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This is a review and study of the absorption model approach to two-body hadron reactions. The basic view
is that reactions proceed by Reggeized particle exchange, modified by (mainly) absorptive initial and final
state interactions. Our approach is pedagogical in two respects. First, the conceptual basis of the approach
is discussed in detail, and considerable emphasis is put on spin properties and relating amplitudes and
observables. We attempt to explain the procedures in sufficient detail that the interested reader can apply
them. Limitations and theoretical weaknesses of the approach are discussed. Second, by approaching the
whole field of two-body hadron reactions from one viewpoint, we can give unified treatments of some
areas, such as polarizations, and of many observables and regularities, and unified explanations of why the
data behave as they do from the viewpoint of the model. Because our purpose is primarily pedagogical, we
consider representative reactions and amplitudes rather than exhaustively discuss data. At least one
example of every major kind of amplitude is discussed, so the extension to additional reactions is often
qualitatively possible without further calculation.
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I. INTRODUCTION

If we have to rely on guidance from experiment in or-
der to understand the structure of hadrons, for a num-
ber of reasons it would seem sensible to study two-body
reactions. First, there exist more high quality data
there than probably anywhere else in particle physics.
Second, using polarization techniques, it is possible to
study actual matrix elements experimentally as func-
tions of their separate variables s and t (square of cen-
ter of mass energy and four-momentum transfer, re-
spectively), rather than risk losing dynamical informa-
tion by averaging. Third, many different reactions with
many different sets of quantum numbers can. be studied
over large ranges of s and t, so that dynamical ideas
can be tested under different conditions, and symmetries
can be studied.

A. Historical perspective

In the early 1960's, there was considerable interest in
two-body reactions. New, basic ideas, particularly
Regge behavior of amplitudes, were generating impor-
tant new' insights and results. It was realized by Gott-
fried and Jackson (1964) and by Durand and Chiu (1965)
that initial and final state. rescattering would be impor-
tant because strongly interacting particles were in-
volved, and that these rescattering corrections wouM be
absorptive. Soon it was found that experimental data
were more complicated than. these theoretical structures
seemed to allow. The understanding of the theory im-
proved too; it was learned that the absorptive rescat-
tering should be applied to the Regge pole amplitude
(Arnold, 1967, and Cohen-Tannoudji et al. , 1967), and
that inelastic intermediate states should be included in
the calculation of the absorption correctiqn.
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By the end of the 1960's the situation was confused.
There was strong disagreement among theorists about
the form of the Regge pole amplitude, mainly about
whether it had zeros. There was disagreement about
how to calculate the absorption, particularly the inelas-
tic intermediate state contribution. And experimental
data appeared to be extremely complicated, with es-
sentially every da'/dt being different in shape from every
other one. On the other hand, some models had no dif-
ficulty in describing any differential cross sections, at
least when considering only a few reactions at a time.
There were some hints from polarizations that the situa-
tion with phases of amplitudes might not be straightfor-
ward.

In 1971, the polarization in g"P z n was measured in
the region 3 &- t &1 GeV'. The absence of a large nega-
tive polarization around the dip region immediately
showed that phases were not as expected; essentially,
for p exchange the models had given the real part of the
amplitude a zero at a smaller t than the imaginary part
of the amplitude, and the data was opposite.

Several approaches were taken to deal with this. The
view which stuck to the traditional approach of the ab-
sorption model said that the basic physical ideas were
good, but previously the phase of the absorptive rescat-
tering had been ignored (essentially the Pomeron phase)
and was likely to do the right thing if included. Fortu-
nately, information constraining the Pomeron phase had
by then come from elastic scattering, so it was not hard
to find the modification needed. It has proved possible
to pursue this approach, and so far there is not any seri-
ous disagreement with experiment that would require
further basic modifications. A large number of reac-
tions have been studied by Hartley and Kane (1973) and
by Field and Sidhu (1974).

B. Other approaches and reviews

The purpose of this article is to review the traditional
absorption model approach to hadron two-body reactions.
Not much work has been done on other models since the
comprehensive review of Fox and Quigg (1973). We will
discuss approaches other than the traditional absorption
one only occasionally, in the detailed context of reac-
tions to which they have been applied. The lectures of
Davier (1974) are a recent and useful guide, especially
to analyses of the data. Analyses of experimental data
with minimal reliance on models and ideas ("model-
independent" ) have been repeatedly covered in detail by
rapporteurs at meetings (Michael, 1972; Amaldi, 1973;
Barger, 1974) as well as by Fox and Quigg (1973) and
Davier (1974).

A number of other points of view and approaches, some
closely related, were pursued by many workers. In ad-
dition to the path reviewed here there were first the
original weak absorption models of Arnold (1967),
Cohen-Tannoudji, Morel, and Navalet (1967), Gribov
et al. (1965) [and the later Russian calculations of
Ka,idalov and Karnakov (1969) and Ter Martirosyan and
collaborators (1973)j, and the analysis of Dar, Watts,
and Weisskopf (1969). Then a number of studies were
done by Ringland, Roberts, Roy, and Tran Thanh Van
(1972), Collins and Swetman (1972), and Martin and

/

Stevens (1972, 1973); these and others making detailed
remarks are reviewed by Fox and Quigg (1973).

C, Plan and summary of the review

In this section we will give a brief summary of the con-
tents of the different sections and how they ar'e intended
to be used. We will indicate briefly where discussions
of strengths and weaknesses of the model can be found
and where various importarit experimental results are
discussed. Since the review is long and it is often dif-
ficult to find things, we have tried to give a guide both
in the contents and in this section.

The purpose of Sec. II is to show a reader with little
previous interest in two-body hadron reactions why we
feel absorption effects should be included if a reasonably
accurate description of data is desired. By using exam-
ples and qualitative arguments, we can see the changes
arising from absorption.

Section III is the essential one, stating in detail how to
construct absorbed Reggeon exchange and elastic ampli-
tudes for the present model. A reader who only wishes
to calculate with the model or to see its present applica-
tion to data can skip on to Secs. VII and VIII after Sec.
III.

The rules of Sec. III have been arrived at by a mixture
of methods, including intuition developed by a number of
workers over about a decade, extensive data fitting to
see what works, incorporation of theoretical constraints
such as analyticity and crossing properties, singularity
structure, and pole factorization. A major constraint on
freedom was the requirement that the same Pomeron
amplitude describe elastic scattering and give the right
effects when used in absorption (the Pomeron does not
give the full absorption amplitude, but it is the dominant
contribution). Section IV discusses in detail the origin
of the various parts of the rules.

For the Reggeon pole one must choose the form of the
trajectory and residue, including the zero structure. We
assume the residue has no zeros apart from kinematical
ones, as has been traditional in the Michigan approach;
all zeros originate from absorptive effects. That has a
large impact on the way data are described. It gives
very strong predictions: if ever a nonf lip vector ex-
change contribution does not have an imaginary part
with a zero near —t = 0.25 GeV', or a nonf lip or double
flip amplitude gives a dip near -t=0.5 GeV', or a flip
amplitude has a zero near -t =0.25 GeV2, etc. , the model
would be demonstrated to be wrong.

The Pomeron choice is based on a simple impact pa-
rameter picture, with the energy dependence and, there-
fore, the phase assumed to arise from a growing radius.
A quantitative description of elastic data is deferred to
Sec. VIII, but at this stage a qualitative description is
given of the Pomeron behavior and how it accounts for
different aspects of the data. The small t increase in
slope, large t dip, medium t energy dependence, and
the phase are discussed. The latter two were predic-
tions of the model, and the data show some tendency to
agree with the predictions, although clean tests are not
yet possible.

For our Pomeron amplitude to be a useful description,
several features of the data must behave in the right way
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as s increases. The differential cross section must
develop a bend at medium t, because of the small t
shrinkage and large t antishrinkage. The dip must move
slowly toward t =0. The secondary maximum height must
slowly increase. The depth of the dip is a sensitive
probe of the phase at energies above about 300 GeV/c
where the Reggeon amplitude is gone; the dip is due to a
zero in the imaginary part of the amplitude and is filled
in by the real part. More discussion of these properties
is given in Sec. VIII.

The Pomeron amplitude has several parameters, seven
if one started from scratch. Four of them are fairly
well constrained by geometrical arguments. Normally
these parameters are fixed from elastic data. Then the
Pomeron amplitude is fixed and is used in the absorp-
tion. For most reactions the elastic data do not give a
unique set of parameters, so if one wants a very good X'
fit to data involving absorbed amplitudes one can com-
bine the fits to both sets of data. Once the parameters
have been deter mined they can be used by other workers
studying elastic or absorbed reactions —they do not need
to be newly obtained for each use. A serious practical
problem with the model is that one does not yet know
enough to get the parameters for different external par-
ticles from one another. Scaling B' and o~ from one re-
action to another gives a pretty good guess, but data are
accurate enough so that is not sufficient. This problem
is discussed further in Sec. VII.C.

A subject briefly discussed in Sec. IV is diffractive
production, which is mainly of interest here because it
is expected to be the most important contribution to the
inelastic intermediate state sum (which contributes to
the absorption, increasing it over the elastic contribu-
tion). The main feature of importance for us is the pe-
ripheral nature of this contribution in impact parameter,
and that is qualitatively confirmed in the data by the dip
or break structure in dv/dt at t =0.2 GeV' in th—e low
M' region.

The choice of the absorption prescription is the orig-
inal Sopkovich one and we have nothing to add in insight.
The content and interpretation of the absorbing S-ma-
trix is discussed in detail. Phenomenologically it is
necessary, given our Pomeron, that even signature
Reggeons also enter in S; they affect particularly the
phase of the absorbed Reggeon amplitudes, as well as
the energy dependence.

Finally there is the question of which amplitudes
should be absorbed. We believe that the s-channel heli-
city amplitudes show the simplest physical behavior and
contain the most useful information. The main reasons
for this are that their behavior as t 0 is just due to
angular momentum conservation, and that the absorp-
tion mainly conserves s-channel helicities.

Basically, then, Sec. IV tries to present why the mod-
el has taken the form it has, with theoretical arguments
given where they helped to push in a certain direction or
improved our understanding. Considerable trial and
error and unsuccessful phenomenology went into building
up the model to the stage it is at now.

Section V is designed for readers who have not previ-
ously concerned themselves with the effects of absorp-
tion in any detail. Some elementary closed form calcu-

lations are shown, and such points as the introduction of
zeros and the slopes in t adding inversely are noted.
Some discussion is given of the history and role of the
inelastic intermediate state contribution in this context,
where its effects can be seen rather directly.

A good deal of the complexity of real data comes from
the presence of several spin amplitudes in every observ-
able. The absorption model treats amplitudes of differ-
ent amounts of net helicity flip in characteristic ways,
and these are discussed here. According to the present
model, someone who understands the form of just four
amplitudes (nonf lip, single flip, double flip, and nonf lip
with a pole contribution vanishing at t =0) can put them
together in appropriate mixtures determined by coupling
strengths, and at least qualitatively understand the be-
havior of the data. These amplitudes and their zero
structures are discussed here. An important and test-
able prediction of the absorption model is that all ampli-
tudes with the same net helicity flip are absorbed the
same way.

The purpose of Sec. V is to give the reader a qualita-
tive understanding of the basic systematics of absorbed
amplitudes. The differences between the amplitudes ob-
tained from the procedure of Sec. III (the present form
of the model, since 1973) and those described in Section
V (essentially the form of the model of 1969-1972) are
due mainly to the improved treatment'of the Pomeron
phase and energy dependence, and are studied in Sec. VI.
We have proceeded in this way because the amplitudes at
the stage of Section V are fairly easy to understand qual-
itatively, and the changes discussed in Section VI are
perhaps best seen in relation to the simpler amplitudes,
particularly for readers with some exposure to the
earlier forms.

Although the procedure for calculating the full ampli-
tudes given in See. III is fairly simple to state, the am-
plitudes ean only be calculated numerically, and the re-
sulting amplitudes behave in fairly complicated ways.
Bather than just calculate and present results, in Sec. VI
we try to explain physically how different aspects of the
behavior come about. We consider separately the am-
plitude phases, shrinkage, fixed-t s-dependence, and
fixed-s t- dependence. In some cases we can only sepa-
rate out the behavior in question and illustrate it graph-
ically, and in some we can give useful hand-waving
arguments. The intent is that a study of Sec. VI should
allow the reader to understand operationally why (within
the context of the model) the amplitudes behave as they
do, so that their relation to experiment will be as trans-
parent as possible. All of the amplitude properties and
behavior discussed in Sec. VI are consequences of the
procedure stated in Sec. III, without modification.

The most important effects arise from the role of the
energy dependence and associated phase of the absorbing
S-matrix, S,~, . It has simultaneously a strong effect on
the phases of absorbed amplitudes and on their shrink-
age properties. Section VI.A illustrates how a vector
meson exchange amplitude has a double zero in the real
part rather than the single zero of the older model, how
the order of zeros in real and imaginary parts is inter-
changed, and how the real part of a vector meson ex-
change amplitude, with net helicity flip zero but a pole
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that vanishes at t =0, is suppressed near t =0. Results
for tensor exchange are just rotated by n/2 .Section
VI.B shows how precisely the same aspect of the basic
procedure, the energy dependence of 8,«, gives an ab-
sorbed amplitude with an energy dependence like that of
the pole rather than the traditional form with half the
shrinkage. These two parts of Sec. VI show how several
well known problems connected with two-body reactions
are dealt with in the present model. Parts C and D
treat fixed-t s- dependence and fixed-s t- dependence,
showing how different amplitudes behave. As individual
amplitudes become available from analysis of experi-
mental data in the future, testing the behavior shown
here will provide a number of crucial tests of the model.

Section VI was to provide qualitative insight into the
behavior of actual amplitudes. In Secs. VII and VIII we
concentrate on applications. First, in Sec. VII, we take
specific topics, such as "Polarizations, " and show how
the model allows a unified point of view about a number
of reactions. Other topics considered are line-reversed
reactions, the comparison of reactions with different
external particles, the relation to various regularities
considered in recent years by a number of workers
(such as geometrical scaling, impact parameter univer
sality, derivative relations among amplitudes), exchange
degeneracy breaking, and duality. The intent in Sec. VII
is to emphasize the features which many different reac-
tions have in common; in Sec. VIII we treat the reac-
tions separately.

We note here a few of the more important points of
Sec. VII. Concerning polarizations an important predic-
tion for the model is that the K'p elastic polarization
should show a single zero (due to the zero in the real
part of the flip amplitude), while the pp polarization
should show two zeros (the second one due to the nonf lip
amplitude) which separate as s increases. We expect
that even at very high energies polarizations of a few
percent will be seen. P(m p-vr n)o, where the absorp-
tion. model was wrong in the old days but is now satis-
factory, is discussed. An important success for the ab-
sorption model is its ability to describe E'(np -pn). This
exotic channel has large polarization without structure,
and is a serious problem for all other models so far.

The part on line-reversed reactions explains how our
treatment differs from that of models where the pole
terms are exchange degenerate. The prediction of the
model which is probably most dramatic is discussed
here: ave require for a line-reversed pair with vec-
tor and tensor exchange, such as K'n —Kop ("real" )
and K P-Kogz ("rotating"), that the real cross sec-
tion be larger than the rotating one at energies in
the 50-150 GeV/c range by a factor of about 1.5-2.
All models with exchange degenerate poles, on the
other hand, require that the ratio always get closer
to unity as s increases, and it is already less
than about 1.1 at about 10 GeV/c. To our knowledge this
measurement, for any vector —tensor line-reversed pair,
is the most clear experimental way to distinguish the
present model from any of those with exchange degener-
ate poles. No data is yet available, although it could
soon come from Fermilab or Serpukhov. If one takes
the K p-Kon Serpukhov data, uses SU(3) and m P- n'n

and p p-qn to obtain K'~-K p, then the ratio does go
our direction, being somewhat larger than 2 but with
large errors; direct measurements will not be too far
off.

Some detailed discussion is given about the model's
present inability to relate reactions with different ex-
ternal particles. If an effective way to do that could be
incorporated it wouM be of great practical value.

Energy dependence data, and the relation of phases to
trajectories, allow us to determine fairly well a set of
trajectories which are consistent with a wide range of
data. The intercepts of the pole trajectories are n (0)
=0.46, o.„(0)= o.„,(0) =0.3, o&(0) =0.39. The last is not
well determined because it is not easy to separate the
Pomeron from the f. Remember that the effective tra-
jectories of an absorbed amplitude lie about 0.1 above
the pole trajectories at small f and in the 5—50 GeV/c
region. It is possible that one could have a picture
where all the pole trajectories are at 0.3 in a minimal
theory, with the p raised up mainly by the effect of its
width and the nearby 2m threshold (giving a, large Imo.')
and the f by Pomeron —f mixing (Sec. VII.E).

An important limitation of,the present model is that
we do not understand very well how to extend it to low
energies. As s decreases the number of open channels
decreases and the absorption approximation gets less
valid. At the same time, partial-wave amplitudes in-
creasingly exceed their unitarity limits and are sup-
pressed. Thus the structure of the model and the am-
plitudes probably should not change much as s decreases.
In the present form this is poorly satisfied, for one rea-
son because the pole term in our approximation has a
lns controlling the slope in t and at low energies lns —0.
This results in some failures at low energies (normally
below about 3 GeV/c). A major question related to these
failures is the FESR behavior. It was first pointed out by
Worden that the model, even with the best absorption
procedure, did not have the low-energy structure re-
quired by FESR's. Subsequently Hartley pointed out that
this could be corrected in practice by modifying the form
of the Reggeon pole so that it has a steep slope at t =0,
and is probably largely unrelated to the absorption pro-
cedure. Consequently, while we can deal with this prob-
lem in practice, it is not really solved. Section VII.F is
a discussion of this problem and of some of its implica-
tions.

In Sec. VII we consider vari~us applications from the
point of view of subject rnatter, cutting across different
reactions and looking at what they have in common. In
Sec. VIII we look at individual reactions, one or a few at
a time, discussing a good deal of data in detail, showing
some data fits, and providing a number of predictions
for future experiments. First we discuss how we pro-
ceed. By requiring factorized Reggeon poles we can
determine the Reggeon trajectories and residues in one
place and then use them elsewhere. We have checked
that one consistent set of Reggeon and Pomeron param-
eters can simultaneously describe many meson-baryon
and baryon —baryon reactions approximately, over a
large range of s and t. The quality of the fits is shown
in the figures. They are by no means perfect, but given
such effects as low-lying contributions not included,
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normalization inconsistencies in experiments, and the
attempt to go over an energy range of 3—1500 GeV/c,
the general agreement with data seems to us to indicate
that most physical effects are present in the model. .
Such detailed probes of phases as the ANL polarized
beam data are analyzed in detail.

A few places should be watched for possible failures
in the future. The recent nP -nP polarization from ANL
is badly fitted at 3 GeV jc and below, although satis-
factorily at 6 GeV/c. It may be that something is wrong,
or only that an unusually large contribution is present at
low energies but falls very rapidly with energy and is not
included in high-energy models; measurements in the
6—12 GeV jc region may decide. The old question of the
dip in g P-qn is not decided yet. The model predicts a
shallow dip near t = 1 GeV—' (not at 0.6 GeV', as in the
old form, because the tensor exchanges are more cen-
tral than vector ones). This is not particularly observed
(although it does appear to be present at one energy),
but the errors are still at the stage where there is no
inconsistency. Since the present model generally gives
final amplitudes with a zero structure like that of poles
with signature zeros, it is reasonable to expect this to
work out, but it is not as yet apparent that it does.

The Reggeon and Pomeron parameters are summa-
rized in Tables I-III. Where different reactions ap-
peared to prefer slightly different values of some pa-
rameters we have given a weighted choice, which shouM
be a good starting value for any future application.
There appear to be a number of systematic regularities
among different particles, indicating that many param-
eters could be eliminated by scaling rules, but we have
not done so because of a lack of firm basis for the rules.

An Appendix is included to deal with spin problems, so
the paper is basically self-contained for other applica-
tions. Using the information given in the Appendix it is
possible to choose the independent helicity amplitudes,
find the relations of other amplitudes to the independent
ones, relate the amplitudes to the observables for a
number of the most common reactions, including those
treated in the paper, and relate the residues of the s-
channel helicity amplitudes used in the paper to the cou-
pling constants used in other contexts and in standard
Lagrangians. One result of this analysis is a large set
of coupling constants which are measured in a self-con-
sistent way and can be useful in other applications.

II HOW DO WE KNOW A SIMPLE EXCHANGE

PICTURE IS INSUFFICIENT~

Many workers hoped in the early 1960's, and some
have still continued to hope, that one could obtain a
workable theory of hadron two-body reactions in terms
of contributions, each given by a definite parity particle
or Reggeon exchange contribution. Effects of unitarity
were hopefully included by Reggeization.

In fact, there are reasons, both theoretical and phe-
nomenological, why we should expect an unmodified ex-
change picture to be inadequate, and why we should ex-
pect physical effects like those associated with absorp-
tion to be important.

The present section is intended to give a qualitative
and intuitive view of the situation, indicating to an un-

initiated reader why more than simple exchange ampli-
tudes are needed, and why the addition of absorption ef-
fects improves the picture. Several examples are dis-
cussed at a simple level, with more detailed treatment
given later on..

The particles we are studying are hadrons. They
interact strongly. Whenever they are near enough (i.e. ,
within a certain impact parameter), they will scatter
off one another in a variety of ways in addition to inter-
acting via the quantum number exchange of interest.
The dominant interaction will be absorptive elastic re-
scattering. These interactions will affect all aspects of
what is observed.

It would be surprising if rescattering corrections to
simple exchanges were not required to achieve an under-
standing of the data. The problem is to know how to cal-
culate the corrections. Phenomenologically there is con-
siderable evidence that a simple exchange picture is in-
sufficient. Here we list a few qualitative and isolated
cases that show both that the simple exchange is inade-
quate, and that the expected effects of absorption are in
the right direction.

