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We investigate the hypothesis that diffractive scattering is dominated (as s — o) by a
Pomeron Regge pole [ap(#)]. This hypothesis is particularly attractive since a Regge

pole and its attendant cuts satisfy ¢-channel unitarity. For a complete theory the constraints
of s-channel unitarity must also be satisfied. In addition to Froissart’s bound and its well-
known consequence, ap(0) < 1, s-channel unitarity implies a large number of decoupling
theorems for an isolated Pomeron pole with a;(0) = 1. Here we systematically review
these decoupling theorems. The theorems are treated in order of increasing strength so as
to clearly distinguish the “strong theorems™ which can be used to prove the complete
decoupling of the Pomeron (e.g., 01, — 0) from the “weak theorems” which cannot.

This review is undertaken with two goals in view: (1) To focus attention on possible points
of departure for more realistic treatments of diffractive scattering, and (2) to emphasize
the importance of s-channel unitarity which is expected to strongly constrain diffractive
production in certain regions of phase space regardless of the exact nature of the Pomeron

singularity.
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I. INTRODUCTION

Diffractive high energy scattering for hadrons appears to
offer rather simple phenomena, at least in contrast to the
complex resonance and exchange effects at low energies.
The “asymptotic” cross sections (Amaldi et al., 1971)! are
roughly constant (see Fig. 1), and the exchanges (in

* Text based in part on lectures presented at the University of Cali-
fornia Santa Cruz Summer School on Particle Physics, 25 June-6 July
1973, and talk at Argonne Symposium of the Pomeron, 1 March 1973.

T Supported in part by the National Science Foundation, under Grant
GP-41111X. ’

1 Supported in part by U. S. Atomic Energy Commission.

! Logarithmic departures from constancy are regarded as “fine
structure” and are discussed in Sec. IV.
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t-channel) carry only vacuum quantum numbers. It may
not be a utopian dream that a simple and consistent theory
of diffractive scattering can precede a detailed understand-
ing of hadron dynamics.?

Indeed one is reminded of the simple geometrical de-
scription for classical diffractive scattering. The elastic
amplitude for a 4+ d— a+ b (see Fig. 2) is expressed as
absorption from a disk of radius R = 7, + 7, and opacity C,

A%b(s,t) =~ istCR%'®*I8 (1.1)

at small ¢ and large s. (s = E?, ¢t~ —FE?sin?/2 in terms
of center of mass energy E and angle 6). The optical theorem
then gives a constant cross section

o10t*? >~ TCR2.

(1.2)

However, the theory of relativistic diffractive scattering
cannot be that simple.

A. Regge theory of diffractive scattering

Unitarity in the exchange (f) channel (see Fig. 2) is
inconsistent at ¢ = 4m,? with this fixed power of energy
(s*, @ independent of ). Indeed in models with ¢-channel
unitarity [e.g., potential theory (Regge, 1960) or ¢? theory
(Amati et al., 1962b; Lee and Sawyer, 1962)] these fixed
powers are replaced by the behavior s*® arising from a
factorized Regge pole at j = a(f). Thus {-channel unitarity
suggests that diffractive scattering may be given by a
factorized Regge pole? called the Pomeron, which has tra-
jectory ap(#) and coupling Br(#). Its contribution is

A“”(s,t) ~ _e—imxp(t)/2sap(t)3Paa(t)BPbb(t) + cuts, (1.3)

where ap(t) >~ ap(0) + o't + 0(#2) so that with ap(0) =1

the cross section goes to a constant. The cuts give corrections
2 For an excellent and up to date reference for virtually all the basic

concepts used in this article see D. Horn and F. Zachariasen (1973).
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FIG. 1. The total pp cross section orot??(s) from Amaldi e al. (1973).

down by inverse powers of log s at £ = 0 and are assumed
to account for the observed departure from constant cross
sections. The fact that Regge poles and their attendant cuts
are the only structures’ known to be consistent with
¢t-channel unitarity is one of the most attractive features of
the Pomeron Regge pole hypothesis.*

We note that this hypothesis has immediate and powerful
consequences. For instance, the differential cross section
must shrink at a universal rate (Giacomelli, 1972 ; Bartenev
et al., 1973) (o’ >~ 0.3, see Fig. 3) and total cross sections
factorize,®

o10t®® = Bp2(0)Br**(0). (1.4)
Both these predictions are absent in the classical pictures

[see Eq. (1.1)] and are supported to some extent by the
present data (for other consequences see Sec. I.B).

Of course, a theory of diffractive scattering must also
satisfy s-channel unitarity. Indeed it is well known that
s-channel unitarity gives constraints as s—. The cele-
brated Froissart bound (Froissart, 1961)

(1.5)

T
oot < — log?s,
Mr?

follows from s-channel unitarity [Im a;(s) > piai(s)ai*(s)]
and f-channel analyticity in the neighborhood of ¢ = 0. Since
the Froissart bound uses only a small part of the full con-
tent of unitarity and analyticity, strornger bounds may well
exist. For example, if we assume the Pomeron pole solution
to t-channel unitarity (1.3), we obtain from Eq. (1.5) the
stronger bound®

(1.6)

3 We should emphasize that we do not regard Regge theory as funda-
mental. Indeed, it should be derived from unitarity and analyticity re-
quirements. Roughly, it appears that (i) -unitarity and (ii) s-analyti-
city give Regge poles plus cuts but with many undetermined parameters
[a(?), B(#), etc.]; and that (iii) s-unitarity and (iv) f-analyticity con-
strain these parameters (as illustrated by this article). The realistic
hope for a theory of diffraction supposes that for s — o, (i)—(iv) are
soluble (by iteration) with few unknown constants.

4 Other popular choices are: colliding § root cuts, a(j) = [(j — 1)?
— R]# to saturate the Froissart bound; a fixed pole a(j) = (5
— 1)t and a masking cut; Schwartz square root branch points with
a(t) = 1 + a(— ¢)%. None of these have been shown to be consistent
with z-channel unitarity.

& Diffractive production cross sections also factorize. For evidence
for this see Leith (1972).

8 For logarithmic shrinkage one can obtain the intermediate bound
arot < Clogs. Applying oei < orot to the amplitude Aer (s,f) = if(s)
exp[36(s)t + 73d(s)t] you get orot < 16 wb(s) or oot < 32 wa' Ins for
logarithmic shrinkage.

Tret?® ~ s2PO—1 < const.
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Alternatively, we can say that the s-channel unitarity
requirement (1.5) restricts the Pomeron intercept to

ar(0) < 1. (1.7)

Even further s-channel constraints on the Pomeron can be
obtained for the critical value of the intercept ap(0) = 1.
It is found that an isolated Pomeron pole with ap(0) = 1
must essentially completely decouple from all processes.
This raises the possibility that an even stronger bound
exists, namely ap(0) < 1 or

(1.8)

as s —oo . However, we believe that it is much more likely
that Regge cuts play a crucial, and, as yet, not fully under-
stood role which will allow the construction of a theory with
oret®® ~ const (see Sec. IV). Regge cuts are, of course,
required by ¢-channel unitarity through the iteration of the
pole.

O'Totab ~0

Here we wish to focus attention on these issues by study-
ing in detail the idealized case of an isolated Pomeron pole
with ap(0) = 1. For other discussions of Pomeron structure,
see Gribov (1972) and White (1973). [This work generally
follows the outline of Brower and Weis (1973).]

In Sec. II we give a systematic review of the Pomeron
decoupling theorems (Gribov et al., 1968a; Abarbanel e al.,
1971; DeTar et al., 1971 ; DeTar and Weis, 1971 ; Abarbanel
et al., 1972a, b; Lee, 1973; Jones et al., 1972) derived from
s-channel unitarity. We present those theorems in order of
increasing strength of assumptions necessary for their
derivation and consequent increasing strength of their
experimental implications. In particular, we separate those
results (weak theorems) which are consistent with oo, —
const. from those results (strong theorems) that conflict
with oo, — const. It is conceivable that the weak theorems
are satisfied in nature but the strong ones are not.

In Sec. III we combine the strongest decoupling results
of Sec. IT with ¢-channel analyticity to show the vanishing
of the elastic couplings of the Pomeron (Brower and Weis,
1972) (e.g., vanishing of total cross sections). This shows
the complete decoupling of an isolated Pomeron Regge pole
at zero momentum transfer.

In Sec. IV we use the decoupling theorems as a focus
for discussing some theoretical possibilities for complete
theories of diffractive scattering. Multi-Pomeron cuts play
a very weak role for ap(0) < 1, but an essential role for
ap™P(0) > 1 in eikonal models. The situation for the
critical value of ap(0) = 1 is not, as yet, fully understood.
However, considerable progress is being made by the appli-
cation of renormalization group techniques to the Gribov
Reggeon field theories [see discussion in Sec. IV.B and the
review of White (1974)7]. While it appears that absorptive
effects can cause some of the theorems of Sec. II to break
down, they may at the same time destroy some of the
popular phenomenology based on a simple Pomeron pole.

o'
" ® FIG.2. We use the convention that

s( the high energy limit s = (pa + #)?
— o is controlled by exchanges in the

p; t = (pa — po’)? channel.

Aab(s,f)



R. C. Brower and J. H. Weis: Pomeron decoupling theorems

13.00} é{ +,,/” .
12.00} [ + 1
+ - v’hﬁ {
Yo
7~ 11.00} 17 -
FIG. 3. The increasing value of b(s) = (d/df) log > ﬂi”ﬂﬁﬁ
(do??/dt) for |¢] < 0.1 exhibits shrinkage cotre- é } 1y I o Bartenev etal (USSR-USA at NAL)
sponding to o’ =~ 0.3 (Giacomelli, 1972; Bartenev : 1000} - ? + o Amaldi et al ISR E
et al., 1972). a Barbiellini et al
% + v Beznogikh et al
9.00 x Chernev et al Serpukkov T
© Bellettini et al (PS)
8400 1 1 L i - 1 1 1 1 1
10 20 50 100 200 500 1000 2000 5000
s (Gev?)

In conclusion, we note that regardless of the Pomeron fine
structure (i.e., the detailed nature of the j-plane singularity
or, alternatively, powers of log s), s-channel unitarity con-
ditions of the type discussed here will place strong con-
straints on diffractive behavior in certain regions of phase
space.

We conclude this section with a discussion of the Pomeron
pole hypothesis in order to establish our notation and re-
mind the reader of some of its attractive features.

B. Pomeron Regge pole dominance and
applications

We have assumed that the Pomeron is a Regge pole [at
j = ap(f)] passing exactly through j = 1 at ¢ = 0. More-
over, the leading tips of the multi-Pomeron cuts (Fig. 4)
have trajectories

acut(n) (l) = WP(t/nz) - n“l‘ 1 (1.9)

and also pass through j = 1at¢ = 0. Very little is rigorously
known about these cuts, but if, as indicated in models
(Goddard and White, 1972; Muzinich et al., 1972) for the
elastic amplitude, their discontinuity is nonsingular at the
tip, and they give nonleading contributions? by factors of
1/Ins. Hence, for elastic amplitudes we expect the Pomeron
Regge pole to dominate at ¢ = 0.

However, much of the theoretical and phenomenological
interest in the factorized Pomeron Regge pole consists in
its application to production amplitudes. In multibody
amplitudes almost nothing is known about the Regge cut
contribution. So we make the conventional (and naive)
hypothesis that the Pomeron pole also dominates at ¢ = 0
in these multiparticle amplitudes. This assumption yields
a unified theory of diverse phenomena. To emphasize this
unification and to clarify the assumption we list the major
consequences.

(1) Cross sections are asymptotically constant for large
Ins and factorize

oTot®® = Bp24(0)Bp%*(0) 4+ O(1/Ins). (1.10)
A negative cut as favored by Gribov, Pomeranchuk, and

7 As the reader will see in the conclusion this assumption is equivalent
to the “weak coupling” solution to the Gribov Reggeon field theory. For
our present purpose any contribution less singular than a pole would
suffice, as for example (§ — acut)'™* gives (Ins)~¢ suppression.
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Ter-Martirosyan (1965) and White (1972) of course re-
quires the cross section to rise to this constant.

(2) The elastic peak shrinks for small ¢ at a universal rate,

(1.11)

d do®?
E——]n( )zaa-}—ab—}—Za’lns
dt dt

doa®

dr

~ Aetd®,

Experimentally (Fig. 3) for the pp cross section b is inde-
pendent of ¢ for —0.1 < £ < 0 and o’ = 0.3. Present esti-
mates of the cut corrections give around 259, effects at
Serpokhov energies, so that these features (1) and (2) are
visible even with moderate Ins. Note, however, that a cut
leads the pole away from ¢ = 0 (ccut = 30t 4 1) and that
if it is negative in sign it can cause a gradual decrease in the
rate of shrinkage. Also, if the cut has a broader ¢ distribution
(~e2?) as given in models, interference effects are expected
(Chou and Yang, 1970; Sukhatme and Ng, 1973) and have
been observed (Aachen Conf., 1972) for { = —1.4 (see Fig.
5).

(3) Feynman—Yang scaling is obtained for the inclusive
reaction @ + b — ¢ + anything. This scaling limit is defined
by taking the energy s = (po+ p3)* to infinity with
x = 2puo™ /st and py. fixed, where p,©™- and p, are the
momenta along p, and transverse to p., respectively, in the

. center of mass of @ and b. With ap(0) = 1, the limiting
distribution for x > 0 is (see Sec. IT.A.1)

o.ab

E, zﬁ"”(O)Fp”“’c(x,plcj + O(1/Ins), (1.12)

c

where the fragmentation vertex Fp®~¢ is independent of pu
and because of factorization of the Pomeron it is independent

a b

R I

a t b
FIG. 4. In the Regge model, diffractive scattering is given by a
Pomeron Regge pole (giving oror— s*P®71) plus a series of multi-
Pomeron cuts (fine structure). Presumably for ap(0) = 1, the cuts give

small departures from constant cross sections, interference effects, long-
range correlations, etc. ‘
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FIG. 5. The dip at = —1.4 in the elastic pp cross section (Aachen

et al., 1972) is predicted by a pole plus interfering cut model as for ex-
ample in the prediction of Chou and Yang (1970).

of b. Here factorization has been checked to about 809
for several reactions (Chen et al., 1971).

For x < 0, piy — o and the limit gives the fragmentation
of b into ¢ (F?>°). Often it is convenient to use the rapidity
variable y which smoothly connects these two regions, x > 0
and # < 0. Rapidity y; is defined by

pui/E; = tanhy; (1.13)

and the fragmentation region of a (x > 0) or b (x < 0) is
(¥a — ¥s) or (y. — y;) finite as the total rapidity ¥ =
(Ya — yp) D

We may visualize the longitudinal phase space of the
final state ¢ + X (anything) in a rapidity (or longitudinal
momentum) plot (see Fig. 6) extending from y; to y, of
length ¥ = y, — y, = Ins 4 const. This is shown in Fig. 6
for the rest frame of &

=0, 9, =YV >Ins.

For the process ¢ 4 b — ¢ + X, in the fragmentation region
of a particle a (or d), y. is a finite distance from y, (or y;)
as ¥y, — ys < Ins—o, The region between the two frag-
mentation regions contains the pionization or central region.

Fragmentation of b
—

[ 1] ]

Fragmentation of a

c

To >

Yp= O

Ta

Ya= Y=lIns

FIG. 6. Rapidity plot for final state in @ + b — ¢ + X. Particle c is
identified in the fragmentation region of @, a finite distance from y, as
Ya — ¥»—> . X contains all the other outgoing particles (lines).
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Pionization

I
Tb %Ins To

o Ins
FIG. 7. The rapidity distribution for ¢ + b — ¢ + X with ¢ in the
pionization region. The rapidity of particle ¢ is a fixed distance from
(Ya + ¥8)/2 >3 Ins as y—,

(4) Pionization (or AFS scaling) occurs for the inclusive
reaction as s —oo with p,,.>™ fixed in the center of mass of
a and b (i.e., x = 0). That is

dU“b

a*p

E,

>~ Bp**(0)Grr*(p1c)Bp**(0) + O(1/Ins),  (1.14)

c

where G°(p..) is independent of p. and, because of fac-
torization of the Pomeron, independent of ¢ and 4. In ra-
pidity space (Fig. 7) the pionization region is centered about
(¥ + ¥3)/2. Pionization has been observed at the ISR at
CERN in the process p -4 p— m+ anything, but until
m 4+ p— 7+ anything is measured at NAL factorization
cannot be checked. ‘

(5) Double fragmentation is obtained by measuring two
particles in an inclusive reaction, ¢ + b— ¢+ d 4+ any-
thing, with ¢ in the fragmentation region of ¢ and d in the
fragmentation of 4. One has

do
’ dapcdsi’d
=~ Fpi>(%e,p1c)Fp?>%(xa,p1a) + 0(1/Ins),

where by factorization Fp is precisely given by the single
fragmentation experiment (Brower ef al., 1973a). This may
give a sensitive measure of cuts since the correlation,

EE

(1.15)

E.E; do*® do9®
aab dapc d3pd

C“b(ﬁc;Pd) =

Ey—— (1.16)
#ped*pa

is given entirely in terms of cuts to order (s)»®—1 =1/st ~
exp(—2%|y. — ya|)- The correlations due to this lower Regge
term are clearly seen in the data giving the characteristic
correlation length of two units of rapidity. With ultrahigh
energies one can also look at the double pionization region
(with y. — v., ¥ — ya and ya — vy, large)

EcEd dO'
oab BPcdPpa

~ Gpp°(p1c)Grr®(p1a) + O(1/Ins). (1.17)

A 8
C, Cp Crn c

N
!

a

(.

