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I. INTRODUCTION

A. History

ln p decay, a nucleus can capture an electron (or a
positron) instead of emitting one. This possibility, in-
herent in the Fermi (1934) theory of p emission, was
first suggested by Yukawa and Sakata (1935, 1936, 1937).
The density of atomic bound electrons at the nucleus
makes orbital electron capture significant, particularly
for s electrons in heavy atoms. Detection of the emitted
neutrino is a major experimental undertaking that has
not yet met with success (Davis et al. , 1968; see also
Physics Today 25, August 1972, p. 17; Bahcall, 1972).
Even the nuclear recoil from neutrino emission is very
difficult to detect (Crane, 1948), unless extraordinary
ingenuity is brought to bear (Goldhaber et al. , 1958). X
rays and Auger electrons emitted in the de-excitation of
the ionized daughter provide more readily detectable, al-
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beit indirect, signals of the capture process.
Alvarez (1937) first gained experimental evidence for

the existence of nuclear electron capture by detecting Ti
K x rays emitted in the decay of "V. A Geiger counter
was employed; positrons were bent away by a magnetic
field, and the x-ray energy was established approximate-
ly from an Al absorption curve. Gamma-ray internal
conversion could not be excluded as a possible origin of
the Ti K x rays. A completely conclusive demonstration
was brought about the following year, when Alvarez
(1938a,b) used differential absorption to identify Zn K
x rays from the decay of "Ga. Belated cloud-chamber
experiments were performed by Oldenburg (1938) and by
Williams and Pickup (1938), after an unsuccessful at-
tempt by Jacobsen (1937). The capture of I electrons
was first observed by Kirkwood et al. (1948) and Ponte-
corvo et al. (1949), who mixed radioactive "Ar with the
gas in a proportional counter and- found a peak due to
Cl I. x rays in the spectrum. Dougan (1961) first mea-
sured 2VI electron capture in "Ge.

Following the work of Fermi (1934) and Yukawa and
Sakata (1935, 1936, 1937), the theory of allowed electron
capture was developed by Bethe and Bacher (1936) and
Manlier (1937a,b). Generalizations including forbidden
transitions were carried out by Marshak (1942), Bou-
chez et al. (1950; Bouchez, 1952), Brysk and Rose
(1958), Hubbard (1965), Robinson (1965), Zweifel (1954,
1957, 1958), Konopinski (1966), and Behrens and Janecke
(1969), among others. The subject has been reviewed by
Robinson and Fink (1955, 1960), Bouchez and Depommier
(1960), and Berenyi (1963a, 1968a). Introductions to the
theory are contained in the books by Schopper (1966),
Wu and Moszkowski (1966), and Morita (1973).

B. Energetics

We denote by W~+ 1 the energy (mass) difference be-
tween parent and daughter neutral atoms

w, =~w,„„~IzE„I,
in units such that 5=m, =c=1. Here, b, TV„„„is the ener-
gy difference between the parent nucleus (A, Z) and the
daughter nucleus (A, Z —1). The quantity b,

I
ZE

I
is the

total change in- electron binding energy between parent
and daughter atoms, which arises because all electron
energy levels move up in the potential well as the nu-
clear cha, rge decreases by one unit (the electron cloud
"expands" ). The binding-energy charge ~ IZE„I is not
negligible; it amounts to -20 keV for Z=85, for ex-
ample.

Let E„' be the binding energy of the captured electron
in the daughter atom. We neglect the energy of atomic
recoil from neutrino emission; its largest value, in 'Be
decay, is only 57 eV. Because of imperfect atomic
mavefunction overlap, the daughter atom's electronic
excitation energy will exceed

I
E„'

I by an amount that we
denote by E~. The average of this yeaxxangement energy
E~, taken over many atoms, is small (of the order of a
f'ew eV), but in those individual transitions in which sub-
stantial shakeup or shakeoff (internal ionization) occurs,
E~ can be quite significant (Sec. V). The neutrino energy
1s

q= w, +I IE'.
I
-E (1.2)

q=z~„„„~ICE„I+I (1.3)
I

The atomic excitation energy IE„'
I

+ E~ is released after
the capture event in a cascade of Auger and radiative
transitions, except for energy carried into the continuum
in shakeoff. The energy threshold for electron capture
from orbital x is

Positron emission is energetically possible, and com-
petes with orbital electron capture (Secs. III.D, III.E) if
$VO~ 1, or

~w„„„-1+~ICE„I+E . ( l.5)

D. Radiative electron capture

The existence of a low-intensity continuous photon
spectrum accompanying P' decay was first observed by
Aston (1927) and Bramson (1930). The basic theory of
radiative P decay was developed independently by Knipp
and Uhlenbeck (1936), who were seeking an explanation
for the observed photon continuum, and by Bloch (1936),
who was unaware of the experimental work and was mo-
tivated by purely theoretical considerations based on
Fermi's theory of P decay and Dirac's theory of the posi-
tron. Manlier (1937a,b) and Morrison and Schiff (1940)
pointed out that internal bremsstrahlung (IB) should be
emitted in the course of nuclep, r electron capture as well
as in P decay, a.nd independently worked out the theory.
Mgller (1937a,b), in particular, was interested in dif-
ferentiating between the Fermi and Konopinski-Uhlen-
beck couplings. Internal bremsstrahlung from electron
capture was first detected by Bradt et al. (1946). A

C. Atomic effects
Nuclear electron capture by its very nature stands at

the interface between nuclear and atomic physics. Only
in the crudest of approximations can the atomic electron
cloud be treated as merely the donor of the electron that
is captured. Nevertheless, the importance of treating
P decay in general, and electron capture in particular,
as transformations of the whole atom was not quantita-
tively taken into account until Benoist-Gueutal (1950,
1953a, b) wrote her thesis. The idea of including atomic
variables in the description of initial and final states
was pursued by Odiot and Daudel (1956), and formulated
elegantly by Bahcall (1962a, 1963a,b).

The fact that the entire atom is transformed in elec-
tron-capture decay is reflected in the energetics (Sec.
I.B) and in the effect of imperfect atomic wavefunction
overlap on the transition rate (Sec. II.E). Furthermore,
atomic transitions such as shakeup and shakeoff (inter-
nal ionization) can take place as an integral part of the
radioactive decay (Sec. V), quite distinct from the Auger
and x-ray cascade through which the daughter atom is
subsequently de-excited. Atomic effects in nuclear de-
cay have recently been reviewed by Emery (1972),
Crasemann (1973), Freedman (1974), and Walen and
Briangon (1975).
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number of reports followed, describing the observation
of IB at high energies; all of these data were consistent
with the Morrison —Schiff theory. A study of the "Fe IB
spectrum by Madansky and Rasetti (1954), however,
showed an unexpected steep rise of the IB intensity at
low photon energies. These data were only explained
after Glauber and Martin (1956; Martin and Glauber,
1958) developed an elaborate and much more accurate
theory of IB in electron capture, in which Coulomb and
screening effects are taken into account and capture
from L and M shells is included. Although originally
restricted to allowed transitions, this theory was later
generalized to electron-capture transitions of arbitrary
degree of forbiddenness by Zon and Rapoport (1968; Zon,
1971).

E. Significance

Research on electron-capture probabilities and ratios
is being pursued as a facet of basic science and because
of the importance of applications. Electron capture
plays a part in the decay schemes of some 500 radio-
nuclides, -60 of which are commercially available. Nu-
clear decay by electron capture is not only relevant to
nuclear science but also to geochemistry, cosmology
and astrophysics (Trimble and Reines, 1973), nuclear
medicine (Dillman, 1968, 1970), and technology. The
measurement of KjP' ratios is one of the more sensitive
ways of determining an upper limit on the Fierz inter-
ference term (Schopper, 1968). Ratios of allowed elec-
tron capture from various shells are independent of nu-
clear factors and reflect purely atomic properties; these
ratios are sensitive to bound-electron wavefunctions at
the nuclear surface and to electron exchange and imper-
fect atomic wavefunction overlap (Bahcall, 1962a,
1963a,, b).

F. Scope of review

In Sec. II of this article, we discuss the theory of al-
lowed and forbidden nuclear electron capture. Formulae
and tables are provided that enable the reader to calcu-
late transition rates and ratios of interest. Special at-
tention is paid, in Sec. II.E, to electron-exchange and
atomic wavefunction overlap effects on the transition
probability. Experimental methods for the measure-
ment of electron-capture probabilities and ratios and
of EC/P' ratios are described and compared in Sec. III.
Published data are listed, critically evaluated, and com-
pared with theory. In Sec. IV, the theory of radiative
electron capture and experimental work on internal
bremsstrahlung are thoroughly reviewed and tables for
the calculation of IB spectra are provided. Section V
is devoted to a discussion of atomic transitions that ac-
company nuclear electron capture.

~e have made an effort at completeness in covering
the subject. Some information has been included that is
now of merely historical interest, but w'e have attempted
to be adequately critical in the final evaluation and com-
parison of results. Meson capture, though interesting
and closely related to our subject, has not been included.

~e hope that this article may prove useful for both
theoretical and experimental researchers in need of a

complete survey of what is known about nuclear electron
capture, and that it w'ill be of help to nuclear physicists
and chemists and to workers in radionuclide metrology,
nuclear medicine, and in related areas.

II. ELECTRON-CAPTURE THEORY

A. The P-decay and electron-capture Hamiitonian and

transition rates

It is usually assumed that all the weak interaction pro-
cesses can be described by a universal fundamental
Hamiltonian density (current-current interaction) (Mar-
shak et a/. , 1969; Schopper, 1966; Blin-Stoyle, 1973).
A general discussion of such phenomenological interac-
tion currents in nuclear systems is given by Lock ef. al.
(1974). For the special case of nuclear P decay, this
Hamiltonian density has the form'

IIs(x) = G&2 'i'—[J (x)I '(x) + h. c.], (2.1)

where J and L denote the hadron and the lepton cur-
rent, respectively. The P-decay coupling constant Gs is
related to the universal weak coupling constant G by

G~= G cos0, (2.2)

where 0 is the Cabbibo angle.
Although Eci. (2.1) well describes such processes as

P and p, decay, it represents an incomplete theory be-
cause it is not renormalizable. Thus higher-order cor-
rections cannot be calculated. In the last few years,
however, renormalizable models (first proposed by
Weinberg, 1967, and Salam, 1968) have been developed.
These models are based on gauge theories unifying the
weak and electromagnetic interactions (Abers and I.ee,
l973; Lee, 1973; Bernstein, 1974; steinberg, 1974;
Beg and Sirlin, 1974). These gauge theories imply that,
the weak interaction operates through a neutral current
in addition to the previously known char ged current. Phe-
nomena induced by neutral currents occur mostly in high-
energy physics, but they can be found in nuclear and atomic
physics as well (Bouchiat and Bouchiat, 1974). Never-
theless, for the purposes of the present paper, the
Hamiltonian of Eq. (2.1) is sufficient and we shall deal
only with this form of the weak-interaction theory.

In nuclear P decay, we must consider the three pro-
cesses

We have A ={A&,A~, A3, -A4). In the following we assume
pure V—A interaction to be valid, where V stands for vector,
and A. , for axial vector. An extensive discussion of this point
is given by Schopper (1966).

(Z,A)-(Z+1, A)+e +v, (p decay),

(Z, A) —(Z —1,A) + e'+ v, (P' decay),

(Z, A)+e -(Z —l,A)+ v, (electron capture) .
Here, (Z, A) signifies an atomic nucleus of mass number
A. and atomic number Z, e denotes an electron, e' de-
notes a positron, v, is the neutrino, and v, is the anti-
neutrino.

In order to discuss the general features of these weak-
interaetion processes and their interrelations, we first
consider the decay of a single neutron or proton, assum-
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L,.(x) = iq, (x)y.(l+ y, )q.(x), (2.3)

ing that the individual nucleons in the nucleus are inde-
pendent of one another and behave like free particles.

In the case of nuclear P decay, we need only the elec-
tron part of the lepton current, which can be expressed
as

single, pointlike nucleon. To consider the decay of a
nucleon in a complex nucleus, we transform the wave-
function used in Eqs. (2.7) from momentum space to con-
figuration space. For this purpose, the three-dimen-
sional momentum-dependent part of the delta function
is replaced by

where P„and g, are the field operators, ' and y~ the
Dirac matrices. '

The nucleons, unlike the leptons, interact strongly as
well. This leads to complications, and consequently it
is not possible to express the hadron current so simply
in terms of field operators (Marshak et al. , 1969; Blin-
Stoyle, 1973). U, however, we approximately treat the
nucleons as point particles, neglecting the influence of
the strong interaction, then the hadron current is

(2.4)Z„(x) =i P~y, (l+ xy, ) |t„,
where X= -C„/C~= 1.251 +0.009 (Kropf and Paul, 1974).
The Hamiltonian density then has the form

The corresponding transition matrix elements for the
three basic processes in nuclear p decay are

n-p+e + v,
4

M =(pe v,
~

H (x) d x ~n), (2.6a)

p- n+ e'+ v,

p+e -n+ v,

I„=(«'~.
l f&,(*)&'~ It»

= ("".
~l f+a(&) d'&

l
t'& ) .

(2.6b)

(2.6c)

With H8(x) according to Eq. (2.5), the transition matrix
elements become

Me-=G82 'i'(2tt)'5(q~+q, -+q-,, —q„)

x [u~y, (l+ xy, )u„][u,y, (1+y,)v„],
Me, ——G&2 '~'(2tr)~5(q„+ q,++ q„—q~)

x [u„y„(l+xy, )u~][u„y~(1+y,)v, ],
MEc = G~2 '~'(2tr)'5(q„+ q„—.q~ —q, )

x [u„y,(1+xy, )u~][u„y, (l + y, )u, ].

(2.7a)

(2.7b)

(2.7c)

The q's are the four-momenta of the particles indicated
by the subscripts, and 5(q) is the Dirac delta function.

Equations (2.7) have been derived for the decay of a

The field operators are given by

Q(x) = V t~2 Q Q {e' "a„(q)u„(q)+bt(q)v„(q)e '~),
'q r

g(x) = V p p (e-' at(q)R (q)+ b~(q)v~(q)e ). '

H, (x) = G,2 "'g,(x)y.(i+) y,)4„(x)4.(x)y.(i+y, )4„(x)+h.c.}.
(2.5)

5(y) =(2tr) ' e '~'d't (2.8)

(Blin-Stoyle, 1973). We introduce the plane-wave solu-
tions of the Dirac equation for the particles,

@ (p, r) =u e"~',
and for the antiparticles

(2.9a)

x @ (p, r)y (1+Xy, )

x @„(p„,r)@,-(y„r)y, (i+y, )p.,( p„,-r); -(2.10a)

M~ =G~2 '~'2 5tt(E„E+,.+E„—E~)

x
n pn, r yib 1+&y,

x @,(pg„r) @.(y„,r)y, (i+ y, )y„(-y...r) d't';
(2.10b)

Msc = Ge2 'i'2@5(E„+E, —E~ —E, )

x @„(p„,r)y„(1+Xy,)

x y (p, r)p„(p„, r)y (1+y,)@, (p„r) d't'.
(2.10c)

Inside the nucleus, we replace the nucleon plane waves
by bound spinor wave functions, and represent electrons
or positrons by wave functions which are solutions of
the Dirac equation for an extended charged nucleus sur-
rounded by atomic electrons. ~ Furthermore, it is con-
venient to split off the delta function and the factor 2m

by writing Me 2tt5(E, —Ef-)(fi' Ii)..
The hadron parts of Eqs. (2.10a) —(2.10c) can now be

expanded into multipoles (Schopper, 1966; Konopinski,
1966; Bouchez and Depommier, 1960; Weidenmuller,
1961):

[ep.(1+»5)@;]y4y.= g ( 1) '
uxor. (~»-KL.(~) ~

KLsM

(2.11)
Here, i and f denote initial and final states, and

P,(-y„r) = C@,(p„r) = —y, @.*(p„r)= v, e "&'. (2.9b)

Here, a and b denote particles and antiparticles, re-
spectively, and C is the charge conjugation operator.
%e find

M~-—- G82 'i~2t 5(E~+E, +E;, —E„)

r=1 2.
The a„(q) and ~~(q) are the annihilation and creation operators
for a fermion of momentum q and spin r, respectively, b„(q)
and g~(q) are the corresponding operators for the antiparticles.
The 1„(q) and v„(q) are both the free-particle Dirac spinors.
We have z('„(q') ~r(&)~4 and r(&) vr(&)&4

3We use the Dirac equation (—p —Pm —W)/=0 and the nota-
ion p@ = -@A, p4 ~ p5 +1+2~3+4 0 +5 + 0+5 Rn

o.
i „——

2z(y„y„-gpss

).

and

J.L,O- ~I M

are the multipole operators. '

In the following, we use natural units 5= en~=a=1.
5We have r=r/r, and dO is the solid angle.

(2.12a)

(2.12b)
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The expansion coefficients a~~~,(r) can be derived from
the relation

A-..(-q) = -y.@.*.(q) = g (-1)""""&„*.@.'"(-q) .
kVP V

a~~e(r) = @~~(1+Xy, ) T~~e(j),. dQ„„„. (2.13) (2.15d)

inserting Eqs. (2.11) and (2.13) in Eqs. (2.10a) (2.10c),
we find for the matrix elements

(f~If
~

) G 2- / g ( 1)Ic Af

KL sM

The spherical waves &f&„' here have the form

((sign(()f, (z, r)X „'}

g,(Z r)X,'//

where we have

(2.16)

y ~t(1+ xy, ) T"„y„dn,„., x„' =i,' g c(l&j; p, —mnz) Y', x (2.17)

@t-(Z)(l+ y, ) T~~~,@;(-q) dQ„„r' dr;

(2.14a)

the X (m = +—,') are two-component Pauli spinors, the
C(l—',j; p, —mm) are Clebsch-Gordan coefficients, and the
g~ are spherical harmonics. The index v is

(f ~If
~

) G 2-(/2 g ( 1)Ic+i/

KL sM

~

~

j=l —pK=
—(l+ 1), j= l+ z

(2.18)

@i„'(1+Xy,) T~~,@q dQ„„„

@& (q)(1+y,)T~"„@,,( Z) dn„,,-r'dr;

(2.14b)

(f]ff
~

) G 2(/2 Q ( 1)Ki/
KLsM

@t(1+Xy )T PpdQ„„

y~ (q)(l+ y, ) T~~~,y,-(z)dQ„„r' dr .

(2.14c)

Here, q denotes the momentum for neutrino or antineu-
trino, and @,+(vz) is the electron or positron wavefunc-
tion in the Coulomb field of a nucleus of atomic number
Z.

.We expand the electron (positron) and neutrino (anti-
neutrino) continuum wave functions in partial spherical
waves (t„' (Konopinski, 1966; Schiilke, 1964; Weiden-
miiller, 1961):

and g„(Z, r) and f,(Z, r) are the large and small radial
wavefunctions, respectively.

The antiparticle (positron) wavefunction is (Rose,
1961)

(g.(-z, )x„'
I(( —sign/()f, ( —Z, r)X ~)

(2.19)

The neutrino radial wavefunctions can be written ex-
plicitly:

(jp(qr) x')

~j,(qr) x,')
where l —l = sign((, and j,(qr) is the spherical Bessel
function. For the antineutrino we have

(2.20)

@la( ) (~l(q (2.21)
(-j-,(qr) x .')

The expansion coefficients a, „and fi, „ in Eqs. (2.15)are de-
termined by the condition that the continuum wavefunctions
@, (Z) and @„(q)become asymptotically equal to a plane
wave plus incoming (or outgoing) spherical waves
(Schiilke, 1964; Weidenmiiller, 1961):

@.-(Z) = P ~„.„.(t „"(Z), (2.15a.)

@„,(q) = Q &„„,,(t „';(q,
kVQV

(2.15b)

@.»(-z) = @y.*-(z)= g (--1)""""~.*...@. (-z) *

keg g

(2.15c)

(i„„,(p, &,) = «p 'C(l, 2j,; i(,, —s,s,)

&&

y'kate-se(p)

e-i(Lee+(e/2)(l e+1 &'i (2.22)

b„(q, s„)= 4mC(l„~ j„;ii,„—s„s„)F,*~" 'e(q) . (2.23)

Here, S„ is the Coulomb phase (Buhring, 1965, 1967).
It is useful, furthermore, to introduce reduced hadron

and lepton matrix elements by applying the signer-Ec-
kart theorem. From Eqs. (2.14a)—(2.14c) and (2.15a)—
(2.15c) we find

(f~If ~i) g 2 ~ ~ ( ] )J/ i//+/e Ice( ] )Ic+i/+/e+ee ( / i ) e v

KLsM k~ve (-M, M M;1 (-v, -~ -v.jkVP' V

&«„*„P„*„,„(@ll(1+ &y,)T,ll(t „)(@„(Z)ll(1+y,)T, II@„( q))r'dr;— (2.24a.)
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(f~~ ~

.
& G 2- g g ( ]) yMy+sp )4p( 1)

KLsM (qe)4e (-My ™2~k Pp 'M i e~

x + f)»' (@ ll( 1+ &y )TKL Ii p&&(y„(q) ll(1 + y, ) T„L,II @„,(—Z)&r' «;
(f(a„~'&=G,2-'~' g P (-1)" ""-~(-1) ' ~ '

kVP' V
KLsN &vP v I, M~ M M,J.(—p,„-M p, ,1

x ((t)„Ii(1+xy, ) T„L,II (p~&(@„(q)II(1+y, ) TK„II@,(z)&r' «.

(2.24b)

(2.24c)

I. , I, , M„.. . ) denotes the different shells and subshells of the atomic cloud from which the elec-
tron can be captured. The states of the initial neutron or proton are specified by ~Z,M;&, and those of th«»» nu-
cleon by

~ J~M~&.
The similarity of Eqs. (2.24a), (2.24b), and (2.24c) suggests that we need to derive the final formulae of the ob-

servables for on]y one type of decay (p, p', or EC) and can hence obtain results for the other decay modes. For
this purpose, we transform E(ls. (2.24b) and (2.24c) into a form that is similar to that of Eq. (2.24a), by interchang-
ing initia]. and fina]. states in the reduced lepton matrix elements Ta.king into account the relation (Weidenmuller,
1961)

(fll(1+y )TKL, lli&*=( —1) "'4 'f(ill(1+ye)TKL llf)
and the fact that here the reduced matrix elements are defined as real quantities, we obtain

(f ~If ~'& G 2- '24 ~ ( 1) y-My+/ ( ]) +M „+ + 'f ~'~ / 2 ~ 2

KLsN lcqp t. (—M~ M M,.f ~,-iL, -M —P.„)
V V

(2.25)

Q„5„„1+XP TKL P „-Z 1++ TKL „Q' 'V A"

(f iH ~i& G 2 / ~ ( ]) y Mys Il ( ])K s+ +2 +P +2 f
KLsN &VP v

(2.26a)

x bf, ( —1)'s"s ((t)„ll(1+xy, )T«, II@~&(@„(z)ll(1+y, ) TKL, II@, (q)&r'dr. (2.26b)

The transition probability per unit time can now be found from standard quantum-mechanical formulae. By applying
first-order time-dependent perturbation theory (the "Golden Rule" ), the decay constant A, and the half-life t are given
by

X,=(ln2)(t~e) '=2m(2J, + 1) ' P
N j ~ Ny' sgt sv

((f ~ff~+(i&('p'gdpdA, dQ„(27)) ' (2.27)

(2.28)

xq-=e~(2q) (2J,. +1) ' —g g g f (2)1+1)'(*(qy)'~ (qy(I()y y, ) xlle„y)
K &eKV Ls

for P' decay, and by

X„=(in2)(t„)-'=2m(2Z, +1) ' g .g [(f ~
ffEc~i ]&' q„' dQ.(») '

p~, sv

for electron capture from the atomic x shell. By inserting the matrix element given by Eq. (2.24a) in E(l. (2.27) and
making use of the orthogonality relations for Clebsch-Qordan coefficients and Sj symbols, we find

x (4q) ~'(4, ( )sit( )yy, ) yz, lie ( q))y'qyI q'42.

2
x ( 4)7')~'(4p„(-Z) ll(1+ y, ) TKL, llqp„„(q)&r' dr q' dp.

The electron-capture decay constant is found by inserting Eq. (2.26b) in Eq. (2.28)

X„=G2~(27r) s(2J',. +1)(lj2) Q Q
K tcv

(-1)'(2K+1) '~'(4m)'~'(@„ll(1+ay, )TKL, II@~&
Ls

x (4q)'~*(e„(e)ll(1+y, ) 1' z„(le„„(q))y'cyI q', .

Similarly, by combining E(ls. (2.26a) and (2.27), we have

X~, = G~'(2~) '(2J;. + 1) ' —g g g (-1)' (2K+ 1) '~'(47))'~'((p„ll(1+ ay, )TKL, II(t)~&
K K~fcv Ls

(2.29)

(2.30)

(2.31)
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The neutrino momeritum q„ is given by

(2.32)

where Wo is the total transition energy between initial
and final states (the difference between the atomic
masses, minus m, c', see Sec. I.B), and W,' denotes the
energy of the bound electron (in the daughter atom). This
is W,' = 1 —

~
E,' ~, where E„' is the binding energy of the

electron. Because the electron and neutrino wavefunc-
tions are well known [Eqs. (2.16)-(2;21)], we can evalu-
ate the reduced lepton matrix elements explicitly
(Schiilke, 1964; Weidenmuller, 1961). For the three
kinds of reduced lepton matrix elements appearing in
Eqs. (2.29), (2.30), and (2.31), we have the following:

(4m)'~'&@„(Z)ll(1+ y, )T«, ll g„(q)&

=g (Z)[ji G«(z v )+jT G«(v g )']

+(sign&, )f„(Z)[j, G«, ( —v„K„)+ j-, G«, ( w„z„)l
(2.33)

for the electron-neutrino matrix element;

(4m)'~'&@, (Z) ll(1+ y, )T«, ll @„(—q)&

=g„(Z)[5 G«,(~„~.) jr G«—,(~„—~.) ]

+(»gnome)f~ (Z) [A G«s( —~e~ ~ ) —jT Ger, s( ~e ~v) ]

(2.34)

for the electron-antineutrino matrix element; and

(4m)'~'(@„(-Z)ll(1+ y, )T«, ll @, (q)&

=g„(—Z)[j, G«,(r„tc„)+j-,Gr~, (w„—z„)]
-(signz, )f, ( —Z)[j, G«, ( tc„z,)+—j-, G«, ( —z„-x„)]

(2.35)
for the positron-neutrino matrix element. The quantity
G«, (nz, n,.), introduced by Weidenmiiller (1961), repre-
sents the spin-angular pari of these reduced lepton ma-
trix elements

G«, (n~, n,.)

Consequently we can derive the formulae for P' decay
from those for P decay by making the following substitu-
tions

P decay P" decay

(2.39)

Here, G represents the terms which are due to parity
nonconservation (e.g. , electron polarization or P —y cir-
cular polarization correlation). The relation between P'
decay and electron capture is established by the substitu-
tions [cf., Eqs. (2.30), (2.31), (2.33), (2.35)]

P' decay electron capture

f„(-Z) — -f„,(Z)

g, ( —Z) — g„(Z) (2.40)

where g„(Z) and f„(Z) are the large and small compo-
Kg K

nents of the bound-state electron radial wavefunctions,
respectively. Alternatively, we can start from P decay
[cf., Eqs. (2.29) and (2.34) vs. Eqs. (2.31) and (2.33)]

P decay electron capture

f, (qr) j, (q~)

j-, (qr) j-,,(q~)-
(f ll(l+ xy, )T„,lli& —(-1)'(fll(1+ xy, )T„,lli&

continuum-electr on
wavefunction

bound- electron
wavef unction (2.4 la)

For the decay probabilities as given in Eqs. (2.29) and
(2.31), thi. s prescription can be replaced by one men
tioned by Behrens and Janecke (1969):

&II(1+ &y, )T,II&&ll(1 —y, ) T

= &II T«, ll&&ll(1 —y, )T«, ll&

—&ll&y, T«, II&(lly, (1 —y, )T«, ll& . (2.36)

={(2s+1)(2E:+1) [2l&(n&) + 1][2l(n, ) + 1](2j&+1)(2j,. + 1)/~2
P deca.y electron capture

K

&& i""~'""~'"(-1)'~'~ C(l(n, ) l(n;)I; 00) j~

s 1.

l(n~)

l(n,.)

(2.36)
Here, we have l(n) = n if n& 0 and l(n) = ~n

~

—1 if n& 0,
where n stands for +4 and -x; C is a Clebsch-Gordan
coefficient, and the braces denote a Wigner 9j symbol.

We now consider the relation between P and P' decay.
It is easily shown that the following relations hold

( 1)'-'(4~)'~'(@„(Z)ll(1 y, ) T~,.ll @.(-q)&

=g„(Z)[j, G«,(K„v,) + j-, G«,(r„tc„)]-
-(»gn~, )f. (Z)[j& G«.(-&.~&.)+ jV G«.(-"~—')]

(2.37)
Thus we see from Eq. (2.35) that the product of the two
reduced matrix elements in Eq. (2.30) can be replaced as
follows

(f II(1 + &y,)T«, l li &
- (-1) '(fll(1+ xy, )T«, lli& .

(2.41b)

In this description of the electron-capture and P-decay
processes, three important points have not been con-
sidered:

(1) The hadron current in the form of Eq. (2.4) is an
approximation which is only valid for bare nucleons.
The exact form of this current is discussed under the
heading Induced Interactions in Sec. II.B.3.

(2) The Hamiltonian and transition matrix elements
used here refer to a single-particle process. The de-
scription must be generalized for the case of many nu-
cleons in the initial and final states. This point is dis-
cussed in Sec. II.B.3.

(3) A complete description of the initial and final states
must include the electrons of the atomic cloud. Since the
nuclear charge and the number of electrons are different
in the initial and final states, the atomic-electron wave-
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functions of these two states are not orthogonal, and the
overlap between them is not perfect. This leads to some
modifications of the transition rate (exchange and over-
lap corrections) and to higher-order processes (e.g. ,
autoionization). These points are discussed in Secs.
II.E and V.

B. Electron-capture transition rates
1. General relations for the transition probabilities

In discussing transition matrix elements and transition
rates for the three weak nuclear decay modes, we have

pointed out how these decay types are related. From
here on, we consider electron capture only. We simpli-
fy Eq. (2.31), discuss the electron and neutrino radial
wavefunctions in the lepton part, 'and generalize the
hadron part through methods of elementary-particle
physics.

We first note that Eq. (2.33) is invariant under the sub-
stitution v„- -v, and set k„=

~
tc„~. We also introduce the

abbreviation (Buhring, 1963a, 1963b; Behrens and
Biihring, 1971)

P„[Mz(k„,k„) +(z /k„)mz(k„, k„)] = P (4')'~'[(2J, +1).(2K+ 1) ] '~'( —1)' (@„ll(1+&y,) T~z, II/~)
Ls

x{g„(Z)[j, G,(~„,k,) +j , G,-(~„, —k,)]

+ (signK„) f„(Z)[j, Gz~, ( —tc„,k„) +j -, Gzl, ( —K„, —k,) ])r' dr, (2.42)

where k„=
~ g„~, and p„ is the Coulomb amplitude (Behrens

and Janecke, 1969) of the bound-state electron radial
wavefunction (ERWF), discussed in Sec. ILB.2. For
~, = -]. we have p„=g,(0) equal to the value of the wave-
function g,(r) atr = 0. .

For the total capture probability from all atomic shells
we then have

L=6J for EJ&O

L=1 for ~J=O

u"'=L n„+1

a„"'=L —a„+2.

(2.46)

X, = (ln2)(l, )-' = G,'(2m')-' P n„C„f„ (2.43)

(Behrens and Janecke, 1969; Bouchez and Depommier,
1960; Brysk and Rose, 1958). The sum in Eq. (2.43) ex-
tends over all atomic subshells from which an electron
can be captured. For closed shells, n„equals 1. For
partially filled shells, n„ is equal to the relative occupa-
tion number of electrons in the shell. The quantity C„
corresponds to the shape factor of P decay. Taking into
account only the lowest-order terms in the summation
over ~ and k„, C„has the form

C„= [M~(k„, k„"')+(~„/k„)m~(k„, kP')]'

+ [M,(k„,k„"&)+(~„/k„)m,(k„, k& &)]'

+ [M...(k„,k„"')+ (~„ik„)m...(k„,k,"')]'
+ 6~~, [M,(1, 1) +(K„/k„)m,(1,1)]'. (2.44)

The classification of allowed and forbidden electron-
capture transitions is similar to that in P decay (Schop-
per, 1966; Konopinski, 1966; Behrens and Janecke,
1969)

6J= 0, 1 ~,.m& = + 1 allowed,

LJ= 0, 1 ~,.7t& ——-1 first nonunique forbidden,

b, J= n & 1 m, m& (-1)" nth non-—unique forbidden,

6J=n& 1 m, m&
-—(-1)"' (n —1)th unique forbidden.

(2.45)

Here, (J, , m,.) a.nd (Jz, mz) denote spins and parities of the
initial and final nuclear states, and we have 6J=

~
J,. —J&~.

Hence, we can write in Eq. (2.44)

The quantities z„and k„a.re related by Eq. (2.18) to the
total angular momentum j„and the orbital angular mo-
mentum l„of the bound electron. Similarly, v„and k„
determine j, and l„of the continuum wavefunction of the
emitted neutrino.

The values of K„ for bound electrons are as follows

K (ls) v„= —1

L, (2s) v„= —1

L, (2p, (,) v„=+ 1

L, (2p, (,) K„= —2

M, (3s) w„= —1

M, (3p, (,) z„=+ 1

M, (3p,),) z„= —2

M» (3d, ~,) g„=+ 2

M, (3d, (,) ~„= —3.

(2.47)

The function f„ in Eq. (2.43), which corresponds to the
integrated Fermi function of' P decay, has the form

f„=(m/2) q2P~2 (2.48)

The factor B„takes account of the effects of electron
exchange and overlap; it is discussed in Sec. II.E.

2. Bound-state electron radial wavefunctions

The electron radial wavefunctions f„(r) and g,(r) are a
solution of the Dirac. radial differential equation or of the
equivalent integral equation (Rose, 1961; Behrens and
Biihring, 1971). It is convenient to consider instead the
functions H~(r), h,(r), D~(r), and d„(r) introduced by
Biihring (1963a)
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f» (r) = P,(P„r)»& '[(2k„—1)!!P
x [H„(r) + h„(r) ]

g„(r) = P„(P„r)".'[(2k„—1)!!] '

x (r /R) [D» (r) + d» (r) ]

) z„&0,
(2.49a)

(2.49b)

f »„(r) = P—„(p„r) " '[(2k, —1)!!] '

x(r/R) [D„(r) d„(r) ]

g »„(r}-=P.(P.r)" '[(2k„1)' -'. ] '

x[H, (r) —h„(r)]

) ic„&0.
(2.49c)

(2.49d)

H,(r) = Q H„(k)(r/R)";
nW

(2.50)

Here, A is the nuclear radius, or equivalent radius of a
uniformly charged nucleus.

The first of two aspects of the electron radial wavefunc-
tions that require more detailed consideration is the be-
havior of these functions inside the nucleus: the depen-
dence of the electron and neutrino radial wavefunctions
on the distance ~ from the center of the nucleus must be
subsumed into the nuclear matrix elements [cf. Eq.
(2.42)]. The r-dependence of the electron radial wave
functions inside the nucleus depends essentially on the
form of the nuclear charge distribution.

Secondly, the Coulomb amplitudes P„must be consid-
ered; they can only be calculated numerically by solving
the Dirac equation for an extended nucleus and for a self-
consistent atomic potential. The value of P„ is essential-
ly determined by the shape of the charge distribution of
the surrounding atomic electrons.

In many of the earlier papers on P decay and electron
capture, the expansion of the functions H»(r), D»(r), h»(r),
and d»(r) in powers of r is carried out (Behrens and Biih-
ring, 1970)

the different powers of x are then incorporated into the
definition of the nuclear matrix elements (Behrens and
JKnecke, 1969; Biihring, 1963a,b). The nuclea, r charge
distribution has been approximated throughout by a uni-
formly charged sphere of radius R, equal to the nuclear
radius. Because this charge distribution is discontinu-
ous at R, the power-series expansion of the electron ra-
dial wavefunctions is only valid inside the nucleus. Us-
able P-decay and electron-capture formulae have been
derived by truncating this series and extrapolating the
resulting polynomials outside the nuclear radius (Beh-
rens and Janecke, 1969; Biihring, 1963a). However,
this approach is unsatisfactory: contrary to general be-
lief, a significant contribution (or even the ma. in contri-
bution) to the nuclear matrix elements originates from
the region x?B, particularly if the initial and final nu-
cleons are in different shells (Behrens and Buhring,
1971; de Raedt, 1968).

It might be expected that this difficulty could be avoided
by using a more realistic, smooth nuclear charge distri-
bution, such as a modified Gaussian or a Fermi distri-
bution. However, for such distributions the P-decay and
electron-capture formulae do not converge at all (Beh-
rens and Buhring, 1970, 1971), because th~ nuclear ma-
trix elements are introduced by integrating a power se-
ries term by term, a dubious procedure if the upper
limit of the integral is infinity. Only if the potential V(r}
vanishes identically, as for the neutrino, is this proce-
dure justified. Thus the neutrino radial wavefunctions
(spherical Bessel functions) can be expanded in powers
of ~. The electron radial wavefunctions, on the other
hand, can be expanded in powers of the mass and energy
parameters of the electron and the nuclear charge. The
coefficients in this expansion still are functions of x and
depend on the shape of the charge distribution. +le find
(Behrens and Biihring, 1971)

2V 2k —1!l 2v
H„(r) = g g p, ,

" ' ',
, (-1)' — I(k„,2p. , 2v, p;r)(m~)" '"(W~)'"-'(oZ)', (2.5 la)

2v-1 2k —1 !! 2 1h„(r) = g g g» 2" 2
'

1, , (-1)" — f(k„, 2p, , 2v 1,p;r)(mp)"-'""(W~)"-'-'(~Z)',

(2.51b)

D» (r) = Q Q Q, ,
" ' ',

, ( 1)" — L(k„, 2p+1, 2v+1, ;p)r(m+)'~ "(W+)2"' '(nz)',
(2 p,)!!(2p, + 2k„+1}!! v p

(2.5lc)

2k, —1 !! 2v + 2P,

d, (r)= g g Q, ,
',

, ( 1)" I(k„,2p+1, 2v, p;r)(m+)'""-'"(W~)"- (o.Z)'.
(2p, )!!(2p,+2k„+1)!! v p R

(2.5ld)

The symbol m, has been retained in these equations,
even though we use natural units 5 = c = m, = 1, because
m, will be used as an expansion parameter. The expan-
sion coefficients I(k„,m, n, p; r) depend on the form of
the nuclear charge distribution and on the parameters
A„, m, ~, and p. The order m is the sum of the ex-

ponents of (m+), (WR), and nz; the number n is the
sum of the exponents of (WR) and (az). The functions
I with p= 0 are trivial

I(k„m, n, 0; r) = 1. (2.52)

The functions I with p&0, up to order m=3, are listed
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(2.53a)

(2.53b)

in Appendix 2 (Behrens and Biihring, 1971). For c(Z= 0,
Eqs. (2.51) reduce to the usual expansion in powers of r
(Biihring, 1963a).

Up to and including terms of order p. = 0, the functions
H» (r), k» (r), D» (r), and d» (r) are

H„(r) =1+

k» (r) =0+ ~ ~,

where

N = —8nZ/(2 + SA) a'Wm, (2.56b)

R = a[5(2+ 5A)/'2(2+ SA) ]' ' .

for this distribution, we have

(2.57)

the equivalent uniform radius A is related to the param-
eters a and A. as

D» (r) = "
1+2 1I(k„,1, 1,1;r)+TV„R eZ

2k„+ 1 2k„+ 1

d (r)= ' + ~ ~ .m R

(2.53c)

(2.53d)

I(k„, 1, 1, 1;r) = " —erf(y) — 1+
2

2k„+ 1 R 2k+ (2k„—1)!!
2k~ 'v

As usual, n is the fine-structure constant, and Z is the
atomic number of the parent nucleus.

The important function I(k„, 1, 1, 1;r), which gives the
large Coulomb terms in nonunique forbidden transitions,
takes the following form for the three most widely used
charge distributions (Behrens and Bijhring, 1970, 1971):

(i) For a uniform charge distribution

2m+&

x erf(2) —~e ' Q ( ), ,

(2.58)

erf(y) = 2m '/' e "df, y=Pr/H

where erf(y) is the error function,

—SnZ/R, 0 ~ r ~ R
p r

0, B&x&
we have (Behrens and Biihring, 1971)

(2.54)
P = [5(2+ 5A)/2(2+ SA) ]'/'.

(iii) For a Fermi distribution (Behrens and Biihring,
1970)

3 2k„+1
l 2 2(2k iS) RI k„, l, 1, 1;r =&

ll
2k„+1K 3
2k„r 2k„(2k„+3)

(2.55)

(2.56a)

(ii) In a shell-model or modified Gaussian distribution
(Behrens and Biihring, 1970)

p(r) =~$1+A(r/a) )e-(./ &',

p(r) = Sc(Zc 2—K[1+e'" "/'] ',
with

N= [1+ (&Tb/c)' —6w2(b, c;0)] ',
the equivalent uniform radius R is

Sc'+10 c7/2b 227+c7)b —360b'w, (b c 0)
Sc'+3&/ c b22128c'b'w, (b, c;0)

The functionI(k„, 1, 1,1;r) takes the form
/

(2.59)

(2.60)

I(k 1 1 1 r)= — N 1+—))' ———— " — —2(2k„+1)—w2(b, c;r) ——w2(b, c;0)3Z 1, b' 12u~1 r2
2 c 3 c 324+3 c " r

+2(22„+ )( 2„+ )(— Q ( — ) 22 *( ', — „„(,c;»)I,

where the functions sv„are defined as

(2.61)

+( 1)n-1 g ( 1)mm-n(e-(r-c)/b)m
m=1

c Ij ~ ~~

~

~

~

n

~

~ ~

~

~ 2 ~

~

~

(n ~

~

~I

~

ti2

~

t In g ( 1)mm n(e(r-c&/-b)m
m=i

((b)
I / I (»»)-

(2.62)

(Schucan, 1965). Here, a'"' stands for

(.) 1)
(22™—2)

(2m)! (n —2m) &

where the B, are Bernoulli numbers

At +=c, zo„ is given by

n b n

w„(b, c' c) = — g ( —1) m "= — (2' " —1)g(n),
m=i c

(2.63)

where g(n) is the Rieman zeta function.
The functions I(k„, 1, 1, 1) [E(ls. (2.55), (2.58), and

(2.61)] have been derived neglecting the small influence
of the atomic electron cloud on the r dependence of the
electron radial wavefunctions inside the nucleus. These
functions are illustrated in Fig. 1.
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1.8-

I(1,1,1,1;r)
is approximated by the exchange potential of an electron
gas with local electron density p(x), i.e. ,

&..(~)= 2~
3 3p(r) '"

(2.64)

1.6-

1.4-

1.0-

0.6-

0.6-

0.4-

0.5 1.5 2.0 2.5 3.0 r/R

We consider next the Coulomb amplitudes p„of the
bound atomic electrons. These quantities can be cal-
culated by integrating the Dirac equation in the potential
of the nuclear and atomic charge distributions. ' The
value of p„.is essentially determined by the potential out-
side the nucleus, i.e. , by the electronic screening of the
nuclear electrostatic field. The finite nuclear size and
the shape of the nuclear charge distribution have less
influence on p„. The potential produced by the nuclear
charge and the atomic electron cloud can be derived ap-
proximately from statistical models (Gombas, 1956,
1967), by solving the Thomas —Fermi or the Thomas—
Fermi-Dirae equations. A more exact form of the po-
tential can be derived through self-consistent Hartree-
Fock methods (Hartree, 1957; Slater, 1960; Mayers,
1972; Burke and Grant, 1967; Grant, 1970; Lindgren
and Bosen, 1974).

Both methods of finding the extranuclear potential can
only be carried out numerically and have been pursued
by many investigators. The Thomas-Fermi and Thom-
as-Fermi —Dirac equations have been solved for poten-
tials and eigenvalues, for example, by Gombas (1956),
Thomas (1954), Latter (1955), Shalitin (1965, 1967), and
Yonei (1966, 1967). The self-consistent field methods
offer the best possibility for obtaining good atomic elec-
tron wavefunctions, but require extensive numerical
calculations (Hartree, 1957; Slater, 1960; Mayers,
1972; Burke and Grant, 1967; Grant, 1970; Lindgren
and Bosen, 1974). In a simplification first introduced
by Slater (1960, Vol. 2), the exact exchange potential

The electron radial wave functions can also be calculated ap-
proximately as hydrogenic wavefunctions for a point nucleus of
charge reduced by the appropriate Slater screening constants
(Slater, 1930).

FIG. 1. The function I (1, 1, 1; r) vs distance & from the origin
(in multiples of the nuclear radius R) for various nuclear charge
distributions: (a) uniform charge distribution [Eq. (2.55) ];
(b) Fermi distribution, with t =0.4R [Eq. (2.61)]; (c) Gaussian
distribution, withA =0 [Eq. (2.58)]; (d) modified Gaussian dis-
tribution, with A. =1.

This Slater exchange potential tends to zero as the radi-
us becomes large, while the exact potential tends to
n/r. To correct this discrepancy, Latter (1955) has
suggested replacing the Slater term in the region of
large radius by n/w. Statistical exchange potentials
have been discussed extensively by Gombas (1967).

Herman and Skillman (1963) have tabulated nonrela-
tivistic Hartree —Fock-Slater potentials and wavefunc-
tions for elements with Z = 2 —103, including the Latter
tail correction. Extensive nonrelativistic calculations
with the exact Hartree-Fock form of the exchange po-
tential have been performed by Froese —Fischer (1972b)
and Mann (1967, 1968). Approximate analytic nonrela-
tivistic Hartree-Fock wavefunctions have been derived
by Watson and Freeman (1961a,b), Malli (1966), and
Boetti and Clementi (1974).

Because relativistic effects in atomic structure are
remarkably important, even for light elements, a num-
ber of relativistic self -consistent-field calculations
(mostly Hartree —Fock —Slater) have been carried out
(Liberman et al. , 1965; Nestor et a/. , 1966; Tucker
et a/. , 1969). Most comprehensive is the work of Lu
et al. (1971), who have published tables of energies and
of expectation values of x, x"', x ', x', and x' for each
orbital, of the total energy, and of the potential func-
tion. They have included the effect of finite nuclear
size, using a Fermi charge distribution.

The possibility of making better approximations than
Slater's for the exchange potential has been discussed
by Kohn and Sham (1965), Bosen and Lindgren (1968),
and Lindgren and Schwarz (1971).

The most sophisticated method of calculating atomic
wavefunctions involves the use of relativistic Hartree-
Fock codes; here the exchange term is included without
approximation (see, e.g. , Mann and Waber, 1973; Des-
claux, 1973).

Unfortunately, in most published atomic-structure
calculations, no explicit values are given for the Cou-
lomb amplitudes or electron wavefunctions at the nu-
clear radius. For applications to electron capture, spe-
cial calculations have therefore been carried out; these
are listed in Table I. For comparison among th vari-
ous calculations, the most important electron radial
vravefunction ratios are listed in Tables D-VIII. For s
electrons, the nonrelativistic ratios for a point nucleus
are included in the comparison. For p, ~, electrons, on
the other hand, it is meaningless to compare nonrela-
tivistic wavefunctions in the field of a point nucleus (pro-
portional to aw at small w) with relativistic electron
wavefunctions in the field of a finite nucleus [propor-
tional to b(I+ cy'+ ' ' ' )]. We also do not compare abso-
lute values of electron wavefunctions, nor do we list
other ratios than those contained in Tables D —VIII, be-
cause the magnitudes of the nuclear radius R chosen by
different authors are not the same, and moreover, some
authors report g„(R) and f„(R), while others instead
report the amplitudes p„.

We can draw the following conclusions from Tables
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TABLE I. List of calculations of electron radial wavefunctions inside or near the nucleus.

References R/NR
Atomic

potential "
Nuclear charge

distribution Shells Remarks

Brysk and Rose
(1955)

Band et al.
(1956,1958)

Brewer et al.
(1961)

Watso~ and
Freeman
(1961)

Hern1an and
Skillman
(1963)

Winter
(1968)

Behrens and
Janecke
(1969)

NR

TFD

TFD

TFD

HF

HFS

HF

HF (Z& 36)
TFD (Z» 36)

Uniform

Uniform

Uniform

Point

Point

Point

Uniform

10-100 E,L

18—98

55—90

All

2—100 All

3—42

1—102 E,L, M

Results presented graphically

Every fifth atomic number is listed

Analytical wave functions are used

L&/K ra,tios only

Suslov
(1969,1970b)

Martin and
Blichert —Toft
{1970)

Froese —Fischer
(1972b)

NR BFS (Z&72)
R HFS (&~72)

HFS"

HF

Uniform

Fermi

Point

2—98

5—98

E,L, M
Ng, Ng

Mann and Waber
(~973)

HF Fermi 1—102 All

~NR = nonrelativistic; R= relativistic.
TFD = Thomas —Fermi-Dirac; HF = Hartree-Fock; HFS = Hartree-Fock-Slater.

'Supplementary relativistic corrections are applied to results from NR analytic wavefunctions of Watson and Freeman (1961)
and Malli (1966).

dNestor et al. (1966); Tucker et al. (1969); Lu et al. (1971).

II-VIII:

(1) For the s-electron ratios (Tables II-V), there is
excellent agreement between the nonrelativistic Har-
tree —Fock calculations of Froese-Fischer (1972b) and
Winter (1968) and the relativistic Hartree —Fock cal-
culations of Mann and Waber (1973). An exception is
the g2o /g'„ratio. However, here relativistic effects

1 1
might play some role because of the high atomic num-
bers $Z ~70).

(2) Relativistic effects become notable in g~2 /gi' for
Z&15, ing~ /g~ for Z&30, and ing2„ /g~2 andg2o /g'
for Z & 60. For gi.,/gz, relativistic and nonrelativistic
ratios differ by -

50'%%uo for very heavy nuclei. For ail
other ratios, relativistic effects are small (less than
2% for the g~ /gz and g'„,/g~2, , less than 8% for the
go, /g~, ).

(3) The electron radial wavefunction ratios from
Hartree-Fock calculations lie systematically below
those from Hartree-Fock-Slater and Thomas-Fermi-
Dirac calculations, especially for low atomic numbers.

(4) For the K, L, and M ratios, the Hartree-Fock-
Slater calculations agree with the Thomas -Fermi-Di-
rac calculations to within 2.5% for Z & 40.

(5) The g~2 /g» ratios of Brysk and Rose (1958) de-
viate systematically from all other calculations in the
range 20&Z&80 (Table II). Therefore, these values
should be discarded.

Of the various methods discussed above, the self-
consistent relativistic Dirac-Hartree-Fock calcula-
tions of atomic structure are based on the soundest the-
oretical grounds (Mayers, 1972; Burke and Grant,
1967). It might consequently be expected that the wave-
functions of Mann and Waber (1973) would be most ac-
curate, and should preferably be used for analyzing
electron-capture experiments. ' Table IX contains a
compilation of electron radial wavefunction amplitudes
according to Mann and Waber (1973). For practical
reason, we have listed the products p p„~& ' instead of

VHowever, for the inner shells and for medium and high atom-
ic numbers, there is only a negligible difference between the
wavefunctions of Mann and %"aber (1973) and those from Har-
tree —Fock-Slater calculations (Suslov, 1969 and 1970b; Dzhel-
epov et al. , 1972; Martin and Blichert-Toft, 1970) or Thomas—
Fermi —Dirac calculations (Behrens and Janecke, 1969; Band
et al. , 1956, 1958).

Rev. Mod. Phys. , Vol. 49, No. 1, January 1977



90 W. Barnbynek et al. : Orbital electron capture
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L oo CD 00 0 0 0 0
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the amplitudes p„. It is always this product which ap-
pears in the formulae for the decay constant [Eq. (2.49)].

Because the electron-capture rate is essentially pro-
portional to the electron density at the nucleus, differ-
ent chemical environments or other macroscopic per-
turbations (pressure, temperature, etc.) can affect the
decay constant. Such effects are most noticeable in
capture from outer electron shells (Emery 1972;
Crasemann, 1973).

3. Nuclear form factors and nuclear matrix elements

a. Form factors and form-factor coeffl'clents
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The electron-capture transition matrix elements [Eq.
(2.7c)] were formulated in Sec. II.A under the assump-
tion that the vector and axial vector interactions govern
the process. However, the hadron part of this transi-
tion matrix element is only an approximation. In the
most general case, we must make the substitution

(iu„y, (1+xy, )u~) —(fl v„—A„li) (2.66)

l T~z,(q). .. F«,(q ). (2.66)

Here, T«, is the irreducible tensor defined by Eqs.
(2.12); J, , J& and M, ,M& denote the spins and magnetic
quantum numbers of the initial and final nuclear states,
respectively, and R is the nuclear radius.

This treatment of the nuclear current, similar to
methods used inelementary-particle physics, has the
advantage of being completely independent of any as-
sumption about the detailed form of the p -decay opera-
tors. All information about the nuclear current and all
effects due to the strong interaction (induced terms, ex-
change currents, relativistic nucleon motion inside the
nucleus, etc.) are contained in the form factors
E«,(q'); they determine the outcome of p decay and
electron-capture experiments, and are the only quanti-
ties, as far as nuclear structure is concerned, that can

in Eq. (2.7c), where f and i represent the final and ini-
tial nuclear states, respectively. The vector and axial
vector hadron weak current are denoted by V and A.„.
According to Stech and Schulke (1964) and Schulke
(1964), we decompose this V —A nuclear current into
for m factors depending on the square of the momentum
transfer (Armstrong and Kim, 1972; Bottino and Cio-
chetti, 1973; Donnelly and Walecka, 1972, 1973; Hol-
stein, 1974). We use a covariant decomposition, which
is strictly valid in the Breit system. A transformation
in the frame in which the initial nucleus is at rest is
easily performed because the decay energies are low
compared with the nuclear rest masses. The correc-
tion due. to this transformation is of the order lkl/M,
where k is the momentum of the nucleus and M is its
mass. In this approximation, the hadron matrix element
depends only on the momentum transfer q= k& —k, It
can be expanded as
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TABLE III. Calculated electro' radial wavefunction ratios gz /gL .
Af(

HFS

Herman and
Skillman

(1963)

Nonrelativistic
HF

Watson and
Freeman

(1961)

Froese-
Fischer
(1972b)

Brewer
et aE.
(1961)

TFD

Behrens and
Janecke
(1969)

Suslov
(1969,1970)

Relativistic
HFS

C alculated with
the codes of
Fricke et aE.

(1971)

Mann and
Waber
(1973)

15
20
25
30
40
50
60
70
80
90

100

0.095
0.132
0.144
0.148
0.174
0.194
0.208
0.218
0.225
0.231
0.235

0.075
0.118
0.134
0.144

0.076
0..119
0.136
0.143
0.172
0.193
0.208
0.218
0.225

0.216
0.228
0.237
0.242

0.162
0.184
0.201
0.214
0.224
0.233
0.240
0.245

0.095
0.133
0.145
0.150
0.176
0.197
0.212
0.224
0.231
0.237

0.095
0.133
0.145
0.150
0.176
0.196
0.211
0.222
0.231
0.238
0.243

0.076
0.119
0.136
0.144
0.174
0.195
0.210
0.222
0.230
0.237
0.242

~Here, gl has been taken from the tables of Behrens and Janecke (1969).

KLs(f ) KLs 2(2L 3) KLs

The form-factor coefficients are then

(—1) (2N+ 21 + 1)!!(2N)!! d
KI s g2N(2L + 1)( (peal d 2 KLs(If )

(2.67)

(2.68)

be extracted from experimental data.
We neglect, for the moment, the initial electromag-

netic interaction between electron and nucleus, i.e., the
fact that there is a bound electron in the initial state.
Then the form factors EKL,(q2) can be expanded in pow:-
ers of q2 [in analogy with the expansion of spherical
Bessel functions (Stech and Schiilke, 1964)]

A operator. Since q equals 8'0 if the initial nucleus is at-
rest, we have qR &0.1, whence the form factors are
slowly varying functions of q'. Therefore, only the first
one or two terms will be significant.

In reality, however, we must take into account the fact
that there is a bound-state electron wavefunction in the
initial state. Hence the momentum transfer qN to the
nucleus is q~=p, —q„ if the center of mass of the initial
nucleus and electron is at rest. The Fourier transform'
of the lepton part of Eq. (2.10c) is

(2.69)

or
These form-factor coefficients contain all the informa-
tion about the initial and final nuclear states and the V- 1.(q„)= z7.y, (1+y, )@, (q„+q„) (2.70)

TABLE IV. Calculated electron radial wavefunction ratios gz /g~ .
Nonrelativistic

HF
Relativistic

HFS HF

Herman and Watson and Froese-
Skillman Freeman Fischer

(1968) (1961} (1972b)

Suslov
(1969,1970);

Dzhelepov et aE.
(1972)

Calculated with
the codes of
Fricke et aE.

(1971)

Mann and
&aber
(1973)

35
40
45
50
60
VO

80
90

100

0.116
0.162
0.184
0.203
0.233
0.237
0.251
0.266
0.279

0.094 0.094
0.143
0.168
0.188
0.224
0.232
0.248

0.163
0.186
0.206
0.236
0.245
0.257
0.271

0.116
0.162
0.185
0.204
0.235
0.243
0.257
0.271
0.283

0.094
0.143
0.167
0.189
0.225
0.236
0.251
0.267
0.279

The Fourier transform of the electron wavefunction @~-(x) is

@,-(p, ) = e ' e'Q, -(r) d~'.
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TABLE V. Calculated electron radial wavefunction ratios go /g~ .

Nonrelativistic Relativistic

Herman and Skillman
(1963)

HF

Froese-Fischer
(19v2b)

HFS
Calculated with

the codes of
Fricke et al.

(19V1)

HF

Mann and Waber
(19v3)

70
75
80
85
90
95

100

0.155
0.182
0.203
0.229
0.252
0.263
0.272

0.135
0.163
0.183
0.211

0.161
0.186
0.208
0.232
0.252
0.266
0.278

0.146
0.171
0.192
0.216
0.239
0.254
0.279

(Schopper, 1966; Stech and Schiilke, 1964). Hence Eq.
(2.7c) becomes

M = 1„-&„i' u„y 1+y, ,- q„'+q„dq, '.

appear in electron-capture formulae (Schulke, 1964),
where f(q~) has four differentposs. ible forms [Eq.
(2.42)j

(2.71)

The hadron matrix element corresponds to a transition
from the initial state i' to the final state f, whereas the
Fourier transform P, (gNI+q„) induces an electromag-
netic transition from i to i'. The integral over q~ cor-
responds to an integration over all momenta of the in-
termediate initial states, . because we have q~= —k,' —q„.
The Coulomb interaction in the initial state therefore
entails that terms of the form

J 1(VN)+JCL (VN )QN d'VN
0

(QN+)
(ZE) (21 1) ~

(2.73)

By expanding the spherical Bessel functions in powers
of y and the electron radial wavefunctions g„(w) and
f„(x) as discussed in Sec.II.B.2 [Eqs. (2.49) and (2.51)],
we obtain new form-factor coefficients (Behrens and
Biihring, 1971)

TABLE VI.. Calculated relativistic electron radial wavefunction ratios f~~ /gz .
2

TFD HFS HF

Brysk a,nd
Rose
(1955)

Band
et al.