A m -exchange reactions

Some years ago it was generally considered obvious
that yP-m'n and eP-Pm would have forward turnovers
at high energies, because the z exchange contribution
would be big and it flipped the nucleon helicity in the s-
channel. In terms of our formalism (see appendix), pion
exchange (Reggeized or not) contributions have n+x = 2
so the amplitudes vanish linearly in t as t-0. This is a
necessary consequence of the exchange of a pseudo-
scalar pion.

The data, however, showed a sharp peak on a scale of
order m'=0. 02 GeV', the "simple" expectation, that
there should be a forward turnover, was wrong.

The explanation is generally thought to be as follows
(see Sec. V). In one amplitude with n=O, x=2, the con-
tribution associated with the pion does not have to vanish
at t =0 unless it has definite parity; then it is "evasive"
(has a factor of t). Some other slowly varying contribu-
tion associated with the m exchange is present and inter-
feres destructively with the pion pole, so that at t = 0 we
see only the other contribution, while by t =m, the de-
structive interference has produced a large decrease in
cross section because the pion pole term varies rapidly
on that scale.

Without a theory, the other contribution could be any-
thing, of course, but the regularities are such (seen in
yN-mN, Pn-nP, mN- pN, and at different energies)
that it is reasonable to say that it is something closely
associated with m exchange. Such an effect is provided
by s-channel unitarity corrections.

At high energies the absorption model is an attempt to
approximate the effects of unitarity. If one begins with
an amplitude which vanishes at t =0, makes a partial-
wave expansion, absorbs away essentially all the s
wave, most of the p wave, some d wave, etc. , then one
finds after resumming that the delicate cancellation be-
tween partial waves that gave the zero is destroyed,
and the amplitude no longer vanishes.

In different language, one can think of the absorption
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as a rescattering effect. Then there are two exchanges,
with relative angular momentum, and the exchanged
state does noi have definite parity. Then the amplitude
does noi vanish. We will illustrate this quantitatively in
a definite absorption model below. However one thinks
of it, for the present example the "other contribution"
has the same quantum numbers as the m exchange apart
from angular momentum and parity, a strength related
to the z-exchange strength, and an s and t dependence
different from the z pole but partially determined by it.

At low energies conventional unitarity corrections have
exactly the same effect. Here a theorist would unitarize
each pa, rtial wave, e.g. , in an N/D calculation. The s
wave would be modified most, etc. Again a peak ap-
pears. This is related to the "duality" of hadron ampli-
tudes. This is best understood for charged pion photo-
production where the Born terms do give the correct
answer for small t (Jackson and Quigg, 1969).

To summarize: the "simple" expectation is wrong
because the z-exchange contribution peaks instead of
vanishing at t =0. It is probably wrong because of s-
channel unitarity corrections to the simple t-channel ex-
change contribution. Both are essential to an under-
standing of the data.

B. Polarization in m-p~z On

At high energies only p exchange is allowed. Many
workers expected thai, because there was only one ex-
change, it would give both helicity amplitudes (the nucle-
on can flip helicity or not) the same phase. Then the
polarization, proportional to ImM, M*, would vanish.

Experimentally the polarization was significant, at
least 25% at some angles, and rather constant from 5
GeV/c to 11 GeV/c, so the "simple" exchange picture
cannot be fully right.

Again, unitarity corrections in the absorption approx-
imation do the right thing. The amplitude with e =0 is
large in the forward direction and at small impact pa-
rameters, so it feels the absorption of low partial waves
rather strongly, while the ~ = 1 amplitude which vanishes
at t =0 and at small impact parameters is less affected
by the absorption. The real and imaginary parts in each
amplitude are affected differently, since they contain dif-
ferent partial waves in general. Thus, the two ampli-
tudes get different phases and polarization is generated.
All models get the results correct at small t, and the
experimental results at small t were predicted by Cohen-
Tannoudji et al. , 1967. At larger t all predictions were
wrong, and the experimental results helped lead to the
present improvements in models. Again, both s- and
t-channel effects must be considered.

C Nonforward zeros of amplitudes

In the view of rg.any theorists p or co exchange ampli-
tudes would be simple if they vanished whenever the
trajectories passed through zero, np or a„=0. This
occurs at -t = 2 GeV2.

This would imply, among other things, that in g'p or

in K'p elastic scattering, where the p or the co is a big
contribution and changes sign, one should observe a
zero in the differences of differential cross sections.
This zero is observed, of course —it is the well-known
crossover zero. But it occurs at —t-0.15 to 0.2 GeV'
rather than at 0.5 GeV'. Physically that is a very big
diff erenc e.

In addition, the zeros cannot just be associated with
the exchanges, since they do not occur in nonelastic re-
actions where the same exchanges dominate. The co ex-
change dominates yP —m'P, for example, in an amplitude
with the same coupling at the nucleon vertex, and gives
a maximum instead of a zero at -t= 0.2. The simPle
exchange picture fails very badly where zeros axe con
cerned. Experiment completely excludes zero factor-
ization.

Unitarity corrections again do the right thing. What-
ever the detailed shape of the definite parity exchange
contribution in t, when we remove mainly low partial
waves the t distribution gets sharper and a zero is intro-
duced or moves toward t = 0 in e = 0 amplitudes where
the absorption is strong. For amplitudes with e &0, as
in yP m P, the zeros will occur further out in —t.

Similarly it would have been simpler if in a given am-
plitude the zero would be at the same t value for both
real and imaginary parts. But for the e =0 p exchange
in nN scattering this is not so (Ringland and Roy, 1971;
Halzen and Michael, 1971), and probably it is not so for
the vector a.nd tensor K* exchanges (Barger and Martin,
1972; Worden, 1974). For the vector exchanges in mN

and EÃ the zero in ImM is near -t = 0.2 GeV, but the
zero in the real part is further out in -t (around 0.4
GeV') if it occurs at all. Although the absorption model
will separate the zeros of the real and imaginary parts
because their partial-wave structure is different, the
traditional versions of the model give less of an effect
than is observed, and have the zero jn ReM closer to
t =0 than that in ImM. We will see below how the ob-
ser ved zero structure arises.

D Both s and t channels needed

A final example of a view we have to give up is the
possibility that one could understand experimental data
by only specifying quantum numbers in the s channel
(as proposed by the old naive strong absorption model)
or in the t channel (as required by any model with only
poles exchanged), but not both.

That the t-channel quantum numbers do not suffice is
clear from g P-z'e, where there is t-channel p ex-
change but the data shows a completely different zero
structure in the amplitudes with s-channel net helicity
flip n =0 or e =1. That the s-channel quantum numbers
are not sufficient is not completely established experi-
mentally but is probably the case, with tensor exchanges
f,A„K~* having zeros at different f values than vector
exchanges ~, p, K* in the same amplitudes (Phillips,
1971; Barger and Martin, 1972; Worden, 1974).

Thus any model which will help us understand the
data must simultaneously depend on s- and t-channel
quantum numbers for each reaction.
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III. GENERAI PROCEDURE FOR CONSTRUCTING
ABSORBED AMPLITUDES

The absorption model rules

(1) For any two-body reaction

a+5 c+d
define helicity flip quantum numbers

m~ —X~ —X~, m~ —X~ —X~,

n= m~ —m, , n+x= m~ + m,

(3.1)

(3.2)

(2) For each definite parity Heggeon pole, r with
nonvacuum quantum numbers that ean be exchanged, the
amplitude is

In this section we give the procedure for constructing
the full amplitudes. In the following sections we study
the consequences for the behavior of amplitudes as func-
tions of s, t; we compare the predictions with data, etc.
Most of the general questions concerning spin are dealt
with in the appendix, while spin-dependent differences
in the behavior of amplitudes (which are crucia. l for
understanding data) are discussed in Sec. V.

To give the general procedure for constructing a given
amplitude, we must first give the form of the Heggeon
pole exchange as a function of s, t. Then we must tell
how to take account of absorption effects. The latter
requires giving both the procedure to follow and the
functional dependence of the complex rescattering am-
plitude on s, t. First we state the rules, then we dis-
cuss their origin, and then examine their consequences.
The following rules incorporate those of Hartley and
Kane (1973, hereafter referred to as HK) and what has
been learned since then:

Here 4' is the spin 4 of the lowest physical state on the
trajectory as above, plus any correction to the real part
of the trajectory due to the dispersion integral over the
width (this correction is probably only important for the
p, where we estimate J'= l.l; see Sec. VII.E).

(3) For the vacuum quantum number exchange, dif-
fractive, elastic amplitude (called the "Pomeron") we
use

P(s, t) = —is [R,'A, es"J,(R,v' t)/R-, ~t
+R2A, es~'Jo(R, U t)],

R,'=R,'o+R,'2(lns ' in/2),

R,' =R,'0+R,"(lns Ar/2),

(3.6)

(3.7)

(3.8)

with an energy scale of 1 GeV' for s.
The parameters B„A„B„B,correspond to the radii

and thicknesses of central and edge regions and are
strongly constrained by geometrical ideas.

(4) For vacuum quantum number, diffractive proces-
ses where mass changes and/or helicity flips we use
only the peripheral part of the above amplitude

D„(s, t) = is(R,"+K)A,'es"J fR,'o[—t(lns —in/2)]' ]
(3.9)

where n is the net helicity flip and R,"=R,'2O(lns in'/2).
These will describe the s-channel helicity amplitudes
for low-mass diffraction dissociation, and the Pomeron
helicity flip amplitudes at high energies. The energy
scale where helieity and mass changes are important
will presumably differ from elastic ones, so we allow a
constant added to A' in front.

(5) The Hankel transforms, to calculate the impact
parameter (b) distributions for each t distribution, are
defined as

1
x+ixxb( & ) 2 2

(3.10)

R„„,, (,t)=2q' hdM„. „~ (s, b) J' (b~t),
where n„(t) is the Reggeon trajectory, J' the spin of the
lowest physical particle on the trajectory (0 for n, 1 for
p, 2 for A„—,' for X, etc.), and y„„,y„~~ are factorized
pole residues. The residues can be obtained from our
measured values given below, or from the reader' s
favorite theory, etc.

We parametrize the residues as

y„„,(t) =g„„,expl[e„„(m' t)'~' m)] . (3 4)

n„(t) =J'+ n,„(t—m')/[1+ o.,„(m' t)'~'] . (3.5)

Then g„„ is the xxy coupling constant, measured at t = 0,
for s- channel helicity amplitude vertices. Numerical
values for g's and relations to Lagrangian definitions
are given in the Tables. The energy scale s0 is fixed at
s0='1 GeV'. The mass m is given by the lowest threshold
in the t channel allowed by quantum numbers (e.g. ,
m=2m, for p,f; m=3m, for &o,A, ; m =mx+m„ for K*,
etc.). This presumably reproduces a reasonable impact
parameter distribution and introduces reasonable theo-
retical structure.

The trajectory is parametrized by

(3.11)

where n is the net helieity flip. A similar transform
pair exists for each amplitude.

(6) An elastic rescattering amplitude is defined as

M,«(s, t) =P(s, t) + (2q/gr) Mz(s, t) + Z(s, t) . (3.12)

Here I' is. the Pomeron amplitude from elastic scattering
and is determined from elastic data, and M& is the f
Reggeon exchange in elastic scattering. It has been
suggested by Collins and collaborators (see Collins and
Fitton, 1974, and references there) that f should be in-
cluded in M,«, and we will see below why it is indeed
necessary. Z represents the contribution to the absorp-
tion from the sum over all nonelastic intermediate
states. All we know for certain about Z is that it is
peripheral in impact parameter, since most contribu-
tions to it are peripheral. Thus we parametrize & as

Z(s, t) = —isde '(R~2+K) Jo(RO'[ t(lns —A/2)]'~2).

(3.13)
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A" and D must correspond to the behavior of a peripheral
object of size about a fermi, with B"expected to be
somewhat greater than lf, since the long-range n-.ex-
change tail will contribute. The size is set by d and the
energy scale by K. One value of d should hold for all
NN reactions, etc. Independent estimates of d are only
valid to about a factor of 3, so they are not very useful;
at medium energies Z and the edge of the Pomeron
should be comparable in size.

(7) The absorption is described by an effective S ma-
trix for elastic scattering

S, ,(s, b) =1 —i(2q )M, (s, b)/4n. s

where M,«(s, b) is calculated from Eq. (3.12) with Eqs.
(3.10), using Z from Eq. (3.13), I' from Eq. (3.6), and

Mf is an absorbed Reggeon.
(8) The full absorbed amplitudes are now

(3.15)

Mg y g y (8 t) 2g bdbM „, (s, b)Z„(v —f) . .

(3.16)

With these, one constructs the observables, as in the
Appendix, for any two-body reaction.

These rules, rather simple to state, give a general
prescription for describing two-body reactions. We will
discuss the implications of this prescription and com-
pare it with experiment below. The amplitudes depend
on some parameters, essentially the Reggeon trajec-
tories and residues which have not yet been calculable,
and on the geometrical quantities in the Pomeron. Al-
though there are considerably fewer parameters than
the number of reactions, there would still be too many
to meaningfully describe a single reaction. However,
we have determined ("measured") the parameters by
simultaneously describing a large number of reactions,
which tightly constrains them and appears to give a
fairly well determined set. In the future, analyses of
other reactions can be done with few or "no" parameters
by using our measured values.

In this section we have learned how to write down each
complete absorbed s- channel helicity amplitude. To
summarize: if the Pomeron contributes simply use Eq.
(3.6). For each Reggeon write the pole term from Eq.
(3.3) and transform it to impact parameter with Eq.
(3.10). Construct the elastic amplitude M,f,(s, b) by
adding the Pomeron from Eq. (3.6) transformed to im-
pact parameter, the inelastic intermediate state contri-
bution from Eq. (3.13) transformed to impact parameter,
and the f contribution (see Sec. IV.D for complete de-
tails). Now we have R(s, b) and M„,(s, b) for each
Reggeon contributing to the helicity amplitude. Multiply
these as in Eq. (3.15) and transform back as in Eq.
(3.16) to obtain the absorbed Reggeon contribution to
each helicity amplitude. Add all the Reggeons which
contribute and you have the full amplitude. The spin
structure for various reactions is discussed in the
Appendix, to help determine which amplitudes are pres-
ent. Numerical values for all necessary quantities are
given in tables in the appropriate part of the text. The

Appendix shows how to construct do/dt and experimental
obs er vables.

IV. DISGUSSION OF THE GENERAL PROCEDURE

In this section we give theoretical and phenomenolog-
ical arguments to explain the physical origin of the rules
postulated in the previous section. If something has been
discussed in detail in HK or in Ross et al. (1970) we will
be brief here.

In general, it will be clear that the theoretical situa-
tion could be worse, but could also be much better. Un-
fortunately, the worst gaps are in places where unitarity
effects matter, so it may be some time before better
theory is available.

A. The form of the Reggeon pole

The pole has the standard power law behavior s
and therefore must have the phase which is required by
crossing and analyticity, exp[ —iso.'(t)/2] time 1 or i for
signature. Theoretically, essentially nothing is known
about the form of the trajectory n(t) or the residue P(t).
There should be a pole of the amplitude at every other
integer value of the trajectory, which we have included
via I'([4 —o.(t)]/2), which introduces no other poles.

The trajectories are suggested by phenomenology to
be approximately linear near t = 0. At large -t their
behavior is a significant fundamental question. For
example, if hadrons were composed of a few point con-
stituents the trajectories would approach a negative
integer for large —t. For a world with a finite number
of infinitely composite hadrons with no point structure,
probably n(t)-( —t)~, where y is a fractional power like
4 or &. In a theory with infinitely many hadrons and
constituents, the trajectories wouM continue linearly.
We have chosen to use o!(t)- V t at large t, as shown in
Eq. (3.5).

In studying high-energy data for -t ~ 2 GeV' only the
linear behavior of cv at small t matters in practice. We
have considered the larger t behavior because it may be
possible, eventually, given a trajectory which is known
to describe small t data, to discriminate between quali-
tatively different large t behaviors even with a limited
amount of data. Figure 1 shows the pole trajectories
we have used.

The residue t dependence must also be chosen with
limited guidance from theory. We have tried to use a
form which is likely to closely resemble one from a
good theoretical treatment. Probably choosing n -~t
will imply P(t) —e ' ~ at large —t. The residue will show
some effect of the t-channel thresholds, especially for
the p pole which shouM have a strong 27t branch point.
Both of these features are included in our choice, Eq.
(3.4). Since we work with data in the scattering region
we define couplings g„„ for Reggeon x and external par-
ticles x and y, measured at, t=0.

The slope of the residue at t =0 is important for ex-
tending the range of applicability of the model to low
energies. For high-energy data (P~ ~ 5 GeV/c), the t
dependence is essentially determined by the absorption.
As the energy decreases the absorption strength grows
(see Sec. VII.B, F) and the results are sensitive to the
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impact parameter distribution of the pole, especially
how much is concentrated near b =0. The steeper the
pole in t the more spread out it is in b, so the pole slope
near t =0 matters.

One other feature of the pole term needs discussion,
its zero structure. For a number of years there has
been a controversy. Historically, the so-called "Michi-
gan" approach has been to argue that (1) a.ll known zeros
in high-energy amplitudes were naturally introduced by
absorption, (2) some known zeros (crossover zeros, the
zero in n = 1 m exchange near k= 0.5—GeV ) were only
introduced by absorption, and (3) no compelling theo-
retical argument required zeros in the pole terms at the
nonsense, wrong-signature points. Consequently, the
Michigan approach was to assume no zeros were pres-
ent in the pole terms until such a time as experiment
should require them.

The alternative view was that exchange degeneracy
requirements forced zeros in pole terms (Finkelstein,
1969). For a general exposition of this point of view,
see Jackson (1970).

Our approach here is the Michigan one, without zeros.
The dip structure of many reactions is given in a satis-
factory way by absorption zeros, and we have not found
any place where a zero is needed in a pole. This is a
fairly strong statement, since absorption zeros follow a
very clear systematics, correlated with helicity flip.
For example, a zero near -(=0.5 GeV' in any n=0 or
pg =2 amplitude for the p or ~ exchange contribution to
any reaction, where the nonsense wrong-signature zeros
are expected, would have ruled out the absorption ap-
proach. There is also evidence against the pole zeros
in some reactions (Ross et a/. , 1969; Kelly et al. , 1970).
In addition, many workers- have studied ways to get ade-
quate descriptions of data with zeros in the poles and

have generally been unable to do so. We are aware of
only one published statement that it is not normally pos-
sible to describe data with zeros in the pole, by Collins
and Swetman (1972). One approach, by Ringla. nd, Rob-
erts, Roy, and Tran Thanh Van (1972) has adequately
described the mN reactions but has not been applied (to
our knowledge) to the more stringent tests of nP -Pn,
yP -m'n, and related reactions. These questions are
discussed in detail by Fox and Quigg (1973).

The above arguments have all been phenomenological.
We do not have a new theoretical argument as to why we
think the zeros are not in the pole term. We suspect
that two points are relevant. First, exchange degeneracy
is a property of data, which are described by full ampli-
tudes, not poles. We suspect Finkelstein'. s arguments
should be applied to the full amplitude, qualitatively, in
which case the zeros are present and our attitude is con-
sistent with Finkelstein's. Second, the following argu-
ment may suggest what happens in a full dua]„ theory
(which includes the Finkelstein argument as a special
case when no loops are included). In a full dual theory
the leading Reggeon pole has higher-order contributions
which break exchange degeneracy by containing all dou-
ble spectral functions. These are shown, for example,
by Schwarz (1974) or Halpern, Klein, and Shapiro (1969),
Such pieces will shift the zeros in exchange degenerate
poles. We can very crudely estimate how important the
exchange degeneracy breaking is, by noting that both it
and the Reggeon —Pomeron cut in such theories are of
the same order in the relevant coupling. We know the
RP cut is of order 50/o of the amplitude at t-0, and
more important at larger t. Thus the exchange degen-
eracy breaking term which shifts the zero in the pole
away from the point n =0 could be quite large for the
actual leading Reggeon poles, which are what is relevant
for comparison with experiment.

Similar older arguments that the zeros were not in the
pole terms have been given (Henyey et a/. , 1969). Es-
sentially, the argument was that the same physics which
gave large absorption effects also breaks exchange de-
generacy and gives amplitudes without the zeros. These
arguments are as valid now as when they were given;
the interested reader can pursue them.

Whether the theoretical situation is clear or not, it ap-
pears rather definite that, in an approach to two-body re-
actions which is generally applicable and which is based
on definite parity Reggeon exchanges modified by ex-
ternal hadron interactions, the pole terms will not be
taken to have exchange degenerate zeros. Any model
with the zeros will be significantly different in its basic
structure, although certainly a hybrid version could be
constructed.

FIG. 1. This shows the actual trajectories we use. Only the
region 0 &t & —~ GeV is determined by the data. For a dis-
cussion of the exchange degeneracy breaking see Sec. VD.E,
and for a discussion of the shape, Sec. IV.A. The p, ~, A2,
and ~ are rather well determined, thef moderately well, and
the R poorly determined.

B. The effective Pomeron

In this section we will discuss the "effective" Pomeron
amplitude which we have written in Eq. (3.6). By "Pom-
eron" we do not mean a simple t-channel pole, but mere-
ly the amplitude corresponding to diffractive elastic
scattering, whatever its or igin or J-plane properties.
Our amplitude will be an effective" one because it will
take into account the important effects, and have rea-
sonable behavior at least for s large and for t&0 and

Rev. Mod. Phys. , Vol. 48, No. 2, Part I, April 1976



318 G. L. Kane and A. Seidl: Two-body hadron reactions

M, (b) =0(R, —b),
then

M, (t) =R,' J,(R,~t)/R, v t . —

(4.1)

(4.2)

Similarly, if the edge were a dimeqsionless delta func-
tion

-t «s. Whether it also behaves reasonably in other
regions (e.g. , small s, positive t, the 4 plane) has not
been looked at very much and will only be mentioned
briefly below.

