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The fundamental role of Eckart vectors and Eckart frames is demonstrated in the theory of the vibration-rotation

Hamiltonian for a polyatomic molecule.
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I. INTRODUCTION AND SUMMARY

In his famous paper, “Some Studies Concerning Rotat-
ing Axes and Polyatomic Molecules,” Carl Eckart (1935)
introduced a set of conditions for defining a system of
rotating axes in terms of the instantaneous position vec-
tors of the nuclei in a polyatomic molecule. These con-
ditions are now part of the standard theory of polyatomic
molecules (Marganeau and Murphy, 1943; Herzburg,
1945; Nielson, 1951; Wilson, 1955; Landau and Lif-
schitz, 1958). In this same paper, Eckart also gave the
explicit construction of the rotating frame in terms of
three vectors ¥, F,, F,. These three vectors—which we
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will call Eckart vectors—appear not to be well known,
despite the fact that they play (as Eckart showed) a fun-
damental role in the deéfinition of the rotating frame.

It is the purpose of the present paper to demonstrate
that the Eckart vectors, and the corresponding Eckari |
Jframe defined by them, occupy a far more significant
place in the theory of the vibration—rotation motions of
polyatomic molecules than has previously been recog-
nized. Textbooks and modern papers (Nielson, 1951;
Longuet-Higgens, 1963; Hougen, 1962, 1975) devote
only a few lines of discussion to the Eckart conditions.
Yet, as we shall show, the Eckart vectors and the
Eckart frame should be considered to be basic concep-
tual constructs on which the theory of the vibration—
rotation spectra of molecules is erected (along, of
course, with our usual notions of classical and quantum
mechanics).

‘The development follows the traditional viewpoint
(Wilson, 1955) in assuming the validity of the Born—
Oppenheimer approximation in separating the electronic
and nuclear motions. Thus, the motions of the electrons
are regarded as defining the potential energy wells in
which the nuclei move. This is the basic physical pic-
ture which motivates the introduction of the equilibrium
or static molecular model which serves as the starting
point for the discussion of the vibration—rotation motions
of the nuclei in a polyatomic molecule.

It might be argued that the reconstruetion of molecular
theory along such lines is a mere academic exercise, of
little practical value and offering no new results. In
order to persuade the reader that this is not the case, -
we present here in the Introduction a summary of the
contents of this paper, noting, when appropriate, the
contribution of the concepts of Eckart vectors and Eckart
frames to the developments, and pointing to new results
and new approaches as they emerge.

The concept of a static molecular model is introduced
in Sec. II. Since it is on this model that the notion of the
point group of a molecule is built, it is important to dis-
tinguish it from the molecule in motion. The purpose of
this section is to give the problem a general setting as
well as to review the basic notions of rotations and per-
mutations as abstract operators in order to establish
notations.

It is appropriate to remark here that while our ap-
proach in this study is group theoretically oriented, no
sophisticated group theoretical concepts are actually
used. A good intuitive feeling for the meaning of rota-
tions in ordinary 3-space (see, for example Wigner,
1959) and an elementary understanding of set theoretical
concepts and notations (we recommend Simmons, 1963)
should provide sufficient mathematical background. To
this extent, this paper is largely self-contained.

After the brief excursion into geometry given in Sec.
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II, we come in Sec. III to the concept of a molecule in
motion—the dynamical molecular model. Here we at-
tempt to give a new perspective to Eckart’s contribution
to the subject: The dependence of the notion “moving
frame” on the underlying static model and the particle
positions is presented in the way we believe Eckart
understood it.

With the notions of Eckart vectors and Eckart frames
in hand, we move naturally into the investigation of what
motions of the molecule define the same Eckart frame.
This leads to the discovery of the manner in which the
point group of the static molecular model makes its en-
try into the molecular motions problem. The principal
new result is the discovery of a group of transforma-
tions which leave the Eckart frame invariant. - Further
properties of the Eckart frame are presented in antici-
pation of its subsequent role in the molecular problem.
All of these results are new, although it might be argued
that some of the structures are implicit in the work of
Hougen (1975).

We are now led into a discussion of the internal mo-
tions problem in Sec. IV. Astonishingly, the properties
of an obvious modification of the Eckart vectors—to what
we call Eckart vectors of the second kind—reduces the
determination of symmetry coordinates to almost trivial
calculations, at least for molecules possessing a static
model of high symmetry. We illustrate the rather-ab-
struse general theory by three instructive examples.

While we believe that the structures presented in Sec.
IV are new, we are confronted here with an enormously
difficult problem of literature search. The significance
of group theory and normal coordinates in the molecular
problem was apparently recognized as early as 1923 and
1930 by Brester (1923) and Wigner (1930). But the num-
ber of subsequent papers determining normal coordinates
for particular molecules must run into the hundreds.
The variations of techniques are impossible to assess.
We mention only a few general references, with apolo-
gies to those authors whose contributions we would like
to acknowledge but which are unfamiliar to us: (Denni-
son, 1931; Rosenthal and Murphy, 1936; Wilson, 1939,
1941; Glocker, 1943; Vankataraykdu, 1943; Kilpatrick,
1948; Corben and Stehle, 1950; Crawford, 1953).

We now come to Sec. V, where we consider the induced
action of the abstract operators, previously defined, on
the coordinates of the molecular problem. At first
glance, these results seem more general than required.
However, they are later (Sec. VI) shown to be significant
in perturbation theory. In Sec. V, we study the action
of permutations on the molecular coordinates in rigor-
ous fashion, the basic idea stemming from the more
intuitive approach of Longuet-Higgins (1963) and Hougen
(1962,1963,1975). The most significant concept to
emerge from this study of permutations is a general
definition of the group of feasible operators for the so-
called rigid molecules. It is a clear understanding of
the role of the Eckart frame which makes the definition
possible and physically relevant. Applications of this
concept to the determination of intensity ratios of high-
resolution laser induced absorption spectra in SF4 have
already been made (Cantrell and Galbraith, 1975), in
agreement with experiment (Aldridge ef al., 1975).

A second important and longstanding question is clari-
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fied in Sec. V.D. What is the group of the classical
spherical rigid rotator? Is it 0,X0,~0,, where @, is the
group of rotation-inversions of 3-space, and O, is the
group of rotation-inversions of 4-space? The answer

to this question is no. Instead, it is demonstrated that
the group of the classical spherical rigid rotator is a
group of transformations of two 3-spaces which are
geometrically related. This group is designated by

O, *O,, the* designating that the product space R**R3ofthe
two underlying 3-spaces is not the usual Cartesian prod-
uct space. It is the geometrical relation between the two
R? spaces which accounts for the fact that the angular
momentum is the same (generators of rotations of the
two O,’s in O, * O, commute, but have the same J2). This
type of group structure generalizes to other spaces and
has been known for some time (Louck, 1965,1970,1970a;
Biedenharn, 1967,1968).

In Sec. VI, we present the general invariance proper-
ties of the molecular Hamiltonian. While these results
have been, more or less, intuitively known for years,
they are given here the precise mathematical and global
settings required for use in the further development of
Hamiltonians which describe the level splittings of com-
plicated spherical top molecules (Hecht, 1960, 1960a;
Moret-Bailly, 1959,1961,1965; Michelot et al., 1974,
1974a). ’

Let us remark that we have felt obliged for the sake of
clarity to note what seems to us to be important differ-
ences of interpretation between our work, that of Lon-
guet-Higgens (1963), and the very important work of
Hougen (1962,1964,1975). We acknowledge the con-
siderable influence of Hougen’s work in clarifying our
thinking.

Finally, it should be noted that this work is restricted
to the so-called “rigid” molecules, although a few specu-
lative remarks concerning “nonrigid” molecules are
made in the concluding section.

Il. THE STATIC MOLECULAR MODEL AND ITS
SYMMETRY GROUPS

A. The static molecular model

We begin with a definition: 7The static molecular mod-
el is a collection of N particles (nuclei) labeled 1,2, . ..
N which have point masses m;,m,, ... my, located at
points specified by the position vectors a*,a%, ... &

’

N
’ a‘ b
respectively, whose common ovigin is the center of
mass, that is,

D m A%=0.
o

Thus, the picture we have of the static molecular mod-
el is the naive one of a collection of mass points con-
nected by rigid rods. We are allowed to place it on the
table in front of us, examine it, and describe it in terms
of our tastes.

There is one aspect of the model which we prefer to
leave vague—namely, those intrinsic attributes of cer-
tain classes of particles which lead us to call them
identical. Tt suffices here to remark that the equality of
masses and equality of charges are implied by the
phrase “identical particles.”

We choose to describe the particle positions by first

(2.1)
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locating a principal axis frame &, &,, &, (a right-handed
triad of unit vectors satisfying &; - 2; =0,,) and giving the
particle positions in terms of this frame

2.2)

oo _ 0 o oa
a " =a;¢e +a,¢e,+az e, .

The frame &, &,, &, is tied, once and for all time, to the
rigid configuration of particles, and the set of real num-
bers -

{ag:
is fixed, once and for all time, by the equilibrium con-
figuration which one has assumed for the particular
molecule under study.

We have dwelt overlong, perhaps, on the concept of
the static molecular model in order to contrast it with
the dynamical molecular model introduced later in Sec.
III. This distinction of models, we believe, clarifies
one’s understanding of the role of the point group of
covering operations in molecular theory. We now turn
to the definition of the point group of the static molecu-
lar model, reviewing first the concepts of rotations as
abstract operators.

a=1,2 N, i=1,2,3} (2.3)

g0 ey

B. The rotation-inversion group

We introduce the space R® which is defined to be the
set of all vectors in Euclidean 3-space (directed arrows
in the usual elementary sense with the customary geo-
metric rules for equivalence, addition, multiplication
by a scalar, and dot and cross products).

A rotation ® is, by definition, a linear operator which
maps R? into itself, leaving the dot product invariant and
the sense of the cross product unchanged. These prop-
erties are transcribed into the mathematical statements
which follow:

®R: R3—~R3, (2.4a)
that is, for each X € R®, we have

X-X'=®Xx € R3, (2.4b)
The dot and cross product properties read

RX-Ry =x-V, (2.4c)

RXXRY =R XXY) (2.44)

. for each pair X,y &R,
The set of all linear operators {®} which satisfy the
rules (2.4) together with the multiplication rule

RR)X =R’ ®F) (2.5)

defines a group—the group 80, of rotations of the space
R3,

The inversion operator 9 is also defined to be the map
ping 9: R3—~ R3 given by

-

9x =-X (2.6)

for each X © R3, An inversion also has the property of
preserving the dot product, but it changes the sense of
the cross product:

9XXIy=-9XXY). 2.7

The set of linear operators which map R3 into itself
and preserve the dot product defines the rotation—inver-
sion group. It is the set of operators given by
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0,={®,98: R =86,}. (2.8)

At the risk of some confusion, we will use the same
notation & for a general element of O, as used for a gen-
eral element of 89,. Henceforth, if ® is a rotation, it
will always be so indicated explicitly; otherwise, R < 0,.

It is sometimes convenient to parametrize the rotation
operators ®. The most convenient parametrization for
use with point groups is the characterization of a rota-
tion by a unit vector # (which specifies the direction
about which the rotation takes place in the right-handed
sense) and the rotation angle 6, where 0<6smw., There
is then a one-to-one correspondence between the points
of the solid sphere of radius 7 and the set of rotations,
when one identifies (as being the same) diametrically
opposite points on the surface of the sphere. We denote
such a parametrized rotation by &(6,#). The action of
®R(0, %) on an arbitrary vector X & R® is then given by
(Corben and Stehle, 1950)

® (9, n)§=c659§+(1 ~cosO) (i X)7

+sinf({@E X X). 2.9)
Note in particular that
R(m, i) =R (m, ) (2.10)

obtains automatically from Eq. (2.9).

After this brief review of rotation and inversion opera-
tors as abstract operations defined on R2, let us now re-
turn to the discussion of the static model.

C. The mathematical model of the static molecule

We represent the static model mathematically by the
set @ of vectors of R3:

@=1{3',az,...,a".

We now give the definition of the equivalence under ©; of
two static model vectors: a® is equivalent to 2% if (a)
particle B is identical to particle a; (b) theve exists at
least one votation—inversion opevator & & O, such that
ab =R 2% Observe that this is a true equivalence rela-
tion (Simmons, 1963) in the strict mathematical sense.
Accordingly, the set @ is partitioned into disjoint sub-
sets of equivalent vectors called equivalence classes of
@ (Simmons, 1963). Let us denote these equivalence

(2.11a)

classes by @,,@,,...,®&;, where
@, ={3',az, ..., 8"}, (2.11b)
@,=1{b!,%?,..., 0"}, 2.11c)
@, ={d,az, ..., du}. (2.114d)
e={a,Q,,...,q,}, (2.12a)
N=n,+n,+***+n,. (2.12pb)

(Observe that by a relabeling of particles we can always
take the first n, of the a,...,a" to be equivalent.)
D. The point group of the static model

We are now ready to define the point group of the static
molecular model. Definition: The point group G(@) is
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the subgroup of O, which maps each equivalence class of
@ onto itself, that is 8 © G(Q) if and only if

$:@,~@,,
g: G,~Q,,

.

(2.13)

8 @y~ G, .

This definition becomes more tangible if we order the
elements of the sets @,,@,, ..., @&, and consider these
ordered sets to be row matrices:

[51 3z "5"'1],
[‘5152 . 'B"b] ,
) (2.14)

(@& - ),

‘The action of § on the sets @,, @,, .
pressed concisely as

g: [5152 cee 5"“]—' [951352 .“se ggna]
S[31E% - TS, (9),
§: [b'B2 -+ - b"s]—~ [9b1gh2 - - - §b™]

=[bh2 - - - B™]S,(8),
. (2.15)

..,G; may now be ex-

g: [dvgz .-+ dma]~[9d'gd2 - - - §d"a]
=[@de - dmls, ),
where S,(8),5,(8),...,S4(8) are square matrices of di-
mensions n,,n,, ...,n;, respectively, each of which may
be obtained from the unit matrices I, of dimension 7,,
1, of dimension #n,, etc., by some permutation of the
columns (hence, the matrices are real, orthogonal and

contain as elements only zeroes and ones).

It is convenient to define
glatgz.--a¥)=[gatgaz---g3a"]. (2.16)

If we define the prdduct of two elements of G(@) by the
rule ‘

(8’9)[a1az---a"] =g'(g[aaz---a"])
=g'[631832%- -+ 63"]
=[g’gatg’gaz---g'ga"], 2.17)

then the correspondence

§=5,(9) (2.18)

is a representation of G(®@) by #,X n, orthogonal matrices.

Similarly, each of the correspondences §—~S,(8),...,$
—S,(8) is a representation of G(@) by orthogonal matri-
ces. We call these matrix representations of G(®) static
model reprvesentations.

It is somewhat awkward to enumerate repeatedly sets
of equations such as Egs. (2.11)-(2.15). In the subse-
quent discussion we will therefore write such equations
‘as a single composite one:
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g: [A1&2- -3~ g[a1a% -+ - 3"
=[gatgaz - 83¥]| =[3 132+ 3]S(9),
(2.19a)
where it is to be understood that

[5152. .o EN] :[§1§z. .o 5":15152 .o 'B""' . .'alaz o .and] ,

(2.19Db)
and that S(8) has the block diagonal form
S, 8 0 -+ 0
0 S,8) *++ 0
s@=| | : (2.19¢)
0 0 - S4(9)
Observe that the mass matrix defined by
Pml O cee O
0 m, **+ O
M= )
0 O my
-
(m, 0 +++ 0
0  myl, 0
= (2.20)
L 0 0 myl,
commutes with S(§):
S(8)M =MS(8) (2.21)

for each § <= G(@).

E. The symmetric group of the static model

The belief that arbitrary labelings of identical par-
ticles should have no consequences for the predictions
of a physical theory leads one to the study of the sym-
metric group.

We first consider the manner in which one defines the
action of the symmetric group Sy on a quite general set
of N objects which we can take without loss of generality
to be the set @ of static model vectors.

A permutation P of the labels 1,2,...,N is defined by
P:l—-o,2-0,,...,N=ay, (2.22)

where o4, @,, ..
The product P’P of two such permutations

., @y is a rearrangement of 1,2,...,N.

>

P:1-qa,2~a;,..., N=ajy
and
P:l—-a,2-q,...,N=ay

is by definition the permutation of 1,2,..., N obtained
by first applying P followed by applying P’. For exam-
ple, for
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P:1-2,2-3,3-4,4~1
and
P:1-4,2-2,3-1,4-3,
we have
P'P:1-2,2-1,3-3,4-4,

Sy is the set of all permutations {P} corresponding to
all N! rearrangements of 1,2, ..., N with this rule of
multiplication. /

Each permutation P& Sy induces a transformation ® of
the set @ given by the following rule:

-
®: A1—-3%,32~-3%,...,a -3,

(2.23)

The product ®’¢® of two such transformations is defined
to be the rule of first transforming by @ followed by
transforming by ®’. The correspondence P —@® is a rep-
resentation of Sy by a group of transformations of the
static model vectors. We designate this group of trans-
formations by G(Sy).

For ® given by Eq. (2.23), we write 3% =3l 3%

=®32,...,3% =®3". Defining

elargz..- 3] =[Ca®a%- - - @A"], (2.24)
we obtain

@[5152...§N];[51520..EN]S(@), (2.252)
where

S@=leqeq, " ea,l, (2.25b).

in which e, is the column matrix of length N, e,
=col[0+++010--+0], where the 1 appears in position a.
The correspondence :

®~SsE@ (2.26)

is a matrix representation of G(Sy), hence, of Sy, by
orthogonal matrices of dimension N containing only
zeroes and ones.

Let us now return to the question of identical particles
by giving the definition of the equivalence under particle
identity of two static model vectors: a8 is equivalent to
A% if particle B is identical to particle o. Again this is
an equivalence relation which partitions the set @ into
disjoint sets of equivalence classes. The elements of
one of these equivalence classes are, of course, the
position vectors which point to particles which have been
called identical. Observe that eack such equivalence
class may be further partitioned into disjoint equivalence
classes with respect to 0,. For simplicity of presenta-
tion, we will assume thvough the vemainder of this paper
that the equivalence classes of @ undev particle identity
are the same as the equivalence classes of @ under 6.

Under the above assumption, the group of permutation
operators which interchange the position vectors point-
ing to identical particles is the direct product subgroup
of G(Sy) given by

Ll G(Sny) = G(S,) XG(S,) X * * X G(S, ) CG(S), (2.27)
where the G(Sn,), A=a,b,...,d, denote the groups of

permutation operators defined, respectively, on the sets
@, @Q,,...,Q,;. Thus, each & &G(Sn,) has the form
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@p al—-3a%, 32~+3%, ..., 3% —~3%, (2.28a)
where o, @,, ..., &, is a rearrangement of 1,2,...,n,;
each &,& G(S,,) has the form

(RIS L L (2.28Db)
where B, B;, ..., By, is a rearrangement of 1,2,...,n,,
etc. Each permutation operator @ in the group

II 6¢s.,) (2.29a)

X
has the form
€=C,0,...,8), (2.29b)
and the order of the group is n,!n,!*-n,;!.
For each
e=IIaccs,) (2.30a)
X

the matrix S(®) appearing in Eq. (2.25a) takes the block
diagonal form

S@®) 0 <+ 0
0 S@) =+ 0

S@) = (2.30pb)

0 0 oo S((Pd)
in which each S(®,) is of the form (2.25b) (replace N by
n,). Finally, the correspondence

@, ~S@) (2.31)

is a matrix representation of S», by permutation matvi-
ces (matrices obtained from the unit matrix by permuting
its columns). )

We conclude this discussion of the static molecular
model with a final observation: The point group G@) of
the static moleculay model is a subgvoup of the permu-
tation group H)\ G(Sn)\). The correspondence between
the elements of this subgroup of permutation operators
and the elements of the point group G(Q) is given by the
rule

C—~g if S@)=5(9). (2.32)

11l. THE DYNAMICAL MOLECULAR MODEL

We now let the static molecular model translate and
rotate about the center of mass, while at the same time
allowing the particles to move away from their rigid
body positions. It was just for the purpose of describing
motions of this type that Eckart introduced a moving
frame which has its instantaneous orientation deter-
mined by the instantaneous position vectors of the par-
ticles and the static molecular model. We will introduce
Eckart’s moving frame from the outset. Although this
method of presentation is not so well motivated physical-
ly, it has the logical advantage of presenting a well-de-
fined moving frame at the beginning of the discussion,
thus obviating the need of imagining its existence (and
resolving vectors along its axes) prior to having it de-
fined.
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A. Eckart vectors and Eckart frames

Let the N instantaneous position vectors of the par-
ticles 1,2,...,N be denoted by ¥!,r2,..., 7" relative
‘to some fixed point O. Following Eckart, we introduce
three vectors which are defined completely by the set of
numbers (equilibrium position vectors) {a®: o
=1, 2, ,N;1=1,2, 3} given to us by the static molecu-
1ar model by the masses of the partxcles and by the
1nstantaneous position vectors r! , T re, ... s 2l

-,
= Z maa?ra’
o

We emphasize that the numbers af éppearing in this
definition are considered to be fixed (and never to be
transformed) by the static model. Observe that we can
just as well write

i=1,2,3. (3.1)

=Y myal@*-R), (3.2)
a N
where R is the center of mass vector defined by
=ZmaFC/E My, (33&)
o o
since
> myaf= (3.3b)
o

We propose to call the three vectors i':l, _152, fs Eckart
vectors. The purpose in introducing these vectors has
been justified by Eckart, but it is useful to demonstrate
again their role in the more familiar Eckart conditions,
which we do below.

