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Liquids exist in a relatively small part of the enormous range of temperatures and pressures existing in the
universe. Nevertheless, they are of vital importance for physics and chemistry, for technology, and for life
itself. A century of effort since the pioneering work of van der Waals has led to a fairly complete basic
understanding of the static and dynamic physicochemical properties of liquids. Advances in statistical
mechanics (the fundamental formulations of Gibbs and Boltzmann, integral equations and perturbation
theories, computer simulations), in knowledge of intermolecular forces, and in experimental techniques;
have all contributed to this. Thirty years ago the very existence of liquids seemed a little mysterious; today
one can make fairly precise predictions of the solid —liquid —gas phase diagram and of the microscopic and
macroscopic static and dynamic properties of liquids. This paper is a survey, with particular emphasis on
equilibrium properties, of the theory which underlies that basic understanding, which is now at least
comparable with our understanding of the physics of solids.
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LIST OF ABBREVIATIONS USED IN TEXT
BFW
BG
BH
BH1, BH2

CS

EXP
GH

GMSA
HNC
HNC2
HS
HTA

K
lc
LEXP
LHW
MC
mc
MD
MSA
OCT
ORPA
OZ
PY
PY2
RDF
RISM
SA
SPT
SW
vdW
VW

I. INTRODUCTION

Barker —Fi,sher —Watts (potential for argon)
Born —Green (theory or equation)
Barker —Henderson (perturbation theory)
First-order and second-order Barker —Henderson
perturbation theory
Carnahan-Starling (equation of state for hard
spheres}
Exponential (approximation)
Grundke —Henderson lparametrization of hard-
sphere y(~)]
Generalized mean spherical approximation
Hyper-netted chain (theory or equation)
An extension of the hyper-netted chain theory
Hard sphere
High-temperature approximation of Weeks —Chand-
ler —Andersen
Kirkwood {theory or equation)
Local compressibility (approximation)
Lineariz ed exponential approximation
Longuet —Higgins and Widom (equation of state)
Macroscopic compressibility (approximation)
Monte Carlo (method)
Molecular dynamics (method)
Mean spherical approximation.
Optimized cluster theory
Optimized random phase approximation
Ornstein —Zernike (equation)
Percus —Yevick (theory or equation)
An extension of the Percus —Yevick theory
Radial distribution function
Reference interaction site model
Superposition approximation
Scaled-particle theory
Square-well potential-
van der Waals (theory or equation of state)
Verlet —Weis (parametrization of hard-sphere rad-
radial distribution function)
Weeks —Chandler —Andersen (theory)

for the actually spherical rare gases, only one kind of
disorder is possible, namely disorder of translational
motion. For molecules which are far from spherical
there is also the possibility of rotational disorder.
This may occur in a crystal which retains translational
order (plastic crystals). On the other hand, rotational
order may persist in a temperature range where there
is translational disorder; in this case one is dealing
with "liquid crystals, ,

" and many kinds of phases (ne-
matic, smectic, cholesteric) are observed (Stephen
and Straley, 1974).

The aim of the physics of liquids is to understand why
particular phases are stable in particular ranges of
temperature and density (phase diagrams; Fig. 1), and
to relate the stability, structure, and dynamical prop-
erties of fluid phases to the size and shape of mole-
cules, atoms, or ions and the nature of the forces be-
tween them (which in turn are determined by the elec-
tronic properties). For ordinary liquid phases we now
have excellent qualitative understanding of these ques-
tions, and in simple cases this can lead to fairly
rigorously quantitative predictions. For systems such
as liquid crystals, rigorous fundamental theory is at
an earlier stage, and we shall have relatively little to
say on this subject. A full account of current phenom-
enological and semiphenomenological theoretical ap-
proaches to liquid crystals is given by Stephen and Straley
(1974).

The interactions which determine the bulk properties
of matter are basically electromagnetic, and in fact,
apart from small relativistic and retardation effects,
electrostatic in character; they arise from the Cou-
lomb interactions between nuclei and electrons. Thus,
one way to attempt to predict the properties of a liquid
(or solid or gas) would be to solve, subject to appro-
priate antisymmetry conditions, the many-body Schro-
dinger equation describing the motion of the nuclei and

The existence of matter in three different phases
(solid, liquid and gaseous phases) is a fact of every day
experience. Solids are rigid and give sharp Bragg re-
flections in a diffraction experiment, demonstrating an
ordered arrangement of atoms or molecules. Liquids
and gases are fluid; they will flow under a shear stress
however small. Further, in diffraction experiments
they give no sharp Bragg reflections but diffuse rings,
showing that there is no long-range ordered arrange-
ment of molecules. Thus, there is a clear distinction
between solid and fluid (though this is somewhat blurred
by the existence of glasses and amorphous solids). On
the other hand, there is no such qualitative distinction
between liquid and gas. Van der Waals pointed out ex-
plicitly the continuity of liquid and gaseous states. At
temperatures below the critical temperature two fluid
phases can coexist in equilibrium: the denser phase is
called liquid, and the less dense phase is called gas.
Above the critical temperature, coexistence of fluid
phases is not observed. One can pass continuously
from low-temperature gas to low-temperature liquid
by heating above the critical temperature, compress-
ing, and cooling. The difference between liquid and gas
is essentially a difference in density.

For roughly spherical molecules, and in particular

Melting Solid

Freezing
Liquid
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FIG. 1. Phase diagram for the 6—12 Quid, as calculated by
Hansen and Verlet {1969) {solid lines), and for argon (dashed
line and circles). The comparison assumes e/k =119,8 K, o.

=3.4o5 A.
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electrons

qq; 68

in which the sums are taken over all nuclei and elec-
trons with appropriate masses m,. and charges q,
Needless to say this would be an exceedingly difficult
task I

Fortunately, there are a number of important sim-
plifications most of which arise from the fact that nu-
clei are much heavier than electrons. The first is the
Born —Oppenheimer (1927)approximation according to
which we can solve the electronic problem for a static
configuration of the nuclei, thus deriving a potential
energy function U depending only on the nuclear coor-
dinates, which can in turn be used to describe the nu-
clear motions. In fact, if we are prepared to deter-
mine this potential energy function experimentally (or
semiempirically) we can bypass the electronic problem
completely, though naturally we would like to confirm
at least for a simple test case (e.g. , the helium —heli-
um interaction) that solving the electronic Schrodinger
equation leads to results in agreement with our experi-
mental determination.

A second simplification arises from the fact that the
forces between molecules are often much weaker than
intr~molecular forces between atoms. Thus for rela-
tively rigid molecules we can often make the approxi-
mation of ignoring any coupling between intramolecular
vibrations and motions of the molecule as a whole, at
least in considering many thermodynamic and trans-
port properties (in spectroscopic studies, for exam-
ple, we can certainly see intermolecular effects on
intramolecular vibrations, and this is an important
experimental probe). In the simplest case (rare
gases) this question does not arise. For more com-
plex molecules this approximation means that we can
treat the molecules as rigid, and consider the poten-
tial energy function UN as depending only on the posi-
tions r, of the center of mass (say) of the molecules
and their orientations 0;

P =
~N exp[j3 (N p, o —H~)]. (1.4)

In this equation lz is Planck's constant, P = I/k~T, ks is
Boltzmann's constant, T is the temperature, p, o is the
chemical potential, and f the number of degrees of
freedom per molecule (3 for atoms in three dimen-
sions, 6 for an asymmetric rotor). The q,. are gener-
alized coordinates (center of mass coordinates and
possibly angles) specifying the position and orientation
of the molecule. By dq, we mean an f-dimensional
volume element in the generalized coordinate space of
molecule 1; the p, are the momenta conjugate to the q, .
The Hamiltonian of the N-body system is HN

&N= TN+ UN (1.5)

where T~ (not to be confused with the temperature T) is
the kinetic energy, and U„ the potential energy. The
normalizing factor = is the grand partition function,
given by

exp N po
Nt

x . . . exp[ pH„]dq, —. . .dq~ dp, . . .dp„.
VgA

in which the first term is a sum of pgix interactions,
and the second a sum of triplet interactions (which may
be chosen to vanish whenever one of the molecules is
very distant from the other two). In the case of the
rare gases, it appears to be a good approximation to
neglect all terms beyond the triplet term in (1.3), and
the effects of the triplet term on thermodynamic prop-
erties ean be included by perturbative techniques.
Whether this will prove to be true for all liquids re-
mains to be seen.

We shall use the grand canonical ensemble which is
most convenient for deriving theoretical results (Bax-
ter, 1971). In this ensemble the probability of finding
N molecules with coordinates in elements dq, . . .dqN

q1'' qN and momenta indp, . . .dpN a" p1'''pN
P(dq, . . .dq~)(dP, . . .dP~) with

F N( 1 1 ' ' F E) (1.2) (1 6)

+ ~ ~ ~ (1.3)

Of course, this approximation would not be made in
studying molecules with relatively free internal rota-
tions (e.g. , polymers).

A third simplification, also arising from the rela-
tively large masses of the nuclei, is that in many
cases we can describe the behavior of the molecules
by cl~ssic~l mechanics and clgssic~l statistical
mechanics, supplemented where necessary by quan-
tum corrections (which are discussed in Sec. III.B.5).
This procedure is certainly inadequate for helium and
hydrogen at very low temperatures, but probably ade-
quate for most other liquids.

A further simplification arises from the fact that
intermolecular potential energies are, to a first ap-
proximation, additive. Thus, the potential energy
function UN may be written as

U~ = Qu2(r, , 0, ; r~, Q~)+ Q u3(r), Q), r~, Q~, r~, Q~)
i&g&k

The relation with thermodynamics is given by (Kittel,
1958)

pV= u~r ln=. (1.7)

x ' . . . exp — U„dr1 . . . r„d
(1.8)

Here dQ, is the volume element in the space of rota-
tions of molecule i [cf., Kirkwood (1933b)]. For con-

We will assume that the volume & is very large, to
avoid the necessity of reiterating that the limit V- ~ is
to be taken. Because the kinetic energy depends quad-
ratically on the momenta, the integration over the p& in
(1.6) can be performed immediately for rigid molecules
[similarly (1.4) can be integrated over momenta]. The
result is

g exp[PA p.]
Nl

Rev. Mod. Phys. , Voa. 48, No. 4, October t976
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venience we will assume d&,. to be normalized so that
fdQ is 1. (Thus, for an axially symmetric molecule
with the direction of its axis specified by a polar angle
8 and azimuthal angle @, dQ would be sin8 d 8 d@/4n. )
The quantity p in (1.8) is equal to p, + In[(2mmksT/
b')'t'Z, ', t] in which Z,'„ is the free-rotator partition
function for one molecule (Landau and Lifschitz, 1969),
m the molecular mass, and v the dimensionality of the
space. We shall eall p, (as well as p,,) the chemical
potential; it is referred to a zero or reference state
different from that for p,

Using (1.7) and the momentum-integrated form of
(1.4) we see that. the probability density P' that L par-
ticular molecules lie in the elements dr, . . .dr~
dQ, .. .dQ~ is given by 3.0 4.0 5.0 6.0

I

7.0

~ exp[Nj3 p.]
A, T t

exp[ —P U~]drz ~~. . .dr~ dQ~~ ~ ~ ~ dQpr ~

(1.9)

However, there are N(N —1).. . (N —L+ 1) different sets
of molecules which ca.n occupy the volume elements, so
that the total probability density that any L molecules
occupy these elements is given by

R{A)

gs(~„)= g(1, 2)dQ, dQ, . (1.12)

FIG. 2. Radial distribution function of liquid argon at 85 K
(Yarnell et al . , 1973}. Solid curve, from neutron diffraction
experiment. Circles from Monte Carlo calculation using BFW
potential of Barker et al . (1970}with three-body and quantum
corrections. The values calculated by Verlet (1968}with the
6—12 potential are indistinguishable from the latter values on
the scale of the plot.

= p g(rg ~ Qy i ~ ~ ~ !rr, ~ Qz )

~ exp[Npp, ]
~~0 (N —L)!

(1.10)

To avoid ambiguity in the case of nonspherical mole-
cules we have denoted the radial distribution function by
g, (indicating that g has been spherically averaged) and
the pair distribution function by g. The distinction is
unnecessary for spherical molecules.

The function h which is equal to g —1 is called the net
or total correlation function. It is customary to define
the dA'ect correlation func'tion c by means of the Orn-
stein —Zernike (1914) equation [as generalized for rigid
nonspherical molecules by Workman and Fixman (1973)]

The functions n' '(r, , Q, ;.. . ; r~, Qz, ) and

g(r, , Q„.. . ; r~, Q, ) are both called I particle distribu-
tion functions. For a uniform isotropie fluid, n"'(r„Q, )
is just the number density p or (N)/V, where (N) is the
average number of molecules (recall the normalization
of dQ). Also in a uniform isotropie fluid, n~" (r„Q„.
r„Q,) will depend only on the distance x»= lr, —r, and
the orientations of the molecules with respect to one
another and the direction of r, —r, . The p~A' disA ibu-
tion function g(1, 2) =g(r„Q, ;r„Q,) is of particular im-
portance. The pair distribution function approaches 1
as the distance becomes large. For spherical mole-
eules g(1, 2), a function of distance alone, is called the
radial distribution function, and can be determined ex-
perimentally from neutron or x-ray diffraction experi-
ments. The radial distribution function determined by
neutron diffraction for argon in conditions close to its
triple point (Yarneil et al. , 1973) is shown in Fig. 2.
Its Fourier transform is the static structure factor
(Chen, 1971) defined (for spherical molecules) by

S(lkl) =1+p l exp[ik r]g(w)dr.

h(r, , Q, ; r2, Q, ) = c(r„Q„.r„Q,)

+ p k(r, , Q, ; r„Q,)c(r„Q„r„Q,)dr,dQ, .

(N) = ksT 8 ln. /8 p, ,

and on differentiating again, that

(1.14)

y T =(N2) (N)2
9p,

From the definition of rs",n"' it follows that

(1.15)

I
n'"(r, , Q, ;r„Q,)dr, dr, dQ, dQ, =(N(N —1)), (1.16)

and

(1.13)

From Eqs. (1,4) and (1.6) we see that the average num-
ber of moleeules [using angula. r brackets () to denote
ensemble averaging, that is averaging with the probabil-
ity density of (1.4)J is given by

For nonspherical molecules we can define the radial
distribution function by whence

n"'(r„Q, )dr, dQ, = (N), (1.17)

Rev. Mod. Phys. , VoI. 48, No. 4, October 1976
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[n'"(r„Q„r„Q,)

—n"'(r„Q,)n"'(r„Q,)]dr,dr, d Q„dQ,

becomes

exp[PN p, ]

But we have

=(N') -(N)' —(N). (1.18) x . . . exp —p U~ kB T 2+ U~ dr, . . .dred 0, .. .dQ~.

(1.21)

The first term in- curly brackets represents the kinetic
energy. For pair additive potentials [Eq. (1.3) with
triplet and higher terms omitted)] the second term
gives N(N —1)/2 equal integrals, each of which can be
written in terms of n~"(r&, Q,. ;r&, Q;) by virtue of (1.10).
Thus, we find the result

Combining this with Eq. (1.18) we find

(1.19) U& /(N) =fk~T/2+ —p ' g(x», Q„Q,)u(r„Q, ; r„Q,) dr, .

(1.22)

=1+(N) ' [n'"(r„Q„r„Q,)
—n"'(r, , Q, )n"'(r„Q,)] dr, dr2dQ, dQ„

This is the enexI, y equatio~, which provides another
route to thermodynamic properties.

We will also derive an expression for the pressure.
To do this we follow the method of Born and Green
(1947)and introduce in (1.8) a change of variables r,

V'l"s Then we find

= 1+p II(x», Q„Q,)dr2dQ, dQ, . (1.20) exp[PN p]V"
~=0

This is the well-known "compress' bility equation"
which relates thermodynamic properties to g or h.
Note that this result is independent of any special as-
sumptions such as pair additivity about the potential
function. It is also valid for an oriented fluid (liquid
crystal).

The thermodynamic internal energy U, is simply the
average of the total energy H„; using (1.4) and (1.8) this

exp[ —p U„(V'~'s,. ; Q&)] ds, . . .ds~dQ, . . .dQ~.

(1.23)

The region of integration D is now independent of vol-
ume (it may be considered, for example, as a sphere of
unit volume centered on the origin). We can now dif-
ferentiate the logarithm of (1.23) with respect to vol-
ume, to find

9 ln. exp[pNiI]VN
V

~, r ~0
exp[ —p U„(p '~"s, , Q, )] N — g V 's, ~ V, U„ds, . ..ds„dQ, . . .dQz

1
r) ' V(U

VkBT
(1.24)

Here V, U„ is .the gradient of the function U„with re-
spect to r, . But (9 ln" /s V)» is just p/ksT, so this be-
comes

or
2 r

= p —
J (r, —r, ) ~ V,u(r„Q„.r„Q,)

B P B
pV
k T

1
r; ' V]U~

VkBT
(1.25)

(1.26)

so (1.25) becomes

1
(rg —rI) ' Vgu(rI q Qg q rI q QI

Vk'B T

=(N)
l~

n'"(r„Q„r„Q,)
2VkB T

x (r, —r, ) ' V,u(r, , Q„r2, Q,)dr, dr+Q, dQ2 (1.27)

This is known as the vA"ial expression for the pressure
since it can also be derived from the mechanical virial
theorem of Clausius. It is also called the pressure
equation. For additive pair potentials we must have

VIu(rI q. Q) q rI q QI) = —V) (r) ~ Q) q rI q
Q .)

= p — xu'(x) g(x)dr.
B B

(1.29)

For the hard-sphere potential which is + ~ for x& d
and 0 otherwise, this becomes (in three dimensions)

p p dkT6„ch= p+ —4m —[exp[-Pu(x)3]~' (~y)dy

(1.30)=&+
3

d'p'y(d),

where y(r) =g(I') ezq/3u(x)) is a continuous function.
The second form follows since exp-Pu(y)] is a unit
step-function of (x —d), so that its derivative is a 5

xg(x», Q„Q,)dr,dQ, dQ . (1.28)

For spherical potentials this is

Rev. Mod. Phys. , Vol. 48, No. 4, October 1976
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function. The corresponding result in two dimensions
1S

= p+ p'y(d).p 7jd (1.31)

Equations (1.30) and (1.31) are often written with g(d)
instead of y(d). If this is done, strictly speaking it
should be lim, „og(d+ e) which is used. However, this
more rigorous notation is rarely used.

It is appropriate to mention here the principle of cor-
responding states, which is remarkably useful in cor-
relating the properties of fluids. The basic idea is that
if several substances have potential functions of the
same form, differing only in scale factors of energy
and length, then their properties are identical when ex-
pressed in appropriate units. A very full discussion is
given by Scott (1971); the earliest derivation from sta-
tistical mechanics was that of Pitzer (1939).

Suppose that several substances (X = 1,2. . . ) have po-
tential functions of the same general form

Us(r, Q) = &~UN(r/v~, n~, P ~, .. .), (1.32)

where &~ and 0~ are dimensional constants with the di-
mensions, respectively, of energy and length, and
o.~,P~ are dimensionless parameters [an example is the
reduced three-body parameter v* discussed in Sec. II;
see Barker et al. (1968)]. Then one ean introduce
changes of variable in the expression for the partition
function to show that, for example, pV/Nks T is a uni-
versal function of reduced density p*= (No~'/V), re-
duced temperature T*= (ksT/e~), and of the dimen
sionless parameters n~„P~.. . This will be discussed
in connection with potential energy functions in Sec. II.
A full account of the principle and its extensions is given
by Pitzer and Brewer in Lewis and Randall (1961).

After considering intermolecular forces in Sec. II, we
will discuss computer simulations (Monte Carlo and
molecular dynamics methods) in Sec. III, and show that
these methods give excellent agreement with experi-
ment provided that sufficiently realistic (and compli-
cated) potential energy functions are used (See. III.D.3,
III.D.4). Since the computer simulation methods have
been validated in this way, it is often convenient to test
other theoretical methods by comparing their results
for simple model potentials with the results for the
sznl, e potentials calculated by the simulation methods.
In this way uncertainties due to the adequacy or inade-
quacy of potential functions are avoided. It is to be
emphasized that the justification for this procedure
rests on the validation of the simulation methods by
comparison with experiment and on their firm founda-
tions in the principles of statistical mechanics. With-
out the stimulus and firm knowledge provided by com-
puter simulations, the theory of liquids would have
developed very much more slowly.

Density expansions are developed in Sec. IV. Al-
though these expansions are most useful at low densi-
ties, they are instructive in the theory of liquids be-
cause many of the theories of the pair distribution
function developed in Sec. VI can be derived conve-
niently from these expansions.

Before developing these theories of the pair distribu-
tion function, the scaled-particle theory is discussed in

Sec. V. This theory gives good results for the equation
of state of hard spheres. It was the first theory to give
accurate results for a dense fluid and is presently the
only convenient and accurate theory of a fluid of hard
convex molecules.

The distribution function theories are developed in
Sec. VI. Most of the work on the theory of liquids, at
least until the last decade, has been concerned with
these theories. One of these theories, the Percus-
Yevick theory, has been very useful for the hard-
sphere fluid. Unfortunately, these theories have been
less successful so far for fluids in which attractive
forces are present. We discuss methods of extending
these theories so that better results can be obtained for
fluids with attractive forces.

The most successful class of theories both from the
point of view of numerical accuracy and of intuitive
appeal are the perturbation theories developed in Sec.
VII. These theories, developed largely in the last
decade, explicitly demonstrate the usefulness of the
concept of the continuity of the gas and liquid states
discussed earlier. Liquids such as argon are, to a
good approximation, a gas of hard spheres moving in
a uniform background potential which results from the
nonhard-core part of this potential.

Cell or lattice theories are discussed in Sec. VIII.
Until recently, these methods were thought to be ap-
propriate to solids and inapplicable to liquids. How-
ever, recent advances indicate that this is probably not
so. This method may also provide the basis of a sys-
tematic theory of liquids and has the specific advantage
of leading to a theory of freezing (or melting). However,
the mathematical use which we make of "cells" and "lat-
tices" should not be taken as implying that such struc-
tures have real existence in liquids. The evidence
against such a view is given with great cogency in the
work of Hildebrand and his colleagues (Alder and Hilde-
brand, 1973; Hildebrand et ai. , 1970).

The over-all situation in the theory of liquids is that
we have a good deal of insight into the factors which
determine the structure and thermodynamic properties
of liquids. We have integral equations (Percus —Yevick,
etc.) for the distribution functions which give excellent
qualitative and fair quantitative results. We have per-
turbation theories and ultimately computer simulations
which can make precise predictions. There are possi-
bilities for improving theories such as the Percus-
Yevick theory. However, one might question whether
this has reached the point of diminishing returns for
spherical molecules in light of the additional insights
to be gained. For nonspherical molecules, electro-
lytes, liquid metals, quantum liquids, etc. , much more

— remains to be done.
This review concludes with a brief discussion of the

gas-liquid interface, and of the theory of the surface
tension of a liquid.

We have not included a discussion of the theoretical
aspects of the dynamical properties of liquids or of the-

critical point region as each is a major field in itself.

I I. INTE RMOLECULAR FORCES
As we have seen, the most direct way to determine

the potential energy function U„(r„Q,;.. . ; r~, 0„)
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would be to solve the electronic Schrodinger equation
for all relevant values of the molecular coordinates.
For solids (at least undistorted lattices) this is not
necessarily an impossible task —it is the aim of elec-
tronic solid state theories. However, to attain the ac-
curacy required for meaningful thermodynamic calcula-
tions it is necessary to take account of electro+ corre-
lation effects, and this has not yet been done by com-
pletely ab initio quantum-mechanical methods. The co-
hesive forces which bind nonpolar molecular crystals
and liquids are largely intermolecular electron corre-
lation effects, and are not included, for example, in a
Hartree —Fock calculation, whether for two molecules
or for the whole crystal. However, there are certain
approximate quantum-mechanical methods which have
been used with some success. Trickey et pl. (1973)
used the "augmented-plane -wave statistical-exchange"
method to calculate apparently reasonable binding ener-
gies and pressures for undistorted rare-gas crystals.
Similar calculations have not yet been performed for
distorted crystals (these would be required to permit
the study of phonon effects, etc. arising from zero-
point vibrations or nonzero temperature). Similar cal-
culations for liquids, with complete absence of sym-
metry, seem to be much further down the line.

With this in mind we return to Eq. (1.3), which ex-
presses the total potential as a sum of terms arising
from pairs, triplets, ' and so on of molecules. The pair
term can, of course, be determined from calculations
or measurements on two molecules, the triplet term
from additional calculations or measurements on three
molecules. Even the pair calculation poses difficulties
for gb initio quantum mechanics. Liu and McLean
(1974, 1975) have performed large configuration inter-
action calculations on the system He+ He and derived
an interatomic potential energy function which is in
really excellent agreement with the best experimental
estimates (Burgmans et al. , 1976) of this function (see
Fig. 3). From the point of view of the physical chemist
this is a milestone in the computational use of quantum
mechanics) .It is a little sad that we cannot proceed to
make precise calculations of the phase diagram and
properties of liquid helium, thus completing the bridge
from Schrodinger equation to phase diagram for one
substance. This is not yet possible (except at T=O;
see Sec. III.B.5) because the atomic motions in liquid
helium are highly quantum-mechanical and exchange
effects are very important below the X temperature.
Thus, liquid helium is a special problem which we
shall not discuss further; a recent review with detailed
references is given by ter Haar (1971). Nevertheless,
the work of Liu and McLean is a valuable copfirmation
of present-day experimental methods for determining
potential energy functions.

Similar calculations have not yet been performed for
pairs of more complex atoms or molecules (nor for
three helium atoms). Gordon and Kim (1972) and Kim
and Gordon (1974) used an approximate quantum-me-
chanical method based on an electron-gas formulation
of the energy to calculate interaction potentials for
closed-shell atoms and ions. The results show quite
encouraging agreement with experimental estimates,
though for the present the latter must be regarded as

1000

100

c 10

i

2.0 2.5 3.0
R(A)

3.5 4.0

FIG. 3. The helium —helium interaction potential. Solid
curve, scattering potential of Farrar and Lee (1972); dashed
curve, potential from bulk data due to Beck (1968); circles,
ab initio configuration interaction calculations of Liu and
McLean (1975).

c, c,
u (~)= —————.. . .2 ~6 ~8 (2 1)

The coefficient c, can be related to dipole oscillator
strengths which are known from optical data; for rare-
gas pairs the values of c, are known to within 1% or 2%%up

(Leonard and Barker, 1975; Starkschall and Gordon,
1971). Leonard (1968) examined the accuracy of ap-
proximate formulae for c,. The coefficient c, depends
on quadrupole oscillator strengths which are not so
well known (though they could fairly readily be calcu-
Azted). Estimates of c, are given by Gordon and Stark-
schall (1972). The leading term in the three-atom in-
teraction [corresponding to the c, term in (2.1)] is the
so-called Axilrod-Teller interaction (Axilrod and Tel-
ler, 1943)

u, = p (1+ 3 cos 8, c os 8, cos 8,)/(& ~%g', ),
where R& and 8, are the sides and angles of the triangle
formed by the three atoms. The coefficient v depends
on the same dipole oscillator strengths as c, and val-

(2 2)

more firmly based. Kim (1975a,b) extended, this meth-
od to three-atom interactions. However, present indi-
cations (Oxtoby and Gelbart 1976) are that the resulting
three-atom potentials are much too repulsive to be
reconciled with experimental facts on rare-gas crys-
tals.

In the short-range repulsive region, Hartree-Fock
calculations give fair results [see Gilbert and Wahl
(1967) for calculations on rare-gas pairs].

At large atomic separations, when electronic overlap
is negligible, quantum-mechanical perturbation theory
can be used to relate the interactions to properties of
the isolated atoms. The two-atom interaction then has
the form
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ues for rare-gas triplets are also know accurately
(Leonard and Barker, 1975). Doran and Zucker (1971)
and Zucker and Doran (1976) have given estimates of
dipole-quadrupole terms in third-order perturbation
theory and of higher-order dipole terms; for detailed
discussion and referenceswe refer to Zueker and
Doran (1976).

Konowalow and Zakheim (1972), following a sugges-
tion of Nesbet (1968), studied a number of ways of
combining repulsive interactions from Hartree-Fock
calculations with the known c, term, using, in addition,
data on second virial coefficients. One of their meth-
ods in particular (which they label P5) consistently
gave good agreement with experimentally determined
potentials for rare gas pairs. This is important be-
cause it demonstrates that currently practicable com-.
putations combined with. minimal amounts of experi-
mental data can lead to accurate potentials.

From the theoretical point of view little is known with
certainty about shorter -ranged overlap-dependent
many-body interactions, except for the work of O'Shea
and Meath (1974) on hydrogen atoms. However, there
is very strong experimental evidence (Barker, 1976;
Klein and Koehler, 1976; Barker et a/. , 1971) that
their effects on thermodynamic properties of solid and
liquid rare gases are very small, at least up to pres-
sures of about 20 kbar. Thus, if one uses accurate
two-atom potentials together with the many body inter-
actions discussed above, excellent agreement with ex-
periment for solid and liquid properties of rare gases is
obtained. For detailed discussion and references on
theoretical aspects of intermolecular forces we refer to
the review of Certain and Bruch (1972).

We now turn to a necessarily brief discussion of ex-
perimental determinations of intermolecular pair po-
tential functions, with emphasis on rare-gas interac-
tions [a wider discussion is given by Scott (1971)].
Traditional methods used gas imperfection data (second
virial coefficients) and gas transport coefficients (vis-
cosities, therma. l diffusion coefficients, etc.), often
with a rather simple form for the pair potential, guch
as the Lennard- Jones 6-12 potential:

R {Aj

5.0 6.0 7.0

—40—

—80—

—120—

FIG. 4. The argon —argon interaction potential. Solid curve,
BFW potential of Barker et al . {1971);dashed curve, 6—12 po-
tential with c/R =119.8 K, cr=3.40 A.

log
& 0 {T/'K j

2.0 2.2 2.4 2.6

Barker, 1970; Barker et a/. , 1971). Detailed references
to this work are given by Barker (1976).

As a result of all this work interatomic potentials for
homonuclear rare-gas pairs are now very accurately
known, and potentials determined from different kinds
of experimental data are in excellent agreement. This
is shown in Fig. 4 for the case of argon. For a detailed
review of the experimental data and potentials we refer
to Barker (1976).

It is clear from Fig. 4 that the two-parameter 6-12
potential is quantitatively unsatisfactory (though quali-
tatively reasonable); this is discussed further in Sec.
III. In Fig. 5 we show a comparison of calculated and
experimental second virial coefficients (expressed as

u(~) = 4m[(cr/x)" —(o/~)'], (2.8)

which has just two parameters to be determined from
experiment, together with the assumption that multi-
body interactions are negligible. Earlier work on these
lines is well summarized by Hirschfelder et al. (1954).

Very important information was gained from high en-
ergy molecular beam measurements of I. Amdur and
his colleagues, and from new and accurate viscosity
measurements by E. B. Smith and his colleagues. More
recently a wealth of information has been derived from
low energy molecular beam differential and total scat-
tering cross-section measurements, particularly by
Y. T. Lee, U. Buck, G. Scoles, C. J.Van Mejdeningen
and their co-workers; and from spectroscopic observa-
tions of vibrational levels of van der Waals molecules
[Freeman et al. (1974); see also the review of Ewing
(1975)]. In addition the detailed information on long-
range and three-body interactions discussed above has
become available; and solid and liquid state data have
been used in the determination of potentials (Bobetic and

—10—0
E

P)
E

—20—

—30—

—40—

FIG. 5. Second virial coefficient of argon plotted as devia-
tions from values calculated with 6 —12 potential. Solid curve,
BFW potential. The other symbols represent experimental
data; for detailed references see Barker {1976).
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and the Stockmayer potential

u(r», P„P,) =u, »(~) —,D(1, 2), (2.7)
'V~2

where p, and P, are unit vectors specifying the orien-
tations of the two dipoles whose magnitude is p,

D(1, 2) = 3(P, r.„)(~, r,.) —p p. .,

r„=r»/x», a.nd u»(x) and u, »(x) are given by Eqs.
(2.4) and (2.3), respectively. Triplet and higher multi-
body interactions are not present in any of these model
systems, defined by (2.4) to (2.7).

We mention the Kihara (1963) "core" potential model
for nonspherical molecules. In this Inodel the mole-
cules are assumed to have cores which Inay be lines or
two-dimensional figures (e.g. , a plane hexagon for ben-
zene). If p is the slzcn test distance between the cores
of two molecules, the potential energy is assumed to be
a function zz(p) of p alone. If u(p) is the hard-sphere
potential for diameter (T then the model describes hard
nonspherical molecules. If the core is a line of length
x(T, the molecules are "hard spherocylinders. "

(2.8)

I II. COMPUTER SIMULATIONS AND EXPERIMENTS

A. Introduction

The most severe difficulties in the theory of liquids
arise because there is no obvious way of reducing the
complex many-body problem posed by the motion of the
molecules to a one-body or few-body problem, analo-
gous to the phonon analysis of motions in crystals, or
the virial series for dilute gases discussed in Sec. IV.
The most straightforward way of meeting this problem
is head-on, via a computer solution of the many-body
problem itself. Clearly this can be done in principle;
the only bothersome questions might be: How "many"
is many-body? This question has been explored very
fully by a large amount of work in the last two decades.
The answer has turned out to be that a few tens to a few
hundreds is "many" enough for almost all purposes.
By studying systems of this number of molecules one
can obtain very good estimates of the behavior of mac-
roscopic systems in almost all conditions; the most
notable exception is the neighborhood of the critical
point.

There are two important methods to be considered:
The. "Monte Carlo" (MC) method, which evaluates en
semble avexageg in the sense of statistical mechanics;
and the method of moleczglgx dyzmmics (MD) in which the
dynamical equations of motion of the molecules are
salved and time gvex~ging is used. There are advan-
tages in both of these methods. Molecular dynamics
gives, obviously, full dynamical information and can be
used to study time-dependent phenomena. On the other
hand the Monte Carlo method can yield certain thermo-
dynamic p rope rtie s (in particular, though with some
difficulty, the entropy) which cannot easily be obtained
from molecular dynamics. The choice of method is
determined by the problem to be solved.

A key idea in both methods is the use of periodic
boundary conditions to enhance the ability of small sys-
tems to simulate the behavior of large systems. This
idea was introduced in the very earliest applications of

both methods [by Metropolis et al. (1953) for Monte
Carlo; by Alder and Wainwright (1957,1959) for molec-
ular dynamics]. The technique is to consider a certain
basic region, usually a Cube, containing a certain num-
ber N of molecules; and then to imagine the whole of
space filled by periodic images of this basic unit. In
this way, one can consider configurations of an infinite
system (which must of course be periodic) while only
considering a limited number N of molecules. The
great advantage is that surface'effects, which would
otherwise be very large for small N, are avoided.
Often one uses the "nearest image distance convention"
according to which a given molecule i is supposed to
interact only with that periodic image of another mole-
cule j which lies closest to i. In fact, if the range of
the molecular interactions is less than half the edge of
the cube this includes ~l/ interactions; it is often con-
venient to force this by truncating the potential at some
distance R,„and to take account of the long-range tail
of the interaction (if necessary) by perturbative tech-
niques.

Although cubical (or at least rectangular) periodic
volumes have almost always been used, it is by no
means clear that this is optimal. For some purposes
it might be preferable to use, for example, the do-
decahedral Wigner-Seitz cell of the face-centered
cubic lattice. Determination of the "nearest image
distance" would be more complicated, but this might
be more than outweighed by other savings, particularly
if the potentials are complicated.

It is convenient to mention here the use of "near-
neighbor tables, " based on the work of Verlet (1967).
The purpose of this is to save unnecessary labor in
calculating distances between molecules which are
certain to be too far apart to interact. One constructs
a table listing, for each molecule i, those molecules j
which are within a certain distance R,( R ) of i. The
distance R, is chosen so that during anumberp of time-
steps or Monte Carlo steps there is negligible proba-
bility that a molecule which was initially at a distance
greater thanR2 from i will come closer thanR to i.
Then, after constructing the table, one need only scan
through the molecules in the table to calculate energy
and forces, rather than scanning through all molecules.
After p steps one must, of course, construct the table
again. If P is relatively large this can lead to substan-
tial savings of computer time if (but only if) the num-
ber of entries in the table for molecule i is much less
than the total number of molecules. Another procedure,
to be preferred for still larger numbers of molecules,
is described by Quentrec and Brot (1973).

In Sec. III.B and III.C we proceed to discuss the Monte
Carlo and molecular dynamics methods. The reader
interested only in the results should turn immediately
to Sec. III.D;

B. The Monte-Carlo method

1. The canonical ensemble

Most Monte Carlo calculations in statistical mechan-
ics have been performed using the canonical or (T, V, N)
ensemble of Gibbs in which the number of N molecules,
the volume V and the temperature T are fixed. It will
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be convenient to describe the method in this context,
and to describe the use of other ensembles (constant
pressure, grand canonical) at a later stage.

The general term "Monte Carlo method" refers to the
use of random sampling techniques (for which a rou-
lette wheel could be used) to estimate averages or inte-
grals. In the context of statistical mechanics it refers
to a particular and very efficient "importance samp-
ling" method introduced by Metropolis et al. (1953) in
which one generates a chain of configurations of a
many-body system in such a way that the probability of
a particular configuration, of energy U, appearing in
the chain is proportional to e ~ . Then the unweighted
average of any function over the configurations of the
chain gives an estimate of the canonical average of that
function; for example, the pressure may be estimated
by averaging the virial, the thermodynamic energy by
averaging U, and so on.

The way in which the chain of configurations is gen-
erated may be described in words as follows. Suppose
that we have generated M configurations and that the
Mth configuration is a certain configuration j with ener-
gy U, The (M+1)th configuration is chosen as follows.
Select a molecule at random and consider the configura-
tion l derived from j by moving this molecule from its
position (x, y, z) to a new position (x+u, y+ v, z + u),
where u, v, se are numbers chosen randomly in the inter-
val (—5, 5); let U, be the energy of the configuration l.
Compute E= exp[ —P (U, —U&)] and select a number r

.chosen randomly in the interval (0, 1). If E~r, the
(M+ 1)th configuration is l, otherwise it is j. Note that
if U, &U& the (M+ 1)th configuration is l irrespective of
the value of x, so that it is not really necessary to com-
pute the exponential. We have assumed tacitly that only
the Cartesian coordinates are relevant. If, for exam-
ple, molecular orientations are relevant then in gener-
ating the configuration l from j one should also rotate
the molecule through an angle randomly chosen on the
interval ( —t/i, P) about an axis which may be either com-
pletely randomly selected, or selected with equal prob-
ability as the x-, y-, or z-axis (Barker and Watts,
1969). The process is otherwise unchanged. The val-
ues of 5 and P can be chosen to optimize convergence.

It can be shown that in a sufficiently long chain gen-
erated by these rules configurations l appear with
probability proportional to exp[ —P U, ], as we require
for canonical averaging. However it is clear that only
those configurations will appear which can be reached
in a finite number of steps from the initial configura-
tion. If not all configurations can be so'reached all is
not necessarily lost. For example in a hard-sphere
solid at high densities in a finite system, interchange
of molecules may be impossible; but configurations
differing by interchange of molecules are identical
and of equal weight, so correct canonical averages
would still be found [cf., Ree (1971)].

A justification for the statements made above can be
given briefly as follows [for more detailed discussions
see Ree (1971), Wood (1968a), and especially Metro-
polis et al. (1953)]. The rules given above amount to a
specification of conditional probabilities pz, that the
(M+ 1)th state is l given that the Mth state is j (because
the probabilities for the (M+1)th state depend only on

the Mth state the process is a Marhov Process). These
transition probabilities have the property (for which
they were designed) that

exp[ —P UJ]pz, = exp[-P U, ]p, ~. (3.1)

Now it is known from the theory of Markov processes
(Feller, 1950) that the probability of occurrence of
configurations l (within the class of configurations
accessible from the initial configuration) approach for
very long chains unique limits zv, which are determined
by the equations

(3.2)

These equations state that the long chain approaches
a steady state in that the probability of entering a state
is equal to the probability of being found in the state.
But (3.2) is certainly satisfied by

se, = c exp[ —PUg], (3.3)

where c is a constant, because if (3.3) is satisfied then
(3.2) is a consequence of (3.1), which may be recog-
nized as the "principle of microscopic reversibility. "
Thus, since the solution of (3.2) is unique it must be
given by (3.3), and this is what we wished to prove.

Note that we have not used any special assumption,
such as pair additivity, about the potential energy U;
the method as outlined is valid in the presence of
many-body forces. Choice of P, , so that (3.1) is satis-
fied is the only (but vital. ) requirement. However in
the presence of three-body forces the calculation of
(U, —U&) becomes very much more time consuming.
In calculations on argon with three-body forces (Bar-
ker et al. , 1971; Barker and Klein, 1973) the three-
body interactions were treated by perturbation theory,
with the average of the three-body potential evaluated
by summing over a subset of the chain (every 1000th
configuration). For short range three-body -interac-
tions the direct calculation of (U, —U&) at every step
would not pose such serious problems.

In the procedure outlined above the basic Monte
Carlo move was a displacement (translation and possi-
bly rotation) of a single molecule. While this is most
commonly used it is by no means essential. Ree (1970)
performed calculations for hard disks in which takeo

molecules were moved simultaneously in such a way
that the center of mass remained fixed. It would also
be possible to move all molecules simultaneously.

The quantities which ean be evaluated by the Monte
Carlo method are those which can be expressed as ca-
nonical averages of functions of configuration, such as
pressure, energy, radial distribution function, ete.
The radial distribution function is calculated in a dis-
c+etc representation in which the number N& of inter-
molecular distances in the range x, to x„, is evaluated.
We mention here a method due to Verlet (1968) for ex-

- tending the range over which the radial distribution
function g(r) can be calculated. In general g(r) is only
determined for a limited range of x, say x &A . How-
ever for x&R it is usually an excellent approxima-
tion to assume that the direct correlation function c(r )
is given by —Pu(r ), where u(r ) is the pair potential.
But if we know g(r ) for r &R ~ and c(r ) for' r &R
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BQ 8

BX BX
= —k~ T —ln ~ exp[ —P U]dr

r' eU
Jl em [ PU]dr-

~ e~
~ . exp[ —P U]dr

BU(r, X)
BA.