The basic view that motivates our Pomeron is an s-
channel one —elastic scattering is the shadow of all in-
elastic processes, via unitarity. The interacting par-
ticles are hadrons which interact more or less as
strongly as possible, rather than by an exchange of a
fundamental t-channel singularity with small modifica-
tions.

With this basic view in mind, then, we assume that
one can think of two hadrons interacting in terms of two
components, a central core plus an edge. The central
piece is something like a black disc of radius somewhat
less than 1 F, say R, & & F. The'edge is peaked at
around R, ~ 1 F.

With the transform Eq. (3.11), if the central part were
given by a pure black disc

Zachariasen, 1971; Cheng and Wu, 1971) or R lns, and
additional final state multipar ticle absorption presumably
reduces it more (Blankenbecler et a/. , 1973; Ciafioloni
and Marcheseni, 1974), so R —(lns)' with @&1. All of
these arguments should apply to the edge part of the
Pomeron, where very strong unitarity effects do not yet
operate and presumably a multiperipheral kind of dy-
namics is relevant. Thus with some justification we
have used R,'- lns.

For the central region, presumably a different dynam-
ics operates at present energies. The data show less
shrinkage and a faster growth in multiplicity than could
be expected from multiperipheral types of models
(Henyey, 1973). The data also suggest a slow increase
of the central region in size. Consequently, we put
A,'=A,', +x,'lns, where we expect x,'lns to be a small part
of R at ISR energies.

We want to guarantee that the Pomeron amplitude has
even signature. Then absorbed amplitudes will have
correct crossing properties to leading order in s as
well. To do that, it is sufficient to relate the phase and
the energy dependence by using the quantity se " as a
var iable.

Putting all this together, we have

P(s, t) = —is [A,ee~'R,' J',(R,~t)/R, ~t

M, (b) =R,b(R, —b),
then

(4.3)

with

+A,e e'R,' Jo(R,v t)], (4.5)

(4.4)

In reality the disc cannot have a sharp boundary and
the edge contribution cannot be sharply peaked but must
be spread out. Depending on how the spreading is done
the result can take many forms; the simplest is to
multiply the Bessel functions by monotonic functions
such as exponentials. The slopes of the exponentials
are a measure of the spreading out; as the slopes ap-
proach zero the sharp edges are obtained. One would
expect values corresponding to about 2 F to be reason-
able.

What about energy dependence'7 It is attractive to try
the hypothesis that we can allow the radius to change
with energy and need introduce no other s-dependence
(Kane, 1972a; see also Sec. VII.D.1). The fact that
shrinkage is observed over a wide range of energies sug-
gests that the size of hadrons increases slowly with s,
diffraction peaks getting sharper.

Precisely how the radius grows with energy is unclear.
Three arguments suggest, crudely, that we assume the
edge radius A,'-lns. The first is that an important con-
tribution to the elastic amplitude may arise from Reg-
geon exchanges via unitarity, in which case M- e'

R2 g.-8 ' so A'-in@. A second argument, , presented by
Stodolsky (1969) for hadrons, comes from the observa-
tion that the multiplicity grows with s. Then at a higher
energy there are more virtual particles around colliding
hadrons and a given collision probability occurs at a
larger radius than at a lower energy. If {n)-Ins and
oz-A, then A2-lns.

Third, elastic absorption applied to a power law am-
plitude reduces the growth to or- In's (Finkelstein and

R,' =R', ++0,'(Ins —iv/2) and R,' = 'R(1 sn—im/2) . (4.6)

In this amplitude the parameters are constrained by
geometrical ideas. R, should be & —

& F, R, -1—1.3 F;
for B„B„which measure the "rounding of the edges, "
note that if only an exponential e ' were present, it
could give a range in b of 4B, so B =4 corresponds ap-
proximately to —, F, while B =1.55 corresponds to & F.
The sum of A, R,'/2+A, R,' just gives. o' r. The ratio A, /A,
is constrained by the contribution of the peripheral part
of the elastic amplitude, which is given partially by the
long-range 2m cut and partially by the contribution of
peripheral diffractive processes to unitarity.

In practice we fix these parameters by describing
elastic data, which determines them well. They al1 have
values consistent with those expected. In addition, the
role of the Pomeron in absorption is very sensitive to
its details and the same Pomeron is used both in de-
scribing elastic data and in absorbing.

In addition to its role in our picture of two-body reac-
tions the above Pomeron amplitude is of great pedagogi-
cal value. All of the properties of high-energy elastic
scattering are nicely summarized in a clear way in its
properties. We briefly describe here how each impor-
tant feature of the data is easily understandable.

1 Small t slope

We can estimate the small t slope by calculating the
logarithmic derivative as t 0. This is

[dM(t)/dt], , A, R,'(E, +R,'/8)/2+A, R,'(B, +R,'/4)
M(0) A, R2/2 +A, R,'

(4.7)
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If M(t) =ae~'~' so da/dt-e" this derivative would be 6/2.
To see numerically what this is we assume

B,=B,=2 GeV ',
R = —, F='-' GeV '

C

R, =1.2 F=6 GeV '.
Then as the edge contribution varies from ~ to —, of M(0)
the slope of da/dt would vary from 12 to 14.4 GeV 2.

The result is very sensitive to the size and radius of the
edge term, which dominates the slope. This range con-
tains the experimental values.

At a lower energy the radii are smaller and the slope
will be smaller. The edge contribution is large at t = 0
because of the radius, and even steeper away from t =0
because it is quickly going to zero; the first zero of J,
is around -t =0.2 GeV' for R =1 F. At small t this ef-
fective Pomeron will show shrinkage (approximately
lns) indefinitely with. increasing energy because A grows
indefinitely. But as soon as —t ~ 0.15 GeV' the situation
changes because of the interferences.

2. Medium t energy dependence

Away from small t the energy dependence is more
subtle, though still easy to understand. Basically, in
the region from —t = 0.2 to —t - 1.0 GeV' the following
picture holds, as in Fig. 2. We show the result for K'p
since that is relevant to new data, but the same picture
holds for Pomeron contribution to any reaction.

The central contribution varies very slowly. with ener-
gy compared to the edge. At the t value ( I =0.56 GeV'—
here) where the two contributions cross (this will always

occur because of shrinkage) the amplitude itself is not
changing with energy so the shrinkage rate has gone ap-
proximately to zero. This will happen at a f, value which
varies slowly with energy but is beyond —t =0.2 GeV'; as
s increases the crossing t-value moves slowly toward
( =0 so the data will develop an inward bend, as shown
in Fig. 2(b).

In two reactions that we know of the data are behaving
this way, perhaps because of this mechanism. These
are yP- yj at SLAC, from a few GeV/c to 16 GeV/c,
and the ISR elastic PP scattering. Both are consistent
with no shrinkage near —t = & GeV and with small t
shrinkage. Preliminary data from FNAL shows similar
behavior (Akerlof et al. , 1975).

3. Large tdip

Consider the zero structure of our effective Pomeron.
The zeros of J,(x) are at x=3.83 and 7.0, etc. and those
of J,(x) at x =2.4, 5.5, 8, 65, etc. Thus we will get a dip
in da/dt near f = 1.4 GeV—', the exact position depends
sensitively on both radii, since the zero must be near
the zero of the J, but can be shifted by the J, (outward).
A second dip may appear at about -t =4.2 GeV 3ccord-
ing to these systematics, although by that large a t it
would be somewhat fortuitous to actually see it because
of the real part of the amplitude. From this point of
view the zero at —t = 1.4 GeV' is due to the structure and
size of the central region. The depth of the dip in der/dt

depends on the real part of M(s, t), which could always
turn a dip into a break; we will discuss the real parts
below. At energies below a few hundred GeV/c the Reg-
geons will not be negligible in dip regions, and they

I00 I I I I I I I I I I I
'f00-

(b)

30

t

.4 .6 .8 'l,.O 'l.2 f.4
-t (sev')

FIG. 2. Shows at two energies the t dependence of the imaginary part of the Pomeron amplitude, separated into the central and
edge contributions, forK p as a typical example. The central contribution varies very slowly with energy, the edge contribution
varies noticeably. Because of the shrinkage int of the edge (expansion in size), at some t value near 0.5 GeV no shrinkage will
occur in the full amplitude. At a smaller t there wil1 be shrinkage, at a larger t antishrinkage (hidden in pp because of the ap-
proaching zero). This gives a cross section which bends inward with increasing energy, as shown in 2(b) (only the Pomeron part
of d~/dt is shown). Such behavior wi11 appear whenever data is dominated by the Pomeron, e.g. , a11 reactions above about 100
GeV/c, K+p at even lower energies, and perhaps yp —yp at SLAC energies.
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4. Phase —ReM(s, tj at all t

The phase of the Pomeron is one of its most interest-
ing and important aspects; it is not often studied. Inde-
pendent of any model, if the even-signature elastic am-
plitude changes with energy at any t value then it will
have a nonzero real part at. that t value. This can be
seen intuitively by our method of using se " ' as a vari-
able; then with any s dependence goes a phase. In par-
ticular, if the amplitude depends on lns it will really de-
pend on Ins —im/2.

The general result is given by the very useful formula

ReT(s, t) = tan — ImT(s, t)
'Tt'

(4.8)

where T(s, t) =M(s, t)/s (Bronzan, Kane, and Sukhatme,
1974). The tan is defined by its power series expansion.
This form holds for any even-signature scattering arn-
plitude.

Since ImT is slowly varying, only the first term in the
expansion is needed,

ReT(s, t) = — ImT(s, t) .
7T d
2 dlns (4.9)

will fill in the dip by 100 GeV/c.
A similar discussion can be given for zN and KN, with

radius scaled by u v~. At high energies we find ImM, ~ = 0
near —t =2.1 GeV' and ImM~~=0 near —t =2.5 GeV'.
Above low NAI energies the dips are not filled in by
Reggeons and should be observed.

C. Diffractive production

From the point of view of our analysis, low-mass dif-
fractive production is relevant in two ways. First, the
view of hadron reactions we are studying suggests rather
clearly that low-mass diffractive production will occur
peripherally in impact parameter, with the central re-
gion being suppressed by unitarity and by absorption.
Et suggests that changes in mass and in spin may give
comparable amplitudes. From these suggestions (Ross
et al. , 1969; Cohen —Tannoudji, Quigg, and Kane, 1972;
Kane 1972b) one can construct a model for diffractive
production which predicts or is consistent with many
features of experiment, including the slope-mass cor-
relation, the dip structure in the t dependence, and the
helicity structure. To do so it is necessary to have
further physical arguments for the relative amount of
production of states of different J or M', and so far no
compelling arguments have been given. There is too
much freedom to consider most features as confirmed
or even tested. Whatever the final form, the peripheral
nature of low-mass diffractive production, which is what
is most important for us, is confirmed qualitatively by
the presence of a dip or break at -t = 0.2 GeV' in the
cross sections.

Second, thinking of absorption as 3n s-channel rescat-
tering effect and picturing it as in the box diagrams of
Fig. 4, we expect diffractive inelastic states to enter in
an important way in the sum over all inelastic inter-
mediate states. Presumably at high energies they are
the most significant inelastic contribution.

To see the phase that goes with the effective Pomeron
we could directly compute the Bessel functions of com-
plex argument. To see qualitatively we can just make
an expansion in (m/2)/lns, so

D. The absorption prescription

We use the absorption prescription of Eq. (3.15). It is
the physically obvious choice, originated by Sopkovich

iJO/R [—t(lns —im/2)]'~'].

= iJ,[R(—tins)'I'] — (—tins)'~' J,[R(—tins)'~'],
4lns

10QO0 [ ] [ ( f t l l l j I 4 f I I l

iJ,1P [—t(lns —im/2) j'~']
R [—t (lns —im/2) ]

(4.10) 1000

100

(4.11)

i.e. , the real part of M, is approximately -J, and the
real part of iZ, (x)/x is approximately —J,; both J, and
J2 vanish at t = O. In addition there is the factor in front
iR'-i(ins —iw/2) = w/2 +ilns, so if or rises one has for
the even-signature amplitude at t =0 ReM/ImM =@/2lns.
Thus we expect that we should find the Pomeron phase
as in Fig. 3.

Note that over most of the range in t the ratio
ReM/ImM is negative. At lower energies the Reggeon
contributions enter here as well and are negative at
small t, so the ratio is entirely negative; that is very
important for understanding the effects of absorption.
Analysis of the data using Eq. (4.9) confirms this pic-
ture (Bronzan et a/. , 1974).

10

0 .2 .4 .6 .8 1 0 1 2 1 4 1 6
-t (0eV')

FIG. 3. The predicted Pomeron real and imaginary parts vs ~

at a typical ISR energy. The energy dependence of ISR data
suggests that the prediction is qualitatively correct (Bronzan
et al, 3.974). Both real and imaginary parts shrink slowly,
with zero and mwrima moving toward t =0.
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a c a c c C C

R fP, f + ~ R IP, f
b d d

'
b d" d

(1962) and shown to be relevant to particle physics by
Gottfried and Jackson (1964) and by Durand and Chui
(1965).

It is an attempt to take unitarity effects into account
in an approximate way, so it is unlikely that a full de-
rivation will be feasible, because of the complexity of
the unitarity effects. Rather, we assume that the basic
prescription is so obvious as not to be in question. But
the real physics question is the interpretation of 8,«.
What proc e sse s signif icantly affect the hadronic scatter-
ing, and precisely how do they enter in S,«?

Certainly M,«will contain the Pomeron part of the
elastic amplitude, and this will be the largest single
contribution. One could argue that the full elastic am-
plitude at a given energy should be used. Collins and
Swetman (1972; see also Collins and Fitton, 1974) have
proposed that the f should be included. Probably it is
sensible to retain the f contribution and not others, so
the crossing properties and quantum numbers of the ab-
sorbed amplitude are not changed from those of the
pole. One might hope that various cancellations make
the other contributions small, but there are no compel-
ling arguments.

Phenomenologically, there is a very convincing argu-
ment that for us the f is present. As shown in the sec-
tion on ihe effect of the Pomeron phase on absorption
(Sec. VI.A), it is necessary that over most of the t range
one has ReM„,/ImM„, negative. For our Pomeron if

0~ were constant this would be automatically true. But,
with err rising, one has ReP/ImP positive at t =0 and for
small t, at all s. The phase of the elastic amplitude
which has the correct effect on Reggeon phases via ab-
sorption is the phase of actual elastic scattering, not
the Pomeron part. Thus from the phase properties it is
clear that the f (which is the main Reggeon contribution)
should be included. Before the knowledge of the rising
0~ it was not possible to decide this without either ex-
tensive energy-dependent polarization data or a better

theory of how to construct M,«,' given the rising 0~
there is basically no choice for us.

The other contribution to M,« is the sum of all inelas-
tic intermediate states, as shown in Fig. 4. Here we
need to know three things in practice: the size of the
contribution, iis energy dependence, and its shape in b.
Fortunately the latter is probably known —it is peri-
pheral —since the main contributions will be low-mass
diffraction and Reggeon exchanges, both of which are
known to give peripheral amplitudes. The size is also
not too bad a problem. Assuming it is a parameter for
one reaction, once it is determined there, its relative
value in every other reaction can be guessed at from
coupling constant values, at least crudely. We can even
guess at its absolute value from knowing inelastic and
two-body cross sections, and the results are reason-
able, though too crude to take as more than a consis-
tency check.

The energy dependence is a harder question. One can
construct arguments giving everything from a falloff to
a rise like 0~. Again, the energy dependence implies a
definite phase, and we know phenomenologically w'hat

phase the absorption should have. This suggests the in-
elastic intermediate state contribution varies more
slowly with s than the elastic. Higher-mass intermedi-
ate states will come in at higher energy, and Reggeon
contributiqns will have a falling power. When good po-
larization data is available at energies above 25 GeV/c
for nonelastic imo-body reactions it will be possible to
directly test the energy dependence of M,«. For now,
we have parameterized it as in Eq. (3.13).

We also need to consider the energy dependence of ab-
sorption as we go to low energies. At extremely low en-
ergies no particle production occurs, so there is no ab-
sorption into other channels. However, unitarity bounds
exist at each impact parameter and are often approached
or exceeded by Reggeon exchange contributions. A sup-
pression of partial maves thus occurs which is very like
absorption in that it is smooth and reduces the central
partial waves the most. The presence of the m-exchange
peak in np-pn and yp-~'n down to low energies is evi-
dence for this. Consequently we expect approximately a
constant amount of absorption as the energy increases
until at high energies shrinkage effects spread the Pom-
eron out in b and reduce the absorption. These argu-
ments lead us to choose the connection between M and
Sto be

0,5 S„,(s, b) = 1 —iM„,(s, b)/4n's (4.12)

(b)

FIG. 4. Part (a) illustrates the contribution of one Heggeon A
to the process a+b c+ d. There is the pole term, the elastic
absorption with Pomeron rescattering and with f rescattering,
and the sum over inelastic intermediate states. See Sec. IV.E
for discussion. Figure 4(b) shows the effective absorbing s-
matrix vs b, for PP scattering at 6 GeV/c. The contribution
from the elastic and the full Sgff are shown. Note how & eff ab-
sorbs almost completely below ~ F (( S,s.

~
&0.1 there).

at all energies, with M(b) =2q'M(b). Since M-s, the en-
ergy dependence of M,«(s, b) is due inainly to the loga-
rithmic growth of R .

Here we have summarized our approach io choosing
the amplitude that determines the hadronic rescattering,
in the absence of a way to derive it. Perhaps someday
a derivation wi11 be possible but for now we have to be
content with the above hybrid approach, where we mix.
conjectures, known theoretical constraints, and phe-
nomenological requirements. We emphasize that, having
settled on a procedure, we do not vary it. All of the re-
sults of Sections VI, VII, and VIII are obtained with this
absorption procedure.
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It is worth remarking that in principle, and maybe in
practice, the question of how hadron rescattering be-
haves can be directly studied (Block et al. , 1973). This
is because in several processes which proceed by pho-
ton exchange, such as K,p-K, p, pp- AA, Ap- Ap,
factors of v t co—me from mass or spin changes at the
vertices to cancel the photon propagator. Then the t de-
pendence comes from the form factors and is sharp, so
that the interaction occurs in a small impact parameter
region of order one fermi, and absorption will strongly
affect the observables. Since the photon exchange poles
are known, absorption models can be tested and perhaps
the appropriate procedures deduced. This can be done
at high energies where the photon exchange will domi-
nate these processes; it is barely possible that it could
be carried out at Fermilab and the ISR. It could cer-
tainly be done at Isabelle energies.

E. Why are s-channel helicity amplitudes useful?

In the absence of any physics apart from the Lorentz
group, all sets of amplitudes are of course equally good.
It is common to use s-channel helicity amplitudes
(SCHA), f-channel helicity amplitudes (TCHA), invari-
ant amplitudes, and transversity amplitudes. For vari-
ous purposes one or another set of these will be most
convenient.

If one's purpose is to look for useful and simple struc-
ture in HE two-body hadron reactions, it now seems
clear that one should use SCHA for two basic reasons.
This was first emphasized by Ross et a/. , 1969.

The first reason is completely general, and is that
angular momentum conservation gives constraints which
must be satisfied and are only simply expressed for
SCHA. From Eq. (A23), ea.ch SCHA must vanish as the
scattering angle approaches zero as

[sin(9/2)] ' ""=[sin(gj2)]", (4.13)

where n is the net helicity flip. Thus a peaking or van-
ishing in the forward direction is characteristic of SCHA
for general reasons. Any other set of amplitudes mixes
the SCHA so it is harder to interpret forward behavior.
In addition, theoretical models for other sets of ampli-
tudes must be made to satisfy the above constraint,
which can make calculations complicated, and under-
standing parameter behavior difficult.

The second reason follows from the importance of ab-
sorptive rescattering effects. In practice we expect
definite parity exchanges which are modified by absorp-
tive rescattering of the external particles. The absorp-
tive rescattering has the properties of diffractive elas-
tic scattering and to a good approximation is known not
to flip s-channel helicities. Thus, generally, the spin
properties of the SCHA definite parity contributions are
preserved by the absorption, while those of the TCHA
definite parity contributions are completely mixed up
and no simple properties hold for the full TCHA. This
is the essential reason why SCHA are more useful than
TCHA.

There are two different sorts of behavior that are
simpler for SCHA; several examples will be given be-
low. The first occurs when an amplitude is zero from
the definite parity exchange. Then it stays zero for the

SCHA, but not for the TCHA. For the latter one must
rotate to the s channel, absorb, and rotate back; the
effect of absorption is different on different amplitudes
and the cancellation that gave zero for some TCHA no
longer happens. The second occurs bec'ause absorption
(whatever one's approach) removes low partial waves in
a smooth way from SCHA, so momentum transfer dis-
tributions are sharpened and perhaps zeros introduced
in a systematic way for SCHA. For other kinds of am-
plitudes the zeros are obscured by mixing together sev-
eral amplitudes with different zero structure.

When resonance production is studied, it is thus most
important for experimenters to present s-channel, heli-
city frame density matrices. Amplitude analyses can be
done for any convenient set of amplitudes, but at the
present time attempts at understanding the underlying
physics should normally relate data to the SCHA.

In Sec. IV we have discussed why the model takes the
form it does. In the next two sections we go on to de-
velop an understanding of the properties of the model,
first at a crude level in Sec. V, and then for the full
model in Sec. VI.

