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Electrons at the surface of liquid 'He are potentially valuable probes of both static and dynamic
properties of the interface. Two species of surface state are discussed. One of these is localized
just above the interface, weakly bound by the image force. The existence of this state has been
confirmed by direct spectroscopic observation. Measurements of parallel field mobility and life-
time on the surface are discussed and compared with predictions. The other surface state is an
electron bubble held below the interface with an applied field. A resonance experiment in this
geometry determines an effective mass different from the bulk liquid value. Studies of field emission
from the bubbles lead to an evaluation of other bubble properties.
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several aspects remains incomplete. The present article will
assess the "state of the art" in this area, emphasizing the
basic concepts and their relation to those of other fields.

At the outset the reader must note a distinction between
two species under discussion. The term "external" surface
state refers to an electron outside (above) the liquid. The ~

1 eV barrier mentioned above inhibits penetration into the
He. However, the image potential, given classically in terms
of the static dielectric constant e as a function of distance s

463 from the surface by
463

I ~ INTRODUCTION

The behavior of extra electrons in liquid He has been ex-
tensively investigated during the last fifteen years. The sub-
ject has had particular appeal because of the superAuidity
of 4He and the applicability of Fermi liquid theory to 'He
at low temperatures. Certainly extra electrons will be used
to study the superfluid phase(s) of 'He at ultralow tempera-
ture.

One particularly exotic subject of this research is the
electron "bubble, " a cavity of 15 A radius in which the
electron resides. Because its size is intermediate between
microscopic and macroscopic, the bubble exhibits behavior
characteristic of both regimes, depending on the particular
phenomenon under investigation. For the theorist, the
self-consistent configuration of this system of S atoms plus
one electron offers particular fascination and challenge.

Until recently, experiments with electrons at He surfaces
were intended primarily to provide information about the
bulk states. In particular, Sommer (So64a) found that the
surface presented a barrier Vo of more than 1 eV to electron
transmission into the liquid. This represented an important
element in the evolution of the bubble concept. Other experi-
ments, of Careri et ttl. (CFG60) and Bruschi et al.
(BMM 66), showed that in order to be ejected from the
liquid, electrons had to overcome an energy barrier of order
25 Kelvin ( 2.5 mev). Stimulated by these experiments
as well as by more general aspects of the electron —He
problem, Sommer, (64b), Cole, and Cohen (CC69, Co70b),
and Shikin. (Sh70, Sh71a, 71b) independently formulated
descriptions of the electronic surface states for liquid
He. This work has been considerably extended both theo-
retically and experimentally, although our understanding of
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I '-..(s) = —0"/s,

0 = (e —1)/4(e+ 1),

z&0,

attracts the electron to the liquid —vapor interface. ' As a
result, the wave function of the electron is localized near the
interface, as depicted in Fig. (1). The electron is free to
move parallel to the interface, but in so doing it is scattered
by the liquid's excitations and the vapor. The energy spec-
trum, scattering properties, and mutual interactions of
these "external" electrons are among the topics discussed
in Sec. III.

' The implicit assumption of Eq. (2), that the vapor dielectric
constant is unity, is valid to within one percent below 3 K. We note
that the suggestion that the image potential plays a role in surface
states was made by Shockley long ago (Sho39).

The "internal" electron surface state, shown schematically
in Fig. (2), is an electron bubble under the influence of an
applied electric held which accelerates it toward the surface.
In this case the image potential exerts an opposing force,
directed into the buk liquid, tending to keep the electron in
the medium. The net potential for the bubble has a shallow
minimum 100—300 A below the surface. The oscillations
of the bubble in this potential can be studied by resonance
techniques (PW72) which yield effective mass and lifetime
parameters somewhat different from values determined in
bulk experiments. Another fruitful experimental approach
is field emission from these states into the vacuum. The
analysis of this situation is particularly intriguing because it
convolutes the hydrodynamic (or kinetic) oscillatory motion
of the bubble with quantum-mechanical tunnelling through
the liquid above the bubble (SR73). This technique and
others may be suKciently sensitive to analyze some aspects
of the structure and dynamics of the free liquid surface.

While almost all of the surface state experiments to date
have used liquid 'He, both internal and external states
should also exist for liquid and solid. hydrogen, neon and
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may be the case for Al (CGHM73), such states definitely
exist. In fact, they probably exist for a number of metals
which have @„aslarge as +5 eV (HS73) .

In this paper we shall discuss primarily the case of liquid
4He, although it is clear that the concepts studied here have
considerable application elsewhere in the physics of liquids
and solids. However, the properties of the liquid 4He
surface make it a particularly useful medium to study. The
time-average interfacial position of a liquid is uniform y
Rat, while it has structure for a solid. In contrast to the
major problem of impurities at solid surfaces, for 4He there
is only one important impurity, 3He, which actually localizes
preferentially at the surface. ' An additional feature of a
liquid surface is its ease of deformation, which has been ob-
served by williams and Crandall (WC71a) for the external
surface state on He. One particular merit of 4He relative to

F1G. L. (a) Geometry for external electron sun surface states. (b)
Potential V and groun s a e wavd d t t ave function p depicted schematically.

~ 2—

'He (Co70b). These materials satisfy the su%cient condi-
io of h ving a negative electron amenity, „

~STC68~.' That
is, the conduction band minimum lies above the vacuum
level. Recently, Sak (Sa72) has extended this work to those
ionic crysta s ~eg. i( LiF) which satisfy this criterion. Here
the medium's electronic polarization is supplemente at
i f b ionic polarization. The interaction wit
the electron proceeds via surface optical phonons w ic
couple to the electron's motion, forming a surface po aron.
Evans and Mills (EM72, EM73) have considered inde-

endently the more general case of electron localization ue
to surface polarization modes even if the electron afhnity is
positive.

Another analogous problem is that of positron surface
states. Jf the (positron) work function g„is 'negative, as
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FIG. 3. The electron —He interaction U + V~ as a function of
separation. The attractive long-range tail is too small to discern. The
apparent attraction at close approach is an artifact of the calculation.
Units are Bohr radii and Hartrees, ( =2 Rydbergs) . From (KJCR65) .
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other lj.quids is its temperature uniformity below the lambda
point, which serves to eliminate disruptive boiling. A further
advantage for the theorist is that the superAuid fraction is
inviscid and irrotational, facilitating calculatioos of relevant
liquid surface properties.

II ELECTRON-HELIUM INTERACTION
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It is important to understand how the electron —liquid
interaction results from the electron —atom interaction. The
need for this is obvious in a superficial sense because surface
states are intermediate between free and bulk states. In
any case we shall need to know specific parameters charac-
terizing the electron's interaction in both limits of He
density.

DISTANCE (A)

I'IG. 2. Electrostatic energy of electron bubble as a function of
distance below the interface for two diGerent values of applied 6eld.
Inset shows geometry of bubble near surface.

' By comparison this is a necessary condition for stability of theBy comparison,
bubble.