Still following Eckart we next define a right-handed
triad of unit vectors fl, fz, f in terms of the vectors

F F F For nonlinear and nonplanar molecules, the
defmltlon is!'?
(i o) =[F,F,F ) Fi2 (3.42)
where F is the symmetric (Gram) matrix given by
—»1°—>1 —»1'_’2 —’1‘?3
F=|F,*F, F,°F, F,'F, |. (3.4b)

Fsi' F, F3*F, F;*F,

For planar molecules, we always choose &, perpendicu-

10ur procedure differs slightly from Eckart’s since he uses
reciprocal vectors, but this distinction is unimportant.

>This method generalizes directly to the construction of n
perpendicular vectors x4, x,, ...,%, from n given linearly in-
dependent vectors y{,¥s,...,¥,. This method was brought to
our attention by Dr. Robert D. Cowan of the Los Alamos Scien-
tific Laboratory. Schweinler and Wigner (1970) attribute it to
Landshoff (1936). It is interesting to observe that the standard
Gram-Schmidt procedure is invariant under the group of tri-
angular transformations

Y177 11Y1, Yo a2Y1 +aA52Y9, - - .
VYn~AniY1 tqpe¥ot+ecc +ta,,y,,

while the method above is invariant under the group of permu-
tations in the sense that any rearrangement of order of vectors
in the given sety,,y,,...,y, followed by the orthonormalization
procedure produces the same rearrangement of the perpendicu-
lar vectors (Schweinler and Wigner, 1970).
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lar to the plane of the static model. Then af -O In this
case, the right-handed triad of unit vectors f1~ fz, f is
defined by

[flfz] =[F1F2]F_1/2 ’ (3-40)
Fo=Fixty, (3.4d)

where F' is the symmetric matrix given by

- =

F,'F, F,'F,

F = . (3.46‘)
For linear molecules, we do not define an Eckart frame
(hence, linear molecules are excluded from this dis-
cussion).

A Gram matrix is always positive definite as long as
the vectors entering into its definition are linearly inde-
pendent. The requirement of the linear independence of
the Eckart vectors then becomes conditions on the posi-
tion vectors T under which the unit vectors fl, fz, f3 are
defined. (We will usually address the three-dimensional
molecular model, it being obvious how to modify the re- .
sults for the planar case.) We assume for molecular
motions that F is positive definite. F~! is then also
positive definite, and F~12 denotes the positive definite
matrix—a unique matrix—such that F~ 1kp-1/2 _ -1 (Per-
lis, 1952). We shall call the triplet of vectors f,, f,, f,
the Eckart frame.

The Eckart frame is located at the center of mass of
the collection of particles [see the interpretation of Eq.
(3.6) given in the remarks below], and its instantaneous
orientation is determined solely by the instantaneous
position vectors (and the underlying static molecular
model). It happens, in practice, that one never actually
constructs explicitly the Eckart frame vectors in terms
of the instantaneous position vectors. What we do is
quite different. We turn the problem around and ask
what is the class of motions which define the same
Eckart frame. These then become the motions which an
observer in the Eckart frame can record. In this man-
ner, the constraints have been placed on the motions of
the particles, and we are free to consider that the
Eckart frame has an arbitrary orientation in space. We
must keep this dual perspective of the Eckart frame.
One of the purposes of this paper is to make clear the
content of the preceding remarks.?

To make the connection of the preceding results with
the Eckart condltlons we note that the vectors fl, fz, f3

and Fl, Fz, F satisfy
FXF, + o XF,+ fyxF,=0. (3.5)

Substituting the F; vectors of Eq. (3.1) into this result
and defining

Ed:za?fi,
i

we obtain the original conditions given by Eckart:

(3.6)

31t seems possible that this method of introducing a moving
frame into a collection of N particles might have applications
to other problems. Observe that the a in Eq. (3.1) can be
taken to be the components of any set of N position vectors
such as initial positions, average positions, expectation values
of position operators, etc.
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D maEeX F*-R)=0. (3.7
o
It is also useful to put
TY-R=C%+p% (3.8)
and then the Eckart conditions become
ZmaE“X5“=5. (3.9)
ol

Remarks. Some comments about the interpretation of
the preceding equations are in order. Consider Eq. (3.6)
first. By definition, the vectors &* are constant vectors
when referved to the Eckart frame. 1t is just this re-
quirement which leads us to the following picture: We
imagine at each instant of time that the principal axes
e,, é,, ¢, of Sec. II.Aare coincident with the Eckart
frame }1, Ts, fg, which is itself placed at the center of
mass position vector R. Then, indeed, the ¢® vectors
are constant vectors with respect to fl, fz, f with com-
ponents a, af,ad. The interpretation of the ﬁ"‘ in Eq.
(3.8) is then also clear—in the Eckart frame the ¢ are
constant vectors so that the meaning of ¢ is that of a
displacement of particle a away from its equilibrium
position. Having established this significance of 5% in
one frame, it retains this significance in any reference
frame. Indeed, it should be emphasized that all of the
results, Egs. (3.1)-(3.9), have been obtained without
benefit of a laboratory frame-—they are abstract vector
relations, valid as geometrical relations between vec-
tors.

Let us summarize the steps which have led us from
our intuitive conception of a (classical) molecule to the
mathematical description of it:

Step 1. In the static model, we label the particles
1,2,...,N and put in the corresponding vectors
at,az ..., a"v.

Step 2. We introduce any principal axes system what-
soever and calculate the set of numbers {a“}

Step 3. We introduce the Eckart vectors Fl, Fz, F and
the Eckart frame f,, f,, f,, which is completely defmed
in terms of the static model and the instantaneous posi-
tion vectors ¥1,12,...,T" of the particles. (We ignore
the possibility that the instantaneous vectors might de-
fine a straight line at some instant of time.)

Step 4. We place the Eckart frame at the instantaneous
center of mass and take the static model of step 1 and
step 2 and align the principal axes system we have
chosen with the Eckart frame. In this Eckart frame, the
constant vectors &% =Y, alf, define what we call the
equilibrium pOS1t10ns of the partlcles Finally, we in-
troduce the vectors p¢ -R-8% a= 1,2,...,N, which
we call displacement vectors of the particles.

We call the picture which emerges from steps 1-4 a
dynamical molecular model. One will observe that there
is nothing “intrinsically small” about the displacement
vectors. One might, however, question the usefulness
of the above model unless there is some reason to be-
lieve that each particle a stays in the vicinity of the
point defined by ¢*.

One will also observe that a dynamical molecular mod-
el is not unique. Its lack of uniqueness comes from
steps 1 and 2: Different investigators will usually label
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the particles differently and choose different principal
axes systems, thus obtaining various sets of numbers
{a;"}. Once one has made a definite choice of particle
labeling and principal axes in steps 1 and 2, the dynami-
cal model is unique. Within this model, the numbers
{a$} are never to be altered. The effect of choosing dif-
ferent particle labelings and different principal axes is
discussed in Sec. III.D, after our understanding of a ngen
dynamical model has been increased.

There is a second set of Eckart vectors which also
plays an important role in the molecular problem. They
are the same in form as Eqgs. (3.1). We simply replace
the position vectors r® by the displacement vectors p*:

=D mgagp®, i=1,2,3. (3.10)
o

We may then write

—fi=6i+ﬁi, (3.11a)
where

Ci= 2 maafee. (3.11b)
Since

FiXC, +/,XC,p + f3xCy =0, (3.12)
the Eckart conditions in the form (3.9) become

FiXE, + 7, XEy + fyxE,=0. (3.13)

We' will subsequently see that the Eckart vectors
El,Ez,E have an important role in the normal coordi-
nate problem. At the moment, we use Eq. (3.13) as the
basis for making several definitions.

The term “displacement vector” for p* has been intro-
duced because of its geometrical significance as describ-
ing the instantaneous position of a particle relative to an
equilibrium position. Aside from having the form pe
=F*-¢%-R, @=1,2,...,N (from which follows the cen-
ter of mass condition 25 47 ,p*=0), these displacement
vectors are also required to have the property that their
corresponding Eckart vectors satisfy the condition (3.13)
with respect to the Eckart frame. We now take these
properties as a formal definition: A vector E in the set
{8, % ..., F is called a displacement vector compati-
ble with the Eckart frame fl, ]‘2, f defmed by Eq. (3. 4)
if and only if (a) it has the form -E =r® - R, where
¢% is given by Eq. (3.6); (b) the three Eckart vectors
E, =2 oamq afE* satisfy f1XE + foXE, + T, XE,=0. We
call the set of vectors {Z‘ E”} a set of dlsplacement
vectors.

One of the most important problems in the kinematics
of molecules is the following: Find the set

L TOUS PR U oTROE P SO

(3.14)

of all displacement vectors compatible with a given
Eckartframe. This problem is addressed inthefollowing
sections, the complete answer emerging only with the
solution to the internal motions problem.

B. An invariance group of the Eckart frame

The purpose of this section is to determine certain
sets of displacement vectors compatible with the Eckart
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~ ~

frame f,, f,, ]?3.

Let ¥',72,...,7" and §%,52,..., 3" denote sets of
position vectors corresponding to two possible configura-
tions of the particles—instantaneous position vectors
which might have evolved, for example,  from different
initial conditions. The position vectors relative to the
center of mass are given by

-

X*=F*-R, a=1,2,...,N, (3.15a)

y*=5*-§, «@=1,2,...,N. (3.15b)
We seek relationships between the sets of vectors
¥.,v2,...,y" and ¥1,%2,...,%X" which meet certain cri-

teria, which we now discuss.

It is reasonable to consider only those relations be-
tween the ¥ and X* which leave form invariant the Ki-
netic energy of the collection of particles relative to the
center of mass. This is equivalent to requiring the
equality of the quadratic forms

FTo, o _ To,zo
Do maF =D ma R F,
o o

where this relation is to hold identically in the vectors
X® (when one is seeking to relate the §* to the X*). Fur-
thermore, since the Eckart vectors corresponding to
the position vectors §1,52,...,8" are given by

] oo
Fi = Z mocai y,
o

we are led to consider solution vectors y* of Eq. (3.16)
which relate to the X!,X2,...,x" either through real
linear combinations? 2, a,X% or rotation—inversions,
or both.

Motivated by the preceding considerations, we intro-
duce the class of solution vectors to Eq. (3.16) given by

7= }B: ®RZ®)S o5,

(3.16)

(3.17)

(3.18)

where ® is an arbitrary element of €,, and the NXN
matrix S having elements S, is a real orthogonal matrix

which commutes with the mass matrix M:
MS =SM, (3.19)

This condition requires that S has the block diagonal
form

S 0 +++ 0
0 S, **+ O

s=1 - -, (3.20)
0 0 «++ S,

in which each S, is orthogonal.

Thus, S is an element of
the direct product group :

IT 0, -0,%x0,%x:--x0,, (3.21a)
A

{previous considerations of » particle motions in the work
of Louck and Galbraith (1972) suggest this approach. We would
- like to take this opportunity to point out the Lemma 1 given by
Louck and Galbraith (1972) is correct only for identical par-
ticles. ) -
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where O, denotes the set of all n, X #, orthogonal matri-
ces:

Oy ={Sx S)S,=1,}, (3.21b)

where the tilde denotes matrix transposition.

An important point of interpretation enters into Eq.
(3.18). A rotation—inversion operator &, as generally
understood, maps each vector in the set R® into a new
vector in the set: X—~®X, each X&R3. However, in in-
terpreting the meaning of the N vectors RX!,®x?2, ...,
®x" appearing in Eq. (3.18) we are not bound to regard-
ing them as having originated geometrically from
X1,%2,...,%" in consequence of a rotation—inversion &
of each and every vector in R3 (identified in this context
as the set of all vectors with center of mass as origin).
A second morve nalurval physical intevpretalion is lo re-
gard the vectors Rx1,®%?2,...,8X" as new position vec-
tors (with respect to the center of mass) which have
evolved from some initial set by motions thvough the
undevlying space R3. 1t is this latter viewpoint which we
adopt, extending it also to the !, ¥2,...,¥" of Eq. (3.18).
Thus, for each ®< 0,, Eq. (3.18) is to be thought of as
defining a new set of position vectors (they may need
further restrictions before they qualify) of the N parti-
cles—we atlach no geomelrical intevpretation to this
expression.

It is probably best to be even more explicit on this
point and define ®X“ in the following manner. Calculate
the matrix R representing ® on the static model basis

e, e,, e,. We then have

R;;=8;-®e;. (3.22a)
Using the elements of this matrix, we define &x* by

Rx* =Z Rij(ia : fj)fi ,

17

(3.22b)

where fl, fz, f3 are the Eckart frame vectors. Thus,
each orthogonal matrix R defines a new set of vectors
®x',®x2,...,R%" which stand in relation to X! ,%2,...,x"
as though we had rotated X!,%2,...,%" by ®, but we are
not committed in interpretation to a rotation of the whole
space.

The viewpoint expressed above accords with our earli-
er one of the meaning we attach to the position vectors
r* and $% Note, in particular, that if the system has no
translational motion, we have %=y +R, where 7% is
given by Eq. (3.18), and R is the same center of mass
vector as appears in Eq. (3.15a).

In light of the interpretation given above, it is clear
that Eq. (3.18) does not represent the most general set
of solution vectors which satisfy Eq. (3.16). We can re-

- place the set of position vectors {®%% g=1,2,... N} by

the set of position vectors which follows:
{{(Raia(a): C!=1, 2) AR ’na}’ {(Rbia(b): a‘:l’ 27 e :nb} ’

o {®R, XA ra=1,2, ..., 0,0}, (3.23)
where {X*(\): a=1,2,...,n,} denote the position vectors
pointing to the identical particles of type A(A=a,b, ... ,d),

and ®&,,&®,, ..., &, are rotation—inversion operators which
may all be distinct. This generalization of Eq. (3.18)

has a bearing on the theory of nonrigid molecules as
discussed briefly in Sec. VII. '
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Thyoughout the entivety of Sec. II, unless indicated
explicitly to the contrary, all symbols such as GX*, Gp%,
®RF,, etc., ave to be interpreted as new position vectors,
new displacement vectors, new Eckavt vectors, etc., in
the same underlying space in the sense explained above.

The solution (3.18)-(3.20) is far too general to meet
the criteria: (a) ¥!,¥2,...,¥" are position vectors of
the particles 1,2,..., N relative to the center of mass
5; )7L, 52, ...,7" define the same Eckart frame as do
the X1,%2,...,%". We seek now to impose conditions
such that criteria (a) and (b) are true.

For condltlon (a) to be true, it is necessary that
2 amay®=0. Since it follows from Eq (3.19) that
MmySyp= mBSaa, we find

m;mﬁif’(‘;sae) =0 (3.242)
hence,
stiﬂ(Zsae> = (3.24b)
B o

Relation (3.24b) must hold for arbitrary X® which satisfy
2 smpx®=0, and this requires

ZSaB=1’
x

Since S is orthogonal, each of the rows must also have
the sum

ZSBazl’
3

It now follows that S is a permutation matrix of dimen-
sion N (a matrix which may be obtained from the NXN
unit matrix by some permutation of the columns of the
unit matrix). Furthermore, since S must also have the
form (3.20), it follows that each S, in Eq. (3.20) is a
permutation matrix of dimension #,.

Our first result may be summarized as follows: A
necessary condition that the §*,V2,...,¥" defined by
Eq. (3.18) be position vectors velative to the center of
mass of pavticles 1,2,...,N is that the matrix S has

g=1,2,...,N.

g=1,2,...,N

the form
S, 0 «++ 0
0 S, **+ 0
s=1|. o, (3.25)
0 0 **- S,

wheve each S, is a pevmutation matvix of dimension n,.
Consider next the conditions imposed by requirement

(b)—the vectors §1,¥2,...,¥" are to define the same

Eckart frame as the X!,%2,...,%". For this purpose,

it is convenient to write Eq. (3.2) in the matrix form
[F,F,F,l=[%1%2---3¥]MA (3.26a)
where M is the mass matrix, and A is the 3 XN matrix
al a® +-+ a¥
Laz .- a¥ ). (3.26b)

1 42 eee N
3 a3 *°* ag
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Let us _r_'ecall that the Eckart frame defined by the
X*=Fr*~Ris

(7, 7o) =[F F,F ] Fe,

This frame 1s 1ocated at the center of mass point R and
the vectors ¢% in X*=¢%+p“ are constant vectors ¢%

=20 a; fi relative to the Eckart frame. Correspondingly,
any second set of displacement vectors 7',72,...,7" of
the particles 1;2’; . ;’N which is compatible with the
Eckart frame f,, f,, f; must necessarily have position
vectors relative to the center of mass given by

(3.27)

ye=Ev+n, (3.28)"

where it is of no consequence whether we conSLder the
center of mass to be at R or some new point 3 (the
Eckart frame follows the center of mass point, but the
location of the center of mass has no role in its deter-
mination). The important aspect of Eq. (3.28) is the fact
that the ¢“ is the same vector as appears in X*=¢%+p%.
Substituting X* =¢%+p% into Eq. (3.18) and comparing
with Eq. (3.28), we find that
Y (BEP)S s =2 (3.29)
B
is a necessarvy condition that the y*,...,y" of Eq. (3.18)
qualify as a set of position vectors which define the same
Eckart frame fy, J,, J, [the frame (3.27)] as do the X,
x2,...,%". ;

Equations (3.25) and (3.29) express necessary condi-
tions which must be satisfied by the y*,¥2,...,7" of Eq.
(3.18) in order that they are a set of position vectors
relative to the center of mass which leaves invariant the
Eckart frame f,, f,, f, of the X1,X2,...,X". We will now
prove these conditions are also sufficient.

Let us first rewrite Eq. (3.29) in the form

Q[E1E2-- - &S =[E 162+ V],

and conyert it into a matrix equation relative to the
frame f,, f,, f;. We leave it to the reader to verify that
the correct way to convert such a vector relation into a
matrix relation is as follows: Replace each ¢® by its
column matrix representation in the basis f,, i.e., ¢*
—-col(a, a;,ad); replace ® by its matrix representatlon
R relative to the basis f , by the matrix R whose

element R;; in row ¢ and column Jis
Rij=1i"®J;.

Note that this is the same R as occurs in Eq. (3.22b).
Thus, Eq. (3.30) becomes the matrix expression

(3.30)

(3.31)

RAS -A, (3.32a)
or equivalently,
AS =RA. (3.32b)
The Eckart vectors corresponding to the §!,¥2,...,7"
- are
[(FF,F] =752 §"1MA. (3.33)
Equation (3.185 may be written
[yiye:--y¥1=®[x'%2- - x"]S, (3.34)

following again a convention of the type used in Eq.
(2.16). Combining Eqs. (3.34), (3.33), (3.32b), and



78 Louck and Galbraith: Eckart vectors, Eckart frames, and polyatomic molecules

(3.26a), we obtain

[FiF,F.] =®[F,F,F,|R . (3.35)

The Eckart frame corresponding to the Eckart vectors

¥/, F., F. is given by

[F177 )= [FIFFRF 2R, (3.36)
'since the Gram matrix ' of ¥/, F., ¥, is related to the
Gram matrix of F,, F,, F, by

F'=RFR . (3.37)

This result follows from Eq. (3.35).
Using Eq. (3.35) in Eq. (3.36), we now obtain:

(F17571)=Q[F,F,F,| F- 2R
GIVAAN
=/, 171,
where the last step follows by using Eq. (3.31):

J?§ = Z (‘Rfj)R;FZ <ZRijij> fk

F] &
=Z 5kifé=fi .
k

Thus, the Eckart frame is invariant under the transfor-
mations (3.18) for all ® and S which satisfy Eqgs. (3.25)
and (3.29).