V. HQII ABSORBED AIVlPLITUDES BEHAVE

The various forms of absorption models should be
viewed as attempts to take unitarity effects into account,
It should probably be emphasized that they are not
viewed by their originators as attempts to fit data but as
models for the behavior of strongly interacting parti-
cles. As we have remarked, although the approximate
models constructed may not yet be good ones, it would
seem quite remarkable if two-body hadron interactions
were not strongly affected by s-channel unitarity.

We will not analyze the derivation of the absorption
model carefully —there have been no new insights into
that in several years. Bather, in this section we will
give the most naive and physically transparent argument
that gets one to the standard answer, and discuss in de-
tail the interpretations and implications of that answer
and how absorbed amplitudes behave.

The purpose of Sec. V is to provide a simple illustra-
tive analytic example of the properties of absorbed am-
plitudes, for readers who have not previously encoun-
tered such questions. The results are not particularly
realistic, but they, do show how the basic effects arise.
An understanding of the structure of the complete model
is perhaps best achieved by seeing how the simple ver-
sion is improved.

A. Approximate calculations for spinless amplitudes

Assume thai in the absence of unitarity corrections
for the external particles the high-energy amplitude for
some reaction is R(s, t), with partial-wave expansion

R(s, t) = g (2l+ 1)R,(s)P, (cose) .

We will refer to R(s, t) as a pole teem. The particle
poles have definite naturality —poles of spin J and nat-
ural parity have parity =(-1)~and poles of spin j and un-
natural parity have parity =(-1)~+'.
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Next we assume that the effect of the initial and final
state interactions is to shift the phase in an amount
given by the diffractive elastic scattering of the initial
or final states, the Sopkovich result. We assume that
the full amplitude M, including all effects, is given in
each partial wave by

M (s) =e "1"'R (s)et'1'("
l (5.2)

where the 5~" are the phase shifts of the elastic scatter-
ing in the final or initial states, respectively. Each 5,
is mainly imaginary because the scattering is diffrac-
tive; the 5, are related to the elastic amplitude M" at
high energies by

For ~"we assume

M" = —iso ~e
~' . (5.10)

f Z, (Px)x'"e '~dx = P'e + "/(2y)"',
0

(5.11)

This form (with our normalization) satisfies the optical
theorem, and assumes a purely imaginary Pomeron
giving a diffraction peak of slope 2B in da/dt. Again, it
should give us a reasonable indication of how t;he ab-
sorbed amplitude behaves (though it seriously misleads
us about detailed questions, as we will see below).

Using the identity

Se' =e't(' l = 1 —iM /e8)t . (5.3) we get

In practice, we also assume that M is the same for
initial and final states, although one could carry out cal-
culations using Eq. (5.2) if so desired The. n we can sub-
stitute e 'pt from Eq. (5.3) into Eq. (5.2), giving

and

Me 1 ( b )
— — &. b/4B-s, =

4 2~ e (5.12)

M, (s) =R, (s) —(i/8)r)R, (s)M (s) . (5.4) R(s, t) =, e ' "",
4q A

(5.13)

It is a little easier to see what happens if we switch to
an impact parameter representation. Writing

l+ g =qb, &l =1=q&b,

so

M(s b) R(s b) T e (b /4)(1/Aql /B)
32q AB (5.14)

P (cto8s) —Jp(b )t:t),
we have

B(s, s)=2q f bdbq (bq:s)R(s, b),
0

=1R(s, b) =, v tdv-tJp(bv t—)R(s, t), —
2q 0

(5.5)

(5.6)

(5.7)

M(s t) =R(s t) — bdbJ (bv-t)e " / '"
16mHz 0

—.("- '0 B e» t.l(&+&)
8mB A+B (5.15)

The first term is the pole R(s, t). The second is the ab-
sorption correction. Note that the two terms interfere
destructively.

Note also that

and Eq. (5.4) becomes

M(s, b) =R(s, b) —(i/8')R(s, b)M" (s, b), (5 8)
Sel(s b) —1 & e-b /4Bgz 2

8mB
(5.16)

[(S/S )e-tq/2]ap+ a't —ae At

a = [(s/s, )e * "] o, A = o.'(in(s/sp) —i)t/2),

(5.9)

where the t dependence is explicitly shown. Ignoring all
other t dependence to see qualitative behavior, we can
use this form:

with M(s, t) given by a transform as in Eq. (5.6). Note
from Eq. (5.4) or (5.8) that the absorption correction
adds to the pole (destructively) and is constructed by
multiplying amplitudes in impact parameter or partial
waves. If the correction did not have the opposite sign
to the pole it could not be thought of as due to the phys-
ics of absorption.

The basic physical idea is apparent here —the absorp-
tive rescattering occurs locally in impact parameter
(angular momentum conservation, approximately).
Thus, we calculate R at each b, multiply by M" at the
same b, and transform to t.

Next we want to see how this behaves by choosing very
simple forms for B and M". If R is a Regge pole, it is
proportional to

As soon as we put in some numbers we can see the
structure. For mN scattering we have typically

so

v =25 lnb=60 Gev IA I

= IB I
=4 Gev '

o' r/8ltB = 0.6, B/(A+B) = 1/2 .

(5.17)

(5.18)

Thus
2S"(s,b) = 1 —0.6e b /4B

M(s, t) = a(e" —0.3e") .

(5.19)

(5.20)

The s wave (b =0) is 60% absorbed away and higher
partial waves are less and less absorbed in a smooth
way. The pole and absorption correction interfere de-
structively, introducing a zero in M(s, t) at -t = 0.6
when the two terms cancel. Although a zero is intro-
duced, this is a spinless amplitude (n =0) so we suspect
(from our experience with data, e.g. , crossovers) that
the zero really should be at about -0.2. The units for
t are always GeV'. At small t, the amplitude (and cross
section) is reduced in size and is sharper in t.

When we think about the structure of Eq. (5.8) we see
that we can think of the absorption correction as a double

Rev. Mod. Phys. , Vol. 48, No. 2, Part I, April 1976



G. L. Kane and A. Seidl: Two-body hadron reactions

scattering in an appropriate sense (Fig. 4); the ampli-
tudes involved are always physical on-mass-shell ones.
This is just the meaning of multiplying amplitudes in im-
pact parameter space.

We ean then ask why we did not include other interme-
diate states in addition to g and d. For example, the
Reggeon could excite a state e* which could make a. dif-
fractive transition to e. Since the total amount of dif-
fractive production is at least & of the elastic cross sec-
tion, if we again take the most naive approach and as-
sume (incorrectly) that both have the same shape in 1I,
we could have a coefficient of 0.9 for the Gaussian in 6
in Eq. (5.19) rather than 0.6. Thus the s wave would be
90% absorbed away —this seems a more reasonable re-
sult for hadrons. Now the zero moves in as well, to
about -t =0.4, also a more reasonable result.

The question of the strength of the absorption has long
been a controversial subject. To some workers it has
seemed clear that for hadron interactions with big cross
sections the s wave had to be essentially absorbed away
(strong absorption). To others it was desirable that only
elastic intermediate states would contribute (weak ab-
801'p't1011). Fl OI11 a diffeI'ell't polI1't Of view RusslaI1
theorists, beginning with Gribov, Pomeranchuk, and
Ter-Marterosyan (1965), and followed by Kaidalov,
Ter-Marterosyan, and collaborators, have used field
theory and Z-.plane techniques to discuss and estimate
the size of intermediate states in addition to the elastic
one. They have generally found amounts giving fairly
strong absorption.

We believe that the sum over intermediate states con-
tributes significantly, but with a shape in impact param-
eter different from the elastic shape (peripheral versus
central). It is peripheral in b because most inelastic
contributions, diffractive or not, are peripheral ih b.
Then a much smaller size for the sum enters but in just
such a way as to play an important role; it blackens the
absorbing disk at larger b, increasing its radius [see
Fig. 4(b)].

In the past (before 1972) the absorption was often
strengthened by the approximation of a multiplicative
factor A, . This procedure was reasonable for seeing the
behavior of absorption models in the earliest applica-
tions, but for the past few years it has been only of his-
torical interest and one should directly include the addi-
tional contributions, with their different behavior in im-
pact parameter and perhaps in other variables. As often
happens, the first efforts in a new direction had some
validity but needed improvement. We emphasize this
because some workers in recent years have apparently
not been aware that the inelastic intermediate state con-
tribution is better understood now, and they have com-
pared the older approach with experiment, rather than
the improved one.

We see then that absorption modifies considerably the
t dependence of the pole. The absorbed amplitude also
has a different energy dependence from the original
pole. The basic s o is in the factor a in front in Eq.
(5.20). At small t the pole dominates and shrinks,
while beyond the zero the cut dominates and shrinks
differently while falling somewhat faster because of the
I/Ins. T116 ill'tel'sec'tion polll't w11ere tile zero ls moves
slowly with energy because both terms shrink and one

falls with energy.
One subtlety we have ignored above is that M is com-

plex. Its real and imaginary parts will really have sep-
arate zeros because they always have a different zero
structure in the pole, but the final zeros will be nearby.
They are all complex zeros in t. If the pole term had
zeros to start with, the pole-absorption correction in-
terference would move them in toward zero.

Finally, the size is affected in an important way; it
is reduced by about a factor of 2 in amplitude at t=0,
and more at larger t. Thus attempts to relate cross
sections to coupling constants must take absorption into
account.

Next we want to consider how data would look if some
version of a naive absorption model were valid. Final-
ly, still later below, we will add the effects embodied
in the present form of the model and see where they
matter.

B. Helicity structure

For understanding real data it is essential to take
account of spin. Different helicity amplitudes behave in
completely different ways as functions of both s and t.

A good deal of the apparent complexity of hadron data
comes from the presence of several helicity amplitudes,
each behaving differently. The structure of each ampli-
tude is, in the model, rather simple and characteristic.

For the spinless case P, (cos8)- Jo(b~t) [Eq. (5.5)].
When spin is present we have the Jacob-Wick helicity
amplitude expansion, Eq. (A23). The general case has

d„(&)-Z„(bv t), —

where bMt= (2J'+l)sin(8/2) and n = ~p. —X ~, giving Eq.
(5.21) below. This is valid in the same approximation
for the case of general spins as the form with Jo is for
the spinless case, except that in addition here we are
neglecting any contributions in S,«which flip helicities.
The form of M" is just the same. We are assuming that
M does not flip s-channel helicities, which is certain-
ly a good approximation at nucleon vertices, and pre-
sumably everywhere. Remember, the Reggeon term
will have a factor (-t){"")t' because of angular momen-
tum conservation and definite t- channel parity, while
the absorbed amplitude has only (-t)"~', as t- 0, since
it does not have a. definite parity.

Thus for an arbitrary SCHA we have

bd'"', {s,b)=2q' f bdbR, ,{s,b)

xS II(s, b)J' (b~t) . (5.21)
Since the absorption only depends on n as far as heli-

city dependence goes, all amplitudes reit& the same n
axe absorbed tke same zvay. Tkis is an imjoxtant and
testable prediction of the absorption model. It generates
relations among density matrix elements, and certain
aspects of universal impact parameter shapes and de-
rivative relations among amplitudes.

C. Qualitative systematics —Bessel functions,
range of forces

Amplitudes calculated from Eq. (5.21) have a number
of rather general and cha, racteristic features, some of
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which we describe here.
Consider amplitudes with x =0. Suppose the Reggeon

term, which decreases like a Gaussian in b, is negligi-
ble beyond some radius Ro. S,« is very small at small
b, absorbing away essentially all of the s-wave, and
grows to one at large b. Thus

ill(S, l )S.„(S,l ) —5(l -a,), (5.22)

leading to (Ross et a/. , 1969)

MI~~. ~ ~~(s, f) —
y~~ y~~~~J„(R~t) . (5.23)

The y's are constants associated with the sizes of the
pole vertices. In this naive form the systematics are
very clear. TVe expect zeros in the real and imaginary
parts of the SCHA near the zeros of j„. If Ro = 1 F, for
n =0 the first zero is at -t =0.23 GeV', for n =1 it is at
0.6, and for n = 2 it is at 1.06. Of course, even in the
naive absorption model the real and imaginary parts of
the amplitude will not have exactly coincident zeros be-
cause the integration over the phase separates them.
An edge which is spread out instead of a delta function
may multiply J„by a smooth function such as e", for a
reasonable interpretation we must have g ~ 3 GeV '.

It should be emphasized that these systematics are
only meaningful in a model which includes significant
contributions from intermediate states in addition to the
elastic ones —a strong absorption model. Otherwise
important central contributions are present and the J„
behavior is not expected.

If we go back one step to see how the systematics
arise we can get a feeling for how changes will occur.
The four main amplitudes needed to understand two-body
reactions are shown in Fig. 5, still for the naive model.
The real amplitudes will not behave precisely in this
way, but these pictures are very useful for understand-
ing the basic ways in which the model amplitudes behave
for different helicity flips.

In the following we abbreviate "absorption correction"
by AC.

The n =x=0 amplitude behaves as in the spinless case
above. The pole is approximately exponential, while the
AC is approximately exponential with a smaller slope,
so they intersect giving the amplitude a zero. For
n=f, x=O, both pole and AC vanish as v-t in the forward
direction; then the AC slope is smaller so they inter-
sect, but at a larger -t than for the n=x =0 case, near
0.6. For n = 2 the intersection is even further out. Even
with the full absorption it can be seen that for small f
(-t a0.4 Ge V) only n =0 amPlitudes are significantly af-
fected; this is because the other amplitudes all vanish
for b =0 and thus feel much less the removal of low
partial waves.

For amplitudes with n&0 and for t ~ 0.4 GeV' it is a
detailed quantitative question to distinguish between
models. For example, the n =1 amplitudes from the
naive absorption model and from an exchange degenerate
pole model are hardly different there. Since all models
will have approximate exchange degeneracy near t = 0
because the data do, it will be safe to assume that am-
plitudes with n& 0 are approximately exchange degen-
erate at small t in any reasonable model, including a
strong absorption model without exchange degenerate
poles.

I I I I I I I I I I I I

0 .2 .4 . .6 .8 1.0 &.2

X=0
I 1 I 3 & I I I I I I I

0 .2 .4 .6 .8 1.0 'f. 2

\

I
/

I
l

I
1

l

i I

n=2, X=0 V=0, X=2
I I I I I I I I I I I 1 I I i I I I I I I I I I

0 .2 .4 .6 .8 $.0 '1.2 0 .2 .4 .6 .8 &.0 '|.2
-t (GeV') -t (GBV~)

FIG. 5. This illustrates the behavior of the four most impor-
tant s channel helicity amplitudes. The magnitudes of pole,
absorption correction ("cut"), and full amplitude are shown.
Real and imaginary parts of amplitudes usually are similar,
except when the poles have zeros due to the e '"~ signature
factors. Essentially all experimentally accessible quantities
are constructed of combinations of these four amplitudes, so
a detailed understanding of them provides a simple way to
visualize all data.

Finally, consider the n=0, x=2 amplitude which is
(for example) responsible for the sharp z-exchange
peaks. Such amplitudes, for all exchanges, are often
important when several particles have spin. The pole
has the extra so-called evasive factor of t, but the AC
does not have to vanish since n =0. They interfere de-
structively. Thus the amplitude is given by the AC at
t =0, while it is essentially zero when the pole reaches
its peak. For m exchange the pole is of the form
te "/(m', —i) and its peak is at a f value near i ~ 0.0—5
GeV', the sharp forward peak is just the one seen in
nP Pn, yP- mN, 7tÃ pN. For other exchanges such
as A, the pole peaks further out, at -t-0.15 GeV', and
the AC is smaller in magnitude because of the missing
forward peak of the pole, so that one sees zeros at
about -t =0.1 and -t -0.3. An important point for actual-
ly understanding data is that in any process with an
n =O, x = 2 amplitude where m exchange is allowed an A,
always accompanies the m. The two must be considered
together; so the pole term peaks very early and is
very broad; the AC is largely parallel to the pole over
a sizeable range in t and the n=O, x=2 amplitude is
negligible compared to its forward peak over a sizeable
range. The wide zero region should show up in p, , in

Rev. Mod. Phys. , Vol. 48, No. 2, Part I, Apri11976



326 G. L. Kane and A. Seidi: Two-body hadron reactions

zN- pN as a. broad zero near f—= 0.15, for example.
In Rep, p what appears is approximately twice the pole
minus the AC, so the zeros are widely separated, one
at very small t (—0.01 GeV') and the other out beyond
-t = —, GeV where other contributions are big and it may
be hard to see it.

By giving these four amplitudes their proper weights
in a cross section or polarization, one can get a good
quaj. itative picture of most data. Although n, =0 and n =1
cross sections both have dips, an incoherent sum of
both with about equal weights. produces a monotonic
cross section as in Fig. 6. Bearing in mind the identity

ways. When a particular aspect of the behavior is re-
lated to well known puzzles we try to show how the puz-
zle appears in the model and how the model deals with
it when it can.

All the properties discussed below are consequences
of the procedure of Sec. III.

A. Understanding the phases of absorbed amplitudes

The phase behavior affects all helicity amplitudes, so
we ignore spin in explaining it. Our amplitudes have the
form

ReM(s, t) =ReR(s, t)
1 = Z', (Z) + 2 g J '„(Z), (5.24)

+ bdbJp b -t ReR s, b IDUN, «s, b

one can see the general pattern.
At this stage the reader should have a picture of the

ways various kinds of amplitudes can behave. In a gross
sense the experimental data, particularly for cross
sections, do resemble these amplitudes.

Now we turn to the slightly more subtle effects that
are present in the full model. - While the real or imagi-
nary part of any given amplitude may only change a
little, the changes have a big effect on observables and
so it is essential to under stand them if one wishes to
confront actual data.

V I. P ROP ERTI ES OF THE FUL L MODE L

The amplitudes of the full model differ from naive am-
plitudes in two major (related) respects, both arising
from the phase of M,«. These are their phases and en-
ergy dependence. They affect most observables 'con-
siderably, particularly polarizations and the shrinkage
properties of cross sections. To understand real data
it is essential to understand these effects.

In this section we isolate and examine four major as-
pects of the behavior of amplitudes absorbed by the pro-
cedure of Sec. III: (A) their phases, (B) shrinkage,
(C) fixed-t s-dependence, and (D) fixed-s t-dependence.
The purpose is to see, qualitatively and with physical
arguments wherever possible, why the prescription of
Sec. III produces amplitudes which behave in certain

+ (lmR)(ReM„, )j (6.1)

ImM(s, t) = ImR(s, t)

+ bdbefp b t ImR s b ImM ff s b

—(ReR)(ReM, ,)) (6.2)

80 JEFF(b)

60-=

QQ-- NN

b (Gev )
2.0 ', 4,0 -6.0 8.O

0 ~ T I \ I T I

With our conventions, ImM„, (b) & 0 for all b, while
ReM, «(b) is mainly positive where absorption effects
are most important (see Fig. 7), opposite to ImM, «.

If ReM,« =0 as in old approaches which do not take ac-
count of the I'omeron phase, the second terms in each
bracket are missing and we have the standard result,
with destructive interference caused by absorption since
ImM, ff & 0.

Let us first consider vector meson exchange for which
R -8 '" "' "' ". Then ReR and ImR have the same

-40-

-60-

I I I I I I I I I I

0 0.2 0.4 0.6 0.8 1.Q
-t, (see')

FIG. 6. This shows how com-
binations of the amplitudes of
Fig. 5 (each with dips) can add
to give featureless cross sec-
tions. Since the dip structure
of amplitudes with n =0 or n =1
or n = 2 is essentially orthogo-
nal, it is fairly easy to pick out
of a cross sectioIl how much of
each is present. Here we only
shown =0 andn =1 added, as
for 0 2+ 0 ~+ reactions.

-100

-'120-

-160-

-180-

FIG. 7. The real and imaginary parts of M ff (4) are shown for
~N and NN scattering. The unitarity limit on M is 4~s. Note
that Re&eff is opposite in sign to Im~gff over the important 6
values for absorption.
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sign, so the Reggeon is in the first or third quadrant;
assume the first for definiteness. For ReM we have,
showing relative signs

ReM -ReR+ (ReRImM, tt+ ImRReM, «)Zo(b~t)bdb

(6.3)

so the added contribution due to ReM,« tends to cancel
the conventional contribution and to reduce the absorp-
tion in ReM.

This has two important practical effects, First, in the
real parts of n =1 vector exchange amplitudes, such as
in z p- g n, this contribution rotates an amplitude which
would have a single zero at -t = 0.5 into one with a
double zero structure (i.e. , two nearby or coincident
zeros), because the second term has an increasingly
important positive contribution at larger t. This is what
has been observed in analyses of mN scattering, and it
is like the behavior of the real part of the pole itself in
an exchange degenerate theory. A similar effect is
present for n =0, with the double zero closer in because
the absorption is stronger for n = 0.

Second, in the n =O, x = 2 amplitude which has the
dramatic small t peaks in np-pn, charged pion photo-
production, etc. , the same effect operates. At t = 0 we
can conveniently write the integrals over t, so that

ReM(s, t) — dt[ReR(s, t)lmllf, «(s, t) + ImRReM, «)] .

Since R(s, t) - t because x = 2, the important contributions
come from t away from zero, and ReR(s, t) —sinn o'/2
has a zero at t- —0.5. Thus the relative contribution of
the second term is enhanced, and there is significant
suppression near -f, =0 for odd-signature exchange in
the real part of the n =O, x =2 amplitude. (This is just
the opposite of the even-signature case, with the m

(and A, ) having sharper peaks, because the two contribu-
tions to the real parts add and the imaginary parts are
suppressed. )

Experimentally this result helps solve a well known
problem. It has long been known that der/dt at t = 0 was
equal for Zp- m'n and for zn- m p, and for np- pn and

pp —nn. These reactions had the sharp ".z-exchange"
peak. The same mechanism that produces the peak in
the p contribution would, it was thought, also produce
a peak in the p contribution. The p would interfere op-
positely for yp- 7('n and for yn- m p, and oppositely for
np-pn and for pp-nn.