(3.4)

in which ()~ means canonical averaging for the system
with potential energy U(r, X). Hence, by performing
Monte Carlo calculations for a number of values of X

one can evaluate BA/BX for a range of values of X; by
integrating numerically the results, free energy dif-
ferences can be evaluated, according to the equation

A(~) -A(~, ) = ' d~.
x

(3 5)

Perhaps the most familiar example of this is the case
where X is the volume V, introduced into the potential
energy by the "scaling" transformation discussed in
Sec. I. In this ease (3.5) becomes the thermodynamic
relation

w(v, ) -w(v, )=— p V~

Pd t/', (3.6)
0

with the pressure given by the virial expression,

Q r, (BU/Br;)
Nk~T

(vNka T), (3.7)

where v is the dimensionality of the system. These re-
sults have been used to calculate the free energy of
dense fluid systems by integrating from low densities
(large volumes), where the free energy is known, to
high densities. Results have been obtained in this way
for hard disks and spheres (Alder et al. , 1968; Hoover
and Ree, 1968) and for the 6 —12 fluid (Hansen and Ver-
let, 196S). It should be noted that these integrations
must be carried out along paths which are xevexsiwe
in the thermodynamic sense, in order that the deriva-

then the Ornstein-Zernike equation can be solved to
give g(x) for w&R „. This method was tested by Verlet
and found to give excellent results.

One can also evaluate some quantities, such as the
specific heat C„, which can be expressed as variances
or covariances of functions of configuration, though
these quantities are found with less accuracy because
of the inherent difficulties of determining variances and
covariances by sampling a distribution. However it is
not possible to determine directly by the canonical
Monte Carlo method the free energy A. or entropy S. In
fact exp[ —PA] is the normalizing factor for the proba-
bilities u, , and the nature of the process of -Metropolis
et al. (1953) makes it impossible to determine this.

On the other hand one can evaluate dexin~tiges of the
free energy either with respect to thermodynamic vari-
ables such as V and T or with respect to parameters
which appear in the potential energy function U des-
cribing the system, since these derivatives can be ex-
pressed as canonical averages. Thus, if the potential
energy function U(r, A) depends on the parameter X as
well as on the configuration of the system (represented
by the shorthand symbol r describing positions and
orientations of all moleeules) then we have

W(T, )/T, ~(T,)/T, = —
Jt '(U), (dT/T'),

F
Q

which will be recognized as an integrated form of the
Gibbs-Helmholtz equation

(3.8)

X = Z —TS = Z+ T(Ba/B T). (3.9)

Using (3.8) one can calculate, by performing Monte
Carlo simulations at a series of temperatures, the
temperature variation of the free energy, and if the
free energy is known at one temperature (e.g. , near
T=0) the absolute free energy can be determined. For
example, at sufficiently low temperatures the free en-
ergy of the 6-12 solid can be determined by standard
methods of lattice dynamics (Klein and Koehler, 1976),
since the motions become essentially harmonic. By
using these results together with (3.8) the free energy
could be calculated at all temperatures. This proced-
ure, which was proposed by Hoover and Ree (1968),
provides an alternative to the procedure of Hansen and
Verlet (1969) discussed above, but has not so far been
implemented.

Another possibility for calculating the free energy of
a liquid is to use both (3.6) and (3.8), by integrating

tive be uniquely defined. This created special diffi-
culties in the study of the 6 —12 liquid made by Hansen
and Verlet, since an isothermal path from low (gas)
density to high (liquid) density had to pass through den-
sity ranges in which one-phase states were metastable
and unstable with respect to two-phase states. To
avoid this difficulty, Hansen and deerlet imposed con-
straints limiting the possible fluctuations in the number
of molecules in subvolumes of their system, thus pre-
venting phase separation. Because the subvolumes
themselves contained a relatively large number of
molecules these constraints were expected to have little
effect on thermodynamic functions.

A rather similar idea was used to calculate the free
energy of hard-sphere and hard-disk solids (Hoover
and Ree, 1S68) and of the 6.-12 solid (Hansen and Ver-
let, 1969). In these cases the systems studied were
"single-occupancy" models in which the volume was
divided into cells each constrained to hold exactly one
molecule. These systems behave reversibly as volume
is increased so that the free energy difference between
systems at solidlike densities and very low densities
can be calculated from (3.6) and (3.7). However at very
low densities the free energy can be calculated exactly.
Furthermore, at solidlike densities the cell constraints
have no effect (they are automatically satisfied). Thus,
in this way the free energy of the solid phase can be
determined. But knowing the free energy and pressure
for solid, liquid and gaseous phases one can proceed
by thermodynamics to construct the phase diagram;
we shall return to this in Sec. III.D.

Hansen and Pollock (1975) calculated the free energy
of the 6 —12 solid by integrating (3.6) from a high den-
sity at which the harmonic approximation becomes
valid, and confirmed the results of Hansen and deerlet
(1969).

Another familiar result is found if we choose the
parameter X to be temperature T. In this case (3.5)
can be cast in the form
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with (3.6) from low density to high density at a high
temperature (sufficiently above the critical tempera-
ture to avoid two-phase and critical regions); and then
to integrate using (3.8) down to a low temperature (at
constant volume). In this way one makes-use of van der
Waals' "continuity of gaseous and liquid states" I This
method was used by Lee et pl. (1973) to calculate the
free energy of clusters of 6-12 molecules, but has not
so far been implemented for bulk fluids. In fact by
combined use of (3.6) and (3.8) one could calculate free
energy changes along any reversible path in the (T, V)
plane.

The usefulness of (3.5) is by no means confined to the
case where X is a thermodynamic variable such as V or
T. One ean, in a very general way, introduce a pa-
ra.meter A. (or several parameters) into U(x, A) which
changes a system of simple or known properties (&= &,)
into a more complicated system which is the system of
interest (X=A.,). For example, the para, meter may
modify the pair potential, so that we have

U(r, X) = Q u(~,.~; X), (3.10)
I

where for example u(x, &, X,) might be the hard-sphere
potential and u(r, ~;X,) the 6 —12 potential or some other
realistic potential. If we follow this idea and replace
the integral in (3.5) by a truncated Taylor series

A(&, ) -A(X,) = —(U(r, A))~ (X, —X,)
8

0

+—,(U(r, ~)),
1 9

—X=X0
(3.11)

U=U +AU (3.12)

and that we wish to evaluate for this system, to first
order in X, the average of some functionX of configu-
ration, which may also depend on X according to

X'=Xo+ AX~.

Then we have

(3.13)

(X),= &Xexp[ PXU, ]) /&—exp[ PXU,])—
= [(Xg,+ ~(X,), —PX(XU,),]/f1 PX( )U,]+0(X2)

=(X,),+X(X,), —PX[(X,U,), —(X,),(U, ),]+0(X').
(3.14)

we are led to the perturbation theories which are dis-
cussed in Sec. VII. The great advantage of (3.11) is that
it requires detailed information only on the reference
system (with &= X,); the corresponding penalty is that
the Taylor series is not necessarily rapidly convergent
(though it is rapidly convergent for the example of
hard-sphere and 6 —12 potentials given above). In cases
where (A.,—X,) is a natural "smallness parameter" (for
example, for the three-body interactions and quantum
corrections discussed in Sec. III.D below) Eq. (3.11) is
a very useful and powerful result. But Eq. (3.5) will
always work, provided that the computer does enough
work)

This perturbation technique can also be used to eval-
uate quantities other than free energy. Thus suppose
that we have a system for which the potential energy is
given by

= —kT In(e~~)0,

where
~=U —U .

An optimized procedure for evaluating this free-en-
ergy difference using purely Boltzmann averages for
the systems and 0 and 1 is described by Bennett (1974).
This procedure was used for the calculation of surface
tension of a liquid by Miyazakai et zl. (1976).

Equation (3.15) can be written in the form

Az Ao= —ATln o &U exp — AU dd U,
mOO

(3.17)

where fo(&U) is the probability density of 4U in the
canonical ensemble for Uo. Unfortunately, direct
Boltzmann averaging usually does not lead to good es-

Thus, for this purpose we must evaluate the covariance
of X, and U, in addition to the averages of X, and X,.
In these equations X could be the virial, required to
determine the pressure; or the energy itself, (Uo+XU, );
or the radial distribution function (HDF) (N, in the dis-
crete representation). These formulae were used by
Barker et al. (1971) and Barker and Klein (1973) to
evaluate three -body and quantum corrections to the
pressure, energy and specific heat of argon, and ex-
plicit formulae for these cases are given in the two
cited papers. They were also used by Barker (1973) to
evaluate three-body and quantum corrections to the
RDF of argon; the resulting RDF was compared with
their experimental data, with excellent agreement, by
Yarnell et a$. (1973). Note that in (3.14) there are dis-

. tinct terms of order A.. The first, X(X,)o, is the direct
contribution of XX, to the average; the second, covari-
ance, term is an indirect contribution due to the modi-
fication of the structure of the system by XU, which in
turn modifies the average of Xo. These terms are in
general of comparable order of magnitude.

Squire and Hoover (1969) used Eq. (3.5) to evaluate
the free energy of formation of vacancies in a crys-
tal. In Sec. IX we discuss a parametrization based on
a modified periodic boundary condition which changes
a bulk liquid into a set of slabs, thus creating free
surfaces and permitting the calculation of surface free
energy (i.e. , surface tension). The invention of such
processes is a fertile field. The power of the Monte
Carlo method lies in the fact that the Gedanken experi-
ments of classical thermodynamics can actually be per-
formed quantitatively.

The relatively large number of Monte Carlo calcula-
tions that may be required to evaluate the integral in
(3.5) has motivated a number of attempts to find meth-
ods for calculating A(X,) —A(Xo) when X, is not neces-
sarily very close to X, using Monte Carlo data only for .

the systems with A. = X, and X. =X, (so-called "direct"
methods) (McDonald and Singer, 1967; Bennett and
Alder, 1971; Valleau and Card, 1972; Torrie, et gE. ,
1973; Patey and Valleau, 1973; Torrie and Valleau,
1974; Bennett, 1974; Torrie and Valleau, 1976).

Given two systems with potential energy functions U,
and U„ the difference between their free energies is
given by

e~~odr '
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W{r)= W(ZU) (3 18)

The Boltzmann average of an arbitrary function e(r)
can be recovered from the non-Boltzmann average by
the relation

(3.19)

Similarly the probability density f,(AU) ean be recover-
ed from the probability density fv(b. U) in the weighted
system by the relation

timates of f,(&U) in the range of values of AU which
contribute importantly to the integral in (3.17). This
can be remedied, as Valleau and co-workers have
shown, by generating a Markov chain with limiting
probabilities proportional to W(r) exp( —P Uo) rather than
simply exp( —PU, ). We shall denote averages over such
a chain by ()v. The weighting function W can be chosen
by trial and error to optimize the estimate of fo(b, U).
The weighting functions used by Valleau and co-workers
had the form

vantages if we are actually interested in results at a
particular pressure, usually zero pressure. It was
used by McDonald (1969) to calculate excess enthalpies
and volumes of mixtures at zero pressure. Voront-
stov-Vel'yaminov et al. (1970) also used this ensemble
to study a single-component fluid.

The average of a function E(r) of configuration in the
constant pressure ensemble is given by

(E) = dL dr'E(Lr')P(r', L) dL lI dr'P(r', L).

(3.23)
For "hard-sphere" particles in any number of dimen-

sions, Wood (1968a,b; 1970) showed that an alternative
and convenient realization of the constant pressure
ensemble could be obtained by explicitly performing
the integrations over L in (3.23). For details of this
we refer to the original papers. This method has the
advantage that the pressure is obtained directly rather
than by extrapolating the RDF g(x) to the hard-sphere
diameter d.

fo(~U) =fw(&U)/[ W(&U)(1/W&w]. (3.20)

Use of these methods leads to substantial gains in
computational efficiency. A more detailed review is
given by Valleau and Torrie (1S76a,b).

Another procedure for calculating the free energy of
a fluid was explored for the case of the hard-sphere
fluid by Adams (1974). This was based on a result for
the chemical potential derived by Widom (1S63), that
p, is given by

p, = ka T (1n(V/N) + —,
' 1n(2m mka T/k')+ ln[(exp(-p p))„]}.

(3.21)
Here y is the potential energy change due to adding one
more molecule to a system of N molecules; the canon-
ical average ()~ is evaluated for the system of N mole-
cules. This method, which gave reasonable results for
densities which were not too high, is closely related to
the grand canonical method discussed below. It is also
related to the ideas of the Sealed Particle Theory (Sec.
V), and Adams used his results to test that theory.

2. The constant-pressure ensemble

The constant-pressure or (T,N, P) ensemble is most
conveniently described by introducing dimensionless
variables scaled by the edge L of the fundamental cube
(Wood, 1968a,b; 1970)

r,'. = r(/L. (3.22)

The un-normalized weighting function P(r', L), which
in the canonical case is just exp( —PU), becomes in this
case exp[ P[U(Lr')+PL"——vN lnL]]., with v the dimen-
sionality of the system. A Monte Carlo chain for this
ensemble can be generated exactly as described for the
canonical ensemble, except that the basic step involves
not only changing the dimensionless coordinates r& of
one of the molecules i-, but also changing L by a num-
ber uniformly distributed on the interval (—5z, 5~)
where 6~ may be chosen to optimize convergence. The
quantity which determines acceptance or otherwise of
a move is not just &U, as in the canonical case, but
A[U(Lr')+pL" —vNlnL]. This method has obvious ad-

3. The grand-canonical ensemble

The grand-canonical ensemble or (TV p)ensem, hie in
which the chemical potential is fixed rather than the
number of molecules had not been used for Monte Carlo
calculations on realistic potentials until fairly recently.
However Norman and Filinov (1969), Adams (1974,
1975) and Rowley et zl. (1975) have used different
methods to implement the use of this ensemble. The
great advantage is that it leads directly to estimates of the
free energy (since the chemical potential is fixed).

Using the same "scaled" coordinates as for the con-
stant pressure ensemble, the un-normalized weighting
function P(r', N), where N is the number of molecules,
is given by

P(r', N) = exp[ [ka T lnN t + NkaT lnV+ U(r', N) Np. ]/ka Tj—.
(3.24)

If & were a continuous variable, one could proceed
exactly as described for the constant pressure en-
semble, with acceptance of a move being decided by the
Metropolis procedure applied to (3.23). However N, if
it is to change, must change by at least + 1, and except
for low densities and/or high temperatures the proba-
bility of this is very low. Thus, , it is essential to con-
sider a Markov process with three possible steps: (i)
a molecule is moved (probability no); (ii) a molecule
is added (probability n, ); (iii) a molecule is removed
(probability n ). One requires n, = n, n, + n, + n =1.
In adding a molecule its position is chosen randomly in
the cell. Norman and Filinov (1969) used essentially
this procedure, with the type of move [(i), (ii), or
(iii)] being decided randomly. They tried moves in
which more than one molecule was added or removed,
and found 4N =+1 only to be preferred —except at low
densities the probability of adding or removing more
than one molecule is negligible, so that attempts at such
moves are wasted labor. By varying no they found that
no= n+ =n =1/3 appeared to be optimal.

In this process the number of molecules, and hence
the density, must be determined by averaging 1V; the
pressure may be determined by averaging the virial
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U„= 2!T r'u(r)dr .a (3.25)

If this is done the Helmholtz free energy A ean be cal-
culated straightforwardly from the equation

A/N = p, —(PV/N), (3.26)

where p is the pressure for the untxuncated potential.
If the long-range correction is not added in this way
then care must be taken in adding it at a later stage.
In particular, the pressure for the truncated potential
[which must be used in (3.26) if one wishes to calculate
the Helmholtz free energy for the truncated potential]
is not given by the truncated integral of the virial

= 1 — r'u'(r) g(r)dr .PV 2p p ma.x 3 p

B 0

but rather by the expression

(3.27)

and the energy by averaging U as usual. Norman and
Filinov generated only short Monte Carlo chains (ap-
proximately 10' steps) and their results were therefore
essentially qualitative for the liquid phase. However
they were able to demonstrate the abrupt change of den-
sity (gas —liquid phase transition) at a, particular chem-
ical potential (for a 6—12 fluid), and their gas-phase
pressure agreed mell with that obtained from the virial
series.

Adams (1974, 1975) used a very similar process ex-
cept that moves of type (i) and of type (ii) or (iii) were
performed in turn, with the choice between (ii) and (iii)
being made randomly (with equal probabilities). Thus
the overall numbers of types (i), (ii), and (iii) were in
the ratios 1/2, 1/4, 1/4. Results were obtained for hard
spheres (Adams, 1974) up to density pa' = 0.7912 and
even at this relatively high density were in'good agree-
ment with the accurate equation of state of LeFevre
(1972). Note that in this paper Adams described an ap-
proximate grand canonical method to be used if one
wishes to fix the excess (over ideal gas) chemical po-
tential p, ', and an exact method to be used if one wishes
to fix (p, +ksT ln(N)). Since the latter quantity is just
the absolute chemical potential p (apart from a constant
involving the known volume V) it is much better to fix
this and to use the exact method. One cannot determine
the excess of the chemical potential over that of an ideal
gas at the same density until the density is known t

Adams (1975) also obtained results for the 6—12 fluid at
high temperatures (T* =2.0 and 4.0). At T* =2.0 the re-
sults gave reasonable agreement for pressure and ener-
gy with those interpolated from the canonical ensemble
results of Verlet and Weis (1972a)—note however that
this agreement does not check the chemical potentials
or free energies. It is perhaps worth noting that Adams
mentions that the ensemble averages can show great
sensitivity to shortcomings in the random number gen-
erator used.

In his calculations Adams added a long-range correc-
tion to compensate for the truncation of the potential
at each step of the calculation, in particular in calcu-
lating the value of ~U on which the decision whether to
accept a move is based. The long-range correction is
given, if A ~ is the distance at which the potential is
truncated by

PV 2pp
N& T

=1 —
3

r'u'(r)g(r)dr
B 0

+ —pR ' u(R, „)g(R,„), (3.28)

in which the last term arises from the 5 function in
u'(r), -u(R,„)6(r —R ), at the point of truncation.
Usually one replaces g(R ) by 1. For potentials be-
having like x ' for x~R,„ the last term is equal to the
long-range energy per particle U„/N, with U„given by
(3.25); it is also equal to one hal-f of the usual "long-
range pressure correction " given by

max

r'u'(r)dr.

Of course it is not necessary in practice to evaluate
the logarithm of¹!in the exponent of (3.24), which is
given purely for clarity of exposition. Because of the
obvious result,

6, j.nN I 1
%+1 ' &N= 1

&N= —1, (3.29)

the probabilities of adding a molecule [type (ii) move]
or removing one [type (iii)] are given by the Metropolis
criterion as min[VZe ~ /(N+1), 1] and min[Ne ~~ /
(VZ), 1] respectively, where Z is e~~.

An alternative and less transparent implementation of
the grand canonical ensemble is given by Bowley et al.
(1975). In this formulation one considers a set of M
molecules (M being larger than the maximum number
of molecules that can fit in the available volume). With
each molecule there is associated an "occupation num-
ber" n,. having the value 0 or 1; if n,. is 0 the molecule
is regarded as "fictitious" and not included in calcula-
ting the energy, if it is 1 the molecule is regarded as
"real" and included in calculating the energy. Apart
from this the "real" and "fictitious" molecules are
treated on equal footing. A mathematical argument
leads to the following transition probability rules:
select in order a molecule from a/l real and fictitious
molecules; with probability 1/2, simply move it as in
the canonical method; m, also with total probability
1/2, change it from fictitious to real with probability
min[ZVe /(M -N), 1] (if fictitious) or from real to
fictitious with probability min[(M N+ 1)e ~ /(Z V—), 1]
(if real). Mathematically, the ensemble generated by
these rules appears to be identical with the grand ca-
nonical ensemble. There is a "memory" effect in that
a "fictitious" molecule remains in the neighborhood of
the "hole" from which it is removed, and so may be
more likely to be made "real" again at a subsequent
attempt. However there is no reason why this should
lead to incorrect results.

Rowley et al. (1975) made several calculations for the
6—12 fluid at the reduced temperature T~= 1.15. Their
results for the free energy at liquid densities differed
substantially from those calculated using the restricted
canonical ensemble by Hansen and Verlet (1969). The
differences were much larger than the combined statis-
tical uncertainties. Torrie and Valleau (1974) obtained
a value for the free energy at T*=1.15 using their
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"direct" canonical method which agreed almost exactly
with that of Hansen and Verlet. Miyazaki and Barker
(1975) used a grand canonical method very similar to
that of Adams (1975) to calculate free energies at
T*=4.15 and four densities in the liquid range; their
values agreed closely with those of Hansen and deerlet.
Finally the Barker —Henderson perturbation theory and
the optimized cluster theory of Weeks, Chandler, and
Andersen (see Sec. VII.D) give results agreeing very
closely with those of Hansen and deerlet. Thus, it is
almost certain that the results of Rowley et zl. are
incorrect. The discrepancy is of the same order of
magnitude as the long-range corrections discussed
above, but its origin is unclear.

The grand-canonical methods work best at higher tem-
peratures and low densities. At higher densities the
methods of Torrie and Valleau (1974) or Bennett (1974)
are to be preferred.

not necessarily pair-additive potentials) the Helmholtz
free energy is given by

A„
Nks T 96m'(k T)'m c1

+ 0(h4)

NksT 96m (k~T)'I cl

(3.32)

Exchange effects are not included in the above expan-
sion. Such exchange effects are negligibly small at the
high temperatures at which (3.32) can reasonably be ap-
plied (Hill, 1968, 1974; Bruch, 1973). The identity of
the two forms for (3.32) can be shown by an integration
by parts (Green I.951). Alternatively, the canonical par-
tition function Z~ is given to order 0' by

h2
exp —P U+ 6, P&', U dr, dr„,

4. The microcanonical ensemble

For the sake of completeness we mention here that the
method of molecular dynamics discussed below may be
regarded (if used for equilibrium studies) as generating
configurations of the microcanonical or (EVN) ensemble.
Strictly speaking, the total momentum is also fixed, and
this leads to corrections of order 1/N (Bee, 1971).
Thermodynamic calculations like those described in
connection with the canonical ensemble can also be made
using this method, via the relation

(3.30)

in which now both T and p are statistical quantities, the
temperature T being derived from the mean kinetic en-

(3.31)

(3.33)

where X=A/(2mmksT)'t'. By differentiating this with re-
spect to temperature and volume one ean derive expres-
sions for thermodynamic energy and pressure which are
valid to order h2; these are given explicitly by Barker
et al. (1971) and have the general form given in Eq.
(3.14). Although these results are correct it must be
noted that the exponential in (3.32) is not the correct
configuration-space probability density to order k . The
quantum corrections in (3.31) and (3.33) include correc-
tions both to potential energy and kinetic energy; ex-
pressions for the kinetic energy corrections are given
by Gibson (1974, 1975a, b). The correct configuration-
space probability density m is given, for analytic poten-
tials, to order h' by (Landau and Lifschitz, 1969)

h2
zan=const &exp —p U —

96 „& „(V,.U)'

for a monatomic fluid, and p from the average of the
virial. However, to our knowledge (3.30) has not been
used in this way.

k2 ~ v'U
48m (ksT) m ~ (3.34)

5. Quantum statistical mechanics

The methods of classical statistical mechanics so far
discussed are valid for all substances at sufficiently
high temperatures, but at low temperatures there are
quantum-mechanical deviations from classical behavior.
These are of two kinds: (i) effects of statistics (and
possibly spin), and (ii) diffraction effects. The effects
of statistics (and spin) are very small for all liquids ex-
cept for liquid helium below or just above the X tempera-
ture, and will not be discussed further. The diffraction
effects, on the other hand, are appreciable at higher
temperatures. They arise from the fact that paths other
than the classical paths contribute to the evolution of
the system.

For most liquids these effects on equilibrium proper-
ties are adequately described by an expansion in powers
of h' (for analytic potentials; Wigner, 1932; Kirkwood,
1933a, b) or h (for non-analytic potentials; Gibson,
1975a, b), of which the first two or three terms are
readily evaluated by the Monte Carlo procedures al-
ready described.

For spherical molecules with analytic potentials (but

This result was used by Barker (1973) in conjunction
with Eq. (3.14) to calculate quantum corrections to the
radial distribution function of liquid argon. Landau and
Lifschitz (1969) also give results for the momentum-
space probability density. Note that in quantum me-
chanics (even to order h') the configuration-space and
momentum-space probabilities are correlated, not in-
dependent as in classical statistical mechanics.

Hansen and Weis (1969) calculated both k' and h~ cor-
rections to the free energy for the 6-12 potential, and
applied their results to liquid neon. Detailed expres-
sions for the term of order k4 are well known and are
given for example by Hill (1968). The term of order h~

proved to be negligible for liquid neon, and therefore
a fortiori for heavier inert gas liquids.

The above results are valid for spherical molecules.
The basic theory for calculation of quantum effects for
nonspherical molecules was given by Kirkwood (1933b).
Detailed results for axially symmetrical molecules to
order h2, with dipolar and quadrupolar interactions, are
given by Singh and Datta (1970), McCarty and Babu
(1970), and Pompe and Spurling (1973). These results
are given for second virial coefficients but the extension
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to higher densities is obvious if one is prepared to use
the Monte Carlo method. Pompe and Spurling (1973)
also evaluate the term of order h~, which was ea.rlier
evaluated by Wang Chang (1944). Extension to nonaxially
symmetric molecules could be made following the meth-
ods of Kirkwood (1933b).

If the quantum effects are so large that the Wigner-
Kirkwood expansion discussed above does not show sat-
isfa.ctory convergence there is no generally satisfactory
method which has been applied to liquids at nonzero
temperatures. Bruch et al. (1974) have proposed the
use of essentially classical methods with exp[-pu(x)]
replaced by a, two-body Slater sum. While this is not
exact, if may prove to be a useful approximation.

For the ground state of liquid helium, if one assumes
a, variational wave function g, the expression for the
expectation value of the energy can be cast in the form
of a. "ca.nonica, l" average for a fictitious classica, l liquid
with ~/~2 replacing e 8 (McMillan, 1965), and the clas-
sical Monte Carlo method may be used to evaluate the
expectation value of the Hamiltonian (Schiff and Verlet,
1967; Hansen et al., 1971; Murphy and Watts, 1970;
Murphy, 1971). The ground-state energy of liquid he-
lium has been calculated in this way using Jastrow wave
functions [i.e., wave functions of the form g,&,

.f(y, ,)].
However, this method cannot be used at nonzero tem-
peratures.

Perhaps the most promising approach to a quantum-
mechanical method for nonzero temperature is use of
the Feynman path integral formulation of quantum sta-
tistical mechanics (Feynman and Hibbs, 1965) or the
equivalent Wiener integral formulation, which ha, s been
used successfully for evaluating second and third virial
coefficients of helium by Fosdick and Jordan (Fosdick
and Jordan, 1966; Jordan and Fosdick, 1968; see also
Storer, 1968; Klemm and Storer, 1973; Jorish and
Zitserman, 1975). A form of the quantum-mechanical
partition function which ha, s exactly the form of a clas-
sica/ partition function is given by Bruch (1971); this
may be derived either as a. Hiemann sum approximation
to the path-integral expression for the partition function
(Feynman and Hibbs, 1965), or by a variational method
developed by Golden (1965). If there are N molecules
in the system and an I -point Riemann sum is used then
the pa.rtition function has the form of a classical parti-
tion function for a system of I. && N molecules, so that
the Metropolis Monte Ca,rlo technique could, in princi-
ple, be applied for a, many-body system. However no
results for ma, ny-body systems using this method have
been published. Actually Bruch's results are presented
for a two-body system (second virial coefficient) but
they can be generalized in an obvious way to many-body
systems.

Kalos (1970) describes a method for solving the Schro-
dinger equation by a Monte Carlo technique for iterating
the kernel of an integral equation, and this has been
applied to liquid helium by Kalos et al. (1974). It may
be possible to generalize this method to nonzero tern
peratures. Another possible method (Fermi-Ulam
method) based on a diffusive process with birth and
death ha.s been discussed most recently by Anderson
(1975).

Quantum mechanical study of dynamical properties

poses an even more difficult problem which ha. s not been
attacked by computer simulation. Heller (1975) de-
scribes a "wavepacket path integral formulation of
semiclassical dynamics" which indicates one possible
line of a.ttack.

6. Long-range interactions

In plasmas, fused salts, and aqueous solutions of ions
the Coulomb potential plays a very important role, and
the truncation of the potential which is used in most
simulation studies is unsatisfactory. This problem has
been met by using the Ewald summation technique to
sum the intera. ctions to infinite distance, using the pe-
riodicity resulting from periodic boundary conditions
(Brush et al. , 1966; Barker, 1965). Since the Coulomb
potential will not be discussed further, we give no de-
tails but refer to the original publications.

The dipole-dipole potential is also long ranged and
this gives rise to serious difficulties in connection with
the dielectric properties of dipolar fluids, since trun-
ca.ting the potential produces a, "depolarizing" field
which suppresses fluctuations in the polarization. Two
ways dealing with this difficulty are available: the in-
clusion of an Onsager reaction field to cancel the de-
polarizing field produced by truncating the potential
(Barker and Watts, 1973; Watts, 1974) and the use of
the Ewald summation method (Jansoone, 1974). Recent
unpublished Monte Ca.rlo work by Adams and McDonald
(1976) indicates that these two different methods lead
to similar but not identical results. A useful examina-
tion of this question is given by Smith and Perram
(1975). Further investigation is required.

C. The method of mofecuIar dynamics

1. General remarks

The computational procedure in molecular dynamics
involves numerical solution of the Newtonian equations
of motion {for spherical molecules) or the coupled New-
tion-Euler equations of motion for translations and ro-
tations (for rigid nonspherical molecules). These are
sets of several hundred to several thousand ordinary
differential equations which can be handled quite readily
by modern computers. Difficulties arise when there
are very fast and very slow motions present, since a
time-step small enough to describe the fast motions
will require unrea, sonably long computations to de-
scribe the slow motions. This has so far prevented
detailed study of polymer motions, for example. For
the kinds of molecules we are going to discuss this is
not a serious problem (except to some extent in the
case of water), and we shall not discuss it further.

Many important computa, tions were made for ha, rd-
sphere and square-well potentials, for which a par-
ticularly convenient algorithm is available. We will
discuss this briefly before considering continuous po-
tentials.

2. Hard-sphere and square-well potentials

The first molecular dynamics calculations (Alder and
Wainwright, 1957, 1959; Alder et a/. , 1972) were made
using hard-sphere and squa. re-well potentials. These
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potentials have the property that the forces between the
particles are zero except for implusive forces when the
particles reach particula. r distances (the hard-sphere
diameter 0 and the distance Xcr corresponding to the
outer wall of the square well). Thus the dynamics
breaks down essentially into a series of binary colli-
sions between which the molecules move in straight
lines. Given a set of molecular coordinates a.nd veloc-
ities immediately after a collision one can calculate
when the next collision will occur and proceed imme-
diately to that time to evaluate the changes of velocities
of the two parti:cles concerned by conservation of ener-
gy and momentum. Thus the basic time-step for the
computation is effectively equal to the mean time be-
tween collisions, whereas for continuous potentials the
time-step must be small compared to the du+ation of a
collision, a much shorter time. This leads to very fa.st
computations, so that the dynamics can be followed over
relatively long times. A full account of the method for
these potentials is given by Alder and Wainwright (1959),
and a briefer account by Ree (1971).

r, (t+ ~t) = r, (t)+ (t. t)v,.(t+ ~t./2), (3.3 6)

where f,. is the force on the ith particle, -V',.U. Rahrna. n
(1964), who made the first dynamics computations for
fluids with continuous potentia, ls, first used a, predictor-
corrector method, but in later work on water (Rahman
and Stillinger, 1971) adopted a higher-order method of
the type described by Nordsieck (1962). The latter
method gives high-order accuracy while requiring ex-
plicit evaluation only of the forces (not derivatives of
the forces). Verlet (1967) introduced a, simple one-step
central difference algorithm

r;(t+ bt) = -r;(t —At)+2m;(t)+ (At)'"/nzf;(y, (t)). (3.37)

With this algorithm the velocities are not required, but
may be evaluated by the central difference formula,

v,.(t) = [r, (t+ t t) r,.(t —.~t)]/(2~t). (3.38)

The initial coordinates may be chosen in a number of
ways. At the beginning of a problem one may start from
a, perfect crystal lattice; if the equilibrium state is
liquid, the configuration normally rapidly approaches
liquid-like states. Most often one will start with a near-
equilibrium configura. tion from the end of a previous
computation. The velocities are normally given an ini-
tial Maxwell distribution to speed the approach to equi-
librium. We note that the equations of motion a,re such
that the initial periodicity due to the periodic boundary
conditions is maintained at all later times.

The longest time over which meaningful dynamical re-
sults can be obtained is of the order I./c, where I. is

3. Continuous potentials

Several algorithms have been used for continuous po-
tentials for spherical molecules. Gibson et at. (1960),
who performed molecul'ar dynamics calculations in con-
nection with radiation damage in solids, used a two-step
central difference algorithm

v, (t+ b.t/2) = v, (t —st/2)+ (b, t/m)f, .(r(t)) (3.35)

and

the edge of the periodic box, and c the velocity of sound.
For times longer than this the periodic boundary condi-
tion can lead to spurious behavior.

4. Evaluation of static and dynamic properties

The static equilibrium properties are evaluated by
means of time averages

(3.39)

in which A. could be, for example, the kinetic energy,
from which the temperature may be evaluated, the
virial, the RDF, etc. In (3.39) it is assumed that the
system has rea. ched equilibrium at t=0, and 0 is a, suf-
ficiently long time, normally the whole duration of the
computer "experiment, " apart from the prelimina. ry
"equilibration" stage.

Those measurable dynamical properties, such a.s
(frequency-dependent) viscosity, self-diffusion constant,
thermal conductivity, the results of neutron. and optical
spectroscopic mea, surements etc. , which involve the
linear response to an external probe, can be expressed
(Berne, 1971) by means of Green —Kubo formulae in
terms of equilibrium averages of time correlation func-
tions of the form

ro
(A. (0)A(&)) = — A(t)A(t+ &)dte„o

hf -n

P A(m~t)A($~+nj~t), ~=n t tM-n

S(k, co) =—
~

e '"'I(k, &)d&,2r (3.41)

I(k, 7) =—Q (exp[—ik ~ r, (0)]exp[ik r (7)])~i m=.
(3.42)

(Chen, 1971). This function has been studied for the
6-12 fluid by Levesque et al. (1973), who also evaluated
viscosity and the self-diffusion coefficient [the latter
quantity had also been evaluated by Rahman (1964) and
Levesque and Verlet (1970)]. Levesque et al. (1973)
find evidence for the existence of a. large-time "ta.il" in
the Green —Kubo function for viscosity [cf., Alder and
Wa. inwright (1967, 1970)], which means that the precise
evaluation of viscosity by this route may be very diffi-
cult.

As an alternative to the study of transport properties
using equilibrium time correlation functions one can
use nonequilibxium molecular dynamics to study a. sys-
tem in which, for example, velocity gradients are pres-
ent (for the case of viscosity). This has been done by
Ashurst and Hoover (1975), Hoover and Ashurst (1975),
and Gosling et al. (1973).

(3.40)

The nature of the functions A. corresponding to various
measurable properties is described by Berne (1971).
In particular the dynamic structure factor S(k, w) is
given by
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D. Results of computer simulations

1. Hard spheres in v dimensions

Hard-sphere systems, with potential given by Eq.
(2.4), are of great interest because of the light they cast
on the question of the melting transition and because of
their use as reference systems for perturbation theo-
ries. We note that the partition function for the one-
di~ensiona/ hard-sphere system can'be evaluated ex-
actly (Tonks 1936); the pressure is given by

(3.43)

There is no phase transition, in accord with the theo-
rem of van Hove, which states that there can be no phase
transition for a one-dimensional system with interac-
tions of finite range.

There have been very extensive and careful studies
by both Monte Carlo and molecular dynamics methods
of the equilibrium properties of two-dimensional and
three-dimensional hard- sphere system s. The work up
to about 1967 is summarized and analyzed critically by
Wood (1968a); later references are Hoover and Ree
(1967, 1968), Alder et al. (1968), Alder and Hecht
(1969), Chae et al. (1969), Barker and Henderson
(1971a, 1972), Young and Alder (1974). Another excel-
lent discussion is given by Ree (1971).

A major conclusion is that both two-dimensional and
three-dimensional hard-sphere systems show first-or-
der phase transitions from fluid at low densities to solid
at high densities. For three dimensions this has ap-
peared almost certain since the work of Alder and

TABLE II. Fluid-solid transition data for hard spheres in
two and three dimensions.

p/pa (Fluid) p/po(Solid) p/( pok~T)

Two-dimens ions
Three-dimensions

0.761 0.798 8.08
0.667 + 0.003 0.736 + 0.003 8 97 + 0.13

Taken from Hoover and Ree (1968) and Ree (1971). The
close-packed density is po.

Wainwright (1957) and Wood and Jacobson (1957). For
two dimensions the results of Alder and Wainwright
(1962) were also compelling; in particular Fig. 7, taken
from their paper, indicates very clearly the coexistence
of solid and fluid phases. Such coexistence has not been
observed in three-dimensional systems, where much
larger systems would be required. However a finally
convincing proof of the existence of the two phases was
given by Hoover and Ree (1967, 1968), who calculated
the free energy of both phases by methods already dis-
cussed in Sec. IQ.B, and determined the pressure and
densities of the coexisting phases by thermodynamic
methods (equating pressures and chemical potentials
in the two phases). The results of these calculations
are given in Table II; and PV/Nk~T as a function of
density is shown in Figs. 8 and 9.

The reader who wishes to form his own assessment of
the evidence for these phase transitions should undoubt-
edly read the discussion of Wood (1968a), who wrote be-
fore seeing the work of Hoover and Ree, "it seems fair
to state that the molecular dynamics and Monte Carlo
results in toto certainly suggest a first-order phase
transition. To ask that they prove the existence of one
is perhaps asking too much of methods which are pres-
ently constrained to the use of relatively small numbers
of molecules. " However under "Additional references"
he listed the papers of Hoover and Ree (1967, 1968), with
the comment, "These important papers essentially de-
cide the question of the existence of a first-order phase
transition. "

It is sometimes felt that the existence of the two-di-
mensional phase transition contradicts a result found by
Peierls (1936) and Landau (1937), according to which the
root-mean-square displacement of a particle in a two-
dimensional solid of infinite extent is infinite. In fact,

10

6
C)

0
0.2 0.4 0.6

FIG. 7. Particle trajectories of hard-disk system in "two-
phase" region from molecular dynamics calculation (Alder
and Wainwright, 1962).

P~P p

FIG. 8. Equation of state of unconstrained and single-occu-
pancy hard disk system (Hoover and R,ee, 1968). The quantity
po is the close-packed density.
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10 '—

0
0.2 0.4 0.6

I

0.8

FIG. 9. Equation of state of unconstrained and single-occu-
pancy hard sphere systems (Hoover and Bee, 1968). The quan-
tity po is the close-packed density.

there is no such contradiction (Frenkel, 1946; Mikeska
and Schmidt, 1970; Hoover et al. , 1973}. Since this is
not universally known we will expand on the point. If
one writes an expression fdr the mean-square thermal
displacement of a particle in a solid as an integral over
phonon or fluctuation wave number k, the resulting in-
tegral (for an infinite crystal) diverges near 0 =0 like
1/~kl in one dimension and like in ~k l

m two dimensions,
but is convergent in three dimensions [the situation is
slightly complicated by the fact that Landau and Lif-
schitz (1969) exhibit the integral correctly but state in-
correctly that it is logarithmically divergent in one di-
mension and convergent in two and three dimensions].
Frenkel (1946) states categorically and partly correctly
that "the increase of the quadratic fluctuations in the
relative positions of the atoms with increase of their
average distance apart in the case of linear and plane
lattices has no bearing whatsoever on the question of
their mechanical or thermodynamical stability. .. it is
only possible to draw the conclusion that one- and two-
dimensional crystals must scatter x-rays in a way sim-
ilar to that which characterizes ordinary three-dimen-
sional liquids. " However, even the latter limited con-
clusion is not valid for finite two-dimensional crystals.
Hoover et al. (1974) calculate explicitly the root-mean-
square displacements for finite two-dimensional crys-
tals containing N atoms [it is proportional to (1nN)'~'],
and show that a crystal the size of the known universe
(radius 10'o light years) would still have r.m. s. dis-
placement less than 10 AI Further Mikeska and Schmidt
(1970) show that a two-dimensional crystal would pos-
sess Bragg reflections, since "the Bragg'scattering
peaks of a. (two-dimensional) crystal turn out to be only
slightly weakened as compared to the usual 5-function
spikes of the structure function. "

It is not easy to find convincing expexirnentaE examples
of truly two-dimensional solids, though Frenkel cites
graphite, in which the interlayer bonding is very much
weaker than the intralayer bonding. However, Elgin
and Goodstein (1974) in their thermodynamic study of
4He absorbed on Grafoil find, as well as fluid phases,
both a yegistexed (or "lattice gas") solid and a nonxeg
istexed solid phase. It is the latter which one might re-
gard as a "genuine" two-dimensional solid. It is a little
surprising that the melting transition for this solid ap-

TABLE III. Comparison of Monte Carlo and molecular
dynamic results for 6-12 potential with experimental data for
argon.

