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The framework of functional integrals in field theory is convenient for presenting a unified view
of the perturbation expansion according to the number of loops. We review the calculation of the
generating functional for irreducible Green functions and its renormalization properties. Calcula-
tions of the effective potential and Z- function are carried up to the order of two loops for the self-
coupled scalar field. This is applied to compute the coefficients of the Callan-Symanzik equation
which describes the short distance behavior of the theory. In conclusion, we present some specula-
tions concerning the positivity of the coupling constant, and its relation to the on -shell two-particle

scattering amplitude.
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1. INTRODUCTION

The present article is basically pedagogical in nature. It
grew out of seminars and discussions that we had in the
Theory Division at CERN during the autumn of 1973. The
subject is quite broad and we had to choose only certain
aspects of it.

In quantum field theory, the quantities with the greatest
physical interest are the Green functions. It is in terms of
the Green functions that the S-matrix is constructed and
their analytic propertiées have been studied in detail.
Furthermore the whole perturbation theory and the renor-
malization program are traditionally expressed in this
language. Finally the powerful computational method of
Feynman diagrams is designed specifically for the explicit
calculation, order by order in perturbation theory, of the
Green functions. A simple way to introduce formally these
functions is by means of a generating functional. Let
£(pi(x)) be the Lagrangian density describing the system
of » interacting fields ¢;(x) ¢ = 1,+++, n, and J;(x)» c-num-
ber functions of space-time which transform with respect

* Author of Appendix C.
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to all the symmetries of £ in such a way that

> Ji(@)ei(x)

=1

is an invariant. If we consider £ + Y J.¢; and calculate the
vacuum-to-vacuum transition amplitude, we obtain a func-
tional Saise[J:] of J; which, if functionally expanded in
powers of J;, gives the Green functions of the theory. On
the other hand, by taking the functional Legendre transform
of logSaise[J:] we obtain a functional T'[e., ], where o,
are the conjugate variables to J;, which generates the one-
particle-irreducible Green functions (Jona-Lasinio, 1964).
The latter enable one to express the renormalization con-
ditions.

However, there exist some problems, like, for example, the
one associated with spontaneous symmetry breaking, for
which a slightly different language is more convenient. It
is obtained again by considering the functional I'[¢., ] but
instead of expanding in powers of ¢.(x), we expand around
the point ¢,(x) = constant. We thus obtain a new infinite
series of functions, each of which can also be computed
order by order in perturbation, and which can be used to
describe all properties of the theory (renormalization, sym-
metries etc...) as well as the ordinary Green functions.!
Of course they are not the most convenient for the calcula-
tion of scattering amplitudes, since each one of them equals
the sum of all Green functions taken at special points.
Nevertheless they are very useful for other problems and
here we attempt an introduction to their study. As we
notice, the whole program of field theory can be carried
through without ever mentioning the Green functions
although, for reasons of physical transparence, we shall
most often use the renormalization conditions defined in the
traditional way. In order to simplify the notation we shall
limit ourselves to the study of the simplest renormalizable
theory in four dimensions, namely a massive, neutral scalar
field interacting through a ¢* coupling.

The paper is organized as follows. In Sec. II we review
the renormalization conditions expressed in terms of the

1 Coleman and Weinberg (1973) and references therein. A very nice
review is given by Coleman in “Secret Symmetry,” 1973 Ettore
Majorana Summer School.
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Green functions, and introduce the generating functionals
and the expansion around ¢.(x) = constant. Section III
contains the loop expansion and the method of steepest
descent which is the most convenient for calculations in this
scheme. A paragraph on different regularization procedures
is also added. In Sec. IV we give explicit examples of cal-
culations. The first two functions in the expansion, namely
the effective potential V (¢,) and the next function Z(¢.),
are calculated up to and including two closed loops. In
Sec. V we derive the renormalization group and the Callan—
Symanzik equations directly for the generating functionals,
and we use them in order to study the asymptotic properties
of the theory for large values of ¢,. Finally in Sec. VI we use
the results of the previous section in order to argue that
the coupling constant in a ¢* theory must be positive. Several
technical details are gathered in Appendix A and B. Since
the coupling constant can be viewed as the value of the
four-meson scattering amplitude at the center of the
Mandelstam triangle, we asked the question what is known
for this quantity from first principles alone, without refer-
ence to any particular field theory model. Appendix C,
written by A. Martin, contains some results pertaining to
this question. This Appendix can in fact be read almost
independently from the rest of the paper.

An interested reader not familiar with the formalism of
generating functionals will presumably find it useful to
read for instance the excellent presentation of Coleman and
Weinberg (1973).! We could hardly reproduce its content
here without repeating it step by step.

As we said earlier we hardly claim to give very many new
results. As this work proceeded rather slowly several pre-
prints appeared which cover some parts which we expected
to be slightly more original. These articles will be quoted
below. We thought nevertheless that functional methods
becoming rather popular and bridging the gap between
field theory and statistical mechanics are not yet too famil-
iar. Hence this selection of topics might be useful. It was,
however, hopeless to present a complete review nor to give
a detailed bibliography. We apologize at once for our
numerous omissions.

We thank our colleagues and friends at CERN and in
Saclay for many suggestions and discussions.

Il. GENERAL FORMALISM

In this section we review, mainly in order to establish the
notations, the general formalism of renormalized perturba-
tion theory.

A. Renormalization conditions

As stated above we shall study the simplest renormaliz-
able field theory in four dimensions, namely a massive,
neutral scalar field interacting through a ¢* coupling. The
Lagrangian density for such an interaction is given by:

£ =1(d¢)% — 3u2? — (N/4!)¢* + counter terms, (2.1)

where u and X\ are the renormalized mass and coupling con-
stant respectively to be defined precisely below.
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Let T'®M(py,-++, po,) be the renormalized, 2z point,
connected, one-particle-irreducible (1-PI) Green function
which, for » > 1, depends on 8% — 10 independent scalar
products among the 27 — 1 independent four vectors p.
We shall always assume that a Wick rotation to Euclidean
space (implying analytic continuation to purely imaginary
times) has been performed. The I'®’s are uniquely deter-
mined, order by order in perturbation theory, once a suit-
able set of renormalization conditions is specified. In *
theory, renormalizability implies that two conditions on
I'® and one on I'® are sufficient.

It is customary to take one of them to determine the value
of the physical mass u?, as the position of the pole of the
complete propagator. We can therefore express a set of
renormalization conditions by requiring that?:

2 2
re = — () [ 1= EEE S (20|
"
(2.2)
r® ’sym. point M:= —>\M- (23)

The condition (2.2) means that the two-point function,
which is the inverse of the complete propagator, vanishes
at p? = —u? (We recall that in all our formulae $? has been
rotated into Euclidean space). Furthermore this same func-
tion is normalized to the value M2 — p? at an arbitrary
point p* = —M?2 On the other hand, the condition (2.3)
defines the renormalized coupling constant as the value of
the Euclidean 4-point function at the symmetric point:

(pi + pi)* = —5M?
(2.4)

sym.point M2: p;2 = — M2,
i:j=1)°")4: 'L¢]
The function Y in Eq. (2.2) is an O(4) invariant dimen-
sionless function of its arguments which is regular at
p? = —M? and p* = —p? As a matter of fact, it can be
shown that in the Euclidean space 3 is a real analytic func-
tion of p2, and this result holds true also for the 2z-point
function.

Once (2.2) and (2.3) have been imposed, the 2n-point
function I'®” depends on the 8% — 10 scalar products s;,
as well as on u2, M2, and Ay

However, no physical quantity can depend on the arbi-
trary point M2 Indeed the renormalizability of the ¢*
theory implies that a change in the subtraction point M2,
can be compensated by a change in the value of the coupling
constant and a corresponding rescaling of the fields. We can
therefore write:

e (si, u2, M, Aary)

= Z3n(M22’ .“21 M12: )‘Ml) rem (Sir #2’ M22y >‘M2) 9 (25)
where s; stands for the 8% — 10 scalar variables, and Z;!/2
rescales the fields. We shall have the opportunity to use
these relations several times later.

2 The renormalization conditions (2.2) and (2.3) are not the most
general ones. One can avoid reference to the physical mass altogether
and, furthermore, the points M? appearing in the definition of the 2
and 4-point functions need not be the same.
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Among the choices implied by Egs. (2.2) and (2.3) some

- are of particular interest. The “physical”’ Green functions,

which are directly related to the S-matrix, are obtained by

choosing M? = p2. However, for practical calculations the

choice M? = 0 is much more convenient and we shall adopt

it in these notes (unless otherwise stated) dropping the sub-
script when referring to Ao. We shall therefore write

I'®(0) = I'®(0, 2, 0,\) = —p2, (2.6)
TO(—p2) = T®(—u2 u? 0,\) =0, (2.7)
T®(p; = 0) = I'®(p; = 0, 42, 0,\) = —A\. (2.8)

With such a choice the propagator A(p?), which is the
inverse of the 1-point 1-PI function:

A(p?) = —[1/T® ()] (2.9)
has a pole at p? = —pu? with residue given by
(= (0/0p) T (1,42, 0,)) |2y
= [1 + Z (_“27 ""2: O) )‘)3_17 (2'10)

where > is defined in (2.2). Using (2.5) we can write
(2.10) as

- (a/apz) P(2>(P21 ru'27 O) )\) Ip2=—u2 = Z3(“27 “27 07 )\)'
(2.11)

We can also show that the value of the function Z; enter-
ing (2.11) has to be positive. Indeed the on-the-mass shell

Jexp{—J[5(0¥)% + 3wy + (V/4ANY: — Jy] d| D[y ]
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normalized 2-point function satisfies a twice subtracted
dispersion relation (Killen-Lehman representation) :

—TO(2, 2, 15 N2 = (2 + ) + (22 + )
* p(g®)

X dg?
e @+ ) (¢ — @)

Now, using (2.5), for 2 = 0 we get

p(g®) =2 0. (2.12)

re (07 IJ'Z; 0: )‘) = Z3 (“"27 #2: 0: )\) re (0: “2, ""27 )\n)
or, equivalently, using (2.10) and (2.12)

» p(g?)
Zi (2 1%, 0,0) = 1+ 2/ dp —2 >
s (2, W ) u 2 q ¢ — )

(2.13)

B. Generating functionals and effective potential

A convenient way to study the properties of Green func-
tions in perturbation theory is by introducing a generating
functional. Let us assume that we add to the Lagrangian
(2.1) a linear interaction with an external source J(x)
which is a ¢-number function of space-time, i.e., a term
J(x)@(x). The generating functional of all Green functions,
including the disconnected ones, is given by the vacuum-to-
vacuum transition amplitude in the presence of the source J

Sdisc[]] = <Oout I 0in>J~
Ignoring for the moment difficulties associated with re-

normalization, a formal expression of Saise[J ] is given, in
terms of path integrals, by

Sdise[J ] =

where D[] is assumed to be some “positive measure” on
the functions ¢ and (dy)?2 is the square of the Euclidean
gradient of y:

2 = 3 (2.

a=0 axa

By functionally expanding Saic[J] in powers of J, we
obtain the Green functions Gaise(#1,° * +, %an)

© 1 2n -
Sais J] = :Eo (Z—n)' /g [T (:) JGasse (21, + +, %),
(2.15)

where, because of the symmetry ¢ — —¢ of (2.1), only the
even order terms appear.

Similarly, one introduces the generating functional S[J]
of all connected Green functions G (w1, ++x,) :

S[V] = logSaise[J] (2.16)

with an expansion analogous to (2.15), and finally "the
generating functional of 1-PI Green functions sometimes
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Jexp{—J[3(ay)2 + 322 + (WAl daloly]

(2.14)

called ‘““vertex functions.” It is given, in terms of S[J] by
a functional Legendre transformation

Ile.] = SIJ1 — [ d*J (%) @s(x),

where ¢.(x), sometimes called the ‘“classical field,” is
defined by

ee(x) = 8S[J]/87 ().

Equation (2.17) should be understood as follows. One has
to invert (2.18) thereby expressing J as a functional of ¢,
and then replace it in (2.17) thus obtaining T as a functional
of ¢.. In an expansion of I' in powers of ¢,, one obtains the
I' functions introduced in the previous paragraph. In par-
ticular (2.17) gives:

(2.17)

(2.18)

J(x) = —oT[ec]/d0.(x) (2.19)
2 __OTled _ _(_®SUT \?
O (o, 22) = 50 (1) 6o () (6J(x1)5f(x2))
= —[A(x, 22) T (2.20)

evaluated at ¢, = O.
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It is useful to introduce an expansion of I'[¢. | around the
value ¢, = constant. More precisely, this in an expansion
of the density of I' in powers of the derivatives of ¢,. Taking
into account translational invariance, we write

—TLo] = [ d**[V(e.(x))

+ %Z(ﬁﬁc(x))(a‘h(x))z +"']7 (221)

where V, Z+ - are ordinary functions of ¢,(x). It is easy to
see that (2.21) corresponds to an expansion of the vertex
functions around zero external momenta. In fact let us
write:

Cod = 5 [ 07 [ TT [t (5 00 Gy, ).
(2.22)

By translational invariance, T'® is only a function of the
2n — 1 variables x; — x; and therefore, introducing the
Fourier transforms written without a twiddle, we can write
(2.22) as

o] = 3 (w1 [ T [tmien(a ]

X g [d4p,/ (2m)* exp(ips) 1(2m) 64 (S p;) T

X (prye=+, pn). (2.23)

Expanding T'®™ (py,++«, p,) around p; = 0 and comparing
with (2.21) we obtain

Vi) = — 2) [(2n) T[T (0,-+-,0).  (2.24)

A similar expression, involving the derivatives of the
vertex functions around p; = 0, holds for Z(¢,) as well as
for the higher order terms in (2.21). In order to obtain,
as an example, the expression for Z(¢,) we consider the
vertex function I'® (py,«««, po,), which is ©(4) symmetric
and invariant under permutations of the momenta. Define
a function of 2» — 1 independent momenta by

rem (P-\;' ) p2n—~1)

= en (Pl' ccvhop1, —P1— Po— e — ﬁzn—l)-
Clearly

Tem (prye -, pan)
= Tem(0,+++,0) + (p2+++++ pons?) [@
+ (X pp) Ty een

1<i<i<on—1
By abuse of language, instead of writing,
f‘a(Zn) %[az/(aplo) 2]-{[\‘(27‘) (07 Y 0) ’
Lyom = (9%/0p0aps) T (0,- -+, 0),
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we write instead

fa(zn) = (a/ai’lz) f‘(Zn) (0" ) O)

A~

fye = [3/ (a1 ) ITEP (0, -+, 0)

even though for » > 3 the scalar products p;p; are not inde-
pendent variables. Z is then given by

0

1 2n—2 J __
Z(¢:) = El @ =21 o] {

2n—1 9 A"""’(O)
aps?
n—1

n (9?1'?2

faw (0)} . (2.25)

Of course further terms in the expansion (2.21) could be
introduced as generating functions for higher derivatives of
Green functions. It is worth pointing out that, at least
formally, ¥V (¢.) can be given the physical meaning of the
energy density of a state where the field ¢(x) takes through-
out space the constant value ¢..