Thus one would have found differences between these
cross sections of perhaps 50/o at t=O, as well as away
from &=0, contrary to experiment. With the present
mechanism, 10% differences can be obtained. This
problem is solved here, automatically, by the same
mechanism that gives the double zero to the real parts
of the mN amplitudes, and that solves the shrinkage
problem too (see below). In addition, the destructive
interference for odd-signature real parts of amplitudes
becomes a constructive one for even-signature real
parts of amplitudes, enhancing the z and A, contribu-
tions and building up a large peak with reasonable
numbers. In the imaginary parts of odd-signature am-
plitudes (such as p) the effect is automatically opposite,

M.„,= tewel-tZ, (fl ~t)+ ~ (6.4)

Then the absorption calculation can be done analytically
and gives

As 0 Ba'lns

xZ Z t -" ~4&~ ~'»&+ ~ ~ ~
a 'lns' B+ a'lns

(6.5)

and Si,"=B~lns. Numerically, say B = a'lns. The pole
has shrinkage characterized by a'. Thus the absorption
correction has shrinkage with the coefficient of t. 1ns

given by
2

B n'lns Bpn'+B+ a'lns B+ m'lns 4
(6.6)

at small t. Numerically the two terms are comparable;
the first is the usual slope and the second arises from
the shrinking Bessel function. At larger t. the absorPtion
term continues to get shrinkage'both ft om the exponen
tial and from the increasing t adius of the Bessel func
tion, so that the absorption correction has a shrinkage
similar to that of the pole.

This is a general property of the model. Basically,
the full amplitude has a pole-like shrinkage. Further,
the factor exp[ —B'/(4B+4o. 'Ins)] decreyses with s signi-

moving the zero closer to t=0 and producing a satis-
factory cross over zero. This illustrates how one can
obtain an imaginary part zero closer to I =0, and a real
part zero further out, without introducing unsatisfactory
analyticity properties for some amplitudes. To see this
in detail, just put the signs from E(I. (6.3) into (6.2) and
see that the two contributions add.

The phase structure has a number of other roles to
play, especially in polarizations. Those discussed above
are the main qualitative results of which we are aware.

B. The shrinkage properties of absorbed amplitudes

If two single contributions have exponential behavior
in t with slopes B, and B„ their double scattering has a
slope

B,B /(B +B ),
as illustrated in E(I. (5.15). Thus an absorbed Reggeon
would have about half the slope of the Reggeon pole, and
about half the shrinkage. This was the behavior of the
absorption models studied before 1S'72.

In the model of HK and the present work the situation
is quite different. The effect again arises from the en-
ergy dependence- and phase of the Pomeron amplitude.
The point is somewhat subtle, and some incorrect
statements have appeared in the literature (including
conference rapporteurs), so we discuss it in some de-
tail here.

To understand'what happens, consider the following
typical calculation. This is not a modification of our
general procedure, but a simplified example to see what
happens more easily. Let the Reggeon pole be

(s t) sn(t~ saoe (a'ins)t '

and, for example, consider the edge part of M,«,
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ficantly at medium energies, so it lowers the effective
absorption strength and simulates shrinkage. Experi-
mentally, whenever a single amplitude has dominated,
a pole-like shrinkage has been observed, and it is a
strong point of our approach that it can have this behav-
ior .

Assuming that at very high energy B = P'1ns, even then
the amplitude has a slope

n 'P' a. 'Ao+, , lnsn'+ p' 4a'p'

from the absorption and m'1ns from the pole. For &'
= P' =Ra/4 each piece has the same shrinkage.

Thus the shrinkage properties of the absorbed ampli-
tude are complicated, but it will always have more or
less pole-like shrinkage in a given amplitude, even at
very 'high energies.

The shrinkage properties are illustrated in Fig. 8,
drawn for the p exchange in 11N- zN. Figure 8(a) shows
the nonf lip pole vs f at P~ =2, 6, 25, and 100 GeV/c.
The shrinkage is obvious, and clearly +,« —-0 at -)=0.65
GeV'. Figure 8(b) shows the same thing for the absorp-
tion correction, and it is apparent that the absorption
correction has a shrinkage similar to that of the pole.

The effective trajectory for the absorption correction
also has n,« -—0 at t-=0.65 GeV'. Figure 8(c) shows the
fixed -t energy dependence, so one can see tha. t the pole
and the absorption correction have about the same ef-
fective trajectory at —t=0.2, 0.6, and 1.0 GeV'.

Thus the old problem of too little shrinkage from ab-
sorption is not present in our approach, because of the
Pomeron shrinkage. As we remarked, this was already
qualitatively true for HK, but we have gone into some
deta. il here because a number of people have had mis-
taken impressions.

When more than one amplitude is present for a given
exchange somewhat less shrinkage will appear, as each
amplitude will have regions of s and t where interferen-
ces are important and shrinkage is less. When several
exchanges are present as well, different ones can domi-
nate in different f. regions and one can obtain, a large
variety of shrinkage patterns. In each case one can
understand the result by noting which exchange is im-
portant in each region of f and what its effective energy
dependence is there (see next section).

C. The effect of absorption on energy dependence

In certain regions of t for certain amplitudes the en-
ergy dependence of absorbed amplitudes can change
dramatically from that of the pole. This often has rather
direct implications for understanding experiment. Since
energy dependence is one of the standard techniques
used to identify exchanges, it is important to understand
qualitatively what happens.

First consider f =0, and the vector (p and III) ex-
changes, relevant to total cross-section differences,
etc. Relative to the pole, absorption is a destructive
interference which decreases in strength with increas-
ing energy, so it raises the effective intercept. Figure
9 shows how the effect depends on reactions, i.e. , on
the different absorption associated with different, exter-
nal particles. The ur contribution [o.'„(0}=0.3j has an
effective ph, ase intercept of 0.38 in KN and of 0.44 in
NN, at 10 GeV/c. (One could calculate an effective
"energy" intercept from s ', or an effective "phase"
intercept from knowing ImM/ReM. ) This figure and
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FIG. 8. This figure shows that in our model the absorption
correction and the pole have about the same amount of shrink-
age: (a) shows the pole vst at four energies (2, 6, 25, 100 GeVj
c); and (b) shows the absorption correction for the same s, t
values. The lines cross in each case where the effective tra-
jectory is zero, since the amplitude shown goes as s". It is
apparent that the absorption correction shrinks approximately
as the pole does; (c) shows the fixed t energy dependence at —t
=0.2 and 1.0 GeV2, showing explicitly that pole and absorption
correction have about the same effective trajectory.
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FIG. 9. The t =0 energy dependence of ~,p exchanges in NN,
AN, ~N in the imaginary part of the nonQip amplitude is shown.
The poles have an intercept ~~{0)=0.3, a&(0) =0.47, and the
associated phase. The absorbed amplitudes have an effective
intercept which is higher and approaches the pole asymptotical-
ly. Data is from Carroll et al. (1975) plus B. einstein (private
communication) for KN.
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the following ones are drawn for the actual amplitudes
which give data fits.

At typical energies a given exchange will have real
differences in energy dependence in different reactions.
The effect will be different for different amplitudes and
for the real and imaginary parts of each amplitude.
Figure 10(a) shows the energy dependence of both Imp,
and

~ y, ~, the nonf lip JVN amplitude, for p exchange.
Below 20 GeV/c or so Imp, clearly rises faster with s
than I p, I. Asymptotically, of course, all energy depen-
dence approaches that of the pole.

Each amplitude of different n or x is affected differ-
ently, in a way that varies with t. That is because the
absorption has the same b dependence for all amplitudes,
while for kinematic reasons the poles of different n, x
have different 5 dependence and thus feel absorption dif-
ferently. One effect is that the greater the n. the faster
the pole vanishes as b-0, and thus the less it feels the
absorption (which removes at small b). Thus higher flip
amplitudes at small t show mainly pole-like behavior.

Figures 10(a)—(c) show the energy dependence of dif-
ferent amplitudes for a given exchange, mainly for p ex-
change in NN reactions. In a pole model, all p exchange
contributions would have the same s dependence, while
here there are marked differences. The reader can

estimate the energy dependence of any reaction by seeing
what amplitudes dominate and using the results for the
analogous one here.

One could make many points about these figures. We
will just note a few. At medium energies at t =Q, Imp~
increases most rapidly, then Iy', I which has Repy too,
and then Ip', I. The latter is down by powers of const
+lns because it is wholly given by absorption. Similarly,

I y', I falls with s rather than going like s', and nP -Pn
and yP —m+n have m-like energy dependence only because
some p and A.2 are mixed in.

In dip regions, one finds first a more rapid fall with s
at fixed t, and then a rapid rise as the dip position moves
by. Interpreting energy dependence in dip regions is
subtle. Often n, ~~ arguments are misleading.

[In general, one can see fairly simply how amplitudes
with different n, x depend on energy. Carrying out a
calculation like the one in Sec. V.A, where M,«and the
Reggeon are approximated by exponentials in t apart
from the correct kinematic factors, and noting that
poles with x c0 have extra powers of t which can always
be replaced by derivatives with respect to n', one can
avoid more extensive numerical calculations and obtain
an approximate expression for the absorption correction
(Henyey and Kane, 1975)

M„„(s,t) Z„„(s,t)
(a) ~t=0

~

2

[ t=-O.ZGeV'( c(s, t)
0 [ ~(s)t]n/2~ (s t) Yx+n/2+x/2

4m so

(6.7)
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FIG. 10. The energy dependence at fixed t =0, —0.2, and —0.5
GeV2 is shown for a number of exchanges and NN amplitudes.
Here y5 is a single flip, n =1, analogous to M+ for 0 2+ reac-
tions; p& is nonQip, n =0, analogous to M++,. y2 has n =0, x
=2 and y4 has n =2, x=0. The amplitodes are normalized to
grow as s if the only contributions are poles. Many aspects
of relative and absolute energy dependence can be read off.
Note, for example, that ) pz 2( dominates over

~ yP beyond about
75 GeV//'c; that will determine the high-energy forward struc-
ture in' —x+n andnp pn. ImpI—'grows faster than ~cp~~( at
low energies since the imaginary part of vector exchange feels
absorption Inore and has a higher effective trajectory.

s
(s f) Q ( f)(&+x)/2 sER IsRt(s/sp)

BsX & 0
0

M,«(s, t) =tsZes',

B =Bo+ &pin(s/so) ~

Y =B,+ (n~+ o.s)ln(s/s, ),
e(s) =B'/Y,
o. (s, t) = no+Bt/Y,

(6.8)

D. The t dependence of amplitudes

The real content of our approach, and the aspect which
ideally will be tested against experiment, is the s and t

and P„ is a polynomial in Kt with P„,=1, P„,,=n+1
—K(s)t. Using reasonable approximate values for the
quantities involved, one can see what energy dependence
is expected for absorption corrections and for absorbed
amplitudes. For PP scattering, one might use B,= 5
GeV', n'=0. 3 QeV ', s, =-' GeV', m' =1 GeV ',
~ = 1.50~. Each Reggeon considered has its character-
istic +,. Details of the s dependence, especially shrink-
age, will not be too good with such a simple form, but
approximate trends will be right and one can see simply
how much the energy dependence will deviate from the
pole form. ]

Additional energy dependence effects have been dis-
cussed by Kane (1973, 1974), and some will be men-
tioned in context below.
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24-- 24.
20-

dependence of amplitudes. Comparison with experiment
at present also requires specifying coupling strengths
to combine amplitudes into observables, and often mea-
sures differences of large numbers when several contri-
butions are involved, so much is being tested besides
the direct individual amplitude behavior.

Here we show a number of amplitudes. One use of
Figs. 11-13 is for the reader who is using our method
to check that he is calculating correctly. Another is
that he can visualize the behavior of the amplitudes
which go into constructing different observables, and
understand why the observables behave as they do.

It is important to remember that we expect the ampli-
tudes to have a certain universality. Approximately,
amplitudes with given n, x values and given pole charac-
teristics (e g. , all vector meson exchanges with similar
intercept) will have the same amplitudes in all reac-
tions. Small differences will occur, and are automati-
cally part of the procedure of Sec. III, due to (i) ex-
change degeneracy breaking in the trajectory, as for
o.,(0) —o!„(0)=0.15, (ii) differences in the Regge resi-
due expected from different t-channel intermediate
states (e.g. , the p should have a steeper residue than
the w because it couples to a 2w t-channel sta.te), and
(iii) differences in the strength of absorption for differ-
ent exter nal .par tic les.

Figures 11—13 show a number of amplitudes for KN
and NN reactions. By comparison of different parts one
can see the approximate universality.

%'e restrict ourselves to a few comments:
(1) The full a.mplitudes have approximately the be-

havior expected of exchange degenerate ones. This is

in keeping with our view (Sec. IV.A) that the evidence
and arguments for exchange degeneracy and for phenom-
enological duality should apply to the full amplitudes and
not the poles. The K"N amplitudes (A, +p) are mainly
real at small t, the K N amplitudes (A, —p) rotate in
phase, the real part of the p amplitude has a "double

2zero" structure near -(=0.5 GeV, etc.
(2) Tensor exchange is n/2 out of phase with vector

exchange due to signature, so qualitatively ReT —ImV,
ImT- —ReV, except that tensor exchange is more cen-
tral so its scale in t is expanded.

(3) The &u and p amplitudes are almost the same.
They differ slightly as mentioned above, but clearly they
represent the same underlying physics. Remarkably,
however, they give rise to quite different polarizations'.
These are shown in Fig. 14. Fortunately, they are ob-
servable too, as the p exchange gives the m P-m'e polar-
ization, while the co exchange essentially gives the polar-
ization in yP - n. P. It has been a puzzle why these two
apparently identical reactions given exchange degenerate
p, w should behave differently experimentally (Worden,
1972), and we see here that a tiny difference in ampli-
tudes can produce the observed effects. The reader can
easily see what happens by drawing a few Argand dia-
grams at —t near 0.3 GeV2. It is all a question of wheth-
er the real part of the flip amplitude goes negative or
not, i.e., whether its two zeros are a little separated or
coincident.

(4) It has often been remarked that n =1 (flip) ampli-
tudes showed pure Regge pole behavior, or at least that
one could assume that they did without violating data. In
fact, there is strong circumstantial evidence to the con-
trary, and amplitudes with the absorption characteris-
tics shown here are consistent with experiment. Some
evidence is summarized by Worden (1974) for m and K*,
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slowly. Since ReE has an absorption zero for -t ~ 1
GeV' for K'p and ImN is nonzero to large t for K'p, the
polarization P(K'p) is expected to show a single zero
near -t=1 GeV'.

The pp- pp case is instructive; ReI is given by the
Reggeons and has the expected absorption zero near
-t - O.V GeV'. Here, however, we know that 0 ~ de-
creases with s (as opposed to K'p) and consequently
that ImN has important Reggeon contributions. They
can be thought of as an exchange degeneracy breaking
effect if one likes. These contributions have the absorp-
tion zero at -f.—

4 GeV~, so they interfere constructive-
ly with the Pomeron at f =0 and destructively for -t ~ —,

GeV'. By itself, Im (Pomeron) would have a zero at
-t =1.4 GeV'. The Reggeon contributions interfere de-
structively and move the zero in ImN to -t-0.8 GeV'
at lower energies, giving the double zero structure in.

P(pp) at that t. But as the energy increases the Reg-
geon contribution gets less important and the zero in
ImN moves out toward -1.4 GeV'. Then between the
zero in ReF at t-O.V G—eV' and the zero in ImN, P(pp)
will go negative. This seems to be observed at 40
GeV/c In con. trast, for K'p-K'p, ImN has no zero
because the Reggeon contribution is smaller (err is flat-
ter) and the diffraction zero is much further out, so
p(K'p) ha, s only a single zero.

At high energies another effect (Pumplin and Kane,
1975) will be important. Essentially, diffraction
(thought of as the shadow of inelastic production) will oc-
cur in helicity flip amplitudes too. These mill be mainly
peripheral. Higher helicity flip amplitudes will behave
for net helicity flip e like

0.4—
300 GeV/c

l (t)—
p

~O0 Gev/c

and will generate polariZation in NN (and AN, ZN, mN,

KN, etc. ) at arbitrarily high energies. The results are
shown for pp at several energies in Fig. 15. At 300
GeV/c, there is still a contribution from the Reggeon-
Pomeron interference, which is about 20% of the diffrac-

tive one at -(&1 GeV', but gets large in the dip region.
where the Reggeon contribution (mainly real) and the
Pomeron (mainly imaginary) became comparable in
size as Im(Pomeron) approaches its zero. The large
polarization in the dip region and the filling in of the dip
in der/dt as s decreases are related effects, both due to
the real part of the amplitide, especially the Reggeon
contributions.

Next consider reactions where the polarization is gen-
erated by absorption of a single exchange and no Pom-
eron piece is present, such as z p-m n. As is widely
known, if only a single definite signature exchange were
present (the p in this case) it would have the same phase
in both N and I' and would give I'=0. When absorption
is present, it affects N more than E (because P vanishes
at b =0 from kinematics). Absorption also affects real
and imaginary parts of amplitudes differently, since
they have different impact parameter structure. Thus
X is rotated more by absorption than I" is, and polariza-
tion is generated proportional to the angle between N
and I' on an Argand diagram such as Fig. 16. These ar-
guments apply at small t, before zeros occur, and re-
quire a definite sign of P there. As —t increases the
real and imaginary parts of the amplitudes are having
zeros and one must trace the amplitudes out in order to
understand the polarization. For example, in z p - m n
if ReN and ReE both have a double zero structure and
stay positive, then between the zero of ImN near -0.2
and that of ImF near —t = 0.6 the amplitudes are in dif-
ferent quadrants and P could get sizeable. After ImF
has its zero, beyond -t near 0.6, both amplitudes will
be in the fourth quadrant and I' will be small. But if
ReN also has a zero then N will go into the third quad-
rant while F is still in the first. Then at some t between
0.2 and 0.6 the two amplitudes will differ in phase by
7T/2 while E is decreasing in size toward a dip, and P
will get quite large. If ReN has a zero before ImN then
there is also a sign change and I' gets large and nega-
tive. By such arguments one can understand each reac-
tion with one or two similar exchanges.

It is instructive for pedagogical purposes to consider
what kinds of information can be gained from the be-
havior of the polarization. One example was given in
Sec. VI. D comparing yp-m p and z p-~ z, and ~ and
p exchange. As another, suppose that the absorption
were such that ReN had a zero at smaller t than ImN
(as would happen with the naive absorption ignoring the

POLE

FIG. 15. Predictions for high-energy polarizations. These are
for pp pp, and similar predictions hold with some changes in
scale for Ap Ap, Zp Zp, etc. They are a sum of Heggeon
contributions which decrease with energy, plus "Pomeron"
helicity flip contribution (see text). The large polarization in
the dip region is expected in general as the imaginary part of
the nonflip amplitude has a zero. Its maximum size is sensi-
tive to the size of the nonflip real part, but at some energy in
the 100—400 GeV//'c range, it will be quite large. Note that it is
largest somewhat away from the dip, where the cross section
is not too small, so it is probably measurable.

FIG. 16. Amplitude pictures,
change for the discussion of Sec. VII.A.
ctlange

Gev2
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Pdo/dt 2III1(+1+ cp2+ p~ —p~)+5*. (7.2)

The detailed properties of the NN amplitudes are
given in the Appendix. Here we note that an unnatural
parity m or B pole contribution always flips s-channel
helicities so it does not contribute to y, or @3 or p„
and it contributes equally to p, and y4, so it does not
contribute to P. Since absorption affects p2 and p4 dif-
ferently, the absorption correction to p, —y4 for m and
B does not vanish and gives a small and slowly varying
"background" contribution. It mainly affects whether
P is a little positive or a little negative at small g. The
important contributions to P come from p and A2. Since
pp is an exotic channel, some physicists would say that
p+A2 is mainly real in all amplitudes, and would re-
main so even with absorption by an imaginary Pomeron,
so P would be expected to remain quite small. In fact,
P(np- pn) is large over a long range in t; often P ~ 0.5,
making it one of the largest polarizations measured in
hadron physics. Approaches which begin from exchange
degenerate poles may have a difficult time in under-
standing P(np-pn); so far none have been able to do so.

From our point of view the explanation is as follows.
First consider p, . It is a typical n =1 amplitude. At
small t it is mainly real, say along the positive real
axis. As -f, increases, Imp decreases and goes nega-
tive after a while, ReA, behaves similarly, so p, ro-

Pomeron phase). Then JV would rotate into¹ in Fig. 16.
When N and I' were parallel P would have a zero. Since
ImN would have a zero soon afer Re%, ¹ would quickly
rotate to point along the negative real axis. At some
point in the second quadrant one would have ¹ and E
perpendicular and P would get large -and negative. This
possibility is ruled out by both the Argonne and CERN-
Saclay experiments, and we directly learn the important
lesson that ImN has a zero at smaller -t than Re¹ It
is much harder to learn more from the data. Once we
know which way N, I rotate, it becomes a question of
the detailed rate of rotation. Polarizations are very
sensitive to details, and a theory which gives qualita-
tively correct amplitudes could give polarizations that
are numerically quite wrong. Similarly, getting polari-
zations correct may not be a real indication of the vali-
dity of a theory. It may be that good polarization data
help most to convert a qualitatively good theory into a
precise one. To decide in a given situation whether
polarization measurements are of general or of detailed
significance is of course hard; if it can be done at all
it is by carefully studying alternatives for amplitude be-
havior.

Finally we look at polarization in zp —pn and pp -nn.
The situation will be analogous in yp - m e and y~ - m P
and in many line-reversed pairs. In a sense these po-
larizations, especially ep-p~, are one of the major
features that any model must explain if it is to be taken
seriously, as they depend on the properties of p and A.,
exchanges (which we should understand) in a situation
where both P and do/dt are measured for a, line-re-
versed pair. The cross- section behavior is discussed
in Sec. VIII. G; here we concentrate on P(np-pn),
which has a simple interpretation.