V
(cm3/mole)

P —U
(atm) (cal/mole)

Exptl MC or MD Exptl MC or MD

A. Monte Carlo results:

97.'0
97.0
97.0

108.0
108.0
117.0
117.0
117.0
127.0
127.0
127.0
136.0
136.0
136.0

28 .48
28.95
29.68
28.48
31.72
28.48
29.68
30.92
30.92
33.51
35.02
30.30
32.52
38.01

214
141

39
451

16
619
386
219
367
137

65
585
313

60

200 + 14
141+ 10
17+12

443+ 12
=16+10
605 + 16
399+14
174 + 13
331+ 13
69+12
13+13

607 +14
289 + 13
33+ 10

1386
1371
1340
1360
1244
1334
1289
1245
1219
1137
1094
1214
1144
1010

1413+2
1388 + 2
1360+2
1387 + 2
1258+2
1372 ~ 2
1319+2
1278 +2
1261 +2
1170+2
1117+2
1264+ 2
1192+ 2
1022+ 2

Molecular dynamics results:

86.1
91.0
93.7
94.2

105.4
128.1
128.3

27.98
27.98
27.98
27.98
27.98
31.71
31.71

95
205
272
282
513
292
295

91
208
270
273
507 '
299
295

1389
1190
1190

1457
1445
1438
1440
1414
1235
1230

Comparison assumes e/k =119.8K, 0 =3.405 A; taken from
McDonald and Singer (1969).

b Molecular dynamics results of Verlet (1967).

pears to be a second-order transition. However it is
strictly only for the classical hard-sphere system that
we know that the transition is first-order in two dimen-
sions. Helium on Grafoil is neither classical, nor hard-
sphere (nor, one must add at the risk of weakening the
argument, strictly two-dimensional).

The most extensive tabulation of the RDF for three-
dimensional hard spheres is that of Barker and Hender-
son (197la, 1972). Barker and Henderson (1972}present
a parameterized equation giving the covariances
(N, N, ) —.(N. ,.)(N„)of th. e discrete radial distribution func-
tion N,. derived from Monte Carlo calculations. Chae
et af. (1969) present radial distribution functions for two-
dimensional hard spheres at several densities.

Alder et al. (1970) made a molecular dynamics study
of the transport properties (diffusion coefficient, shear
and bulk viscosity and thermal conductivity) of three-
dimensional hard spheres over the whole fluid range of
densities by evaluating equilibrium time- correlation
functions. They compared their results with the Enskog
theory, which involves a nearly exponentially decaying
time correlation function and takes account of static but
not dynarni c many-body effects. They observed devia-
tions from exponential decay (large-timetails} persisted
for many collision times, indicating highly collective
effects. Near the solidification density the shear vis-
cosity was larger than the Enskog value by about a fac-
tor of 2, and the diffusion coefficient was smaller than
the Enskog value by about the same factor. The thermal
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TABLE IV. Liquid —gas transition data for 6—12 fluid and
.aI'gon.

TABLE VI. Triple point properties of the 6—12 pote~tI».

6 —12
Argon
6 —12
Argon

-0 y5
T~ =0.75
T*=1.15
T~ =l, l5

0.0025
0.0031
0.0597
0,0664

p gas

0.0035
0.0047
0;073
0.093

p 3f;

liqUld

0.825
0.818
0.606
0.579

6.62
6.50
4.34
3.73

Machine simulation ~

PY(E)
BH2

~ Hansen and Verlet (1969).

0.6~ ~ u.u~
0.70
0.66

0.0020
0.0006

Taken from lraasen and Uerlet (1969). All quantities are
reduced in terms of e and cr; argon data assume e/0 =119.8 K,
o =3.405A; L & is the reduced latent heat of evaporation.

Derived from Monte Carlo calculations.

conductivity and bulk viscosity were much closer to the
Enskog values. The product of shear viscosity and dif-
fusion constant remained roughly constant, in accord
with the Stokes relation. Dymond and Alder (1971) find
experimental evidence for these effects in the diffusion
coefficients of krypton, methane and carbon dioxide.

Hoover et al. (1.971) made Monte Carlo studies of soft
spheres (with repulsive x " potentials) and compared the
results with the predictions of several theoretical re-
sults.

2. The square-wel I potential

Fairly extensive Monte Carlo (Rotenberg, 1965; Lado
and Wood, 1968; Henderson, Madden, and Fitts, 1976)
and molecular dynamics (Alder et a/. , 1972) results for
the square-well potential with A. = 1.5 are available.
These results are discussed in Secs. VI and VII.

3. The Lennard -Jones 6-12 potential

Pressures, energies and radial distribution functions
(RDF) for the 6-12 fluid have been calculated by Monte
Carlo and molecular dynamics methods. The first
Monte Carlo calculations were those of Wood and Parker
(1957) for a supercritical isotherm; more recent work
includes that of Verlet and Levesque (1967) and Mc-
Donald and Singer (1967, 1969). Molecular dynamics
results for thermodynamic properties are given by Ver-
let (1967), and for the RDF, including an extensive tab-
ulation, by Verlet (19'68). In Table III we compare some
calculated pressures and energies with experimental
data for argon. At high densities the agreement is really

remarkably good. However, the energies show discrep-
ancies of up to 4% at larger volumes, as one would ex-
pect from the discrepancies in second virial coefficients.

Hansen and Verlet (1969) evaluated free energies and
constructed the phase diagram as discussed in Sec. III.B.
The phase diagram is shown in Fig. 1, with the experi-
mental results for argon for comparison. The qualita-
tive and semi-quantitative agreement is extremely satis-
fying. This diagram undoubtedly represents a major
achievement of statistical mechanics in explaining the
phase relationships of solid, liquid and gas. The I.en-
nard —Jones parametersused for argon are e/k~ = 119.8K
and 0= 3.405A; these were determined solely from gas
properties by Michels et al. (1949).

Some detailed numerical results are given for the
liquid-vapor equilibrium in Table IV and for the fluid-
solid equilibrium in Table V.

Estimates for the triple point properties and critical
constants of the 6—12 fluid based on the Monte Carlo and
molecular dynamics results are given in Tables VI and
VII. Values for the free energy (actually A/Nk~T) and
pressure (actually PV/1VksT) are given in Tables VIII
and IX.

The quantitative differences between the calculated
and experimental liquid-gas coexistence curve in the
neighborhood of the critical point in Fig. 1 are probably
partly due to the long-range fluctuations which are not
taken into account by the computation, though there may
be a substantial contribution from the shortcomings of
the 6—12 potential. The deviations in liquid density at
lower temperatures, and particularly in the latent heat
at T*=1.15 (Table IV) are almost certainly due to the
latter cause.

Streett et al. (1974) and Raveche et al. (1974) made
very detailed Monte Carlo calculations for the 6—12 sub-
stance in the neighborhood of the solid —fluid transition

TABLE VII. Critical constants for the 6—12 potential.
TABLE V. Fluid —solid transition data for 6-12 fluid and
aI'gon. p+ p~ v~/19k~ T

6—12
Argon
6—12
Argon
6—12
Argon
6—12
Argon

2.74
2.74
1.35
1.35
1.15
1.15
0.75
0.75

32.2
37.4
9.00
9.27
5.68
6.09
0.67
0.59

Pfi id

1.113

0.964
0.982
0.936
0.947
0.875
0.856

p solid

1.179

1.053
1.056
1.024
1.028
0.973
0.967

0.050 2.69
2.34

0.087 1.88
0.072 1.63
0.091 1.46
0.082 1.44
0.135 1.31
0.133 1.23

MD
Exptl
BG(P) "
BG(C)
I Y(P) b

PY(C)
PY(E)
HNC(P)
HNC(C)
BH2
OCT c

1.32—1.36
1.26

(1.45)
1.58

(1.25)
1.32
1.34

(1.25)
1.3S
1.38
1.35

0.32—0.36
0.316

(0.40)
' 0.40
(0.29)
0.28
0.34
(0.26)
0.28
0.33
0.35

0.13—0.17
0.117
(0.26)
0.30
(0.11)
0.13
0.14
(0.12)
0.15
0.16
0.15

0.30—0.36
0.293

(0.44)
0.48

(0.30)
0.36
0.31
(0.35)
0.38
0.35
0.32

Taken from Hansen and Verlet (1969). All quantities are
reduced in terms of e and a", argon data assume e/% =119.8 K,
o.=3.405 A; L* is the reduced latent heat of fusion.

b The 6-12 values are derived from Monte Carlo calculations.

I

~ Verlet (1967).
Obtained by extrapolation.

c Sung and Chandler (1974).
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TABLE VIII. Values of A/Nk~T for 6-12 potential.

pg Sinml. PY(E) BH1(PY) BH1 BH2 Var. (PY) Var. (VW)

WCAb

(PY)
WCAb

(VW/GH) ORPA'

2.74

1.35

1.15

0.75

0.60
0.70
0.80
0.90
1.00

0.60
0.70
0.80
0.90
0.95

0.60
0.70
0.80
0.90

0.60
0.70
0.80
0.90

—0.34
+0.01

0.43
0.93
1.59

1y77
—1.65
—1.41
—1.02
—0.72

—2.29
-2.25
—2.06
—1.79

-4.24
—4.53
—4.69

—0.33
+0.01

0.43
0.95
1.61

—1.75
—1.62

1 ~ 37
—0.99
—0.72

—2.28
—2.23
-2.06
-1.74

—4.50
—4.63
—4.55

—0.31
+0.04

0.45
0.97
1.65

—1.67
—1.54
—1.30
—0.90
—0.62

—2.16
—2.11
—1.95
—1.61
—3.99
—4.26
—4.38
—4.29

—0.31
+0.02

0.46
0.99
1.66

—1.65
—1.51
—1.26
—0.84
—0.55

—2.15
—2.10
—1.92
—1.56

-3.99
—4.26
—4.37
—4.26

—0.33
+0.01

0.42
0.95
1.62

—1.75
—1.63
—1.41
—1.01
—0.72

—2.30
—2.26
—2.10
—1.76

—4.29
—4.28

4 74
—4.67

—0,19
+0.20
0.65
1.21
1.92

-1.59
—1.42
-1.13
—0.67
—0.35

—2.10
—2.02
—1.81
—1.40

—4.01
-4.24
—4.38
-4.22

—0.18
+0.21

0.69
1.27
2.01

—1.57
—1.39
—1.07
—0.57
—0.23

—2.09
—1.99
—1.74
—1.29

—3.99
—4.24
—4.30
—4.08

—0.32
+0.02

0.43
0.97
1.66

1 0 73
—1.62
—1.39
—0.98

(—0.67)

—2.25
2.23

—2.08
—1.73
—4.17
—4.51
—4.69

(—4.60)

—0.33
+0.01

. 0.41
0.92
1.56

—1.74
—1.63
—1.41
—1.02

(—0.74)

—2.26
—2.24
—2.09
—1.77

—4.18
—4.51
—4.69

(—4.62)

—0.34
+0.00

0.41
0.92
1.56

—1.76
—1.64
—1.42
—1.03

(—0.75)

—2.29
—2.25
—2.10

1077

—4.25
—4.54
—4.71

(—4.63)

~ Verlet and Levesque (1967), Verlet (1967), Levesque and Verlet (1969), Hansen and Verlet (1969), Hansen (1970).
b HTA of WCA.

ORPA correction to WCA (VW/GH) calculated by Anderson (1972).

at several temperatures, with particular emphasis on
structural properties, the effect of initial conditions
and the possibility of "crystallization" in a Monte Carlo
calculation (which they observed for "nucleated" sys-
tems). They estimated coexisting fluid and solid densi-
ties by a Maxwell construction (which has some uncer-
tainty due to inability to obtain satisfactory averages in

the "unstable" region). Their coexisting densities were
about 4/o lower than those of Hansen and Veriet (1969).
These differences are discussed by Hansen and Pollock
(1975) and Raveche et al. (1975). The latter authors be-
lieve that there is agreement within the combined un-
certainties. We have already discussed (in Sec. III.B.2)
other calculations which tend to confirm the accuracy of

TABLE IX. Values of PU/Nk&T for 6-12 potential.

k 7'/g p g 3 Silnul. Silnul. b PY(E) BH1(PY) BH1 BH2 Var. (PY) Var. (VW)
WCA WCA
(PY) (VW/GH)

2.74

1.35

1.00

0.72

0.65
0.75
0.85
0.95

0.10
0.20
0.30
0.40
0.50
0.55
0.65
0.75
0.85
0.95

0.65
0.75
0.85
0.90

0.85
0.90

2.22
3.05
4.38
6.15

0.72
0.50
0.35
0.27
0.30
0.41
0.80
1.73
3.37
6.32

—0.25
+0.58

2.27
3.50

0.40

0.48
2.23

0.25
-1.60

2.23
3.11
4.42
6.31

0.72
0.51
0.36
0.29
0.33
0.43
0.85
1.72
3.24
5.65

—0.22
+0.57

2.14
3.33

0.33
1.59

2.23
3.11

6.37

0.77
0.54
0.35
0.25
0.29
0.40
0.85
1.77
3.36
5.96

—0.25
+0.62

2.30
3.57

0.50
1.90

2.24
3.14
4.48
6.41

0.77
0.55
0.39
0.26
0.31
0.43
0.91
1.87
3.54
6.21

—0.21
+0.71

2.48
3.79

0.70
2.15

2.22
3.10

6.40

0.74
0.52
0.36
0.26
0.27
0.35
0.74
1.64
3.36
6.32

—0.36
+0.53

2.25
3.53

0.25
1.63

2.48
3.43
4.79
6.69

0.78
0.56
0.39
0.31
0.39
0.53
1.08
2.14
3.92
6.67

-0.10
+0.95

2.90
4.34

1.05
2.73

2.54
3.54
4.98
6.97

0.78
0.56
0.39
0.32
0.43
0.58
1.19
2.34
4.24
7.16

+0.04
1.20
3 ~ 32
4.84

1.59
3.39

2.21
3.11
4.50
6.57

0.77
0.53
0.32
0.17
0.18
0.27
0.72
1.70
3.51

(6.58)

—0.51
+0.43

2.41
(3.96)

0.43
(2.24)

2.18
3.04
4.30
6.10

0.77
0.53
0.31
0.17
0.18
0.27
0.71
1.64
3.28

(5.90)
—0.50
+0.40

2.20
(3.55)

0.26
(1.83)

2 ~ 20
3.05
4.31
6.10

0.73
0.51
0.35
0.25
0.27
0.35
0.77
1.68
3.30

(5.91)
—0.38
+0.47

2.23
(3.57)

0.32
(1.87)

~ Verlet and Levesque (1967), Verlet (1967), Levesque and Verlet (1969)."McDonald and Singer (1969).
~ HTA of WCA.

ORPA correction to WCA (VW/GH) calculated by Andersen (1972).
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the results of Hansen and deerlet.
Dynamical properties of the 6 —12 fluid have been

studied by Rahman (1964, 1968), Levesque and Verlet
(1970), and Levesque et al. (1973) using the equilibrium
time-correlation method, and by Ashurst and Hoover
(1975) using nonequilibrium methods. A more detailed
discussion of their methods is given by Hoover and As-
hurst (1975). Rahman and Levesque a,nd Verlet found
diffusion coefficients within 15~/0 of experimental values
for argon, but the shear viscosity calculated by Leves-
que et al. (1973) for a thermodynamic state close to the
triple point was over 30% higher than the experimental
value for argon. The results of Ashurst and Hoover in-
dicate that when properly extrapolated to infinite-width
systems the equilibrium and eonequilibxium results
agree with one another and with experimental data for
argon. This large finite-system effect seems to occur
only near the triple point. The "nonequilibrium" re-
sults had to be corrected for non-Newtonian behavior
by extrapolation to zero shear rate. Ashurst and Hoo-
ver found good agreement between their calcu1ated vis-
cosities and experimental data for argon in a wide range
of conditions. The noneqilibrium methods appear to
have substantial advantages in terms of computer time
requirements.

Fehder (1969,1970) has made a, molecular dynamics
study of the two-dimensional 6-12 fluid. A thorough
Monte Carlo investigation of the same system, showing
both liquid-gas and solid-fluid transitions, is given by
Tsien and Valleau (1974).

4. Argon with realistic potentials

The accurate BFW (Barker et a/. 1971) pair potential
for argon and the Axilrod-Teller three-body interaction
have been discussed in Sec. II, and methods for includ-
ing the three-body interaction and quantum corrections
in computer simulations in Sec. III.B. Ca1culated prop-
erties for fluid and solid argon calculated with these
potentials and methods are compared with experiment
in Table X. The agreement with experiment is excellent
over a very wide range of conditions, including both
fluid and solid phases at pressures up to 20 kbar on the
melting line. The agreement with experiment is better
than for the 6-12 potential even at high liquid densities,
but not much better because the 6-1.2 potential happens
to give good agreement in the neighborhood of the triple
point. However the real failure of the 6-12 potential to
describe the properties of argon is seen at gaseous den-
sities, as discussed in Sec. II.

In Tables XI and XII we exhibit the separate two-body,
three-body and quantum contributions to the energy and
pressure for liquid argon. The three-body contributions
are quite large. If one wished to treat the 6-12 poten-
tial as a true pair potential and include three-body and
quantum effects, there would be very large discrepan-
cies with experiment.

Low-temperature properties of solid argon as given
by the BFW and Axilrod —Teller potentials are discussed
by Barker et al. (1971), Barker (1976), and Fisher and
Watts (1972a); the latter paper discusses elastic con-
stants at temperatures up to the melting point.

The radial distribution function for liquid argon near

TABLE X. Calculated~ and experimental energies and pres-
sures for solid or fluid argon.

V Z'

(cm /mole) (K)
Ucaic Uexpt Pca]c

{cal/mole) {cal/mole) (bar)
Pexpt
{bar)

23.75
24.30
24.03
23.05
22.55
22.09
21.70
21.47
20.12
19.92
19.41

63.10
77.13

108.12
140.88
160.4
180.15
201.32
197.78
273.11
273.11
323.14

Solid on melting line b

—1786
—1727
—1664
—1624
—1574
—1525
-1462
—1459
-1178
—1150
-941

1
28

1028
2650
3808
4964
6199
6593

11974
12686
15988

0
0.25

1051
2708
3805
4999
6335
6140

11380

23.66
22.96
23.10
21.31
21.09
20.46

180.15
197.78
201.32
273.11
273.11
323.14

Fluid on melting line

—1297
—1235
-1236
-940
-924
-664

Fluid~

4907
6319
6143

11645
12585
15513

4999
6140
6335

11380
~ t ~

15354

27.04
29 ~ 66
30.65
35.36
41.79
48.39
57.46
70.73
91.94

100.00
100.00
140.00
140.00
140.00
150.87,
150.87
150.87
150.87

-1423
—1313
-1213
—1061
-906
-784
-679
-573
-462

—1432
-1324
-1209
-1069
—922
—789
-689
-591
-481

655
118
588
170

18
54
48
50
50

661
106
591
180
37
62
51
50
50

Values calculated by Monte Carlo method using BFW pair
potential and Axilrod-Teller interaction.

Barker and Klein (1973).
Barker et al. (1971).

its triple point has been calculated with corrections for
three-body interactions and quantum effects (Barker,
1973) and the results are in excellent agreement with
experiment (Yarnell et al. , 1973); the comparison is
shown in Fig. 2. Note, however that the 6—12 potential,
using the results of Verlet (1967b), gives equally good
agreement. The radial distribution function at high den-
sities is quite insensitive to the details of the attractive
potential, being determined primarily by the hard-core
repulsions (cf., Sec. VII).

It would be interesting to repeat the calculation of the
phase diagram using these potentials, particularly near
the critical point to see how much of the discrepancy in,
Fig. 1 is due to the use of the 6 —12 potential. Unfortu-
nately this has not been done. However, the calculated
pressures in Table X for the critical isotherm
(T= 150.87K) are very close to the experimental values.

Fisher and Watts (1972b) calculated diffusion coeffi-
cients for the BFW potential seithout the Axilrod-Teller
interaction, and found results rather similar to those
found with the 6-12 potential at the same densities. It
seems likely that the Axilrod-Teller interaction, which
is a relatively slowly-varying interaction, does not
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TABLE XI. Contributions to the internal energy of argon.

V
(cm3/mole)

U ()
(cal/mole)

U,-(Sb)
(cal/mole)

Ug (Q)
(cal/mole)

U; (theo r) U; (exp)
{cal/mole) {cal/mole)

100.00
100.00
140.00
140.00
150.87

27.04
29.66
30.65
41.79
70.73

—1525.2
—1393.6
—1284.7
—951.4
—603.8

87.1
$7.9
62.8
39.5
26.6

15.6
12.5
9.3
6.4
4.6

—1423
—1313
—1213
—906
—573

—1432
—1324
—1209
—922
—591

~ All entries taken from Barker et al . (1971).

have a great effect on dynamical properties at high den-
sities.

5. Other simulation studies

Extensive molecular dynamics studies of nonpolar
liquids with-diatomic molecules, with emphasis on dy-
namica) properties have been made by Berne and co-
workers, and are well reviewed by Berne (1971).

Liquid water has been studied extensively by molecu-
la,r dynamics (Rahman and Stillinger, 1971; Stillinger
and Rahman, 1972, 1974) and Monte Carlo methods (Bar-
ker and Watts, 1969,1973; Watts 1974; Popkie et al. ,
1973; Kistenmacher et gl. 1974; Lie and Clementi,
1975). Stillinger and Rahman made thorough studies of
static and dynamic properties using successively im-
proved empirical potentials. C lementi and coworkers
emphasize the pair potential, starting from Hartree-
Fock quantum mechanical calculations and including
correlation effects. Note that Zeiss and Meath (1975)
recently made a careful estimate of c, for water which
is appreciably smaller than that used by Kistenmacher
et al. (1974). The work of Barker and Watts emphasized
the problem of dielectric properties already discussed
in Sec. III.B.6. Evans and Watts (1974) compared sec-
ond virial coefficients for some of the potentials used
in these studies with experiment. Shipman and Scheraga
(1974) derived an empirical water-water potential.

McDonald (1974) made Monte Carlo calculations for
polar molecules interacting with the Stockmayer poten-
tial; he also examined the effects of polarizability of the
molecules using formal results due to Barker (1953).
Patey and Valleau (1974, 1976) made similar studies for
dipolar and quadrupolar hard spheres. McDonald and
Rasaiah (1975) studied by Monte Carlo the average force
between ions in a "Stockmayer" solvent. Patey and
Valleau (1975) made simila. r studies for charged hard
spheres in a dipolar hard sphere solvent.

There is a very extensive literature on Monte Carlo

TABLE XII. Contributions to the pressure of argon.

methods for polymers (Lowry, 1970; Lal and Spencer,
1973). Much of this work did not use the Metropolis
scheme. Curro (1974) describes an application of the
Metropolis method to multichain system of oligomers
containing 15 and 20 units. For a general account of the
statistical mechanics of polymers the book by Flory
(1969) is indispensable.

Liquid metals differ from simpler liquids in that the
"effective" pair potentials are oscillatory (March 1968).
Monte Carlo calculations for liquid sodium are described
by Murphy and Klein (1973), Fowler (1973) and Schiff
(1969), and molecular dynamics results are given by
Rahman (1970).

Monte Carlo ca.lculations on rigid nonspherical mole-
cules include those of Levesque et al. (1969) and Vieil
lard Baron (1972) on hard ellipses and of Few and Rigby
(1973) and Vieillard —Baron (1974) on hard spherocylin
ders. These results are referred to in Sec. &.B.

In the work on the two-dimensional hard ellipse sys-
tem Vieillard —Baron observed two first-order phase
transitions, with an oriented solid phase stable at high
densities, a nematic phase with orientational order but
no translational order stable at intermediate densities,
and a liquid phase disordered both in orientations and
translations stable at low densities. In the three-di-
mensional hard spherocylinder system Vieillard —Baron
was unable to observe a nematic phase. It is possible
that this was due to the nature of the initial conditions
used in the Monte Carlo work, which resembled more
closely a smectic (layered) pha. se. It would be worth-
while to make a Monte Carlo study starting from a ne-
matic structure with perfect orientational order, which
could be generated by applying an affine transformation
x' =x, y' = y, z' = as to a fluid configuration of hard
spheres (this would lead to a nematiclike configuration
of hard ellipsoids).

IV. DENSITY EXPANSIONS AND VIRIAL
COE F.F ICIENTS

A. Introduction

p()
(cm /mole) (atm)

P (3b) P (Q) P (theor) P (exp)
(atm) (atm) (atm) (atm)

In the limit of zero density, the equation of state of a
gas is given by the pe&feet gas law

100.00
100.00
140.00
140.00
150.87

27.04
29.66
30.65
41.79
70.73

+ 239.9
—148.0
+ 348.9
—33.7
+34.5

364.2
238.8
214.3
49.0
13.2

42.2
25.3
16.7
2.7
1.2

All entries taken from Barker et aE . (1971).

646
116
580

18
49

652
105
583

37
49

pV/Nk 2= 1. (4.1)

As the density is increased, deviations from (4.1) oc
cur. A gas exhibiting these deviations may be called an
imPewfect gas. It is observed experimentally that the
equation of state of an imperfect gas at low densities is
given by
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pV B C D
3 ~ ~ ~ (4.2) tr eated similarly,

A/ka T = —N ln V — ',N—' ln (e»), (4.9)
where B,C, D, etc; are called the second, third, fourth, . . .
virial coefficients and V is the molar volume.

In this section the relation between these virial coeffi-
cients and the coefficients in the density expansion of
other quantities and the intermolecular forces will be
explored. Although Eq. (4.2) does not provide the basis
of a satisfactory theory of liquids, this expansionisuse-
ful for imperfect gases at low densities. The virial co-
efficients can be calculated for model or real potentials
and can be regarded as another source of quasi-experi-
mentaL data simiLar to the computer simulations discussed
above. Moreover, density expansions can be used to in-
troduce theories which do apply to the liquid state. For
simplicity, systems w'ith pairwise-additive central forces
will be considered in detail. Thus,

N

U~( r„.. . , r~) = Q u(r, ,), (4.3)
i& j=i

where r, , =
~
r, , I

and r,, = r~ —r, . Qeneralizations to more
complex systems will be considered briefly.

Additional discussion of density expansions can be
found in Kihara (1953a., 1955), Hirschfelder et gl. (1954),
Uhlenbeck and Ford (1962), Dymond and Smith (1969),
and Mason and Spurling (1969).

where the factor in front of the. logarithm arises be-
cause there are —,N(N —1) = ,N'—pairs of molecules.
The function e(r) differs from unity only for values of
x which are a few molecular diameters. Hence, it is
convenient to introduce the function

f(r) = e(r) —1,
which is ca.lied the Mayer f-function. Thus,

A/keT= —NlnV ——,N' ln(1+ & f»)),
where

(4.10)

(4.11)

(f„)=V f f, drdr,

= V '
J( f„dr2. (4.12)

A/0 T= —Nln V+B(N/V ), (4.13)

where B is independent of the volume and is given by

The integral in (4.12) is of the order of a molecular
volume. Hence, the logarithm in (4.11) can be expanded
to give

B. General expressions for the virial coefficients

1. Second virial coefficient

y-3N N

ZN=, , e,-,.dr, . 4rN, (4.4)

The equation of state depends only on the partition
function

B= — f(r„)d r, ,

= —2' f(r)r 'dr,
0

(4.14)

where N is Avogadro's number. The latter form of
(4.14) is valid only for a spherically symmetrical po-
tential. Differentiating to obtain the pressure gives

where X=A/(27imkeT)' ' results from the integration of
the kinetic energy variables,

pP B
Nu. T "V. (4.15)

e(r) = exp(- Pu(r)), (4.5) so that B, given by (4.14), is the second virial coeffi-
cient.

= -NLnP —ln e,,
i& j=l

(4.6)

where the terms which are independent of V and which
do not contribute to the equation of state have been
dropped.

The factors e» and e» are independent. Hence,

and e,, = e(r, ,). Equation (4.4) can be regarded as an
average over K- molecule configurations of noninteract-
ing molecules. Thus

A/RENT

= —ln ZN
N

2. Third virial coefficient

To second order in V ', the error in (4.13) and (4.15)
is due to the neglect of three-molecule correlations.
Hence, for each triplet of molecules, . the above approx-
imation to ZN must be multiplied by the factor

(4.16)

If this expression is written in terms of the f functions-
and expanded, then

&ei2eis& = &ei2& . (4.7) t = ((1+f„)(1+f„)(1+f„))/(1+ f„&'

However, the three functions e», e„, and e» are not
independent. Thus,

1+ 3& f-&+ 3& f.,&'+
& f,.f,.f,.&

1+3&f„&+3& f,.&
+'& f', ;&

" (4.17)

(e„e„e„&~ (e„&'. (4.8)
The factor ( f»& is of order V ', and & f» f» f»& is of or-
der V '. Thus,

At sufficiently low densities, only interactions between
pairs of molecules occur with high probability, and con-
figurations in which all three of the functions in (4.8)
differ from unity are rare. Under such conditions, the
equality in (4.8) can be introduced as an approximation.
If products involving more than three molecules are

I=1+(f, f, f &+0(V ). (4.18)

Therefore,

A/&eT= —N jn V+&(N/V ) —
++

N' jn(1+ ( fi2 fi3 f2s&)i

(4.19)
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where the factor in front of the logarithm arises because
there are —,' N'(N —1)(N —2) = N'/6 triplets of molecules.
Expanding the logarithm gives

81 81' 81"

A/ks T = —N ln V+ B(N/V ) + —,
' C(N/V' ), (4.20)

where C is independent of the volume and is given by C3 C3' C3"

m

3V fi2 fi3 f.3 d 'id "d r3

(4.21)
3

Differentiation gives a result consistent with (4.2) so
that C is the third virial coefficient.

For spherically symmetric potentials (4.21) can be
simplified by using x», x», and &» as variables. It is
easy to show that

(4.22}

D4

D5'

D4'

D5"

D4"

D5n'

D5

D5n"

so that

8 2~2
3 f12 f13 f23 12 13 23 12 13 23 1 (4.23}

D6 D6' D6iI

where the integration is over all r», x», and ~» which
form a triangle.

FIG. 10. Irreducible diagrams contributing to B, C, and D.

a2 (4.24)

3. Higher-order virial coefficients

Higher-order virial coefficients can be obtained in a
manner similar to that given above. We shall not give
details. The general scheme for obtaining these virial
coefficients was first given by Mayer and his colleagues
between 1937 and 1942. This procedure has been re-
viewed by Mayer (1940, 1958), Vhienbeck and Ford (1962),
and van Kampen (1961). We have followed van Kampen's
treatment because of its relative simplicity.

The higher-order virial coefficients are sums of inte-
grals whose integrands are products of f functions. It is
convenient to represent these cluster ietegxals by dia-
grams (often called Maye3 diagvams) in which a bar re-
presents the function f(3'). The junction of two bars (of-
ten called afieLd Point) repre, sents a molecule whose co-
ordinates are integrated while a circle at the end of a
bar (often called a 3'oot point) represents a. molecule
whose position is fixed. Molecule 1 is taken as the ori-
gin. Thus dr,. represents d(r,. —r,). Some examples of
these diagrams are

and

B = —(N /2)B1,

C = —(N'/3)C3,

(4.26)

(4.2V)

D = —(N'/8)[3(D4) +6(D5) +D6] (4.28)

4. Virial coefficients for some model potentials

The simplest potential which can be used in the cal-
culation of virial coefficients is that of the so-called
Gaussian molecules where

Expressions for the fifth- and higher-order virial coef-
ficients can be written down. However, the number of
irreducible cluster integrals contributing to the virial
coefficient increases rapidly with order. For example,
ten irreducible cluster integrals contribute to the fifth
virial coefficient. Thus, the enumeration of the dia-
grams contributing to the virial coefficients becomes a
difficult problem as the order of the coefficient in-
creases. The diagrams contributing up to the seventh
virial coefficient have been enumerated by Uhlenbeck
and Ford (1962).

f(2) = —exp[ —3 2/a2f. (4.29)

f„f„f,3 dr 2dl 3. (4.25)

Sometimes it will be convenient to use diagrams with
xdf(3 )/dh and —de(3')/dp as bonds. These bonds will be
represented by --- and ~, respectively. The diagrams
contributing to B, C, and D are given in Fig. 10. The
diagrams which contribute to the virial coefficients are
said to be 6 +educible because they cannot be factored
into products of simpler terms.

The expressions for B, C, and D in terms of the dia-
grams in Fig. 10 are

This potential is a soft repulsive potential. Although it
is unrealistic (for example. , the potential is temperature
dependent) it has the virtue of yielding simple analytic
expressions for the virial coefficients. Earlier, this
was a great advantage because, for other potentials, the
higher-order cluster integrals are complex. However,
the advent of modern computers permits numerical eval-
uation of the complex cluster integrals. For this reason
Gaussian molecules are no Longer of great interest and
wilL not be considered here. Another simple model sys-
tem which is simple enough to permit relatively easy

Rev. Mod. Phys. , Vol. 48, No. 4, October 1976



J. A. Barker and D. Henderson: What is "liquid"7

evaluation of virial coefficients is the parallel hard cube
system (Geilikman, 1950; Zwanzig, 1956; Hoover and
DeRocco, 1961, 1962). This system consists of hard
cubes whose edges are all constrained to be parallel to
Cartesian coordinate axis.

The simplest model potential which will be considered
in detail is the hard-sphere potential, where Hence

f12 f13f23 3( 12& 137 23) 2 3

4131 cos '(1/3) —712' —438@ 2
0 Q 1+26695 o

(4.39)

D/B' = 0.2869. (4.40)

Thus,

0, x&d.

(4.30)

B=N~b, (4.31)

where b =2nd'/3 is four times the volume of a. hard
sphere. The third virial coefficient for hard spheres
can most easily be obtained by first calculating the fol-
lowing integral

Af» r' (4.32)

For hard spheres, c,(x) is just the volume common to
two spheres of diameter d separated by a distance x.
This is easily obtained and is

4zd'
[1 —4 (~/d)+ —,', (x/d)'], v&2d

c,(~) =

0, x&2d.

(4.33)

Thus

C3 = f(~)c,(r)dr

Hence

= —5z'd'/6. (4.34)

C/B =8 ~ (4.35)

D4 = [c,(~)]'dr

= (272/105)5', (4.36)

The four th virial coeff icient for hard spher es can also
be obtained easily from (4.33). The results are

Numerical values for the fifth virial coefficient for
hard spheres have been obtained by several authors
(Katsura a.nd Abe, 1963; Kilpatrick and Katsura, 1966;
Rowlinson, 1964a; Ree and Hoover, 1964a; Oden et al. ,
1966; Barker and Henderson, 1967c; Kim and Hender-
son, 1968a). The value of Kim and Henderson (1968a)
should be the best because seven of the ten cluster inte-
grals are obtained analytically in their calculation. Ree
and Hoover (1964a, 1967) ha.ve obtained numerical val-
ues for the sixth and seventh hard-sphere virial coef-
ficients. The results of these calculations are listed in
Table XIII. All the known hard-sphere virial coeffi-
cients are positive. However, there is evidence that
some of the higher-order virial coefficients may be neg-
ative (Ree and Hoover, 1964b).

The equations of state of hard spheres predicted by
truncated virial expansions are plotted in Fig. 11. As
more terms are included, the agreement with machine
simulations improves. For hard spheres, the virial
series seems convergent at all densities at which the
hard spheres are fluid. Extrapolations using Pade ap-
proximants, which are ratios of polynomials in the den-
sity in which the coefficients are constrained to fit the
known virial coefficients, are in good agreement with
the computer simulations. For more realistic poten-
tials with attractive forces, the convergence is much
poorer (Barker and Henderson 1967c).

The virial coefficients for the square-well potential
have been obtained by Katsura (1959, 1966), Barker and
Monaghan (1962a, 1966), and Barker and Henderson
(1967c). Henderson et al. (1975) have obtained virial
coefficients for hard spheres with a Yukawa tail.

The third, fourth, and fifth virial coefficients have
been obtained numerically for the 6-12 potential. Bar-
ker et al. (1966) give a convenient tabulation. The sim-
pler cluster integrals can be obtained straightforwardly.

TABLE XIII. Hard sphere virial coefficients.

D5 = f(~)[c,(~)]'dr,
B/N~b, C/B2 D/B3 E/B4 y /B5 G/B6

6347
3360 (4.37)

The fully connected integral D6 is more difficult. It is
most simply obtained from

S( J2p $3/ 23 fjg 24 f,4dr4, (4.38)

which for hard spheres is the volume common to three
spheres of diameter d. This volume and the resulting
value for D6 can be obtained analytically (van Laar,
1899; Boltzmann, 1899; Nijboer and van Hove, 1952;
Rowlinson, 1963; Powell, 1964). The result for D6 is

Exact
SPT
CS
BG{P)
BG(C)
K(P)
K(C)
PY(P)
PY(C)
HNC(P)
HNC(C}

1
1
1

1
1
1
1.
1
1
1

0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.625

0.2869
0.2969
0.2813
0.2252
0.3424
0.1400
0.4418
0.2500
0.2969
0.4453
0.2092

~ Kim and Henderson (1968a).
"Ree and Hoover (1964a).

Ree and Hoover (1967).

0.1103
0.1211
0.1094
0.0475
0.1335

0.0859
0.1211
0.1447
0.0493

0.0273
0.0449
0.0382
0.0281

0.0083
0.0156

0.0386b 0.0138c

0.0449 0.0156
0.0156 0.0132
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4(D4') = —9(D4),

4(D5') +D5n' = —9(D5),

(4.50)

(4.51)
(4.60)

2(D6') = —3(D6). (4.52)

Equations (4.48)-(4.52) are established by integration by
parts. The energy equation yields (4.26)-(4.28) because

and

BB1/BP =Bl",
BC3/BP =C3",
BD4/BP = D4",
BD5/'BP = 4(D5")+D5a",

BD6/BP = 6(D6").

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

The triplet distribution function has the expansion

g$2gg$2g\3g23[1 +Pd3(123)+. . . ] (4.58)

D. Virial coefficients for more complex systems
't. Quantum effects

Systems such as liquid helium, which have large
quantum mechanical effects, are beyond the scope of
this article. However, for systems such as argon, and
even neon and gaseous hydrogen and helium at high
temperatures, the quantum effects are small and can be
treated by an expansion in h', where k is Planck's con-
stant. For additive interactions which are analytic
(other than at r =0), the free energy is given by the ex-
pansion

h2
A =A„+ N, &'u(r)g„(r)r'dr+ ~ ~, (4.59)

+&2 QT

where A„and g„are the free energy and RDF of the
classical system (i.e. , h-0 or m -~). An alternative
form of (4.59), which is suited to machine simulations,
has been given earlier, Eq. (3.31). Combining (4.59)
with the density expansion of g„(r) gives the quantum
correction to the virial coefficients. Kim arid Hender-
son (1966, 1968b) have calculated the correction of or-
der h2 to B, C, D, and E for the 6-12 potential. The
higher-order h' and h' corrections to B are derived and
tabulated by Haberlandt (1964) for the 6—12 potential.

For potentials such as the hard-sphere potential,
which are not analytic, (4.59) is not valid. For hard
spheres, Hemmer (1968) and Jancovici (1969a) have ob-
tained

where d,' has been defined in (4.38). If d,' and all higher-
order terms are neglected then one has the superposi-
tion approximation of Kirkwood (1935).

For hard spheres, c,(r), and thus y, (r), is given by
(4.33). For this system, Nijboer and van Hove (1952)
have calcula. ted y, (r) and Ree et al (1966) .have calcula-
ted y, (r). McQuarrie (1964), Hauge (1965), and Barker
and Henderson (1967e) have calculated y, (r) and y2(r) for
the square-well potential. Henderson (1S65), Henderson
and Oden (1966), Henderson et al. (1967), Kim, Hender-
son, and Oden (1969) have computed y, (r), y, (r) and
y3(r) for the 6-12 potential.

where A, =h/(2nmk~T)'~'. For hard spheres, the quan-
tum corrections are of order k rather than k' as in
(4;59). Combining (4.60) with the density expansion of
g„(d) gives the quantum correction to the hard-sphere
virial coefficients. Jancovici (1969b) has obtained the
second-order quantum correction to the hard-sphere
free energy also. This result can be used to obtain the
quantum corrections to the virial coefficients. Jancovi-
ci (1S69b) gives the quantum corrections, to order X',
to the hard-sphere B and C. The quantum corrections
to order X' for the hard-sphere B have been given by
Nilsen (1969) who extended the lower-order calculations
of Uhlenbeck and Beth (1936), Handelsma. n and Keller
(1966), Hemmer and Mork (1967), Hill (1968), and Gib-
son (1970).

Gibson (1972) has obtained the first quantum correc-
tion to the free energy for the square-well potential and
from this deduced the first quantum corrections to the
virial coefficients. The first quantum corr'ection to B
for the square-well potential has been obtained earlier.
References are given by Gibson (1972).

The first quantum correction to the RDF for an ana-
lytic potential have been obtained by Singh and Barn
(1973, 1974) and Gibson (1974). These expressions can
be used to obtain expressions for the first quantum cor-
rections to the y„(r). Singh and Ram give some numer-
ical results for these corrections to the y„(r). Equiv-
alent expressions in the discrete representation can be
obtained easily from (3.14) and (3.34). Singh (1974),
Gibson and Byrnes (1975) and Gibson (1975a, b) have ob-
tained the first quantum correction to the RDF for non-
analytic potentials.

A. =A»+ Np' g»(123)—u(123)dr, dr„ (4.61)

where A» and g»(123) are the free energy and triplet
distribution function in the absence of three-body
forces. It is to be remembered that (4.61) is valid only
to first-order in the strength of the three-body inter-
actions, &. For simple fluids, such as argon, this is
not a practical limitation because' the v' terms are neg-
ligibly small. From (4.61) it is seen that there is no
three-body force contribution to the second virial co-
efficient. The third virial coefficient is

N2
C = —C3+

3 12 13 23 123 F2 3 (4.62)

A diagrammatic notation to represent the three-body
terms has been devised. For example, see Bushbrooke
and Silbert (1967).

In Fig. 14 the third virial coefficient of argon, calcu-
lated using the BFW (Barker et al. , 1971) pair-poten-

2. Three-body interactions

An expression for the free energy, which is valid to
first-order in the strength of the three-body interaction
and which is useful for machine simulations, has been
given in (3.14). Written in terms of distribution func-
tions, this becomes

Rev. Mod. Phys. , Vol. 48, No. 4, October 1976
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tial and the triple —dipole (Axilrod-Teller), dipole-di-
pole-quadrupole, and fourth-order triple-dipole three-
body potentials. These results were obtained by Barker
(1976) and Caligaris and Henderson (1975). The agree-
ment with experiment is good only if the three-body
terms are included. Johnson and Spurling (1971b) have
calculated the contributions of the dipole-quadrupole-
quadrupole and triple-quadrupole forces to C and has
found them to be small. For comparison, the second
virial coefficient, calculated from the BFW potential,
is a, iso plotted in Fig. 14. Casanova et al. (1970), Dulia
et al. (1971), and Johnson and Spurling (1974) have cal-
culated three-body force contributions to D.