The last step, before describing the algorithm of the
perturbation series in terms of the generating functionals,
is to express in this language the normalization conditions
introduced in the previous paragraph. We thus obtain the
equivalent of Egs. (2.6) and (2.8):

(@/de2) V |peo = p2  (d%/de)V |pemo = \. (2.26)
The other condition, namely I'®(—u?) = 0, which en-
sures that p is the physical mass and appears as the pole of
the complete propagator, cannot be expressed in terms of
V, Z etc--- since they only involve the successive deriva-
tives of the vertex functions around p; = 0. We see that the
traditional normalization scheme is not well adapted to this
language. However we can abandon the idea of using one
of the renormalization conditions in order to determine the
value of the physical mass, and use instead of I'® (—pu2) = 0
a condition of the form
(d/dp)T®(0) = —1 or

Z(0) = 1. (2.27)

From the point of view of the renormalization theory, the
set of conditions (2.26) and (2.27) is certainly as good as
any other, and in fact the Green functions calculated accord-
ing to this prescription will be related to the physical ones
by a finite renormalization of the general form of Eq. (2.5).
For the practical purposes of this paper it will turn out that
the two sets of normalization conditions (2.6) to (2.8) and
(2.26)—-(2.27) are equivalent, since the explicit calculations
presented here are not performed at sufficiently high order
to be affected by these finite renormalization effects.

ill. THE LOOP EXPANSION AND THE METHOD
OF STEEPEST DESCENT

In this section we show, through formal manipulations of
Eq. (2.14), how we can reproduce the usual perturbation
series. We emphasize again that this method is as heuristic
as the ordinary canonical quantization procedure, and does
not have more claims to rigor.
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A. The loop expansion

We start by introducing a suitable book-keeping method
to count the number of loops in perturbation theory?®. For a
connected diagram, if L is the number of loops, 7(E) the
number of internal (external) lines, and V the number of
vertices, we obtain

L=T—V4+1=V+1— (E2).
(3.1)

2I + E = 4V,

The first condition means that four lines meet at each

ST _ [exp{—(1/h) [[5(a%)* + su2* + (\/4DY* —
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vertex, the internal ones connecting two vertices. The second
condition counts the number of independent integration
four-momenta L. The added 41 appears because of the
factorization of the overall § function of energy—momentum
conservation. We see from (3.1) that the power V of the
coupling constant does not determine the number of loops
since a connected diagram of order A" can contain any
number of loops L < V 4 1.

The solution to this problem is well known. One intro-
duces a new parameter Z7' which multiplies the whole
Lagrangian, not just the interaction part:

4] )2y 52)

exp ——= =

In a connected diagram, each vertex will carry a factor 1/7,
each propagator a factor 7 and each external line a factor
1/%. Therefore each connected diagram has a power of
fi: (h)LE. In order to obtain a diagram in the expansion
of (1/%)T[e.] we select a 1-PI diagram of (1/%)S[J] and
multiply it by an inverse propagator for each external line.
Therefore the terms in the expansion of (1/%)T[e.] will
have factors

B = (1/h) (R)*.

Consequently in the series of I'[ ¢, | the power of % counts
the number of loops. For 7 = 0 we obtain the tree diagrams
(“classical” approximation). We repeat that this is nothing
more than a book keeping device and we do not have to
assume that 7 is “small”.

B. Method of steepest descent

A standard way to handle formal expressions like (3.2)
is to apply the method of steepest descent. This will be
shown now to yield the desired 7 expansion. It consists in
expanding the exponent in the numerator of the rhs of

J exp{—(1/A) [[3 (o) + 3u2* + (\/4D)y*] dix} O[]

Let us choose J(x) to vanish at infinity. The solution of
(3.3) is then unique if it is also required to vanish at infinity,
hence yo[J] = 0 if J = 0. It is clear from (3.3) that the
relation between ¥, and J is 7 independent.

We now expand the action I[y]

IY] = J3(a)? + 3wty + (VAN — JY]d  (3.4)
around the function ¢, by writing ¢ = o + ¢
IT] = Il + JG(09)2 + 32 + (W 2)¢e) ¥
+ V3Dl + (W/4ADPA] dx, (3.5)

where we have used (3.3) in order to eliminate the linear
terms. We now impose on the measure D[] to be transla-
tionally invariant and we obtain

S = ST+ aSi[ye] + 72So[ o] 4+, (3.6)

(3.2) around the position yo[J] at which it is stationary. where
The denominator is merely a normalization factor designed
to c.on.strain S[O] = 0. Let y, be a solution of the classical So[J] = — J[3(0)? + e + (W4t — T dix
(elliptic) equation: . 3 — 1) (3.7)
(—0O 4+ ) + 31 vl =J; o = 2 duto.  (3.3)
: a=0 and
b ST — ST _ [exp{—(/R) JTE(9¢)* + 5 (12 + 30 Y2 + (Wo/3DY2 + (W/4DYA] d Dy ]
% Jexp{—(1/7) [[3(ay)? + ut* + (\/ANY] d*x}D[Y]
_ Jexp{—=JT5(09)2 + 5 (k2 + SN Y + A2 (/3D + A(N/4)y4] dhx} D[y ]

Jexp{—J[[5(ay)% + 3ut2 + A(N/4DYA] dhe} DY ]

To obtain the second expression we have rescaled the
dummy integration field through ¢ — %'/%). The first term
S1[¥o] is found by integrating the exponential of a quadratic

3 The loop expansion and its relation to the steepest descent (or
stationary phase method in the Minkowski region) were apparently
introduced by Y. Nambu (1968). For a review, see Coleman and
Weinberg (1973) and Coleman (1973).
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(3.8)

form. The result is well known?, being apart from a common
factor in both numerator and denominator the inverse

4In writing (3.9) we made use of the functional analogue of
the identity

[(detB)/(detd) 2 = H dziexp— (ZAZ)/f H dz; exp— (ZBZ),

valid in principle for finite dimensional positive hermitian matrices
A and B.
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square root-of the determinant of this quadratic form:

Silye] = —3 log detK., (¥o) /ny(O)

= —3% Tr logKu(¥0) / K+ (0), (3.9)
where K,y is the symmetric kernel
Koy ($0) = (820, + p* -+ 3Ne?) 84 (x — ). (3.10)

We recall that in all the formulae (3.6) to (3.10), ¢, is
understood to be a functional of J through the classical
equation (3.3) which does not contain any 7 i.e., yo is given,
as a functional of J, only by tree diagrams of classical per-
turbation theory.

The higher order terms Sy, S; etc+«+ in (3.6) can be read
directly from (3.8). We see that the exponent in the inte-
grand of the numerator of formula (3.8) represents an
effective action of the form:

Twel¥] = J[3(a¥)* + 3 (s + M) ¥

+ (20/30) ¥R + (BN/41)YAT d. (3.11)

It has the following characteristics:

(a) There is no source term for ¢, in other words we must
calculate only vacuum-to-vacuum diagrams.

(b) The “mass” in the propagators is u? -+ INy?(x).
Note that in general ¥, (x) is x dependent. Hence the propa-
gators are not merely diagonal in momentum space as is
usually the case.

(c) There are trilinear as well as quadrilinear couplings
with corresponding ‘“‘coupling constants”

MY () /3! and Mi/4.

If we call V3(V,4) the number of three (four) vertices, we
obtain:

L=V,+3iV,+ 1. (3.12)

It follows that for a given number of loops L, there is
only a finite number of vacuum-to-vacuum connected dia-
grams which need to be calculated. Notice finally that the

propagator is the inverse of the kernel (3.10) which appears
in the expression for .S;.

Having obtained the generating functional S[J] by
means of (3.6)—(3.11), we can perform the functional
Legendre transformation (2.17) in order to calculate I'[¢.].

A straightforward evaluation of this transformation re-
quires first the evaluation of ¥, as a functional of J through
(3.3), and then the inversion of (2.18) in order to obtain J
as a functional of ¢,. This would give ¥, as a functional of
¢. and the Legendre transformation of (3.6) would deter-
mine I'[¢.]. Of course, it is not possible to perform this
series of operations exactly, since they require an exact
solution of the equations of motion. Therefore, in the same
way as we used the loop expansion in order to evaluate S[J]
through (3.6), we shall try to determine I'[¢.] in the form

I'le.] = Tolec] + Ali[e.] + #2Toloc] +- - (3.13)
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We first observe that, to zeroth order in 7%, ¢. equals ¥
which is the solution of the classical equation of motion
(3.3). Indeed, using (2.18), (3.3), (3.6), and (3.7), we
find:

o= ST _ 35 °m 220 4 0() = o+ OK).

o (3.14)

Therefore the required functional relation ¥, ¢, ] becomes
trivial to zeroth order in 7%, and the first term in (3.13) is
clearly given by

ToLec] = — [[3(8¢c)? 4 3u2o2 + (N/4])@et] dix

= —I[e.] — [Jo. d. (3.15)

In order to calculate the next terms we write the correc-
tions to (3.14) as ¢, = ¥y + #@,. We then obtain
LT~ Jeed — Tufe,]
= —I[%] - I‘o[%] + ﬁsl[‘ﬁo]
+ B2Ss[ o] 4+ e — [T, dix
_IE'//O:] + I[%] + ﬁSl[‘l’o] + ﬁzSz[‘//o] +eee
7230300 + 3t + Dgd)pe] die
+ fSile. — fig,] + #2Se[ o] + O(#2),

(3.16)

where we have used (3.5), (3.6), (3.7), and (3.15). Com-
paring with (3.13) we find:

Nife.] = Sl[‘pﬁj =—3Tr IOg[sz(<PC)/sz(O) ],

Toloe] = Selee] 4+ [[3(082)2 + £ (2 + In) 2] dix
— % —65;5’“] (3.17)
= Silod+ Bk (07, — 3, 250ee] (3.18)

0¢e

It is convenient to eliminate @, from (3.18). To zeroth
order in % we write

= (/B [ee — ¥l = (/R [6S/6T — ¥

_ 38100 ] oo
oo o
=3 gy = Bl iy (3.19)
o 0@

The final expression for Ty[ ¢, ] is therefore the following:
Dol o] = Salec] — $(851/6¢:) K~ (e0) (851/6¢c)

6S1|:‘Pc 551[‘90]
—SZI:‘Pc] 2.//5 (x) xy(‘Pc) c(y)

A dby.
(3.20)

In (3.20), A is the propagator found before, which is equal
to the inverse of the kernel K given by (3.10). We can com-
pute the higher order terms of (3.13) in a similar way.
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The meaning of T'[¢. ] is now transparent, Iy obviously
generates the trivial 1-PI tree diagrams. Si[yo], with ¥,
taken as a functional of J, generates all the one-loop, con-
nected diagrams, thus Si[¢.] = T'1(¢.) gives the 1-PI, one-
loop ones. T'; contains two terms: Ss[ ¢, | generates the three
vacuum-to-vacuum diagrams of Fig. 1 with the rules a), b)
and c) explained above. The first two of these diagrams are
1-PI but the third is not. However it is precisely cancelled
by the second term of (3.20). Therefore Ty also generates
the 2-loop 1-PI diagrams. It is straightforward but tedious
to generalize this argument inductively to all orders®.

The lesson we have learned can be summarized as follows.
To go from the expansion (3.6) of S to the expansion of T'
Eq. (3.13), we simply do the following:
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(i) drop the term [Jy,

(ii) replace ¥, by ¢,

(iii) keep only the 1-PI diagrams [in terms of the prop-
agator A(e.) ]

If we are only interested in the potential ¥V (¢,) we must
isolate an overall factor of the space-time volume [ d%,

then set ¢, = constant and change the sign as explained in
(2.21).

Up to now we have implicitly assumed that the reader
reacts instantly when shown a Lagrangian by figuring out
the Feyman rules it generates. Nevertheless we conclude
this section with some remarks on these rules and Wick’s
theorem derived in this formalism.

 The Feyman rules are embodied in the following formula:

J exp{—[3¥ (%) Ay (@) ¥ (y) dix dby + [k (%)Y (x) d*x}D[Y]

(exp [ d'x k(x)y(x)) =

= exp%fk (.’XJ) Azy(‘Pc) k (y) d*x d4y,

Thus, expanding both sides and noticing that odd monom-
ials in ¢ have zero expectation value, we obtain:

L(2p) T dtoye - diap (P (@) « + < (wap) Yo (@) « + = B (200)
= (27p)71[ d*ar- + - d¥uapk (21) + - - R (20p) [(29) 1T

X 2 A(2ny) (Kng) + A(%nyp-1) (xnzp) . (3.22)

perm.

We can divide the (2p)! permutations of the rhs into
classes having each 27p! members as follows: Starting from
a given permutation we can obtain all the members of its
class by interchanging the variables in each A separately
and permuting the pairs of arguments among the A’s.
Obviously all members of a given class yield the same result.
By just taking a representative of each class we therefore
obtain Wick’s theorem:

<‘l/(x1) b -¢(x2p)>
- =

distinct terms

A%y, Fry) - *A(rape1y Trgy) (3.23)

As we have already noticed, for the calculation of the
effective potential we only need the expression of the kernel
A for ¢, = constant. In this case it has the usual represen-
tation

d*t  explik(x — v)]
et R+ 2+ (\/2)e2

Any(pe) = (3.24)

However for ¢. varying with « one has in principle to
solve the 4-dimensional equation:

[0 4+ 2+ Ml (%) /2100y = 8*(x — ). (3.25)

Fortunately we shall not be really faced with this uneasy
task. However since we intend to compute not only V(¢.)

5 We need not give here the complete argument since in the meantime
it has been presented in a recent MIT preprint by R. Jackiw, “Func-

tional evaluation of the effective potential.”
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Jexp{— [ 3¥(2) Az (@) ¥ (y) d*x dy}O[Y]

(3.21)

but also Z(¢.) at least to low orders, we shall need a special
case of (3.25) where ¢.(x)2 is at most quadratic in x. Even
though this is not exactly what is required we give below
the solution for the case where ¢.(x) = ¢ + a.x. The solu-
tion is obtained by noticing its relationship with the stand-
ard harmonic oscillator problem of quantum mechanics.