For np-pn, P is given by Eq. (A37) with p, = p,',

tates slowly from the positive real axis down to the
negative imaginary axis as -t goes from 0 to 1 GeV'.

Next consider y, and cp, —y4. For any sum of definite
parity contributions, e.g. , natural parity poles p3
including full absorption. Since p, is an n =0 amplitude
and is mainly negative real at t-0, Re p, will have an
absorption zero at —t-0.2 GeV'. Thus y, has swung to
negative imaginary and over to the third quadrant by
-I;-0.2 GeV .

At small t for natural parity poles y2 —y~= 2(pole)
-(absorption correction to y2). The poles in cp2 and y~
vanish at t =0, so Re(y2 —y~) behaves as shown in Fig.
17, with a zero in the real part at -t = 0.05 GeV'. Thus
both p, + p, and p, —y4 have real part zeros at small
t, with the sum having a real part zero at -t=0.2 GeV'.
At this point q, + p, + p, —p4 is negative imaginary,
while y, is just below the real axis, so P can be quite
large. As -f increases, both pieces now slowly rotate
clockwise, keeping about m/2 apart, and P stays large.
Note that one crucial ingredient of the argument is the
small t absorption pe+os in the zeal paints of cp& and
y& —A,. without these P is very small. The other part
of the argument is the sign of Im(cp, + cp2+ p, —y~). It is
dominated by the sign of p, because p and A., add there
(Imp is strongly absorbed while ImA2 is weakly ab-
sorbed, since they have opposite signature), giving a
large negative imaginary part, while in y, the imaginary
parts cancel. The sign choices and convention implied
in the above argument, which give the sign of P correct-
ly, can be obtained from those in the Appendix.

A similar set of arguments can be traced through for
pp-nn, etc.' While the arguments are subtle enough to
require some effort to foQow them, each step is simply
a matter of combining our standard amplitudes in the
manner required by the spins, and so it is basically
simple. The argument above cannot be simplified much
and retain its validity, although a qualitative argument
just says that y, + y, + y, —y4 is dominated by net flip
zero and is expected to be mainly real at t = 0, so the
standard systematics about ~ = 0 amplitudes is what we
use.

More sophisticated "polarization" experiments, such
as spin-spin correlations in pp-pp, are discussed in
the sections on each reaction.

0.2 0.4 D.6 0.8
-t(Gev')

I

).2

FIG. 17. Amplitude pictures, for the discussion of Sec. VII.A.

B. Line-reversed reactions

Considerable effort has been given to studying line-re-
versed reactions, both experimentally and theoretically.
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These are a pair of reactions where the particles at, one
vertex are just reversed so that a single exchange by
itself will contribute equally to both, up to a sign. If
two exchanges were incoherent, it would imply equal
dv/dt for the pair; this is what would happen in an ex-
change degenerate pole model. Although the experimen-
tal situation is very confused by normalization prob-
lems, it appears in most cases that the line-reversed
pairs are not behaving as the advocates of exchange de-
generate poles would like, certainly not at a detailed
level.

Here we mant to see briefly how these reactions be-
have from our point of view, partially to understand
better the implications of our approach, partially be-
cause one of the most unconventional predictions of our
model appears here, and partially because line-reversed
pairs of reactions such as ~p-pn and pp-nn give very
strong constraints on any theory. For a detailed analy-
sis of the predictions of models with exchange degener-
ate poles, see Fox and Quigg, 1973.

To understand what happens, examine Fig. 18, drawn
for np-pn and for pp-re so we can also see the role
of the m below. A similar set of graphs shows what hap-
pens for any line-reversed pair. The graphs are all
at -t=o.O5 C rP.

The particular amplitude shown is cp~, which has n
=. . 2, x =0. The qualitative properties are the same for
any SCHA. The magnitudes of some lines are shown in
parentheses.

First draw the p and A., poles shown for N¹ For RN
the p pole changes sign. Since n~ & o., the A, is a little
more real than the p is imaginary.

Next, form A2 + p to get the amplitudes for specific
reaction; tensor + vector gives the amplitude for K+~

0-E p, np- pn (ignoring the m for the moment), and any
exotic processes, while tensor-vector is for K p-Ã~n,
pp-nn, etc. The angle between p arid A is (1+ o2 A2
—o!,)m/2, which is less than n/2 since o.'~ ( n„so it is
always the case that ~A, + p~ ) ~A, —p~. Thus, for us,
the pole for the "real" process is always greater in
magnitude than the pole for the "rotating" process. Con-
sequently, if absorption were not present, we would ex-
pect "real" cross sections to be larger than "rotating"
ones.

The absorption correction to A, + p is also shown in
part (a); it is rotated somewhat more than n from the
poles. Adding these contributions we get the full ampli-
tudes. As shown here, the "real" amplitude is always
absorbed more than the "rotating" one, so that the full
amplitudes will always be closer in magnitude than were
the poles. The magnitudes of poles and amplitudes
(i.e. , the lengths of the lines in the plot) are shown in
parentheses in the figure. For our example, the ab-
sorbed amplitudes are about equal, so we would get
equal line- reversed cross sections.

Next we have to consider the energy dependence be-
cause the effects of absorption change with s. Numer-
ically, this is illustrated in the figure, with (a) showing
the results at 8 GeV/c where the poles would give cross
sections in a ratio of 1.55, while the full amplitude pre-
dicts a ratio of 0.94. Part (b), of the figure shows the
results for 100 GeV/c, where the poles could give cross
sections in a ratio of 1.46 while the amplitudes predict
a ratio of 1.32. To understand what happens, next look
at Fig. 19.
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p~p ~r
&p A~t

I

A~+a- |' Ap-p
A

(60)
(65)

Qa y~(n=Z, x=0) in NN NN, NN NN

0 GeV/c, t=-.05GeV'
POLE IN NN

------ ABSORPTION

FULL AMPLITUDE P

1 I t ~ ~

I ~ I I I

- 0.5 —...'
e

2 —or (rea I) /o- (rotating )

~ ~ ~

10 20

(b)

s s j
I 0 I I I I

50 100

Qb ~4(n=2, x=0} in NN~NN, NN~NN
'I00 GeV/c, t =-.05GeV

I I I I I I

5 10

p, (GeV/c)

I

20 50 100

POLE
—.—.——FULL AMPLI TUDE

(136);

Ap-P

PIG.G. 18. Amplitude pictures, for the discussion of Sec. VII.D.

FIG. 19. jeff(b =0) is shown as a function of energy, for miV.

Total absorption corresponds to S=0, and no absorption to 8
=1. The solid line, at higher energies, shows the behavior of
our model, and the dotted line shows how it behaves at lower
energies. The dashed line shows how it probably should behave
at lower energies if the correct physics were present in the ab-
sorption down to threshold. In {b) the ratio of " eal" to a-
"rotating" cross section is shown I.o(K+n —~P)/&Q P ~~)
at —t =0.2 GeV21 vs energy, with curves interpreted as in part
{a). That this ratio is significantly larger than unity is one of
the most distinctive predictions we can make, and is one of
the few places where different approaches to two-body reactions
are completely different {see discussion in VII.B).
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Starting at threshold, first unitarity limits suppress
low partial waves. Then, as the energy increases, more
inelastic channels open up and the amount of absorption
increases. At higher energies the shrinkage of the Pom-
eron takes over and the effective strength of absorption
decreases slowly. This is shown in Fig. 19(a), with the
solid line giving the higher-energy behavior, the dashed
line the low-energy behavior described above, and the
dotted line the low-energy behavior of our model (which
does not have in it the physics to make the absorption
stop increasing near threshold. ) The net result is that
both reactions of a line-reversed pair are decreased in
size by absorption, but the real one is decreased more,
and the effect is maximal somewhere in the 5—10 GeV/c
range. Consequently, at low energies the ratio of
K'n/K p cross sections has some value slightly larger
than 1. As s increases the ratio decreases toward 1;
whether it reaches 1 or stays somewhat above is model
dependent. The ratio is a minimum somewhere in the
5-10 GeV/c range and then increases again perhaps to
a value larger than 1.5. Finally, at very high energies,
it decreases slowly. For typical numbers we get a re-
sult like that in Fig. 19(b).

This is one of our most important and distinctive pre-
dictions. It seems to clearly distinguish a model such
as ours, with poles that are not exchange degenerate,
from all models with exchange degenerate poles. For
the latter case, the cross-section ratio observed at a
given energy is necessarily closer to one than at a lower
energy. For us, the ratio will behave as in Fig. 19b.

Currently, no high-energy measurements are avail-
able. The ratio for K'n KP and ~ P-K n is observed
to be about 1 at 5—10 GeV/c. If it should significantly
exceed 1 at a higher energy, it will be very strong evi-
dence for our viewpoint (and conversely). This is one
of the few situations where qualitative experimental
tests of different approaches are available, and it is
feasible to carry out the experiments in the near future,
for one of the pairs we have discussed or perhaps for
vr'p-K'Z' vs. K p-n Z'

Finally, look again at Fig. 18(a) and the dot-dashed
lines which show the amplitudes when a pion contribution
is added (e g , for .nP. -Pn and PP-nn, or for K'n K*P-
and K P-K *on). Because the m is mainly real, it just
reverses the situation. Thus for reactions dominated by
7'+ P+m we expect the "rotating" reaction to have larger
cross sections than the "real" one, as is indeed the case
for nP-Pn vs PP- nn until the m contribution disappears
with increasing energy.

Although the systematics of line-reversed processes
are not trivial to understand, proceeding with Argand
plots like the one in Fig. 18 allows one to see fairly
simply what will happen. It is important to keep in mind,
also, that the results discussed here are simply the im-
plications of our model and the procedure of Sec. III
spelled out in detail. This analysis illustrates how one
can get an intuitive picture of the consequences of the
model.

C. Relating reactions with different external particles

To work out the s and t dependence and size of each
s-channel helicity amplitude, we have seen that we need

to know the Reggeon pole for each t-channel exchange
[its trajectory y(t) and its pole residue, including cou-
pling strength], plus the absorption parameters (cr and
the slope of B of the elastic scattering, the effective
absorption radius, Bnd the relative contribution of in-
elastic intermediate states).

Suppose we have obtained a full knowledge of one ex-
change in one reaction. If we change one external par-
ticle (e.g. , go from the m or the A, exchange contribu-
tion in m P- p n to the m or the A, exchange contribution
in m P -fon) what can change? Some theoretical work
has been done on this question [see the review of Hoyer
(1974) on Finite Mass Sum Rules, , and Michael (1973)]
and it has been noted that phenomenologically there is
indeed a change (Estabrooks and Martin, 1973; Ochs
and Wagner, 1973; Irving, 1975).

The pole residue could change in two ways. The cou-
pling strength could be different. For example g„„,z
and g ~ & could be different; this probably accounts for
part of the observed effect in p and f production (R.
Worden, 1973b has also remarked on this).

In many cases a symmetry such as SU(3) can give at
least approximate relations between coupling strengths.
In general when this is done the results are satisfactory,
though so far comparisons to accurate data have not been
possible in situations that check results even to about the
25% level.

In addition, the t dependence of the pole residue could
be different, giving different absorption. For example,
if the pole is sharper in f the integrand to compute the
absorption correction is cut off more sharply and there
is less absorption even at t =0. We have seen that hea-
vier exchanges have flatter residues [e.g. , P„~(t) for p
exchange is steeper than P„z(t) for f exchange], but we
have no direct evidence about what happens for the same
exchange and different external particles.

Michael (1973) has claimed that in dual resonance
models there is a shrinkage effect with increasing m' of
an external particle in s-channel helicity amplitudes,
even though the expected (s/m2) "~'~ gives an antishrink-
age, the additional nz' dependence arising from the
crossing matrix. If that is a reliable indicator for real
Reggeons, one would expect a steeper f dependence as
an external particle mass increases, and a consequent
decrease in absorption strength.

So far we have noted changes associated with the size
or t dependence of the pole terms as external particles
change. There are also changes associated with the ab-
sorption, and with the size of the inelastic intermediate
state contribution.

First, the strength and shape of the elastic rescatter-
ing could differ —e.g. , gr(pN) and or(fN) might not be
equal. In fact, recent experience with the new particles
has suggested that for vector mesons one has ar(aN)
-1/m'„and such a relation was predicted by Carlson and
Freund (1973) and by vector dominance arguments (Sa-
kurai, 1974; Greco, 1974). It would not be surprising
if such a relation held in general. A possible argument
is that for a reaction a+ b- m +d we might expect a
scaling relation so that M(s, t) -(s/m') . Then o'r
-ImM(0)/s with o.(0) =1 and so cr-1/m'. lf such a result
held, then the effect of absorption, which is proportion-
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al to 0» would decrease for increasing m'.
The effect of absorption also goes as 1/B, where B is

the slope of the elastic rescattering. One might argue
that B and 0.~ are proportional, as they would be in a
conventional optical model. Then B —1/m' would follow,
and there is no net effect on absorption. For two, per-
haps related, reasons, we think this. argument is not
correct. First, for PP- PP there is some evidence from
photoproduction data that a'r(gp)/or(pP) —m&/m~, while
B&~/B ~

= 1/2. Second, it has long been known (but not
understood) for hadron elastic reactions that the best
regularity was not that vr/B would be the same for all
reactions, but that or/B' was in fact the same for all
processes. This suggests that B'- I/m' or B-1/m so
err/B- 1/m and the effective strength of absorption will
decrea. se at least as 1/m.

Finally, the inelastic intermediate state contribution
will vary a little because the coupling of the intermediate
states will be different for different external particles.
For example, Fig. 20(a) shows a contribution to m P- p n
from p* intermediate states by isospin consel vatlon ln
the Pomeron part this contribution cannot be present for
f production. Similarly, an f * intermediate is shown for
f production which cannot be present for p. If the cou-
pling products gp~, gp~ p and gz~ gz~z~ are different,
then the inelastic intermediate state contribution will be
different. In general, it will only be a little different
since (as here) one contribution replaces another.

While we can't do compelling numerical calculations
here which indicate that the effect pointed out by Esta-
brooks and Martin, and Qchs and Wagner, may be un-
derstandable, we note the following arithmetic. Ne have
for vr P- p'n a net absorption strength (the size of the
n=O, x=2 amplitude at t=0) of 1 in some units. We write
this as —', + —,

' where the first part is due to m exchange and
the second due to A, (see Sec. VIII.D). As we go from p
to f, suppose the A, coupling decreases by mp/mz rela-
tive to the m, and the net absorption strength decreases
as I/m. Then the new absorption strength will be

Vl p PPlp 0

which is consistent with what is observed. To establish
that these arguments indeed explain the effect it will be
necessary to check in a number of reactions and to find
better theoretical arguments.

Tr=

Tr TP

P 1l 0

Ib)
FIG. 20. Inelastic intermediate state contributions, to illustrate
the discussion of Sec. VII.C.

In going from forw'ard to backward reactions the in-
elastic intermediate state contribution should change
somewhat. This is clear from Fig. 20(b), showing the
two cases. In the forward direction the inelastic inter-
mediate state contribution is proportional to gp +QppfNW,

while in the backward case it is g»„~g»+ . Typically
a meson vertex is described by a coupling about half as
big as at a baryon-meson vertex, so we would expect
that the inelastic intermediate state contribution in back-
ward mNsca'ttering should be about 50% larger than in
the forward m& scattering, while the dominant elastic
absorption is exactly the same. This is consistent with
our analysis.

In this section we have discussed the ways in which
pole terms and absorption effects might be expected to
change when different external particles are considered.
At the present time no systematic study has been done,
but some theoretical and some phenomenological aspects
are fairly clear. It has been observed for external pion
pairs that the absorption strength decreases as gag, in-
creases; that is probably understandable in terms of a
combination of effects, particularly that we expect the
effective strength of absorption to decrease about as
1/m . We have not done detailed calculations. If a
generally applicable model of coupling strengths were
available, it would probably be fairly easy to incorporate
external particle changes into the systematics of the
absorption model.

l3. Regularities in the data

In recent years several systematic regulari. ties have
been noticed in the data. These include "geometrical
scaling, " universality of amplitude shape in impact
parameter, derivative relations among amplitudes, and
some aspects of duality. In this section we indicate how
they appear from the point of view of the model. Some
aspects were first predicted by the present approach,
though that was not generally noticed at the time because
they were a part of an explicit model. Seeing how the
regularites arise in a general model also indicates how
they will appear in new places (most of them have only
been examined for a small number of the available re-
actions and exchanges) and clariiies in what sense they
are approximations.

Geome tri cal scaling
This is basically the notion that the energy dependence

of hadron interactions can be put into an interaction
radius which changes in a smooth way with energy. Its
implications Bnd phenomenology are discussed in detail
by Barger, 1974, and some references given there.
Since this is a property of our Pomeron amplitude, it is
clear that we wiQ have an approximate geometrical
scaling, as is shown by the data.

In fact, one of the earliest proposals of geometrical
scaling in this form was in the earliest form of the pres-
ent Pomeron model (Kane, 1972). However, while it is
useful to understand that much of the energy dependence
of different properties of the data can arise from a com-
mon origin, it does not appear i,mportant to develop the
idea much more or to worry in detail about how well it
is satisfied, because it is inconsistent with the possi-
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bility of fixed I; singularities in the amplitude and thus
with the possibility of t-channel unitarity. (This is be-
cause the geometrical scaling hypothesis requires the
impact parameter distribution to depend only on b/A(s),
so the t distribution depends only on R(s)E- t. Conse-
quently the amplitude cannot have any singularities at
t values that are independent of s, such as t=4rn'„only
0.08 GeV' from the physical region. )

From a different direction we will violate geometrical
scaling a little because we have a different rate -of

growth for the central and edge regions. Most of the
obvious energy-dependent effects depend mainly on the
edge, which gives the small t shrinkage, but the dip
region behavior is mainly the central term and will show
a somewhat slower variation than pure sealing would
indicate.

In any case, "geometrical scaling" is a useful notion
for organizing the data on very high energy elastic scat-
tering, and is qualitatively consistent with our point of
view.

(7.5)

where 4 =4- t, and asymptotically

K„(mbl-( ) e (7.6)

independent of n. The same results hold if the singular-
ity in t is not a pole. Thus amplitude forms like f)"M(s, f))

can only be useful at small b.
The idea of an approximately universal form in b was

one of the major predictions of the earlier work on the
strong absorption mod'el (Ross et al. , 1969). The gen-
eral rule is [see Eq. (3.15)]

(7.7)

At the crudest level this is universal since S,«removes
amplitude at small b for all exchanges and all process-
es, while all Reggeons fall off at large b. A 5" is auto-
matically in B for b-0. This gives a universal periph-
eral shape. According to the general prescription of

2. Uni versalI ty in impact parameter

Recently it has been suggested by several groups (for
references and a discussion of the phenomenology, see
Barger, 1974) that an s-channel approach to high-ener-
gy reactions would be fruitful. This has in turn sug-
gested the idea (particularly emphasized by Ader et al. ,
1974) that amplitudes have a "universal shape" in im-
pact parameter b, often written as

(7.4)

for an amplitude with net helicity flip n.
Such approaches must again for general reasons be

only qualitative and approximate and of limited validity.
For example, amplitudes with n =0, xt 0 will need a
different form. Even more basic, the form must change
at large b sineethe large b behavior reflects the nearest
singularities in t. Explicitly, an amplitude of net helie-
ity flip n, driven by a singularity at i=a', will have a
contribution

Ross et al. (1969), M„„(s,b) was universal at a much
more detailed level too. The general form for a Reg-
geon was

(& t) ( t)(n+x)/2e-iw a(t)/2~(& g) (7.8)

3. Oeri vaitve relaitons

Various people have also suggested that various de-
rivative relations should hold between different helicity
amplitudes (Hogassen, 1971; see Schrempp and

Schrempp, 1975, for an up to date exposition and tests)
For us the derivative relations are a necessary con-

sequence of the peripherality of our amplitudes, as the
derivative relations are just the relations holding be-
tween the Bessel Functions; the fact that we have ap-
proximately, when x=0, [see Eq. (5.23)]

(7.9)

means that we automatically satisfy the derivative rela-
tions to a good approximation. This ls a prediction of
any absorption approach where the absorption is strong
enough so that S,« —- 0 at b =0, and was already true of
the amplitudes of Ross et al. , 1969.

As with the previous regularities, because we can see
their role in a definite model which satisfies general
principles we can make several remarks. First, am-
plitudes with x4 0, such as the main one giving the m-

exchange peak, will satisfy such relations when they are
properly interpreted, but not in the usual simple form.
The derivative relations will get less good at very high
energies since S,«(0) rises slowly with energy and the
peripherality decreases a little.

Most important, on general grounds the derivative re-
lations cannot apply to full amplitudes because the poles
in t would be differentiated and give multiple poles,
which is nonsense. They must be applied to data some-
what selectively (e.g., photon exchange near t =0 must
also be avoided, and v exchange handled carefully).

Again, by having a general theoretical structure which
incorporates the regularity we can automatically dea, l
with all these situations and automatically generate

where A was a real function that would be the same for
any Reggeons with trajectory m. An overall constant
that can depend on n, x and signature is left out. Con-
sequently, separating off the kinematic (- t)("'") ' the
prediction was for a completely universal shape in b,
and one which could depend on n and x but not on individ-
ual belie ities.