Lee et al. (1975) and Caligaris and Henderson (1975)
have calculated the second and third virial coefficients
(including three-body interactions) of Ar+Kr and Kr
+ Xe mixtures.

There have been no calculations of the effects of
three-body forces on the y„(x), the coefficients in the
density expansion of the RDF.

B = — f(l, 2)dr, dr, d&, d&„
2U (4.63)

where the dr,. are the position volume elements and the
d&,. are the angle volume elements normalized so that
the integral of d&,. is unity. Appropriate generaliza-
tions of (4.26) to (4.28) give C and D

There has been a great deal of work on the evaluation
of virial coefficients for a wide variety of angle-depen-
dent potentials. Here we will attempt only to review
work on nonspherical potentials which have also been
used in the theory of liquids.
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FIG. 14. Second and third virial coefficients of argon. For
B', the solid curve gives the results calculated using the BFW
pair-potential. For C, the curves marked
and the solid curve give the results calculated using just the
BFW pair potential, the BFW pair potential and ddd, ddd +ddq,
and ddd+ddq+ddd4, respectively, where ddd, ddq, and ddd4
are the dipole —dipole —dipole (Axilrod —Teller), dipole —dipole—
quadrupole, and fourth-order dipole —dipole-dipole terms. The
points Q and e give the experimental results of Michels et al .
{1949,1958) and Weir et al . (1967), respectively.

3. Nonspherical potentials

For a nonspherical potential, the second virial coeffi-
cient is given by a straightforward generalization of
(4.14). Thus,

=-(p'/~'„)D(1, 2), ~&o,

where the angle-dependent term D(1, 2) is
A A A A A A

D(1, 2) = 3(V; r,.) (V, r,.) —V, V,

(4.64)

= 2 cos8, cosg, —sin8, sin8, cos(y, —p, ), (4.65)

and p, , and r» are unit vectors. The second virial coef-
ficient is

NB =-— dp sin0, d0, sin9, d8, ~i2f(1~ 2)«i2.

(4.66)

The original method (Keesom 1912) for evaluating (4.66)
was to expand f(1, 2) in (4.66) in powers of P and inte-
grate over r». The subsequent integration over the an-
gles results in the vanishing of the odd powers of P.
The result is

B = b[1 —x'/3 —x~/75 —29x'/55125 — ], (4.67)

where x=Pp, '/a'. With the advent of computers, Eq.
(4.66) could be evaluated by direct numerical integra-
tion. Watts (1972) has calculated C for dipolar hard
spheres. Keesom (1915) has a.iso calculated B for qua. d-
rupolar hard spheres.

Stockmayer (1941), Rowlinson (1949), and Barker and
Smith (1960) have calculated B for the Stockmayer po-
tential

M(r) =4&
I(

—
)

—
(
—
)

l ——,D(1, 2). (4.68)

Rowlinson (1951a) has calculated C for this potential.
Rowlinson (1951b) has also calculated B and C for a 6—
12 potential with both dipolar and quadrupolar terms.
Pople (1954a, b) and Buckingham and Pople (1955) have
considered methods of calculating B for a 6-12 poten-
tial with a variety of multipolar terms. A review of
these techniques has been given by Mason and Spurling
(1969).

b. Nonspherical cores

For hard spheres, B =N b. For hard nonspherical
molecules, we can write

B=N bf, (4.69)

where b is the second virial coefficient of hard spheres
of the same volume as t'he nonspherica. l molecules (i.e. ,
four times the volume of N hard spheres) and f&1 is a
shape-dependent factor. Isihara (1950), Isihara and
Hayashida (1951a,b) and Kihara (1951, 1953a, b) have
shown that for convex molecules f is related to the vol-
ume, U„sur face ar ea, S„and mean radius of cur va-
ture, A„of the molecule. In fact,

(4.70)

so that

a. Spherical cores

For dipolar hard spheres, the potential energy is giv-
en by

u(~„, &„&,) =~, ~&v
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TABLE XIV. R&, S&, and V& for several shapes.

Shape

Sphere

Rectangular
Parallelopiped

Regular tetrahedron

Cylinder

Prolate (cigar shaped)
Spherocylinder

Size

Radius =a

Length of edges
l(, l2, l3

Side = l

Length = l
Radius =a

Length = l
Radius =a

(l f +l 2+l3)/4

3l (tan ~ v 2 )/271

4(l + ra)

l /@+a

2(l, l, +l, l, +l,l,)

27ta(l +a)

2@a(l +2a)

v 2l'/12

ma'(l +~/3)

Prolate ellipsoid
of revolution

Major semi-axis =a a 1—C 1+E'
2m&2 1+ 4mab 2/3

Oblate ellipsoid
of revolution

Minor semi-axis =b
~2 (a2 b 2)/a2

sin
2 6 (1 —E.2) 1/2 27ta 1 + ln 47ra 2b/3

B =N [V, +R,S,]. (4.71)

(4.72)

D = N' [V', + 3(R,S,) V, + (R,S,)'V,]. (4.73)

In addition, Gibbons has obtained approximations to the
higher-order virial coefficients. Equation (4.72) is ex-
act for hard spheres.

In the special case of prolate spherocylinders of
length l and diameter 0

B 1++
4

1+2n+ n'/3
N' y' 16m

(4.74)

(4.75)

The quantities V„S„and R, are given for several
shapes in Table XIV. Gibbons (1969), using the scaled-
particle theory which will be discussed in Sec. V, has
shown that, for this theory,

C = N', V', + 2(R,S,)V, +—(R,S,)'

co (1961,1962), of a gas of long hard parallelopipeds
constrained to point only in three mutually perpendicu-
lar directions.

Kiha. ra, (1951,1953a) has studied convex molecules us-
ing nonspherical potentials which have the form u =u(p),
where u(x) is some simple central potential (for exam-
ple, the 6-12 potential) and p is the shortest distance
between the cores (not the centers) of the molecules.
For such simplified potentials B can be calculated with
relative ease. The hard convex molecules considered
above are of this form.

Chen and Steele (1969, 1970) have calculated the virial
coefficients of linear dumbell molecules composed of
fused hard spheres. Their results and the Monte Carlo
results (Rigby 1970) for virial coefficients of this sys-
tem are given in Table XV. The quantity x is l/cr, where
E is the separation of the centers of the spheres.
Spherical harmonic contributions to the coefficients of
the density expansion of g(x», Q„O,) were also calcu-
lated. Sweet and Steele (1967, 1969) have made similar
calculations for diatomic 6-12, a Kihara core potential
for a linear convex molecule, and a Stockmayer poten-

where

1+3(X+ Q

64 (4.76)
TABLE XV. Virial coefficients for hard prolate spherocy'=
linders and fused diatomic hard spheres.

x=1/v, and

(4.77) Prolate spherocylinders

0.4
3.15

0.8
3.44

n =R,S,/V„
= 3(1+x)(1+x/2)/(1+ 3x/2). (4.78)

For hard spheres x=0 and n=3. Rigby (1970) has cal-
culated D, for x = 0.4 and 0.8, by a Monte Carlo method
and obtained the results in Table XV. Equations (4.72)
and (4.75) are probably exact for prolate spherocylin-
ders as well as for hard spheres.

By considering the second virial coefficient of a gas
of hard rods, Onsager (1942, 1949) found a first-order
phase change to an anisotropic phase which is similar
to a nematic liquid crysta. l. Zwanzig (1963) obtained
similar results using the virial coefficients up to sev-
enth, calculated from the results of Hoover and DeRoc-

B/Ã~b

2b2 0 625

D/Pf b 0.2869

1.038 ~

0.663 ~

0.318

0.665 b

0.301b

1.109 ~

0.738 ~

0.361 ~

Fused hard spheres

0.4 0.6
B/N b 1

C/N' b' 0.625

&/~mb 0.2869

1 053c

068c 0.684 b

0.318"

19 c

0 75c

Equations (4.74) —(4.76) .
Monte Carlo calculations (Rj.gby, 1970).
Chen and Steele (1969,1970).

0.740b

0.336"

0.757"

O..359 b
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tial.
The fused hard spheres and diatomic 6-12 potentials

are examples of what may be called interaction-site po-
tentials in which the pair-potential of the molecule is
built up out. of central pair potentials between interac-
tion sites within the molecule. These would usually be
the nuclei (or some subset of the nuclei) within the mol-
ecule in which case they are often referred to as atom-
atom potentials. Evans and Watts (1975, 1976b) have
used such interaction site potentials to compute B for
benzene.

I adanyi and Chandler (1975) have reformulated the
Mayer cluster expansion in terms of f functions for the
site-site interactions rather than in terms of the mole-
cular f functions. Because the site —site f functions are
functions only of the scalar distance between the inter-
action sites, I adanyi and Chandler hope that a simplifi- .

cation will be obtained even though the number of dia-
grams has increased.

Rowlinson (1951b) has used a four-charge model with
a central 6-12 potential to obtain a pair potential for
water. He has used a multipole expansion based on this
model and, retaining only the dipolar and quadrupolar
terms, has calculated B and C. Johnson and Spurling
(1971a) and Johnson et al. (1972) have made similar cal-
culations. With the availability of modern computers,
there is no need to restrict oneself to only the dipolar
and quadrupolar terms. Evans and Watts (1974) have
calculated B for the full Rowlinson potential, the Ben-
Naim a.nd Stillinger (1972) potential and for some poten-
tials arising from Hartree-Fock calculations of the in-
teractions between water molecules.

Kirkwood (1933b), Wang Chang (1944), McCarty and
Babu (1970), Singh and Datta (1970), and Pompe and
Spurling (1973) have. calculated quantum corrections to
the virial coefficients for nonspherical molecules.

V. SCALED-PARTICLE THEORY

A. Hard spheres

-dp, (r)/dr =p, (r)4mpr'G(r).

Also,

p, (r) = exp( —pW),

(5.2)

(5.3)

dp, /p, = —(8d W = —4n p G (r)r'dr.

Hence,

dW =pdV +ydS =ksTpG(r)dV,

(5.4)

(5.5)

where y is the surface tension and S and V are the sur-
face area and the volume-of the system, respective'ly.
Therefore,

G(r)=(PksT) ' P+ 2y (5.6)

It is to be noted tha. t (5.6) gives

(5.7)G(~) =PV/NksT = 1+4' G(d).

To proceed further we need to know the x dependence
of y. For x not too small, it is reasonable to assume

y(r) =y,(1+5(d/r)), (5.8)

where y, and 5 are constants to be determined. Substi-
tution of (5.8) into (5.6) gives

G(r) =(pk~T) ' P+ '+ ', ~
2yo 4yohd

(5.9)

To determine y, and 5 it. is necessary to consider p, (r)
aga, in. For r&d/2, no more than one molecular center
can lie within a sphere or radius r and, therefore, Po(r)
is equal to unity minus the probability of there being a
molecular center within the sphere. Thus,

p, (r) =1 —(4 7(/)3'rp, r&d/2. (5.10)

where W(r) is the reversible work necessary to create
a cavity of radius x in the fluid. It is to be noted that P„
W, and 6 depend upon p as well as x. However, for no-
tational simplicity we do not show this dependence ex-
plicitly. Combining (5.2) and (5.3) gives

pV/NksT = 1+4qg (d), (5 1)

It has already been pointed out in Sec. I that, for hard
spheres of diameter d, the equation of state is given by

Hence, combining (5.2) and (5.10), we have

—dP, /dr =P, (r) 4mr'p G (r)
= 4m&'p, (5.11)

where g= (m/6)pd'. The factor gd'/6 is the volume of a
hard sphere. Thus, for hard spheres it is only neces-
sary to find g(d). Reiss et al. (1959) have developed a
simple but accurate method, called the scaled-Particle
theory (SPT), for obtaining g(d) and thus P.

I et p, (r) be the probability that there is no molecule
whose center lies within a sphere of radius x, centered
about some specified point. Thus, —dp, /dr is the prob-
ability of finding an empty sphere whose radius lies be-
tween r and x+A. This is equal to the product of the
probability of having no molecule within the radius rand
the conditional probability, 4mpG(r)r'dr, of there being
a center of at least one molecule within d& of t when no
molecule is inside the sphere of radius x. The signifi-
cance of G(r) arises from the fact that an empty sphere
of radius d affects the remainder of the fluid precisely
like another molecule (hence the name scaled-particle
theory), i.e. , G(d) =g(d).

Thus,

for r &d/2. Thus, P, (r)G(r) = 1 and

G(r) = [I —(4n/3)r 'p] ', r & d/2. (5.12)

(5.13)

where A = 2y, /pksTd and B =4y, 5/pk~Td' Solving Eqs. .
(5.7) and (5.13) for P/pkT and G(r) gives

p 1+4q(A +B)
AT 1 —4g

(5.14)

Consequently, Eq. (5.12) is valid for all r&d/2 and Eq.
(5.9) is valid for r not too small. For d/2&r&d/~3,
two molecular centers can lie within the sphere and
p, (r) and G(r) cannot be determined without first know-
ing g(r).

However, as an approximation we can assume that
(5.9) is valid for all r &d/2. This is the central approxi-
mation of the SPT. Hence, approximately
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I

and

G(x) = [I —8q(~/d)'] ', ~&d/2

1+4'(A+B) A B
I-4q

(5.15)

14

12

and

3n( I+@)
2(1 —q)'' (5.ie)

Expressions for A and B, and thus y, and 6 can be ob-
tained by requiring that G(x) and dG/Ch be continuous at
x=d/2. The resulting values for A and B are

10

8
CQ

O
6 es)

B =
3n'

4(1 —'0)'

Therefore,

p =1+6+0'
pksT (1 —q)''

(5.17)

(5.18)
I I I I I I

Thus, in the SPT

4 —2g+q2
g(d) —

4(1 )
(5.19)

9 k~T, 1+g
2m d' (1 —q)'

Expanding (5.20) in powers of the density gives

(5.20)

Equation (5.18) gives an exact second and third virial
coefficient and, as may be seen in Table XIII, gives
reasonable values for the higher virial coefficients also.
On the other hand, (5.18) must fa.il at high densities
since it predicts that P remains finite and monotonically
increasing for all g&1 and, therefore, for densities
greater than close packing. However, for the densities
at which hard spheres are fluid, Eq. (5.18) is in good
agreement with the machine simulation results, as may
be seen in Fig. 15.

The SPT result for yo, obtained from (5.16), is

0, 1 0.2 0.3 0.4 0.5
71

Carnahan and Starling (1969) have empirically ob-
served that results even better than those of (5.18) can
be obtained by a. simple empirica, l modification of (5.18).
Carnahan and Starling (CS) added the factor Xq'/(1 —q)'
to (5.18) and chose X to be the integer which gave the
closest approximation to D (and, coincidently, to E' and
F also). The CS equation of state is

FIG. -15. Equation of state of hard spheres and hard prolate
spherocylinders. The points marked o and ~ give the simula-
tion results of Barker and Henderson (1971a,1972) and Few and
Rigby (1973) for fluid hard spheres and spherocylinders, re-
spectively, and the points marked ~ and ~give the simulation
results of Alder and Wainwright (1960) and Few and Rigby
(1973) for solid hard spheres and spherocylinders, respective-
ly. The curves give the SPT results. The quantity g is pV&,
where V& is the volume of a molecule.

y, = ——k~Td'p'+ ~ ~ ~, (5.21)
p =1+1+1'-n'

PksT (1 —I)' (5.24)

which agrees exactly with the known first term in the
density expansion of yo (Kirkwood and Buff, 1949). The
fact that the surface tension is negative may be, at first
sight, surprising. However, it is an immediate con-
sequence of the fact that the hard-sphere fluid has no
attractive forces and so can be maintained at finite vol-
ume only by means of an external pressure.

The SPT also gives expressions for the equations of
state of two-dimensional hard discs and one-dimension-
al hard rods (Helfand et a/. , 1961). The expressions
are

pA 1
NksT (1 —y)

where y =(m'/4) pd', and

pL
NksT 1 —pd'

(5.22)

(5.23)

respectively, for hard discs and hard rods. Equation
(5.22) is a good approximation to the machine simulation
results for hard discs and (5.23) js exact.

Thus, in this approximation

4 —2q
4(l )

(5.25)

A. = 31~—1+ln p+ 4q —3q2

B 1 —g2

where g=k/(2pynkT)'2 ~ Henderson (1975b) has empiri-
cally modified (5.22) to obtain a very accurate expres-
sion for the hard-disc equation of state. His expression
ls

(5.26)

PA 1+y'/8
NksT (1 —y)2

(5.27)

The virial coefficients and equation of state, calculated
from Eq. (5.24), are given in Table XIII and Fig. 16,
respectively. Both are in excellent agreement with the
exact results. It is to be noted, however, that (5.24)
predicts that densities greater than close packing can be
obtained and so must fail at high densities. The CS ex-
pression for the free energy of a hard-sphere fluid may
be obtained by integration. The result is
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I I I P 1 + (1 —3x,) g + ('
pk~T (1 —$)' (5.33)

where ( = (7(/6)pd', ,x, .Equation (5.33) can be written in
the form

p x 1~/+)'
pk~T 1 —( ' (1 —()'

1-( '(Nk T) ' (5.34)

Equation (5.34) is exact if an exact expression for (PV/
1Vk~T), is used. Equation (5.34) may be obtained direct-
ly by observing that in the limit d»-0 all the volume
unoccupied by the big spheres is available to the point
spheres.

B. Hard convex molecules

Gibbons (1969, 1970) a.nd Boublik (1974) have applied
the SPT to mixtures of hard convex (not necessa. rily
spherical) molecules. The result is

0.2 0.4
I

0.6
I

0.8 1.0

P ] /gp ] @ Cp
Pk T 1 —Yp (1 —1'P)'+3 (1 &p)"-

where

(5.35)

p

FIG. 16. Equation of state of hard spheres. The points
marked e and o give the machine simulation results of Barker
and Henderson (1971a,1972) for Quid hard spheres and of Alder
and Wainwright (1960) for solid hard spheres. The curves give
the results of various theories. The BG results were calcu-
lated by Kirkwood eI; al . (1950) and Levesque (1966). The HNC
results were calculated by Klein (1963). The reduced density
p* is Nd3/V.

r =Px,.v, ,

(5.36)

(5.37)

(5.38)

(5.39)
The SPT can also be used to obtain the equation of

state of hard-sphere mixtures (Lebowitz, Helfand, and
Praestgaard, 1965). Their result is

P 1+(+('
pksT (1 —()'

and &, , S,, and V, are the mean radius of curvature,
surface area, and volume, respectively, of a molecule
of species i. Expressions for these quantities are given
in Table XIV for molecules for various shapes. For the
particular case of a pure fluid, Eq. (5.35) becomes

p 1 &,S,p 1 R',S',p'
pksT 1 —V,p (1 —V,p)' 3 (1 —V,p)' (5.40)

where d, , are the diameters of the m components,

px~ d~„, —
6

=r 2.~=—p &ud~a~

d ~ -+d
'j 2

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

P 3+ (3n —6)7)+ (n'- 3n ~3)q'
pkT (1 —n)' (5.41)

For hard spheres, FY; =d, ,/2, S;=ed';;, V;=(r/6)d';;,
and (5.40) and (5.35) give. (5.18) and (5.28) respectively.
Equations (5.40) and (5.35) give the correct second viri-
al coefficient and, for hard spheres, give the correct
third virial coefficient. For prolate spherocylinders,
(5.40) gives an accurate third virial coefficient (Rigby
1970). Thus, one may conjecture that the SPT gives the
correct third coefficient for all hard convex molecules.

For hard prolate spherocylinders of length l and dia-
meter o., Eq. (5.40) becomes

N, is the number of hard spheres of species i, and N is
the total number of molecules in the mixture. Equation
(5.28) also gives R and C correctly and is in good
agreement with the machine results for hard sphere
mixtures. In addition, for the extreme case of a binary
mixture in which d»-0, Eq. (5.28) yields the result

where n is given by Eq. (4.78) and g= V,p. For hard
spheres n =3. Few and Rigby (1973) and Vieillard-Ba-
ron (1974) have made Monte Carlo calculations for pro-
late spherocylinders for n =3.6 (f =o) and n =4.5 (f =2o),
respectively. The n =3 (spheres) and n =3.6 results are
plotted in Fig. 15. The SPT works well for hard sphe-
rocylinders as well as for hard spheres. Presumably,
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the SPT is reliable for any isotropic fluid of hard con-
vex molecules.

Cotter and Martire (1970a) have used the SPT to ob-
tain an equation of state for perfectly aligned, as well
as isotropic, hard spherocylinders. Cotter and Martire
(1970b) and Timling (1974) have also made calculations
for partially aligned spherocylinders. They have used
these two models as models of a nematic liquid crystal.
They find a liquid-liquid phase change from the isotrop-
ic to the aligned phase at high densities. Vieillard-Ba-
ron (1974) has attempted to find this phase change for
a =4.5 by the Monte Carlo method. He believes his re-
sults to show that, for this system, the phase change,
if present, occurs at a higher density than that predict-
ed by the SPT. Vieillard-Baron was unable to establish
the existence or non-existence of a liquid-liquid phase
transition for this system at high densities because of
its extreme slowness in achieving equilibrium for q
&0.54. Some reasons for this have been mentioned in
Sec. III.D.5. However, his calculations indicate that the
value of )) at which melting occurs increases as x = I/v
increases, whereas Few and Bigby (1973) reached the
opposite conclusion. Actually, both Vieillard-Baron
and Few and Higby may be correct if the volume change
on melting increases as x increases. Finally, it is
worth noting that the SPT calculations of Cotter and
Martire for the aligned phase are for simplified ver-
sions of the SPT. Thus, it is possible that better re-
sults for the aligned phase can be obtained from the
SPT. The more rigorous calculations of Timling only
established a lower bound for the fluid-fluid transition.

ume outside of the cavity of radius r. Introduce the
function

. g(r, ) =1, )r, a[&r
=0, Jr, —Hf &r,

where R is the center of the cavity. Hence,

(5.48)

J, ,[1 —e(r;)j exp[—PU]dr, . . . dr„
J exp[-PU]dr, . . . dr

where both integrations are over the volume V. Now

N N N

[1 —e(r;)] =1 —Q e(r, )+ Q e(r, )e(r))+. . .
i —x

(5.49)

(5.5o)

Hence,

(5.51)

where

(5.52)

and

here of radius &
g„( r, . . . r„)d r, . . .d r„. (5.53)

Thus for 0 &r &d/2, p, (r) is given by (5.10). For d/2
~r ~d/W3, two molecule centers can lie within the
sphere and

C. Further developments p, (r) =1 — r'p+ —p' g( r„r,)d r,d r, . (5.54)

C(r) =C, +C,/r+G, /r', (5.42)

which is assumed valid for r ~ d/2, together with the
conditions

We have seen that Eq. (5.18) for the hard-sphere equa-
tion of state results from the approximation

Now g(r„r2) depends only upon r». Hence, we can
integrate (5.54) in part to obtain

4m
po(r) =1 —

3
r'p

G(d/2) = 1/(1 —))) (5.43) +2mp' s'g s 1 ———+ —— ds.

dQ 6q
dr „„/, d(1 —)))' ' (5.44)

G(d) =g(d) (5.45)

Go = (pI//NksT) = 1+4))G(d). (5.46)

To make further progress, we must gain further un-
derstanding of G(r). For hard spheres this function can
be obtained from P, (r) through (5.2). Now P, (r) is the
probability of finding an empty sphere of at least radius

Thus,

which result from (5.12) together with the condition that
G(r) and dG(r)/dr are continuous at r =d/2, and the con-
ditions

(5.55)

d't" 6q(4 -q)
=(u/a)-o d (1

(5.56)

The term in the square parenthesis is the common vol-
ume of two spheres of radius x whose centers are a
distance s apart. Atr =d/v 3, three molecule centers
can lie within the sphere. As r increases, more cen-
ters can lie within the cavity. For example, atr =Q,
twelve molecule centers can lie within the cavity.

The function G(r) for hard spheres can now be calcu-
lated from p, (r). As mentioned earlier, g(r) must be
known to obtain G(r) for d/2 &r &d/+3. It can be veri-
fied directly from (5.55) that G and its first derivative
are continuous at r =d/2 and are given by (5.43) and
(5.44). The second derivatives at r =d/2 are

(5.47)J». exp[ —P Ujd r, . . .d r»
jy exp [—P U]d Fi ~ ~ d r»

where V is the volume of the system, and P' is the vol-
O'Q O'6 48@

r=(d/2)+o dr r=(d/2) -o d ( )))
(5.57)

Rev. Mod. Phys. , Vol. 48, No. 4, October 1976



622 J. A. Barker and D. Henderson: What is "liquid"'?

where (5.45) has been used. Thus, the second derivative of
G is discontinuous atr =d/2. Atr = d/v 3, the first three
derivatives of C are continuous and there is a discontinuity
proportional to the triplet distribution function g(a, a, a)
in the fourth derivative. It appears that the order of the
first discontinuous deriva, tive increases by two at each
singular point.

Thus, for hard spheres G(x) is nonanalytic but quite
smooth and it is reasonable to assume that G can be ap-
proximated fairly closely by a suitably chosen analytic
function.

The function which is chosen is

(5.58)

Equation (5.57) provides an extra condition, in addition
to (5.43), (5.44), and (5.46). Equation (5.45) is not in-
dependent. It is tempting to use (5.43), (5.44), (5.46),
and (5.57) together with (5.58) with m=3. However, if
this is done, poor results are obtained. At first sight
this is disconcerting. However, Tully-Smith and Reiss
(1970) have shown that, for hard spheres,

G, =0.

If (5.59) were not valid, the integral

(5.59)

s G(s)ds

=6@' 'G d —6 adz
X/2 a

('G(g)dg, (5;60)

and observe that if (5.43), (5.44), (5.46), (5.59), and
(5.60) are used with (5.58) with m =4 that G, =0 and the
original form of the SPT satisfies five conditions, not
three as originally thought. Because of this it is plausi-
ble to use (5.43), (5.44), (5.46), (5.57), (5.59), and
G4=0 together with (5.58) with m = 5. Tully —Smith and
Reiss (1970) have done this and obta. in the best of their
equations of state, which is almost as good as the CS
equation state but lacking its empirical character.

More recently, Reiss and Tully —Smith (1971) and
Vieceli and Reiss (1972a, 1972b, 1973) have investigated
the statistical thermodynamics of curved surfaces and
have applied these results to the SPT. They obtain two
equations of state for hard spheres. The hard-sphere
solid equation of state is not very accurate and, as a
result, no phase transition is found. Nonetheless, the
approach is very promising.

The recent work of Reiss and colleagues described

would give rise to terms in lnx which would give terms
inconsistent with (5.58) in certain consistency equations
obta. ined by Tully-Smith and Beiss. In k dimensions,
G, in (5.59) would be replaced by G». They show the. t if
(5.43), (5.44), (5.46), (5.57), and (5.59) are used with
(5.58) with m =4, results only slightly less satisfactory
than the CS equation of state are obtained.

The original form of the SPTG(r) for hard spheres,
Eq. (5.15), actually satisfies (5.43), (5.44), (5.46), and
(5.59), if (5.58) is used with m=4. Tully —Smith and
Reiss obta, in the further condition,

1
q'G(d) + —tin(1 —q) +q]4

above may be summarized as an attempt to obtain G(d)
through the extrapolation of the results of a study of
large cavities. Stillinger and Cotter (1971) and Cotter
and Stillinger (1972) have made a study, in part com-
plementarytothatof Reiss et a$. , of G(r) for small x for
hard discs. They obtain approximate expressions for
G(r) for d/2 &r ~d/vY, by means of an expansion in
powers of (r —d/2)'~', and use

G, G G~G(r)=G, + '+ '
), + '

), , (5.61)

where the G„and A.„are constants to be determined, for
r ~ d/W3. The unknown constants in G(x) are determined
from several conditions including the continuity of G(w)
and its first three derivatives atr =d/v 3 .

Helfand a.nd Stillinger (1962), Harris and Tully —Smith
(1971), and Reiss and Casberg (1974) have attempted to
use the SPT to obtain the radial distribution function of
hard spheres as well as their thermodynamic proper-
ties. The work of the latter authors is the most com-
plete. They obtain an approximate integral equation for
'g(r) which involves the triplet distribution which they
approximate. The resulting equation can be solved for
pd'» 0.5 and gives good values for g(x). The thermo-
dynamics calculated from this g(r) are more accurate
than the original SPT results (5.18). The accuracy of
this approach at high densities is not known. Reiss and
Casberg (1974) were unable to obtain solutions to their
equation because of numerical difficulties.

Lebowitz and Praestgaard (1964) have obtained an
integral equation for g(r) by means of arguments similar
to those of the SPT. The equation, which they are un. —

able to solve, is highly nonlinear. Interestingly, under
appropriate linearizations it yields several of the equa-
tions which we will consider in the next section, Sec.VI.

Attempts to extend the SPT to fluids with attractive
forces have yielded useful information (Frisch, 1964;
Reiss, 1965). The nonhard core part of the intermo-
lecular potential is regarded as a uniform background
which serves to determine the density of the liquid
while the internal structure is determined by the pack-
ing of hard cores. Reiss and his collaborators were
among the first to recognize this. However, these ideas
are formulated more systematically in the perturbation
theories considered in Sec. VII and so will not be fur-
ther pursued here.

VI. CORRELATION FUNCTIONS AND INTEGRAL
EQUATIONS

A. Introduction

In this section we shall examine several methods for
calculating the distribution or correlation functions at
high densities. At low densities, the distribution func-
tions can be calculated by means of the density expan-
sions considered in Sec. IV. When this procedure is
used, the resulting distribution functions are exact to a
given order in the density and the resulting thermody-
namics are exact to some order in the density no matter
what route, connecting the thermodynamic properties to
the distribution functions, is used.

The methods discussed in this section are approximate
and approximate distribution functions are obtained. As

Rev. Mod. Phys. , Vol. 48, No. 4, October 1976



J. A. Barker and D. Henderson: What is "liquid" ?

a result, this the rmodynamic consistenc y is lost and
differing routes to thermodynamics will give, in gener-
al, differing results.

Throughout most of this section, we assume that only
pairwise-additive spherically symmetric terms con-
tribute to the potential energy. For this situation only
the pair distribution function need be specified to de-
termine the thermodynamic properties. We shall be
concerned mostly with spherical potentials. However,
a few applications to no@spherical systems will be con-
sidered.

Other recent reviews of the methods we examine here
have been made by Baxter (1971) and Watts (1973).
Henderson and Leonard (1971), McDonald (1973), and
Henderson (1974) have reviewed the application of these
methods to liquid mixtures.

8. 8«n-Green theory'

Let us differentiate (1.10) with respect to r, . If only
pair potentials contribute to U~,

ks T V, g—(l. . .h) = p g(1. . . I('.)V,u(lj)

+p g l. . .A+1 g, 1) h. +1 d r„+„

(6.1)

g(123) =g(12)g(13)g(23). (6.3)

This approximation is called the suPexPosition aPProxi
~ation (SA). We have seen that (6.3) is valid only at low
densities. Direct calculation of the correction term,
d,'(123); shows that this term is not small. Thus, from
(4.58) we see that the SA must be significantly in error
at intermediate densities. Alder (1964) has made simu-
lation studies of g(123) for hard spheres at high densi-
ties. These calculations, although not conclusive, indi-
cate that the SA is reasonably reliable at high densities.

In any case, if (6.3) is substituted into (6.2) we obtain
the BG equation (Born and Green, 1946)

If (6.4) is expanded in powers of the density, an expan-
sion of g(12) may be obtained and the virial coefficients
resulting from (6.4) may be calculated. The first two
terms in the expansion of g(r) are correct but the
higher-order terms are approximate. In fact, the
higher-order terms for g(x) in the BG theory cannot be
expressed in terms of integrals involving only f (r), the

where u(ij) =u(Y&&). These equations were obtained by
Yvon (1935), Bogoliubov (1946), and Born and Green
(1946).

In the special case /(, =2, (6.1) becomes
(

—ksT V, g(12) =g(12)w, u(12) +p
' g(123)V,u(13)d r, .

(6.2)

Equation (6.2) cannot be solved for g(12) unless g(123)
is approximated. Following Kirkwood (1935), we can
assume that

Mayer f function. Thus, the BG equation gives B and C
correctly but gives approximations to the higher-order
virial coefficients. The BG equation virial coefficients
for the hard-sphere potential (Hart ei a/. , 1951; Rush-
brooke and Scoins, 1951; Nijboer and van Hove, 1952;
Nijboer and Fieschi, 1953) a,re listed in Table XIII. The
consistency of the pressure and compressibility virial
coeff ic ients, denoted by P and 'C, respectively, is poor
and the agreement with the correct values is disappoint-
ing.

The BG equation has been solved numerically for the
hard-sphere potential (Kirkwood et a/. , 1950; McLellan,
1952; Levesque, 1966). The results for the equation of
state are plotted in Fig. 16. The agreement with the
computer simulations is good at low densities, but be-
comes less satisfactory as the density increases and the
SA breaks down.

Perhaps the most interesting result of the application
of the BG equation to a system of hard spheres is that
for densities greater than about pd'- 0.95 the integral of
the total correlation function, h(r), does not converge
and the BG equation has no acceptable solutions. This
has been interpreted as indicating that a system of hard
spheres under'goes a transition to an ordered phase at
pd'- 0.95 despite the absence of any attractive forces.
The existence of this phase transition was the subject
of considerable discussion before its confirmation by the
simulation studies. Because the BG equation has no
solution for densities greater than pd'-0. 95 statements
to the effect the BG equation predicts a hard-sphere
phase transition are frequently found in the literature.
This is really an overstatement of the situation. All
that happens is that the BG theory breaks domn at high
densities. The breakdown of a theory may be sympto-
matic of the onset of a phase transition but is hardly a
theory of the phase transition.

Recently, Raveche and Stuart (1975) have considered
(6.1) with h =1. They claim to have obtained "fluidlike"
and "solidlike solutions" for g( r,). The "fluidlike solu-
tions" have the property that g( r,) = 1 and the "solidlike
solutions" for g(r, ) are periodic. It is difficult to de-
termine the significance of this because, elsewhere in
their paper, they claim that, in the thermodynamic lim-
it, g(r, ) = 1 follows immediately, for all T and p, from
the definition of g(r, ) (see their Eqs. Al and A6). Pre-
suming their latter result to be correct, the "solidlike
solutions" for g( r,) must be unphysical, introduced by
differentiation, and their existence can, at most, be in-
dicative of an instability of the fluid at high densities
rather than the basis of a theory of freezing.

The results of the BG equation for more realistic po-
tentials (Kirkwood e/ a/. , 1952; Zwanzig et a/. , 1953,
1954; Broyles, 1960, 1961a; Levesque, 1966) are no
better. The BG predictions (Levesque 1966) for the
critical constants of a 6 —12 fluid are given in Table VII.
The pressure results must be obtained by extrapolation
because the pressure equation critical point lies in the
region of no solution. The agreement with experiment
and simulation studies is not very satisfactory.

Recently, there has been an extensive study of the BG
equation for the square-mell potential by Luks and coj,—

laborators (Schrodt and Luks, 1972; Kozak et a/. , 1972;
Schrodt et a/. , 1972; Schrodt et al. , 1974; Lincoln et al. ,
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1974; Lincoln et al. , 1975a, b). It is difficult to determine
whether the optimism of these authors is justified be-
cause almost all their calculations are for a cutoff of
the potential at g = 1.85, rather than 1.50. which has been
used in the simulation studies, and comparison is made
with experimental results for argon. Nonetheless, there
is some indication that the BG equation deals fairly sat-
isfactorily with the nonhard core part of the potential
and that the poor results for the BG equation for poten-
tials with attractive tails is due, in part at least, to its
errors in treating the hard core. We will return to this
subject when we discuss perturbation theory in Sec.
VII.C.5.

Born and Green (1947) and Mazo and Kirkwood (1958)
have developed a quantum version of the BQ equation.

The inadequacy of the SA is further illustrated by con-
sidering an integral equation obtained by Kirkwood
(1935). We write the potential energy in such a manner
as to include a eouPling Parameter:

N N

U~( r, ~ ~ r~) =
g Q u(lj) + g u(ij). (6.5)

g(123)g(124)g(134)g(234)
g(12)g(13)g(14)g(23)g(24)g(34) ' (6.9)

together with (6.1), for h =3, to determine g(123). The
resulting values of g(123) may then be used with (6.2) to
determine g(12). This procedure yields excellent re-
sults for the hard-sphere virial coefficients and for the
hard-sphere g(r) at low densities. However, the pro-
cedure is computationally so complex that it is unlikely
to be a practical method of determining g(r) at high
densities.

and collaborators (Rice and Lekner, 1965; Young and

Rice, 1967a,, b, c; Rice and Young, 1967) have approxi-
mated S(123) by calculating the first two terms in the
density expansion of S(123) and using a Pade extrapola-
tion to approximate S(123). Good results are obtained
at low densities but the equation has no solution at
higher densities where the system is still fluid.

Finally, we mention the work of Lee et al. (1968, 1969,
1971) who have investigated the possibility of using a
generalization of the SA

j=2 i &/=2

The actual situation is, of course, represented by $ =1.
When j =0, molecule 1 has been "uncoupled. " Differ-
entiating with respect to g yields

kaT — =u(12) +p u(13) -g(13) d r, .a lng(12) g(123)

(6.6)

Equations (6.2) and (6.6) are exact and, therefore,
equivalent. However, if the SA is used, this equivalence
is lost. Substituting (6.3) into (6.6) yields the Kirkwood
equation.

—k~ T —— — = u(12) +p u(13)g(13)[g(23) —1]d r~.
9 lng(12)

B

(6.7)

The virial coefficients and equation of state resulting
from (6.7) have been calculated for the hard-sphere
potential. The second and third virial coefficients are
exact. The Kirkwood (K) values for D (Stell, 1962) are
listed in Table XIII and are seen to be inferior to the
BQ values. This is true for the equation of state also
(Kirkwood et af. , 1950).

The difference between the BQ and K results is a re-
flection of the inadequacy of the SA. In the absence of
any approximations the two methods would yield the
same results.

When we say that the SA is inadequate we mean this
only in relation to the integral equations we have con-
sidered. As was mentioned earlier, direct calculations
of g(123) for hard spheres indicate that the superposi-
tion approximation is fairly good at high densities.
Thus, the poor results obtained from (6.4) and (6.7)
probably result from the fact that these equations
grossly magnify the errors in the SA. Other uses of the
SA may yield good results. Such uses will be considered
in Sec. VII..

We may write

C. Percus- Yevick theory

In Sec. I, the direct correlation function, c(r), was
defined by the OZ relation.

h(12) =c(12) +p fk(13)c(RS)d r„ (6.10)

where h(r) =g(r) —l. In Sec. IV.C, the expansion

y(r) = P p"y. (r),
n=p

(6.11)

y, (r) =e.(r), (6.12)

y, (r) =d, (r) + 2d, (r) + —(c,'(r) +d,(r)). (6.13)

Substitution of (6.11) into (6.10) gives

c(r) =Q p"y„(r), (6.14)

where

(6.15)

r, (r) =f(r)y, (r)

Thus, at losv densities

c(r) =f (r)y(r).

(6.16)

(6.17)

At higher densities, (6.17) is not true For exa. mple,

y, (r) =f(r)y, (r) + —(c,'(r) +d, (r)1.
1

(6.18)

Thus, in general

c(r) =f (r)y(r) +d(r).

At low densities

(6.19)

where g(r) =e(r)y(r) and e(r) =exp[—pu(r)), was given.
We have seen that yp = 1,

g(123) =g(12)g(13)g(23) exp (S(123)J, (6 8)

where S(123) =0 (the low density limit) in the SA. Rice d(r) =
2

p' J)f]3fggf23fp4e34d r, dr~+ ~ ~ ~ (6.20)
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y(12) = 1+p Jt f (13)y(13)[e(23)y(23) —I]@r . (6.21)

For hard spheres of diameter d, f (z) = -1 for r &d, and
is zero otherwise. Thus, for hard spheres a particular
configuration of molecules 1, 2, 3, and 4 makes a con-
tribution to the integral in (6.20) only if t », w, 4, r» and
x,4 are all less than d and if x34 is greater than d. This
is an unlikely configuration and thus we would expect
d(x) to be small for hard spheres. For other potentials
the situation is less clear.

In any ca.se, we can adopt (6.17) as an approximation
at all densities. Equation (6.17) is the Pexcns-Yeech
(PY) aPPt'oxirnation (Percus and Yevick 1958). Substitu-
tion of (6.1V) into (6.10) yields the PY integral equation.

where

Q (k) = 1 —2m p exp{i k ~ r IQ (r)d x (6.31)

Note that the compressibility. is always positive. If the
potential has a finite range, R, the PYc(r) exactly
satisfies the condition c(x) =0 for w &A.

The advantage of Baxter's formulation is that if c(x) and
h(r) are desired in the range 0&x &A,„, then (6.27) and
(6.28) need be considered only within this range whereas
if (6.10) is used it is necessary to do the calculations
over 0&r &2R,„. Baxter (1967a) has given an alterna-
tive formulation of the OZ equation which is valid when
c(r) =0 for x &B.

If we substitute (6.11) into (6.21) we find that y, =1,
y, (r) =c,(r), and

S (~) =d (&) +22' (&) ~ (6.22)

Thus, as we would expect, y0 and y, are exact. Hence,
B and t" will also be exact in the PY theory.

It is instructive to define

1. Solution of the PY equation for hard spheres

For hard spheres the PY theory requires that

c(~) =0, ~&d

h(~) = —1, ~ &d.