Let us recall that for a one dimensional oscillator with
P, Q denoting the usual operators satisfying [Q, P = 1,
one has:

(g1 | exp[—s(P? + ?Q*) ]| g=)

o 1/2 w
h (2-n-sh2sw> P = 25h2sw
X [(qlz + q22)ck28w - 2q;[Q2] (326)

Choosing the O direction along the vector a, and setting
w? = (A\a*/2) it then follows easily that:

a3k dko d ©
Agy T [ ol f ds
0

- (2r)3 27
X exp[iky(xr — yr) — s(kr® + )]

X [m ]m exp {z [ko (xo + l-z—l)

) ;
P\ |a| P osh2as

X [(ke? + go?) ch2ws — 2koqo]

-/ (d; k;’3 [ s explikn(ar — yr) = s(iea® + )]
)"0

%) 12 w
(21rsh2ws) P T S shws

X [(e2 + 02)ch2ws + 2¢apy]. (3.27)
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C. Regularization

The expressions derived so far are purely formal due to
the well known divergences of perturbation theory. How-
ever, for renormalizable theories there exists a well-defined
prescription which allows one to extract meaningful results
in any given order of perturbation. (The question of the
convergence of the whole series cannot yet be answered).
The first step, usually called regularization, of any such
renormalization program, is to replace all divergent expres-
sions appearing in the theory by finite ones. It is only then
that the next step, namely the enforcement of renormaliza-
tion conditions such as (2.2)—(2.3), can be applied. There
exist several ways to regularize a field theory and each one
seems to be better adapted to certain uses, or certain
theories, than others. A simple and elegant example of such
a scheme is Zimmermann’s subtraction procedure which
consists basically in subtracting the Feynman diagram
integrands a sufficient number of times around the origin
in momentum space until finite integrals are obtained. This
method is very useful for giving rigorous proofs of the
renormalizability of a theory, as well as for defining opera-
tors as monomials of the basic fields and their derivatives
such as ¢**, o[ Jo, etc- -+ However it is expressed directly
in terms of the Feynman diagrams and it is not known at
present how to incorporate its prescriptions into the Lagran-
gian formalism we have been using so far. On the other
hand, in order to perform explicit calculations and especially
for theories with Gauge symmetries, the method of dimen-
sional regularization is by far the most convenient.

fH;D[‘»bpj €xXp — f d4x{f d”pcp%[(a‘/’pV + ”pwfj + ()_\0/4 ) [f de‘//p]4 — ]f de‘xbp} )
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There exist in addition many other regularization schemes,
but most of the topics that will be discussed in these notes
will be phrased in such a way as to avoid reference to any
one in particular. However, we shall not hesitate for
any given problem to appeal to the one that seems to us
most suitable. For future use we shall present in this para-
graph the classical Pauli-Villars regularization method
through a dimensional cutoff A using the functional lan-
guage. It presents some advantages for our case since: (i) it
can be incorporated very nicely into the formalism, (ii) it is
conceptually very simple since the cutoff A% can be viewed
as the analog of the inverse lattice spacing in nonrelativistic
statistical mechanics, and (iii) the derivation of the Callan—
Symanzik equations is very simple if we use this method.

For this purpose, let us denote by uo and A the bare mass
and coupling constant of the theory. The method consists
in replacing the bare propagator by a regularized one
through

— f ) gr*(a) exp[—a(® + pi?) lda, (3.28)

B2 4 ue? 0

where ga2(e) — 1 for A2— « and for fixed A? vanishes
sufficiently fast for o« — 0 in order to make all integrals
convergent. Formally this substitution, (which for a general
222(a) leads to a nonlocal action) can still be cast into the
form (2.14), i.e., there exists a positive measure dy, and a
function C,, with C, #£ 0 in the support of dv,, such that:

exp(Sxa[J]) =

(same with J = 0)

(3.29)

In (3.29) we can integrate over all uncoupled degrees of freedom, i.e., over all ¢,’s except the combination ¥ = [ dv,.
In order to do so we introduce a representation of the § function, and we write (3.24) as follows

exp(SulJ]) = (JOLW1[DLalfD[Y,] exp{[ dalia(x)¥(x) — (N/4Dy* + JY1}

X exp{— [ d*x[ dv,C,[5(8¢%,)* + 3u¥? + i(a/C,)¥,]) (same with J = 0)~L.

The integrations on ¢, and a can easily be done using (3.21) and yield

O[] exp{—1 [ d' diy(x) Kar(x, )9 (3) — [ dal (\/ADgt — TyT}

exp(SalJ]) =

where Kx*(x, ) is the inverse of the propagator Ax*(x, ¥)

Axx(w, ) = [(dn/C,)A(x, v, u?), (3.32)

with A(x, y, u?) the free propagator of mass u?.

Hence we have the identification, comparing with (3.28)

/ " dagit(a) expl—a(¥ + ud)]
0
_ / (dn,/C,) (2 + u?) 1
= /w do exp[ —a(u? + £2)]
0

X [ (dn/C,) exspl—au? — u] (3.33)
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(same with J = 0)

(3.30)
’ (3.31)

which gives
(3.34)

ga¥(a) = [ (dv,/C,) eXPE—a(Mpz — wo?) ]

We see therefore that we have succeeded in formally
incorporating the regularization (3.28) into our formalism.
Now we have various choices each one characterized by
different measures dv,/C, and masses p,. Let us write
dv,/C, in the form dy(u?)/C(u?). The most common choice
is the standard Pauli—Villars regularization defined as

dv(u?) /C(u?)
N
= dp*[6(u® — mo?) + KZ=)1 (1/Cx)8(u2 — pe® — OgA?)]

(3.35)
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with the sum running over a finite number of terms NV, and
Cxk and Ok a set of numbers to be chosen so that ga?(«) has
the required properties.

ga(a)
= [ du2{6(u® — ue?) +§_;1 (1/Ck)6(p2 — p* — OxA?)}
X exp[—a(p? — ue?) ]

=1+ KXZ (1/Ck) exp[—aOxgA?]. (3.36)

For A2 — o, gx?(a) will tend to one for any fixed a > 0,
while it is possible to choose Cx’s and Ox’s such that

I

1+ % (1/Cx)
g{: (6x™/Ck)

0, Z (GK/CK) =0, M)
e )

0, . (3.37)

which ensure that

£42(0) = 0, g,#(0) =0, ---, gx2™(0) = 0. - (3.38)

It is clear that, given an integer » > 1 we can always
choose N in (3.35) sufficiently large so that ga2(a) as well
as its % first derivatives vanish for o = 0. Notice also that
for (3.37) to be true some of the Cx’s have to be chosen
negative which means, in ordinary language, that the corre-
sponding fields would have to be quantized in a space with
negative metric.

A different choice for the measure dv,/C, is one that
gives the Gaussian form with

gat(a) = 0(a — 1/A2). (3.39)
Clearly, due to the discontinuity of the © function, it is
difficult to give an explicit representation. But any smooth
choice, such as for instance [t (A%« — 1) + th1]/[1 + th1]
would allow it.

With the preceeding examples, we wanted merely to illus-
trate the point that there exist several possible choices for
the functions ga?(«) with the desired properties and they
are well adapted for the functional formalism. In the rest of
these notes we need not be more specific.

IV. EXAMPLES OF EXPLICIT CALCULATIONS:
V AND Z UP TO ORDER #2

We interrupt here the formal discussions in order to
illustrate, with some explicit calculations, the use of the
equations derived in the previous section. We have chosen
to calculate the quantities V(¢,) and Z(¢.), defined in
Egs. (2.24) and (2.25) respectively, up to two closed loops
in perturbation theory. P

"~ A. Calculation of V/

Corresponding to the expansion (3.13) we have
V(ee) = Voles) + aVilee) + #2Va(pe) +---. (4.1)
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Clearly, once an over-all factor [ d* is isolated in I'[¢,],
we get V() by just setting ¢, = constant. We shall now
compute the first three terms in (4.1). The first one is
trivial. From (3.15) we get

!

Vo= (12/2) 02 + (N /4D ot (4.2)

The normalization conditions (2.26) are fulfilled up to
this order. Let us now look at V. Here T'i[¢.] is given by
(3.17). For constant ¢, the kernel K., becomes

Ka(es) = (320, + i + No2/2)8(x — )
— [T/ (2m) T( + 12 + Ap2/2) explik(x — ).

(4.3)
Therefore we get:
3 trlog[K () /K(0)] = 3 d*«[[d*k/(2m)*]
X log[(#* + u? + $ne?) /(K + p?) 1. (4.4)

This gives us Vi(e.) up to renormalization. In fact the
integral in (4.4) is ultraviolet divergent, but the counter
terms must be chosen such as to make the coefficients of
o2 and ¢t vanish in a power series expansion at the origin,
since Vo(p.;) already satisfies the conditions (2.26). This
renormalization is sufficient to give a finite result. We there-
fore write:

>\¢02/ 2
k2 + p?

1 d*k
Viler) = 5[(—2;—)41% [1 + ]-I— Aol + Bod,
(4.5)

where the counterterms A and B will be determined by the
conditions (2.26). We find:

_ L% ded/2) _ ded/2
Vileo) = 2J (27)* [log (1 + k? + k2 + p?
1 (Apd/2)?
3 m] = pw(Nel/2u?), . (4.6)
where the function w(x) is given by:
1 d*k x x
wl®) =5 (zw)‘*[log (1 TEx 1) B
1 x2 271 2
+ 2 (B 4+ 1)? = DL+ D¥og(z + )
— (3% 4 x) . 4.7)

Let us make two simple remarks:

(i) In order to check whether we have made any mistake
we can compare our result with the one of Coleman and
Weinberg (1973). To do this we have to adapt our normal-
ization conventions and instead of (2.26) we call A the
fourth derivative of the potential at a nonvanishing value
M of the classical field ¢.:

(4.8)

d*V (¢o) /dect I%-M =X M 0.
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(a) (b) (c)
FIG. 1. The three connected diagrams to order 72 in the expansion

of Ss[@c)e Only the first two are to be kept in order to find I'2[¢c].
Heavy lines indicate a propagator A(e:).

Then we let the mass u go to zero. The resulting V(e.),
using Eqgs. (4.2) and (4.5), is

Aot 1 Ao2\2 2 25
Vi) = j; + (87)2( j ) [1og‘i—-]+---

(4.9)

in agreement with Ref. 2).

(il) The expression (4.9), considered as a function of A,
has no singularities for any finite value of the coupling
constant. This is due to the zero mass limit we considered.
For u 5% 0, the situation is different. Although Vo Vy,
given by (4.2) and (4.6), is a very primitive approximation
to the real potential, we see that singularities occur at
0. = £1(2u2/N)V2. Since u? is positive, these singularities
are harmless for A > 0. However for A < 0 we would find
singularities occurring for real ¢, and V(¢.) become com-
plex.® We shall later try to prove that Ap* theory makes no
sense for A < 0. This perturbative argument should not be
taken too seriously at this point. Notice finally that (4.9)
cannot be obtained by simply taking the limit 4 — 0 of

lliopoulos, Itzykson, and Martin: Functional methods and perturbation theory

(4.2) and (4.6). This latter actually does not exist. We can
instead calculate V(g.) for p s O by using (4.8) as a
renormalization condition; (4.9) will then be the limit of
this expression for u — 0.

Let us now turn to the evaluation of Vi(¢,). This is
meant as a pedagogical exercise on renormalization. It also
allows us to test explicitly the statements, to be made later,
on the asymptotic behavior of perturbation theory.

We start from (3.8). Keeping only the %2 terms we get:

Sy = [D[¥lexp — [ d*[5(8¢¥)* + (12 + o) ¥?]
X {= (/4D J dinfr(x) + 3(V/31)2
X ] d*x d*ypc(x)¥ (%) e ()¢ (9) }
X (UD[¥]exp — [ d«[3(¥)* + (12 + P2y
(4.10)
Using Wick’s theorem Eq. (3.23) we see that to the first
term corresponds the diagram (a) of Fig. 1. [Heavy lines
indicate the propagator A(¢e,)]. The second term gives rise
to the two other diagrams, but the last one is to be dis-

regarded in the calculation of T according to Eq. (3.20),
since it is not 1-PI. Consequently we obtain

Dfoc] = =N dxA(x, x| @) + 3(A/31)?

‘ A d*ky d*k 1
vite) =5 Jf e

(2m)® [k + w* + No?/20[k? + 1 + Mo/ 2]

(21r)464(k1 + k2 + kg)

_ % f/f d*ky d*ky d*ks
12 (2m)2 [k + p? + No2/2][k? + u? + Neo?/2][ks® + u? + Nee?/2]

As it stands, this expression is infinite and the counter-
terms are supposed to take care of this. However this time
they are less trivial than in (4.5). We have to state how
they are to be introduced. What we shall see however is
that the prescription on V alone fixes them uniquely. This
means that in the calculation of V to this order, no use is
made of the condition (2.7) or, equivalently, of the condi-
tions (2.27). These conditions will only come into play
when mass insertions appear and this happens only to order
#i* and higher. Therefore, as it was stated in Sec. II, up to

X [[ d*x dye.(x) ec(y) A%, ¥ | @c)®. (4.11)
Hence for ¢, = constant, using (3.24)
<+ counterterms. (4.12)

this order there is no difference between using (2.8) and
(2.27). The counterterms are introduced in the usual way.
We may imagine that three terms of order % had been added
already in the Lagrangian in order to account for the three
infinite terms in ¢, ¢2, and @2 occurring in the calculation
of V;. They come now, to order %% when combined with
the other terms in the Lagrangian. Furthermore there are
the new counterterms of order 7#2. The bookkeeping is
simply summarized in the analog of Zimmerman’s forest
formula and yields explicitly

Valo) = 5[ d ( 1 1 No2/2 )]
2\®Pc) = 8 (2,”.)4 k2 4 “2 -+ )\<P02/2 k4 #2 (k2 -+ #2 + >\<p02/2)2
_ Nl [ diky dtky d'Rs < (2m)%64(ky + ko + ks)
12 (2m)2 Nk + @2+ No?/2) (B + w2 + No?/2) (ks + p* + Noe?/2)

_ 3(2m) %4 (b + Bo)
(ke + ) (ke + ) (b + & + No2/2)

6 The treatment of perturbation theory in the presence of external
sources is discussed by J. Schwinger (1951) who in fact is also at the
origin of many of the concepts used in the functional approach. In
the context of electrodynamics, he also relates the occurrence of a
complex effective potential with instability of the vacuum.
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) — global counterterms.