(1956,1958)

Behrens and
Janecke
(1969)

Suslov
(1969,1970b);

Dzhelepov et al.
(19v2)

Martin and
Blichert- Toft

(19V0)

C alculated with
the codes of
Fricke et al.

(19V1)
Mann and Waber

(19v3)

10
15
20
25
30
40
50
60
70
80
90

100

0.001
0.002
0.003
0.005
0.007
0.013
0.022
0.034
0.052
0.077
0.111
0.154

0.002 35
0.004 92
0.007 51
0.0145
0.0241
0.0368
0.0538
0.0757
0.1056

0.001 60
0.003 18
0.005 25
0.007 86
0.0149
0.0247
0.0377
0.0548
0.0771
0.1068
0.1474

0.000 52
0.001 55
0.003 08
0.005 15
0.007 78
0.0148
0.0246
0.0376
0.0546
0.0755
0.1043

0.000 53
0.001 55
0.003 06
0.005 12
0.007 74
0.0147
0.0244
0.0371
0.0538
0.0755
0.1042

0.000 52
0.001 55
0.003 06
0.005 12
0.007 74
0.0147
0.0244
0.0371
0.0538
0.0754
0.1041
0.1432

0.00.0 46
0.001 43
0.002 90
0.004 89
0.007 46
0.0143
0.0238
0.0364
0.0527
0.0741
0.1023
0.1407
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TABLE VII. Calculated relativi. stic electron radial wavefunction ratios f& jg~ .
2 1'

Brewer et al.
(1961)

TFD

Behrens and Janecke
(1969)

Suslov
(1969,1970b)

Dzhelepov et al.
(1972)

HFS
C alculated with

the codes of
Fricke et al.

(1971)
Mann and Waber

(1973}

15
20
25
30
40
50.
60
70
80
90

100

0.0409
0.0601
0.0834
0.1179

0.0079
0.0158
0.0268
0.0416
0.0610
0.0865
0.1201
0.1661

0.001 12
0.002 82
0.004 95
0.007 66
0.0156
0.0267
0.0415
0.0609
0.0848
0.1176

0.001 11
0.002 81
0.004 92
0.007 61
0.0155
0.0264
0.0409
0.0599
0.0847
0.1173
0.1616

0.001 02
0.002 59
0.00470
0.007 30
0.0150
0.0258
0.0400
0.0588
0.0831
0.1153
0.1589

Qg g(k y my@ ) P) J(q)F~~,(q')q' dq, (2.74)

where

2 (qR)i()-
( ), ,

~ I +2N

I(&, mn, p;~)j~(qr)r'd~

(2.75)

Terms in which these new form factors occur always
contain powers of nZ. Terms that are independent of» containthe simpler form-factor coefficients E~~,
[Eqs. (2.67) and (2.68)].

TABLE VIII. Calculated relativistic electron radial wavefunc-
tj.on ratios f&~ /g&2 .

2 i

HFS
Suslov

(1969,1970b)
Dzhelepov et al.

(1972)

Calculated with
the codes of
Fricke et al.

(1971)

HF

Mann and %aber
(1973)

b. Relatjon between form-factor coefficIents and nuclear
matrfx elements

The form factors or form-factor coefficients can
only be expressed in terms of nuclear matrix elements,
in general, if some approximations are made. First, it

is assumed that the nucleons inside the nucleus interact
with leptons in the same way as free nucleons do (im-
pulse -approximation treatment) . Meson exchange (Blin-
Stoyle, 1973; Lock et a/. , 1974) and other many-body
effects are hence neglected.

The P -decay Hamiltonian must be used with various
many-body nuclear wavefunctions that can only be cal-
culated in the framework of specific nuclear models.
Thus the uncertainties of nuclear-structure theory are
carried over into the nuclear matrix elements or form-
factor coefficients.

Finally, the axial-vector constant A. for nucleons em-
bedded in a complex nucleus is renormalized in a dif-
ferent way from that for free nucleons, because the
mesonic currents behave differently for free and bound
nucleons, and new mesonic currents appear that are
absent for free nucleons. Thus X is in principle not a
constant over the whole range of nuclei. For light nu-
clei, a deviation of X from the free-nucleon value by

7% has been found (Wilkinson, 1S73a, 1973b, 1974a;
Szybisz, 1975; Ericson et al. , 1S73; Ohta and Wakamat-
su, 1974).

Under these assumptions, we develop the relation be-
tween form-factor coefficients and nuclear matrix ele-
ments for a pure V-A nucleon current of the form given
in Eq. (2.4). Induced terms will be discussed later.
We have (Stech and Schiilke, 1S64; Behrens and Biihring,
1971)'

35
40
45
50
60
70
80
90

100

0.0134
0.0185
0.0247
0.0400
0.0594
0.0836
0.117

0.0078
0.0133
0.0182
0.0244
0.0394.
0.0583
0.0836
0.117
0.162

0.0076
0.0126
0,0176
0.0237
0.0385
0.0572
0.0821
0.115
0.160

~In the formulae for P and P+ decay, the axial-vector cou-
pling constant X has the opposite sign I.Sec. II.A, Eq. (2.39)].
For electron capture, there are hence two ways of defining
the axial-vector form-factor coefficients in terms of matrix
elements and coupling constants, i.e. , by using the same sign
definition for X as in the p -decay formulae or the same as in
the p'-decay formulae. In the present work, the definition of
the form-factor coefficients corresponds, as in Behrens and
Janecke (1969), to those i:n P decay. Consequently, in addition
to the substitution indicated in Eq. (2.40), we must replace
+I"@zan by —+I"'zzs when going from p+ decay to electron capture.
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TABLE IX. Amplitudes g„p„"& of the bound electron radial wavefunctions. (After Mann and Waber, 1979 and private commun-
ication. ) Columns are headed by atomic numbers Z. (Outermost electrons have been omitted. )

K
LI
LII

0.124 70E-02
0.0
0.0

0.296 58E-02
0.0
0.0

0.578 43E-02
0.903 18E-03
0.0

0.917 67E-02
0.167 27E-02
0.0

0.130 59E-01
0.263 79E-02
0.0

0.17386E-01 0.221 25E-01 0.272 56E-01
0.372 20E-02 0.490 69E-02 0.61994E-02
0.0 0.671 4OE-04 0.100 80E-03

10 15

K
LI
LII
LIII
MI
MII

0.327 62E-01
0.759 54E-02
0.143 02E-03
0.0
0.0
0.0

0.386 34E-01
0.909 22E-02
0.19456E-03
0.0
0,0
0.0

0.448 67K-01
0.10984E-01
0.272 59E-03
0.536 74E-03
G.O
0.0

0.514 61E-01
0.13042E-01
0.366 44E-03
0.71972E-03
0.0
0.0

0.584 05E-01
0.152 35E-01
0.478 22E-03
0.935 26E-03
0,35174E-02
0.0

0.657 06E-01
0.175 60E-01
0.609 05E-03
0.11850E-02
0.451 17E-02
0.0

0.733 54E-01
- 0.200 13E-01
0.758 40E-03
0.147 21E-02
0.551 93E-02
0.17636E-03

0.813 64E-01
0.225 96E-01
0.928 53E-03
0.17978E-02
0.656 60E-02
0.233 45E-03

17 20 21

K
LI
LII
LIII
MI
MII
MIII
MIV

0.897 21E-01
0.253 04E-01
0.11205E-02
0.216 40E-02
0.765 70E-02
0.298 83E-03
0.0
0.0

0.934 31E-01
0.23140E-01
0.13357E-02
0.257 29E-02
0.879 64E-02
0.373 10E-03
0.0
0.0

0.107 54E 00
0.31129E-01
0.157 73E-02
0.302 68E-02
0.102 59E-01
0.480 51E-03
0.0
0.0

0.11702E 00
0.342 59E-01
0.184 55E-02
0.352 72E-02
0,118 12E-01
0.600 71E-03
0.0
0,0

0.12684K 00
0.375 22E-01
0.214 16E-02
0.407 80E-02
0.132 21E-01
0.719 56E-03
0.13690E-02
0.0

0.137 07E 00
0.409 30E-01
0.246 73E-02
0.468 02E-02
0.146 48E-01
0.849 55E-03
0.160 56E-02
0.0

0.147 70E 00
0.444 8 1E-01
0.282 41E-02
0.533 56E-02
0.16113E-01
0.992 08E-03
0.186 10E-02
0.0

0.158 75E 00
0.481 89E-01
0.321 61E-02
0.604 69E-02
0.174 94E-01
0.11344E-02
0.21192E-02
0.240 81E-04

25 27 29 30 31 32

QI
LII
LIII
MI
MII
MIII
MIV
MV

0.170 20E 00
0.520 39E-01
0.364 06E-02
0.681 32E-02
0.19193E-01
0.13161E-02
0.243 95E-02
0.325 69E-04
0.0

0.182 10E 00
0.560 57E-Ol
0.410 48E-02
0.763 95E-02
0.208 21E-01
0.149 84E-02
0.276 66E-02
0.400 24E-04
0.0

0.19441E 00
0.602 26E-01
0.460 73E-02
0.852 69E-02
0.225 05E-01
0.169 56E-02
0.31189E-02
0.485 29E-04
0.0

0.207 24E 00
0.645 83E-01
0.515 25E-02
0.947 97E-02
0.242 60E-01
0.19095E-02
0.349 85E-02
0.581 94E-04
0.0

0.220 43E 00
0.690 83E-01
0.574 10E-02
0.104 97E-01
0.259 29E-01
0.212 31E-02
0.387 99E-02
0.660 18E-04

. 0.0

0.234 16E 00
0.737 78E-01
0.637 26E-02
0.11584E-01
0.279 57E-01
0.238 86E-02
0.434 10E-02
0.813 68E-04
0.0

0.248 31E 00
0.786 36E-01
0.705 09E-02
0.127 41E-01
0.300 96E-01
0.268 24E-02
0.484 54E-02
0.988 43E-04
0.18983E-03

0.263 01E 00
0.837 01E-01
0.778 09E-02
0.13974E-01
0.323 69E-01
0.300 65E-02
0.539 45E-02
0.118 62E-03
0.227 60E-03

40

K
LI
LII
LIII
MI
MII
MIII
MIV
MV
NI
NII
NIII

0.279 25E 00
0.889 70E-01
0.856 45E-02
0.152 84E-01
0.347 67K-01
0.335 81E-02
0.599 06E-02
0.14102E-03
0.269 80E-03
0.965 08E-02
0.0
0.0

0.293 97E 00
0.944 30E-01
0.940 28E-02
0.16674E-01
0.372 81E-01
0.373 89E-02
0.663 20E-02
0.166 12E-03
0.316 92E-03
0.10947E-01
0.0
0.0

0.31035K 00
0.100 14E 00
0.103 04E-01
0.18149E-01
0.399 30E-01
0.415 21E-02
0.732 20E-02
0.194 17E-03
0.369 41E-03
0.122 73E-01
0.0
0.0

0.327 21K 00
0.106 04E 00
0.11264E-01
0.197 09E-01
0.426 88E-01
0.459 65E-02
0.806 08E-02
0.225 32E-03
0.427 58K-03
0.13630E-01
0.0
0.0

0.34474K 00
0.11221E 00
0.122 94E-01
0.213 60E-01
0.455 90E-01
0.507 83E-02
0.884 73E-02
0.260 01E-03
0.492 16E-03
0.154 19E-01
0.15185E-02
0.0

0.362 89E 00
0.11862E 00
0.13391E-01
0.231 04E-01
0.486 24E-01
0.559 57E-02
0.968 52E-02
0.298 38E-03
0.563 45E-03
0.172 94E-01
0.17970E-02
0.0

0.38172E 00
0.125 29E 00
0.145 67E-01
0.249 47E-01
0.517 88E-01
0.615 34E-02
0.10576E-01
0.341 OOE-03
0.641 84E-03
0.190 62E-01
0.206 24E-02
0.355 34E-02

0.401 17E 00
0.13222E 00
0.158 18E-01
0.268 89E-01
0.550 79E-01
0.675 09E-02
0.11520E-01
0.387 94E-03
0.727 63E-03
0.208 27E-01
0.233 81E-02
0.401 41E-02

45 47 48

LI
LII
LIII
MI
MII
MIII

0.421 35E 00
0.13943E 00
0.17154E-01
0.289 36E-01
0.585 04E-01
0.739 15E-02
0.125 20E-01

0.442 16E 00
0.14691K 00
0.18572E-01
0.31088E-01
0.620 71E-01
0.807 38E-02
0.13579E-01

0.46370K 00
0.154 69E 00
0.200 84E-01
0.333 51E-01
0.657 96E-01
0.880 53E-02
0.146 98E-01

0.486 09E 00
0.162 79E 00
0.216 97E-01
0.357 31E-01
0.696 64E-01
0.958 58E-02
0.158 80E-Ol

0.509 29E 00
0.17123E 00
0.234 13E-01
0.382 33E-01
0.737 07E-01
0.104 20E-01
0.17127E-01

0.533 19E 00
0.179 84E 00
0.252 30E-01
0.408 53E-01
0.778 93E-Ol
0.11307E-01
0.18440E-01

0.558 11E 00
0.189 11E 00
0.271 70E-01
0.436 09E-Ol
0.822 90E-01
0.122 57E-01
0.198 25E-Ol

0.583 64E 00
0.198 53E 00
0.292 19E-01
0.464 86K-01
0.868 34E-01
0.132 65E-01
0.212 79E-01
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TABLE IX. (Continued)

MIV
MV
NI
NII
NIII
NIV

0.439 77E-03
0.821 27E-08
0.224 68E-01
0.260 15K-02
0.445 83E-02
0.0

0.495 88E-03
0.923 67E-03
0.242 97E-01
0.291 98E-02
0.494 74E-02
0.128 77E-03

50

0.557 30E-03
0.103 47E-02
0.263 41E-01
0.328 05E-02
0.550 75K-02
0.16111E-03

51

0.623 84E-03
0.11560E-02
0.231 21E-01
0.861 88E-02
0.600 36E-02
0.180 17E-03

52

0.696 41E-08
0.128 71E-02
0.301 32E-01
0.400 27E-02
0.657 51E-02
0.209 28K-08

0.774 78K-03
0.142 95E-02
0.320 82E-01
0.489 08E-02
0.71345E-02
0.281 74E-08

0.860 27E-08
0.158 22K-02
0.343 66K-01
0.484 62K-02
0.781 25K-02
0.275 40E-03

0.952 64E-03
0.174 63E-02
0.367 88E-01
0.533 99E-02
0.854 17E-02
0.322 76E-03

56

K
LI
LII
LIII
MI
MII
MIII
MIV
MV
NI
NII
NIII
NIV
NV
NVI
NVII

0.610 29E 00
0.208 40E 00
0.314 04E-01
0.495 09E-01
0.915 96E-01
0.143 44E-01
0.228 12E-01
0.105 26E-02
0.192 31E-02
0.393 31E-01
0.588 11K-02
0.982 66E-02
0.374 49K-03
0.681 49E-03
0.0
0.0

0.637 74E 00
0.218 61E 00
0.337 17K-01
0.526 68E-01
0.965 36E-01
0.154 91E-01
0.244 22E-01
0.11604K-02
0.21129K-02
0.420 01E-01
0.646 74E-02
0.10163E-01
0.480 54E-03
0.783 OOE-03
0.0
0.0

0.666 27E 00
0.229 27E 00
0.36175E-01
0.559 79E-01
0.10170E 00
0.167 13E-01
0.261 17E-01
0.127 67E-02
0.231 66K-02
0.448 09E-01
0.709 32E-02
0.11057E-01
0.492 17K-03
0.891 68K-03
0.11889K-04
0.0

0.695 48E GO

0.240 25K 00
0.387 66E-01
0.594 29E-01
0.10708K 00
0.180 06E-01
0.278 92K-01
0.140 16E-02
0.258 45E-02
0.477 29E-01
0.776 06E-02
0.120 04E-01
0.558 86E-03
0.100 87E-02
0.127 OOE-04
0.0

0.726 57E 00
0.251 97K 00
0.415 59E-01
0.630 71K-01
0.11271K 00
0.194 01E-01
0.297 72E-01
0.153 67E-02
0.276 85E-02
0.508 43E-01
0.848 38E-02
0.130 12E-01
0.63135E-08
0.11352E-02
0.140 44E-04
0.0

0.758 13E 00
0.263 93E 00
0.444 85E-01
0.668 51E-01
0.118 54E 00
0.208 69E-01
0.317 81E-01
0.168 12K-02
0.30179E-02
0.540 54E-01
0.924 99E-02
0.140 77E-01
0.709 54E-08
O. l27 11E-02
0.154 06E-04
0.0

0.79123E 00
G.276 52K 00
0.476 11E-01
0.708 18K-01
0.124 68K 00
0.224 42E-01
0.337 95E-01
0.183 67E-02
0.328 47 E-02
0.574 49K-01
0.100 76K-01
0.15196E-01
0.794 51E-03

.0.14186E-02
0.172 55E-04
0.13933E-06

0.825 11E 00
0.289 49E 00
0.509 02E-01
0.749 48E-01
0.13101E 00
0.241 02E-01
0.359 49E-01
0.200 30E-02
0.356 88E-02
0.609 73K-01
0.109 54E-01
0.16372E-01
0.886 33E-03
0.157 73E-02
0.19179E-04
0.16136E-06

58- 59 60 62

K
LI
LII
LIII
MI
MII
MIII
MIV
MV
NI
NII
NIII
NIV
NV
NVI
NVG

0.860 70E 00
0.303 17E 00
0.544 19E-01
0.792 71E-01
0.137 69E 00
0.258 80E-01
0.882 16E-01
0.218 17E-02
0.387 20K-02
0.646 75E-01
0.118 98K-01
0.176 14E-01
0.986 40E-03
0.174 83E-02
0.209 71E-04
0.18147 E-06

0.897 69E 00
0.817 46E 00
0.581 58K-01
0.838 01K-01
0.14468E 00
0.277 74K-01
0.406 01E-01
0.237 85E-02
0.41975K-02
0.682 71E-01
0.128 41E-01
0.188 15E-01
0.108 38E-02
0.19125K-02
0.228 09E-04
0.11285E-05

0.936 16E 00
0.332 42E 00
0.621 34E-01
0.885 41K-01
0.152 01E 00
0.297 93E-01
0.431 07K-01
0.257 90E-02
0.454 63E-02
0.717 98E-01
0.137 89E-01
0.19984E-01
0.11789E-02
0.207 14E-02
0.248 39E-04
0.11532E-05

0.975 57E 00
0.347 81E 00
0.663 15E-01
0.934 59E-01
0.159 55E 00
0.81920E-01
0.457 12E-01
0.279 75E-02
0.491 37K-02
0.756 85E-01
0.148 41K-01
0.212 81E-01
0.128 95E-02
0.225 47E-02
0.288 25E-04

. 0.121 15K-05

0.10166E 01
0.363 90E 00
0.707 55E-01
0.985 95E-01
0.167 45E 00
0.841 83K-01
0.484 39E-Ol
0.308 08E-02
O.530 40K-02
0.796 32E-01
0.159 58E-Ol
0.226 34E-01
0.140 77E-02
0.244 88K-02
0.33151E-04
0.127 14K-05

0.105 90E 01
0.380 68E 00
0.754 54E-01
0.103 95E 00
0.175 66E 00
0.365 81E-01
0.512 88E-01
0.327 94E-02
0.57178E-02
0.887 77E-01
0.17142E-01
0.240 43E-01
0.153 37E-02
0.265 42E-02
0.378 57 E-04
0.13331E 05

0.11034E 01
0.398 23E OG

0.804 64E-01
0.109 54R 00
0.184 29K 00
0.89147 K-01
0.542 73E-01
0.354 62K-02
0.615 53K-02
0.881 46E-01
0.184 09K-Ol
0.255 27E-01
0.16683E-02
0.287 46K-02
0.430 37E-04
0.777 73E-04

0.11485E 01
0.416 23E 00
0.857 06E-01
0.11533E 00
0.193 14E 00
0.418 31E-01
0.573 66K-01
0.882 72E-02
0.661 61E-02
0.927 98E-01
0.197 88E-01
0.271 37E-01
0.182 12E-02
0.312 07K-02
0.505 27E-04
0.920 61K-04

67 70

K
LI
LII
LIII
MI
MII
MIII
MIV
MV
NI
NII
NIII
NIV
NV
NVI
NVII
OI
OII

0.11964E 01
0.435 39K 00
0.913 39E-01
0.12141E 00
0.202 56E 00
0.447 32E-Ol
0.606 28K-Ol
0.418 18E-02
0.710 68E-02
0.973 62E-01
0.21168E-01
0.286 83E-01
0.19683E-02
0.335 50K-02
0.547 63K-04
0.989 50E-04
0.0
0.0

0.124 55E 01
0.455-16E 00
0.972 68E-01
0.127 72E 00
0.212 30E 00
0.477 85E-01
0.640 19E-01
0.445 29K-02
0.762 38K-02
0.102 26E 00
0.226 68E-01
0.303 66E-01
0.212 50E-02
0.36166E-02
0.618 89E-04
0.11086E-03
0.0
0.0

0.129 68E 01
0.475 92E 00
0.103 58K 00
0.13431K 00
0.22252K 00
0.51040E-01
0.675 68E-01
0.479 50K-02
0.817 05K-02
0.107 41E 00
0.242 72E-01
0.321 26K-01
0.229 72K-02
0.38988K-02
0.685 82K-04
0.123 74K-03
0.413 30E-01
0.0

0.135 01E 01
0.497 61E 00
0.11028K 00
0.141 17E 00
0.238 20E 00
0.544 97E-01
0.712 75E-01
0.515 86E-02
0.874 78E-02
0.11278E 00
0.259 76E-01
0.339 64E-01
0.248 04E-02
0.418 70E-02
0.763 77E-04
0.137 65E-03
0.432 81E-01
0.0

0.140 58E 01
0.520 34E 00
0.117 39E 00
0.148 33E 00
0.244 41E 00
0.58179E-01
0.751 49E-01
0.554 52E-02
0.935 75E-02
0.11841E 00
0.277 91E-01
0.358 87E-01
0.267 52E-02
0.449 72K-02
0.848 20E-04
0.152 68K-03
0.453 23E-01
0.0

0.146 27K 01
0.548 76E 00
0.12488K 00
0.15574E 00
0.255 97K 00
0.620 55E-01
0.79172K-01
0.595 40E-02
0.999 86K-02
0.12422K 00
0.297 02E-01
0.378 83E-01
0.288 15E-02
0.482 40E-02
0.939 36E-04
0.168 86E-03
0.474 27 E-01
0.0

0.152 27K 01
0.568 50K 00
0.182 87K 00
0.168 49E 00
0.268 17E 00
0.661 95E-01
0.833 85E-01
0.638 70E-02
0.10675E-01
0.130 51E 00
0.317 99E-01
0.400 48E-01
.0.31120E-02
0.518 51K-02
0.10646E-03
0.19171E-03
0.507 22E-01
0.11189E-01

0.158 43K 01
0.594 11E 00
0.14180E OG

0.17152K OG

0.280 82E 00
0.705 64E-01
0.877 65K-01
0.684 49K-02
0.11385E-01
0.137 09K 00
0.340 30K-01
0.423 21K-01
0.335 95E-02
0.557 03E-02
0.120 07E-08
0.216 28K-08
0.541 79K-01
0.122 14E-Ol
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TABLE IX. (Co«'~~ed)

K
LI
LII
Lm
MI
MII
MIII
MIV
MV
NI
NII
NIII
NIV
NV
NVI
NVII
OI
GII
OIII

0.16489E 01
0.621 03E 00
0.150 28E 00
0.179 90K 00
0.294 12E 00
0.752 24E-01
0.923 43E-01
0.733 G8E-02
0.12134E-01
0.14404K 00
0.364 24E-01
0.447 18E-01
0.362 54Z-02
0.598 10E-02
0.13488Z-03
0.242 79K-03
0.578 35E-01
0.133 14E-01
0.0

0.17158E 01
0.649 10E GQ

0.15978E 00
0.188 61E 00
0.307 98E QQ

0.801 65E-01
0.97114E-01
0.784 53E-02
0.12922E-01
0.15134K OG

0.389 78K-01
0.472 34E-01
0.39102Z-02
0.641 71E-02
0.150 95E-03
0.271 39K-03
0.616 66E-01
0.144 88E-01
0.0

75

0.178 56E 01
0.678 53E 00
0.16989E 00
0.197 68K 00
0.32256K 00
0.854 26K-01
0.10210K 00
0.839 OOE-02
0.137 51K-01
0.15902E 00
0.417 05E-01
0.498 79K-01
0.421 28E-02
0.688 17E-02
0.168 57K-03
0.302 05E-03
0.657 28K-01
0.158 28K-01
0.18681Z-Ol

76

0.18573E 01
0.708 99E 00
0.180 54K 00
0.207 07K 00
0.337 64E 00
0.909 77E-01
0.107 27E 00
0.896 48E-02
0.146 21Z-01
0.167 01Z 00
0.445 96E-01
0.526 44E-01
0.453 44E-02
0.737 35E-02
0.187 62K-03
0.335 10K-03
0.699 52E-01
0.172 52K-01
0.200 49E-01

0.193 30E 01
0.741 23E 00
0.19195E 00
0.216 89E 00
0.353 62E 00
0.969 25E-01
0.11269K 00
0.957 50E-02
0.155 38E-01
0.175 50Z 00
0.477 04Z-01
0.555 56E-01
0.487 81E-02
0.789 56Z-02
0,208 24E-03
0.370 77E-03
0.744 15Z-01
0.187 82E-01
0.214 85E-01

78

0.201 12K 01
0.77477K 00
0.204 01K 00
0.227 08K 00
0.370 25K 00
0.103 22K 00
0.11833K 00
0.102 19E-01
0.165 QOE-01
0.184 35K 00
0.510 04E-01
0.586 05E-01
0.524 30E-02
0.845 OOE-02
0.230 52E-03
0.409 OOK-03
0.799 83K-01
0.203 46E-01
0.228 40E-01

0.209 32E Ql
0.81010K 00
0.216 87Z 00
0.23770K 00
0.38778K 00
0.10995K 00
0.124 22Z 00
0.10902E-01
0.175 12K-01
0.19371E OO

0.545 41E-01
0.618 OOK-01
0.563 20K-02
0.903 62K-02
0.254 54K-03
0.450 29E-03
0.836 25K-01
0.220 85E-01
0.244 04E-01

80

0.217 75Z Ol
0.846 65E 00
0.230 43Z 00
0.248 69E 00
0.40594K 00
0.11704E 00
0.130 34E 00
0.11621E-01
0.18570E-01
0.203 46E 00
0.582 87E-01
0.651 27E-01
0.604 44E-02
0.965 01E-02
0.280 39K-03
0.494 77E-03
0.890 77Z-01
0.240 04E-01
0.261 92E-01

88

LI
LII
LIII
MI
MII
MIII
MIV
MV
NI
NII
NIII
NIV
NV
NVI
NVII
OI
OII
OUI
OIV
OV
OVI

0.226 51K Ol
0.88486E 00
0.244 81E 00
0.260 11E 00
0.42494K 00
0.1.24 58K 00
0.13671E 00
0.12380K Ol
0.1968OE-Ol
0.213 68E 00
0.622 83E-01
0.686 07E-01

. 0.648 24K-02
0.102 98E-01
0.308 24Z-03
0.542 53Z-03
0.947 51Z-01
0.260 97K-01
0.281 10K-Ql
0.214 80E-02
0.0
0.0

0.23569K 01
0.92511K 00
0.260 16E 00
0.27206K 00
0.44497K 00
0.132 63Z 00
0.143 36E 00
0.13184E-01
0.208 46E-01
0.22446K 00
0.665 63E-01
0.722 55E-01
0.694 82K-02
0.10983E-01
0.338 28E-03
0.593 83E-03
0.100 79E 00
0.283 76E-01
0.30145K-01
0.239 68E-02
0.0
0.0

0.245 32K Ol
0.967 56K 00
Q.276 54E 00
0.284 4lZ 00
0.46610K 00
0.14124E 00
0.150 32K 00
0.140 35E-01
0.220 71E-Ol
0.235 86E 00
0.71146E-Gl
0.760 85Z-Ol
0.744 38E-02
0.117 05E-Ol
0.370 63E-03
0.648 88E-03
0.107 19Z OO

0.308 08E-01
0.323 13E-01
0.266 99K-02
0.415 15E-02
0.0

0.255 42K
0.10123E
0.294 04E

01
01
00

0.297 34Z 00
0.488 38Z 00
0.150 44Z 00
0.157 59E 00
0.149 35E-01
0.233 56Z-01
0.247 90E 00
0.760 55E-01
0.801 01K-01
0.797 06Z-02
0.124 67K-Ol
0.405 46Z-03
0.707 88E-03
0.11399E 00
0.334 26E-01
0.346 03E-01
0.295 93Z-02
0.457 97K-02
0.0

0.226 04E 01
0.10595K 01
0.31275E 00
0.31082K 00
0.51193Z 00
0.160 28E 00
0.165 19E 00
0.158 88E-01
0.247 06Z-01
0.260 65E 00
0.813 20E-01
0.843 13E-01
0.853 07Z-02
0.13271E-01
0.442 92E-03
0.771 10E-03
0.12119Z OO

0.362 46E-01
0.370 22E-01
0.326 64E-02
0.502 97E-02
0.0

0.276 06K 01
0.11049K 01
0.33146E 00
0.324 30Z 00
0.53461K 00
0.170 15K 00
0.172 82K 00
0.168 65K-01
0.260 91K-01
0.273 00K 00
0.866 27E-01
0.885 71E-01
0.91096Z-02
0.14102E-01
0.482 62K-03
0.838 01E-03
0.128 3OK 00
0.39129K-01
0.395 11E-Ol
0.358 61E-02
0.549 68K-02
0.0

0.287 46Z 01
0.11563E 01
0.35247K 00
0.33880K 00
0.560 27K 00
0.18123E 00
0.18104K 00
0.17922E-01
0 275 67E-01
0.286 95K 00
0.925 81K-01
0.93153K-01
0.973 68.E-02
0.14991K-01
0.525 67Z-03
0.91014K-03
0.13626K 00
0.423 55K-01
0.421 52E-01
0.393 17E-02
0.600 11E-02
0.440 33K-04

0.299 17Z 01
0.120 94E 01
0.374 62E 00
0.353 77Z 00
0.586 83E 00
0.192 91E 00
0.189 55E 00
0.190 32E-01
0.291 08Z-01
0.30142K 00
0.988 79E-01
0.979 15E-01
0.103 99E-01
0.15923E-01
0.57171K-03
0.987 02K-03
0.14458K 00
0.457 86E-01
0.449 09E-01
0.429 88E-02
0.653 30E-02
0.486 52E-04

90

K
LI
LII
LIII
MI
MII
MIII
MIU
MV
NI
NII
NIH
NIV
-NV

NVI
NVII
OI
OII

0.31189Z 01
0.126 73E 01
0.398 82E 00
0.369 59E 00
0.61574E 00
0.205 69K OO

0.198 56E 00
0.202 17E-01
0.307 35E-01
0.317 15E 00
0.10577K 00
0.102 96E 00
0.11108E-01
0.169 10E-01
0.621 3GE-03
0.106 94E-02
0.153 55Z 00
0.495 41K-01

0.324 08K 01
0.132 36E 01
Q.423 27E 00
0.385 47E 00
0.643 95K 00
0.218 62E 00
0.207 64K 00
0.214 37K-01
0.324 07K-01
0.332 59E 00
0.11278E 00
0.108 08E 00
0.11342E-01
0.178 32E-01
0.673 74E-03
0.11564E-02
0.162 46Z OO

0.533 99E-01

0.337 81Z Ol
0.138 69E 01
0.450 59E 00
0.402 51E 00
0.675 61E 00
0.233 06Z 00
0.217 39K 00
0.227 52K-01
0.34189E-01
0.349 81E 00
0.120 58E 00
0.11356E 00
0.126 34E-01
0.19019E-01
0.730 77K-03
0.124 94E-02
0.172 OOZ 00
0.574 71E-01

0.351 18E 01
0.14493K 01
0.478 46E 00
0.41971E 00
0.706 91E 00
0.24782K 00
0.227 28E 00
0.241 1GK-01
0.360 23E-01
0.366 92K -00

0.128 59E 00
0.11914E 00
0.134 56E-01
0.201 44Z-01
0.790 91K-03
0.13477K-02
0.18165Z OO

0.617 51K-01

0.366 13K 01
0.15191E 01
0.50949K 00
0.438 09K 00
0.741 85K 00
0,264 25Z 00
0.237 85E 00
0.255 70E-01
0.379 69K-01
0.385 98K 00
0,137 50E 00
0.12511K 00
0,143 42E-01
0,213 41K-01
0.855 73E-03
0,145 28E-02
0.192 30E OO

0.664 87K-01

0.381 36E 01
0.15907E 01
0.542 08K 00
0.457 OOE 00
0.77777K 00
0.281 52Z 00
0.248 76E 00
0.27G 97K-01
0.39994E-01
0.405 60E 00
0.14688E 00
0.13128E 00
0.152 70E-01
0.225 89Z-01
0.925 12Z-03
0.156 40E-02
0.203 13Z 00
0.71383E-01

0.396 97E 01
0.16648K 01
0.57644K 00
0.476 48E 00
0.814 94Z 00
0.299 74Z OO

0.260 04E 00
0.286 98E-01
0.420 99E-01
0.425 95Z 00
0.15679E 00
0.13769K 00
0.162 47K-01
0.238 95E-01
0.998 03E-03
0.168 23E-02
0.214 52E 00
0.767 22Z-01

0.413 26E
0.174 25K
0.613 08E

01
01
00

0.49672E 00
0.853 98Z 00
0.31918K 00
0.271 78K 00
0.303 83E-01
0.442 97K-01
0.447 35K 00
0.167 39K 00
0.14437E PO

0.172 79K-01
0.252 62K-01
0.107 58E-P2
0.18073E-02
0.226 62K QO

0.82471K 01
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TABI K IX. (Co~ti~med)

89 90 95

OIII 0.478 36E-01 0.508 29E-01
OIV 0.469 60K-02 0.51117E-02
OV 0.709 90E-02 0.768 78E-02
OVI 0.532 03E-04 0.576 51E-04
OVII 0.81185E-06 0.897 32E-06
OVIII 0.0 0.0
OIX 0.0 0.0

0.538 07E-01
0.548 69K-02
0.823 81E-02
0.210 69E-03
0.309 26E-05
0.964 13E-06
0.0

0.569 27E-01
0.590 91K-02
0.883 76K-02
0.240 24E-03
0.328 07E-05
0.104 38K-05
0.0

0.602 38E-01
0.636 11E-02
0.946 95K-02
0.270 99K-03
0.348 45K-05
0.11308E-05
0.0

0.635 60E-01
0.680 18E-02
0.100 94E-01
0.291 48K-03
0.364 21E-05
0.120 65E-05
0.0

0.670 82K-01
0.73136K-02
0;107 71E-Ol
0.325 87E-03
0.531 52E-03
0.385 82E-05
0.0

0.708 57E-01
0.787 49E-02
0.11519E-01
0.372 15E-03
0.616 03E-03
0.413 39E-05
0.930 45E-07

98 99 100 101 102

K
LI
LII
LIII
MI
MII
MIII
MIV
MV
NI
NII
NIII
NIV
NV
NVI
NVII
OI
OII
OIII
OIV
OV
OVI
OVII
OVIII

0.430 58E 01
0.182 56E 01
0.652 63K 00
0.517 90E 00
0.895 67E 00
0.340 18E 00
0.284 10E 00
0.321 69E-01
0.466 03E-01
0.470 17E 00
0.178 82E 00
0.15138E 00
0.183 72E-01
0.266 99E-01
0.11584E-02
0.194 11E-02
0.23925K 00
0.886 01E-01
0.745 87E-01
0.842 6OE-02
0.122 21E-01
0.400 21E-03
0.653 59E-03
0.432 18E-05

0.448 68E 01
0.19129K 01
0.694 88E 00
0.53989E 00
0.939 53E 00
0.362 62E 00
0.296 92E 00
0.340 49E-01
0.490 10E-01
0.49421K 00
0.19106E 00
0.158 70K 00
0.19527K-01
0.282 05K-01
0.124 63E-02
0.208 23K-02
0.252 67E OO

0.952 09K-01
0.785 88E-01
0.903 04K-02
0.129 99E-01
0.440 73K-03
0.719 lOK-03
0.457 21E-05

0.467 41K 01
0.200 40E 01
0.739 76E 00
0.562 65E 00
0.985 30E 00
0.38646K 00
0.31022E 00
0.360 22E-01
0.515 18E-01
0.51932E 00
0.204 08E 00
0.16630E 00
0.207 42E-01
0.297 78E-01
0.133 97K-02
0.223 16E-02
0.266 71K 00
0.102 25K 00
0.827 45E-01
0.966 71K-02
0.138 13K-01
0.483 VOE-03
0.787 83K-03
0.483 31E-05

0.487 76E 01
0.210 31E 01
0.788 90K 00
0.586 67E 00
0.10351K 01
0.41257K 00
0.324 28E 00
0.381 23E-01
0.541 58K-01
0.546 61E 00
0.218 33E 00
0.174 35E 00
0.220 40K-01
0.31438E-01
0.143 95E-02
0.239 05K-02
0.281 93E 00
0.109 97E 00
0.871 35E-01
0.103 46E-01
0.146 71K-01
0.529 57E-03
0.860 69E-03
0.51159E-05

0.508 26E 01
0.220 40K 01
0.840 26E 00
0.61124E 00
0.108 58E 01
0.439 86E 00
0.338 71E 00
0.403 10E-Ol
0.568 91K-01
0.574 49E 00
0.23327K 00
0.182 63E 00
0.233 94E-01
0.33162E-01
0.154 48 E-02
0.255 VVK-02
0.297 52E 00
0.118OVE 00
0.916 56E-01
0.11056E-01
0.155 64E-01
0.578 11E-03
0.937 11E-03
0.540 55E-.05

0.530 13K 01
0.231 21K 01
0.895 89E 00
0.636 96E 00
0.11402E 01
0.469 43E 00
0.353 86E 00
0.426 26E-01
0.597 54E-01
0.604 33E 00
0.249 45E 00
0.19132E 00
0.248 31E-01
0.349 72E-01
0.165 69E-02
0.273 57E-02
0.314 20E 00
0.126 86E 00
0.964 01E-Ol
0.118 10E-01
0.165 03E-01
0.629 86E-03
0.10163E-02
0.571 55K-05

X„„(u„,m, n, p) =(- l) -' '5tt„",.(u„,m, n, p),
(2.76)

"S'",.(u„,m, n, p) = (- l)"-'x "m, (a„,m, n, p),

where the nuclear matrix elements are denoted by

ORzz, (k„,m, n, p) and 5R)(z, ,(k„,m, n, p). The meaning
of the indices has been explained in connection with the
form-factor coefficients.

The nuclear matrix elements are [Eq. (2.42)]

(Z~ A J;
~( ~5tt~„P „,m, n, p)+ ~"5tig„(A.„,m, n, p))—M~ M Mq]

=[4gg/(kg+4)]''J J[2g(), 2, . . .A;JgMgggg)

( &+2@
gg g[ — 1(k, mgg, )gg )()g 22)2ggm4 I (gg(2 2 A'ZgMggg ) !g 4g dg~ (2 22)

~tR

Here, (t)& and P,. are the nuclear many-particle wave-
functions of the final and initial state, respectively,
which depend on all the coordinates of the A nucleons.
The sum over j runs over the A nucleons, and all the
operators are single-particle operators operating on
the jth nucleon only. The t' is the isospin operator
changing a proton into a neutron. The term with 1 gives
the V matrix element, while the term with Xy, leads to

the A matrix element. The multipole operators Tzz„,
have been defined in Eqs. (2.45).

The nuclear matrix elements of Eq. (2.77) must be
calculated on the basis of appropriate nuclear models.
This is a complicated problem which requires special
considerations for each particular P transition. One-
body operators Og must be used in Eq. (2.77), which
can be expanded (Bohr and Mottelson, l969) as
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o= Q &c)(l alp&a, c', (2.78)

where a& is the annihilation operator for a proton in the
single-particle state p and ct is the creation operator
for a neutron in the single-particle state . Here, &

and P represent a complete set of single-particle quan-
tum numbers. We can, therefore, write

with i= V, A and

I +2N
rO~»= — I(k„,m, n, p;h)T»~. ,

L+2N
0»= I(k, m, n, p;h)y, T»~,.

(2.80)

The expansion coefficients C ~ are

c.~ = &tf'f
I
Ea&c.']~0,"]'f&,

where

af = (—1)""a,

(2.81)

It follows that, however complicated the nuclear states
may be, the exact nuclear matrix elements between
many-body states can be expanded in a linear combina-
tion of single-particle matrix elements (Donnelly and
Walecka, 1972, 1973). For example, methods of cal-
culating the coefficients C„~ in the framework of the
shell model are discussed by de Shalit and Talmi (1963).

'5R»~, (k„,m, n, p)

= g (- I)'" " (2&+ 1) '"&O'
ll 'O„IIP&C„„(2.79)

Formulae for nuclear matrix elements within the iso-
spin formalism are also given by de Shalit and Talmi
(1963).

Once the set of numerical coefficients C z has been
determined, the nuclear matrix elements can be com-
puted if we are able to deduce reliable values for the
single-particle matrix elements. In Eqs. (2.84), we
therefore list the single-particle expressions for all the
nuclear matrix elements in terms of radial-integral and
angular-momentum quantum numbers (Brysk, 1952;
Talmi, 1953; Bose and Osborn, 1954; Berthier and Lip-
nik, 1966; Lipnik and Sunier, 1966; Delabaye and Lipnik,
1966; Strubbe and Callebaut, 1970). The compact form of
Eqs. (2.84) is that given by Behrens and Biihring (1971).
The orbits of the nucleons are assumed to have definite
angular momentum, as in the jj-coupling shell model.
In the same notation as used for the electron wavefunc-
tions [Eqs. (2.16) and (2.17)], the nuclear wavefunctions
can be written

5 (»gn K)f.(r)x'.
(2.82)

g.(h)X.'
The orbit of a nucleon is identified by the number v, de-
fined as for leptons

5K&0 if l=j+g
I

Kl =y+-.';, (2.83)
I &&0 if E=j —2.

The large component of the nuclear radial wavefunctions
is denoted by g„and the small component, by f„. The
single-particle values of the nuclear matrix elements
then are

".ggs„, ((c„m,n, p) = d 2(gd; s ()'nI(: s,(sc, s )
OO K+2N

gf(h, Kf) — I(k„,m, r. , p;h)g, (h, K, )r'dr

~ sign(Kf) sign(K, )G»», (—Kf, —K, ) ff(h, Kf) — I(k„,m, n, p;r)f;(h, K, )r'ck],

(2.84a)

-
31I»~,(k„,m, n, p'f = v 2(2Z, + 1) ' f')G»f. , (Kf, K,.) gf (h, Kf)

I +2N

I(k„,m, n, p;r)g,.(h, K, )r'dh

+ sign(Kf) sign(K, )G»»( —Kf, —K, )
OO L+2N

fc(r, sc) — ( „CP, mPn;r)f (r., s)r' drI,

(2.84b)

"gg"„„,(P„m, n, p) = dg(gd, + i)'c'I sign(cc, )G „,(sc, —s,.)

+ Sign(Kf)G»»O( —Kf i KC)

"gg",(p, , m, n, p) = c 2(gd,. + ()'c'lsign(s, .)G, (sc, —s )

+ Sign(Kf)G»C 1(—Kf r Kg)

OO ~ K+2N

gf(h, Kf) I(k„,m, n, p—;r)f, (h, K,)r'Ch

OO K+2N

fc(r, sc) — i(g„m, n, p;r)g, (r, s )r'drI,

OO L+ 2N

gf(h, Kf) — I(k„,m, n, p;h)f, (r, K, )h'dh

OO L+2N

fc(r, ccc) — ((P„m,n, P;r)dc('r Icc)r d'rI.

(2.84c)

(2.84d)

The indices i and f refer to the initial and final states of
the nucleon undergoin'g decay. The radial quantum num-
bers of the orbits are not explicitly indicated. The
quantity G»~(nf, n;) is defined through Eq. (2.36).

If relativistic nuclear wavefunctions are used (Miller f'(h, K)r'dh = 1. (2.85)

and Green, 1972; Miller, 1972; Krutov and Savashkin,
1973; Krutov et a/. , 1974), the nuclear radial wavefunc-
tions must be normalized to satisfy the condition

g'(r, K)h' ck+
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f(~, ») = —+ g(~, »),
1 d v+1'

2M, d~
(2.86)

where M is the nucleon mass, and g(x, ») is the solution
of the single-particle Schrodinger equation. In this
case, the radial wavefunctions g(x, ») must be normal-
ized according to

In most cases, relativistic nuclear wavefunctions are
not known, whence actual calculations must be per-
formed in the context of nonrelativistic nuclear models.
It is then necessary to find the small components f(x, »)
of the nuclear radial wavefunctions. ' lt is possible to
express f(x, ») in terms of g(r, ») by using the Dirac
equation in the nonrelativistic limit, if the spin angular
and the radial parts of the wavefunctions are considered
separately (Behrens and Biihring, 1971). In the nonrel-
ativistic limit one then finds

r x 2N-z

A

I k„,m, n, p;x, dxU x Toooj~

and

—(2Ã+ 1+ 2N)[K/(2K+ 1)j~~' Jl»» „
ZV[(Z+ I)/(2R+ 1)j""~' „,

(2.92)

Damgaard and Winther, 1965; Schopper, 1966; Blin-
Stoyle and Nair, 1966; Blin-Stoyle, 1973). The most
important such relations are (Behrens and Biihring,
1971)

g'(x, »)v'dr = l. (2.87) SC+2P
= (W, + Z.6)H 'S»»», ns ] — V(~)r«, P .

The matrix elements of Eqs. (2.84a) and (2.84b) are
usually called nonrelativistic because their radial parts
depend only on the radial functions g(x, »). The terms
containing both f&(y', »&) and f&(w, »;) constitute small
relativistic corrections that can usually be omitted. On
the other hand, the matrix elements of Eqs. (2.84c) and
(2.84d), which contain f(w, »), are called relativistic
matrix elements.

The radial momentum operator P„ is

(2.93)
Additional relations are given by Behrens and Buhring
(1971).

Because the old Cartesian notation for nuclear matrix
elements is used in many papers, the connection be-
tween form-factor coefficients and nuclear matrix ele-
ments is listed in Cartesian notation in Table X.

1 d 1
~r . +

hence we have

f(x, »)= ~ ip„+ g(x, »—).
' 1 . K

(2.88)

(2.89)

c. Induced/ nteractlons
As indicated in Sec. II.A, the hadron current is influ-

enced by the presence of the strong interactions. It can
be shown (Delorme and Bho, 1971), that hence the sim-
ple nuclear current of Eq. (2.4) must be replaced by the
most general current

For a bound nucleon state in a spherical potential, on
the other hand, the relation

+ p2+, g(r, ») =E«,g(r, »)
1 2 IC(K+ 1) (2.90)

holds, where E„„is the kinetic energy of the nucleon.
The ratio of relativistic to nonrelativistic single-particle
matrix elements can, therefore, be estimated as

MR/M„a = (E„,„/2M)' ~~ = 0.1. (2.91)
It has been shown that some approximations must be

made in going from relativistic nuclear wavefunctions
to the nonrelativistic limit. Some of the relativistic
form-factor coefficients, however, can be related to
nonrelativistic coefficients on the basis of CVC theory
(Stech and Schiilke, 1964; Fujita, 1962; Eichler, 1963;

There is another possibility of going to the nonrelativistic
limit. By applying the Foldy —Wouthuysen transformation on
the total (nuclear plus P-decay) Hamiltonian, one can con-
struct an effective V-A. transition operator that can be used
with nonrelativistic single-particle wavefunctions (Rose and
Qsborn, 1954; Blin-Stoyle, 1973; Konopinski, 1966). The
operators + and y5 which appear in the relativistic matrix ele-
ments are replaced in the nuclear space by

This treatment of the relativistic nuclear single-particle ma-
trix elements is fully equivalent to that described in the text.

~.=it.(P')
)~V~ S~AfaAsP~g

[g,O'„++,(iyp'+ M)O'.

where we have

+ G, O', (gyp+ M)

+ H, (iy p'+ M)O'„(imp+ M)]P (p),
(2.94)

and

V ' S ~ M
j -&u~ A, P ~

Of = y„y„O„=iqI y,

T=O~=oj N)&5-
Because the binding energy B of the nucleons inside the
nucleus is always small compared with their mass I,
the off-mass-shell effects are expected to be negligible
(of order B/M) In the sta.ndard impulse-approximation
treatment, the nucleons are therefore taken on their
mass shell, i.e. , (iyp+M)u(p) =0 is assumed. Then the
terms associated with the coupling constants, P, , G„
and H, vanish. On replacing q„by the corresponding
differential operator (Behrens and Biihring, 1971;
1974), we obtain

e . sZ„=ig~~y„+if„o„+iA„+f&8+i„eA )&XV
p s ex

8 9
+&P~y, +ifro„„y, +ieA„+f y, +ieA

xp Bx~
(2.95)
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TABLE X. Relations between form. -factor coefficients and nuclear matrix elements in Cartesian notation. (After Behrens and
Janecke. 1969; Biihring, 1963b; Buhrir~ and Schulke, 1965).

Type of
tl ansltlon

For Dl-factor
coefficient Matrix eleInent im Cartesian notation

Allowed Vy (0)
000

Ay (0)
101

First-forbidden
non-unique

A~(0)
000

A~(0)
011

.o' r
R

~,(0, &(1,1,1,1) i I(1,1,1,1;r)

101

V~(0)
110

r
W3 i—

R

1(010) (1,1 v3 i —I(1,1,1,1;r)

Ay (0) g(3)1/2
R

A~,(1,) (1,1,1,1) g(3)1/2 I(1,1, 1,1;r)

Ay (0)
211

Lth forbidden
— non-unique

(0)I"LL0
(2L+1) t «/2

L ~

I ~
~ 2

!
f10 ~ ~

RL

FL(0L)0 (a, 1,1,1) (
(2L+ 3) t t 1/2

Lt

~L
'L I(@,1,1,1;r)

V (0)+L,I -1, 1
1 (2L —1)!!

(L —1) '

.L"1 n
$1~ ~ 0 gL

RL 1

A (0)
~I+1

] (2L+ 1)t 3 L 1/2 2 T&, ~ g

L'! Lt L+ 1

ELL1(py 1 y 1 y 1)

A (0)
+L+1,L, 1

(2L+ 1)!!
I(k, 1,1,1; r)

(2L+1)t t 1/2 iLB-
g ~ ~ ~~ ~ 1 L+1

(L~ 1) t Lt

First-forbidden
unique

Ay (0)
211

(L —1)st forbidden
unique

A (0}
L, L-1,1

(2L 1)t t 1/2

Lt (I 1)1

L-1 zp
zL

RL-1
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for the case of P decay. In p' decay and electron cap-
ture, the Hermitian conjugate current is

8 9
P'„= ill„y, +f1„e,„——IeA. f, ,

-—IeA) ely„y,)x„' ~ ex„
9- feA. +f„y, - feA„

Bx~

r3

&fr—&R.y

P decay p+ decay

(2.96)

By comparing Eqs. (2.95) and (2.96), the formal substi-
tutions can be determined that must be made for the in-
duced coupling constants in going from I3 to p' decay,
from p' decay to electron capture, or from p decay to
electron capture (Behrens and Biihring, 1974).

Between p and p+ decay, the following correspon-
dences hold [in addition to those indicated in Eq. (2.39)]

for f~ and fs; here, ]L]~ and ]L(„are the anomalous mag-
netic moments of the proton and neutron, and M is the
nucleori mass.

The quantity A~ = (A, i(t)) in Eq. (2.98) is the potential
of the external electromagnetic field, which in this case
is the static electric field of the nuclear charge, for
which we have A=O, —eQ= V(x)= (nZ/R)U(r). The
terms containing A~ must be included to assure gauge
invariance of the Hamiltonian.

By applying the Dirac equation, the operator 8/Bx, in
Eq. (2.96) can be replaced by the transition energy Wt
= Wo+ 8'„.

Like the simple current of Eq. (2.4), the general cur-
rent given by Eq. (2.96) consists of two parts, one of
which I.orentz transforms like a four-vector, the other
like an axial vector. We make use of this property. In
the nuclear matrix elements without induced interactions
[Eq. (2.77)], the spherical tensor operators T«, and
p TEL occur

f s — fs-
fr/'/{ — fr/X—
fp/x — f~/J].

1 T y ~ LyM
LLO Lr

»5' T~l0=»R i Yf I

1 ' T]]f = n ' (—1)I Icp21L~]M
(2.100)

i' — —i'„. (2.97)

For P' decay and electron capture, the hadron current
(and therefore also the hadron part of the transition
matrix element) has the same form. Thus, beyond the
substitutions indicated in Eq. (2.40), it is only necessary
to replace 8', by W, + 5', to go from p' decay to electron
capture.

Starting from p decay, on the other hand, the follow-
ing substitutions apply [in addition to those indicated in
Eqs. (2.41) and (2.42)]

p decay electron capture

f,/~

i'

fs-
f,/~-

(2.98)

f~ = (]u& —p,„)/2M = 0.0010,

s=O
(2.99)

The quantities f~, fs, fr and f~ are the coupling con-
stants for the weak. magnetic, induced scalar, induced
terisor, and induced pseudoscalar interactions, respec-
tively (Marshak et a/. , 1969; Schopper, 1966; Bliri-
Stoyle, 1973; Blin-Stoyle and Nair, 1966; Kim, 1974).

The conserved-vector-current theory predicts the val-
ues (Blin-Stoyle and Nair, 1966)

, ( 1)I f( I Yflf

The nuclear operators 1, Xy„+ and Xo behave under
rotation like scalars, pseudoscalars, vectors, and
axial vectors, respectively. Introduction of the general
current of Eq. (2;96) makes it necessary to replace
these operators by more complicated operators which
have the same transformation properties (Behrens and
Biihring, 1971)

1-j,"= 1 if' n* V—+fsp [~', —(nZ/R)U(x)],

».-i ". -».+ ~f~ ~ V fuy, [~'.-(nZ/R)U—(~)],
n ——)'= n+ f,p(exV]

+f Pn[TP —(nZ/R)U(x)] —zf PV, (2.101)

]].o- —j =]].c fr p[nxV]—

fr po[W', —(n—Z/R)U(~)]+im py, V.

These substitutions, in Eq. (2.76) via Eq. (2.77), lead to
the form-factor coefficients that correspond to the gen-
eral riuclear current. The expressions for the obser-
vables in terms of form-factor coefficients remain un-
changed (Sec. II.B.3; Stech and Schiilke, 1964; Biihring
and Schiilke, . 1965). Only the definition of the form-fac-
tor coefficients in terms of nuclear matrix elements and
coupling constants is changed.

The form-factor coefficients in terms of nuclear ma-
trix elements appropriate for electron capture are as fol-
lows:

(p, m, e, p)= "22e (2, , p)+fmRe'I[K/(2K+I)]'e(j (y/R) ' "'[(2ll+1+2N)I(y)eel'(y)]PT „)

+ [(K+ ()f(2K+ 1)]' '(J (y/R) 'm'[2NI(y)+el'(y)JRT

+feR' f (y/R) *'"1{y)[IT'Q—PKU(y)]Rye ), (2.102a)
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. (r/R)»' " '[(2K+ 1+ 2N)I(r)+rl'(r)]py, T „)»Z" (R, m, n, p) »»=Rt»„, (3, m, n, p) f~—'I[II/(2K+1)l'I'

+[(II+1)/(2K+1)] I j (r/R)'*'"-'[3NI(r)rrp(r)]py, T„., )j
(2.102b)

~E'",(k, m, n, p) = 5K„",(&,~,~, p) +f & '~ I (~+ I)/(21~'+ I)1' (r/B)"" '[(211+ 1+ 2N)l(r)+rl'(r)]py, T„„)
—[tll(2K+1)]' J{r/B) '[ 2N(Il rrr{l"}l(3 YT ~ ')
+ y R + Ix lP —&ZUx TEE, (2.102c)

"R,(p, m, n, P)=1"33",(R, m, n, P) fR ][(K+1)/-(2K+1)]' ' (r/R) ' '[(2tC rt»)2tN( ) rr{rrl)]3 T„)

—[IC/(2tlr 1)]' '(f b/R)" "'[2NI"(r)+rl'(r)]3T ...)
+ x R "Ix S' —nZUx py T (2.102d)

3'»» „(R,m, n, P) = 3)1"» „(P,m, n, P)+f R'] —[(IC+ 1)/(211+ I)]'n(J (r/R) ' " '[2NI(r) rrt'{r)]3y, T»,)

+ r Z ~"~-'Ir W' -~Zp~ T«„

f R'[IC/(2K+1—)]' '(J (r/R I""'[2NI{r)'+rl'(r)]PT ),

—"F(p», m, , )= »333„" »„(P,m, n, P) f R 'I [(IC» I)/(2IC»—I)]'n(-Jf (r/R)"" *[2Nt(r)+rl'(r)]PT„,)

+ {r/B) *'"'1{r)[WQ—PKU(r)j)y, T „)j
+f B'[Kf(2K+ 3)j'* ' (r/R)""" *[2Nt(r)+rt'(r)jpy, T„„),

R» „(R,m, n, P) = "33"»„,(3,m, n, P)+f R 'I[IC/(2tC+ 1)]'I' I {r/II ) ""[(2K+3+ 2N)1(r)+»1 (r)]3y T )

+ {r/R) * * l(r)[ Rr+"'—*P"KU(r) ]IT»„„,)j

f»B '[(K+1)/(2K+1-)]'I* I (r/B) ' "[(21C+3+2K)1(r)+rl'(r)]IT,),

„,(i), m, n, P) = 3"3C!»„,(3 m, -n, P} f R 'I[IC/(21C+ 1)]' * J—(r/R)»*m[(21C+ 3+ 2N)I(r)+»1'(r)]3 T»,)

+ y' B +~'2 I j" TP —&ZU x py5TEE, ~~

(2.102e)

(2.102f)

(2.102g)

+f R'[(K+ 1)/(2tC+ 1)]'n f (r/R) " [(21C+ 3+ 2N)t(r)rrl'(r) jty, T ). (2.102h)

For brevity, we have written I(x) instead of 1(k„,m, n, p;x); we have I (g ) = dI/dr. In addition to the —single-particle
matrix elements of Eqs. (2.84), the following are required:

r r '

(r/R) ""ItI(~)PT»», = [2/(2J', + 1)]'f' —G»», (»f, », ) J gq(~, »f)(~/R)»""Itf(~)g, (X, », )~'dh
0

+ sign(/Cf)sign(/CI)G»»0( —»f 3
—ICI) fr(r, »1)(r/R)"""Ct(r)f, (r, », )r'Rrj,

(2.103a)
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(r/R) ""P(r)gy,Tr» =[2/(2J, + 1)]'/' —G„»((/z, ((,) f gz(r, vz)(r/R) ""P(r)g,(r, ((:,)r'dr
Jo

+ sign(/(&) sign(v, )Gz»( —vz, —((:,) fz(r, ~z)(r/R)~ "~gt)(r)f, (r, /{:,)r'dr~,

(2.103b)

+sign(sv)G ( sv sg) f /v(v, sv)(v/R) *'"2(v)g, {v,s)v'dvI, (2.(Dgc)
0

g/(r, ~/)(r/R) ""P(r)f,(r, /{.,)r'dr(v/R)s" @(v)2 T ) ={2/(22,. + 1)]'SI—sign(s)G, (sv, —s )

(r/R) " @(r)py,T«„=[2/(2J', + 1)]'/' —sign(/{:, )G«G(v&, —){,) I gz(r, vz)(r/R) ""p(r)f,(r, z, )r'dr
~o

+ sign(({/)G~~, (—~q, ~, ) f/(r, ~/)(r/R)~ "~@(r)g,.(r, ){;,)r'dr ~. (2.103d)

Here, Q(r) stands for l(k„,m, n, p;r) or rl'(k„, nz, n, p;r)
or a linear combination of these integrals. The question
whether a finite coupling constant fr exists for the in-
duced tensor interaction has aroused great interest of
late. Second-class currents (Weinberg, 1958) manifest
themselves in principle only through the coupling con-
stants f~ and fr, and f z vanishes in accord with the con-
served vector current theory. Hence, the determination
of fr is connected with the very question of the existence
of second-class currents in p decay and electron cap-
ture. " Although this problem has been discussed exten-
sively in the literature (Wilkinson, 1970a, 1971, 1972a,
1971/72, 1974b; Alburger and Wilkinson, 1970; Kim,
1971; Holstein and Treiman, 1971; Vatai, 1971, 1972b;
Wilkinson and Alburger, 1971; Blomquist, 1971; Wolf-
enstein and Henley, 1971; Lipkin, 1970, 1971; Kim and
Fulton, 1971; Blin-Stoyle et al. , 1971; Laverne and
Dang, 1971; Alburger, 1972; Tribble and Garvey, 1974;
Towner, 1973; Greenland, 1975) an unambiguous answer
concerning the existence of second-class currents has
not yet been obtained. An excellent review of this mat-
ter hs. s been written by Wilkinson (1971/72).