Cn

ms+|

A~0(Ins)

SO —

v
Yxins

FIG.8. The rapidity plot for the exclusive reactiona +b—¢1 + -+
+ ¢, in the Regge limit with the rapidities for the left cluster (y1, ...,
1) in a finite interval about y, and the rapidities for the right cluster
(y141, - - -, ¥u) about 5.
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There is an infinite set of these inclusive limits for ¢ + b6 —
¢c1+ ¢:+ -+ c. + anything given in terms of the same
functions F and G, although they rapidly become experi-
mentally inaccessible.

(6) Double difffractive dissociation is given by factori-
zation in the exclusive procéss ¢ + b—c1+ -+ +ca. We
choose momenta p; so that there is a left cluster (py, po, .. .,
#1) and a right cluster (pui1,- - -, p») with rapidities at finite
distance from the rapidity for p, and p, respectively, as
s — (see Fig. 8).

do
——————— = VpAe(pg- pp) 2P DIV pBY, (1.18)
d?i‘ . .dp”
Vp4e (or VpB?) depends on the fixed cluster variables p;-p;
for 72, j=uea, 1, ,lr i, j=1+1, ..., n, b) and
the fixed ratios p;-p;/pa-ps with ¢ =g, 1, , 4, and

j=1+1, ..., n b. Factorization has been checked for a
number of reactions (Leith, 1972).

We conclude this section by noting Fig. 9 which estab-
lishes our notation for the various Reggeon vertices dis-
‘cussed here and in the rest of the article.

Il. DECOUPLING THEOREMS FROM UNITARITY

Here, we present a review of the constraints imposed by
direct channel unitarity on diffractive production (Abar-

a;(t;)
Y B V”(f,,f.,K)
a;(t) (i) a;lt))

a; (fi).
Y Viik ot st 75 i) é';c = Vf('i.'j,K)

(iv)
a;(t) , aglt)

! ‘\ N
\g/ = frklot,t) /?\ = FIPeiX,)

;(0) ,(0)
(vi)

a;(0)
= $104ib (4 M2) —zi = 6% (PLo)
;(0)

(viii)
A
a;
) a

FIG.9. The various Reggeon vertices encountered in this article are
drawn here to establish our notation. Note that particles are indicated
by superscripts (a,b,c,...) and Reggeons by subscripts (3,5,%, .-.).
Dotted lines indicate a discontinuity of amplitude with respect to the
energy variable for the cut Reggeon. Vertices (v)~(viii) are encountered
in inclusive reactions ¢ + b — ¢ + X so the discontinuity is taken in
M? = (po + p» — p.)? and the kinematics is restricted to the forward
direction for a + b + ¢— @ + b + ¢. Clusters of particles are desig-
nated by capital letters (4,B,X, ...). The reader is referred to the text
for a more precise definition of the vertex functions.

ait) . at)
1

(vii)

vha

(ix)
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lp

FIG. 10. The multiperiperal configuration used in proving the Finkel-
stein and Kajantie decoupling theorem.

banel et al., 1971; DeTar et al., 1971; DeTar and Weis, 1971;
Abarbanel e al., 1972a,b; Lee, 1973; Jones et al., 1972).
We have attempted to present a rather complete list in order
of increasingly stronger assumptions. This has two ulterior
purposes beyond pure pedagogy: First, although we shall
only present the constraints for the leading Regge pole with
a(0) = 1, we feel that the suppression of diffractive scatter-
ing (decoupling theorems) may be qualitatively valid in a
wide class of models. Second, as we shall demonstrate in
Sec. III, the strongest decoupling theorems are inconsistent
with our hypothesis of o7 ~ const. Hence we would like
to separate the ‘“dangerous” results (leading to this incon-
sistency) from the ‘“harmless’” results. It is of great interest
to test the experimental consequences of the decoupling
theorems to clarify this separation.® Also, we hope to work
backward from the “dangerous’ results to expose the most
natural further complication of Regge cuts that can save
the Regge description of constant cross sections (see dis-
cussion in Sec. IV).

Historically, the earliest decoupling theorem for diffractive
production was obtained by Finkelstein and Kajantie (1968a
and 1968b). They considered the multi-Regge (or multi-
peripheral limit) of an exclusive processa + b—c1+ -+ 4 ¢,
and concluded that the Pomeron—-Pomeron ¢; vertex vanishes
at zero momentum transfer for the Pomeron exchanges
(Fig. 10).

Vop (1,20, 1,20,K=m?) = © P P 0=0 (2.1)
This decoupling theorem, and its obvious generalization to
the case where c¢; represents a group of particles, also goes
right to the heart of the decoupling problem, since with the
assumption of uniformity of interchange of certain limits
all of the decoupling theorems discussed here can be derived
from it.

However, the extension of the Regge hypothesis to
inclusive processes a+ b—>ci+ -+ ca+ X (summing
over X) by Mueller (1970) now provides a more elegant
and economical derivation of the decoupling theorems. We
shall therefore begin our discussion with the s-channel
unitarity constraints on inclusive processes. But we shall
return to the constraints on exclusive processes and the
Finkelstein-Kajantie argument in Sec. I1.B.2 since the full
power of unitarity is manifested there. For example, the
triple Pomeron zero removes (Ins)* violations of exclusive
sum rules instead of the Inlns violations of inclusive sum
rules (Brower et al., 1973c). Of course, to obtain the stronger
constraints from exclusive processes, stronger assumptions
about the existence of multi-Pomeron exchange are neces-

8 This separation is also motivated by an observation we have made
on couplings in the (0) = 1 gauge invariant dual theory (see Appendix
C).
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FIG. 11. Scaling limit for ¢ 4 b— ¢ 4 X expressed as a Mueller

discontinuity in the mass of X (M?).

sary so these results may also be more likely to fail in a
theory with constant cross sections.

A. Weak decoupling theorems

In the inclusive approach to the decoupling theorems,
all the results follow from the vanishing of the “triple
Pomeron” vertex.” This condition, which was first dis-
covered by Gribov and Migdal (1968a), is fundamental to
an iterative approach to diffractive cuts in the Gribov
calculus (“weak coupling”) and the multiperipheral boot-
strap (Abarbanel et al., 1971).

1. Triple Pomeron zero

We consider the inclusive process @ + o — ¢ + X, where
X is any undetected state, and the center of mass momentum
of ¢ is p (pn = xs#/2, p. are components parallel and per-
pendicular to p,). The Feynman—Yang scaling hypothesis
says :

doa?®

E,
p.

~

sePO=IBp 2 (0)Fpo~e(%,p10), 2.2)

167

where s = (pa + p3)?—, and =, p. are fixed (see Fig. 11)
and ap(0) = 1. The Pomeron exchange in the Mueller dis-
continuity accounts for scaling [with ap(0) = 17 in strict
analogy to the manner in which the Pomeron via the optical
theorem accounts for constant cross sections.

The total cross section is the totally inclusive process
a + b— X (anything), which the optical theorem relates to
the elastic amplitude A4°®(s,#)

—  TmA(s,0)
167\ (s, mq2,mp2)

1 1
= —— — Disc,44%(s,0)
16m\d 24 e

oTot??(s) =

(2.3)

Cc a
/t/ Nt

—
PR 1 Sp
b/ ! \b
t=0

FIG. 12. Diffractive production for ¢ + &— ¢ + X expressed as a
Mueller discontinuity in M2.

9 The dynamical origin of ffpp = O from ¢-channel unitarity has re-
cently been extensively studied in an S-matrix approach by Bronzan
(1972, 1973).

Rev. Mod. Phys., Vol. 47, No. 3, July 1975

R. C. Brower and J. H. Weis: Pomeron decoupling theorems

cc
a *>' / \‘ t——-——* a
P ! P FIG. 13. 'The triple Pomeron contribu-
tion to ¢ 4+ & — ¢ + X (anything) for
P s = (pa+ pp)2> M2 = (pa+ p» — po)*
> 1. .
b/ :\ b
o]

where

A= 524 mt 4 mpt — 2sma® — 25mi? — 2mtm .
For the Pomeron exchange

At(5,0) ~ is*r @B pee(0)8°*(0),

we obtain constant cross sections. For the inclusive reaction
a+ b— ¢+ X, we use the generalized optical theorem of
Mueller to do the sum over X (see Fig. 11)

dos? 1 1 1
Ec'—_““ = — ————————DiSCMzAub—)c(i)SaM2)r (24)
dBps 16w N (s,mg2my?) 26

where M2 = (pa+ po — po)% s = (pat+ ps)%t = (pa — po)?.

The Pomeron exchange in the forward six-particle amplitude

fora+b+c—a+ b+ ¢

1
5: DiSCMZA ab—>c ~_ (Mz)ap(0)6Pbb(0)FPa—>c(x’Pl)
1

as s — with x, p, fixed gives scaling (2.2).

Alternatively, we may consider the diffractive production
of a fixed mass state M? plus ¢,

do b [BPac(t)]2
*#p.,  16ms

where f is the imaginary part of the ‘“Pomeron” plus &
elastic amplitude AP (M2t ty5) at 5 = O (see Fig. 12).

(s/M2)2er @ fEO=PO (ML), (2.5)

Now taking the high M? limit, we have
JrOER (M) =~ (M) =2 @B (0) fEpp(0,4,0). (2.6)

The caret (") over the P indicates a discontinuity taken
through that Reggeon (discontinuity in M?). The leading
(Pomeron) term gives that portion of diffractive production
that contributes to scaling and is the so-called ‘“triple
Pomeron term.”? Hence for s>> M?>>1 and ¢ fixed (see
Fig. 13)

Eo(do/p) = Gr(ser®—(s/Mryrero-er©,
Gp(t) = (16m)[Bp* () Pf1rp(0,4,1)82%%(0).

We now ask whether the factor,

2.7)

1 20’ t+ap (0)
(S/M2)2aP(t)-aP(0) ~ < ) ,
1l —x

10 Actually, for the six particle amplitude, this is a helicity pole limit
on the outside Pomerons [see Appendix A, 712, 71— © in (A.5)].
Furthermore only one term in the triple vertex contributes to the dis-
continuity in M2 Therefore note that f3x(0,2,f) is symmetric in 7 and %,
but not in ¢ and j. The amplitude fP*—F? is the maximum spin flip helic-
ity for Pomerons with helicity A = «(#). Theoretical evidence for this
di-helicity Regge term comes from ¢3-theory (Chang et al., 1971; Gor-
don, 1972; Mueller and Trueman, 1972; Neff, 1973) and dual theories
(DeTar and Weis, 1971), while experimental evidence has come from
the recent ISR and NAL data.
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which is singular at the phase space boundary x = 1, is
consistent with unitarity and constant cross sections.

The conservation of energy sum rule requires (DeTar
et al., 1971b)
do
(5o + piromt(s) = % [ @pps = 28)

where the sum is over all particle types ¢ (e.g., m, K, N, etc.).
Taking the energy component in the center of mass p,° + p°
=s}, we get the exact unitarity sum rule

daub )
orot®?(s) = 3 2 /dsz/dx(Ec ), (2.9)
I3 dapc

where x = 2p,/st.

Restricting ourselves to the channel (¢ = @) and the phase
space region dominated by the triple Pomeron, we have an
inequality

c 1—Mo2/s dx
B Y
) ) 1-

XGp)(1 — x)e+2a't,

x
(2.10)

where ap() =1 — e+at+0(F) and p2=—1t+
tmin(s,2). For the present let us look at the leading term
coming from the singularity atx = 1, forap(0) = 1 (e = 0).
For s>> M?, tnin goes to zero. Integrating by parts over
p1%, we obtain

7Gp(0)
20/

1=Mo*ls gy -1
/ (————) + const
s 1 —2\In(1 — %)

and performing the integral over —d[In(1 — x)7, the in-
tegral diverges v

TT0t?? 2>

0)
Inln(s/M ¢?).
al
Consequently a nonvanishing triple Pomeron at ¢ = 0 gives

a term in violation of or. — const as s —« . Consistency
with constant oo, requires

frpp(0,4,8) = 0, for t=0. (2.11)

The source of the difficulty is the collision of the Pomeron
pole [ap(#)] and the P — P cut [a.(f) = 2ap(t/4) — 1]. To
see this we evaluate the triple Pomeron piece away from the
collision, by going away from ¢ = 0, or ap(0) — 1 =0 or
both.

The integral for Fig. 14

/ ar'dt”’ dx
I = sep®
LGN —x

X (1 — g)t+ap®—ap)—ap)

g

eat'ea

(2.12)

gives the pole-cut collision. Other contributions to the pole
and the cut come from other parts of phase space, but they
cannot cancel this piece since they are positive definite as
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a
° [
FIG. 14. The Reggeon diagram for the "'
pole-cut collision in the triple Pomeron (_ - A
sum rule, or in Gribov’s language the e
‘“enhanced graph.” ¥ \ / t2
—_—
s a
well. We have approximated Gp by
Gp(tt't'") ~ est'est”’ (2.13)

and neglected phase space terms of O(M?/s) which are less
singular at x = 1, since they give lower cuts at a, — 1.

Performing the ¢/, ¢’ integrals and letting y = — In(1 — x)
we have
T Ins/Mo2 e——sy
I = _sap(t)eatl2/ dy (2.14)
2 v a+a'y

where & is the displacement of the pole above the cut
8 =ap(t) — acus() =1 —ap(0) + Lo’

We make the change of variables,

z = 8y + ad/a’ Jo = Yo+ a/o’ (2.15)
M02 = M2es!e g(t) = qrest/2esla’s .
and separate the cut from the pole
I = g_(t_)[sﬁl’(t)/ e dz —_
o 8750 R
0 e—zsﬁ
Y S R
Sln(s/Mp?) 2

As § — 0, the first integral is —In|§| and the second may
be approximated (for § > 0) by

w 2 1+81n (a/ Mo?) g
f — g~ le—blne) ~ — (2.17)
Sn(s/Mo?) 2 sin(s/Mo%) 2
for 6 Ins — 0 and 8 Ins — .
The resulting expression
© | s (=In|5]) — 5% In :
oo [ iy o (14— L]
SIn(s/M¢p)
(2.18)

can be studied for § =~ 0. For s —, but § fixed, the triple
Pomeron gives

1 5%
I~seP®)]p— — — o —
& dln(s/Mp)
which is the standard pole and negative cut (§ < 0). The
pole and cut have singular residues that do not cancel, but
if we look at the limit 6 Ins — 0,

(2.19)

1 1
I ~ s2p(® In — 4 sec(® (—ln -+ In ln(s/Moz)). (2.20)
& )

The singular residues cancel as  — 0, and at collision we get
I~ g(#)s*P(In In(s/M¢®) + const). (2.21)
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Notice that the cut is negative when it trails the pole but
that it is positive when it leads the pole (6 < 0).

To see further the j-plane structure we note that

AG) = (2.22)

ot

1 /ac(t) dj'e(j’—i)yo
o Jj—17

Jj—ap(t)

is the partial wave amplitude with a pole-cut collision (i.e.,
multiplicative pole and cut) that gives exactly our asymp-
totic amplitude (2.16) after the Sommerfeld-Watson trans-
form is performed.

Since Inlns comes from a pole-cut collision, one may ask
whether the cut should not be inserted in the sum rule at
the start. Obviously, the answer is yes. However, how cuts
do or do not affect the sum rule arguments is not yet fully
understood and we defer a discussion of this point to Sec. IV.

The Inlns term comes from the region (see Fig. 15)
e <1 —x< M¢/s with e arbitrarily small. One can avoid
in a sense the divergence by reducing the range of integra-
tion (Neff, 1973) with the replacement e— s~ or M ¢?/s — ¢’.
However, such modifications are tantamount to eliminating
what is usually called triple Pomeron behavior, i.e., a
1/(1 — x) behavior in the scaling function. Such modifica-
tions could conceivably come about as a result of absorptive
corrections (Neff, 1973; Ciafaloni and Marchesini, 1974),
but this destroys conventional phenomenology unless the
onset is delayed to ultrahigh energies.

2. Schwartz inequality theorems

Since the triple Pomeron vertex arose from a sum over
diffractive dissociation processes, we might ask what its
vanishing implies from these individual processes. A cute
way to obtain constraints on these processes is to use the
Schwartz inequality (Abarbanel ef al., 1972a,b; Lee, 1973)

[{a|b)|2 < (ala)(d]|b). (2.23)

We choose |a) and |b) to be certain multiparticle states and
the inner product to be a sum over a complete set of inter-
mediate states

IA

(2.24)

As long as these represent multiparticle processes inside the
physical region, unitarity can be used to replace the sum
over intermediate states by a discontinuity in M2. Taking
M? and s,,/M? large, the leading term on the right-hand side
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FIG. 15. The region of integration
T-x giving Inlns divergence in triple
Pomeron integral.

X €
{

Mﬁ/s

is the triple Pomeron.

b” o b b o b' (2.25)

For t; = 0 we can compare the coefficient of (s/M?)22P© on
both sides of (2.25) and use fgpp = O to obtain

) (2.26)

for any state X. If Pomeron cuts are weak this can be ob-
tained for arbitrary ¢, of the lower Pomeron. It should be
carefully noted that one Pomeron in (2.26) has a discon-
tinuity taken through it.