(6.32)

(6.33)

N(~ „)= p h(13)c (23)d r, . (6.23) Thus, putting A = d, we have from (6.28)

N(x) is the indirect part of the total correlation function,
h(r). From (6.10) and (6.19) we see that ol

Q'(s) = as+ b (6.34)

y(x) = 1+%(r) +d(r) (6.24) 1
Q(s) = —a(s' —1)+b(s —1),2

(6.35)

y(r) = I +W(r) (6.25)

so that we could also state the PY approximation as
where s = x/d. Substitution of (6.34) and (6.35) into (6.28)
requires that

Baxter (196Vb) has shown that, in the PY theory, the
pressure, calculated from

r'c (y )(fr + 2w p — r'f (r)e (~)y'(r)d r
and

a = (1+2q)/(I —q)'

37'/2(1 —7I)',

(6.36)

(6.3 7)

k'{pp(k) +in[1 —pc(k)])dk, (6.26)
2FP 0

where q= pp(f'/6. Substitution of these results into
(6.2V) yields

where c(k) is the Fourier transform of c(r), is the same
as the pressure obtained by integrating the compressi-
bility equation.

Further, Baxter (1968a) has also shown that if c(r) =0
for x &R, the OZ relation can be rewritten as

c(s) =y(s) =a' —6q(a+ f()'s+
2

qa's', ~&d

c(s) =0, ~&d.

Thus, in the PY approximation

(6.38)

rc(r) = —Q'(r) +2mp Q'(s)Q(s —r)ds, (6.27) (6.39)

r(s(s) = —(2'(r)+2sp j (s —s)(s((~r —s(~)Q(s)ds, (6.28)
0

We now have enough results to calculate the equation of
state. The pressure equation yields

= 1+4 qy(d)

for all r &0, where Q(r) is a new function which satis-
fies

(6.29)

for all e&R, whose value can be determined by solving
(6.27) and (6.28). The function Q'(r) is the derivative of
Q(r). Baxter also showed that the compressibility equa-
tion can be written in the form

(6.30)

1 + 2'g+ 37)

(1 n)'-
while the compressibility equation yields

(1+2q)'
(1 —n)'

Thus, the compressibility equation of state is

(6.40)

(6.41)
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pp 1+q+g
Nka T (1 —q)

(6.42)
15l

A. = 31n X —1 + ln p+ 21n(l —q) +
6q

B I
for the pressure equation of state, and

(6.43)

= 3ln X —1+ ln p —ln(1 —q) + —q, , (6.44)
B 2 I

for the compressibility equation of state. In (6.43) and
(6.44)

X = h/(2mmkT)'~'. (6.45)

It is worth noting that the CS equation of sta, te (Carna-
han and Starling, 1969), which wa. s mentioned in Sec.
&.A. , can be obtained from

NkBT cs 3 NAT
&

3 NkT
(6.46)

where the subscripts p and c indicate that the PY pres-
sure and compressibility hard sphere equations of state
are used.

We can solve (6.28) for hard s. pheres by letting f(s)
=. sy(s) and changing variables in the first integral on
the right-ha. nd side. Thus, for 1& s & 2,

These results were obtained earlier by Wertheim (1963,
1964) and Thiele (1963) by a. direct solution of (6.21).
We have seen in Sec. V.A. that (6.4) also results from
the scaled-particle theory (SPT). One should not con
elude that the SPT and PY theory are identical. They
give different results for two-dimensional hard discs.

As may be seen in Fig. 16, Eqs. (6.40) and (6.42) are
in good agreement with the simulation results. This is
particularly true for the compressibility equation of state.

The virial coefficients which result from (6.40) and
(6.42) are listed in Table XIII. As we have pointed out
already, B and C are exact. The agreement of the high-
er virial coefficients is good.

Equations (6.40) and (6.42) may be integrated to obtain
the free energy. The result is

ln y(r)