In view of the uncertainty about second-class currents,
Kubodera et al. (1973) have recently pointed out that
one cannot neglect the nucleon binding effects, i.e. , off-
mass-shell phenomena and exchange currents. Thus, at

~~First- and second-class currents are defined on the basis
of their behavior under a G operation. If we split the hadron
current into first- and second-class terms (Weinberg, 1958;
Kim and Primakoff, 1969),

J~ ——J~+ JqI XI

we have

2J'= J +GJ, G-',

2J~ =J„—GJ„G

and hence,

GJ,'G-'=+ J,',
Here, J~~ is a first-class element of the hadron current, and

is a second-class element. The G operator is defined as
Cet1fT2

where C is the charge-conjugation operator, and T2 is the
second iso spin component.

least as far as the axial-vector part is concerned, one
should start with the most genera, l current [Eq. (2.94)].
But then the large number of coupling constants com-
plicates the problem to such an extent that it can be
dealt with only under some simplifying assumptions,
i.e. , minimal coupling. Furthermore, special models
for the meson exchange current must be used. Follow-
ing this line of attack, Kubodera et al. (1973) were able
to calculate explicitly off -mass-shell and meson-ex-
change effects for some special cases, and to demon-
strate their importance (Eman et al. , 1973).

M, (l, 1) = ~TGG„

M, (1, 1) = —"FG„,;

for first-forbidden transitions,

(2.104)

MG(1, 1) = E,„+gaZ EG2, (1, 1, 1, 1) —RWGR EG„,
mG(1, 1) = 2 R PG2„

M, (l, 1) = —rEGM, + g o.Z(1/3)' ' "EG„(1,1, 1, 1)
——.'W, R (1/3)""ZG„,

—-', o.Z(2/3)'/' "EG„,(1, 1, 1, 1)

2 (~„+q„)R(2/3) /

(1 1) 1 R[(l /3)l/2 v+0 (2/3)1/2 Ay o ]

M, (1,2) = —3 q„R[(2/3)"' &'„,—(I/3)"'"&'»]2

M, (2, 1) = —RP, R[(2/3)' ' +22G+(1/3)' '"+»2]

(2.105)

M2(l, 2) = —2 q„R ~I"
2222

M, (2, 1) = —2 P„R 5'22, .

4. Explicit expressions for the quantities )(i/f/,.(k„,k, ) and
m~ (k„,k„)

By expanding electron and neutrino radial wavefunc-
tions as outlined in Sec. II.B.2 and introducing the form. -
factor coefficients defined in Sec. II.B.3, we can derive
from Eq. (2.42) explicit expansions of the quantities
Mr(k„, k„) and mr(k„, k„). If we take into account only
dominant terms (of lowest order in the expansion of elec-
tron and neutrino radial wavefunctions), we arrive at
the.following simple forms for M~(k„, k„) and m~(k„, k„)
(Behrens and Janecke, 1969; Behrens and Biihring, 1971):

For allowed transitions,
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104 W. Bambynek et al. : Orbital electron capture

For higher forbidden transitions, we have

M~(k„k,"&)=K~(p„R) ~ ' (q„R)"~ ' ( [(2l. + I)/L]'~' "F~~ „+(2k„+1)'~'nZ F~~,(k„, 1, 1, 1)

+[(2k„+1) '(2k„"'+1) 'q„R] F~~, —(2k„+1) 'o'. Z[(L+ 1)/L]'~' Fo~~, (k„, 1, 1, 1)
—[(2k„+1)-'W„R+(2k."'+1)-'q„R][(I.+1)/I.]"' F' (2.106a)

m~(k, k" )=K (p R) ~ '(q R)"~ '(2k + 1) 'R $ F~~ —[(I.+ 1)/L]' F j (2.106b)

(k k &2&) — K (p R)&'z &(q R)~v &(L + I)&~ 2 [(2k I) (2k 2 1 )] & 2 f F', ~ (k, k,"')(L + 1) ' [(I + 1)/I ]' ' "Fl~,],
(2.106c)

M,„(k„,k&") = -K,(P„R)"-'(q„R)" -' F', ,&, ~ (2.106d)

p (1 W2)1/2 (2.109)

The form-factor coefficients are I'~~~„
«Fz~, (k„, m, n, p) and Fz~, (k„,m, n, , p); they are related
to the nuclear matrix elements as indicated previously.
The symbols V and A refer to vector and axial vector;
K specifies the rank, L the multipolarity, and s the spin
of the spherical tensor operators that are involved. The
radial dependence of this operator is x~"~ or

"I(k„,m, n, p;x). These form-factor coefficients
occur in accordance with the expansion of the electron
radial wavefunctions discussed in Sec. II.B.2.

In Eqs. (2.47) through (2.49) we have only presented
the dominant terms of the multipole expansion and the
expansion of the electron radial wavefunctions for linear
combinations of form-factor coefficients. Complete ex-
pressions are listed in Appendix 1 (Behrens and Biihring,
1971). Unless there are strong cancellations between
different terms connected with the form-factor coeffi-
cients, the higher-order terms can be neglected.

C. Formulae for allowed and forbidden transitions

1 ~ Allowed transitions

In allowed transitions, electrons can only be captured
from orbits with v„=+ 1, i.e., from the K, L„L„M„
M„.. . shells [cf., Eqs. (2.44)-(2.47)]. This result is
based on the approximate neglect of contributions from
higher-order (so-called second-forbidden) terms (see
Appendix 2). Capture from orbits with && =+2, for ex-
ample, would be governed by matrix-element combina-
tions M, (2, 1), M, (2, 1), etc. , which are smaller than
'M, (l, 1) a, nd M, (1, 1) by at least a factor P„R ~ 0.02. Con-
sequently, we have

Here we have introduced the abbreviations

K =(1/2)' '[(2L)! I j(2I, +1)!!]''
x[(2k„ 1)!(2k,"' 1)!]-'~', (2.107a,)

= [(2L)!!/(2L + 1) & !] [(2k„ 1) & (2k &» 1) & ]

(2.107b)
The two quantities K~ and K~ are related by

K~, = [(2L + 1)/I ]' ~ 'KI . (2.108)

The energy of the bound electron in the parent atom is
defined as W„= 1 —IE„I, where E„ is the binding energy
in the parent atom. The electron momentum P„ is given
by

C (« = + 2) ~ 4 x 10 '
C„(&& = + 1)

[Eq. (2.44)], B.nd capture from orbits with && = +2 can be
expected to be difficult to observe. However, capture
from such states in principle offers a possibility of de-
termining the higher-forbidden contributions separately
from the leading terms.

For the quantity C„we find

(2.110)
[Eqs. (2.44) and (2.104)). Inserting this result in Fq.
(2.43) leads to

~.= (a'/«') (("F:..)'+ ( F;„)')
I~KqK PKBK+~L qL PL B +nz qz pz B~ +

1 1 1 1 2 2 2 2

(2.111)
for the decay constant. Hence it is easy to derive the
ratios of the capture probabilities from different sub-
shells. The L,/K ratio, for example, is

X~ /X~=(n~ q~ P~ B~ )/(n„q' P~B„). (2.112)

2. F irst-forbidden nonunique transitions

Considering, as before, only the dominant terms jn
nonunique, first-forbidden transitions, we find that elec-
trons with the quantum numbers I{.„=+ 1, +2 are captured.
For E,L„L„M„M„.. . capture, we have

C„=[M,(l, 1) + m, (1, 1)]'+ [M, (1, 1)+ m, (I, 1)]'
+M', (1, 2)+M,'(1, 2) (2.113)

+ [ F&0& (AZ/3)(l/~3)
x ("F'„,(1, 1, 1, 1) v 2 ~Fo„,(1, 1, 1, I)]
+ (W, R/3)(l/v 3 ) (~F'„,+ v 2 ~FO&, ]]'

+(W R)'/9[((2 /3)"' F' —(I/v 3 )"F' ]'+("F' )']
(2.114)

[Eqs. (2.44)-(2.46)). The upper sign holds for K, L„
M„.. . capture and the lower for L„M„... capture. The
quantities Mz(k„, k, ) in Eq. (2.113) are defined through
Eqs. (2.105). If there is no cancellation between the dif-
ferent terms in Eqs. (2.105), we can simplify Eq. (2.113).
Because we have W„= 1 —IErI, with IE~I ~ 0.2 and R
=0.0031A' '&0.02, we can usually neglect terms multi-
plied by R and W„R. Then we find (Vatai, 1973)
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This result shows that, even in the case of first-forbid-
den nonunique transitions, the quantity C„ to a very good
approximation does not depend on the particular sub-
shell from which the electron is captured. As for al-
lowed electron capture, the ratios of the capture proba-
bilities from different subshells are therefore indepen-
dent of the form-factor coefficients. Thus these ratios
have the same form as given in Eq. (2.81).

In many cases, especially for the heavier nuclei, we
have nz» W, R. Then Eq. (2.114) can be simplified fur-
ther:

C [ E&& pc+ ~3oz Eo(((1 1 1 1)]

+ [ E'„, (nz/3)(I/v"3 )

x $ E'„,(1, 1, 1, 1) —0 2 "E'„,(1, 1, 1, 1)))'. (2.115)

For capture from ((=+2 (L„M„M„.. .) states, we have

C =(M, (2, 1)) +(M2(2, 1)), (2.116)

or explicitly [cf. Eqs. (2.105)]

= [(p R) /9]H(2/3) Ei(o+ (I/~3) E(('() +& E2(x) 1'

(2.117)

Compa. rison of Eq. (2.117) with Eq. (2.114) suggests that
w = +2 capture is negligibly small as against capture
from w =+ 1 orbits.

(AE0 )2((2I I) !!)2((I R) ( (2.124)

5. Some general remarks on higher-forbidden nonunique
transitions

Special formulae for the higher-forbidden nonunique
capture rates can easily be derived from Eqs. (2.106)
in analogy with the first. -forbidden nonunique transition
rate [Eqs. (2.113) to (2.115)]. The following general
s tatements can be made re garding such higher- forbidden
capture transitions:

(i) As for &8= 1 first-forbidden nonunique transi-
tions, these capture rates depend only on six different
form- factor coefficients viz

~
I"LL-11& I"

LLo&

pressions for these rates are therefore no more compli-
cated than those for first-forbidden transitions.

(ii) If we neglect terms multiplied by R and W„R, as
in Eq. (2.114), the capture ratios from shells with the
same k„value do not depend on the nuclear form-factor
coefficients. Form-factor coefficients can therefore be
determined by investigating capture ratios only if ratios
of capture from states with different k„are measured
(e.g. , L,/K, M, /K) (Vatai, 1973).

(iii) Nonunique Lth-forbidden capture rates are al-
ways proportional to a factor

(2.118)(AEO )2(R2/9)@2

and for capture from ((„=+2 (L„M„M„.. .) orbits, we
f ind

C =( E' )'(R'/9)p' (2.119)

It follows from Eqs. (2.43) and (2.118) that the L,/K cap-
ture ratio is

(2.120)

Expressions for the L,/K, M, /K, L,/L„and M, /I. , cap-
ture ratios a.re entirely analogous. For the L,/L, ratio,
on the other hand, we have

Qther k„=2 to k = l capture ratios are analogous to Eq.
(2.121).

4. (L —1)-forbidden unique transitions

Taking only dominant terms in Eq. (2.106d) into ac-
count, we have for L ~ k„

(2L —2)!
( Eo )2R2(1,-()

(2L I)&(
p2 (k~"1) 2 (L-k~)

(2k„—1)!$2(L—k,) + I)! '

(2.123)

For K L 1 L 2 M1 M2 ~ ~ . capture, for examp le, .we ob-
tain

3. F irst-forbidden unique transitions

Considering dominant terms in Eqs. (2.105) for unique
first-forbidden transitions, we find that subshells with
((=+1,+2 can contribute (Behrens and Janecke, 1969).
For capture from ((„=+1 (K, L„L„M„M„.. .) states,
we have

[Eqs. (2.106)]. Consequently, such capture probabilities
decrease very rapidly with increasing degree of forbid-
denness.

D. Electron-capture to positron-decay ratios

1 ~ G enera I expressions

For allowed as well as forbidden transitions, the fol-
lowing general result for EC/P' ratios holds [Eqs. (2.2),
(2.7), (2.10) ]:

/Xa =(Q n, C,f) (f„C(Wj) . (2.125)

Here, fz, is the integrated Fermi function (Behrens and
Janecke, 1969)

Pp

f„= p'(w, —w)' E(z', w) dp,
0

(2.126)

where p is the positron momentum (in units of m, c), the
maximum momentum is po=(wc2 —1)'~', W is the posi-
tron energy (in units of moc'), Z' is the atomic number
of the daughter nucleus, E(Z, W) is the Fermi function,
and C(W) is the spectrum shape factor, averaged over
the P' spectrum. The form of the shape factor for dif-
ferent types of P' decay has been discussed, for ex
ample, by Schopper (1966), Behrens and Janecke (1969),
and Behrens and B!ihring (1971).

To calculate the integrated Fermi function f we need
the continuum-electron radial wavefunctions g, (x) and

f„(x). Conventionally, these functions (and hence the
Fermi function) are evaluated at the nuclear radius
(&=R). However, recent discussions indicate that a
less ambiguous result is achieved if the Fermi function
is evaluated at the center of the nucleus (w= 0) (Schopper,
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1966; Behrens and Buhring, 1968, 1972; Blin-Stoyle,
1969). This latter definition of the Fermi function is ap-
propriate for the electron-capture formalism in the
present paper (Sec. II.B.2). A number of detailed calcu-
lations and tabulations of the Fermi function F(Z, W) a.nd
of the integrated Fermi function f(Z, Wo) exist .How-
ever, in many instances finite nuclear size and screen-
ing by orbital electrons has not been taken fully into ac-
count. The Fermi function for a point nucleus without
screening is listed in the National Bureau of Standards
Tables (1952) and in a paper by Rose and Perry (1953).
Dzhelepov and Zyryanova (1956) have calculated the
Fermi function and the integrated Fermi function (at
~=A) by adding corrections for screening and finite size
to the functions for a point nucleus. Several authors
(Matese and Johnson, 1966; Durand, 1964; Brown, 1964),
however, have noted that the screening corrections of
Reitz (1950) used by Dzhelepov and Zyryanova are in-
correct for higher electron momenta.

Fermi functions evaluated numerically (at &=A) from
an exact solution of the Dirac equation for a nucleus with
finite size, but without screening, have been tabulated by
Bhalla and Rose (1960, 1961, 1962, 1964). It was later
shown, however, that these tables are not entirely cor-
rect for positrons of higher momenta (Biihring, 1967;
Huffacker and Laird, 1967; Behrens and Buhring, 1968;
Blin-Stoyle, 1973, p. 38; Asai and Ogata, 1974). For a
few elements, Biihring (1965) has carried out an exact
numerical integration of the Dirac equation, taking into
consideration finite nuclear size and screening. By em-
ploying a method similar to that of Buhring, extensive
tables of the Fermi function (at x= 0) and graphs of the
integrated Fermi function have been published by Beh-
rens and JKnecke (1969); this calculation takes exact
account of both finite nuclear size and electron screen-
ing. Numerical integration of the Dirac equation, in-
cluding finite size and screening, has also been carried
out by Suslov (1966, 1967, 1968a). Theoretical K/P' ra-
tios have also been listed by Suslov (1970b). The exten-
sive tabulations of the Fermi function (at r= R) and of the
integrated Fermi function by Dzhelepov, Zyryanova, and
Suslov (1972) are based on these calculations. Suslov,
however, included in the electrostatic potential caused
by the atomic electrons a Plater exchange term. " While
the exchange term is applicable to the bound orbital elec-
trons, it is not appropriate for the continuum states;
this is self-evident for positrons and has also been shown
for emitted P particles (Matese and Johnson, 1966;
Behrens and JKnecke, 1969, p. 25). It may be for this
reason that Suslov's calculations do not agree at low P'
energies with his Thomas-Fermi —Dirac calculations
and with results of other authors (Behrens and JKnecke,
1969; Bhalla'and Rose, 1960, 1961, 1962, 1964).

An extensive tabulation of log f (at y =R) and of cap-
ture-to-positron ratios, with an accuracy of two to three
digits, has been compiled by Gove and Martin (1971).
These values were obtained by correcting point-nucleus
continuum radial wavefunctions for finite nuclear size
and screening.

In all calculations discussed so far, the finite size of

i2Suslov used the nonrelativistic self-consistent Hartree-
Fock—Slater potential of Herman and Skillman (1963).

the nucleus was represented by the simplest model, viz. ,
a uniformly charged sphere of radius A, equal to the nu-
clear radius. A more realistic charge distribution has
been employed by Behrens and Biihring (1970), who have
shown that the influence of the shape of the charge dis-
tribution on the Fermi function can be neglected in most
cases (see also Asai and Ogata, 1974). An analytical
parametrization of the Fermi function and of the inte-
grated Fermi function (for a, pointlike nucleus), of the
screening corrections, the finite nuclear-size effects,
and of the dependence of allowed P decay on the nuclear
radius has been derived by Wilkinson (1970b, 1970c,
1970d, 1970e, 1972b, 1973c; Wilkinson and Macefield,
1974).

2. Allowed transitions

For allowed transitions, for which we have C(W) = C„
= (~F',„)'+(~E,'„)', the EC/p' ratio has a, very simple
for m

~ac/~a+ Ac/f8+ (2.127)

This ratio consequently does not depend on the form-
factor coefficients, just like the capture ratios. How-
ever, for the EC/P' r"tio there are two effects that can
lead to small deviations from the result predicted by Eq.
(2.127):

(i) If higher-order terms (Appendix 1) contribute sig-
nificantly, the differences between C„and C(W) must be
taken into account ISec. II.A; Eq. (2.40) t. For allowed
transitions, the correction factor of Eq. (2.127) can be
given explicitly. Neglecting terms in F,',",'(1, m, n, p) and
form-factor coefficients of rank two, we find (Appendix
1; Behrens and Biihring, 1971)"

i3(a) Note that q„—q= W„+ W. A correction formula given by
Firestone et al. (1975b) might contain an error of sign and
therefore should not be used. (b) Form-factor coefficients not
included in Table X are related as follows to the nuclear ma-
trix elements (without induced terms):

y 2
v& (i) & v& (o)

ppo ~ pii 2

2N

+op o (k, rn, n, p ) = — I(k, m, n, p; x),

i/2 ~ )& rv~ (0)iii iio =A+ (O)

R

2
A (i) (~

2N

S,'pi'(k, ~,n, p) = —X a — S(k, m, n, p; ~) .

(c) In the ease of a mixture between U, A interaction and S, T
interaction (where S stands for scalar, and T, for tensor), the
Ec/P+ ratio depends on the so-called Fierz interference term
b (Fierz, 1937). For allowed transitions and K capture we
have, for example,

fx 1+ b/WE
Xp+ fg+ 1—b/W

The term b is proportional to an interference between S and V
or T andA interactions (see, e.g. , Schopper, 1966). For the
pure V—& interaction, however, which is discussed here, we
have b=0.

Rev. Mod. Phys. , Vol. 49, No. 1, January 1977



W. Bambynek et a/. : Orbital electron capture

X jXs, = (f~/fs, ) [1+(A., + y'A. ,)/(1+ y') ],
where

(2.128)

fs -fs.A+ ~s(W, Z)]. (2.133)

In Eqs. (2.131) and (2.132), C and D are the so-called
model-dependent radiative corrections; they depend on
details of the weak and strong interaction theories (Sir-
lin, 1967; Kallen, 1967; Dicus and Norton, 1970; Beg
et al. , 1972; Sirlin, 1974; Boos, 1974; Wilkinson,
1975). These model-dependent radiative corrections

A, = (2/3)'/'(2(W~+ W) [1+(P,y, )/W]] R("E,'»/"5", „')
2(3)-3/2[1 + ( + y )/W ]R(AE'to&/AE(0))

——,
' WORQ20( W~+ W) —2 [1+(2 p, ,y, )/W ]J(~E,'O",/~E,'0,'),

(2.129)
—'.[I+(P,y, )/W] R(vE,",,'/'E, ",,')

—3( W~+ W)R n Z[("E,"„'(1,2, 2, 1)/~E,",,')

+ —,'W+'(2(W~+ W) —[1+( p.,y, )/W ]](~E,"~0'/ "E~",o'),

(2.130)
and y= ~ED",o'/"E,",,'. Here, the energy W and the Coulomb
function P, are averaged over the P' spectrum (Behrens
and JKnecke, 1969); y, stands for [1 —(nZ)']'/'.

Equations (2.128) to (2.130) also apply to other allowed
EC/P' ratios (L,/P', L,/P', M, /P', . . .). In most mixed
allowed transitions, the form-factor coefficient +ppp is
isospin-forbidden, and hence very small. Thus we gen-
erally have y «1 (Blin-Stoyle, 1973; Bertsch and Mek-
jian, 1972). Hence A, is the important correction term.
The form-factor coefficient ratio ~E,'o»'/~E, 'c»', relativis-
tic over nonrelativistic, depends sensitively on the nu-
clear structure and is difficult to calculate. This ratio
is of the order -0.1. The ratios "E,o,'(l, l, 1, 1)/~E,'»',

mated more easily. They generally lie in the range
0.5-2.0. Taking into account only the latter form-factor
coefficient ratios leads to the estimate A., = -0.03 for
Z= 80.

(ii) A second cause for deviations of the EC/P' ratio
from the prediction of Eq. (2.127) lies in electromagnetic
radiative corrections to the electron-capture and P' de-
cay rates, for example for the emission of internal
bremsstrahlung. Radiative corrections for allowed P
transitions, especially for the superallowed 0'-0' tr@,n-
sitions, have been discussed extensively (Marshak et
al. , 1969; Sirlin, 1967; Kallen, 1967; Dicus and Norton,
1970; Beg et a/. , 1972; Jaus and Hasche, 1970; Jaus,
1972; Sirlin, 1974; Roos, 197$; Suzuki and Yokoo, 1975).

For allowed P transitions, the effect of radiative cor-
rections can be described, first, by a renormalization of
the vector and axial-vector coupling constants

C~- C~(l+ o.C/4m), (2.131)

C~ —C~(1+ o.D/4m), (2.132)

(Blin-Stoyle, 1973), and second, by a known modifica-
tion of the P spectrum This se.cond point affects the
integrated Fermi function

cannot as yet be calculated without ambiguity, but they
cancel in EC/P' ratios. The model-independent radia-
tive correction factor [1+5s(W, Z)] is well-known to or-
der o. (Sirlin, 1967; KKlleri, 1967; Dicus and Norton,
1970). This correction f'actor can be found, for example,
in the work of Wilkinson and Macefield (1970), where
semianalytical formulae and nomograms are given. The
terms of order Za. ' and Z'n' have also been calculated
(Jaus and Rasche, 1970; Jaus, 1972). For electron
capture this model-independent part of the radiative cor-
rection differs, however, from that discussed for P' de-
cay. Unfortunately, no explicit calculation has been car-
ried out as yet.

Some contrary statements notwithstanding (Vatai, 1971,
1972b; Eman et al. , 1973), Behrens and Biihring (1974)
have pointed out that the existence of second-class cur-
rents, i.e. , of a finite value of fr, does not significantly
affect EC/P' ratios. This fact follows in principle from
the equality" of the hadron parts, or of the form-fa'ctor
coefficients, for electron capture and P' decay (Sec.
II.B.3).

3. Nonunique forbidden transitions

The EC/P' ratios for nonunique forbidden transitions
are proportional to an additional factor C„/C(W). The
quantity C„ is given by Eqs. (2.44), (2.105), and (2.106).
The corresponding formulae for the shape factor C(W)
can, for example, be found in ihe papers by Behrens and
JKnecke (1969) and in Behrens and Biihring (1971). These
formulae show that the EC/P' ratios for nonunique for-
bidden transitions generally depend on the relative val-
ues of the nuclear form-factor coefficients, i.e. , on the
details of the nuclear structure.

There is one exception from this rule, however, in
the case of nonunique first-forbidden transitions. When
the g approximation [Eq. (2.115)]is applicable, the EC/p'
ratios from k„= 1 states are independent of the nuclear
matrix elements, and have the same values as for al-
lowed t:ransitions. The applicability of the g approxima-
tion can be tested experimentally by investigating the
shape factor of the P' spectrum

4. Unique forbidden transitions

For the (I. —1)st unique forbidden transitions, explicit
expressions for the ratios C„/C(W) can be given. The
formulae for C„can be taken from Eq. (2.123), and for

~4There is only a small difference between the form-factor
coefficients for electron capture and P+ decay, because of the
different decay energies. In the former case, the decay energy
is Wp= Wp+ W& while in the latter case it is Wp. This energy
difference leads to the following correction factor (Behrens and
Buhring, 1974):

fK 1+2fT W 11+P171
Xg+ fg+ & „3 W

Because we can assume ( fz,/X~ &3X10 3 (Blin-stoyle, 1S78;
Wilkinson, 1970a; Alburger and Wilkinson, 197.0; Wilkinson
and Alburger, 1971; Eman et aE. , 1973), we obtain a correction

~ 2X10-3 .3 W

This value is smaller than the contributions from higher-order
terms[Eqs. (2.128)—(2.131)] and from the radiative corrections.
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C(W), for example, from the work of Behrens and
Janecke (1969). We find

c,/c(w)
f(2P I) ( [2(L Q ) + I ] ) ]-1[p2(A„-1)q2(L-k„)]

I ~eg

[)( p2(n-1)q (2I.-n))((2n 1) ( [2(L —n) + 1] (]. (
t7=i

(2.134)

Here, &„ is a special Coulomb function defined, for ex-
ample, by Behrens and Zanecke (1969). As before,
barred symbols denote quantities averaged over the P'
spectrum.

For K, L„L„M„M„.. . capture, Eq. (2.134) takes the
simpler form

c„/c( w)

[(2L I) (] lq2(L 1)

-1
. ~ [)( Pz(n )q~(-~-n)]((2n 1) ( (2(L —n) +1]I) '

distinguishability of electrons and of the change in nu-
clear charge by one unit from initial to final atomic
states, aspects which were neglected in the usual theory.
In Bahcall's work, ground-state wavefunctions were
used for the initial and final atoms. The importance of
the presence of an inner-shell hole in the daughter atom
was pointed out by Vatai (1968b).

In this section, we consider the effect of atomic over-
lap and exchange corrections on the total electron-cap-
ture rate and on various subshell capture ratios. We
also discuss the calculation of atomic matrix elements.
This subject ha, s recently been reviewed by Genz (1973a)
and Vatai (1973c). The c:alculations of electron density
at the nuclear surface are discussed in Sec. II.B.

2. Effect of atomic overlap and exchange on total capture
rates

Bahcall (1963a,b) used second quantization to formu-
late the nuclear electron-capture process. For allowed
transitions, the probability per unit time that a nucleus
will capture any of its atomic electrons and leave the
daughter atom in the final state IA') is

(2.135)

E. Atomic matrix elements: Exchange and overlap
corrections

1. Introduction

X(A') = G'$(27)) 'q'(A')M~(A')(1+y, )M(A'),

where

M(A') = (A'
I @.(0)

I
G)

q(A') = WD+ 1+ [E(G) —E(A') —1].

(2.137)

(2.138)

(2.139)

According to the usual theory of allowed orbital elec-
tron capture (Sec. II.C). the probability that a K electron
is captured by the nucleus is

(2.136)

where G is the P-decay coupling constant, q is the ener-
gy of the neutrino that is emitted, ( is the appropriate
combination of nuclear matrix elements, and Ig~(0) I' is
the square of the parent atom's 1s electron wavefunction
at the nucleus. In Eq. (2.136), no atomic matrix ele-
ments are included.

Benoist-Gueutal (1950, 1953b) first suggested that
atomic electrons must be included in a complete descrip-
tion of the nuclear electron-capture process. She esti-
mated the effect of imperfect atomic overlap on the total
electron-capture rate of 'Be by calculating the electron-
capture probability for various final atomic states. Due
to the lack of accurately known wavefunctions for excited
Li atoms, Benoist-Queutal only concluded that the de-
crease in the total decay rate was less than 30%. Odiot
and Daudel (1956) made a quantitative calcula. tion of the
"Ar L, -to-K capture ratio, using wavefunctions for the
entire atom. Qdiot and Daudel's prediction of 0.10 for
the "Ar L-to-K capture ratio has subsequently been
verified by experiment.

The discrepancy between the traditional theory of
electron capture (Brysk and Rose, 1958) and experi-
ments on L-to-K electron-capture ratios indicated that
a critical examination of the theory was needed. Bahcall
(1962a, 1963a,b, 1965a) made a comprehensive study of
the role of atomic electrons in the nuclear electron-
capture process, emphasizing the importance of the in-

Here, TVO is the difference between initial and final nu-
clear masses; E(G) and E(A') are the total energies of
the initial and final atomic electrons, including their
rest masses.

If one uses a single-particle representation of
I G), the

total electron-capture rate can be written

) —= ~' [1+)('/) '+ ~) ~) ']
where

) .-=G'((2 ) 'Z, q'(&')
I @,(0) I'

(2.140)

(2.141)

is the usual total electron-capture rate. Vfe have

x' —= G'f)) 'q(ls')Q,
I (t),(0)

I
'[—&(ls') + e(b')

+g"~q(A') « l.

GAIA')(A'

I~~ I
G) ] (2 142)

a) =q(ls')G'g)) ' P' y', (0)y, (0)aq(A')
bg, 52, A'

(2.143)

and

q(ls') —= W, + E(G) —E(G') —e(ls'), (2.144)

nq(A') = E(G') —E(A') + e(ls'), (2.145)

where e(ls') is the K binding energy in the final atom.
The second and third terms in Eq. (2.140) are the con-

tributions due to imperfect atomic overlap and exchange
capture, respectively. By applying closure to sum the
electron-capture probability over all possible final atom-
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ic states, Bahcall found

1 O'E(G)
q(1s') BZ' (2.146)

s Q(b'2
I

Ib'1 )

1965a) used the following approximations: (1) The inner-
most electrons are almost inert. (2) The outer-electron
states (outside the Ss shell) form a practically complete
set. (3) The energy available for a given nuclear transi-
tion is nearly independent of the particular states occu-
pied by the outer electrons in the final atom.

Bahcall separated the atomic state vectors into two in-
dependent parts

(2.147) Iatomic) =
I
inner) &

I
outer) . (2.154)

The contributions of overlap and exchange are of the op-
posite sign. They partially cancel each other in the total
capture rate. The net effect on the total capture prob-
ability does not exceed a few percent if q(ls') is greater
than, or of the order of, 50 keV.

He then invoked closure to perform the sum over the in-
finite number of final atomic states, obtaining

X,. = X,.B,-, (2.155)

where A.',. is the usual electron-capture rate, and we have

2

3. Overlap and exchange corrections on capture ratios
0;(0)

(2.156)

A, =A,B, , i=K, L, M)N, . . . , (2.148)

where X',. is the transition rate from the usual theory and
B,. is the exchange-correction factor introduced by Bah-
call to take account of the exchange and overlap contri-
bution.

For allowed transitions, the L/K capture ratio can
then be written

The electron-capture rate, including the atomic matrix
element in the theory, can be written The capture amplitudes are

f(3s') = (ls'
I
ls)(2s'

I 2s)g„(0) —(ls'
I
Ss)(2s'

I
2s)g„(0)

&2s'
I
Ss&&ls'

I
ls&q„(0); (2.157)

f(2s') = (ls'
I
ls)(Ss'

I
Ss&$„(0) —(ls'

I
2s)(Ss'

I
Ss&g„(0)

—(Ss'
I

2s)(ls'
I ls&$„(0); (2.158)

f(ls') = (»' I»)&Ss'
I
Ss&g„(0) &2s' Ils& &

Ss'
I
Ss&g .(0)

—(Ss'
I
ls)(2s'

I 2s)g„(0) . (2.159)

z ~It BE
(2.149) The primed orbitals pertain to the daughter atom. The

L, -to-K and M1 to-L, capture ratios can be written
For unique forbidden transitions, the L/K ratio becomes

L 1 L1 ] L2 L2

and

(2.160)

where

3(aZ —1)(2SZ-1) g'„B&,
(qr.P 0)'

(2.150)

(2.151)

1 1 1 1 ~M] /L1
XL AL BL

where the exchange correction factors are

f(2s') 0„(0)
B» f( 1s') g„(0)

(2.161)

(2.162)

(2.152) f(Ss')g„(0) ' '
B~, f(2s') g„(0)

(2.163)

The q's are neutrino energies and the g's, charge den-
sities at the nuclear surface.

In Eqs. (2.149) and (2.150), the difference in binding
energy among the L subshells has been neglected.

A similar expression applies for M/L capture ratios

y+ 2 - 2 L2 2 2 ]53

Most theoretical and experimental work has been done
on K, L, and M capture for allowed transitions. Little
research has been performed on N capture. We proceed
to review various theoretical calculations dealing with
the overlap and exchange corrections.

a. 8ahcall s approach

In order to overcome the difficulty of calculating and
summing an infinite number of separate contributions
from the final atomic states. Bahcall (1962a, 1963a, b,

To compare these calculated capture ratios with mea-
surements, correction must be made for capture from
p, &, states.

To calculate the atomic matrix elements (ns' Ins),
Bahcall used nonrelativistic Hartree- Fock ground-state
wavefunctions for parent and daughter atoms (Watson,
1960; Watson and Freeman, 1961b).

The following comments can be made on Bahcall's
theory:

(1) The assumption that the neutrino energy is indepen-
dent of final states of the atom, and the use of the clo-
sure approximation without correction for occupied
states, tend to lead toward underestimation of the over-
lap correction.

(2) The overlap correction is small for K and L, cap-
ture, but is much larger for M, capture. Therefore,
Bahcall's approach will overestimate the M, -to-L, cap-
ture ratio correction factor X 1
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(3) Multiple exchange processes and the exchange be-
tweeri inner and outer electrons are neglected.

(4) The effect of the inner-shell vacancy in the daughter
atom is neglected.

and

f = $„(0)& 2s'12s&&2p 12p&&3s'13s& ~ ~

—g„(0)&2s'
I
Is&&2p 12p&&3s'13s& "

—$„(0)&3s I
Is&&»'

I
»&&2p'12'&

~ ~ ~ (2.165)

Similar expressions for f~ and f~ are obta, ined by ex-
change of 1s with 2s and 1s with 3s, respectively, in
the f» expression. If overlap corrections for p and d
electrons are neglected, one obtains the same f, expres-.
sions as those of Bahcall [Eqs. (2.157) to (2.159)j.

In Vatai's calculation, the effect of the inner hole in
the daughter atom on the exchange integral is estimated
by perturbation theory. .

Vatai used the analytic Hartree-Fock wavefunctions
of Watson and Freeman (196lb) for the initial state and
as unperturbed wavefunctions for the final-state calcu-
lation. He estimated the overlap correction for the in-
ner p and d electrons including the multiplicity by cal-
culating the overlap integral with the wavefunctions of
Watson and Freeman for both parent and daughter atoms.
The overlap integrals of outer electrons are set equal
to 1 in Vatai's calculation.

With regard to Vatai's approach, we note the follow-
ing points:

(1) Some contributions due to processes involving
shakeup or shakeoff are neglected.

(2) The use of perturbation theory to calculate the ex-
change integrals introduces a discrepancy of 10-40~/0 in
the value of these integrals compared with Froese's HF
calculations (Faessler et n/ , 1970). .

(3) The overlap corrections are only rough estimates.
(4) Vata, i, like Bahcall, neglects multiple exchange

processes.

c. Faessler s calcuiatjori

Faessler et al. (1970) recalculated the Bahcall exchange
corrections, taking into account the inner-shell vacancy
that after electron capture exists in the daughter atom.
Faessler et al. used the Herman —Skillman (1963) Har-
tree-Fock —Slater and Froese —Fischer (1965, 1969)
Hartree —Fock programs to calculate hole —state wave-
functions and exchange and overlap integrals. Although
some of the exchange integrals calculated with the two
programs differ by as much as 50%, the exchange cor-

b. Vataf 's ansatz

Vatai (1968b, 1970a, , 1973b) calculated the capture
transition to the most prominent state IA) of the final
atom. In state IA), except for the captured electrori, all
the other electrons retain their quantum numbers. Qatai
obtained the exchange and overlap correction coefficients
as

rection factors agree to within 3%. This indicates that
the exchange correction, being a ratio, is insensitive
to the model wavefunctions, due to cancellation of er-
rors. Faessler et al. concluded that the influence of
rearrangement effects on the 1./K and M/I. capture ra-
tios is far too small to account for the discrepancy be-
tween theory and experiment, although it does affect the
theoretical capture ratios in the right direction.

d. Relati vistic calculations

Suslov (1970a) followed Bahcall's approach and used
relativistic Hartree-Fock —Slater wavefunctions to cal-
culate the exchange and overlap corrections for 14 ~ Z
~ 98. The wavefunctions were obtained by numerical in-
tegration of Dirac s equation, using a nonrelativistic po-
tential (Herman and Skillman, 1963) for 14 & Z & 73, and
an analogous relativistic potential (I.iberman et al. ,
1965) for Z~ 74. Finite nuclear size was included
through the uniformly-charged-sphere model. For 15
~ Z ~ 37, the new relativistic values of B~, E~, , B~,
~~ », and X~' ~& are quite close to Bahcall's (1963a,b)
results; the differences do not exceed 5'%. For Z~ 38,
the exchange correction decreases as g increases, and
for large Z it is nearly constant. The relativistic ex-
change-corrected capture ratios do not narrow the gap
between theory and experiment.

Martin and Blichert-Toft (1970) performed another
relativistic calculation of electron-capture ratios for
6 ~ Z & 98 using the same approach as Vatai's. The re-
quired wavefunctions and electron radial densities were
calculated with a relativistic Hartree-Slater program
with finite nuclear size. The K and Ly electron radial
density at the nuclear surface, calculated by Martin and
Blichert-Toft (1970), agrees with other calculations
(Zyryanova, and Suslov, 1968; Behrens and Janecke,
1969; Winter, 1968; Suslov, 1970a) within 1%, and the
exchange-overlap corrections to the capture ratios agree
very well with the present results based on Vatai's ap-
proach.

4. Evaluation of atomic matrix elements

Atomic matrix elements &nzs' Ins& are required not only
for the calculation of exchange and overlap corrections,
but also for determining autoionization rates in P-decay
and electron-capture transitions, and for shakeup cal-
culations (Sec. V). The degree of orthogonality of the
wavefunctions is the important point in the evaluation of
the overlap integrals &nzs'

I
ns&. Overlap integrals that

involve ground-state wavefunctions from parent to daugh-
ter atoms are not very sensitive to the choice of the
atomic potential, because the inner shells are closed
shells. Qverlap integrals calculated with the analytic
Hartree-Fock wavefunctions of Watson and Freeman,
with Herman-Skillman Hartree-Fock-Slater wave-
functions, or with Froese-Fiseher Hartree —Fock wave-
functions, all agree to better than 5% (Faessler et al. ,
1970). However, for calculations of inner-shell vacancy
states (e.g. , 1s and 2s hole states), the atomic model is
important, as the hole-state wavefunctions are sensitive
to the potential. In the Herman and Skillman (1963) code,
single electronic configurations having open shells are
treated on the same basis as configurations having only
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closed shells. Consequently the wavefunction of an elec-
tron in an open shell is not necessarily orthogonal to a
single-electron wavefunction that describes an electron
of the same symmetry species and in the same config-
uration, but from a closed shell. For example, the 1s
electron wavefunction for an atom with a K vacancy may
not be orthogonal to the 2s wavefunetion of the atom, if
it has a full L, subshell. The overlap integrals between
open-shell and closed-shell single-electron wavefunc-
tions, involving the ground state of the parent atom and
a deep hole state of the daughter, can therefore contain
a sizable error if it is computed with Herman —Skillman
wavefunctions (Faessler et a/. , 1970).

In Froese —Fischer's (1965, 1969) and Bagus' (1964,
1965) approaches, the orthogonality between self con
sistent field orbital wavefunctions with the same sym-
metry is taken into account by introducing off-diagonal
Lagrangian multipliers into the Hartree-Fock equations.
For closed shells, a unitary transformation can be found
between the occupied orbitals, such that the Lagrangian
multipliers are in diagonal form. The additional re-
quirement that the off-diagonal Lagrangian multipliers
be zero serves as a unique definition of the self-con-
sistent field orbitals. For open-shell systems, it is not
possible to reduce the Lagrangian multipliers that couple
open and closed shells of the same symmetry to zero
(Roothaan, 1960; Boothaan and Bagus, 1963).

The Ne-like and Ar-like ns hole states have been cal-
culated by Bagus (1964, 1965). The off-diagonal Lagran-
gian multipliers between open and closed shells 8„.
are large for 1s hole states and become smaller for Bs
hole states. The effect of including the off-diagonal La-
grangian multipliers for Ar-like ions is that the 1s or-
bitals of the 1s-hole states have a node; an extended tail
appears in the 1s wavefunctions (Bagus, 1964). For
large r, P„(r) becomes

(~) 2s, 1s ~ (~) 3s ls y) (~)
0 0

~1s ~ls
(2.166)

The features introduced by the off-diagonal Lagrangian
multipliers in the Froese —Fischer Hartree-Fock hole-
state wavefunctions explain the differences between over-
lap integrals obtained by using Herman-Skillman and
Froese-Fischer wavefunctions in the work of Faessler
et gl. (1970).

To resolve the discrepancy between the overlap ma-
trix elements (n'l ~nl) of Faessler et al. and of Vatai,
we have recalculated these matrix elements for Ar K,
L, and M capture with Bagus' accurate analytic Hartree-
Fock Ar ground-state and Cl ns hole-state wavefunc-
tions (Bagus, 1964). Our results from Bagus' wavefunc-
tions agree with the overlap matrix elements calculated
by Faessler et al. (1970) with the Hartree —Pock program
of Froese —Fischer to better than 1%.

5. Comparison among theoretical exchange corrections to
capture ratios

In Sec. II.E.4, we have described. evidence that the
Hartree-Fock program of Froese-Fischer is best suited
for the evaluation of the exchange and overlap integrals.
We have therefore recalculated the exchange correction
fa,ctors using the Froese —Fischer program (Froese-

Fischer, 1972a). Two sets of values were computed,
one based on Bahcall's approa, ch, the other following
Vatai's ansatz that includes the overlap correction for
both inner and outer electrons (Table XI). In both sets
of values, the effect of the hole in the daughter atom has
been included. Corrections to capture ratios computed
previously according to Bahcall's approach (Faessler
et al. , 1970; Suslov, 1970a; Bahcall, 1963a, b, 1965a)
agree well (within 5/o) with our recalculated "Bahcall"
corrections (Table XII). The exchange correction fac-
tors K~& r and ~~& ~' of Martin and Blichert-Toft (1970)
coincide with our present calculations based on Vatai's
approach. In Figs. 2 and 3, the exchange correction
factors X ~ and X ~ ~ are shown, as recalculated by
us with the Froese —Fischer (19'72a) code. For compari-
son, the results from the two relativistic calculations
(Suslov, 1970a; Martin and Blichert Toft, 1970) are al-
so included. In general, the results from Vatai's ap-
proach are smaller than those following Bahcall's theo-
ry.

6. Correlation effects in electron-capture ratios

All theoretical work reviewed in Sec. II.E.3 contains
the independent-particle approximation. Effects due to
electron correla, tions are neglected.

Goverse and Blok (1974c) have observed that the ex-
perimental L/K capture ratios seem to oscillate about
the theoretical curve, and suggested that correlation ef-
fects between the orbital electrons might cause this dis-
crepancy. This assertion remains to be proven.

7. Conclusion

The exchange and overlap correction factors are not
very sensitive to the choice of the atomic potential, due
to compensation between the electron density at the
nucleus and the atomic matrix element (ns ~ms'). The
importance of including an appropriate inner-shell hole
in the daughter atom after electron capture, stressed by
Vatai (1968b, 1970a), is not borne out by the work of
Faessler et al. (1970) nor by our present calculations, if
Bahcall's approach is followed. On the other hand, the
presence of the inner hole has a significant effect on
these correction factors if they are calculated with Va-
tai's formulae.

The effect of exchange on electron-capture ratios has
been treated in a similar way in the two existing theo-
ries, those of Bahcall (1963a, b, 1965a) and Vatai
(1970), while the overlap corrections are treated dif-
ferently. In Bahcall's approach, the closure relation
is invoked to perform the sum over the infinite number
of final atomic states; this leads to an overestimate of
the contribution due to processes that involve shakeup
or shakeoff. On the other hand, contributions involving
shakeup or shakeoff are simply neglected in Vatai's ap-
proach. Because the overlap corrections are important
for low-Z elements, the difference in exchange and over-
lap correction factors between Bahcall's and Vatai's ap-
proaches shows up clearly in light atoms.

Our recalculated correction factors permit a direct
comparison of results based on Baheall's and Vatai's
approaches. Vatai's formulation causes an underestima-
tion of I./K capture ratios at low Z, but leads to M/L

Rev. Mod. Phys. , Vot. 49, No. 1, January 1977



W. Bambynek et al. : Orbital electron capture

TABLE XI. Exchange and overlap correction factors B; for i-electron capture and X'' ' for i/j capture ratios, recalculated with
the Hartree —Fock code of Froese —Fischer. Columns labeled "V" are computed according to the approach of Vatai; columns
labeled "B"are calculated with Bahcall's formulas. In both approaches, the effect of the hole in. the daughter atom has been in-
cluded. Asterisks indicate elements for which the calculations were performed ab initio; the remaining factors were determined
by a 4-point Lagrangian interpolation procedure. (M. H. Chen, private communication).

a(L1)
B B

X(L1/K)
V B

X(M1/L1) X(N1/M1)

4 of:

5
6
7 +

8
9

10*
11

0.816
0.866
0.903
0.928
0.944
0.953
0.957
0.959

0.900
0.924
0.941
0.954
0.962
0.967
0.970
0.971

2.222
1.875
1.636
1.482
1.391
1.341
1.309
1.272

3.045
2.432
2.009
1.738
1.580
1.496
1.449
1.399

2.723
2.164
1.811
1.597
1.474
1.408
1.368
1.327

3.383
2.633
2.134
1.822
1.642
1.547
1.494
1.441

] 2 &ac

13
14
15 &ac

16
17
18+
19
20+

0.961
0.964
0.966
0.968
0.970
0.972
0.973
0.974
0.975

0.972
0.973
0.974
0.975
0.976
0.977
0.978
0.979
0.980

1.209
1.185
1.167
1.152
1.140
1.130
1.121
1.111
1.099

1.309
1.272
1.242
1.219
1.200
1.185
1.171
1.157
1.141

1.651
1.541
1.463
1.411
1.375
1.348
1.322
1.288
1.239

2.134
1.960
1.829
1.733
1.661
1.603
1.549
1.489
1.414 1.593 2.130

1.258
1.230
1.208
1.190
1.176
1.163
1.152
1.140
1.127

1.347
1.307
1.275
1.250
1.230
1.213
1.197
1.182
1.164

1.366
1.300
1.255
1.225
1.206
1.193
1.179
1.160
1.127

1.630
1.541
1.473
1.422
1.383
1.353
1.323
1.287
1.239 1.286 1.506

21
22

24
25
26*
27
28
29
30+

0.976
0.977
0.978
0.979
0.979
0.980
0.981
0.981
0.982
0.983

0.981
0.981
0.982
0.983
0.983
0.984
0.985
0.985
0.986
0.986

1.090
1.084
1.079
1.076
1.074
1.072
1.071
1.069
1.067
1.064

1.133
1.125
1.119
1.113
1.108
1.103
1.098
1.094
1.090
1.085

1.235
1.230
1.225
1.220
1.214
1.208
1.202
1.197
1.191
1,186

1.390
1.369
1.350
1 333
1.317
1.303
1.290
1.279
1.268
1.258

1.339
1.329
1.318
1.308
1.297
1.287
1.276
1.265

1.800
1.748
1.700
1.658
1.621
1.588
1.561
1.538

1.117
1.109
1.103
1.099
1.096
1.094
1.092
1.090
1.087
1.082

1.155
1.147
1.140
1~133
1.127
1.121
1.116
1.110
1.105
1.100

1.133
1.135
1.135
1.134
1.131
1.127
1.123
1.119
1.116
1.115

1.227
1.217
1.206
1.197
1.189
1.181
1.175
1.169
1.164
1.159

1.093
1.090
1.086
1.083
1.079
1.076
1.071
1.067

1.333
1.312
1.291
1.272
1.256
1.242
1.231
1.223

31

33
34
35

37
38
39
40+

0.984
0.985
0.986
0.986
0.986
0.986
0.986
0.986
0.986
0.987

0.987
0.987
0.987
0.988
0.988
0.988
0.988
0.988
0.989
0.989

1.063
1.061
1.059
1.057
1.055
1.053
1.051
1.049
1.047
1.045

1.083
1.081
1.078
1.075
1.072
1.069
1.066
1.064
1.061
1.060

1.174
1.164
1.155
1.147
1.140
1.134
1.128
1 123
1.117
1.112

1.243
1.230
1.219
1.209
1.200
1.192
1.185
1.177
1.170
1.162

1.258
1.252
1.247
1.242
1.238
1.234
1.230
1.226
1.221
1.216

1.519
1.499
1.479
1.459
1.439
1.420
1.402
1.386
1.371
1.359

1.080
1.077
1.075
1.072
1.070
1.068
1.066
1.063
1.061
1.059

1.098
1.095
1.092
1.089
1.085
1.082
1.079
1.076
1.074
1.072

1.105
1.097
1.091
1.085
1.081
1.077
1.074
1.071
1.067
1.064

1.147
1.138
1.130
1.124
1.119
1.115
1.111
1.107
1.102
1.096

1.071
1.076
1.079
1.083
1.086
1.088
1.090
1.092
1.093
1.094

1.222
1.219
1.213
1.207
1.199
1.191
1.184
1.177
1.172
1,170

41
42
43
44+
45
46
47
48*
49
50

0.987
0.988
0.988
0.988
0.988
0.988
0.989
0.989
0.989
0.990

0.989
0.989
0.990
0.990
0.990
0.991
0.991
0.991
0.991
0.991

1.043
1.042
1.041
1.040
1.039
1.038
1.038
1.037
1.036
1.035

1.058
1.056
1.054
1.053
1.052
1.050
1.049
1.048
1.047
1.045

1.108
1.105
1.102
1.099
1.097
1.094
1.092
1.090
1.088
1.086

1.157
1.152
1.147
1.143
1.139
1.135
1.132
1.128
1.125
1.121

1.211
1.206
1.201
1.196
1.191
1.187
1.182
1.178
1.174
1.169

1.347
1.335
1.324
1.314
1.304
1.295
1.287
1.279
1.271
1.264

1.057
1.055
1.054
1.053
1.052
1.051
1.050
1.049
1.047
1.046

1.069
1.067
1.065
1.064
1.062
1.060
1.059
1.058
1.056
1.055

1.062
1.060
1.058
1.057
1.055
1.054
1.052
1.051
1.050
1.049

1.093
1.091
1.088
1.085
1.083
1.081
1.078
1.076
1.074
1.073

1.093
1.091
1.090
1.088
1.086
1.085
1.083
1.081
1.079
1.077

1.164
1.159
1.154
1.150
1.145
1.141
1.137
1.134
1.130
1.127

5]
52
53
54ojc

0.990
0.990
0.990
0.990

0.991
0.991
0.991
0.991

1.034
1.033
1.031
1.030

1.044
1.042
1.041
1.039

1.083
1.080
1.077
1.074

1.118
1.115
1.111
1.107

1.165
1.161
1.156
1.151

1.257
1.250
1.244
1.237

1.044
1.043
1.042
1.040

1.053
1.052
1.050
1.048

1.047
1.046
1.044
1.043

1.071
1.069
1.067
1.065

1.076
1.074
1.073
1.072

1.124
1.122
1.119
1.117
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TABLE XIIA. Comparison of published exchange and overlap corrections BE, Bl., B~, and B& for selected values of Z.

Exchange and overlap corrections BE

Elements
Bahcall
(1963)

Vatai
(1970)

Martin and Blichert- Toft
(1970)

Suslov
(197O)

Recalculated in this work as
described in Sec. II.E after:

Bahcall Vatai

4

6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
25
30
35
40
50
60
70
80
90

Be
B
C
N
0
F
Ne
Na
Mg
Al
Si
p
S
Cl
Ar
K
Ca
Mn
Zn
Br
Zr
Sn
Nd
Yb
Hg
Th

0.924
0.939
0.947
0.954
0.959
0.963
0.966
0.976
0.981
0.983

0.987
0.988
0.988
0.988
0.988
0.988
0.988
0.989
0.990
0.991
0.992

0.938
0.948
0.958
0.964
0.969
0.973
0.974
0.975
0.976
0.977
0.978
0.979
0.980
0.981
0.982
0.985
0.987
0.989
0.990
0.991
0.992
0.992
0.992
0.992

0.9231
0.9391
0.9479
0.9542
0.9589
0.9600
0.9650
0.9731
0.9794
0.9822
0.9844
0.9878
0.9888
0.9896
0.9898
0.9899

0.900
0.924
0.941
0.954
0.962
0.967
0.970
0.971
0.972
0.973
0.974
0.975
0.976
0.977
0.978
0.979
0.980
0.983
0.986
0.988
0.989
0.991

0.816
0.866
0.903
0.928
0.944,
0.953
0.957
0.959
0.961
0.964
o.966
0.968
0.970
0.972
0.973
0.974
0.975
0.979
0.983
0.986
0.987
0.990

Elements
Bahcall
(1963)

Vatai
(1970)

Martin and Blichert- Toft
(1970)

Exchange and overlap corrections

Suslov
(1970)

Bg
Recalculated in this work as
described in Sec. II.E after:

Bahcall ' Vatai

BJ,J3J2' 3

Martin and Blichert- Toft
(1970)

4
5
6
7

9
10
11
12
13
14
15
16
17
18
19
20
25
30
35
40
50
60
70
80
90

Be
B
C
N
0
F
Ne
Na
Mg
Al
Si
p
S
Cl
Ar
K
Ca
Mn
Zn
Br
Zr
Sn
Nd
Yb
Hg
Th

1.199
'1.193
1.181
1.172
1.162
1.153
1.145
1.112
1.090
1.075

1.250
1.229
1.211
1.196
1.183
1.170
1.158
1.149
1.116
1.095
1.077

1.475
1.405
1.360
1.309
1.283
1.248
1.212
1.186
1.169
1.154
1.143
1.132
1.120
1.113
1.085
1.070
1.060
1.050
1.037
1.029
1.025
1.022
1.021

1.205
1.189
1.179
1.168
1.159-
1.150
1.140
1.108
1.090
1.075
1.064
1.0 50
1.O4O

1.035
1.031
1.028

3.045
2.432
2.009
1.738
1.580
1.496
1.449
1.399
1.309
1.272
1.242
1.219
1.200
1.185
1.171
1.157
1.141
1.108
1.085
1.072
1.060
1.045

2.222
1.875
1.636
1.482
1.391
1.341
1.309
1.272
1.209
1.185
1.167
1.152
1.140
1.130
1.121
1.111
1.099
1.074
1.067
1.055
1.045
1.035

0.921
0.929
0.935
0.940
0.944
0.946
0.948
0.958
0.967
0.971
0.974
0.978
0.980
0.981
0.982
0.982
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TABLE XIjA. (Contin~ed)

Exchange and overlap corrections Bz
i Recalculated in this work as

Bahcall Vatai Martin and Blichert- Toft Suslov described in Sec. II.E after:
Z Elements (1963) (1970) (1970) (1970) Bahcall ' Vatai

Recalculated in this work as
Vatai described in Sec. II.E after:
(1970) Bahcall ' Vatai

5
6
7
8
9

10
11
12
13
14
15
16
1V
18
19
20
25
30
35
40
50
60
70
80
90

Be
B
C
N
0
F
Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Mn
Zn
Br
Zr
Sn
Nd
Yb
Hg
Th

1.804
1.711
1.639
1.579
1.530
1.489
1.454
1.335
1.266
1.222

1.432
1.408
1.385
1.369
1.346
1.327
1.315
1.299
1.241
1.202
1.170

1.628
1.510
1.434
1.388
1.358
1.328
1.285
1.255
1.226
1.190
1.150
1.121
1.G93
1.070
1.062
1.0 56
1.051

1.769
1.686
1.621
1.567
1.522
1.486
1.453
1.339
1.273

2.134
1.960
1.829
1 ~ 733
1.661
1.603
1.549
1.489
1.414
1.317
1.258
1.200
1.162
1.121

1.651
1.541
1.463
1.411
1.375
1.348
1.322
1.288
1.239
1.214
1.186
1.140
1.112
1.086

1.283
1.236
1.215

2.139
1.700
1.538
1.459
1.359
1.264

1.593
1.318
1.265
1.238
1.216
1.169

Including the effect of the ns hole in the daughter atom.