The result of a pseudopotential calculation by Kestner
ef al. (KJCR65) of the electron —He atom interaction is
shown in Fig. (3). Because the exclusion principle requires

' This occurs because 'He is lighter, so the zero-point energy is re-
duced (Sf1).
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that the scattering electron wave function be orthogonal to
the bound atomic states, there is a strong repulsion at small
preparation r. This repulsion has a range comparable to the
Hartree —Fock radius a of He. At larger separation an
attractive interaction becomes dominant, but the magnitude
is too small for it to appear in Fig. (3).This weak attraction
is entirely responsible for the states discussed here. The
attractive tail of the potential derives from the force
between the electron and the instantaneous dipole moment
of the atom. In the adiabatic approximation, valid for fre-
quencies small compared to bEii/A, where bE12 is the first
atomic excitation energy, the moment is proportional to
the polarizability o. In this limit the interaction is of the
form

Vp. i(r) = ere'/2r—', (3)

The net e—He interaction in the limit of zero energy is
represented by the scattering length a„related to the
electron —atom cross section 0- = 4~a,'. The sign of a, is
determined by the competition. between the repulsive core
and attractive tail of the interaction. Helium has the
smallest polarizability and the largest 5E~~ of any atom.
Consequently, its scattering length is relatively large and
positive. The trend in the noble gases toward softening core
and increasing a is exhibited in Table I, which also shows
the consequent variation in a, .

V,pi(e) = 27rna, A'/m,

where m is the liquid, number density, which depends
weakly on T.

The key parameter characterizing the electron —liquid
interaction is Vp, the conduction band minimum energy. At
first glance one might question the existence of a band
structure with well defined eigenvalues for an electron
in a liquid. It has been argued (1.167, Zi67), however, that
when the electron wave-vector k is near zero for He or
other noble gases, the states are insensitive to medium
structure. Thus one can calculate Vp for a crystal having
the liquid's density. This approach was used by Burdick
(Bu65) to obtain Vo ——1.09 eV, in good agreement with
1.04 eV obtallled by Jol tilel e$ Gl. (JKRC65) using 'tile

Wigner —Seitz mod. el, which is by assumption structurally
insensitive. More recently, Fetter (Fe74) and Tankersley
(Ta73) have derived a diagrammatic expansion for Vo
which makes explicit reference to two-particle correlations
via the liquid structure factor. The Vp that results is 0.97eV
at T = 0, but the expansion may be inadequate at liquid
density, since the second term is almost half of the leading
term (the optical potential),

These theoretical estimates compare favorably with
experimental values of (1.3 & 0.3), (1.02 ~ .08), 0.95
and 0.82 eV found by Sommer (So64a) via electron injec-
tion, Woolf and Rayfield (WR65) with photoinjection,
Zipfel and Sanders (ZS68; see also MD70) with photo-
ejection from bubbles, and Schoepe and Rayfield (SR73)
with tunneling from electronic surface states, respectively.
These experiments were performed at finite T, but m is the
principal determinant of Vp.

It should be noted that the processes described by these
calculations and studied experimentally are adiabatic. The
small electron/atom mass ratio guarantees the validity of
this assumption for a short time ( 10 "—10 "sec) during
which the liquid cannot deform in response to the electron.
Eventually the liquid must respond to the electron because
of the instability of the delocalized Bloch-like state with
respect to bubble formation.

III. EXTERNAL SURFACE STATES

A picture of the external surface state follows from our
description of the electron —He interaction. The barrier Vp

prevents significant electron penetration into the medium,
as long as the adiabatic approximation remains valid. The
potential energy V(s) of the electron far above the surface,
say s ) b, will have the classical electrostatic form LEq.
(1)j. Closer to the surface, the potential will be modified
because of the atomicity of the liquid, the lack of definition
of the interface G = 0, and the incomplete response of the
dielectric polarization to a high-frequency field. The last of
these is negligible for He because of the high characteristic
frequencies of the atomic electrons, &u, bEi~/A 3 X 10'
sec '. Specifically, an estimated frequency of the per-
turbing electron's field,

e/s (~ V(s) ~/nz) '"s—'

becomes comparable to co, only when the electron is within
1 A of the surface. The dot denotes a time derivative,

While we are unable to improve significantly upon the
deficiency of the classical potential due to microscopic
structure of the surface, this turns out to be no serious
problem because of the small amplitude of the wave func-
tion for small G. Spontaneous thermal fluctuations of the
liquid surface, which have amplitude comparable to an inter-
atomic spacing are unimportant for the same reason
(Co70a). However the static and dynamic oscillations of
the surface due to the electron deserve separate treatment
for the mobility problem (Sec. C) .

With these limitations in mind, we write the potential for
the wave function f in the effective mass approximation

TASI E I. Polarizability o., atomic radius a, and scattering length a,
for several atoms and H2. The values of o. and a, are experimental;
all quantities are taken from (JK70) . For H2, the o. shown is an average
of the diagonal elements of the polarizability tensor.

V(s) = Vo,

= —Qe'/b,

= —Qe'/s,

0& G(b
8) b.

(Sa)

(Sb)

(5c)

He
Qe
Ar
H2

cx (A8)

0.20
0.39
1.65
0.79

c(A)

0.75
0.56
0.79
1.00

a, (A)

0.61
0, 21

—0.'90

0.74

The quantity Q, defined in. Eq. (2), depends on temperature
T through the dielectric constant of the liquid. and negligibly
on that of the vapor, until one gets to relatively high T.
The similarity of Eq. (Sc) to the Coulomb potential sug-
gests the notation Q, where Qe is the image charge. At T = 0,
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P~(r) = A '" exp(ik. g)+(s),
Eg ——Ei + A'k'/2m.

(6)

(7)

Here A is the surface area, k the wave vector, f the com-
ponent of r parallel to the surface, and s the perpendicular
component of r. For states near the conduction b'and mini-
mum in He the effective mass equals the bare electron
mass m, as follows from the effective mass sum rule. Thus
the boundary conditions on P, the envelope function in the
effective mass approximation, reduce to those on an ordinary
wave function —continuity of P and its derivative (BD66,
BD67).The Schrodinger equations for perpendicular motion
are

(Sa)

Q for He is about 7 X 10 ', corresponding to a rather weak
attraction.

Somewhat arbitrary choices of Eq. (5) include the surface
plane z = 0 as the image plane, and the constant b, for which
we use the He interatomic spacing, 3.6 A. Experimental
precision is now sufficient to test these values. A more
drastic approximation at first glance is to neglect the
image potential when the electron is inside the medium. This
omission is acceptable because Vp is so large relative to this
and all other characteristic energies in the problem that the
correction is negligible.

