ka 4a Cr Cs Bow; ray
Is I Iis II u (181)

where

9 . , {(z sg )(N, +N, ) —(gg so N )(N„sa m, ))e «"( „) i&r—&n~«/[ri rii~gV'ttV

(181')
~ G. Breit, Phys. Rev. 36, 385 (1930).
~ W. Heisenberg, Zeits. f. Physik 39, 499 (1926).

~ L. Rosenfeld, Zeits. f. Physih 'F3, 233 (1931).
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It should be noted that the above procedure implies the same time dependence of the wave
functions of I as though II were not interacting with it. In this respect the theory is inaccurate.
For equal particles we must deal with an antisymmetric wave function.

Let

y=2 &(g c s 'P~' u "—P c 'a "P c "u ')=2-&P (c 'c "—c "c ')(@ 'u "—e "u ') (182)

It is reasonable to expect that the procedure used in obtaining (181}will also apply for this anti-
symmetric f. We calculate the electromagnetic four potential due to II for the condition of the
system in which I is at rt. We obtain thus the addition to the energy due to the fact that I may be
ri, and we then average this result over ri. We obtain

~&=$P»grec» W ct cs {&»,m; r, e+&r, e; », ta}

= ~4+.~„(c»'*c,'"—c»"'c,'*)(cm'c" —c.'c~"}(&»~.r.+B-.»~), (183)

where the indices e, tis, r, s take independently all
their possible values and the symbol B„.„ is
defined by {181')and is thus unsymmetrical with
respect to an interchange of ts, ttt, with r, s. The
combinations of the B's occurring in (183) is such
that ts, tn, may be interchanged with r, s so that
(183) is symmetrical with respect to I and II.
Obviously, we would have arrived at the same
expression if we had taken I in the field of II.
For the special case of a stationary state de-
scribed by

(1/2&)(u 'u "—u "u ')

Eq. {182')gives

bE=B ., „—~(B,. ..+B... ,), (183')

which is in agreement with (180). In presenting
the above discussion of Rosenfeld we have
deviated from the original by not using the
method of quantized amplitudes which are known
to be equivalent to the simple considerations in
configuration space. Needless to say a similar
treatment can be given for particles obeying
Einstein-Bose statistics. The perturbation energy

operator (183) is not expected to be valid except
to the first order in e', because in the derivation
the field of particle I acting on particle I I was
supposed to be unaff'ected by the interaction nf
the two particles.

The perturbation energies (181)and (183)may
be uM not only for calculations of energy
changes of stationary states but also for the
discussion of collisions between particles. The
results are again expected to be valid only to the
first order in the interaction energy and have,
thus, significance for fast electrons. The method
of treatment which enables one to treat the
problem is due to Manlier'" who starts out in his
discussion with Born's method for collision
problems.

Mslller's formula is essentially equivalent to
(180) and is easily connected with (181).We let
the proper functions e correspond to states of
constant momentum. We may then regard
eteiiB„;,. as the matrix element of the pertur-
bation energy in momentum space. Using the
proper normalization factors k ' for each particle
{ II, $3j and (181') we have:

8 ~. ~ = & ')ri —rii~ 'exp{(2sijh){ {p„—y )ri+(y, —p,)rttj+2ssv(em) )rt —rti)/c j

{(a„*a)(a,sa,) —(a„*aa ){a„*aa,) {dVid Vii,

where the a's involve Dirac's spin index so that
—ss+i(s»r)/ sa

Let

I=A ' (rt —rii j
' exp {(2' jh){p,—p,)rit+2ms(etta) (rt —rii{/c)d Vtt.