TABLE XIIB. Comparison of exchange and overlap corrections for 4/A, M/i, and N/iVi ratios.

Exchange and overlap corrections A ~~+

Recalculated in this work as
Bahcall Vatai Martin and Blichert- Toft Suslov Faessler et al. Faessler et al. described in Sec. II.E after:

Z Elements {1963) (1970) (19VO) (1970) {1970) (1970) Bahcall ' Vatai

5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
2G
25
30
35
40
50
60
70
80
90

Be
B
C
N
0
F
Ne
Na
Mg
Al
Si
p
S
Cl
Ar
K
Ca
Mn
Zn
Br
Zr
Sn
Nd
Yb
Hg
Th

1.298
1.271
1.248
1.228
1.212
1.197
1.184
1.139
1.112
1.093

1.266
1.244
1.226
1.210
1.197
1.184
1.171
1.162
1.127
1.104
1.085

1.556
1.467
1.411
1.3 51
1.319
1.281
1.243
1.215
1.197
1.180
1.168
1.155
1.142
1.133
1.102
1.084
1.0 72
1.061
1.046
1.037
1.033
1.030
1.029

1.293
1.266
1.243
1.224
1.208
1.194
1.181
1.139
1.113
1.094
1.081
1.063
1.052
1.046
1.042
1.038

3.504

1.20 7

1.135
1.110

2.947

1.195

1.127
1.103

3.383
2.633
2.134
1.822
1.642
1.547
1.494
1.441
1.347
1.307
1.275
1.250
1.230
1.213
1.197
1.182
1.164
1.127
1.100
1.085
1.072
1.055

2 ~ 723
2.164
1.811
1.597
1 474
1.408
1.368
1.327
1.258
1.230
1.208
1.190
1.176
1.163
1.152
1.140
1.127
1.096
1.082
1.070
1.059
1.046
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TABLE XIIB. (Continued)

Exchange and overlap corrections X+ +

Recalculated in this work as
Bahcall Vatai Martin and Blichert —Toft Suslov Faessler e& aE. Faessler et al. described in See. II.E after:

Z Elements (1963) (1970) (1970) (1970) (1970) (1970) Bahcall ' Vatai

10
11
12
13

15
16
17
18
19
20
25
30
35
40
50
60
70
80
90

Ne
Xa
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Mn
Zn
Br
Zl
Sn
Nd
Yb
Hg
Th

1.584
1.505
1.433
1.387
1.347
1.316
1.291
1.270
1.201
1.161
1.137

1.146
1.146
1.144
1.140
1.138
1.134
1.137
1.123
1.112
1.098
1.086

1.343
1.273
1.227
1.203
1.188
1.173
1.147
1.128
1.130
1.112
1.085
1.068
1.054
1.040
1.036
1.033
1.029

1.482
1.419
1.375
1.341
1.314
1.292
1.275
1.209
1.168
1.143
1.126
1.101
1.086
1.076
1.070
1.066-

1.190
1.153

1.289

1.178
1.147

1.630
1.541
1.473
1.422
1.383
1.353
1.323
1.287
1.239
1.189
1.159
1.119
1.094
1.073

1.366
1.300
1.255
1.225
1.206
1.193
1.179
1.160
1.127
1.131
1.115
1.081
1.061
1.049

Exchange and overlap corrections X+ +

Elements
Vatai
(1970)

Recalculated in. this work as
described in Sec. II.E after:

Bah call Vatai

18
19
20
25
30
35
40
50
60
70
80
90

Ar
K
Ca
Mn
Zn
Br
Zr
Sn
Qd
Vb
Hg
Th

1.034
1.028
1.038

1.506
1.291
1.223
1.199
1.170
1.127

1.286
1.086
1.067
1.086
1.094
1.077

Including the effect of the ns hole in the daughter atom.

capture ratios in fair agreement with experiment. Qn
the other hand, Bahcall's approach yields better agree-
ment to I./K ratios with experiment, but overestimates
the M/I. capture ratios.

To solve this problem, a new calculation is needed
in which overlap corrections are treated more carefully.
Electron correlation must be included, at least by means
of configuration interactions. More accurate experimen-
tal capture ratios in the low-Z region are needed to pro-
vide a better test of theory.

III. EXPERIMENTAL METHODS AND RESULTS

The experimental determination of nuclear electron-
capture ratios from various atomic shells and of K-cap-
ture to positron-emission (K/P') ratios has been the sub-
ject of considerable effort because of the importance of
these quantities in various contexts. Aspects of orbital
electron capture have been reviewed by Robinson and
Fink (1955, 1960), Bouchez and Depommier (1960, 1965),
Depommier (1968), Fink (1965, 1966, 1968, 1969),

Berenyi (1963a, 1965a, 1968a), Genz (1971b, 1973a), and
Fitzpatrick (1973). In recent years, several new mea-
surements of I./K, M/I, and K/P' ratios have been per-
formed and much effort h@s been devoted to reducing
experimental uncertainties, so that comparisons can be
made with different theoretical calculations gf atomic
wavefunctions and of electron exchange and imperfect
atomic wavefunction overlap effects.

In this section we classify the methods employed to
determine capture ratios and compare their potential
reliability. From the vast body of experimental data
reported in the literature, we select a limited list of
capture and K/P' ratios that can be considered highly
reliable and use these values for comparison with theo-
ry.

Relative transition probabilities are commonly used
in experimental work; these are related as follows to
the transition probabilities per unit time as defined in
Eqs. (2.27), (2.28), and (2.43):

X~+ X~- 3+EC & +g+ & +g ( 1)
tot tot tot
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X L&/K

1.4—
Bahca II 1yreca)culatedVatai

~Martin and Blichert-Toft

1.3—

1.2—

1.Q I'
I I

15 25 35 45 55

reorganization of the electronic cloud after capture and

y rays or conversion electrons from the daughter nu-
cleus. In principle, the recoil of the final nucleus can
also be measured, but the recoil kinetic energy is always
very small. The largest recoil (57 eV) occurs in the
transition 'Be —7Li.

Methods for measuring capture probabilities vary ac-
cording to the decay scheme of the radionuclide, the en-
ergy and relative intensity of the emitted radiation,
available detectors, and requirements for necessary
corrections. The methods can be classified according
to the information they provide.

One group of methods yields ratios of capture prob-
abilities from different shells,

FIG. 2.: L&/K exchange and overlap correction factors. The
solid and broken curves were recalculated 6,ccording to the ap-
proaches of Bahcall (1963a, Q; 1965a) and Vatai (1968, 1970),
respectively; with wavefunctions from the Hartree-Fock pro-
gram of Froese-Fischer (1972a). Results of the relativistic
calculation of Suslov (1970a), following Pahchll's theory, are
igdicated by triangles, and those of the calculation of Martin
and Blichert-Toft (1970), based on the same approach as Va-
tai's, are indicated by solid dots.

wher. e

(3.5)

P, = P„(P,/P„),
= P,(P„/P, ) .

(3.6)

From these ratios, a consistent set of capture probabili-
ties can be deduced with the aid of Eq. (3.4):

where

~i
L y & N

L p - N

C C

PEC+ pg + pa- = & (3.2)
Equations (3.6) can also be used with reliable theoretical
capture ratios.

Some methods pertain to situations in which the 1. and
M x-ray or Auger-electron peaks cannot be resolved.
Such methods lead to the determination Of a capture ra-
tio P~~ /P», from which the relative K-capture prob-
ability can be obtained directly

P~+ P~+ P~+ ' ' ' = 1; (3.4)
I

Corresponding relations hold for capture from subshells.
The probabili. ty of orbital electron capture from the K

shell or from anj of the 1. or M subshells depends upon
the nature and energy of the transition. The capture
process cannot be detected directly because of the ex-
tremely low interaction probability of the emitted neu-
trino. The capture rate can therefore only be deter-
mined from the intensity of subsequently emitted radia-
tion, such as x rays or Auger electrons given off during

I M. .~

pz (3.7)

In several other methods, P~cu~ is determined, where
~~ is the K-shell fluorescence yield. ~ith the appro-
priate value for ~» (Bambynek et al. , 1972), the rela-
tive K-capture probability can be calculated.

If the transition energy exceeds twice the electron
rest energy (2mc'), then positron emission is possible
as an alternative nuclear decay process. In such cases,
it is of interest to measure ratios of K-capture to posi-
tron-emission probability or of the total electron-cap-
ture to positron-emission rate,

1.6
Tof t

p~ X~ p@c
pg+ X~~

(3.8)

1.3—

Table XIII contains a compilation of methods reported
in the literature; these are discussed in Secs. III.A,
III.B, and III.D. The usual corrections for background,
dead time, detector efficiency, etc. , are taken for
granted.

1.2—

1Q
15 25 35 45 55

FIG. 3. M&/L& exchange and overlap correction factors. See
caption of Fig. 2 for details.

A. Determination of capture ratios

Capture ratios have been determined both with external
and internal sources. In general, . it is difficult to mea-
sure capture ratios with external sources, because large
corrections are required for source self-absorption, air
scattering, window absorption, and fluorescence yields.
During the last few years, capture ratios have there-
fore more frequently been measured by internal-source
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TABLE XIII. Methods that have been used for the determination of electron-capture probabilities.

No. Method Source Detectors Measured
Estimated accuracy

Deduced of the method (%)

1

2

3

6

7

8

9

10

11

15

16

17

18

20

21

22

23

25

26

27

Spectroscopy of K, I, and M events
without x-ray escape
Spectroscopy of K and I events with
complete K x-ray escape
Spectroscopy of K» I-, and M events

Cloud chamber technique

Spectroscopy of K, L, and M events

Spectroscopy of K and I. x-rays
I

Measurement of (h. x-ray)-(L x-ray)
coincidences
Spectroscopy of K x rays and p rays

Spectroscopy of K x-rays or E Auger
electrons and 4 conversion electrons
Determination of K x-ray emission rate
and disintegration rate
Measurement of (K x-ray)-(p-ray)
coincidences

Measurement of (h. x-ray) —{p-ray)
coincidences at different levels

MeasureMent of (h. -event)-(y-ray) coincidences

Measurement of (K x-ray) —(p-ray) sum
coincidenc es

Measurement of (K x-ray) —{y-ray) and
(K x-ray)-(K' x-ray) or (K x-ray)-Q conversion
electron) coincidences
Measurement of (K x-ray) —(K conversion
electron) and Q x-ray) —(L conversion electron)
coi.ncidences
Measurement of (K Auger electron)—
conversion electron) and (K Auger electron)—
{I conversion electron) coincidences
Measurement of (K x-ray)-(K conversion
electron) coincidences

Measurement of (E x-ray) —{y-ray) —(K or L
conversion electron) coincidences

Spectroscopy of E events and positrons
(no K x-ray escape)
Spectroscopy of K events and positrons
(no K x-ray escape)
Spectroscopy of K events and positrons

Spectroscopy of E Auger electrons and positrons

Spectroscopy of E x rays and positrons

Spectroscopy of K x rays and P+
annihilation photons
Spectroscopy of nuclear and P+
annihilation pho tons
Measurement of (positron) -(y ray)
coincidences

Internal
Gaseous
Internal
Gaseous
Internal
Gaseous
Internal
Gaseous
Internal
Solid

External
Solid
External
Solid
External
Solid
External
Solid
External
Solid
External
Solid

' External
Solid

External
Solid
External
Solid

External
Solid

External
golj.d

mw
NaI(T1)

pc

pc

CC

NaI(T1)
CsI(T1)
CsI(Na)
Ge(Li)

Cs,pt{CN) 4H2O
pc

NaI(T1)
PC

NaI(Tl)
pc, NaI(Tl)

Ge(Li)
sd

NaI(T1)
pc

NaI(Tl)
pc, NaI'(Tl)

Ge(Lj.)
Si(Li)

NaI(Tl)
Ge(Li)
Si(Li)

pc, NaI(Tl)
CsI(Tl)
NaI(Tl)
CsI(Tl)
Ge(Li)
NaI(Tl}
Si(Li)

sd
NaI(Tl)

sd

External
Solid

sd, sl

External
Solid

PC»SC
NaI{T1)
Ge(Li)

External
Solid

NaI{Tl)
Ge(Li)

sd
pc

NaI(Tl)

Internal
Gaseous
Internal apc
Gaseous
Internal
Solid
External gm, pc
Solid
External NaI(T1), Si (Li),
Solid PC
External NaI(T1), Si (Li),
Solid pc, Ge(Li)
External NaI(Tl), Ge (Li)
Solid
External pc,pl
Solid NaI(Tl), Ge (Li)

IL/ IK, r~/ IL
IL-y/IK y
IL/ IK

r,/rK
I~/IL
IL/ IK

IL/ IK
I~/IL

IL ~y/IK~ y
~LX/IKX
I+X y/IK» y

IKx-Lx»
ILX» IKX
IEX»y

IKX/re K
IK~/re K

KX» Q

PL/PK

PL/PE

PK

PK uK

PK
PK ~K

IKx-y/Iy

IKX-y&/ry& PK&/PK

IK»-y2/Iy

IK y/Iy
IKX+y/Iy

KX+yf+y2/ y1+y2
IKx-y/Iy
IKx-Kx/IKx
~EX-eK/IeE
IEX eK/reK-
IKX eL/IeI-

PE
PK~K

PK
K

IKA eE/I
IKA eL/~eL-
IKX eK/IeK-
IE»-eE/IKX
IeK, IKx
r /r.KX-y -eL y -eL PK K

IK/I 8+

IK/I8+

IK~/I 8+

IKX/IB+

KX/ 5f1.

Iy/II

PK/P 8+

PK/P 8+

PK/P 8+

P'K/P 8+

PK/P 8+

PEc/P 8+

Iy, IB y

IK» y e /IyK K
PK

IK/I g+ PK/P g+

20

10

15

1.5

2.5

Rev. IVlod. Phys. , VoI. 49, No. 1, January 1977



W. Barnbynek ef aI. : Orbital electron capture

TABL E XIII. (Continued)

No. Method Source Detectors Measured
Estimated accuracy

Deduced of the method (%)

28 Measurement of (positron) —(p ray) N and
{positron) —(y ray) S coincidences

29 Measurement of (y ray} —(511 keV y)—
(511 keV y) triple coincidences

30 Measurement of (y ray) —(511 keV) P
annihilation photon coincidences

31 Miscellaneous

External
Solid
External
Solid
External
Solid

pc, Nal(Tl) 18+,~», I&z,
Ig-y~ 18-ys

NaI(Tl), Ge(Li) I&, I„;p~„,

NaI(Tl), Ge(I,i) I~, I~,«

9„. /PB

~Ec~~8+

&Lc~&8+

The following abbreviations are used: apc, anticoincidence proportional counter; cc, cloud chamber; gm, Geiger —Muller
counter; pc, proportional counter; pl, plastic scintillator; mw, multi-wire proportional counter; sc, semiconductor; sd, double-
focussing spectrometer; se, lens spectrometer.

techniques in which these difficulties are avoided, pro-
vided the radioactive atoms can be dispersed throughout
the sensitive volume of the counter. Internal-source
methods fall into two major classes: at low atomic num-
bers, gaseous compounds are mixed with the counting
gas of a proportional counter, while at high Z crystal
scintillators are preferred that have the radioactive
atoms built into the lattice, thus minimizing distortions
due to escape of x rays from the sensitive counter vol-
ume.

the detector sensitive volume are denoted by P~ P«and
P~

There are two limiting cases. The first of these is
Method 1 of Table XIII, in which escape of x rays from
the counter volume is avoided. Then Eqs. (3.9) and
(3.10) have the simple form

PI. II, P~ I~
PE: Iz Pl. I

Absence of x-ray escape can be realized approximately

't. Spectrometry with internal gas sources

A radioactive gas or the vapor of a radioactive metal-
organic compound is added to the counting gas of a pro-
portional counter. The prompt cascade of x rays and
Auger electrons, which follows the capture event, is
integrated by the detector to produce a single K peak at
the K-electron binding energy of the daughter atom.
Similarly, L, M, . . . peaks are produced by events from
higher shells. It is usually assumed that all L and M
x rays and Auger electrons are completely absorbed in-
side the counter. However, as Vatai (1968d, 1970b)
has pointed out, the escape of L x rays is not always
negligible a priori, and becomes especially important
if the L x-ray energy lies just below the K-shell binding
energy of the counter gas. The L peak contains a con-
tribution from K-capture events which arises from K
x rays that escape from the sensitive volume of the
counter.

Typical K, L, and M peaks from an internal "Qe
source are shown in Fig. 4. From the measured inten-
sities I~, I~, I„of these peaks, the ratio of capture prob-
abilities can be deduced:

300

LU

~ 200
U

~~ 100
0
U

L PEAK
(12g8eY)

K PEAK
(10.4 keY)

160 240 320
E NERGY (eY)

1
)

I
/

I [ I

400

—120

—80

=—[1 —co»(k„P» + k~, P»q, )] —u)»k P»„,PE Iz

PN IM ] K PrtC+ GOEPE k — CREPE gag p

L L — I L

PE

(3.9)

(3.10)

CL

Vl

Z:

0

I

20 40 60 80 100 20 40 60 80 100
CHANNEL NUMBER

Here, ~~ and co~ are the K- and L-shell fluorescence
yields of the daughter atom, and k, k~„, and l the
fractions of Kn, KP', and I.n x rays in the K and I.
series. The K and L x-ray escape probabilities from

FIG. 4. Typical A, I, and I spectra from the decay of ~ Ge
measured with a multiwire counter system. In the M spectrum,
background and degradation tails were subtracted and a Poisson
distribution fitted to the data (after Genz, 1971a).
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FIG. 5. Multiwire proportion-
al counter (after Scobie et al. ,
1959).

~ ~ ~ ~

when the counter is operated at high pressure. Gas fill-
ings of argon-propane and argon-methane mixtures at
up to 22 atm have been used. Since the development of
the wall-less multiwire proportional counter (Drever
et a/. , 1957a, 1957b), this type of detector has been em-
ployed successfully by various groups. The principal
advantage of such a multiwire counter is that escape can
be made very small. A central counter is surrounded by
a ring of additional counters (Fig. 5). An inner circle of
wires serves as the cathode for the central counter. Al-
ternate wires in an outer circle serve as anodes and
cathodes of a set of ring counters. The sensitive volume
of the detector is then separated into two parts. The
main central counter and the ring counters are operated
in anticoincidence.

A block diagram of electronics for the operation of a
multiwire proportional counter is shown in Fig. 6. Nega-
tive high voltage is often applied to the outer case of the
counter and to the field tubes. This approach is superior
to grounding the cathode and using positive high voltage
on the center wire, with a large potential difference
across the coupling capacitor between center wire and
the first preamplifier stage, leading to problems of leak-
age and spurious discharge.

For the determination of L/K ratios at Z& 20 and M/L
ratios at Z&40 it is necessary to detect Auger electrons
and soft x rays below 500 e&, down to a few eV. Most
recent advances in low-energy proportional-counter

technique are related to the electronic system (Dougan
et a/. , 1962; Renier et a/. , 1968; Genz et a/. , 1971a).
P roportional-counter spectrometry of radiation below
-500 e& is affected by certain problems that are less
important or negligible at higher energies:

(1) Afterpulses from primary ionizing events can oc-
cur (Dougan et a/. , 1962a; Renier et a/. , 1968; Genz et
a/. , 1971a; Campion, 1968, 1978);

(2) degradation tails from peaks of higher energy can
appear (Renier et a/. , 1968; Genz et a/ , 1971a. ; Heuer,
1966; Paninbroukx and Spernol, 1965; Spernol, 1967);

(3) small pulses can be mutually induced between ring
and center counters in multiwire detectors (Genz et a/. ,
197la; Drever et a/. , 1957);

(4) the anticoincidence gate may cause front- and back-
edge clipping of large pulses, producing smaller pulses
(Dougan et a/. , 1962a; Renier et a/. , 1968; Genz et a/. ,
197la);

(5) large dead time may arise when radiation of higher
energy is present in high intensity (Dougan et a/. , 1962a;
Renier et a/. , 1968; Genz et a/. , 197la). The electronic
system shown in Fig. 6 is designed to overcome these
problems, except for long dead time and degradation
tails.

The shape of the spectrum produced by events between
a few and 500 eV depends on the initial number of ion
pairs. The energy required to produce an ion pair in an
argon-propane mixture is -2V eV. Peaks produced by

PREAMP

RING
COUNTER
SIGNAL
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MAIN ~ LEVEL

AMPLIFIER ( 3) DISC II

GATING
SIGNAL
GEN. A (6)

GATING ~ GATING SIGNAL
SIGNAL IIOLP-OFF
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SIGNAL

lONER
LEVEL
DISC.

LONER
LEVEL
DISC. A (4)

COIN.
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GATING
SIGNAL

(s)
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PULSE R

FIG. 6. Block diagram of mul-
tiwire-proportional-counter
electronic system (after Qenz
et al. , 1971a).
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TC-130

MAIN

AMPL IF I E R
TC-200

DElAY
AMPLIFIERS

9.5 MSEC. ( Z )

DUAL ', LINEAR
ANTICOIN(CIDENCE

GATE ~ SCALE R

A

ANALYZER
ND-110 SCALE 8

II

Rev. Mod. Phys. , Vol. 49, No. I, January 1977



120 W. Bambynek et aj. : Orbital electron capture

=—(1 —~ ) —cu k„,PK IE
and Eq. (3.10) becomes

(3.12)

several ion pairs can be satisfactorily fitted with a Pois-
son distribution (Campbell and I.edingham, 1966), while
the spectrum due to single-electron events cannot be
represented accurately by an exponential or quasi-ex-
ponential function, as it varies with gas multiplication
(Gold a.nd Bennet, 1966; Genz, 1968, 1973b).

Corrections for several effects must be applied:
(1) Escape probabilities P» and P»~ of Kn and KP x

rays from the sensitive volume of the counter must be
accounted for. These escape probabilities can be sep-
arated into the additive probabilities P„ that a K x ray
escapes from the central counter through the ends, P„
that a K x ray escapes from the central counter and hits
a cathode wire, and P„ that an x ray escapes from the
central. counter and passes through a ring counter with-
out being detected. All these corrections can be kept
below 1'. A careful study of the escape probability in
multiwire counters has been made by Vatai (1970b).

(2) An important correction must be ma, de for degraded
L and K events in the energy region below the peaks. The
total contribution from such events can be determined by
extrapolation parallel to the energy axis to low energy,
as has been demonstrated down to 80 eV (Genz et a/. ,
1971a). The degradation correction can amount to sev-
eral percent but has not been taken into account in many
investigations. This leads to appreciable differences
in results (Heuer, 1966; Totzek and IIoffmann, 1967;
Genz et a/. , 197la; Pengra, et a/. , 1972).

(3) Condensation of radioactive metal-orga. nic vapor on
the counter wall ean lead to an increase in background.

(4) Values of the fluorescence yield ~» and of the
Ko /KP' x-ray intensity ratios can usually be taken from
literature. The largest source of error in this method
arises from the uncertainty in the I~/I» or I»/I~ intensi
ty ratio. In the determination of M/L capture ratios, er-
rors in P~/P» largely cancel [see Eq. (3.10)]. Uncer-
tainties in k and kz have been greatly reduced since the
new calculations of Scofield (1974) became available,
which agree very well with experiment (Scofield, 1975).

If transitions take place to several levels in the daugh-
ter nucleus, then only mean capture ratios are mea-
sured. Several of the most reliable mean ratios have
been measured by internal gas-source spectrometry. In
the use of nuclides that decay by electron capture to a
level that is de-excited by a y transition, coincidences
can be measured between K and L events detected in a
multiwire counter and y rays detected with NaI(T1) scin-
tillators surrounding the proportional counter. The cap-
ture ratio for transitions to the excited state can be de-
duced from the measured intensities I~, andI~, of L
and K events gated by the y rays. Equation (3.9) applies,
with I~ and I~ replaced by I~, and I~,. An analogous
procedure can be employed in M/L-ratio measurements.
In addition to the corrections already mentioned, acci-
dental and sum coincidences must be taken into account.

In the second limiting case of internal gas spectrom-
etry (Method 2 of Table XIII), all K x rays are allowed
to escape from the sensitive volume of the counter.
Then we have P» =1 and P»~=1, Eq. (3.9) yields

P~ I~ 1 Pz 1 Pz
K e P K g"'

L I, — I
(3.13)

Here, L x-ray escape is considered negligible. Experi-
mentally, total K x-x'ay escape has been approximated
with single-wire proportional counters filled with a
low-Z gas at low pressure (Pontecorvo et a/. , 1949;
I.angevin, 1954b, 1955, 1956; Langevin and Radvanyi,
1954a, 1955; Radvanyi, 1955a; Scobie, 1957a; Kiser
and Johnston, 1959). Corrections are needed to account
for: (1) nonescape of K x rays, (2) escape of L x rays,
(3) wall and end effects, (4) the fluorescence yield ~»,
and (5) the fraction k of Kn x rays in the total x-ray
group. Additional uncertainties may arise from separa-
tion of the K and L peaks and from their degradation
tails.

With single-wire proportional counters containing a
gaseous radioactive source mixed with the counter gas,
reliable measurements are no longer limited to events
with energies above -200 eV. Recent advances in sin-
gle-wire proportional-counter techniques (No. 3 in
Table XIII) have extended the sensitivity of precision
measurements to make possible the detection of single-
and few-electron events down to essentially zero energy,
even in the presence of intense more energetic radiation
(Fink, 1968; Genz, 1968, 1973a). These improvements
were attained with more sophisticated low-noise elec-
tronics and through an understanding of the degradation
spectrum (Genz et a/. , 1971a) and of after-pulses (Genz
et a/. , 1968). Single- and few-electron peaks have been
resolved on the basis of their spectral shape (Benier et
a/. , 1968) or by fitting a Poisson distribution (Genz et
a/. , 1971a, 1972; Pengra et a/. , 1972). The techniques
of single-electron spectrometry have been applied by
Renier et a/. (1968) in a precision mea, surement of the
M/L capture ratio of "Ar. In this case, the peak due to
capture of L-shell electrons has a mean energy of 280
eV, and the M spectrum is a single-electron peak be-
cause the energy released in a, capture event (-5 eV) is
lower than that required to produce an ion pair (-26.5 eV
in argon —propane). The spectrum due to single electrons
was determined experimentally by introducing ultravio-
let photons into the counter to produce photoelectrons of
only a few eV. This experimentally determined single-
electron spectrum was fitted in the M region (Fig. 7) of
the composite M and L spectrum (Fig. 8) and extrapo-
lated to zero energy. The small afterpulses which may
follow a primary event in the counter gas were kept from
entering the analyzer by introducing an electronic paral-
ysis time of up to 3.8 msec following each primary pulse.
A block diagram of the electronic circuit is shown in Fig.
9.

The principal errors in this method arise from fitting
the single-electron spectrum to the M-peak shape and
from establishing the zero-energy calibration of the
analyzer. The spectrum must be corrected for back-
ground and degradation tails. The ratio P»/P~ is a, very
sensitive function of k, but it is rather insensitive to
(e» [Eq. (3.13)].

Internal gas spectrometry for'the precision determina-
tion of electron-capture ratios is limited to sources with
atomic numbers below -50, because with heavier atoms
too many x rays escape from the sensitive counter vol-
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ume, even at high counting-gas pressures. Although
this escape probability can be calculated in principle,
the accuracy of the measurements is severely affected.

In earlier days, some l./K capture ratios were de-
termined by measuring trajectories produced in a cloud
chamber by K and I. events from a radioactive gas
(Radvanyi, 1952a., 1955a). This approach is included in
Table XIII for historical reasons as Method 4.

2. Spectrometry with internal solid sources

The internal gas spectrometry technique fails at high
Z because too many K x rays escape. To circumvent the
problem, the proportional counter can be replaced by
scintillation crystals if the radioactive atoms can be
built into the crystal lattice (der Mateosian, 1953).
From the measured intensities of K, I, and M events
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the capture ratios can then be deduced. The advantage
of the method (No. 5 in Table XIII) is that self-absorp-
tion of the emitted radiation can be neglected. It is re-
quired, however, that the scintillation behavior not be
disturbed'by addition of the source material. Clustering
must be avoided.

The source crystal can be placed directly on the photo-
cathode of the multiplier tube. Groups at Heidelberg have
used NaI(Tl) and CsI(Na) crystals doped with appropriate
isotopes for the determination of electron-capture ratios
by the internal-source technique. I.eutz et al. (1966)
grew NaI(Tl) crystals containing 'O'Tl and 'O4T1 as a con-
stituent of the crystal lattice, and Schulz (1967a) doped
the scintillator with 'Rb and '"Os. Furthermore, "'Cs
has been built into the lattice of CsI(Na) scintillation
crystals. To use doped crystals for spectrometry it is
necessary that the radioactive nuclei be uniformly dis-
tributed in the scintillator. To avoid absorption effects
caused by possible surface concentration and precipita-
tion of activity at grain boundaries, Ravn and Bggeholt
(1971) used Cs,Pt(CN), H,O doped with '"Pt for the de-
termination of the M/l. capture ratio in the decay of
'"Pt. This scintillator material has several advantages.
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FIG. 10. Assemblies of source and enveloping crystals (after
Goedbloed et a/. , 1970a}.

Platinum being one of the main constituents of the crys-
tal, '"Pt is for chemical reasons ensured a completely
uniform distribution. The crystal exhibits light yields
and relaxation times comparable to those of NaI(Tl).

Two principal sources of error must be overcome in
this method. The radioactive source must form a true
solution; if the radioactivity lodges nonuniformly at dis-
locations or grain boundaries, absorption effects occur.
Schultz (1967b) has investigated the problem and has
developed a chemical and a physical criterion to decide
which radioactive isotopes form true mixed crystals with
NaI(T1). She finds that Rb, Cs, Ba, Os, Tl, and Pb do
form such mixed crystals, whereas P, Ca, Mn, Zn, As,
Y, Sn, Ce, and Bi do not. Joshi et al. (1963) have stud-
ied the effects of nonuniformity of mixing and the phe-
nomena of overactivation and poisoning. The second
main source of error arises from K x-ray escape from
regions near the surface, which results in the recording
of K-capture events as I.- or M-capture events.

To correct for x=ray escape, basically two methods
have been used. A well-type NaI(Tl) hollow crystal can
be employed to surround the NaI(Tl) crystal that con-
tains the internal radioactive source (Fig. 10). Es-
caping K x rays from electron capture and iodine K x
rays associated with the detection process are absorbed
in the outer crystal and are recorded as simultaneous
events, so that no x-ray escape corrections are re-
quired. The method has been used by Joshi and Lewis
(1960), Joshi (1961), Smith and Lewis (1966), Goedbloed

(1970a), ar..d by Goedbloed et al. (1968, 1970b) who have
discussed it in detail.

An alternative approach to correct for x-ray escape
involves measurement of the ratios of the areas A. , B,
and C of the K, I., and M peaks for several source crys-
tals of different sizes (Figs. 11 and 12). Leutz et al.
(1966) have shown that correction for escape can be
most accurately performed by plotting the ratios
A/(A +B) and C/B against the surface-to-volume ratio
of the doped crystal and extrapolating linearly to a sur-
face-to-volume ratio of zero. Thus, values of
P~/(Pz+ P~) and P~/Pz are found that correspond to a
measurement with an infinitely large crystal.

Corrections must be applied for (1) sum effects, (2)
self-absorption, if clustering occurs, (3) possible in-
fluence of internal conversion or P background (a.s in
the case of "4Tl). K x-ray escape is accounted for if one
of the above-described techniques is used. The method
of internal solid source spectrometry can be made very
accurate.

A reduction in the noise level was attained by Ravn and
Bogeholt (1971) by means of a coincidence system in
which two low-noise photomultiplier tubes were coupled
to a '"Pt-doped crystal. Crystal and photomultiplier
assembly were cooled to -35 C to reduce dark current
(Fig. 13).

In the case of nuclides that undergo electron capture
to an excited state, internal solid-source spectrometry
with coincident y rays is possible. The intensities of I.
and K events are measured in the source crystal in coin-
cidence with ensuing y rays (Fig. 14). Accidental coin-
cidences must be taken into account. In favorable cases
this method can be made quite accurate.

3. Spectrometry of K and L x rays with external sources

This method (No. 6 in Table XIII) is based on the de-
termination of the intensities I~~ of L x rays and I~x of
K x rays from singles spectra as measured with propor-
tional counters or NaI(T1) detectors. The sources,
placed outside the sensitive volume of the detector, are
usually prepared by drop deposition, but metal grains
(Johns et al. , 1957), sources prepared by painting
(Fujiwara et af. , 1964), and vacuum-evaporated sources
(Venugopala Rao and Crasemann, 1965) have been used.
The I./K ratio is deduced from the relation

K bind = 34.6 keV

FIG. 11. Spectrum of ~3~Cs

measured with a doped NaI(Tl}
crystal. Elimination of escape
effects by extrapolating to a
zero surface-to-volume ratio
(after Schulz, 1967a}.
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where cuE is the K-shell fluorescence yield, coLL is the
partial L-shell fluorescence yield following L capture,
~LK is the partial L fluorescence yield following Kn x-
ray emission, and nKL is the number of L-shell vacan-
cies produced on the average when a K-shell vacancy is
filled.

Corrections must be made to account for (1) self-
absorption, (2) absorption between source and detector,
(3) solid angle, if different detectors are used for the
measurement of L and K x rays, (4) efficiency of the de-
tectors, (5) interfering effects due to y rays and inter-
nal-conversion electrons. There is some uncertainty in

nKL and in the fluorescence yields coE, (dLE, and ~LL,
which can usually be found in the literature (Bambynek
et al. , 19 t2). An additional uncertainty can arise from
degraded L x rays at the low-energy side of the L peak.

Capture ratios can be determined by this method in
the case of nuclides that decay from ground state to
ground state or to an excited metastable state. For nu-
clei that decay by a prominent transition, among others,
to the ground state of the daughter, mean L/K ratios can
be obtained. Though often used, the method is not very
accurate, because P~/P» is a small difference between

E ~EX' «y
(3.15)

The L x rays have usually been measured with propor-
tional counters, and the K x rays and y rays, with

two large quantities, and the partial L-shell fluorescence
yield greatly affects the result.

Venugopala Rao and Crasemann (1965), and Venugopala
Rao et al. (1966a) have measured the I and K x-ray in-
tensities relative to the K x-ray intensity of a ' 'Cd ref-
erence source and thus deduced P~/P» of '"W and. "~Tl.
Kramer et al. (1956) have determined P~/P» of "'Tl by
comparing the intensity ratio I»/f»» with that of a 'O'Hg

reference source. In addition to the need for corrections
indi. cated earlier, the quantities nEL, co», uLE and the
internal conversion coefficients aL and nE of the refer-
ence source must be known. +lith an appropriately cho-
sen reference nuclide these corrections can pa, rtly
cancel.

For nuclides decaying to an excited state that is fol-
lowed by y-ray emission, coincidences can be deter-
mined between K x rays and y rays and between L x rays
and y rays. From the measured coincidence counting
rates IKx~ and I» and from the singles rate I, the
L/K-capture ratio can be found:
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NaI(Tl) detectors. This method is an extension of that
based on Eq. (3.14). It requires the same principal cor-
rections and suffers from the same uncertainties; acci-
dental and sum coincidences must also be taken into ac-
count.

A special technique was employed by McCann and Smith
(1968) in their work on "'Ba. These authors used a
NaI(T1) detector to measure the L and K x-ray spectra,
gated by the sum coincidence peak of the 356-keV and
81-ke& y rays, which were absorbed in another NaI(T1)
detector.

Measurement of (L-event) (K x ra-y) C-oi n-ci dences.
This method (No. 7 in Table XIII) has been employed by
Christmas (1964) to determine the L/K-capture ratio of
'"Tl. Coincidences between L x rays and K x rays were
measured by means of two NaI(T1) detectors, and P~/Px
was deduced. In a similar approach, Konstantinov and
Perepelkin (1961) used a. 4m proportional counter filled
with a Xe—CH, mixture. Coincidences between L events
(L x rays and L Auger electrons) in the top part and K
x rays in the bottom part of the counter were detected.
A sufficiently thick backing material permitted only K x
rays to penetrate to the bottom counter.

The method requires corrections for (1) self-absorp
tion of L x rays and Auger electrons, (2) absorption of
K x rays in the backing foil, (3) escape of K x rays from
the detectors, (4) detector efficiencies, including solid
angle, (5) accidental and sum coincidences, and (6) in-
fluence of possible y rays. Values of n«and K-shell
and L-shell fluorescence yields can usually be found in
the literature (Bambynek et al. , 1972); they contribute
to the overall uncertainty. The method yields mean
P~/P» values if the nuclide decays by more than one
electron-capture branch.

B. Determination of the relative K-capture probability P~

In addition to the determination of capture ratios,
there are various other methods from which the relative
capture probability P~ can be deduced. Some of these
constitute a direct measurement of P~. In various others
the product P~u~ is determined. All measurements
described in this section employ external sources,
placed outside the sensitive volume of the detector.

1. Measurement of K x rays or Auger electrons and y rays
or conversion electrons

a. Spectrometry of K x rays and y rays
The principle of this method (No. 8 in Table XIII ) is to

measure the intensities l~~ of the emitted K x rays
and I, of the y rays and hence to deduce the K-capture
probability

Ixx/I, = nxwx[1+ Px(1+ n)/nx] . (3.16)

(I /I, ),.(I /I, ) =1+P„(1+n)/n . (3.17)

Corrections are required mainly for (1) sum effects,
and (2) contributions of radiation from higher levels.
K-shell and total conversion coefficients are usually
taken from the literature.

b. Spectrometry of K x rays or Auger electrons and K
con vers/on eiectrons

The principle of this method (No. 9) is to measure the
intensity I~~ of K x rays and I,~ of K conversion elec-
trons (Avignon et al. , 1955). The K-capture probability

Here, ~~ is the K-shell fluorescence yield, while n~ and
+ are the K-shell and total conversion coefficients.
Sources have been prepared by simple drop deposition.
Proportional counters as well as NaI(T1) and Ge(ji) de-
tectors have been used.

Principal corrections are required for (1) self-ab-
sorption of the K x rays, (2) absorption between source
and sensitive volume of the detectors, (3) efficiencies
of the detectors for K x rays and y rays, and (4) solid
angles. Values for the fluorescence yield su~ and the
conversion coefficients are required. If internal conver-
sion can be neglected, Eq. (3.16) becomes simply
Ixx/I» = Pxux

Bayer et al. (1972) used this method to measure the K
x-ray intensities in the "'Nd-"'Pr -'~'Ce decay chain
and to deduce Px of '~'Nd. Wapstra et al. (1954, 1957)
and Friedlander and Orr (1951b) employed two nuclides
that decay to the same excited level in the daughter nu-
cleus, one by electron capture and the other by P emis-
sion. The intensity ratio of the K x rays and y rays from
the two nuclides was determined and hence the K-cap-
ture probability

Rev. Mod. Phys. , Vol. 49, No. 1, January 1 977



W. Bambynek et al. : Orbital electron capture

is found from the equation

I»»/I. »= »C +P»(1+~)/&»l ~ (3.18)

Moussa and vuillard (1956) have measured the inten-
sities I~„ofK Auger electrons andI, ~ of K conversion
electrons and used a relation similar to Eq. (3.18) with
I»» and ~» replaced by I»~ and (1 —~»), respectively.
Magnetic P spectrometers were used to detect the elec-
trons and a NaI(T1) scintillation counter for the x rays.

Corrections must be made for (1) self-absorption of
the K x rays or Auger electrons, (2) absorption between
source and detector; (3) efficiencies of the detectors in-
cluding solid angles; and (4) radiation from higher lev-
els, if present. Fluorescence yields and internal con-
version coefficients are usually taken from the literature.

c. Oeterm/ nation of K x-ray emission rate and
disi ntegratlon rate

This method (No. 10) requires determination of the jC
x-ray emission rate I~~, preferably with a large propor-
tional counter filled to a sufficient pressure to absorb
all K x rays. In addition, the disintegration rate IO must
be determined, preferably by means of a coincidence
technique as used in absolute standardization of radio-
active sources. The value I'~~~ is found from the rela-
tionship

P»(o» =I»»/I 0, (3.19)

where ~~ is the K-shell fluorescence yield.
The method is described in detail by Taylor and Mer-

ritt (1965). To check the K x-ray emission rate, a sec-
ond fairly independent approach can be used (Bambynek,
1967a) utilizing a medium-solid-angle arrangement with
a proportional counter or a thin NaI(T1) crystal as detec-
tor (Bambynek et al. , 1966; Bambynek, 1967b) The d. e-
tection system for determining the disintegration rate
has been described by Campion (195S). It consists of a
4m flow-type pillbox proportional counter placed between
two NaI(T1) detectors. A calibrated y spectrometer
(Vaninbroukx and Grosse, 1966) has also been used to
determine the disintegration rate.

Radioactive sources have been prepared for experi-
ments of this type by drop deposition, electrodeposition,
and evaporation in vacuum. Sources have been mounted
on thin metallized plastic foils for the determination of
the disintegration rates, then they were sandwiched be-
tween absorber foils to stop all Auger electrons, so that
K x-.ray emission rates could be measured in a high-
pressure proportional counter.

The principal corrections that must be applied in the
K x-ray measurements are for (1) self-absorption,
(2) foil absorption, (3) x-ray counter efficiency (normal-
ly near unity), and (4) the effect of y rays and P' parti-
cles, if present. The corrections in the determination
of the disintegration rate by the coincidence method are
small and well-understood, and involve only parameters
that can be determined experimentally as an integral
part of the measurement. The fluorescence yield (d~
is usually taken from the literature (Bambynek et al. ,
1972). '

This method has been applied in laboratories special-
izing in the standardization of radionuclides, and has
yielded several of the most reliable I'~w~ values.

2. Coincidence measurements

Vfith nuclides that decay by electron capture to an
exCited level in the daughter nucleus, coincidences can
be measured between x rays or Auger electrons (from
the capture process) and y rays or conversion electrons
(from the deexcitation of the daughter state). Such mea-
surements can serve to determine capture probabilities
or their ratios.

a. Measurement of K x-ray and y-ray coIncidences

In this method (No. 11), coincidences are measured
between K x rays in one detector and y rays in another
detector. Qne finds

P»cu» I»»~/—I&, , (3.20)

(3.21)

where I»» „,is the rate of the (K x-ray) —(y, ) —(y, )
triple coincidences, and I„,„is the (y,)-(y,) coinci-
dence rate. In addition to the corrections mentioned
previously, directional correlations must be taken into
account.

The coincidence method permits determination of the
K-capture probability for transitions to an excited level
in the daughter nucleus. By appropriate choice of y-ray

where I»» „ is the (K x-ray) —(y-ray) coincidence counting
rate, I, is the singles y rate, and u~ is the K-shell fluo-
rescence yield of the daughter atom. Sources for such
experiments have mostly been prepared by drop evapora-

. tion; however, plated (Grotheer et al. , 1969), electro-
plated (Thomas et al. , 1963), gaseous external sources
(Bresesti et a/. , 1964; Winter et al. , 1965b), and metal
powders (Perrin, 1960; Millar et a/. , 1959) have also
been used.

Different combinations of detectors have been em-
ployed; in most cases proportional counters served for
the K x rays and NaI(T1) detectors for the y rays or for
both radiations. Solid state detectors have also been
used recently: NaI(Tl)-Ge(Li) (Raeside e/ al. , 1969;
Mysl'ek et a/. , 1971); Ge(Li) —Ge(Li) (Schmidt-Ott and
Fink, 1972), and Si(Li)-Ge(Li) (Genz et a/. , 1973c).

Corrections must be applied principally for the follow-
ing effects: (1) self-abs'orption and absorption of E x
rays between source and sensitive volume of the detec-
tor, (2) efficiency of the K x-ray detector, including
solid angle, (3) detection of y rays or conversion elec-
trons in the x-ray detector, (4) contributions from posi-
trons, if present, and (5) sum and accidental coinci-
dences. Values of the fluorescence yield u~ can usually
be taken from the literature. In order to avoid uncer-
tainties due to the insufficiently known fluorescence
yields, De Wit and Wapstra (1S65) in their measure-
ments on '"Au and '"Hg compared the intensity ratios
I»»,/I, with that of a 'O'Hg reference source. With an
appropriately chosen reference nuclide, the fluorescence
yields practically cancel. Qn the other hand, knowledge
of P~ of the reference nuclide is required.

~ith nuclides decaying to an excited level thai is fol-
lowed by a y-y cascade to the ground state, triple coin-
cidences have been measured. The K-capture probability
can then be found from the relation
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window settings one can select a particular electron-
capture transition among several in the same decay.
This technique (No. 12) has been employed to determine
the ratio of K-capture probabilities to different levels
(denoted here by 1 and 2)

0.16-

Kl KX-yl EX-y2

PK2 Iy Iy2
(3.22)

0.14—

The result does not depend upon the fluorescence yield
and the efficiency of the K x-ray detector. In most cas-
es, NaI(Tl) detectors have been used for the K x rays
and y rays (Lewin et al. , 1965), but NaI(T1) —Ge(Li)
(Schmidt-Ott et al. , 1968; Schmidt-Ott, 1970; Cook and
Johns, 1969; Lourens et al. , 1970) and Si(Li) —Ge(Li)
combinations (Lourens, et al. , 1970) have also been em-
ployed. The method has been used mostly to determine
the energies of electron capture transitions.
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If coincidences between K x rays or Auger electrons
and y rays are measured (Method 13), the K-capture
probability PK can, be directly deduced

(3.23)

Very thin (e.g. , vacuum-evaporated) sources of large
area are required to keep self-absorption down. Kramer
et al. (1962a) employed this method with a double propor-
tional counter operated at sufficiently high pressure to
detect all K x rays and Auger electrons. The source was
placed so as to attain a -4m solid angle. Gamma rays
were detected with a, NaI(T1) scintillation counter. Vatai
and Hohmuth (1968) employed a 4z CsI(T1) detector sys-
tem to register K events and a CsI(T1) detector for the
y rays.

Corrections are required for (1) self-absorption of K x
rays and Auger electrons, (2) absorption of x rays and
electrons in the backing foil of the source, (3) incom-
plete realization of the 4m solid angle, (4) accidental
coincidences, (5) detection of y rays in the K-event de-
tector, and (6) influence of positrons, if present.

. C. Measurement of (K x ray) (p ray) su-m co-inci-dences

In this method (No. 14), which was, first used. by Gupta
and Iha (1956), the pulse-height spectrum of K x rays and

y rays is measured in one single detector. The spectrum
(Fig. 15) contains a K x-ray peak, a y ray peak, and a.

sum peak arising from (K x-ray) —(y-ray) coincidences
in the detector. From the measured areas A, and Ax,
of these peaks, the capture probability can be deduced:

KX-y XyA (3.24)K K

In most ca.ses, a NaI(T1) detector has been employed
for measurements of this type. Das Mahapatra and Muk-
herjee (1974) used a Ge(Li) detector, and Campbell and
NcNelles (1972) employed a sandwich detector consisting
of two CsI(T1) crystals with the source in between.

Corrections must be made for (1) self-absorption and
absorption of K x rays between source and sensitive
volume of the detector, (2) efficiency of the K x-ray
counter, including solid angle, (3) accidental coincidenc-

FIG. 15. Comparison of experimentally determined L,/A cap- '

ture ratios for allowed transitions (solid circles) and first-
forbidden nonunique transitions (open circles) with theoretical
predictions based on wavefunctions of Mann and Waber (1973)
and exchange and overlap corrections X ~E according to Bah-
call (1963, 1965) (solid curve) and Vatai (1970a) and Martin and
Blichert- Toft (1970) (broken curve).

es, and (4) separation of overlapping parts of the y-ray
and sum peaks.

Gupta (1958) ha, s used this method with triple sum
coincidences. He observed the pulse-height spectrum in
a single NaI(T1) detector and determined the area. s A~»
and A„of Kz-y, -y, and y, -y, sum coincidence peaks.
The K-capture probability is

KX+y1+y2 X12A
K K

Iy 1+y2 A12 +AX12
(3.25)

Instead of employing a single detector, it is possible to
measure coincidences between K x rays in one NaI(Tl)
detector and sum coincidences of y, and y, in a second
NaI(T1) detector. The K x rays are then gated by the
y, + y, sum coincidences. The ratio of the corresponding
intensities is equal to PKcoK. In a few cases, in which K
capture is forbidden due to energetics, the L-capture
fraction can be measured directly (Wapstra et al. , 1962;
de Beer et al. , 1964; Pengra, 1976).

2(I „/I )/(I /I ) =1+P (1+n)/a (3.26)

where IKx, and IKx «are the coincidence counting
rates, and I, and IKx the corresponding singles rates.

d. Measurement of (K x ray) (y ray) an-d (K-x-ray}-
(K x ray) or (K x ray) (K -convers-ion -electron)
coincidences

This method (No. 15) can be applied to nuclides that
decay to an excited level in the daughter nucleus that is
deexcited by a converted y transition. The approach was
developed by Pruett and Wilkinson (1954); it is based on
measuring coincidences between K x rays from the elec-
tron-capture process and y rays from the daughter nu-
cleus, and additionally, coincidences between & x rays
from the electron-capture process and K x rays from
internal conversion. The K-capture probability can be
deduced from the relation

Rev. Mod. Phys. , Vol. 49, No. t, January 1977
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Drop-deposited sources and Nal(Tl) detectors were used
in these experiments. Results are independent of the
fluorescence yields, but the K-shell and total conver-
sion coefficients must be known. Corrections for acci-
dental and sum coincidences must be applied.

Hansen (1975) has determined P» of "'Ce by measur-
ing coincidences between K x rays and y rays and K x
rays and K conversion electrons. The photons were
measured by Si(Li) and NaI(Tl) detectors, and the elec-
trons, by means of a magnetic P spectrometer. P» can
be deduced from the relation

0.26—

0.22—

C4

U Ox ~ 018-
CL CL

1+PE SEX-~E
PE I~E

IKx-7
I (3.27)

0.14—

In addition to the usual corrections, sum and accidental
coincidences must be considered. Fluorescence yield
and conversion coefficients need not be known. The
method is only applicable to nuclides with a simple decay
scheme lacking a y cascade in the daughter.

e. Measurements of coincidences between K x rays or
Auger electrons and conversion electrons

Coincidence measurements of this type (Method 16) for
the determination of PE were first made by Brosi et al.
(1959), who observed the K x-ray spectrum gated by K-
and L-conversion electrons (Fig. 16) and determined
coincidence and singles intensities. The K-capture prob-
ability can be deduced from the relation

1+PE Ex-eE EX-eL
PE I,L

(3.28)

where I»», » and I»», ~ are tlie (K x-ray) —(K-conversion
electron) and (K x-ray) (L-co—nversion electron) inten-
sities, respectively, Bnd I,E and I,L are the correspond-
ing singles rates. The K x rays have been measured
with Nal(T1) detectors, and the conversion electrons,
with magnetic P spectrometers. Knowledge of the K-
shell fluorescence yield and the x-ray and electron de-
tector efficiencies is not required. Corrections must
be made to account for (1) accidental coincidences,
(2) sum effects due to K x rays from electron capture
and internal conversion, (3) possible effects of other
converted y transitions in cascade, and (4) possible ef-
fects of electron capture to higher levels.

Instead of utilizing coincidences between x rays and
conversion electrons, it is possible to determine PE
from coincidences between K Auger electrons and K or
L conversion electrons. From the measured intensities,
PE ls found

+ PE IEA-eE

E 8E

IEA-eL
IeL

Here, IE„,E and IE„,L are the coincidence ~ates between
K Auger electrons and K and L conversion electrons,
respectively. This method (No. 17) has been used by
Marelius et al. (1967), who employed two magnetic spec-
trometers. The necessary corrections are essentially
the same as those in Method 16.

A slight variation of this approach has been used by
Sparrman et al. (1966)', who measured the K Auger-elec-
tron spectrum in coincidence with K and L conversion
electrons by means of two long-lens spectrometers. The

0.10
10

I . I I I

20 30 40 50 60 70 80

FIG. 16. Comparison of experimentally determined iM/L cap-
ture ratios for allowed transitions (solid circles) and first-
forbidden nonunique transitions (open circles) with theoretical
predictions based on wavefunctions of Mann and &aber and ex-
change and overlap corrections X~~L according to Bahcall
(1963,1965) (solid curve) and Vatai {1970a), and Martin and

- Blichert- Toft (1970) {broken curve) .

value for PE was found from

1+PE IEA,E nL
PE IEA-eL ~E

(3.30)

(1+ P») u» = I»» ~»/I, » . (3.31)

Corrections are needed for (1) accidental and sum coin-
cidences, (2) self-absorption and absorption of K x rays
between source and detector, and (3) efficiency of the K
x-ray detector.

With nuclides decaying io a metastable level of the
daughter, Durosinmi-Etti et al. (1966) have measured
K x rays by means of a NaI(Tl) detector in coincidence
with K conversion electrons detected with a surface
barrier detector. The K-capture probability was de-
duced from the equation

IEXI.E
IEX E 1+& 1+& (3.32)

Here IEx I E and Iy are the measured intens itic s of
K x rays, K conversion electrons, and y rays, respec-
tively; I»»,» is the (K x-ray)-(K-conversion electron)
coincidence rate, Q.E is the K conversion coefficient,
and n, the total conversion coefficient. These conver-
sion coefficients must be known. Corrections are needed
for (1) K and y detector efficiencies, including solid

The K and L conversion coefficients must be known. In
addition to the corrections mentioned above, efficiencies
for detecting K and L conversion electrons and the ab-
sorption of these electrons between source and detector
must be taken into account.

Plch et al. (1971) measured the K x-ray spectrum in a
Ge(Li) detector gated by K conversion electrons which
were detected in a proportional counter. By this method
(No. 18), they determined P» from the ratio of the (K
x-ray) —(K-conversion electron) coincidence rate I»», »
and the K conversion-electron singles intensity I,E

Rev. Mod. Phys. , Vol. 49, No. 1, January '1977
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angle; (2) absorption between source and detectors, and
(3) overlap of spectrum peaks.

f. Measurement of triple coincidences between K ~ rays,
p rays, andi nternal-conversion electrons

This method (No. 19) was used by Thun et al. (1966),
who determined the triple coincidence rate IEx, ,L,
measuring K x rays with a. NaI(T1) crystal, y rays with
a Ge(l.i) detector, and L conversion electrons with a
magnetic spectrometer; the coincidence rate I, ,L be-
tween y rays and L conversion electrons was simul-
taneously determined. Then we have

due to variable amounts of 250d "'Sn present in the 115d
'"Sn.) We have omitted results published without indi-
cation of error limits, or with errors in excess of 15~/p.

The information provided in most publications is un-
fortunately less than complete. It is therefore probable
that we have omitted some "good" results from the list
of selected values. The selected P~/P» measurements
are listed in Table XV, the P~/P~ ratios in Table XVI,
and selected values of P~» /P», P»&u», and P» in Table
XVII. The K-shell fluorescence yields used to deduce the
capture ratios PE in Table XVII were calculated from
the equation

[(u»/(1 —(u»)]'~'= A+ BZ+ CZ'. (3.35)
KX-y-eLPE~K=
Iy-eL

(3.33)

E EX~-eE' KX-y-e L
PE Iy-eE Iy-.L

(3.34)

Sources were prepared by evaporation in vacuum. Cor-
rections must account for (1) accidental and sum coin-
cidences, (2) directional correlations (which can be
minimized by proper choice of the angle between detec-
tors), and (3) escape of iodine K x rays from the NaI(Tl)
detector.

C. Experimental capture probabilities P~, PL, and P~;
comparison with theory

1. Experimental results

All experimentally determined, published values of
P~/P», P„/P~, P» /P», P»&u», and P» are liste, d in
Table XIV. In the many cases in which authors quote
PE while they actually have measured PKcoE, we list the
latter product, recalculated from the authors' PK and

In some cases, authors do not specify the value of
ruE which they used; these are indicated by "+." Some
entries in Table XIV have been revised from the original
publication. For example, the P~~ /P» ratio for "'Cd
(Moler and Fink, 1965) was revised by the authors, who
communicated this to Durosinmi-Etti (1966). Vata. i
(1968b, 1970b) has noted that the 'O'Cd P„/P~ value of
Moler and Fink (1965) was not corrected for escape of
Ag L x rays. Applying a corresponding correction and
making use of newly reported values for k and k~,
(Salem et aE. , 1974) and ur» (Bambynek et aI. , 1972) and
a theoretical P~/P» ratio yields P~ /P~ = 0.205 a 0 020.
Similar corrections have been made to the "'Sn P„/P~
ratio of Manduchi et al. (1964b).

From among the entries in Table XIV, we have se-
lected those results that can with certainty be judged as
reliable, because they were derived from measure-
ments with pure, carefully prepared sources, all neces-
sary corrections being determined and clearly described.
(The importance of pure sources has been emphasized,
for example, by Raman et al. (1973), who suggest that
discrepancies in measured P~/P» ratios of '"Sn may be

A different approach was taken by Tornkvist and StrUm
(1968) in their measurements on "'Ba decay. These
workers determined PK directly from triple coincidences
between K x rays, y rays, and K or L conversion elec-
trons detected with a lens spectrometer. The K-capture
probability was deduced from

2. Theoretical predictions

The last three columns of Tables XV and XVII contain
theoretical L/K a.nd M/L ratios. These were calculated
(see Sec. II) from the relations

(3.36)

g», ' I+(f~,/gu, )'
(q», /q, ,)' g~, 1+(f„/g, ,)'

for allowed transitions, and

(3.37)

2 2 2I » g+1 1 + &+2 ~ ~+3g+3 ~L/» (3 38)

for unique first-forbidden transitions. The electron ra-
dial wavefunction amplitudes g», g~, f~,g„,f„, as well
as p~p~ were taken from the relativistic Hartree —Fock
calculations of Mann and Waber (1973) as listed in Table
IX. The exchange and overlap correction factors XL&~E

= Bz,,/B» and X~& ~&= Bz,/Bg, were recalculated in the
present work according to the ansat» of Bahcall (1963a,
c, 1965a) and that of Vatai (1968b, 1970a) as described
in Sec. II.E. For Z&32, the correction factors of Suslov
(1970) are used in continuation of the Bahcall factors,
and those of Martin and Blichert-Toft (1970) in exten-
sion of the recalculated Vatai factors. Assumptions and
approximations underlying the calculation of these cor-
rection factors are discussed in Sec. II.E. Equations
(3.36)—(3.38) contain the simplifications

(qI.,/qz, ,) =(qr.,/qr. ,) =(q~, /q~, ) =1 (3.39)

The constants A. , B,C were determined by fitting this
expression to the selected "most reliable" experimental
fluorescence yields listed by Bambynek et al. (1972),
with exception of those deduced from PEcoE measure-

' ments. The fluorescence yields calculated in this man-
ner are practically the same as those recommended by
Bambynek et al. (1972); slight changes in the last digit
are within the stated error limits.