Observe, in fact, that the Eckart frame is invariant
under all the transformations for which there exists an
S of the general form (3.20) satisfying Eq. (3.32b), i.e.,
there is nothing in the above proof which requires S to
have the more restricted form (3.25). This latter condi-
tion comes in solely to assure that Damay=0.

We may now write our transformation of position vec-
tors §1,852 $¥ in the form

(3.38)

(3.39)

g e ey

§Y -8 =& 47, (3.40)
where

7= 20 OB Sas (3.40b)
where we recall also that

FO_R=C%+5%. (3.40¢)

Since we have proved that ¥* and 5% define one and the
same Eckart frame, the dynamical molecular model
corresponding to the new expression (3.40a) is clear:
Our original dynamical molecular model corresponding
to Eq. (3.40c) (the Eckart frame sits at the center of
mass ﬁ, the static molecular model is oriented in this
frame by the constant vectors ¢%, and the p® are the
displacement of the nuclei away from these equilibrium
position vectors) has been translated to the new center
of mass point S without change of orientation of the

oviginal Eckart frame, and the nuclei 1,2,...,N have
been assigned a new set of displacement vectors 77,
A2, .., 0.

Let us summarize the results thus far obtained in this
subsection with a theorem:

Theorvem 1. Let X*=¢%+p%, a=1,2,...,N, denote the
position vectors relative to the center of mass of N par-
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ticles in the dynamical molecular model.
eral transformation of the type

7= 20 @) Sas

The most gen-

(3.41a)

which preserves the center of mass and the Eckart
frame is given by

AT L1 (3.41b)
where
7%= D, ®F")Sas, @=1,2,...,N, (3.41c)
B
@B =D Ry, (B T, (3.41d)
[ XY

in which R is an orthogonal matrix, S is a matrix of the
type (3.25), and R and S satisfy RA =AS.
We can now prove a second principal result.

Theovem 2. The set of displacements 7,72, ..., 7"
is compatible with the Eckart frame f,, f,, f,, provided
the set p1,p2,...,p" is.

Proof. By assumption, p',p2,...,p" is a set of dis-
placement vectors compatible with 7|, ,, /;. We may write
Eq. (3.41c) in the form

e 7] =@lF152 - 3],

The Eckart vectors E/,E., £/ corresponding to the 7
are thus related to the Eckart vectors E,,E,,E, corre-
sponding to the 5% by an equation of the same form as
(3.35):

(3.42)

[B/EEL]=R[E,E,E,| & (3.43a)
from which one can now prove
FXE!+ f,XEL+ [, xE,=0. (3.43b)

Thus, substituting Eq. (3.43a) into Eq. (3.43b), we ob-
tain:

Z (f{ X (REI)RH:: R 2; ((R_lfiXE!)Ril
Y i,

=R iz (kaEj)RikRii

1ok

:ﬂRjZ (J?,XEJ)=6,

where the + sign is to be used for detR =1 and the - sign
for detR =-1.

It is natural now to consider the set of transformations
between sets of displacement vectors compatible with a
given Eckart frame.

Theovem 3. The set of transformations of Theorem 1
between sets of displacement vectors compatible with
a given Eckart frame is a group.

Proof. Let £ ,s) denote the transformation

£@,s) Ba"}ﬁ: ®DP)S s =117, (3.44a)

and let £ @+,5+, denote the transformation
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£@rsy ﬁu"; @7°)Sh =T, (3.44b)

In Egs. (3.44a) and (3.44b), S and S’ are required also to
satisfy the conditions of Theorem 1. The product trans-

formation £ g,s7)L (@,s) is, by definition, the result of
first applying £ ¢,s, followed by £ g1,,+). It is given by

-2 o[ @nse, st

= ; [(®'®)B71(S'S)s, -

We next observe that AS =RA and AS’=R’A imply A(S’S)
=(R'R)A. Furthermore, S’S is a permutation matrix

(3.45)

of the required type of Theorem 1 if S and S’ are. Thus,
we indeed have from Eq. (3.45) that :
L@,sHLw.s) =Lwa.s's), (3.46)

which proves Theorem 3.
It is often convenient to write Eq. (3.40b) in the form
[ ] =515+ YIS . (3.47)
Writing 1% =£ ¢,5,0" in Eq. (3.442), we may then also
write the transformation (3.44a) in the form
£ .5 B2+ B =GIBTE? - B8,

where we are again employing a convention of type
(2.16).

The next theorem reveals the true nature of the group
of transformations of Theorem 1,

(3.48)

Theorvem 4. The group of transformations of Theorem
1 is precisely the group of transformations

£glp1p2 -5V =8[p 5%+ BV1S(9),

where § is an element of the point group G(@), and S(8)
is the static molecular model representation of S.

Remarks. The action of § on a displacement vector is
defined according to the general rule (3.41d):

(3.49)

5% =3 G, (5% J) 1y,

17

(3.50)

where G is the matrix representing § on the static model
basis &, &,, ;. We have put £ =8 g, 5oy in stating the
result, Eq. (3.49).

Let us now give the proof of Theorem 4. The condition
RA =AS, where S is a matrix of the type described in
Eq. (3.25), is the key relation. From this matrix rela-
tion we can always reconstruct the static molecular mod-
el by defining 2% =27, a{'¢; and ®e; =2;;R;;2,. Thus RA
=AS implies the ex1stence of an element ® < @, such that

®[3132.--3"]=[a2132.--a"]s. (3.51)

But since S is a matrix of the type described in Eq.
(3.25), it follows that (a) ® is a mapping of the static
molecular model onto itself, and (b) S is the static mod-
el representation of ®. These two properties prove
Theorem 4.

Since the class of all position vectors corresponding
to the class of displacement vectors which are related
by the group of transformations

{£g4: s=G@)} (3.52)
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all define the same Eckart frame, we call this group an
invariance grvoup of the Eckart frame.
The next theorem is a consequence of the definitions.

Theovem 5. The correspondence
§—~Lg

is an isomorphism between the point group of the static
molecular model and the invariance group of the Eckart
frame.

The physical picture corresponding to the mathemati-
cal transformations (3.49) is quite clear: If an observer
in the Eckart fraime can observe the displacements
p1,p2,...,p" of the N particles, then also he can ob-
serve the displacements £¢[p5%+-p"], each $=G(@).

We have now partially solved the problem of finding
all displacements compatible with a given Eckart frame.
What remains is to assure that the p',p2,...,p" with
which we started | are compatible with the Eckart frame,
i.e., the Eckart E vectors satisfy Eq. (3.13). Let us
restate these condltlons in a form originally given also
by Eckart: Let

E;=col(E; E,; E,;) (3.53a)

denote the column matrix representing E, on the frame
Jis Jos Iy i€,
E,;=fi"E,. (3.53b)

Then, conditions (3.13) are equivalent to the requirement
that the matrix

[E, E, E,] (3.53¢c)

be symmetric.
The method of implementing the Eckart condition into
the motions problem is the subject of Sec. IV, where the

.internal motions problem is discussed. Rather than

entering into these detailed problems at this point, we
turn now to some other general features of the dynami-
cal molecular model.

C. The effect of rotations and permutations on the
Eckart frame

We first consider the effect of an arbitrary rotation—
inversion operator & on the Eckart frame.

Theorem 6. Let ® denote a rotation—inversion of the
entire space R, i.e., X—~®x, each X€R®, and conse-
quently ¥*—~®F%, @=1,2,...,N. Then

®R: [f‘lfzfs]_'(ﬁ[flff]=[f1ff]R
where R is the matrlx representing ®& on the Eckart
frame, i.e., R;; =/, ®f,.

Proof. Thls result follows easily from Eqgs. (3.4), the
property &: F ~(R and the fact that dot products are
invariant under ®.

A permutation PESN induces a transformation ® of

the position vectors r! ,72,...,F" given by the following
rule:

(3.54)

>N Zay

@ Fl-FM,72-7%, .., TV ~TF (3.55a)

for each
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P: 1-ao,2~0a,...,N~ay. (3.55b)

Since the permutations of the position vectors of identical

particles leaves the center of mass vector invariant,

the action of each such ® on the sets of position vectors

X1,%2,...,%" relative to the center of mass, the vectors
a2

¢1,¢2 ...,¢" and the displacement vectors 51,52, ...,

p¥, where r* - R =X%=¢8%+p%, is given, respectively, by

®: F1=%M,X2-X%,..., X" =-x%, (3.56a)

€. ¢1=-¢M,c2—~¢%,...,e"-¢%, (3.56b)

®: pr—-p%,p2~p%, ..., pY =P, (3.56¢)
for each

(PGI;I G(S,,). (3.56d)

The first important result on permutations is stated in
the next theorem.

Theovem 7. Each permutation operator < H*G(S,.X)
maps the Eckart frame f,, ,, /; into a new Eckart frame
SisFa I3t

€. [LLL-1F1Fir,
where the identity permutation operator is the only one
which maps the Eckart frame onto itself.

Proof: Each permutation operator induces the trans-
formation

®: [X1%2e %]~ [X1%2- - ZV|S @),

(3.57)

(3.58)

This transformation has the form (3.18) in which ® is the
identity. By Theorems 1-4, each such transformation
of this type which preserves the Eckart frame has the
form (3.49). This is possible if and only if ® is the iden-
tity; all other permutations must therefore transform
the Eckart frame.

The next theorem establishes the effect on the Eckart
frame of a permutation operator corresponding to a point
group operator.

Theorvem 8. Let §< G(®) denote the operator in the
point group of the static model which corresponds to @
(as discussed in Sec. ILE). Then

VS AR SN ACIN A AT (3.59)

where § <0, is a rotation-inversion of the whole space R®.

The proof follows from the definitions and Theorem 6.

Longuet-Higgins (1963) and Hougen (1962,1963,1975)
have put forth the thesis that the use of the symmetric
group is a more powerful tool for the analysis of the
molecular motions problem than is the use of the point
group. They appear to base this viewpoint on the fact
that one can express the action of a permutation operator
® on the various sets of objects appearing in Eqgs. (3.56)
in the following manner®:

@—1[§1§é. . .’N]zg-1£g[§1§2. . .§N], (3.602)

5The § ! occurring in Egs. (3.60)—(3.63) is a rotation of the
space R3; the § appearing in the definition of £g defines new
vectors in the manner explained at the beginning of this sec-
tion. Nonetheless, when a §™! meets a § from £g, it does give
the identity.
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®-Ergz. - - EN] =g g g[E 82 0 8], (3.60b)
CHprpz - pV] =87 8g[B 52 - - BV, (3.60c)

for each ®<II,G(S»,). Note that the implication of Eq.
(3.60D) is

e[erez.--g¥]=g[g1¢2---¢"], (3.61)
in consequence of
Lglérez. -] =[E¢2-: - ¢"]. (3.62)

[cf. Eq. (3.30).] Thus, the ® appearing in Egs. (3.60) is
the one corresponding to § in the static molecular model.
We therefore may write

C-1=g"1gg, (3.63)

where this is understood to be an operator identity when
operating on the objects appearing in Eqs. (3.60). It is
Eq. (3.63) which is the basis for Longuet-Higgens’ and
Hougen’s conclusion that the symmetric group plays the
more fundamental role. This conclusion appears tenable
to us only if one is willing to accept the notion that Eq.
(3.63) is in some sense to be regarded as the fundamen-
tal origin of the operators £¢ =871,

From our point of view, Longuet-Higgens and Hougen
attribute an undeserved status to the role of the sym-
metric group in the molecular motions problem for rea-
sons which we now enumerate:

(a) The group G(@) gets into the dynamical molecular
model guite on its own because an invariance group of the
Eckart frame is a realization of the point group by a set
of transformations between sets of displacement vectors
which are compatible with the Eckart frame.

(b) The group of permutations {®: €< I1,G(Sn,)} and
the group of transformations {£¢ $< G(@)} have but a
single element in common—the identity. This implies
that only the transformation group {£g} can enter into
the solution to the internal motions problem —the ex-
plicit construction of all motions compatible with the
Eckart frame. To consider the {£g} as a “piece” of a
permutation operator is to deny the group {Sg} its true
status in this construction—the group {(P} cannot be used
“on its own” to determine the internal motions.

We should explain that while we take the view that the
transformations {£g: $§ EG(@)} relate certain displace-
ments which an observer in the Eckart frame can re-
cord, and hence do not insist that -one such set be ob-
tained from another by geometrical operations on the
molecule, it is nonetheless true that this latter view-
point as implemented in Fig. 5-8 of Wilson (1955) does
lead to precisely the same group of relations between
displacement vectors as we have described.

D. Transformations between different dynamical models

In Sec. III.A, we pointed out that two different investi-
gators will, in general, assign differentlabeling schemes
and use different principal axes systems in setting up
their dynamical models of a given molecule. The pur-
pose of this section is to show quite generally how one
investigator can take another’s model and transcribe the
mathematical symbols into agreement with his own.
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In the A model (our model theory), the static model is
described by vectors a!, 52, veey '5”, and the principal
axes system is &,,d,,d,. Inthe B model (another inves-
tigator’s model), the static model is described by vec-
tors b2,52,...,b", and the principal axes system is
b!. ’ bZ’ b »

To brmg the B model into agreement with the A mod-
el, we perform the following actions. We first take the
B static model and bring it into coincidence with ours—
any matching up of identical particles with identical par-
ticles. This establishes a one-to-one mapping between
the two sets of position vectors:

b*=3%, a=1,2,...,N, (3.64)

where v,, V,, .
In general, the precedmg action will not align the princi-
pal axes system b,,5,, 5, with &,,&,,4d,. In the second

step, we determine the rotation—inversion operator ®

such that

b,=Ra,, i=1,2,3. (3.65)

Thus, ® is the operator whose matrix representation on
the basis 4,,d,, 4, is given by
R, =6, ®d;=a; b,. (3.66)

The two relations (3.64) and (3.65) may now be used to
relate the matrix B to the matrix A:

b =H%b, =3+ Ra,

= Z @;-®a;)a™
7

= Z R aj
7

In matrix form this result becomes

B=RAS ,

‘ (3.67a)

(3.67Tb)
where S is the permutation matrix

S =[ey1e,,2- -e,,N], (3.67c)

where e, =col[0*°+010+* 0] with the 1 in position v.

We now examine dynamical model B (constructed ac-
cording to steps 3 and 4 of the rules given in Sec. III.A).
We see that our perspective of model B will be the same
as that of our model A if

g’i =‘Rf is
where fl, f”z, fs denote the Eckart frame of our model,
8., 8,, 8; denote the Eckart frame of model B, and & is
the rotation—-inversion operator appearing in Eq. (3.65).

Equations (3.65)—(3.68) are the basic equations which
allow us to transform the variables of any B theory into
those of the A theory. The explicit transformations may
be obtained either geometrically or by using the Eckart
vectors of the two theories.- We follow the latter course.

The Eckart vectors in the A model are given by

> aza
Ff—zmaaix ,
o

where X!,X2,...,%" denote position vectors relative to
the center of mass. The Eckart vectors in the B model
are given by

(3.68)

(3.69a)
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,Vy is some rearrangement of 1,2,...,N,

Gi Z m, ba*oc

where 71,72, ...
the center of mass.

(3.69p)

, 7" denote position vectors relative to
We seek the relation between

71,7%,...,7" and X1,%2,...,X". Noting that Eq. (3.68)
implies
[Gleas] =[_F>1sz3]R, (3.70a)
we obtain from Eqgs. (3.69) the relation
[y1§2---§")MB =[%%2--X"]| MAR . (3.70b)

Using Eq. (3.67b) in this result and noting that S com-

mutes with M (because of the way it is constructed), we
obtain the desired result:
[*1" N] [ 1x2..

vy -xN]s. (3.71a)
To complete the transformation, we also observe that
the equilibrium position vectors d',dz, ..., d" of the B

model are given by
=Z big; = Z “jU“‘B<Z Rjifi)
i J i
-3 aef =
i

that is,

[@1§z---d¥]=[&1E2 -+ EV]S. (3.71b)

Thus, the displacement vectors E.E2, ..., in the B
model, £*=7*-d%, also undergo the same transforma-
tion S:

(B2 EV)=[p1p2- - - p¥]s. (3.71c)

Summary: With the permutation matrix S determined
by Eq. (3.64) and the orthogonal matrix R determined by
Eq. (3.66), we may transform any B model theory into
our A model theory by replacing the matrix B by RAS;
the Eckart frame [ 3, 2,2,] by [/, /,/,)R; and the pos1t10n
vectors, equilibrium vectors, and displacement vectors
by % =%" d%=8"« E*=5" a=1,2,...,N, respectively.

Included as a special case of the preceding transfor-
mation rules is the case of a single investigator who
wishes to consider the effect on his dynamical model due
to a relabeling of the identical particles in his static
model. In this case, he keeps the same principal axes
system throughout. This corresponds to putting & =iden-
tity in Eqgs. (3.65)-(3.70). The content of the transfor-
mation rules then has the following interpretation:

Theovem 9. There exists a one-to-one correspondence
between the set of all dynamical models corresponding
to the permutations of the position vectors among
31 ...,a" which point to identical particles in the static
model and the set of theories in which A is fixed and the
permutations are applied to the position vectors among
the r1,...,r" which point to identical particles in the
dynamical A model.

It is interesting to note that Theorem 9 may be con-
sidered to be a direct consequence of an invariance prop-
erty of the Eckavrt vectors:

Theovem 10. The Eckart vectors
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¥, = Zmaaf‘F“ (3.72a)
~

are invariant under the simultaneous transformations

ait—~ Zﬁ: alSga, (3.72b)

FOe ) TS,y (3.72¢)
B
where S is an arbitrary orthogonal matrix which com-
mutes with the mass matrix M.
Proof. By direct substitution of Egs. (3.72b) and
(3.72c) into Eq. (3.72a).

1IV. THE INTERNAL COORDINATE PROBLEM

One could hardly justify another discussion of the nor-
mal coordinate problem were it not for the fact that the
role of the Eckart vectors of the second kind

E; = E myalp®
a

seems to have gone unnoticed. Furthermore, most dis-
cussions appear not to have recognized the intrinsic
direct product structure of the problem. In this section,
we consider the normal coordinate problem from this
point of view.

“.1)

A. Reduction of the static model representation

Let us recall from Sec. II, Eqgs. (2.15), that the static
model representation of the point group has already been
split [by the mass matrix property, Eq. (2.21)] into the
study of the transformations between vectors associated
with identical particles. We now make a corresponding
split of the Eckart vectors (4.1). Let

p*(a),
Eﬁ(b), B=1’2"")nb

a=1,2,...,n,

4.2)

Ba(d)y 5=1’2""1nd

denote the displacement vectors of the identical parti-

cles of the a type, of the b type, ..., of the d type, i.e.,
the displacement vectors corresponding to the labeling
in the static model given by Eq. (2.19b). Equation (4.1)
becomes

E,=m,8;(a) +my &, () +++ > +m, 8,(d), (4.3)
where we have defined
gi(“) =72 ai p%(a),
2,0)= 2 085°0),
s (4.4)

gi@)=2 af B a).
'i'he action of an operator J.?g of the group of transfor-
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mations between displacement vectors compatible with
the Eckart frame may also be written in the split form
[cf. Eq. (3.49)]:

LglBrA) - B =8[B1 () -+« B (M5 (8)

for A=a,b,...,d.
The relation RA =AS of Theorem 1 also takes a split
form. We note that the 3X N matrix A may be written

A=[AB-+-D], 4.8)

4.5)

where the new A in the right-hand side is 3X#n,, B is

3Xn,,...,D is 3Xn,;. Thus, RA =AS for S of the form
(2.19¢) now becomes the set of relations
GA =AS,(8),
GB =BS,(8),
: @.7)
GD =DS,(8),

where G is the matrix representing § on the frame
,, 8,, &, of the static model, or, equivalently, G is the
orthogonal matrix representing § on the Eckart frame

fl’ fz’ Sst
8fi=22 Gyl
J .
The important transformation property, Eq. (3.43a),
of the Eckart vectors now becomes
26[8,ME,M 8, =88, 1) 8, 3,6

for each A=a,b,...,d.
For notational convenience, we now drop the index A
in the subsequent discussion, and write

(4.8)

4.9)

el Bl =8B+ 515 @), (4.102)
GA =AS(8), (4.10b)
8= a5, (4.10c)
£418,8,8,1-5(8,8,8,1G . (4.104)

In these equations, p!,...,D" denote any of the sets of
displacement vectors p1(A),...,Pp"r(A); A denotes the
corresponding 3X 7, matrix A,B, ..., or D; S(8) denotes
the corresponding S, (8); and 8,,8,, é3 denote the cor-
responding &, (), 32(A), 33(7\). Note, however, that it is
the same G which occurs for any X. )

Let us now construct a real, orthogonal matrix which
effects a partial reduction of the static model represen-
tation. Equation (4.10b) is the key relation, which we
also require in its transposed form:

S©)A=AG. (4.11)

Multiplying Eq. (4.10b) from the left by S(8)AG = A gives

S(8)K =KS(8), (4.12a)
where
K=AA. 4.12p)

Since K is areal, symmetric matrix, there existsareal,
orthogonal matrix W which brings K to diagonal form. The
form of the diagonal matrix depends on the rank of the
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matrix A. The rank of A may be 0,1,2, or 3, depending
on the static configuration of the identical particles of
type A. If rankA =0, then A itself is the zero matrix.
This can happen only if a particle is located at the cen-
ter of mass. Thus, K is the 1X1 zero matrix, and we
choose W =1. For all other cases, we have

) k0
WKW = , (4.13a)

00

where k is a didgonal matrix having nonzero elements
and having dimension given by

i,=dimk =rankA . (4.13b)

The 0’s in the block matrix (4.13a) denote zero matrices
of the appropriate dimensions as required to “fill out”
the X 7n matrix.