(4.13)

The remaining global counterterms are genuine %? ones, and
are there in order to ensure that the overall integral is of
order ¢ for small .. The internal divergences have been
cured by the subtractions inside the integrand. The reader
will notice that for these terms the propagators have reas-



lliopoulos, Itzykson, and Martin: Functional methods and perturbation theory

sumed their standard form [%% + u?]! since subtractions
are performed around ¢, = 0.

In order to simplify the notations we write

A Ao A2 o2 Ao
Valer) = pt [g & <2M2 ) 12 ;2— & (2#2 )] ) (4.14)
and the result of an explicit calculation gives
f(x) = [1/(4m)*IL(1 + =) log(1 + x) — «P*,  (4.152)
b(x) = —[3/(4m)*I[5(1 + x) log*(1 + =)
— 2(1 + ) log(1 + %) -+ 2«]. (4.15b)

A brief description of the evaluation of the integrals is
given in Appendix A.

Putting together (4.2), (4.6) and (4.14) we can write
the effective potential up to order 7?2 in the form:
)\‘P02 (2N > ASDCQ N
y 74 No/? X = ——,a = .
2u* 7 (4m)? 2u? (4m)?

Vie) = Lo

(4.16)

The % expansion is the a expansion of U, and we summar-
ize our results for U, up to two closed loops, in Table I. We
conclude with the following observation. Apart from an
over-all factor of u*, u and ¢. appear for simple dimensional
reasons only through their ratio ¢./u. Therefore the behavior
of V for large ¢, is related to that for small u. We shall come
back to this point later.

B. Calculation of Z

Parallel to the calculation of V(¢.) we can compute
Z(¢.) defined in (2.21) and (2.25). One might at first think
that instead of computing I'(¢.) for a constant ¢, as was
done to extract V(g,) it is sufficient now to consider the
case of a classical field ¢, varying linearly with x i.e., of
the form const 4+ a-x. The pitfalls of such a method are
slightly subtle and will be explained below. Thus we do
not make such an assumption at this stage.

We shall use for Z the same loop expansion of the form
Z=2v+hZy+ P2y A+ (4.17)

with obviously Z,= 1. Recalling (3.17) we have (Schwinger,
1951)

2T (¢e) = Tr(logA(e:) — loga(0)). (4.18)

Using four operators X,, P, satisfying [ X,, P,] = i§,,, we
can write A(g.) as a matrix element

A,y ] ) = (x| [P+ w2+ e (X) T | 3)  (4.19)
of the operator
Alee) = [P+ p? + o 2(X) T (4.19b)

Indeed, it is in terms of this operator that the log is intro-
duced above, while trace requires to take the x, x matrix ele-
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TABLE I. Contributions of the various diagrams to the value of
the effective potential up to the order of two loops. The potential is
written as

ut PV HN
Vie) =50 (2,
() =3 (w (4m)?
and ¥ and « stand for ¥ = Ap2/2u?, o = h\/(4x)2.

Diagram Contribution

x
x2
B
(@/4) (1 + 2)?log(1 + 2) — (v + §a7))

(@2/8) ((1 + #) log(1 + x) — x)2

32 (3(1 4 x) log?(1 + %) — 2(1 + %)
Xlog (1 4+ x) + 2x)

W X
LY O
: (2)
(b)

ment and to sum over d*x. Now let us use one of Schwinger’s
tricks which gives the following representation of the dif-
ference of logarithms of operators

logd — logB = /w (ds/s)[exp(—Bs) — exp(—4s)].
0

(4.20)
From this we obtain

—21y(p.) + 2/d4xV1(<pc(x))

- f 47 (0. (%)) (3go())? 4+ + +
= Trlog(P? + u? + e2(X))

- / dx(x | log(P? + 12 + P2 (%)) | )

= ./‘d%c/u° (ds/s) {(x | exp — s[ P2+ p?
0

+ Mol (X) ]| x) — (x| exp — s[ P2+ 4

+ el (x) ]| %) }. (4.21)
Note in the last integral that the two terms differ in that in
going from the first to the second the operator X is replaced
by the ¢ number x. Now if the functional I'(¢,) were known
as an expansion '

— [ @V (e.(2)) + §Z1(0c(x)) (ee() )2 4+ - -

it would indeed be true that by substitution of ¢, = const
a-x the coefficient of a* would essentially yield Z;(¢;) up
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to known terms expressed in terms of V that are already
computed. But recall that we are instead trying to isolate
Z, that is we have to factor out an integration [ d*x. This
leads to ambiguities if we do not use test functions that
vanish fast enough at infinity in order to allow for partial
integrations. To illustrate these ambiguities let us give a
simple example of a I'(¢.) generated by a unique two point
function itself taken as a first degree polynomial in p2. That
is we consider the trivial functional

g(‘?c)
= /d4x[¢c2(x) -+ Ol(aﬂoc(x))z:]v

d4
= [[ &y tmetire [ 5k
X explip(y — 2)I(1 + ap?),

= [[ 5 dze.)en) (1 + adyr008(y = 9.
If we try to use a ¢.(x) of the form ¢ + a-x we would write
F(p) = f_[ d*y d*2(¢ + a+y) (¢ + a-2)

X (1 - aa—(y—aj—ﬁ)a‘i(y“ 2),

and separate the variables as y = x + /2, 2 = x — u/2
_thus obtaining

F(pe) = [ d*xf d*ul (¢ + a-x)?
— §(e-w)¥J[1 — «(8%/0u?) J6*(u)
= [ d*%(pc(®)? + 3 dpe(x)?).

Comparing with the original expression we see that the
term in @ occurs now multiplied with a factor § instead of
1(!). The reason for this discrepancy is easily understood.
As soon as we replaced ¢.(x) by ¢ -+ a-x we dealt with
infinite quantities and «© = }. This is why we have to be
careful to keep ¢.(x) depending on x in order to retain the
possibility of performing an eventual integration by parts.
Nevertheless we shall exploit the idea of linearization but
in a slightly more sophisticated way. Returning to (4.21),
the idea is to expand ¢2(X) in the neighborhood of ¢2(x).
It turns to be sufficient, not to be bothered with indices, to
assume a variation in one direction only (we take it to be the
0 direction) but one has to go up to quadratic terms. Thus
we write

p3(X) = 02(®) + e Ko+ B@ K+ (422)
~ a(x) = 4%2(90) (G(Pc(x))z

X =X —x,
b(x) = Oel(x) = 2(8¢c(x))? + 2¢.(x) ) ee(x).

Using this expansion together with the formula (3.26)
borrowed from quantum mechanics for the harmonic oscil-
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lator we obtain

/ d45Zy (0.(2) ) (90e(2))2 -+ +
d3kr

® ds
- fd“x/(;» s (2m)3
X exp — s(ket + 42 + Prod(x)
X (% | [exp — s(Pe + $naXo + I X2 ++-+)
— exp — SP&]| %0).

Two terms have only been retained in the series expansion
of ¢2(X) since we are only interested in the coefficient of
d¢?. The method could of course be generalized. Now the
integration over kr can be performed and the matrix element
evaluated with the result '

/ A0 Zy(0o(x) ) (3o(2) )2 -+ + -

©ds 1
= — fd%c/o §(4W)2exp—* s[u? + Frel(#) ]

az?

x [( 2058 )1/2 . <>\a,2 Wz
sh2eows) TP\ b, ° 7 Shws b2

X (ch2wys — 1))— 1] s

with w2 = Nb,2/4.

We expand the right hand side in powers of @, and b,, and
keep terms up to order a,*> and b,. The right hand side
becomes

1 =d
(4,r)zfd4x/0 s—:exp[ms(#z_*_ o2(2))]

x( Naws? | N e )
12 " ag%’ .

We now recall the expressions given in (4.22) for a,? and b,:
[ #4Z:(0.()) (Gpe(a))* +++-

) # [ ds expl—s + e
X (N2 (x) (d.(x))? — oA (1/sJe2(x) ++-+) .

Due to the appearance of a term 1/s in the last bracket, one
might superficially think that a divergence occurs. This is
not the case however since an integration by parts of the
[] operator is allowed to factor out (d¢.(x))? and this has
the pleasant property of bringing down a factor s from the
exponential. Everything settles down correctly, and we can
now forget the x dependence and write

1 ©
—_— e — 2 1 2 2.2
7o) = Ty ) s elsGl + ) e,
1 Ao/ 22 )_g x
Zy(¢:) —3(%)2(1_‘_)\%2/2”2 i Sy (4.23)
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In the last expression we have reinstated our notations
a =N (47)?, x = Np2/2u (not to be confused of course
with the four-dimensional configuration space variable).
Note that Z;(0) vanishes (there is no wavefunction renor-
malization to the order of one loop in ¢* theory).

We have gone through the one loop calculation in some
detail to show that one could avoid summing series of
(ordinary) diagrams with combinatorial factors and some
complicated bookkeeping of derivatives. The price to be
paid was that some care had to be exercised in choosing the
correct x variation for the classical field ¢..

We shall be much briefer for the two loop term. According
to (4.11) the contribution to Z, can be split in two terms.
One pertains to the first diagram of Fig. 1.

J d*x3 2@ (@o(x)) dp:(x)2 = factor of de.(x)?2

in [ d%iNA(x, x| @) (4.23)

The second contribution from the diagram (b) of Fig. 1 is:

[ %% Z:® (¢, (x)) 9. (%)% = factor of d¢.(x)2 in
— (N/12) (] d*x d*ye. () 0o () A3 (x, y | @0)
— 3[ dixp.(x)?A(x, 2 | o) [ diyA2(x, | 0))

-+ over-all counterterm. (4.24)

The value of the over-all counterterm is dependent on the
normalization scheme adopted as explained in detail in
Sec. II. We leave this choice free as appears in Table II

TABLE II. Contributions up to the order of two loops to the func-
tion Z. The variables x and o stand for x = Ap2/2u?, « = Ah/ (47)2.

Diagram Contribution

9_2 10g(1+x)+ x
2\ "1+« 1+ 2

Zs
O-g[—%log(l-i-x) +1_ix+1—:f—x
X (log(1 + %) + 44/3 — 1) ‘71“1_2552
X (log(1 + 2) + 4 (4 — 1) +§(1fx)2

~+ finite const.]

The number A occurring in the last expression is

1
logn L 1 1
T P Y (A
o T urw P\ U+ 2+ e
= 1.1719536
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where we have collected the results of the integrations. The
actual calculations are summarized in Appendix A. For
clarity of notation when referring to Z expressed in terms of
x and « we shall denote it z(c, x) that is we set (with % = 1)

Z(¢e; ) = 2(e, x)

a=NAr)?  «=i\e2/w). (4.25)

The numerical results of this section will be used in the
sequel to discuss the asymptotic behavior of the ¢* theory.

V. RENORMALIZATION GROUP AND CALLAN-
SYMANZIK EQUATIONS

A. The renormalization group

In Sec. IT we noticed that a simple relation exists between
the Green functions calculated according to the different
renormalization prescriptions. In particular, a change of the
subtraction point M? — M2 is described by Eq. (2.5)

rem (si7 p M2, )\Ml)

= Z3n(M225 #2’ M12> >‘M1) I‘(2n)(si’ :“2, M22, >\]llz) . (2-5)

The factor Z; can be easily evaluated by applying (2.5) for
n = 1. We thus obtain

IO (—M2, w2, M2, M,
Z3(M22, LL2, M12, >\M1) — ( 2% M 1 M) .

5.1
e (5.1)
In the same way, Eq. (2.5) for n = 2 gives
re (Si; “’2: M127 )‘Ml)
Moty = — :
Z3 sym.point M2
= R(M227 ’1'27 M12) >\M1)7 (5.2)

where the function R, defined by (5.2), satisfies the normal-
ization condition

R(a, 12, a,\) = \. (5.3)
Using (5.2), (2.5) can be written as
TC (sq, u2, M2, Mary)

= Z5* T (54, p2, M2, R(M2, u2, M+%, \ary)). (5.4)

If we set Ms? = 7M+?, the realization (5.4) of the multi-
plicative group 1 * 73 — 71°72 of positive numbers is called
the renormalization group (Stiieckelberg and Petermann,
1953; Gell-Mann and Low, 1954). Notice that the trans-
formations of the group leave the physical mass, i.e., the
pole of the complete propagator, unchanged. It is only in
this case that simple relations, like Eq. (2.5), hold. Equa-
tion (5.4) is the functional equation of the group, and R is
called the invariant charge, or invariant coupling constant.

Similar equations are satisfied by the generating func-
tionals. For example, I'[¢.], if we use (2.2) and (2.3) as
normalization conditions, will depend on w2, M2, and A\y? in
addition to the functional dependence on ¢.(«x). Again
all physical results are independent of M? in the sense that
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if we change M? = M — M»* = 72M? there exists a certain
value of the coupling constant Aa,? which is a function of
2, M2, M2, and M2, and a certain renormalization of the
fields Z3 given by (5.1) such that

P[ﬁacw u? M2, >‘M1] = P[Z3l/2¢07 ur M2, )‘szy (55)
or, using (5.2):
I‘[ﬁac; T8 My, )‘MJ
= T[Zs'¢., p2, M2, R(M2*, p*, M2 Nury) . (5.6)

This equation is the functional equation of the renormal-
ization group, analogous to (5.4). In fact, (5.4) can be
recovered from (5.6) if we functionally expand this last one
in powers of ¢.(x).