We use the transition energies Q«evaluated by Wap-
stra, and Gove (1971), except in ca.ses where these were
deduced from measurements of electron capture ratios.
In those cases, we have used Q«determined from mea-
surements of interna. l-bremsstrahlung spectra or (p, n)
reaction thresholds. For a few transitions, no indepen-
dent QHc energies were available; these are indicated by
an asterisk in Tables XV and XVII.
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~L2/Ll —~L3~ Lj ~M2/M1 = ] (3.40)

These approximations affect the capture ratios by less
than 0.04Vo for Z = 20, and less than 0.3~io for Z= 75.

The theoretical K-capture probabilities I'~ listed in
the last column of Table XVII were calculated from
theoretical capture ratios P~/P~, P~/P~, P„/P~ for Z& 3'

and also Po/P~ for Z& 67, according to Eq. (3.6). Ex-
change and overlap corrections ~ and XM were ap-
plied as discussed above, using our recalculated factors
for Z ~ 32 and those of Suslov or Martin and Blichert-
Toft for heavier atoms. For the outer shells no exchang
correction was made, none being available.

The theoretical capture ratios and probabilities listed
in Tables XV-XVII for first-forbidden nonunique tran-
sitions are calculated for allowed transitions. This ap-
proximation is justified because for such transitions the
ratios of capture probabilities from the ns, &, and npy/
subshells are independent of the form-factor coefficients
(Sec. II..C.2).

QL j. EC — Ly (3.41)

and

~M1 EC Ml (3.42)

respectively, where the capture transition energy is

&Ec @Ec (3.43)

and E~, EL, and EM, are electron binding energies taken
from Bearden and Burr (1967). In the case of measure-
ments pertaining to transitions to several. levels, we
divided the measured mean L/K capture ratios by the
factor

(3.44)

The index v labels the final-state levels; the a„are
branching ratios subject to Q~„=1. A corresponding
procedure was used for mean M/L ratios. The branch-
ing ratios were taken from the Nuclea~ Data Sheets
edited by the Nuclear Data Group, Qak Ridge National
Laboratory.

The reduced experimental capture ratios (P~/P~)/
(q~, /q~)' and (P~/P~)/(q~ /q~, )' are compared with theo-
retical ratios (Tables XV and XVI) in Figs. 15 and 16.
For clarity, we have combined results for each atomic
number and plotted weighted mean values and their un-
certainties.

P~/Pz caPtuxe ratios Figure 15 sh.ows that agree-
ment between experimentally determined L/K capture
ratios and exchange-corrected theoretical predictions is
fairly good for all atomic numbers, both for allowed and

3. Comparison of experimental and theoretical electron-
capture ratios

For comparison with theory, the selected experimen-
tal L/K and M/L ratios for allowed and nonunique first-
forbidden transitions (Tables XV and XVI) were divided
by the energy-dependent factors

for nonunique first-forbidden transitions. The difference
between theoretical ratios, due to different exchange and
overlap corrections, is largest for light atoms (Sec. II.E).

In cases in which the electron-capture transition ener-
gy is not much larger than the K-shell binding energy,
the (q~, /qz) ratio is very sensitive to Qzc. Errors in
Q«can then lead to erroneous conclusions in the com-
parison with theory. Such is the case for '"Bi, and
probably also for '"Cd, "'Ba, "'Dy, '"Au, and "'Tl.
More accurate measurements on "Kr and "'Dy should
be performed. For '"I a mean L/K ratio has been
measured, due to 60% nonunique and 40% unique first-
forbidden transitions. The experimental result agrees
well with predictions for either type of transition. The
few available measurements pertaining to pure unique
first-forbidden transition also agree well with theory.
Table XV includes the four measured L/K ratios for
nonunique second-forbidden transitions, but these are
not compared with theoretical ratios.

Vatai (1973a, 1974) has suggested that the ratio of non-
relativistic to relativistic nuclear matrix elements could
be estimated from I.,/K ratios, and attempted to do this
by evaluating the L,/K fraction of the measured L/K ra-
tios of "Mo (Hohmuth et a/. , 1964) and '7Tc (Katcoff,
1958), and the LM. . . /K ratio of '"La (Turchinetz and
Pringle, 1956). The fact that the (I., + L,)/K ratio is in-
dependent of nuclear matrix elements made the separa-
tion possible. The experimental ratios unfortunately are
not very accurate; improved measurements on. these
cases and on additional second and higher forbidden non-
unique transitions would be useful. Vatai (1973a, 1974)
has further pointed out that in the presence of K capture
determinations of M/K ratios would be more useful
than of M/I, ratios, because the former are more sensi-
tive to nuclear matrix elements. Chew et al. (1974a)
have followed Vatai's suggestion and calculated the ratio
of nuclear matrix elements R =(~P,'» —l3/2 "E~»,)/~E~o»
in the decay of "Ni from L,/K deduced from the total
measured L/K ratio. Daniel (1968) has noticed that for
allowed transitions the reduced capture ratios (P~/P~)/
(q~/q„)' are in surprisingly good agreement with the
ratios of the Ml internal conversion coefficients o.~/n~.

P~/P~ caPtuxe gratias. From Fig. 16 it is seen that
experimental M/L capture ratios agree fairly well with
exchange-corrected theoretical calculations for all g.
Precision measurements of additional M/L ratios of
light atoms would be most useful to test exchange and
overlap corrections.

A new more precise measurement on "Zn is needed.
Further experimental evidence is also required in the
medium-Z region; the M/I. capture ratios in the decay
of "Kr, '"Cd and "'Xe should be determined.

P~/P~ caPtuxe v"atios. The only measurement of an
N/M capture ratio performed to date is that of Pengra
(1976) on "'Pb. With a gaseous source of "'Pb tetra-
methyl, Pengra determined P~/P~ = 0.524 +0.010 and

P~/P~ = 0.286 +0.020. Comparison with theory is im-
peded by lack of reliable information on the transition
energy. An indirect determination. of the (N+. . . )/M
ratio of ' 'Tl has been made from measurements of
(M+N+. . . )/L and M/L ratios (Leutz et a/. , 1966), but
the accuracy of this result is insufficient for meaningful
compa:rison with theory.
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perimental limitations (Henier et al. , 1968).
New, more accurate measurements of capture ratios

and P~ should be performed. More accurate results for
second- and higher-order forbidden transitions would be
useful to deduce nuclear matrix elements. Furthermore,
more accurate QEc energies are very much needed.

D. Determination of Klp+ and EC/p+ ratios
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FIG. 17. Comparison of experimentally determined Hz values
for allowed transitions (solid circles), first-forbidden non-
unique transitions (open circles), and first-forbidden unique
transitions (squares) with theoretical predictions based on wave
functions of Mann and Waber (1973) and exchange and overlap
corrections according to Bahcall (1963,1965).

4. Conclusions and recommendations

From Tables XV—X&II and from Figs. 15, 16, and 17
we find that experimental and theoretical electron-cap-
ture data agree rather well, viz. , on the average to -3%
in the ca,se of L/K ratios, -9/o for M/I. ratios, and 5%
for P~ values. The experimental accuracy is insuffi-
cient to distinguish between the theoretical correction
factors for exchange and overlap effects. These effects
a,re expected to be largest in the decay of 'Be (Odiot and
Daudel, 1956; Bahcall, 1963). Experiments to measure
the P~/P» ratio of 'Be have been unsuccessful due to ex-

Capture probability P~. Selected K-capture probabili-
ties for allowed and first-forbidden transitions are com-
pared in Table XVII with theoretical predictions for al-
lowed transitions. Two selected measurements on "K
are compared with theoretical capture probabilities for
unique first-forbidden transitions. The K-capture prob-
ability, unlike the reduced capture ratio, depends on the
transition energy as well as on the atomic number. In
Fig. 17 we have plotted the ratio of experimental to theo-
retical P~ vs Z. The recalculated exchange and overlap
corrections according to Bahcall (1963a, c, 1965a) (Sec.
II.E) were used in the theoretical calculations. For sev-
eral nuclides (e.g. , "'Ba, "'Pm, "'Gd, '"Au), the ener-
gy Qzc is not known with sufficient accuracy. New, more
accurate measurements for P~ are desirable for some
nuclides, e.g. , for "As, "Se, "Rb, "Rb, '"Yb, and
'"Au. The spin of the 307-ke& level of '"Eu is not ex-
actly known; it is quoted as (3/2)' or (7/2)'. The tran-
sition from the (7/2) ""Gd ground state to this level can
therefore be nonunique or unique first forbidden. Com-
parison of the measured P~= 0.811+0.021 with the theo-
retical P~= 0.740 for a nonunique and P~= 0.428 for a
unique transition supports the (7/2)' assignment.

Experimental and theoretical K-capture ratios are
seen from Fig. 17 to agree within 5/o, there is no sys-
tematic difference between allowed and first-forbidden
nonunique transitions.

In Secs. III.D and III.E we list all available experi-
menta. l K/P' and EC/P' ratios and describe the experi-
mental techniques involved in these measurements. We
compare experimental ratios for allowed, unique first-
forbidden and nonunique first-forbidden transitions with
the appropriate theoretical values.

Source preparation is an important aspect of these
measurements. Allowed P' emitters are generally short-
lived, many of them having half-lives of the order of
seconds, minutes, or hours (Fig. 18). In order to study
P' emitters with comparative ease a continuous supply of
the source is therefore often necessary. Positron emit-
ting nuclei are normally deficient in neutrons, hence one
cannot prepare them by slow-neutron bombardment of
stable isotopes in reactors. Instead, the stable isotopes
are usually converted to radioactive isotopes by such
rea, ctions as (y, n), using ma. chines like synchrotrons or
electron linear accelerators, or by (~, 2n) reactions with
fast neutrons from such devices as Cockroft-'Qfalton gen-
erators or high-current electrostatic accelerators. Cy-
clotron irradiation with protons, deuterons or alpha par-
ticles to produce proton-rich (neutron-deficient) nuclei
is another useful method of preparing positron emitters.

The radioactive source must be transported to the de-
tector in a time that is short compared with the half-life.
This problem has been solved, for example, by fast
pneumatic transfer systems in which solid sources can
be conveyed from the irradiation site to the detector in a
fraction of a second. Continuous gas flow systems (Fig.
19) have also been used extensively (Ledingham et al. ,

50—

~ 30-
UJ

C3
LLI

U

10-

0
1sec 1min 1hour 1day 1month lyear 10years

HALF LIFE

FIG. 18. Number of allowed positron emitters, as a function
of half-life.
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1965); if narrow-bore tubing is used in conjunction with
a gas pressure of several atmospheres, the radioactive
source (in gaseous form) can be conveyed to the detector
in a very short time. Where the sources cannot be ob- .
tained in suitable solid or gaseous forms, the problem
can often be solved by using liquids under pressure with
the radioactive source dissolved in the medium or in
suspension.

The main types of measurement used to determine
K/P' and EC/P' ratios are summarized in Table XIII.
These various techniques and the sources of error in-
volved in them are described in Secs. III.D.1-III.D.3.

Measurements of /C/P+ ratios with internal sources

a. In ternal-source proportional counter

In this method (No. 20), the radioactive source in gas-
eous form is mixed with the normal proportional-counter
gas. If the half-life of the source is sufficiently long, the
gases may be static, but for short-lived nuclei continu-
ous production of the source and gas flow through the
counter is employed. The electron-capture events are
detected as discrete peaks superimposed on the positron
continuum. A major part of the error in these measure-
ments comes from the procedure adopted in separating
the K-capture peak from the continuum.

Measurements of K/P' ratios by this technique have
generally been made under conditions where K x-ray es-
cape from the counter is very small. For high-Z nuclei,
the proportional counter must therefore be operated at
high pressure. For low-Z nuclei, counters can be op-

.erated at normal pressure, but for such nuclei the K/P'
ratio is usually extremely small, whence it is often dif-
ficult to resolve the K peak from the positron spectrum.

We assume that the radioactive source can be produced
with negligible competing activities, a situation which is
usually attainable in practice. The positrons and K-
capture events are detected with practically 100~/& effi-
ciency. Then we have

P»/Pq+ —I» /Iq+, (3.45)

b. Internal-source proportional counter IA/I th
an t/ coincidence

This technique (No. 21) is similar to Method 20 and is
particularly suitable for K/P' measurements on light nu-
clei where the K-capture events are generally very much
less intense than the positrons. In order to resolve weak
K-capture peaks from the positron continuum, an anti-
coincidence counter is employed. Qne such counter with
a plastic scintillator as anticoincidence detector iS
shown in Fig. 20. Both the positron and electron-capture
events are detected in the central proportional counter;
only the positrons can reach the surrounding counter.
Thus, if signals from the central counter are taken in
anticoincidence with those from the surrounding plastic
scintillator, a well-resolved K peak is obtained. Figure
21 shows a typical K peak from "P, measured with the
counter shown in Fig. 20.

Prom the total spectrum in the central counter and the
K peak in the anticoincidence spectrum, g~ and g~+ are

where I~ and I~+ are the measured intensities of the K
peak and the P' spectrum, respectively. Corrections
have to be applied to I~, to account for the number of
positrons which, unlike the K x rays and Auger elec-
trons, may enter the sensitive volume from the ends of
the proportional counter. This correction was calcu-
lated to be 4. 6%%uo in the case of "F (Drever et al. , 1956).

Solid internal sources may also be employed (e.g. ,
Avignon, 1956) but corrections for the absorption of the
x rays, Auger electrons, and positrons in the source it-
self must then be taken into account.

In cases where the decay leads to an excited state of
the daughter nucleus it is sometimes possible to measure
coincidences between the spectrum in the proportional
counter and the de-excitation y ray, thus reducing the
background. This technique was applied by Kramer et
al. (1962b) to the decay of "Co.
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PROPORTIONAL COUN TER

obtained and Eq. (3.45) applies as in Method 20.
Unless high-pressure counters are employed, this

method becomes complicated for nuclei with Z ~ 18 be-
cause corrections for x-ray escape must be made. The
method then becomes intrinsically less accurate, and
hence has so far been employed only in the low-Z region.

c. In ternal-source sci nti llati on counter

In this technique (Method 22), the radioactive source is
distributed in a scintillating crysta. l (usually NaI) by
introducing it into the melt from which the crystal is

0 RING SEAL

GAS OUTLETS~
HOTOMULTIPL'I EBS

FIG. 20. Diagram of counter used to determine A/P+ ratios of
C, N, 50, ~Ne and P. A-capture events and positrons

are detected in the central counter; only positrons have suffi-
cient energy to be detected in the plastic scintillator.

grown. The capture and positron events are detected in
the scintillator, with the K x rays and K Auger electrons
producing a well-defined peak so the. t the K/P' ratio can
be determined. The interpolation of the continuum under
the peak is a major source of error. Examples of this
technique are the measurements of the K/P' ratios for
"Na with an error of 9% (McCann and Smith, 1969) and
for "Co with an error of 2/o (Joshi and Lewis, 1961). In
both of these isotopes the decay leads to an excited state
of the daughter nucleus which then de-excites by y-ray
emission. To reduce background, the positron and elec-
tron-capture events were measured in coincidence with
the de-excitation gamma rays, detected in a second
scintillation counter.

Corrections must be applied for the escape of posi-
trons from the source crystal before they have deposited
sufficient energy to be detected. If coincidences are tak-
en with a de-excitation gamma ray, allowance should
furthermore be made for the loss of positron counts due
to the summing of the gamma ray with a 511-keV posi-
tron annihilation photon. A K peak from "Na (McCann
and Smith, 1969) is shown in Fig. 22. The difficulty of
obtaining peaks at these very low energies with a scintil-
lation counter is considerable. Specially selected low-
noise photomultiplier tubes must be used in conjunction
with an electronic system that is capable of eliminating
afterpulses from long-lived phosphorescence associated
with large energy deposition by positrons in the radio-
active scintillator.

Because the positrons and the K-capture events are de-
tected with approximately 100% efficiency, Eq. (3.45)
again applies, allowing for the corrections described
above.
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2. Measurements of K/P+ ratios with external sources

a. Spectroscopy of posi trons and K Auger electrons

In this type of measurement (No. 23), the a.reas under
the Auger lines and the positron spectrum are mea-
sured. Since the Auger electrons and the positrons are
oppositely charged, a magnetic spectrometer with a
Geiger, proportional, or scintillation counter is often
used to analyze the radiations. The difficulty of sub--
tracting a P' spectrum from a. K peak is thus avoided.

In order to determine a, K/P' ratio from such mea. sure-

200—
~ M ~ 4 ~
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10 20 30 40 50 60 70
CHANNE L NUM BER

I'IG. 21. Typical pluse-height spectrum from the central pro-
portional counter in Fig. 20, in anticoincidence with the plastic
scintillator. The counter gas, introduced in flow mode, was
90+ Ar and 10' CH4. Radioactive phosphine (PH3) was intro-
duced in trace amounts (&1 fp of Ar/CH4) from an irradiation
vessel to the main flow line carrying the counting mixture.
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FIG. 22. The 870-eV A-capture peak of ~2Na, measured with
an internal-source scintillation counter in coincidence with
another NaI detector, closely located to register the 1.274-MeV
de-excitation p rays of Ne.
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P~/Pg, ——l~~/(I —a~) Ig, (3.46)

applies, where I~„ is the total intensity of the K Auger
lines. Corrections for absorption of low-energy Auger
electrons and P' in the source are very important and
contribute significantly to the errors involved in this
technique.

b. Spectroscopy of K x rays and posi trons

ments, the value of the K-shell fluorescence yield ~~
must be known. There were often fairly large errors in
the values of (d~ employed in the early experiments.
However, Bambynek et al. (19'T2) have selected reliable
measurements of co~ and carried out a semiempirical fit
to these values. Thus, for many cases, uncertainty in
co~ need no longer seriously limit the accuracy of this
method.

The relation
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E/P8' =IXX/18+~K. (3.47)

Account must be taken of any differences in solid angle
for the detection of K x rays and positrons. Self-absorp-
tion of x rays in the source is an important factor in. this
technique and makes the use of thin sources desirable.

Figure 23 shows how clearly the K x rays may be
separated from the continuum in the decay of "Mo
(Fitzpatrick et a/. , 1975). This spectrum was obtained
from a, 5-mg/cm' thick, activated molybdenum foil
pla, ced 2 cm from a Si(i,i) detector (area 30 mm', thick-
ness 5 mm). The Ka and KP x rays of Nb are well re-
solved a.nd the fluorescent K x rays of Mo caused by pos-
itron excitation of the foil can also be seen. Although the

In this method (No. 24), a, solid source is placed out-
side of semiconductor or scintillation counters. The K
x rays and positron continuum are detected either in the
same or separate counters, the Auger electrons general-
ly being absorbed before reaching the detectors. A ma-
jor uncertainty again arises from the subtracting of the
P' spectrum from the K x-ray peak. As with Method 23,
this technique requires knowledge of the fluorescence
yield. Assuming that there are no competing activities,
and correcting for absorption, the equation applicable to
this method is

FIG. 24. Molybdenum-91 E x-ray spectrum measured with a
5.7 x 0.63 cm NaI(Tl} counter of 28% resolution at 22 keV. The
fine structure evident in Fig. 23 is no longer visible.

intensity of the K-capture branch in the decay of "Mo is
small ( 5'), the error in estimating the areas of the K
x-ray peaks can easily be kept as low as 1%. There is,
however, a difficulty in ensuring that the solid angles
for the x rays and the positrons are the same, even when
a single detector is employed. This difficulty can be re-
duced by using a detector with a large surface area. The
K x-ray spectrum of 'Mo measured with a 5.1-cm
&& 0.63-cm NaI(Tl) detector is shown in Fig. 24. The
fine structure in the spectrum of Fig. 23 is unfortunately
lost due to the intrinsica, lly inferior resolution of NaI(T1).
Corrections are required for absorption of the K x rays
and positrons and for the scattering of positrons out of
the detector before they have deposited sufficient energy
to be detected.

An interesting development of this technique is shown
in Fig. 25 (Campbell et al. , 1975). Here, the radio-
active sample is placed between two CaF, (Eu) scintil-
lators in a 4m arrangement. This arrangement over-
comes the problem caused by positrons being scattered

COF2

~100

P-

o 50
~ ~
pQ ~ ~% ~

~ ~
II

200 300 400 500 600 700 800
CHANNEL NUM BER

t
NbK]

t ~,

~ ~egf+yg + 0 ~4~L ~ +go~+

E MI 9757

SOURCE-

FIG. 23. Niobium A x rays from the decay of 9~Mo, measured
with a Si(Li) detector with a resolution of 185 eV at 5.9 keV.
The Nb An and Kp peaks are well-resolved, even in the pres-
ence of a P+ spectrum twenty times as intense as the A-capture
branch. The Mo An peak is caused by P induced fluorescence
in the source.

FIG. 25. Thin, self-supporting evaporated sources are placed
between two CaF2(Eu) crystals. Although CaF2 has inherently
a lower light output than NaI(Tl), the crystals are nonhygro-
scopic and can be used without windows between source and
crystal.
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out of the detector before depositing sufficient energy to
be detected, or being scattered into the detector from
surrounding material.

Many of the early K/P' measurements in this category
(Method 24) employed absorption techniques, typically
with a Geiger counter and different absorbers to deter-
mine the relative intensities of the K x rays and the pos-
itrons. The accuracy of these measurements is very
poor.

c. Spectroscopy of K x rays and P+ annihilation photons

This technique (No. 25) is similar to the previous
method, but instead of detecting the P' continuum, the
positrons are stopped in an absorber and the 511-keV
annihilation photons are detected. The source must be
surrounded by sufficient material to ensure that all pos-
itrons are stopped at a well-defined position, as close
to the source as possible. The K x rays and the annihi-
lation photons may be counted simultaneously, with cor-
rections applied to both intensities to allow for the
presence of the P' absorber. Alternatively, when the
half-life of the source is sufficiently long, spectra taken
withI and without the absorber may be used to determine
j~~~ End JE~q 1espectlvely.

The K/P' ratio is deduced from the relation

Pso 2I„(1+o'. )
Py. I (3.49)

where I„and I», are the photopeak areas of the de-exci-
tation Z ray and P' annihilation photons, respectively,
and n is the internal conversion coefficient.

A variation of this technique which has often been em-
ployed, particularly in the early measurements, is the
comparison of the photopeak areas of the 511-keV and
de-excitation y rays for the source being investigated
with similar areas for a, source with a known EC/p'
ratio. Thus, if the subscripts a and b refer to the
source with known and unknown EC/P' ratio, respec-
tively, we have

the positrons near the source to ensure that the solid
angle is the same for both the nuclear and the annihila-
tion photons. Corrections are i equired for absorption
in the source and detector window, for decays to other
levels in the daughter nucleus, for summing, and for
annihilation of positrons in flight. In cases where the
energy of the de-excitation y rays is high it may be
necessary to correct for a contribution to the annihila-
tion photons due to internal and external pair production
(e.g. , Bupnik, 1972).

The total capture to I3' emission ratio is given by

Pz/Pg+ ——2I sex/~a I „,. (3.48) Ec y 5yz y~ Ec +1 b 1 3 5P

A correction must be applied to I»y for the loss of 511-
keV& rays due to the summing of two such y rays; the
size of this correction depends on details of geometry
and the type of detector. The effect on I», of I3' annihi-
lation in flight (e.g. , Kantele and Valkonen, 1973) must
also be considered, although in many cases this has
been assumed to be negligibly small.

3. Measurement of E C tP' ratios

EC/P' ratios are determined by measuring the num-
ber of positrons emitted by the parent leading to an ex-
cited state of the daughter nucleus, and the number of
p rays or conversion electrons from that level in a given
time interval. Since the total number of p rays plus con-
version electrons is equal to the total number of posi-
trons and electron-capture events —corrected with ref-
erence to the decay scheme where necessary —the ratio
EC/P' of total electron capture to P' emission can be
determined. Errors in these measurements can be kept
very small, especially if thy decay scheme is well-
known. For example, the EC/P' ratios for 2'Na and "Co
have been determined to -0.3% and —0.7%, respectively.
Errors in the decay scheme can, however, be large,
and have led to large systematic errors in many of these
measurements.

a. Spectroscopy of y rays or conversion electrons and
P+ annihilation photons

One of the simplest forms of EC/P' measurements
consists of a comparison of the relative photopeak inten-
sities of the de-excitation y rays and the P' annihilation
photons in, for example, a scintillation or semiconduc-
tor detector (Method 26). As for Method 25, the source
must be surrounded by sufficient, material to annihilate

This method is suitable when the de-excitation y rays
for the two sources are of similar energy, since the ra-
tio of efficiencies e„,/e ~ is then approximately unity.
Hence the EC/P' ratio is then independent of detector
efficiency. The accuracy of this method is obviously
limited by the error in the EC/p' ratio of the standard
source. Often "Na was used for this comparison but
the range of reported EC/p' values for this isotope is
large (Table XVIII). Some authors did not even state
which comparison value they employed.

A less common variation of this technique consists of
measuring the intensities of the p+ annihilation photons
and the conversion electrons, rather than the de-excita-
tion y rays. This method is only feasible in special
cases where the internal conversion coefficient is high.

Several measurements have been carried out employ-
ing a similar technique in which the positron activity was
determined from the area under the p' spectrum rather
than from the intensity of the annihilation photons. As
above, comparison with an isotope with a well-known
EC/p' ratio was often employed. The results reported
from this technique, however, have very large errors
(& 20%).

b. Measurement of P+ y ray coincidence-s-

The principle of this method (No. 27) is to determine
the number of Z rays, I„, and of positron-p-raycoinci-
dences, Iz+ „. Various combinations of detectors may be
employed. Typically, scintillation or semiconductor
detectors have been used for the y rays while the posi-
trons were detected in proportional or scintillation
counters. A 4m proportional counter or an internal-
source scintillation counter (Leutz and Wenninger, 1967)
have also been employed to detect the positrons.
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The EC/P' ratio is given by

I „/I,.=(I„/I,.„) (3.51)

SINGLE
PREAMP —, —CHANNE L

ANAL.

Comparison of I„and I~+ „with measurements for a
source of known EC/P' ratio has often been employed.

c. Sum-coinci dence technique

In this more sophisticated coincidence technique (No.
28), the quantities measured are the positron intensity
Iz+, the y-ray intensities I» and I», and the positron-
y-ray coincidence intensities I~+~~ and I~+ ~, where y~
refers to the normal de-excitation y ray, and y~ is the
sum of a P

' annihilation photon and y„. It can be shown
(Williams, 1964) that the relation

Is+I s/Is~ ys
—-Io (3.52)

holds, where Io represents the total number of disinte-
grations. Furthermore, we have

Is+I~s/Is, ~s=IO s+,

whence

(3.53)

(3.54)

d. Measurement of triple coincidences

The EC/P' ratio can be obtained by taking the p-ray
spectrum in triple coincidence with two Is+ annihilation
photons (Method No. 29). The two counters for annihi-
lation photons are placed opposite each other with ana-
lyzer channels set to record the 511-keQ photopeaks
only. Due to the nature of the annihilation. process, the
efficiency for the detection of coincidences of two 511-
keV y rays st 180 is sufficiently increased over other
coincidences that even very weak positron emission can
be detected . A typical electronic arrangement for this
type of measurement is shown in Fig. 26. The y-ray
singles intensity I, and the triple coincidence inten-
sity I~ are measured. If similar measurements are
made for a source a whose EC/p' ratio is known, then
the unknown EC/P' ratio for source b is

(3.55)

Corrections are required for such effects as sum. —

ming, p' annihilation in flight, differences in the detec-
tion of annihilation radiation for the two sources due to
possible differences in solid angle and in summing of
the y rays and the annihilation radiation, and the possi-
bility of coincidences due to Compton events from high-
energy y rays being registered in the analyzer window
of the annihilation detectors.

In a. measurement of the EC/P' ratio for "Na (Williams,
1964), the p' activity was determined with a 4w propor-
tional counter. For the detection of y~, two large
Nal(T1) crystals were used to obtain a high efficiency
for the summation events. For y„, one smaller NaI(Tl)
crystal was used to minimize the efficiency to summa-
tion events. The simplifying assumptions involved in
Eq. (3.54) and the corrections which must be applied are
discussed in detail by Williams (1964).

P. M . PREAMP MAIN
AMP

SINGLE —~ FAST~ CHANNEL — COINC.
ANAL' UNI T

GATE

DE LA V

LINE

SIN GLE
PRE AMP ~ —C HANNEL

AMP
ANAL.

FIG. 26. Typical electronic arrangement for triple-coincidence
measur ements.

(3.56)

f. MIsceilaneous

The experiments in this group (No. 31) do not fall
readily into any of the other categories. Many of the
experiments were carried out by employing various
combinations of Methods 20 —30. No loss of accuracy
need be implied. This category also includes methods
which have been employed in only very few, exceptional
cases and because of their limited application do not
warrant description as a separate technique. Also in-
cluded in the miscellaneous category are a few experi-
mental results whose methods are in doubt due to in-
complete details provided in the published papers.

One different approach to EC/p' measurements is the
technique employed by Allen et al. (1955) for the deter-
mination of the EC/p+ ratio for "Na. This involves a
comparison of the number of positrons emitted from
the source with the number of daughter atoms produced
(Alvarez, 1937). The positron activity wa. s determined
using a 4& Geiger counter and the rate of evolution of the
daughter (Ne) was determined by gas analysis.

Another interesting technique has been applied by
Gleason (1959) to "Zn which decays by electron capture
and p+ emission to the ground state and by electron cap-
ture to the first excited state of "Cu. Using a measured
value for the efficiency of detection of the de-excitation
y ray, the total electron capture decay rate and the
electron capture branching ratio were determined from
measurements of the K x-ray counting rate, the y-ray
singles rate, and the (K-x-ray) —(Z-ray) coincidence
counting rate. The assumption was made that the ratio
of K-electron capture to total electron capture was the

e. IIVleasurement of (p ray) (P-+ ann-ihila-tion photon-)
coincidences

The various coincidence techniques are very similar
in principle and this method (No. 30) is essentially a
variation of Method 27. The quantities measured are the
number of nuclear y rays I„and the number of coinci-
dences of nuclear and I3' annihilation photons I», . The
usual corrections for absorption, summing, and p+ anni-
hilation in flight are required. The EC/6' ratio is given
by
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same for both branches. The p' emission rate was de-
termined by counting coincidences of annihilation pho-
tons in two detectors at 180' and thus the EC/p' ratio
for- the ground state transition was found. The impor-
tant feature of this technique is that although K x rays
were used to indicate the occurrence of electron cap-
ture, the deduced value of the EC/p' ratio is indepen-
dent of the fluorescence yield.

2. Theoretical predictions

a. Allowed trans/ tions

The theoretical K/p' ratios for allowed transitions in
Table XIX have been calculated according to the rela-
tion

P ~p'(W, + W„)'B„
2f"p'(W —W)2F'(Z', W) dp

[See Eqs. (2.111), (2.125), and (2.126)]. Small correc-
tions [Eq. (2.128)] were neglected. The values of 8»
were taken from Mann and Waber (1973) (Sec. II.B.2)
and the intensity of the p' spectrum was computed with
the tables of Fermi functions of Behrens and Janecke
(1969). The energies Wo were taken from the atomic
mass tables of Wapstra and Gove (1971). Errors in the
theoretical K/8' ratios in Table XIX reflect only the
uncertainty in 5; obtained from Wapstra and Gove. The
value of &~ used in these calculations is discussed in
Sec. III.E.3.

The theoretical EC/8' ratio for allowed transitions is

Pzc P» Pzc P» ZC„P„B„
8+ P8+ P» 8+ 7KP»»

(3.58)

where x stands for K, L, , L„M„orM„and P»/P~+
is the theoretical K/g' ratio for an allowed transition
[Eq. (3.58)].

E. Experimental results and comparison with theory for
K!p+ and EC/p+ ratios

't. R esu its

All published experimental K/p' and EC/p' ratios are
listed in Table XVIII. Table XIX contains selected ex-
perimental K/P' and EC/P' ratios for allowed transi-
tions. Only ratios for transitions to a single final state
in the daughter nucleus are included. Unfortunately,
information provided on some measurements was not
complete and these results had to be rejected. Where
the (dE values wt. re stated, results were recalculated
using the latest reliable fluorescence yields, derived
with the aid of Eq. (3.35). The remaining K/8' and EC/
p' ratios were found to lie in two distinct groups, one
with errors ranging up to 12.5% and the other, consis-
ting mainly of the earlier measurements, with consider-
ably larger errors. Since the two groups are well sepa-
rated only the results from the former are considered
further.

Tables XX and XXI contain selected results for first-
forbidden unique and first-forbidden -nonunique transi-
tions. Results with errors greater than 25/o or without
quoted errors were excluded.

b. Unique forbidden transitions

In general, the K/p' ratio for forbidden transitions is

P» '»P»(W ~ W») C»B»
P~+ 2 flop (Wo —W) E(Z', W)C(W)dp

(3.59)

C (W+ W„)'
C(W) q&+ X2p2

(3.60)

where q is the neutrino momentum, p is the positron
momentum, and the bar represents averaging over the
p' spectrum. The theoretical first-forbidden unique
K/p' ratios shown in Table XX have been calculated
using these expressions, with values of X, from the
tables of Behrens and Janeeke (1969). For comparison
of theory and experiments, one can use the approxima-
tions W» = 1 and q'+ X,p' = 2 (W', —1), whence

C» 2(W, + 1)
C(W) W, —1

Equation (3.61) has an accuracy of a few percent.

c. Nonunfque forbidden transiitons

For nonunique forbidden transitions, K/p' ratios
cannot, in general, be calculated explicitly (Sec. II.D.3).
For the special case of nonunique first-forbidden tran-
sitions, however, which exhibit a I3' spectrum with an
allowed shape, the K/g' ratio is expected to be the same
as for allowed transitions. Information about the shapes
of some p spectra is given by Paul (1966) a.nd Daniel
(1968). For many of the nonunique first-forbidden de-
cays listed in Table XXI, however, details of the spec-
trum shape are not available. Nevertheless, to provide
a general comparison, allowed theoretical K/8' and
EC/p' ratios are indicated for all cases.

3. Comparison of experiment and theory

a. Allowed trans/ ti ons

Theoretical and selected experimental values for K/p'
and EC/P' ratios are listed in Table XIX. Exchange and
overlap corrections have been neglected in the theoreti-
cal EC/p' ratios; they affect the total capture probabil-
ity a.nd 8' emission rate only slightly (Bahcall, 1963a.).
The EC probability for 'Be, e.g. , is affected by &0.1%,
and that of "Ar, by &0.3% through exchange and overlap;
the "Zn p' decay rate is affected by - 0.1%, and that of
"0, by &0.1%. The theoretical K/P' ratios in Table
XIX include a correction factor according to Bahcall
(Table XI); from Z& 32, the factors of Suslov (1970)
were used. At present, EC/8'-ratio measurements
(Table XIX) are not nearly accurate enough to help de-
cide between the two sets of exchange and overlap cor-
rection factors listed in Table XI.

where C» and C(W) are shape factors and the bar rep-
resents averaging over the p' spectrum [Eq. (2.134)].
The shape factors contain matrix elements and are
functions of W and 5'0. For unique forbidden transitions
it is possible to separate the matrix element and the
energy dependence of C» and C(W) to give explicit ex-
pressions for the ratio C»/C(W) (Sec. II.D.4).

For first-forbidden unique transitions Eq. (2.135) is
simplified to
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TABLE XIX. Allowed transitions —comp~riso~ of selected results with theory

Elements A
QEc

'
(keV)

Final state
{keV)

Exper imental values

Method References

Theoretical values

&E/&8+

A. Results for A/P ratios.

6
7
8
9

10
11
15
27

31
42
51
57
59
60
62
66

C
N
0
F
Ne
Na
P
Co

Ga
Mo
Sb
La
Pr
Nd
Sm
Dy

65 135Q.7 + 1.1

68
91

120
134
140
141
143
155

2919.4 + 3.9
4443 + 28
2680 + 7
3710 + 25
3388 + 6
1805 + 15
3479 + 28
2099 + 6

11 1982.2 + 1.Q
13 2220. 5 + 0.9
15 2759.2+ 0.9
18 1655.3+0.9
19 3238.2+ 0.9
22 2842.3 + 0.5
30 4227.4+ 2.6
58 2308.0 + 2.5

0
0
0
0
0

1274.6
0

810.5

1078
0
0
0
0
0
0

227.0

3 3
2 21~
2 21- 1-
2 —2
1 —0+
1+ 1+
2 2
3+ -2+
1+ Q+
2+ -2+

5- 3
2 2

1+—2'
Q+ 9+
2 2
1+ Q+

1+—0
(1+) 0+
3+ 5+
2 2
3+ 5+
2 2

(2 ) —2

{2 30+0.14)10 3

(1.68 + 0.12)10
(1.O7+ O.O6)1O '
(3.00 + 0.18)10
(9.6 ~0.3)10 '
0.105 + 0.009

{1.24 ~0.04)10 '
4.92 + 0.09
4.83 + 0.10
5.0 5 + 0.09

28.0 + 3.2
25 +2
27.7 + 1.5
1.28 + 0.12

(5.05+0.34)10 2

1.057 + 0.035
0.40 +0.04
0.74 + 0.03

28 +1
0.92 + 0.09

44 +5

21
21
21
20
21
22
21
22
20

Combination
of 24 and 31

23
31
31
31
24
24
25
25
25
25
31

Campbell (1967)
Ledingham (1965)
Leiper (1972)
Drever {1956)
Leiper (1972)
McCann {1969)
Ledingham {1971)
Joshi (1961)
Kramer (1962b)
Bambynek {1968b)

Perkins (1953)
Gleason (1959)
Hammer (1968)
Ramaswamy (1959b)
Fitzpatrick (1975)
Campbell {1975)
Biryukov (1965)
Biryukov (1962, 1970)
Biryukov {1970)
Biryukov {1970)
Per sson (1963)

(2.11~0.01)10 '
{1.800+ 0.006)10 '
(0.911+ 0.002)10
(3.14 ~O.O2)1O '
(9.28 + 0.02)10
0.1023 + 0.0004

{1.233 ~0.005)10 '
4.97 + 0.11

30.5 + 0.4

1.36 + 0.03
{5.5O+O.22)1O '
1.24 + 0.02
0.48 + 0.02
0.85 + 0.01

35.3 + 3.2
0.98 + 0.05

44.0 + 1.5

]3. Results for EC/P ratios.

28

30
40

40
50
51
51

Co

Ni

Zr
Sn
Sb
Sb

48 4015.4 + 2.8 2295

52 4709.8 + 3.5

58 2308.0 + 2.5 810.5

57 3243 + 7 1490

65 1350.7 + 1.1
89 2834.1+ 3.0

0
910

89m 3422.1+ 3.0
111 2508 + 26
116~ 5000 +40
118~ 3885 + 6

1510
0

2900
2572

22 2842.3 + 0.5 1274.6

2+ -2+

3- 1-
2 2

3 3
2 2

2 2g+ Q+
2 2

1- 3-
2 2l+ 2+
2 2

(8 ) —7
(8 ) —7

0.1041
0.1048
0.1042
0.1077
0.77
0.83
0.76
1.86
2.01
1.84
2.04
1.80
2.12
5.67
5.49
5.48
5.76

+ 0.0010
+0.0007
+ 0.0010
+ 0.0003
+ 0.04
+ 0.06
+ 0.035
+0.1,7
+ 0.24
+ 0.20
+ 0.24
+ 0.13
+0.17
+ 0.14
+ 0.18
+ 0.09
+0.13

1.438
1.5
0.805
1.0

24.9
3.48

+ 0.059
+0.08
+ 0.040
+ 0.1
+ 1.5
+0.15

3.43 + 0.10
3.47 + 0.21
3.76 + 0.19
2.20 + 0.15
4.22 + 0.20
620 +40

27
27
27
29
29
27
31
27
30
26
27
29
27
30
29
28

27
27
27
27
27

26
26
31
31
29
29

Williams {1964,1968)
Leutz (1967)
Vatai (1968c)
MaeMahon (1970)
Biryukov (1966)
Konijn (1967b)
Konijn (1967b)
Good (1946)
Sehr {1954)
Wilson (1962)
Freedman (1966)
Konijn (1967b)
Konijn (1967b)
Konijn (1958a)
Ramaswamy (1961)
j3iryukov (1966)
Williams (1970) and
Goodier (1971)

Konijn (1958b)
Bakhru (1967)
Konijn (1958b)
Bakhru {1967)
Sehr {1954)
Monaro (1961)

revised by
van Patter (1964)

van Patter (1964)
Hinr ichsen (1968)
van Patter (1964)
Rivier (1971)
Bolotin (1964)
Bolotin (1961)

0.1117+ 0.0004

0.78 + 0.01

2.09 + 0.06

5.62 + 0.12

1 48 +Q.O7

0.888 + 0.032

34.5 + 0.4
3.40 + 0.05

3 55 +006
1.87 ~ o.16
5.9
830 + 80

'
QEC values are taken from Wapstra and Gove (1971).
Methods are identified by numbers explained in Table XIII.
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TABLE XX. First-forbidden unique transitions.

Z Elements A.

a
@EC
(keV)

Final state
(keV) g'll

goal'

P /P Method Beferences

Experimental values Theoretical
1st unique forbidden values

PE/Pg p

37
51

Rb
Sb

84 2679.8 + 2.9
122 1610.1 + 3.3

126 2151

2 —0 " 1.12 + 0.25
2 —0 300 +50-

2 —0+ 20.2 + 2.0

31
31

31

Konijn (1958/59)
Perlman (1958) and
Glaubman (1955)

Koerts (1955)

0.94 + 0.01
254 +11

21.1 + 0.7

QLc values are taken from Wapstra and Gove (1971).
Methods are identified by numbers explained in Table XIII.

Figure 27 shows the ratio of experimental to theoreti-
cal values for all the results in Table XIX. The inter-
esting and very accurate point for ' Na is plotted in the
inset. For most of the decays, the experiment/theory
ratio is less than unity; exceptions are "C, "0, "Ne,

Zr, ~Zr, and "'Sn. The disagreement between ex-
periment and theory apparently increases with Z.

In the theory of allowed transitions, only s-wave lep-
tons are considered and the EC/8' and K/8' ratios are
independent of nuclear matrix elements. In the general
case, leptons do not leave the nucleus only radially, and
small contributions from p and d waves must be con-
sidered. This gives rise to higher-order matrix ele-
ments that donot cancel in the ratios (Sec. II.D.2). A
correction factor has been determined [Eq. (2.128)] that
slightly reduces the theoretical ratios, by as much as
3'%%uo at Z = 80.

The possible existence of second-class currents does
/ not significantly affect electron-capture to positron-

emission ratios (Behrens and Biihring, 1974).

b. First-forbi dden unique trans/ tions

For these transitions the experimental K/p' ratios are
compared in Table XX with fir st-f orbidden unique theo-

retical ratios. There is agreement within the errors be-
tween experiment and theory, but the experimental ac-
curacv is fairly poor.

c. First-forbidden nonunique transi tjons

The experimental K/P' and EC/P' ratios for these
transitions are compared in Table XXI with the cor-
responding theoretical ratios for allowed transitions.
The comparison is made for interest only; a complete
theoretical treatment requires knowledge of the nuclear
matrix elements which for these transitions do not can-
cel.

4. Conclusions and recommendations

It ean be seen from Fig. 27 that theoretical allowed
K/P' and EC/p' ratios are systematically larger than
experimental ratios; the discrepancy apparently in-
creases with Z. Higher-order effects, such as second-
class currents, corrections of the type described by
Eq. (2.128), and radiative corrections are insufficient
to resolve the difficulty. The question of radiative cor-
rections is still unsettled; it has been shown (Sec.
II.D.2) that these corrections partially cancel out. There

T.ABLE XXI. First-forbidden nonunique transitions.

Elements A
@BC

'
(keV)

Final state
(keV) P~/Ps+

A. K/P Ratios

Method " References

Experimental values Theoretical (allowed)

P~/PB+

63

55
81

I
Eu

Eu

Cs
Tl

84 2679.8 + 2.9

126 2151 + 5
145 2720 + 15

147 1762 + 9

132 2099 + 23
200 2454 + 5

880

667
0

894

198.1
121.8

667.8
367.97

2 —2+

2 —2'
5-+ 7
2 25+ 3
2 2

5+
2
5+
2

2
5
2

2 —2+
2 —2+

5.15 + 0.38
3.96 + 0.16
95 +10
3.0 + 0.5
100 + 20
70 ~9
160 + 30
170 + 30
165 + 35
53.5 + 8.9
110 + 10
102 +9

31
22
31
31
31
31
31
31
31
22
31
27

Welker (1955)
Goedbloed (1970c)
Koerts (1955)
Muziol' (1966)
Avotina (j.965a)
Muziol' (1966)
Avotina (1966)
Avotina (1966)
Muziol' (1966)
Goverse (1974)
Konijn (1960)
van Nooijen (1962)

3.51 +0.06

138 +7
3.39 + 0.14
43.9 +4.2

197 +16

119 +8
264 + 71
65.7 +1.4

Rb
I

74 2563.7 +2.9

84 2679.8 +2.9
126 2151 + 5

596

880
667

B. EC/P Ratios

1.32 + 0.14
1.288 + 0.018
5.72 + 0.12
165

31
27
27
29

Grigor'ev (1958a)
Vatai (1968c)
Konijn (1958a)
Harmer (1959)

1.24 ~ 0.01

3.97 + 0.07
159 +8

QEc values are taken from Wapstra and Gove (1971).
Methods are identified by numbers explained in Table XIII.
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FIG. 27. Ratio of experimental to theoretical allowed E/P and
EC/P+ ratios.

70

remains a model-independent part of the radiative cor-
rections, however, which differe in the case of electron
capture from that in positron emission. This model-
independent correction includes the well-known emis-
sion of real photons (internal bremsstrahlung). Cal-
culations for p+ emission have been carried out to order
n, e.g. , by Wilkinson and Macefield (1970); an increase
in the probability of P' emission is found which thus
reduces the theoretical capture-to-positron ratios. The
correction factor increases as Wo decreases and as Z
increases and amounts to 1.5% for "Co (Williams, 1970)
if it is assumed that the correction is multiplicative
and not additive. Radiative corrections for electron
capture have not yet been calculated.

It would be of interest to establish with greater accu-
racy the Z dependence of the trend shown in Fig. 2V, if
indeed such a simple functional dependence on Z exists.
Remeasurements, pref erably using diff erent techniques,
for any of the decays in Table XIX would be useful. The
decays of "Zn, '"Sn, and any high-Z isotope are pos-
sibly the most interesting for study. The question of
whether there is real agreement between theory and
experiment in the case of first-forbidden unique transi-
tions is still open; measurements on Rb, Sb, and'"I should be repeated with greater accuracy.

The theory of atomic exchange and imperfect wave-
funetion overlap effects needs to be refined and calcula-
tions must be extended to low Z. Critical experiments
on capture/p' ratios which would differentiate between
theoretical approaches have yet to be carried out. The
problem of establishing the overlap and exchange cor-
rection for the K shell cannot be resolved by measuring
K/p' ratios alone. The most sensitive isotope for study
is 'Be, which decays solely by electron capture; a mea-
surement of P~ for this isotope is very desirable (Sec.
ru. C.4).

Some new and interesting EC/p' ratios have recently'
been reported by Firestone et al. (1974, 1975a). Anoma-
lously high ratios are found for hindered allowed tran-
sitions in ' 'Gd and ' 'Sm; these are attributed to the
interference of higher-order nuclear matrix elements.
It would be of great value to verify this experimental
finding.

Theoretical K/p' ratios for allowed transitions are
plotted in Figs. 28 and 29 as functions of Z and of the
p' end-point kinetic energy. These ratios were calcu-
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FIG. 29. Theoretical It./P+ ratios.
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FIG. 28. Theoretical E-capture to positron-emission ratios for
allowed transitions.
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lated according to Eq. (3.58) with B~=1; the graphs may
be used where an accuracy of -10% is sufficient.

IV. RADIATlVE ELECTRON CAPTURE
A. Theory

Nf
7

I
I

] k

I

Nf 7
/

/
/k

/
/

/
k

Nf

Radiative electron capture consists of processes which
lead to the production of a continuous spectrum of elec-
tromagnetic radiation during electron-capture decays.
Such processes involve the emission of one or more
photons during a single electron-capture event. The
energy released in the decay is shared statistically
among these photons and the neutrino, thus accounting
for the continuous nature of the resulting spectra. The
most probable radiative electron-capture events are
those in which a single photon accompanies the neutrino.
The radiation emitted even in this mode is quite weak,
the total probability for the emission of a single photon
being of the order of 10 ' per electron-capture event.
Radiative electron-capture processes in which more
than one photon is emitted occur with far smaller prob-
abilities. " Their contributions to the radiation spectra
are completely insignificant and ~ill not be considered
further.

From the point of view of perturbation theory, radia-
tive electron capture is a second-order process invol-
ving both beta and electromagnetic radiative transitions.
The two transitions connect the initial and final states
of the system through a set of virtual intermediate
states. In general, there are two fundamentally different
types of intermediate states through which the process
can proceed. They are represented pictoriall, y by the
Feynman diagrams shown in Fig. 30. The first type
[Fig. 30(a)] involves only excited electron states, and the
radiation is produced by the sudden acceleration of
charge and magnetic moment associated with the orbital
electron's capture. This radiation is commonly referred
to as internal bremsstrahlung (IB). The second type
[Figs. 30(b) and (c)] involves excited nuclear states and
the radiation arises from a nuclear transition which may
either precede or follow the virtual electron-capture de-
cay. These two decay modes are variously denoted as
electronic beta-gamma and nuclear beta-gamma transi-
tions or, more simply, direct and detour transitions.
In allowed decays, detour transitions are expected to
occur at a -10' times smaller rate than direct transi-
tions. In forbidden decays, this difference can be less
pronounced (Longmire, 1949; Horowitz, 1952).

Extensive calculations on detour transitions were
carried out by Rose et al. (1962) and Lassila (1963) for
the especially interesting situation in which the initial
and intermediate nuclear states, connected by a virtual
electron-capture transition, are almost degenerate. It
was shown that the spectrum of the radiation arising
from detour transitions is sha. rply peaked near the end
point under these circumstances, in contrast to the usual
IB spectrum. It was hoped that this deviation of the pho-
ton spectrum from its IB form might be observable,

~The total integrated intensity of a two-photon spectrum, for
example, is expected to be no greater than -10 4 times that of
the corresponding one-photon spectrum. Two-photon IB and
the directional correlation between the photons have been
studied by Menhardt (1957).

e ea

(a) (b) (c)

FIG. 30. Feynman diagrams for electronic and nuclear mode
contributions to radiative electron capture.

1. Matrix elements and transition rates

Radiative electron capture is expected to occur with
significant probability only for the innermost electrons
of the atom. Since the available energy is usually
greater than the K-shell binding energy, the K elec-
trons, which spend the most time in the neighborhood
of the nucleus, are expected to provide the dominant
contribution to the IB spectra (except at very low pho-
ton energies where 2p-state capture provides the domi-
nant contribution). In all but the very lightest atoms,
the potential in which the innermost electrons move is
primarily the C oulomb potential of the nucleus. For
this reason, all electron-electron interactions and the
screening and correlation effects for which they are
responsible are neglected in current theories, and it is
assumed that each orbital electron is initially moving
under the influence of,only the nuclear Coulomb field.

~6The adequacy of this procedure has been questioned by
Koonin and Persson (1972), but it underlies all theoretical
work reported so far.

revealing the presence of detour transitions, even though
their contribution was still expected to be quite small.
An experiment designed to test these ideas was reported
shortly thereafter by Schmorak (1963), who studied '9Ni,
a nucleus possessing a decay scheme with the required
characteristics, and found that the observed spectrum
did indeed show a very small distortion from the pre-
dicted IB form near the end point. Attributing this dis-
tortion to the presence of detour transitions, Schmorak
(1963) concluded that such transitions account for no
more than -0.6% of the total radiative K-capture transi-
tion rate.

While the contribution of detour transitions is of great
interest for the study of nuclear structure, such transi-
tions usually do not significantly affect the shape or in-
tensity of radiative electron-capture spectra. " For this
reason, and because available theoretical results on
detour transitions are very limited, such transitions
will be disregarded here and all calculations will be
confined to the determination of the direct-transition
amplitude shown diagrammatically in Fig. 30(a). Clear-
ly, "a highly accurate theory of the direct-transition
process will be necessary to permit the identification of
any detour-transition contributions in observed spectra.
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Accordingly, the unperturbed electron-field operator
4', (x) is chosen to satisfy a Dirac equation containing the
nuclear Coulomb field

(y„s„+1 + y, Z o./r )4',(x) = 0 . (4.1)

In this representation, the interaction Hamiltonian den-
sity is

Hi(x) = Hy(x) +HEc(x), (4.2)

M„=ieC, dr„j „(r~)4 '(r~) l~ dr G~(r~, r)

(4.3)

with the matrix element of the nuclear electron-capture
current density defined by

ig(r~) = (~fl+.(r~, 0)A, +p(r~, o) l~, ) (4.4)

In these equations, C„is the weak-interaction vector cou-
pling constant, and we have & = lC~/C„l, A„=y(1+&y,), and I „
=y„(1+y,). The 4„'and 4~ are the nucleonfield operators,
and 4 ' and 4 are the Dirac spinor wavefunctions for a
neutrino of momentum P, and an initial electron in state
a, respectively. The one-photon state, characterized
by momentum k and polarization e, has been normalized
to a unit volume. The intermediate-state sum which
appears in Eq. (4.3) has been identified as the eigenfunc-
tion expansion for the Dirac —Coulomb Qreen's function,

(4 5)

where H& represents the interaction of the electron field
with the Maxwell field, and HEc represents the electron-
capture interaction, assumed to be of the standard V
—~A form. The matrix element associated with diagram
(a) of Fig. 30 is derivable by standard quantum-field
theoretic methods. As Glauber and Martin (1956) have
shown, it can be written

of an obstructing electron makes another path possible
for the radiative capture process, which is not other-
wise available. This path consists of virtual electron
capture of the obstructing electron followed by a radia-
tive transition. Feynman has shown that, for a nonin-
teracting system, the total amplitude for such a new
path exactly compensates for that of the forbidden inter-
mediate states; thus one may perform the calculation as
if all the other states were unoccupied.

Feynman's result is easily generalized to include the
presence of a static external field, such as the field of
the nucleus, and consequently it has been assumed valid
in all theoretical studies on radiative electron capture.
However, as pointed out by Persson and Koonin (1972),
radiation before capture takes place in the Coulomb
field of element Z, while radiation following capture
takes place in the field of element Z —1. Consequently,
those terms in the eigenfunction expansion for the
Qreen's function which correspond to occupied atomic
states should really be represented by Coulomb eigen-
functions for element Z —1 rather than element Z. Un-
doubtedly, for Z»1, the corrections resulting from
such a modification of the eigenfunction expansion are
entirely negligible. However, for very low-Z elements,
especially at the lower photon energies (0 & Zo.) where
the poles corresponding to the bound states contribute
strongly to the transition amplitude, such a modification
of the Qreen's function may prove to be of importance.

The Green's function introduced in Eq. (4.3) and de-
fined by the eigenfunction expansion [Eq. (4.5) J is seen
to satisfy the inhomogeneous differential equation

G (r~, r) y.[H.(r) - &J = 6(r - r),
where H, is the Dirac —Coulomb Hamiltonian. As Qlauber
and Martin (1956) have shown, the evaluation of M~ is
facilitated by the introduction of the second-order Dirac-
Coulomb Green's function g~(r~, r), defined by

with F-=E„—k', where &„ is the relativistic energy of the
orbital electron undergoing capture.

Two comments on the structure of the matrix element
are in order. First, it should be noted that the role
played by positrons in the radiative capture process is
included implicitly in the structure of M„. One type of
path through which the radiative capture process can
proceed is the emission of a virtual positron by the nu-
cleus followed by its single-quantum annihilation with an
orbital electron. Such paths are accounted for by the
presence of the various negative-energy eigenstates in
the expansion of the Qreen's function. Thus the structure
of the Qreen's function is such that complete account is
taken of the role of positrons in the radiative capture
process.

Since the theory developed so far assumes the pres-
ence of any number of orbital electrons moving indepen-
dently in the Coulomb field of the nucleus, the Pauli ex-
clusion principle forbids virtual radiative transitions to
intermediate states which are already occupied. Pre-
sumably such occupied intermediate states should then
be excluded from the eigenfunction expansion. However,
as was first pointed out quite generally by Feynman
(1949) and emphasized by Glauber and Martin (1956)
in reference to radiative electron capture, the presence

G~(r„, r) =g~(r~, r)[y V+y, (E+Zo/r) +1] (4.7)

and satisfying the inhomogeneous second -order equation

2r '
M = ieC„= dr~ jq (r~)4 ' (r~) Iq dry(r„, r)e '"'

x[-2e* V+e~~Zqzkq]4„(r) . (4.9)

In the Secs. IV.A.2 —IV.A. 4, the evaluation of M„and
related quantities is described and final results are pre-
sented for allowed and first-forbidden transitions. We
note that the differential transition rate is determined
by the usual formula of time-dependent perturbation
theory (Fermi's "Golden Rule No. 2") and is given by

dw. =(2~)-'lM„l'&(z, +u-q„) dp. W, (4.10)

where g = QEC —&„has been introduced to represent the
total available energy, shared between the photon and
the neutrino.

gz(r~, r )[V'+(E+Zu/r)' —1 —iZa a (Vl/r) J
= —&(r~ —r) .

(4.8)

With the introduction of Eq. (4.7), the matrix element of
Eq. (4.3) lends itself to considerable simplification and
can be written
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2. I B spectra from allowed transitions

For allowed transitions, the lepton functions of r~ are
usually replaced by their values at r~ =0. However, one
must exercise some caution in doing this since the Cou-
lomb Green's function g~(r~, r) is known to be weakly
singular at r„=0. To get around this difficulty it is
necessary to take account of the fact that the electron-
capture intera, ction actually takes place over a finite
nuclear volume, by averaging the Green's function over
this volume. " This averaged Green's function will be
denoted by (g~(r„, r)) „. Thus for allowed transitions
the matrix element of Eq. (4.9) is simplified to

i/~
M„=ieC„—— J„4' 0 I'„dr g~ r~ r &e '

(4.11) is greatly simplified and leads to the result

M„,= ieC„(w/2k')' ~'JqC '(0) I'q e gZ ggk gC„,(0) . (4.12)

It is important to note that as a consequence of ne-
glecting the momentum of the initial electron, radiative
electron capture from an initial electron state of non-
vanishing angular momentum is forbidden. Both the
electric and magnetic contributions to the IB radiation
vanish under these circumstances; this is immediately
evident from the structure of the matrix element of Eq.
(4.12).