We will need an additional property of W which follows
from Eq. (4.13a). Writing the left-hand side in the form
(WA)(AW) and selecting the diagonal element of this
product, we easily prove

Z WkiAjk =0
r=1

for ¢>1 +dimk and j=1,2,3. The content of Eq. (4.14)
may be summarized by the statement: The space
spanned by the rows of N is pevpendicular to the space
spanned by the columns W;, 1 +dimksi<n, of W,

The next step is to multiply Eq. (4.12a) from the left
by W and from the right by W. This gives

(4.14)

) kE 0 E 0
WS ()W =
00 00

WS ()W,

It is straightforward to show from this result that
. S,(8) ©
WS (§)W = ,
0 S,(9)

(4.15a)

where S, (§) is a real, orthogonal matrix (of dimension
equal to rankA) which commutes with &,

S,8)k =kS,(8),

and S,(9) is a real, orthogonal matrix. Thus, we have
proved: Any orvthogonal matvix which diagonalizes K
= AA veduces the static model vepresentation S(8).

The reason for reducing the static model representa-
tion first can now be made clear. If we define the vec-
tors 7% by

(e

then combining Eq. (4.10a) and Eq. (4.15a) shows that we
have also split the space of displacement vectors with
respect to the operators £g:

£’9[7—71 cae ﬁ'o] =9[,;7‘1 [ ﬁio]gl (9) ,

Lglitto™ « - - fj] =gt -+ 71715, (8).

The next result establishes the role of the Eckart vec-
tors &,,8,, 8, of Eq. (4.10c) in the preceding reduction.
The linearly independent vectors among Zl, 2 33 span
the carrier space of the representation £g of G(@) oc-
curring in Eq. (4.17a). The proof of this statement is

(4.15b)

.*ﬂ]z[ﬁxﬁz...ﬁﬂlw’ (4.16)

(4.17a)
(4.170)
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given as follows: Equation (4.14) implies that the rows
of A span the same space as do the columns W,,W,, ...,
Wi, (2, =rankA) of W. This result and the relation

(8,8,8,) =515 --p"IR

now yield the desired proof.

Generally, the linearly independent rows of A will not
be perpendicular (see, however, the examples presented
in this section). This situation is easily remedied by the
Gram-Schmidt procedure. If we denote the rows of A
by the notation )

A =row( A3+ 2]),

(4.18)

(4.19)

then the first ¢, columns of W may be constructed by the
following procedure: Let Aj, A} A; denote any rear-
rangement of A, A,, A, such that A[,..., A are linear-
ly independent. Then the first ¢, columns of W may be
taken to be

(AR . i
LSPIS S S
W, =det . (Gi-, Gy 2, (4.20a)
‘ A R} =+« AI_ KR!
t=1,...,i,=rankA, where G; is the Gram determinant
'
AJA] oo NA§
G,=det | -+ , (4.20p)
N Ry e AR
—

G, is defined to be 1, and W, is defined to be A!/G¥2,

The preceding construction also determines a set of
new Eckart vectors 31”, e, 34’0 which now carry the rep-
resentation £g of G(®@) occurring in Eq. (4.17a), i.e.,
they are given by 71* =&/

g;’:Zwaiﬁa’ i=17""i0 (4.218.)‘
a=1 '
(87 811 =[5 57w, -+ W), @.21b)

where wy; is the element in row « and column ¢ of W.
We call the vectors (4.21) new Eckart vectors (of the
second kind) because they are linear combinations of the
old Eckart vectors &,, 6,, 6,. .

The details of the relation between 31” e, gi’o and
31, gz, 33 may be constructed. We first observe that Eq.
(4.18) may be rewritten in the form

(88, 8:)=[p"p>---B"K",
where &/,38., 8! denotes the same rearrangement of
gl, 32, 33 as does AJ, A, Ajof A, A, A, Here A’ de-
notes the 3 X#» matrix having rows A/, A, A;. The rela-
tionship between W, ..., W;;and Aj,..., A{  is of the
form

[W'l...

(4.22)

W, l=[Al-+-Af)a, (4.23)

i
where A is an upper triangular matrix having elements
which are easily identified from Eq. (4.20a), but which
we will not note explicitly. Deleting the redundant col-
umns-from Eq. (4.22) and multiplying the resulting equa-
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tion from the right by A yields the desired relation:
[3{""370]431'”'gfo]A- (4.24)
Finally, we can also determine the matrix S, (§) in

terms of the G occurring in Eq. (4.10d). This is accom-
plished in the following manner. The Eckart vectors gi

are uniquely expressible in terms of the g{', s, _gé'o by
the relation .
[313233] = [31” tee g:,()] v, (4.25a)
where V is the 3X ¢, matrix of rank ¢, given by
V=AW W, ]. (4.25b)

Using
£5(8,8,8.1-518,8,8.1G
-g[&r---811VG
=£g[8y -+ 8115, 8VG,
we obtain
[8,8,8,1=[8;--- 81 1s,6VG.

Comparing this result with Eq. (4.25a) yields V =S, (§)VG,
that is,

VG =s,8)7, (4.26)

where we note again that V is 3X ¢,, S,(8) is {,X ¢,, and
G is 3X 3. Since the rank of V is i,, Eq. (4.26) possesses
a unique solution expressing the elements of S;(§) in
terms of the known elements of G and the known elements
of V.

For consistency, we must also prove that the S, (8)
obtained by solving Eq. (4.26) commutes with the diago-
nal matrix 2 appearing in Eq. (4.15b). One easily veri-
fies from Eqs. (4.13a) and (4.25b) that V'V =k, Further-
more, upon multiplying the transpose of Eq. (4.26) with
the original equation, we also verify S, (§)% =kS, (8).

Let us summarize the results we have obtained for the
reduction of the static model representation. First we
have proved the existence of a real orthogonal matrix
which reduces the representation (ot necessarily into
irreducibles). Second, we have given an explicit con-
struction of that part of the orthogonal matrix which
splits off the representation S,(8). Third, we have shown
that this split is a consequence of the fact that the Eckart
vectors already span the invariant subspace which car-
ries S,(8). Finally, we have obtained the relation of the
representation S; (8) to the representation G. Thus, we
have given all the details for splitting off the invariant
subspace

ft=8r,...,Mo=8] [cf. Eq. (4.17a).

Up to this point we have said nothing about the reduci-
bility or irreducibility of the representations $—S,(8)
and §—~S,(8). A number of interesting results which have
a bearing on the properties of S,(8) are easily proved,

and we state some of these without proof. If §— G is an
irreducible vepresentation of G(R), then

(a) The matrix AA is a multiple of the 3 X 3 unit matrix
AR = al,,

where a#0 for A #0,
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(b) The matrix K =AA satisfies K2 = oK. Hence
K/a(a#0) is idempotent.

(c) The rank of A is 3 for each A =A B, ... ,D(A#0).
Therefore, we have

S,(8)=V"GV,

and S, (8) is irreducible and equivalent to G. Further-
more, V must be orthogonal, and # must be the 3 X 3 unit
matrix.

(d) The cases rank A =1 or rank A =2 can never occur.

If $ = G.is a reducible representation of G@), then

(e) S,(8) is irreducible for the case rank A =1 [S,(8) is
then 1X1].

(f) S, (8) may be reducible or irreducible in the cases
rank A =2 or rank A =3, It depends on the diagonal ma-
trix k—if the elements of k are not equal, the S, (8) is
necessarily reducible.

Concerning the reduction of S,(§), one can say very
little in a general way which would differ from the stan-
dard projection operator techniques. We wish, however,
to make the following remarks: (a) Often this piece of
the problem is so small, it can be solved by inspection;
(b) if it happens that '

doAF=0 (i=1,2,3),
o
then the one-dimensional invariant subspace spanned by

n

=2 5%/ e (4.27)

=1
always splits off; and (c) sufficient conditions that the
representation § —S,(8) be completely reducible by a real
orthogonal similarity transformation are that S,(§) con-
tains no irreducible representation more than once and
that the ones it does contain have real characters [this
statement applies equally well to the representation
§~5,6). ,

No doubt, one could refine considerably upon our ob-
servations concerning the reduction of static model rep-
resentations of G(@). (We have, for example, made no
use of the fact that the matrices in these representations
are permutation matrices.) However, since our princi-
pal purpose was to demonstrate the role of the Eckart
vectors, we will not pursue these details further.

Let us suppose, then, that we have found a unitary
matrix® U which completely reduces the static model
representation:

Le o
0 IL,@E) ---

o ’

U's (9)U=\ (4.28)

where the dagger designates Hermitian conjugation. De-
fining vectors 7” by

2.l =[p152---5"1T0", (4.29)

8Lacking a general proof that the static model representation
is always reducible by an orthogonal matrix (which we suspect
to be true), we only assume the known result that the matrix
U is unitary. ‘ '
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we see that Eq. (4.10a) splits into a number of relations:
£9[,‘ﬁ1.,,ﬁml]zg{ﬁl...ﬁ’"l]f‘l(g)’ (4.303.)
L[t Fmrma] Sg[fmte s igmtme) f‘z(g), (4.30p)

where m, is the dimension of the irreducible represen-
tation §—-T',(8).
Let us denote a typical one of the relations (4.30) by

Lg[Fr-e-Tm=g[E - " T(9). (4.31)

This is the stage to which the complete reduction of the
static model representation brings us.

B. The direct product structure and symmetry

coordinates

To progress further with the internal coordinate prob-
lem, we must now go tothe component versionof Eq. (4.31)
We must do this carefully. Equation (4.31) means

£92“=Zal<szﬁ>ras(g). (4.32)

- In terms of components with respect to the Eckart frame,
it becomes

RIREDIDY Guy(F, - E)Tan (6)
={G[g---emT @O}, (4.33)

where G is the matrix representg.tion of § on the Eckart
frame and £° =col(£°£8¢P), €2 =7,-EP. We can restore
Eq. (4.33) to a matrix relation by making the definitions

Lot =(£gEMF;, (4.34a)
Lgt*=col(Lgé*LglLgty), (4.34D)
Lg[gt-+~E™]=[Lgk -+~ Lgt™]. (4.34c)

The relation expressed by Eq. (4.33) may now be written
Lglgt--- g =Glg -+ g T(8). (4.35)

We may write the transformation (4.35) in a more con-
ventional form by arranging the columns of the 3Xm
matrix [£ ¢+ £™] in a single (3m)X1 column matrix in
which &' occupies positions 1-3, &2 positions 4-7, ete.
It is a straightforward exercise in matrix algebra to
verify that the transformation (4.35) then takes on the
following appearance:

& &
£2 £

Lg | | | =[T®)®C] ' , (4.36) .
gm gm

where the notation A ® B denotes the direct product of
two matrices. The notation on the left-hand side is a
column matrix version of the convention (4.34c).
Equation (4.36) displays the “intrinsic direct product”
structure alluded to at the beginning of this section. Ob-
serve that if the representation $— G is not already ir-
reducible, we can go one step further (it is only 3 X 3)
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and reduce it:

Gl se e O
vlcu,= | - -1, (4.37)
0 e Gk

where &, (k,<3) is the number of irreducibles contained

in G. Upon defining
c*=UlE, a=1,2,... m (4.38)

the split of Eq. (4.36) corresponding to Eq. (4.37) is
given by

T (k) 71 (k)
72(R) 72 (k)

Lg . =[T'(8)®G,] , (4.392)
T7r(k) 778 (k)

k=1,...,k,. The number 7, is the dimension of G,

(¥, +++*+7y,=3); each T*(k) is a column matrix of length
¥,; and the identification of the 7*(k) with the components
of £ is given by

o ez
- e . (4.39b)
T(R,) Ck""

Observe now that the final step in the detevmination of
symmeltry coovdinates [coordinates transforming ac-
covding to the ivreducible vepresentations of G@) in-
volves only the veduction of the divect product of two
irrveducible representations. This veduction may now be
effected by the Wigner coefficients (Griffith, 1962) of
the point group G().

We may summarize our method of obtaining symmetry
coordinates in three basic steps: (a) Reduce the static
model representation, utilizing the Eckart vectors to
accomplish part of this; (b) reduce G if it is not already
irreducible; (c) use the Wigner coefficients of the point
group G(®) to complete the reduction.

Recall that these three basic steps are to be applied
to each of the A =A,B,...,D pieces of the problem.

The result of carrying out the preceding steps will be
a number of sets of coordinates

{ZPO): w=1,2,...,hy; i=1,2,...,}ky\<3;
rA=a,b,...,d}. (4.40)

The integer %, , is the number of partners transforming
irreducibly:

zZE®) Zi()
Lg . =T'(9) . , (4.41)
Zi,\M) zZy,, ™

where I'($) is a real, orthogonal irreducible represen-
tation of G(@) of dimension #,,. The integer £, is the
number of irreducible representations obtained from the
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reduction of the Ath piece of the problem, and, as used
consistently, A enumerates the pieces a,bd,...,d of the
problem. Consequently, it must be true that

LN
Z Bhyy =31, , (4.42a)
=
> n, =N, (4.42b)
P
The general form of each Z! () is
T\ 3
ZEMW =2, Do ke - 7, (4.43)
=1 7=

where the p“(A), a=1,2,...,n,, are the original dis-
placements occurring in Eqs. (4.4) and (4.5). Further-
more, the coefficients C{*(A) are the elements of a real,
orthogonal matrix (rows are enumerated by the index
pairs pi; columns by aj).

C. Alternative method of obtaining symmetry
coordinates from the Eckart vectors

In Sec. IV.B, we have taken the route of reducing com-
pletely the static model representation before proceed-
ing to the reduction of the direct product. This proce-
dure obscures somewhat several interesting properties
of the Eckart vectors. For many problems the reduc-
tion of the “Eckart vector part” of the problem consti-
tutes a large piece of the symmetry coordinate problem.
We therefore present an alternative procedure for deal-
ing with the Eckart vectors.

In matrix form, Eq. (4.10d) may be written in either
of the following ways:

Lg[8,8,8,] =G[818283]é , (4.44a)
8, 8,
Lg| 8, | =[lé®G]| &, | , (4.44b)
8, &,
where
8;=col(8,,8,,;8,;), (4.44c)
8.,=1:"8,. (4.44d)

These equations are valid despite the fact that the gi
may not be linearly independent.

Equation (4.44b) is interesting because we know how to
reduce it partially by standard angular momentum tech-
niques: Since G is an /=1 representation of the orthogo-
nal group, G®G contains 1=0, =1, and ! =2 irreducible
representations. These representations are carried by
a scalar (the trace of the matrix [8,8,8,]), a vector
(three components), and a second-rank tensor (five
components). Explicitly, these invariant subspaces are
spanned by the following symmetry coordinates:

(4.45a)
(4.45b)

M =81 +855 +8.,,

(616,85) = (35— 8, 651 = 815, 81, = 831)

(6165858486) = (84, + 8,5, 8g1 + 815, 8g5— E11— s,
+845,8,,+6,).

In general, of course, the second two of these invariant
subspaces may be reducible with respect to the operators

(4.45ck)

Rev. Mod. Phys., Vol. 48, No. 1, January 1976

Lg. Thus, in this second approach, one must account
not only_ for the possible linear dependence of the vectors
gl, 32, &,, but also continue with the reduction process.
This can, of course, be done in a general way, but it is
perhaps better to carry this out for the particular cases.
One can also apply the preceding analysis to the full
Eckart vectors of Eq. (4.1). For nonplanar molecules,
the Eckart vectors ﬁl,§2,§3 are always linearly inde-

pendent. The invariant subspaces are spanned by the
symmetry coordinates

M =E;, +Ey+E,;, (4.46a)

(£,8,8) = (Eyy = Egy, Eyy — Ey5, Ey, — E, ), (4.46b)

(6,£2858485)= (Eyy +Egy, Eyy +E,, B, — Eyy = B,y

E, +Ey, E,+E,) . (4.46¢)

Quite remarkably the vector

b ] 46,0, + s (4.472)
which appears in this reduction is just

T=J,XE, + /,XE, + f,XE, (4.47b)

which, by the Eckart conditions, is required to be the
zero vector. The natural occurrence of £ as a symmetry
coordinate gives yet added insight into the ingenuity of
Carl Eckart’s choice of conditions for fixing the molec-
ular frame.”

The results given by Eqs. (4.46) are related to those
of Eqs. (4.45): When the suppressed index A is restored
to Eqgs. (4.45), this relation is expressed by Eq. (4.3).

The procedure given in this section may be used to
replace part of the general procedure of Sec. IVB. The
part which it replaces is described as follows: Partition
the matrix on the right-hand side of Eq. (4.28) into two
parts—the irreducibles originating from S,(§) and the
irreducibles originating from S,(8) [cf. Eq. (4.15a)]. Then
the content of Eqs. (4.45) (after accounting for any linear
dependence of the ’g’i) must agree with the results one
obtains from the sets -of the type of Eq. (4.36) corre-
sponding to ') (S)® G, T',(8)® G, . .,, where I';(8),I',(8),...
are the irreducibles contained in S,(8).

D. Normal coordinates

Whether we use the method of Sec. IV.B, Sec. IV.C, or
a combination, the results of the group theoretical anal-
ysis are expressed by Eq. (4.43). We still must impose
the center of mass conditions

2
Z E m\p*(A)* f; =0, (4.48a)
A A=l
for i =1,2,3, and the Eckart conditions
20y 84500 = 20 my 85,00 (4.48b)

for i <j.
The method of imposing conditions (4.48) may be out-

"TNote also then the requirement E;; = E;; places the preceding
analysis of the Eckart vectors Ey, E,, E; in one-to-one corre-
spondence with the analysis of the polarizability tensor
(Wilson, 1955).
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lined in the following manner: We first invert Eq. (4.43)
to obtain
Ay hux

AN Fi=D }f CEEMZEM).

p=1 i=1

(4.49)

The idea now is to impose the six conditions to obtain
six relations among the 3N quantities Z{(A). One then
introduces 3N — 6 independent internal symmetry coor-
dinates S}, y=1,2,...,k, i=1,2,...,h,<3. Relation
(4.49) takes the form

h

hy
B Fy =3y 3 Clst
£=1 4=

whére now a@=1,2,..., N, The index ¥ enumerates the
number of irreducible representations 2 (repetitions
counted) which are carried by the internal symmetry
coordinates, and the index ¢ enumerates the number of
partners h7 participating in a particular irreducible
transformation. The method of going from Eq. (4.49) to

"Eq. (4.50) is best illustrated by our examples given in
Secs. IV.E, IV.F, and IV.G.

If two (or more) internal symmetry coordinates
(87,...,5%,) and sy, ... ,S,Zy',) carry the same irreduci-
ble representation of G(@), and if the direct product of
this irreducible representation contains the identity
representation, then these internal symmetry coordi-
nates are still not normal coordinates. To split such a
representation, one must proceed by the well known
method of diagonalizing the appropriate quadratic form
(a portion of the quadratic part of the potential energy).
The end result of such calculations is a set of normal
coordinates

{al: v=1,2,...,h;i=1,2,... h, <3}

(4.50)

(4.51a)

The normal coordinates are transformed under the
action of Lg in the following manner:

q! af
Lg| « | =@ | - |, (4.51b)
a7, ar,

where §—TI'7(9) is a real, orthogonal irreducible repre-
sentation of G(@). Finally, the displacement components
are given in terms of the normal coordinates by an ex-
pression of the form:

R h
5 dy- 3 o il

This relationship alone is, of course, not invertible
since 3N components are defined by the left-hand side
and 3N - 6 components occur in the right-hand side.

The results presented in this section are, of course,
well known and have been included only for completeness
of the presentation of the symmetry coordinate methods
of Secs. IV.B and IV.C.