"C. Mylller, Zeits. f. Physik 'l0, 786 (1931);H. Bethe, Zeits. f. Physik V6, 293 (1932).
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Then
(hz+4+z '(nzn) /c') I= —4zrh 'e&'~'i"'(p —p.)Iz

A solution of this equation is

I- (h/~) e" """&"""/L(p.—p.)'—h'"(nn )/c'j

and it may be seen that this is the correct solution to use. Hence

1 (a„'a )(a„*a,) —(a„*aa )(a„aa,)
~(p.+p.—p- —p.)

zrh (p, —p,)' —h'v'(nm) /c'
(184)

which is M plier's formula. Conservation of
momentum is satisfied automatically by (184).
The conservation of energy also follows in this
method of treatment as a result of using a
Hamiltonian. Eq. (184) is symmetrical in the
two particle states because we may use not only

p, —p, =p —p„but also ~(nnz) = v(sr). A similar
treatment can be given for unequal particles.
Manlier's result is of importance for the discussion
of penetrating radiation. "A systematic deriva-
tion of MIziller's formula from quantum-elec-
trodynamics has recently been given by Bethe
and Fermi. " The derivation is subject to the
divergence difficulties of the theory. Disregarding
these it shows that to within the first power in e'

there is no probability of emitting light quanta.
These authors derive the interaction energy

(179) from Manlier's equation. This connection
has been previously discussed in" where Eq.
(180) was the starting point. Bethe and Fermi's
discussion is somewhat more general not being
confined to the treatment of identical particles.
The essential point is again that cos (2zrr/X)
when expanded according to powers of r/X gives
rise to correction terms to the electrostatic
interaction. It should be remembered however
that (179) applies very accurately in the region of
small velocities while (180) is accurate only to the
first order in e'. It is thus impossible to really
derive (179) from (180) but it is possible to
demonstrate its plausibility.

Bethe and Fermi also derive both (179) and
Miler's formula from the theory of light quanta.
The authors obtain Manlier's form by considering
equations in the momentum space of the two
interacting particles. The particles are supposed

41 %. Heisenberg, Ann. d. Physik 13, 43Q (1932)."H. Bethe and E. Fermi, Zeits. f. Physik 77, 296 (1932).
See also B. Podolsky and V. A. Fock, Phys. Zeits d. Sow.
2, 275 (1932).

to have initially definite momenta and definite
energies their interaction with the radiation
field being neglected. This initial step presupposes
that the electrostatic interaction between the
particles may be considered as small for otherwise
the energy and the momentum cannot be
simultaneously specified. For the same reason the
particles in question must be considered as free.
The interaction with the radiation field is then
introduced. If there were only one particle
initially in an energy state n the initial state of
the particle and the radiation field would be
described by q (n; 0, 0, ) where the zeros
indicate that there are no light quanta. The
interaction with the field will bring in also the
states y(n', 0, 1„0)in which the energy of the
particle has been changed and a light quantum
appeared. Such states may be said to describe to a
first approximation the particle and its own
electromagnetic field.

For two particles I, II the initial state is taken
to be y(nz, nzz', 0, 0, ~ ~ ~ )=y(nz, nzz). The
interaction with radiation brings about the states
y(nz', nzz', 1,) and y(nz, nzz', 1,) in which the
energy of one of the particles has been changed
and a light quantum appeared. In this approxi-
mation we are dealing with two particles and
their own fields. The interaction of the particles
with each other has not yet been taken into
account. It appears only in the next approxi-
mation. The state y(nz', nzz, 1.) gives rise
through the absorption of a light quantum to
p(nz' nzz', 0, 0, * ) and similarly the same state
may arise from q(nz, nzz ', 1 ). The simultaneous
change of the energy of both particles without a
change in the number of light quanta is thus
represented in two successive steps, the first step
being the emission of a quantum and a change of
energy of one of the particles while in the second
step the light quantum is absorbed and the
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second particle changes its state. On performing
the calculation Bethe and Fermi make use of the
fact that

(ar(pr' —pr)) (arz(prr' —prr)) —(&x' —&r)2/e2 =o

where p, E are the momentum and energy and
the ' refers to quantities after collision. This is
essentially the continuity equation for matter
waves. The use of this continuity equation is
common to all derivations of interaction energies
from the theory of light quanta and is also
involved in the derivation of (180). In order to
obtain physically sensible results it has also been

necessary to consider only such states nr', nxr' for
which the energy of the two particles together is
equal to the sum of their energies in the states
nx, nxx. This is a weakness of the theory of light
quanta and it is connected with the fact that the
result is accurate only to the first power in e' as
well as the supposition that spontaneous radi-
ation of light quanta is not important.