10 pd = 0.9

e
~~e

~~~4

0
0

r/d

FIG. 17. y(x) of hard spheres at pd3=0.9. The points give
the simulation results of Barker and Henderson (1971a,1972)
and the solid line gives the semiempirical. results of Verlet
and Weis (1972a) and Grundke and Henderson (1972) and the
broken curve gives the PY results.

tinuous at x=d. These conditions may be used to deter-
mine the A,

Wertheim (1963,1964), Chen et al. (1965), and Smith
and Henderson (1970) have obtained these results by a.

different method. Smith and Henderson have obtained
y(x) analytically for 0~ x~ 5d. Throop and Bearman
(1965) have given numerical results for g(x). Recently,
Perram (1975) has developed an efficient numerical
method for calculating g(r), based upon differential
equations similar to (6.48), which works for arbitrarily
large y.

The PY values of y(x), g(x), and c(y) for hard spheres
a,re plotted in Figs. 17 and 18. The PY values of g(x)
a.re in good agreement with the simulation results ex-
cept near x= d where they are somewhat low. There are
no machine simulations for c(x) or for y(r) for y & d.
However, the PY results can be compared with accurate
semiempirical expressions which will be discussed in

f(s) = s+ 127' f(t) Q(s —t)dt —12)7 (s —t)Q(t)dt.

(6.47)

Equation (6.47) may be solved by differentiating three
times to obtain the linear third-order ordinary differen-
tial equation

18 '
c(r)

0—
pd =09

The solution of (6.48), for 1 & s & 2, is

sg(s) = sS(s) = g 4, sxp(m, sj,
)=0

(6.48)

(6.49)

—10

-50
0 0.5

r/d
1.0 1.5

where the m, are the three solutions of the cubic equa-
tion,

6q, 18@' 12@(l+2q)
1 —q (1 —q)' (1 —7l)'

(6.50)

which may be solved analytically. It is straightforward
to show that y(r) and its first two derivatives are con-

FIG. 18. Direct correlation function of hard spheres at pd
=0.9. The solid curve gives the semiempirical results of
Grundke and Henderson (1972) and the broken curve gives the
PY results. The curve is plotted on a sinh ~ scale. Thi.s
pseudologarithmic scale combines the advantages of a logarith-
mic scale with the ability to display zero and negative quanti-
ties.
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Sec. VI.C.4 The PY expression for c(w) is quite good
but is everywhere too negative. The PY expression for
y(r) for ~&d, and hence d(r), is exceedingly poor (Hen-
derson and Grundke, 1975). Stell (1963) has examined
the PY theory for one-dimensional hard rods. He found
that the PY results for g(x) and c(y), and, hence, the
thermodynamics, were exact but that the PY result for
y(x) for r&d and for d(w) were poor.

The fact that c(x) does not equal the PY expression
for y & d is of interest because it is not uncommon to
read the statement that the PY c(x) is exact for hard
spheres for x&d [see, for example, Eq. (2) of Croxton
(1974a) ]. Although the PY c(x) is a good approximation
in this region, the statement is false, Indeed, Stell
(1963) has shown that if c(x) were equal to the PY ex-
pression inside the core but were not zero outside the
core, the radial distribution function (RDF) generated
by the Ornstein-Zernike equation would not be zero in-
side the core. The point is that although the diagrams
in d(w} are cancelled by diagrams in y(x) when r & 4,
there still remain diagrams in y(x), which are not of
the PY-type, and which contribute inside the core.
These diagrams are convolutions involving diagrams
which appear in d(w).

The PY g (y) becomes negative for pd' z 1.18 so that
the PY results for fluid hard spheres are physically un-
acceptable for densities greater than this. It is clear
that the PY theory is unphysical at high densities be-
cause (6.40) and (6.42) predict a fluid phase at densities
greater than close-packing. If we wished. , we could re-
gard this as an indication of the solid —fluid phase trans-
ition, but it is not a theory of the phase transition any
more than the breakdown of the BQ theory is a theory of
this transition.

Lebowitz (1964) has solved the PY equations for hard-
sphere mixtures. For the compressibility equation, he
obtains the same result as that obtained from the SPT,
Eq. (5.28). Again an accurate equation of state for hard-
sphere mixtures can be obtained from (6.46). Leonard
et al. (1971) have obtained results for the RDF's of a
binary hard-sphere mixture and Perram (1975) has de-
veloped a numerical method for obtaining the RDF of a
hard-sphere mixture with more than two components.

The PY theory has been applied to nonadditive hard-
sphere mixtures where d» o(d»+d»)/2 (Lebowitz and
Zomick, 1971;Penrose and Lebowitz, 1972; Ahn and
Lebowitz, 1973,1974; Melnyk et al. , 1972; Querrero
et al. , 1974). This problem is not as esoteric as one
might think. The solution to this problem might be of
interest for the perturbation theories discussed in Sec.
VII. The particular case-d„= d„=0, d„i0 is also of
interest because it is isomorphic with a model of the
critical point (Widom and Rowlinson, 1970).

2. Results for other systems

The PY theory has been applied to the square-well po-
tential, with a cutoff at X = 1.5, by Levesque (1966),
Verlet and Levesque (1967), Tago (1973a,b, 1974), and
Smith et al. (1974}. Although this potential is not very
realistic, it is a very useful model potential. It is a
relatively short-range potential and, as we see in Sec.
VII, such potentials tend to expose defects in theories.

The PY g(r) for the SW potential is plotted in Fig. 19

=08

cA 0

p =0.8

I

1.5
I

2.0 2.5

for p*= 0.8 and Pe = 0 and 1.5. At Pe = 0 (high tempera-
tures), the PY g(x) for the SW potential is just the PY
ha, rd-sphere g(x), and is in reasonably good agreement
with the simulation results At Pe. = 1.5 (in the liquid

I I I I I I

0—

p =08

—20

/
/

/
-30 '

0
I

2
I I I I I I

1

r/

FIG. 20. Direct correlation function of the square-well fluid,
with A, =1.5, at pcr3=0.8 calculated from the PY theory by Smith
et al. (1974).

r/

FIG. 19. RDF of the square-well fluid, with A, =1.5, at po3
=0.8. The points give the MC results of Barker and Henderson
(1971a,1972) and Henderson, Madden, and Fitts (1976) for the
square-mell fluid at pe =0 (hard spheres) and pe =1.5, respec-
tively. The curves give the PY results of Smith et al . (1974).
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I I I I I I I I l

0.6
~~

5 PY

0

0
I I I I I I I I

region, nea, r the triple point), the PY g(~) is quite poor
for x&1.5o. The PY c(x) is plotted for the same states
in Fig. 20. There are no simulation results for com-
parison. However, we would expect the PY c(x) to be

I I I I I I I I

4""~ ...""
~,

0.85

MSA"-~

30—

FIG. 21. Equation of state of the square-well fluid, with
A, =1.5, at pa~ =0.6 and 0.85. The points, denoted by o and e,
give the simulation results of Rotenberg (1965) and Alder et al .
(1972), respectively, and the curves give the PY results cal-
culated by Smith et al. (1974). The letters P', C, and E indi-
cate, respectively, that the isochore was calculated using the
pressure, compressibility, or energy equation.

FIG. 23. Internal energy of the square-well fluid, with A.

=1.5, at p03=0.6 and 0.85. The points give the MD results of
Alder et al . (1972) and the curves give the theoretical results
calculated by the same authors as cited in the caption of Fig.
22.

1.5
I I I I I I

appreciably in error at the lower temperature. The
thermodynamic properties are plotted for p*= 0.60 and
0.85 in Figs. 21—24. The pressure and compressibility
equation results are not satisfactory at the low temper-
atures and high densities characteristic of the liquid
state. Qn the other hand, the energy and, to a lesser
extent, the heat capacity, calculated by differentiating
the energy, are reasonably satisfactory. This is partly
due to the fact that the pressure and compressibility,
calculated from the pressure and compressibility equa-

20
CQ

Z'.

O

1.0

/
/

/
/

/
/

]0 0.5

FIG. 22. Compressibility of the square-well fluid, with
A, =1.5, at pcr3=0. 6 and 0.85. The PY, MSA, and HNC results
were calculated by Smith eI, al . (1974), Smith et al . (1976), and
Henderson, Madden, and Fitts (1976).

FIG. 24. Internal heat capacity of the square-well fluid, with
A. =1.5, at po3=0.85. The points give the MD results of Alder
et al . (1972) and the curves give the theoretical results calcu-
lated by the same authors as cited in the caption of Fig. 22.
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tions, respectively, are small residues remaining after
the cancellation of much larger positive and negative
contributions. In contrast, there is much less cancella-
tion in obtaining the energy from the energy equation.
Because of the relatively satisfactory results for the
energy, it is not surprising that the energy equation
values of the pressure are better than the pressure and
compressibility equation values.

The PY theory has been applied to the 6—12 potential
by several authors (Broyles, 1961b; Broyles et at. ,
1962; Verlet, 1964; Verlet and Levesque, 1967; Levesque,
1966; Throop and Bearman, 1966a; Mandel and Bearman,
1968; Mandel et al. , 1970; Bearmanet aL'. , 1970; Theeu-
wes andBearman, 1970; Watts, 1968, 1969a, c, d; Barker
et al. , 1970; Henderson et a/. , 1970; Henderson and
Murphy, 1972). Only the last three references includethe
energy equation of state results. The RDF is plotted in
Fig. 25. The agreement with the simulation results is
fairly good except in the neighborhood of the first peak.
This error in the neighborhood of the first peak produces
large errors in the pressure and compressibilty equations
of state. However, the energy equation of state is quite
good. The PY results for the equation of state at p*
= 0.85 are plotted in Fig. 26. The PY energy equation of
state results are listed in Tables VI to IX. The agree-
ment with the simulation value is good for the energy
equation. The critical density is fairly low. Thus, it is
not surprising that the agreement with simulation results
is good even if the PY pressure and compressibility
equations of state are used.

Throop and Bearman (1966b, 1967) and Grundke, Hen-
derson, and Murphy (1971,1973) have solved the p&
equations for a mixture of 6-12 fluids. The calculations
of Grundke et al. show that good results for the thermo-
dynamic properties are obtained if the energy equation
is used.

The PY theory works well for hard spheres. How-
ever, the effect of attractive forces on the RDF at high
densities is not satisfactorily described by the PY the-
ory. The use of the energy equation minimizes these
problems for potentials like the square-well and 6-12
potentials. However, it is important to note that the

~ ~

0 ' ~ a
~ t ~ ~ ~

\g ~ ~
~ ~

~ g
~ ~

~ ~ ~ ~ 0
4 ~
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\

4 ~ ~
~ ~ ~ ~

~ ~ ~ ~ ~ ~ \ ~ ~

PY(Pj

p =0.85-

'-. PY(E)

.a

0—

P Y(Cj

0.5 '|.5

FIG. 26. Equation of state of the 6—12 fluid. The points give
the simulation results (Verlet and Levesque, 1967; Verlet,
1967; Levesque and Verlet, 1969). The three curves labeled
C, P,, and E give the PY results calculated by Henderson et al .
(1970}using the compressibility, pressure, and energy equa-
tions, respectively.

energy equation will not always be the preferred route
(Watts, 1971).

For molecular fluids with non-spherical interactions,
the PY equation results from the substitution of the PY
approximation,

12' Q1t Q2) f( 129 1P Q2) y( 121 1& 2)

into the Ornstein-Zernike equation

12& Q19 2) ( 121 Qlt Q2)

(6.51)

+ p h(x~~, Q„Q~)c(&2~, Q2, Q3)d r3dQ~ .

(6.52)

Ben-Naim (1970) has proposed an aPP&oxirnate form of
the PY equation for molecular fluids and has applied it
to water. He approximates the function y(r», Q„Q,),
where Q, and 0, are the orientation variables, by

g(r) 2

y(~„,Q„Q,) = y(~„)
so that

g (r», Q„Q,) = exp (-Pu(~„, Q„Q,) ty(r „).

(6.53)

(6.54)

, 0 2

r/o

FIG. 25. RDF of the 6-12 fluid near its triple point. The
points give the MD results of Verlet (1968), and the curve gives
the PY results of Henderson et al . (1970).

Equation (6.53) can be expected to be valid only a,t low
densities or for systems in which the non-spherical in-
teraction is weak. It is unlikely to be of use for more
general situations. At low densities the density expan-
sions are available. We shall see in Sec. VII.E.3 that
perturbation expansions are available for weak interac-
tions. Thus, (6.53) is probably not of major value.

Chen and Steele (1969,1970,1971) have applied to
PY equation to diatomic fused hard spheres. They dk-
panded g (x», Q„Q,) in spherical harmonics and ob-
tained a set of coupled integral equations which can be
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solved if the harmonic expansion is truncated. The re-
sults of the thermodynamic functions of fused diatomic
hard spheres are almost indistinguishable from ihe PY
hard-sphere results when plotted as functions of g= pz
where v is the volume of a molecule. There are no
simulation results for comparison. However, inspec-
tion of the virial coefficients in Table X& and reasoning
by analogy with the prolate spherocylinder SPT results
in Sec. V.B, leads one to expect that, at constant q,
pV/NRT increases as I/O increases, where l is the sep-
aration of the centers of the twosphereswhosediameter
is cr. Thus, it seems plausible that the results of Chen
and Steele become increasingly in error as l/a increases.
Whether this is a feature of the PYtheory or their method
of solution is not known.

Chandler and Andersen (1972) and Chandler (1973)have
developed an integral equation for the correlation func-
tions of a fluid whose molecules are composed of several
(not necessarily linea. r) interaction sites, usually taken
to be fused hard spheres. Chandler and Andersen focus
their attention on the site —site radial distribution func-
tions. The derivation of their equation is based on ar-
guments similar to those used in obtaining the PY the-
ory. In fact, it is just the PY equation when applied to
central potentials. They call their model the reference
interaction site model (RISM). Lowden a.nd Chandler
(1973,1974) have applied the RISM to severa. l systems
of fused hard spheres. For diatomic fused hard spheres,
the theory seems less satisfactory than isthePYtheory
for hard spheres. For the values of I/c which they con-
sider, the difference between the pressure and com-
pressibility equations of state increases as I/o increases.
More seriously, although the compressibility value of
pV/NkT at constant q, increases as l/cr increases (as
one expects), the pressure value of pV/NkT at constant
q, decreases as l/o increases, at least for the values
of I/cr considered by Lowden and Chandler. This seems
to imply that although the compressibility equation of
state remains accurate as l/cr increases, the pressure
equation result becomes increasingly inerror. Interms
of the correlation functions, this may mean that, al-
though the area under the RDF is given reasonably ac-
curately in the BISM, the pair correlation function as a
whole becomes less reliable a.s l/o. increases. Even if
these comments prove valid, the RISM is the only theo-
ry that has been applied to complex molecules composed
of fused hard spheres and is a valuable contribution to
the theory of molecular fluids.

As mentioned earlier, almost all work on the PY the-
ory, and theories of this nature, has been based on the
assumption of pairwise additivity. However, Rushbrooke
and Silbert (1967), Rowlinson (1967), Casanova et al.
(1970), and Dulia et al. (1971) have discussed the incor-
poration of three-body interactions into the PY theory.
They seek an effective pair-potential which will give the
correct RDF. Barker and Henderson (1972) discuss this
approach in detail and point out that this effective pair-
potential may be very difficult to calculate theoretically.
Probably it is better to use Eq. (4.61) together with the
supe rpos ltlon approxl matlon.

Chihara (1973) has recently formulated aquantumver-
sion of the PY equation. In addition, there have been
several applications of the PY equation in variational

studies of the ground state of liquid helium. Murphy and
Watts (1970) give a, useful summary of such calculations.

c(~) = f(~)y(~)+d(~) . (6.55)

If d(~) is known, an integra. l equation can be obta, ined by
substituting (6.55) into the QZ equation. Thus

y(12) = 1+d(12)

+p 13y13 +d13 e23y 23 —1 dr, .

(6.56)

If an exa.ct expression for d(w) were ava. ilable, the re-
sulting integral equation would be exact.

In the PY theory, d(x) = 0. Since this PY approxima-
tion to d(x) is valid in the limit of low densities, we
might expect that (6.20) might be useful (Stell 1963). We
could even generate more elaborate approximations by
replacing the f,, by k,.&

or c,, or some of the f,, by k, ,
and others by c,, (Stell, 1963; Verlet, 1965; Rowlinson,
1966). Green (1965) and Francis et al. (1970) have sug-
gested combining this type of approach with the further
approximation of neglecting d(13) in the integral in
(6.56). Any of these approximations would yield the
correct y, (y) and D Howe. ver, thus far none of them
has been of much value at high densities.

Percus (1962) has obtained the Percus —Yevick theory
by means of a functional Taylor series expansion trun-
cated at first order. In principle, this method provides
a systematic scheme for extending the Percus-Yevick
or for generating other approximations. Verlet (1964)
has taken the Taylor expansion to second order and ob-
tained a new set of integral equations, which he calls
the PY2 equations. The PY2 theory is not a fully syste-
matic extension of the PY theory. An approximation for
g(123) must be introduced. Usually, an approximation
to g (123) which has the unappealing property of being
asymmetric in x», ~», and x» is used. In any case,
the PY2 theory gives y,(x) and D correctly. For hard
spheres, the PY 2 theory gives results which are better
than the PY results (Verlet and Levesque, 1967). How-
ever for systems with attractive forces, the improve-
ment over the PY results at high densities does not
appear worth the extra computational effort involved in
the PY 2 equations.

Allnatt (1966), Wertheim (1967), and Lux and Miinster
(1967,1968) have proposed other extensions of the PY
theory. Most of these theories give improved results
for hard spheres (although there a.re exceptions). How-
ever, it is doubtful that any of these methods will be
useful for the 6-12 or realistic potentials because of the
lengthy computations involved.

Recently, Croxton (1972, 1973,1974a, b, c) has proposed
an extension of the PY theory which he claims provides
a theory of the solid-fluid phase transition for hard
spheres. We find Croxion's arguments ad hoc and hard

3. Extensions of the PY theory

The PY theory works quite well for hard spheres.
However, as attractive forces become important the PY
theory becomes less accurate. We have seen that, in
general
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to follow. However, it appears that he approximates
d(w) by an infinite sum of integrals of the form of (6.20).
The factor of 1/2 in (6.20) is missing from Croxton's
expression and the factors which Croxton assigns to the
higher-order terms in his series are not justified
clearly. However, let us ignore this. Croxton then re-
places the integrals in his series by integrals only in-
volving the field points. For hard spheres this is justi-
fied if the integration variables are restricted to the
common volume of two spheres of diameter d which are
separated by a distance ~». Croxton does not do this,
but instead uses a spherical region of radius B. Clearly,
R should be a function of x». However, for simplicity,
Croxton assumes R to be independent of ~y2 This may
not be unreasonable as the PY theory can be obtained
from the assumption that R= d, independent of the value
of x». Croxton finds that if he makes a, particula. r (but
approximate) choice of the diagrams which are included
in his expression for d(x) that he can sum the series.
Further, he assumes, incorrectly, that for hard spheres,
c(r) is equal to the PY expression for x&d. Qnthisbasis
he finds that ep/ep can equal zero and that it is possible
to choose R so as to make his predicted "phase transi-
tion" occur at the correct density. In view of the many
approximations and unclear arguments in this approach,
this cannot be regarded as a theory of the hard-sphere
phase transition. However, it- is indicative. The ap-
proach might be worth pursuing and refining.

4. Semiempirical expressions for the hard-sphere
correlation functions

Verlet and Weis (1972a) have used the PYg (x) as the
basis of a para. meterization of the simulation g(x}. They
write

g(~/d, pd') =0, ~&d

—gp~(9'/d q pd )

+ (A/x) exp fm (x —d)) cos (m (r —d)j~, x & d .
(6.57)

The purpose of the various terms is quite simple. The
purpose of A is to raise the value of g (x) at conte, ct.
The PY and simulation g(~) are quite close for large x
and hence the correction term is exponentially damped.
The correction must change sign and be negative for
y-1.2d and, therefore, the cosine is included. Pre-
sumably, the purpose of the x ' term is to aid in the
computation of the Fourier transform. The purpose of
d'& d is to compensate for the fact that the PYg (x) is slight-
ly out of phase with the simulation g(x) at large v. Ver-
let and %'eis find that

(6.58)

is satisfactory. Thus, A and nz, respectively, are cho-
sen to make the pressure and compressibility equation
results agree with the CS equation of state. Verlet and
Weis (VW) give analytic approximations for A and m.
However, it is no more difficult to mme the agreement
with the CS equation of state exact and obtain numerical
values for A and m. The resulting g(y) is plotted in

Fig. 17 and is seen to be in close agreement with simu-
lation RDF.

Although this parametrization is very convenient, it
should not be thought of as a substitute for the simula-
tion studies of the RDF. Verlet and leis state that the
above g(x) differs from the simulation g (x) by at most
0.03. This is about three times the statistical error in
the simulation results and may lead to errors in some
applications.

Grundke and Henderson (1972) have used the VW g (~)
to compute the Fourier transforms h(k) and c(k). Their
results, almost entirely analytic, are given in Hender-
son and Grundke (1975). The direct correlation function
can be obtained from c(k). The resulting c(y) i.s compared
with PY c(y) in Fig. 18. The more accurate Grundke-Hen-
derson (GH) c(x) is everywhere more positivethanthe PY
c(~).

In addition, Grundke and Henderson (1972) have ap
proximated y(y) for 0 & y & d by making use of the rela-
tions, valid only for hard spheres,

ln y(0) = pp, —ln pA.',
where g is the chemical potential and X= jg/(27rmpT)'~2,
and

8 iny(x) '

( )8 ~0
(6.60)

Equations (6.59) and (6.60) are due to Hoover and Poirier
(1962) and Meeron and Siegert (1968), respectively.
Grundke and Henderson (1972) give generalizations of
(6.59) and (6.60) for hard-sphere mixtures. The pro-
cedure of GH is to approximate lny(y), for y & d, as a
cubic polynomial which is fit to (6.59) and (6.60) and to
the values of y(d) and y'(d) computed from the WV g(x).
Their results for y(y), for y& d, are compared with the
PY results in Fig. 17. The PY y(x) is enormously in er-
ror for x & d. The low values of the PY g(x) at contact
are the early symptoms of this failure. Normally, only
~~ d is of interest and these errors are of no conse-
quence. However, if Eqs. (6.59) or (6.60} were used to
compute the hard-sphere equation of state, very poor
results would be obtained. In addition, we shall see in
Sec. VII.D.3 that some perturbation theories require the
hard-sphere y(x) for y & d, so that reliable results are
essential.

These more reliable values of'y(r) and c(x) can be
used to compute d(y) for hard spheres. The GH d(x)
plotted in Fig. 27. The PY approximation, d(y) =0, is
very poor inside the core. The reason why the PY the-
ory works so well for hard spheres, despite the fact that
d(~) =0 is a poor approximation, is due to the fact that
the large errors in d(x) for small x and high densities
almost exactly cancel the large error in y(x) so that
reasonable values of c(x} and, thus g(r), result. Al-
though one prefers an approximation to d(r) which is
reliable for all y, it is only essential, for hard spheres
at least, that the approximation be valid in the region
z- o'. For this region d(r) = 0 is a fairly good approxi-
mation for hard spheres.

Henderson and Grundke (1975) have obtained approxi-
mate, but accurate, expressions for the hard-sphere
d(x) and d'(x) at &=0 and accurate ad Aoc expressions
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FIG. 27. The function d{r) for hard spheres at pd3=0. 9. The
constant d [not to be confused with the function d(r)] is the
hard-sphere diameter. The curve gives the semie~pirical re-
sults of Grundke and Henderson (1972). The curve is plotted on
a sinh ~ sinh scale.

0.5

for d(z) and d'(x) for hard spheres at contact. They
approximate ln d(x) by a, cubic polynomial and fit the
coefficients to these expressions to obtain a useful para-
metrization of d(x) for hard spheres.

Waisman (1973a) has obtained an analytic solution of
the mean spherical approximation for the Yukawa poten-
tial. His result could be used to parametrize the hard-
sphere c(w). We shall discuss his result in the next sec-
tion.

mation. Waisman and Lebowitz (1970, 1972a., b) have
solved the MSA for changed hard spheres. Waisman
(1973a) has solved the MSA for hard spheres with a
Yukawa tail. Waisman's solution involves six parame-
ters which must be determined by solving six simulta-
neous equations and so his solution is not immediately
useful. Henderson et al. (1975) have obtained series
expansion of Waisman's solution in powers of both p and
Pe. H@ye and Stell (1975a) have simplified Waisman's
solution. Recently, the MSA has been solved for a mix-
ture of hard spheres with Yukawa tails (Waisman, 1973b)
and for hard spheres with a tail consisting of two Yuka-
wa tails (Waisman, 1974).

We will not attempt to review these applications of the
MSA. Instead, we will examine the application of the
MSA to the square-well potential and to dipolar hard
spheres as illustrative examples of the application of
the MSA to spherical and nonspherical potentials.

Results for square-well potential

Smith et al. (1976) have solved the MSA for the square
well potential with A. = 1.5. The MSA g (y) for the SW po-
tential is plotted in Fig. 28 for p*=0.8 and Pg =0 and 1.5.
At pa = 0 (high temperatures), the MSA g (y) is just the
PY hard-sphere g(x). It is in reasonably good agree-
ment with the simulation results. At pc = 1.5, which is
a liquid state near the triple point, the MSA g(y) is
quite good for &&1.50'. To some extent, this goodagree-
ment is due to a cancellation of errors becausethehard-
sphere MSA (or PY) g(y) is too low near contact. Thus,
the MSA correction to the hard-sphere g (y) due to the
attractive forces is underestimated for v. -o. Even so,
the results are better than the corresponding PY re-
sults in Fig. 19. The MSA c(y) values are plotted in

D. Mean spherical approximation

We recall that (6.17) is the PY' approximation. For
large x, (6.17) becomes

4 p =0.8

c(~) = —pu(x) . (6.61)

Lebowitz and Percus (1966) have suggested using (6.61),
not just for large x, but for all y in the region where
the potential is attractive. This approximation, called
the mean spherical approximation (MSA), has been ap-
plied almost exclusively to potentials with a hard core
of diameter 0.. For such potentials, the MSA is speci-
fied by

0CA

p =0.8

c(~) = —pu(~), ~ & o,
(6.62)

together with the OZ equation. The coefficients in the
MSA density expansion cannot be expressed in terms of
integrals involving the Mayer f function. Moreover,
the MSA does not become exact in the limit of low den-
sities, and so does not even given B exactly.

Qne advantage of the MSA is that it can be solved an-
alytically for a fairly wide variety of systems. If u(x) =0
for x&R, the Baxter (1968a) form of the OZ equation
can be used with the MSA without additional approxima-
tion. For hard spheres, the MSA is justthePYapproxi-

1.0
I

1.5

FIG. 28. HDF of the square-well fluid, with A, =1.5, at pa3
=0.8. The points give the MC results of Barker and Henderson
{1971a,1972) and Henderson, Madden and Fitts (1976) for the
square-well fluid at Pe =0 (hard spheres) and P&=1.5, respec-
tively. The curves give the MSA results of Smith et al . (1976).
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Fig. 29. There are no simulation results for compari-
son. However, the MSA c(x) should be reasonably good.
Some MSA values for the thermodynamic properties
are'plotted for p*=0.60 and 0.85 in Figs. 22-24. With
the exception of the heat capacity, the MSA results are
superior to the PY results where simulation results
are available for comparison. The simulation results
for the heat capacity are harder to obtain accurately
than are the other results, and may well have appreci-
able errors. Although there are no simulation results
for comparison, we believe the MSA values for the
compressibility in Fig. 22 to be quite good. Thermody-
namic properties calculated from the energy equation
should be better than those calculated from the other
routes. However, at the time of writing, pressures cal-
culated from the energy equation are not available so
that this conjecture cannot be tested.

h~(+, 2) = — D(1, 2)h(1, 2)dQ, dQ2,
-3 (6.66)

h~(x„)= 3 b.(1,2)h(l, 2)dQ, dQ, , (6.67)

where

&(1,2)=T, i. (6.68)

D(1, 2)dQ, dQ, = 0, (6.69)

I D'(1, 2)dQ, dQ, = 3,-2 (6.70)

&(I, 2)dQ, dQ, = 0, (6.71)

The functions D(1, 2) and b, (1,2) have the property that

2. Solution of the MSA for dipolar hard spheres

Wertheim (1971) has solved the MSA for dipolar hard
spheres, for which &'(1, 2)d Q,d Q, = 1/3 .

J
(6.72)

u(x», Q„Q,) =~, r» &v

= —((L('/~»')D(1, 2), r».&o, (6.63)

(6.64)

kz(x, ) = f h(1, 2)dOdA, (6.65)

where p, is the dipole moment, and
A A A A A A

D(1,2)=3(i, r,.)(u. r) ,(ui-.

and p, , and r» are unit vectors. If h(1, 2) =A(x», Q„Q,)
is the total correlation function, where 0, and 0, are
the angular coordinates specifying the orientation of the
dipoles, we may define the projections

Further D(1, 2) and &(I, 2) are orthogonal, i.e.,

D(1,2)4(l, 2)dQ, dQ, .

Wertheim (1971) showed that, in the MSA,

h(1, 2) = h (~„)+ k (1,2)D(1, 2) + k (1,2)b,(1,2),

(6.73)

(6.74)

where k~(x») is just the PY hard-sphere result and

h~(1, 2) and h~(1, 2) can be calculated easily from h~(x»).
In contrast to h~, k~ and h~ are functions of p p,

' a,s well
as 7'.

The thermodynamic properties can then be calculated
from

10
I I I I I I I I

= 1+4)7y~(0) ——Npp, ' ~ 'h~(~)d r,
B

k~T' — =1+p h, (~)dr,Bp

(6.75)

(6.76)

or

U, = ——NpjL(, ' y 'AD x, p.' dr.

p =0.8

Thus, in the MSA the compressibility equation results
for dipolar hard spheres are equal to the PY hard-
sphere compressibility results. The difference in the
pressure or energy equation results from the hard-
sphere results are determined by h~(1, 2). On the other
hand, the dielectric constant, e, is determined by
h~(1, 2), through

(e —1)(2~+ 1)
9q =&gI ~

/
/

-30 '
0

I I I I I I I

y =(4~/9) p p u', (6.79)

FIG. 29. Direct correlation function of the square-well fluid,
with A, =1.5, at p0.3=0.8 calculated from the MSA by Smith et al .
&1976).

g„=1+—p h~(~, pp')dr.
3

(6.80)

Patey and Valleau (1973,1974, 1976) and Verlet and
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Recently, the MSA has been solved for mixtures of
dipolar hard spheres (Adelman and Deutch, 1973;
Sutherland et al. , 1974; Isbister and Bearman, 1974).
The work of the latter authors is the most general since,
in this work, both the hard-sphere diameters and the
dipole moments of the components are unrestricted.

Blum and Torruella (1972) and Blum (1972, 1973, 1974)
have applied the MSA to systems of hard spheres with
more general charge distributions. The system of quad-
rupolar hard spheres is of some interest because quad-
rupoles appear to have much larger effects on the ther-
modynamic properties and structure than do comparable
dipoles (Patey and Valleau, 1975).

FIG. 30. Pair distribution functions of dipolar hard spheres
at p0.~=0.9. The points given by ~ and o give the results of
Barker and Henderson {1971a,1972) and Verlet and leis {1974)
for Pp~=0 (hard spheres} and F2=1, respectively. The solid
and broken curves give the MSA and LEXP results, respec-
tively, for pp =1. For gs(x), the MSA and LEXP results are
identical.

3. Extensions

The MSA is identical to the PY approximation when
p= 0. Andersen and Chandler (1970, 1972) and Andersen
et al. (1972) have suggested replacing (6.61) by

c(r}= o„s (r) —pu(r), (6.87)

1 (1+4E)' (1 —2 g)'
3 (1 —2()' (1+ g)' (6.82)

The parameter g must be less (usually much less) than
1/2. Equation (6.81) is an improvement upon the Clau-
sius- Mossotti result

(c —1)/(e+ 2) = y, (6.83)

which has an incorrect singularity at y = 1, and the
Onsager (1936) result

(e —I)(2m+ 1)/9& = y (6.84)

which, as seen from (6.78) corresponds to g, = 1 or
h~(r, p p, ') =0. Expanding, the MSA result for small y,
gives

z —1 15
+ ~ ~ ~

&q+2 16 (6.85)

whereas the Qnsager result gives

& —1
6+2 =g —2g + ~ ~ . ~ (6.86)

The coefficient 15/16 is known to be correct (Jepson,
1966).

Weis (1974) have made computer simulations of the di-
polar hard-sphere system. They find that the MSA ther-
modynamic properties are poor. This is because the
MSA results for hs(r), h~(r, p p, '), and h~{r, p p, ') are
unsatisfactory. This may be seen in Fig. 30. Although
hs(r, P P,') is very nearly indePendent of P P,', it does
vary with P p, —otherwise the compressibility equation
of state would have no P p,

' dependence. Most of the
error in the MSA gs(r) = hs(r)+ 1 is the error in the PY'
hard-sphere result. The MSA results for ho(r, P p. ') and
h (r, pg') are too small at contact. Just as for the SW
potential, the MSA underestimates the correction to the
hard sphere h(1, 2).

For the dielectric constant, Wertheim (1971) obtained

(1+4()(1+ ()4
(1 —2()'

where g is determined from

for r& cr. In (6.87) c„s (r) is the hard-sphere direct cor-
relation function. If c„s (r) =0 for r&o, then (6.87) is
just {6.61). However, if an accurate result for o„s (r) is
used, (6.87) will give very accurate results when p =0.
Andersen et a/. refer to (6.87) as the optinrized random
Phase aPProximation (ORPA).

If we define

8(1,2) =g(1, 2) —g„s (1,2)

= —py(I 2) (6.88)

where g„s (1,2) is the hard-sphere result, we can obtain
a good approximation to the QRPA results by adding the
MSA value for C(1, 2) to the correct hard-sphere RDF.
In the limit of low densities, 8(1,2) = —Pu(1, 2), for
r& o, and so g{1,2) can be regarded as a, renormaHzed
potential for r&o. For r &o, Q(l, 2) =0, of course We.
shall return to this idea of a renormalized potential in
Sec. VII.B and C. The resulting RDF for the square-
well potential, with A. =1.5, is plotted in Fig. 31. At
pe =1.5, the ORPA g(r) is slightly worse at contact
than the MSA result because of the fortuitous cancella-
tion of errors in the latter. Note that the ORPA g (r)
retains the errors in the MSA result for y™1.5o.

Andersen and Chandler (1972}have suggested the ex-
ponential (EXP) approximation

(6.89)

Equation (6.89) seems very attractive. In contrast to
the MSA, the EXP approximation is exact in the limit of
low densities and will produce the exact B.

The EXP result for the RDF for the SW potential with
cutoff at 1.5o is plotted in Fig. 31. For pc=1.5, the
EXP approximation is an improvement over the QRPA
results for z&1.5. For x~ 1.5o, the EXP results are
somewhat worse than the MSA or QRPA results. Qn the
other hand, the EXP results are an improvement at con-
tact.

Even better results can be obtained if a linearized
version of the exponential approximation, suggested by
Verlet and Weis (1974), is used. This approximation,
which we will call the LEXP approximation, is
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P, ~ 3

p =0.8

pressure and compressibility equations.
H(t)ye et al. (1974) have applied the GMSA to charged

hard spheres and dipolar hard spheres by solving the
MSA for charged hard spheres and dipolar hard spheres
with a Yukawa tail and adjusting the parameters of the
Yukawa to give reasonable and consistent results for
charged or dipolar hard spheres from the energy, pres-
sure, and compressibility equations.

0
~ 0

p =0.8

E. Hyper-netted chain approximation

If the function N(r), defined in Eq. (6.23), is expanded
in powers of the density, it is found that

N(r) = pc, (r) + p'[d, (r) + 2d, (r)]+. . . (6.91)

1.0
I

1.5
I

2.0 2.5

Comparison with (4.44) and (4.45) shows that in lowest
order (6.25) is valid. If we assume (6.25) to be valid in
all densities we are led to the PY theory. However, we
can compare lny(r), as well as y(r), with N(r). Com-
parison of (6.91) with (4.47) and (4.48) shows that, in
lowest order

r/

FIG. 31. RDF of the square-well fluid, with A. =1.5, at po.3

=0.8. The points give the MC results of Barker and Henderson
{1971a,1972) and Henderson, Madden, and Fitts {1976)for the
square-well fluid at Pe =0 (hard spheres) and Pe =1.5, respec-
tively. The dotted, broken, and solid curves, respectively,
give the ORPA, EXP, and LEXP results {Smith et al. , 1976).
For Pe =0 all three approximations give the same result.

ln y(r}=N(r) . (6.92)

Let us assume (6.92) to be valid at all densities. Equa-
tion (6.92) is called the hyPev netted cA-ain (HNC) ap-
proximation or, less frequently, the convolution ap-
proximation. Substitution of (6.92) and the definition of
h(r) into the OZ equation gives the alternative state-
ment of the HNC approximation

c(r) = f(r)y(r) + y(r) —1 —ln y(r) . (6.93)

g (1,2) =g„~(r}(1+(-(1,2)). (6.90)

Equation (6.90) will not produce the correct results in
the limit of low densities but, as may be seen in Fig.
31, is an improvement over the MSA, ORPA, ' or EXP
approximations at high densities.

Verlet and Weis (1974) have found that the EXP ap-
proximation is very poor for dipolar hard spheres.
However, they found the LEXP approximation to be
quite good for this system. From Fig. 30 we see that,
although the LEXP gs(r) is not improved over the MSA
result, the LEXP ho(r) and h~(r) are a considerable
improvement.

All of the applications of the MSA or its extensions
which have been considered thus far in this section have
been to potentials with a hard core. alum and Narten
(1972), Narten et al. (1974), and Watts et al. (1972) have
considered extensions to systems with soft cores.
Aspects of the perturbation theory of Aridersen et al.
(1972), which will be discussed in Secs. VII. C. 6 and
VII.D. 3 can be regarded as an extension of the MSA to sys-
tems with soft cores.

Finally, we mention the generalized mean sPhexical
aPProximation (GMSA). The term was coined by Hgye
et al. (1974). However, the earliest work of this type
was that of Waisman (1973a) who solved the MSA for
hard spheres with a Yukawa tail and applied the solu-
tion to the hard-sphere system. In the GMSA, the
Yukawa tail is not a pair potential but rather the as-
sumed form for the direct correlation function outside
the core. The parameters in the Yukawa tail are cho-
sen to give thermodynamic consistency between the

Thus, in the HNC approximation

d(r)=y(r) —1- j y(r). (6.94)

&& [e(23)y(23) —1jd r, . (6.95)

The HNC theory has been developed by several authors
(Morita, 1958, 1960; Van Leeuwen et a/. , 1958; Morita
and Hiroike, 1960, 1961; Meeron, 1960a,b, c; Rush-
brooke, 1960; Verlet, 1960).

It is important to note that, even if n(r) =0 for r&R,
c(r) will not vanish for r&R in the HNC approximation
and the Baxter (1968a) form of the OZ equation cannot
be used except as an additional approximation.

Expansion of (6.95) in powers of the density gives
go= 1

and

y (r)= c (r),

y, (r) =d, (r)+2d, (r)+ —,
' c22(r) .

(6.96)

(6.97)

Thus, y, and y„and hence B and C, are exact in the
HNC theory. The expansion of c(r) is given by (6.14)
where r~ and p, (r) are given by (6.15) and (6.16) and

& (r) = f(r)y (r)+ —,
' c'(r) . (6.98)

It is of some interest to note that d(r) given by (6.94)
can never be negative. Substitution of (6.93) into the OZ
equation gives the HNC integral equation

ln3(33) =3( [ f(13) (31 )3+ 3(13)—1 —(n3(13)]
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The HNC theory includes more diagrams than does the
PY theory. Qn the other hand, we have argued that for
hard spheres, c', (x) and d, nearly cancel so that includ-
ing more diagrams is not necessarily an improvement.
It turns out that, for hard spheres, although the PY
theory negects more diagrams than does the HNC the-
ory, the PY theory does a better job of eliminating
groups of diagrams whose contributions cancel. For
systems with attractive forces, this cancellation is not
so complete and, in many applications, the HNC is more
satisfactory than the PY theory.

Diagrams of the form of c,(x) and d, (x) are often called
simple ckains and diagrams of the form of d, (z) are
often called netted chains. Diagrams such as c', (x) and

f(x)c,(x) are often called bundles. The name hypernet-
ted chain theory reflects the fact that this theory in-
cludes the contribution to y(x) of the bundles as well as
the chains. In fact, the HNC theory includes the con-
tributions to y(x) or c(x) of all of the chains and bundles.
The chains and bundles can be formed by repeated con-
volutions of Mayer f functions. They are the complete
class of such diagrams. The name convolution theory
reflects this fact. Because the HNC theory includes the
complete class of such diagrams, the HNC energy equa-
tion results are, apart from a constant of integration,
identical to the pressure equation results. The remain-
ing class of diagrams not included in the HNC theory
are the most complex diagrams and are called, some-
what amusingly, elemental'y diag''ass. An example of
an elementary diagram is d, (x).

Rushbrooke and Hutchinson (1961) and Hutchinson and
Rushbrooke (1963) have calculated the B through F for
hard spheres from the HNC theory. Their results are
listed in Table XIII. The agreement with ihe exacthard-
sphere results is less satisfactory than was the case for
the PY theory. Klein (1963), Levesque (1966), and Hen-
derson, Madden, and Fitts (1976) have solved the HNC
equation for hard spheres. The HNC g(x) for hard
spheres is plotted in Fig. 32. It is not as satisfactory
as the PY g(x) for hard spheres. The HNC equation
of state for hard spheres is plotted in Fig. 16. It is less
satisfactory than the PY result but is better than the
BOY result.

The general consensus has been that the HNC theory
is inferior to the PY theory for other systems also.
However, the recent HNC calculations of Henderson,
Madden, and Fitts (19'l6) for the square-well potential
(with 1=1.5) have shown this tobeanoversimplification.
The square-well g(x) and c(r), calculated from the HNC
theory, are plotted in Figs. 82 and 33. Thehard-sphere
case is pc=0. The results at pe=1.5 are not too good
although they are better than the PY results shown in
Fig. 19. However, close inspection shows the errors
in these results to be, to a good approximation, the
same as for the hard-sphere case. In other words, we
could write

p )= (,0) „„(,p ) g„„(,0), (6.99)

where g(x, 0) and g»c(y, 0) are the exact and HNC hard-
sphere g(x), respectively. Although Eq. (6.99) has been
introduced here as an ad koc approximation, it can be
placed on a systematic basis by means of the perturba-
tion theories discussed in Sec. VII and we will defer de-

2

p =0.8

1.0
I

1.5
I

2.0 2.5

tailed discussion until Sec. VII.C.5.
The HNC thermodynamic properties for the square-

well fluid are plotted in Figs. 22 to 24 and 34. The HNQ

energy equation of state is identical to the HNC pres-
sure equation of state except for a constant of iniegra-

10
I I I I I I I I I I

0—

—10

—20

—30
0

I I I I I I I

FIG. 33. Direct correlation function of the square-well fluid,
w ith A, = 1.5, at p 0 3 =0.8 calculated from the HNC theory by
Henderson, Madden, and Fitts (1976).

r/g

FIG. 32. BDF of the square-well fluid, with A, =1.5, at po3
=0.8. The points give the MC results of Barker and Henderson
(1971a,1972) and Henderson, Madden, and Fitts (1976} for the
square-well fluid at Pe =0 (hard spheres) and Pe =1.5, respec-
tively. The curve gives the HNC results of Henderson, Madden,
and Fitts (1976).
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12

10

I j I Table VII.
Rushbrooke and Silbert (1967) have discussed the in-

corporation of three-body interactions into the HNC by
means of an effective potential. There are difficulties
with this approach. Equation (4.61) probably provides a.
better method.

Chihara (1973) has recently formulated a quantum
version of the HNC theory. Murphy and Watts (1970)
give a summary of applications of the HNC theory in
variational studies of the ground state of liquid helium.

For hard spheres, the HNC expression overestimates
d(x). It has been popular (Bowlinson, 1965; Carley and
Lado, 1965) to use the approximation

d(x) = PQ(x) —1 —Iny(r)j, (6.100)

FIG. 34. Equation of state of the square-well fluid, with
A, =1.5, at po =0.6 and 0.85. The points given by o and ~ give
the simulation results of Rotenberg (1965}and Alder et al.
(1972}, respectively, and the curves give the HNC pressure
and energy equation results calculated by Henderson, Madden,
and Fitts (1976}. The HNC energy equation results are identi-
cal to the HNC pressure equation results except for a constant
of integration.

tion (Morita and Horoike, 1960). If this constant of in-
tegration is chosen so that the hard-sphere (pe =0) re-
sults are given correctly, the energy equation of state
is in very close agreement with the simulation results.
The HNC value of the energy is in close agreement with
the simulation results. It is surprising that the HNC
values of the heat capacity, determined by differentiat-
ing the energy, show appreciable differences with the
simulation results. As we have already commented, the
simulation results for the square-well heat capacity
may have a significant error.

The thermodynamic properties which result from
(6.99) can be obtained from the HNC values by shifting
the curves so that the hard-sphere (Pe = 0) value coin-
cides with the correct hard-sphere result. This will
not affect the heat capacity. However, the pressure and
energy are improved. Although there are no simulation
values of the compressibility for comparison, the HNC
compressibilities are brought into good agreement with
the MSA results and, presumably, are improved.

The HNC theory has been applied to the 6-12 potential
by Broyles et al. (1962), Verlet and Levesque (1962),
Klein and Green (1963), de Boer et al. (1964), Levesque
(1966), and Watts (1969b). The results were not very
encouraging and, as a result, the HNC equation has re-
ceived less attention for this system than has the PY
equation. Most of these calculations were carried out
at high temperatures. Recently, Madden and Fitts
(1974b) obtained encouraging results for g (y) for the
6-12 fluid at low temperatures using the HNC equation.
Thus, the problem with the HNC equation lies with the
treatment of the repulsive part of the potential. Madden
and Fitts (1975) have found that approximations such a,s
(6.99) give improved results for the 6—12 potential. The
HNC values for the 6-12 critical constants are given in

where @ is a parameter, independent of x but depending
on the thermodynamic variables, which is chosen so that
the pressure and compressibility equations give the same
result. As we have seen in Fig. 27, d(x) is always posi-
tive for hard spheres (at least in the range where d(x) is
non-negligible). Thus, it is not surprising that a value
of @, between 0 and 1, which is independent of r should
lead to reasonable results for hard spheres because the
quantity in parenthesis in (6.100) is also always posi-
tive. However, for many potentials with attractive tails,
d(x), although positive for x& o, is negative at low den-
sities for x-o.. There is every reason to believe that
d(x) can change sign at high densities also. Hence if Q
is independent of x, d(x) given by (6.100) must always
have the sign of @. Thus, (6.100) cannot be a satisfac-
tory approximation to d(x). Therefore, it is no surprise
that (6.100) has not been found useful for such potentials.

Henderson and Grundke (1975) have considered (6.100)
when @ is a function of r. Their procedure is probably
too cumbersome to be used for anything other than hard
spheres. However, they do make the interesting obser-
vation that (6.94) or (6.100) can give rise to the correct
asymptotic behavior of the correlation functions when x
becomes large.

Another approximation, which will give the correct
hard-sphere results and which would probably give good
results for other temperatures, is

d(P& J3&) d('Yp 0) + daNc (x~ P&) daNc (K~ 0) (6.101)

where d„Nc(x, 0) and d(x, 0) are the HNC and exact ex-
pressions for the hard sphere d(x). In contrast to the
HNC expression, (6.101) can have negative values. No
calculations, based on (6.101), have been made.

Percus (1962) has shown that the HNC theory can be
obtained by means of a first-order functional Taylor ser-
ies. Verlet (1964) has taken this series to second-order
and obtained a new set of integral equations, which he
calls the HNC 2 equations. Again deerlet introduces an
unsymmetric approximation for g(123). The HNC 2 theo-
ry has not been as fully tested as the PY 2 because of the
belief (probably mistaken for systems other than hard
'spheres) that the PY theory is a better starting point
that the HNC theory. Even so, for systems with attrac-
tive forces, the improvement over ihe HNC results
probably does not justify the extra computational effort
involved in the HNC 2 equations.

Wertheim (1967) and Baxter (1966b) have proposed
other extensions of the HNC theory.
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F. Kirkwood-Salsburg equation

Kirkwood and Salsburg (1953) derived a set of integral
relations between distribution functions of the form

g(1 n)

n

= exp P p, —Q u(lk)
k=2

1
x g 2 ~ n + -& p' K, 1;n+1, ~ ~, n+s

s=l

xg(2 ~ n+ s)dr„., dr„..I,
(6.102)

where p,, is the excess chemical potential given by

1
exp[ —l3g.]=1++,p fK, (1; 2 ~ ~ ~ a+1)s, Vs&

&& g (2 s+ 1)dr, ~ ~ ~ dr„, ,

(6.103)
and

ff+S

K,(l; n+ 1, . . . , n+ s) = /exp[ —Pu(l~)] —1$. (6.104)
m=n+1

For potentials with finite range and hard cores the up-
per limit v in the summations is finite and equal to the
maximum number of molecules which can be packed into
a sphere whose radius is equal to the range of the poten-
tial (since the integrands vanish when s is greater than
this value). Potentially this is an attractive feature.
However in practice v is a relatively large number (of
the order of 13 even for hard spheres). Hence these
equations have been more useful in formal theoretical
developments (Lebowitz and Percus, 1963b; Squire and
Salsburg, 1964; Cheng and Kozak, 1973; Klein, 1973)
than in actual numerical calculations. However Chung
and Espenscheid (1968) used these equations with the
superposition approximation to calculate virial coeffi-
cients for hard spheres; the virial coefficients up to the
fouxth were given exactly, and reasonable values for the
fifth were obtained (better than HNC but worse than PY).
However, Chung (1969) found for the 6 —12 potential that
unsatisfactory values for the fifth virial coefficient were
obtained at low temperatures. Sabry (1971)used the
equations to derive approximate integral equations for
hard spheres; the equations actually solved led to un-
satisfactory results except at quite low densities.

G. Some remarks about integral equations for the
correlation functions

In Sec. VI we have examined in detail four theories for
the correlation functions. For hard spheres, the PY
theory is the most satisfactory. However, the PY theory
seems to be satisfactory for hard spheres and nothing
else. We have seen that the PY theory does not work
well for systems with attractive forces. However even
for repulsive soft spheres, the PY theory is not satis-
factory (Watts, 1971). The HNC theory, and possibly the
BG theory also, seems to be the complement of the PY

theory. It is unsatisfactory for hard spheres but appears
to account satisfactorily for the effect of the attractive
forces and nonhard core forces. Modification of the
HNC theory through (6.99) or (6.101) should lead to good
results for hard spheres and systems with attractive
forces. The MSA seems to combine the virtues of the
PY and HNC theories. It is identical to the PY theory
for hard spheres and gives good results for systems
with attractive forces-especially when used in the LEXP
version. The lack of a systematic extension to nonhard-
sphere systems is the main weakness of this approach.

Generally speaking, the energy equation leads to the
best thermodynamic properties. In fact for the square-
well and 6-12 systems, this route is insensitive to the
defects in the PY correlation functions and gives good
thermodynamic properties. For the PY theory, the
compressibility equation is generally to be preferred
over the pressure equation. However, for the HNC theo-
ry the pressure equation is, apart from a constant of in-
tegration, the same as the energy equation and is often
to be preferred over the compressibility equation.

Finally, there seems to be a widespread feeling that
further study of integral equations may be unrewarding.
Despite our close association with perturbation theory
which has, to some extent, displaced the integral equa-
tion approaches, we feel that the integral equations are
still of great value. They can provide information un-
available from other sources. For example, the integral
equations give results for y(x) inside the core. Recently,
Henderson, Abraham, and Barker (1976) have been able
to obtain the density profile of a fluid near a surface by
using integral equations.

VI I. PERTURBATION THEORIES

A. Introduction

In this section we shall examine some of the pertur-
bation theories which have been developed and have re-
ceived much attention in the past few years. The meth-
ods which we will discuss are quite general and can be
applied to any system which is, in some sense, slightly
perturbed from some reference system whose proper-
ties are known. In practice, the reference system is
usually taken to be the hard-sphere system. This is
both because hard spheres are a good reference fluid for
many liquids of interest and because there is so much
data available from machine simulations for the RDF and
thermodynamic properties of hard spheres.

As was the case in Sec. VI, the methods developed here
are approximate and thermodynamic consistency is lost.
Almost without exception, the energy equation is used to
relate the thermodynamic properties to the RDF. How-
ever, we note that one advantage of perturbation theory
is that the thermodynamic properties can be calculated
without reference to the RDF of the system.

Throughout most of this section we will be interested
mainly in pairwise additive forces. We will also be
mainly interested in spherical potentials. However, a
few applications to systems with three-body forces or
with nonspherical potentials will be considered.

The reason for the success of the perturbation theory
of liquids is that the structure of a simple liquid is de-
termined primarily by the hard-core part of the poten-
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tial and that the majn effect of the nonhard-core part of
the potential is to provide a uniform background poten-
tial in which the molecules move.

This concept has been used for some time. It is the
basis of the equation of state of van der Waals (1873).
If, following van der Waals (vdW), we assume the mo-
lecules to have a hard core, i.e.,

u(r) =™,r&o

=u, (r), r&o,
(V. 1)

A=AO+ ~Ng, (7.2)

where A, is the free energy of the hard-sphere gas, and

u, (r)g, (r)r'dr (7.3)

The factor of 1/2 in (7.2) arises because the energy g is
shared by two molecules, and hence would be counted
twice if this factor were not inserted. Since g(r) is the
RDF, pg(r)4m' is the average number of molecules in a
spherical shell of thickness Ch and radius x surround-
ing a molecule at the origin and (7.3) follows immediate-
ly. A subscript zero has been placed on g(r) in (7.3) to
emphasize that, as a result of our assumptions, the BDF
is the same as that of hard-sphere gas.

Van der Waals made the further assumption that the
molecules are randomly distributed, i.e. , go(r) = 1. Thus