The presentation of Secs. IV.B and IV.C gets quite in-
tricate because of its generality and the corresponding
need to keep track of the large number of pieces into
which the problem splits. We therefore invite the read-
er to work through the nontrivial examples given in the
next three sections to convince himself of the simplicity
and power of these techniques.

(4.52)
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E. Static model XY, with symmetry group T,

With respect to a principal axis system &,, &,, &,, the
static model matrix A is given by

A=[AB], (4.53a)
where
0 1 -1 1 -1
A=|o0 B=|-1 1 1 -1 (4.53b)
0 11 -1 -1

The X nucleus is labeled 0, and its equilibrium position
is given by the column A; the four Y nuclei are labeled
1,2, 3,4 and their equilibrium positions are given up to
a single constant by the columns 1,2, 3,4 of B, respec-
tively. The point group of the static model, G(®), is
well known to be tetrahedral T;, of order 24.

Any operator of T; can be written as a product formed
from the two generators (Biedenharn ef al., 1968):

S(1)=9R(n/2,8,), (4.542)
§(2) =9QR(m, (2, +&,)/V2). (4.54b)

Thus, whenever the matrices representing these two
operators are reduced, we are assured that the matrices
representing the remaining elements of the group are
also reduced.

We begin with the static model representation matrices’
corresponding to the group elements (4.54). These ma-
trices are written down directly by the geometrical
rules described in Sec. II.D: S,(®)=1,

0100 0001

0010 0100
SsM=1000 1]’ 5®=|001 0 (4.55)

1000 1000

Our first problem is to reduce the representation
generated by the matrices (4.55). The representation
S,(®) is already reduced. To reduce the representation
generated by S,(1) and S,(2), we follow the procedure of
Egs. (4.16)-(4.27), noting, however, that the rows of
B are already orthogonal so that it is unnecessary to use
the Gram-Schmidt procedure.

The matrix W corresponding to the reduction of the a
part of the problem is W=1,

For the reduction of the b part of the problem, we in-
troduce the corresponding normalized Eckart vectors
[cf. Eq. (4.10c):

8, =(p -p2+p%-5"/2,
8,=(-p1+p2+p3-p"/2,
8. =(pr+p2-p3-p)/2.

Furthermore, upon noting that 25 ,65=0,i =1, 2, 3 [cf.
Eq. (4.27)], we also introduce

> 13y
nzné—aqu ’

which is a vector proportional to the center of mass of
the four identical Y nuclei.
The matrix W which reduces the b part of the problem

(4.56)

4.57)
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is now read off directly from the coefficients of Eqgs.
(4.56) and (4.517):

1 -1 1 1
-1 1 1 1
W=% 101 -11 (4.58)
-1 -1 -1 1
One may now verify directly that [cf. Eq. (4.15a)}
i S, (k) 0
Ws,,(k)W{ o Sz(k)] , (4.59)
where
S,(k)=1, (4.602)

and S, (k) =G (k) [cf. Eq. (4.26)]; G(k) is the matrix rep-
resenting $(%) on the basis &, &,, &,:

-1 0 0 0 0 -1
G)=l0 0 1|, @)=/ 0o 1 o0 (4.60Db)
0 -10 -1 0 0

Remarkably, knowledge of the Eckart vectors and the
center of mass vector (4.57) of the Y nuclei completely
determines the reduction of the static model representa-
tion (4.55). . :

The irreducible representations of T; generated by
(4.60a) and (4.60b), respectively, are the ones desig-
nated by A, and F,.

We may now proceed in our development to Eq. (4.31),
noting now that the only nontrivial part of this problem is
the b part corresponding to the normalized Eckart vec-
tors themselves:

L8,8,8,1=9(%)8,8,8,1G (k).

In terms of matrices, this relation may be expressed
in either of the forms given by Eqs. (4.35) or (4.36):

(4.61)

8, 8,
Liw| 8- =G(R)®G(k)| &, (4.62)
8, &,

The direct product of two F, representations is re-
ducible as follows:

F,XF,=A +E+F, +F,. (4.63)

Thus, the reduction of the representation of T, gen-
erated by G(R)®G(k) (k=1,2) can be carried out fully by
using the Wigner coefficients (Griffith, 1962) for the
group T, (see also the general results given inSec. IV.C).
For example, to obtain the A, component, we write
n=9 (F,F,ai|F,F,A) &, (4.642)
oyt .
where & =_é’>a' J?i. The reduction coefficients are given
by 84;/Y3, thus giving

1 3
=75 2y Sac

Continuing in this manner, we reduce G(R)® G(k), ob-
taining the linear combination of the &,; which transform
irreducibly amongst themselves under the action of the

(4.64b)
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Lg. g

We have now found all invariant spaces which can be
constructed from the components of the displacement
vectors such that the operators Lg, $§<7,, are irreduci-
ble. We summarize the results below:

(a) The A, representation occurs once, originating
from the reduction of F,X F, in the & part of the prob-
lem. The basis is

n= i <gowc/x/—:g—-
o=1

(b) The E representation occurs once, originating from
the reduction of F,X F, in the b part of the problem. The
basis pair is

(811 = 8,)/V2, (8, +8,,—28,)/V3 .

(4.65a)

(4.65b)

(c) The F, representation occurs once, originating
from the reduction of F,X F, in the b part of the problem.
The basis triplet is

(‘(’,23_ 532)/5, (831 - 813)/‘/2—’ (812 - 521)/\/—2_.
, ‘ (4.65¢)

(d) The F, representation occurs three times, origi-
nating once from the 1 ® G(k) of the a part of the prob-
lem, once from the reduction of G(R) ® G(k) in the b part
of the problem, and once from the reduction of 1 ® G(k)
in the b part of the problem. The respective bases trip-
lets are

components of p°: p?, p3, pY;
(4.65d)
g, = (523 + 832)/‘/2_, S (831 +é’13)/‘/§» gs = (512 + 521)/‘/5—'

It is worth noting that F, occurs with multiplicity three,
yet the structure of the reduction process is such that
no difficulties with this multiplicity arise.

The transformation properties of the coordinates
(4.65) are examples of the general result expressed by
Eq. (4.41). They are summarized as follows:

components of 7: s Mgy M3;

(a) A, representation
Lgym=n. (4.66a)

(b) E representation. Denote the pair (4.65b) by &, &,.
Then

Ca 1/2 V3/2 o
Lu) = )

s V3 /2 -1/2 &e

3 12 —V3/2\ /¢, (4.66D)
L(z) =

s -V3/2 -1/2 &y

(c) F, representation. Denote the triple (4.65c) by
1

Y:,¥5,Y5. Then
¥y Yy
Ly ¥, )==GR)| v, (4.66c)
N Vs

) F, representation. Denote any one of the triples
(4.65d) by x,,x,,%,. Then
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xl xl
Lyl %, | =GR «x, . (4.664)
x X

3 3

The center of mass condition imposes the relation
MpP +2mij=0 , (4.67a)

where M and m are the masses of X and Y particles,
respectively. Hence, we replace p° and 7 by the single
vector

7 =p° - (M/2m)7 . (4.67b)

The Eckart conditions, Eq. (4.48b), are satisfied by
specifying

yi=0’ i=1,2)3' (468)

We are thus left with the following set of internal sym-
metry coordinates:

{710, (€,856,), €a&y),my t - 4.69)

Since 7° and (£,£,6,) each belongs to the F, irreducible
representation, they may enter the potential energy. func-
tion coupled as 2J;19¢; . The F, normal coordinates
must therefore be obtained by the diagonalization of a
simple quadratic form. [See Moret-Bailly (1961) and
Shaffer (1939) for the normal coordinates. ]

F. Static model XY with symmetry group D,

The case of trigonal bipryamidal XY, is perhaps more
illustrative of our general methods. Here we have three
sets of inequivalent particles, in the sense of equivalence
under O, of the static model vectors [cf. Eqs. (2.11)]:
the first set consists of the single X particle whose
equilibrium position is at the origin of the principal axis
frame ,, &,, &,; the second set consists of the three Y
nuclei, sitting at the vertices of an equilateral triangle
in the & ¢, plane; and the third set consists of the two
remaining Y nuclei having equilibrium positions on the
¢, axis at distances ¢ to either side of the é,2, plane:
Specifically, the static model matrix A is given by

A =[ABC], (4.70a)
where

0 v3/2 -V3/2 0
A={0}|, B=| 1/2 1/2 -1],

0 0 0 0

0 0 (4.70b)
cC=10 0

c -c

The X nucleus is labeled 0, and its equilibrium posi-
tion is given by the column A; three of the Y nuclei are
labeled 1, 2, 3 and their equilibrium positions are given
up to a single constant by columns 1,2, 3 of B, respec-
tively; and the remaining two Y nuclei are labeled 4, 5
and their equilibrium positions are given by columns 1
and 2 of matrix C.

The point group G(@) is D, of order 12. D,, is a direct
product group generated by three operations:
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8(1)=Q(n,2,),8@)=®(1, 2,),8(3) =98 (,2,).  (4.71)

§(1) and $(2) alone generate the group D,, while §(3)
generates a commuting group of order two. $(3) has
been written as a proper rotation times the inversion,
which is easily seen to be a reflection through the éléz
plane. The irreducible representations of D, are de-
noted by A; A, E' and A/, A}, E", corresponding, re-
spectively, to even and odd properties under reflection.

The geometrical method of Sec. II.D yields the follow-
ing static model representation of the generator elements
k), k=1,2,3:

S.(k) =1, (4.72a)
70 1 0] 001
s,)={1 00|, S,@=|100],
00 1] 010
10 0]
s,3)={010], (4.72b)
(0 0 1]
[0 1 10 01
S.1)= , Sc(2)= , So(8)=
|10 01 10
4.72¢c)

Again our first problem is to reduce the representa-
tions (4.72). To accomplish this, we write out the Eckart
vectors for the “b particles” and the “c particles.” We
first consider the b particles. Since the rank of B is two
and its rows are already perpendicular, we have two
linearly independent Eckart vectors [cf. (4.21b):

3,06)=(F -B/E,
Z,(0)= (B +5> - 25)/6 .

Furthermore, since 2,,6%=0 [cf. Eq. (4.27)], we know
that

OREL DA

spans a one-dimensional invariant subspace in the reduc-
tion of the b representation (4.72b). The matrix W (b)
which effects this reduction is obtained from the coeffi-
cients of the vectors (4.73) and (4.74):

(4.73)

(4.74)

1VN2  1/V6 1/V3
w®)=|-1/V2 1//6 1/V3 (4.75)
0 -2/V6 1/V3
It may now be verified directly that
HE)
W()S, (k)W ()= {5_'(_k2-_§‘_0___ , (4.762)
0 0iA[(k)
where
-1 0 -1/2 -V3/2
E'(1)= S, EN(@2)= ,
01 v3/2 -1/2
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10

E'(3)= , (4.76D)
01

Al(k)=1, k=1,2,3. (4.76c)

Thus, the representation generated by S,(k) (¢=1,2, 3)
has been reduced into £’ + A].

We now carry out the same procedure for the ¢ par-
ticles. Since the rank of C is one, there is only one
Eckart vector:

E.(c)=(p*=p>)/V2 . (4.77a)
Again the vector [cf. Eq. (4.27)]
filc)=(p*+p°)/V2 4.770)

spans an invariant subspace for the reduction of the ¢
representation.
The matrix W is given by

1/V2 12
W(c) = (4.78a)
-1/¥2 1/V2
and one may verify directly that
_ AJ(R) O
W(c)S (kYW (c) = (4.78b)
0  A/(R)

where A{(R)=1, AJ(1)=A/(8)=-1, and AJ(2)=1. Thus,
the representation generated by the S.(k) has been re-
duced into A, +A].

Again, knowledge of the Eckart vectors and the three
“center of mass” vectors, 2%, 8%, 233=, 0%, 2iu=0 0"
completely determines the reduction of the static model
representation of D, .

We now proceed to the second part of the problem: the
reduction of G(k), k=1,2,3. The matrices representing
§(k) on the basis &, &,, &, are

~1 010 -1/2 -V3/210
Gw=|o 1io |, c@=| /2 -1/210],

0 0}-1 o 0

L oto (4.79)
6@)=| 0 140

001

The representation already appears in reduced form and
is just E' +A]. «

We now proceed to the last step of the reduction pro-
cess as given generally by Eqs. (4.39a). The only non-
trivial part of this reduction comes from the b part of

the problem and involves
E'XE' =A]+A,+E". (4.80)

According to Sec. IV.C, the A{ part of this reduction
must be carried by &,,(0) +8,,(0). We may systematical-
ly carry out the reduction using the Wigner coefficients
for D,. The results are as follows:

A] is carried by [§,,(0)+8,,(0)1/V2 ,
A} is carried by [8,,(0)— 8, (0)1/v2,
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_E’ is carried by the pair
[811 (b) - é,22(())]/\/—2— )
[8,,(0)+8,,®)]/V2 .

We have now found all the invariant spaces which can
be constructed from the components of the displacement
vectors such that the operators Lg, S&€ D,,, are irre-
ducible. The results are summarized below:

(a) The A{ representation occurs twice, originating
once in the reduction of E’X E’ in the b part of the prob-
lem, and originating once in the reduction of AJ XA, =A]
in the ¢ part of the problem. The corresponding bases
are

£,=18,,0)+8,0)/V2, &,.(c). (4.81a)

(b) The Aj representation occurs once, originating
from the reduction of E’XE’ in the b part of the problem.
The basis is

[glz(b)‘é’m(b)]/\/E—- (4,81b)

(c) The E’ representation occurs three times, once
from the reduction of G(k) in the a part of the problem,
once from the reduction of E' X E’ in the 0 part of the

problem, and once from the reduction of E'XA;=£" in

the ¢ part of the problem. The corresponding bases
pairs are

p3, PY;
£=[é,11(b)"é',22(b)]/‘/§_; €,=[g12(b)+gzl(b)]/‘/_2—;

n,(c), my(c). (4.81c)

(d) The A} representation does not occur.

(e) The A} representation occurs three times, once in
the reduction of G(R) in the a part of the problem, once
in the reduction of Aj XA =A/ in the b part of the prob-
lem, and once in the reduction of A XA, =A] in the ¢
part of the problem. The respective bases are

p3, M4(0), nyle) . (4.81¢)

(f) The E” representation occurs twice, once in the re-
duction of E'X E’ in the b part of the problem, and once
in the reduction of E‘'X AJ =E” in the ¢ part of the prob-
lem. The respective bases pairs are

8,5(0), 85,(0);
531(6)’ é’gz(c)-

The transformation properties of the coordinates
(4.81) are summarized below:

(4.81f)

(a) A; representation.
of Eq. (4.81a). Then

L ¢=5, k=1,2,3.

(b) A, representation.
nate (4.81b). Then

L(l)y=_y’

Let ¢ denote either of the bases

(4.82a)

Let y denote the basis coordi-

1"(2)—v =y, L(g)y =Y. (4.82b)

(c) E' representation. Let &, £’ denote any of the basis
pairs of Eq. (4.81c). Then
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£ 1 0 §
L(l) = ’
gl 0 _1 gl
£ -1/2 V3/2 3
L, = , (4.82c¢)
& -V3/2 -1/2 g
3 10 £
L(g) =
gl O 1 ‘gl

(e) A} representation. Let z denote any one of the
bases coordinates of Eq. (4.81e). Then

Lyyz=-z, Lyyz=2z, Lz=-z. (4.82¢)

(f) E” representation. Let &,, {, denote either of the
basis pairs of Eq. (4.81f). Then

Cq 1 0 L,
L, = s
& 0 -1/ \¢&/
Lo -1/2 =V3/2 Za
L, = , . (4.821)
&, V3/2 -1/2 &
ga ~1 0 ga
L(s) =
gb 0 "'1 gb

The center of mass of the system is proportional to
(/37 (6) +V27(c)) + (M/m)p°, where m is the Y mass,
M is the X mass, and p° the displacement of the X par-
ticle. Two linearly independent vectors which are or-
thogonally related to the center of mass vector are

X1=v27(b) - V37i(c), (4.83a)
X2=V37(0) +v27(c) - Gm/M)p°. (4.83b)

We may satisfy the center of mass condition by using
the vectors X! and X2 in place of 7(?), 7(c), and p°.
The Eckart conditions of Eq. (4.48b) are more com-
plicated for this molecule. The full Eckart vectors of
Eq. (4.1) are ;
[Elﬁzﬁa] = [31 ( )gz (4 )gg(c)] .
The requirement that the components form a symmetric
matrix implies

<g12(b) :(‘3’21(17) ’
813(b) =831 (C) s
8,,(0) =8, (c).

This means that the A; coordinate vanishes and the two
E” bases coincide,

A final set of internal symmetry coordinates for trigo-
nal bipyramidal XY, is

g’ é’33(0); (E’ g,)y (xiyxé)’ (xf,xg)yxé»xg

transforming, respectively, according to A], A/, E',
E', E', A), and A].

The construction of normal coordinates requires the
diagonalization of three quadratic forms: a 2X2 on
coordinates ¢ and &,(c); a 3X 3 on coordinates (£, &),
(1, x1), (x2,x2); and finally a 2X 2 on coordinates x3 and

(4.84a)

(4.84Db)

(4.85)
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x§, since the usual mixed scalar product of these coordi-
nates contains the A] representation of D, .

G. Static model XY 4 with symmetry group O,

The static model is described in a principal axis sys-
tem &, &,, &, by the static model matrix

A =[AB], (4.86)
where
0 100 -1 0 O
A=lo0), B=|o10 0 -1 0O (4.87)
0 001 0 0 -1

Again the X nucleus is labeled by 0 and has equilibrium
position at the origin; and the Y nuclei are labeled by 1
through 6, and their equilibrium positions are given up
to a single constant by columns 1 through 6 of B, re-
spectively.

The point group G(&@) is octahedral O, of order 48. It
is a direct product group consisting of O and the group
of order 2 containing the inversion 9 and the identity.
The generators of O, may be chosen to be

S(1)=®(1/2,2,), $@)=8(m, (3, +2,)/¥2), $(3)=9,
(4.88)

where for easy enumeration of results we write the in-
version as $(3).
The static model representation matrices are once

‘more constructed from the geométrical procedure of

Sec. IL.D:
S.(R) =1, (4.89a)
(1 0000 0) (00100 0)
000001 000010
010000 100000
S M=1000100]" ®=l000001]"
001000 010000
00001 0] 00010 0]
0 0010 0) (4.89b)
000010
000001
S@®=11 00000
010000
001000

The Eckart vectors corresponding to the 6 part of the
problem are the full Eckart vectors of Eq. (4.1) (nor-
malized):

flz(ﬁl—ﬁq)/ﬁ,
52:(52—55)/‘[2_,
E3=(53—58)/ﬁ,

where we note that the rows of B are already perpendicu-
lar. Again, since 25,65=0 (¢ =1,2,3), the Y-atom cen-

(4.90)
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ter of mass vector
[5] o
75 £
&1 V6
is a one-dimensional invariant subspace with respect to
reduction of the representation generated by S,(k), &
=1,2,3.

By inspection, we observe that the symmetric com-
bination of vectors given by
L= (pr4pY/V2
(p2+p°) /2,
= (BB

(4.91)

(4.92)

il
ﬁz

span an invariant subspace perpendicular to that spanned
by the Eckart vectors of Eq. (4.90). Since this space
must contain the vector (4.91), we see that the appro-
priate basis to choose is not that of Eq. (4.92), but

5, pe
=@ -72)/V2,
B-@+02-20%)/6 .

The matrix W which' reduces the b part of the problem is

now read off directly from the coefficients of Egs.
(4.90)—(4.93):

(4.93)

1z o 0 146 1/2 1/273 )
0 1/V2 0 1/V6 -1/2 1/2V3
0 o 1/V2 1/¥6 0 -1/V3
W=1_1vz o 0 16 1/2 1/2V3
0o -1/V2 0 1/¥6 -1/2 1/2V3
L o 0 -1ANZ 1/¥6 0 -1/V3 ]
(4.94)
One may now verify directly that
- [(G) o 0
WS,(-W=| 0 A,(k) 0 (4.95)

0 0 E.(R)

In this result G(1), G(2), G(3) generate the F,, represen-
tation and are the matrices representing §(1), §(2), $(3):

100 0 0 1
G)={o 0 -1|, G6@)={0o -1 o],
01 0 1.0 0
-1 0 0
GB3)={0 -1 0 |; (4.96)
0 0 -1

the A, (k) =1 generate the identity representation 4,,;
and E,(1), E,(2), E,(3) generate the representation E, :

1/2 V3/2 1/2
Eg(2)=
~V3/2

-V3/2
Eg(l) = :

v3/2 -1/2 -1/2
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10
E,(3)= (4.97)

01

Thus, we have obtained the complete reduction of the
static model representation (W =1 for the a part of the
problem).