It is instructive to consider the interaction
energy in the six dimensional coordinate space of
the two particles and to derive it from the theory
of light quanta, The equations for the probability
amplitudes are

I (h/2)8/8t+E(nx)+E(nrr)+ Q,N, hv. +ererr/r+ Q z, ,Ker v,-&[(ap ) „,„,N, 'd„-

+ (ar ') ozoz (N, +1)&&,+]I(nr'/nx) +P»z', ,Kerr v. r
t (axx"') zzozz'NI && +

+(arP ) „„„„(N,+1)I&,+jI(nxr'/nrr) I P(nr, nrr, Nz, ~ ~ ~, N. , ~ ~ ~ ) =0

where

K = (hc'/ V) ', (ar~') r z' = (ar f e- k.rz)

the operators b„,h.+ lower and raise respectively
N, by 1 and I(n'/n) converts n into n'. The
approximation which involves the first power of

K represents the particles with their own fields
and is given by

4(nr, nrr)

=Q'"(nx, nrr) exp $ —2zr2(v(nr)+ v{nxr))tj

where ztz' does not involve t, and by

zt (mr, nrr, 1,) =erK(ar" )„z„zzt {nrnrr)/hv, &(v(nrmr) —v,)

as well as similar expression for &(nr, mxx, 1,).
%hen we omit a N, we mean that N. =O. The
above solution represents a stationary state
since the time dependence is represented by the
same exponential for all rt 's. Strictly speaking one
must discuss the states before and after collision
as such stationary solutions. This is however not
necessary if we are interested only in such states
for which rt {mr, mrr) is &)xt(mr', mrr', 1,). The
way in which the probability amplitude for any

such state varies may be then taken to be the
same as that for p(mr, mxr). From the Schroed-
inger equation and the first approximation we get

I (h/i) 8/Bt+E{nr) +E(nrr) I y(nr', nrr')

+ererr I (nr'nxr'
j r 'I nrnrr)+S t $(nrnrr) ="

where

S= zr*»'rz*nzz' Izrnzgnzzl Vrd Vrr

and

e2 earzr e—irzr

r=g.— + (axf.) (axr f.).
2zrV vt v(nrrnrx ) —vJ vtv(nrnr ) —vj

Here r = rr —rrr and the indices s are omitted in

k and v. The integration for S involves also a
summation over the spin coordinates. Using the
transverse polarization property of the elec-
tromagnetic waves we obtain

T=P.(c /m V)L(ar«xx)

—k-'(arVr)(arrVrr) J(v2 —vo') ' cos lrr

where we supposed conservation of energy to
hold and have set vo= v(nrrnrr') = v(nr'nr). The
operators Vr, Vxr are supposed to be applied only
to the r in the cos Irr and not to the variables in
functions 2r. Replacing the summation by an
integration we get

T= —(axarr/r) cos kor
—(ar Vr) («r r Vr r) (1—cos kor) /ko2r
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where
ko ——2~vo/c.

Substituting T into S the gradients can be transferred to the eigenfunctions by partial integration
giving rise to

(1—cos rko)t 'ke Vx(ux' axux)V II{uxx axxuxx)& Vret Vxx

summations over spin indices being indicated by
( ). By the continuity equation for matter we
have

(E—E') (u'eu) —(k/i) V(u"au) = 0

which gives

Vx(ux *axux)VII{uxx'eaxxuxx) =ko (ux ~ux)(uxx *uxx)

Hence

S= ux'euxx'e{1/r) {—1+(1—axaxx) cos kor I uxuxxxf VII' VII~

and is simply the matrix element of the quantity
in I I(1/r). Combixung this with 1/r we obtain
the matrix elements of the interaction energy as
the matrix elements of

(exexx/r) {1—axaxx) cos kor

It will be noted that the above written operator
contains explicitly the unperturbed energies of
the two particles [in koj. This is inherent to the
treatment which takes into account retardation
only inasmuch as the time dependence of the
unperturbed wave functions of the system is
known.