When Eq. (4.12) is substituted into Eq. (4.10) and the
appropriate. momentum and spin summations are com-
pleted, the IB spectra associated with m-state capture
are found to be

x
I
—2e+ ' V+ e yZ ygk g] 4~(r) (4.11)

dw„, = C„' J" 4"*I4„,(0)I'k(q„, —k)' dk. (4.13)
where the nuclear electron-capture transition current
has been introduced, defined by 4"„=fdr„j„(r„). A non-
relativistic approximation for the nuclear motion leads
to J& = (i&(o), (1)), where (1) and (o') are the familiar
matrix elements associated with Fermi and Qamow-
Teller tra, nsitions.

a. Coulomb-free theory

The earliest theory of IB spectra in allowed transitions
was developed independently by Mplller (1937a) and by
Morrison and Schiff (1940)." This theory is presently
of interest because of its simplicity and because it
yields IB spectra that are accurate at high photon ener-
gies. The more sophisticated theory developed later by
Glauber and Martin (1956) may be viewed as providing
correction factors for the basic results.

Morrison and Schiff (1940) simplified the problem by
neglecting the momentum (and binding energy) of the
initial electron and by neglecting the influence of the

oulomb field on the intermediate electron states. The
first of these assumptions is only valid when the recoil
momentum of the electron after photon emission greatly
exceeds its initial momentum (of average value Za).
The second approximation consists of assuming a Born-
approximation treatment of the intermediate states. For
its validity, this approximation requires that Zo/v« 1,
where v is the velocity of the electron after photon emis-
sion. It is evident that both approximations restrict the
results to photons in the high-energy region where 4 is
much larger than Za. .

Ignoring the Coulomb field in the intermediate states
amounts to using the free-particle relativistic Green's
function found by solving Eq. (4.8) with Z = 0. The ini-
tial momentum of the electron is neglected by approxi-
mating its wavefunction by a constant, equal to the value
of the wavefunction at the origin. Under these approxi-
mations, the calculation of the matrix element of Eq.

~vpor a possible exception to this statement, see Smirnov
and Batkin (1974).

Unfortunately, MPller's work is much less well-known than
that of Morrison and Schiff. Thus the theory has come to be
known by the names of the latter authors. Yet it was MPller
who first envisaged IB as arising from the exnission of a vir-
tual positron, followed by its single-quantum annihilation with
one of the K electrons.

The ratio of the radiative capture rate to that for ordi-
nary K capture is

dw„, n IC„,(0)l' k(q„, —k)'
IC,.(0)I' (4.14)

Hence the total radiative capture rate per K-capture
event is

~ns 1 "' d~ns
ze~ ze~ 0 dk z 12

"' I4(1 —k /q„, )' —3(1 —k /q„, ) j. (4.16)

For radiative ~ capture in particular, these formulas
are simplified. The IB spectrum then is

" = —q'„e(l —e)'de,
IC

(4.17)

where we have e =k/q„. The total radiative K-capture
rate is

2
Zs n

ques

Wg 7F 12 (4.18)

Equations (4.17) and (4.18) were first derived by Mgller
(1937a) and by Morrison and Schiff (1940).'9 The more
general results for arbitrary &-state capture IEqs.
(4.14) and (4.15)] were first reported by Glauber and
Martin (1956).

b. Theory of Glauber and Mar/tn

The results of the Coulomb-free theory of MPller
(1937a) and Morrison and Schiff (1940) are expected to

9&inter (1957) has shown how to construct a simple classi-
cal model for radiative K capture which correctly predicts the
low-energy portion of the IB spectrum l.Eq. (4.17)] and, to
within a factor of ln2, the total radiative capture rate [Kq.
(4.18)]. Neither the high-energy portion of the IB spectrum,
however, nor the IB angular distribution are correctly given
by the model.

More generally, if only photons with 0 ~ k, are detected,
the integrated radiative capture rate per K-capture event
is given by

w„, (k )
~z
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gs(0, x) =(g/2s)e "" ds s "(1+s)"e '""',
0

(4.19)

Because gz(rz, r) is well behaved as rN —0, it is unneces-
sary to average it over the nuclear volume.

Of greatest interest are those electron-capture transitions
for which competing positron emission is energetically impos-
sible. Then we have k& 2 —B and

~ E~ & 1. In this ease, the
Green's function cannot represent a freely propagating wave.
Rather, it decreases rapidly with distance from the nucleus
and has a range which depends on k.

hold only for large 0 and small Z; otherwise it is essen-
tial to include Coulomb effects in the evaluation of the
matrix element M . Such calculations, in which account
is taken of both relativistic and Coulomb effects, have
been reported by Glauber and Martin in two well-known
papers.

In their first paper on the subject, Glauber and Martin
(1956) developed the general formalism for allowed tran-
sitions (Sec. IV.A. I) and evaluated M„ to a relative ac-
curacy of order Zn for both s- and P-state capture.
{ ertain relativistic corrections that are important for
s-state capture at low energies were also calculated.
In their second paper, Martin a.nd Glauber (1958) de-
veloped more elaborate methods which make detailed
calculations possible in which relativistic and Coulomb
effects are included to all orders in Zm. These results
lead to certain integrals which cannot be evaluated ex-
actly in closed form or tabulated easily. To obtain nu-
merical results, Martin and Glauber developed Zcv ex-
pansions for these integrals and carried out their evalu-
ation to a relative accuracy of order (Zo)'. This limita-
tion on their otherwise exact results for radiative K
capture has been removed recently, however, by Inte-
mann (19'll), who has shown how to evaluate the inte-
grals exactly using partly numerical methods. We
briefly outline this theory and summarize its final re-
sults.

¹nxelati asti c calculations. For moderately light
nuclei it is expected that the initial electronic states
can be described adequately by nonrelativistic Coulomb
wave functions, especially for capture from the higher
shells. In view of the greater complexity attendant to
the use of Dirac —Coulomb wavefunctions, it is natural
that nonrelativistic calculations be considered first. In
general, these are expected to yield results with a rela-
tive accuracy of order Zn. In order to preserve this
level of accuracy at all photon energies, however, it is
necessary to employ somewhat more accurate wavefunc-
tions, correcting for certain relativistic effects which
have a pronounced influence on the low-energy portions
of the s-state spectra (Glauber and Martin, 1956).

A particular advantage of introducing the second-order
Green's function is that, consistent with the use of non-
relativistic wavefunctions, an approximate Green's
function gs(r„, r) can be employed, "which has a par-
ticularly simple structure. This Green's function, ob-
tained by neglecting the (Z(j./~)' and Zo. a (&I/x) terms
in Eq. (4.8) and solving the resulting equation, has been
studied in considerable detail by Glauber and Martin
(1956). In particular, gz(0, x) has been shown to possess
the integral r epre sentation"

I„,=fee„(7)/2k')"'z ~ c "(o)

xl', [Z ~ e*xk+ ikn ~ e*B„,]C „,(0). (4.2o)

The function B„,(k) is defined by

B„,(k) =1+, , drgz")(0, x)x —C „,(x), (4.21)
nsL dx

where gs '(0, x) is the P-wave contribution to the partial-
wave expansion of the approximate Green's function
g~(r~, r), gs(r„, r) = g (0s, r) g+)(s0(, ~)r~ ~ r+ ~ . The
transition rate is ca).culated as before, with the result

ns ns
ns

K K CF

n I C „,(0) I

' k(q„, —k)'
IO (0)l' q' (4.22)

The correction factor R„,(k), which describes the modi-
fication of the Coulomb- free result brought about by in-
clusion of the most important relativistic and Coulomb
effects, is defined by

R„,(k) = —'(1+B'„,). (4.23)

The evaluation of the functions B„,(k) has been de-
scribed in great detail by Glauber and Martin (1956).
Here we quote only the final results,

a„()'I) =1 —— ' 1+ ' [2tc(x, ) —(]I, (4.24)
+ Il . Il.

with X., = (I —q, )/(I + rj,), and

In this approximation, Glauber and Martin neglect the re-
tardation factor e'"'~ for photon energies 0 ~ Ze. This approx-
imation is discussed further and a calculation of the 1s-state
capture spectrum of Ar in which this approximation is not
made is given by Paquette (1962).

where p. =(1 —E')' ' and g =Zo&/p. .
(i) s-state radiative caPtuxe. For radiative capture

from an s state, the contribution to M from the e* ~ V'

term vanishes from symmetry considerations; when
terms of order Zn are neglected, the remaining contribu-
tion can be evaluated using only very general properties of
the Green's function. " Final results for the transition
rates are identical with those of the Coulomb-free theo-
ry [Eq. (4.14) et seq. ]. The calculations of Glauber and
Martin (1956) reveal, however, that the range of validi-
ty of the Coulomb-free theory is much greater than
could have been anticipated on the basis of the calcula-
tions of Manlier (193'Ia) or Morrison and Schiff (1940).
Indeed, it was established by Glauber and Ma. rtin (1956)
that the Coulomb-free theory yields results for the IH
spectra associated with s-state capture which are for-
mally correct to order Zn for all photon energies. It is
also true, however, that for the low-energy portion of
s-state spectra, the factor of Zcv is partially compensa-
ted by an increased probability of radiation. Conse-
quently, in order to obtain results for which the actual
error is not greater than order Zcv, it is necessary to
carry the calculations to the next order in Zn and omit
only those terms which are actually of order Zn or less.
Glauber and Martin (1956) accomplished this by means
of a Foldy-Wouthysen transformation applied to the
Dirac-Coulomb wavefunctions and Green's function.
The result, valid for g&2 and k ~Zn, is
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4 5

g4) s'6")

with X2 = (2 —q2)/(2+ q2). The function K(X) is
' NCX"

(1'+ ~X) '

(4.25)

(4.26)
M„~ = —2ieC„(Zn/k)'~22, "4 '(0)I', }t„~Q„~, (4.29)

tributed isotropically
Since the three np-state wavefu6ctions transform like

the components of a vector under rotations, one of them
can conveniently be chosen to be the component in the
direction of e. The remaining two component states
then do not contribute to the matrix element, and a sin-
gle calculation takes into account the contributions from
all three magnetic substates. On this basis; the matrix
element can be written

For the purpose of evaluation, K(X) ean be represented
conveniently by the rapidly converging series expansion

where X„~ is the spin part of the np-state wavefunction,
and the integral Q„~(k) is

Z (X) = ln(1 + ~) —7IQ . ( ~)'
;=, i(i -n ' (4.27)

dr g~(0, v)e* ~ &4 „~(r). (4.30)
In arriving at these final results, advantage has been
taken of the fact. that E may be set equal to one in the
correction term, so that g=Zn/@Con. s. equently the
two parameters Z and k, upon which the functions B„,
depend, enter only in the single combination g which, in
the present approximation, is given by g, = (1+k/B„) '~'
for ls-state capture and by q2= (—,+k/B„) '~2 for 2s-
state capture. Here, B„is the 1s-state binding energy.
This simplification greatly facilitates tabulation of final
results.

With the aid of Eq. (4.2'I), we have evaluated Eq.
(4.24) and Eq. (4.25) numerically (Tables XXII and

. XXIII). Although for energies not greatly exceeding the
binding energy, B„(k) increases quite rapidly from its
value of zero at k =0, the function approaches its as-
ymptotic value of unity quite slowly. The correction
factor R„(k) therefore remains substantially less than
unity, even at energies very much larger than the bind-
ing energy. Like R„(k), R„(k) also slowly approaches
unity for large k. Unlike B„(k), however, B„(k)does
not go to zero as k approaches zero; rather, as may be
shown analytically, B„(0)= —2.

The functions B„,(k) for n ~ 3 can be evaluated simi-
larly. However, the contributions to radiative electron
capture from ns states with n~ 3 can usually be neglec-
ted entirely, compared with contributions from 1s and
2s states. For example, according to the above results
the 3s-state intensity is only -4% of the ls-state in-
tens ity; when s cree ning effects are taken into account,
its contribution is reduced even more.

(ii) p state 2"adiative cap-tu2. e. From the calculations
of Morrison and Schiff (1940) it can be concluded that
the p-state capture contribution to the IB spectrum is
negligibly small for k» Zn. As the calculations of
Glauber and Martin (1956) bear out, however, the P-
state intensity becomes quite appreciable for k ~ Zn and
indeed exceeds the s-state spectrum over a large pa, rt
of this range. Dis cuss ion of p- state radiative capture
can therefore be restricted to photon energies k & Zn.
In this energy region, the transition matrix element can
be reduced to

2g ~l
M„~= —2ieC, — J ~C ' 0 1", drg~ O, x e* ~ VC„~ r

(4.26)

when terms of order Zn are neglected. It is clear that
the IB radiation associated with p-state capture is dis-

The transition rate is calculated as before, with the re-
sult

nP [Q (k)]2 (@nP

u ~ zZ'n " q„ (4.31)

Evaluation of the integrals Q„~(k) is similar to that of
B„,(k) and has also been described in detail by Glauber
and Martin (1956). The final results are

n 2
Q2P( ) 4(1 2/4)2 [ + 2 l2 12 72+ 2 72~( 2)]

g2/
(4.32)

2

Q.P(k) =
Pg 1

'2,
9 2 ((I —4/73)[1 n+. —2(7},/3)'- 6(n./3)']

2'I 1 —rP, /9 '

+-', q', (1 —q,'/3)Z (X,)], (4.33)

where q2 = (1/9+k/B„) ' ', all other quantities having
been defined previously. Evaluation of Eqs. (4.32) and
(4.33) yields the results shown in Table XXIV.

(iii) Results. To illustrate the results of the theory of
Glauber and Martin (1956), the predicted spectra as-
sociated with 1s-, 2s-, 2p-, and 3p-state radiative capture
in "Fe have been plotted in Fig. 31. As stated, terms
of order Zn were neglected, introducing an error of
-20% for "Fe. It is evident from Fig. 31 that the s-
state spectra do not differ greatly in form from the sim-
ple k(q„, —k)' shape predicted by the Coulomb-free theo-
ry. Figure 31 also shows the existence of very intense
p-state spectra at low photon energies. Indeed, p-state
contributions to the IB spectrum become more dominant
with increasing charge and decreasing available ener-
gy.

For states of still higher orbital angular momentum,
the radiative capture probability is expected to be much
smaller than for capture from s or p states, because
the probability of finding the electron in the neighbor-
hood of the nucleus is smaller and the radiation is of a
higher multipole order than the predominantly M1 and
E1 radiation associated with s- and p-state radiative
capture, respectively. Indeed, within the framework
defined by the approximations used in treating p-state
capture, the transition amplitude for radiative capture
from a state of orbital angular momentum &1 vanishes.

Relativistic calculations. The preceding calculations
were intended to provide results with a relative accura-
cy of order Zn. To achieve even this level of accuracy
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TABLE XXjI. The function H&s (k) given by Eq. (4.24), and the associated relativistic correction factor R&, (k), for various values
of the photon energy k, measured in units of the K-shell binding energy&& =(~~) /2.

1.0
1.1
1.2
li3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7,
2.8
2.9
3.0
3.2

3.6
3.8
4.0
4.2

4.6
4.8
5.0
5.5
6.0
6.5
-7.0
7.5
8.0
8.5
9.0

&i (k)

0.274 5
0.2898
0.3042
0.3175
0.3300
0.3418
0.3529
0.3634
0.3733
0.3828
0.3917
0.4003
0.4084
0.4162
0.4237
0.4308
0.4377
0.4443
0.4506
0.4567
0.4626
0.4738
0.4842
0.4940
0.5032
0.5118
0.5200
0.5278
0.5351
0.'5421
0.5488
0.5642
0.5780
0.5905
0.6018
0.6122
0.6218
0.6307
0.6389

Ai (k}

0.5377
0.5420
0.5463
0.5504
0.5545
0.5584
0.5623
0.5660
0.5697
0.5733
0.5767
0.5801
0.5834
0.5866
0.5897
0.5928
0.5958
0.5987
0.6015
0.6043
0.6070
0.6122
0.6172
0.6220
Q.6266
0.6310
0.6352
0.6393
Q.6432
0.64 70
0.6506
0.6 592
0.6670
0.6 743
0.6811
0.6874
0.6933
0.6989
0.7041

9.5
10.0
11.0
12.0
13.0
14.0
16.0
18.0
20.0
22.0
24.0
26.0
28.0
30.0
35.0
40.0
45.0
50.0
60.0
70.0
80.0
90.0

100.0
120.0
140.0
160.0
180.0
200.0
220.0
240.0
260.0
280.0
300.0
350.0
400.0
450.0
500.0
700.0

1000.0

B is(

0.6466
0.6537
0.6668
0.6784
0.6888
0.6982
0.7146
0.7285
0.7405
0.7510
0.7602
0.7685
0.7759
0.7826
0.7970
0.8089
0.8188
0.8272
0.8411
0.8520
0.8609
0.8683
0.8747
0.8850
0.8930
0.8996
0.9051
0.9097
0.9138
0.9173
0.9204
0.9232
0.9257
0.9310
0.9354
0.9389
0.9420
0.9508
0.9586

a is(k )

0.7090
0.7137
0.7223
0.7301
0.7372
0.7438
0.7554
0.7654
0.7742
0.7820
0.7890
0.7953
0.8010
0.8063
0.8176
0.8271
0.8352
0.8422
0.8537
0.8629
0.8706
0.8770
0.'8825
0.8916
0.8988
0.9046
0.9096
0.9138
0.8175
0.9207
0.9236
0.9261
0.9285
0.9334
0.9374
0.9408
0.9437
0.9520
0.9595

requires that some consideration be given to relativis-
tic effects when treating radiative capture from s states.
The importance of relativistic effects in s-state cap-
ture, even for moderately light nuclei, is primarily due
to the fa.ct that such transitions involve a spin flip, a
process which results in large photon energies, and
hence in a relativistic recoil by the electron. Further-
more, a nonrelativistic calculation does not take ac-
count of paths that involve virtual positron emission
and neglects electron capture through intermediate P
states, a path made possible by spin-orbit coupling.

The results described above are usually adequate to
determine the IB spectra of moderately light nuclei for
photon energies that are small compared with the elec-
tron rest energy. For heavy nuclei or large photon en-
ergies, these results are wholly inadequate. Martin
and Glauber (1958) therefore developed a more general
theory, taking full account of relativistic and Coulomb
effects. The nonrelativistic results indicate that rela-
tivistic and Coulomb effects to all orders in Zn are
most important in radiative capture from j.s states,

hence Martin and Glauber (1958) applied their full theo-
ry to this specific calculation.

It should be noted that Yukawa (1956) has also at-
tempted a fully relativistic calculation of the K-capture
IB spectrum. Yukawa found it necessary, however, to
introduce an approximation in constructing a usable
form for the relativistic Coulomb Green's function; it
is not entirely clear how reliable this approximation is.
The results of Yukawa (1956) a,re at least as complica-
ted as those of Martin and Glauber (1958) and have the
serious drawback of being inapplicable to heavy nuclei.
For these reasons, we do not discuss Yukawa's calcula-
tions further.

(i) Is state radiat-inc caPtute. The starting po'int for
the fully relativistic calculations of Martin and Glauber
(1958) is the general expression (4.11) for the allowed-
transition matrix element. To evaluate this matrix ele-
ment exactly within the one-electron Coulomb approxi. —

mation, appropriate forms for 4 „andes(r~, r) must
first be introduced. For 4 „, the usual ground-state
solution of the Dirac equation for an electron moving in
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TABLE XXIII. The fonetions B»(k) given by Eq. (4.25}, and the associated relativistic correction factor R»(k},
of the photon energyk, measured in units of the K -shell. binding energy Bz =(Xo.}/2.

for various values

1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.2
3.4
3.6
3.8
4.0
4.2

4.6
4.8
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0

aq, (k)

—.0439
—.0069
0.0262
0.0561
0.0832
0.1080
0.1308
0.1518
0.1713
0.1894
0.2063
0.2222
0.2371
0.2511
0.2644
0.2769
0.2888
0.3001
0.3109
0.3211
0.3309
0.3492
0.3661
0.3816
0.3960
0.4094
0.4220
0.4337
0.4447
0.4551
0.4649
0.4872
0.5068
0.5243
0.5400
0.5542
0.5672
0.5790
0.5899

2s(k)

0.5010
0.5000
0.5003
0.5016
0.5035
0.5058
0.5085
0.5115
0.5147
0.5179
0.5213
0.5247
0.5281
0.5315
0.5349
0.5383
0.5417
0.5450
0.5483
0.5516
0.5547
0.5610
0.5670
0.5728
0.5784
0.5838
0.5890
0.5940
0.5989
0.6036
0.6081
0.6187
O.6284
0.6375
0.6458
0.6536
0.6608
0.6676
0.6740

9.5
10.0
11.0
12.0
13.0
14.0
16.0
18.0
20.0
22.0
24.0
26.0
28.0
30.0
35.0
40.0
45.0
50.0
60.0
70.0
80.0
90.0

100.0
120.0
140.0
160.0
180.0
200.0
220.0
240.0
260.0
280.0
300.0
350.0
400.0
450.0
500.0
700.0

1000.0

0.6000
0.6093
0.6262
0.6410
0.6541
0.6659
0.6861
0.7031
0.7175
0.7299
O.7409
0.7505
0.7592
0.7670
0.7836
0.7970
0.8082
0.8177
0.8331
0.8451
0.8549
0.8630
0.8698
0 8809
0.8896
0.8966
0.9024
0.9073
0.9115
0.9153
0.9185
0.9214
0.9241
0.9296
0.9341
0.9379
0.9410
0.9501
0.9582

0.6800
0.6856
0.6960
0.7054
0.7139
0.7217
0.7354
0.7471
0.7574
O. 7664
0.7744
0.7817
0.7882
0.7942
0.8070
0.8176
0.8266
0.8343
0.8470
0.8571
0.8654
0.8723
0.8783
0.8880
0.8957
0.9019
0.9071
0.9116
0.9155
0.9188
0.9218
0.9245
0.9270
0.9321
0.9363
0.9398
0.942 7
0.9513
0.9590

the Coulomb field of a nuclear charge Ze is chosen.
For the exact second-order Green's functiong~(r~, r),
Martin and Glauber (1958) constructed an eigenfunction
expansion from the solutions of Eq. (4.8). The small-
ness of the nuclear radius (2 pe„C 10 ') allows some
simplification. The region occupied by the nucleus may
be safely neglected in integrating over r, and those
functions in the Green's-function expansion which de-
pend on r~ can be replaced by the first term in their
power-series expansion. The errors associated with
theuse of this simplified form of the exact Green's func-
tion are expected to be no greater than -10 '.

Using the above representations, Martin and Glauber

(1958) calculated the transition matrix element for al-
lowed radiative K capture without further approxima-
tions

x I',[A„Z ~ e*xk+ikB„ot ~ e*]x', . (4.34)

The particular angular-momentum substate of the initial
K electron is represented through the spin function y~

= (» ), where y' are the usual two-component Pauli
spinors, and the integrals A„(k) and B„(k)are defined
by

( )
(x, +1)k

I'(2x, +1)p,

(x, +1)k
1 (2x, +1)p

OO

ds & j (ky) ] + ~&( I ~2( I s-n+»&-&(] +s)&+»&-&(2 ~)2»&e-(»+&&+&/

(4.35a)
3(X,+1) k~ k 3(~, +1)'

+ j (k&) + & p &+»z &(1+&)&»& &(2 p~)&»&e-&»+&&+&ga (3-2X ) 2a'
3(X,+1) k 2k~ 3(X,+1)'

(4.35b)
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TABLE XXLE XXIV. The functions Q&p(k), given by E . 4.32 p y q. ( .33), o o v ue t
z-=' o-') '2-

o e p oton energy

1.0
1.1
1.2
1.3
1.4

~ 1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.2
3 4
3.6
3.8
4.0
4.2
4.4
4.6
4.8
5.0
5.2
5.4
5.6
5.8
6.0
6.2

Q2p(k)

1.5215
1.0737
0.8259
0.6690
0.5608
0.4819
0.4219
0.3747
0.3367
0.3055
0.2793
0.2572
0.2382
0.2217
0.20 72
0.1945
0.1832
0.1731
0.1640
0.1557
0.1483
0.1352
0.1242
0.1148
0.1067
0.0996
0.0934
0.0879
0.0830
0.0785
0.0746
0.0709
0.0677
0.0647
0.0619
0.0594
0.0570

3p(k)

1.7104
0.9070
0.6183
0.4691
0.3778
0.3161
0.2715
0.2379
0.2115
0.1903
0.1729
0.1584
0.1460
0.1354
0.1262
0.1181
0.1110
0.1047
0.0990
0.0939
0.0893
0.0813
0.0745
0.0688
0.0639
0.0596
0.0558
0.0525
0.0495
0.0468
0.0444
0.0423
0.0403
0.0385
0.0368
0.0353
0,0339

6.4
6.6
6.8
7.0
7.2

7.6
7.8
8.0
8.2
8.4
8.6
8.8
9.0
9.5

10.0
10.5
11.0
11.5
12.0
12.5
13.0
13.5
14.0
14.5
15.0
15.5
16.0
16.5
17.0
17.5
18.0
18.5
19.0
19.5
20.0

0.0548
0.0528
0.0510
0.0492
0.0476
0.0460
0.0446
0.0432
0.0419
0.0407
0.0396
0.0385
0.0375
0.0365
0.0343
0.0323
0.0305
0.0289
0.0275
0.0262
0.0250
0.0239
0.0229
0.0220
0.0212
0.0204
0.0196
0.0190
0.0183
0.0177
0.0172
0.0166
0.0161
0.0157
0.0152
0.0148

Q )p(k)

0.0326
0.0314
0.0303

. 0.0292
0.0283
0.0273
0.0265
0.0257
0.0249
0.0242
0.0235
0.0229
0.0223
0.0217
0.0204
0.0192
0.0181
0.0172
0.0163
0.0155
0.0148
0.0142
0.0136
0.0131
0.0126
0.0121
0.0117
0.0112
0.0109
0.0105
0.0102
0.0099
0.0096
0.0093
0.0090
0.0088

E
l. 2

I

FIG. 31. IB spectra for radia-
tive capture from various
atomic shells of 55Fe, accord-
ing to the theory of Glauber
and Martin (1956).
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dl01 Cl k((4(2~ —k)
2 ls~z &»

(4.36)

This expression is the same as Eq. (4.22) for ls cap-
ture, except that R„(k) is defined by

R,.(k) =-,'(A. '„+B'„), (4.37)

with A„(k) and B„(k) given by Eqs. (4.35). Unfortunate-
ly, the integra, ls appearing in Eqs. (4.35) cannot be
evaluated exactly analytically in closed form and depend
separately on Z and k, -rather than on the single com-
bined parameter k/(Zn)' as do the integrals B„,and Q„~
discussed earlier.

A number of limited and, in most cases, approximate
analytic results for A. ls and Bis are reported by Martin
and Glauber (1958). For example, Eqs. (4.35) can be
simplified, transformed, and expanded if one neglects
terms of order (Zo.)' or smaller and the remaining con-
tribution to B„(k) from the j,(kx) term. The results are

In Eqs. (4.35), the previous definitions of p, and q have
been retained, and we have a =Zo( and X, = (1 —a')'~'

Els'
The energy spectrum of the IB, calculated as before,

lS

A„(k) =C dXX "'1 'f„(X), (4.44a)

C
"'"'=2k(1 .,)

dxx "'~2 'f~(x), (4.44b)

where C = —(2 p, )' 1 '/[X, (2X, —1)k']. To define f~ a.nd f~,
it is convenient to introduce the definitions

Z =k'+ (p, + a)', s = Z+ ex+ 5x',

e = 2( p.
' —a' —k'), v = a+ p (I +x)/(I —x),

6=k'+(p —a)', 8 =tan '(k/o),

These approximate results are expected to be fairly
reliable for the lighter elements. In general, however,
it is necessary to resort to numerical procedures. The
above results are still of interest, though, since they
provide a valuable check on the accuracy of numerical
computations.

A relatively simple procedure for obtaining exact nu-
merical results for His and B» for arbitrary 0 an& Z
has been reported by Intemann (1971). The integration
over x in Eqs. (4.35) is performed first, then the change
of variable x =s/(I ~s) is made in the remaining in-
tegrals. After algebraic reduction, one finds

A „(k)= Im [2/( Ij, + a —ik) + (q p, /k) (X, + ia) f],
B„(k)= A „(k)(1+—', a'/k) ——', (a/k) Im g,

where

(4.38a)

(4.38b)
whence f„and fs can be written

f„(x)= [2k', v cos(2X,e) —o' sin(2X, H)]/s~1,

f~(x) = 2k', (T[av —2a'+ (1 —X,)k] cos(2X,e)

(4.45a,)

/=2 ln +q — . . 439

Because of the underlying approximations, these ex-
pressions are expected to hold well only at low photon
energies and for elements which are not too heavy.

For k ~ 1, it is feasible to expand the Green's function
and the initial-state wavefunction in powers of Za.

arried to first order in Za, such expansions yield

(2) =1 —Zn —+2 1 —— tan '
k p,

(4.40a.)

tt„(2) =1 —SnI —()a —
) a2 (1 ——) tan '(—)I. (4 40)t)

A,.(k) = [(2X, +1)/3](1 k),

B„(k)= 0+ 6(k/Zo()

(4.4la)

(4.41b)

The integrals can be evaluated conveniently to second
order in Zo.' for k = A., (q = 0),

A.„(k)= 1 —Z wo(Z+)'/o4,

B„(k)= 1 —2Zo. + (4 —)) /2)(Zo. )',
and for k =1+X, (p, =0),

A„(k) = 1 —mZn/2+2(Zn)2,

B„(k)= 1 —3n Zn/4+ 9(Zo()'/2.

(4.42a)

(4.42b)

(4.43a)

(4.43b)

For three particular photon energies, more accurate
results can easily be obtained because of special cir-
cumstances which simplify the calculation in each case.
In the neighborhood of k=0, Ais and Bls are given, exact
to all orders in Zn, by

+{k'(2A., —1)[k(X, —1) —2a'+ aa ]

+ o' [2a' —k(1 —X,) —ao] ] sin(2z, e)/s'1. (4.45b)

Now f„and f~ are very slowly varying functions of x
over the entire range of integration, for all physical
values of k and Z of interest. After an integration by
parts to remove the weak singularity in each of the in-
tegrands at x =0, the remaining integrals which appear
in@» and B» thus can easily be evaluated numerically.
The correction fa.ctors R„(k), evaluated exactly in this
manner for several nuclides of interest, are displayed
in Fig. 32.

It is considerably easier to evaluate A. ls and Bls by
means of the low-k approximation [Eqs. (4.38) and
(4.39)] or the high-k approximation [Eqs. (4.40)], than
to employ the exact results [Eqs. (4.44)]. Therefore it
is of interest to compare the functions R„(k) obtained
in these three ways, in order to assess the circum-
stances under which either of the approximate results
can be employed without significant error. We have
eva. luated R„(k) exactly and in the high- a;nd low-k ap-
proximations for three very different values of Z. The
results, shown in Fig. 33, are indistinguishable for
very small Z over almost the entire energy range. For
intermediate Z, the low-A; approximation fits the exact
curve quite well, even in the high-energy region where
it does better than the high-k approximation. For large

neither approximation fits the exact result very well,
and both approximations are totally- wrong in their de-
scription of the low-energy behavior of R„(k).

To compare the various calculations and indicate the
importance of relativistic and Coulomb effects, we have
plotted in Fig. 34 the 1s-state radiative capture spectra

Rev. Mod. Phys. , Vol. 49, No. 1, January 1977



Nf Bambynek et a/ Orblta ( elect««»« "8

I.O

z=4

FIG. 32. Helativistic correc-
tion factor A&~(k), according to
the exact results of Martin an
Glauber (1958) and Intemann
(19'.).

0.8

0.6

0.4—

02-

Z =18

Z =24

Z= 32
Z= 38

Z= 5I
Z= 62

Z=80

I

0.2 0.4 O. 8 I.O
k {UNITS OF mc/4)

l. 2
I I

l.4
I I

l. 6 I.8

r the moderately light nucleu s "Fe. It ispredicted for the mo
sha e of the 1s spectrum'dent from Fig. 34 that the shape o e seviden rom

d b the inclusion of relativi-is not sub stantially altere y e
th t th overall intensitystic and Coulomb effeffects but a e

As is to bever significant reduction. s is o
1-. .„...1 "fd for a moderately light nucleus, e

r Zn are neglected (GM) agree fa.irly we . eorder a
ent for heavy nuclei or for pho-will be no such agreement or e

ton energies k4~$
Although Mar-I. and M-shell xadiatiee -caPtuwe.

(
' 't d th ir fully rela, tivistic

h
' r lativistic theo-

er (1958 lima e ei
to ls-state capture, their re

uall valid basis or eypo q y
1arbitrary atomic shetive capture from an arb y

ults of such a calculation are given y on
(1971). The complexity of the expres

1 tical results; not even ap-cluded the derivation of analy ic
lt have been derived in which onlyroximate resu s avep

t der in Zn are retained.throu h firs or er '

(1971) does, however, report e con
hich ermits numerical evaluation o

the amplitude for radiative capture from e

w details are given and the only spec-shells, although few e ai s
tra repor e int d Zon's paper are those for r
35).

f the "'Er spectra are wortho eneral features of e
dl will be exhibited by t.henoting since they undoubted y wi

11. As ectra of other nuclei as weradiative capture spec ra
m a earsce in the 2s-state capture spectrum apperesonance in e s-

bidden 2s-1s atomic
t h dth f

ssociated with a for i en

s the result of Glauber and Ma, rtin (195 on y
g- gy

on 1971) and of Glauber and Martinof Zon (19 an
t d are the modificationsable. Also to be no e aredistinguisha

t b the inclusion ofof the p-state sps ectra brought abou y e
While these modi-istic and Coulomb effects. W i eall relativis ic

ear to be only slig or cht f capture from Spfications app
po

r heav nuclei). In the case of r,trum (at least for cavy . of r
tion b a factor of - in ethey cause a reduction y

re is howeve r,the 2 -state spectrum. There is, owintensity of the P-s
f th p-state captureno appreciable change in the form o e -s

energy distributions.
t al. (1962),Some years ago it was ggom su ested by Koh e a .

I.o

G. 33. Comparison of sev-FI
eral theoretical results forr the
relativistic correction factor
A& (4). The exact result is de-
duced from Eqs. (4.44) and
(4.45), the low-4 expansion,
from. Eqs. (4.38) and (4.39),
and the high-4 approximation,
from Eq. (4.40).

0.8

0.6

I

0.4

0.2—

EXACT RESULT
——————LOW k EXPANSION

—-—-—HIGH k APPROX I MAT ION

Z= 24

Z= 68

I I

0.2
I

0.4
I

0.6
I I I

0.8 I.O I. 2
k {UNITS OF mc ~ )

1977Rev. Mod. Phys. , Vot. 49, No. 1, January



W. Bambynek et a/. : Orbital electron capture

CV

l2

O
IO

O
(0

8

6

lh 4
U

FIG. 34. E-capture IB spec-
trum for 55Fe according to the
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FIG. 35. IB spectra for radiative capture from various atomic
shells of 5Er. The solid curves represent the fully relativis-
tic results of Zon (1971), while the dashed curves are deduced
from the results of Glauber and Martin (1956). I.After Zon
{1971)] .

and again by Koh (1965), that the IB spectrum posses-
ses a cusp-shaped irregularity in the neighborhood of
the positron threshold. To confirm this idea, Zon and
Rapoport (1968) carried out extensive calculations.
Their results, accurate to order (Zn)', show that the
form factor for radiative K capture varies continuously
in this region, and thus, there is no such anomaly in
the predicted spectrum at this level of accuracy.

Influence of uncaPtured atomic electrons. In all of
the foregoing calculations, only the electron which un-
dergoes radiative capture is considered, and the pres-
ence of all other atomic electrons has been ignored.
We now consider how, and to what extent, the one-elec-

tron results are modified when the presence of the re-
maining atomic electrons is taken into account.

Screening coxxections. Screening by the remaining
electrons affects the amplitude'for radiative capture
both by altering the initial configuration of the electron
to be captured and by altering the probability amplitude
for an electron to reach the nucleus after the virtual
emission of a photon. To analyze these effects most
simply, Martin and Glauber (1958) employed an inde-
pendent-particle modej. in which the stationary states of
the individual electrons are determined as the self-con-
sistent-field solutions for the full many-body atomic
Hamiltonian. In this approximation, no further account
of the remaining electrons needs to be taken when the
radiative transition probability for a single electron is
calculated.

By far the more important effect of screening is the
modification of the wavefunction that describes the ini-
tial electronic state. This modification is quite similar
to that which occurs in ordinary electron capture, ex-
cept that the effective size of the region from which
capture can occur is somewhat larger. In ordinary
electron capture, this region is determined by the nu-
clear radius, while in radiative electron capture it is
determined by the range of the Green's function. For
photon energies of greatest practical interest, above
the binding energy of the initial electron and below the
threshold for positron production, the range of the
Green's function is of the order of the electron's Comp-
ton wavelength. While it is much larger than the nu-
clear radius, this range is still very small on an atomic
scale. Thus it is argued by Martin and Glauber (1958)
that a simple and seemingly reasonable procedure for
taking into account screening effects on the initial state
of an electron undergoing radiative capture is to multi-
ply the unscreened results for the radiative capture
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probability amplitude by the ratio of the screened to un-
screened initial-state wavefunctions, evaluated in the
neighborhood of the origin.

The second effect of screening, the alteration in the
structure of the Green's function, is expected to be
quite small; this can be understood qualitatively from
the following considerations (Martin and Glauber, 1958).
Over the relatively small region defined by the range of
the Green's function, the electron field is well approxi-
mated by the nuclear Coulomb field. Indeed, if the
electronic charge cloud associated with the remaining
atomic electrons did not. penetrate this region at all,
its external presence would simply result in a shift in
the zero of energy and thus produce no physical effects.
For all but the lowest-energy photons, the range of the
Green's function is so small that penetration of the
electronic charge cloud into the region defined by this
range is not expected to be appreciable, and therefore
no significant modification in the Green's function is
expected. It should be emphasized, however, that this
reasoning is not valid for photon energies near the
binding energy, where the range of the Green's function
becomes quite large and a more elaborate treatment of

. s cree ning is required.
To establish in quantitative terms the accuracy of the

simple approximation scheme of Martin and Glauber
(1958), these authors ca, rried out more extensive cal-
culations in which the screened Coulomb potential was
approximated by a Hulthen potential. The results of
these calculations indicate that the above conclusions
are quite well-founded. In particular, Martin and Glau-
ber (1958) calculated the screening corrections for the
2P state of Fe to lowest order in the Hulthen parameter.
The results were compaf'ed with unscreened results
multiplied by the ratio of the screened to unscreened
probability densities at the origin. At a photon energy
equal to the K-shell binding energy in Fe, the difference
between these two results was found to be -20/o (i.e., of
order Zn), while at a photon energy three times as
large the difference is only -2%. Thus it appears that,
except at very low photon energies (in the immediate
neighborhood of the K-shell binding energy), screening
effects can be taken into account satisfactorily by sim-
ply multiplying the unscreened rate for radiative cap-
ture from the state 0. by the screening factor

(4.48)

where R~ is the nuclear radius.
From results of Brysk and Rose (1958) and available

Hartree calculations, Martin and Glauber (1958) have
constructed a graph of S vs Z for initial states of in-
terest (see Fig. 36). It appears that the intensities of
the IB spectra for radiative capture from the L shell
are considerably reduced by screening effects and those
for radiative capture from higher shells become insig-

nificantt.

If the intensities of the various IB spectra are nor-
malized to a single K-capture event, or to a single
electron-capture event, then only the ratios S /S„ap-
pear in the final formulae. To evaluate these ratios for
the most important case, the L shell, results of
Sec. II.B.2 can be used when a high degree of accuracy is

NL

.4'—
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ATOMIC NUMBER, Z

FIG. 36. Screening factors s according to Martin and Glauber
(1958).

desired. " The ratios are

S, G~, g~
(4.47a)

S,g, Gx fg, (4.47b)

3As pointed out in Sec. II.B.2, the (gz /g&) ratios given in
Brysk and Bose (1958) deviate systematically from all other

L)

reported calculations on screened electron wavefunctions.
However, these deviations, and the resulting uncertainties in
Fig. 36, appear to be never greater than about 5—6%. The
errors, of order Za.', associated with the results of Glauber
and Martin (1956) for the 2s, 2p, 3P spectra are always much
larger (except for the special case of 4Be). Thus the results
displayed in Fig. 36 are more than adequate for present pur-
poses and, as a convenience, , will be used to determine all
screening corrections in Sec. IV.B unless otherwise noted.

24An excellent summary of these results is given by Schopper
(1966).

Here, G~, G», and E~, are the large components of the
unscreened Dirac wavefunction for the 1s, 2s, and 2p
states, respectively, evaluated at the nuclear radius of
a hydrogenic atom. The large components are denoted
by g», g~„and f~„respe ticvely, when the effects of
screening are included.

Plots of G~, G~„and EI., for a point nucleus and cor-
rections for finite nuclear size are given by Brysk and
Rose (1958) (finite nuclear-size corrections to the I.
shell screening ratios are always &1%).'4 As discussed
in Sec. II.B.2 the ratios (g~,/gx)' and (f»/g»)' have been
calculated by several authors; the most reliable results
being those displayed in Table IX. These ratios were
computed with a relativistic Hartree-Pock self-consis-
tent potential with allowance for finite nuclear size.

The procedure described above is but one possible way
in which screening effects can be treated. Alternatively,
Zon (1971) has included screening effects by employing
relativistic initial-state Coulomb wavefunctions with ef-
fective charges. These effective charges, as suggested
by work on internal conversion, were taken to be Z,«
=Z —o, with ox=0.3, o~=3.5, and cr~=5. Zon(1971) has
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carried out several numerical calculations but does not
compare his results with those obtained by the simpler
procedure of Martin and Glauber (1958).

Exchange and overlap coxxections. All results de-
scribed so far, including screening corrections, are
based on independent-particle approximations and take
no account of exchange and overlap effects which result
from the many-particle nature of the atom (see also Sec.
II.E). Corrections for such effects have been applied to
the Martin-Glauber theory by Persson and Koonin (1972),
using a procedure analogous to that applied by Bahcall
(1962) to L/K electron-capture ratios. The calculations
of Persson and Koonin (1972) deal specifically with the
electron-capturing nucleus 'Be, but are easily general-
ized.

It is found that, for electron-capture decays of 'Be to
the 477-keV state of 'I i, the predominant effect of ex-
change and overlap corrections is to increase the ratio
of 2s-state radiative capture to 1s-state radiative cap-
ture zo„/~„by a factor of 2.9. The ratio of the 1s-state
radiative capture rate to the total (K+ L) nonradiative
capture rate w„/(zo~+w~) is decreased by 7%. However,
the net effect on the ratio (ge„+w„)/(zo~+ go~) is found to
be negligibly small (&1%). Changes in the shape of the
IB spectrum at energies above 50 keV are found to be
negligible.

Calculations of overlap and exchange effects in radia-
tive electron capture of "Cr and ' Mn are reported by
Koonin and Persson (1972), who find that zU„/zzt„ is in-
creased by 15% over the Martin-Glauber predictions.
This increase is canceled, however, by a similar in-
crease in the corresponding ratio for nonradiative cap-
ture, so that the correction to the ratio (w„+zo„)/
(go~+ go~) is again found to be insignificant (&0.5%).

3. IB correlation effects in allowed transitions

With the discovery of parity nonconservation in weak
interactions, interest in radiative electron capture
shifted to studies of those correlation effects whose exis-
tence requires a parity-violating interaction. Calcula-
tions on such phenomena were reported by Cutkosky
(1957), Koh et al. (1957, 1962), Berestetskii (1958),
Martin and Glauber (1958), Gandel'man (1959), Bloom
and Uretsky (1960), and Timashev and Kaminskii (1960).

Cutkosky (1957) first showed that a two-component
neutrino theory predicts that IB radiation will be cir-
cularly polarized. Terms of order Zn were neglected
in Cutkosky's calculations, but a determination of the
polarization of the IB associated with K capture, valid
to all orders in Zn, was reported shortly thereafter by
Martin and Glauber (1958). Only the polarization of the
1s-state contribution to the IB spectrum is considered
in these papers, yei it is evident from the results of Sec.
JV.A. 2 that at low photon energies the contributions from
I - and M-shell radiative capture must also be taken in-
to account. For allowed transitions, this is easily ac-
complished using the theory of Glauber and Martin (1958).
More elaborate calculations, based on a generalization
of the Martin-Glauber theory, are reported by Zon
(1971), who lists numerical results for z7Ar.

The parity-nonconserving character of the weak inter-
action is also responsible for the existence of an aniso-

a. Ia circular polarjzation

The polarization P (0) of the internal bremsstrahlung
accompanying electron capture from the state n is de-
fined as the difference in the intensities of the right-
and left-circularly polarized radiation, divided by their
sum:

NAY deP (a)= dkv+'+ dke ~
(4.48)

For 1s-state radiative capture, the required expressions
for the intensity of the polarized radiation are obtained
from Eq. (4.34) by squaring and summing over all final
states of the unobserved neutrino and over the spin states
of the initial electron. The result for randomly oriented
nuclei is

d~z, (Iz) ~ [A„(k)+sB„(k)]', (s=+1) .

The polarization of the IB accompanying 1s-state capture
is found to be

tropy in the angular distribution of the IB radiation
emitted from oriented nuclei, as may be inferred from
the work of Cutkosky (1957). This makes IB angular-
distribution studies of interest as a potential source of
information on nuclear spin changes and the relative
magnitudes of the electron-capture nuclear matrix ele-
ments. The angular distribution of the IB emitted from
oriented nuclei during K capture was first calculated by
Timashev and Kaminskii (1960) and by Koh et al. (1962),
assuming a nonrelativistic description of the electronic
rr.otion and neglecting all Coulomb effects of the inter-
mediate states of the electron. The results of these cal-
culations are quite simple, but they have proved inade-
quate to explain the experimental data at low photon en-
ergies, where both intermediate-state Coulomb effects
and the contributions from L- and M-shell radiative cap-
ture become important. More exact and extensive cal-
culations, based on the work of Glauber and Martin, have
been reported by Intemann (1971) and by Zon (1971).

While the existence of the IB correlation effects de-
scribed above depends on the parity-nonconserving prop-
erty of the weak interaction, a variety of other correla-
tion phenomena exist which could arise even if parity
were conserved. (From the point of view of testing weak-
interaction theory, these p'henomena are of little inter-
est, but they can provide information on nuclear struc-
ture. ) In particular, Koh et al. (1957, 1962) have stu-
died the correlations between the direction of nuclear
spin, the momentum of the IB photon, and the momen-
tum of a subsequent nuclear y ray, and have reported
detailed results on the correlation between the directions
of the IB photon and the nuclear y ray. These calcula-
tions were, however, carried out for allowed and first-
forbidden transitions and neglect Coulomb effects on the
intermediate electron states; thus they are limited to
high photon energies. More extensive calculations of
this correlation function, based on a generalization of
the work of Martin and Glauber (1958), have been re-
ported by Zon (1971). This latter work includes a de-
termination of the correlation between the directions of
the IB photon and a subsequently emitted atomic x ray.
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(a„+B,.)' (a,.—B„)' (4.49) where the sum on n extends over 1s, 2s, 2p, and 3p
states.

P„(k)=1 (Zn)' —+2 1 —— tan ' — 2k', (4.50)

which follows from Eq. (4.40).
The polarization of the 2s-state radiation can be ana-

lyzed similarly, starting with Eq. (4.20). The final re-
sult has the same structure as Eq. (4.49) except that, in
the approximation which underlies Eq. (4.20), A„(k) = 1.
Thus we have

P„(k) = B,./~„. (4.51)

While it is expected in the high-energy limit that P„(k)
= 1 —6(Zo.)', the results which follow from Eq. (4.20) a,re
not sufficiently accurate to allow the determination of
the coefficient of the (Zo.)' term Th.e low-energy limit
of P„(k) is easily obtained, however, by using the fact
that B„(0)= —2. From this result it follows that P„(0)

12
13

To illustrate the above results, the functions A.„,B,„
B„and the resulting polarization functions have been
evaluated for two nuclei of interest, viz. "Ar and "'Sb
(Figs. 37 and 38).

It is evident from Eqs. (4.29) and (4.30) that, when
terms of order Zn are neglected, p-state radiation
should be completely unpolarized. At low photon ener-
gies, where the p-state spectra dominate, one there-
fore expects an even greater reduction of the IB polari-
zation than predicted by the function P„(k). The over-
all polarization of the total IB radiation accompanying
electron capture is

At low photon energies, the 1s-state radiation is almost
completely unpolarized since B„(k)—0 as k- 0. At high
energies, we have Ay B'y ——1, neglecting terms of order
Zo. , and due to cancellation, P„(k) =+ 1 neglecting terms
of order (Zn)'. More precisely, the high energy form
of P„(k) is

—8,./( J,. + 1) if J& J;.+ 1——
a~= 1/(J,.+1) if J~= j,.

1 if J& —-J,- —1, (4.54)

where J& is the angular-momentum quantum number of
the final nuclear state. For transitions in which both
allowed electron-capture matrix elements are operative,
a„ is given by

~~,.(~+~*&= (~, 1) '(~(~ 1))~~ ('+

with

Il= (f llolli&/(f Illlli&.

If the circular polarization s of the IB is measured,
then the angular-distribution function has the simple
form

W„(8, s) = 1+sa~P~cos8, (4.56)

b. Angular distribution of IB from oriented nuclei

%hen the initial nuclei are aligned, it is convenient to
represent each by its polarization vector I'~
= (J,.M

~

J'j O',.M&/J, , where J is the angular momentum
operator, and J, , M are the angular-momentum eigen-
values which label the initial nuclear state. In this case,
squaring Eq. (4.34) and summing over all final states of
the neutrino, the spin states of the initial electron, and
the final magnetic substates of the nucleus leads to the
following result for 1s-state radiative capture:

dzo,',(k) ~ (A„+sB„)'[1+sa+„cos8].
Here, 9 is the angle between the vectors I'~ and k. The
factor a~ vanishes for a pure Fermi transition, while for
a pure Gamow-Teller transition we have

P(k) = Q s„+„,(k)dw„
n=l

gs dn (4.52)
whence the shape of the angular distribution is seen to
be independent of the energy of the IB photon.

FIG. 37. Polarization and
asymmetry functions, F&~(k)

(&) and &2 (&) =0'2 (&),
related functions for Z' =18.
The 1s-state curves are de-
duced from the exact results of
Martin and Glauber (1958) and
Intemann (1971), the 2s-state
curves, from the results of
Glauber and Martin (1956).
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If the photon polarization is not measured, Eq. (E . ,4.53
must be summed over s= +1. This leads to an angular-
distribution function of the form

(4.5V)

W„(8)= 1+a.„(k)a~P~ cos8, (4.59)

but o.„(k) is defined as

n„(k) = a,./R„, (4.60)

descri ing e'b th dependence of the angular-distribution
function on the energy of the IB photon. Again we have

With regard to p-state radiation, it has already been
noted that the structure of Eq. (4.29) implies an isotropic
distribution, i.e. , o.„~

'b t', '
n (k) =0. This result is expected to

be valid only to a relative accuracy of order Zo. . In-
deed, Zon (1971) reports that exact computer calcula-
t f „show n and n to be small negative quan-tions for n„s ow n,
tities.

The over-all angular-distribution function is given by

W(8)= gs dw W (8) gs dye
CM lX

=1+A(k)a j'~cos8, (4.61)

with the over-all asymmetry function A(k) defined by

W„(8)= 1+n„(k)a~P~ cos8.
The function o.„,(k) is defined by

n„(k) =A„B„,/R~, (4.58)

and is seen to be identical with the polarization function
P„(k) discussed earlier. Indeed, this one function is
sufficient to account for the IB energy dependence of all
1s-state capture correlations considered here.

The angular distribution of the IB radiation accompany-
ing 2s-state capture can be determined in a similar man-
ner, starting with Eq. (4.20). It is found that the distri-
bution function W„(8,s) is identical with W„(8,s). The
function W„(8) has the same general form as that for s-
state capture, viz. ,

In view of the equality of the asymmetry function and the
polarization function for both s a pnd states it follows
that the over-all asymmetry function A(k) is identical
with the over-all polarization function P(k) Eq.E . 4.52) .
c. Corre!ation of I8 and subsequent nuclear y rays

The simplest type of decay scheme for which the di-
rectional correlation between an IB photon and a subse-

n which thequent nuclear y ray can be studied is one in w
'

radiative capture transition leads to an excited nuclear
t t IN~) from which there is a single z-ray mode for

Todeexcitation, leading to the final nuclear state ~N&).
determine the correlation between the directions of
emission of the IB and y-ray photons, a knowledge of
the radiative capture matrix element must be combine
with results from the theory of nuclear angular correla-
tions (Frauenfelder and Steffen, 1966). The required ca
culation is straightforward but employs much mathemat-
ical machinery from the theory of angular momentum

d 1960) and will not be described here. Such
an 1959calculations were first reported by Gandel'man ( )

1962 for al-for allowed transitions, and by Koh et al. or a-
l d d first-forbidden transitions. Although Coulombowe an ir
effects on the intermediate electron states are neg ec e
in these calculations, Zon (1971) has reported results of
much more extensive calculations based on a generaliza-
tion of the Martin-Glauber theory to radiative capture
from arbitrary shells and for any order of forbiddenness
of the electron-capture transition. Only for the case of
allowed radiative K capture, however, has Zon's theory
been worked out in complete detail, and we shall restric
our discussion to this particular case.

For allowed K-capture transitions, the radiative cap-
ture matrix element of Zon (1971) reduces to that of
Martin and Glauber (1958). For this particular case,
Zon's final results can be summarized as follows. For
an IB quantum of circular polarization s and a nuclear y
quantum of circular polarization t, the directional cor-
relation function is of the form

A(k) = Q sgdÃ)g(xg Q sgdzvg ~

8 8
(4.62)

W„(8,s, t) (A,.+ sa„)'
+ (t/v 3)A,(11.'Z«Z, )bp(A,.+ sa,.).' cos8, (4.63)
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[(Jg+ I)/Jg]'t ' if Jg ——J; + 1

, b» = I/[Jy(Jy+ I)]'t if Jg ——J;
-[Jg/(Jj + I)]'t' if Zg= J'; —1.

(4.64)

For transitions in which both electron-capture matrix
elements are operative, we have

(4.65)

The coefficient A„ familiar from the theory of angular
correlations, is defined by

A, (LL'JzfJ&) = [F,(LL J&& Jz)+2OF, (LL'Jff Jf)
+ O'F,(L'L'Jff Jf)](1+O') (4.66)

where the angular-momentum and parity quantum num-
bers L~ and L'~' characterize the multipolarities of the
y transition, and the ratio of the corresponding reduced
matrix elements is O= &Jyf II

L'&'
ll Jy& I &Jgy II L& II Jy & . For

pure multipole radiation, we have L'= L and 71'= ~. The
& coefficients are defined by

F,(LL'JyJJt)= (—1) ' '[(2L+1)(2L'+1)(2J~+1)3]'~'

where the quantum numbers J& and J&& refer to the angu-
lar momentum of the nuclear states IN&) and IN&), re-
spectively, and 0 is the angle between the directions of
the two photons. 'The factor bI, vanishes for a pure Fermi
transition, while for a pure Gamow-Teller transition it
1s

d. Correlations of /8 and succeeding atom/Ic x rays

W„(8,s, t) ~ (2J+ 1)(A„+sB„)'
+ (—1) " '(ts/3)(A„+sB„)'cos8, (4.70)

where ig is the angle between the directions of the two
photons, and J=&, 2 is the angular momentum of the
atomic electron which fills the hole in the K shell.

Further results are parallel to those for the nuclear
y-ray case. For example, it is evident from Eq. (4.70)
that, in order to observe a directional correlation be-
tween the two photons, the circular polarization of the
x-ray photon must be measured. If the circular polar. —.

ization of the IB photon is also measured, we have

(-1) " ' ts
W„(8,s, t) = 1+ .

)
—cos 8, (4.71)

and the directional correlation shows no dependence on
the energy of the IB photon. If the polarization of the
IB photon is not measured, we have

The determination of the directional correlation func-
tion for an IB photon and a succeeding x-ray quantum
requires a calculation which is essentially analogous to
that of .IB-photon-p-ray directional correlations. Zon
(1971) has carried out such a calculation and reported
final formulas for the case of radiative K capture. For
allowed transitions, these results can be summarized
as follows.

For an IB quantum of circular polarization s and an
atomic x-ray quantum of circular polarization t, the
directional-correlation function is of the form

(4. 67) ( 1)&+1h
W„(8, t) = 1+

( )
—n„(k) cos 8, (4.72)

W„(8,s, t) = 1+ (ts/~3A, (LL' J&g&)b» cos 8, (4.68)

independent of the IB-photon energy. If the polarization
of the IB photon is not measured, Eq. (4.63) must be
summed over s = + 1. In this case, the directional cor-
relation function is given by

W„(8,t) = 1+ (t/~3A, (LL'J&P&)b»n„(k) cos 8, (4.69)

and shows a dependence on the energy of the IB photon
characterized by the asymmetry function n„(k) previ-
ously discussed.

The above results are exact, but in the derivation of
the IB-y directional-correlation functions it is assumed
that no forces act on the nucleus while it is in the inter-
mediate state INz$. Generally, this assumption is not
well satisfied, because the hole in the atomic shell pro-
duces strong magnetic and inhomogeneous electric fields
at the nucleus, leading to a perturbation of the direction-
al correlations.

where the standard designations ( ) and ( j indicate
%signer 3j and 6j symbols.

It is immediately apparent from the form of Eq. (4.63)
that the circular polarization of the y-ray photon must
be measured if one is to observe any correlation between
the directions of the two photons. If the circular polari-
zation of the IB photon is also measured, then the direc-
tional correlation function is

and the correlation function again displays a dependence
on the energy of the IB photon characterized by the
asymmetry function n„(k).

4. lB spectra and correlation effects in forbidden
transitions

Early attempts to formulate a theory of IB for forbid-
den transitions were made by Cutkosky (1954), Turov-
tsev and Shapiro (1954), Yukawa (1956), and Koh et al.
(1957, 1962). Turovtsev and Shapiro calculated the
radiative K-capture spectrum for first-forbidden tran-
sitions, assuming vector and tensor couplings, while
Cutkosky derived the matrix element for radiative K
capture for arbitrary coupling, neglecting terms strict-
ly of order Z& or smaller and terms contributing only
to third- or higher-order transitions. Cutkosky's prin-
cipal result was a theorem, often referred to as the
"Cutkosky rule, "which relates the spectra and angular
correlations of the K-capture IB to the spectra and an-
gular correlations of positrons. Basically, these cal-
culations are extensions of the work of Morrison and
Schiff (1940) to forbidden transitions. Yukawa (1956)
made an attempt to include relativistic and Coulomb
effects in the calculation of allowed and first-forbidden
K-capture IB spectra. The formulas he obtained proved
to be so complicated that this work has never led to
useful results. Koh et al. (1957, 1962) first reported
correlation studies for first-forbidden transitions;
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Coulomb effects were neglected in these calculations.
The modern theory of radiative electron capture in

forbidden transitions is due to Zon and Rapoport (1968),
who developed a generalization of the theory of Martin
and Glauber (1958) to transitions of arbitrary order of
forbiddenness. They also derived general formulas for
the IB energy spectra. For K capture, detailed results
were obtained. Zon (1971) developed this theory further
for radiative capture from an arbitrary atomic shell,
derived general formulas for various correlation and
polarization effects, and obtained detailed results for
the case of K capture.