Clearly from (2.26) one can obtain an endless variety of
decoupling theorems. For example, X may be a two-particle
state (por— pe) in the inclusive process, a’d’ — ¢’ + any-
thing. Then the triple Regge vertices! (Abarbanel et al.,

a;(t)

fﬁpi (0,0,t) = = 0

o] (2.27)

1971a, b; Lee, 1973) must all vanish (e.g., PPP, PP},
PPp,...). It should be noted that the full triple Regge
vertex occurs in (2.27) and not just the contribution of the
maximum helicity for the cut Pomeron. A decoupling of the
maximum helicity amplitude would be obtained if (2.25)
held for a helicity limit (Goddard and White, 1971; DeTar

11 Again the caret (7) indicates the Reggeon with a discontinuity
taken through it. Actually as we explain below and in Appendix A, the
notation f;%(0,0,¢) is ambiguous because for ¢ % 0 a series of helicity
poles contribute and the vertex depends also on helicity angles.
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et al., 1971a; Jones et al., 1971). However (2.25) holds
only in the physical region and a helicity limit is only
inside the physical region if the three momentum transfers
of the vertex satisfy (Misheloff, 1969; Abarbanel and
Schwimmer, 1972) '

)\(tl,iz,la) = t12 + t22 + t32 - letz b 2[2[3 - 215351 S 0.

Therefore (2.27) can only be obtained for the full triple
Regge vertex including the contributions of all helicities.
(At t; = t, = t3 = O the helicity limit can be taken, of
course. At least for Toller quantum number M = 0 tra-
jectories this will coincide with the #— O limit of the full
Regge vertex.) We refer the reader to Appendix A for a
detailed discussion of the structure of triple Regge vertices
and this point.

If X is taken to be a single-particle state (with vacuum
quantum numbers), we have

This appears to be the Finkelstein-Kajantie decoupling of
the Pomeron—-Pomeron-particle coupling (Finkelstein and
Kajantie, 1968a and 1968b). However, here a discontinuity
of the vertex is taken and one can easily show that this
result is not strong enough to imply the vanishing of the full
vertex.

Another example of particular interest is the case when X
is an outgoing two-particle state (pc,pd) with large invariant
mass (p.+ pa)?. Using the Regge expansion, we have

o

0 (2.28)

From (2.28) it might appear that the Pomeron—Reggeon
particle coupling must vanish and thus, by continuation to
t = m?, the Pomeron-particle—particle coupling and total
cross sections must vanish. However, this is not true because
of the discontinuity taken (Moen and White, 1972). To see
this we note that it is expected that discontinuities of multi-
Regge amplitudes factorize just as do the full amplitudes
themselves (Weis, 1973, 1974). Thus (2.28) can be written
as the product of the appropriate discontinuities of the upper
and lower vertices. The vanishing of the upper vertex does
not imply the vanishing of the elastic coupling whereas the
vanishing of the lower vertex part does. Thus the weakest
assumption is

it (2.29)

Rev. Mod. Phys., Vol. 47, No. 3, July 1975

613

a\/c
P 1p
d
RO tg m?
=2
X )M
_— )

FIG. 16. The kinematic variables for the Jones et al. (1972) sum rule.

The part of the vertex in (2.29) is, by factorization of dis-
continuities, the same as that in the discontinuity in sg of
Fig. 24. From Eq. (3.15) we see that this is Vp, which by
(3.19) does not contribute to the poles atar = 0,1, 2, ....

Thus far all the theorems we have derived have been weak
in the sense that they do not require the vanishing of the
Pomeron’s elastic coupling and thus o1e#® ~ 0. It is amusing
to note that all these theorems can be satisfied by requiring
that the Pomeron couple like a conserved vector current at
t = 0. Of course, since the Pomeron is a Reggeon at a wrong
signature integer, it is not precisely like a vector particle.
In particular, helicities A 32 41, O are present. It is only the
A = =1, O helicities of the Pomeron which have couplings
like a conserved current. The Pomeron-conserved vector
current analogy is developed in detail in Appendix B and
we refer the reader to it for a precise definition.

To demonstrate conclusively that the decoupling theorems
up to this point are consistent with nonvanishing elastic
coupling, it is useful to construct an explicit example. We
have investigated the usual planar dual model and found
that all these theorems are realized, because with a(0) =
it has a special gauge property. The dual model is discussed
in detail in Appendix C.

B. Strong decoupling theorems
1. Theorems from inclusive cross sections

We now derive essentially the same decoupling theorems
that one can obtain from (2.23) but in a strong form without
the discontinuity taken. To obtain the strong decoupling
theorems we again consider inclusive cross sections. We can
use a relationship like (2.8) between the two-particle in-
clusive cross section and the single-particle inclusive cross
section [or, equivalently, imagine using (2.8) when a is an
external Pomeron].

The energy-momentum sum rule relating to the double
inclusive (¢ + d — ¢+ d 4 X) to the single inclusive cross
section (e + b— ¢+ X) is

-5 / dmw( :;)) (2.30)

where dp = d%p/ (ZE). Introducing the Feynman variables
= 2puc/st, xa = 2pna/st we obtain for the sum of the
energy and p,, component of (2.30),

dxg do®?
25 Jore 725 Gor)
1 — x. \dpeapa

In the limit x, — 1, this becomes an lnequahty for the triple
Pomeron vertex.

FErp(0t) 2 % fdprafdy (1 — y)*P O B(ip,tr,y,K),

(pa + pb c)“

do.ab

(2.31)

(2.32)
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FIG. 17. Rapidities of produced particles in typical multiparticle
event.

where y is the Feynman parameter for P(t) + b—d+ X
with Mueller discontinuity B. In terms of M?= (po+ pa— p.)*?
and M2 = (po+ pa — p. — pa)? (see Fig. 16), we have

11—y I2/M? and «= M2(p.+ pa)?/s. (2.33)

For tp=0, the integral gives a lower bound on f#rr(0,0,0)
and must therefore vanish. The integral is a positive definite
phase space integral so that

B(O:'R’er) = = 0

0 (2.34)

identically for pq in the physical region (Jones et al., 1972).
This is an extremely strong result with many consequences.
In particular if we consider the limit y— 1 (e.g., s> M?
>>2M >> 1), we may pick out the Regge pole in the Pomeron
d-channel, which gives'?

B~ (1 — y)72r¢® f5p(0,tr,tr) | VPr(O,tr0)[* = O
(2.35)
or representing this diagramatically we have

(2.36)

Therefore either fsrr or Vpg? must vanish. The vanishing
of firr is easily seen to lead to the vanishing of the Pomeron
elastic coupling (and thus orot) since férr has particle
poles at tr = m? [see Eq. (4.5)],

1

—_— dd'
(tR - m2)2

fBrr =

In order to avoid this result at this stage, we therefore
require

12 This limit is actually a rather unusual one. In fact, it is not a con-
ventional Regge or helicity limit on the eight-particle amplitude (A. R.
White, unpublished). When (2.34) or (2.36) is viewed as a sum over in-
termediate states and Regge pole factorization is assumed for each of
them, (2.35) will follow if the sum over states commutes with the limit
M?*— . Itis conceivable that this is not the case and that the vertices
in (2.35) are not the usual Regge vertices although no completely satis-
factory example of this has as yet been constructed. For a discussion of
this possibility, see I. O. Moen and W. J. Zakrzewski (1973, 1974).
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Vpg (0,tg, K= m? -tg) =

(2.37)

for all tg < 0. The restriction to k = m? — fx follows from
the fact that we must approach the limit y— 1 and tp — 0
from inside the physical region, thus real w in

. Z(lptk)’} cosw — tp — tp + m?

Kkl =
A (l p,tR,m2)

There can be no explicit w dependence because the Pomeron
is a nondegenerate (Toller M = 0) trajectory, and therefore
V pr must be analytic in ¢ and ¢p for fixed «.

In Jones et al. (1972) other regions of phase space for B
are also considered. For example, with p; in the central
region, we get

(2.38)

Further, by considering inclusive processes with more
particles one can obtain an infinite number of decoupling
theorems, now in the strong form. For example,

(2.39)

For an application to couplings of Regge cuts, see Iwasaki
and Yazaki (1973).

2. Decoupling theorems from exclusive
cross sections

In this subsection we study the constraints on Pomeron
couplings that can be obtained by studying the cross sections
for multiparticle production that can occur through multiple
Pomeron exchange. Thus we shall need to make stronger
assumptions about Pomeron exchange than we made in the
previous subsection—i.e., that factorized multiple-Pomeron
exchanges exist. However, although we obtain no new de-
coupling theorems, we will obtain stronger forms of the old
ones (Brower ef al., 1973). We find that a nonvanishing
triple Pomeron vertex f5pr(0,0,0) leads to contributions to
the total cross section growing like (Ins)” with # an arbitrary
integer. These contributions are much larger than the Inins
contribution obtained from the inclusive sum rule above and
indeed violate the Froissart bound by an arbitrary power of
Ins. In addition we can exclude counter examples to the sum
rule decoupling proof which have trajectories with infinite
slope at £ = 0 [note the factor 1/&’ in Eq. (2.10)] (Henyey
and Zakrzewski, 1973 ; Oehme, 1973). Indeed any trajectory
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which gives a diffraction peak shrinking less or as rapidly as
[Ins]2 is inconsistent with constant total cross sections.!
Finally, at the end of this subsection, we reproduce the
Finkelstein-Kajantie decoupling theorem (Finkelstein and
Kajantie, 1968a and 1968b).

Since we will be dealing with multiparticle final states at
high energy, it is convenient to use the rapidity and trans-
verse momentum variables. Thus for the process ¢+ b —
1+ 24 -+ 4 n we write

pa = (mg coshya, 0, m, sinhy,),

ps = (my coshys, 0, m, sinhyy), (2.40)

pi = (mu coshy,, pu;, my; sinhy,),

where m? = p12 4+ m2 For large energies s = (pa + p4)?
in the laboratory frame

Ya=0

yp~1ns = V.

Our attention will be focused on the rapidities, y;, of the
produced particles, since empirically the transverse momenta
remain quite small for large s. Thus we characterize multi-
particle events by the y; as shown in Fig. 17.

In order to introduce the type arguments to be used in
this subsection, we reproduce the triple Pomeron decoupling
result in a slightly different way. Consider the rapidity
configurations of all the final states produced by the collision
of @ and b at a given energy. Take that subset of events
in which y,. differs from ¥ by a finite amount and all
the other rapidities are less than ¥ — A (A large); i.e., take
all events with a large gap in rapidity next to the leading
particle » (the configuration in Fig. 17 satisfies this condi-
tion). Since the subenergies s;» = (p: + p.)? are large, we
assume Pomeron exchange between # and the remaining
cluster. If we call M2 the invariant mass of the cluster,
then summing over all events of a given M?, we obtain the
(Pomeron-particle @) total cross section which again is
dominated by Pomeron exchange. Since the events satisfy-
ing our condition are a subset of all events, their partial
cross section ¢ satisfies

Tret® 2> oW, (2.41)

On the other hand,

YA

=y
161!"82 My?

x (i—z)wmpw)]z

o ~

0
am? / diBp*(0)M**© f5pp(0,4,1)

1 Y—A 0
=— dp / diBp**(0) fpp(0,t,t)ex t X¥—1)
167 J 4 —o
X [Br (1)1, (2.42)

where ¢ = (pp — pn)? and u = InM?2. Since the main con-

13 Shrinkage greater than (Ins)~2 for elastic cross sections is excluded
by unitarity—see Roy (1972). Thus no escapes of this type are possible.
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FIG. 18. Typical event contributing to ¢®.

tribution comes for ¢ = 0,

PPP ’0’ an 2 Y—A
férp(0 O)Fﬁ (0)]/ J 1

1
oD ~ __._.IBPaa(O)

/o
2 2o o VY —u
1 #pp(0,0,0)[8p% (0)
~ L gpeaey IEE =7 In Ins (2.43)
T o

and Eq. (2.41) requires f£rp(0,0,0) = 0.

We now consider (Brower et al., 1973c) the partial cross
section for “two cluster production,” ¢®, defined as the
cross section for all events with no particles in a large
rapidity gap, fixed at a given point, say y = % Ins.14 Of
course,

(2.44)

A typical event is shown in Fig. 18 where the masses, M 2,
of the clusters are

010t > o

InM2>~p;, po< p: < Alns < 3 lns. (2.45)

Since the energy across the gap is large [e@—M—22Ins7] the
behavior will be controlled by Pomeron exchange. Similarly,
for large u1 and w2 we have Pomeron exchange in the two
Pomeron-particle total cross sections. Thus we have

eMlins eM2lns

1 0
/ dM+? / aM? / di
16ms? J a1y, Moz? —o

s )2a(t)
M2M 52

X fepp(0,t,t) M 2?96 p%*(0)

ﬂpua (O)prb(o) Alns A2lns 0
o e / dus / dus f a
167 Bo1 Ko2 —o0

X e (Y—m_“z)[fﬁPPz (O:t:t):P
Br2(0)B7*(0) [2p2(0,0,0) F /“"“d
o~ 1231

16w 2o/ Bo1

A2lns 1
[
Ho2 Y — M1 — M2

c® ~

BPaa (O)MlzaoflsPP (O)lyl) (

(2.46)

Scaling p; by Ins (u; = #;1ns), we find

[fi;PP (0’0:0)]2 M
o 2) ~v aa » () ————mm———— d
O B OB O ey o

14 We should emphasize that our definition of a cluster or fireball
differs from that often used. In our case, there can be large rapidity
gaps (i.e., Pomeron exchanges) among the particles contained in the
cluster, whereas many authors define a fireball as having no large in-
ternal rapidity gaps. It is important in our case to include the events
with large internal gaps so that the full Pomeron exchange, as opposed
to a “bare” Pomeron, will be built by the sum.
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FIG. 19. Typical event contribution to o®.

A2 1
X / dg —————— Ins = opet*Onpl @ Ins,  (2.47)
0 1 — w1 — us

where ar,2° ~ 8p22(0)8,°%(0), I ® is the double integral, and
fﬁppz (01070)

. (2.48)
(167) (2a")

Equation (2.47) clearly is in contradiction with (2.44) by a
factor of Ins unless the triple Pomeron vertex vanishes. Thus
the inconsistency of the simple Pomeron pole model with
unitarity for nonvanishing triple Pomeron vertex is greater
than Inlns obtained in Eqgs. (2.10) and (2.43).

The origin of the Ins in Eq. (2.47) can be traced to a factor
of (Ins)? from the phase space in M2 and a factor (Ins)~!
from the shrinkage of the diffraction peak in ¢ [e.g.,
(Y — g1 — p2)™']. If the diffraction peak shrinks more
rapidly, then the growth of (2.47) will be reduced. Any
shrinkage of the diffraction peak less rapid than (Ins)~2 is
inconsistent with constant total cross sections. Shrinkage
of (Ins)~2 can also be excluded by letting Ay and A, approach
% in which case 7® diverges as Inlns analogously to (2.43).15

We can obtain partial cross sections which grow as an
arbitrary power of Ins by considering cross sections for
production of # clusters (Brower et al., 1973c). Thus consider
all those events with large gaps in rapidity centered at
(B/n)Ins,k = 1,2, ...,n — 1(see Fig. 19). Again the partial
cross section o™ satisfies ‘

G'Tot“b Z o @),

(2.49)

Again we define p; = InM2, po < p; < A;Ins < % llns,
and also {; = Ins; ;1, where s;,;41 is the total invariant mass
in the clusters 7z and 7 + 1.

Since the s;,:+1 are large, we can use the multi-Regge form
for the phase space integral (Finkelstein and Kajantie,
1968a and 1968b) where the M ;2 are treated as fixed masses

oy = ——— ["ff / axia g O Sy Y)]

2mH (2qr)3n—5g2 |31 i—2

x [EI: / dt’][g/ [—)\(ti_ld,i:z—puz):]%] (2.50)

and introduce a further set of integrals over the M 2. In
Eq. (2.50) the ¢; are the momentum transfers between
clusters and the p.; are the transverse momenta of the
clusters. Instead of the integrals over pi.;®2 one could use

15 When shrinkage is not (Ins)~! and the Regge trajectory is not linear,
o’ is the coefficient of dominant ¢ behavior in «(#) — 1, i.e., a(f) — 1
>a'(—2).
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integrals over the Toller ahgles w;

)\(ti—l, ts, M.'z)

P+ M2 = v , (2.51)
2(ti_st) cosw; + M2 —tiy — &
then )
dp.i® doi(pu® + M ?)
/ - / . (252)
[=A(imr, tiy =D Nty £, M) TR

Since we will always be interested in the contribution for
t; = 0 where p.,2 = 0, we have

ap.d
/ = / dw; = 2m.
[=A(ims, t;, —p A ]Y

The integral over w; just gives 2w in this case, because the
amplitude does not depend on w; as the momentum transfers
vanish.! Therefore we drop the transverse momentum in-
tegral in the following.