Due to the invariance of the liquid with respect to hori-
zontal translation, the eigenfunctions and eigenvalues of the
Hamiltonian of Eq. (5) are of the form

potential due to a charge Qe at the origin. The spectrum in
this limit is exactly Eq. (10) with integral l, and the
wave functions are products of an exponential and an
associated I-aguerre polynomial. For example, the energy
and normalized wave function of the ground state are

Q'Ro ~ —0.65 meV ~ —7.5 Kelvin,

q4 = 2a—3t's exp( —s/a),

Qp (11c)

The Boh«adius f» t»s sta«(i. e. , point of maximum
probability density) is a 76 A from the surface; the
expectation value of s is 3/2 this value, or 114 A. We can
now understand why the properties are insensitive to the
rather crude approximations used earlier. The electron is
most likely to be found a distance of about 20 times the
interparticle spacing from the surface. Its wave function
becomes small within a few angstroms of the interface. The
binding energy is infinitesimal on the scale of Vp ( 1 eV),
but fortunately large enough to have some probability of
being bound at typical experimental temperatures. The
observe aspect of these factors is that the external surface
state of He will not provide a sensitive probe of the liquid's
surface properties.

In later. sections of this paper, we shall use for simplicity
the eigenfunctions of the pure Coulomb problem, which
corresponds to infinite Up. Quantities characterizing the
accuracy of this approximation include the penetration
fraction of the electron into the medium,

@"+ (2 /mf' ')i(E + Qe'/b)y = 0, 0(s(b (Sb) R (~)— @„'(s)ds @-'(s) «,
@"+ (2m/e) (Ei+ Qe'/s)y = 0, s ) b (Sc)

where the prime denotes differentiation with respect to s and

y' = (2m/A') (Vp —Ei).

The other condition on p is that it vanish as
~

s
~

—+ po.
The solution of Eq. (Sa) in the liquid is a d.ecaying ex-
ponential with a characteristic decay length y ' 2.5 A.
In the intermediate region @ is an oscillatory function
with much longer wave length ( 100 A). The solution for
s ) b is the Whittaker function (WW63), a form of
confluent hypergeometric function:

and bl, dehned as the increase in. / required to bring it to the-
integer value n. Calculations of Cole (Co70b) using the true
wave function show that R„(')= 1.2 &( 10 4 and 61 = 0.046
for the ground state on He. These quantities are considerably
larger for other systems, so our approximation will be ac-
curate only in the He case. One important point concerning
6/ is that it is nearly independent of energy, analogous to the
quantum defect in atomic physics.

Using the calculated value of bl and Q = 6.95 X 10 ' in
Eq. (10), the first excitation energy is E» ——5.50 X 10 '
eV, compared with 4.94 X 10 ' eV for bl = 0 (i.e. , Vp ——ap ) .
A measure of the sensitivity of this result to the value of Vp
comes from differentiating Eq. (10),

P~(s) = Wi, ,~&(2Qs/lap),

where / is a quantum number related to the energy by

E i = —(Q'/l')Ro.

(9)

(10)

BE(/8 Vp ——+ (2Q'Rp/P) oil/8 Up.

Since Bl/BVp is approximately independent of l, it can be
evaluated from the ground state result R„"),yielding

Here Rp ——e2/2ap is the Rydberg constant, and ap is the Bohr
radius. Cole (Co70b) has studied the properties of these
eigenfunctions in some detail. The essential result is that
the small magnitude of Q for He results in a binding energy
which is of the order of one per cent of Vp. The problem
therefore reduces approximately to the solution of Eq. (Sc)
with the boundary condition tha, t @ vanish at the origin.
This, however, is identical to the radial Schrodinger equa-
tion for r times the s-state wave function for a Coulomb

BE /BVo ——l 'R '"

Recently Grimes and Brown have performed an extremely
precise microwave absorption experiment which confirms
the existence of image potential induced surface states
(GB74). Microwave radiation of frequency v ) 125 GHz
is absorbed by the surface electrons at one or more values
of an electric field F normal to the surface. Varying F
shifts the levels linearly and the resonance v value shifts
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A further point of agreement with the model is the Stark
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FIG. 4. Derivative absorption curves of external surface electrons
as a function of potential difference across the interface, at T = 1.2 K.
The first two absorption lines are seen. From (GB73) .

shifts of the absorption lines with Geld

accordingly )Figs. (4) and (5)g. A zero field extrapolation,
gives the unperturbedtransitionfrequencies v~2 = 125.9 ~ 2
GHz, and v» = 148.6 & 3 GHz. The "hydrogenic limit"
Vp = ~ with a cutoff b = 0 predicts 119.3 and 141.3 GHz,
respectively. The more realistic model Vp = 1.3 eV and
b = 3.6 A (an interatomic spacing in the liquid) yields
133.1 and 156.5 GHz, respectively. Both values fall on the
high side of experiment. Using the perturbation approach
mentioned above, one finds that Vp = 1.58 eV fits both
absorption lines. This is rather high compared with previous
values discussed in Sec. II, so the calculations should be
repeated to determine a reasonable pair Up and 6 which
fits the data. I1Vote added in proof: H.-M. Huang, &. M.
Shih, and C.-W. Woo LJ. I.ow Temp. Phys. 14, 413 (1974)j
recently calculated eigenvalues —9E, —2E from a more
realistic surface density profile. The corresponding transition
frequency, v» ——146 GHz, is high, perhaps because of their
use of the optical potential, Eq. (4), instead of V, in the
liquid. I

160-
/

/155- I
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~ 145-0
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125
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FIG. 5. Potential difference at resonance as a function of radiation
frequency. The lower set of points refers to the 1 —+ 3 transition,
and the upper set to 1 ~ 2. The solid line corresponds to a linear Stark
effect which extrapolates to the zero held, unperturbed absorption
frequencies. The dashed curve, drawn to aid the eye, implies some
quadratic dependence. From (GB74) .

including spin degeneracy. Here 0 is the usual step function.
The total density of states X(E) is then simply (m/m6')
times the number of states of perpendicular motion which
have EJ. ( E. This result, shown in Fig. 6, has a dis-
continuity at each eigenvalue E«because the lth perpen-
dicular state contributes only above that energy. Thus for
A&0,

1V(E) = (m/vrA') X integral part of (—R Q'/E)'~'

which diverges near zero energy because the perpendicular
level spacing tends to zero with increasing quantum number
asl '.

One consequence of this large density of weakly bound
states is that entropy considerations result in their domi-
nating the thermal distribution of occupied states at finite
temperature T (CW72). In fact these states' contribution

dv, ,/dF = e((s), —(z),)/h.
l 0-e)

A calculation using hydrogenic wave functions gives 0.8
GHz/(V/cm) and 2.1 GHz/(V/cm), respectively. Because
of uncertainty in the magnitude of I', Grimes and Brown
were able to obtain only the ratio of this derivative for the
two transitions, and found a value 2.6 & 0.2 compared with
a predicted 2.67. Finally, the intensity ratio of the 1 —+ 2
transition to the 1 ~ 3 is observed to be about 5, com-
pared with the ratio of oscillator strengths 8 /3' 4.4.

A. Distribution at finite temperature

os

E
O

CP

Cl

Q 2

O I—
CflX'
LLJ
O

n= I

THRESHOLD
l

n=2

0 = II

0=7

n=3
l

1V i(E) = (m/7'')8(E —E&(),

Rev. M od. Phys. ,

Vol�.