It will also be noted that the treatment is
inapplicable to problems in which common
energy difkrences do not exist: for the two
particles. Transitions for such systems involve
not only the two particles but also the emission or
absorption of light quanta. The part S of the
interaction inergy is accurate only to the first
power of e' while the additional term e'/r has a
much higher degree of accuracy for low velocities.

In the discussion of collisions between free
particles Mpller's method does not introduce
transitions to states of negative energy on
account of the simultaneous validity of the
conservation of energy and momentum. This
may be seen by considering the particles in the
reference system of their center of gravity. We
have then px -pxx, px' —pxx' where ' denotes
the quantity after collision. Hence

Ex —Ex' =e'(px" —PII) =e'(pxx" —pxxt)

EII EII

and by the conservation of energy

Ex' —Ex ———(Exx' —Exx).

Hence either: (a) Ex'+Ex= —Exx' —Exx which
together with the conservation of energy gives
Ex = -Exx, Ex'= —Exx' or else (b) Ex'=Ex,
Exx' =Exx. In the case (a) one of the Particles has
a positive and the other a negative energy both
before and after collision. The total energy is
zero. In case (b) the values of the energy do not
change for either particle.

It will be seen from the above review of the
work on the two electron problem that the
theory of light quanta is not a very satisfactory
tool for its discussion. Results can be obtained,
but without additional physical considerations
they are not unique. For this reason a formu-
lation similar in point of view to that of Klein has
been given by Heisenberg" for the treatment of
the interaction of radiation with matter. In this
paper Heisenberg uses quantum-electrodynamics
but writes the equations in a form identical with
that of classical electrodynamics. This is ac-
complished by the use of quantized wave
amplitudes. It enables one to keep in mind the
analogy to classical theory. He is able to show

very elegantly the equivalence of the light
quantum treatment to the visual representation
of charge and current densities of Schroedinger
and Klein. He also shows that radiation is
travelling with the velocity of light directly from

~ W. Heisenberg, Ann, d. Physik 9, 338 (1931);eee abxo

L. Roeenfeld, Zeite. f. Phyeik 71, 273 (1931).
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Maxwell's equations. This method has the
advantage of conciseness. Since, however, it is
mathematically equivalent to the calculations
which we presented above, we do not go into the
details of Heisenberg's mathematical procedure.
Instead we would like to emphasize Bohr's pbint
that the applications of quantum-electro-
dynamics are made possible in this as well as in

all other papers only by the supposition that the
interaction between radiation and matter may
be treated as small while according to quantum-
electrodynamics it is infinite.

$5. Convergence diSculties

We have attempted above to present those
parts of the theory of radiation for which the
conclusions are certain and the results are likely
to be physically correct. Before closing the report
it is necessary to discuss brieAy also the nature
of the unsatisfactory features of the theory.

As is well known the theory of light quanta
suffers from divergence difficulties. The infinities
which arise in applications of the theory have the
appearance of being of the following kinds: (a)
those having to do with the zero-point energy of
radiation in empty space; (b) those having to do
with the finite size of the electron.

The first kind (a) is by itself not very trouble-
some because the zero-point energy g,hi, /2 is an
additive constant in the total energy of the
system. As has been explained in V above the
order of factors in the Hamiltonian function can
be chosen in such a way that this zero-point
energy does not occur at all. Even though it may
be, thus, formally removed, the peculiarities of
the quantum treatment which are responsible
for it are still present. We can illustrate the point
by considering a single simple harmonic oscillator
of frequency v. It also has a zero-point energy and
by subtracting from the Hamiltonian function
m vi(PQ —QP) we can remove this energy. Never-
theless, we still have a finite value of Q' and of P'
for the normal state of the oscillator, and we see
from the fact that the Schroedinger wave
function is of the form e «9 that the oscillator is
neither in its equilibrium position nor in a state
of rest. This state of agitation for the normal
modes of vibration of a crystal is, for example,
demonstrated experimentally by a residual dif-
fuseness of x-ray diffraction patterns produced by