(2.53)

As before, since the gaps are large we assume Pomeron
exchange giving factors

Siapn |20 siivr \?
[ = gla ti(Ci—pmi—pi+1) | (2.54)
M2M;. 12 M2M ;s

Using the relationship

$12823° * *Sa—1,n

1=
s(pe® + MP) (ps> + M®)- - - (pa1® + Mai?)
[Smszz' . 'Jn—1,n]
sSCM2M 2 - - M, 4%]
we obtain
1 . [n—1 n—1 n—2
o™ = —————‘———[H /ds‘ia( 26— 2 pi— Y)]
2n+1 (21r)2n—-3 i=1 =1 =2

X I:I"I /dﬂi][ﬁl /dtie2a’ti(fi—ui—#i+1)]
i=1 i=1

n—1
X [o2P(ust) IT 0P (us, tivt, 8:)0*P (n, tn1)], (2.55)
i

where o*F(u,f) is the total cross section for scattering a
Pomeron of mass ¢ from particle x at energy e#; and o P ¥ (u,t,t)
is the total Pomeron (f)-Pomeron (#) cross section at
energy e*.

We first consider the case where u; are large.. Pomeron
exchange gives constant cross sections

o°F ~ Bp2(0) forp(0,4t)
(TPP ~ fl';PP(O)t:t)f}A’PP(Oit,)t/)'

owgp wap 0

16 This is true only for Toller quantum number M = 0 Regge tra-
jectories. The Pomeron is M = 0 of course, since it contributes to
helicity flip zero (elastic couplings) by assumption.

(2.56)

FIG. 20. The Finkelstein—Kajantie de-
coupling theorem.



R. C. Brower and J. H. Weis: Pomeron decoupling theorems

We therefore obtain

Br**(0)8°*(0) [( férp (0,0,0))2]<n—1>
2n+1(2,’r)2n_3 2%/

n Ailns n—1 ©
<[ [ ] T [ a5
=1 ROt =1 pituig1t+vilns+6;

1 n—1 n—2
x————~—]a<>: = X w— ).

$i— Mi — Miy1 =1 i=2

om =

The ¢; integral extends over a gap of minimum 8¢ length
v;Ins. Scaling the integration variables u; = #;lns, {;
= z; Ins gives trivially a factor (Ins)”,

0™ 2 gy (2/m) 2 U ™) (Ins) Y, (2.57)
where
n A n—1 o 1

o[ L )
=1 Jo =1 J wituiprvi 2 — Ui — Uip
n—1 n—2

X8(2 26— > ui — 1). (2.58)

=1 =2

We see that multiple Pomeron exchange with nonvanishing
triple Pomeron vertices produces a violation of the Froissart
bound by an arbitrary power of Ins.

As a second application of (2.55) we obtain generalized
Finkelstein—Kajantie decoupling theorems. In this case we
choose only a subset of the intermediate states in ¢2F and
oP? and fix the p:?, for example,

P = [Bp(0) 26 (ui2 — m.2),
aFb = [Bp**(0) 16 (ua? — ma?), .
UPP(HhO)O) =~ I:VPPX(IM):F’

where V ppX is the coupling of two Pomerons to a fixed state
X (or fixed group of states). We drop the integrals over u?
since we consider a fixed state, and again scale {; = 2; Ins,

o _ Bp*¢(0)Bp%*(0)* ([VPPX(Mﬂ]z)"'—l_l—

(2.59)

g
2+ (2qr)2n—3 20 Ins
n—1 i/n dzi n—1 -
NO> (X z— 1), (2.60)
=1 J y;tei/lns % =1

where €; = p; + pip1+ 8; and §; is the lower bound on the
energy across the ith gap for which the Pomeron dominates.
We can take »;— 0 and still have multiple Pomeron ex-
change. In this limit the 2, integrals diverge as

n—2  Ins
II In— = (Inlns)*2
=1 :
so
: (In Ins)»—2
o™ = [VppX(u)]tr2 ._I____. . (2.61)
ns

In this case .we can let # increase as s increases while still
keeping the energy across each Pomeron above the minimum
rapidities 8; ~ §. Thus Eq. (2.61) holds for » ~ Ins/s. How-
ever, if the minimum rapidity gap across each Pomeron does
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FIG. 21. Decoupling of the Pomeron—
Reggeon-X vertex and continuation to
the particle pole.

y

not increase with s, the minimum momentum transfer does
not vanish as s = o 7

i—1 n

exp( 2 ps) exp( .=Z+1p;')

§$1,i—15i+1,n 1
(ti)min = = = )
s s )
(2.62)

where s;,;_1 and s;,1,, are the masses of the blobs produced
on either side of the momentum transfer ¢;. Thus we need a
weak energy dependence in §. Suppose 62~ lnlns, then
n = Ins/Inlns and

arot®® > o™

~ (VPPzz)lna/lnlns—-l

"exp (Ins In In Ins/In Ins)
. (2.63)
Ins

The inequality in (2.63) is violated unless (see Fig; 20)
VepX = 0. (2.64)

Finkelstein and Kajantie (1968a and 1968b) originally
derived Eq. (2.64) for the case of X, a single particle, but the
generalization we have presented here is clearly trivial. This
result is clearly very powerful. All the decoupling theorems
discussed in the previous subsection can be obtained from
Eq. (2.64). For example, the vanishing of the triple Pomeron
vertex is obtained as follows. Let X be a sum over all states
of a given mass ¢*, then

VepX(u)? = aPP(u) = 0
for all u. Taking u large!®
O'PP(”') ~ fﬁPP2(070;0) = 0.

Thus the Finkelstein—Kajantie decoupling theorem is at
once the most general and the strongest.

We close this section with a remark which will lead us into
the discussion in the following section. We can imagine de-
riving further decoupling theorems by going to particle
poles in the momentum transfers. Suppose for example we
start with ¥V ppX and let X be a multiparticle state with one
large subenergy, so '

0 = VppX = VprXVep*e (2.65)
If we continue to the particle pole on the Reggeon'? we have
(Fig. 21)

VpXe = 0. (2.66)

17 See also footnote in Neff (1973).

18 This could have been done from the start in obtaining (2.63) from
(2.55) as long as u/Ins— 0 as s— .

19 This line of reasoning has been pursued by R. Rajaraman (1972).



618
*
Pe N
FIG. 22. Amplitude for ¢ + N — ¢ + N* in the
/ qH limit s — « and ¢2— 0.
pe ~ N

S

This procedure involves an analytic continuation from
tr < 0 to g = m,? and thus clearly is outside the scope of
the type of argument considered in this section. We discuss
the validity of such analytic continuations in the following
section and conclude that they are generally valid, although
there are some potential hazards, particularly in the case
X = a. We remark that in the multiperipheral model
(Amati ef al., 1962; Lee and Sawyer, 1962; Chew and
Pignotti, 1968) the validity of such continuations has always
been assumed since the production amplitudes are ampli-
tudes like Fig. 10 with alternating Pomeron and pion
exchanges. Thus the inability to obtain ap(0) = 1 without
a consequent vanishing of the elastic coupling is quite clear
within the context of these models.

Concluding Sec. II, we note that Le Ballac (1971) has
given an argument for the elastic decoupling directly from
inclusive cross sections which avoids the analytic continua-
tion. He notes that a pure pole Pomeron exchange in the
central region implies that the average n-particle correlation
function (C,) increases like Ins and as a consequence ge; — 0
faster than (Ins)~"*l. However, as Ellis, Finkelstein, and
Peccei (1972) emphasize, (C,) ~ (Ins)*»~! behavior is ex-
pected as soon as Pomeron-Pomeron cuts are allowed, and
then g1 ~ (Ins)~ with no decoupling of the elastic Pomeron
vertex. Therefore, unlike our argument from analyticity,
the standard soft PP cut circumvents LeBallac’s conflict
with ¢, — constant.

Indeed we should emphasize that all the results of Sec. IT
are valid in the presence of a Pomeron pole that is only
separated by a factor of (Ins)~! from its cuts at ¢ = 0. That
is why no naive cut mechanism avoids their conflict with
constant cross sections.

Ill. DECOUPLING THEOREMS FROM ANALYTICITY

In this section we discuss further decoupling theorems
that can be obtained by analytically continuing the results
of Sec. II from the physical regions where they were origi-
nally obtained. Before discussing these results in detail, in
Part A we give a simple example (Gribov, 1972; Brower and
Weis, 1972) which illustrates some of the technical difficulties
in such analytic continuations.

In part B we investigate the Pomeron particle-particle
elastic coupling with a more detailed study of the analytic
structure in the case of continuation of the Pomeron—
Reggeon—particle vertex to the particle pole. We conclude
that the coupling does vanish (Brower and Weis, 1972).
In part C we consider other couplings obtained by con-
tinuation. Of particular interest are the “elastic” couplings
occurring in the Mueller analysis of inclusive cross sections:
the Pomeron four-particle fragmentation function and the
two Pomeron two-particle pionization function. These have
not been studied in detail but we believe they also must
vanish.
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A. Heuristic argument

There might be optimism that the decoupling of the
Pomeron—Reggeon vertex for iz < 0

Vpg (O, tg,K = m? -tg) =
R (3.1)

might be consistent with the elastic pole at ¢z = m? This
optimism is based on the analogy with the longitudinal
photon entering into electroproduction of a resonance (e.g.,
e + N — ¢ + N*). Here the leading behavior at high energy
has a form factor that vanishes at ¢> = (p. — p./)* = O (see
Fig. 22)

FNN*(q2) =0 at 2 = 0,

but the elastic form factor is nonzero and equal to the charge

FNN(QZ) = e at q2 = 0.

Might not the Pomeron decouple in the (inelastic) Pomeron—
Reggeon—particle vertex, but mot in the elastic vertex
(tg = m*)? Our example clearly identifies the false element
in this analogy and thus destroys the optimism based on it.

Suppose we can analytically continue the Pomeron-—
Reggeon two-particle vertex (or the two Pomeron—four-
particle amplitude) to the particle pole to obtain the de-
coupling of the Pomeron from three particles (see Fig. 23).
We would like to know whether it is possible to make a
further continuation to an internal particle pole to obtain
the vanishing of the Pomeron particle-particle coupling
(and thus total cross sections); i.e., a continuation to, say,
S13 = M22.

The Pomeron three-particle coupling generally has the
form

g(t,52/51,53/51,512,523,531),

where s12 + s23 + s31 = mi2 + ma? + ms2 + £ However, the
vanishing of (3.1) is only known in the physical region for
t = 0. In this case there are further constraints among the
variables (corresponding to k = m.? — s3; in the double
Regge limit)

S S2 S3

(3.2)

Saz — Ms? S31 — Mma? S12 — my?

Equation (3.2) is derived in Appendix B—see Eq. (BS).

Since inelastic resonances decouple at this kinematical
point for a gauge invariant Pomeron or photon (see Ap-
pendix B), it is plausible to consider just the sum of the

FIG. 23. Pomeron three-particle cou-
pling.
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three poles in the s;; channels, as a simple model for g. Then
A5~ Bpe () EpL(—ar(d))s1*®]g
5181 5232
Sz — M2 531 — M?

5383
+ | e
S12 — M3

where 8, is the coupling of the Pomeron to particle zat ¢ = 0.
Using Eq. (3.2) and s; =~ —s;, 53~ —s;, the vanishing of
Eq. (3.3) implies only

Br—PB2—B3=0

and not the individual elastic couplings 8;.

~ iﬁpaa [

(3.4a)

We can also consider the reactions obtained by crossing
pairs of particles and obtain

Bz — B — B3 =0, (3.4b)
Bz — B2 — (3.4¢)

Since the couplings of the Pomeron to particle and anti-
particle are equal,

1=

B: = Bi. (3.5)
Equations (3.4) clearly give
B1 = P2 = B3 =0. (3.6)

Therefore in this simple model the vanishing of elastic
coupling is obtained, but it requires a knowledge of the
crossing (signature or charge conjugation) properties of the
Pomeron (3.5). This input is nontrivial since for exchanges
of opposite signature like the photon we do not obtain de-
coupling. Indeed for the photon, charge conjugation is
minus one,

Bi— e, where

(3.7)

and all three equations (3.4) reduce to the same charge
conservation equation

€; = —¢€;

er— es — e3 = 0. (3.8)

The analogy between the Pomeron and the photon (at
t =0, j = 1) breaks down for those properties related to
signature or charge conjugation.

B. Vanishing of total cross sections

In order to find the implications of the vanishing of the

Pomeron-Reggeon—particle vertex discussed in Sec. II,
Eq. (2.37),

Ver(tp = 0,tr;k = m? — tg) =0 (3.9

for the Pomeron particle-particle coupling, we need to
analytically continue in {5 from ¢z < 0 where Eq. (3.9) was
originally obtained to ¢z = m2 The correct performance of
this continuation requires a detailed knowledge of the struc-
ture of V (¢p,ir; ). Thus let us discuss this structure and
the arguments with which it has been derived (DeTar and
Weis, 1971; Drumond ef al., 1969; Goddard and White,
1971; Halliday, 1971; Weis, 1972). In doing this it is con-
venient to consider the vertex as it occurs in the 2— 3
amplitude. By factorization this will of course be the same
vertex which occurs in the doubly inclusive cross section
considered above (Weis, 1973, 1974). Therefore, we consider
the 2 — 3 process shown in Fig. 24.
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FIG. 24. Variables for five-particle
amplitude. 4

The double Regge behavior is

A=~ B(tp)[ErT (—ap)sp*P ]V pr(tp,tr,x)
XLERT (—ap)sr*E]B(tr),

where

(3.10)

(3.11)

From now on we shall drop the single Regge vertices
B(tp)B(tr) since they play no essential role.

kK = SpSg/Ss.

The first step is to decompose the amplitude into signa-
tured amplitudes which have only right-hand cuts in sp, sk,
and s. Since in general those three invariants have both
right- and left-hand cuts with no particular relations between
them, we need 23 = 8 different signatured amplitudes in
order to have enough freedom to describe a general ampli-
tude. These eight amplitudes arise from positive and nega-
tive signatures 7p and 7r for the two angular momenta
(jp in ip-channel and jg in ¢z-channel) and positive and
negative signature associated with the helicity m at the
central vertex.?? Thus we have

As(sp,Srk,tp,tr) = >

a N {[A ”"RTV(SPrsR;K;tP’tR)
TP, TR, TV=x%1

+ 7pAPTEV (—5p, S, K, Lp, LR)
+ 7RA™PTR™ (sp, —Sg, K, tp, Ir) +

7pTRA™PRYV (—5p, —Sg, Kk, tp, Ir) + Tvlk— — K]}
(3.12)

The assumption that signatured amplitudes 472727V have
partial-wave projections with good (Carlsonian) continua-
tions to complex angular momentum and helicity is the
weakest link in our discussion. However, while their exis-
tence has never been rigorously proven,? the structure of the
amplitudes which result has been found in all models of
Regge poles studied (Drumond et al., 1969).

The next step is to discuss the Regge behavior of the
signature amplitude,

A7PTRTY = T'(—ap)(—sp)*PV(Ip,tr,x)
XT (—az) (—s2)*%. (3.13)

The double Regge residue of the signatured amplitude V
has the behavior

V = (—k)"PV p(tp,tr,k) + (—k) RV E(tp,trx), (3.14)

where Vp and Vz have no cuts in « (DeTar and Weis, 1971
Drumond et al., 1969; Halliday, 1971). This is necessary to
assure that 4 has no simultaneous discontinuities in over-
lapping invariants (i.e., sp and sg) in the physical region.?

20 This signature, which is a new feature of multiparticle amplitudes,
has been introduced by P. Goddard and A. R. White (1971).

21 See A. R. White (1972) for a thorough discussion of this problem.

22 For a recent discussion of this Steinmann property, see H. P. Stapp
(1971).
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Combining Egs. (3.13) and (3.14) one easily verifies this
property :
ATPTRTV = (__s)aP(_.SR)aR—aPVP

+(—5)*R(—sp)*P~*EV g. (3.15)

Combining Eqs. (3.12), (3.13), and (3.14) we obtain the
contribution of a double Regge pole with definite signatures
(Brower and Weis, 1972; Goddard and White, 1971; Weis,
1972; Roth, 1972)

A5 = s*Psp*r=Ptptppl (—ap)T' (—ag)
X[VP(tp,tR,K) + Tprvvp(lp, t)z, —'K)___l
+-serspeP=eREpEppl (—ap)T (—ar)

X[V r(ptrk) + TrTvVr(tE, tr, —K)], (3.16)
where
&= e 4 1y,
Eij = em@) 4 10 (i, j = P or R). (3.17)

The signature factors in (3.16) give the full complex phase
of the amplitude since the V; are presumed real below the
thresholds in ¢p and ¢g. Comparing Egs. (3.10) and (3.11)
we see that V pg is not real

Ver = Errpk P[Vp (k) + rprvVp(—k)]
+£p 2 pre R [V r(K) + TRTVV R(—K)].

The phase of V pg results from the necessary cuts in « (3.14)
and, roughly speaking, is associated with cuts in s.

(3.18)

The final step is to obtain the structure of the V;. This is
done by arguments of the following type (DeTar and Weis,
1971). The poles at ap = Jp must have polynomial residues
of order Jp in the overlapping invariants sp and s. For az
nonintegral one sees from Eq. (3.15) or (3.16) that they
can occur only in Vp. The double poles at ap = Jp and
ap = Jr are accommodated by poles in Vp (and V) at
ap — ap integral. We finally have (DeTar and Weis, 1971)

F(—ap)r(—aR)Vp(lp,tR;'K)

=2 I'(—ap+ )T (—ar+apr+ )U(ap —i,tp, tr) .
=0 2.
(3.19)

and similarly with P <> R. The function U has no singu-
larities in the #; below threshold.?