46, No. 3, J uly 1974

(12)

For each band l of perpendicular motion, the two-dimen-
sional free-particle motion of the electron parallel to the
surface gives rise to a d.ensity of states per unit area 1V&(E)
which is constant above the threshold E~~

C I

-8
I

7
I I I

-6 -5 -4
ENERGY (kelvin)

I

-2

FIG. 6. The density of states 2V (E} for the external electronic sur-
face states. A step occurs at each eigenvalue of perpendicular motion.
For large quantum numbers and in the continuum, 1V (E) lies far off
scale.
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FZG. 7. The fraction of electrons in the ground state of perpendicular
motion as a function of temperature, in the absence of an applied
6eld.
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to the partition function

Z = Q exp( —PE„),

P '=kaT,

is divergent, because of the infinite density of states near
zero energy. The problem is analogous to one treated by
Fermi (F24) for the H atom, differing only in the absence
of an m2 degeneracy factor. One realizes that the divergent
contribution of large e states is unphysical because the
wave functions of these states extend far from the surface,
where the assumed s ' potential is inaccurate. In particular,
vapor atoms or walls modify the potential. A simple Ansatz
is to place a "wall" (infinite barrier) a distance L from the
surface, where I. might be of order an electron mean free
path, or an experimental chamber dimension. We shall
assume L = l cm, but the results are relatively insensitive
to this assumption.

The new spectrum of perpendicular states will differ little
from Eq. (10) apart from elimination of the divergence.
Those discrete states which have an outer classical turning
point at s ( L will not be greatly aAected by the presence
of the wall. These have E ( Qe'/L ( —10 ' K—) and
quantum numbers ri ( 1V,„,= (L/2a) '~' 850. Near
zero energy (~ E

~
( Qe'/I. ) the WKB approximation can

be used to estimate the level spacing. The eth state satisfies

states having Ei ) Qe'/L can be approximated by that of
free particles in a box,

vi(E) = L(m/(2rr'A'E))'". (15)

With this form for v~(E), the equilibrium ratio at tem-
perature T of ground state to continuum state populations is

IV,/X, = AL ' exp(PE ) (87rP/m)'"

To facilitate study of the bound states at T ) 1 K,
experimentalists have applied an electric field oriented so as
to hold the electrons near the surface. This certainly modifies
the highly excited states, but the lowest states may be only
weakly affected. As a borderline example, a field Ii of order
100 V/cm shifts the ri = 1 state upward by Fe (s) 1.3 K
and changes the 1 —+ 2 transition energy by Fe ((s)s-
(s)i) to a value of 9 6 K from a zero field value of 5 7 K.
In any case, the applied field eliminates the high density of
continuum states and thus reduces their population. We can
estimate this effect with the help of a number of assump-
tions. First we take the total potential to be simply a sum of
image and field contributions, Vi —Qe'/s+ Fes. This
potential has no analytic solution, so we resort to an ap-
proximation which yields a reasonable estimate for the
density of states, if not the actual eigenvalues. Specifically
we choose a simple, qualitatively similar potential V&(s),

V, (s) —= —V+ Fes,

V —= Qe'/s, —= Fes .

The eigenfunctions of the Schrodinger equation with V~ are
Airy functions, and the eigenvalues (An65) are

E, = —V+
~

cr,
~

(e'F'A'/2m)'I'

where n, is the jth zero of the Airy function. Using the
asymptotic limiting form cr, —(3rrj/2)si', one can derive
a density of states for perpendicular motion (including spin)

As shown in Fig. (7), the fraction of electrons in the ground
state drops rapidly from unity to nearly zero between 0.5 K
and 1 K. Essentially all of the bound electrons are in the
ground state below 1 K, so in this regime the approximate
treatment of the excited states is adequate.

(e+ 1/2)s- = k(s, E) ds,
0

k'(s, E) = 2m(E —U(s))/fi'.

vi(E) (8m(E + V) )'~'/(A~eF) .

This in turn generates a partition function
(13)

One derives the level spacing BE from taking differences of
Eq. (13):

Zv = dE v~(E) exp( —PE)—V

Zv ~ (2m/(s. P'))'~'(AeF) ' exp(PV). (16)
rr(8E) —' = (m/2A') '~' ds (E + Qe'/s) —' '.

For the special case E = 0 this yields

(5E)—' = (3s-)—'(2mL'/A'Qe') '"

This represents a moderately accurate estimate of the
contribution to Z of the large eigenvalues of V~. Typical
values of F (10-100) V/cm yield a Z& of order unity. 4

In contrast, the contribution to the total partition function
(14) from the ground state, at energy —Eir + Fe(s)i, is much

which differs by a factor 4/3~ from (6E)—' for the discrete ~ The small I; divergence in Eq. (16) is spurious, as one must pro-
spectrum at e = X . The density of quasicontinuum ceed to box quantization in this li~it.
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greater than this. Thus the 6eld, even if quite small,
effectively depopulates the highly excited states.

B. Electron-electron interaction

An important element of the problem that has been
neglected thus far is the Coulomb repulsion between elec-
trons. If Ã electrons are assumed to be well localized in the s
direction and uniformly distributed over a circle of diameter
D in the surface plane, the electrostatic energy per electron
is of order Ne'/D. The system becomes unbound when this
is comparable to the assumed binding energy, Q'Eo, or
equivalently when

N 'Q2D/a-

which is of order 5000 for D = 1 cm. This represents a
serious constraint to which all experiments so far have
accommodated by modifying the geometry. One approach is
to apply an external field, but this complicates analysis
considerably. The potential depends on the applied field
and the number of electrons present, determined by the
length of time the source (radioactive or corona discharge)
was on. These electronic states may bear little resemblance
to the single particle states discussed above. An alternative
is to study the surface states of electrons above an adsorbed
He film. Calculations by the author (Co71) for the case of a
metallic substrate indicate that a binding energy of order
0.03 eV results for a 50 A film, an enhancement factor of
almost 50 times the bulk liquid result. A complicating aspect
of the 61m geometry is the possibility of tunneling through
the He if the film is thin.

One of the most intriguing hypotheses proposed for both
internal and external surface electrons is that they may
form a two-dimensional Wigner crystal. The argument, due
to Crandall and Williams (CW71, Cr73), notes that at low
electron density the potential energy of Coulomb repulsion
dominates the kinetic energy. Hence at su%ciently low T
an ordered state which minimizes the potential energy will
be stable relative to a disordered one.

As mentioned previously, most experiments require an
applied electric field to overcome Coulomb interactions.
Here such a field, due typically to a submerged positive
electrode, plays the role of the positive background usually
required for charge neutrality. Characteristic dimensions in
the experiments of Williams, Crandall, and. Willis (WCW71,
CW72) are such that the interelectronic spacing (10' A)
is much larger than the s-wise spread in the charge density'
and the Bohr radius, but much smaller than the electrode
dimension. Thus lateral edge effects are probably unim-
portant. The system is essentially two-dimensional with
respect to long wavelength behavior, although nonplanar
correlations may be important at shorter wavelengths.