$ = —2pa~ (7.4)

where

~, &+« ~ (7.5)

Until recently the properties of hard spheres were not
known. Thus vs had to approximate A, by assuming
it to be the free energy of a perfect gas with V replaced
by a smaller "free volume, "

V&, because the molecules
themselves occupy a finite volume. Therefore,

Ao/Nk~T = 3 Ink —1 —lnV&+ lnN, (7.6)

then, using this concept, the Helmholtz free energy A of
the liquid is the same as that of a system of hard spheres
of diameter 0, except that the free energy is lowered be-
cause of the background potential field. Thus,

proved somewhat by regarding a as a parameter chosen
to fit some experimental data. However, even in this
case, the results are unsatisfactory.

On the other hand, applications of the SPT to fluids
with attractive forces indicated that liquids could be re-
garded as hard spheres in a uniform background poten-
tial (Reiss 1965). Also, Longuet —Higgins and Widom
(1964) and Guggenheim (1965a) have shown that the main
defect in tbe van der Waals theory lies in the use of (7.6)
and (7.7) for the hard-sphere free energy. Thus, if (7.8)
is replaced by

p =po —N'a/V' (7.9)

and some more reliable expression for p, is used, then
good agreement with experimental results for argon is
obtained. For example, the PY or CS expressions could
be used. However, the I.onguet-Higgins and Widom
(LHW) equation of state is fairly insensitive to the pre
cise form of po. In fact, Guggenheim (1965b) showed
that good results could be obtained by replacing the vs
express. ion

P,V/Nk, T = (1 —4q)-'

by the simple and more accurate expression

p V/Nk T= (1 —q) '.

(7.10)

(7.11)

It is to be borne in mind that, in the I,HW equation of
state, a is a parameter. The value of a which results
from (7.5) is quite different from that which is required
to fit experimental data.

It is interesting to note that (7.9) has been obtained
regorously for a weak, long-range potential (Kac et al. ,
1963; Uhlenbeck et al. , 1963; Hemmer et al. , 1964;
Hemmer, 1964). This result may be seen intuitively
from (7.3). If u(r) is extremely long ranged, then the
major contribution to the integral comes from large val---
ues of r where g, (r) is unity. We shall refer to this limit
of a weak, long-range potential as the vs limit.

The first influential modern use of perturbation theory
was that of Longuet —Higgins (1951) who used it to develop
the conformal theory of solutions.

Zwanzig (1954) obtained Eqs. (7.2) and (7.3) by assum-
ing that the intermolecular potential can be written as
the sum of the hard-sphere potential and a perturbation
potential

where u(r) = u, (r) + u, (r), (V. 12)

V~= V -Nb, (7.7)

(p+N'a/V')(V -Nb) =Nk~T . (7 8)

Equation (V.8) gives results which are inpoor agree-
ment with experimental data. This is particularly true
if a is calculated from (7.5). The situation can be im-

and b = 2ma'/3. The factor 5 bas this form because, when
two molecules collide, the center of mass of one of the
molecules is excluded from a volume of 4ma'/3. This ex-
cluded volume is divided by 2 because it is shared by
two molecules.

Combining (7.2) and (7.4)-(7.7) and differentiating with
respect to V yields the van der Waals equationof site

where uo(r) is the hard-sphere potential for spheres of
diameter d. If the partition function, and thus the free
energy, are expanded in powers of P, then, to first
order, Eqs. (7.2) and (V.3) follow. Zwanzig, and later
Smith and Alder (1959), calculated the equation of state
using the 6 —12 potential and the BG results (which at
the time were the best available) for A, and g, (r). More
recently, Frisch ef al. (1966) made similar calculations
using tbe PY results for A.o and go(r). The results of
these calculations are in quite reasonable agreement
with experiment at high temperatures. However, these
results are very sensitive to the choice of d, for which
no satisfactory criterion is provided.

An alternative approach has been given by Howlinson-
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(1964b, c) for repulsive potentials. He expanded the free
energy of a system of molecules with pair potential

B. Second-order perturbation theory for potentials arith
a hard core

u(r) = c,~ " —c,r "~' (7.13) 1. Formal expressions for first- and second-order terms

in powers of n '. The reference system (u=~) is the
hard-sphere gas. If this expansion is taken to first
order, and n is set equal to 12 to give the 6 —12 poten-
tial, good results are obtained for the equation of state
of gases at high temperatures (T* above 12).

McQuarrie and Katz (1966) combined the Zwanzig and
Rowlinson techniques by treating the attractive term
in (7.13) as a. perturbation on the repulsive term and
treating the repulsive term by means of the ~ ' expan-
sion. This procedure yields a satisfactory equation of
state for T* above 3.

Thus, the situation in 1967 was that much of the evi-
dence indicated that perturbation theories appeared to
work only at high temperatures. However, the work
of I.HW and the work of Reiss and others on the SPT in-
dicated that the hard-sphere fluid was an excellent refer-
ence system for the properties of liquids, even at the
lowest temperatures, although firm conclusions could
not be reached because of the presence of adjustable pa-
rameters in these approaches.

It is clearly important to determine whether the sup-
posed failure of the Zwanzig approach at low tempera-
tures is due to the perturbation approach itself or to the
inadequate treatment of the finite steepness of the re-
pulsive potential. For this reason we devote some-time
to an examination of perturbation theory for potentials
with a hard core. In such potentials, the effect of the
attractive forces is not complicated by the "softness"
of the repulsive part of the potential.

The potential with a ha, rd core which we chose is the
square-well potential with cutoff at X= 1.5. This is part-
ly because this system has been thoroughly studied both
by the machine simulation methods and by the integral
equation approaches of Sec. VI but also because, with
X= 1.5, the squa, re-well potential is relatively short-
ranged and the perturbation expansion converges rela, —

tively slowly. As a result, we can examine the relative
merits of various approaches which generally give the
correct first-order term but gives differing approxima-
tions to the higher-order terms. Other potentials with
a hard core, such as the triangle-well and Yukawa poten-
tials (for which simulation results are available), when
their parameters are adjusted to give as good a repre-
sentation of argon as they are able, are relatively long-
ranged and close to the vdW limit. As a result, almost
any approach gives good agreement with the simulation
results and little is learned about the higher-order
terms.

For this reason we commence with a study of pertur-
bation theory for the square-well Quid. In later sections
we apply the theory to systems in which the repulsive
potential has a finite steepness, and to systems with
quantum effects, three-body interactions, and nonspheri-
cal potentials.

Henderson and Barker (1971) and Smith (1973) have re-
viewed perturbation theories of liquids. In addition, Hen-
derson and Leonard (1971), McDonald (19'73), and Hen-
derson (1974) have reviewed the application of perturba-
tion theory to the theory of liquid mixtures.

There is considerable flexibility in perturbation theory.
Both the function to be expanded and expansion para, m-
eter may differ from application to application. Since
there are many combinations, we cannot hope to review
more than a few possibilities. However, we will try to
be as general as possible.

Consider a system of molecules with a pairwise addi-
tive potential such that e(x) = exp( —Pu(x)j depends on a
para. meter y

e(r) = e(y; ~) (7.14)

We may then obtain a perturbation series, similar to
(7.2) by expanding the free energy in powers of y

~A 1
(7.15)

Usually y is equal to unity for the physical system under
consideration. This &s essentially the method used by
Zwanzig (1954), who assumed the particular form

u(~) =u, (~)+yu, (~) . (7.16)

We will use (7.14) for generality.
Assuming pairwise additivity, the free energy is given

by

A = -k~T ln e(~,,)dr, " dr„, (7.17)

8A 1
P = ——p2 g(12)e~(12)dr, dr~ (7.18)

8A
P —,= ——p' g(12)e» (12)dr, dr,

-p' g(123)e„(12)e„(23)dr,dr, dr,

1——p' [g(1234) —g(12)g (34)]

xe„(12)e„(34)dr,dr, dr, dr, , (7.19)

where

e„=e 'ae/&y, (7.20)

e„=e 's e/sy (7.21)

Essentially, this is Zwanzig's result. Although form-
ally correct, it is not useful for numerical computation
because it has been obtained in the canonical ensemble
and is valid only for a finite system. To obtain results
which are useful, we must take the tke~modynamic linzit
(N-~, N/V fixed). The only term which poses any dif-
ficulty in the thermodynamic limit is the last term in
(7.19).

Lebowitz and Percus (1961) and Hiroike (1972) have
shown that, when molecules 1, . . . , m and m+1, . . . ,

where terms independent of y have been dropped. There-
fore,
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m+n are widely separated, asymptotically

p '"g(1 m. +n)

= p '"g (1 ' ' n)g (m + 1, . . . , m+ n)

p' ep e[p d(1 ~ m)] e[pd(m+), . . . , m+e)]I
p~ sp & Bp

"(-') (7.22)

The second term on the RHS of (7.22) makes a contribu-
tion to the last integral in (7.19). Although of order l)t '
it makes a finite contribution when integrated over all
space. If e(ij ), e„(ij ), e»(ij ), etc. , are central, then
we can integrate over ry to obtain V. Thus,

In Zwanzig's expansion

e(y; x) = exp( —p[u, (~)+ yu, (~)]]. (7.27)

and (34) are widely separated. These equations have
been obtained earlier using the grand-canonical ensem-
ble (Barker and Henderson, 1968; Henderson and Bar-
ker, 1971). Henderson et al. (1972) have generalized
(7.23) and (7.24) for mixtures. Similar results can be
found in the earlier papers of Buff and Brout (1955) and
Buff and Schindler (1958). Equations (7.24) and (7.25)
could be put into an alternative form by using the well-
known result (Baxter, 1964a, b; Schofield, 1966)

( pg 12 =2 pg 12 + p' 123 -g 12 dr3.

(7.26)

BA 1
P = —Np g—0(12)e„(12)dr, (V.23) If the potential has a hard core, u0(x) would be the hard-

sphere potential. Using (7.27)

B'A
P ——, = —J(tp Jl

—g, (12)e„„(12)dr,
y y=p

NP go 123'' ee}d 12 ey 23 dr2 r

——t2'p' [g,(1234) —g, (12)g,(34)]
1

e, (~) = -pu, (] )

;,( )=pl, ( )]'

In the Zwanzig or u, (x) expansion

A= P (Pe)"A„,
n=O

(V.28)

(7.29)

(7.30)

xe„(12)e (34)dr, dr, dr,

+Nd ' —p' f d (12)e„(12)dr,
Bpo z, Bp

(7.24)

where e~ and e» are to be evaluated in the limit y-0 and

g, (12), etc. , are the distribution functions of the refer-
ence fluid. Similar expressions can be written for the
higher-order derivatives. The procedure is straight-
forward. However, we do not give any results here be-
cause of the length of the expressions.

As we have seen in Sec. VII.A, to first-order in the
free energy, the structure of the fluid is the same as
that of the reference fluid and the first-order term in
the free energy gives the average contribution of e„(x).
This first-order term is often called the mean field-
tezm and perturbation expansions which are truncated at
first-order in A are often called mean field theoxies-

Similarly

Bg 12

=d (12)e„(12)+2p f p (122)e„(22)dr

+ —p' [g0(1234) -g0(12)g0(34)]e„(34)dr,dr

1, B 1
-2(pP) ' —p'g. (12) ——p' g.(34)e„(34)dr,

QP 2 0
) ep 2 0 2'

(7.25)

Equations (7.24) and (7.25) are suitable for numerical
calculations because in the thermodynamic limit g(1234)
-g(12)g(34) approaches zero exactly when the pairs (12)

where & is some parameter measuring the strength of
the potential, usually the depth, and

g(&) = Z (p~)"g.(~) .
n=o

(7.31)

If the energy equation is used to obtain thermodynamic
functions from g(x),

A„1
p u,*(~)g„,(r)dr, (7.32)

where u,*(x)=u, (w)/e. For n= 1, (7.32) is a special case
of (V.23). For n= 2, (7.32) could also be obtained from
(7.24) and (7.25).

If the pressure or compressibility equation is used to
relate thermodynamics to g(x), then A„depends upon
g„(x) whereas, in the case of the energy equation, A„de-
pends upon g„,(x). Thus, we would expect that a. trun-
cated expansion for g(x) would yield best results when
used with the energy equation.

However, it is important to point out that although the
free energy expansion can be obtained from the expan-
sion of g(w) using these familiar routes to thermodynam-
ics, Eq. (7.15) is more general than this. Equation (V. 15)
can be applied to systems with multi-body forces or
quantum effects without reference to the question of how
g(x) is affected.

The u, (x) expansion is useful when u, (y) is small com-
pared to P~T. In addition, it is often useful at high den-
sities even if u, (x)-kaT. In the u, (r) expansion, the
second- and higher-order terms in g(x) are fluctuation
terms reflecting the changes in the structure of the fluid
because of the presence of u, (x). This will be made more
clear when we use the discrete representation in the fol-
lowing section. If the potential, u(x), is strongly repul-
sive at small x as is the case if the potential has a hard.
core, it is to be expected that such changes in struc-
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e(y; r) = exp[-pu(y; r)] .

In this case

ey(r) = -pu, (r),
where

u, (r) = Bu(r)/By,

and

e„,(r) = P'[u, (r)]' —P Bu, (r)/By .
In some applications, the perturbation energy

u, (r) = u(r) —u, (r)

(7.33)

(7.34)

(7.35)

(7.36)

(7.'37)

may be large and positive. Clearly, the u, (r) expansion,
(V.28), is inappropriate for this case. However, follow-
ing Ba,rker (1957) we can write

e(y; r) = eo(r) + yeo (r)f, (r),
t

where e, (r) = exp(-pu, (r)] and

f, (r) = exp(-Pu, (r)] -1.
For this case

e, =f,(r)

(7.38)

(7.40)

and e» ——0. In principle, this approach can be used with
negative perturbation potentials, u, (r), also. However,
in this case this expansion is generally less useful. If
u, (r) is small f, (r) = —Pu, (r) and the approach has no ad-
vantages over the u, (r) expansion. If u, (r) is large and
negative exp[-pu, (r)j» —pu, (r) and at high densities this
exponential expansion usually converges more slow'ly than
the u, (r) expansion. On the other hand, in the limit of low
densities, this expooential expansion becomes exact.
For example, the mean-field term gives the contribu-
tions of u, (r) to order p exactly. Thus, at low densities
the exponential expansion may be the preferred expan-
s ion.

Occasionally, it is convenient (or even necessary) to
combine e '(r) and g(l. . . h). In this case, the first-or-
der term corresponding to (7.38) is

ture will become less likely as the density increases.
Thus, the higher-order terms, although important at
low densities, become less important at high densities.
Hence, the more useful criterion. for the convergence of
the u, (r) expansion is that the effect of u, (r) on the struc-
ture should be small.

At low densities g, (r) = -u,*(r)g,(r) T. hus, g(r) = —e

&&g, (r)/g, (r) can be regarded as a. renorrnalieed potential,
similar to that used in the ORPA which is equal to u, (r)
at low densities but which is damped at high densities.

An obvious generalization of (7.27) is

~A 1
P B

= —2Np yo(r)e(r)dr,
'Y =0

where

e (r) = e, (r)f, (r),
= e(r) —e,(r) .

(7.41)

(7.42)

go(123) =go(12)gO(13)go(23) (7.44)

are substituted into (7.24) and (7.25) and all reducible
cluster integrals are omitted, then we obtain the more
easily used approximate expressions of Barker and Hen-
derson (1968)

Lastly, we have the general case where the y depen-
dence of e(y; r) is not linear and not confined to the ar-
gument of the exponentj. al. For such cases, it is usually
convenient to combine e '(r) and g(1. . . k). Thus, the
first-order term is (7.41) with e, (r) replaced by Be(r)/By.
Henderson and Ba.rker (1968a) have used this type of ex-
ponential expansion in the theory of mixtures of hard
spheres.

Instead of, or in addition to, the expansion of g(r) one
could expand y(r). The first-order term in this expan-
sion is just (7.25) with the first term on the RHS missing
and the remaining terms multiplied by eo'(12). This ex-
pansion arises naturally in the exponential expansions.
However in the u, (r) expansions, this expansion does not
arise naturally and generally converges slower than the
g(r) expansion at high densities. On the other hand, at
low densities, the y(r) series converges faster than the
g(r) series, even in the u, (r) expansion, and can be use-
ful. For example, y(r) = y, (r) is exact in the limit of low
densities.

Finally, we mention the possibility of the expansion of
lng(r). The first-order term in this expansion is just
—g*(r) =g, (r)/g, (r). Thus, the first-order lng(r) and g(r)
series bear the same relationship to each other as the
EXP and LEXP approximations discussed in Sec. VI.D.
In the u, (r) expansion, the lng(r) series gives results
which are slightly less satisfactory in the few applica-
tions of the Ing(r) series which have been made so far
at high densities. Despite this, the lng(r) series is of in-
terest. It gives exact results in the limit of low den-
sities even when truncated at first order. This is not
surprising because the lng(r) and lny(r) series differ
only by e, (r) and so have similar convergence proper-
ties.

Equations (7.24) and (7.25) are not very useful for com-
putation because of the complexity of the three- and four-
body distribution functions. However, if the superposi-
tion approximations

go(1234) =go(12)go(13)go(14)g, (23)go(24)go(34) (7.43)

p, = — Np go(12)e» (12)—dr, Np' go(12)go—(23)e„(12)e (23)k, (13)dr, dr,
8'A

2

—4lVp' go(12)g, (34)e„(12)e„(34)[2h,(13)h,(24) + 4k, (13)h,(14)h, (24)+ h, (13)h, (14)h, (23)k, (24)]dr, dr, dr,

(V.45)
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c

�=4
(12)Ie„(12)+2p Jd (123)e„(23)h (13)dr

r=0

+ —p d„(34)e„(34) 23„(13)h„(24)+43(13)h (14)h (24)+h. (13)h (14}h (23)h„(24) dr dr
I2

(7.46)

We shall refer to (7.45) and (7.46) as the superposition ap-
proximations (SA) to 8'A/By' and eg/Sy.

Although simpler to use than the exact expressions, the
SA is not very useful. It is possible to calculate O'A/Sy'
and eg/Sy from the exact expressions so that the SA is
not needed for these terms. Qn the other hand, the SA
expressions for the higher-order terms are too complex
for useful calculations.

2. Discrete representation

Z —Z 1 — N Ou~ m-
t'

+ —P' g (N,.N,.&u, (r,.)u, (r,.)+ ~ ~ ~ .i j i j ~ ~
~

Hence,

(A —Ao)/ksT= P Q (N;&ou, (r;)

(7.51)

An alternative formulation of perturbation theory
which is more suitable for numerical work has been
given by Barker and Henderson (1967a). We refer to
this formulation as the discrete representation. The
range of intermolecular distances is divided into inter-
vals (ro, r,), . . . (r, , r,„),. . . , etc. By taking the limit
as the interval widths tend to zero, the continuous de-
scription is recovered. However, the discussion is
simpler in terms of discrete divisions. If p(N„N„. . . )
is the probability that the system has ¹ intermolecular
distances in the interval (r„r,„), the. n

(7.47)

P(N„N2, . . . ) = exp(-)6U~)dr, ~ ~ dr (7.48)

where B is the region of configuration space for which
there are N, intermolecular distances in the interval
(r, , r&+, ), Q~ is the configurational partition function of
the system and

U))(= gN;u(r;) (7.49)

is the potential energy.
We now proceed to obtain the perturbation expansion

for the specific case when (7.16) is valid. Results ap-
propriate to the exponential expansion can be obtained
easily from the results given here. The partition func-
tion can be written

Z„=Z, Q p, (N„. . . ) exp —P QN;u, (r,)

=Zo exp — N;u, r; (7.50)

where Zo is the partition function of the reference sys-
tem, po(N„. . . ) is the probability that the reference
system has N, intermolecular distances in the interval
(r, , r„,), and u, (r) is the perturbation energy defined
by (7.16) (with y= 1). The subscript zero on the angular
brackets means that the average is over the reference
system.

Expanding the exponential in (V.50) yields

&N,.&= g N,.P(N„. . . ),
Spy ~ ~ ~

etc. If u(r) can be regarded as having the constant val-
ue u(r,.) in the interval (r, , r,.„), then

Thus,

+ ~ 0 ~ (7.52)

A, /a, T = g (N,.&,u,*(r,.) (7.53)

A, /ksT = —Q ((N;N'~N„&0 —3(N;N, )o(N„&0
ijA

+ 2(N, &,(N,.&,(N„&,Q,*(r,)u+(r,.)u,*(r,)
(V.55)

1

with increasingly more complex expressions for the
higher-order A.„. The terms, such as (N;& and (N~N&&
—(N, )(N,.), which appear in the expressions for the A„
a,re called cumulants and the terms such as (N,.) and
(N,N,.) which appear in the expansion of the partition
function are called moments. The particular term
(N;N, .) —(N;&(N,.& is called a covariance.

Barker and Henderson (196Va) have observed that to
obtain these results it is not necessary to assume that
the potential is pairwise additive. All that is required
is that the perturbation be pairwise additive.

The (N,.&o are of course related to the radial distribu-
tion function. Thus,

g 4

(N), =2eNPf
*

rd, (r)dr. (7.56)
ri

Hence, (7.53) is equivalent to (7.23).
If the potential has a hard core, uo(r) would be the

hard-sphere potential. In this case the first-order term
makes no contribution to the entropy. Hence, in first-
order the structure of the fluid is unaffected and the
only effect of the attractive forces is to provide a back-
ground or mean field in which the molecules move as
hard spheres. As is seen from (7.54) and (7.55), the
higher-order A.„are fluctuations in the energy which
represent the effect of the attractive potential on the

A2/ks T = ——Q L(N;N;&o —(¹&o(NJ&otu,*(r;)u,*(r,).
ij

(V.54)

Similarly, it is easy to show that
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structure of the fluid in compressing the molecules into
energetically favorable regions. We would expect these
higher-order terms to be least important at high den-
sities, where the fluid is nearly incompressible and
changes in structure are difficult. Thus, the n, expan-
sion should be most useful at high densities.

Expressions for go(r) and g, (r) can be obtained in the
discrete representation also. Substitution of (7.48) and
(7.50) into (7.47) gives

where x is the distance divided by d, and

Eo(r, , r,.) = lim [(N~N, &o
.—(N, &o(N,.&o

h, r ~p h, rg ~p
g

—6,, (N, &o]/2NEr; dr,,

is a, continuous function. They fitted Eo(r„r,) to an ex-
pression of the form

(N,.) =
Hg 0 ~ ~

p( P??o)—exp( P??.—)d r ' d r (Co&exp( —PI? )&o]*

(7.57)

E,(r„r,) = Q A„„y (r, )@„(r,),
m, n=1

where A „ is symmetric, and

r'y, (r) = 1,

r4y, (r) = r —1,

r4@„(r)= sin[(m/n)(l —2)(r —1)], 3 & rn &9,

(V.66)

(7.67)

(7.68)

(7.69)

I?, = Pu, (r, ,),

= g N,.u, (r,.),

and similarly for U, . Now

P,(N„. . .) = exp( —P Uo) dr, ~ ~ dr P ~

(7.58)

(7.59)

and o.'= (5.2)'~' —1. This value of n was used because
(5.2)' ~' wa. s the largest value of r for which (N, N,
—(N,.)o&N,.), had been calculated. Thus, Eq. (7.66) should
be used only in the specified region for which it is in-
tended. It is assumed that the perturbation u,*(rd) can
be neglected for r &(5.2)'~' in computing the second in-
tegral in (7.64). However, in calculating A, and the
first integral in (7.64) the contributions of u,*(r) for all
values of y must be included.

Thus,

(N,.&= g N,. exp( PI?,)p.(N, —. . . ) (exp(-PI?, )&,
E1~ ~ ~

= &N; exp(-P&, )& /&e~(-PU, )&..
Expanding (7.60) yields

(V.60)

A, /NkaT= —zpd~ t go(r)[u,*(rd)]'r'dr+ P A „I I„,
1 m, n=1

(V.70)

where

&N;& = &N, &. —P ~ P(&N;N, &. —&N, &.&N, &.],*(,). I =
n u~¹(rd)y„(r)dr (V.71)

Hence,

g, (r,)= 3J,N,.]./2.~N p(r',. —r', ,)

(V.61)

(V.62)

A table of the A „has been given by Barker and Hender-
son (1972).

This parametrization of the (N,N, )0 can be used to
calculate g, (r). Thus,

(
3Z;f(N~N;&o —(Nq&o(N;&o]u~¹(r;)

2mNp(r; —r(~, )
(7.63)

1
g, (r) = —u,*(rd)g, (r)+ ~, Q A „I P„(r),

7TPJ (V.72)

Barker and Henderson (1968, 1972) and Henderson and
Barker (1971) have made a. Monte Carlo calculation of
(N,.&o and (N,N, &0

—(N,.&0(N,.), fo.r a, bard-sphere refer-
ence system for arbitrary hard-sphere diameter. In
their calculation, the small intervals were chosen to be
given by r„= (1+0.OVX)'~'d, where d is the hard-sphere
diameter and 1=1, . . . , 60. Their calculations can be
applied to any perturbation potential. Barker and Hen-
derson (197la., 1972) have used these values of (N,.)o to
obtain extensive tables of g, (r) for hard spheres.

In addition, Barker and Henderson (1972) have written
(7.54) in tbe form

where again x is the distance divided by d.
There is considerable cancellation between the first

and second terms in (7.70) or (7.72). To preserve this
it is preferable to use the MC values of go(r) of Barker
and Henderson (197la, 1972) which were used in the fit
of the A „ in evaluating the first term.

Because of the factorized form of (7.70) it is possible
to calculate A, and g, (r) with little labor. In most ap-
plications it is probably better to use (V.VO) and (7.72)
rather than the original MC data for (N,.N, &0 since the.
fit of the A „has introduced some smoothing into A,
and g, (r).

A, /NkaT = —mpd' t g, (r)[u,¹(rd)]'r'dr
1

p CIO OO

+ ~ E(r„r,)u,*(r,d)u,*(r,d)dr, dr„

(V.64)

3. Lattice gas

The simplest application of the above results is to the
case of the lattice gas where the N molecules have no
kinetic energy and their positions are restricted to I
lattice sites. Further, the intermolecular potential is
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u(~)= m, ~=0

= -&, x is the nnd

= 0 otherwise, (7.73)

where nnd means nearest-neighbor distance. This sys-
tern is of interest because it is simple enough so that
exact results may be obtained. We will obtain results
for the u, expansion.

For the unperturbed system a lattice gas of noninter-
acting molecules, subject to the restriction that only
one molecule can occupy a lattice site, can be used.
Thus,

Ao 1 —x= lnx+ ln(1 —x),
X

(7.74)

where x=N/I. plays the role of the density. In applying
(7.18) and (V.24) we must replace cluster integrals by
cluster sums. The go(1. . . k) are equal to unity when
all the molecules occupy different sites and are zero
otherwise. Hence, the use of the superposition approxi-
mation for the go(1. . .k) introduces no error. However,
it should be noted that the g(1. . . k) of the perturbed
system will not in general satisfy the superposition ap-
proximation. Thus, ko(12) is zero unless molecules 1
and 2 are on the same site; and u,*(12)g,(12) is zero
unless molecules 1 and 2 are nearest neighbors.

Hence, if z is the number of nearest neighbors

0
0

0.2 0.4

c

BG 4'...

0.8 1.0

of the potential which we take here to be v & x & 3o/2.
Thus'

FIG. 35. A& for the square-well potential with A. =1.5. The
solid and open points give the simulation results of Barker and
Henderson (1968,1972} and Alder et al . (1972), respectively,
and the solid curve gives the results obtained from (7.84}. The
curves marked ~ ~ . , ---, and ——give the results obtained
using (7.23) with the PY, HNC, and BG go('v), respectively.

A, /Nk, T = --.'x~.

Let us write

A, /NksT = ,'xI, —px'I,———ax (2I, +4I4+I,),

(7.75)

(7.76)

A, /Nk, T = (N, ),/N, -

A, /Nks T = —2 [(N, )o —(N, )o j/N.

(7.82)

(V.83)

ancl

I, = -I2 = I3 = -z (7.77)

(7.78)

Thus,

where the I„are the cluster sums in (7.45). We see that The MC values of A, and A, of Barker and Henderson
(1968, 1972) are plotted in Figs. 35 and 36, respective-
ly. The A, curve is quite smooth. However, there is
some scatter in the MC values of A, indicating, as one
would expect, that it is much harder to calculate the
difference (N, N, ), —(N,.),(N,.), than the (N,.), .

A, /Nk, T = --.'x(1 —x')z. (V.V9) 0

The higher-order terms can also be evaluated. For ex-
ample,

A~/Nks T = —,2 x(1 —x)'(1 —2x)'z —ax'(1 —x)3 $, (7.80)

=go(r)[1+ pe(1 —x)2+ . ], x is the nnd

=go(x), otherwise. (7.81)

where ( is the total number of triangles of nearest
neighbors that can be formed on the lattice divided by

Equations (7.75) and (V.79) were obtained first by
Kirkwood (1938).

We can also determine g, (y). Making use of the fact
that —u,*(12)go(12) is unity when molecules 1 and 2 are
nearest neighbors and zero otherwise, we obtain

~ —0.2—
CQ

—0.4—
0 0.2

0 ~

SA

0.4 0.8

4. Results for square-welf potential

To calculate the thermodynamics of the square-well
potential, we need know only 2V„ the number of inter-
molecular distances in the range of the attractive well

P
FIG. 36. A2 for the square-mell potential with & =1.5. The
solid and open points and the solid curve have the same mean-
ing as in Fig. 35. The broken curve, marked SA, gives the
results, obtained by Smith et al. (1970,1971), from (7.45) using
the PV g, ~~).
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TABLE XVI. Parameters used in the Fit of A„ for the square-
well potential with A. = 1.50.

from the series

A. =A. , +PEA, +(Pe)'A„ (7.85)

1.5
2.75

—8.460 822
7.956 887

—4.974 192
—2.487 096

—2.427 216
9.919 624

++n&+@n& ~ (7.84)

for n= 1 and 2. We chose P„=v2 (i.e., the close-packed
density) and forced the P„ to give the correct contribu-
tion of order p, which can be calculated from (7.23) and
(7.24). The remaining coefficients were chosen by the
least squares criterion. The resulting values of the
parameters are given in Table XVI. The values of A.,
and A., which result from (V.84) are plotted in Figs. 35
and 36.

The thermodynamic functions can now be calculated

10

It is interesting to note that A, is roughly a linear
function of the density. Recall that one of the assump-
tions of the van der Waals and Longuet-Huggins and
Widom theories was that A, was proportional to the den-
sity. In contrast to Ay A2 becomes small athighden-
sities. Alder et al. (1972) have made MD calculations
of A, and A, for the square-well potential and obtained
identical results. They have a1so estimated A3 and A4
for this system. These quantities are even more diffi-
cult than A, to obtain numerically. As a result, their
values are probably only qualitative. However, it is
of interest to note that their calculations confirm that
A3 and A4 rapid ly go to zero at high densities

We have fit ihe MC results to the function

A„/Nks T = C „Ll —exp[ —o.„p/(P„—p) ]—o.„p/P„j

and

(7.86)
/

= —Qn(n —1)(Pe)"
B n=2 B

(7.87)

These functions, calculated from (V.86) and (V.87) with
the series terminated at A„are plotted in Figs. 38 and

where A, is given by the CS expression, Eq. (5.24). The
equation of state of the sqaure-well fluid, calculated
from (7.85), is plotted in Fig. 37. The agreement with
the machine simulations (Alder et a/. , 1972) is good
even if the series is truncated after Q, and is excellent
if A. , is included.

In as much as A. , makes a significant contribution to
the thermodynamics, one might argue that the good
agreement in Fig. 37 is fortuitous and that if the pertur-
bation expansion were truncated after A, or some
higher-order term less satisfactory agreement would be
obtained. However, truncation after A., is not as arbi-
trary as one might think at first. As Barker and
Henderson (1967a) have pointed out, if Po(N„. . . ) were
a multivariate normal distribution, the series would
terminate exactly with A, The distribution cannot be ex-
actly normal, if only because the N& must be positive. How-
ever, at high densities the values of N& near zero are
unimportant and the distribution may be approximately
normal. As we have mentioned the estimates of A, and
A, of Alder et al. (1972) indicate that these terms are.
near zero at high densities, confirming that P,(N„. . . )
is approximately normal at high densities.

The internal energy, U&, and the internal heat capaci-
ty, {";,are more sensitive than the free energy to the
higher-order terms as may be seen from

I—

4I

.60

0— p

I

oX
I I I I I

0 1 2
Pe

FIG. 37. Equation of state of the square-well fluid, with
A, =1.5, at pa. =0.6 and 0.85. The points denoted by 0 and
give the simulation results of Hotenberg (1965) and Alder et al.
(1972), respectively. The broken and solid curves give the
results of first- and second-order perturbation theory, re-
spectively.

0.85

0 't 2
Pe

FIG. 38. Internal energy of the square-well fluid, with
A, =1.5, at pa3 =0.6 and 0.85. Yhe points and curves have the
same meaning as in Fig. 37.
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1 ~ 5

1 ~ 0

0.5

0
0 1 2

Pe

FIG. 39. Internal heat capacity of the square-well fluid, with
A, =1.5, at po. =0.85. The points and curves have the same
meaning as in Fig. 38.

39. The agreement of the second-order perturbation
theory values of U, with the simulation results (Alder
et al. , 1972) is quite good. On the other hand, except
at low temperatures, the second-order perturbation
theory results for C& are significantly different from the
simulation results (Alder ef a/. , 1972). This is not too
worrisome because the simulation results for C; are
probably less accurate than the results for U, . The
simulation results for U; and C& both indicate that A3 or
possible some of the higher-order&„are positive at
high densities.

Smith et al. (1971) have calculated g, (r) for the
square-well potential using (7.63) and have given an ex-
tensive tabulation. With the exception of g, (o) at high
densities, the results in this tabulation are very accu-
rate. The fact that the values of the Smith et al. (1971)
g, (o) are slightly in error at high densities can be seen
from Fig. 40 where the tabulated values of g, (o) are
compared with those calculated from

1
q +A. ' g„(A.o ') + —g, (A.o) (7.89)

The values of g, (o) which result from (7.89) are plotted
in Fig. 40. They are considerably smaller than the cor-
responding values of g, (o) indicative of the rapid con-
vergence of the expansion of the RDF.

Values of go(r) and g, (x) a.re plotted in Fig. 41 for
po'=0. 7. The results of (7.72) and the tabulated results
are in agreement for values of w other than 0. It is
seen that g, (r) is smaller than g, (r). Aga. in this is in-
dicative of the satisfactory convergence of the series
for g(r) The .renormalized potential g*(r) = g, (r)/g, —(r)
is plotted in Fig. 42 for p~ = 0 and p*=0.8. It is seen
that g(r) is damped at high densities, as expected.

The first-order perturbation theory results for g(r)
are plotted in Fig. 43. For Pe =0 the agreement with the
simulation results (Barker and Henderson, 1971a, 1972)
is exact because an exact go(r) is used. The agreement
with the simulation results (Henderson, Madden, and

I I

I

I

(7.88)

where P, is calculated from (7.84), g =mpo'/6 and X =3/2
for the usual choice of the width of the attractive well.
The values of g, (o) which are obtained from (7.88) are
the more accurate because they are obtained entirely
from the (N;) 0 whereas the tabulated values are obtained
by extrapolation of results obtained from (N;N;),
—(N, ),(N, ), . T.hese more accurate values have been
tabulated by Henderson, Barker, and Smith (1976). Val-
ues of g, (0), calculated from (7.72), are generally
closer to those obtained from (7.88) than to the tabulated
values. This is because some smoothing of the MC data
for (N, N; ), has occurred in the fit of the A „. Just as
g, (o) can be obtained from (7.88) we can obtain an esti-
mate of g, (o) from

0.5

p =07

og

—0.5—

I

0.2
I

0.4 0.6
I

0.8 1.0
1.0

I I I I I

1.5 2.0

FIG. 40. Values of g„(o) for the square-well potential with A,

=1.5. The points denoted by and O give the tabulated results
for g&(o) of Smith et al . (1971) and the results obtained from
(7.72), respectively, and the curve gives the value of g&(o) cal-
culated from (7.88). The points denoted by o give the values
for g2(o) calculated from (7.89).

FIG. 41. Values of g„(r) for the square-well potential with
A, =1.5. The values of gp(x) are the tabulated value of Barker
and Henderson {1971a,1972) and the values of g&(r) are the
tabulated values of Smith et al . (1971) except at r =o where
g&(o) calculated from (7.88) is used.
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be seen from Fig .43, the value of g(x) at r =o, ob-
tained from (7.90), is increa. sed which is good. How-
ever, the value of g(~) at r ~ 3o/2 is increased by too
large an amount. Although from this point of view Eq.
(7.90) is disappointing, it does have the virtue of being
exact in the limit of low densities.

C. Approximate calculation of second- and higher-order
ter Als

r/o

FIG. 42. Values of the renormalized potenti. al g*(r) =g&(r)/
go(r) for the square-well potential with A, =1.5. The solid curve
gives u

& (r) which is equal to P*(r) at p0.*3=0 and the broken
curve gives the values for pfT3=0.8.

Fitts, 1976) is very good.
In addition, the tabulation of Smith et al. (1971) or Eq.

(7.72) can be used to obtain a, first-order perturbation
expansion for y(x). At high densities this leads to val-
ues of y(r) which are negative for some x. Thus, this y
expansion is not promising. Another possibility is to
use a Ing(r) or, equivalently, a Iny(r) expansion. To
first-order this leads to

g(r) =g, (r) exp [Peg, (~)/g, (r)]. (7.90)

It is to be noted that the renormalized potential appears
in the exponential. At high densities, Eq. (7.90) leads to
results which are slightly worse than those obtained
from first-order perturbation theory for g(r). As may

%e have seen that it is possible to obtain machine
simulation values of the terms through second-order in
the perturbation expansion of the free energy and
through first-order in the perturbation expansion of the
RDF. Although these terms are sufficient to give good
agreement with experiment at high densities, it is de-
sirable to approximate the higher-order terms if for no
other reason than to obtain completely satisfactory re-
sults at low densities. In this section we will outline
some of the methods which have been proposed. %here
appropriate we will test these schemes by examining
their predictions for A„A„go(x), and g, (r) for the
square-well potential.

One such scheme has been discussed already. It is
the use of the superposition approximation (SA) to ob-
tain (7.45) and (7.46). Smith et al. (1970, 1971) have
calculated A, and g, (r) from (7.45) and (7.46) using the
square-weLL potential and obtained only fair agreement
with the MC results as may be seen in Fig. 36. Thus,
the method is not very promising. In addition, it is
difficult to use the method to obtain the higher-order
perturbation terms. Smith (1973) has used this method
to obtain&, at low densities for the square-well poten-
tial. Beyond that nothing has been done. Thus, we will
not consider this method further.

In this section we will consider several approximate
methods for calculating higher-order perturbation
terms. Some of these methods are of specialized inter-
est. Readers not interested in these methods should
pass directly to Sec. VII.D.

1. Compressibility and related approximations

Pe = 1.5

%'e have seen that the higher-order perturbation terms
a.re related to the cumulants of Po(N„. . . ).. The N, can
be regarded as representing the number of molecules in
spherical shells surrounding other central molecules.
If these shells were large macroscopic volumes, the
numbers of molecules in different shells would be un-
correlated:

(N, X, ) -(W;)&A, ) =0, (7.91)

and the fluctuation of the number in a given shell would
be given by

&~,'. ) -&A, )' =&A, )u, v (sp/sp). (7.92)
0—

1.0
I

1.5
I

2.0 If these expressions can be applied to the microscopic
N;, then following Barker and Henderson (1967a)

FIG. 43. RDF of the square-well fluid, with A, =1.5, at p0.3

=0.8. The points give the MC values of Barker and Henderson
(1971a,1972) and Henderson, Madden, and Fitts (1976) for the
square-well fluid at Pe =0 (hard spheres) and Pe =1.5, respec-
tively. The solid and broken curves give the results of first-
order perturbation theory for g(r) and Ing(r), respectively.

Nk 7' 4 ep,
= ——phd T [u,*(~)]'g,(~)d r, (7.93)

where(sp/sp)o is the derivative of p with respect to p of
reference fluid. Equation (7.93) is called the macro
scopic compressibility (mc) approximation. Since
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where p is the chemical potential. Thus,

Nk T 12 (&P) BP ( BP) [u,*(~)]'g, (~)d r

(7.96)

Similar expressions can be obtained for the higher-
order terms.

Despite its intuitive appeal, the mc approximation has
not been overly successful. For the lattice gas, ksT(sp/
sp), = 1-» so that the mc approximation does not yield
(7.79). More seriously, a.s may be seen in Fig. 44, A,
calculated from (7.93) using the squa. re-well potential
A, =1.5 is too small at intermediate and high densities.
This is true for the 6-12 potential also. The third-
order term, given by (V.96) is smaller, for the square-
well potential, than the machine simulation estimates.

Barker and Henderson (1967a) have suggested that,

ksT(sp/sp)o approaches unity at low densities and zero
at high densities, the above expression is exact a low
densities and has the desirable property of being small
at high densities. Inasmuch as the second-order term
represents the effect of the attractive potential in com-
pressing the molecules into energetically favorable re-
gions, it seems reasonable that this effect should be
proportional to the compressibility.

The mc approximation can be used to approximate
g', (r). Substituting (7.91) and (7.92) into (7.63) gives

g, (~) =-k~T(sp/sP). ~,*(~)g.(~). (7 94)

Equation (7.94) is not very promising since it predicts,
incorrectly, that g, (r) =0 outside the range of u, (r). The
mc approximation can be used to obtain the higher-
order A, „. For macroscopic volumes, Munster (1969)
shows that

since the shells containing the N; are microscopic vol-
umes, the relevant quantity is the loeg3 compressibility,
s[pg(r)j/sp .Thus, one might expect better results by
replacing (sp/sp), g, (x) in (7.93) by (s[pg, (x)j/sp), . This
gives the local comPxessibility (lc) aPPxoximation:

(7.97)

4A, /Nks T
p j [u„*(r)'g,(x)d r '

This would give A. , exactly. For the particular case of
the squa, re-well potential n = 2A. ,/A, .

Another possible generalization is to use the result
(Fisher, 1964; Henderson and Davison, 1967), valid
for microscopic volumes,

(7.98)

(7.99)

For the lattice gas, (7.9V) is identical to (7.93). As is
seen from Fig. 44, (7.94) is only slightly better for the
square-well potential with A. =1.5a than (7.93). For the
6 —12 potential, (7.94) underestimates A. , at high densi-
ties also.

Praestgaard and Toxvaerd (1970) have obtained ex-
pressions for the higher-order A.„ in the lc approxima-
tion and summed the A.„ to obtain the free energy in
closed form. They found that this approximation did not
contribute significantly to the free energy except at low
densities.

The semimacroscopic arguments upon which (7.93) and
(7.97) are based are similar to those used in the deriva, —

tion of the vdW and LHW equations of state and, hence,
should be best for long range potentials. That this is
the case can be seen from the calculations of Smith
et al. (1975) for the triangle-well potential. For the
case of the parameters used in their study, this poten-
tial is long ranged. The A. , for this potential, calculated
from (7.54), is very similar to that given by (7.93) and
(7.97) .

One possible generalization of (7.93) and (7.96) would
be to use these expressions with k~T(sp/sp)o replaced by

0

I—
CQ —0.2—

z.'
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If the volumes are small enough that k(x;z) is constant,
then

&~, ~, &
—&At,.&&~,. & =&~,.&5,, +p'k(r„)Zr, Zr, . . (7.100)

In our case (7.100) is an approximation because in (7.54)
and (7.63) the N& are numbers of pairs of molecules with
one molecule at r,- and the other at the origin whereas in
(7.100) the Ã, and N~ are the number of molecules in

Qx& and Dr& with no account taken of the third molecule
at the origin.

We can attempt to correct for this assumption by
multiplying the second term by the probabilities of there
being pairs of molecules (with one molecule at the
origin) at r; and x;. Thus,

&6,, +p' g(~, )g(r.,)k(r, ,)~ r, Sr, . .

FIG. 44. A. 2 for the square-well potential with A, =1.5. The
solid and open points and the solid curve have the- same mean-
ing as in Fig. 35. The curves given by ———and ——give, re-
spectively, the mc and lc results.

(7.101)

If we use (7.101), we obtain the first two terms in the SA
approximations, (7.45) and (7.46). Such an approxima-

Reu. Mod. Phys. , Vol. 48, No. 4, October |976



J. A. Barker and D. Henderson: What is *'liqUid".

tion toA2 will be less successful than the SA because of
the cancellation will be lost. However, it is interesting
to see how generalizations of (7.92) and (7.93) relate to
earlier approximations.

Stell (1970) has suggested an approximation similar to
the mc approximation. He observes that asymptotically

(7.102)

2. Approximations based on the lattice gas

We have seen that for the lattice gas

A,/NL, T=- —,'zx

and

{7.109)

for large r. If the (long-range) perturbation is weak, we
can replace Bp/Bp by (Bp/Bp), . Thus, an approximation
for g (r), suggested by (7.102), is

A,/NkaT = —~ x(l —x)'z. (7.110)

Expressions for, the higher-orders„can be obtained.
One could use these expressions to obtain approxima-
tions for the higher-order A„by replacing xz in A.„by

where

(V. 103) (u*(r)]"go(r)d r

(i((r) = [keT{Bp/Bp)]2ou, {r). (V.104)

+a' 4{r„)4(r„)4(r„)dr, d r, + ~ ~ ~,

(V.105)
where a =pkeT{Bp/Bp), and 4 (r) =-pu, (r). The chain sum
given above is just the sum of repeated convolutions of
4(r) with o. as a vertex function. Taking the Fourier
transform of (7.105), summing, and inverting yields

2 1

where 4(k) is the Fourier transform of 4 (r). If o.4 (k) is
neglected in the denominator of (V.106),

(V. 107)

Thus, we could use (7.103) or the EXP or LEXP ver-
sions of (7.103) but with g(r) defined by

g(r) =-ksTe{r), (V.108)

with 8(r) defined by (7.106) for r & cr and 8(r) =0 for
r & o, instead of (7.104) .

Equation (7.108) has not been tested. However, g(r}
defined by (7.108) will be damped less rapidly than g(r)
defined by (7.104).

The function (I((r) can be regarded as a renorrnaLized
PotentiaL which is equal to u„(r) at low densities but is
damped at high densities. It plays the same role as the
renormalized potential, g, (r)/g,—(r), or the ORPA re-
normalized potential but is easier to compute. In addi-
tion to (7.103) the EXP and LEXP versions of Stell's ap-
proximation can be found in a manner simila, r to (6.88)
and (6.90). It is to be noted that all of these versions
share the deficiency of predicting that g(r) =g, (r) out- .

side the range of potential.
As we have mentioned keT{Bp/Bp), = 1 —x for the lat-

tice gas. Thus, (7.103) and (7.104) will give the exact
A. 2 for the lattice gas. However, for other systems, the
A, which results from (7.103) and (7.104) will be damped
even faster than was the case for the mc approximation
and so will be even further from the simulation values
for A2 than was the mc approximation.

Stell has extended (7.103) and (7.104) by forming the
chain sum

and choosing x to equal p or better to give A2 exactly.
This procedure is not very satisfactory for the square-
well potential. More seriously when applied to g(r),
this type of approximation gives no contribution to g(r)
outside the range of u, (r).

3. Pade approximants

We could use a Pade approximant for the free energy.
Since A. , and%2 are known, we could write

(7.111)

This approximation gives

{7.112)

Since A. 2 is considerably smaller than&, at high densi-
ties, Eq. (7.112) predicts that the higher-order A„are
small at high densities. This is certainly attractive.
On the negative side, (7.112) is incorrect at low densi-
ties. Furthermore since A. , and A2 are negative, all the
A„given by (7.112) will be negative. We have com-
mented that, for the squa, re-well potential at least, Q,
is probably positive at high densities.

We have tested (7.111) for the square-well potential
with A, = 1.5. For this potential

1
+ ~ ~ ~

n +~ j. (V. 113)

at low densities, whereas (7.112) gives, at low densities

1
+N 28 1+1 (V. 114)

4. Approximations for the distribution po (N, , . . .)
We have seen that if we known Po(N„. . .) we can cal-

culate the (N, )0, (N;N, )„etc., a,n.d from these, the

Thus, (7.111) overestimates the magnitude of the higher-
order A.„at low densities. Our calculations indicate that
(V.ill) gives estimates of the higher-order A„which
are too negative at high densities also.

A Pads approximant based on the expansion of g(r)
could be formed. However, this also would be in error
at low densities and there is no reason to believe that it
would be useful at high densities.
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thermodynamic functions and the Rl3F. Furthermore,
we have seen that the use of second-order perturbation
theory can be interpreted as the assumption that
Po(N„. . . ) is a multivariate normal distribution. The
distribution cannot be normal if only because the ¹ are
positive. A possible improvement would be to assume
the distribution to be a multivariate log normal distri-
bution for which the N, are positive.

For simplicity in testing the usefulness of the log
normal distribution, let us restrict ourselves to the
square-well potential where, to obtain the thermody-
namic properties, we need only consider one set of
intermolecular distances, N, . For the square-well po-
tential, we have

Po(N, ) =C exp(-N (lnN, lnN )'/o. '], (7.115)

where C is determined by normalization and N and a
are determined from A, and A, . Using (7.115) it is easy
to show that

(N, ') =N" 'exp(o. '(k' —1)/4'. (V.116)

This leads to

A, = 2A, (A,/A, )'. (V.117)

Thus, the log normal distribution shares the defects of '

the Pade approximant (7.112) and is numerically much
worse.

At low densities

x"
P,(N, ) =exp(-x) g 5(N, -n).„0 nI

(7.118)

Instead of (V.118) Iet us try
oo n

P, (N,) =exp(-x") Q 5(N, -n),
„ , I'(n n + 1)

(V. 119)

where x and a are to be determined from A. , and A, . If
ot- 1 at low densities, (119) will give correct results in
this limit. From (7.50) we have, for the square-well
potential,

Z» =Zo Q Po(N, ) exp(PeN, )
N~

Replacing the sum by an integral and substituting (7.119)
into (V.120) gives

(7.120)

OO n

Z» =Zo exp(-x ) g, , 1)
exp(npe)I'(n/' ~ + 1 (7.121)

n = o.x exp(otPe).

Hence,

lnZ» = lnZO+x [exp(o,Pe) —1].

(7.123)

(V.124)

If x and ~ are chosen so as to given the correct value of

In the thermodynamic limit, the distribution will be very
strongly peaked at its maximum. Hence, replace the
sum by its largest term. Thus, employing Stirling's
approximation,

lnZ» = ln Z, -x"+n Inx —(n/o) In(n/o) +n/n +npc.

(7.122)

Differentiating to determine the value of n corresponding
to the largest term in (7.122) gives

A, andA,

A Ao
Nk'T NkT

where

u =2A, /A, .

A, exp(o, l8e) —1
AT

(7.12 5)

(7.126)

We note that ~ = 1 at low densities so that, in this limit,
(7.119) reduces to (7.118). From (7.125) we have

A.„=—,A, (2A, /A, )" '. (V.127)

lnZ» =lnZ, +Q x,"I[exp( ~;Pu, (r,)j —1]. (V. 129)

If we require that the first-order perturbation term in
the free energy be given correctly, (7.129) leads to

A A. o

NkT Nk'T
1 ~exp(-o (r)I8u;(r)j —1

(V.130)

The simplest assumption would be that n is indepen-
dent of r. Requiring that A. , be given correctly gives

4A,/NkT
p j [ u,*(r) ']g( )r dr

'

Hence, the A.„are given by

A„/NkT =
2

p(-o.)" " [u~+(r)]'g, (r)d r1

(7.131)

(V.132)

Thus, the higher-order A.„are exact at low densities
and are small and negative at high densities. Equati. on
(7.130) has not been tested.

A second possibility is

g, (r)
u, (r)g, (r)

'

Thus, this approximation gives A.„which are similar to
those given by the Pade approximant and the log normal
distribution but which are correct in the limit of low
densities. On the other hand, theA„, given by Eq.
(7.127), are negative for all densities wherea. s for the
square-well potential, at least, Q, is probably positive
at high densities. Thus, (7.125) is an improvement over
second-order perturbation theory. However, at high
densities (7.125) gives results which, although still very
good, are very slightly inferior to those given by sec-
ond-order perturbation theory.

In order to calculate g(r) for the SW potential or to
apply the technique to more general potentials, (7.118)
must be generalized to multivariate distribution. The
simplest generaliz'ation is

x"X.
P,(N„. . . ) =. exp(-x", ') g, ,* )

5(N, —n, )
n-=0 I ~nf/ &f +

(V. 128)

Equation (7.128) is not the most satisfactory generaliza-
tion of (7.119). A more satisfactory generalization, in-
volving some matrix of parameters, could make use of
all the information contained in (N&N&)0. However,
(V. 128) is sufficient to indicate the possibilities. Using
(V.128), we get in place of (7.124)
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It is easy to see that this is equivalent to

g(r) =go(r)'expI.Peg (r)~go('r)]. (7.134)

g.(r) = (I/~')g. (r)[g, (r)&g.(r)]", (7.135)

= » p a,*(r)g.(r)8 go 'V
(7.136)

That is, (7.133) is equivalent to the use of a truncated
lng(r) expansion. Equation (7.134) is exact in the limit
of low densities. Expansion of (7.134) gives f-
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Equation (7.134) has been tested only for the square-
well potential with A, =1.5. We have already seen in Fig.
43 that at high densities, (7.134) is very slightly inferi-
or, for this potential, to the first-order expansion of
g(r)
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5. Approximations based on integral equations for g(r)

In Sec. VI we discussed integral equations for g(r)
We can use the theories developed there to calculate the

g„(r) for a given potential. If we used all of the g„(r)
given by that theory, the perturbation series so ob-
tained would be no different than g(r) and thermodynam-
ics generated by the theory using the methods of Sec.
VI. On the other hand, we can follow the suggestion of
Chen et at. (1969) and use these equations only to gener-
ate the higher-order g„(r) which can be used with the
machine simulation values of g, (r) and g, (r). Thus,

g(r) = go(r)+Peg, (r) + Ig(r) —go(r) Peg ,(r—)]„„',„,
(7.137)

l
' I, I'

/ +—MSA
0.4 ', +e/~o

oo/
/oooor

.0

m '/
i/

HNC

EXP 5. LEXPi/
,— i' /:/-SG—0.8 —

/.l I l

1.0
I

1.6
I

1.4

~.0
~ ~

4

o ~ ~.o.~ - ~ ~-~g ~.~.~
~ 0 .~.4.

p" = 0.8

1.8 2.0

FIG. 45. g&(r) for the square-well potential, with A, =1.5, at
p0.3=0.8. The solid circles give the MC values tabulated by
Smith et al . {1971)and the open circle gives the value of g&(0.)
calculated from (7.88). The curves give the results of several
approximations.

where the quantities in the parenthesis have been calcu-
lated from some approximate integral equation. This
approach is a generalization and justification of the pro-
cedure of replacing the integral equation approximation
for g, (r) by the correct result which was introduced in
a,n ad Woe manner in Sec. VI. Depending upon one' s
taste, this technique can be regarded as using perturba-

FIG. 46. A2 for the square-well potential with A. =1.5. The
solid and open circles and the solid curve have the same mean-
ing as in Fig. 35. The other curves give the results of several
approximations. The HNC result is virtually identical with the
result obtained from (7.84).

tion theory to improve the integral equation methods or
using the integral equations to given the higher-order
perturbation terms.

The ea, rliest calculation of this type is that of Chen
et al. (1969) [corrections and additional detail are given
in Henderson and Chen (1975)] who calculated the PY ap-
proximation to g, (r) and A, for the square-well poten-
tial with A. = 1.5. The PY g, (r) can be obtained from the
earlier work of Wertheim (1963, 1964), Thiele (1963),
and Smith and Henderson (1970). We have already seen
that the PY hard-sphere g, (r) is quite good. As may be
seen in Fig. 35, theA, calculated from the PY hard-
sphere g, (r) differs from the MC results only at the
highest densities. The PY values for g, (r) and A, for
the square-well potential, shown in Figs. 45 and 46, are
much less satisfactory. At high densities, the PY Q3
is negative and, thus, not in agreement with the simula-
tion studies which indicate that A3 is positive at high
densities. If these calculations of the PY g, (r) and g, (r)
for the square-well potential are combined with calcu-
lations of Smith et al. (1974), the PY estimates of the
higher-order terms can be obtained. The resulting RDF
is plotted in Fig. 47 for a high density. The results are
somewhat worse than for the truncated perturbation
series but better than those of the PY theory itself.
This is consistent with our earlier conclusion that, at