The functional equations (5.4) or (5.6) are very useful,
as we shall show in this section. However one could object
that, if we want to use entirely the formalism of the gen-
erating functionals and not talk about Green functions,
these equations are not very convenient since the normal-
ization conditions (2.2) and (2.3), upon which they are
based, cannot be expressed in closed form in terms of
V{(ee), Z(¢e) etc. The reason is that they involve values of
the Green functions for external momenta different from
zero and hence they need an infinite number of terms in
the development (2.21). We shall continue to use Eq.
(5.6), but, for the reader who wants to avoid reference to
Green functions altogether, we recall that one can use a
variety of normalization conditions expressible entirely in
terms of V(¢.) and Z(¢.). In fact, in the same way that
we could normalize the Green functions away from the
origin in momentum space, we can normalize I'[¢. ] away
from the origin in classical field space. We can, for example,
use a set of normalization conditions of the form

(5.7a)
(5.7b)
(5.7¢)

sz(@c) /d‘Pc2 [¢c=0 = mZ,
dAV(‘Pc)/d¢c4 |%=M = XM,
Z(M) =1,

where M and m are positive masses. Notice that m is not
the physical mass and Xy is not the value of the four-point
function at some symmetry point, but for the renormaliza-
tion program to be carried through, the set of constants
m?, Xy is as good as u?, Ay which in turn is a good as any
other set. From the three conditions (5.7) only the first
one can be expressed in terms of Green functions in a closed
form since it simply means that I'®(p2 = 0) = m?2. The
other two conditions involve the values of all Green func-
tions at p; = 0. Again all physical quantities are independ-
ent of the point M in the sense that if for a certain functional
I'[¢.] defined through a set of constants My, my?, Ay, we
change M, to M, there exist new constants m,? and X7, such
that all physical quantities remain unchanged. The change
M; — M, can be absorbed into new values of the constants
m? and X and a rescaling of the fields. We therefore write the
analog of Eq. (5.5) as

P[‘Pw mlz’ M1> XM!] = P[Z31/2‘P07 7”22; MZ, XMZ:L (58)
Notice that, since #? is no more the value of the physical
mass, it does not remain unchanged in the transformation.
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The equation (5.8) is only useful if we can express Z;, mq?
and Ay, in terms of My, mi?, My and Xy, in the same way as
we did for Z; and Ay, in Egs. (5.1) and (5.2). In fact,
writing (5.8) for Z(¢.), and using (5.7c) we obtain

P(Zg_1/2M2, m12, M], XM:) = Zs. (5.9)

Since Z(¢c, m?, M, Xx) is known order by order in the
loop expansion, (5.9) gives Z; as a function of My, my2, M,

and X,. In the same way, writing (5.8) for V(¢.) and using
(5.7a) and (5.7b) we obtain

meE = m1223~1,
Xory = Z52(dV /dost) |z, = B(Ma, m2, My, Rary) .
(5.11)

|

Therefore the functional equation of the renormalization
group reads, in this case,

r[‘pc; m12’ Ml: >\M1:]
= F[Zgl/zqoc, Z3—1mlz, Mz, R(M2’ mlz, Ml, )\Ml) ] (5.12)

The equation (5.12) is strictly equivalent to (5.6)
although some of the quantities appearing in the latter, like
the physical mass g, have more direct physical meaning.
Either one can be used in order to study the asymptotic
properties of the theory. Before doing that, we shall derive
another functional relation, the Callan—Symanzik equation,
which will be proved to be equivalent to the renormalization
group equation in the asymptotic region.

B. The Callan-Symanzik equation (Callan, 1970;
Symanzik, 1970y

The renormalization group Eq. (5.6) or (5.12) derived
in the previous paragraph describe the invariance of the
theory under a change of the renormalization point. In this
paragraph we shall derive a similar equation which will
describe the response of the system under a change of scale.
Having obtained (5.6) or (5.12) we know that there is no
loss of information in working at a particular value of the
normalization point, therefore we shall choose to define the
theory using conditions (2.6) to (2.8) which correspond to
M = 0.

Up to now we have worked exclusively in terms of re-
normalized quantities, but it turns out that the physical
interpretation of the Callan-Symanzik equation is much
more transparent when derived starting from the unrenor-
malized Green functions, since the properties of Feynman
amplitudes are much simpler when a cutoff ensures con-
vergence in terms of bare quantities. We emphasize that
this change of language is dictated only by pedagogical
reasons, and in fact an alternative derivation without refer-
ence to cutoff and bare objects can be found in the liter-
ature.’

Let T'y, be the generating functional of the unrenormal-
ized but regularized Green functions. It will depend on the
cutoff A, the bare mass uo and coupling constant \y. If u

7C. G. Callan (1970); K. Symanzik (1970). For a more formal
proof see, for instance, J. H. Lowenstein (1971).
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and \ are the renormalized quantities defined by (2.6) to
(2.8), the renormalizability of the theory tells us that:

I‘I:‘Pc(x)a [ )\] = lim Pun[:Z31I2‘Pc(x) s Mo%y No, A]' (513)
A->oo

The bare quantities uo and \o, as well as the wavefunction
renormalization Z;, all diverge when A — oo, but the left-
hand-side is finite. The conditions (2.6) to (2.8) can be
expressed in terms of the unrenormalized Green functions
and can be regarded as giving u,, Ao and Z; as functions of
u, A, and A. For dimensional reasons we have

No = Mo(u/A, N),
Zi2 = ZiM 2 (p/ A, N).

Mo = l‘g(/‘/A’ )‘)’
(5.14)

Two ingredients will be used in the derivation.

(i) We first make the trivial remark that since the limit

(5.13) exists, it is invariant when we scale A— 7A. We

shall now define two new, r-dependent, renormalized
quantities.
A coupling constant A, through

. A A, A

fim 2T (5.15a)

A—>c0 AO(#/A) >\r)

and a shift of wavefunction renormalization through

AL
o2, \) = lim 2 /TN (5.15b)
s Z5 1 (u/ Ay Ns)
The fact that p is independent of p is trivial since it is
dimensionless, what is not trivial however, is that the
limits (5.15) exist at all. This can be shown by expressing
them in terms of renormalized quantities.

(ii) The second 1ngredlent is provided by ordmary di-
mensional analysis. Since I' is dimensionless, it is unchanged
when all dimensional quantities are scaled simultaneously.
Specifically

Pun["'ﬁac(”‘:) » THo, Ao, TA] = Pun[‘Pc (x) » Koy Ao, A]-

Let us now apply (i) and (ii). We first write (5.13) for
slightly different arguments:

[ 0]

p2(7, \)
T

A>o

lim Tun [zsmm/A )

5 @u(a5/7), 128 () Ay ), Mo/ Ay M), A]

It

lim Pun[:Z31/2 (#/TA) >‘) (1/7') ‘Pc(x/T) ’ “'2g2

A->oo

X (I/'/Ay >“r); XO(#/TA; )‘) ’ A]a (516)

where we have used (5.15a) and (5.15b). We now change
A — A/7, and scale all dimensional quantities by 7. The
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result is
N
I‘(p (r,2) @o(2/7) 5 p2 A )
= lim Tun(Zs'2(1/ A, N) @e(), T2u2g?
A->o0
X (T#/A) )\1)7 >\0(l‘/A7 )‘)7 A) . (5'17)

Subtracting (5.13) from (5.17), we finally obtain the
Callan-Symanzik equation

12( 7
T (L(—r_’—)\_)_ eo(%/7), 1, M) — TLec(%), 62, N]

= A[‘Pc(x) ) B3 N, 7]; (518)

where A is given by

A[¢c(x)y K34\, T]

g% (ru/A N1) 9
= lim 2 —
A->c0

» M
202/ AN Auc®

X Tun[ Z5'2(u/ Ay N) e(%), 1®, Mo/ A, N) (5.19)
and is exhibited as an explicit integral over mass insertions
(the 8/0ue® operation). It is this physical meaning of A
which is more involved to show when one works directly in
terms of renormalized quantities.

We shall argue later that (5.18) is in fact equivalent to
(5.6) or (5.12) in the asymptotic region. This should not
be too surprising since they both express the same content
of renormalizability. -

C. The differential equations

Tt is sometimes easier to extract the physical information
contained in Eqgs. (5.6) or (5.12) and (5.18) by transform-
ing them into the equivalent differential equations.

Let us start with the renormalization group equations
(5.6) or (5.12). By differentiating the former with respect
to M2 and then setting My* = = M?, we find

() (O )
M2 #2’ M ONar 27 2 y ANM ‘Pc&pc

X P[‘Pcv ﬂ2, M2’ )‘M] = 07 (5'20)
where
aR(M227 “27 Mz, )‘M)
'(M2/u2 = M? 5.21
B ( /# 3 )\M) 6M22 M22=M2, ( )
6Z3(M22; #25 M12, )\M)
"(M2/u2. N\ = —M? .
¥ (M4, M) o o
(5.22)

Equation (5.20) is the functional analog of the Ovsianikov
(1956) equations for the Green functions. The correspond-
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ing equation, derived in exactly the same way from (5.12),
reads:

a (M2
{M26M2+6 (m XM)m’F <m2 ,>\M)

4 o ‘
X [m2 a_—; - 2§0c 690 ]} P[¢c; m27 M27 XM] = O’ (5'23)

with B’ and §’ given by formulae similar to (5.21) and
(5.22) in which we replace R, Zs, \ir and p? by B, Zs, Au
and m?2.

Let us now use the same method in order to derive the
differential form of the Callan-Symanzik equation. We
differentiate (5.18) with respect to = and then put r = 1.
We then obtain

{w(8/0m) + B(N) (8/0N) + 3v(N) [ dxee(x) [6/50(x) 1}

X P[{pc(x) y #2’ >\] = 5[(00(90), 1“‘2) )‘]7 (5'24)
where

BON) = ON/07Jmt Aelma = N, (5.25)
v(A\) = 3p(7, \) /37 |;=a p(ryN) =1 = 1, (5.26)
Zu(u/AN) = (8/97) log[Pg(ru/A N Tl (5:27)
8Leo(x), u?, N]

= Em Z,(u/ Ay N) o (8/3pe®)

X I‘un[Z31/2<Pv(x) ’ ”'02’ )\07 A] (528)

Equation (5.28) shows that §[¢.(x), u?, X is the generating
functional of the 1PI Green functions containing an arbi-
trary number of external lines and one zero momentum
mass insertion. When expanded in power series in ¢, (5.24)
gives the well-known form of the Callan-Symanzik equa-
tions for Green functions. In this way, we can express B(\)
and v()\) in terms of renormalized Green functions by using
the normalization conditions for I'® and I'®, Egs. (2.6)—
(2.8). The result is

v(\)
B(\)

-2 — (1//“2)6(2) (07 #27 )\)7
_2)‘7()‘) — &® (Pl = 07 “"27 )‘)‘

(5.29)
(5.20)

It

The normalization of §® is chosen such that it satisfies
T®(p?% u? \)
P+ P pl=—n?

= =21 — X (=, N ]

0D (—u2, u2, \) = 2u?

The functional equation (5.24) implies correspond-
ing equations for V(e¢.), Z(¢.) etce--. Indeed, let us
expand 6[¢.(x), 2, N\] around ¢. = const. as we did for
P[‘Pc(x)s ¥, )\] in Eq. (2'21)

Tlee(x)] = — [ daV (o) + 3Z(e.) (3pe)? + -+ -
oec(x)] = — [ ddv(@:) + $02(we) (9pc)2 ++ -+
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Applying the operator of the lhs of (5.24) on (2.21) we
obtain

[u(8/du) 4+ B(N) (8/9N) + 3v(N) 0. (8/3¢s) TV (@e, 12, N)
= BV(‘PQ F"zy )\)7 (5'32)
{u(8/0u) + B(N) (8/0N) + 3v (M) [2 + ¢.(8/d¢.) I}

X Z(Q"D: I"zv )‘) = 6Z(§oﬂ7 p’zx >\) . (5'33)

In the last section we had found convenient to use the
functions V(a, ) and z(a, x) defined in (4.16) and (4.25).
We shall further define:

gle, x) = (8*/92)V(a, x), (5.34)
5V(‘Pc, .“2) )‘) = (M4/>\)5U(a) x): 52(‘»007 :u'25 )\) = Bz(a, x)a
(5.35)

and write (5.32) and (5.33) as

[x(ﬁ/ax) — By(e) (8/9a) — vo(e) Jg(a, %) = 34(a, %),

(5.36)
[x(8/0x) — B.(a) (8/0) — v.(a)Tz(a, x) = b.(a, %),
(5.37)
where we have set
(@) =2 —[BON)/N]—v(N) (5.38)
1 s 20 + BB
Bu(@) = Gainrey Mol e
(0, ) = (1) 7 (e ) (5.39)
= a a =-7(—)\)
Bu() = Bo(e), 7o) =75,
8.(a, x) = 6z(a, x). (5.39b)

( )

Equations (5.20) or (5.23) and (5.24) or (5.36)-(5.37)
determine the asymptotic behavior of the theory for large
¢ or large x. Indeed, order by order in %, we can show, using
Weinberg’s theorem, that the rhs of (5.24) or (5.36)—(5.37)
is negligible. In an analogous way, we can show that this
limit is obtained by letting u? — 0 in (5.20). In both cases
we are left with a linear homogeneous first order partial
differential equation, the solution of which is nothing other
than the asymptotic form of the functional equation we
started with, namely (5.4) and (5.18).

An explicit expression of the functions 8’s and +’s per-
taining to g and z is given in Appendix B where we find:

By(a) = B:(a) = 3a[3a — ga® 4],
$[30 — Ja2 4 -o],
~3(e/6) +++-

'Yg(a> =

¥:.(a) = (5.39¢)

D. The dilatation flow

The recognition of the existence of the flow A — \, with
A1 = \ is a far reaching one, intrinsic to any renormalizable
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two nearby odd zeros. ' {
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field theory. Let us first study the underlying elementary
group structure.?® From the definition (5.15a) we immedi-
ately deduce

Mrims, N) = N(rs, A1, ). (5.40)

Hence, using as variable ¢ = log 7, we obtain that for all ¢
N(t,N) /ot = B(ND),

where B(\) is defined in (5.25). We see that B(\) is the
generator of the flow and can be compared to the Hamil-
tonian of the Schrédinger equation.® If B(N\) is known, the
solution can be written éxplicitly :

(5.41)

Mo d

t =1 = _
BTN B

(5.42)

The critical points of the flow are given by the zeroes of 8.
If X happens to be chosen at such a zero, then it is invariant
in {. Furthermore 8 determines also the stability properties
of the solution. Let us denote by \,, a zero of 8 and let us
study the solution in the vicinity of A\,. Assume that

B ~ oA — A)™ - (5.43)

8 This approach was initiated by Kadanoff and Wilson, who investi-
" gated the consequences on the effective action of grouping the variables
in domains of varying size. The parallel here is the mapping
T e, 12, A\] — TLoY2(7, N) e, 1%, Ar] = T;. The idea is that as 7 — =,
T'; has a limit which is the fixed point of the transformation, and it is
assumed to describe the asymptotic behavior of I'. Notice finally
that one could generalize this approach and study, instead of the scaling
A — 7A, the general transformation A — f(A) where f(A) has a fixed
point at infinity. For a review of these ideas see Wilson and Kogut,
“The renormalization group and the e-expansion,” to appear in Physics
Reports in 1975. This general framework is also presented in a language
very close to the one followed in this work in the lectures by J. Zinn-
Justin, “Wilson’s theory of critical phenomena and renormalized pertur-
bation theory,” Cargése, 1973.
9 We can look at the Callan-Symanzik equation

[8/0t + BN(8/0N) + 1y (N) ] Tasymp. @™ = 0

as a Schrédinger equation with H = Ho+ V, Ho = B(A\)A(8/dN), and
V = ny(\). We can therefore write N\, = exp uf Ao €xp — ut, etc.
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UV repulsion E UV attraction

We shall limit our discussion to a finite, integer #. In the
vicinity of A, (5.43) gives

A du
wt= [
A (/-‘ - )\eo)n

A — Ao
lo '—t———— for n =
A — Ao
n—1 n—1
) () e e
n— 1[\N— Ay A — Ao

(5.44)

If » = 1 we shall be attracted by A\, if wt— — 0. Since
one cannot cross the zero we find that A, — A, =2 [B(\)/w] X
et — 0 if wt— — . Hence

if w > 0 we find an infrared (¢ — — ») attractor,
if w < 0 we find an ultraviolet ({ — -+ ) attractor.