We may now proceed in our development to the result
given generally by Eq. (4.36) [cf. also Sec. IV.C]. We
now carry out the reduction of the following direct prod-
uct (b part): G(R)® G(k), that is,

Fy XF,,=A,, +E,+F  +F,,; (4.982)

AL (R)®GE)=G(k); (4.98b)
and E,(k)® G(k), that is,

E X F, =F,+F,,. (4.98¢)

These reductions are carried out using the known Wigner
coefficients for O,. The results are summarized below:

(a) The A,, representation occurs once, originating
from the reduction of F,,X F,, [cf. Sec. IV.C]. The basis

coordinate is
Co=(Eyy +Epp +E)/V3 . (4.992)

(b) The E, representation occurs once, originating
from the reduction of F,,X F,, [cf. Sec. IV.C]. The basis
pair is

£a=(Eyy = B )/V2, &,=(E, +E, —2E,)/V6 . (4.99b)

(c) The F,, representation occurs once, originating
from the reduction of F, X F,, [cf. Sec. IV.C]. The basis
triplet is

£ = (Ezs - Eaz)/\[i’ Ep= (Esl - Els)/ﬁ’
£y =(E, — By )/VZ . (4.99¢)

(d) The F,, representation occurs once, originating
from the reduction of F, X F,, [cf. Sec. IV.C]. The basis
triplet is

£ =(Ey +E32)/‘/§ ,
£y = (E12 '*‘Ezl)/‘/z—-

g =(Ey +E13)/‘/—2_ ,
(4.994)

(e) The F,, representation occurs three times, origi-
nating once from the a part of the problem, once from
the reduction of E X F,, in the b part of the problem, and
once from the reduction of A, X F,, in the 6 part of the
problem. The three sets of basis triplets are [cf. Egs.
(4.93)]

pY, P3, P
My, Mg, Ny
‘y1=—(\/’3_€i+§f)/2, yzz(ﬁgé_%)/z’ y3=§§.

(f) The F,, representation occurs once, originating
from the reduction of E X F,,. The basis triplet is [ef.
Eqgs. (4.93)]

2= (B =3 £2)/2, z,=(E8+vV3 £2)/2, z,=—%.
(4.99f)

(4.99)

The transformation properties of the coordinates
(4.99) are summarized below:
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(a) A,, representation

L 8o=5,- (4.100a)
(b) E, representation
& 1/2 V3/2 £
L(l) = ’
£ v3/2 -1/2 &
£, 1/2 —v3/2 &,
L) = , (4.100Dp)
g, -V3/2 -1/2 £,
& 10 &,
L(s) =
& -\0 1 &
(c) F,, representation
& e
Ll & | =GR ¢, ), k=1,2;
Lq g,
., : (4.100¢)
Lin| & )= & ]
g, g,
(d) F,, representation
51 Vgl
Lyl & | =-GE)| & (4.100d)
£/ &,

(e) F,, representation. Let y,,¥,,, denote any of the
basis triplets (4.99e). Then

Y1 Y1

Liy| y: |=G(R)| v (4.100e)
Y3 Y3

(f) F,, representation

Zy Z,

Loyl 2z, | =-G®)| 2z, |, k=1,2;
Z4 24

(4.100£)

z, z,

Ll 2, | =GB)| 2,
2z, Zg4

The requirement that the center of mass of the system

be at the origin is
MpO°+v6 mij=0 , (4.101a)

where M and m are the masses of the X and Y nuclei,
respectively. Hence, we introduce the vector

=V 6mp® -M7j. (4.101b)

The Eckart conditions (4.48b) are satisfied by imposing

¢, =0, (4.102)

We obtain the set of internal symmetry coordinates:

i=1,2,3.
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Co, (Ea; gb)’
(V1,925 Ys),
transforming, respectively, according to

A Egi Fzg: Flu; Fluy and qu'

(gl ’ gzr ga)’

(24,25, 25)

(%y,%5,%5)

(4.103)

18

From the coordinates (x,,x,,%,) and (¥,,%,,¥,) we can
form the invariant

Z_ @;x3+0,%;9; +¢,57).
1

The F,, normal coordinates are thus obtained by diago-
nalizing a simple quadratic form. The remaining coor-
dinates in the set (4.103) are already normal coordi-
nates. [See Moret-Bailly (1959) for the normal coordi-
nates.]

V. GROUPS OF COORDINATE TRANSFORMATIONS

We are now prepared to answer fully the question:
What are the particle motions which are compatible with
the Eckart frame? The answer is as follows: Tke par-

ticles may have any set of displacements p*,p2,...,0"
having components given by
Ao h
o 2 o
P“'f;=2i‘,lnqe’, (5.1)
Y=1 11

in which the normal coovdinates q] may assume arbi-
trary values.

This result appears somewhat paradoxical in view of
the role that the operators £g played in the determina-
tion of the q}. This paradox is removed when we realize
that the Eckart frame is a quite general concept—it
must admit a variety of motions compatible with it, even
when there is no symmetry, i.e., G(®@) contains only the
identity. In this case, of course, the ¢} are determined
solely by diagonalizing the quadratic potential energy
form. Even when the symmetry group G(@) contains
many elements, a wide variety of motions must be ad-
mitted by the Eckart frame, .e.g., the set of all pure
harmonic motions.

Having arrived at the result, Eq. (5.1), whose inter-
pretation seems to diminish the role of the group G(&),
we demonstrate in this section that this is not the case,
at least for molecules possessing a high degree of sym-
metry in the static model.

We begin by presenting a variety of transformation
properties of the Eckart frame and the normal coordi-
nates, apart from any physical problem, leaving until
Sec. VI the task of tying these properties to the actual
molecular problem.

A. A larger invariance group of the Eckart frame

Let R denote an arbitrary real, orthogonal matrix of
dimension #,. We introduce the following linear trans-

formations Ly of the normal coordinates q7,...,q%y:
al | o, |4
Ly | =R | - . (5.2)
Y y
51,,7 qh,/

The product Ly:Ly of two transformations is defined in
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the usual manner to be the rule of first applying Ly fol- -
lowed by applying Ly.. Thus,

(L' Le¥] =Lgr(Lgq))

h
L) =3 oRE T
=1

hy h h
=ZR§;'ZY:RJ% al =26 R'R);,q]
i=1 k=1

%=1
Y
=Lgpq;,

where the intermediate step follows from the definition
of the barred coordinates

q] =Lga] =2 Ria]. (5.3)

=

The coordinates 7] are again normal coordinates which
describe motions within the same Eckart frame. In-
deed, transformations of this type express the fact that
the normal coordinates are determined only up to equiv-
alence by the operators Lg and the quadratic form diag-
onalization methods. Thus, the cﬂ coordinates trans-
form according to

oY ay
1 1

Lg| « | =RTY(Q)R , (5.4)
aj ar,

whenever the q] transform according to Eq. (4.51b). We
could, in fact, have replaced R in Eq. (5.2) by any non-
singular matrix. For the type of problem (the molecular
motions) under study, this extra generality is not re-
quired.

If we let &, k,, and k, denote the number of sets of
one-, two-, and three-dimensional normal coordinates,
then we see that e following divect product group is an
invariance gvoup of the Eckart frame:

O X+ XO, XO,X***XO,XO;X***XO, , (5.5)
| =k, times ~| &, times — |~ k, times —|
where O; denotes the group of transformations
{LRi :R;€0;}
in which O; is the group of real, orthogonal matrices of

dimension 2. The elements of the group (5.5) are the
ordered (&, +%, +k,)-tuples of transformations:

(LRI 1)s* - ° LRs(kS))’

(5.6)

’LRl(kl);LRz(l): v ,LRz(kz);LR:;(l)’ .

where R,;(v) denotes an orthogonal matrix of dimension
i. Each Lg;(y) in this ordered k-tuple (k=Fk, +k, +k,)
acts only on its corresponding normal coordinate set
(a7,... ,q,.yy), according to the action expressed by Eq.
(5.2).

We will denote the group (5.5) by the abbreviated nota-
tion G(0), and call it a group of the intevnal motions.
We do not mean to imply by this designation that G(0)
is the only possible group of transformations relating
internal coordinates which are compatible with the
Eckart frame. It is oze such group, and it is the group
of relevance if the motions of the particles are pure
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harmonic (a mathematical possibility, if not often a
physical situation—except as an important approxima-
tion).

In order to keep the notation reasonably unencumbered,
we will symbolize an element (5.6) of the group G(O) by
the notation L{z}, and symbolize its action on the set of
normal coordinates by L{;1Q. Thus Ligz} now denotes a
collection of operators, and L{;1Q denotes a collection
of normal coordinate transformations,

In particular, note that L{rg)} denotes the i-tuple
(5.6) in which each R;(y) is replaced by the correspond-
ing T'J(8) of Eq. (4.51b). But this collection of operators
expresses the action of Lg itself on the normal coordi-
nates. Hence, we may write

Lir)Q =LgQ,

where LgQ denotes the collection of transformations

{qu;’}. Thus, the group of normal coordinate lransfor-
mations induced by the group of operators {Lg:9 S G(@)}
is a subgvoup of the normal coovdinate trvansformalions

{Liz}: Lig} € GO)}.

This is, as is well known, a very important result for
the molecular problem. We will return to this point
later.

(6.7

B. Rotation-inversion and normal coordinate

transformations combined

In this section ® denotes a rotation—inversion of the
entire physical space R? in the sense of Theorem 6.

The first observation is the following: A »otation-
inversion & leaves the novmal coovdinales invaviant.
This result is intuitively evident, and it may also be
proved mathematically. The mathematical proof follows
from three facts:

(a) %+ f; is invariant under ®, i.e., ®RF*-®RJ, =5%- J;;

(b) the center of mass conditions and the Eckart condi-
tions are invariant under ®;

(c) the ngrmal coordinates depend only on the compo-
nents 0% f; and the invariant constraints of (b).

The second observation is as follows: The motions
induced by Ly leave the Eckart frame invaviant. This
is the result demonstrated in the last section.

Combining these two observations, we conclude: The
action of the operator &Lz} on the coordinates

(/1 1.7.);Q) is

RLigy : (£, 1o73); @)~ QLT S To); Limy@) . (5.8)
Note that we have the operator identity
®RLgy =Lz ® (5.9)

over the sets of coordinates of type (7, /,7.); Q).

It is important to realize that while Eq. (5.9) is a cor-
rect identity on sets of coordinates ([ f,f,f,];Q), it need
not be a correct identity (or even defined on other sets
of objects).

Because we have the relation (5.9), we can also write
(RL{R} as an ordered pair

@®, L{z}) (5.10)
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with the action of this operator pair defined by Eq. (5.8).
The multiplication rule for two successive transforma-
tions then works out to be

@, L{p}) @&, Lig}) = ('R, Ligigy), (5.11)
where -we remind the reader that this is an identity on the
set of all coordinates {(f, /,/,];@)}. The symbol Ligig}
means the operator obtained by multiplying all the cor-
responding R’ and R pairs in (5.6). Thus, we may re-
gard the pairs of operators (5.10) as the elements of the
direct product group

0,X G(0). (5.12)

We have introduced this direct product structure in
anticipation of the more interesting result of the next
section.

C. Permutations of coordinates

We wish to study the effect of permutations (3.55) on
the coordinates ([ f, f,/,];@). We first consider only
those permutations ® — § given by Eq. (2.32).

The first observation is that @ induces a rotation-inver-
sion 8,

FASARL VASAR
of the Eckart frame (Theorem 8).

The second observation is that ® effects the transfor-
mation of normal coovdinates given by

(P: Q—*Lg-1Q.

This result requires proof. The action of ® is expressed
correctly on a displacement vector p* by

(5.13)

(5.14)

PF*=8Lg-19* . (5.15)
Using Eq. (5.13), we obtain
®: p% f;~88g-15% $T;

= (£g-1P%)" fy =Lg-1pf. (5.16)

Since this action takes place on all pj’, the result (5.14)
follows then for the normal coordinates.
Combining Eqs. (5.13) and (5.14) gives the result

@®: ([-ﬁfgfg]yQ)" (g[fy_fzfa]; LS_IQ)

for each ® — 8§,
Equation (5.17) has a close resemblance to Eq. (5.8)
when the latter is particularized to SLg:

8Lg: (1,7, 73); @)~ G717, 75); Lg@).
There is, however, the curious difference of having
Lg-1 in place of Lg in Eq. (5.17). In this second case, we
have already demonstrated—a special case of Eq. (5.9)—
that

SLg=LgS.

(5.17)

(5.18)

(5.19)
We were then able to interpret Eq. (5.18) as the action of
a direct product pair (8, Lg).

Equation (5.17) would appear to lend itself to this same
direct product interpretation, i.e., for ® ~ §, we may

write
®=(8,Lg-1). (5.20)

It is certainly true that Eq. (5.17) establishes this iden-
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tity. It is also true that

§Lg-1=Lg-1§ (5.21)

on the coordinates ([, /,7,];Q). However, if we follow
the permutation ® of Eq. (5.17) by a second permutation
®’+—g’, we obtain

@’(P: ([.f;‘f;fg];Q)—' (g,g[flfzf:;]; L(gg’)'lQ)

which is wrong, since we know from Eq. (5.17) that
®” =®’® must have the action

®" (f,,7,);Q) = 'S/ 1o F); Ligrgy-1 Q). (5.22)

The conclusion must be that ¢ ¢s incorrect to intevpret
a permutation ® —§ as a rotation—inversion § of the
Eckart frame and a transformation Lg-1 of the novmal
coordinates in a sense such that these opevations act
independently on the two parts of the coordinates. The
reason for this is intuitively clear: The permutations
®,®’, ... know only how to change the label indices of
the p®. The action of the £g is to change p® to 7%, and
if a ®’ encounters dirvectly an 7%, its action can be de-
fined only by transforming back to a p*.

The way out of the dilemma is the following: We must
modify the product rule such that the relations

®=(8,Lg1), (5.232)

®’ =8, Lg\,-1) (5.23b)
imply

®'C =(8'8, L(grg,-1). (5.23c)

This rule is easily found to be the semidivect product
rule for multiplying pairs (Lomont, 1959; Biedenharn
et al., 1968): '

(g,’ Lgl-l)(g, Lg—l)
=(8'S, ("' Lgs-18) Lg-1)
= (g’g, L(gls,)—l).

(5.24)

That this is the correct multiplication rule follows upon

proving the operator identity
£(g’9)—1=<g-l£g"1 g)£’g—1 (5.25)

on the set of displacement vectors p1,52,...,5". This
proof goes as follows:

§71Lg-1886-1[ P12 - BV]
=781 51520+ FY1S(9)
=871g/ "1 p152 - - 5V]S(8')S(8)
= (8’8 [B1p2+ - BY1S((8'8)™)
=2 grgyt[F1B7 - BV,

Summary. The group of permutations {®} which is
isomorphic to the group of rotation—inversion operators
{8: < G(@)} has the following action on the coordinates

~

(/,7,7,);Q): For ® —~¢, we have

‘Q.E.D.

®=(8, Lg-1), (5.26a)
where
@, Lg-1): (L1, /); @)~ B[/ /, )i Lg-1Q).  (5.26D)

The rule for multiplying two such permutations (5.26a)
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is the semidirect product rule (5.24), the whole effect

of this rule being to put in the product 'S appearing in
L(g:g)-l opposite to what occurs in the usual direct prod-
uct multiplication rule.

Hougen (1975) impleinents the action of a permutation
correctly according to Eq. (5.26b), although it appears
that he bases his result on the intuitive notion that the
two parts of ® =8£¢-1 [cf. Eq. (3.63)] act independently
on [f,/,7,] and Q. Our result shows that this is only cor-
rect when the pair (5.26a) multiplies by the semidirect
product rule.

We would insist that one learns nothing intrinsically
new by writing a permutation in the form (5.26a). This
way of writing a permutation (rather, certain permuta-
tions) does facilitate the study of the action of these per-
mutations on the coordinates ([ f,/,/,]; Q).

There are, of course, many other permutation opera-
tors in the group HX G(Sn)\) which cannot be written in
the form (5.26a). Eventually, one must account for the
effect of all the permutation operators which relabel the
position vectors of identical particles (Wilson, 1935),

We present now a definition which has a significant
bearing on the identical particles problem. The Eckart
frame concept is fundamental to the definition, which is
our reason for introducing it here. Definition: An op-
evator is said lo be a feasible operator for a molecule if
it is an element of the permulatlion—inversion group
whfgeAaction on the Eckart frame in the coovdinales
(/. /.1:);Q) is a pure rotation.

The inversion operator occurring in this definition is
the inversion of the whole space R3, i.e., 9% = -X, each
XCR3, :

The group of feasible operators is easily enumerated.
This is so because it is only those ® — § of Eq. (2.32)
which effect rotation—inversions of the Eckart frame.
Thus, the permutation—inversions which effect a pure
rotation of the Eckart frame are those ® and 9¢’ belong-
ing to the following sets:

®={(,Lg-1):$<G(@) and detG =1},

86’ {@8, Lg-1) :$ € G(@) and detG = -1} . (5.27)

One easily verifies, using the product rule (5.24), that
these operators form a group.

If G(@)=T,, the group of feasible operators is iso-
morphic to T;, and is the group introduced by Hougen
(Hougen, 1971, 1975) for methane.

If G(@)=0,, the group of feasible operators is iso-
morphic to O,. Quite generally the group of feasible
operators is isomorphic to G(®).

Remarks. It has been principally Longuet-Higgens
and Hougen who have promoted the concept of “feasible
operators.” It is here, we feel, that they have made an
important contribution. Clearly, the notion of feasible
operators has definitive implications for accommodating
the Pauli principle and, hence, for the calculation of
statistical weights (as already shown by these authors).
Neither of these authors seems, however, to have intro-
duced a formal definition for this concept.

D. Transformations of the laboratory and Eckart frames

Up to this point, we have not introduced a laboratory
frame. However, a basic concept in the molecular prob-

Rev. Mod. Phys., Vol. 48, No. 1, January 1976

lem is the intuitive notion that to zero-order approxima-
tion the energy of the molecule can be written as the sum
of its rotational kinetic energy and its internal vibra-
tional energy, the latter being that calculated by an ob-
server in the Eckart frame. (We ignore the translational
energy of the center of mass). It is this concept which
motivates developing the equations of motion, that is,
the writing out of the Hamiltonian, in terms of physical
quantities which are expressed relative to the Eckart
frame. Since the Eckart frame is noninertial, we must -
now account for such kinematical terms in the Hamil-
tonian as the Coriolis interaction. The only simple
means we have of accomplishing this is to introduce a
laboratory frame (the assumed inertial frame). This
provides the vehicle for describing the motion of the
Eckart frame, hence, the origin of kinematical inter-
actions as seen by an observer in the Eckart frame.

This section is quite difficult, despite the seemingly
uncomplicated title. Let us try to understand why this
is true. It stems from rather intricate points of detail
which must be kept straight at each level of the develop-
ment. The reason so many details creep into the analy-
sis is that we are dealing with a situation in which two
spaces play a role. However, the spaces are not inde-
pendent of one another—for example, if we rotate one,
we must rotate the other. Rather delicate questions of
group isomorphisms versus group anti-isomorphisms
arise which require careful treatment. The action of
operators on spaces must be carefully defined if one is
to understand the group structures which arise.

It may be helpful to outline the contents of this sec- -
tion. We first introduce the two spaces involved, devel-
oping notational conventions for each. Essential features
of each space are developed independently. Then the
geometrical relation between the spaces is introduced
and its significance analyzed. The rest of the section is
devoted to the construction of the abstract group struc-
tures which preserve the geometrical relation between

" the spaces.

We introduce the notation fl, fz, Zs for a triad of right-
handed unit vectors whose orientation is fixed with re-
spect to the laboratory. We call this triad the laboratory
frame. ) o

We now have two frames [/, /,/,] and [[,1,I,] to keep
track of. The situation is, in fact, a bit more intricate
than this. We have two spaces to keep track of. We
first discuss these two spaces separately, ignoring any
connection between them. .

_ We have, first, the space R® with basis [£,,/,] in which
J1, 15, J5 appear as vectors. In RS, the frame [/, f,/,] is
attached to the molecule, and all internal motions are
referred to it in the manner previously described. In
order to keep straight what vectors are basis vectors of
R3 and what quantities are vectors in R%, we introduce
the notation

@1, 7, (5.282)
where the square bracket [[]=[[,[,[,] symbolizes the
basis vectors and (f) = (f, f,, /) symbolizes the Eckart
triad of vectors in R3. For the purpose of this discus-
sion, we also regard all vectors referring to the mole-
cule to be expressed in the form
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=2 x,7; (5.28b)
7
so that what happens to such a vector under & is inferred
from X~ ®%X =2, x;®f;). Hence, we may omit all such
X and other “internal” coordinates from the set (5.28a).
The vectors f, may, of course, be expressed in terms
of the basis vectors of R3:

fZ[l

where we place a square bracket around a single vector
to emphasize its role as basis vector. Equations (5.28b)
and (5.29) may be combined if one wishes to express a
vector X< R? in terms of the basis of R®. However, for
the reason given following Eq. (5.28b), it is convenient
to adopt the convention of writing vectors X< R? in the
form (5.28b) unless otherwise noted.