We remark that our basic formulas (3.13), (3.14), and
(3.19) can be quite elegantly obtained using complex angular
momentum and complex helicity analysis. However, we
have preferred to give a rather direct derivation and refer
the reader to Weis (1972) for discussion of complex helicity
approaches. We only remark that the terms «~*?*¢ and
k~*&+i in V arise from singularities in complex helicity at
A =ap — 1 and A = ag — 7. For nonnegative ¢ these are
“sense” helicities, i.e., helicities less than the (complex)
angular momentum. The absence of terms with negative ¢
in Eq. (3.19) corresponds to the absence of ‘“‘nonsense”
helicity couplings (Brower et al., 1973b).

2 U(ap — 1, tp, tr) can have simple poles if nonsense wrong-signature
multiplicative fixed poles are present (see Weis, 1972). These are located
atap +np = 0[7p = (— 1)"P] agr + ng = O[rr = (— 1)*r*1] and
ar — ap + ngp = O[7prr = (— 1)"RP*1], where the # are negative
integers. These can be shown not to affect our conclusions.
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Armed with Eqgs. (3.18) and (3.19), which exhibit ex-
plicitly the behavior of the double Regge vertex in tg, we
can now examine the consequences of (3.9). We are inter-
ested in the behavior for ap>~1, 7p = 41, and ap~0,
7r = +1 (since we are considering for simplicity a spin-
zero particle). Keeping only the dominant behavior in Eq.
(3.18), we may parametrize the vertex as

UO‘IV Ul"’K
T'(—ap)l (—agr)Vp~ + ,
ap—l (ap— 1)(0[13—0!p+1)
(3.20)
Uyv
I‘(—OLP)I‘(—OIR)VRE (321)

arlar —ap + 1)

We have exhibited the vertex signature explicitly in Egs.
(3.20) and (3.21) since in general both signatures can be
present.? Inserting these expressions in (3.18) we have

eimx}e —_— 1
0~
T
emer — 11U + 7v) U1 — 7v)
A | + ]

Ty=kl 2 K aR
1

+ I:va(l + 7v) —:I} ~ 22U, (3.22)
QR

In general the contributions of Vp and Vg occur in Vpg
with different phases so they must individually vanish. For
ar = 0, the contribution of Vp is purely imaginary and
vanishes, so it gives no constraint on Uy and U, but the
contribution of Vg is real and only vanishes if '

Ut = 0. (3.23)

However, returning to Eq. (3.18) we see that the vertex
at ag = 0 (that is, the Pomeron—particle—particle coupling)
is

,BP(O) = tllII%) Vpk(tp, tr = 'm2, K) = 2U1+1. (324)
p->

Therefore the vanishing of the Pomeron—-Reggeon—particle
vertex implies?> the vanishing of the Pomeron—particle—-
particle elastic coupling (3.24).

We would now like to make a number of comments on
this result. As we noted in the introduction to this section,
the signature of the Pomeron plays an essential role. In
Eq. (3.22) there is a term 1/k which, due to the kinematic
constraint (3.10), is 1/(m? — tz) and looks like the particle
pole. However, it is multiplied by the factor ¢ézp, which is a
wrong signature factor for ap = 1 and therefore cannot
compensate the particle pole in V. The harmlessness of
this potentially dangerous kinematic singularity is thus a
result of the positive signature for the Pomeron. For the
photon,?® on the other hand, only V » contributes, and cur-

24 Planar models have no left-hand « cut (equal v =+ 1 and 7v
= — 1 contributions), but nonplanar models have left-hand « cuts (see
Ross, 1972).

26 Equations (3.18), (3.19), and (3.20) can be applied equally well to
the photon, since they just give the required polynomial dependence of
the residue. The Regge argument can be compared step by step with the
simple pole argument given in Sec. IIL.A for both Pomerons and
photons.
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rent conservation requires that the kinematic 1/« singularity
exactly cancel the particle pole. '

Signature plays a crucial role in another amusing way.
Consider a Regge trajectory of negative signature soag = 0
is a wrong signature point. Such a trajectory, if it has the
same ag(tr) as the positive signature trajectory, surprisingly
has the same behavior as (3.22) near az = 0. In this case
from Egs. (3.18), (3.20), and (3.21) we have

{_ Uov(1 + 7v)

K

S 2
VPR(O, lR, Kk=m2 — t;ﬂg ‘—Z

m v

Ul'v(l -— Tv) U],"’(l —_ Tv)
+ }

ORr aR
4 Ugh 4 Ugh

~ — — ~ — (3.25)
i K ir ap

The signature factor £zp is now right signature so the 1/«
kinematic singularity contributes.

Equation (3.22) immediately suggests a mechanism for
avoiding the vanishing of the elastic coupling. If the nega-
tive signature trajectory is exactly degenerate with the
positive signature trajectory for tr < 0 (exchange de-
generacy), then the decoupling theorems will apply only to
the sum of both their contributions since they cannot be
separated by their asymptotic behavior. If the negative
signature trajectory also has ag(m?) = 0, then its contribu-
tion will cancel the particle pole if Ugtl(rr = —1) =
Uit'(7g = +1).26 In this case there is a nonuniformity of
interchange of the limits ¢p — 0 and ¢g — m?. The particle
pole at fg = m? occurs in Vg which is multiplied by
trEpr(rr = +1) + ¢répr(rr = —1) = 2£p. Combining
this with Eq. (3.21) we see the term with the particle pole is

EP 1 ap — 1

—~

aR—ap-l-laR

(3.26)

ap — 1 —agp ag

The coefficient of 1/a is finite for the limit {r — m2(ar — 0)
followed by tp — 0 (ap — 1) but zero for the limit {p — 0
followed by ¢g — m?. If one traces the origin of the factor
¢p in (3.26), one sees that it arises because the amplitude
now has no left-hand cut in sg.

Unfortunately this exchange degeneracy mechanism for
circumventing the vanishing of total cross sections is not
physically reasonable. The pion’s exchange degenerate
partner would have the quantum number of the 4; meson.
Such a trajectory could very well exist. However, there is no
evidence for a trajectory with I¢ = 1+ and J% = 0%t ap-
proximately exchange degenerate with the p. While decou-
pling of the p might be tolerated by some people, this absence
of such a trajectory also requires the pion to decouple. This
can be shown by considering the Pomeron—m-m-p vertex
which can be shown to vanish using the inclusive sum rules
or Finkelstein—Kajantie argument (see Fig. 25).

While the exchange degenerate w4; eliminate the left-
hand cuts in s, this is not sufficient to cause the coefficient

26 Recall that Eq. (3.22) is multiplied by e~i**& + 1 and Eq. (3.25) by
eminar — 1,
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b
FIG. 25. A six-particle amplitude with P, w4,, and p exchanges.

of a,~! to vanish at tp = 0. The reason is basically that,
while a single Regge trajectory of definite signature gives a
factorizable contribution to the amplitude, the contribution
of a Regge exchange without definite signature (e.g., an
exchange degenerate pair) does not factorize. Thus the
P — 7 — wd, “vertex” occurring in the 2 — 3 amplitude
and vanishing is not the same P — # — w4 ‘“vertex’’ occur-
ring in the 2-—4 amplitude, so the vanishing does not
progagate to more complicated amplitudes.??

If the analytic structure of the Pomeron—-Reggeon-—
particle vertex is different from that discussed here, the
elastic decoupling theorem could be vitiated. We mention
two possibilities. First, a singularity of the form

1 1

aR—ap+1 K

in Vg [see Eq. (3.21)] could cancel the particle pole in
(3.22). Such inverse powers of « correspond to ‘nonsense’”
singularities in complex helicity, and we have argued,
though not completely rigorously for the case of the five-
particle amplitude, that these are not allowed (Brower
et al., 1973b). Second, if 1/« is replaced by

1 Kk+ap 1
or ——
K —OR R

(3.27)

(3.28)

K —OR

the particle pole can still be cancelled. Again these behaviors
are not expected in Reggeon couplings (Brower et al., 1973).
No known model for Regge poles produces the behaviors
(3.27) or (3.28), so before one doubts the general arguments
and takes these behaviors seriously he should find a mecha-
nism which produces them.

There is one source of singularities in the Pomeron—
Reggeon—particle vertex which must be taken seriously. This
is the collision of the Reggeon pole with the Pomeron-—
Reggeon cut at ¢z = 0. Although it is commonly assumed
that this collision is weak {this idea is further supported by
the vanishing of the Pomeron-Reggeon—Reggeon vertex
obtained in Sec. IT [Eq. (2.27)7}, if it were strong it would
change the behavior of the Regge pole for tz < 0 drastically.
In Sec. IV we mention two proposals which vitiate the elastic
decoupling theorem. We emphasize here that any such
proposal means a nonuniformity of the interchange of limits
tp— 0 and tg — m?2. This should be a quite drastic effect
for the pion. Specifically, it means that if the pion—proton
or pion—pion cross section is determined from the Chew—Low
extrapolation, no Pomeron contribution will be found. This
type of nonuniformity should be testable.

C. Other decoupling theorems

The crucial difficulty with continuation to particle poles
in the elastic case is the presence of kinematic singularities

27 These statements can be readily verified using the analysis de-
veloped in J. W. Weis (1972).
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' FIG.26. Examples of Mueller vertices (right) and possible connections
to other vertices.

at the same point. In other cases the kinematic singularities
do not coincide with the particle pole so we expect that the
continuation can be carried out without difficulty, although
we have not investigated this point in detail.

There are other couplings which are rather like the elastic
particle—particle coupling, however. These are the couplings
occurring in the Mueller analysis of inclusive cross sections
(see Fig. 26). These are similar to the elastic vertices in
that the momenta of the particles on opposite sides of the
discontinuity are equal. One might try to obtain decoupling
of the Mueller vertices by analytically continuing the ver-
tices on the left of Fig. 25 which vanish by the arguments
of Sec. I1. The analytic structure of such vertices is com-
plicated, however, and to our knowledge no one has analyzed
this problem completely. It is our feeling that the continua-
tions can be performed to give vanishing of the Mueller
vertices. We have investigated this question in the dual
resonance model where the Pomeron is treated as an ordinary
trajectory with intercept one. It is found that neither the
vertices on the left nor those on the right in Fig. 26 vanish,
and to obtain vanishing of those on the left we have to
multiply in factors of /p which cause those on the right to
vanish also.?? (See Appendix C.)

IV. THEORETICAL ALTERNATIVES AND
IMPLICATIONS

A. Theoretical alternatives

Here we briefly discuss what role the decoupling theorems
for a simple isolated Pomeron pole with ap(0) = 1 might
be expected to play in a full theory of diffractive scattering.
We conduct this discussion within the context of three
popular models for diffractive scattering:

(i) 0 — 0 like s—¢; € very small and the theorems are
approximately true [e.g.,, MPM (Amati et al., 1962a, Lee
and Sawyer, 1962; Bertocchi et al., 1962) or MRM (Chew
and Pignotti, 1968) model with ap(0) < 17;

(ii) ¢ — const; some mechanism circumvents the de-
coupling theorems [e.g., Gribov Reggeon calculus (Gribov,
1968) with ap(0) = 17;

(iii) o — [e.g., In%s in certain eikonal models (Hass-
lacher et al., 1970; Cheng and Wu, 1970) where, effectively,
ap(0) > 17].

(i). «p(0) <1

The multiperipheral model (MPM) is perhaps the most
highly developed model of diffractive scattering (Chew and

28 For some study of this question, see also C. H. Mehta and D. Silver-
man (1973).
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Pignotti, 1968). The parameter e is related to the triple
Pomeron coupling Gp (Abarbanel et al., 1971), and oot
~B(e)s7¢(e > 0). Generally then the size of Gp or 8 controls
the point at which the cross sections are no longer nearly
constant and B(e) — 0 as e — 0. The cuts are strictly non-
leading by a power [O(s7¢)7], and thus the fine structure in
the j-plane is inessential, as far as the Pomeron couplings
are concerned.

The difficulty in the MPM with taking ap(0) — 1 may
well be a consequence of the positive sign of the two Pomeron
cut. Roughly, since the {-channel iteration adds to the cross
section, unitarity bounds are difficult to satisfy. In any
event, there are several ‘“advantages” to a negative cut.
The interface of a negative cut “explains” both a (tem-
porarily) rising cross section [ — (¢ + «’ Ins)~! is an increas-
ing function] and the dip at ¢~ —1.4 by destructive
interference (Fig. 5).

However, it is interesting to note that Chew has shown
that further fine structure can give a temporary increase in
the cross section due to double diffractive production. In
this model, fireballs (see Fig. 19) are defined as a cluster of
particles with no rapidity gaps larger than A ~ 2, and the
sum over these particles is assumed to give a bare Pomeron.
[This sum is not equivalent to our sum in Sec. II, since we
made no cutoff at a maximal gap size. The unrestricted sum
must give the full Pomeron, whereas the restricted sum
leads to an unphysical signularity which may or may not be a
Regge pole (bare Pomeron) as in the two-component model
(Bishari et al., 1974 ; Bishari and Koplik, 1974)7]. Chew has
shown that this model gives a leading pole, a positive cut,
and complex conjugate poles. The complex poles cause
oscillations that can explain a temporary rise in a cross
section. Also for moderate Ins the j-plane is approximated
by a pole and a negative cut.

Hence the crucial feature of the MPM model forap(0) — 1
is whether a positive cut is theoretically tenable as an exact
principle. Gribov and White have advanced arguments that
the negative sign is required by /-channel unitarity (Gribov
et al., 1965; White, 1972). We are impressed by both the
phenomenological and theoretical arguments for a negative
cut. '

(ii). «p(0) =1

Unitarity in the f-channel requires that with each Regge
pole there are associated a series of cuts at aeus™ = no(t/n?)
—n + 1. If ap(0) = 1, all of the cuts will coincide with the
pole at ¢ = 0 and actually lead the pole in the scattering
region ¢ < 0. Therefore in this case the j-plane fine structure
is potentially a crucial feature. The difficult problem of the
interaction between the colliding pole and cuts has not been
completely studied as yet so our discussion here will be only
qualitative. The most sophisticated approach has been the
application of the Renormalization Group approach to the
Gribov local field theory approximation of the Reggeon
calculus. We discuss the relationship of this work to de-
coupling problems in Sec. IV.B.

It is fairly clear that naive cuts do not affect the decou-
pling theorems. By naive cuts we mean contributions which
look just like the pole contributions except divided by powers
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of Ins. For example,

s%c(t)
Ins Blt)  ~

where 3(¢) has no singularities not present in the full ampli-
tude. For example, in the inclusive cross section we might
have

(4.1)

(s /M2)2%t)
(In s/M2)2

~

MZUP(O)

(4.2)

Even though (4.2) dominates the triple Regge term for all
1 0, it is clear that its integral is ~ (Ins)~% < Inlns and so
it does not affect the decoupling proof.

To see this another way, consider again the energy mo-
mentum conservation sum rule (DeTar, 1974 and Veneziano,
1974)2

0 1 do.ab

O'Togab = 1!'] dt/ dx .
—0 -1 didx

Separating the contribution of the triple Regge region (say,

M?/s < §) from the rest of the fragmentation region, we
have fore = 1 — ap(0) > 0

(4.3)

o = -— -
C D D
. (4.4)
s—2e Cs—2e
= As ¢ — R— + Bs™¢ 4 .
Ins Ins

where R is the fixed pole residue in Pomeron particle scatter-
ing and arises from the low M?2 part of the first term. The
cut contribution from the remainder of the fragmentation
region C can be such as to give the usual cut residue, i.e.,
C = —R?+ R. However, as e— 0 with f#p»(0,0,0) £ 0,
the first two terms become singular and give Inlns [see Eqgs.
(2.18)-(2.21)]. A compensating singularity is not expected
in B or C since a negative Inlns behavior would give a
negative inclusive cross section in some region of phase
space in the absence of an even greater singularity.

The obvious place to look for a nontrivial role played by
cuts is in contributions where one Reggeon spans two or

29 We are indebted to C. E. DeTar and A. Patrascioiu for discussions
on this point.
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FIG. 27. An absorptive correction to the usual triple
Pomeron term.

i

more other Reggeons—see, for example, Figs. 27 and 28.
Such contributions have a structure quite different from the
pole or naive cuts and, as we shall see in an example below,
can be quite singular. It is possible that such contributions
spoil all the arguments presented in Secs. IT and III.

The most drastic effect of such contributions could be to
allow a nonvanishing triple Pomeron coupling at ¢ = 0 and
thus violate the basic decoupling theorem. A popular plausi-
bility argument for such an effect has been the analogy
between the triple Pomeron diagram and the usual simple
Regge cut diagram [Fig. 28(a)]. The usual heuristic argu-
ment for a negative sign of the two Reggeon cut says that
the discontinuities through the Reggeons C. in Fig. 28(a)
reverse the positive sign of the AFS term obtained by dis-
continuity Cy. Similarly, one might expect that the dis-
continuities C, of the triple Pomeron diagram [Fig. 28(b)]
reverse the sign of the usual term C1. In other words, there
are other contributions to the cross section asymptotically
as big as the triple Pomeron contribution. Such effects in
planar Feynman diagrams (which in fact lead to a cancella-
tion of the triple Pomeron term since a Feynman diagram
like Fig. 28(b) actually has no cut) have been explicitly
studied by Halliday and Sachrajda (1973).