Assuming a square array for the electrons, Crandall cal-
culated the excitation spectrum for the case of a one-micron
lattice constant. The spectrum has two branches, a trans-
verse acoustic branch and a longitudinal plasmonlike
branch which has ~ ~ q'~' at long wavelengths The uo.-

~This will be the case if less than the maximum possible charge
density is adsorbed, so that the field remains nonzero far from the
surface.' Both polarization and propagation vectors of these modes are in
the surface plane.

usual q dependence occurs because the two-dimensional
Fourier transform of the Coulomb potential varies as q

'
(Cr72, Ch71) . With the phonon spectrum, one can calculate
the fluctuations (r2) of electrons about their assumed
equilibrium positions. Taking int;o account the long wave-
length cutoff in the spectrum due to finite lateral size, one
finds (Cr73)

(r') ~~(2 X 10—"+ 3 X 10 "T) cm2

so that the root mean square fluctuation at 1 K, for example,
is of order one-sixth of the lattice constant. Thus an-
harmonic corrections are relatively unimportant.

Recently considerable attention has been focused on the
nature of solids in two dimensions (DB72, KT73, K1G73).
Although no truly long-range positional order is present at
finite T in two dimensions, angular correlations do have
infinite range (Me68) . Kosterlitz and Thouless have
described melting in terms of an instability of the system
with respect to dislocation formation. A true phase transi-
tion is predicted to occur. An estimate of the melting tem-
perature assuming an acoustic excitation spectrum is
(El G73)

T = mkii&D'/ (32m'A'e),

where m is the density, and 0D the Debye temperature. This
is a qualitative estimate because of the invalid assumption of
acoustic behavior. Simply assuming a Debye spectrum and
taking Crandall's calculated value for the speed of sound,
one obtains a melting temperature of 4.5 K for e = 10
cm

The experimental evidence concerning the existence of an
ordered state on the surface is inconclusive. A diffraction
experiment could provide a direct test of the electronic
arrangement; while no delta functions are present in the
structure factor at 6nite temperature, very sharp peaks
should appear because of short-range order (MS70) .
More indirect verification could follow from mobility and
lifetime measurements, which we discuss below. We
emphasize that the most important calculation remains to be
done. That is a comparison of free energies of the ordered
and disordered states in order to determine the phase dia-
gram.

C. $urface state lifetime and mobility

Williams, Crandall and Willis have studied the lifetime
of electrons on the surface of liquid He (WCW71, CW72)
in the temperature range 1.1—3.5 K. Electrons deposited
above the surface by a negative corona discharge are held
there with the help of an electric field due to electrodes above
and below the interface. As the upper electrode oscillates
vertically, its charge variation probes the surface potential. .

The experiment measures the decay of surface electronic
charge after .the holding field is removed or reversed. For
short times, this decay is exponential with a characteristic
time 7- of order 10 4 sec. This result disagrees with that ob-
tained with a different technique by Ostermeier and
Schwarz (OS72), discussed below.

Crandall (Cr74) has calculated 7. by considering the
electrons' interaction with vapor atoms and ripplons
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The lifetime so obtained is shorter than that found ex-
perimentally by Williams et a/. The discrepancy may result
from the applied field and space charge. An alternative
speculation (Cr74) is that the electrons are Wigner-
crystallized, although we have no lifetime prediction for this

configuration to compare with experiment.

Predictions of the mobility of electrons with respect to
motion parallel to the surface have been made by Cole
(Co70b) . Scattering by vapor atoms and ripplons limits the
mobility in a manner analogous to impurity and phono@
scattering of electrons in solids. One calculates a momentum
transfer rate (inverse relaxation time) due to the electron-
ripplon interaction,

E„=6'k'/2m, (17)

for transitions in which the perpendicular ground state is
unchanged. The liquid surface tension 0- and the number and
mass densities, e~ and p, enter through the ripplon dispersion
relation,

(quantized oscillatory modes of the liquid surface). These
processes can cause "vertical" transitions between different
perpendicular states at the expense of energy of parallel
motion. ~ Evaporation transitions, from ground state to
continuum, each deplete the surface by the binding energy
per electron. However, the condensation process is unlikely
because the applied Geld draws continuum electrons away.
Consequently, the characteristic temperature of the elec-
tron system is below ambient and the activation temperature

~
E& ~/k& does not enter r explicitly, except at low tempera-

ture when the cooling effect becomes negligible.

mobility"

p(T) = (e/m) dkkaX '(T, k)

X exp (—PE
I I) dkk exp —(PEI I)

p(T) = p~(T) $1+ c'e'E, (c) —gj, (20)

TEMPERATURE (K)

07 0.8 0.9

where pt (T) is a mobility calculated by including only
vapor atom spattering, E~ is a,n exponential integral ( GR65,
p. 312), and c = X„/X~(T) is the ratio of ripplon to vapor
atom scattering rates for thermal electrons.

At low temperature ((1 K) ripplon scattering becomes
dominant, since e& becomes exponentially small. "Because
of the particular dependence A„'oX pEII in Eq. (17), the
mobility asymptotically approaches a constant value in this
regime. This behavior of p, depicted in Fig. 8, is a critical
test of the ripplon model (Co70b) .

The character of the electron motion must change at high
He vapor density from propagation with occasional scat-
tering to localization in protobubbles, a transition observed
in bulk He vapor near mr 10"cm ', or T = 3.5 K (LS67,
EC70, 71, He73) . Certainly this is an extreme upper limit
for the validity of the calculation, since by taking the states
to be T independent we neglect variation in both Vo and m~,
and this multiple scattering regime is poorly described by
Eq. (19).

Several rather ingenious techniques have been devised to

M = 0 if/p~ IO'—

and the interaction matrix element. ' The rate (17) has a
plausible dependence on effective charge Q in that a large
value corresponds to close electron proximity to the surface
and frequent scattering by surface oscillations. '

One can calculate the momentum transfer rate X~ due
to vapor atom scattering using a contact psegdopotential
e—He atom interaction and a method of Duke (Du68) to
treat the anisotropic scattering geometry. The result is

Xr = 37I Ryg, A/2B1g, (19)

7 A single scattering event transfers little energy to or from an
electron because of the latter's small mass.

8 The gravitational term omitted from Eq. (18) contributes only
for wavelengths longer than 0.1 cm.

The ripplon scattering result of (Sh71a and 71b) is incorrect unless
an applied field F & 10'Vjcm is present.

where the vapor density e-z varies rapidly with tempera-
ture. This expression assumes the electron to be in the
ground state of perpendicular motion, a valid approxima-
tion if the charge density is small and either T is low or a
holding 6eld is present. The total scattering rate P, the sum
of P„and X„canbe used to derive the two-dimensional

IO'
O

N
E

—" IO4

Io'—

IO2

I
Ol7

4

~ X

~-
~x

I ~ I ~I ~ I~l l~.j aLIJ g ~~~I I I gl I

I
ole IOI9 IO20 102 I

VAPOR DENSITY (cm ~)

' Equation (20) corrects a numerical error in (Co70b) .
"This situation is the reverse of the familiar case of resistivity in

solids, which at low T is determined by impurity scattering rather
than phonons.

l'"IG. 8. The temperature-dependent mobility of an external surface
state electron moving parallel to the surface. The theory (dashed line)
includes both ripplon and gas atom scattering (Co70b). Open circles
are data of (BG72); solid circles from (ST71). The solid line and
crosses are theory and experiment, respectively, in three-dimensional
vapor (M46, LS67).
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measure this surface mobility. Sorrimer and Tanner (ST71)
employed a set of three submerged electrodes and one vapor
electrode which create a vertical holding Geld. A voltage
pulse applied to one submerged electrode is transmitted
via the surface charge to another electrode. The relative
phase of input and output signals is related to the energy
dissipation in the surface layer, from which the electron
mobility is deduced. '2 The values obtained, shown in Fig. 8,
fall below single vapor atom scattering theory (M46) and
experiment (LS67) for three dimensions. However the
data do not show the low T limiting value predicted by the
ripplon scattering calculation. If few of the electrons are in
the ground state this would be expected, since the ripplon
matrix element falls off rapidly with s. This possible resolu-
tion of the discrepancy remains uncertain.