The basis vectors [f] of R? are to be regarded as at-
tached to the laboratory, and objects in the laboratory
undergo no transformations under a rotation—inversion
®: R3— R3, Thus, using the symbolism of Eq. (5.28),
we may express the action of ® on the space R® by

1, PN~ (71, @7)). (5.30)

This same action may be expressed in matrix form by
defining a matrix C with elements

1- FlE (5.29)

Cij =[Zi]‘ fj . (5.31)
The transformation (5.30) then becomes
®: C~RC, (5.32a)

where R is the matrix representing ® on the basis [[],
i.e.,

=[5]-®[1,].

Observe also that the cohimns of C are the rpatrices rep-
resenting the vectors f,, f,, 7, on the basis [[], i.e.,

(5.32b)

C =11 1,11, (5.33a)
where
fy=col@G]- J;, [L,)- 7, 51+ 7)) (5.33b)

The product of two rotation—inversions of R3, & fol-
lowed by &', is given by the usual rule:

®R'®: (T], Fn~(I], & ®FN.

Correspondingly, the matrix transformation (5.32a) is

(5.34a)

®R'®R: C—R'(RC)=(R'R)C. (5.34b)
Thus, we have an isomorphism
®R—~R (5.34c)

between the group of rotation—inversions of R® and the
group of orthogonal matrices {R} where the latter is
realized as transformations of the matrix C.

In the molecular problem, we must also keep track of
the world external to the molecule as seen by an ob-
server in the Eckart frame. For this observer using
basis [f]= (£, /,7,), the vectors (I)= a, 1L, 3) appear
simply as vectors in the external world—the space we
will call S%. Thus, the vectors [7] are a basis of S®. The
vectors (/) appear as a sort of “Eckart frame” for de-
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scribing the positions X of objects external to the mole-
cule:

X=2,x,1, (5.35)
i
We may then describe S® by the set of vectors
@71, @y, (5.36)

where [ 7] is the basis, and ({) is a triad of vectors for
describing everything (of relevance) in the external
world. What happens to vectors in the external world
1_1_nder a rotation—inversion 8 of S3 is to be inferred from
X ~8X =23,X,81l,), so that again we may omit external
vectors from the set (5.36).

As in the case of Eq. (5.29), we may also express the
vectors li in terms of the basis [f] of the space S3:

ii =Zi: ([fj].iz)[fJ]

We have introduced a large dot to designate the dot prod-
uct of vectors in S3. While this distinction of dot prod-
ucts in R® and S® is formal, it serves to emphasize that
we are dealing with two spaces. The dot product of two
vectors X, y<R? may then be calculated from Eq.
(5.28b),

- -
X"Y:inyi,
7

while the dot product for two vectors i, Y53 is ob-
tained from Eq. (5.35):

XeV=D X,Y,.
i

The basis vectors [/] of S® are attached to the mole-
cule, and they undergo no transformation under a rota-
tion-inversion 8: S®=S°. Thus, using the symbolism of
Egs. (5.35) and (5.36), we may express the action of 8§
on the space S® by

8: ([F], (M= (7], (81).

This same action may be expressed in matrix form by
defining a matrix C’ with elements

(5.37)

(5.38a)

(5.38b)

(5.39)

cy=[7iel;, (5.40)
The transformation (5.39) then becomes
S:Cl"’SC', (5.41)

where S is the matrix representing 8 on the basis [f],
ie.,

Slj:[.]?i] .S[-?j] .

Observe also that the columns of C’ are the matrices
representing ,, [,, I, on the basis [7], i.e.,

(5.42)

cr=[1,1,1,], (5.43a)
where
L =001([f1] ol [fz] e Zi: [fa] e Zi) . (5.43Db)

The product of two rotation—inversions of S3, 8 followed
by 8’, is given by the standard rule:

878: ([F], AN~ 7], "D .

Correspondingly, the matrix transformation (5.41) is

(5.44a)
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8’8:C’'—=S'(SC")=(S'S)C". (5.44b)
Thus, we have an isomorphism
8§—S (5.44c)

between the group of rotation—inversions of S and the
group of orthogonal matrices {S}, where the latter is
realized as transformations of the matrix C’.

The preceding analysis treats the spaces R® and S° as
distinct entities. Let us now note, however, that the
spaces R® and S® are related to one another by a very
particular rule, namely,

[L:-F,=[7,11,
for all 7,j=1,2,3. Let us explain this relation further.
[1,],[7,],[7,] are any arbitrary orthonormal basis vec-
tors of R®%; [f,],[f.],[fs] are any arbitrary orthonormal
basis vectors of S° (draw two pictures, one depicting R®
with its basis [7,],[7,], [1,], the other depicting S* with
its basis [7,], [fz] [/s]). We may think of 7,,f,, 7/, as an
arbitrary, but given, triad of orthogonal vectors in the

space R®; then the vectors I,, lz, l are definite vectors
of % given by

Zi = Z ([Zz] 'fj)[fj] .

Conversely, we may think of Zl, ,\2’ Z as an arbitrary,
but given, triad of vectors in the space S%; then the vec-
tors fl,fz,f3 are definite vectors of R? given by

(5.45a)

(5.45Db)

DN ALY S AN (5.45¢)
i
Thus, Eq. (5.45a) establishes a one-to-one correspond-
ence between trlads of vectors fl,fz,f3 & R?® and triads
of vectors 1,, 1,, I, 1,E88. R
One method of enumerating the set { f,,7,,fs of all tri-
ads of unit perpendicular vectors of R® is to pick a par-
ticular tviad ff,f5 and consider the set
@707 @700}, (5.46)
where O! denotes the group of rotation— mversmns of R®.
The set (5.46) then contains all triads fl,fz,f3 Similar-
ly, we may enumerate the set {I,, 1,, I,} of all triads of
unit perpendicular vectors of S® by
{812,812, 815:8<07}, (5.47)
where Of denotes the group of rotation—-inversions of S3,
and 1%, l;’, 12 is a particular tviad of S°.
The geometrical relation (5.45a) between the spaces R*®
and S® may now be expressed more vividly as

[1;]-®Fs=[F;] 813, (5.48)

for each 7,j=1,2,3 and each R 0! (or each 8<0f). In
this relation, it is sufficient to consider that either ® or
8 runs over the elements of its respective group. This
is true because if we consider ® as given, then 8 is
uniquely determined—we will call it 8 3. Conversely, if
we consider 8 as given, then ® is uniquely determined—
we will call it Rg.

Equation (5.48) then expresses the set of all allowed
relations between the spaces R® and S®. From what has
been said above, it is also clear that it establishes a
one-to-one correspondence

Rev. Mod. Phys., Vol. 48, No. 1, January 1976

PP (5.49)

between the elements of O} and the elements of 0f. We
prove below that this correspondence is ananti-isomorph-
ism of groups.

The geometrical content of Eq. (5.48) is clear: An op-
eration that appears as a “forward rotation” of the Eck-
art vectors (Z") in the space R® appears as a “backward
rotation” of (I°) in the space S°.

We will now drop the cumbersome superscripts in Eq.
(5.48) and write it simply as

[1:]-®7,=17,]%81,

for each 7,j=1,2,3 and each R0, (or each $c0]). wWe
now. regard however fl,fz,f3 and the corresponding
ll, lz, 1, as given, but arbitrary. The important point to
Vemembeaf is that each distinct choice offl,fz,f (ov
ll, 25 7 ) detevmines a diffevent corvespondence R~ 8.

Let us now discuss further the properties of the cor-
respondence (5.49). It is essential in _deducing the spe-
c1f1c mapping that the vectors f and l be kept fixed
[fj and [§ in Eq. (5.48)]. Let us 111ustrate this point
with an example. In R®, we take f, = [l 1,7=1,2,8 so
that I,=[7,;],4=1,2,3, inS®. A rotation ® of 7/2 about
[1,] then corresponds to a rotation of m/2 about — [75] in
S3. On the other hand, if we choose 7, =[l2],fzf[23], 7s
=[1,] in R®, and, hence, I,=[7,],1,=[7.], 7s=[F,] in S,,
the rotation ® of 7/2 about [73] is described in S® as a
rotation of 7/2 about —[f,]. Thus, in order that the map-
mapping ® <+~ 8§ be unambiguous, one must make all such
gorzfespondences relative to a fixed set of fl,fz,fa (or
1,,1,,1,).

We may illustrate, by example, that the correspon-
dence (5.49) is an anti-isomorphism. Choose agamf

=[1,]in R® ( I,=[7:;]in $%. If we follow ® =7/2 about [l ]
by R’ =7/2 about [Z,], the result is ®'G =27/3 about
(7,1-[2,1+[7,)/¥3 . In the correspondence, we have &
—~8=7/2 about —[f,], ®—8’=7/2 about —[f,], and
®'& corresponds to 2m/3 about — ([7,]=[F,]+[/s)/¥3,
which is the product 88’, not 8’8. The general proof
that we have an anti-isomorphism is given below.

It is also useful to express Eq. (5.50) in matrix form:
The left-hand side becomes

[1,]:®F, =(RC)y;,

where R is the matrix representingA(RA on the basis [Z],
and C is the matrix representing [ f,f,f,].on the basis
[1], i.e.,

(5.50)

(5.51a)

cij:[zi]°fj (5.51b)
The right-hand side of Eq. (5.50) becomes
[7;]081,=(5C);s =(CS)y;, (5.51c)

where S is the matrix representing 8 on the basis [f]
Thus, Eq. (5.50) expresses the identity

RC=CS. (5.52)

We can now prove that the correspondence established
by Eq. (5.50) is an anti-isomorphism. Let us suppose
that ® and ®’ are given so that we are solving Eq. (5.50)
for 8. We must prove that the two equations

[fj].sﬁziz[zi]°(ﬁfj’ (5.53a)
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[f]].sﬁ'ziz[zi].m{fj (5.53Db)
imply
[File8a8al;=[1]-R'G],. (5.53c)

To show this, we proceed in the following manner, start-
ing from Eq. (5.53b):

SeBarli)= D ([1:]-®F)8d 7,]
J
= (R'C)i;Br)uel Fo)
= E R ’C§R)ik[fk]
‘R

=;([li]

CR is a consequence of Eq. (5.52).

= E (R’Rc)ij[.;j]

°®'(RfAj)[fj];
where CSg = Since we
also have

[File8aal, =[1:]-®'&F,,
if follows from Eq. (5.53¢c) that

86{8@,=Sﬁ,@. (5.54)

Thus, we have proved that

(R“’Sa and R’ = 8g/ (5.553,)

imply

GR' ~ 8. (5.55b)

Since the correspondence set up by Eq. (5.50) is one-to-
one onto, this rule of associating rotation—inversions of
R® with rotation-inversions of S® is an anti-isomorph-
ism.

It is an intrinsic property of the geometrical relation
of Eq. (5.50) that the correspondence is an anti-isomorph-
ism: If we insist that the rotation—inversions {®} of R®
and rotation-inversions {8} of $* multiply by the usual
rules, then we have no choice—the correspondence set
up by (5.50) multiplies backwards.

Let us now give the explicit relation between the cor-
respondences resulting from different choices of the vec-

tors fl,fz,fa. Let
R~ 8¢ (5.56a)
be the anti-isomorphism which is established by
(1,]-®F;=[F,] ®8g1; (5.56b)

We wish to determine the anti-isomorphism which is
established by the vectors fl,fz,fa, i.e.,

[1,]1-®F;=[F,]e 841} (5.57a)

Let the vectors f be related to the f, by (Ro, i.e. f;
—(R(,fj Then the l are related to the l, appearmg in
"Eq. (5.56b) by l’—SaOl,, where ®,~ 8¢, is the correspon-
dence (5.56a) determined by Eq. (5 56b). Using these re-
sults and Eqs. (5.56b) and (5.57a), it is straightforward
to prove that the anti-isomorphism established by Eq.
(5.57a) is

B~ 84=8g5lve0 - (5.5'b)

- A more explicit relation may be given for the 8 in the
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correspondence & ~ 8¢ in terms of the parameters n, 6.
Let 7,,7,,/, be specified. Let

® =rotation of 6 about 7. (5.58a)
Then
$4=rotation of 6 about —N , (5.58b)
where
N=37 (117 )@ [1DIF,]- (5.58¢)
i,
Note, in particular, that fl,fz,f3 enter explicitly into

the determination of N, and hence, of 8g.

At the opening of this section, we pointed out that the
introduction of a laboratory frame is necessary for
understanding the origin of kinematical interactions in
a Hamiltonian expressed in coordinates relative to the
Eckart frame. It is clear that the group of operators
{8} must have a significant role in this problem. How-
ever, the groups {8} and {®} are not entirely independent
because they are intrinsically related in our problem
through Eq. (5.50). This does not imply that we need to
consider only one of the groups, i.e., one of the spaces
R® or S®. It means we must keep track of both and con-
sider simultaneously the effect of the rotation—inver-
sions ® of R® and the rotation-inversions 8 of S®. This
we now do, after introducing some notation.

We introduce the Cartesian product space R®XS® which
is the set of ordered pairs of vectors

{(%,X):%=R?, Xes}. (5.59)

Through the formalism introduced by Eqs. (5.28) and
(5.36), we replace the set (5.59) by

(71, (F) : (f) is a triad of perpendicular
unit vectors in R?
(5.60a)
([f], (D) : () is a triad of perpendicular
unit vectors in S3

We are interested only in a subspace of R®X S®, namely,
the subspace such that

[ii]'sz[fj].rii’ (5.60b)
for i,7=1,2,3, where fl,fz,f3 (or I,, 1., f3) run now over

all triads. We denote this subspace of R®X S® by the no-
tation

R3%xS%, (5.60c)

Remark. The basis vectors [I] and [/] appearing in the
definition of R®* S® may be arbitrarily selected, and we
do not distinguish between spaces corresponding to differ-
ent choices of bases.

We next consider mappings of R®x S® onto itself. With
each &<} (the group of rotation—inversions of R?), we
associate the following transformation of the space R3x S*:

R:R°*S%~R3% S, (5.61)

where the action of ® on an arbitrary element of R®* S
is defined by

(2L N = (7], @)
([f] D) =71, 841y,

(5.61a)
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where
R~ 8% (5.61b)
is the anti-isomorphism determined by
[li]'(ﬂfj=[f,-]°3({zzi- (5.61c)

It is now of utmost importance to make explicit the fact
that the anti-isomorphism (5.61c) depends on the initial
set of vectors (f), and this is the reason for attaching
f to the symbol Sq.

Observe that by its verydefinition ® maps R3*S? onto
itself. Hence, ® preserves the geometrical relation be-
tween the spaces R® and S3.

Suppose we now follow the transformatmn ® by a sec-
ond transformation ®’. We have

(RGOENGID)
®R': o . (5.62a)
(71, @ N~(F], & 1)),
where f] xﬁf, and l =8% Z But, from Eq. (5.57b), we
have

8% =8b-1gq (5.62b)

Thus, the transformation ® followed by ® is given by

(], (=11, (& &7))
R R: R . . N (5.63a)
(71, ON~UAS 1, (8% ¢ D)),

since

8% 8% =8%-10a8%h=8%q (5.63b)

Thus, the transformation & followed by &' is the same
as the transformation }” =®’'K

It is tempting to associate a pair of operators with the
transformation (5.61a) such as (6, 8%). However, since
it must be possible to choose the initial element
(71, F0; ([F 1, (D)) of the space R**S?® arbitrarily, there
is no consistent way of associating a single pair with the
transformation.

The reader may find it helpful to verify geometrically
the preceding multiplication rule in some simple ex-
amples. An illustrative example is the following:
Choose 7;=[1;] in B® and, hence, [,=[f,] in S*, for the
initial set of Eq. (5.61a). Suppose we now rotate R® by
®=rm/2 about [I,]; then the corresponding rotation of
S3 is given by 8%=1/2 about - [f,]. Thus, the action
of & on the chosen initial element of R® *S? is to give a
new element of R3 xS3,

f1=[22],fé= —[Zl],f3=[23];

li: —[le,ié=[fl], Zs=[f3]~
This element becomes the initial element for the next
rotation ® of R® *S3, We choose R’ to be a rotation of
R?® given by ®' =7/2 about [/, ]; then the corresponding
rotation of S® is given by 8% =7/2 about [f,]. Thus,
the action of ® on the element of R® *S? produced by
® is the new element

Fr=11,0,74==11,1,7% ~—[i I;
l”——[fz l"——'fJ l” ]
It should be noted that in drawing pictures correspond-

ing to the above operations we do not in any sense con-
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sidev the spaces R® and S® as supervposed. We depict
the space R® with its fixed basis frame [I,],[7,],[1,]
on one sheet of paper, and we depict the space S3 with
its fixed basis frame [7,],[f,], [f,] on a second sheet
of paper. We do not align the bases of the two spaces
in any particular way with respect to one another. It
is only the relationship of triads of vectors {fl,f2,f31L
to the basis of R? and of triads of vectors {ll, 2 I} to
the basis of S® as determined by [7,]-f,=[7;]e, which
is important, and which is preserved by the transform-
ation & of k3 *S3,

One might now imagine that we are through, since we

‘have seemingly accounted for the relation between the

two spaces R® and S3, and found a group of transform-
ations which preserve R® *S2. This is, however, not the
case. We can turn the correspondence (5.50) around and
solve for ® in terms of 8 (as already pointed out). We
will show that this does lead to new transformations of
the space R® *S%. We only summarize the relevant
properties of the anti-isomorphism, since the results
parallel those already given for the 8.

Let
§—®, (5.64a)
be the anti-isomorphism which is established by
[filesl,=[1,]" &7, (5.64b)

for ¢ ,_7 1 2,3, each SGO’;, and for a definite selection

of l L, @SS Then the anti-isomorphism

8~ ®¢ (5.65a)
which is established by

[fj]’SZ§=[Zi]'(R’sf3 (5.65b)

for¢,j=1,2,3, each 8<0%, and 15=8,1;, hence, f}
:(Rsof,- is
8~ Ry =Rgzis s, (5.65¢)

The analogs of Eqs. (5.58) are easily obtained by in-
verting Eq. (5.58¢c): If

8 =rotation of 6 about N, (5.66a)
then
®, =rotation of 6 about -7, (5.66b)
where
EICARALEIVANEAL (5.66c)

in which ll, 12, 13 are regarded as specified.
With each $& Og, we now associate the following trans

formation of the space R® *xS3:
8: R3+S%~R5%S3, (5.67a)

where the action of 8 on an arbitrary element of R® xS3
is defined by

(21, (PN~ (1], @ F))
8: (5.67b)

(71, @) =71, (81),
where

8~ @ (5.8c)
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is the anti-isomorphism determined by Eq. (5.64b). If
we follow 8 by a second transformation 8’, then we ver-
ify that the transformation is that for 8” =8’8.

We now come to one of the principal results of this
lengthy section: For each ® €0} and for each $& O,
we have the opervator identity

[®, 8] =®S -8R =0 (5.68)

on the space R*xS3,

This important result may be proved in several ways.
We choose a method which presents much of the previous
abstract transformation theory in a useful matrix form.

We first observe that the space R® *S? is in one-to-one
correspondence with the set of orthogonal matrices:

R*«S3—{C:CcC=1}. (5.69)

Proof. Given any element of R® xS?, we define the
matrix C by C;;=[1,]+7;=[7;]el,. Conversely, given
any orthogonal matrix . C we define the vectors fl,fz,f3
cR? by f;= > C;;[1,] and the vectors 11» lz,l €83 by
, =2 1.7[f.7] Then the point ([ l] (f))y (VAR (l)) is an
element of R® xS3,

The fact that the space R® xS® can be represented by
the set of orthogonal matrices means that we can trans-
cribe all the previous transformations of the abstract
space into transformations on an orthogonal matrix,
without loss of content.

The transformation (5.61) becomes

6 C-RC (5.70)

for each R0}, and each orthogonal C, where R is the
matrix representing ® on the basis [/].

The transformation (5.67) becomes
$: C~CS, (5.71)

for each 8 0%, and each orthogonal matrix C, where S
is the matrix representing 8 on the basis [f].