The theory of Zon and Rapoport (1968) starts from
Eqs. (4.9) and (4.10) for the radiative capture matrix
element and transition rate. In order to evaluate the
matrix element (4.9) exactly, including relativistic and
Coulomb effects to all orders in Z~, Zon and Rapoport
first decompose and simplify it by introducing the ir-
reducible tensor operators and the second-order Dirac-
Coulomb Green's function of Martin and Glauber. This
decomposition makes the angular-momentum dependence
of the transition amplitude explicit. Integration over the
angular coordinates is then completed through exten-
sive use of the methods of the theory of angular momen-
tum.

In evaluating the transition amplitude, Zon and Rapo-
port introduce the Konopinski-Uhlenbeck approximation,

R~ R~
ch x ' ' ' =Rp ch x

0 0

where A~ = (L' —a')'~', and the $ approximation which is
based on the assumption (QEc —1)R„«Zn, a condition
that is always well-satisfied when competing positron
emission is not energetically possible. Under only these
approximations, Zon and Bapoport obtain a general ex-

pressionn

for the transition rate for radiative electron
capture from an arbitrary shell. The form of the result
reveals that for radiative electron capture in the $ ap-
proximation, just as in p decay, nonunique forbidden
spectra have the sg, me shape as the unique spectra of the
next-lower order of forbiddenness.

Only for K capture do Zon and Rapoport carry their
calculations to completion. For capture from higher
shells, the theory is developed further by Zon (1971),
but the resulting expressions prove to be too complicated
to permit exact analytic evaluation or even the develop-
ment of expressions that are correct to first order in
Z. Indeed, the only detailed results which have so far
been reported are those contained in the table of Zon
(1973) for the L- and M-shell IB spectra associated with
the first-forbidden unique transition in 'Ca; these re-
sults were derived through completely numerical pro-
cedures.

Zon and Rapoport's transition rate for radiative K
capture can be summarized as follows. Assuming the
polarization of the IB radiation is not observed, the
transition rate can be written

(k) Q (2 pR )2(x~-xg) 2(N-1)

&»v

~

2 R(P&( k) Jp-lk (4.74)

+(++1)(tx"~f2+ [a~ ~[
~ (4.75)

To specify the transition rate, formulae for A and B are
required. Zon and Rapoport (1968) have developed exact
general expressions for these functions, but these for-
mulae contain a large number of integrals involving
Whittaker functions, none of which can be evaluated ex-
actly analytically.

For moderately light nuclei, it may be sufficient to
expand the above-mentioned integrals in powers of Zn
and thereby evaluate A and B to first order in Z&. Such
calculations are reported by Zon and Rapoport (1968)
with the result

"(B,";")=1—z'np a„(—)+b tan' —
) (—

)„.

(4.76)

The coefficients a„and b„are listed in Table XXVI. At
the present time, Eq. (4.76) is the only formula avail-
able for the determination of A. and B. Unfortunately,
even for light elements these formulae are not valid for
low k. The nature of the expansion underlying Eq. (4.76)
is such that these results are expected to break down for
k ~ Z &. For the special case k - 0, however, A and B
can be evaluated exactly to all order in Z~. The k —0
results, listed in the last column of Table XXVI, are
valuable for estimating the low-energy behavior of A and
B and to test numerical procedures for the exact evalua-
tion of A. and B for arbitrary k.

In examining the predicted IB spectra for K capture in
further detail, we restrict our discus sion to first-for-
bidden transitions.

a. Nonun/ que first-forb/ dden trans/ ti ons

In the g approximation, the K-capture IB spectrum of
a nonunique first-forbidden transition is predicted to
have the allowed shape. Indeed, when the above results
are evaluated for this case and normalized by the cor-
responding nonradiative K-capture rate, exactly the
same result is obtained as for the allowed case

Here, R„ is the nuclear radius, and X~ equals (N' —a')'~'.
The quantities R»„, for all contributing values of A, N,
and j„, have been tabulated by Zon and Bapoport for up
to third-forbidden transitions (Table XXV). The correc-
tion factors R,', ' are defined in terms of the more fun-
damental quantities A.„' and B„',which are general-
izations of the functions +y and B„ofMartin and Glau-
ber (1958):

R' '= [(N —1)((A"'" '['+ (B " ')')1

dw„= i(C „)„i
'k(q„—k)'P„(k)dk. (4.73)

dw„o' k (q„—k)'
2 1, SM'E & @&S

(4.77)

The form factor E„(k) is defined in terms of two cor-
rection factors, R,",'(k) and R,",'(k), and the appropriate
combination of nuclear matrix elements R~& .

V

where R,",' is easily identified as the function R„of
Martin and Glauber (1958), defined by Eq. (4.37) and
displayed in Fig. 32.
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TABLE XXV. Nuclear matrix elements RA&. [Eq. (4.74)], after Zon and Hapoport (1968).
~V

Type of transition

Allowed

1sI;-forbidden
nonunique

0 1 1/2

1 1 1/2

Tooo

Z G.
C~ Tooo&5 + C~ Toii &5

1 ZA
~p Tiio +~2 CA T111~5

0

0.1
except
0 0r

0

except
0 0

No

Yes

1st-forbidden
unique (—]) iC

2nd-forbidden
nonunique

(—1)~~ C
Z ct

211 ~5 ~ +

x vYC„+T22o+M3C~ T221+5

2nd-for bidden
unique

1/2

3/2

5/2

(—1) + [1+2(46/5. —1)(1—(—1) + - &)] C~ x T32iy~

3rd-forbidden
nonunique

1/2

3/2

5/2

(—1) [1+-.'(v'6/S —1) (1 —(-1) '".)1
1 Z o.'

'T321 + ~ ~3Cv r T33o +2C& x T331y5
2 2

Yes

TABLE XXVI. Coefficients a„and b„[Eq. (4.76) ], after Zon and Bapoport (1968), including corrections by Zon (1971).

Qp bp b2 b3 k-0

11&is

A is
2i.

&is21

i.22

+22is

A is
32

Ai33

Bis33

7/4

7/4

7/4

13/6

13/6

13/6

13/6

—9/4

—19/4

5/4

—22/33

-17/6

1S/2

9/2

29/2

5/2

—10

6 2+8~
x+q r(i+2I, )

& I'(A. +A, +1)I'(A +2 —A, )

8 (1/a)

4 3+A~
1 +Q I'(1 +2k,3)

x pp. 3 +)I( +2) p(Q +3 —A2)

6(1/~)
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UUnique fjrst-forbidden transi tlons

, on y one nuclear ma-In unique forbidden transitions 1

comes irrelevant. For unique first-forbidden electron
ca ture the rp, radiative transition rate normalized by the
corresponding nonradiative K-capture rate is

dZU&~ & k (Q~~ —k)
&i~

2
(z'

2

&& P . 1 + (2~g )2&4-xy&-2P&2&
N dk.

&~s

(4.78)

The factoror in the brackets replaces the function R,",'
which appears in the allowed result.

While the fthe factor R„has been evaluated exactly nu-(x)

mericall and in sy
' everal analytic approximations this4

has not been dn done for R„. The only available basis for(2)
7

the evaluation of R', 2& is Eq. (4.76), from which A,",& can
be calculated to first order in Zn 'th lt nl

that R("~1 k'
i or — n. For k-0, it follows from Table XXVI

1/k . Thus it may be expected that R,",' will

s ectru
contribute substantially to the determination of th IB
pectrum at all photon energies. Little is therefore

R,",'. To illustrate the behavior of the correcti f
tors we

rrec ion ac-
, we have evaluated the functions R,',"and R,",' o

first order in Zo, using Eqs. (4.75) and (4.76), for two
atomic numbers (Fig. 39).

It is of interest to consider the limit Z-0
ondin

i — , corres-
pon ing to the neglect of Coulomb effects on the inter-
mediate electre e ec ron states and the momentum of the initial
electron. In this limit, X =N R"'=R(~'=1s 1s —1, and Eq.
(4.78) is simplified to

(4.79)

lations of Morrison and Schiff (1940) to unique first-for-
bidden transitions. Equation (4 79) '

j is interesting be-
cause of its simplicity but is not expected to be very
accurate, although it does des b thcri e e general shape

of the IB s ectrup ctrum. The expression is useful for esti-
mating the integrated intensity over any given portion
ofthes ep ctrum, providing an upper bound.

In order to assess the importance of Coulomb effects
in unique first-forbidden transitions and to illustrate the
difference between allowed and f b'ddor i en shapes, we
have plotted several different predictions for the K-cap-
ture IB spectrum of 'Ca in Fig. 40.

The two Morrison-and-Schiff curves, labeled MS-A
and MS-F, illustrate the basic differences in spectral
shape between allowed and first-forb dd—or i en unique tran-
sitions. The behavior of the Zon-Rapoport (ZR) rr result
a Zn suggests that, for unique first-forbidden tran-
si ions, the main effect resulting from the inclusion of
Coulomb effects is an overall red t tuc ion in the intensity

case.
of the IB spectrum, similar to that found in the 11 de a owe

B. Fxperiments

Experimental studies of the radiat' tia ive cap ure process
rma ion on electron-cap-are valuable for providing inform t'

ture decay, analogous to the information on P decay de-
rived from the study of p spectra. Thea. e energy spectrum
and the intensity of internal-bremsstrahlung (IB) pho-
tons provide a measure of the total energy release and
the change of spin and parity in the decay. Experiments

rel
on the circular polarization and on various an ulan U ar coi"-

n on wea interactionre ations provide basic information k t
and nuclear structure. Furthermore, bremsstrahlung
experiments may yieM supplementary data for the char-
acterization of nuclear decay schemes and for the deter-
mination of capture ratios from various subshells.

Precise experimental investigations of radiative elec-
tron capture do, however, require rather complicated
techniques for experiment and analysis, due to the ver
low intensit - 10 ~'

y ( photons per capture event) and the
ue o e very

e in erpretationcontinuous nature of the IB spectra Th t
of experimental results is made difficult by the fact
that electrons captured from different atomic subshells
contribute to the emitted radiation.

Much effort has been devoted to IB experiments durin
the last thirt eary y s. Critical reviews were compiled

en s uring

by Zylicz (1968) and Kadar (1972), and to a lesser extent

I.O

0.8—

0.6—

(7
()

0.4 ()

0.2

0.2
I

0.4 0.8 I.O l.2
k (UNITS OF mc ]4)

I

I.4
I

l.8

PIG. 39. Relativistic correc-
tion factors A(~ (k) and A (k)
according to Zon and Rapoport
(1968), for several atomic
numbers. The function A(~ ~

1s
is the same as Q, of Martin
and Glauber (1958); it has been
evaluated using the high-k ap-
proximation [Eqs. (4.40) or
{4.76) I, Q'~~& has also been
evaluated in the high-4' approxi-
mation [Eq. (4.76)]. The
three points shown on the ordi-
nate represent the results of
an ex.act evaluation of A'~'(0}18
using Eq. (4.41) or Table XXVI,
for ~ =20, 50, 80 (in descending
order).
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FIG. 40. Comparison of theo-
retical results for the K-cap-
ture IB spectrum for ~Ca. The
theories of Morrison and
Schiff (1941) and Martin and
Glauber (1958) for an allowed
transition are represented by
the curves MS-A and MG, re-
spectively. For a unique first-
forbidden transition, the cor-
responding curves'are those
labeled MS-F and ZB, deduced
from Eq. (4.79) and the results
of Zon and Rapoport (1968),
evaluated to first order in ZG. .
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by Bouchez and Depommier (1965), Petierson (1965),
Schopper (1966), and Berenyi (1968). Considerable pro-
gress has been achieved since, especially in the devel-
opment of experimental techniques.

The low probability of radiative capture makes its ob-
servation sensitive to interference from other electro-
magnetic radiation. Expecially nuclear y rays, annihi-
lation radiation, and x rays emitted in the course of
radioactive decay can considerably limit the energy
rgnge of an IB measurement and distort the measured
IB pulse-height spectrum through pileup and summing
effects. The measurement of coincidences between
such primary radiation and the rare IB photons requires
sophisticated techniques. In decays with competing p+

or P branches or with highly converted y transitions,
corrections may be required for other types of electro-
magnetic radiation, comparable in intensity with IB:
(i) internal bremsstrahlung accompanying p' or p de-
cays, (ii) external bremsstrahlung emitted during ab-
sorption of Is particles or conversion electrons in the
source or surrounding materials, and (iii) continuously
distributed annihilation radiation from positron annihila-
tion in flight. In view of the large number of possible
interfering effects, it is not surprising that IB measure-
ments performed up to now have been restricted to elec-
tron-capture transitions in simple decay schemes. In
most of the many nuclei decaying by electron capture,
radiative capture has not yet been investigated.

It is also evident that IB experiments are very sensi-
tive to small amounts of y-ray emitting impurities in
the sources. Experimental results therefore are only
reliable if the source material is carefully checked and
purified if necessary to remove spurious contaminates.
Impurity checks of the required sensitivity were hardly

possible before the advent of high-resolution Ge(l.i)
spectrometers, whence older experimental results must
be regarded with reservations.

On reviewing the experimental literature, it appears
that most measurements of IB spectra have been per-
formed only to derive electron-capture transition ener-
gies from the IB end-point energies. This procedure
was initiated by the early theory of Morrison and Schiff
(1940) and Jauch's proposition to linearize IB spectra. in
a way that resembles the construction of Kurie plots
for P spectra (Jauch, 1951; Bell et a/. , 1952). For this
purpose, most IB spectra were measured without nor-
malization to the electron-capture rate. These shape
measurements qualitatively confirmed the spectral
shapes predicted by theory for s- and p-type radiation;
in the case of forbidden decays, they yielded an esti-
mate of the relative abundance of detour transitions.
Measurements of spectral shapes alone, however, are
not adequate for a detailed test of modern IB theory
(Martin and Glauber, 1958; Intemann, 1971): as shown
in Sec. IV.A, relativistic and Coulomb effects, screen-
ing, exchange and overlap influence the absolute IB
yield, while affecting spectral shapes only slightly.
Absolute IB measurements are, however, scarce. Some
early results exist, of poor accuracy, pertaining to
ground-state transitions; a few results on decays 1;hat
include y transitions were obtained recently.

In Sec. IV.B.1—IV.B.2, we have compiled the available
experimental material and classified the techniques ern-
ployed in the measurement of normalized IB spectra
associated with different decay schemes. We do, how-
ever, frequently refer to incomplete studies and list all
experiments known to us, to provide a guide for accu-
rate future investigations.
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'"Sb (Olsen et a/. , 1957), '"Cs (Michalowicz, 1956),
'4'Sm (Sujkowski et a/. , 1968), "~Dy (Sujkowski et a/. ,
1965), and '"Er (Zylicz et a/. , 1963; Sujkowski et a/. ,
1965). All these workers used NaI(Tl) crystals to detect
the K x rays, with the exception of Saraf (1956), who
applied a low-geometry proportional counter for the K
x rays in "Fe and used internal gas counting to deter-
mine the K Auger-electron rate from "Ar. In the cases
of '"Sm and '"Dy, the K x rays could not be resolved
from low-energy y rays, and decay-scheme corrections
were applied. The accuracy of these early normalized
IB spectra is generally poor (rarely better than 50%%up);

considerable improvements would be possible today (see
Sec. III). New measurements of total IB spectra would
be of great value, especially for pure ground-state tran-
sitions which are listed in Table XXVIII.

1. Experiments on total I B spectra
An IB spectrum that is not measured in coincidence

with x rays or Auger electrons constitutes the total
spectrum dsv, ~, which is a superposition of partial spec-
tra due„, due to electron capture from different atomic
states nE. This spectrum is mainly determined by s
radiation for energies above -Zn (in units of mc') and
by p radiation at lower energies; contributions from the
innermost 1s and 2p shells dominate.

Experimental techniques applicable to the determina-
tion of total spectra can be divided broadly into two
categories: single-spectrum methods and coincidence
methods. In single-spectrum methods, IB spectra are
measured relative to other emitted radiation that can be
normalized to the ordinary capture rate. Measurements
in coincidence with y rays or conversion electrons per-
mit separation of the IB spectra associated with indivi-
dual electron-capture branches in a given decay.

In Table XXVII, we list published experiments on total
IB spectra and indicate what methods and spectrometers
were used and what quantities were deduced. A some-
what more detailed description of experimental methods
follows.

h. /8 and p-ray spectrometry

For decays that involve emission of energetic y rays,
the measurement of total IB spectra is much more com-
plicated. On the other hand, the y rays make it possible
to normalize the IB spectra, independently of fluores-
cence yields. If noIB-y coincidences are measured,
the available energy range is generally limited to ener-
gies above the highest y energy. These measurements
depend strongly on the details of the decay scheme, such
as y and electron-capture energies and branching ratios,
and internal-conversion coefficients.

To date, IB and y spectroscopy has only been applied
to relatively simple decays, such as that of 'Be (Mut-
terer, 1973b), "Cr (Bisi et a/. , 1955b; Cohen and Ofer,
1955; Van der Kooi and Van der Bold, 1956; Ofer and
Wiener, 1957; Murty and Jnanananda, 1967; Ribordy
and Huber, 1970; and Mutterer, 1973a), and "'Sn
(Phillips and Hopkins, 1960). The isotopes 'Be and "Cr
have favorable decay schemes for this type of measure-
ment. Both nuclides decay by two electron-capture
branches, -90/o to the ground state and -

10%%uo to an ex-
cited state with an energy of -Q«/2. Thus a large frac-
tion of the IB spectrum associated with the ground-state
branch can be measured without interference from the
second electron-capture branch. A single y spectro-
meter can be used to determine dzv» relative to the y
emission rate. In order to normalize dzv, B to the
ground-state electron-capture rate, the y branching
ratio P„=N„/Ko is found precisely from measurements
of the disintegration rate No through 4m (x-ray, Auger)—
y coincidence counting, and of the y rate N„by integral
y counting (Mutterer, 1971; De Boost and Lagoutine,
1973),

Above the y-ray energy, the IB spectrum must be
corrected for y-ray pileup. In early measurements on
"Cr and "'Sn, NaI(Tl) spectrometers were used. With
these, poor resolution and long pulse rise times cause
the pileup spectra to be smeared out (Waibel, 1969,
1970) and it is not clear whether the measured IB spec-
tra are free of pileup distortions. These measurements
were considerably refined by Bibordy and Huber (1970)
and Mutterer (1973a,b) who used Ge(Li) spectrometers
with electronic pileup-rejection systems. Such sys-
tems prevent pileup of pulses spaced by « 100 ns and
can reduce total pileup by an order of magnitude. Fur-

a. Spectrometry of IB and of x rays and Auger electrons

Total IB spectra can most advantageously be observed
in pure ground-state transitions and in decays that feed
only low-energy transitions. Table XXVII shows that
numerous total IB measurements have been performed
on such simple decays, viz. , on "Ar, 'Ca, "V, "Fe,
"Ge '"Sb '"I '"Cs '"Sm "Dy "'Er '"W and
"'Pt. NaI(TI) and Ge(Li) spectrometers have been used.
In cases in which the electron-capture transition energy
is high compared with the K x-ray or y-ray energy, a
large fraction of the IB spectrum can be measured.
Counting problems produced by the much higher x-ray
or y-ray rates can be avoided by placing suitable absor-
bers between source and spectrometer. For example,
Fig. 41 shows IB pulse-height spectra of '"Ca recorded
with a NaI(Tl) spectrometer, a variety of Cu absorbers
having been interposed (Saraf, 1954a). The procedure
fails for transition energies not far above the K x-ray
energy; in such cases, pileup from the K x-ray pulses
strongly affects the IB spectrum. Methods for pileup
reduction and correction are described below.

In most eases listed in Table XXVII, only IB spectral
shapes were measured, and the accuracy is generally
poor. Precise shape determinations with different types
of NaI(Tl) spectrometers have been performed on "Fe
(Berenyi et a/. , 1965b), and on the forbidden spectra.
fr o' mCI 6(B r enyei et a/. , 1965a, b; Smirnov and Batkin,
1973) and '9Ni (Schmorak, 1963). Only recently were
Ge(Li) spectrometers used, resulting in accurate shape
measurements on 4'Ca (Mysl ek et a/. , 1973) and '~Ni

(Berenyi et a/. , 1976) and on the IB spectrum from high-
er shells only in '9'Pr (Hopke and Naumann, 1969).

To obtain normalized IB spectra, the ordinary K-cap-
ture rate zvE must be determined from separate mea-
surements of the K x-ray or K Auger-electron emissi. on
rates. Normalized IB spectra have been determined in
only a few cases: for "Ar (Saraf, 1956), "Fe (Micha-
lowicz, 1953; Saraf, 1956), "Ge (Bisi et a/. , 1955a),
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TABLE XXVII. Experiments on total IB spectra.

Z Elements A

Final state
{keV) g7(' JlT

+EC
{keV)

Deduced quantities

&,c (kev) ' Others Spectrometer Method d References

18 A

477.6

3 3
2 2

1-
22 384.1 ~0.1 395 + 25 IIB

388 +8
2' —0' 1144.1 +1.7 1170 ~40

814.1 + 0.6

1162 +45

1178 + 15

1158 +18

1141 + 8

818 +15

818 ~20

jeff~ DT

861.75 0.09 851 12 IIB,A, ff Ge(ji}
NaI

NaI

NaI

NaI

NaI

NaI

NaI

IB-y-coinc.

IB-y-coinc.

Mutterer {1973b,c)

Lancman (1971b)

Persson (1972)

Dougan (1962)

Berenyi (1962, 63b)

Lipnik (1964)

Berenyi (1965a, b)

Smirnov (1973)

Anderson (1952, 53)

Emmerich (1954)

Lindqvist {1955)

IIB IB/IC-Auger Saraf (1956)

20 Ca

23 V

Cr

421.2 + 0.5
601.2 +1.0
751.4 ~0.9

621 + 10

756 +5

IIB, Qt:ff

752 + 22

730 + 20

794 + 60

748 + 14

760 + 15

5'& from I,B

fi Qm IIB

2~ from IIB

IB ~ jeff

786 +50 2y from IIB

Ge (Li)

NaI

NaI

NaI

Ge (Li)

Ge (Li)

IB/No

IB/y

»/~
IB/y

»/v

Mysfek (1979)

Hayvmrd (1956)

Bisi {1955b)

Cohen (1955)

Van der Kooi (3.956)

Ofer (1957)

Murty (1967)

Bibordy (1970)

Mutterer (1973a, c)

Co

320.1

835.3

57 136.3

59

431.1 + 1.0
3 —2' 540.j. +3.6

429 + 16 IIB

512 +25 I B

639 + 100 IIB

231.7 + 0.7
518 +8 IIB

212 + 10

212 + 20

222 + 10 II

227

5
2 2 700.4 + 0.7

IIB

227 + 10 IIB

224 +4

248 + 20

434 + 30

674 +30 I B

1073.1 +1.1 1073 + 30

NaI

NaI

NaI

NaI

GM-count.

NaI

NaI

NaI

NaI

NaI

NaI

NaI

NRI

NaI

NaI

IB—y-coinc. , Koonin (1972)

IB-y-coinc.
IB-y-coinc.

IB-y-coinc.

»/sex

IB/Kx

IB/SCx

Lancman (1969)

Kfdlr (1970)

Koonin (1972)

Bradt (1946)

Maeder (1951)

Bell (1952)

Michalovicz (1953)

Madansky (1954)

Emmerich (1954)

Saraf (1956)

Biavati (1959, 62)

Berdnyi (1965b)

aa~ (1969)

IB-y-coinc. Jung (1956)

IB-y-coinc. Lancman (1971a)

Em~erich (1954)

IB

DT

1075.1+ 1.3 DT

NaI

NaI-

IB/Ex Saraf (1956)

Hayashi (1960)

Schmorak (1963)

Berdnyi (1976)
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TABLE XXVII. (Continued)

Z Elements A.

Final state

(keV) (keV)

Deduced quantities
E' (keV) Others Spectrometer Method References

32 Ge

50

55 Cs

Sm

51 Sb

53 I

119

125

131

23.8

35.5

113 391.0
646.5

5+ g+
2 2

1+ 1-
2 2
1+
2 2

5+ 3+
2 2

5+ 3+
2 2

5+ 3+
2 2

235.1 +1.7

513 +27

634 + 14

378 + 14

555 +20

112.5 +1.0
355 +6

237 +5

231 +3

517+27

IIB

IIB

IB

584 ~15

547 + 10 II

930 +300

108

IIB

141.5 + 2.0
356 + 10 IIB

356 + 10

IIB

NRI

NRI

NaI

NRI

NRI

NaI

NRI

Ge (Li)

NRI

NRI

NaI

NRI

NRI

IB/Zx

IB/SCx

Saraf (1953)

Saraf (1954b)

Langevin (1954d)

Bisi (1955a)

Rietjens (1954)

Phillips (1960)

IB—y-coinc. Bosch (1967)

IB/Zx

IB/Kx

IB/Zx

IB/Wx

Olsen (&957)

Gopinathan (1968)

Saraf (1954a)

Hoppes (1956)

Michalowicz (1956)

Biavati (1959, 62)

Brosi (1959)

IB/(Kx +y), Sujkowski (1968)
IB-e -coinc.

66 Dy 159 365.4 + 1.0 370 + 10

370 +9
f

IIB

NRI

NRI

NRI

Ryde (1963b)

Wotczek (1963)

IB/(Kx +y) Sujkowski (1965)

68 2 2

1-
2 2

371 +4

187 +10

61.2 ~3.0

370 + 10

372 +8

190 + 16

60.8 ~ 3.0

IIB

IIB

NaI

NaI

NRI

Ge(Li)

Ge (Li)

IB/Kx

IB/ax

IB/Kx

Ryde (1963a)

Zylicz (1963)

Sujkowski (1965)

Rao (1966)

Hopke (1969)

Calculated using QEc values from Wapstra and Gove (1971).
Partly recalculated from measured 1s-IB endpoint energies, using electron binding energies from Bearden and Burr (1967).
Symbols are used for the bremsstrahlung intensity (IIB), the effective shape function (A, ff), information on the influence of de-

tour transitions (DT), and the y-branching ratio (P&). Information on the different spectral shapes are not indicated.
Indicated only if normalized IB spectra have been determined.
Includes bremsstrahlung of the 8/p-EC branch to the ground state of 45Pm.
Includes bremsstrahlung of the 26/0-EC branch to the 58.2 keV excited state in ~ Tb.

thermore, the residual pileup spectra show sharp sum
peaks that can be distinguished from the smooth IB
spectra (Fig. 42). A complete separation of the IB spec-
trum from the residual pileup spectrum cannot, how-
ever, be achieved in a single measurement, even with
a weak "Cr source (Ribordy and Huber, 1970); an ex-
trapolation from measurements with sources of differ-
ent strengths is required. The extrapolation procedure
used by Mutterer (1973a) is illustrated in Fig. 43. This
technique has yielded normalized IB spectra of 'Be and
-"Cr (Fig. 44) of good accuracy.

The spectrometry of IB in the presence of y rays
could be further improved by using large Ge(Li) detec-

- tors and suitable absorbers, in order to optimize the
ratio of IB to y-ray counting rates, and by using low-
background arrangements. The reduction of background,

either by applying optimal shielding or by using antico-
incidence devices (Persson and Koonin, 1972), allows
the use of weak sources and reduces the pileup correc-
tion accordingly. It would also be interesting to apply
Ge(Li) anti-Compton spectrometers operated with pile-
up rejectors, because here pileup is confined to the
region of the coincidence sum peaks. It can be expected
that with improved techniques the accuracy with which
total IB spectra of "Cr and 'Be are now measured can
also be attained in cases of decay schemes with higher

P„, larger ratios of y-ray energy to Q «, or with sev-
eral p branches. Spectrometry of the ground-state
bremsstrahlung offers the possibility of determining
ground-state branching ratios that in complex decays
can otherwise only be obtained (often with very poor
accuracy) from total I - and x-ray intensities.
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100—

80—
OJ

LLj

go-

LLj 40-
I—

0
20—

100 200 300
ENERGY /keV

FIG. 41. IB pulse-height spectra of ~3~Cs, measured with a
3.5 x3.5-cm NaI(Tl) spectrometer. Copper absorbers were
placed between source and detector, ranging from 710 mg/cm2
(A) tp 2200 mg/cm ( jg). I From Saraf (1954a)J.

c. /8 spectrometryi n coincjdence w1 th y rays

Spectrometry of internal bremsstrahlung in coinci-
dence with z rays or conversion electrons permits one
to separate the IB spectra accompanying decay to dif-
ferent excited states. Spectra can be measured over
their entire energy range, above the K x-ray region,
for electron-capture transitions that feed states which

decay by prompt z-ray emission to the ground state or
to a lower-lying metastable state of the daughter nucle-
us. Normalization is easily accomplished by dividing
a coincidence IB spectrum by the singles y counting
rate.

IB-Z coincidence experiments have been performed on
electron-capture transitions to excited states in the de-
cays of 'Be (Lancman and Lebowitz, 1971a; Persson and
Koonin, 1972), "Cr (Koonin and Persson, 1972), "Mn
(Lancman and Lebowitz, 1969; Kada, r et a/, 1970; Koo-
nin and Persson, 1972), "Co (Lancman and Lebowitz,
1971b), and "'Sn (Bosch et a/. , 1967). The main diffi-
culty in IB-y coincidence spectrometry arises from the
large difference in intensity (-10 ) between IB and y
radiation, because the y-ray spectra usually cover the
same energy range as the weak IB spectra. Very short
coincidence resolving times and high-efficiency detec-
tors are therefore necessary to attain good true-to-
chance coincidence ratios within reasonable counting
times. Furthermore, scattering between the IB and y
detectors must be avoided to prevent false prompt coin-
cidences and counting losses produced by sum effects
in both channels. To meet these conditions, NaI(T1)
scintillators have been used as IB and y detectors,
arranged in close face-to-face geometry. Scattering
has been reduced with suitable absorbers (Lancman
and Lebowitz, 1969, 1971a,b), sometimes combined
with lead collimators (Persson and Koonin, 1972; Koo-
nin and Persson, 1972) (Fig. 45). Kadar et a/. (1970)
employed a 90 crystal arrangement of lower geometry
with lead collimators. Timing was accomplished by
Bosch et a/. (1967), Lancman and Lebowitz (1969,
1971a,b), and Kadar et a/. (1970) with conventional fast-
slow coincidence circuits of 20-35 nsec resolving time.

TABLE XXVIII. Electro'-capturing nuclides that decay by pure ground-state-to-ground-state transitions.

20

25

57

52

Elements

Fe

Ge

Cs

Ho

Er

Er

t"a

Te

165

157

81

123

+i /2

35d

11.4d

g.7d

&103y

75 min

10.3h

150y

8 x104y

2.1 x 105y

2 x108y

8 x104y

2.6x Mey

6 x104y

] 2 x10i3y

vc'
(keV)

814.1+0.6
601.2 + 1.0
231.7 +0.7
235.1 + 1.7
355 +6

9.0 + 1.5
1208 + 6

371 +4

64 +5

61.2+3.O
421.2 + 0.5
290 + 100

597.3 + 1.2
1073.1 + 1.1

346 +9

-500

57.2 + 2.4

3+ 3+
2 2

X. I-
2 2

3 6
2 2
j.- 3-
2 2

5+ 3+
2 2

5-
2 2

2 2

3+ 3
2 2

2 2

2-+
2 2

2 2
'r 3
2 2

Q+ g+
2 2

g+ 3+
2 2

L+ g+
2 2

Degree of forbiddeness

Allowed

First nonunique

First unique

Second nonunique

Second unique

~ From ~apstra and Gove (1971).
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effects in the theory, which predicts that these effects
reduce the IB yield with increasing energy (Fig. 32).

IOOO—

5
LLJ 500—

D

E& = 417.4 keV

2. Experiments on partial I B spectra

Supplementary to the experiments described in Sec.
IV.B.1, considerable effort has been expended to mea-
sure partial IB spectra associated with electron capture
from specific shells, mainly the 1s IB spectrum asso-
ciated with K capture. Such spectra can be observed by
IB spectrometry in coincidence with x rays or Auger
electrons. Higher-shell spectra can be determined by
subtracting accurately measured 1s IB spectra from to-
tal IB spectra.

JOO—

ENDPOINT

—+@Cat 4i I, J~'. .3

PULSE HEIGHT

FIG. 48. IB pulse-height spectrum of ~Be measured in coinci-
dence with the 477-keV y rays. The Be p-ray peak at 477 keV
remained after correction for random coincidences. The cor-
responding Compton distribution is shown as a dashed line.
t From Persson and Koonin (1972)].

a. The 1s l8 specfrum

Spectrometry of internal bremsstrahlung in coincidence
with K x rays or K Auger electrons singles out the 1s IB
spectrum dye„. The spectrum can be normalized to the
corresponding K-capture rate by dividing the coincidence
IB spectrum by the singles K x-ray (K Auger-electron)
counting rate.

QnlyIB-K-x-ray coincidence experiments have been
reported (Table XXIX). Most of these experiments have

TABLE XX1X. 1s 1B spectra measured in coincidence with A x-rays.

50

53

Cs

80 Hg

Z Elements

55

85

109

113

125

197

204

Final state
(keV)

835.0

87.7

35.5

61.2

77.3

J'Vl J7l

3+ —2'
3» Q~
2 2
9+ 8+
2 2

3+ 7+
2 2

4+ 3-
2 2

5+ 3+
2 2

7 ?+
2 2

1 1+
2 —2

2 —0+

+LC
(keV)

540.1 + 3.6
231.7 + 0.7
550 +7

94 +3

378 + 14

112.5 + 1.0
355 +6

577 +7

371 +4

187 + 10

338 + 20

345 +4

370 +8

384 + 20

184 + 12

686 +40 IB

376 + 20

393 + 10

385 +20 IB

Deduced quantities
Z,c {keV) b Others

528 + 20

I,B

493 + 30

94 +3

100 +10

141.5+ 2

I 'IS
IB

g1$
IB

IiS d
IB

Spectrometer

NRI

NaI

Ge(Li)

NaI

Ge(Li)

NaI

NaI

NaI

NaI

NaI

Ge (Li)

NaI

NaI

NaI

NaI

NaI

References

Jung (1956}

Biavati {1959,62)

McDonnell (1969)

Gopinathan (1968)

Jung (1956)

Gopinathan (1968)

Michalowicz (1956)

Biavati {1959,62)

Sujkowski (1968)

Zylicz (1963)

Sujkowski (1965)

Hao (1966a)

Jasinski (1965)

Der Mateosian (1952)

Jung (1956)

Biavati (1959,62)

Goudsmit (1966)

Lancman (1973)

~ Calculated using QEc values from Wapstra and Gove (1971).
Partly recalculated from measured 1s-IB endpoint energies, using K-electron binding energies from Bearden and Burr (1967).
I~~ ——1s-IB intensity.
Includes bremsstrahlung of the 8/p-EC branch to the ground state of ~ 5Pm.
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FIG. 49. Total IB spectrum of '3 Cs, measured with a 1 &1-2-

in. NaI(Tl) crystal with a 0.0005-in. thick aluminum window.
The 1s IB spectrum gated by ~3'Xe K x rays that were recorded
with a 1.5 &0.080-in. NaI(Tl) crystal, is also shown. [From
Qiavati et aI. (1962)].

yielded only spectral shapes. Normalized spectra have
been determined only for some simple decays, viz. , for
"Fe (Biavati et a/. , 1962), '"Cs (Michalowicz, 1956;
Biavati et a/. , 1962) (Fig. 49), '4'Sm (Sujkowski et a/. ,
1968), and "'Er (Zylicz et a/. , 1963; Sujkowski et a/. ,
1965). Nal(Tl) detectors were used in these experiments
for both the IB and K x-ray photons; interference of K
x rays in the IB spectrometer was avoided with absor-
bers. For all isotopes but "-'Sm and "'Er, only poor
accuracy was achieved in these early experiments.

Measurements of bremsstrahlung in coincidence with
A x rays can also be performed in the presence of high-
er-energy y rays, with the restriction that prompt y
rays limit the observable 1s radiation to energies above
the y energy. Spectra accompanying electron-capture
decays that feed a state deexcited by prompt y rays of
energies in excess of the electron-capture transition
energy cannot be obtained by IB-A-x-ray coincidences
with any degree of accuracy. One IB result on such a
cascade in "Mn, reported by Jung and Pool (1956),
should be disregarded. Delayed y rays, such as arise
if electron capture feeds isomeric states, have no direct
influence but may contribute considerably to the random-
coincidence rate below the y energy. This was the case
in the older coincidence experiments on "Sr by McDon-
nell and Ramaswamy (1969), 'O'Cd by Gopinathan and
Rubinson (1968), and "'Sn by Jung and Pool (1956).
Modern coincidence techniques, as used by Persson
and Koonin (1972) in IB-Z spectrometry, would permit
measurements of entire 1s IB spectra. Some results on
1s spectra have been reported for electron-capture
transitions to isomeric states with mean lives of the
order of the coincidence resolving time, viz. , on '"I
(Gopinathan and Rubinson, 1968), '"Sm (Sujkowski
et a/. , 1968), and "'Hg (Jasinski et a/. , 1965). In such
cases, only the spectrum above the y-ray energy is
usually observable, and normalization is complicated.

In all measurements of coincidences between brems-
strahlung and K x rays on radioisotopes that emit
prompt or delayed y rays, a correction must be applied
for the y contribution in the K x-ray channel. This cor-
rection is determined through a second measurement
with a discriminator window setting above the A x-ray

line. Corrections for A x rays from internal conver-
sion must also be considered.

Bremsstrahlung from 1s capture can be measured in
coincidence with E x rays even in cases where p' or p
decay competes with electron capture because the only
A vacancies created in p decay are the few produced by
K-shell internal ionization or shakeup (Sec. V). Thal-
lium-204 has often been investigated; this isotope decays
by 97.9% p emission and 2.1% electron capture. Lanc-
man and Bond (1973) have pointed out that double inter-
nal bremsstrahlung associated with the p branch may
have to be considered.

Most measurements of 1s IB spectra could be consid-
erably improved today. Careful new measurements on
pure ground-state decays and electron-capture decays
to isomeric states would be especially useful.

10 I
I

I
~

I
~

I

"9'Pt

FIG. 50. Pore higher-shell IB
spectrum of ~~3Pt, measured
with a 7-cm3 coaxial Ge(Li)
detector. [From Hopke and
Naumann (1969), and private
communication] .
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The possibilities for measuring the bremsstrahlung
that accompanies electron capture from higher shells
are more limited. Radiation from ns capture, n& 1,
has very similar shape to 1s radiation and constitutes
only -10% of the total bremsstrahlung in the energy
range above -Z&. The radiation accompanying capture
of p electrons dominates only at low energies, &&ZAN;
for low Z, this is difficult to separate from the charac-
teristic x-ray lines,

The IB spectra associated with capture from higher
shells are quite easily observed in the few low-energy
transitions in which K capture is energetically forbid-
den, e.g. ,

9 Pt and Ho. An accurate IB sh3pe mea-
surement on "'Pt was performed by Hopke and Naumann
(1969) with a Ge(Li) spectrometer (Fig. 50). In more
energetic transitions, however, such spectra are very
difficult to measure with good accuracy.

The 2s IB specA um, associated with radiative capture
of L,, electrons, can only be singled out in coincidence
with I x rays if it is possible to gate on the I-p, and
Ip, lines. Other f. x rays can also arise from I... cap-
ture or follow K~ x-ray emission after A capture. The
method is thus restricted to high-Z atoms for which the
I. x-ray components can be resolved and the K fluores-
cence yield is large. For other nuclides, the 2s spec-
trum (including s spectra from higher shells) can only
be obtained indirectly by comparing accurately mea-
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sured 1s and total IB spectra. No experimental results
on separated 2s IB spectra have been reported.

The gp IB sPectrzgrn associated with radiative capture
of electrons from the L, subshell (plus the small amount
captured from the L, subshell) can be singled out by
coincidence IB spectrometry in cases in which K capture
is forbidden, such as ' 'Pt. Here, an IB measurement
in coincidence with those L, x rays that fill L, and L, ,
vacancies (all but LP, and LP,) can be performed. The
total P radiation, however, that differs strongly in spec-
tral shape from s radiation, can be determined by sub-
tracting from the total IB spectrum measured at ener-
gies below Z& the s IB spectrum that is measured at
higher energies and extrapolated to the p IB region. Al-
ternatively, one can subtract the 1s IB spectrum mea-
sured by IB-K-x-ray coincidences and corrected for
the - 10/g contribution from higher s states (Biavati
et al. , 1962).

Measurements of total IB spectra at low energies,
where p IB dominates, have been performed on several
nuclides, viz. , on "Fe by Biavati et al. (1962), '"Cs by
Michalowicz (1956), Hoppes and Haywards (1966), and
Biavati et al. (1962) (Fig. 49), '"Sm by Sujkowski et al.
(1968), and '"Dy and '"Er by Sujkowski et al. (1965).
Relative intensities of p radiation and s radiation were
determined for Sm, Dy, and Er. In all these ex-
periments, NaI(T1) detectors were used. With scintil-
lation detectors, however, distortions of the IB spec-
trum due to pileup contributions from K x rays and
K—I- x-ray sum effects are difficult to control in the
vicinity of the K x-ray energy. For the measurement
of p radiation, Ge(Li) spectrometers should be used,
preferably with pileup rejectors, and corrections for
residual pileup should be considered. Platinum-193
would be a good case for study.

The measurement of the relative intensity of IB from
s and p capture represents an independent method to
determine the capture ratios; this may supplement cor-
responding x-ray and Auger-electron experiments.

3. Analysis of IB pulse-height spectra

In this section, we consider methods for deriving IB
energy spectra dzo»(k) or Cho„, (k) from measured pulse-
height distributions. For continuous spectra, spectro-
meter calibration is more complicated and analysis more
laborious than for line spectra. The calibration proce-

dure must include determination of total detector re-
sponse over the entire range of energy k and pulse height
E that is covered by the continuous spectrum. The
pulse-height spectrum dn(E) and the corresponding pho-
ton energy spectrum dhh(k) are, in general, related as
follows '

dn(z)= I RS, a)dm(k).
0

(4.80)

The response function R(E, k)dE defines the probability
that a photon emitted with energy k produces a pulse of
height between E and E+ dE when detected. The accu-
racy to which a measured spectrum dn(E) can be com-
pared with a predicted IB spectrum dw» (k) depends both
on the accuracy of R and the method used to solve Eq.
(4.80).

In analogy to extensive work on P spectra, various
methods for making response corrections on continuous
y spectra have been worked out that are applicable to
measurements with NaI(T1) and Ge(Li) spectrometers.
In the present paper, we can only make a few remarks
on essential features. Electron-capture bremsstrahlung
spectra have been subjected successively to procedures
designed to correct for resolution, Compton distribu-
tion, total efficiency, iodine K x-ray escape, etc. (Liden
and Starfelt, 1954; Lindqvist and Wu, 1955; Persson
and Koonin, 1972). As an example, Fig. 51 shows the
various corrections applied by Lindgvist and Wu (1955)
to the IB spectrum of "Ar. These procedures depend
very much on the peculiarities of the detector arrange-
ment and can differ considerably in accuracy. We dis-
cuss, instead, more generally applicable methods based
on the application of complete response functions.

a. Determination of response functions for Nal(TI J
and Ge(Li) spectrometers

The response function R [Eg. (4.80)], which varies
strongly with the type of spectrometer and the measured
energy range (see, e.g. , Heath, 1963), can in principle
be calculated in terms of the different fundamental ab-
sorption processes in the detector. Monte Carlo calcu-
lations have been performed, e.g. , by Beattie and
Byrne (1972) for scintillators and by Meixner (1974) for
Ge(Li) spectrometers. These calculations have reached

-a high level of accuracy; their application, however, is
limited by the fact that the true dimensions of the detec-

500
Energy

700 k ey 800

FIG. 51. Corrections applied
to the predicted 3~Ar IB spec-
trum to convert it into a pulse-
height spectrum as would be
measured with a 1 &l-in.
Nal {Tl) spectrometer: (A)
theoretical curve corrected
for inefficiency, and distribu-
tion curves for (]3) photo elec-
trons, (C) Compton electrons',
(0) backscattered photons, (E)
escaped photons, and (F) ab-
sorbed photons. [From Lind-
qvist and Wu (1955)j .
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tor's sensitive volume and the thickness of dead zones
and encapsulations are often not accurately known. In
fact, calculations deviate from measured response func-
tions, especially at low energies.

All pertinent effects are correctly taken into account
if the response function is determined empirically by
interpolation, starting from pulse-height spectra pro-
duced by monoenergetic p rays of known energies and
intensities.

For NaI(Tl) sPectxometexs, numerous peak-fitting
procedures have been developed (e.g. , Prescott, 1963);
these allow one to derive the energy dependence of the
fitting parameters. For the interpolation of Compton
distributions, Chester et al. (1963) have fitted para-
metrized analytical curves to measured spectra and
determined the sets of parameters as functions of the
energy k. Wapstra and Oberski (1963) and others have
interpolated between calibration spectra that were trans-
formed so as to bring all Compton edges to a common
value of the transformed pulse height. Under special
conditions, e.g. , with large crystals in close geometry
yielding a small Compton-to-peak ratio, it may suffice
to approximate the Compton distributions by simple
rectangular or trapezoidal shapes. The possibility of
such simplification has been demonstrated by Persson
and Koonin (1972) for IB spectra measured with a 3 && 3-
in. NaI(T1) crystal (Fig. 45).

With Ge(Li) spectxonzetexs, the correct determination
of peak areas is important, whereas the peak shapes can
be approximated because the continuous spectra vary
little over an energy interval corresponding to a peak
width. On the other hand, correct fitting of the Compton
distribution is of the utmost importance, especially for
small detectors, because the Compton-to-peak ratio is
large. Methods for interpolating Compton distributions
by fitting parametrized curves (Ribordy and Huber,
1970) and by interpolating transformed calibration spec-
tra (Mutterer, 1973a, c) were reported. Both procedures
have yielded accurate Ge(Li)-response functions {Fig.
52).

h. Correction methods

With a known response function, a measured IB pulse-
height spectrum dn, ~ can be compared in either of two
ways with a theoretical spectrum dw» .. (i) the theoreti-
cal spectrum can be converted according to Eq. (4.80)
into a "predicted" pulse-height spectrum that is com-
pared with the measured spectrum (folding method), or
the measured pulse-height spectrum can be converted
into an experimental energy spectrum by solving Eq.
(4.80) (unfolding method).

The folding method has been applied most often in the
evaluation of IB results, e.g. , for 'Be by I ancman and
Lebowitz (1971b) and Mutterer (1973b,c), "Ar by Ander-
son and Wheeler (1953), Lindqvist and Wu (1955), and
Saraf (1956), 49V by Hayward and Hoppes (1956), "Cr
by Mutterer (1973a,c), "Mn by Lancman and Lebowitz
(1969), "Fe by Maeder and P'reiswerk (1951), Michalo-
wicz (1953), and Biavati et al. (1962), "Co by Lancman
and Lebowitz (1971a), '"Sn by Phillips and Hopkins
(1962), "'Er by Hyde et al. {1963a), and '"Tl by Lanc-
man and Bond (1973). The folding method is simplest
but has the great disadvantage that no direct experimen-
tal energy spectrum du» is obtained. It is thus less
valuable for a detailed comparison of IB experiments
with theory. Furthermore, the important method for
determining the transition energy EEc by constructing
a Jauch plot of dzv» (Sec. IV.B.4) cannot be applied.
Instead, a variational procedure has often been used to
determine E«. dn» is calculated from IB theory and
the known detector response as a function of the end-
point energy q, and q is varied to give the best fit to the
measured spectrum (Fig. 53). To obtain experimental
results for the IB yield as well as E«, both a constant
factor and q have often been varied in fitting calculated
to experimental IB pulse-height spectra (e.g. , Lane-
man and Lebowitz, 1969, 1971a,b). Experimental re-
sults on the IB yield obtained by this method evidently
imply theoretical assumptions on the spectral shape.

The unfolding method is consequently to be preferred.

8 I f I I I I I I I I

I. IG. 52. Compton distribu-
tions of 5 Mn (a) and Sr (b)
recorded with small Ge(Li)
spectrometers. Measured
spectra are compared with
those calculated from con-
structed response matrices.
t(a) from Hibordy and Huber
(1970), courtesy of ]3irkhauser
Publishing Co.; (b) from Mut-
terer (1973c), unpublished] .
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FIG. 53. IB pulse-height spectrum of 54Mn, measured with a
3 &3-in. NaI(Tl) spectrometer, in coincidence with the 835-keV
y rays from 5 Cr. The solid line is the best fit (corresponding
to the minimum value of y ) of the curves obtained by folding
the theoretical IB spectrum with the response matrix. The
end-point energy is used as fitting parameter. [From Lancman
and I.ebowitz (1969)].

Various procedures have been reported in the literature.
The solution of Eq. (4,80) by matrix inversion usually
has to be limited to small matrices. This difficulty can
be overcome by iterative methods, such as the correc-
tion-factor method of Scofield (1963) and the Gauss-
Seidel method (e.g. , Zurmiihl, 1965). Both of these
methods, which also have often been used for unfolding
measured p spectra, normally lead to quite rapid con-
vergence if the diagonal elements (Z=k) in the response
function dominate. Ribordy and Huber (1970) have com-
pared different iterative methods for unfolding the IB
spectrum of "Cr and find comparable results. The
Gauss-Seidel method was applied to the 'Be and "Cr IB
spectra by Mutterer (1973a,b, c), who found rapid con-
vergence of the iteration, provided that the response
function was renormalized to unit peak areas. These
unfolding techniques performed with the aid of modern
computers have yielded accurate response corrections
for bremsstrahlung spectra. It should be noted, how-
ever, that some problems remain concerning the propa-
gation of statistical experimental errors (Weise, 1968).

4. Determination of electron-capture transition energies
from measured I B spectra

The determination of IB end-point energies is of par-
ticular interest because it provides, a direct method for
measuring electron-capture transition energies E«and
the corresponding isobaric atomic mass differences Q«.
The end point of an IB spectrum is equal to the energy
q of the neutrino emitted during ordinary (nonradiative)
electron capture and, consequently, the transition ener-
gy is obtained by adding to the. end-point energy the

atomic binding energy (in the daughter atom) of the shell
from which capture has occurred (Rubinson, 1971).

Transition energies have been determined in most IB
experiments. In Tables XXVII and XXIX, E«results
are listed which were obtained from measurements of
total and 1s IB spectra. Tables XXVII and XXIX also
contain E«values deduced from the atomic-mass com-
pilation of Wapstra and Gove (1971). With few excep-
tions ("'Sn, ~251, '"Hg, and "'Tl), the IB data are in
fair agreement with the atomic-mass differences. It
should, however, be noted that the two sets of data are
not independent. Wapstra and Gove (1971) have consid-
ered part of the listed IB data in assigning the isobaric
mass differences, supplementing data from nuclear
reaction thresholds and electron-capture ratios. Es-
pecially in the medium and high-Z region (e.g. , 'O'Pd,
'"Cd, "'Sb, '"Cs, "'Sm, and '"W), the listed E«
values from IB experiments appear, with slight changes,
also in the atomic mass tables.

Because of the great importance of accurate mass dif-
ferences, some comments on the determination of IB
end-point energies are in order. Many electron-capture
transition energies listed in Tables XXVII and X&IX
originate from early experiments and are of low accu-
racy. These measurements could be much improved
with modern techniques. The overall accuracy of E«,
however, depends also upon the theoretical model which
is used to extract the IB end-point energy q from a mea-
sured IB spectrum. This dependence on theory is most
obvious in E«determinations based on the fitting of
calculated spectra to measured ones, with q„as the
fitting parameter (Sec. IV.B.3). That different theoreti-
cal assumptions in this procedure can yield quite differ-
ent values of q„was demonstrated by Lancman and Bond
(1973) in the case of the first-forbidden unique electron-
capture decay of ' Tl: fitting procedures with different
allowed IB shapes yielded E«values that differ by 25
keV. Shape functions from theories for forbidden tran-
sitions were, however, not considered. Berenyi et al.
(1976) studied the variation of Esc of "Ni, obtained from
an accurately measured '9Ni IB spectrum, by fitting
spectra calculated from different theoretical approaches
to forbidden radiative capture; they found differences
of a few keV.

Most experimental transition-energy determinations
from (unfolded) IB spectra dge» (or dw„) have been
made by linearizing the spectra in a way that resembles
the construction of Kurie plots for P spectra. The pro-
cedure for constructing such a Jauck P/ot (Jauch, 1951;
Bell et al. , 1952) is based on the elementary shape of
the ls IB spectrum [Eq. (4.17)] as predicted by the early
Coulomb-free theory of Morrison and Schiff (1940). A
linear plot is obtained by converting a measured spec-
trum dzv„ into bauch corn dinates by plotting (Cho„lk)'~'
vs P. Because of the predicted proportionality

(dm„/0)'~' ~ 0 —q„, (4.81)

the intercept with the k axis occurs at q„. The accuracy
of this procedure evidently depends on how closely the
investigated spectrum is approximated by the Morrison-
Schiff theory. For a strictly correct linearization,
various corrections to the spectrum must be considered
which appear in the modern theory for allowed decays
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(Sec. IV.A.2) and for forbidden decays (Sec. IV.A.4).
The Is IB spectrum from allowed and first-forbidden

nonunique decays can be linearized more strictly on
the basis of the relation

o= k —q„.

d, =d „I+ Qg, )nl
zoic (4.83)

this leads to an additional energy-dependent correction

dn„
kR„(k) (4.82)

'P

The 1s IB shape function R„(k) corrects for relativistic
and Coulomb effects; it can be calculated exactly from
Eq. (4.44). This shape function is displayed in Fig. 32
for various atomic numbers. The influence of R„on the
determination of q„has been studied by Zylicz et al.
(1963) in the case of the "'Er IB spectrum (Fig. 54). It
was found that a Jaueh plot according to the relation
(4.82) yields an end-point energy that differs by 3 keV
from that obtained with a simple plot based on the pro-
portionality (4.81). In this analysis, however, an ap-
proximate result for the relativistic shape factor A„
was used, as derived by Martin and Glauber (1958). For
"'Er (Z = 68) and in the measured energy range,
150 keV —k ~ 300 keV, the approximate function deviates
considerably from the exact function R„(Fig. 33), so
that a greater effect of R„on q„ is expected. Larger
differences are also expected in the case of IB spectra
that cover wider energy intervals and are not measured
as close to the end point.

In order to determine 1s IB end-point energies from
measured total IB spectra dzv, ~, a correction must be
applied for the higher-shell components which have end
points q„, larger than q„. In the energy range 0 &q„,
this correction can be written

f(k) in the Jauch coordinate:

I dzo, s/kR„(k) f(k)]'~'~ k —q„. (4.84)

The k dependence of f(k) is complicated because it gen-
erally contains the higher-shell shape functions R„, and
@2~ (Tables XXIII and XXIV) as well as corrections for
the different end-point energies q„,. In most practical
eases, however, only higher-shell s radiation is impor-
tant at higher energies. The correction for the domi-
nant 2s radiation is adequately taken into account by

2

f(k) 1 g ..() 1».
P» R„(k) q„—k

(4.85)

Here, P~/P» is the i.jK electron-capture ratio, and the
A x-ray energy k~„has been written for the difference
q„—q„. The term containing kz, constitutes an im-
portant correction for experimental data that are close
to q„, within a few times k~„. Because this term im-
plicitly also contains q„, the correction (4.85) can only
be calculated iteratively.

Equation (4.84) has been used by Mutterer (1973a,b) in
determining the IB end-point energies of 'Be and "Cr,
with R„,functions calculated from Martin and Glauber's
theory, setting R„=R„=1.

In total IB spectra that accompany low-energy transi-
tions between high-Z nuclei, p radiation dominates; a
correction function f(k) can be calculated from theory,
using shape functions Q'„~ and the corresponding subshell
capture ratios. Because p-type spectra deviate con-
siderably from the Morrison —Schiff spectrum, it is ex-
pected that a simple Jauch plot according to Eq. (4.81)
may yield quite incorrect results. Consequently, the
result for E«of '"Pt derived by Hopke and Naumann
(1969) from both the I - and M-capture bremsstrahlung
(Fig. 50) by using Eq. (4.81) should be regarded with
reservations.

It is clear that reliable theoretical calculations are
necessary for obtaining accurate E«values from mea-
sured IB spectra. A strong argument for the perfor-
mance of accurate new IB experiments is implied.
Measurements on those decays for which accurate E«
values are available from independent experiments are
most valuable for testing IB theories.
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FIG. 54. The 1s IB spectrum of ~85Er, as measured with an
1& &1-in. NaI(Tl) spectrometer, in coincidence with Ho X x
rays. Jauch plots are shown according to Eq. (4.81) (curve a)
and Eq. (4.82) (curve b). [From Zylicz et al. (1963), courtesy
of North-Holland Publishing Co.] .

5. Experimental results and comparison with theory:
Allowed and f irst-forbidden nonunique transitions

Most experiments described so far deal with allowed
electron-capture decays. They are to be compared with
the theory of Martin and Glauber (1958) which, in the g

approximation, is expected to apply also for first-for-
bidden nonunique decays.

In most experiments, only spectral shapes have been
determined. The results, of varying accuracy, general-
ly agree with theory. This agreement is found boih for
total IB spectra (experiments listed in Table XXVII) with
dominating s —and P-type radiation and for 1s IB spectra
singled out by IB-K-x-ray coincidences (Table XXIX).
The situation is illustrated in Figs. 44, 55, and 56 for
the s IB spectra of "Cr, 49V, and "Fe, which cover
different energy ranges. Figure 49 contains a compari-
son with theory of the 1s IB spectrum of '"Cs and of the
total IB spectrum which in this case covers an energy
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FIG. 55. IB spectrum of 49V, measured with a well-type
Nal(T1) spectrometer. The full line represents the theoretical
spectrum of Glauber and Martin (1956). The experimental
points are normalized at 200 keV. t. From Hayward and Hoppes
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FIG. 56. Total IB spectrum of 5~Fe, measured by Berenyi
et al. (1965) with a 10.2 &&15.2-cm NaI(T1) spectrometer. Data
points represent the effective shape factor R,z&, obtained by
dividing the corrected spectrum (NK „}by the Morrison —Schiff
term k (00 —k') . [From Varga (1970), courtesy of Hungarian
A,cademy of Science].

range below &Z, so that p radiation dominates. Mea-
sured s IB spectra (including 1s IB spectra), however,
are generally not sufficiently accurate to reveal the
weak energy dependence of the predicted IB shape fac-
tors (mainly R„). The measured IB shapes can there-
fore not be used to distinguish between the theory of
Martin and Glauber and the pioneering work of Manlier
(1937a) and Morrison and Schiff (1940). It is seen from
Fig. 32 that R„depends on the energy k quite differently
for different atomic numbers and in different energy
regions. The most precise measurement of an allowed
IB shape was performed by Berenyi etaL (1965b) on
"Fe. In Fig. 56, their result is displayed in terms of
the effective shape factor R,«, defined by

(4.86)

The function R,« is equ" 1 to R„, multiplied by the cor-
rection function f(k) for higher-shell contributions [Eq.
(4.85)]. The accuracy of the experiment of Berenyi
et al. (1965b) is comparable with the accuracy attainable
in determinations of p shape factors. The constancy of
R,«within 1/p, found in this measurement, can also be

compared in this special case with the Martin-Glauber
theory. It is seen from Fig. 32 that, for Z = 26, the
theoretical 1s shape factor has a flat maximum between
100 and 218 keV, the range covered by the "Fe experi-
ment. To reveal the dependence of R„on k, accurate
shape measurements below - 100 keV and on transitions
of high energy (e.g. , "Ar and 4'V) shoud be performed.