Although this prediction has generally been borne out,
it seems to have one serious oversimplification, which
was corrected in HK. Apparently exchanges retain a
memory of the force range even when Reggeized, and
the tensor mesons are more central than the vector
mesons, the vector mesons more central than the pion.
So M(b) is more central for tensor exchange than for
vector. There are also detailed differences due to ex-
change degeneracy'breaking (see Sec. VII. E). So, al-
together, we predict an approximate universality in im-
pact parameter, with differences at a detailed level
understandable in terms of the systematics of A„„and
S ff which we have di scus sed in other sections .
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amplitudes which satisfy derivative relations in the ap-
propriate way.

n~(0) —o. (0) =0.15 (7.10)

from comparison of many reactions, total cross sec-
tions, and regeneration phases. The analysis is given
in detail by Davier, 1974.

It is also clear from the recent Fermilab experiment
of the Caltech and Berkeley groups (Barnes et al. , 1974),
which give v(m P-m'n) P~-' and a(m P-qn)-P~"',
that

o.p(0) —o.„,(0) = 0.16. (7.11)

The situation for the f is harder to establish, as
there is no simple way to untangle it from the Pomeron.
Our analysis of a number of reactions gives

n~ —n~~ = 0.09, (7.12)

but this must be considered as much less well estab-
lished than m& —n and n& —o.~ .

There is an argument which allows us to relate all
these intercepts. Suppose that the basic pole trajec-
tories all have equal intercepts m in some bare theory
without unitarity corrections. Then when we consider
unitarity effects the resonances get widths, and trajec-
tories get imaginary parts.

We can write the trajectories as

o (t) = a+ o.'t+ — ! dt' I nm(t')/(t'- t),
77 0,

(7.13)

so if Imo. = 0 then o. (0) = o. .
For the cu this will have essentially no effect, as the

low-lying resonances on the trajectory are narrow and
the threshold is above 9m~, while for the p there will
be a large effect since the threshold is at 4m' and the
low-lying resonances are wide.

For the p we expect

lm~=nVt r (7.14)

at resonances R along the trajectory. There is no par-
ticularly meaningful way to do the integral, but we can
expect the extra contribution for the p to come from an
estimate of the low-energy part,

(7.15)
Guessing At=1 GeV, and using +=1 GeV ', I'P=0. 15
GeV, rn&=, 76 GeV, we have

ap(0) ~ a(0)+0.063. (7.16)

In addition, m~ —nz -—0.03. Thus we expect naively that

E. Exchange degeneracy breaking and trajectories

To a reasonable approximation data interpreted as
due to p, w, A, or f exchange are consistent with an
effective trajectory for any of these particles with an
intercept near 0.5 and a slope near 0.9 GeV'. When one
looks at the data in more detail, some differences ap-
pear.

Experimentally, it is clear that

n —o „~0.1. The contribution of flmo. to n(0) for A,
could be small, given the longer distance to the first
wide resonance, with a small effect for the f since it
is coupled to the 2m threshold.

Our best numbers are a little more separated than
these, but given our lack of knowledge of how to take
Ime into account, perhaps it is consistent. We find

o.z(0) = 0.46,

ny(0) = 0.39,

n„(0) =0.30,

o.~, (0) = 0.30.

(7.17)

Possibly one can think of exchange degenerate bare pole
trajectories with n(0) =0.3, but shifted a little by mass
splitting (the A, and up are heavier than f and p), and
with an extra shift for the p from its larger Imo. (t), to
get the physical pole intercepts. The effective trajec-
tories measured, of course, lie above these by amounts
that depend on which amplitude dominates (see Sec.
VI. C). For nonf lip t=0 amplitudes the effective trajec-
tory is about 0.1 above the pole trajectory.

Additional evidence exists for the intercept separation
given here and for exchange degeneracy breaking. For
example, the discussion of hypercharge exchange reac-
tions of HK requires o. z

—o~, =0.15. Worden (1974) has
shown FESR results for amplitudes that have large ex-
change degeneracy breaking, especially away from
t=0.

F. Duality and FESR's

It is a remarkable fact that experimental data has the
behavior that t distributions are approximately energy
independent. Further, at small t exotic channels have
approximately real amplitudes.

Technically, these regularities are expressed through
finite energy sum rules (FESR's). Worden (1973, 1974)
has remarked that high-energy models did not in gener-
al satisfy the FESR's and that was a fairly basic short-
coming. In particular he demonstrated that the model
given in HK did not have the correct low-energy struc-
ture to satisfy FESR's.

There are two main ingredients that go into resolving
this. The first we have already discussed briefly in
Secs. VII. 8 and IV. D. It is the question of how the ab-
sorption behaves as one goes down to lower energies.
Physically, we expect the absorption to increase slowly
as the energy decreases, until an energy below which
the inelastic cross section starts to decrease signif-
icantly. Then the absorption will stay constant or slow-
ly decrease; even though there are fewer inelastic
processes, unitarity bounds are still present and give
an effective absorption. There has been no serious
theoretical work on how to interpret absorption in this
low-energy region. While we have kept the problem in
mind, we have no particularly useful procedure to offer,
and indeed our absorption does get somewhat too strong
at low energies. Finding ways to connect low-energy
unitarity with absorption due to increasing strength of
inelastic production is an interesting theoretical prob-
lem.

The second important effect, noticed by Hartley
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(1974), is the small t slope of the Reggeon pole term.
The steeper the small t slope, the more spread out in
impact parameter the Reggeon is, so the less is the ef-
fect of small b absorption. High-energy data (e.g. ,
I'I, ~4GeVjc) is surprisingly insensitive to the small t
Beggeon slope, because the t dependence of the ampli-
tude is largely determined by absorption. But the con-
tinuation to low energies is strongly affected by the
small t Reggeon slope. We probably take reasonable
account of this effect now because we use Reggeon resi-
due forms (Sec. IV. A) which take into account the
t-channel thresholds (in particular the 2m branch point
for the p) and allow for a sizable slope.

One good indication of how well we will agree with
low-energy data is the position of the zero in the imag-
inary part of the nonflip amplitude for the p exchange
(this is approximately the crossover zero). Our zero
does not move too much, though it probably moves a
little more than it should from the FESR's. It is shown
in Fig. 21.

While we do not have any basic solution to the question
of the low-energy extension of our model and the agree-
ment with FESR's, it seems likely that in practice
there is no problem in constructing the model to satisfy
them. To do so, we need only to pay attention to main-
taining a large enough pole slope at t =0, and to con-
struct a reasonable way for the absorption to decrease
a little at low energies. At the same time, as Hartley
(1974) showed, the J-plane structure of the model will
be satisfactory.

This viewpoint leads us to an interesting question of
interpretation. First, obtaining a good description of
the high-energy data is really very little dependent on
the small t pole slope and the low-energy continuation
of the absorption until the data is extremely accurate
and over a wide range. This suggests that the connec-
tion with duality is very subtle. Second, it is likely that
pole slopes at small t are not so large for other V, T
exchanges as for the p. All others either have signif-
icantly more distant poles or are not coupled to the
2m t-channel cut. This suggests they will have a much
less direct connection between the FESR's and the high-
energy data, because of the dynamics of the Regge pole
residue, and that the very good relation holding for the

p exchange is partially an accident. There is some
support for this view in the review of Worden (1974).

Altogether, while our results do not imply a total
understanding of the meaning of duality, they allow an
optimist to feel that duality could come as an output re-
sult in a theory which had Regge behavior and took
unitarity constraints fully into account. We do find a
surprising amount of the right kinds of behavior, which
is not obviously input, in the final amplitudes.

Now we turn to detailed studies of specific reactions,
and questions of fits to data.

Vill. STUDY OF SPECIFIC REACTIONS
A. General perspective on data fits in this model

For a given exchange and a given amplitude, the ab-
sorption model gives a fairly precise prediction for the
s and t dependence. It is of course still necessary to
specify the exchange trajectory and residue--this weak-
ness is common to all of hadron physics at present,
including the absorption model. If individual amplitudes
with definite t-channel quantum numbers could be
studied, the absorption model could be tested in many
ways.

At present this is not possible, and instead we must
study observables which often have several amplitudes,
each with several exchanges. Most observables depend
in subtle ways on interferences that make the results
sensitive to some parameters. Even if the parameters
are rather well known, it may not be enough.

Consider some examples:

(1) The polarization in PP-PP is given mainly by the
interference of the imaginary Pomeron amplitude with
the real part of the flip amplitude. The latter is dom-
inated by approximately equal amounts of f and A, ex-
change, which add constructively. Thus their sum is
largely insensitive to changes in either, and P(PP-PP)
is almost totally insensitive to details of the model or
to couplings. Next consider the polarization in np-np.
Now the isovector changes sign and one has a small re-
sult which is the difference of two large numbers. For
example, at some t one might have M&=15 and M„,
= 10, so cp, (PP) =25 and y, (nP) =5. Twenty-percent
changes in M„and M~ give 20~/p or less changes in pp
but could give y, (np) from 0 to 8. Thus we could use-
fully say we predict the amplitudes and the pp polariza-
tion, but not the np polarization. On the other hand, the
np polarization is more useful for fixing the couplings
just because it is more sensitive.

(2) Even worse, the correlation polarization C» for
PP-Pp at t=0 is given by a difference of differences of
large numbers. It is given by

C» (0) —Recp, (0)Re@,(0) —Imp, (0)I mcus, (0). (8.1)
n 02-
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FIG. 21. The energy dependence of the first zero of the imag-
inary part of the p exchange in &N is shown, for the discussion
of Sec. VII.F.

Imp, (0) is given by vr. Imp, (0) is measured by the
difference vr(f4) —or(40); theoretically it is mainly
given at low energies by a m contribution minus a R
contribution and is typically & to —,

' of the m contri-
bution. Recp, (0) is not so bad, with all the big contribu-
tions interfering constructively, and is measured by
do/dt for np-Pn. Re@,(0) is measured by Coulomb
interference and is given mainly by a cancellation be-
tween the Pomeron real part and the Reggeon real
parts; it is about 2 of the Reggeon contribution. Thus
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each of the two terms above involves a difference of two
umbers and CNN is their difference. The first term

generally dominates; since Re@,(0) has a low-energy
zero so will C„~(0). Above a few GeV/c where
Rey, (0)/imp, (0) &0, the above two terms have opposite
signs so C» is a cancellation of two comparable num-
bers. Thus, while we can understand each part rather
well, to say we have an accurate calculation of C»(0)
is not possible. Again, ' the redeeming feature is that a
measurement of C„~(0) provides very useful informa-
tion for pinning down the details of a model.

With these considerations in mind, one should proceed
as follows. Look at the quantity which one wishes to
predict or explain. See what interferences occur and
how sensitive the result is likely to be. If important
destructive interferences do not occur, the result should
be rather reliable. If they do occur, additional con-
straints must be imposed to give a unique situation. In
a situation with strong interferences often one can ini-
tially calculate the observables, find qualitative but
mediocre agreement with data, and then obtain an ex-
cellent fit with no "parameter" changed by more than
5%. Until either a theory can accurately calculate the

parameters, or experiments can determine individual
amplitudes with definite quantum numbers, this situation
is unavoidable.

We emphasize, however, that by simultaneously con-
sidering many reactions we constrain things as well as
possible. Anyone who fits data from one or two reac-
tions should have no difficulty doing so with many mod-
els. Only by both restricting the models to have good
physics and by using constraints from data in many
reactions can one eliminate inadequate approaches.

In the following we discuss specific features of a num-
ber of reactions. These are treated as just discussed.
They all correspond to a standard set of parameters,
but if variations of a few percent give significant"
improvements they are included. The resulting param-
eters are given in Tables I-III. They should be inter-
preted as rather accurate values that are averages or
medians of ranges where applicable.

Most two-body hadron reactions can be studied with
very few additional parameters by using those we have
determined. Often only a small number of coupling
constants plus some changes in Pomeron and absorp-
tion parameters for final states whose elastic scatter-
ing cannot be studied will be all that is needed.

TABLE I. The sign conventions are as in Fig. 4, with the Reggeon directed up toward the «
vertex The . amplitudes obtained will multiply a factor +exp( i~(o——J)/2) with the overall sign
determined by phenomenological arguments such as duality, whether 0 T rises or falls, etc.
The relation of the couplings which go at an SCHA vertex to those which enter- in a Feynman
diagram vertex are given by the vertex factors &g „„(p~+p,) ~ for p, fz&„A ~~(p, p~U+p~~p~ )
with g~«=f~«Vso/2 for A2 with an analogous form for f, && (G„p&+ GT&»&&/2m) for ~NN
with an analogous form for p, and A( vl(AP&Pv/mz~+iB(P&yv+Pvy„)/mz) with P =p&+p&, G+r

=2v2Agso/m~, G„=2& 2 {A+B)iso/mN2 for A2NN, and an analogous form for fN&. The nu-
merical values given are determined by the whole set of reactions, sometimes rather uniquely
but usually as appropriately weighted averages. The 7r coupling is known, the ~, p, and A2NN
couplings are probably known to 20% or better, the fNN20% or a bit worse, and &NN to a factor
of 2. The widths give gp7f+ 6 Qf« =7, g~« =3.8. The t=O values presumably should be
somewhat less than these numbers.
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While space and time considerations have limited us
to considering only some reactions, we have included
examples of almost every major kind of amplitude
(i.e., n and x values and type of exchange) likely to be
used. Thus the reader can usually obtain immediate
deductions about his favorite reaction from the com-
bined behavior of similar amplitudes for other pro-
cesses.

In other words, the prediction is that if you have seen
an n =0, x=2 amplitude for a given exchange in one
reaction, you have seen it for that amplitude and ex-
change in all reactions. The forward peak in np-Pn,
yp-m'n, wN-pN for transverse p's etc. are all the
same basic amplitude structure. Nontrivial differences
occur because different contributions add up in different
ways in the different reactions (e.g. , the p exchange is
absent in mN-pN) and because the absorption is a little
different for different external particles, but basically
they are the same. Similar remarks hold for each
kind of amplitude.

Further, since the observables for reactions we do
not consider here are generally constructed from
amplitudes which do describe experiment for the ones
we consider, there is a reasonable likelihood that we
will not encounter a significant disagreement. Such a
disagreement would therefore have serious implications
for our point of view.

Parameter Particle Value

TABLE II. These are typical parameters needed to give the
behavior of Heggeon trajectories and residues. The residues
are given factorized so they can. be used in any reaction. A fit
to data for any reaction. including these exchanges gives values
near those listed, although not necessarily precisely these;
they are a weighted choice from several nearby values. The
relation between n(0) and n'(0) and m&, n2 of Eq. (3.5) is G.'&

= [&—~(0) 1/(2a'(0)m —V—~(0)]m ), n, =2[&—~(0) — 'Q(0) m1/

[2~ (0)~ —~+ ~,].

Our fits to data are generally easy and excellent for
KN reactions, but somewhat strained for some NN data
at low energies. We interpret this as evidence that
when the results are not sensitively dependent on almost
total absorption near b=0 we have things about right,
while when results depend in detail on small b for re-
actions with the strongest absorption, considerable
caution is advisable.

In the next sections we show some descriptions of
data, both to illustrate how typical observables behave
and to point out interesting aspects of the data. Since
much of the explanation of the data has been given in
earlier sections, we will be brief here. We also give
a number of predictions.

B. ~N and KN

Figures 22-27 show cross sections and polarizations
for m V and KN reactions. There is little difference from
the treatment of HK. The high-energy dv/dt-are dis-
cussed in Sec. IV.B, and polarizations in Sec. VII.A.
The total cross-section differences are shown in Fig.
28. Various high-energy predictions are shown.

The elastic nN polarizations are mirror symmetric
because of a pair of almost coincident zeros in the p
flip amplitude. The origin of these zeros was discussed
in Sec. VI.A. A significant amount of helicity flip f ex-
change is present, as required by the np-nP polariza-
tion, without altering the mirror symmetry much.

The differential cross sections will show an increas-
ing curvature as energy increases from the mechanism
described in Sec. IV.B. The imaginary part of the
Pomeron amplitude has a zero at —t = 2.1 GeV' for
nN and —i =2.5 GeV' for KN; at Fermilab energy dips
should occur in the wN and KN do/dt near these t values.

The w p-m n polarization is discussed in Secs. VII.A
and VI.D.

Note that der(n p-w'n)/dt at small f from Fermilab
data and the m'p total cross-section differences are both
adequately described. People have questioned whether

So
o. '(0)

n(0)

C [Eq. (3.4)]

all
p

A2

f
B
p

A2

B
pNN

p I[ 7l

pKK
+NN
cuKK
fNN
f 7r7r

fKK
A2 NN
A27[ q
A2 KK
vrNN

BNN

1 GeV2
0.8
1.1
0.8
0.85
0.85
0.55
0.46
0.30
0.30
0.39

—0.015
0.21
1.2
0.8
0.8
2.35
0.75
1.0

small
small
0
0
0
0 4
1.5

Pomeron

Ac
Bc
A
Be
R 0

Rc
R~o
R~

11.93
2.36
1.08
4 4.(}
2.92
0.58
3.81
1.70

13.78
2.05
0.88
3.32
2.23
0.47
0
1.950

10.75
1.64
0.78
2.78
2.23
0.59
0
2.08

Inelastic Intermediate States

d
D
Rtt

0

K

1.21
6.82
3.12

83.97

0.52
3.01
2.35

119.75

0.76
2.26
2.42

65.30

TABLE III. Parameters for Pomeron and absorption t. see Eqs.
(3.6)—(3.13)]. Vp'hen used for the Pomeron, these give fairly
good descriptions of data, as shown. They obviously satisfy
certain simple regularities, and one could abstract the ex-
pected largely geometrical conclusions. Because of the inter-
est in the high-energy elastic data we have left these as pre-
cise values.
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these data were consistent, but that was based on the
assumption of a pure pole amplitude, without the phase
rotation caused by absorption. The effects of absorp-
tion (Sec. VI) are to lower ImM relative to ReM in size,
and to raise the effective intercept of Iml above that
of HeM. We see no reason to question the consistency
of any of the data. Note also, as discussed in Sec.
VI.B and as often misrepresented in the literature, that
there is no inconsistency in the shrinkage properties of
the model and the data.

As discussed in Sec. VII.E, the KN and KN total
cross-section differences, dominated by the ~, fall
faster than m¹ This seems to imply that ~ and p in-
tercepts are separated by about 0.16. This may be
due mainly to the extra real part generated by the area
under the imaginary part of the trajectory.

Crossover zeros for all elastic reactions are given
approximately correctly by this model; they were one
of its original major successes. They will move out
in -t slowly with increasing energy up to about 50 GeV/c
and then back in, first because the absorption strength
decreases and then from pole shrinkage. For KN and
NN the crossover position is largely determined by the
zero in Imw (Ross et al. , 1969). Since KN is absorbed
less, the zero in Imago is further out in K¹The cor-

rection term due to Re&@Re (Pomeron+f) goes opposite
ways for the two reactions because f is also absorbed
more for pp, moving the KN crossover about 10%%u~ closer
to t=0 and the PP crossover about 10% further out. The
KN crossover should be about 0.05 further out in t.

The K,P-K,P do/dt is shown in Fig. 29, and the as-
sociated regeneration phase from the co and p at I;=0 in
Fig. 9. The regeneration phase for K,P-K,p is given
by w+p, with contributions proportional to G„=12 and
G~ =2 from Ta.ble I. Adding the phases from Fig. 9
vectorially gives a phase of 56 (or —124') at 50GeV/c,
for example. A slow variation with energy will occur,
as shown. The dip in do/dt comes about because the
(d exchange large nonf lip contribution is the dominant
one, so it has our standard dip near —t =0.25 GeV2 for
KN, filled in by the flip amplitude mainly generated by
the p.

The KN charge exchange reactions of Fig. 29 consti-
tute one of the most powerful tests of the model, a.s
discussed in Sec. VII.B and shown in Fig. 19.

C. NN reactions and polarized beam data

Figs. 30-34 show various observables for NN reac-
tions. Figure 30b shows PP-PP do/dt at FNAI. and ISR
energies. Note the filling in of the dip as energy de-
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(Gault et a/. , 1973). If, on the other hand, Gr were
zero for the isoscalars, as has often been claimed,
then y, would change sign and the nP-nP polarization
would be mirror symmetric to pp-PP. Thus the exper-
iment basically measures the size of the isoscalar
helicity flip couplings. The experimental results
(Diebold, et al. , 1975) indeed confirm that the isosca-
lars dominate y, .

The observed nP-np polarization also shows a rapid
energy dependence from 2-6 GeV/c, which we do not
reproduce. Our energy dependence will be quite simi-
lar to that for pp. We then predict that the rapid ener-
gy dependence at lower energies stops beyond about 6
GeV/c and that the dependence at low energies can be
explained either in terms of specific particle produc-
tion or a low-lying exchange.

It is amusing to note that the lower energy np-np
polarization looks very much like the high-energy
pp-pp polarization. While the analogy is valid for the
zeros with the near zero in Re@, and the far zero in

Imcp, in both cases, it is misleading for the sizes, with
the small size being ba. sically ((f+A, )/Pomeron) for
high energy PP, but ((f —A, )/Pomeron) for the low en-
ergy np, with f and A, similar in size.

Figure 35 gives results for some two-spin correla-
tions. The difference Avr =or(0k) —err(f0) is given by
1m', (t= 0). It vanishes identically for any definite parity
exchange since a 4 t goes wi—th the helicity flip at each
vertex. Nonzero values are naturally generated by ab-
sorption in the familiar way which gives the sharp peak
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in nP-Pn or yp-m+n. Generating a nonzero imaginary
part is harder, and tests the model more stringently;
its size for us is largely determined by the phase of
absorption and the way in which the absorption requires
exchange degeneracy to be broken. The sign of Ao~
was correctly predicted by this approach. At low ener-
gies the m contribution dominates our result for Ao ~
with significant cancellation from the R; at high ener-
gies the p exchange will dominate, with a transition in
the 20—30 GeV range.