This is in fact the situation for any odd # since — (A, —
No) ™ is always negative.

For even 7, the situation changes. If A > A, then A, > A,
and again \;,— A, as wf— —oo. If X < A, then X\, < A,
and \; — A\, as wt — . We illustrate all cases in Fig. 2.

The situation when B8 has several zeros is now clear:
attractors and repulsors alternate on the X axis. Notice that
multiple zeros should be counted accordingly.

From the above discussion we conclude that a critical
point is characterized by three parameters:

(1). its location A,

(ii) its associated ‘‘frequency’’ w which determines the
rate of approach. (The approach is slower for smaller w.)

(iil) Its index n. For » = 1 we have exponential decay
to stability exp(—|wt|), while for » > 1 we have only
power approach- | A\; — A, | ~ | wt |*~". The larger the index
n, the slower the approach.
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We can carry a parallel discussion for the function v ()\).
Using the definition (5.15b) we find:

(9/0t) logg(t,\) = vy(N(t,N)),
p(2,N)

- exp[/:dt"YO\(t/, x))] = exp [f:’d W)],

)
(5.45)

i.e., p is driven along the flow. If A, is a critical point, there
is no a priori reason why it should be a special point of -vy.
For a simple uv attractor of the form

Bu) >~ —Jw|(r— N,

we assume that a limited expansion of v around the value
Ne is possible and we write v(u) = v(\o) + O — Ay).
We then find

p(T, )\) ~ pfiniteT'Y()“”). (546)
Analogous formulae hold for higher order zeros. For example
if B~w(A—Ap)? with w > 0, A < A, we write y(u) ~
Y(e) + (. — A)¥' (M) + -+ and we get from (5.45)

p(r,N) = 770 (logr) /A=) (...) (5.47)

which is a typical situation when nearby singularities col-
lapse to a point.

We conclude this paragraph with a brief description of
what can be learned about the functions B(A\) and y(\) of
the ¢* theory from perturbation calculations alone. Obvi-
ously no information can be obtained about the possible
presence of critical points away from the origin, but neces-
sarily 8(0) = v(0) = O for any renormalizable field theory,
at least when computed in any finite order of perturbation.
Moreover such a computation gives B(\) as an analytic
function (in fact a polynomial). The best one can hope is
that, although B8 and v need not be analytic around X\ = 0,
perturbation theory correctly gives their successive deriva-
tives near the origin so that the essential features of Fig.
2 do not change. Needless to say that any other method
that would provide information about the analytic properties
of B and v around A ~ 0 would be very interesting.!®

With this assumption, since A = 0 will always be a critical
point, we can determine its nature from perturbation. From
our previous discussion we see that it is sufficient to compute
the lowest, non vanishing order of B()\). Referring back to
our definition Eq. (5.25) we take the derivative with respect
toratr = 1of (5.15a) before the limit A — o is taken. We
then find:

A(3/0A)N |un

= (ON7/97) |r=1;8,6(ON/ON) |au = —u(8/31) o x.a-
(5.48)

1 S. Adler’s idea of a “mode expansion” of the path integral could
in fact provide a nonperturbative method of studying field theory and

in particular its asymptotia. See for instance his article, Phys. Rev.
D 8, 2400 (1973).
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Instead of looking at Ao as a function of u and A, let us invert
the relation and look at N\ as a function of u and ), i.e.,
A = M (#/A), No]. We therefore obtain from (5.45), taking
the limit A — o

B(N) = lim p(8/3u) N (/A No) [xo- (5.49)
A->o0
A similar equation holds for v(\) for which we find
vy(\) = lim u(8/0k) logZs(u/A, No) |xe- (5.50)
A—>o

Equations (5.49) and (5.50) show that one way to cal-
culate perturbatively 8 and v (and in fact the easiest one)
consists of the following

(i) Express everything in terms of the cut-off A, the
physical mass u and the bare coupling constant A,.

(i) Compute u(3d/du) of X and logZ;~! keeping N\ and A
fixed.

(ili) Re-express Ao in terms of physical quantities and
take the limit A — .

For the reader who may feel uneasy with this interchange
of limits, we simply notice that he can avoid reference to
any cutoff altogether and use instead Egs. (5.29) and
(5.30) which express 8 and v directly in terms of renormal-
ized quantities. The result in perturbation theory is, of
course, the same.

The actual calculation of 8 and v is done by several
authors.’! A brief description, using our notation, is given
in Appendix B. The result, up to order %2, is

B(\) = A\[Ba — 4la? - .]’ (5.51)
y(A) = —1a2 ..o, (5.52)

where we recall that @ = \/(4x)2.

VI. POSITIVITY, BOUNDEDNESS AND SIGN OF
THE COUPLING CONSTANT

There exists an old belief among theorists that the physi-
cal coupling constant in ¢* theory must be positive other-
wise all sorts of horrors may appear. There are several
intuitive arguments which support this belief.

(i) Let us first be very naive and forget about divergences
of perturbation theory and renormalization. In other words
let us just stay at the level of tree diagrams. In this case
A = X and the path integral (2.14) makes sense only for
A > 0. Alternatively, one could argue that the potential
V(e.) in this approximation becomes unbounded from
below if X\ < 0. The trouble, of course, with this argument is
that Ao is ill defined, and the above ‘‘proof” does not seem to
apply to N if higher orders are taken into account. For
example, looking at the expression for V(e.) [Eq. (4.16)]
there is no obvious way to guess the correct sign of A without
making arbitrary assumptions about the contribution of the
higher orders.

(ii) Alternatively we can look at the first few terms in
the expansion of V or Z given in Sec. IV. As we have noticed

' For a summary, see for instance Callan’s lectures at Cargése
(1973), and references therein.
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already, if N < 0, singularities occur for real ¢.. In fact we
saw that ¥ becomes complex to lowest order if

14+ (\e2/2u?) = 0.

Since, for a massive theory, ¥V must be real we conclude
that for A < O the theory makes no sense. Again this argu-
ment can be considered at best as heuristic, since it is based
only on the first few terms in the # expansion.

It is obvious that, no rigorous proof can be given as long
as perturbation theory, in one form or another, remains our
only line of approach. The purpose of this section is to
clarify the assumptions involved and state how much can
be said starting from general principles. We shall follow an
argument due to Coleman!?; it is based on two working
assumptions and one conjecture which we whall explain
later. The assumptions are:

(i) Although the renormalization group and the Callan—
Symanzik equations have been obtained by perturbation
theory considerations, they are assumed to-have a much
more general validity, and in fact to govern the asymptotic
properties of the exact solution. Notice that this last state-
ment contains a very questionable assumption, namely that
terms which are asymptotically negligible order by order in
perturbation theory by a solid power of $?, do not sum up to
give non-negligible terms.

(ii) The point A = 0 is a critical point and its nature can
be determined by perturbation theory.

These seem to us to be very mild assumptions and we
think that perturbation theory would make no sense would
they be violated.

We now write the Callan-Symanzik equation for V. Using
(5.36), (5.39), (5.51), and (5.52) we find:

[£(8/0x) — (3a2++++) (8/02) — $(a — 3o +++*)]
X gas(e, %) = 0, (6.1)

where g, is the asymptotic form of g(e, x) for large x, and
we have used Weinberg’s theorem and assumption (i) in
order to get rid of the right hand side. The general solution
of (6.1) is given by the corresponding asymptotic form of
Eq. (5.18) which, for g(a, x), reads:

gas(a: x) = gas(a:h 1) exp [— -/; ’Y(a?t') dx,:l 3 (62)
with a, satisfying the equation
[x(8/3x) + B,(a) (8/da) Jor = O, o = a. (6.3)

According to the general discussion of Sec. V, and using
assumption (ii), in the region of a < 0 and sufficiently
close to zero, the origin is uv attractive, i.e., the theory is
asymptotically free. In this case the same assumption

2 Although positivity of the interaction Lagrangian is very much
at the root of many developments in the domain of asymptotic freedom,
there does not seem to exist in the literature a full discussion of this
point. We heard Coleman’s argument during seminars he was giving
during the summer of 1973.
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allows us to use the low-order estimates of 8(a) and v(a),
and (6.3) gives :

ay~ (1/a — £ logx)~™. (6.4)
On the other hand, the lowest order estimate of gas(as, 1)
is a positive number (~%), and (6.2) tells us that

lim gas(a, 2) = 3(1 — 3alog |« |)~1. (6.5)

z—>0

This in turn means that the potential V (¢,) goes to — «
for large ¢., which contradicts the intuitive requirement of
the potential being bounded from below.

Let us recapitulate Coleman’s argument. First one writes
the asymptotic form of the Callan-Symanzik equation for
the effective potential. One observes that, if A < 0, the
origin is uv attractive, which means that, for large values
of the classical fields, the effective coupling constant tends -
to zero. In this case one assumes that reliable conclusions
can be drawn from lowest order perturbation theory and
then one finds that the potential is unbounded from below.
On the contrary, if A > 0, the origin is uv repulsive, i.e.,
the effective coupling constant is driven away towards
higher values for large ¢., and lowest order perturbation
theory becomes unreliable.

As we see, the agument relies heavily on the fact that,
the effective potential must be bounded from below being
the energy density of a state with ¢, as the expectation
value of the field. This is a special case of a general property
formulated by Symanzik.’* Since this problem is more
interesting than the particular application that is made
here and seems to the authors of this paper not to be fully
elucidated,* we think it worthwhile to present briefly what
it amounts to. We recall that among other applications the
requirement that the interaction part of a bare Lagrangian
(assumed to be non derivative) to define a positive func-
tional on classical function space is very much at the root
of the general discussion of asymptotic freedom of various
field theories.

Let us be slightly more general and discuss some renor-
malizable field theory in Euclidean space, involving only
Bose fields in finite number, distinguished by a discrete
index that we omit for brievety. Dual to this field is a
source J, and Gais is a functional of J that is formally
expressed as an infinite “Taylor” series in terms of the 2»
Green functions, each of which in turn is at best a formal
renormalized power series in the various coupling con-
stants. Now the path integral representation suggests some
global properties of the functional. However, we know that
it is plagued by infinities. Nevertheless we could use some
Pauli-Villars regularization curing almost all infinities
except perhaps the vacuum ones. These are discretely con-
cealed in the normalization by requiring that Gqis(0) = 1.
If we think in terms of path integrals a careful study shows

13 See Symanzik (1970) where further references on this point can
be found.

14 We thank Glaser for several discussions on this point. He seemed
to be convinced that it was very unlikely that a proof of inequality
(6.7) could be given on the basis of Wightman’s axioms only. If true,
these inequalities require most likely some information on the under-
lying Lagrangian structure.
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that these last infinities have two sources: (i) infinite
volume of space time, (ii) infinite number of degrees of
freedom even in a finite volume for a continuous system.
Nevertheless we shall assume that to a certain extent these
are not fundamental difficulties and as long as the cutoff is
large and the bare quantities expressed as functions of A
and the “physical ones’” some sensible statements can be
made that remain valid in the limit A — . In other words
we would like to extrapolate to the renormalized theory
global statements that are true when various cutoffs are
imposed. This is where more work would certainly have to
be done.

Having thus presented our framework we may think of
the renormalized functional Ga;s(J) in the Euclidean region
as a functional average

Gais(J) = (exp([ d*xJ (x)¢(x)) ). (6.6)
This summarizes the positivity of the measure on the func-
tion space ¢ and the fact that Gg;s(0) = 1. This measure
might not be given for the renormalized theory by the
Feynman path integral formula. But the assumption that
such a measure exists is a far reaching statement. A weaker
form of (6.6) is obtained by expanding the exponential. It
asserts that the renormalized Green functions define positive
kernels. For any symmetric function of # arguments in a
suitable test space one should have

S iy - o déxon (21,0 +, %) Gaino@ (301, + + , 2an)

X 'l’*(xn+ Lo, %) 2 0 Vur Vi (6.7)
According to Symanzik!® a generalization of Bochner’s
theorem ensures that from (6.7) follows the existence of a
measure in such a way that (6.6) be true. Clearly an in-
equality like (6.7) cannot be tested by using perturbation
theory, and thus can at best be proved within a general
framework of axioms for field theory. It is remarkable that
the case #» = 2 is always true as the reader will easily con-
vince himself.!

We now show some consequences of (6.6). Recall the
standard Hélder inequality. For two positive functions f
and g and any measure du if the following integrals exist
one has forevery 0 < a < 1 :

(6.8)

S dufegt= < (f duf)=(f dug)*—=.
Extending this result to functionals and writing
Gdisc(J) = eXPG(]) ) (69)

GlaJi+ (1 — a)Js) < aG(J1) + (1 — @)G(J3). (6.10)

This inequality means that G(J) is a concave functional.
In Fig. 3(a) we have described pictorially this inequality.

The Legendre transformation which allows one to go over
to the one-particle irreducible generating functional I'(¢)
can be also obtained by a minimization procedure. Namely
one defines an intermediate quantity

(T, @0) = G(J) — [ d*J (x) e () (6.11)
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and sets by virtue of (6.10)

I'(¢,) = min (7, @o)- (6.12)
J

If we exclude for simplicity cases of broken symmetry, it is
clear from the concavity (6.10) that the extremum is unique
and is reached for a J(x) satisfying

and I'(p,) coincides with the usual definition of the Legendre
transform. Now the added term in (6.11) being linear, we
also have

P,(Ol]1+ (1 — Ol)]?, Qﬂc) S aI‘I(le §ac)

+ (1= a)T"(Jz, 00). (6.13)

Consequently the minimum I'(¢,) is convex

T'(age, + (1 — o) @e,)
= min I',(J; X Pey + (1 - 0‘)(‘%2)
J

= m}n [a(G() — f @ (2)T () e (x))

+ (1= a) (GU) — [ d*J () pey(x)) ]
= m}n (aI"(], (Pcl) + (1 - a) I‘I(J: ‘Pcz))

> al'(¢o) + (1 — AT (gu). (6.14)
As a by product of inequality (6.14) we have with the
definition of the effective potential:

T(ee) = —f d*«V(eo(®)) + 3Z(¢c(x)) (dpe(x))? + -+
V(C“Pcl + (1 - a)ﬂpcz) S aV(‘Pcl) -+ (1 - a) V(Gpcz)

Y @ery Pes and 0L a< 1. (6.15)
This means that V(¢.) is concave [Fig. 3(c)], and if it
exists at all it is necessarily bounded from below. We learn
furthermore that if it admits derivatives, its second deriva-
tive with respect to ¢, (in the case of a unique field) or the
quadratic form of its second derivative 82V /d¢,, d¢., (in the
case of several fields) have to be positive.