Let us examine this effect in more detail. Whereas the
discontinuity C; in Fig. 28(b) corresponds to single diffrac-
tive dissociation with a dominant contribution to the single-
particle inclusive cross section (2.2) near x = 1, the dis-
continuity C, corresponds to an absorptive correction to
the usual multi-peripheral process and is expected to con-
tribute almost equally for all x—see Fig. 28(c). Therefore

_it corresponds to a megative contribution to the inclusive

cross section in certain regions of the phase space. Unlike
the simple cut diagram Fig. 28(a) where such contributions
are (1/Ins) and nonleading, this contribution is O (Inlns) and
dominates. Positivity can only be insured by the presence
of other still larger [e.g., (Inlns)?, (Inlns)3,. . . ] contributions
to the inclusive cross section such as the contribution cor-
responding to a discontinuity through both right-hand

e -~ TR

c s ettt - —

e

(a)

FIG. 28. Analogy between (a) Regge

cut diagram and (b) triple Pomeron con-
tribution. (c) Exclusive process contribut- - -
ing to discontinuity Ca of (b).

(c)
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FIG. 29. Term leading to violation of argu-
ment for Vpr = 0 proposed by Cardy and
White (1973a,b).

Pomerons in Fig. 28(b). Such contributions probably mean
that we really do not have a theory with ap(0) = 1.

Because of the likelihood of arbitrary powers of Inlns,
we feel that the possibility of a nonvanishing triple Pomeron
can only be treated in a framework where all orders are
summed, like the eikonal model. Blankenbecler, Fulco, and
Sugar (Blankenbecler et al,, 1974; Blankenbecler, 1973)
have studied this problem. They find that to lowest order
the sign reversal of the triple Pomeron takes place as dis-
cussed above and

O Tot < C — Gp Inlns (45)
and full eikonalization gives
C2
ot N ——————————. (4.6)
C+ Gplnlns

Thus constant cross sections can only be obtained if the
triple Pomeron coupling vanishes at ¢ = 0.

Of course it is obvious that what is usually called triple
Pomeron behavior, namely F(x,{=0)>~ (1 — x)™* for
20 < x<1— M¢?/s, is probably inconsistent with con-
stant cross sections, since the inclusive cross section is posi-
tive definite. Any scheme which gives constant cross sections
must change this behavior. The change could be mild [for
example, F(x,t=0)~ (1 — )™ [In(1 — x)]*] or more
drastic [for example, restricting the range of validity to
1 — M2/s" < x < 1— M¢/s as suggested by Neff (1973),
which means the triple Pomeron region shrinks to zero as
s — oo . Strictly speaking then, the triple Pomeron behavior
is destroyed, and this may also destroy the attractive
phenomenology based on a simple pole.

For some recent work on these possibilities, see also
Ciafaloni and Marchesini (1974).

We feel it is much more likely that absorptive effects play
an essential role in the strong decoupling theorems of Sec.
I1.B. As a related example, let us first discuss a mechanism
proposed by Gribov (1972). Let us suppose the diffractive
dissociation of one particle into two is required to vanish
at fp =0 (this might be obtained by continuing the
Pomeron—-two-particle-Reggeon vertex to the particle pole).
Gribov writes this amplitude as

2 3 .
}Q{ - H
[}
+ >\/1—< <+ }-% +
“.7)
30 This is essentially the same point made after Eq. (4.4).
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Thus in addition to the usual pole terms there is an absorp-
tive correction to one of the poles. Let us discuss the struc-
ture of this term in more detail (Baker and Weis, unpub-
lished). In the Pomeron channel it has also a two-Pomeron
cut and in the particle channel it has a Pomeron—particle
cut. Roughly speaking, at ¢{p = O it has a behavior like the
function

Bs
(s51 — m?) + (Ins)™*

In the scattering region s3; < 0, it behaves like the three-
pole terms as s — < and will allow (4.7) to vanish if

B1= B2 = B3 =p. (4.9)

However, it has no elastic pole at s31 = m.?, so the elastic
couplings are unchanged.

(4.8)

Unfortunately this specific scheme has several undesirable
features. It requires all elastic couplings (and consequently
asymptotic total cross sections) to be equal. This means the
theory is not relevant at present energies. Perhaps more
importantly, in order to obtain this singular behavior a non-
vanishing triple Pomeron coupling at ¢ = 0 is required. This
seems in conflct with the requirement of a vanishing triple
Pomeron coupling from inclusive sum rules or the Reggeon
calculus. However, Gribov has suggested a modification of
the vertex which allows the contribution to (4.7) to be non-
zero but the contribution to the inclusive sum rule (2.6)
to vanish. However, if we look at the inclusive cross section,
we find

F(x,0) « fapp(0)(1 — x) 12«1 — 24/t In(1 — x)].
(4.10)

The usual triple Pomeron coupling now does not vanish at
¢ = 0 but there is an additional contribution to the cross
section which is not positive definite.

Quite generally one can imagine that the Pomeron—
Reggeon cut can mask the contribution of the Reggeon
[e.g., in Egs. (2.36) or (4.7)]. Thus the full contribution
can vanish for ¢tz < O where the Pomeron—Reggeon cut
leads the pole, but have nonvanishing couplings for ¢z > 0
and, in particular, tg = m? Quite general classes of func-
tions with such behavior can be written down (Brower and
Zachariasen, unpublished), but consistent models which
produce them have not been constructed. We note that
such strong collisions between the Regge pole and the
Pomeron—-Reggeon cut will also mean that our assumptions
on the analytic structure of the Pomeron-Reggeon—particle
vertex in Sec. ITI will undoubtedly be violated.

Cardy and White (1973a,b) have recently made an ex-
tensive study of cuts in the Reggeon calculus. They argue
that contributions of the form of Fig. 29 will cause the sum
rule arguments of Sec. II.B for the vanishing of Pomeron
couplings to break down. Contributions like these are very
similar to those proposed by Gribov [Eq. (4.7)] and have
corresponding singular behaviors. In the proposal of Cardy
and White the bare triple Pomeron coupling is nonzero and
the zero of fApp(0) arises only after a sum over all two-
Pomeron iterations (Bronzan, 1972, 1973). Thus if the bare
coupling is used in Fig. 29, the diagram will have the re-
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quired singular behavior. However, it is not at all clear why
exchanges of further Pomerons between P; and P, should
not generate the full vertex f# pp(O) and thus remove the
desired singular behavior.

The detailed form of the inclusive cross sections has not
yet been studied in the scheme proposed by Cardy and
White. However, any mechanism like this and the others
discussed above which violates the proof of the vanishing
of the Pomeron—-Reggeon—particle coupling is expected to
violate some of our cherished phenomenological notions.
In particular the Chew-Low extrapolation would be ex-
pected to fail for the Pomeron part of =n scattering since
the Pomeron—Reggeon cut masks the Reggeon (pion) in the
scattering region. This phenomenon is explicitly illustrated
by Eq. (4.8).

We remark that it is possible that all the weak decoupling
theorems hold and only the strong theorems are violated,
although this is not what Cardy and White envisage. In
Sec. II.A we have noted that the weak decoupling theorems
are all satisfied by a pure pole if it has a specific gauge
property. The hypothesis of such a ‘gauge invariant
Pomeron” is attractive because it is possible that such a
pole may approximately satisfy unitarity with cuts rele-
gated to a minimal, albeit vital, role. The analogy with
Q.E.D. where gauge invariance gives stability to a pole at
j =1 at t =0 is also inviting. We refer the reader to
Appendixes B and C for a brief discussion of the propertles
of such a Pomeron (Ravndal, 1971).

Finally, it is possible that all the unitarity decoupling
theorems of Sec. IT hold and that only the analytic con-
tinuation argument of Sec. III breaks down. We have dis-
cussed and dismissed several possible mechanisms for this
there. We believe this is a rather unlikely possibility.

(iii). «p(0) >1

Case (iii) was suggested by Froissart (1961) and has been
developed in the eikonal model (Cheng and Wu, 1970;
Hasslacher, 1970). Here one begins with a pole with
ap(0) > 1 (or any “input” singularity above one)

ap(t) =1 — e+ o't (4.11)

and exponentiates the Fourier transform to insure elastic
unitarity

; t t
IhedtseP (D)

dle ' !
Ao = is/ . exp(ix,-q)(1 — eP), (4.12)
m

where

1 As—¢ xlz
D = ——————exp(— ———)
2 a + o'Ins a + o'Ins
By replacing a — ¢ — 3 (ir)a’ and A — X exp{ —3%(ir)[ar(0)
—17}, the correct Regge phase can be introduced.

If we expand e we get a series

0 As—€ n—1
orot(s) = 2 5N ( ) &n
n—1

Ins/so

(4.13)

which gives the Regge pole plus multiple cuts. For a(0) > 1,
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\ )
the limit Ins—o cannot be interchanged with the sum,
and the sum actually goes like log?s. There is a singularity
at Ins = o in Ins. Here cuts play a dominant role.

It would clearly be very interesting to extend this ap-
proach to production processes and see how the unitarity
constraints are satisfied in detail. So far little is known about
this in general. Caneschi and Schwimmer (1972a,b) have
studied the behavior of the model of Finkelstein and
Zachariasen (1971) for a self-consistent Pomeron with
oot ~ In’%s. They find, for example, that

1 do

T Tot d3P/E

scales and has the behavior (1 — x)[In(1 — x)J! for
221 and £~ 0. Recently the absorptive mechanism for
satisfying the Froissart bound has been employed to con-
struct models with a bare Pomeron with ap(0) = 1 and
nonvanishing triple Pomeron coupling (Amati et al., 1973;
Finkelstein, 1973). We shall discuss the philosophy of these
approaches further below.

We remind the reader that whereas s-channel unitarity
is built into such models and thus constraints like those of
Sec. IT will certainly be satisfied, #-channel unitarity will
now be the crux in constructing .a complete model. It has
not been shown that j-plane singularities of the type

‘occurring in the eikonal model are consistent with ¢-channel

unitarity. Thus what is explicit in the Regge model becomes
nontrivial in the eikonal model, and vice versa.

B. Renormalization group approach to Gribov
Reggeon field theory

In the entire discussion so far we have avoided, for the
most part, any effects due to the infinite accumulation of
multi-Pomeron cuts at £ = O forap(0) = 1. Recently, signifi-
cant progress has been made in summing the infinite series
of cuts near £~ 0 and j~~1 as they appear in the Gribov
Reggeon calculus (A. A. Midgal ef al., 1974a,b; Abarbanel
and Bronzan, 1974a,b). While the precise relationship be-
tween these results and the s-channel decoupling problems
is still a little obscure, considerable progress has been made.
Here we briefly review the results and comment on their
possible implications. (For another review, see White, 1974).

Some years ago Gribov and co-workers (Gribov, 1968, and
subsequent papers) showed that the unitarity conditions on
Regge poles and cuts at low momentum transfer were
similar to the unitarity conditions on nonrelativistic field
theories. Hence the Pomeron and its cuts near £~~~ 0 could
be studied by an analogue method, treating the Pomeron
as a nonrelativistic quasiparticle, where rapidity (y) and
impact parameter (b) play the role of one time and two
space dimensions. The conjugate variables are ‘“energy”
E =1 — jand the transverse momentum k = (%,,k,) given
by Mellin and Fourier transforms of y and b, respectively.
Gribov and others used perturbation theory and other
standard field theory techniques, and proposed two types
of solutions—a “strong coupling” solution (Gribov and
Migdal, 1968b) in which or.: rises as (logs)?, and ‘“weak
coupling” solution (Gribov and Migdal, 1968a) in which
orot(s) goes to a constant with (log)~! corrections. The
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FIG. 30. Lowest order (¥)3 corrections to the propagator I'®1 and
the triple Pomeron vertex I'1.2),

“‘weak coupling’ solution only occurred if the triple Pomeron
vanished in accordance with the decoupling theorem. Re-
cently, renormalization group techniques have been applied
to Reggeon field theories to obtain both the “strong cou-
pling” (Migdal et al., 1974a,b; Abarbanel and Bronzan,
1974a,b) and the “weak coupling” (Brower and Ellis, 1974 ;
R. Jengo, 1974).

For the Pomeron trajectory near { = —k2~ 0, we have
the energy-momentum relation
E=1—7=A+ alk2+ O (4.14)

with Ag = 1 — a(0) >~ 0, and we recognize the standard
Regge pole as the Green’s function,

i

i
Go(l,l) (E’k) p— ~ —

~ (4.15)
E — o'k2 — Ay

j=apr@®

for the (free) Schrédinger equation.

So we may introduce a nonrelativistic Pomeron field
¥ (y,b) with a free Lagrangian

7 9
£o(y,b) = E‘Iﬁ'—‘l’ il aola‘l’/a‘l’ + AO\I’+‘I’, (416)

9y

where we calculate the high y = Ins contribution to the
elastic amplitude by the Mellin transform

dE
Aal(st) s / —— e E1G, 0D (EK). (4.17)
2

For a(0) = 1, the most singular multi-Pomeron corrections
- to the pole arise from the triple Pomeron region. Hence we
introduce (¥)? interactions® (Fig. 30)

Lr = —3(ig) T W (¥ + ¥F) — (o) (¥Ho¥ - d¥

4+ VTt Jut) 4 - - - (4.18)

and replace Go by the full renormalized Green’s function
G(E,k) for k=~ 0, E~ 0in Eq. (4.17). Of course calculating
G(E,k) is difficult, but in principle the high energy contribu-
tion of multi-Pomeron exchange consistent with all j-plane
unitarity discontinuities (near £~k = 0) is reduced to a
field theoretical infrared problem.

31 The anti-Hermitian form for the trilinear contributions to iy is
required by the same argument that Gribov (1965) gives for the nega-

tive sign for the Pomeron—-Pomeron cut.
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We should emphasize the limited domain of the Gribov
field theory formulation. The discontinuity formulae, the
linear Regge trajectory, and the local form of the triple
Pomeron interactions in Eq. (4.18) is only valid if we are
permitted to expand them for small (Z,k). Also we treat
the external particles as sources for the Reggeon field so
n-Pomeron to m-Pomeron Green’s functions I'™ also con-
tribute (see Fig. 31). But under rather general conditions
it is believed the igol¥ (¥ 4 ¥*) interaction’s contribu-
tions to 'V = [GADT]-1 is the dominant effect of multi-
Pomeron cuts (Abarbanel and Bronzan, 1974a,b).

To calculate the infrared limit of the Green’s functions,
Migdal, Polyakov, and Ter-Martirosyon (1974a,b) and
Abarbanel and Bronzan (1974a,b) have employed the re-
normalization group equations of Callan-Symanzik

9 F 9
E——B@—+[d -]l —+v(@ —1
oE dg da’

X P(l'l)(E:kag)a’:EN) =0, (419)

where Exy < 0 is the arbitrary renormalization point of the
renormalized Green’s function I'™V and the renormalized
intercept «(0) is fixed at one. The infrared behavior is
governed by a stable fixed point at g = g* determined by
B(g*) = 0. By applying the e-expansion about d = 4 (where

=4 — e = 2 transverse dimensions is physical), the
anomalous dimension

€
n=—y(E)=—[14+0.64e]+ O0(&d) ~3% ate=2
12 .

(4.20)

was calculated. At k = 0, (8/90a/)T = 0, so [E(9/90E) +
v(g*) — 1] = 0 or I' ~ (E)™*! leading to

oror(s) ~ (Ins)™. (4.21)

Although the convergence properties of the e-expansion look
bad, the existence of a fixed point has probably been
established.

In addition to this solution, a “weak coupling” solution
has been found (Brower and Ellis, 1974) by adding a deriva-
tive interaction %(\o)[¥+8¥ . 0¥ + ¥o¥+- g¥+]. This solu-
tion has a fixed point at (g*\*) = (0,0), and leads to con-
stant cross sections. Now let us discuss these solutions from
the standpoint of the decoupling theorems.

Arbitrariness

The most obvious shortcoming of the Gribov field theories
is the obvious lack of uniqueness, corresponding to the
choices for a(—k?) and £ix One possibility is that only a
small subset of these theories obeys s-channel unitarity

Rails,t) = 3

n,m=

FIG. 31. The contribution of the I'®™) Green’s functions to Ae1(s,?).
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constraints. For example, we may consider the “weak
coupling” solution in this light.

Weak coupling

Unitarity in the s-channel may as in the decoupling
theorem demand a triple Pomeron zero. Indeed, the deriva-
tive term ZAN( ¥+9d ¥- 9V + h.c.) introduced above gives
precisely a nonsense wrong signature zero

kiks ~a() —al) —a()+ 1

and in the weak coupling solution it is maintained in every
order of the perturbation expansion. Hence, the objection
that this solution is ‘‘unlikely” because it requires a con-
straint on g as a function of A can be answered by the claim
that unitarity in the s-channel forces this constraint. This
position would be more attractive if we could understand
the constraint as the result of an underlying symmetry on
the Lagrangian.’ While we are aware of the gauge property
in the dual theory that gives rise to these zeros (see Ap-
pendix C), as yet such a gauge has not been formulated for
the Gribov Lagrangian.

