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A unified treatment is given of the high-energy elastic and inelastic electromagnetic scattering of electrons and muons
by hadrons in terms of the polarization density matrix of the virtual photon exchanged. It is shown that when the leptons
are longitudinally polarized, the virtual photon is in a pure polarization state which is a coherent superposition of an
elliptically polarized transverse state and a longitudinal state. Experiments utilizing these features are suggested and
the formulas for the cross sections are obtained. The limit in which the virtual photon is almost real is investigated
carefully. Finally, it is shown that the formalism is immediately applicable to neutrino scattering.

I. INTRODUCTION

Experiments where electrons or muons are scattered
off nucleons and nuclei have been pursued for many
years in order to discover the electromagnetic properties
of the nucleons and nuclei. In”elastic scattering, the
quantities of interest measured by these experiments
are the form factors Gg(%?) and Gy (%?), which describe
the longitudinal (Coulomb) and transverse (magnetic)
coupling strengths of a virtual photon of four-momen-
tum % to the particle. The Fourier transforms of Gg
and Gy in configuration space can be considered the
charge and magnetic-moment spatial distribution
functions of the particle (at least in nonrelativistic
models). In the case of inelastic scattering,

I4+H-I+-H, 6)
it is convenient to consider the equivalent photon

process
y+H—H', (ii)

where H, H' are two different hadronic states. The
photoexcitation amplitude describing the transition
(ii) from H to H' at center-of-mass energy W is written
as T(W). Then for the process (i) the transverse
transition amplitude T'(%% W) for which T(0, W)=
T (W) can be measured, as can the longitudinal tran-
sition amplitude L(k%, W), which is not present at
k*=0. If only the four-momentum of the final lepton is
measured, k¥ and W are determined, but effectively
all states H’ of energy W are included. So in this case
the quantities measured are the total absorptive cross
sections or(k2%, W) and o(k2, W). All these quantities
T, W), L(B3, W), ar(k, W), and o5,(k%, W) are of
great interest in symmetry schemes and dynamical
models in elementary particle physics and nuclear
physics. If H and H’ are degenerate in some symmetry
scheme, the quantities T°(k%, W) and L(k? W) can be
related to the form factors of H. Dynamical models
(sum rules, superconvergence relations, bootstraps, for
example) relate integrals of or and oz in 2 or W or
both to zero or to the static electromagnetic properties
of H, or will give the asymptotic properties of T, L,
or, oz as k? and W tend to infinity.!
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At present most experiments of this kind are per-
formed with electron beams at electron accelerators.
Muon beams have been formed from the decay of pions
in flight at the major proton accelerator sites, and
experiments have been successfully carried out recently.?
Larger proton accelerators giving rise to more intense
and higher-energy pion beams will probably be built in
the next few years; this should make muon experiments
of this kind more common. In particular, muon beams
have one major attribute not possessed by electron
beams: they are polarized. We shall always mean
longitudinally polarized when discussing polarizedleptons;
this component dominates scattering at high energies.?
In principle, it is also possible to partially polarize
electron beams,* and so it is interesting to make an
analysis of what new information can be obtained with
polarized lepton beams; that is the purpose of this
paper.

We begin in the next section by constructing the
polarization matrix of the virtual photon initiating the
reaction (assuming always that only one photon is
exchanged) in the approximation where the lepton mass
is neglected. In Secs. III and IV we systematically
analyze elastic and inelastic scattering of these polarized,
zero-mass leptons by nucleons; we choose pion produc-
tion as the simplest and perhaps most immediately
interesting inelastic process. In Sec. V we consider the
corrections to this formalism necessitated by including
the lepton mass. These corrections are most important
in the forward directions where #2—0. Finally, in Sec.
VI we show that neutrino scattering can be included in
this general formalism.