Only in a few experiments has the IB intensity been
measured in addition to the shape. Some of the data on
normalized IB spectra have been compiled and compared
with theory by Bouchez and Depommier (1965), Kadar
et af. (1970), Lancman and Lebowitz (1971a), Vander-
leeden et al. (1971), Kadar (1971), Koonin and Persson
(1972), and Mutterer (1973c). Conclusions from these
summaries were partly inconsistent, depending on whe-
ther or not theoretical values were recalculated and
which values for the transition energies E«were in-
serted. Here we therefore compare experimental re-
sults with consistently calculated theoretical values.

The selected experimental data on normalized IB spec-
tra from allowed and first-forbidden nonunique decays
are compiled in Table XXX. These data represent inte-
gral values I,e(k„k,) of normalized spectra dzozs, mea-
sured between energy limits k, and k, . The upper limits
0, are always equal to or slightly below the end-point
energies q. We did not consider data for which k, and

k, were not specified, as in measurements on "Cr by
Cohen and Ofer (1955), Ofer and Wiener (1957), Murty
and Jnanananda (1957), and Ribordy and Huber (1970).
In these experiments, the y branching ratio in "Cr was
determined by comparing IB and y intensities. We also
have omitted results on "Cr reported by Vanderleeden
et al. (1971) and Kuphal et al. (1973), which were de-
duced from measurements of circularly polarized
bremsstrahlung, because the measured energy range
could not be inferred clearly. It is to be noted that ex-
perimental I» values obtained from measured IB pulse-
height spectra through the folding method (Sec. IV.B.3)
also do not exactly represent the IB intensity within
stated limits, but rather constitute ratios of counting
rates between corresponding limits E, and E,. These
values are included in the comparison, but are specially
identified in Table XXX. In this table, we distinguish
between values for 1s IB intensities I„and intensities
of total IB spectra, measured relative to the ordinary K
or total electron-capture rates.

The experimental values listed in Table XXX are com-
pared with predictions according to different approaches
to the theory of allowed radiative capture. Predictions
for Is IB intensities (which dominate as well in most of
the listed total spectra) have been calculated from the
Coulomb-free theory of Morrison and Schiff (MS) (1940)
and from the theory of Martin and Glauber (MG) (1958).
Results are listed from both the (analytical) low-energy
approximation of Eq. (4.38) (MG) and the (numerically
calculated) exact solution [Eg. (4.44)] as derived by Inte-
mann (Int) (1971). The higher-shell contributions were
consistently calculated from the approximate relativistic
Martin-Glauber theory (Glauber and Martin, 1956) with
screening corrections of Fig. 36. We consistently used
transition energies E«derived from the atomic mass
compilation of Wapstra and Gove (1971) and, for elec-
tron-capture decays to exited states, from y energies
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In Table XXXI, unweighted average values (ps r) of
independent measurements are listed.

The summary of experimental and theoretical IB in-
tensities proves the advantage of the theory of Martin
and Glauber over the Coulomb-free approach. The mea-
sured data, although widely scattered, clearly reveal
the predicted reduction of the IB intensity, increasing
with Z, that is caused by relativistic and Coulomb ef-
fects. While this lowering of the intensity is most obvi-
ous in the heavier nuclides with 51~Z ~ 80, it can also
be noted, on the average, in the data on lighter nuclides
with 18—Z «32.

The ratios p~ ~ between measured data and theoretical
intensity according to either MQ or Int deviate from
unity by up to 50%, the deviations in most cases are
larger than the error bars. The available data do not
allow one to distinguish between the approximate solu-
tion of MG and the exact solution of Int. The average
values (ps z) in Table XXXI provide no evidence that
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as evaluated by Meixner (1971). Energies q„, were cal-
culated from atomic binding energies (Bearden and
Burr, 1967). The only exception is '"Hg, where the
E«value of 338+ 20 keV derived from the mass table
(which originates from a P»u» measurement by DeWit
and Wapstra, 1965) falls completely outside of the range
of the measured IB spectrum. Uncertainties in the cal-
culated intensities which are due to the stated errors in
the energy E«were estimated from the Coulomb-free
theory by differentiating Eq. (4.16) with respect to q„.
These uncertainties were found to be generally below 1%,
except for "Ge, '"Cs, ' 'Sm and "'Er, where they lie
between 2%%uo and 7'%%uo, and for "'Hg, where it is 40%.

In Figs. 57 to 59, ratios p~ ~ of experimental and theo-
re'tical bremsstrahlung intensities are plotted as a func-
tion of atomic number. We have included only data which
pertain pr'edominantly to s radiation. The indicated
error bars correspond to the sum of experimental and
theoretical errors.
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TABLE XXXI. Average experimental-to-theoretical IB yield
(p~ z) for various regions of the atomic number Z.

Region of Z

Number of independent
measurements

Theory of:

4 —Z —80 Z =4 18 ~Z —32 51 ~Z —80

Morrison and Schiff
Martin and Glauber
Inte mann

0.66 0.91
1.19 0.98
1.06 0.98

0.76
1.19
1.10

0.32
1.31
0.92

experiments deviate systematically from the Martin-
Glauber theory, either at low Z' or in general, contrary
to indications in previous surveys by Lancman and Le-
bowitz (1971a) and Vanderleeden et al. (1971). On the
other hand, the inconsistency between experimental re-
sults makes it difficult to assign a limit within which
the present theory correctly seems to describe the in-
tensity of bremsstrahlung.

Inspection of the experimental data shows that there is
a special discrepancy between some of the most recent
results obtained by different groups of authors, with
quoted probable errors of 6'%%uo to 20%. The IB—y coinci-
dence experiments of Lancman and Lebowitz (1969,
1971a,b) on 'Be, '4Mn, and "Co yielded intensities that
fall 20%%uo to 50% below theoretical predictions, whereas
similar experiments, performed with improved tech-
niques by Persson and Koonin (1972) and. Koonin and
Persson (1972) on 'Be, "Cr, and '4Mn led to results that
exceed theoretical intensities by up to 30%. The spec-
trometry of IB and y rays in 'Be and "Cr by Mutterer
(1973a,b) yielded IB intensities which are in agreement
with theory to within —8'%%uo. This inconsistency suggests
that unknown sources of systematic errors of ~10%%uz re-
main in the experimental techniques and in the proce-
dures applied for the response correction.

Double IE. Experimental evidence for the simulta-
neous emission of two IB photons during electron cap-
ture, or double internal bremsstrahlung, has been re-

ported by Ljubicic et al. (1974). Coincidences between
two IB photons from "Ar were measured at an angle of
90 to each other. In the energy range from 210 to 810
keV, the ratio of double IB to single IB was found to be
(4.8+ 0.4) x 10 ', which is comparable to the IB/EC rate,
as might be expected. The only presently available
theoretical results on double IB are those of Menhardt
(1957), which unfortunately are not applicable to the
experimental situation realized by Ljubicic et al. (1974).

6. Experimental results and comparison with theory:
lB spectra from higher-forbidden decays

Experimental information on IB spectra that accom-
pany higher-forbidden transitions is limited to a few
cases of ground-state transitions by electron-capture
alone ("Ca and "Ni) or with competing p branches ("Cl
and '"Tl). Some of these decays have been measured
extensively (Tables XXVII and XXIX).

Bremsstrahlung from first forbidden un-ique transi-
tions has been studied with 4'Ca and ' Tl. The total IB
spectrum from "Ca was measured with a Ge(Li) spec-
trometer by Myse'ek et al. (1973). The observed shape
(Fig. 60) is not in accord with the theory of Zon and
Bapoport (1968) and Zon (1971). The shape agrees with
theory only at low energies, k& 250 keV; at higher ener-
gies the spectrum has nearly allowed shape. Mys/ek
et al. have also derived a crude value for the IB inten-
sity by estimating the K capture rate from the weight of
the source. A value of 3.9 && 10 4 IB photons between 90
and 421.5 keV per electron-capture event was found,
much in excess of theoretical predictions. For forbid-
den transitions, theory in the Coulomb-free approach of
Eq. (4.79) leads to an upper limit of 5.7 x 10 ' IB photons
per decay. The low-Z expansion of Zon and Rapoport
(1968) results in a value of 3.3 x 10 ' photons and more
detailed calculations of Zon (1973) have yielded 4.9
& 10~ photons per electron-capture transition.

On ' 'Tl, severalIB-E-x-ray coincidence experiments
have been performed to measure the 1s IB spectrum
that accompanies the 2.1'%%uo electron-capture branch to

Rev. Mod. Phys. , Vol. 49, No. 1, January 1977
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the ground state of ' 'Hg. Severe doubts exist regarding
the reliability of early experiments by Der Mateosian
and Smith (1952), Jung and Pool (1956), and Biavati
et al. (1962), because no corrections for the brems-
strahlung from the 97.9% p branch to "'Pb were applied.
It was first pointed out by Goudsmit et al. (1966) and
established by a recent experiment of I ancman and
Bond (1973) that scattering effects due to the P brems-
strahlung and double-IB emission can cause a continuous
spectrum that closely resembles the IB spectrum expec-
ted from the weak electron-capture branch. The shape
of the IB spectrum measured by I ancman and Bond,
taking account of corrections for these effects, agrees
well with the theory for allowed transitions. Such agree-
ment is expected because only a small energy range is
involved. The intensity per K capture was found to be
2.8 x 10 ' IB photons above 103 keV. This result is to
be compared with an upper limit of 1.08 x 10 ', from
Eq. (4.79). More accurate theoretical results are not
available. Zon (1973) has reported only values for the
shape factors, and the Z& expansion of Zon and Bapo-
port (1968) is not applicable for 20~TI, because the entire
IB spectrum lies in the region of the K binding energy.

Bremsstrahlung spectra from second fcn bidden non--

unique txansiHons were studied with ' Cl and ' Ni by
several groups. It has been well established that the
total IB spectrum of "Cl closely follows an allowed
shape at energies above 600 keV. This observation
agrees with the calculation of Zon (1971), which pre-
dicts a noticeable deviation from allowed shape only at
lower energies. The result of the most recent IB mea-
surement on "Cl by Smirnov and Batkin (1973) is shown
in Fig. 61. An attempt was made to look for possible
contributions from detour transitions; a clear indication
could, however, not be established.

In the case of "Ni, a distinct deviation of the IB spec-
trum from allowed shape was observed already -in an
early measurement by Saraf (1956); the IB intensity
above 100 keV was reported to be 1.4 + 0.4 times the
theoretical value calculated from the early theory of
Cutkowsky (1954). The shape of the '~Ni IB spectrum
was very carefully measured by Schmorak (1963), who

used 3 && 3-in. and 5 && 5-in. NaI(Tl) detectors. An ap-
parent deviation from the calculated shape, observed
near the end point, was attributed to destructive inter-
ference with detour transitions, as predicted by Bose
et al. (1962). Schmorak (1963) estimated the amount of

Ilk)
k

70

0.6 0.7 0.8 0.9 1.0 1.1 k, MeV

,Nlk)
k(k-k, )z b)

A
lg Q g

/

a a a a

0.6 0.7 0.8
l

0.9
I I

1.0 k, MeV

FIG. 61. Total IB spectrum accompanying the second-forbidden
nonunique electron-capture decay of 36Cl, measured with a
10 x10-cm NaI(Tl) spectrometer. The spectrum is shown in
Jauch coordinates (a) and in form of the effective shape func-
tion A ff (b) . The latter is compared with theoretical shape
functions, calculated with (1) and without (2) including detour
transitions. [From Smirnov and Batkin (1973), courtesy of
Nauka Press] .
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detour transitions as between 6 & 10 ' and 5 ~ 10~ of the
total IB intensity. A careful Ge(Li) measurement of the
"Ni IB spectrum was recently performed by Berenyi
et al. (1976), who report that the measured shape agrees
well with calculations of Zon (1971)and shows no evi-
dence for detour transitions.

In most experiments performed hitherto, only spec-
tral shapes have been determined, albeit often with high
precision. Without question, accurate measurements of
nm maligned spectra would be of great value to improve
our present knowledge of radiative capture in forbidden
electron-capture transitions. Pertinent electron-capture
nuclides are listed in Table XXVIII.

a. C/ rcu1ar polarization of/ nternal bremsstrahlung

Experiments on the circular polarization of the IB
accompanying electron capture are listed in Table
XXXII. Polarimeters employed in these measurements
are based on the effect of spin-dependent Compton scat-
tering from electrons in magnetized iron. Usually, for-
ward-scattering magnets have been used, but, in the
most recent experiment by Kuphal et al. (1974), a spe-
cially designed radial-transmission magnet w'as em-
ployed.

The polarization P, defined by Eq. (4.48), is propor-
tional to the relative change Ml'/N of the measured in-
tensity when the magnetic field in the scattering magnet
is reversed

P o- &N/N = 2(N, N)/(N, + N-—2N~). (4.87)

Here, N, (N ) is the counting rate with the electron spins
in iron parallel (antiparallel) to the incident-photon
momentum. The counting rate No is due to background,
including y impurities in the source. If nuclides are
measured which emit also nuclear y rays, the denomin-
ator in Eq. (4.87) is represented by the counting rate of
the unpolarized y rays. The measured effect is then
extremely low.

The polarization of EB in pure ground-state transi-
tions was studied in early measurements on "Ar by
Hartwig and Schopper (1958) and Mann et al. (1959),
"Fe by Parfenova (1960), and "Ge by Bernardini et al.

7. Experiments on I B correlation effects

Experiments on the various IB correlation effects that
are discussed in Secs. IV.A.3-IV.A.4 are scarce. They
are confined to allowed decays and to measurements of
circular polarization and to some work on the angular
distribution of IB photons emitted from oriented nuclei.

(1958). Only recently, IB polarization has also been
measured in the presence of a background of much more
intense p rays. In such experiments on "Cr, Vander-
leeden et al. (1971) used a Ge(Li) detector, whereas
Kuphal et al. (1974) used a ring of 8 NaI(Tl) scintilla-
tors. In both experiments, very strong ".Cr sources
of up to 500 Ci were employed, and current integration
was applied instead of counting techniques. The statis-
tical errors could be kept below 10 '. Clearly, the
polarimeter efficiency must be accurately know to de-
rive the absolute polarization from the measured rate
&N/N. This efficiency has generally been calculated
from basic assumptions. Kuphal et al. (1974) have tested
their calculation by measuring polarized (internal and
external) bremsstrahlung from several 8 -decaying
nuclides.

Measurements summarized in Table XXXII confirm
within errors that s-type bremsstrahlung is nearly 100%
right-circularly polarized, due to the parity-noncon-
serving character of the weak interaction. The mea-
sured polarization of IB from "Ar (Hartwig and Schop-
per, 1958) is displayed in Fig. 62. Figure 63 shows
&N/N values measured for "Cr, compared with calcula-
tions from theory. The incomplete polarization observed
in "Ar at low energies and the low result for "Ge found
by Germanoli et al. (1958) can qualitatively be explained
by Coulomb effects and the influence of unpolarized p-
type bremsstrahlung. Both effects, which enter in the
overall polarization function P(k) according to Eq.
(4.52), reduce the polarization at low energies. A no-
ticeable reduction of I' is not expected, however, in the
high-energy bremsstrahlung from "Cr; the low value
of 0.67 +0.07 found by Vanderleeden et al. (1971) can
probably be attributed to an erroneous calculation of the
polarimeter efficiency, in view of the work of Kuphal
et aL (1974).

b. Angular distribution of l8 em!Itted from oriented
nucle/

Anisotropy of IB emitted from o'.iented nuclei has been
observed only once. Brewer and Shirley (1968) studied
the forward-backward asymmetry of IB from oriented
"'Sb. Carrier-free "'Sb had been implanted in an iron
lattice, cooled to -0.02 K, and magnetized in a field of
2.3 kOe. The IB radiation was measured with two 3 & 3-
in. NaI(Tl) detectors placed at 0' and 180' relative to
the direction of the magnetic field. Figure 64 shows the
measured asymmetry W(m)/W(0) as a function of the
sample temperature 1' that defines the degree of source

ZABLE XXXII. Circular Polarization of IB m allowed electron-capture transitions.

Z' Elements A
Final state

(keV)
+EC
(keV)

Energy range
(keV) Degree of Polarization Polarimeter type Refer ence s

Cr

Fe
Ge

37

51 0 (90.2 lo)

320.1(9.8 ~o)

0
0

814.1 + 0.6

751.4 + 0.9
431.3+1.0
231.7 + 0.7
235.1+ 1.7

2oo —&max

85—220
70—120

1.03 + 0.04
0.97+ 0.15~
0.67 + 0.07
1.2 + 0.1
0.98+0.1

~0

f.s.m.
f.s.m-
f.s.m.

f.s.m.

Hartwig (1958)
Mann (1958)
Vanderleeden (1971)
Kuphal (1974)
Par fenova (1960)
Bernardini {1958)

From Wapstra and Gove (1971).
b f.s.m. = forward-scattering magnet. r.t.m. = radial transmission magnet.' Polarization of IB from both EC branches.
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FIG. 62. Circular polarization (P) of the IB from 3~Ar as a
function of energy, measured with a forward-scattering Comp-
ton polarimeter provided with a NaI(Tl) detector. (Hartwig
and Schopper, 1958). The solid line is the theoretical curve,
calculated from Eq. (4.52) with the polarization functions ~&,
and e&, of Fig. 37. The IB spectrum of 3 Ar is also shown.
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FIG. 64. Forward-backward asymmetry 5"(&)/W(0) in the emis-
sion of IB photons from. polarized ~Sb nuc].ei, a,s a function of
sample temperature. [From Brewer and Shirley (1968)l .

polarization. The measurement of this ratio for differ-
ent energy intervals has revealed an unexpected energy
dependence of the asymmetry.

The experimental results of Brewer and Shirley have
been compared with theory by lntemann (1971) in terms
of the over-all asymmetry function A(k) of Eq. (4.62). It
was found that the measured decrease of A(k) at low
energies can be well explained (Fig. 65). This decrease
is consistent with the observed decrease of the over-all
polarization, described above. Other nuclei that might
be suitable for measuring IB angular correlations have
been listed by Koh et al. (1962).

A preliminary measurement of the angular correlation
between bremsstrahlung and nuclear y rays in the decay
of Hb has been performed by Chasan and Chandra
(1967). The result was reported to be in approximate
agreement with calculations of Koh et al. (1962). The
experimental error, however, is -50% and details of the

oXO

&Z7 7/2 27, 8 d
C?)

-1 2—

measurement have not been fully reported, so that a
detailed comparison with theory is not feasible.

8. Concluding remarks

The study of second-order effects, such as internal
bremsstrahlung, is of particular interest in electron-
capture decay because experimental information on the
primary process is very limited because of the extreme-
ly low interaction probability of the emitted neutrino.
The main features of the low-intensity radiative-capture
process are generally understood today. There is still
a great need, however, for experimental work to test
the details of the theory. Open questions remain con-
cerning the influence of screening and exchange and
overlap effects (Persson and Koonin, 1972) on the shape
and intensity of IB spectra. Experimental information
is still very scarce on forbidden decays, where nuclear
matrix elements play an important role.

Precise measurements of ncn. maBzed IB spectra are
very much needed. The same holds for measurements
of partial spectra that accompany the capture of elec-
trons from specific atomic subshells. Experimental
techniques have been developed to high accuracy in re-
cent years. This applies especially to the determination

1.0- 119sb

0.8— Il~r
II

~ II II II Il

IB%1s)
-6— —0.4—

I0- I I

1 2
X [mmj

0.2—

FIG. 63. Relative change h(x) in the Compton absorption of
5 Cr photons in iron that is magnetized parallel and antiparallel,
respectively, to the photon momentum. The Compton polarim-
eter has a special radial-transmission magnet. Photons are
recorded with NaI(Tl) detectors applying current integration
techniques. Ualues of 6(x) for different Pb absorbers of thick-
ness x between source and magnet are shown. Solid lines are
calculated from IB theory. [From Kuphal et al. (1974)].
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FIG. 65. Over-all asymmetry coefficient A (k) of IB emission
from oriented ~~8Sb nuclei, measured by Brewer and Shirley
(1968). Data points are compared with theoretical predictions,
calculated with the asymmetry functions o.~, and 0'» of Fig. 38
(full curve), and with n&, ——~2, =1 (dashed curve). l. From Inte-
mann (1971)1.
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of electron-capture rates, to coincidence experiments
with bremsstrahlung, and to calibration procedures for
y spectrometers which yield complete response func-
tions. It can be expected that it will be possible to mea-
sure normalized IB spectra in the near future with an
over-all accuracy of a few percent, at least in some
favorable decays such as pure ground-state transitions.
As pointed out before, precise experiments are also
very valuable for providing accurate isobaric atomic-
mass differences, supplementary data on subshell cap-
ture ratios, and spectroscopic information on branching
ratios. In this context, refined computations of higher-
shell IB spectra, based on the present theory, would be
of interest.

The variety of IB correlation effects, discussed in
Sec. IV.A.3—IV.A.4, opens another wide field for future
experimental work, from which valuable information
on the weak interaction and nuclear structure can be
expected. Bremsstrahlung measurements may also help
to solve some specific problems of radionuclide metro-
logy (Spernol et al. , 1973; Mutterer, 1973c), such as
the (relative and absolute) determination of disintegra-
tion rates of pure electron-capture nuclides.

V. ATOMIC TRANSITIONS ACCOMPANYING
NUCLEAR ELECTRON CAPTURE

A. Introduction

In first approximation, the probability of allowed cap-
ture of a K electron by the nucleus is

cc G'q'(
~

q&x ~ & (0)
~

~ (5.1)

where G is the P -decay coupling constant, q is the ener-
gy of the emitted neutrino, $ the appropriate combina-
tion of nuclear matrix elements, and P' ' '(0) is the Is-
electron wavefunction, evaluated at the origin (Sec. II).
The only electron wavefunction contained in this formu-
lation is that of the electron which is destroyed. Two
significant aspects of the problem are neglected in Eq.
(5.1): (1) the indistinguishability of electrons, and (2)
the nuclear charge change by one unit, which entails that
parent and daughter atomic wavefunetions are eigen-
functions of different Hamiltonians.

The importance of treating P decay and nuclear elec-
tron capture as transformations of the whole ato~, and
hence, of including atomic variables in the description
of initial and final states, was first emphasized by
Benoist-Gueutal (1950, 1953a,b), pursued by Qdiot and
Daudel (1956), and comprehensively formulated by
Bahcall (1962a, 1963a,b). In fact, an infinite number of
final atomic states, including continuum states, contri-
bute to any given electron-capture probability. The
effect on transition rates is discussed in Sec. II. In the
present section, we consider observable atomic effects
that result during nuclear decay by electron capture.
Atomic rearrangements that take place after the decay
process are not included in this discussion, even though
x rays emitted in the course of such rearrangements
have led to the discovery of the process (Alvarez, 1937,
1938a,b) and constitute the most readily detectable sig-
nals indicating that capture has taken place. Details of
the rearrangement process have been surveyed by Hao

et al. (1972) and Bambynek et al. (1972). Here, we con-
sider atomic transitions that take place in the course of
the electron-capture decay process, due to imperfect
overlap between parent and daughter atomic wave func-
tions. This effect is variously denoted as electron
shakeup and shakeoff, autoionization, or internal ioni-
zation.

B. Internal ionization: Nonrelativistic theory
Nuclear electron capture is accompanied by the emis-

sion of low-intensity, continuous photon and electron
spectra. The internal -bvernsstxaklung photon spectrum
emitted during radiative electron capture was first cal-
culated by MPller (1937a) and by Morrison and Schiff
(1940); this subject is discussed in Sec. IV. The process
of interval ionization was first treated by Primakoff and
Porter (1953), who calculated the probability of K-elec-
tron ejection during K capture and derived an expression
for the ejected-electron spectrum, in analogy with work
by Migdal (1941) and Feinberg (1941) on orbital-electron
ejection accompanying p -particle emission.

The weak interaction which is responsible for nuclear
electron capture is of very short range. On the atomic
time scale, the transformation of the parent nucleus
with Z protons into the daughter nucleus with atomic
number Z' ean be assumed to be instantaneous. One
can gain an intuitive feeling for the mechanism that
causes internal ionization by eorisidering the nucleus
plus the orbital vacancy created by the capture simply
as the source of a suddenly changing Coulomb potential.
A Is electron, for example, with the wavefunction P'x'~'
in the parent atom does not have time to adjust its wave-
function adiabatically to the change in potential; the
sudden approximation of time-dependent perturbation
theory applies. The amplitude of the probability that the
electron retains its original quantum numbers is then
proportional to the overlap of its original wavefunction
with the 1s wavefunetion in the daughter ion with one
inner vacancy":

(5 2)

Similarly, the overlap of P' ' ' with excited- and con-
tinuum-state wavefunctions in the potential of the daugh-
ter ion provides an indication of the probability ampli-
tudes of excitation or ejection of the K electron. The
Pauli principle excludes excitation into occupied orbi-
tals, and conservation of angular momentum allows only
l = 0 final states for s-electron shakeup or shakeoff.

It is a gross oversimplification, however, to consider
the nucleus-plus-vacancy as a mere source of an ab-
ruptly changing electrostatic potential, and the internal
excitation and ionization probabilities as determined by
wavefunction overlap alone. In particular, energy con-
servation and the demands of quantum statistics are not
included unless the process is treated as a transforma-
tion of the whole atom, and nuclear and lepton variables
(including those characterizing the pertinent atomic

The vacancy created by nuclear electron capture tends to
counteract the effect of the decrease in nuclear charge from
Ze to (Z —1)e. For this reason, the overlap integral of Kq.
(5.2) is smaller than its analogs in P+ decay.
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electrons) are incorporated in the description of the
initial and final states of the system. Especially, the
available energy is shared statistically between ejected
electron and neutrino, and the transition probability is
weighted by the density of available final states. The
energy-conserving delta function must be included in
the expression for the transition probability.

Quantitatively, the transition probability can be ex-
pressed in the sudden perturbation approximation
through "Fermi's Golden Hule No. 2." The general
applicability of this approach to the present problem
has been examined by Bahcall (1963a). The transition
rate for K-electron ejection during K capture is

de@=2m —' ~ 5 W +1 — E' —W —q dgdp, 53

where'p and W are the momentum and total relativistic
energy of the ejected electron, q is the neutrino mo-
mentum, and q its energy, 1 —~Er ~

is the total energy
of a K electron in the daughtler atom (with binding ener-
gy Er), and Wo+ 1 is the energy difference between the
parent atom and the neutral daughter atom (Sec. I.A).
The matrix element M is discussed below. The units
used throughout this discussion are such that I= m = c
= 1, and hence, e'= n =—1/137. The summation sign in
Eq. (5.3) indicates summing over spin states of ejected
electron and neutrino, and over spin states of the two
initial K electrons. One must also sum over final nu-
clear spin states and average over initial nuclear spin
states. Because+~M~' is independent, of q, the inte-
gration over all possible neutrino momenta can be car-
ried out at this stage. " The result, after performing
the spin summations, is

dzg = 16rr (W + 1 —
i
E'

i
—W) P dPQ

i
M

i
(5.4)

(Intemann, 1972).
In a representation in which the interaction Hamilto-

nian consists of the P interaction Hs alone, the matrix
element for K-electron ejection during K capture can be
written

M= (1 —Pi, ) P'"' ~ (r)$~~(0)g~~ Iffsl Pxgi~r2 «(O, r)d

26The upper limit of the neutrino energy is only apprommate-
ly Wo+ 1 —

( Eg —W as implied by the energy conserving -delta
function in Eq. (5.3). The neutrino energy is reduced by the
binding energy of the second K electron in the daughter atom
that already contains one K hole, and increased by the addition-
al relaxation energy of the electron cloud.

(5.5)

Here, t/rN. and P~ are the final and initial nuclear wave-
functions, respectively, and P, is the neutrino wavefunc-
tion. The wavefunctions of the leptons that participate
in the p interaction have been replaced by their values
at the origin. It is assumed that all but the two K elec-
trons retain their original quantum numbers, and that
their initial and final wavefunctions overlap perfectly.
The exchange operator P» exchanges the two K elec-
trons.

The main difficulty in explicitly writing out the matrix
element (5.5) resides in expressing the initial-state two-
electron wavefunction P,'"2 ' including correlation effects

between the two electrons. Primakoff and Porter (1953),
in their classic calculation, used an approximate wave-
function of the form

g(K, z)(~ ~ ) NP(K, z) (~ )$(K z)(y )s&71 r12e&l'2(rl+r2)
le2 1& 2 1 1 2 2

(5 6)
where P, and g, are hydrogenic ls wavefunctions, and N
is chosen to assure normalization. The factor e~"~ "»
takes account of the effect of the electron-electron Cou-
lomb interaction on their spatial correlation, and the
factor e "2'"i'"2' accounts for screening of the nucleus,
effectively replacing Z by Z —y, in t/r, and P, . The
parameters y, and y, were chosen so that g» is a good
approximation to the Hylleraas variational wavefunction
for a two-electron atom. With a Coulomb wavefunction

' to describe the ejected electron and a plane
wave todescribe the neutrino, the matrix element (5.5),
and hence, the transition rate (5.3) were computed.
Dividing by the transition rate nI for ordinary allowed
K capture, Primakoff and Porter derived an expression
for the probability, per K-capture event, for ejection
of the other K electron with a momentum in the range
dP. This result can be written

ding
dzv

TEE

16o."g'p exp[ —(4f/p)tan '(p/g)]
(g&+p2)4(1 s 2wtlP)

p2/2+ fE'
/

'
TVO+ 1

(5.7)

Again, 8', and the K-electron binding energy E~ are in
units of mc2, the ejected-e]ectron momentum p is in
multiples of mc, and g sta.nds for aZ. We have neglec-
ted y, +y, = 0.5 and unity compared with Z in the final
result, and have set p =p, i.e. , W=1 for the ejected
electrons, whose kinetic energy is generally very much
smaller than mc'. As before, 1+ W, = &W,„„—&(ZE„)+ 1
is the mass difference between parent and daughter neu-
tral atoms: &W,„„is the nuclear energy release, and
&(ZE„) is the change in the total electronic binding ener-
gy between parent and daughter atoms —a positive quan-
tity in electron capture (Sec. I.B).

A very different method for constructing the initial
two-electron wavefunction was devised by Intemann and
Pollock (1967), who calculated it from perturbation
theory. They treated the electron-electron interaction
as a perturbation on the nuclear Coulomb interaction,
including it in the perturbed part of the Hamiltonian,
rather than in the unperturbed part as Primakoff and
Porter had done. In essence, they performed a pertur-
bation expansion on the exact two-electron wavefunction,
with the perturbation taken to be the electron-electron
interaction. With this approach, the problem of K-shell
internal ionization during K capture is one in third-order
perturbation theory, involving a sum over intermediate
electron states. Intemann and Pollock found it possible
to represent this sum in closed form by drawing upon
the analogy between internal ionization and internal-
bremsstrahlung emission. In fact, the electron-ejection
process can be looked upon as a radiative capture pro-
cess in which the emitted photon is virtual, and is ab-
sorbed by the electron that is ejected. Exploiting this
aspect of the problem, Intemann and Pollock were able
to take advantage of a crucial observation made by
Glauber and Martin (1956; Martin and Glauber, 1958)
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in their development of the theory of radiative capture,
viz. , that the sum over intermediate electron states
which appears in the calculation is the Green's function
for the Dirac equation with a nuclear Coulomb potential
and can be represented in closed form. This approach
made a more exact analysis of the internal-ionization
process possible. The result for the differential transi-
tion rate per K-capture event is

64a'f'p exp[ —(4g/p) tan '[p/(2j+ p, )])
(~+ &)'[(2&+ ~)'+P']'(I — "'") I= i+ q x-"-'[i —(I -x)4f(x)] dx, (5.9)

Here, we have p, = [2(l —e)]' ', where e is the interme-
diate-state energy (in units of mc') of the electron un-
dergoing capture: c = &, + E, —8', where &, and E, are the
energies of the initial K electrons, and S" is the energy
of the ejected electron. In the Intemann-Pollock treat-
ment, the relation e = 1 —f' -P'/2 holds, because &, = e,
= 1 —f'/2 and W= 1+P'/2.

The integral I is

x [(1 —P')/2(WO+ I)]'I d2p. (5.8) where

exp[ —(2f/p) tan '[(2K+ p)/p]] exp[(2$/p) tan '[(2g/p)+ p.(1+x)/p(1 x)]}
(1+Xx)'(I+ ox)(l+ v *x) (5.10)

and the remaining symbols are defined as q= g/p, , a = (p,
—2f —ip)/(p+2f, +ip), X=(p, —K)/(p+ K) Fo.rtunately, a
rapidly converging Maclaurin series exists for I

f(n)(0) r 1 4 6
nl (n —q) (n+ 1 —q) (n+ 2 —q)

4
(n+ 3 —q) (n+ 4 —q) (5. iS)

Intemann and Pollock find that, for Z = 26, an error only
of order g' results from breaking the series off after the
first three terms.

The energy spectrum of electrons ejected from "Fe,
predicted by this more exact theoretical approach, does
not appear to differ materially from that of Eq. (5.7)

'
when placed on a semilogarithmic plot (Intemann and
Pollock, 1967). Some writers have consequently as-
sumed that the results of the two theories are truly iden-
tical. This is not the case. In fact, the momentum
spectra from the two approaches differ appreciably on
a linear plot; they have approximately the same shape,
but the Intemann-Pollock spectrum has somewhat lower
intensity. Hence it yields significantly smaller values
for the total ejection rate than the Primakoff-Porter
theory (Intemann, private communication). That the
difference is not greater appears to indicate that Prima-
koff and Porter's variational wavefunction takes unex-
pectedly accurate account of screening and correlations
in the initial two-electron state. Improving the accuracy
of the continuum wavefunction to take screening in the
final state into consideration is only expected to affect
the results of Eqs. (5.7) and (5.8) by &5% for Z = 26.

The neglect of relativistic effects inherently limits
the accuracy of the results to a relative error of order
&Z, even at the lowest ejection energies. The nonrela-
tivistic calculations were pushed to this limit in a re-
finement, due to Intemann (1972), of the Intemann —Pol-
lock approach, which involves the use of a more ela-
borate Coulomb Green function. This modification has
the effect of considerably reducing the calculated E ejec-
tion probabilities ze,&„, particularlyathigh Z, as com-
pared with the Intemann —Pollock results (Intemann,
1974). The reduction in the predicted intensity of the
ejected-electron spectrum can be understood in the
following terms (Intemann, 1975). In all calculations

based on the Intemann —Pollock approach (including the
one discussed in Sec. V'.C), retardation effects are
neglected and the interaction between the two electrons
is taken to be an instantaneous Coulomb interaction, so
that the exchange of only longitudinal and scalar virtual
photons can be considered. In the approximation used
by Intemann and Pollock (1967), only s-wave interme-
diate states make a contribution to the transition ampli-
tude, and thus, only scalar photon exchange is taken
into account. In his later paper, Intemann (1972) em-
ployed the more accurate Green's function used by
Glauber and Martin (1956). In this more refined calcu-
lation, p-wave intermediate states also contribute to
the amplitude, and thus, longitudinal photon exchange is
also being taken into account. The relative importance
of longitudinal photon exchange is indicated by the extent
to which the intensity of the electron spectrum is reduced
(Fig. 66).

C. Relativistic calculations of electron ejection
Both of the basic approaches described in Sec. V.B

have been extended to include relativistic effects. Inte-
mann (1969) modified the work of Intemann and Pollock

5.0

4.0

3.0

2.0

1.0

0 0.1 0.2 0.3 0.4 0.5 0.6
P (units of mc)

FIG. 66. Theoretical momentum spectrum of E electrons
ejected during A capture of 55Fe. The upper curve is calculated
according to Intemann and Pollock (1967), taking into account
only the exchange of scalar virtual photons during transitions
between spherically symmetric states. The lower curve, cal-
culated by Intemann (1972), results if P-wave intermediate
states and the exchange of longitudinal virtual photons are taken
into account. (After Intemann, 1972).
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(1967), using the solutions of the symmetric Hamiltonian
of Biedenharn and Swamy (1964). This is a relativistic
Hamiltonian with symmetry so that the radial parts of
the spinor components of its solutions are formally non-
relativistic. The solutions form a complete canonical
basis, and their close correspondence to the nonrelati-
vistic problem leads to substantial computational simp-
lifications. The Biedenharn Hamiltonian differs from
the exact Dirac-Coulomb Hamiltonian by a precisely
knownfine-structure term; the eigenfunctions differ from
the exact Dirac —Coulomb eigenfunctions by terms of
order (nZ)'

Except for the use of semirelativistic Coulomb eigen-
functions in the overlap integral and an appropriately
modified expression for the density of final states avail-
able to the ejected electron, the calculation of Intemann
(1969) follows the lines of his earlier work, i.e. , the
interaction between the two K electrons is treated as a
perturbation along with the weak interaction, leading to
an exact calculation of the electron ejection probability
without the need of introducing adjustable parameters
such as screening constants or effective nuclear
charges. Even though relativistic effects partly cancel
the reduction in u,&„ that arises when longitudinal pho-
ton exchange is included, the ejected-electron spectrum
calculated semirelativistically in Intemann (1969) is
considerably less intense than that derived from the
Primakoff —Porter (1953) approach (Fig. 67).

An independent relativistic calculation of autoioniza-
tion in electron-capture decay was performed by Law
and Campbell (1973b), in terms of second-quantization
formalism and in analogy with extensive work by the
same authors on internal ionization accompanying I3

decay (Campbell et a/. , 1971; Campbell and Law, 1972;
Law and Campbell, 1972a, 1972b, 1973a). It was, how-
ever, shown by Intemann (1974) that the model of Law
and Campbell (1973b) is actually identical with that of
Intemann and Pollock (1967) and Intemann (1969), and
that the large difference in the results can be traced to
the fact that Law and Campbell cut off the eigenfunction
expansion for the Coulomb Green function too soon.
Law and Campbell approximated the infinite series by a
few terms because it appeared to converge rapidly;
Intemann (1974), drawing upon an analogous calculation
by Paquette (1962), pointed out that the sum over dis-

crete eigenstates in the Green function expansion does
indeed converge rapidly, but that continuum states make
a large contribution that cannot be neglected.

The (historically older) alternative to the Intemann
approach for the calculation of internal ionization is the
"overlap" aesatz, used in the pioneering work of Prima-
koff and Porter (1953). As indicated in Sec. V.B, in this
method one attempts to take account of all screening and
correlation effects in the initial two-electron wavefunc-
tion by an adjustable parameter, viz. , the effective nu-
clear charge. The calculations are simplified consider-
ably, but it is difficult to make a choice of the key
parameter, and some arbitrariness is bound to remain.
Moreover, the near-orthogonality of the wavefunctions
makes the overlap integral very sensitive to the exact
form of the wavefunctions and to the values chosen for
the effective charges. Thus the accuracy of the results
cannot be established a pxievi, as in the Intemann ap-
proach; on the other hand, the overlap method does not
rely on the condition Z»1, and hence may be superior
for very light elements.

The most recent and complete calculation based on the
"overlap" method is due to Mukoyama et al. (1973). In
their formulation, Mukoyama et al. draw upon the work
of Stephas (1969), who had employed an atomic matrix
element calculated from analytic hydrogenic relativistic
wavefunctions for the purpose of studying internal ion-
ization accompanying P decay (Stephas and Crasemann,
1967, 1971; Crasemann and Stephas, 1969). However,
in their evaluation of the wavefunction overlap integral,
Stephas and Crasemann (1967) made an approximation
that causes their expression to diverge at low electron
momenta, where most electrons are ejected; thus the
result cannot meaningfully be integrated to compute total
electron-ejection probabilities (Isozumi and Shimizu,
1971; Kitahara et a/. , 1972; Nagy et a/. , 1972). Mord
(1972, 1973) and, independently, Mukoyama et al.
(1973)have calculated the atomic matrix element by al-
ternative techniques and derived a result that is exact,
within the limitations stated above; it agrees in the non-
relativistic limit with the formulae of Primakoff and
Porter (1953) and Stephas and Crasemann (1971).

The screening constants cr that determine the effective
nuclear charge Z,«=Z —0, to take account of electron-
electron interaction, are determined by Mukoyama et al.
(1973) in the following manner. In the parent atom, they
take

cr = Z (1 —Fi/r~c z) (5.12)

O
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FIG. 67. Calculated momentum spectrum of A electrons eject-
ed during A"-capture decay of ~3~Cs. Curve A is according to
the nonrelativistic theory of Primakoff and Porter (1953);
curve B represents the semirelativistic calculation of Intemann
(1969). (From Intemann, 1969).

where T~ is the mean value of x determined from the
relativistic hydrogenic wavefunctions, and Fsc~ is P
from relativistic self -consistent field wavefunctions, as
computed by Carlson et al. (1970). For the continuum
electron, Mukoyama et al. use the same screening con-
stant as for the bound electron to be ejected. They take
account of the fact that a vacancy resulting from elec-
tron capture is present in the daughter atom by reducing
o from Eq. (5.12) by the ratio of the appropriate Slater
screening constant for an atom that is ionized in an in-
ner shell to that for a neutral atom (Slater, 1930).

The total K-electron ejection probabilities per K cap-
ture, calculated by Mukoyama et al. (1973), agree with
those of Intemann (1969, 1974) as well a.s could be ex-
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TABLE XXXIII. Electron ejection probabilities per A capture
(in multiples of 10 5).

Isotope
Primako ff-

Porter
K-or I-

MIKS Intemann electron ejection

1837Ar

26
55Fe

372Ge

'3'Cs
55

'"Er
68

27.7

11.2
6.68

1.62

0.767

14.2

8.81

4.56

0.709

0.304

21.12

8.26

4.72

0.92

0.39

6.4

2.6
2.9

~ Primakoff and Porter (1953), evaluated by Mukoyama et al.
(1973).

Mukoyama et al. (1973).
c Intemann (1969), as evaluated by Intemann (1974).
dK-electron ejection accompanying I- capture and L-electron

ejection accompanying K capture, after Mukoyama and Shimizu
(1974).

D. Electron ejection from higher shells

It was first emphasized by Wolfsberg (1954) that a
spectrum of electrons ejected during nuclear electron
capture, measured in coincidence with a single K x ray,
contains contributions from L electrons shaken off
during K capture and from E electrons ejected during

pected, given the uncertainties in the choice of screen-
ing parameters (Table XXXIII).

Excitation to a bound state ("shakeup") of the second
K electron, while the first one is captured, has also
been computed by Mukoyama et al. (1973). Such calcu-
lations are important for comparison with experiments
in which double K x-ray emission is measured. The
main difficulty here is to make adequate provision for
omitting occupied final states to which shakeup is for-
bidden by the Pauli principle. Mukoyama et al. (1973)
fin/ that the probability for double K-vacancy production
(including excitation), like the EC electron-ejection prob-
ability, is reduced when relativistic effects are includ-
ed, compared with the nonrelativistic results of Prima-
koff and Porter (1953) (Table XXXIV).

(5.15)
where c,./ez is the L,.-t os capture ratio, and W,' is the
mass difference between initial and final nuclei, minus
the L, binding energy, plus one (in units of mc'). The
atomic matrix element is

M,.„=&q(z 1, w)
~
y(z, z)&. (5.16)

The authors construct a properly antisymmetrized ex-
pression for the total probability for the direct and ex-
change processes (5.13) and (5.15) and evaluate the re-
sult for cases of practical interest (Table XXXIII). It
is predicted that the L-shell internal-ionization prob-

L capture. Wolfsberg evaluated these effects in terms
of the Primakoff —Porter formalism. Internal ionization
of this type, resulting in K and L,, vacancies, has also
been discussed by Law and Campbell (1973a,b). The
energy distribution of K electrons ejected during nuclear
electron capture from higher shells was considered by
Byde et al. (1963).

The subject has been extensively treated in terms of
the wavefunction overlap approach by Mukoyama and
Shimizu (1974). Starting with the formalism of Stephas
(1969), but using the relativistic hydrogenic atomic
matrix element of Mukoyama et al. (1973), these work-
ers have computed the probability per E capture for
L,--shell electron ejection with total energy W

P (w)dw= "'
~M

~

" .— '( — ' wdw
2m s(w ) w'

(5.13)
Here, 8; is the transition energy for K capture, lV~ is
the maximum total energy of the ejected electron, and
n,. is the number of electrons in the L,. shell. 8 is the
shape factor, and the wavefunction overlap integral is

~„,. =(y(z 1, w)
~
y(z, L, )). (5.14)

Similarly, Mukoyama and Shimizu have computed the
K-shell internal ionization probability per L, capture,
expressed as a ratio tothe K-capture probability

TABLE XXXIV. Double K-vacancy production probability (due to internal ionization and excitation), per K-capture event (in
multiples of 10 5).

18Ar37

55Fe
28

32Ge
71

131CS
55

185Er
68

Theory
Primakoff —Porter ~

38.6

18.5
12.2

2.70

MIKS

23.0

15.8
8.85

1.79

1.09

37 +9
44 +8
38 +17
24
13 ~8
13.3 + 1.4
1.33 + 0.33
2.0 + 1.3
5.0 + 1.0
2.5 + 0.2
0.67 + 0.39
1.5 + 0.4

Kiser and Johnston(1959)
Miskel and Perlman(1954)

Charpak (1953)

Briand et al .(1971)
Qertzen(1964)
Langevin (1957, 1958)

Nagy et al. (1972)
Smith (1964)
Daniel et al. (1960)
Lark and Perlman(1960)

Nagy et al. (1972)
Hyde et al. (1963)

~ Primakoff and Porter (1953), as evaluated by Mukoyama et al. (1973).
Mukoyama et al. (1973).
K-x-ray —K-x-ray coincidence experiments, except for Ã x-ray satellite measurements on Ge by Oertzen (1964) and Briand

et al. (1971).
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ability accompanying K capture is of almost the same
order of magnitude as the K ejection probability during
L capture. The probability that the atom undergoing
electron capture and internal ionization is left with holes
in the K and I- shells increases with Z, relative to the
double K-hole production probability. The L-shell ioni-
zation probability decreases more slowly with Z than
the K-electron ejection probability, per K capture.

Calculated spectra of electrons ejected during K and
I capture of "Fe are shown in Fig. 67. It is predicted
that electrons ejected. from the I-, shell contribute sub-
stantially over the entire spectrum.

Comparable calculations of I--shell internal ionization
accompanying L capture have been carried out by Muko-
yama et al. (1974).

In this context, it should be noted that only allowed
transitions have so far been treated by the Intemann-
Pollock approach. By contrast, because of its simpli-
city, the overlap-integral approach has led to results
for arbitrary beta transitions. The simplifying feature
of this approach is the assumption that the initial state
of the two electrons involved in the process is descri-
bable in terms of an independent-particle model, i.e. ,
the two-electron wavefunction can be written as an un-
correlated product of one-electron wavefunctions. It
is this assumption which permits the factorization of the
matrix element. For forbidden transitions, however,
with the entrance of higher beta moments, it is to be
expected that the amplitude for internal ionization will
be more sensitive to the details of the structure of the
initial electronic configuration, and therefore the over-
lap-integral approach will be less reliable. On the
other hand, relativistic effects, which are of particular
importance for forbidden transitions, are much more
easily included in this approach than in the Intemann-
Pollock approach.

Furthermore, in connection with all wavefunction
overlap calculations, on which the most extensive pre-
dictions of internal-ionization probabilities are based,
it must be kept in mind that near-orthogonality makes
the atomic matrix element exceedingly sensitive to the
accuracy of the wavefunctions. This point is discussed
in detail in Sec. II.E. It is likely that quantitative results
derived from hydrogenic wavefunctions may lack in
accuracy, particularly in the case of outer shells.

E. IVleasurements of internal ionization

Excellent critical reviews of experimental work on
internal ionization and excitation accompanying electron
capture have been compiled by Law and Campbell (1973),
Mukoyama et al. (1973), Freedman (1974), and Walen
and Briangon (1975); somewhat earlier results have been
discussed by Stephas (1969).

Experiments on shakeup and shakeoff during electron
capture are made difficult a pxicni by the fact that the
probability of these processes is much lower, perhaps
by an order of magnitude, than in p decay: the effect
of the sudden increase in nuclear charge upon the Cou-
lomb field seen by the atomic electrons is, to a con-
siderable extent, compensated by the reduction in
screening that ensues when one K electron is captured.
Consequently, the experimental information on the sub-

ject is quite limited; it is confined to the five isotopes
with simple ground-state-to-ground-state decays listed
in Tables XXXIII and XXXIV, and to some recent work
on 'Be (Mutterer, 1970).

Relatively least difficult are measurements of the
probability of double K-vacancy production through the
detection of coincidences between two K x rays (or K
Auger electrons, or both). Two decades ago, Charpak
(1953) used two 2m proportional counters for such mea-
surements on "Fe. Langevin (1957, 1958) measured
the K Auger-electron sum peak in a single proportional
counter with a gaseous internal "Ge source. Miskel and
Perlman (1954) and Kiser and Johnston (1959) measured
K Auger electrons and K shakeoff electrons from "Ar
in a proportional counter.

Upon the advent of Nal(Tl) scintillation detectors,
these were employed in several measurements (Daniel
et al. 1960; Lark and Perlman, 1960; Hyde et al. , 1963;
Smith, 1964). A further advance in the technique was
made possible when solid state detectors were developed
with which K x rays from elements with adjoining atomic
numbers can be resolved, so that one can discriminate
sensitively against impurities. Nagy et al. (1972) used
a Si(Li) semiconductor detector in coincidence with a
scintillation counter in double K-vacancy production
measurements on '"Cs and '"Er.

The creation of double K holes can also be determined
by detecting radiative transitions to the empty K shell.
Such transitions produce K& x-ray. "hypersatellites"
that are shifted up in energy with respect to the dia-
gram line. A hypersatellite measurement was first
used by Oertzen (1964), who employed a bent-crystal
diffraction spectrometer to determine the double K-va-
cancy production rate in "Ge; the result agrees ex-
tremely well with that of Langevin (1957, 1958). Briand
et al. (1971) measured the Ko'. hypersatellite from "Ge
decay in coincidence with the ensuing Kn, 4 satellite.

Results of all these measurements of double K-vacan-
cy production probability during nuclear K capture are
included in Table XXXIV.

Total electron ejection probabilities are much more
difficult to determine. Spectrum measurements neces-
sarily have a low-energy threshold, determined by de-
tector noise, electron scattering, and window trans-
mission problems. Because most electrons are ejected
with very low energies (Fig. 68), total ejection proba-
bilities can only be inferred from measured spectra,
that extend over a limited range, by fitting the data to
some theoretical spectral shape. The admixture of I.
electrons ejected during K capture, and of K electrons
ejected during I- capture, introduces additional uncer-
tainties that are difficult to account for, unless the elec-
tron counts are gated by double K x-ray events. The
results depend so heavily on the theoretical model in
terms of which the data are interpreted and often con-
tain such large probable errors that they have not been
included in Table XXXIII. Pertinent information can be
found in the original literature and in the papers by
Stephas (1969), Mukoyama et al. (1973), Freedman
(],974), and Walen and Briangon (1975).

While ejected-electron spectrum measurements have
not, in the past, led to unequivocal and precise deter-
minations of the total electron ejection probability, they
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\

10-3 "Fe

the decay of unaligned atoms a correlation can exist be-
tween the circular polarization of x rays and of y rays
emitted following the nuclear decay.

An anisotropic directional correlation of the type

10-4 A'(8) = 1+Aj',(cos 8) (5.17)

10
E

y 10-
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9
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EJECTED-ELECTRON ENERGY (keV)

FIG. 68. Calculated energy spectra of electrons ejected in the
decay of 55Fe. The dashed curve labeled "K—K" represents K
electrons ejected during K capture; the curves 'K—I;"indi-
cate L; electrons ejected during K capture plus the exchange
effect, viz. , K electrons ejected during L; capture. All rates
are given per K-capture event. After Mukoyama and Shimizu
(1974).

are nevertheless of value for testing theoretically pre-
dicted spectrum shapes. The 'Be electron spectrum
has been measured by Mutterer (1970), and that of "Ar,
by Miskel and Perlman (1954), with proportional coun-
ters. Pengra and Crasemann (1963) gated on. Mn IC x
rays, detected with a scintillation counter, to measure
the "Fe electron spectrum with a proportional counter,
at low energies, and with an early solid state detector,
at higher energies. Modern measurements of the "Fe
electron spectrum have been performed by Nagy (1971)
with two plastic scintillators in coincidence, and by
Kitahara and Shimizu (1975), who performed a triple-
coincidence (x-x-P ) experiment with proportional coun-
ters. The "Ge spectrum was determined by Langevin
(1958) with a proportional counter. Daniel et al. (1960)
used a magnetic spectrometer to study the spectrum
from '"Cs; this spectrum was measured more recently
by Sujkowski et al. (1973) with a Si(Li) detector placed
at the focus of a zero-dispersion homogeneous magnetic-
field spectrometer. A magnetic p-ray spectrometer was
used by Ryde et al. (1963) on "'Er.

The measured spectra appear to agree, within errors,
with the general shape that all theories predict; this
shape is largely determined by the statistical factor.
Without question, precise absolute measurements of
ejected-electron spectra, preferably in coincidence
with two K x rays, would be of great value as a guide
for more refined computations of the atomic matrix
element.

F. Correlation of x rays and y rays following electron
capture

If aligned nuclei undergo electron capture, the atomic
inner-shell vacancies created thereby can be polarized,
and subsequently emitted x rays can be circularly polar-
ized (for an illustrative example, see Emery, 1975).
Dolginov (1956—1957, 1958a,b) has described these cir-
cular polarization effects and pointed out that even in

can exist between x rays and y rays emitted after nu-
clear electron capture if the intermediate atomic state
is characterized by a vacancy with j& &. The theory
has been developed by Dolginov (1958b). (An early dis-
cussion of the problem is given by Tolhoek et a/. , 1955).
Somewhat simplified expressions based on Dolginov's
theory are given by Rupnik and Crasemann (1972), who
also worked out the directional-correlation function for
x rays emitted in transitions to the L, level and y rays,
following second-forbidden nonunique electron-capture
transitions. "

The experimental detection of anisotropic x—Z cor-
relations is hampered by the condition that the interme-
diate atomic vacancy must have j& &, whence only L,
capture is of interest. 2' The L,/L, capture ratio in al-
lowed transitions is always small (& 10 '); one must
choose a radioisotope that decays through a second- or
higher-forbidden electron-capture transition to a short-
lived excited state of the daughter. The only readily
available isotope that fulfills these requirements is' 'Bi, but its decay scheme is cluttered with other tran-
sitions. Efforts to detect anisotropy in the x-y direc-
tional correlation from ' 'Bi decay have been unsuccess-
ful (Rupnik and Crasemann, 1972; Cambiaggio et al. ,
1975), although the results are not inconsistent with
theoretical predictions.
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The directional correlation function for x, rays from L3-shell
internal conversion of an M4 y transition and a cascade y ray
in Bi, given by Rupnik and Crasemann (1972) [their Eqs.
(36) and (37)] is in error: contrary to these authors' assump-
tion, the radial integrals cannot be factored out of the corre-
lation expression (J. S. Geiger, private communication, 1974).
New calculations are being carried out by Geiger and Ferguson
(1974) and Carvalho et al. (1975).

%hile nuclear electron capture as a rule occurs predomin-
antly from s states, it is interesting to note that -97% of the
primary vacancies produced in the decay of 0 Pb and Pb are
in the I.3 shell (Emery, 1975; Bambynek et al. , 1974).
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APPENDIX 1. EXPRESSIONS FOR M„(k„,k„) AND m„(k„,k„)

Only the dominant terms of the quantities M~(k„, k„) and m~(k„, k„) are given in Eqs. (2.106). The complete formu-
lae for k~2) and k„~ follow (Behrens and Buhring, 1971, modified for electron capture).
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In these expressions, we have

0 if JLt, =O

0 if o.=O

0 if @=0

1 otherwise.

For nth-forbidden unique transitions, Eqs. (Al) —(A4)
A, Vapply, with K= &+ 1~ +(n+y)ny ~ +(n+]. )(n+y)10& +(n+y)(n+1)1~

E(„,»(„„),. For nth forbidden nonunique transitions,
Eqs. (Al) —(A4) app!y with K=n, E„&„»,, rE„„„"E„„„

If n= 1, there is a further contribution from
Eqs. (Al)-(A4) with %=0, ~F«o, E»I. Allowed transi-
tions involve Eqs. (Al) and (A4) with K= 0, rE,«, rE „
and Eqs. (Al) and (A2) with K= 1, 8'„„8'„„~j'„,. The
magnitude of the various terms in Eqs. (Al) through (A4)
is determined, first, by powers of the factors (p„R),
(q R), (W„R) (nI R), aIlcl (o!g), allc! secoI1d, by 'tile cllf-
ference of one order of magnitude between the relativis-
tic and nonrelativistic form-factor coefficients. Thus,
the dominant terms of Eqs. (Al) —(A4) are a subset of
the terms with X = 0, p,= 0 [Eqs. (2.104)—(2.106)j. The
correction terms of the next order are:

(i) terms with p, = O, X= 0 which were not included in
Eqs. (2.104)-(2.106);

(ii) terms with )L(=0,1= 1 and p, = 1,X= 0 corresponding
to the terms with !l=0, A. = 0 of Eqs. (2.104)—(2.106).
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0

A11 terms, however, with powers of m, A and 8'„R can
usually be omitted since rn, B and W„R are generally
much smaller than ~Z. It should be noted that for elec-
tron capture the correction terms are important only in
cases where cancellations occur among the dominant
terms.

APPENDIX 2. EXPANSION CGE F F ICIENTS
l(k, m, n, p;r) UP TO ORDER m = 3

The expansion coefficients I(k, rn, n, p;r) of the elec-
tron radial wavefunctions, up to order m, = 3, are as
follows (Behrens and Biihring, 1971):

4(2k+ 3) 2y
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2k —1

k(2u+ 3)»,4e 2@+3
2 2 7 3(2k 1)
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x U(x) dx

2(2k+ 3& x2~2 U(x) dx2k+ 1

4(k + 1)(2k + 3) x""U(x)dx

(2k+ 1)(2k+ 3)
2k —1

4(2k+ 3)
(2k+ 1)(2k —1)

x'"U(x) ux

x U(x) dx.

The function U(x) in these expressions is defined by

V(x) = —(nZ ja)U(x), (a2)

where V(x) is the potential of the nuclear and atomic
charge distributions.
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