To summarize our brief description of Symanzik’s posi-
tivity, we see that the crucial step is the inequality (6.7)
from which follow the boundedness and the concavity of
the renormalized effective potential. We refer to Symanzik
(1970) for the discussion of broken symmetry. All these
properties are clearly analogous to those of the partition
function in statistical mechanics.

In Appendix C we shall-describe interesting consequences
of these assumptions using entirely different means which
combine the above positivity in Euclidean space with the
underlying Hilbert space norm of states in the Minkowskian
region of the theory. Although we shall not be able to go as
far as one would wish, this combination shows indeed how
tight is field theory when one tries to combine all available
information.
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FIG. 3. The convexity properties of (a) the generating functional
G(J) of connected Green functions, (b) the generating functional
T'(¢) of one particle irreducible Green functions, (c) of the effective
potential V (g).

APPENDIX A. EVALUATION OF INTEGRALS

We first give here for completeness the explicit evaluation
of the integrals occurring in (4.13) and (4.14) yielding the
second-order contribution to the effective potential. We
compute in turn & and &:

b(x) = u(x)?

) — d“k{ U NN
M=) el r 1+ BE1 (k2—|-1)2}'

We use Schwinger’s parametric form

1 0
—=f daexp(—ad)  for A > 0.
A 0

Then
u(x)
™ ik .
=/0 da/W[exp{—a(k 14 )]

— expl—a(B2+ 1) ]+ axexp[—a(k2+ 1)]},

1 © . [Lexp(—ax) — 14 ax ]
= —————(4’”)2./; do exp(—a) = .

We integrate this expression twice by parts
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(@)
= [1/(4m)?] [—x +(1+ ) f°° do
X logafexp(—a) — (1 + ) e):p[— 1+ x)a]ﬂ,
u(x) = [1/(4m)?JL(1 + x) log(1 + «) — «].
Hence
f(x) = [1/(4m)*JL(A + x) log(1 + x) — x ]2 (A1)

The second function is £(x) given by

& (x)
1
 (2m)s

8(ky + ka4 ks)
{(k12+ 14 2) (k2 + 1+ 2) (b + 1+ )

3)
f Ay Ay AR

_3 5(ky + ko) }
B2+ D2(k2+ 14+ %))

We use for the propagators the same parametrization as
before except that to take into account the global counter-
terms at a later stage, we cut all « integrations at 1/A2. The
integration over four-momenta is trivial and

(4m)*s ()

w(3)

= / doy do dog
1/A2

{

{[exp(—z ai(1+ %)) /( II a0)?]

1<i<i<8
— 3[exp(—ar(1 + x) — (a2 + as)) /(o + )]}
-+ global counterterm
+ x
)

x) s (1

-+ global counterterm.

— 1+ [ﬁ(l;

Since ¢, enters the expression for V, the counterterm is a
first degree polynomial in x designed to have & = 0(«?) for
small x. Now we evaluate f1(#) and f»(#) close to # = 0

txiaj)2.

0 (3) 3
fl(u> = / dal daz das exp(— 41‘: a,)/( H

1<i<i<3

Taking the derivative with respect to # yields

—f' (u)
_ ® [*dodBexpl—(a+ B)]
= 3exp(—u) /u -/; [aB+ u(a+B)T

_Sexp( u) exp[—u(a+8)]
B //d B Fatpr

From the knowledge that internal divergences occur we add
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and subtract in the integrand a term designed to compensate
them

_fl,(u)
_ 3exp(—u)
-

{/1,, flm der d exp[—u(a + 6) ]

(- @)
(@B +a+p)?  (a+ 1B+ 1)2

oL o]

In the double integral we may replace exp[—#(a + 8)] by
1 — u(a + B) with an error ~#?(logu)” which is negligible
in f1(#) once subtraction will be performed and # set equal
to zero. Now

[cd"‘ flwdﬂtl - “(“+5)]((aﬂ+zlx+ BE

1

(et 1)2(B+ 1)z
f‘v do. exp(—ua)
1 (a4 1)2

= 5+ ulogu — (v + 3 — log2) + 0(x),

) = (logs — 1) + wllogs — B),

where « is the Euler constant (which will disappear in the
final result)

y=T'(1) = / da logaexp(—a).
Yo
Putting all this together
—f'(w)

—U

3e
= {(logg — 1) + u(logs — %)

+ [+ ulogu — (v+ 3 — log2)ul +---},

= 3{u?logs + uwllogu + v (log2 — 1 — v) +---},
fr(u)

= —3{u'log? 4+ %(logu)?

+ logu(log2 — v — 1) +---}.

The calculation of f is simpler

Sa(u)

- ([ ) [ [0

The first integral in this product is

eXPE (a+8)]
T (a+pB)?

/ daw= 1/u+ logu — v — 1 ++--
u o
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The second is

f/AZ -[/A2

- /2/’:2 do(a — 2/A%) [exp(—a) /a?]

eXP[ (a+8)]
T (a+pB)? -I-ﬁf)2

= logA? — log2 — 14y +4---
Hence
fz(u,AZ)
= (logA? —log2 — 1+ v +--+)

X /u+logy —y —14---).
Returning to &
—4(4m) ()
= (14 x)[3(logA® — log(1 + «))?
— (logA? — log(1 + %)) (log2 — v — 1)]

2
+ (log% — 14 'y> [A2 — (1 + x) (logA?

— log(1 + x)) — v — 1] + first degree polynomial

=31+ x) log2(1 + x) — (1 + %) log(1 + x)

X logA? 4+ (log2 — v — 1) (1 + x) log(1 + %)

+ (1 + %) log(1 + =) (logA?2 — log2 — 1 + v)

-+ first degree polynomial.
As expected the virtue of the internal subtractions has been
to cancel the nonpolynomial divergences, (1 + x) log(1 +
x) logA?. Taking now into account the constraints £(0) =
&'(0) = 0, the remaining finite part is thus

& (x)
= —(3/(4m)*") (3(1 + =) log?(1 + x)

— 2(1 4 x) log(1 + %) + 2%). (A2)

The results (A1) and (A2) reappear in the text as formula
(4.15a) and (4.15b).

We turn now to the evaluation of the two second order
contributions to Z. We have called them Z,® and Z,®.
For shortness let A stand for the rhs of (4.23)

A= %)x(41r)‘4f dx [/m ds(x | exp(—s[P? + u?
(1]

+ Ne2(X)]) | %) — counterterm]z. (A3)

Proceeding as in Sec. IV we expand ¢2(X) in the neighbor-
hood of ¢.(x)? up to second order and find

® g
= %A(4r)”4/d4x ['/; s—:exp(-—s(u2 + ek (x))
X [1— (Xs?/12) [0 eo(®)? + (Ns%/12) 02(x)

X (Bpu(a))* 4] = exp(—ou®) (1 = Brse) [.
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Again a partial integration of [Je.(x)2 = 9(2¢.(x) d¢.(x))
is necessary. Identifying the factor of } d¢.(x)? in the x
integration we find

2
2, (x) = l;t_zx(log(l + x) x )

1+« 1+ x)2 (AD)

Similarly we call B the rhs of (4.24). Taking as variables
(x + 9)/2 and x — vy, we express it as

>\2

B= - { [ s [ g+ b onte — )

12
X [(x + 3u| /w ds exp(—s(P?+ u?
0
3
P09 2= 30 | = 3 [ dtepd) ]

X [" dsiexp(—su(P2+ u + Pod(X) | @)
0

)

(AS)

X / ds2/ dS3/€Xp(—(Sz+S3)(k2+#
0 0
<+ overall counterterm.

Again we expand ¢2(X) around ¢2(x), i.e., around the
middle point with the result

2

N
--X [ [ 4 [ttt + pente — 3

/ ];I ds; H (dng) . [(4m) s/z(IjI s) U2
X exp{— Z sibr? + p? + Irne2(x) ]} exp (dur- Z ki)
I;I Sthzsl exp <_ ShZLszi [(azz/ba:2) (Cthz_yi —_ 1)

)\a:,;

+ u(ch2w,s: + 1) ] -|—

) -3 / dixpg? (x)

o a3k
x /o dsy / (—2;-)2 exp{ — si[kr® + 12 + Prol(x) ]}

exp[— (s1 + ) p?]
X (41!')2 .[ dst / dss (S1 -+ 52)2

2wzs1 \1/2

1
X (47rs1)‘1/2( ) X exp[— wsthwss1(a:2/bs%)

Sh2wz$1

+ (N\a,2/4b,) sl:]] -+ overall counterterm

with a,, bs, w, having the same meaning as in Sec. IV.
Expanding in powers of these quantities up to the required
order as well as ¢.(x + 3u)o.(x — 3u) and keeping only
the coefficient of d¢.(x)?, we find
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2% (¢c)
>\2

/uo(3) d
= — — dsy dss dss3
6(4m)4 J,

3
X {GXP(—‘Z si(u® 4 3Ne2)) / (5152 + s253 + 5351)2
1

515283
SApe2
[(5152 —+ 5253 + $351) Z ¢ 2

(/12N Y 58+ (V3)p2 X s2 — (W/6)

3 exp[—s1(u2 + o) ]
812(51 + 52)2

X mi 59 (5?: sﬁ)] -

X LO/12) 05t + O/3) oot = 04/6) 0]
-+ overall ¢, independent logarithmic counterterm.

We introduce our reduced variables ¥ and « and organize
this into the contribution of six terms

Z,®

1

o
~% [—uo + 22(us + us) — xPus

2

2
+ . (t4s — us)] -+ counterterm,

14 &2 (A6)

with the following identification
_ /°°<3) d51 dS2 dSa

w242 (5182 + S253 -+ s351)3

X exp[— (14 x) (s1+ 52+ s55) ]

1
— pigED o ()

515253

(AT)

a 1 1
Uy = — — Uy

ox =~_2-(1+x) (A8)

- /"’(3) dsy ds ds“[eXp[—U t+x) (1t st s)]
o 1852858 (S1Sz + 5253+ ~‘>‘3~5'1)2

_exp[—(A+x)5n— (2 + Sa)]]
512(s2 + 53)2 ’

n = 2,3.
We set s; + s3 = o, (52 — s3)/2 = v, integrate over v, and

parametrize the s, o space as s1 + (0/2) = achb, sy = ashb.
The result is after an other integration over a

[ ((/sh8) +log[(1+ ) /(1 —e?)]
o = / dbsht ( (1 + )" (shf + 2¢0)

1 1
T shet LA+ x)sho + 26“’:]”"1)
n=23.
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We now change variable to z = log (14 ¢%)/(1 — ¢7?).

The result for u, is

1
Uy = m[—log(l + %) +1— £log2

® -4
”/ 2 F shtks) (1 + dsia )]

The remaining integral is with z = —logx

2

/ dz "1+ sh%z) (1 + dshihz)

gfoldx("fl%rg%? 3/

= —4log2 4 $4.

logx
—x+1

i

The integral giving the number 4 is a transcendental one
logx
4=— / dx
2 — x4 1

_ dilog exp (iw/3) — dilog exp(—iw/3)
exp(im/3) — exp(—in/3)

=1 sinx(m/3)
1 #n? sin(w/3)

3= 1 1 .
== — = 1.1719536. (A9
2 (v a5 (A9
Finally
uy = —1—+—— [—log(1+4x) + 1+ 447 (A10)
Similarly
= 1 log(1 4 __ 8 ®
ug—m*Og( —|—x)+§—-§log2—2/0 dz
2(1+ 2/3122%2) ]
(1 + sh?3z) (1 + 4sh?32)?
Now

/'”d 2(1 + 2sh?32)
(1 + sh?32) (1 + 4sh?iz)?

4 rt logx 4 1
-] iy ats) =

/‘ xlogx
(1 — x4+ a2)2’

We recognize in the first integral the number A4, the second
is proportional to log2 and for the third it is again propor-
tional to 4. Finally

/wd
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logx
1+ x)*

2(1 4 25h*}z)
(1 + sk?32) (1 + 4sh?32)?

= 24 — 4log2.
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The complete value of u; is therefore
us = —[1/(1 4 x)?[log(1 + x) + 4(4 — 1)]. (A11)

The remaining integrals are

515253 €xp[— (51 + s2 + 53) ]
(5152 + S253 + 5351)2

0 (3)
Uy = f dSl d52 dSa
0

and

s1exp[— (s1+ s2+ s3) ]

0 (3)
U = / dS] dSQ dS3
0 (5152 —+ so53 + 8381)

We note that

(s — ma) /(1 + x)? = — (dup/dx + uz) = 3L(1 + x)2]7

Uy — Uy = %. (A12)
Inserting formulae (A7) (A8), (A10), (A11), and (A12)
in (A6) we obtain the desired contribution after the sub-
traction of a constant

Z,®
tlog(1 4+ x) + x/(1 4+ x)
+ [22/(1 + ) og (1 + ) + 44 — 1]
— [#*/(1 + %)*Ilog(1 + ) + $(4 — 1)]
+ £[«?/(1 + x)2] + finite constant}

= la2{—

(A13)
as quoted in Table II.

APPENDIX B. CALCULATION OF 3 AND ~ TO
ORDER 72

We shall follow the conventional procedure to compute
the functions 8 and « according to the discussion of Sec. D.
We will then apply these results to study the asymptotic
behavior of V and Z as discussed in Sec. V.C in order to
check our calculations.

All that is required is thus the cutoff dependence of the
coupling constant and wavefunction renormalization.

We recall that the steps are the following:

(i) Introduce a cutoff A in a coherent fashion in order
to give a meaning to the Feynman perturbative amplitudes
expressed in terms of bare quantities.

(ii) Use as parameters, the cutoff A, the physical mass
1, and the bare coupling constant Ao.

(iii) Compute u(39/8u) of X and logZs™1, keeping A, fixed.