Further consistency of the “weak coupling” scheme with
s-channel unitarity is still an open question. Although the
Froissart bound is guaranteed, the conflicts with the elastic
couplings presented in Secs. IT and III require a knowledge
of the renormalized couplings of the Pomeron and its cuts
to the lower Regge trajectories and to the external particles.
These extensions of the ‘“weak coupling’ solution have not
yvet been computed, so we are not certain whether the con-
flicts with s-channel unitarity will persist in the presence of
the infinite number of “soft” cuts.

Strong coupling

In the strong coupling scheme there is another rebuttal
for the challenge of arbitrariness. Except on a measure zero
subset of interaction Lagrangians £int, there will occur in
the iteration of the renormalization group the tri-linear term
iU (¥ 4+ ¥t), which will control the critical behavior of
the theory.®® A common “folk theorem” of critical phe-
nomena is that the exponents (e.g., n) are independent of all
but the most basic features of the theory, e.g., symmetries,
dimensions of space, etc: (see Kadanoff, 1971; White, 1974;
Brower et al., 1975). If this be the case, some features of the
“strong coupling” solution are very model independent.

This raises the vital question: Is “strong coupling” con-
sistent with s-channel unitarity? So far even the Froissart
bound (7 < 2) has not been proven to hold for “strong
coupling.” However, Migdal, Polykov, and Ter-Martirosyan
(1974b) have given plausible extensions of the ‘‘strong
coupling” theory to production amplitudes (inclusive and
exclusive) and checked the s-channel sum rules of this paper.
It is encouraging that in their calculations to first order in
€ = 4 — d, they find no violation of the unitarity sum rules.
Although this is far from a proof of consistency, an inter-
esting screening mechanism is at work which may restore
s-channel unitarity.

3 In analogy with asymptotically free non-Abelian gauge theories, the
special scaling properties are then a result of a special symmetry prop-
erty.

3 An exception would be £ins with only even power of ¥, but this has
a special symmetry ¥ — — W¥.
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Clearly, these new results in the Gribov theory are en-
couraging, although more work on calculational techniques
and extensions of the calculus to include multibody produc-
tion in the s-channel is needed. Further work may well
settle the question of whether the infrared properties of
multi-Pomeron cuts do indeed resolve all conflicts with
s-channel unitarity.

C. Phenomenological implications

We have discussed briefly above several theoretical al-
ternatives. However, we would like to stress that diffractive
behavior will be highly constrained by the s-channel uni-
tarity conditions of Sec. II regardless of the precise nature
of the j-plane fine structure (i.e., powers of Ins for s —o).
As an illustration of this point we discuss briefly the partial
cross section o™ for the production of # clusters—see.Sec.
I1.B.2, and Fig. 19.

Tt is easy to trace the origin of the behavior ¢™ ~ (Ins)»!
in Eq. (2.57). The multi-Regge phase space contributes
(Ins)»2 through the {; integrals, the integrals over the
cluster masses u; give (Ins)?, and the integrals over the #;
give (Ins)**! coming from the shrinkage of the diffraction
peaks. In order to satisfy o™ < ¢T°t, the growth of ¢™
caused by increasing phase space must be compensated for
by the shrinkage of the diffraction peaks and/or zeroes in
the amplitude at #; = 0. Suppose now there is some com-
plicated fine structure in the j-plane leading to a ¢ which
behaves as .27 for large {; = Ins; i1, behaves as u;" for
large u; = InM 2, and which has diffraction peaks shrinking
as (¢; — s — mip1)™* and vanishing as £ as £;— 0. It is
easy to see that we then have o™ ~ (Ins)*, where

n—1 n n—1

k=2 (2m+1)+_21(7'n+1) — Evi(zxﬁ—n -1
(4.22)

for n > 2. The constraint on the parameters 7, i, Ai, and
v; which follows from (2.49) is very general and thus rather
obscure. As a first illustration, suppose there is a weak
generalized factorization and the parameters are inde-
pendent of 7 and ». Then we have

m—D2p+7+2—=vQA+ D]+ 71 (4.23)
which for # > 2 becomes
29+ 7+ 2<v(\+ 1. (4.24)

Thus if # and 7 are not negative a certain amount of shrink-
age and/or vanishing at #; = O is required.®* For the weak
coupling solution 7 = % = 0, the inequality is satisfied
with shrinkage (v = 1) and a linear zero in the triple
Pomeron (A = 1). For the strong coupling scheme, n» = 7 =
¢/12 and v = 1+ ¢/24 but the effective triple Pomeron
vanishes just so as to satisfy the inequality. Indeed this
iteration is effectively the renormalization of the propagator
that gives rise to the anomalous dimension 7. As a second
illustration, suppose oot ~ In%s and

&o/dpdt ~ (& — p)'uf(x,1)
with 7 = 2 so that d%¢/dudt ~ In%s for fixed x and
Jat fla,) =1/ — w)?

3 Consistency for the single triple Pomeron contribution ¢® assum-
ing n = 0 has also been studied by Sivers (1973).
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FIG. 32. Pion pole contribution to inclu-
sive sum rule.

so that the shrinkage is In%s as for the elastic cross section.
Then o® < ooy requires that n = 1. For 4 = 1, the cross
section for single diffractive dissociation for fixed M* goes
like Ins. This is the same behavior given by Cheng and
Wu (1971). On the other hand, Caneschi and Schwimmer
(1972a,b) found 7 = —1 in a specific self-consistent model
for absorptive effects on the model (Finkelstein and Zacha-
riasen, 1971).

We would also like to stress that the constraints on diffrac-
tive processes have direct bearing on the validity of the
Chew-Low extrapolation. Thus if the pion pole does give
a good approximation in production amplitudes, the exis-
tence of multiple pion exchange and diffractive pion-
pion scattering implies multiple diffractive behavior (e.g.,
multiple Pomeron exchange) in the production amplitudes.
One is then directly led to the Finkelstein-Kajantie de-
coupling problem. The same reasoning applies to the in-
clusive sum rules; thus the pion pole gives a contribution of
the form Fig. 32 to the sum rule (2.34) or (2.36).35 There-
fore, as we have mentioned in the discussion of alternative
(ii) above, circumvention of the decoupling theorems may
force us to abandon simple properties like the Chew—Low
extrapolation for multiparticle amplitudes.

‘The discussion above has been essentially devoted to
theoretical questions about the asymptotic behavior of
diffractive scattering. The alternatives we have discussed
are distinguished by the detailed nature of the Pomeron
fine structures, i.e., powers of Ins as s —o . However, for
Ins large but finite these alternatives may be difficult to
distinguish experimentally. For example, we can expand
the eikonal form (4.12) in € Ins and (a’/a) Ins to get

A2(1 — 2e lns):l

oot ~ 4m? [)\(1 — elns) —
4(a + o’ Ins)

A Xe
~ 4w\ |:1 + (-——— +—— e) lns] + - (4.25)
4a 2a
Since s—¢~1— elns,and [1+ (a//a) Ins 1>~ 1 — (@'/a) Ins
the precise nature of the j-plane singularity may not be
phenomenologically important. For example, temporarily

rising cross sections can be obtained for € < 0; e = 0, and
e> 0,

Indeed the recent data from ISR seems to indicate that
we are in such a nonasymptotic regime. For example,
o’/a~ {5 and Ins~ 8. Therefore the s-channel unitarity
constraints may not yet be coming into force in the asymp-
totic form in which we have discussed them. Since (¢’/¢) Ins
is not large, shrinkage of the diffraction peak is not yet play-
ing a major role. This changes the role of various contribu-

35 However, the pion pole doesnot necessarily give a lower bound for
fPpp. As we noted in Sec. IIL.B, the contribution of an exchange degen-
erate trajectory, Eq. (3.25), can cancel against it.
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tions to or.s considerably. Thus the triple Pomeron con-
tribution (2.8) is growing like Ins. This growth is a result
of the increasing phase space for the process and is inde-
pendent of the detailed behavior of the amplitude, including
whether or not f5pp(0) vanishes [only the domination of the
shrinkage factor causes ¢ =0 to dominate in (2.18)7.
Similarly the cross sections for multiple diffractive dissocia-
tion ¢ grow like Ins?™~V. A very interesting phenomeno-
logy has grown up based on the identification of the Ins
triple Pomeron term with the apparent growth of o seen
at ISR (Amati ef al., 1973; Finkelstein, 1973; Capella et al.,
1973; Kronenfeld, 1973).

Thus we conclude by concurring with the point of view
which is becoming more and more popular: because of the
smallness of multiple-diffractive dissociation, the detailed
nature of the Pomeron may be unimportant for understand-
ing phenomenology at present energies. The same pheno-
menology can result from € < 0,.¢ = 0, or € > 0.

Thus for phenomenological purposes for the present non-
asymptotic energies, an expansion in powers of (Ins)~! about
oot = const (i.e., a Laurent expansion about j = 1) may
be more appropriate than an expansion about ogot(e). If
the relative strengths of the terms in such an expansion are
adequately constrained by unitarity, a predictive scheme
might evolve without a commitment on the exact singularity
structure in the j-plane.
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APPENDIX A. STRUCTURE OF THE TRIPLE
REGGE VERTEX

In this appendix we discuss in more detail the conditions
imposed on the triple Regge vertices by the Schwartz in-
equalities discussed in Sec. II.A.2. In order to do this we
need to study the analytic structure of the triple Regge
vertex in some detail.

Si3

FIG. 33. Variables for the triple Regge vertex. The lines can represent
groups of particles.
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The triple Regge vertex is a function of the three momen-
tum transfers and two Toller angles. It is convenient to use
the three variables 712, 723, 751 instead of the Toller angles,
since the former are simply related to the invariants:

1 Sij Z(t,'tj)% COSw;; + te — ti — tj
N = — = ~ )
Kij  SiSj N (tististn)

(A1)

where the invariants are defined in Fig. 33 and the three
7n:; are related by the constraint

wig + woz + wa = 0.

The triple Regge contribution to a signatured amplitude
which has only right-hand cuts in the s; and s;;3® is then
given by

Anmrs~ I [T (—a:) (—s)* ]V (i ba,ts; m12,m28,m31). (A2)

=1,2,3

The absence of simultaneous discontinuities in overlap-
ping invariants in the physical region (Weis, 1972) allows
only the configurations of simultaneous discontinuities in
the s; and s;; shown in Fig. 34. The vertex V must have
singularities in the 7, to satisfy this requirement. The
nature of these singularities is easily obtained by requiring
consistency of Eq. (A2) and Fig. 34 (DeTar and Weis, 1971).

V (1, la5t35 m12ym28,m31)
= (—n12)*2(—n31) Va3 (1,82,L3; N12,723,31)
+ (—128) #(—n12) WV 31 (b1, 2,83 5 M12,728,731)
+ (—n30) 1 (—n23) 2V 12 (1,823 ; M12,m28,m31)
-+ (_ nlz)%(aﬁaz—as) (_ ,723)%(a2+u3—a1) ( _,731)§(a3+a1—a2)

X Via(trtats; mi2,m23,ms1), (A3)

where the V;; and V;;z do not have such singularities in the
Nije

The decoupling results of Sec. II apply to a discontinuity
of the vertex across one of the Reggeons. The discontinuity
across a; is the discontinuity in the energy s, of that Reg-
geon. From Fig. 34 we see that only the V,; contribution
has such a discontinuity. Its contribution is

sinmr(oy — a2 — as)

(A4)

3 712°%31%%V 23.
SInmwoy

This is to be inserted in an amplitude with the full Regge
propagators £I'(—ag)ss®? and £I'(—as)s3® and the cut
propagapator [r/T (a1 + 1)Js1%.

Let us now discuss the structure of V,; in more detail.
Only V,; can contribute when both a, and a3 are positive
integers, since only it gives a residue which is a polynomial.
The further poles for a; integral can only be accommodated
by singularities at &y — oz — a3 integral. Requiring that the

36 In order to analyze the structure of the vertex we must assume that
such signatured amplitudes exist. The contribution to the full ampli-
tude is then a sum of the eight terms obtained by including terms with
the pair of lines at each external vertex interchanged. Here we neglect
the further signatures associated with the Toller angles which must be
included to obtain the most general vertex; these will not affect the con-
clusions below. A complete discussion of signature is given for the sim-
pler case of the double Regge vertex in Sec. II1.B.
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12 Vizs

FIG. 34. Possible simultaneous discontinuities in asymptotic invari-
ants in the triple Regge limit.

residues be polynomials gives (DeTar and Weis, 1971)

Vas = [T(—a)T (—ag)T (—a) T §k: I(—as + i + &)
. '%,7, k=0
XP(—a3+]+k)I‘(—a1 +a2+a3 —"I/‘— j—‘ Zk)

1 . (nsmz\"F
M ner Y Biji(tr,ta,ts),
iljlk! M23

(AS)

where (3(#1,t2,3) is regular for #; below threshold.?”.3

We now consider the implications of the decoupling
theorems. Suppose all three trajectories are Pomerons, and
ti,la,t3— 0. From Eq. (A1) we see that 5, and 531 become
infinite so only the term ¢ = j = £ = 0 in (AS) remains.
The decoupling of the Pomeron vertex (A4) then gives

(er — ag — s+ 1)Bo,0,0 =0 (A6)

for ¢; >~ t, ~ t3~ 0. This will be satisfied as long as Bo,0,0 is
finite at & = ¢, = 3 = 0. Neglecting Regge cuts, this is
just the requirement of no multiplicative fixed poles (DeTar
and Weis, 1971). The helicity of the Pomeron a; is agtaz=2
so a3 = 1 is a nonsense wrong-signature point and the
vanishing can arise from the nonsense wrong-signature zero
atay —ay; —az+ 1 =0,

The Schwartz inequalities give the vanishing of Eq. (A4)
for the much more general situation where only one of the
(uncut) trajectories is a Pomeron at zero momentum trans-
fer, say # = 0, a; = 1. Only terms in Eq. (AS5) with ¢ +
k < 1 contribute. Furthermore, from Eq. (A1) we have

M2 = — 2 = (8 — 4)™?
2(!]}3)% coswiz — i1 — I3
nal = .
(b — t3)?

37 Equations (A3) and (AS5) have been explicitly verified in the ordin-
ary dual model by DeTar and Weis (1971) and the nonlinear dual
model by Sukhatme (1972).

38 8 can have simple pole signularities in the «; if fixed poles are pres-
ent. These do not affect our discussion. We have also assumed that the
trajectories have Toller quantum number M = 0, which excludes (£;)*
singularities.
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Equating powers of the free variable 531 then gives
T + DT (—as + 7)
Tln — a3 4 7 + DI (—a)
— (8 — t1)B1.4,0 + jBo,j—1,1] = O.

This condition will generally be satified by a relationship
between the B:jx. The nonsense wrong-signature zero clearly
is not sufficient to satisfy Eq. (A7). In Appendix B we show
that the condition (A7) can be inierpreied as the requirement
that the Pomeron couple like a conserved vector current at
t=0.

12319 (s — a1 — HBo,s.0

(A7)

We remark that Egs. (A6) and (A7) are satisfied in the
ordinary planar dual model. In this case all B, = 1. See
Appendix C for further discussion.

APPENDIX B. KINEMATICS FOR THE POMERON
AND CONSERVED VECTOR COUPLINGS

In this appendix we show that many of the Pomeron de-
coupling theorems (weak theorems) can be interpreted as
the requirement that the Pomeron couple like a conserved
vector current at £ = 0.

We first discuss the kinematics of vector particle exchange
in an arbitrary amplitude (Fig. 35) at high energy s and
t =Q?=0. We group the momenta to form the quasi-
four-particle amplitude for ¢ + b — ¢ 4 d. In the rest frame
of particle b

Pa = (E4,0,pa),

po = (M,,0,0),

pe = (Ee,ps,puc),

pa = (Eg, =Py, priv).

For large s, one can show that ¢ = Q2 =
implies p; = 0. Then

e E4(1,0,1),
b~ M4(1,0,0),
p.~ E.(1,0,1),
Q = pa+ pe== (Ea+ E.)(1,0,1). (B2)

Since M2 = (Q — p) = (pa + po — p8)* = M2 —
2My(E, + E.), we have

E,+E. = (Mg — M®?)/2M,.
For M2 % M4* we thus have the important relation
Pa~ po~ Q

for s —o0, ¢t = 0.

(B1)
(pa — po)* =0

(B3)
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A vector exchange contribution will be an arbitrary linear
polynomial in the overlapping invariants

’

3

(B4)

i

[

A = CijPLi'PRj,

7 j=1

where C;; is a function only of Py, -Py,,, Pg,-Pr,, and Q2
Choosing p, to be the momentum P, from (B3) we have

Pr;-Pr; Q-Pg;

» (BS)
Pr;-Pr  Q-Pr
where Pg is a fixed one of the Pg;. This holds as long as
Pg?# (Q+ Pr)%, Pr2# (Q+ Pr) (B6)
Similarly
Pr;-Pg _ Pr;-Q (B7)
Py-Pr  PrQ
for
P2 (Q — Pr)’, P2 (Q— Pr)?, (B8)

where Py is a fixed momentum in the set Pr;. Combining
Egs. (B6) and (B7) we have the fundamental result

Pr-Pg

Pr;-Pr; = (Q-PL,)(QPry) mP—R) (B9
Factorization of the vector exchange requires
Ci; = Ci(Pr,)Ci(Pr)). (B10)
Combining Egs. (B4), (B9), and (B10) we have
Pr-Pp
(B11)

A~[Q-2 CiPL Q-2 CiPr] ————.