crystals even at low temperatures. We see,
therefore, that, although the purely additive
constant Q,ki, /2 in the energy is not a real
stumbling block of the theory, it is connected
with a condition of the electromagnetic field in
the absence of light quanta which may be
described by saying that there is a state of
residual agitation in the field. It is impossible to
remove it just as it is impossible to find a
stationary solution for the harmonic oscillator
for which it can be considered as being in a
state of rest. It is essentially for this reason
combined with the postulated existence of an
infinite number of states for any light quantum
that the theory is intrinsically divergent quite
apart from the question of the size of the
electron. Thus, it has been shown by Rosenfeld"'
that even in the absence of matter the gravi-
tational field due to light quanta is infinite. In
this work it is supposed that the formalism of
general relativity may be transferred to the
discussion of the interaction of gravitational and
matter waves. By taking into account terms in
the first power of the gravitational constant it is
found that the interaction between the gravi-
tational and the light wave field gives no
contribution to the expectation of the mutual
energy and an infinite contribution to the
expectation of the energy of the gravitational
field. The origin of the infinity is traced to the
occurrence of summations which extend over all
possible frequencies and cover, therefore, also the
range of infinitely high frequencies. It is, further-
more, pointed out that from the point of view of
the configuration space of light quanta the
divergence is attributable to the infinitesimal
volume given to the light quantum. Needless to
say there is a direct connection between these two
aspects just as in the case of matter waves, and
it is, furthermore, clear that the problem here
considered is analogous to the discussion of the
interaction of electrons with light quanta, with
light quanta substituted for electrons and
gravitational quanta for light quanta. The par-
ticular significance of this work lies in empha-
sizing the generality of the divergence difficulties
when applied to any system of wave fields.

The divergence difficulties (b) having to do
with the size of the electron have been already

"L.Rosenfeld, Zeits. f. Physik 69, 589 (1930).



partly discussed by us. Qte saw LI, )fI5, 61 that
classical electricity and magnetism is subject to
the same defect, and fV, )3j we, further,
convinced ourselves that the electrostatic part of
the self energy behaves in quantum theory
exactly in the same way as it does in the classical.
This part of the self energy is not especially
bothersome, for, as has been shown, it may be
regarded as an additive constant characteristic of
the distribution function D(r; —r'). It will be
recalled, however, that in the classical theory the
infinite contribution to the energy of the electro-
magnetic field is due not to the electrostatic
energy alone but also to the transverse waves;
the purely electrostatic part is given by Eq. {28),
while the whole energy is given by Eq. (27).
Corresponding to this, there are also in the
quantum theory infinite contributions due to the
energy of the transverse waves. This has been
shown by direct calculation by Oppenheimer" for
stationary states and by Wailer for free elec-
trons. "It is especially important to note that the
infinite contribution to the energy due to trans-
verse waves cannot be considered as an additive
constant. It has, in fact, been shown by Oppen-
heimer'" that the difference between the self
energies of two different electronic stationary
states is, itself, infinite. The theory thus leads to
an infinite displacement not only of spectral
terms I which by itself could be harmless) but
also to an infinite displacement of spectral lines
and is, thus, in direct contradiction with experi-
ence. The displacements calculated by Wailer"
are, of course, of the same character. That the
differences between the self energies of different
spectral terms should be infinite is to be ex-
pected" by analogy with classical electricity and
magnetism. The range of probable electronic
velocities is different for different stationary
states. According to the well-known expression

W= WpL1+ (p'/3) j/L{1—p') &j (27)

the difference W{Pt)—W{Ps) becomes infinite for
Wsmoo which corresponds to a point electron.

Care should be taken, however, not to carry
this analogy too far, because the particle picture
is applicable only partially in quantum me-
chanics. As is well known, there exists a compli-

"I.Wailer, Zeits. f. Physik 62, 673 (1930).

mentary duality between waves and particles,
and neither the wave nor the particle picture
gives a universally appropriate description of
nature. "This complimentarity of the wave and
particle aspects of matter can be emphasized by
means of the mathematical machinery of second
quantization, i.e. , of quantization of matter
waves. "The point of special interest to us is that
one may start either with a mathematical
treatment in the configuration space of the
particles or else one may start with a three-
dimensional description in terms of matter waves.
Dealing with the configuration space of the
particles one is in a convenient position to see the
analogy to the equations of motion of classical
particle dynamics (Newton's laws of motion) and
one sees this connection quite apart from any
special form of the Hamiltonian function as has
been emphasized in Part II of this report.