(iv) Re-express Ao in terms of physical quantities, and
then let the cutoff A go to infinity

B = u(8/dm\ = —A(3/dA)X |
v = u(8/9u) logZ;s™ = — A(8/0A) logZs! (Mo fixed).

(B1)
It is required for consistency that after the above deriva-

tives are taken and everything is expressed in terms of
physical quantities all the logA’s dependence cancels.
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TABLE III. Calculation of the infinite parts of I'¢)(p?) and I« (0) up to A2
ho Bl n2
3 AR [ did*had*h
- 12 / (izii)‘ Balk?, ue?) ; #f;—fsw(k, kA ks — ) Aa(kit, ue?) Ba(k, u?) Aa(ks?, ud) + irrelevant and p independent
= 1 x
1 X A? Ae? . 1 A?\? AT P A2 .
Toy(p) | — (ud+ ) | — 2 (4”,[/\’ - no? loz;, — p(1 + w)] m[“‘ log$ — 3ue? (E(‘OE ;,) + (v + 1 — log2) log’;z -3 l°g“_°z + Vtinite (p‘)uoi)] + irrelevant
X | (Ox - 00< -
e [ d% @*hd*had*k a* ak d*k,
5 Goiat T -3 f o SOt b k) [an W) T Balkit i) Bakit ) — N [ f (Z—W[mw,mj':r - e f T2mye Oa ki, ) / Ty ok, ut)
2
3 A A? e |1 A%\ A? 3 Ao? A? A? 3 N A? A?
\ — 220 = -1 - AL r — y — - log — ey =1 — -1 = 2 -z S log e =y —
T'w(0) o 2 @ [Iog e +y -1 lozl} ey [2 (log ua’) + log e (y — log2) + cle] iyt [( og “D,) + 2log ) (v 1 —log2) + (y — 1 — log2) ] n (4”)‘[‘“7 log ! v l]

We turn now to the explicit calculation of these functions
up to order #2%. We introduce a cutoff A according to the
generalized Pauli-Villars prescription. To be precise we
make the choice

gae(a) = 0(a — 1/A2).

The regularized propagator A (%% ue?) is thus

exp[— (B* + po?) /A%]
(B + no?) '
We now compute simply I'5(?) and T (0) in terms of

No, ie?, A2 up to two loops. Only those contributions which
are unbounded when A — oo are of interest.

Ax(R2, uo?) =

(B2)

The diagrams, the corresponding integrals and the
asymptotic expansion in A? are displayed in Table III.

It turns out, as it is in fact clear from the onset, that the
seagull contributions could altogether be omitted (this
corresponds in the operator formalism to work with a
Wick-ordered Lagrangian). We have kept them here in
order to check their cancellation and hence our algebra.
Also we did not bother to compute to order #? a p-inde-
pendent term corresponding to the last diagram in Table
IIT for ' (p?) since for our calculation only the p-depend-
ent part of I's) enters at the order of 2 loops.
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We are now ready to obtain 8 and v to order #i2. With the
help of Table I1I, we find:

h2 Mo 2 A2
—1 — —_ R 3
Zs 14 3 ([( )2] log y + cte) + 0(%3)

cte = independent of A,

Bt = u?— % (42(:)2ﬁ (A2 — p? log%:‘—uz(l+'y) +0(ﬁ3)>
A= Zg [xo - %(‘1}‘—"1':2% (1og;A0—: + (y—1) — log2> ,
+ 222’%4%2 ((log i};)? + 2 log’%; (v — 1 — log2)

WG 1/ A%
- (14 'y)) + (47r)4ﬁ2 (5 (log E)

2
+ log —1—\—2 (v — log2) + cte)] + 0(F3).
Mo

The notation v is for the Euler constant v = I'(1).
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We now eliminate uo? in favor of u? and observe indeed
the cancellation of seagulls. We set:

a = \/(4r)? ap = Ao/ (4m)?2
and find
Zy V=14 72 (?/12) log(A2/u?) + cte] + O(k3) (B4)
2
a = a0Z3—2 { — %ﬁao (lOg % + Y — 1— 10g2)
"

9 A2\? A2
+ R2ag? (Z (log E) + log 2 (3(y — 1 — log2)

+ 3(y — log2) ]+ cte)} + 0(73). (B4)

Terms proportional to A? have disappeared, only logA terms
survive.

We now apply the definitions of 8 and ¥

B = —A(8/dA)X |ro,u, hence

—[1/(4m)* ]38
9 2 ( 9 logZ. _1)
= = —2({——— 1o
E)logAza 3 logA? 8]

+ Zoo{ — 5o + Fra’[§ log (A2/u?)
+3(y — 1 — log2) + 3(y — log2) J}.

To order 72 the Zs? in front of the last bracket can be set
equal to 1.

Finally we re~expfess everything in terms of «, that is:
—[1/(4m)* ]38

a? 3 3 A?

= L e — 2% 2 Fa? =

G + { 3 (a + 5 (% [log 2

2 9 A2
+y—-1- logZ]) + = #2d log —
2 u?

+g’ﬁ2a3(3'y —1-—3 logZ)} + .-,

The expected “miracle” occurs, namely all divergent terms
disappear and we are left with

B(\) = A3 — (17/3)R2a® +---]] a = \/(4m)2

(BS)

Note that all ’s, log2’s, etce -+ which were due to the par-
ticular kind of cutoff chosen have also disappeared.

The calculation of v is even simpler. Recall that

y = —A(3/3A) logZi™ |, a,
v = —A(8/9A) 2 (art/12) [log (A%/u?) + cte]
= —I2(a?/6).
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Hence to order 72

v = —*(a?/6). (B6)
Formulae (BS) and (B6) reappear in the text with % = 1
as (5.51) and (5.52). We can now apply this calculation to

the asymptotic behavior of ¥V and Z as in Sec. V.C. Accord-
ing to (5.38) and (5.39)

8,(a)
1 B/ (4m)? 1 [3fia — (17/3)h%® +---]
T21—3BA+v  2° — 303fa] + -+
= La[3fia — (7/6)72a2 4+ -] (B7)

Yo(e)

1 24

13’ﬁa — (17/3)#22 — ih%a?
21 —-3B/N+v) 2

— 3o o e-

= 1[3ka — ¥t 4+ -] (BS)
1 Y

= 1(F22/6) 4. B9

v 21— 3B/N+7) (Fa?/6) (B9

That means we should now verify that

[x(a/0x) — §(a®++++)(8/0a) — §(a — a?/2 +--+)]
X gas(a,x) = 0 mod (a?), (B10)

with g given by (5.34) and g.s extracted from Table I as
the asymptotic behavior of g to order o2 Thus we have:

gas = ¥ + 3o logx + (3a2/4)[(logx)? — $logx — 1]
(B11)

We readily find combining (B7), (B8) and (B11) that
(B10) is indeed satisfied. Equation (B10) reappears in the
text as (6.11). Similarly we should verify that

[x(8/0x) — 3(a®+-+-) (8/0e) + o?/12]zas(a, x) = O
mod(a?), (B12)

where according to Table II we have

Zas(0, ) = 1 4+ ta + 2a?(logx + cte). (B13)

Again, using (B7) and (B9) we find that (B12) is verified.

Of course we could have proceeded in the reverse way.
Namely use our expressions for ¥V and Z to derive 8 and v.
It is nice however to see the various approaches lead to the
same consistent result. As far as practical experience teaches
it seems that the calculations of the infinite parts in terms
of a well defined cutoff procedure give a quicker and simpler
way to obtain the result whenever they are possible.

APPENDIX C. POSITIVITY OF THE COUPLING
CONSTANT AND ASYMPTOTIC BEHAVIOR OF
THE SCATTERING AMPLITUDE

This Appendix can be read independently of the rest of
this paper. We have seen in Sec. VI that in ¢* theory it is
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very likely that the coupling constant if small has to be
positive. Furthermore we could as well use as renormalized
quantity not the off-shell value of the four-point amplitude
at zero momenta, but some other value evaluated for
instance when external momenta are on shell. Relating
this information to the usual unitarity will provide further
constraints on the theory. In order to make contact with
the usual language of S-matrix theory we shall speak of the
on-shell four-point function as the #%z° scattering amplitude
in a fictitious world where we would neglect isospin, baryons,
«++ Also s, ¢, #» will have their usual meaning as square
center of mass energies in the three identical channels of
07 scattering.

Using standard conventions for on shell unitarity, the
scattering amplitude is in fact the analytic continuation of
T@(p1, po, p3, p4) Wwith p2 = —pu? in our Euclidean metric.
To simplify further, we take u as the unit of energy. Hence
we see that we can interpret the renormalized coupling
constant as proportional to the opposite of the value of the
mx® scattering amplitude at the symmetry point, F(s =
4,4 4). We shall see that the knowledge of the ‘“‘sign” of
the coupling constant will have some observable conse-
quences on the wr on-shell amplitude. If one has more in-
formation like the fact that not only F(4,4,4) <0, but
also ReF < 0, in the physical sheet of the real s, ¢, # plane
the amplitude will be even more constrained. The latter
hypothesis is in fact no more unrealistic as the previous one,
for there is no a priori reason to choose the normalization
point at the center of the Mandelstam triangle. Here we
want to make a nonexhaustive list of facts which follow
from these hypotheses.

(1) From an S-matrix point of view, there is no visible
objection to having F(4, 4, £) > O(\ < 0). Indeed Atkin-
son (1968) has elaborated a procedure of construction of a
wm — 7w amplitude which:

(i) satisfies a Mandelstam representation, and in par-
ticular unsubtracted dispersion relations for | 2| < 4;
- (i) is symmetric in s, ¢, u;
(iii) has elastic unitarity exactly satisfied for 4 < s <
16;
(iv) satisfies the partial wave amplitude inequalities
required by unitarity for s > 16.

From positivity and unsubtracted dispersion relations,
we get

1
P69 =2- [
4

™

© 4 4
Alx, §) dz, (C1)

£ 4

where 4 is the absorptive part

A(x,4) =3 (20 + 1) Imfy(2) P.[1 + 8/3(3x — 4)]> 0;
(C2)

hence F(4,4,4) > 0. In (C2) Pi(x) is the I-th Legendre
polynomial.

Of course we cannot guarantee that the full content of the
unitarity condition can be satisfied because one looks here
only at the two-body sector. Unfortunately, for the time
being, this is the only thing which can be done rigorously.

(2) If F(s,t=0) —0 for s— o and also F(s,¢) =0
for s — o and —e < £ < 0 (e as small as one wishes), then
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F(s,t,u) is positive inside the whole region s < 4, ¢ < 4,
# < 4 and, in particular,

F($,%4) >0

F(4,0,0) >0 (positive scattering length). (C3)

Proof

Jin and Martin (1964) have shown that the (even)
number of subtractions does not change from —e < t < 0
to ¢t = 4. By assumption, there are no subtractions for
—e < t £ 0, so there are no subtractions for 0 < ¢ < 4. If
there are no subtractions, positivity in 0 < ¢ < 4, s outside
the cuts, is evident. We get positivity inside the whole
triangle by circular permutations of s, ¢ and u.

(3) IfF(%,%,%) <O
lim ( sup | F(s,#)|) = 0.

s>00 —e<tL0

(C4)

This is just the inverse of the previous statement.

This result would be of a great interest if one knew that
the high energy amplitude is not purely real. Assume that
(ImF/ReF) > «a, then:

ImF(s,t = 0) >~ Cso,. (C5)

Hence the first conclusion is:

limsa,(s) = 0.

8>

But then, if lim(so.(s)) is finite and nonzero, we can easily
see by inserting into a dispersion relation that ReF — o
and hence so,(s) — «. Hence in the asymptotic behavior
of o, a mass must explicitly appear.

If the assumption (ImF/ReF) > « is not made, the con-
clusions are much weaker: we get that in —e < ¢ < 0 there
is a nonzero set where lim | F | £ 0.

Then, for s large

1 0
ou> 5 [ 1FGs0) [ a
§% J—¢

(C6)

ge1 > consts™2

where the constant is strictly positive.

(4) The assumption | F | — C 5 0 for s — o« uniformly
at all physical angles, is not tenable.

This assumption would correspond to believing that the
naive lowest order perturbation with a finite, non-zero
coupling constant holds.

Indeed if | F | — C at all angles,

ga = C%/s, saa— C’ # 0, (C7)
then:
F(s,t = 0)
(s —2)2 = 25" ds's"gota1
=F(2,t=0 .
2=+ & = 2 — )
(C8)
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It is easy to see that if s’¢, > C

F(s,t=0) > — (C9)
for s — i . Therefore, by the Phragmen-Lindel6f theofem,
we cannot have
| F(s,t2=0) | —>C for s— +ow, (C10)
(5) Assume that F(4, 4, 4) < 0 propagates to the whole
physical sheet in the form ReF < 0. What are the con-
sequences?

One consequence is that the total cross-section cannot
rise to . More specifically there exists a sequence of ener-
gies s5152°°*Sn, Sn— © for which ota is bounded and
| F|/s is bounded.

This is a direct consequence of the Khuri-Kinoshita or
Jin—-MacDowell theorems. Let us give a direct proof. We
use the variable z = (s — 2)2. We look at the forward
amplitude. (F(2))? = G(z) is analytic in a cut plane and
bounded by z(logz)*. So

21ImF(2") ReF(2) d7’
2"2(g! — z) )

(F()?= 4 +Bz+7’£/
‘(C11)

We know that ImF(2’) > 0; if ReF(2’) < 0 we have for
2<0

0< |F(2) [?< 4 + Bs. (C12)
Taking 2 = —x:

x* 2ImF(2") | ReF (") | 2’

s R <A+ (Bls (1)

for x — 4+,

From this we deduce easily that the bound | F(3) |2 <
A’ + B’|z| holds in any complex direction. Then, by
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standard techniques it can be shown that an average of
(F(3))? also satisfies such a bound on the real axis. Notice
also that 4 and B are expressible in terms of —F(s = 2,
t=0) and (d?/ds?)F(s = 2, t = 0) for which there exist
absolute bounds (Martin, 1965; Lukaszuk and Martin,
1967). So the knowledge of ReF < 0 gives us a numerical
bound on the limit of the total cross section for s — o,
which is proportional to (| B |)'2

Another consequence of F < 0 in the triangle s < 4,
t < 4, u < 4 is that the Bonnier-Vinh Mau (1968) lower
bound of F(4,0,0) (the scattering length !) can be con-
siderably improved, following for instance the ideas of
Grassberger and Kiihnelt ( Grassberger and Kuhnelt, 1973).

Is it possible to forbid completely this situation? So far
we do not know.
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