O

V)
O
Q

LLJ

tLJ
K

l.2

Ostermeier and Schwarz (OS72) subsequently measured
the parallel mobility directly. Their time-of-Right method
has the advantage of using small surface charge density
(5 )& 10' cm ) and is capable of discriminating a distribu-
tion of mobility values, if present. The data, however,
indicated a unique value of the mobility, equivalent to the
three-dimensional result of Levine and Sanders. In addition
this experiment measured an upper limit of 10 ' sec for the
lifetime, in disagreement with the previous results of
Williams, Crandall and Willis (WCW71, CW72). A possible
origin of these differences is the absence of a large holding
field in the Ostermeier —Schwarz experiment, which would
be required to significantly populate the ground state (see
Fig. 7) in this temperature range (T ) 1.06 K). These
experiments are being extended to lower T in the hope of
seeing evidence for ripplon scattering (073) .

The most recent determinatio~ of the surface mobility
is the cyclotron resonance experiment of Brown and
Grimes (BG72). Their microwave cavity has a resonant
frequency of 2.35 Q 10' Hz in the TE»& mode. A DC mag-
netic Geld Ho = 8.3 kOe oriented perpendicular to the
surface is resonant if the cyclotron mass equals the bare
mass, as was found to be the case within experimental
error. The linewidth of the absorption signal gives the
scattering rate, and mobility. The results, shown in Fig. 8,
agrees qualitatively with the calculation, but does not
extend to sufficiently low T to test for ripplon scattering.

The two-dimensional character of the states is demon-
strated by the data shown in Fig. 9. If the field is tilted at ao
angle 8 with respect to the surface normal, its magnitude
must be increased to Ho sec8 to keep the perpendicular
component constant, since it is the surface-parallel motion
which is quantized. The question of whether the image
potential or holding electric field is dominant in the binding
to the surface was resolved in favor of the former because of
insensibility of the absorption line shape and position to
applied field (BG72) .

Gor'kov and Chernikova recently showed that cyclotron
resonance can detect a Wigner-crystallized state (GC73).
The resonance frequency in such a state is calculated to be
(cv,' + cu')'~', where ~, is the bare frequency, and mrs'r'/2
is the single particle potential of an electron about its
equilibrium position. For the density of the Brown —Grimes
experiment (e ~ 5 && 10 cm ) co ~ 10" Hz ) co, ~

12Non-ohmic effects, present if the signal amplitude was greater
than 0.2 V, have been discussed by Crandall (Cr72).

1.0
sec 8

t. 2

FIG-. 9. Tilt angle (0) dependence of H(0), the magnetic field which
gives maximum absorption in the cyclotron resonance experiment of
Brown and Grimes (BG72), measured relative to II(0). The 45 degree
line corresponds to strictly two-dimensional motion.

D. Surface deformation and electron
localization

Thus far we have assumed the liquid surface to be per-
fectly Oat, apart from consideration of ripplons and their
interaction with electrons. However, this assumption is in-
consistent with the existence of the force (—d V/ds) on the
electron due to the liquid. It follows from Ehrenfest's
theorem that the net force on the liquid due to the electron
is zero. This force is not distributed uniformly, of course,
since it consists of a contact interaction at the s = 0 plane,
plus the long range electrostatic force I see Eq. (5)g. lt is
reasonable to inquire, therefore, how the liquid responds
to the external field of the electron. A related question is
whether there exists a localized state of a single electron
above a deformed surface. " It is obvious that a vertical
applied held Ii will cause such localization, and VA'lliams
and Crandall (WC71a) have observed a depressed surface
for the case of high electron density (see Fig. 10). Shikin
(71a, 71b) has studied localization of a single electron,
finding the lateral extent and binding energy of such a state

"Quite generally, the electron will be dressed by ripplons. We
describe here the special case of an electron moving above a static
distortion, a valid solution in the limit of electronic frequency much
higher than medium frequencies.

2 Q 10' Hz so the resonance frequency should have diGered
from u„this was not observed. One possible explanation

' for the discrepancy is that the lattice melting temperature
T is lower than the lowest temperature studied, 1.3 K.
This is not unreasonable in view of the crudeness of the
estimate T 4.5 K in the preceding section.

An alternative hypothesis is that the strong interelec-
tronic interaction responsible for creation of the lattice
necessitates a many-body treatment of its coupling to the
magnetic field, which has not been provided.
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E L E CTRONS
HE LI UM GAS attractive electron —He polarization interaction. The total

potential energy of the bubble is

V(s) = —Q'e'/s —Fes,

Q' = Q/'

a&0, (22)

METAL P

8IASE D POS I

(a)

LIQUID HELIUM This form of V is not valid close to the surface, because of
finite bubble size and diffuseness of the liquid —vapor
interface. V(s) has a minimum at a distance ( —sp) =
(Q'e/F)"' from the surface. Near sp ——the potential is ap-
proximately harmonic with a force constant kp = V" (sp)
given by

kp
——2 (eF'/Q') '". (23)

-~gikv~P&~

%@SsNNN &;

The motion of the bubble is characterized by an effective
mass M which is of order two hundred times the mass of a
single atom. "This determines the characteristic frequency
in the potential LEq. (22)g,

ppp ——(kp/M) '" (24)

to be

2 )
——s oa'/(eF)-,

Fb 19/(2mA (), (21)

which give A~ 10 ' cm', and Fp/kn 10 ' K if F = 300
V/cm. It would be interesting to see whether a variational
calculation yields a higher value of E&. Equally desirable are
estimates and measurements of the effective mass, which is
comparable to that of a helium atom at very low T.

Gor'kov and Chernikova have studied the collective
modes of the coupled electron —surface system in the high
density limit (GC73). Two kinds of instability are pre-
dicted to occur as the surface deforms in order to minimize
the Coulomb energy. One such deformation has a charac-
teristic length of order the He capillary constant, a, =
(2o/pg)'i' 0.07 cm. The associated instability appears
when the electron density exceeds et ——(pgo. ) '~'/(2m-es) '~'

2 Q 10' cm ~. Another instability occurs for density greater
than es = (Pgh, /6vres) ' ', where k, is the surface height above
the submerged electrode. If h, & 0.2 cm, e2 ( n~ and the
second instability will appear first. Such densities can be
obtained experimentally and the instabilities are of con-
siderable interest.