high densities, the PY theory gives a poor estimate of
g, (r) and the higher-order perturbation terms. On the
other hand, the PYg„(r) are exact in the limit of low
densities.

Smith et at. (1976) have calculated the MSA g(r) and

g, (r) for the squa. re-well potential with A. = 1.5. The
MSA go(r) and 4, are identical with the PYgo(r) and%, .
The MSA g, (r) and A. , are shown in Figs. 45 and 46.
They are a considerable improvement over the PY re-
sults. However, the MSA g, (r) is not sufficiently nega-
tive for x- 0. . This, in turn, results in anA. , which is
too negative at high densities. The preliminary evidence
is that the MSAA3 j.s small and positive at high densi-
ties. The g(r) resulting from (7.137) using the MSA
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values for the complete g(r) for the square-well poten-
tial with A. =1.5 are not available at present. However,
it is worth noting that, at high densities, the values of
A, calculated by Lincoln et al. are considerably more
negative than one expects.

L

4

M~. . .

6. Optimized ctuster theory

Andersen and Chandler (1970, 1972) and Andersen
et al. (1972) have proposed a series of related approx-
imations for the higher-order perturbation terms which
they call the optimized cluster theory (OCT). These
approximations have been discussed in part in Sec. VI.D.

They write the direct correlation function as

1.0 1.5 1.0 2.0 c(r) =c,(r) —PQ(r). (7.139)

FIG. 47. HDF of the square-well fluid, with A =1.5, at p03
=0.8. The points have the same meaning as in Fig. 43. The
curve a gives the results of first-order perturbation theory
while the curves b and d give the results of Eq. (7.137) using
the PY and HNC theories, respectively. The broken and solid
curves c gi.ve the results of Eq. (7.137) using the MSA and
LEXP approximations, respectively.

values for the quantities in parenthesis is plotted in Fig.
47 for a high density and is seen to be quite good.

At low densities this procedure of using (7.137) with
the MSA will not lead to exact results because in the
limit of low densities

(7.138)

Henderson, Madden, and Fitts (1976) have calculated
the HNC g(r), go(r), and g, (r) for the square-well po-
tential with A. = 1.5. The HNC g(r) and go(r) are plotted
for a high density in Fig. 32. The HNCg, (r) is much
less satisfactory than the PYgo(r). On the other hand,
the HNC g, (r), plotted in Fig. 45 for a high density, is
very good. It is better than that given by any of the
other integral equations. The HNCAy and A. 2 are plotted
in Figs. 35 and 46 for the square-well potential. The
HNCA, is poorer than the PYA, This is to be ex-
pected in view of the errors in the HNCgo(r). On the
other hand, the HNCA. , is in excellent agreement with
the MC results.

The g(r), resulting from (7.138) using the HNCg(r),
g, (r), and g, (r) is plotted in Fig. 47 and is very good.
Evidently, the HNC theory, although in error for the
hard-sphere reference system, correctly accounts for
the effects of the perturbation and gives good values for
g, (r) and A, , and the higher-order perturbation terms.
It is of interest to note that the HNCA, is small and
positive at high densities. The HNCg„(r) have the fur-
ther virtue of being exact in the limit of low densities.

Finally, we mention that Lincoln et al. (1975a) have
used the BG theory to obtain go(r) through g~(r) and A,
throughA4 for the square-well potential with A, =1.5.
The BG go(r) is rather poor. Thus, it is no surprise
that the BG A„which is plotted in Fig. 35, is also

. poor. The BG g, (r) and A, are surprisingly good al-
though not as good as either the MSA or HNC results.
It is conceivable that the BG theory, like the HNC the-
ory, gives good results for the higher-order g„(r). It
is not possible to examine this conjecture since BG

Outside the core, &f&(r) =u, (r). Inside the core @(r) can-
not be taken as zero. If @(r) were zero inside the core,
the g(r) calculated from (7.139) by means of the Orn-
stein-Zernike equation would not be zero inside the
core. Anderson et al. chose Q(r) inside the core so
that g(r) = 0 inside the core. They refer to their proce-
dure of calculating p(r} as optimization. If co(r) is the
PY hard-sphere direct correlation function, their
procedure is entirely equivalent to the MSA. On the
other hand, one can use a more accurate expression
for c,(r), as do Andersen et al. , and then Eq. (7.139)
specifies the ORPA. The ORPA expression for g(r) is

(7.140)

where g, (r) is the exact hard-sphere RDF and e(r) is
a chain sum, similar to Eq. (7.105).

This chain sum, t'(r), is to a good approximation
just the difference between the MSA g(r) and g, (r).
Viewed in this way the ORPA is similar in spirit to
Eq. (7.137), but with only go(r) required to be exact.
the ORPA g, (r) will be nearly identical to that given
by the MSA and so will not be negative enough at high
densities for r —0. The ORPA renormalized potential
is a weak function of the temperature and is rather
similar to the renormalized potential plotted in Fig. 42.
Some ORPA results for g(r) for the square-well poten-
tial have been plotted in Fig. 31. At low temperatures
the ORPA g(r) is too large for r-o. This is because
the ORPA g, (r) is not sufficiently negative for r-o.
The g(r) resulting from Eq. (7.138) using the ORPA
values for g(r), g,(r), and g, (r) for the SW potential
will be very nearly identical to the corresponding MSA
results plotted in Fig. 47. The results are good.

Somewhat better results can be obtained from the
LEXP approximation

(7.141)

The LEXP g, (r) and A, are plotted in Figs. 45 and 46.
The LEXP g, (r) is an improvement on the MSA and
ORPA result but is too negative for x-0. This results
in an A., which is surprisingly poor. It is no better
than the lc or PY results. Some LEXI? values of g(r)
for the SW potential have been plotted in Fig. 31 and
the g(r) resulting from (7.138) using the LEXP values
of g(r), go(r), and g, (r) for the SW potential is plotted
in Fig. 47. In both cases the results are good.

The MSA, ORPA, and LEXP approximations all lead
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= —p x 'dr

1
fern( P4(~-)] I+P—P(~)]a.(~)dr

(7.143)

to the ORPA expression for the free energy. The rea-
son for the separate treatment of the P

' term, is be-
cause in the ORPA

= ——p (u *(~)]'dr+ ~ ~ ~,
B

(7.144)

at low densities, rather than the correct low density
expression which has g, (x) in the integrand. Andersen
et ol. refer to Eq. (7.143) as the B, gppyoximatzon.

In the case of the LEXP approximations, the correct
expression is given for A, at low densities. Thus, for
the LEXP approximation we should add

(7.145)

to the expression for the free energy.
The B, approximation is most useful when the renor-

malized potential is strongly damped at high densities.
For the SW potential at least, the ORPA renormalized
potential does not appear to meet this requirement.
Thus when used with the ORPA P(x), Eqs. (7.144) and
(7.145) may make excessively large contributions at
high densities and low temperatures and should be used
with care.

On the other hand, Stell's renormalized potential,
Eq. (7.1D4), is damped out at high densities (in fact
excessively so). Thus, (7.144) and (7.145) can be used
with Stell's renorma, lized potential without any da.nger
of difficulties at high densities.

7. Summary

We have discussed several methods which can be
used to obtain higher-order terms in perturbation
theory. For a potential such as the square-well po-
tential with cut off at 1.5o, there is little need for such
corrections at high densities since the truncated per-

to Eq. (7.138) at low densities and hence, will not be
exact at low densities. This problem can be overcome
by using the EXP approximation

(7.142)

This approximation leads to the same g, (x) and A., as
does the LEXP approximation. For potentials such as
the square-well potential, the LEXP approximation
gives results for g(&) which are about the same as for
the LEXP approximation. However, for strong per-
turbations, such as the dipolar hard spheres, the EXP
approximation is less satisfactory than the LEXP- ap-
proximation.

Andersen et al. have proposed overcoming the defects
in the OHPA or I EXP g(x) at low densities through the
use of the renormalized potential g(r) = —keT6(x).
They propose adding

We have seen that perturbation theory gives excellent
results for the equation of state of the square-well fluid
even at very low temperatures if the attractive potential
is treated as a perturbation on a hard-sphere system.
This suggests that the failure of earlier perturbation
theories at low temperatures is due either to the lack of
a satisfactory treatment of the "softness" of the repul-
sive potential, with a consequent extreme sensitivity to
the choice of the hard-sphere diameter (Zwanzig, 1954;
Smith and Alder, 1959; Prisch et gl. , 1966), or to the
use of the large r ' term as a perturbation (McQuarrie
and Katz, 1966). In this section we outline some recent
theories which attempt to overcome these defects.

1. Barker- Henderson theory

The earliest successful perturbation for potentials
with a "soft" core is that of Barker and Henderson
(1967b) who assumed the potential to be of the form

u(x) =u, (r)+u, (~), (7.146)

turbation expansion yields such good results. How-
ever, the convergence of the perturbation expansions
for g(x) and A is less rapid at low densities. ThuS,
these corrections are useful at low densities. In addi-
tion, they may be useful in applications of perturbation
theory to other potentials where the convergence is
less rapid.

The simplest approximations are the compressibility
app'roximations. Using their predictions for A. , as a
criterion, the local compressibility approximation is
the best of these types of approximations for potentials
such as the square-well potential. This approximation
gives an A, which is as good as that given by the PY
theory or the OCT. The thermodynamic properties cal-
culated using this approximation are in good agreement
with experiment for systems like the square-well fluid.
The approximation is very useful for simple practical
calculations. The main drawback of the approximation
is that it does not give a useful approximation to g(x).

The Pade approximant seems to overestimate the
higher-order A.„and does not yield the correct results
in the low density limit. Furthermore, it does not give
a useful approximation to g(t'). The main advantage of
this method is its simplicity. As we shall see, it has
proven useful in the theory of dipolar hard spheres.
However, even here the evidence seems to indicate
that the higher-order perturbation terms are overes-
timated (Patey and Valleau, 1976). It is possible that,
even for this system, some of the other methods we
have discussed will be more useful.

The approximations based on the distribution function
p,(R„.. . ) which we have discussed are potentially very
useful. Even the simplest approximation yields a result
similar to, but more reliable than, the Pade approxi-
mant. When the method is generalized so that all the
information in (ti,tiz), is utilized, this should be a very
powerful method.

The approximations based upon integral equations are
the most accurate at present. Of these the HNC equa-
tion is the most reliable. However, the MSA/OCT is
quite good also.

D. Potentials with a "soft core"
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where u, (x) is the reference potential, given by

u, (~)=u(~), x&0

=0, x&0,

and u, (x) is the perturbation, given by

u, (x) = 0, x & o.

=u(x) ~& 0,

(7.147)

(7.148)

where 0 is the value of x for which u(x) is equal to zero.
Thus,

(7.149)

Ao-A„s (7.150)

(7.151)

where A„s and g„~(x) are the free energy and RDF of a
system of hard spheres of diameter d, defined by

[exp[ —P u(x)) —1]dh, (7.152)

which accounts for the "softness" of u, (r). Note that d
is a function of temperature but not density. Equation
(7.150) has been tested by direct computer simulation
by Levesque and Verlet (1969) and found to be very ac-
curate.

The expansion (7.149) is an inverse temperature ex-
pansion. Thus, (7.149) will be most accurate at high
temperatures. On the other hand, Eqs. (7.150) and
(7.151) are most reliable when uo(x)/@AT is steeply
repulsive, i.e. , at low temperatures. This is not a
practical problem because, for realistic potentials,
u, (x)/k~T is steep for all temperatures of physical in-
terest. However, if the BH theory is to be applied at
exceedingly high temperatures, the corrections terms
to (7.150) and (7.151) must be obtained. These can be
obtained in a systematic manner using the procedure
of Barker and Henderson (1967b). Smith (1973) has
given the first correction term to (7.150).

Thus, the procedure of Barker and Henderson is to
write

where & is the depth of the potential, and A, is the free
energy of the reference system. The reference system,
defined by (7.147) is not convenient for computation be-
cause its properties are not well known. However,
Barker and Henderson have shown that A, and g, (x) may
be systematically approximated by

to the BH theory.
The BH theory has been'applied to the 6—12 potential

(Barker and Henderson, 1967b; Henderson and Barker,
1971; Barker and Henderson, 1971b, 1972). Some of
these results for the thermodynamic properties are
tabulated in Tables VI to IX. %e have listed values ca,l-
culated from first-order perturbation theory using the
PY g»(x), which we call BH1(PY), from first-order
perturbation theory using the MC g»(r), which we call
BHl, and from second-order perturbation theory using
MC values for A, and A„which we call BH2. The
agreement of the BH2 results with the simulation re-
sults is excellent. The second-order term is required
to get this good agreement. The effect of the neglected
higher-order terms appears to be very small.

The BH theory can be used to calculate the RDF of
the 6 —12 fluid (Barker and Henderson, 1971b; 1972).
In Fig. 48 we show the results of a calculation of g(x)
for the 6-12 fluid near its triple point. The agreement
with the simulation values (Verlet, 1968) is very good.
It is much better than the corresponding PY result in
Fig. 25. The broken curve in Fig. 48 is g„~(r), deter-
mined by the hard-sphere packing, and the solid curve
is the first-order result. It is the attractive potential
which produces the rounding of the peak. The effect of
the "softness" of the repulsive potential is apparent
only for x& 1.03o, where g(~) has fallen to about 1.5.

At high densities there appears to be no need to go
beyond second order in the thermodynamic properties
of first order ing(x). However, higher-order terms
are required at low densities. These can be computed
using the techniques developed in the preceding section.

Leonard et al. (1970), Henderson and Leonard (1971)
and Grundke, Henderson, Barker, and Leonard (1973)
have applied the BH theory to liquid mixtures and ob-
tained excellent results for the excess thermodynamic
properties. Lee et al. (1975) have used the BH theory
for liquid mixtures to determine Ar+ Kr and Kr+Xe
intermolecular potentials.

T"= 0.72
p"= 0.85

g(r) 2—
A = A„s+P EA, + (P E)~A„ (7.153)

where A» is calculated from the CS expression, and,
A, and A, are calculated from (7.53) and (7.54) or
(7.70) with g, (r) given by (7.151) and d given by (7.152).

Even though (7.153) is similar to those obtained in the
the earlier theories, the Barker-Henderson (BH)
theory does not share the difficulties of these theories.
Note that there is no contribution to A„ for x & 0 and
that the diameter d has been chosen to account for the
"softness" of uo(x). For potentials with a hard core,
u, (r) =uss(x) in Eq. (7.152) gives d=cr, as desired.
Equations (7.150) to (7.152) can be regarded as the key

0
0

I

2

r/o

FIG. 48. RDF of the 6 —12 liquid near its triple point. The
points give the results of simulation studies {Verlet, 1968) and
the broken and solid curves give the results for the zeroth-
and first-order BH perturbation theory, respectively.

Rev. Mod. Phys. , Vol. 48, No. 4, October 1 976



656 J. A. Barker and O. Henderson: What is "liquid"7

2. Variational method

Mansoori and Canfield (1969, 1970) and Rasaiah and
Stell (1970a,b) have drawn attention to the fact that if

further approximations are necessary. Here WCA show
that A. , and g, (h) may be systematically approximated
by

u(h) = u„,(h) +u, (h),

where uH~(h) is the hard-sphere potential, then

(7.154)

and

A. p A. Hs (7.159)

A «AHs+ 2mNp u, (h) g„s(h)h'ch. (7.155) g, (h) = exp/ —Pu, (h)}y»(h), (7.160)

This inequality is based upon the inequality e'» 1+x.
Mansoori and Canfield, and Rasaiah and Stell propose
applying (7.155) to potentials such as the 6—12 poten-
tial as well as to potentials of the form of (7.154). The
most appropriate choice of d is that for which the RHS
of (7.155) is a minimum. This provides a criterion for
d which is missing in the original Zwanzig formulation.
The hard-sphere diameter so obtained is a function of
both density and temperature and must be found by it-
eration and so is more difficult to compute than the BH
choice for d.

The difficulty with this approach is that the tendency
of the theory is to describe a system whose intermo-
lecular potential is given by (7.154) rather than a sys-
tem with a sof t core. The "softness" of the potential
for x&d is much less of a problem at low temperatures
than at high temperatures. This may be seen in Tables
VIII and IX where the results of the variational theory,
computed using the PY and Verlet-Weis (VW) g»(h)
are listed for the 6-12 fluid. At low temperatures the
variational theory results are roughly comparable with
the BH1 theory but are somewhat less satisfactory at
high temperatures. Replacing the PY gH~(h) by the VW
gas(h) tends to make the results of the variational theo-
ry slightly worse.

Mansoori and Leland (1970) and Mansoori (1972) have
applied the variational method to.binary mixtures and
obtained very good results for the excess thermodyna-
mic properties.

3. Weeks-Chandler-Andersen theory

Weeks, Chandler, and Andersen (WCA) (Weeks and
Chandler, 1970; Weeks et al. , 1971a,b) and, indepen-
dently, Gubbins et al. (1971) have proposed the choice

u, (h) = u (h) + e, h & h

=0, x&y

u~(h) = —6,

=u(h), h&h

(7.156)

(7.157)

where h is the value of h for which u(h) is a minimum,
and u(h ) = —a. For the 6 —12 potential, h = 2'~'v. To
first order

(7.158)

where A, and g, (h) are the free energy and RDF of the
reference fluid. This is an excellent division of u(h)
into the reference and perturbation potentials because
u, (h) varies slowly and the importance of fluctuations,
and thus the second-order term, are reduced. Since
the properties of the reference fluid are not well known,

where A„s and y» are the free energy and distribution
function for hard spheres of diameter d, defined by

r "m i ~'m

h'y„, (h)dh = h' expt —lIu, (h)}yH, (h)ch. (7.161)
0Vp

WCA refer to Eqs. (7.158) to (7.161) as the high, tern
pehatuhe approxinzation (HTA).

The hard spher-e diameter obtained from (7.161) is a
function of both density and temperature and must be
found by iteration and so is more difficult to compute
than the BH choice for d. Barker and Henderson
(1971c) and Verlet and Weis (1972a) have shown these
approximations to be very good, in fact better than
using the PY theory for the reference fluid (Henderson,
1971). In addition, they show that the WCA theory con-
verges very rapidly.

Some results of the HTA of the WCA theory for a 6-
12 fluid are shown in Tables VIII and IX. These results
have been calculated using the PY y»(h) and the VW/
GH y»(h). The numbers in parentheses were calculated
using a hard-sphere system which was so dense that
these results are of uncertain accuracy.

The HTA of the WCA leads to very good agreement
with the machine simulation results. It is much better
than the BH1 results. This is indicative of the fast
convergence of the WCA theory. However, the slower
convergence of the BH theory is not a serious problem
because the BH2 results can be easily calculated from
Eq. (7.70). In the BH theory d- cr whereas in the WCA
theory d-x . As a result, for a liquid at high densities,
the WCA hard sphere, in contrast to the BH hard-
sphere, reference system is at a value of pd' which
may be so large that the properties of the hard spheres
are uncertain or possibly so large that the hard
spheres have solidified. For the states considered in
Tables VIII and IX, this does not appear to be a prac-
tical problem. However, it may explain the failure,
noted by Lee and Levesque (1973), of the HTA of the
WCA theory to give satisfactory excess thermodynamic
properties of liquid mixtures.

Andersen, Chandler, and Weeks (1972), Andersen and
Chandler (1972), and Sung and Chandler (1974) have used
the OCT to obtain corrections to the HTA for the 6-12
fluid. Some of their calculations are listed in Tables
VII, VIII, and IX. They are able to account for most of
the small errors in the HTA.

The BDF has also been computed by WCA. The HTA
to g (h), Eq. (7.160), is plotted in Fig. 49. It is a good
first approximation. As is seen in Fig. 4'9, if the EXP
version of OCT is used to compute the corrections to
the HTA, excellent results are obtained.

Chandler (1974), Andersen (1975), and Andersenetal.
(1976) have recently reviewed the WCA theory.
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T =220
p =085

2.707 97+ 1.689 18pd —0.315 70p d
~p 1 —0.590 56pd + 0.200 59p'd'

(7.163)
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Using these techniques, Barker et al. obtained gOod
agreement with the experimental results for a,rgon. It
would be desirable to repeat these calculations using the
more accura, te BFW potential, Eq. (V.VO) for the second-
order term in the BH theory, and including the dipole-
dipole —quadrupole and fourth-order triple-dipole three-
body potentials. Presumably, even better results would
be obtained.

There have been no perturbation theory calculations
of the effect of three-body forces on g(x) for liquids.

3. Nonspherical potentials

We give only a brief review here. More detailed
treatments can be found in the recent reviews of Gray
(1975) and Egelstaff et al. (1975) which are devoted
specifically to liquids with nonspherical potentials.

a. Spherical cores

0 l ~ ~ IP
0.8 1.0

I

1.4

Nonspherical molecules with spherical cores can be
treated straightforwardly by perturbation theory. Thus,
lf

FK'. 49. RDF's of the 6—12 fluid. The points give the re-
sults of simulation studies (Verlet, 1968) and the broken and
solid curves give the results of HTA of the &CA theory and the
EXP approximation, respectively.

E. Perturbation theory for more complex systems

1. Quantum effects

Kim, Henderson, and Barker (1969) have successfully
calculated the equation of state of neon and hydrogen and
helium at high temperatures by using Eq. (4.59). They
computed A„ from the BH theory and used Eq. (V.151)
for g„(r).

There have been no perturbation theory ca,lculations of
the effect of quantum corrections on g(x) for liquids.

2. Three-body interactions

Barker et al. (1968, 1969) have applied perturbation
theory to real fluids in which three-body interactions
are present. They used Eq. (4.61) and computed A»
from the BH perturbation theory, using the Ba.rker-
Pompe potential for argon and the lc approximation for
the second-order term. They made calculations of the
last term on the-RHS of (4.61), using the triple —dipole
(Axilrod —Teller) three-body interaction and the pertur-
bation approximation

u(~„, n„il, ) = u, (~„)+ yu, (~„,Q„Q,), (7.164)

our earlier expressions, Eqs. (7.23) and (7.24), apply.
The only change from our earlier applications is that
e„e „, and u, are functions of the orientations of the
molecules as well as their separation. Hence,

= —p go(y„)dr, u,*(12)dQ,dO„
A., 1 (7.165)

where, for simplicity, u, (ij) has been used to denote

For many systems of interest

12 dQ~d02 =0 (7.166)

so that A, = 0. The second-order term is given by a.

simple generalization of (7.24). For systems such that
(7.166) is satisfied, the last term vanishes. Thus,

= -—p
~

g, (x„)dr, (u,*(12))'dA, dQ,
B

——p' go(123)dr2dr~ u~(12)u,*(13)dQ,dQ2dQ, .
2

(7.167)

It is sometimes helpful to expand u, (ij) in spherical
ha.rmonic s. Thus,

g, ~(123) =g„a(123), (7.162)

with the hard-sphere diameter given by (7.152). They
made both computer simulations of this term and direct
numerical integrations using the superposition approxi-
mation. In either case they found that this term could
be fit by the expression

(7.168)

where 8, , @,, 8,, and P,. are angles specifying the ori-
entations of molecules i and j. For systems for which
(V.166) is satisfied, y~, (x,&)

= 0. Using (V.168) becomes
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A. 1=-—p y&, 12.( 1240( 12)d 2
B l y g22n

where Ao is the hard-sphere free energy. Beca.use of
(6.69), A., =0. Using (7.170)

—P g y»0(&»)y»0(&»)P, (cos 823)g0(123)dr2dr3. ~~'T = —
6 p 2. 3g0(2.)dr. (7.1VV)

(7.169)

For a, large class of potentials, y,00(r;,)=.0. These are
called multipole/ice potentials. Examples of such po-
tentials are the dipole and quadrupole interactions. For
such interactions, the second term in (7.169) vanishes
and we obtain the result of Pople (1954a)

A, =—p2
J u12~0(123)dr, dr„

Nk T 54 (V.178)

where

In third order, only the second integral in (7.171) is
nonvanishing. Using a theorem of Ba.rker (1954) it can
be shown tha. t

r

Nb~ T 4 0
= ——p g0(r&2)dr, (u,*(12)j2dQ, d(22

1+ 3 cos8, cos8~ cos0~
12 13 23)

(7.179)

pI ' y1,1,.(&»k0(&")dr'
l g 12m
lg'e g2

For the special ca.se where y»0(2.„)=0,

=—p Jf g0(212)dr2 (ul~(12)}'dQ, dQ2
B

r
+ —p go 123 dr~dr~

J 21,*(12)u,*(13)u,*(23)dQ,dQ2dQ3.

(7.170)

(7.171)

Thus, the integral in (7.178) is formally identical to the
integral giving the effect of the triple —dipole (Axilrod-
Teller) three-body potential in the BH theory. There-
fore, Rushbrooke et al. do not integrate Eq. (7.168) but
instead use the result of Ba,rker et al. (1968, 1969)
given in Eq. (7.163).

Rushbrooke et a/. find that (7.176) converges slowly
for dipole moments of physical interest. As a result,
they find a, perturbation expansion, truncated after A3,
unsatisfactory. However, they find that the Padd ap-
proxim ant,

Gubbins and Gray (1972) have obtained analogous ex-
pressions for the pair distribution function. Here

g(2», Q„Q2) =@0(2.12)+ Peg, (X12, Q„Q2)+ ~, (7.172)

where g0(2») is the RDF of the reference fluid with pair
potential u0(2») and

~Pl( 12& 1& +2) +1 (+12& +1& +2)40(+»)

g(2„, n„n, ) =g, (2„)[1—pu, (~„,n„n, )]. (7.174)

Equation (7.174) implies that g, (r») =g0(2»). Although
this may be- a reasonably good approximation for some
systems, it is clearly a, deficiency of (7.174). This
problem can be removed by going to next highest order.
Gubbins and Gray give an expression for g2(2.», Q„Q2).
Perram and White (1972, 1974) have shown that with an
exponential expansion g, (2"») &g0(2») in first order. We
discuss their approach in more detail in Sec. VII.E.3b.

Rushbrooke et al. (1973) have applied perturbation
theory to the system of dipolar hard spheres, defined
by Eqs. (4.64) and (4.65). For this system u0(3.») is
the hard-sphere potential and

—p g 123 dr,*13 +,*23 dQ .

(7.173)

The term involving g0(1234) vanishes because of (7.166).
For the special case where y,00(r, ,) =0, the second term
in (7..173) vanishes so that to first order

~ 4
1 —pp. 2A /A (7.180)

more promising since the contribution of the dipoles is,
in the lim it of p, -~, finite and propor tional to p,

' with
a coefficient which is close to the known exact result
for dipoles on a lattice.

Patey and Valleau (1973, 1974, 1976) and Verlet and
Weis (1974) have made MC calculations of the thermo-
dynamic properties of this system and have found
(7.180) to be a, good approximation for the total thermo-
dynamic properties. Patey and Qalleau (1976), how-
ever, find evidence that (7.1.80) overestimates the in-
dividual A„. This is in agreement with our observation
following the comparison of (V.113) and (7.114). Pos-
sibly an appropriate generalization of (7.125) would

f

overcome this difficulty.
The pair distribution function for the dipolar hard

spheres can be obtained in a manner similar to (7.176).
The result is

(7.182)

C2 (+12& 1 & 2)

1 &0(&.2) ~(1 2)2

g (~„,n„n, ) =g.(~„)+ p (p p,2)"I„(~„,n„n, ), (7.181)
n=l

where g0(2») is the hard-sphere distribution function,

u, (2.„,Q„Q,) = —(P'IH„)D(1, 2).
Hence,

A =A0+ g (p p2)"A„,
n=l

(7.175)

(7.1V 6)

1 1+ 3 cose, cos8, cosa,——p (&»&23)' go d r3

1 ~ 3cos'8, —1
+ —p J ( )2 g0(123)dr3 b, (l, 2),
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and 4(1, 2) is defined in Eq. (6.68).
Hg/ye and Stell (1975b) have proposed an approxima-

tion for g(r», Q„Q2) for dipolar hard spheres. They
suggest that Eq. (6.74) be used with h, (r») gh, (r»). Al-
though g, (r») =go(r»), the machine simulations show
that g, (r») is not equal to go(r»). They propose a
scheme whereby hD(r») can be chosen so as to reproduce the
Pade approximant, (7.180), when the energy equation,
(6.77), is used, h~(1, 2) can be chosen so as to give the di-
electric constant correctly both through (6.80) and another
relation which they give; and h, (r») can be chosen so
as to give (V.180) both through the pressure and com-
pressibility equations, (6.75) and (6.77), respectively.
Clearly this is an approximate procedure both because
(7.180) is approximate and because (6.74) is approxi-
mate. Using (6.V4) means that the noncentral portion
of terms such as the first term in (7.169), which is
proportional to D (1, 2), are neglected H.owever, such
terms are "inactive" in the sense that they do not con-
tribute either to the thermodynamic functions or the di-
electric constant and are hopefully small. Neither the
terms in (7.168) and (7.169) or the Hgye-Stell
g(r», Q„Q2) have yet been calculated.

Stell et al. (1972, 1974) and McDonald (1974) have
made similar calculations for the Stockm3yer potential,
(4.68). Madden and Fitts (1974a) have made approxi-
mate calculations of the first-order perturbation term
of the RDF for the Stockmayer potential (but not the full
pair distribution function) using formulae similar to
(7.168) and (V.169) but with angle averages performed.

Melynk and Smith (1974) have applied the procedure
of Rushbrooke et al. (1973) to a mixture of dipolar hard
spheres whose components have differing dipole mo-
ments but equal diameters. They find that if (7.180) is
used, the results are (apart from an entropy of mixing
term) identical to those of a pure fluid with an averaged
dipole moment.

Patey and Valleau (1976) have made machine simula-
tion and perturbation theory studies of pure quadrupolar
hard spheres and mixtures of dipolar and quadrupolar
hard spheres. They find that although a perturbation
expansion, truncated after A3, is inadequate, Eq.
(7.180) is a remarkably good representation of the ma-
chine simulation results. They also make the interesting
observation that the quadrupolar potential induces
larger structural changes in the hard-sphere fluid than
the dipolar potential.

From (7.178) we see that the free energy is identical,
to order P, with the first:-order perturbation expansion
for a fluid with a spherical potential, given by

both for the dipolar and quadrupolar hard spheres, the
Stockmayer potential, and for other systems.

u, (r„)= u(r„„Q„Q,)dQ,dQ, . (7.185)

Thus,

u, (r„,Q„Q,) =u(r„, Q„Q,) -u, (r„)
and hence,

(V.186)

u, (r„,Q„Q,)dQ,dQ2= 0. (7.187)

Therefore, all the formalism developed for the spheri-
cal core case can be applied.

This procedure of Pople (1954a) and Gubbins and Gray
(1972) can be expected to be successful only when'

u, (12) = u(12) —.fM(12)d(),dD, (7.188)

is small in some sense. If the repulsive core of the
potential is nonspherical, there will be regions in which

u, (12) will be large and an expansion in the strength of
u, (12) may converge poorly or not at all.

One way of avoiding this problem is to use an exponen-
tial expansion. There have been two applications of ex-
ponential expansions to angular dependent potentials.
The first is that of Bellemans (1968) who considered
fluids composed of hard nonspherical molecules. For
such systems the pair potential is

r„&d(Q„Q,)
u(r„, Q„Q,) = (7.189)

0, r~2 & d (Q„Q2

where d(Q„Q,) is the distance of closest approach of the
two molecules with orientations specified by 0, and 0,.
Bellemans introduced the parametrization

d(Q„Q, ) = d, [1+~y(Q„Q, )J, (7.190)

where ~ is the expansion parameter which is eventually
set equal to unity and d, is defined by

d = d Q„Q dQ,dQ, . (7.191)

Thus

b. NonspherIcal cores

Molecules with nonspherical cores are more difficult
to treat. The most straightforward procedure is that of
Pople (1954a) who observed that Eq. (7.164) can be writ-
ten for any potential if uo(r») is defined by

u(r) = u, (r) ——P fu, (12)$'dQ, dQ, . (7.184) y(Q„Q ) = [d(Q„Q,)/d j -1, (7.192)

The above observation is of limited usefulness because
the correspondence between the real fluid and the fluid
with the pseudo-potential defined by (7.181) breaks down
in the next order of perturbation theory and because
Eq. (7.181) sheds no light on the pair or radial distribu-
tion function beyond g,(r) =go(r).

This has not been an exhaustive review of what has
been done or what can be done for systems with spheri-
cal cores. Perturbation theories based upon exponential
expansions, in@(r», Q„Q2) series, etc. , are possible

y(Q„Q,)dQ,dQ, = O.

Now

ae/a~= -d,y(Q„Q,)6(r -d, ) .

Therefore,

(7.193)

(7.194)
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where A. , is the free energy of a system of hard spheres
of diameter d„

where

= 12qy, (d, ) y(n„n, )dn, dn,
g T

=0

q = (&/6) pd'. ,

(7.196)

(7.197)

e,(r„)= exp(- pu(r„, n„n, )jdn„dn, ,

f,(r„,Q„n,) = exp( —/su, (r„,Q„n,)] —1,
u, (r„,n„n, ) =u(r„, n„n, ) u,-(r„),

(7.202)

(7.203)

(7.204)

and y, (d, ) is value of y(r) at contact for the reference
hard-sphere system. Because of (7.193), the four-mol-
ecule term in A2 vanishes. Thus,

Nk'~ T
= 6'g[2yo(do) + doyo(do) ]'r (Q ~, Q 2)

u, (r„)= —kT lne, (r„).

In this approach,

= ——p g,(r„)dr, f, (12)dn,dn,
1

B

(7.205)

——p d e 13 y 123 6 rl2 do ~ +23 dodr2 dr 1= ——
p y, (r„)d r, (e(12) —e,(r„)fdQ, dn,

x y n„O, yO, „Q, dQ dQ (V.198) =0. (7.206)

From the PY theory

9 1+q
doyt(do) ——20 (1 ), .

n
(7.199)

Equation (7.199) could be used with (7.198). On the
other hand, a more accurate expression for y,'(d, ) could
be obtained from the VW/GH y, (r) Howe. ver, (7.199)
is probably sufficiently accurate, especially since
y, (123) must be approximated.

The expansion of y(r», n, , Q, ) is

y(r12& Q19 Q2)

= y, (r») —pd, eo(13)y, (123)6(r» —d, )d r, y(n „n,)dQ,

—pdo e,(23)yo(123) 5(r» —do)dr, y(Q„Q3)dn, .

(7.200)

The only calculations using this approach are those of
Bellemans (1968) who made a few calculations for pro-
late ellipsoids. It is hard to judge the utility of this
theory until more calculations have been made. How-
ever, this approach is very similar to that of Hender-
son and Barker (1968a) who developed a perturbation
theory of hard-sphere mixtures using a single-compo-
nent hard-sphere reference system whose diameter is
chosen to annul the first-order term in the expansion of

The Henderson-Barber approach has been thorough-
ly exa,mined and the expressions for the thermodynamic
properties are useful even when the large spheres in
the mixture have a diameter twice as large as that of
the small spheres. Based on this, the Bellemans the-
ory would probably be useful for the thermodynamic
properties even for molecules whose length divided by
width is as great as iwo. On the other hand, the Hen-
derson-Barker theory of hard-sphere mixtures is much
less useful for the distribution functions (Smith and
Henderson, 1972). Conceivably, Eq. (V.200) will be less
useful than (7.195) to (7.198).

Perram and White (1972, 1974) have used an expo-
nential expansion based upon

c. Extensions of the van deI Waals and LHt4'equation
of state

The van der Waals and Longuet-Higgins and Widom
(LHW) equation of state is

p=po —p Q. (7.207)

Rigby (1972) has suggested using (7.207) with P, chosen
to be the equation of state of some hard nonspherical
system. In the specific application which he considers,
he uses the SPT result for hard prolate spherocylinders
and finds that as molecules deviate increasing from
spherical shape, the value of pV/Nk~T at the critical
point decreases. This is in accord with experiment.

Another possibility, based on Eq. (7.184), would be to
use a hard sphere equation of state for p, but to replace
(7.207) by

In contrast to the Pople expansion, Eq. (7.188), this
expansion is well behaved if u, (12) is large and positive.
On the other hand, for regions where u, (12) is large and
negative, it is not at all obvious that this approach will
always be satisfactory except, of course, at low den-
sities.

Mo and Gubbins (1974) and Sandier (1974) have con-
sidered u, (12) expansions based upon nonspherical ref-
erence potentials which can be chosen as either the
positive or the repulsive pari of the potential. This ap-
proach is more close in spirit to the BH and WCA theo-
ries, which have been successful for liquids with spher-
ically symmetric interactions, than either the Pople or
the Perram and White procedures.

The properties of the reference fluid can be related
to those of some appropriate hard molecules by a gen-
eralization of the procedures of Barker and Henderson
(Mo and Gubbins, 1974) or Weeks, Chandler, and An-
dersen (Sung and Chandler, 1972; Steele and Sandier,
1974). The properties of the hard-molecule system can
then be determined by machine simulations, the SPT,
some generalization of the integral equation techniques
discussed in Sec. VI, such as RISM, or the Bellemans
theory discussed above.

e(r„,n„n, ) = e,(r„)[1+f,(r„,n„n,)], (7.201) P=Po —~p u (7.208)
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Equation (7.208) is probably less useful than Rigby's
procedure. U(i~) = K~p+. ksTIngV~!)+ u(l r~„-r~„l) (8.2)

VIII. CELL AND CELL CLUSTER THEORIES U(i)„i,) = Q Q u(l r~ —r'„„l),
m=1 f7=1

(8 3)

Among the earliest theories of liquids were "cell" or
"free-volume" theories which were based on the intui-
tive idea that a molecule in a liquid is essentially con-
fined to a cell or cage formed by its neighbors. If the
molecules were regarded as moving independently in
their cells this led, for hard spheres, to an expression
for the canonical configuration integral of the form

Q~= v~, (8.1)

where v& is the "free volume" available to a single mo-
lecule moving in its cell. Much of the early develop-
ment of these ideas, including the inclusion of the effect
of attractive forces and of empty cells or vacancies,
was done by Eyring and his collaborators (Eyring, 1936;
Eyring and Hirschfelder, 193V; Cernuschi and Eyring,
1939). Since that time, Eyring and a number of collab-
orators have developed these ideas into the "Significant
Structures Theory of Liquids, " in which the liquid is
regarded as.a mixture of solidlike and gaslike degrees
of freedom. The aim of this theory is to predict the
properties of liquids on the basis of the known proper-
ties of the corresponding solids and gases, without ex-
plicit reference to intermolecular forces. The theory
correlates a very wide range of properties of a wide
range of liquids. It has been extensively reviewed in
recent books (Eyring and Jhon, 1969; Jhon and Eyring,
1971).

There have also been a number of attempts, until re-
cently relatively unsuccessful, to use the cell concept
as the basis for h theory relating dense fluid properties
directly to intermolecular forces. Most of this work
was based on the formulation of the cell model by Len-
nard-Jones and Devonshire (1939a,b); and a detailed
review of the period up to 1963 is given by Barker
(1963). The most important formal development was
the idea of a cell-cluster expansion, introduced inde-
pendently and in somewhat different forms by de Boer
(1954), Barker (1955), and Taylor (1956). Since this
idea has recently been developed in a fruitful way we
shall give a brief account of it using a more recent and
more flexible formulation due to Barker (1966) based on
the grand canonical partition function.

Suppose that the whole of space is divided into a set of
identical space-filling cells, numbered by ~=1, 2, . . . ;
the size of the cells need not yet be specified. We can
specify the configuration of the whole system either by
giving the absolute coordinates of all the molecules or
by giving the number of molecules N~ in each cell and
their coordinates relative to the cell center r~, , j =1. . .

For brevity let us use i~ to denote the set of vari-
ables (N~; r ~, ,j = 1. . .%$. Let us use the symbol g,
to denote integration over the eel~ volume with respect
to r'~& for ~=1. . .N& followed by summation over Xz.
The advantage of the description in terms of i~ over that
in terms of absolute coordinates is that we can be cer-
tain that molecules in cells remote one from another
will not interact. Let us define

in which p. is the chemical potential. Then a little re-
flection will show that the grand partition function for
the whole system is given exactly by

~-

exp ' —P g U(iz) —P g U(i„, i, ) . (8.4)
i i ~ ~ ~ X, g&p

Further, if the interactions are of short enough range
U(iz, i, ) will be nonzero only when the cells & and v are
reasonably close in the lattice.

Thus, at the cost of a somewhat abstract notation we
have cast the problem into the relatively familiar form
.of a problem in lattice statistics such as one meets in
connection with the Ising model for magnetism. The ad-
vantage is that we can proceed to use approximations
and expansions familiar in the latter context. We can
deal exactly with the terms U(i~) and introduce approxi-
mations only involving U(iz, i„). In particular, if the
cells are small enough so that two molecules cannot fit
in a single cell, we deal exactly with U(i„) by restric-
ting the configurations so that %~=0 or 1 for every &.

Suppose that we introduce an approximation to U(i„, i„)
of the form

U(i~, i.) = W„(i„)+W„(i„)

and define

(8.5)

(8.6)

(8.7)

U (4) = U('~)+ P ~.(i~) .

Then Eq. (8.4) becomes

exp —P g U(i„) (1+f~„) .
$, &v

i, i2' ' '

(8.8)

(8.9)

By expanding the product in (8.9), performing the
summations and formally taking the logarithm, one gen-
erates a cell cluster exPan-sion similar to (but more
complex than) the Mayer cluster expansion. The prop-
erties of the expansion depend on the choice of the ap-
proximating functions W„(i„). The earlier cell cluster
theory was based on the choice (for 1 molecule in each
cell),

~.(i ) =-'u(l al)+[u(l a+ r~l) -u(I al)) (8.10)

where a is the vector joining cell centers, which is
motivated by the theory of Lennard —Jones and
Devonshire (1939a,b), and in lowest order reproduces
that theory exactly (for a detailed discussion see Bark-
er, 1963). As a consequence of this choice, the theory
gave a good description of solids (Rudd et al. , 1969;
Westera and Cowley, 1975) but could not describe fluids.

On the other hand, one could choose W„ to be zero.
In this case one is generating the same terms that ap-
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pear in the Mayer expansion, though combined in unus-
ual ways. There is reason to suppose that this would
lead to a description of fluids (though rapid convergence
is not guaranteed t ).

There is an even more interesting possibility; one
can choose W„by a self-consistency criterion,

(8.11)

where ( )' means "average for a system with probabil-
ity density exp[- P Q „U'(i„)]over the configuration of
all cells except ~." This can be seen to be equivalent to
the Bethe or quasichemical approximation in lattice
statistics (Barker, 1966; Lloyd, 1964). Approximate
solutions for these self-consistency equations were
found by Barker (1975), and Barker and Gladney (1975)
for hard spheres with one molecule per cell (single-
occupancy models) in three, two, and one dimensions
at high densities. In one dimension the results were ex-
act, as was to be expected. In two and three dimen-
sions, one approximate solution gave an excellent des-
cription of the corresponding solids, especially when
higher cluster corrections were included. However, in
both cases there was a second approximate solution,
yielding one-particle distribution functions much less
strongly peaked at the cell center, which was tentatively
associated with the fluid phase.

Honda (1974a) derived the self-consistency Eq. (8.10)
for single-occupancy systems independently using the
cluster-variation method of Morita and Tanaka (1966)
based ultimately on the work of Kikuchi (1951). A sim-
ilar but slightly less explicit derivation was given by
Allnatt (1968). Honda (1974b) solved the equations num-
erically for the two-dimensional single-occupancy
hard-sphere system, and found that there were indeed
two kinds of solution, one solidlike and one fluidlike.
Further, the free energy curves as functions of density
indicated a first-order phase transition. The density
of the fluid phase at the transition was somewhat lower
than that found by computer experiments on the uncon-
strained hard-disk system. This was to be expected be-
cause the single-occupation model does not include the
"communal entropy" (Hoover and Ree, 1968).

Thus, it appears that the self-consistent cell-cluster
theory may contain a unified description of solid, fluid
and melting, although some details remain to be filled
in. This would fill, in a rather pleasing way, a gap in
our theoretical understanding. Apart from the Monte
Carlo calculations discussed in Sec. III, most other the-
ories of melting (which are reviewed by Hoover and
Ross, 1971) either used different models for solid and
fluid phases (e.g. , Henderson and Barker, 1968b) or
used the known melting properties of hard spheres to
predict those of more realistic systems (Rowlinson,
1964b; Crawford, 1974).

Another approach to the cell theory was used by Caron
(1972), who assumed the neighbors of a central mole-
cule to have a distribution of distances corresponding
to "random close packing, " following the ideas of Ber-
nal (Bernal and King, 1968). The "entropy of disorder"
associated with "degeneracy of ideal structures" was
calculated from experimental data and found to be re-
markably constant.

IX. THE LIQUID-GAS INTERFACE

The subject of liquid surfaces is such an enormous
one that we shall seek here to do no more than indicate
the various theoretical approaches that have been used
and provide entry points to the literature.

In the neighborhood of the critical point the interface
between liquid and gas phases becomes very wide com-
pared with the range of the intermolecular forces. In
these conditions the quasithermodynamic theory of sur-
face structure developed by van der Waals (1894),
Cahn and Hilliard (1958) and Fisk and Widom (1969)
among others provides useful insights. An excellent
critical review of this theory with detailed references
is given by Widom (1972). The basic idea is that there
exists a local free energy density, 4(z) (where z is a
coordinate normal to the interface) given by

(9.1)

where 4', [p(z)] is the free energy density of a uniform
fluid at the density p(z), extrapolated in some way into
the metastable region, and A is some function of tem-
perature. The density profile through the interface is
determined by minimizing the total free energy. With
appropriate assumptions on the form of the function
4'[p] and the temperature dependence of A, the theory
gives a good description of surface tension and the inter-
face thickness in the critical region. The relationship
between this theory and detailed microscopic theories
is discussed by Lovett et al. (1973), Felderhof (1970),
Triezenberg and Zwanzig (1972), and Abraham (1975).

Kirkwood and Buff (1949) and Buff (1952) derived from
a general expression for the stress in a fluid an expres-
sion for the surf ace tension y of the form

OO 12

Here n~'~( r„r,) is the two body distribution function for
the inhomogeneous system. This result is valid for
pair-additive spherical potentials; the generalization to
nonspherical potentials is given by Gray and Gubbins
(1975). Buff (1952) showed that Eq. (9.2) could also be
derived by a scaling procedure similar to that used to
derive the virial pressure equation for a homogeneous
fluid (see Sec. II). Some alternative forms of this equa-
tion are given by Lovett et al. (1973).

A different equation for the surface tension can be de-
rived which involves the direct correlation function
c(r„r,) for the inhomogeneous fluid. This function,
which was introduced in an important paper on nonuni-
form fluids by Lebowitz and Percus (1963) satisfies the
generalized Ornstein —Zernike equation

h(-r„r, ) = c(r„r,)+ JI n '~(r, )h(r„r,)c(r„r,)d r, ,

(9.3)

where

h (r„r~ ) = [n '~( r, )n '
( r, ) ] '[n '~( r„r,) —n '

( r, )n ' ( r, )] .

(9.4)

Thus, if the distribution functions I ', n ' for the inho-
mogeneous fluid are known, c(r„r,) can be calculated.
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In terms of this function the surface tension is given
by

1y= —k~T

(9 5)

Two different derivations of this equation are given by
Lovett et al. (1973) and Triezenberg and Zwanzig (1972).

If the width of the interface is large compared to the
range of the direct correlation function, this reduces to
the expression used in the quasithermodynamic theory
(Lovett et al. , 1973). Note that (9.5) is much more gen-
eral tha. n (9.2) in that it makes no assumption about
pair additivity. In this sense the relation between (9.5)
and (9.2) is similar to that between the compressibility
equation and virial pressure equations for homogeneous
fluids. Of course these equations are useful only if we
know or can approximate the one- and two-body distri-
bution functions in the interface. The simplest approxi-
mation proposed by Kirkwood and Buff (1949) was to set
n~'(r„r2) in Eq. (9.2) equal to 0 for z, or z, greater than
0, and to the bulk liquid value otherwise; this corres-
ponds to a plane discontinuous surface with negligible
vapor density. This model, also used by Fowler (1937),
has been tested recently by Freeman and McDonald
(1973); earlier references are listed in that paper.
They used the 6-12 potential and found good- agreement
with experiment, for example for argon, for surface ten-
sion but bad agreement for surface energy. Further-
more, the surface tension and surface energy values
were not thermodynamically consistent. It is almost
certain that the good agreement for surface tension is
fortuitous, since several independent MC calculations,
as well as perturbation theories (are below) indicate
that the true surface tension for the 6-12 fluid is sub-
stantially higher than that of argon (see Table XVII).

One would certainly have expected that this simple mod-
el would be better for surface energy than for surface
tensj. on.

Monte Carlo simulations of liquid surfaces have been
made in two dimensions (Croxton and Ferrier; 1971)
and in three dimensions (Lee et gi , .1974; Lui, 1974;
Abraham et al. , 1975; Chapela et al. , 1975; Miyazaki
et a/. , 1976). Also Opitz (1974) made a molecular dy-
namics simulation. Lee et al. (1974) and Chapela et al.
(1975) calculated the surface tension using equations
equivalent to (9.2); the calculations used the 6-12 po-
tential. The results for a temperature near the triple
point are given in Table XVIE. Because the integrand in
(9.2) fluctuates widely, surface tensions derived in this
way have rather high uncertainties. Miyazaki et al.
(1976) used a modified periodic boundary condition to
separate a bulk liquid into slabs and thus calculated
directly the reversible work required to create a sur-
face; this surface free energy is equal to the surface
tension. The surface tension calculated this way has
smaller uncertainty (see Table XVII). Miyazaki et al.
also used the 6-12 potential, but estimated by a pertur-
bation technique the difference between the surface ten-
sion for "6-12 argon" and "argon with accurate pair po-
tential and three-body interactions. " The results for
argon estimated in this way are in fair agreement with
experiment, whereas all calculations other than the
simple Kirkwood-Buff-Fowler model indicate that the
surface tension for "6-12 argon" is appreciably higher
than that for "real argon. "

The work of Croxton and Ferrier (1971) and Lee et al.
(1974) suggested the existence of oscillatory behavior in
the density profile through the interface. However, it
is now certain as a result of the work of Abraham et al.
(1975) and Chapela et al. (1975) that this oscillatory be-
havior, though it persists over surprisingly long MC
chains, is not present in a true canonical average. The

TAg&E XVII. Calculated and experimental surface properties for liquid argon at triple
point.

Method Potential
Surface tension

(erg cm ~)
Surface energy

(erg cm ~)

Monte Carlo
(surface stress)

Monte Carlo"
(surface stress)

Monte Carlo c

(surface free energy)

Perturbat ion theory

Estimated from
Monte Carlo c, e

Estimated from
Monte Carlo c ~ e

Experiment ~

6 —12

6 —12

6 —12

BFW alone

BFW with
Axilrod- Teller

16.5+ 2.6

18.3+0.3

19.7
17.7

14.1

13.35

38.9

38.3

34.7

34.8

~ Lee et al . (1974). ,

Chapela et al . (1975).
c Miyazaki et al. (1976).

Abraham (1975).
~ Estimate from c by perturbation theory by Miyazaki et al . (1976).
f Sprow and Prausnitz (1966).
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equilibrium density profile is monotonic.
Toxvaerd (1971) generalized the Barker-Henderson

perturbation theory (Sec. VII) to apply to an inhomogen-
eous fluid and calculated surface tension after minimiz-
ing the free energy with respect to the density profile;
for the detailed assumptions of this theory we refer to
the original paper. Abraham (1975) made calculations
of surface tension using both this theory and a version
incorporating the Weeks-Chandler-Anderson perturba-
tion theory (Sec. VII); the two methods gave results in
good agreement. Note that these perturbation theories
do not use either Eq. (9.2) or (9.5); the free energy is
calculated directly. However, near the critical point
the theory can be recast into a form similar to the
quasithermodynamic theory (Abraham 1975).

The normal component P~(z) of the stress tensor at a
point in the interface is given by (Irving and Kirkwood,
1950)

2

P„=karn(r, ) —— d r„='—'-u'(~„)
12

x n('~[r, —ar„, r, + (1 —n)r„]do .
0

(9.6)

Since for equilibrium p„must be constant, this provides
and integral equation relating n~'~( r, ) and n~'~( r„r,).
This equation is equivalent (Harasima, 1958) to an inte-
grated form of the first member of the BG hierarchy of
equations (see Sec. VI). There is a relatively large
body of work (Toxvaerd, 1975, 1976, and references
therein) based on the idea of approximating n (r„r,) by
a closure approximation in terms of n~'~(r, ) and solving
the resulting integral equation for n~'~(r, ). The closure
approximations use homogeneous fluid radial distribu-
tion functions g(y, p). The results obtained depend on
the detailed form of the closure approximations; for de-
tails we refer to the review of Toxvaerd (1975) and the
original papers.

Recently, Mandell and Reiss (1975a, b) have developed
a thermodynamic formalism for a bulk phase bounded
by a hard wall, and used scaled particle theory (Sec. V)
to study the structure of a hard-sphere fluid bounded by
a hard wall.

We note that the apparent divergence to infinity of the
mean square displacement of a surface in zero gravity
discussed by Buff et al. (1965) and Widom (1972) is
prevented by the finite size of the system in the same
way as the related apparent divergence of mean-square
displacement in a two-dimensional solid discussed in
Sec. III.D.1. If we carry through the calculation des-
cribed by Buff et al. for a square surface of edge D we
find that the root-mean-square displacement is (kaT/
4myo)"'[In( 69D/I)]"' where y, is the surface tension
unmodified by long wavelength distortions, and I. the
interface width. If we consider the case they discuss
of liquid argon with T =90K, y=11.9 dyne cm ', I.= 4A„

0
this formula gives 4.1A for the root mean square dis-
placement with D = 1cm. This is a perfectly finite and
consistent result. The corresponding result for D = 1m

0
is 4.2A. Surface tensions are usually measured in
somewhat smaller capillaries. The finite size of the

system plays the same role as gravity in providing a
long wave cutoff.
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