A subtle constraint on t-channel approaches from s-
channel units, rity can be seen here. Since vr(44) has
J,=0 while vr(&&) has J„=1, presumably more s-chan-
nel intermediate states are available to the former and
so it is larger, giving 40~ positive from an s-channel
view. This then constrains the phase rotation due to
absorption and the relative signs of m, p contributions
to have at any high energy (where such an argument is
valid) the correct sign to give Avr positive, as indeed
was the case. Such relations between s and t channel
may give much insight into how unitarity and absorption
are related.

Next consider the two-spin differential cross sections
dent/dt, dot~/dt = do'~t/dt, do Ii/dt. Expressions for
these are given in Eqs. (A.47)—(A.50). They are a sen-
sitive probe of any spin dependence, each being given
by a dominant nonf lip amplitude y, plus its interfer-
ences with the other amplitudes. Note that it is not
necessary to have amplitudes out of phase to obtain an
effect; models with all amplitudes in phase could still
have different polarized differential cross sections.
The dominance of y, = cp, leads to a break in each of
these cross sections near the t-value where Im(p, has a
zero. Since the zero of Imp, is due to the Pomeron
zero at —I, =1.4 GeV and is shifted in to —t=0.8 at
ANL energies by a cancellation with the Reggeon contri-
bution, the zero in Imp, and consequently the breaks
in these cross sections are expected to move outward
with increasing energy until the Reggeon contributions
a,re negligible (say around 200 GeV/c).

The difference of these polarized do/dt which elim-
inates the dominant ~y, ~' term is proportional to the
Wolfenstein parameter C~~. Since it is proportional to
at least one small amplitude, it is small, of order 10/0.
This is a case where we can fit the data and we can ex-
plain its behavior in terms of the amplitudes, but it
involves several cancellations of numbers of similar
size and we cannot say that we predict it to better than
a factor of 2. A comment on its value at t=0 was used
as an example in Sec. VIII.A. The energy dependence
of C» will be interesting and complicated both at lower
energies and at higher energies. At lower energies it
can probably be understood in terms of the effect of a
few dominant production channels. At higher energies
it must decrease in some average sense at least as
1/s because it is of order Heggeon/Pomeron. However,
its energy dependence in a given t region. need not show
this because the way the cancellations change with en-
ergy can dominate the energy dependence. An example
is shown in Fig. 35.

The depolarization parameter D~~ is also measured;
it basically measures how much unnatural parity ex-

change is present, but quadratically. It is predicted to
be essentially unity with a few percent decrease below
one near where Imcp, = 0, and a noticeable decrease
below one at larger t.

Finally we mention the nucleon charge exchange re-
actions nP-Pn and Pp-nn. Similar remarks hold for
yP-m'n and yn-m P and for p production. The polariza-
tions are discussed in detail in Sec. VII.A. The cross-
section normalizations are worth noting for several
reasons. First, that there is a peak at all at small I,

requires the absorption, and brings us full circle with
our introductory remarks in Sec. II. To get the size
correct requires both an absorbed m and an absorbed

That is satisfactory, since by factorization the A,
must be present. Models which attempt to get the cor-
rect size from the m alone, here or for yP-m'n. or for
wN-pN, must then somehow explain the mysterious
absence of the A, . Second, still at t=0, if the real part
of the p contribution in y, is sizeable, it will separate
the line-reversed cross sections, contrary to observa-
tion. This is also satisfactory with Beep, suppressed by
the absorption phase, as explained in Sec. VI.A. Third,
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FIG. 33. Polarization for NN reactions. See discussion of Sec.
VIII. Data from DieboM et nl. (1975).
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the interference as —I; goes away from zero generates
a dip in pp-Hn and a monotonic decrease in np-pn, as
shown in F ig. 32. Fourth, the difference in size at
larger —I; of the line-reversed np-pn and pp-nn cross
sections, and the direction of the difference, demon-
strates that very large exchange degeneracy breaking
occurs, and in a definite way. This is explained in Sec.
VII.B. Note that the direction of the breaking changes
with energy as the m contributions goes away, as shown
in Fig. 18.

The line-reversed pair nP-Pn and pp-Sn, especially
the polarizations, probably constitute the most difficult
obstacle that any approach toward understanding two-
body hadron reactions has to overcome. That the pres-
ent model ean give an explanation for the data in a way
not inconsistent with other constraints is one of its
major practical successes.
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APPENDIX: CONSTRUCTING AMPLITUDES AND
OBSERVABLES

With the techniques and reactions summarized in this
appendix the reader can relate our SCHA couplings to
Lagrangian forms and those of other approaches, apply
the model immediately to processes involving the most
common spins, and work out the relations between
observables and amplitudes for any process. We have
tried to give a self-contained treatment. As discussed
in the text, we work in terms of s-channel helicity
amplitudes (SCHA).

Although we try to give a self-contained summary, the
reader may wish to consult other sources. Some useful
general treatments are those of Jackson (1965), Berman
and Jacob (1965), Jacob and Wick (1959). For NN re-
actions some useful treatments are Wolfenstein (1956),
MacGregor et al. (1960), Goldberger et al. (1960),
Phillips (1963), Scotti and Wang (1965), and Leader and
Slansky (1966). For spin rotation parameters see, for
example, Berger and Fox (1970).

Consider a process

Q+ 5~++ d

PIW GEV/C

NP PN

Pt~e GEV/C
o

P„-a GEV/C

(b)
PI ~8 GEV/C

'V I
o
o &

PL=25 GEV/C PI ~25 GEV/C

o
r

I

o
Pl IS GEV/C Pi «IS GEV/C

oo
0o

ooo~—-'

f=I u)
p

~ .
CX I

~ g PL=f00 GEV/C

5
C3
0

PI ~100 GEV/C

C3Ko
e

I—w--
CK

P,WO GEV/C

5
C3
0

PI.WO GEV/C

~ ~o E

P„200 GEV/C PI~200 GEV/C

o
I

o
PI ~100 GEV/C PL~IQO GEV/C

=.T L CD

e

e

0.00. ;SO 1.00

-t L (GEV/023

i.I 0.00 .50 f.00

-t I:tGEV/D2a

f.50

o
e

0 00 .60 i.20
-t C (GEVlC) 23

1.80 0.00 .80 1.20 f.80
-t t: fGEV/C) 23

FIG. 34. Poiarizations for NN and ÃN charge exchange. See discussion of Sec. VIH. Data from Abolins et aS. (1973) and LeDu et al.
(1973) for NN, and Beusch et al. (1973) for X N.
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with associated helicities X„A.„A.„X„.There are
(2A., + 1) ~ ~ ~ (2k~+ 1) independent amplitudes (2k+ 1-2
for a, zero mass particle). We assume scattering in

the x-z plane, with a along +z, in the c.m. system,
and a scattering into c via an angle 8.

Parity conservation requires

IIO(I%%( 1)

X( ] )(X(I k ) (kg —kg)M ( t)

(Al)

and reduces approximately in half the number of inde-
pendent amplitudes. Time reversal invariance gives

(A2)

If the particles scattering are identical or related by
isospin or G parity, further restrictions can follow; the
NN case is the main one of practical interest and we
discuss it explicitly below.

To write the SCHA for exchange of any states of defi-
nite naturality (P(—1) ) proceed as follows; these are
the Reggeon poles in our case.

The Reggeon pole amplitude is given by

Reggeon trajectory, J the spin of the lowest physical
state on the trajectory (J =0 for m, J= 1 for p, Z= —,

' for
N, etc. ), n is the net helicity flip and x the extra flip to
guarantee extra powers of I; required by parity argu-
ments; n = ~(A., —X,) —(X„—A~) ~

and x+n= ~A., —X, ~

+ ~A.„—A. ~~. Amplitudes with definite parity exchange
must vanish as (—t) "+"y

I while a general SCHA only
need vanish as (- t)"~'. The gamma function gives par-
ticle poles at every other integer along the trajectory.
The factorizable residues y(t) (and the trajectory) are
the main objects not yet calculated by theory, and we
have to parametrize them (see text); they depend on
helicities. The overall + sign of a Reggeon needs to
be fixed by additional phy'sics.

When several exchanges contribute they are added
together

(A4)

Next one carries out the absorption procedure. Then the
observables are constructed.

A. Pole residues and coupling constants
Before we do that we summarize our measured resi-

dues. Once we have determined a form for y„„(t), etc. ,

-iw(cx- J)/2 cx„(g)

In E(I. (A3) R is the Reggeon pole amplitude, o. (t) the
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p&G. 35. gwo spin observables from ANL experiments and predictions. See discussion of Sec. VIH. Data from Miettinen, to be pub-
lished.
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it can be used repeatedly in any process in which the
cm vertex appears. The form of the residues is dis-
cussed in Sec. IV.A. The t=0 value of y is its main
property and is a measure of the coupling strengths at
I;=0. Someone not wishing to use our full a,mplitudes
can still use our t-0 results profitably.

1
R~ ~~. ~ „~ (s, f - 0) = (- f} " 'g„„g~~

Pnp' nonf lip vertex and 2Gr/2M» at a Pnp' helicity flip
vertex. A consistent set of sign conventions is recorded
in Table I.

The power of factorization now appears if one wishes
to do np-pn, for example. It is not necessary to calcu-
late any further but only to put 2G~ or 2G~r/2M» at each
vertex. Thus one can immediately write the appropriate
form of Eq. (A.5)

or near the pole,

-i m {n-z)/2 S (A5) y, (s, t) = (++ ~M ~++) = 4(G~)'s/(m' —t) (A12)

cp, (s, t) = ( ——~M [++ ) = (G f)'st/m'»(m2& —t) etc. (A13)

Rx ~ .~ x /( —f) "'"' =g„„g,~s /(m,"—t).
We have written 2I' as 1/(m' —f) and expressed this in
Feynman diagram form to facilitate comparisons.

The results for the g's are summarized in Table I.

(A6)

OerI eat/ on

To avoid any confusion, we illustrate the relations
between these SCHA and the Feynman diagrams for a
few cases, and the technique for obtaining them. Ex-
tensive use is made of factorization and the high-energy
approximation. To obtain an exchange contribution to
leading order in s it is only necessary to retain the
~u„propagator terms; the other parts of any propagator
give daughter corrections. This section can be ignored
by anyone not interested in obtaining our results or
others for himself. Its purpose is to allow our couplings
to be easily related to Lagrangian couplings, etc. Nor-
malization conventions are given below.

For spinless particle o exchange, the Feynman am-
plitude for mm scattering is

M =g'„,./(m'. —t)

which gives a result in the form of Eq. (A.5) with g„„
=gdb„=g« . Similarly, for p exchange in mm scattering

2

M = —g;",(I,+I.) (I,+I,)

Again, considerable care is needed to get signs correct
(see Table I).

In Table I, we have given the SCHA vertices for a
number of common vertices. From these, one can build
most experimentally accessible reactions. The forms
of the vertices for Feynman-Born diagrams are sum-
marized in the table caption, ' note that these forms are
only of interest to someone wishing to relate couplings
to a different application (for example to determine
their value), and can be ignored by anyone who wishes
to deal only with two-body reactions by our method.

The a,bove analysis shows how to write the pole terms
for an arbitrary reaction. To summarize, list the in-
dependent helicity amplitudes, using parity and other
symmetry operations to give relations among ampli-
tudes where appropriate. Determine n and x. Obtain
SCHA couplings from our Table I, Columns one or two,
or simply use an expression for the couplings which
you measure and later someone interprets. This gives
a set of Reggeon poles in the form of Eq. (A.5). The
general form is then obtained from Eqs. (3.3) and (3.4}
in the text.

Having a set of Reggeon poles, one now constructs
the complete amplitudes as described in the text (or
one could use the poles directly as amplitudes in the
following). Then, one wants to compute the obser-
vables. We give expressions for the standard ones
here.

2 2 2;" (s —u) = g ""' s.m'- ~
p p

Thus at a @go vertex one uses g„ to get the SCHA,
while at a mmp vertex one uses v 2 g,„~ to get the p ex-
change SCHA. Note that the signs are not determined
here. With this normalization I"z ——q'gz ~/6vmz so
g p

= 6 at the pole. Presumably then we expect gp
somewhat less than 6 at t =0.

Next consider m p -m n, with p exchange

B. Observables

For unpolarized particles, the observables (and our
normalization) are given by

g Im(X, X,~(t = 0)
~ X.X,)

2qW 2s, +1 2s, +1

dv/dt = g [(~.X„~M~~.~,)~'/64~q's(2s. + 1)(2s, + 1),
XbX Xd

(A15)
v2GP~

x 2G~y+ ~ g„r„b
mp +BZn

(A9) where 2s+1=2 for a massless particle, and

Note a M2 is inserted for the charged AN coupling so
Gp is the ppp coupling, etc. From this one obtains
helicity amplitudes

~c~d M ~a~b ~c~d M ~a~b

Z.X, MA, X, ' (A16)

(A10}

(A11)

M+,(s, t) = 2M2gq G~ s/(m'p —t),

M, (s, t) = —4- t 2v 2 gp (G~/2m„) s/(m'p —t).

Thus, apart from sign questions, one uses 2Gpat a

Nfl Xb X~Xd

is the helicity density matrix. For clarity in this ap-
pendix, we have written Mz z„.z z =—(Ag~~M~X, h.~). If
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information is obtained about two or more helicities,
one forms correlation density matrices by summing
over whatever helicities are unobserved.

When transverse polarizations of spin 2 particles are
observed, we proc eed as follows. W henever conven-
tions matter, we will choose the scattering to be in the
x-z plane, with ~ incident along the +z direction, b

thus incident along the —z direction. Let lk& and Ik& be
eigenstates of cr,. Then expressing these in terms of
helicity states we have

1I+&+tl —
&

a)& =

I
-)+ I+&

Proceeding along these lines one can express any ob-
servable in terms of the amplitudes and thus calculate
the predictions of any model for the amplitudes. [Ad-
ditional observables are obtained when spins are polar-
ized in the scattering plane (one then also uses eigen-
states of o„as above); for 0 2+-0 2" reactions the ad-
ditional observables are called R and A. ]

For example, for 0 &' we get

do) ) jdt= [IM, +zM I'+ IM- +tM-, I']/128m'q s
= [IM-I'+ IM, I'+-»mM M." ]/6-4~q's,

SO

P = —2ImM„M,* /[I M„l'+
I M, I'] =PUo

&+I+t&-I
&o&I =

(A17) We list here the results for several common reactions:

l. 0 ~ 0

do/dt =0.389(IM I'+ IM, I')/64mq's mb/GeV', (A26)

With these expressions one can express observables in
terms of helicity amplitudes and compute them in the
model. For example,

or = —0.3891mM (t =0)/2qW mb,

P= —21m(M M,*)/(IM I'+ IM, I').

Parity conservation gives M = M„.M, = —M

(A27)

(A28)

o, (&&) =-im&e&IMI»&, =,/2qW

which, for NN scattering, becomes

or(&&) =-(q, (0)+q, (0)+q.(0)) /4q~.
Similarly, for a transversely polarized target,

(A18}

(A19)

~=(IM I'- IM, I')/(IM I'+IM. -I'),
a = 2ReM~M+ /( I M~I +

I
M

I ),
R = —r cos 0~ —a sin Oz,

A = r sin0~ —acos6Iz,

(A29)

(ASO)

(AS 1)

6 wg s2sg 1

1 1
128mq s 2s, + 1

x ~,X„M X. —~s X,X„M X + '.

Normally, either

I„do,(e)jdt - do, (- e)/dt
do i(e)/dt+ der )(—e)/dt

or

(A20)

(A21)

where 6„ is the ~" recoil lab angle

tan e~ = (1 —cos' e)'t '/(E~/m ~)[1 —(m I /E ~)'/(1 —(m~/E~}"")

—cos e]'t' (ASS)

with b and d the target and recoil 2' particles. R and A
are the conventionally reported observables, while r
and a are the natural ones to calculate.

2. NN-N1V and T T

Here we give some observables for nucleon-nucleon
scattering. At first we treat the general case and then
specialize to NN-NN by imposing the identical particle
constraint. There are six independent helicity a.mpli-
tudes

der((e)/dt do )(e)/dt-
do~(e)/dt+ do' ~(e)/dt

(A22)

&x,x, lMlx, x,&= g (2z+1)d;„(e)M'„„., „,

and the known property

d~„(e) =(-1)' 'dg„(- e) (A24)

The two polarizations P and P "Dwill generally be
identical if only one independent ampbtude exists with
odd net helicity flip, and they will be different if there
is more than one way to get odd net helicity flip.

are measured and both are referred to as "the polariza-
tion. " To find the behavior of a. given amplitude under
0-- 6I, one can use the Jacob-Wick expansion

&" IMI "&=q,=&-- IMI- —
&

&++ IMI+ —) =cp, = —
&

——IMI —+&

&+ III++&=q, =&-+ IMI ——
&

&+ —IMI+ —&=@,= &-+ IMI —+)
&+- IMI —+& =q, =&-+ IMI+- &

-&++ IMI-+&=el=&- —IMI+-&
—(+- IMI ——&=q,'=& —+ IMI++&

For NN-NN, time reversal invariance and identical
particle antisymmetrization give cp, =y, . For a more
general reaction such a.s Ap-AI', Zp-Zp, etc. , it is in
principle possible to have q~ q, . This would happen,
for exa.mple, if in addition to the natura. l parity ex-
changes (p, A„cd,f) one had a significant contribution
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from an unnatural parity exchange with the quantum
numbers of B or A.„' natural and unnatural parity would
interfere with opposite sign in (p, and in q, .

The cross section is

+ le I
+

I v I
+ we get

—21m[(V', + V'.)V.*+&V,,—V")V'*]
lv, l'lv. l'lv. l'+ lv. l'+2lv, l'+2lv ll' '

lv, l'+ lv. l'+ lv. l'+ lv. t'+2lv. l'+2lvll'

(A37)

(A38)

+21@.l'+2IVbl'] mb/«&' (A35)

or = — '
Im((p, (0) + cp, (0)) mb

0.389
4q TV

(A3 6)

where the y& are labeled as in Eq. (A34).
For transverse polarizations, some precision is nec-

essary. %e distinguish by a subscript the particle
whose spin is measured; and we distinguish between a
left-right asymmetry with a fixed "target" spin (de-
noted by I R) and an up-down variation of spin with scat-
tering detected at a fixed angle (denoted by UD). Then
defining

pUD pl plR
a c (A41)

(this is the case with a polarized beam), etc.
[For completeness, we sketch one derivation. The

reader can carry out any others of interest. For a tar-
get b transversely polarized we have

pLR p pUD (A39)
(this is the conventional left-right asymmetry on a po-
larized target);

pUD (A40)
(this is, say, what is measured by the polarization of
scattered A's at an angle 8 in Ap-Ap);

«i(8)/dt = g I&&.&. IMI&. t& I' = Q l&&P. IM I&. -&+t&&.&.I~ I&.+& I'

XA~ jg++ + XX~M -+ + XX~~+— +

-2 lm(&~. ~. IM I++&&&.&. I ~ I+ -& *+&~.4 I ~ I
—+&&&.&a I

~ I
—-&*)]

=2(l j,I'+
I q. I'+ Iq. I'+I v, I'+2

I y. I'+2 Iql I) —41m(v, +vs)v.*-41m(v. —v.)v l*.

d r c(-t8)/dt is obtained by y, —-p» y,'- -y,', from Eqs.
(A.23)-(A.24). Thus

do(tt)
,28, ;[lv, -v2l'+ la. +q4l'], (A48)

or (tt) +or(t 0) =2crr,

crr(tk) -or(tt) = Imp, (0),12'
do(tk) do(tk)

dt dt

(A45)

(A46)

(A4V)

do r(8)/dt —dor(-8)/dt
der(8)/dt +do i (-8)/dt

as stated above. ]
Remember, for NN- gN (i.e., pp-pp, np-p~, pp

—PP, PP-nn, etc. ) 9r, = cp,
' and these reduce to the stan-

dard formula, s.
Because of the availability of the polarized beam fa-

cility at Argonne National Laboratory, we list here a
few formulas for +N experiments with both beam and
target polarized, from Kane and Sukhatme, 1974; some
results for PP- EN are given there too. Further results
can be obtained in that reference and by the techniques
outlined above. For the connection with traditional
names for observables, see Halzen and Thomas, 1974.

o,(«) =- lm&c& Ilia l«&, ,12'
1

lm(cp, (0)+p, (0) +p, (0))=or(tt), {A43)
4qW

or(tt) =or(t0) = — Im(rtr, (0)+9r,(0) —p, (0)), (A44)
1

4''

do(tt) 1=,28. ..[l~.+~. -2tv. I'+ lv. -~ -»~. l']*

(A49)

do(it) 1
[Iv +v. +»v, l'+ Iv. —v +»v, l'],

dt 128pq s

b, (do/dt) = der(0 0 )/—dt + do (4k)/dt —der(f 4)/dt —d(x(kt )/dt

1=4c „=,6 &
[2ly, l'+Re(c, q.* —y.q4)].

3. OT
For vector meson production there are six independent

helicity amplitudes if parity is conserved. For reactions
like mN- pN'one is of course measuring mN- mmN. The
gg pair can be in other partial waves than 1, so to be
complete we should give the full formalism for the co-
herent production of several partial waves. We will
content ourselves with just the 1 partial waves, how-
ever, as the full case is well known to the small set of
experts who use it.

We label our amplitudes Mz„'z, with X, =1,0, -1 and
X„X„=—,', ——,. Parity gives

( 1 )1+Kb Xg+ XbM c (A52)
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For definite parity exchanges, one can revserse signs at
each vertex. %e give the results for A to emphasize
that they hold only for the definite parity poles and not
for the full amplitudes in general; and in general they
only hold to leading order in s,

Natural
Parity Exchange

Unnatural

+Pl -1 (Ml/2 1/2M-1/2 -1/2 ™1/2-1/2M- I/2 1/2) ' (A 5)
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1+ 1 14 1
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~c Vc

%gab
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