The fact that ® and 8 commute is now apparent: First
®, followed by 8, is the transformation
8®: C—(RC)S =RCS;; (5.72a)
first 8, followed by ® is the transformation
®8: C~ R(CS)=RCS. (5.72b)

We denote the group of rotation-inversion transforma-
tions which maps the space R3* S onto itself by the

notation
o0lx0f. (5.73a)

In its action on C, an element of this group may be rep-
resented by an ordered pair

(®,8): R0}, 8<0f, (5.73b)
where the action on C is given by
(®,8): C~RCS. (5.73c)

The product of two such transformations is that of a
direct product.

The emergence of such a simple matrix transforma-
tion property of the space R3* S® is quite satisfying. It
suggests, perhaps; that much of the abstract analysis
of this section could be done away with. We do not be-
lieve this to be the case. Matrix transformations lend
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themselves to many interpretations, and it would have
been nontrivial to start with Eq. (5.73c) and arrive at
the interpretation we have given it (although we now
know how to do this).

E. Transformations of R3 *S3 induced by £Lg

The coordinates which describe the motions of the par
ticles in a polyatomic molecule are now taken to be

{c; )}, (5.74)

where C is an arbitrary orthogonal matrix representing
an element of the space R® *S® and @ denotes the col-
lection of normal coordinates.

We have previously deduced the action of £g on the
normal coordinates:

L£g: Q~ LgQ.

It is somewhat less obvious what the action of £g is on
C. From initial considerations, because C;;=[1,]"%;,
one would be inclined to think that £g induces no trans-
formation of C. This conclusion seems to follow from
the fact that £g leaves the Eckart frame vectors fi in-
variant, and it seems to do nothing to the basis vectors
[1] of R®. The second inference must, however, be
carefully examined. We have emphasized in Sec. IIL.B.
that the § tag on £g does not designate a rotation—in-
version of the space R®, and it does not necessarily fol-
low that £g does nothing to C.

To determine the action of £g on C, we examine the
action of £¢ on the total angular momentum of the par-
ticles:

(5.75)

- makexe (5.76)
Under the action of £g, we have
L :ia-—z (6%2)S 45(9), (5.77a)
v -dx"‘/dt-Z( 7°)S a(8). (5.77b)
It follows that
£q :?-—g§=;(?-f,-)ci,.fi if detG =1, (5.78)

T~=8T=-2Gf)Gi], if detG=—1.
1,]

Since we are not bound to interpreting § as a rotation
of R%, we insist that the action of £g on 7 be such as to
preserve the angular momentum j, i.e., that] and §j
(or —87) are one and the same vector as seen from the
laboratory frame. This can be the case if and only if
£g induces a transformation of the laboratory frame de-
termined by

£9:[Zi]"[2”,
where

(2,1-7=01;

[7,1-7=-1

Thus, we obtain

(5.79a)
]-67, detG=1, (5.79D)
1t

]-67, detG=-1.
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[7;]=detGS[1,;]=(detG)Y_ (CGC);;[1,].  (5.79¢)
7
The action of £g on C is now determined from
Lg:[1,)7,~ (1475, (5.80a)
that is,
£¢:C — (detG)CG. (5.80b)

The nature of the space R® *S? is such that if we change
thebasis of the space R, we must also change the basis of
the space S3. Since the transformation (5.79a)is a change
of basis, £¢ must also induce a change of basis of S3
given by

Lq:[f)~1711, (5.81a)
where

(33]-75 =751 e, (5.81b)
Using Eq. (5.79c), we now calculate

(7] =detGZ GylF], (5.82)

£g:C~ (detG)CG, (5.83)

which agrees with Eq. (5.80b).

We have now proved that £g is a mapping of the space
R® xS® into itself, and that this mapping corresponds to
a change of basis of the space. If we represent an ele-
ment of R® xS3 by C, then C is mapped into (detG)CG.
The action of £g on the coordinates (5.74) is thus ex-
pressed by

£g:(C; @)~ ((detG)CG; LgQ). (5.84)

VI. INVARIANCE PROPERTIES OF THE
HAMILTONIAN OF A POLYATOMIC MOLECULE

In Sec. V, we have discussed various groups of opera-
tors which have an action on the coordinates which are
usually used to characterize the motions of the nuclei in
a polyatomic molecule. We still must relate these
groups to the description of the molecular motions.

This is accomplished by determining the properties
which the Hamiltonian of the physical system possesses
with respect to these groups.

We wish to do this in a general way without going
through a detailed development of the Hamiltonian, using
only general principles. We begin by examining the
physical quantities which enter into the Hamiltonian,
where the physical quantities are to be referred to the
Eckart frame.

The Hamiltonian is made up of a potential energy term
and a kinetic energy term. The potential energy V(Q) is
assumed to depend (in a given electronic configuration)
only on the normal coordinates. The Kinetic energy
term is more complicated, but will be seen to be com-
prised of functions of the normal coordinates {Q}, the
conjugate momenta {P}, and the components of the fotal an-
gular momentum § of the system (Wilson, 1955). These
components are to be calculated relative to the Eckart
frame. We have

'J..=_Zji[i¢]= ZJiﬁ’

(6.1a)
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and the components in question are
Ji=fi'7.

Note that bothﬁ and f: are vectors in the space R®. Thus,

the physical quantities on which the Hamiltonian is de-

fined are certain scalar and pseudoscalar parameters

and the dynamical variables

Jy,dpJ5,1Q@0 { P}

A. Transformations of angular momentum

(6.1b)

(6.2)

Let us next examine the transformation properties of'f
and the J;. The total angular momentum of the system
of particles is given by

N
J=2  mX*xv°,
o=1
where X',%%,...,%" are the position vectors of the parti-
cles relative tothe center of mass andthev!,¥2,... %" are
the corresponding velocities. Under a rotation-inversion
® of the space R3, we have ‘

(6.3)

®R: 'j'-»(R)? if ® is a rotation

i-jift®=9.

(6.4)

Under a permutation ® of identical particles, we have
®:5-3. (6.5)
Under the action of £g, we have from Sec. V.E that

Lg: ] - (detG)g]

=(detG) D~ J,Gy; f; - (6.6)
igo
On the other hand, the Eckart frame vectors behave
in the following manner:

®: f,~®f, if ® is a rotation
fi-—f, if®=9.
For each ® — § of the static molecular model, we have
®: f,~8f,, 80}, (6.8)

where we recall that if § is described in the static model
as a rotation of § about #=3];#,;é,, the definition of
§c 0! is that § is a rotation of 6 about # =3}, f; =R°.
In addition, we know that the operators ,Gs leave the
Eckart frame invariant. )

Using the above information, we may now deduce the
following properties of the J;: For each RE0], we have

(6.7

®R: J;—~J; if ® is a rotation

(6.9)
Ji~=J; if@=9.
For each ® — G, we have
®: I~ 6 1= G, (6.10a)
i
or, equivalently,
Jl. Jl
el J, |-Gl 7, |, (6.10b)
Js Js

where we note that the matrix representing $€0} on the



Louck and Galbraith: Eckart vectors, Eckart frames, and polyatomic molecules

Eckart frame is the same as the matrix G representing
S on the principal axes of the static model. For each
£¢,99(@), we have

L£gt Iy (detG)Z Gyd;, (6.11a)
or, equivalently, '
J, J,
Lgi | J; |~ @etG)G| J, (6.11b)
\Js Js

Note that the matrix (detG)G is always proper, orthog-
onal.

The determination of the transformation properties of
the J; under 8 < O} is somewhat more delicate. First
of all, in our definition (5.36) of the space S, we delib-
erately did not include “molecular vectors” in this space
for the simple reason that such vectors do not undergo
transformations under 8, which by design describes
rotation-inversions of the external world as seen by an
observer in the Eckart frame. This observer, however,
knows that he is in a noninertial reference frame and
that the rotations of the external world which he ob-
serves are, in fact, due to his own motion with respect
to the inertial frame. He takes this into account by con-
sidering that the angular momentum? is a vector be-
longing to the external world, i.e., that the angular mo-
mentum j is given in his space by the vector J defined by

_j=2jizt=z:<]i[f;]»

where the components j; and J; are the same as those
occurring in Eq. (6.1a):

(6.12a)

ji:[zi]'_j.zii.j> (6.12b)
Jizfi ‘-j>=[ﬁ]’j- (6.12¢)

The transformation properties of the J; under 8§ €07
are now easily obtained:

8:d,~[f,]e83=>"s;,J,, (6.13a)
i
or, equivalently,
Jy Jy
8:| J, |- 95| J, (6.13b)
Js J3

It is noteworthy that the group of matrix transforma-
tions on the components J,,J,,J, effected by the {£g}
[cf. Egs. (6.11)] is a subgroup of the group of matrix
transformations effected by the {8} [cf. Eq. (6.13)].

It is also noteworthy that the action of a permutation
® - 8 on the components J,,J,,J; is identical to that of
(detG)Lg-1 [compare Eqgs. (6.10b) and (6.11b)]. This
result implied that the action of any element & of the
group of feasible opevators on J,,J,,d, is precisely that
of the corresponding £g-1. This corresponding £g-1
is determined as follows: The static model establishes
the one-to-one correspondence ® -—§ between certain
elements of the permutation group and the S&G(@). If
detG =+1, thenF =@ and the § in £¢-, is the § corre-
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sponding to ®; if detG=~1, thenF =9, and the § in
£g -1 is the § corresponding to ®.

B. Invariance group of the full Hamiltonian

We are now prepared to discuss the invariance proper-
ties of the Hamiltonian of a polyatomic molecule. We
present this discussion from two points of view, the
first one following, more or less, traditional concepts
regarding the role of the point group, and the second one
following, more or less, new concepts regarding the
role of the group of feasible operators (Longuet-Higgens,
1963; Hougen, 1975).

A result common to each viewpoint follows from prop-
erty (6.9) and the fact that the normal coordinate, hence,
also the conjugate momenta, are invariants under each
REOL: Any Hamiltonian built out of the physical quan-
tities J,,d,,d4,1Q}, {P} is automatically invaviant under
each votation & of the space R®. The Hamiltonian must,
of course, also be invariant under the inversion of R3.
This implies either that the Hamiltonian is quadratic in
the J; or that terms linear in J; are multiplied by quan-
tities which are pseudoscalars under < 0%. It is the
latter situation which prevails. These results imply that
the rotation-inversions of the space R® play no role in
the subsequent discussions of the invariance properties
of the Hamiltonian.

The traditional viewpoint (Wilson, 1955) holds that the
Hamiltonian must be invariant with respect to the group
of operators {£g}. The basis for this principle is clear:
These operators generate internal motions of the parti-
cles which are compatible with the Eckart frame, and
the Hamiltonian which describes these motions must
accordingly be invariant—it is the largest group pos-
sessing this property which can be derived from a group
which preserves the geometry of the static model.

The second viewpoint (Longuet-Higgens, 1963; Hougen,
1975) holds that the Hamiltonian must be invariant under
the elements of the group of feasible operators. How-
ever, since the action of a feasible operator & on the set
of normal coordinates, the conjugate momenta, and an-
gular momenta given by (6.2) is expressed by a Lg-1, it
follows that the two viewpoints coincide insofar as the
tnvariance propevities of the Hamiltonian ave concerned.
This should come as no surprise in view of Eq. (5.14).
The “rotational part” of a feasible operator is “wiped
out,” not only in its action on a normal coordinate [0}
scalars], but also in its action on the .©} pseudoscalars
Jl’JZ’J3'

We have now proved the result: The invariance group
of the Hamiltonian of a polyatomic molecule is the divect
product group 03 X {Lg}.

We hasten to note that while invariance under the group
of feasible operators and the group {£9} imply the same
properties for the Hamiltonian, this does not mean that
there is no distinction in the consequences of these in-
variances. This is so because the action on coordinates
of operators taken from these two groups is distinct.
Let us develop these properties explicitly.

C. Transformation of coordinates

The coordinates of the molecular problem are the
quantities in the set
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{(c; )}, (6.14)

where C is an arbitrary orthogonal matrix representing
an element of the space R®* S®, and @ denotes the set of
normal coordinates.

The action of a permutation ® -~ § on the coordinates
(6.14) is obtained from Eq. (5.17):

®: (C;Q)—~ (G'C; Lg1Q),

where G’ is the matvix representing 96('); on the basis
[[]. For 0! we have

9: (C;Q)~ (-C;Q). (6.15b)

These two results allow us to write out the action on the
coordinates of any element of the group of feasible op-
erators. Observe that it is intrinsic to the definition of
a permutation that the § occurring in @ = (8, Lg-1) [cf.
Eq. (5.20)] is an element of O},

The action of £g on the coordinates (C; @) was deter-
mined in Sec. V.E:

£g: (C;Q) = ((detG)CC; LgQ) -

(6.15a)

(6.16)

In the quantum mechanical description of the molecule,
the wave functions describing a given state of energy will
undergo different types of transformations under the
induced action of operators drawn from the group of
feasible operators and those drawn from the group {£¢}.
We will develop the details of these transformations in
a subsequent paper, but the principal result may already
be anticipated: The group of feasible operators has
little to do with the molecular motions problem—it is
the key concept in implementing the Pauli principle.

D. Larger symmetries and symmetry breaking

In Sec. V.D, we introduced a group of transformations
0% % 0% on the space R®*S%. The action of an element of

the group on C was that of a direct product group:
(®,8): C—~ RCS. (6.17)

In Sec. V.A, we also intrbduced the group of transfor-
mations G(O) with elements L{R} whose action on the
normal coordinates is symbolized by

Liry: @ = Lir)@ .

We may consider the ordered triplet of operators

(6.18)

(®,8, Ligy) (6.19a)
to be an element of the direct product group
0lx0ixc ), (6.19b)

where we recall that G(0) is itself a direct product group
G(©0)=1I1 ,;0,. The action of the group element (6.19a) on
the coordinates (C; Q) is defined by

®,8, Lizp): (C; Q)= (RCS; Liz)Q),

where we recall that R is the matrix representing ® on
the basis [{], and S is the matrix representing 8 on the
basis [f]. (The {R} subscript on L has nothing to do
with the matrix R representing |R.)

One readily proves that the product rule first
(®,8, Lz} followed by (®’,8’, L{z:1) defines the direct
product multiplication

(6.20)
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®', 8", Liz ))&, 8, Liz)) = (R'R, 8’8, Ligig) .  (6.21)

What is the role of the group (6.19) in the molecular
problem? The answer is to be found in perturbation
theory. One expects the Hamiltonian H to be approxi-
mated to zero order by an H, which is a pure rotational
part plus a pure harmonic motion part (Casimir, 1931).
If the rotator is spherical, then the group (6.19b) with
elements (6.192) is the invariance gvoup of the Hamil -
tonian H,.

Suppose further that the molecule is in a mode of ex-
citation such that the principal perturbing term is
(Jahn, 1935, 1939)

H =t L +J, L, +d,L;), (6.22)

where (L,, L,, L,) are the components of angular momen-
tum carried by a triply degenerate mode of oscillation.
Then the invariance group of H,+H, is the following
subgroup of the group (6.19b):

0:x0@0,XxG' ),

where the new symbols have the following meaning:
G'(0) includes all products in the direct product group
given by Eq. (5.5), except the O, which is the invariance
group of the 3-dimensional oscillator which carries the
angular momentum (L,, L,, L;); the symbol 0@ 0O, des-
ignates the so-called diagonal subgroup of 0% X 0,—it is
the group consisting of the pairs (8, Lg), where the sub-
script S is the matrix representing 8 on the basis [f]
The corresponding transformation properties of the
angular momenta occurring in H, are

(6.23)

g 7,\ _
8:{ J, |-S| I, |, (6.24a)
A A
L, L,
Le:| L, |-s| L, (6.24b)
L, L,

Thus, H, is invariant.
Let us now examine the relation of the invariance group
04X {£g} of the full Hamiltonian to the group (6.19b).
The elements of 0! X {£9}' are the ordered pairs
@®, L) . (6.25a)

The action of this element on (C;Q) is [cf. Eq. (6.16)]

@&, Lg): (C;Q)~ (RCS' (9); LgQ), (6.25b)
where we have written
S’(8) = (detG)G . (6.25¢)

Comparing this result with Eq. (6.20), we see that as
matrix transformations on the coordinates (C;Q), the
transformations (6.25b) ave a subgvoup of the matvix
transformation on (C;Q) given by (6.20). This result
should not be too astonishing in view of the fact that the
group of (passive) transformations {£g} on the basis
of R®* S% is isomorphic to a group of (active) transfor-
mations on the vectors of R3* S3,

Let us introduce the following notations: G(®) denotes
the subgroup of transformations, G@) C G(0), on the
normal coordinates given by @ — LgQ, each $§€ G(®)
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[cf. Eq. (5.7)]. G’ denotes the subgroup of active trans-
formations, G'C 0% of R® *S® such that 8'(§)€ G’ has the
action

8'(8): C-CS'(9), (6.26a)
where )
S'(8) =(detG)G . (6.26b)

Then the invariance group of the full Hamiltonian can be
taken to be

(6.27a)

0, * G XGR)
with elements
®,8'(8),Lg). (6.27b)

The action of an operator (6.27b) on the coordinates
(C;Q) is given by Eq. (6.20); it coincides with the action
of ® and £g. By design it transforms the Hamiltonian
H in the same manner as do ® and £g.

We also note that the group of permutations ® — §
(hence, the group of feasible operators) also draws its
operators from the set (6.20), since

® =8, E,Lg-1), (6.28)

where E €0 is the identity operator.
From the viewpoint of perturbation theory, the struc-
ture

0, *G' XGR) C O, *04XG(0) (6.29)

defines completely the general structure of the poly-
atomic molecule Hamiltonian. The problem is con-
veniently phrased in a language which suggests alterna-
tive algebraic methods (Biedenharn and Gamba, 1972;
Louck, 1974; de Vries and van Zanten, 1974) of solu-
tion: The zero-order Hamiltonian is invariant under

oL 0% X G(0); the most general interaction occurring in
the full Hamiltonian must be a tensor operator with re-
spect to the group Oé *0§X G(0) and an invariant with re-
spect to the subgroup 0. * G X G(Q). [Quite naturally
subgroup structures which lie between the two extremes
of Eq. (6.29) are also of interest.]

' In the quantum mechanical case the theory of irreduci-
ble tensor operators (Wigner, 1940; Racah, 1942; Rose,
1957; Edmonds, 1957; Fano and Racah, 1959; Bieden-
harn and van Dam, 1965) of the orthogonal groups O, and
0,, and the couplings of such operators, are therefore
essential ingredients of the theory of many (Wilson,
1934) polyatomic molecules (Hecht, 1960,1960a; Moret-
Bailly, 1959, 1961,1965; Michelot ef al., 1974,1974a;
Griffith, 1962).

It is particularly appropriate to note here CarlEckart’s
contribution to the theory of tensqr operators (Eckart,
1930).

VIil. CONCLUDING REMARKS

This brings us to the conclusion of what has been es-
sentially a classical discussion of the vibration-rotation
aspects of polyatomic molecules. However, the invari-
ance properties of the quantum mechanical Hamiltonian
are the same. Furthermore, since we know how the co-
ordinates transform under the various groups, we also
know how to define (Wigner, 1959) the induced action on
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wave functions. We thus have available the full appara-
tus for studying the quantum mechanical problem from
the viewpoint of the group transformations themselves.

This procedure leads to new insights into the anoma-
lous commutation rules (van Vleck, 1951) of the angular
momenta components J,,dJ, J, as well as to a better
understanding of the angular momentum coupling rules
for molecular angular momenta, the modifications of the
Racah-Wigner tensor calculus, the transformation prop-
erties of wave functions, and the calculation of statistical
weights (Wilson, 1935; Longuet-Higgens, 1963; Bunker
and Papousek, 1969; Hougen, 1971; Oka, 1973; Hougen,
1975). We plan to carry out this study in a paper to be
published elsewhere.

Finally, we would like to make some admittedly specu-
lative remarks concerning nonrigid molecules (Longuét—
Higgens, 1963). It is fairly clear from the generaliza-
tions of the transformations (3.18) along the lines indi-
cated by Eq. (3.23) that the theory we have presented has
a generalization to nonrigid molecules.

It appears that such a theory would involve the use of
several Eckart frames; certain “local” Eckart frames
would be defined from the position vectors of those nuclei
which seem to comprise “rigid molecular substructures”;
yet another “principal” Eckart frame would be defined on
the position vectors of the center of mass vectors of the
“rigid molecular parts” of the composite molecule. In-
teractions between the various Eckart ‘frames would pro-
vide the mechanism for torsional interactions, etc.

We are not certain that a meaningful physical theory of
the above type can be built, but it seems worth consider -
ing. It could provide a rigorous basis for the highly de-
scriptive ideas of Longuet-Higgens (1963).
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