Lo Pl Gl 6 b pa
Equation (B11) shows that the vector exchange amplitude
has the remarkable property that the divergences of the
vertices Vi# = ZC;- Pr# and Vg* = ZC;- Pg}* are what de-
termine the asymptotic behavior as s — at ¢ = 0. Equa-
tion (B11) holds as long as momenta Pg and P can be
chosen with

Pr# (Q+ Prp, Pr*# (Q— Po)?

ie., Q-Pr < 0, Q-Pr » 0.% This is always possible unless
the set L or R consists of two equal mass particles. For
example, if L consists of two equal mass particles we then
have

Pg

Py
4~ CLl[Q'Z CiPr:] ) (B12)
J Q -Ppg
of, if both consist of only two equal mass particles,
A ~ CLICRIPLI 'PR1' (B13)

From Eq. (B11) or (B12) we see that decoupling of a
vector exchange contribution in an inelastic process re-
quires that the couplings of the particle satisfy the current
conservation divergence condition

QuVr*(Pr) =0 for Q?=0. (B14)

% The conditions Pg? # (Q + Pg;)? are generally satisfied except for
isolated values of the invariants associated with the cluster. We can
stay away from-such points.
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Conversely, current conservation implies the vanishing of
the leading asymptotic term at = 0 except for elastic
processes (B13). Thus we recover the well-known property
of photon exchange, that only elastic cross sections have the
Coulomb singularity for large s.

Since the Pomeron has wrong signature at « = 1, it does
not correspond to a pure vector particle exchange and the
decoupling theorems cannot generally be translated into
divergence conditions (B14). However, we can isolate
pieces of the Pomeron exchange amplitude which do have
the same structure as a simple vector particle exchange. For
example, in Sec. III.A. we showed that the Pomeron-Reg-
geon-particle vertex gave a contribution to the five-particle
amplitude ‘

As ~ s*PspE=PEptppl' (—ap)'(—ar)Vp
+s“Rsp“P—“REREPRI‘(—-ap)I‘(—aR) Vg. (B 15)

The first term has the signature factor £p and thus only the
residue of the pole in T'(—ap)T'(—ag)V p contributes. This
residue shares all the properties of a normal vector exchange
amplitude. Thus the vanishing of this part of the vertex
can be translated into a divergence condition like (B14).

We recall that vanishing of Vp in Eq. (B15) was obtained
from the Schwartz inequality constraints as well as from the
inclusive sum rule constraints where the vanishing of Vg
was also obtained. Quite generally the decoupling theorems
obtained from the Schwartz inequalities are equivalent to
divergence conditions. These theorems involve an amplitude
like that in Fig. 36. If we assume the existence of signatured
amplitudes with only right-hand cuts in s and either right-
or left-hand cuts in the s;, we can write the full amplitude as

A ~ B(—=9)*PV (si/s, Pi-Pj) + 7pBse?
XV(S@‘/SGM, Pi'Pj), (B16)

where ¢ = 0 if s; has a right-hand cut and ¢ = —27 if s;
has a left-hand cut. If we decompose V into a piece V p which
has no singularities in s;/s and a remainder piece Vg, we
have

A ~ BEps®PV p(si/s, Pi-P;) + Bs*Pe=i"PV g(ss/s, Pi- P;)
+TPVR(Si/Sei¢, P,P])] (B17)

The V p piece has the signature factor £p so only the residue
of the pole at & = 1 contributes and Vp = 0 is equivalent
to the divergence condition (B14). The V' piece does not
have the structure of a vector particle exchange. The dis-
continuity of the amplitude in M? (Fig. 36) by the Stein-
man relations should be a regular function of the s; and thus
be entirely in Vp. Since the Schwartz inequalities require

only the vanishing of the discontinuity in M2 they are equiv-

alent to divergence conditions.

The Schwartz inequalities only require the vanishing of
the M? discontinuity for large M2 Let us discuss briefly,
however, the consequences of a Pomeron with conserved
vector couplings for all M2 By conserved vector coupling
we mean the vanishing of the Vp contribution in Eq. (B17)
or, more generally, those contributions to Pomeron exchange
which are proportional to £p and thus pure spin one. The
fact that these requirements are equivalent to divergence
conditions immediately suggests a Pomeron—photon analogy.
Such an analogy has been proposed by Ravndal (1971).
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FIG. 36. Decoupling theorem from

--Disc,,» Schwartz inequality.
M

Since he has developed it only for quasi-two-body reactions
(e.g., resonances in M?) which clearly have only a Vp part,
his use of the analogy is permissable. Independent of the
validity of the Pomeron—photon analogy and the conse-
quent relations between electromagnetic and diffractive
processes, the conserved vector coupling of the Pomeron
implies the vanishing of the diffractive production of re-
sonances at ¢ = 0. Furthermore, at £ = 0 the Deck mecha-
nism would receive contributions only from the real parts
of the exchanges in the blob on the right of Fig. 36 (e.g.,
the parts with left-hand cuts in the s;). Thus diffractive pro-
duction would take place only through real Deck-like
mechanisms and not resonance production at ¢ = 0. [See
discussion in Sec. IV, and Appendix C, Eq. (C19).]

APPENDIX C. GAUGE INVARIANT (POMERON)
COUPLINGS IN THE DUAL MODEL

We have maintained throughout that the decoupling
theorems fall into two classes: strong theorems that con-
flict with elastic couplings and weak theorems that do not
conflict with these couplings. In Sec. III we showed that the
analyticity requirements for Regge residues force this con-
flict between strong theorems and elastic couplings. Here
we show that no conflict based on analyticity can be formu-
lated for weak theorems. To do this we construct an explicit
example of the Pomeron couplings which satisfies all weak
theorems with nonzero elastic couplings and proper analytic
properties.

Our example is provided by the dual resonance model
(Veneziano, 1972) with a trajectory at «(0) = 1 of positive
signature. The existential question of whether this s the
Pomeron is not relevant here, since we only wish to find a
realization of the weak decoupling theorems. When and if
a dual model is found with an output (second order) diffrac-
tive pole at a(0) = 1 (present models give a°ut(0) = 2!),
we may investigate its decoupling properties.

Our example is the standard dual beta function (Vene-
ziano, 1972) By (ps, p2, - .., pn) = By(as;) for N particles
with momenta p, and trajectories

ai; = a'si; + a;(0) (1)

in the channel s; = (p;+ piy1+ -+ + pj)% The full
amplitude Ax(ps, ..., pn) with singularities in all channel
invariants is given by summing over the permutations of
the external lines. (See Fig. 37.) By is given by

N dz;
T IT (25 — 292

By =
2:<z5 =14V i<y

Agj = @ij + Qip1,5-1 — Qi1 — Qig,j

d2.dzvd2,

v = ,anya, b,c. (C2)

[2a — 28| |25 — 2| |20 — 23
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Ay (pysPpsipy) = Z
permutations
of {Pi

FIG. 37. N-particle amplitude Ax(p:, ..., pn) as a sum over permu-
tations of Bn (1,93, . . ., pn) with poles in subenergies of adjacent lines.

These amplitudes are a remarkably simple laboratory for
multi-Regge theory compared to ®* theory where each
multi-Regge limit requires the summation over a different
infinite set of graphs. Here one N — 3 dimensional integral
possesses all multi-Regge limits!

It is well known that when all a;;(0) = 1, the dual model
has strong gauges that remove all ghost states (Brower,
1972; Goddard and Thorn, 1972); however, earlier it was
realized that less stringent constraints give leading tra-
jectory gauge conditions (Brower and Weis, 1971). (This
fact was used by us in an attempt to introduce conserved
currents into the model.) Taking the *Pomeron” to have
a(0) =1 and all other trajectories with like quantum
numbers to have the same intercepts «(0) < 1, the state at
7 = 1in the Pomeron channel is a gauge vector particle.

For example consider the diffraction production amplitude
of Fig. 38, with 12(0) = ap(0) = 1 and channels that differ
by the Pomeron (vacuum) line to have like intercepts

alj(o) = aaj(O); j = 4, ey N —_ 1 (Cs)

We symmetrize the amplitude in p, and p, to give positive
signature to the Pomeron trajectory a;s = ap. By inserting
this into the left-hand side of the Schwartz inequality of
Eq. (2.24), one can see that all the weak decoupling theorems
involve discontinuities of this amplitude in M? = 53,5 for
large s = s1wn.

We shall now show that this amplitude vanishes as
t12 = t— 0. The By function in the configuration of Fig.
39 [choosing (24,25,2:) = (2n—2,28—1,28) = (1,0,0)] is

1
BN =/ dx;dxg- . 'de__al(x;;, ey xN_.;;)
0

X [ e¥=1(1 — ;)= 2P O=1(1 — gy50,) 13 . .

(1 — %1+ - -xy—g) 21 N-2]

X [agovr (1 — mg)em (1 — woxg)A24- - -
(1 — x2+ - -ay_g)™20N—2],

(C4)

In the Regge limit we make the substitution #; = 14 y/s
for s = sy1— — . We note that Azj = —Ay; -+ (A1j+A2j)

j“

FIG. 38. Dual amplitude By with a12(!) = ap, and a nonzero discon-
tinuity in M2,

— .
[, o

N N-I
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ap(h

FIG. 39. The By configuration for the calculation of the Regge limit.

=—Ay; 4+ 2a’q-p;for ¢ = p1+ p.because of the trajectory
condition [3;(0) = a3;(0)], also that as |[s|—w, A~
20'pi pi ~ —sa'q; for g, fixed (0 < n; < 1). Takinge’ = 1,
and p; = %.%3- - -x,_; with the approximation

(1 — @1p) ™24 (1 — p;) ™%

yp; T\ 8y
~ <1 — .___.J~._) 1 - p].)—h'pi

s(1 —pj5)
o
~ exp[— i ] (1 = p0m, (©5)
1—pj

we can do the y integral from O to « to get

By = (-—s)"’P(‘)I‘[—ap(t):]/dxz- < dan_sl (%3, ..., XN—3)

X2 X2X3
X (1 + 3 + 74
— X 1 — xox3
Xo+ " XN—3 ap(t)
+ N2 — ) [y 20 pr1(1 — )20
1 — X3 *XN_3

X (1 — xow3) 2074 - - (1 — xq- - - 2xy_3) 2022, (C6)

The factor (—s)p exhibits the right-hand cut in s. Adding
the term with p, <> p, replaces (—s)2? by (s)*#(1 4 e—i*2Pp)
=sPtp. Now as we take 1, = £— 0 (ap— 1) we pick out
the residue of the pole in I'(—ap), which is zero by a gauge
condition. From Appendix B (BS5) we have the kinematic
condition as ¢ = ¢*— 0 that

et ah
pipN g PN

so that the residue at ap(f) = 1(¢> = 0) is a perfect differ-
ential in x;.

(&)

ni =

! a
By ~/ day — [057 2025 1(1 — xp) 20" P8
0 daa

e (1 — Xg- .xN_g)_ZQ'PN_2] = 0.

(C8)

This proves all the weak decoupling theorems in our dual
constructs, since they all follow from taking a discon-
tinuity in M? as M?—o, with ay,y—1 = ap.

O

o (C9)
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S' 52 ag
3 a —
2 2 3 4q 2 4q 3 2 3 4
F1G. 40. The three contributions to Pomeron ex-
change in A5: 4%, A*» and A have poles in (s2,f2), 1 ( ) ty = )a, + )ﬂu +
(s2,u2), and (us,ts), respectively. (Dualists use the P u
cross to indicate the twist operator that exchanges 2
4 and 5.) ! | 5 | 5 | 5
\/ 5
' s
st su tu
Ag A A A

In this example the Pomeron does not completely de-
couple at ¢ = 0, because there are contributions involving
the exchange of the py and p, G =3, ..., N — 1) lines in
the dual function. These have no poles in M2, so they do not
contribute to discontinuity in M? (of the Schwartz in-
equality), but they do give contributions at ¢ = 0. To see
this one must take care in defining the signature phase in
the physical limit [see Appendix B, Eq. (B16)].

The factor [1 + n3%s/(1 — x3) + - - - ]*P gives cuts in the
n planes which can in general give additional phases not
included in £p = 1 4+ e~"2P, We considered the sum of two
terms which were real as s— (F») and %; = 2p;-p,—
(2= ), respectively, so that all n; = —u,/s are held positive
and fixed throughout. However, if py and pj are inter-
changed, the functions would be real for s— (= ®) and
#jr— (), so.we have real amplitudes for »; < 0 and
continue in the % plane to the physical region. Using the
+ie prescription gives n— |n|=tie for the two terms
[(1,2,...) and 1 < 2 interchanged ] so, as we show below in
the case N = 5, phases from discontinuities in 5 contribute.
For these pieces we cannot use the gauge identities relating
to the wrong-signature pole in I'(—ap) atap = 1.

It is instructive to consider the special cases [Eqgs. (2.27)~
(2.29)] that follow from the general theorem (C9) as they
are realized in the dual theory.

The first decoupling theorem in the dual model was dis-
covered by Gordon (1971) for X = (ps,p4,...,pn—1) Te-
placed by a single particle.

0 (C10)

Here the restriction to a1;(0) = a3;(0) forces ¢ to lie on the
Pomeron trajectory (@'m2 = —1,1,3,...).

For X replaced by a Reggeon

a;(t)

fap; (0,0,t) = =0

o] (C11)

we obtain decoupling for the case a;(f) = ap(f). In Appendix
A, the general manner in which this is satisfied is thoroughly
discussed.
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o
|
P 1
Pc
Rt = 0
Pq
)
0 (C12)
for ¢ and d on the trajectory ag [m.2 = ms? = —ar(0)/a’].

As discussed in the text this leads immediately to

(C13)

The importance of the discontinuity in these theorems may
be easily studied in this example. We consider Eq. (C6) for
N =5 (x = 1 — x,) symmetrized in p; and p. (see Fig. 40
for invariants)

1
At = S“PEPP(—ap)/ dx
0

X [x -+ 1,’(1 — x)]apx—ag(tz)—l(l _ x)——a,(sz)-—l’ (C14)

where £¢p = (1 + e~"2?), Since n = 53 = s1/s > 0, the en-
tire phase comes from the factor £p. As £, — 0 (ap— 1), we
have

and the integrand is an exact differential, so 4¢— 0.

In addition to the A°¢ contribution above with poles in
sz and f,, there is a second contribution with poles in s, and %,

1 .
At = S“PEPI‘(—ap)/ dx
V]

X [+ 7' (1 — x)Jorx—outu=1(] — g)-asG2—1  (C15)

with 9’ = —p1-ps/p1-ps > 0 and the phase given entirely
by £p; and there is a third contribution with poles in %, and
t, (see Fig. 40). In the third term,

S1

<0 (C16)

— p1-ps/prpa=

n—q"

s1i—s n—1
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At - - .
| 5 | 5 | 5
FIG. 41. The two contributions to the positive signature Pomeron,

At = B(py,p2,03,0504) + B(p2,p1,03,05,p4), respectively.

$o that care must be taken in defining the phase of [« +
7'(1 — %) ]*P(£ns/n")*? = (£s)*P(n — x)*F. The (—s)*F
term (see Fig. 41) coming from B(p,p2,ps,psps) is real for
s > 0and s; < 0, so the phase by the e prescription com-
ing from the cut in 7 is s*P[x — (y 4+ i¢)]*P. But the piece
coming from B(ps,p1,ps,p5,p4) is real for s < 0 and s; > 0,
so the phase is e~"ePs*P[x — (n — ie) ]*P, Consequently
the correct expression for the 4* term [in contrast to that
given in the literature (Doren et al., 1971)] is

1
Agtr = saPF(_aP)I:EPf dx[x — + iejapx——at(tz)
0
X (1 — x)7owCa)=1 4 27 sinape=imer
]
X/ de,,I —_ x]apx—at(tz)—l(l — x)—au(uz)—l]_ (C17)
0

In the full expression for A5 = A5 + As*™* + As5', the last
integral in Eq. (C17) does not vanish as {; — 0 (ap— 1).
Instead we get as £, — O,

2wisa

al+au

a/S], . Oy \ ¢t o\ ¥
e (1) (12
oy o Oy

In the double Regge limit with a,(#2) ~ —a’s; —

T d
As = / dx — [amet (1 — x)o]
0 dx

(C18)

) eat(_at)ae
A5(ap = 1) o~ 211'1(0!’51) (Ot/32)°" (Clg)

ot

For a nearby (pion) pole, this gives us a real Regge power
(s2*v) and an exponentially damped (pion) pole exchange
[a:" exp(ar + ar log(—a,))], with no recurrences! The
diffractive production is pure Deck mechanism.

Indeed in the dual model the Pomeron at ¢ = O couples
to the elastic state and only the elastic state. This decoupling
from all the inelastic resonances is not required by the weak
theorems, but it is certainly an attractive possibility for a
gauge invariant Pomeron theory (Brower and Weis, 1972;
Ravndal, 1971). In spite of the subtlety of gauge invariance
for the Pomeron, we still find it an attractive hypothesis
that it plays some role in anap(0) = 1 self-consistent theory.
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