Connection between the particle picture of
classical dynamics and the physical reality de-
scribed by the equations of the quantum theory
is of course given in the sense of Bohr's corre-
spondence principle. The connection is put into
the theory by arranging the quantum Hamil-
tonian so as to lead to the classical equations of
motion for the quantum operators. Often this is
done by making the quantum Hamiltonian
identical with the classical one. In the mathe-
matical formulation by means of quantized waves
one starts with a Hamiltonian function analogous
in form to a classical one describing the behavior
of matter waves. The classical matter waves are
to be thought of as smeared out in space and
their interaction may be pictured as due to the
mutual energy of the charge densities at different
points in space. In this classical picture there is no
indication of the discreteness of the number of
particles, and there is also no indication of any

~ N, Bohr, Nature 121, 580 (1928); see also W, Heisen-

berg, The Physical Princig&s of the Quantstrn Theory,
University of Chicago Press, 1930.

~ For a brief presentation of this mathematical method,
see W. Heisenberg, The Physical PrisciPles of the Qstantstm

Theory, pp. 177-181, University of Chicago Press, 1930;
see also: P. A. M. Dirac, Proc. Roy. Soc. A114, 243 (1927);
P. Jordan and 0. Klein, Zeits. f. Physik 45, 751 (1927);
P. Jordan, Zeits. f. Physik 45, 766 (1927); 44, 473 (1927);
P. Jordan and E. Wigner, Zeits. f. Physik 47, 631 (1928);
U. Fock, Zeits. f. Physik 75, 622 (1932); P. Jordan, Zeits.
f. Physik 75, 648 (1932).
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particle size. It is these properties of the physical
reality Lthe particle aspect j that are introduced
by the second quantization, i.e. , by the treatment
of g* and f as noncommuting quantities, as is
shown by the fact that it may be proved mathe-
matically that the quantized wave treatment is
equivalent to the particle treatment by means of
Schroedinger's equation in configuration space.
Thus, by formulating the theory by means of
quantized waves we have a convenient way of
seeing the analogy to classical matter waves
again in a sense vie the correspondence principle.

Knowing the equivalence of the treatment in

configuration space with that by means of
quantized matter waves, we see that Bohr's
principle of complimentarity finds here its proper
mathematical formulation. Mfe do not expect to
have a complete description either by means of
the particle or by means of the wave picture. It
would also be unwarranted to expect the particle-
aspect consideration made in connection with

Eq. (27} to be wholly applicable. Neither should
we consider the smeared-out charge distribution
picture to be literally valid. According to the
latter we would only expect a contribution to the
magnetic energy of the order of the energy of the
magnetic field due to the smeared-out current,
and this energy would not be troublesome.
However, the calculations of Oppenheimer,
Wailer and Rosenfeld show that the particle
aspect plays an important part although the
form of the mathematical expressions arrived at
is not very reminiscent of the corresponding
classical particle formulas. It, thus, comes about
that the self energy due to the transverse waves is
infinite, and yet it is not directly representable as
Eq. (27).

It must be emphasized that the divergence
difficulties are characteristic of the original Dirac
theory of light quanta and that they are not due
to the formahsm introduced by the wave field

theory of Heisenberg and Pauli. This is obvious
from the fact that on eliminating the electrostatic
field the wave field theory is equivalent to
Dirac's theory of )ight quanta. It must, further-
more, be borne in mind that the use of Dirac's
relativistic linear equation made in the work of
Oppenheimer and Wailer cannot be held re-
sponsible for the failure of the theory, because as