(b)

FIG. 10. Depression of a liquid He surface due to the presence of
2.5 && 10 electrons/cm'. The applied Geld is 2000 V/cm. The depth of
the depression is about 0.1 rnm. From (WC71a).

Another parameter of the bubble motion is (As), defined as
two times the average amplitude of the classical oscillation
at a temperature T. In the harmonic approximation one
finds

(As) = (SkeT/kp)'".

The magnitude of (As) at T = 1 K is presented in Table II
along with other parameters of the bubble motion. Note that
Az is comparable to s0 for these fields, implying that the
bubble is not well localized and that anharmonic terms are
impor tant.

A. Bubble dynamics

Following the suggestion of Shikin (Sh70), Poitrenaud
and Williams performed a resonance experiment to study
the surface bubble states (PW72) . A radio frequency elec-
tric field is applied in the s direction, and the absorbed power
measured as a function of static field F (Fig. 11).A reso-
nance occurs when the rf field frequency 2+v equals co0 of
Eq. (24). At the experimental temperature T = 0.7 K, the
momentum relaxation time 7 is 1.4 X 10 s sec (Sc72), so

& 1 and the resonance is relatively sharp.

The effective mass M that results" is about 65 4He

TABLE II. Parameters of bubble oscillation at T = 1 K as a
function of applied field F. An effective mass of 200 4He atomic masses
has been assumed.

IV. INTERNAL ELECTRONIC SURFACE STATES

Figure 2 depicts the geometry relevant to the internal
electronic surface state. Electrons, produced in the liquid by
a radioactive source or by cathode injection, localize in.
bubbles in about 10 " sec (OnS71). Electrodes placed on.
either side of the liquid —vapor interface establish an electric
field I which accelerates the electron bubbles toward the
interface from below. This upward force is opposed by the
image force, which is directed downward to maximize the

&(V/cm) iso'(A) (ns)(A) kp(10 'E'/4') up(10'Hz) /ihip/kn(mX)

50
300
600

434
178
126

0.27
3.91

11.05

1.66
6.37

10.71

1.27
4.86
6.17

'435 is approximately equal to the classical hydrodynamic value
of half the displaced liquid mass. For an excellent review of ions in
liquid He, see (Fe74).

"The quantities M and R are revisions of those reported earlier
(J. Poitrenaud, private communication).
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I 'I I I
I

I I we have

I I I I I I I I I I

1 (&) = 1 (&p) + &p(z —sp)'/2+ c3(s —sp)'

+ c4(s —zp)4 + ~ ~ ~ ,

cp ——Q'e%p4,

c4 ———Q'e'/sp'.

(27)

-600 -400 -2pp 0 200 40p
E (volt cm-i)

FIG. 11. Resonance absorption of (a) positive ions and (b) negative
ions (bubble electrons) beneath the surface at T = 0.7 K. The rf
frequency is fixed at v = 209.4 MHz and the static field varied. From
(PW721.

If terms in V beyond quartic are neglected, the eigenvalues
of the Schrodinger equation can be determined (LaL58).
The energy separation between levels j and j —1, equivalent
in the large j limit to the classical frequency times h, is

O

masses, corresponding to a radius R of 10.9 ~ 0.1 A. These
values are quite low relative to previously accepted ones
(Fe74, PC74) . However this experiment represents the most
precise and direct determination of M to date, as no bulk
cyclotron resonance measurement has succeeded. A momen-
tum relaxation time measurement by Dahm and Sanders led
to the conclusion that M falls in the interval 100—200 atomic
masses (DS66, 70) . One distinguishing feature of the surface
experiment is the absence of liquid from the vapor half-
space. Here M is determined by the kinetic energy of
hydrodynamic Aow about the bubble, which is proportional
to v'(r) r ', where r is the distance from the bubble.
Thus there is a mass shift 8M ~ —

~

s
~

' as the surface is
approached. However this should be a small effect unless
the bubble comes closer to the surface than about 2R.

6F& =A(ppp '—gpii),

where

~, = 15cPA'/2m'~ ' —3c,A'/ni'~ '

Assuming the thermal distribution of oscillators among
levels to be approximately proportional to exp( —jPA'cop),
one finds a distribution of absorption frequencies

f(pi) ~ expt —PA'pip(pip —pi)/prig,

This determines a width in the absorption line due to
anharmonicity

Mr = —V'V(s) —gr, (25)

where r is the ion position vector, and V(s) given in (22)
includes the static field. The drag coeKcient g has the
value e/p, in which we can use the low field mobility p, for
the complete velocity range of interest (SS68, Sc72). One
can easily calculate the power absorbed from an rf held
of frequency v, if V is assumed to be harmonic, a restriction
we relax below. The peak-to-minimum width in the deriva-
tive curve is then predicted to be bv = g/(&32irM). Con-
verting this to a static field width QIi through the relation
pip ~ FPi' from Eqs. (23) and (24) yields

AF/F = 2/(3'~'irrv). (26)

For the case v 2.09 && 10' Hz, F 398 V/cm, one finds
AF

'

16 V/cm, which is small compared to the observed
width of 90 V/cm (PW72). The discrepancy is due to an-
harmonicity of the potential V(s), which can be shown to
dominate the broadening. Expanding the potential about so,

It should be noted in contrast that the positive ion
studied in the same experiment yields a very reasonable
effective mass ( 44). A first harmonic for the positive
appears in Fig. 11, suggesting the possibility that the single
negative ion resonance observed is not the fundamental
(Pa73). This would improve the situation considerably
because it would imply M 250 (R 17.5 A) —actually
less when anharmonic corrections are made. Thus this is a
plausible explanation, pending further data. (cVote added in
proof: New measurements confirm this hypothesis (J.
Poitrenaud, to be published) .j

While the resonance position is puzzling, the observed
linewidth can be successfully explained. The equation of
motion of the ion in the absence of the rf Geld is

(a~).„=ln2 (~i/PA~p)

= (27 ln2/2 i') PENT(F/M'Q"e')'i, (29)

Poitrenaud and Williams report some dependence on ion
density of the linewidth for negative ions, but none for
positive ions. We estimate the effect of interactions a,s
follows. Consider two bubbles constrained to oscillate on
lines perpendicular to the surface which are separated by a
distance D. If the s component of the separation, As =
s2 —s1, is much smaller than D, the s component of the
force between. them is e'bs/pD' The out-of-pha. se normal
mode frequency of their coupled motion then differs from mo

by Rpp —— e'/pD'Mppp. Because D—varies, the absorption
line is broadened by a corresponding (hF), 0.01 V/cm
for a density 3 && 10~ cm ~. This value is small relative to
other contributions to the broadening. The existing data is
inadequate to make a comparison with this estimate.