has been shown by Rosenfeld's that the failure
sets in even if one uses Schroedinger's non-
relativistic wave equation. In this calculation
Rosenfeld starts out with an initial state of the
coupled system consisting of radiation and
matter in an initial condition of having matter in
a stationary state and no light quanta. He then
calculates by the method of variation of constants
the behavior of the system at later times. The
matter is supposed to be a classical harmonic
oscillator which is the direct opposite in its
general properties to the free electron considered
by Wailer. He finds that with the lapse of time
the expectation of the energy of the electro-
magnetic field becomes infinite. The infinity
comes about mathematically through a sum-
mation over the possible frequencies of light
quanta. He breaks oA' the summation at an
arbitrarily chosen high frequency, and he finds
that the result is a function of the vibrational
quantum number for the initial state. Letting
this vibrational quantum number be n and the
frequency at which the sum is broken off be v, the
energy behaves as v"+I. Now a consideration of
the matrix elements a„' entering in V above
shows without difficulty that breaking o6 the
summation at v is nearly equivalent to dealing
with an electron having a finite size described by
the distribution function D and that this size is
of the order of magnitude of c/v. For different
initial vibrational states, therefore, one obtains in
the limit vm0 infinite differences between the
expectations of the energies of the radiation field.

It is instructive to consider the relation of this
flux of energy into the radiation field with the
principle of conservation of energy. One is, of
course, sure that this principle is correct for any
calculations involving quantum mechanics be-
cause of the existence of a Hamiltonian function.
The total Hamiltonian may be written as

II=II +IIg+II',

where II, IIJt refer, respectively, to radiation
and matter alone and II' describes their inter-
action. For Rosenfeld's case II is positive
definite and so under no circumstances can
II = —~. It has, furthermore, been seen [I, fj7,
V, $21 that

~~ I.. Rosenfeld, Zeits. f. Physik 70, 454 (1931).
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H = tisP j2+ V(r)+H g.

It is found that Ha = +~. Therefore, H = +~
because neither V nor r can be —ao. Therefore,
initially also H = + ao. However, initially H was
finite and Ha =0. Therefore, initially H' = +~ .
Now H' itself consists of a sum of two parts one
of which is linear in the vector potential A and
the other involves A'. The linear part is readily
seen to have an expectation value =0 and,
thus, the source of trouble may be said to be the
term in A'. An easy direct calculation shows, in
fact, that the expectation of A' is infinite. It is
curious to note that the infinity is, thus, finally
traced back to the fact that the oscillators
describing radiation may not be said to be in a
state of absolute rest even when physically we
like to deny the presence of light quanta. In this
way even though we remove the infinite additive
energy g,hi, /2 the origin of it—the lack of
possibility of having a condition of absolute rest
or a position of equilibrium —makes itself felt at
another point of the theory.

Attempts at rectifying the theory by simply
introducing a finite radius for the electron do not
appear very rational because by so doing the
relativistic invariance of the mathematical
scheme is destroyed. It, furthermore, does not
appear to have very much physical sense to
assign to the electron any particular shape or
dimensions. There is so far no evidence of a
possibility of exploring such properties experi-
mentally, and there is at present no way of
explaining how such an electron would stay
together. These diSculties of the classical theory
remain in full force also in quantum mechanics.

It is, on the other hand, likely fVII, $5j that
quantum mechanics fails within the nucleus and
that the representation of interactions between
particles at nuclear distances is impossible by
means of theories advanced so far. It, thus,
appears reasonable to expect our present-day
descriptions within nuclear dimensions to be
fallacious, and there is from this point of view

nothing very surprising in arriving at ultimate
contradictions by having used calculations
dealing too specifically with electrons and light
quanta of zero dimensions.

An attempt at removing the difficulties by an

apparently different formulation of the theory
has been made recently by Dirac." A more
detailed investigation by Rosenfeld" shows,
however, that the requirements laid down by
Dirac are satisfied by the Heisenberg-Pauli
theory of wave fields. It, thus, does not appear
likely that one will arrive at a solution of the
difficulties by formal methods based on present-
day quantum mechanics.

On the other hand, the fact that quantum
theory fails in the nucleus makes one hope that
studies of nuclear physics will ultimately suggest
a solution of the present di%culties of quantum-
electrodynamics.

The writer is very grateful to Professors Pauli
and Heisenberg for many discussions on the
above subject.

~ P. A. M. Dirac, Proc. Roy. Soc. A136, 453 (1932)."L. Rosenfeld, Zeits. f. Physik "l6, 729 (1932). P. A, M.
Dirac, V. A. Fock and Boris Podolsky, Phys. Zeits. d. Sow.

2, 468 (1932).