Another experiment suggested by Shikin is a mobility
measurement with a field component parallel to the surface
(Sh70) . The mobility will differ from the bulk value because
the dominant scatterers at low T, phonons and 'He atoms,
satisfy boundary conditions at the surface, and also because
ripplons will contribute there. Shikin calculated the phonon-
limited mobility, considering effects of the boundary condi-
tions at both the free surface and the bubble surface. Taking

where the values of so and coo have been substituted in Eqs.
(27) and (28). The width in F that follows from this ex-
pression is (AF) „64V/cm, which is four times as large
as the momentum relaxation linewidth and determines a
total of order 80 V/cm, in good agreement with the observed
90 V/cm. Furthermore the linear T dependence of Eq. (29)
and magnitude of AF for the positive ion agree with experi-
ment.
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200—
o Meosured trapping time

lOO

50

ing to the Brownian motion of the heavy ion,

n, (s) = c expt —pV(s) j,

where c normalizes the integral of n(s) over s to give the
instantaneous number of electrons present in the liquid. If
one knows t(s), the probability per unit time of tunneling
from a bubble at s to the vapor, then one can obtain the
total current leaving the liquid

lO j=e ds n(s) t(s). (31)

Schoepe and Rayfield use a semiclassical Ansatz for t(s).
If an electron's tunneling trajectory is inclined at an angle 0
to the surface normal, the path length in liquid is

l(0, s) = s/cosg —R,

l.9 I.B l.7 l.6 l.5 l.4 I.5
T {K)

FIG. 12. Measurements of trapping time of electrons in bubbles
beneath the surface as a function of applied field and temperature.
The solid lines are calculated by Schoepe. and Rayfield (SR73) using
the radius and decay constant values shown.

where R is the bubble radius. The probability for such an
event can be estimated as the product of an attempt fre-
quency v (2EO/rn)'t2/2R in the bubble and a barrier
penetration factor exp( —2o.l), where Eo is the electron
energy ( 0.1 eV) and

the pressure excursion due to the phonon as vanishing at the
interface implies a decreased scattering of bubbles located at
s & P „,the phonon wavelength. As T decreases, the charac-
teristic phonon wavelength increases as T ', so the region of
reduced scattering moves outward from the interface. Thus
the surface mobility rises above the bulk when the condition
s~ & ncaa is satisfied, where c is the speed of sound.

The contribution of ripplon scattering should become
important for s small compared to a thermal ripplon wave-
length X, 2irfo. A P /pg't At T = 0.7 K, for example,

40 A, compared to 3„160A. These effects should
be further explored.

B. Field emission from bubbles

Several experiments have investigated field emission of
electrons from bubbles (CFG60, BMM66, ScP70, RS71a,,
RS71b, SR73, CW72) . Recently Schoepe and Rayfield
performed a detailed analysis which successfully explains
their trapping time data in terms of tunneling of the elec-
tron from bubble to vapor, through the liquid potential
barrier V, (SR73)."

The experiment measures a current j arriving at an
electrometer above the surface, as a function of time after
an initial number of electrons in bubbles are positioned
beneath the surface. The current is observed to decay ex-
ponentially with a characteristic time ~ of order 1—100
seconds (see Fig. 12). This time is long compared to that
required for the bubbles to equilibrate ( 10 'o sec) with
the He. It is therefore plausible that their distribution in
space n(s) corresponds to equilibrium in the absence of the
emission process. At high temperature (PKcuo((1), n(s)
can be taken to have Maxwell —Boltzmann form correspond-

' 'Williams and Crandall (WC71b) and Springett (Sp72) have
shown how the early DC current measurements can be related to
trapping times.

o.2 = 2m(VO —Eo)/A'.

The total escape rate is obtained by integrating over
e & ~/2,

7r/2

t(s) = v. expL —2nl(9, s)1 dQ/4~.

Because t(s) falls off exponentially with s, prediction of
the current is quite sensitive to assumptions about both
the bubble surface and the liquid —vapor iriterface, even

'7 Since n = 0.43 A ', the constant is about 2000. This argument is
especially appealing because a comparable factor is needed for the 'He
case.

Since we know V(s) and have reasonably accurate values
for Vo and R, the theory makes an unambiguous prediction
for the field and T-dependent current j, or equivalently the
decay constant v-. Conversely, we can use the experimental
data to select best values for Vo and R. The latter procedure
has been used in Fig. 12 to yield excellent agreement with
Vo 0.82 eV and R = 24.8 A. This result for V() is con-
sistent with, although somewhat smaller than, previous
values (see Sec. II). However R = 24.8 A is considerably
higher than the current best estimate of 16 A. As noted by
(SR73), this could arise from a missing constant factor'7 in
the expression for j, since R enters primarily through a
factor exp(2nR) . It is conceivable that a better calculation
of t (s) will remedy this discrepancy. Such a calcula, tion
would have to incorporate inelastic processes involving
bubble relaxation during tunneling. $)Vote added in proof:
A tunneling Hamiltonian calculation by the author, to be
published, finds an even smaller t(s), hence even larger
value of .R.)
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though the @zeal' bubble position is far from the surface.
If F = 150 V/cm, for example, most of the emission comes
from bubbles about 33 A from the surface (SR73), even
though so 250 A. These electrons tunnel through a
barrier about 5 interatomic spacings wide. The diffuseness of
each of the two surfaces penetrated is about one inter-
atomic spacing (Co70a, ShW73, PC74), so this represents
an important consideration (KRK70).

Recently considerable attention has been focused on the
nature of the electronic states in dense He vapor, especially
in the vicinity of the localized free transition (EC70, 71,
Eg72, He73) mentioned above. Tunneling from bubble to
vapor is capable of probing the energy spectrum of both
initial and final states. In particular, the electron energy in
the bubble, Zo, decreases with T, becoming equal to the
minirnurn energy in the vapor Vs(ev) at about 4.2 K.
If the electron tunnels elastically, one would expect a
rapid decrease in the rate near this temperature. However,
preliminary results of Schoepe and Wagner in the range
3—4.6 K show a relatively slow decrease with temperature
(ScW73). Further investigation of this aspect will be
quite valuable.

We mention for completeness that several experiments
have explored emission of electrons from negatively charged
vortex rings accelerated toward the surface (CDMR68,
SuR68, MR72, HSp72) . This differs from the bubble
problem in that the vortex ring interaction with the surface
is the dominant effect. If the interface remains Oat, an
approaching ring expands and slows down, eventually
permitting the electron to tunnel from about 50 A below the
in.terface (HSp72) .

V. CONCLUSION

Our understanding of each species of surface state stands
at an intermediate stage of development. While experiment
has confirmed the basic ideas, several important questions
remain. Some of these are listed below.

We lack experimental demonstration of the electron-
ripplon interaction for the external state. This may result
from an extension of existing experiments to temperatures
below 1 K. Equally interesting would be a manifestation of
electron localization, either in a Wigner lattice or in single-
particle states near a surface depression. Both theoretical
and experimental work would be valuable.

For the internal state we need an explanation for the
large effective mass deviation from the bulk values. Im. -

proved calculations of the surface modification of the tun-
neling rate are necessary in order to learn about diffuseness
of both the bubble surface and the liquid —vapor interface.
Mobility experiments will be useful for these states as well.
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