II. DENSITY MATRIX
We first consider the process
v+ N—-N',
where NV’ is any hadronic state. The amplitude 91 for
this process is given in terms of the hadronic electro-
magnetic current operator J, by
M=e(N" | Ju| V)& (1)

where &, is the polarization of the real photon v. The
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cross section for this process is given in terms of | 91 |2
= > (N'|J,| NYN'|J.| N)&,*8,

pol,spin
=eT,,Ly; (2)
va= 28,*8,‘, (33,)
pol
Tuw= 2 (N'|J,| NY(N'"| J.| N, (3b)

spin

where D sums over final states and averages over
initial states. If the Lorentz condition %£-8&=0 is used,

kapv = kle.w =0. (4)
As the hadronic current J, is conserved (using the
shorthand J,=(N"|J,| N)),
kuJy=k,T =k, Tu=0. (5
Equations (4) and (5) imply that it is sufficient to
consider the spacelike components only of Z,, and
Tu»* The 3X3%matrix p;j=Ls; is called the photon-
polarization density matrix. If we take the photon
momentum to be in the z direction,’

ku= (0, 0, , ik), (6)
then
8= (8, &, 0,0),
| & [+ |8 P=1. (N
For linearly polarized photons in the # direction
100
p=(pi)=10 0 0 (8)

000
For unpolarized transverse photons averaged over x
and y directions,
$3 00

p=1 030 9)

000

For a partially linearly polarized beam of relative
strength (148&) in the x direction to (1—8) in the
4 direction,

3(1+8) 0 0

p= 0 3(1-8) 0 (10)
0 0 0
For right circularly polarized photons
Eu= (1/\/2) (1,4,0),
and so
3 —i/2 0
=142 3% 0 (11)
0 0 o0
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We now turn to virtual photons. The matrix element
for the process

. h+N—l+N'
T e nImGlalnE, )
assuming one-photon exchange, and then
I n |2= (26*/k) Ty Ly, (13)
where now
L= 2 | j | WY¥ G| Jul k) (14)

spin

and T, is given as before.
The electromagnetic current for leptons is given by

Ju=1Tgy,1, (15)
kyju=kuLyy=Fk,L,,=0, (16)
and for unpolarized leptons
2Ly =15 Tr [y-Irv,v-levs]
= 2Nyt loy— e oBys)
=2(hilout+hdos+3K%,5) (17)

where the lepton mass m has been neglected. This will
be a good approximation for 2Z>m? To evaluate the
right-hand side of Eq. (17), the 2 direction is defined
as before:

k=(0,0, | k|, ik) (18)

and the x-z plane, the scattering plane, is defined by
the leptons. Then, after some manipulation,

2Ln=1+(B/| k |) cot? 3y

=(1+8)/(1-9), (192)
2Lp=1, (19b)
2Ly= (k'/F?)[&/(1—8) ], (19¢)
2Ly=2Ln= (k’/F*)"?[28(14-8) ]**/(1—8), (19d)

Lyp=Ly= L23=L32=0, (196)

where § is defined by Eq. (19a) and clearly measures
the transverse linear polarization of the virtual photon
[cf. Eq. (10)]. From Egs. (19c) and (19d) & also
measures the longitudinal polarization of the virtual
photon and can be written as

8=[1+2(|k [*/#*) tan® 3 J™; (20)

¥ is the angle of scattering between incident and final
lepton.$

The polarization matrix p; could be taken to be
(1—8&)L;;. But the longitudinal components of Eq.
(18) are not in their most useful form, as they appear
to be singular for the real photon limit of 22=0 (see
Sec. VI). It helps to write out the amplitude 91 directly
in terms of the currents. Then,

Juju=Ji=Jojo=Js jut Ty jut-[1— (| kK /&) V5o,
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using Egs. (5) and (16), or
Juju=Jz jutJy jy— (B*/k)J : fo. (21)

Thus, it is possible to include the current conservation
factor (—#k?/k?) in the lepton contribution to 91 and
ignore it in the hadronic. With the inclusion of this
factor, the polarization density matrix can be written:

pu=(1—8) Lu=3(1+¢8),

p=(1—8) Lp=3(1-8),

pss= (k*/ks*) (1—8) Lyy= (B*/ke®) &,

p13=psn=— (K*/ke*) (1—8) Liz=— (k/ko) [36(14-8) ',
(22)

We have written k= (k?)Y/?; henceforth it will only have

this meaning. Finally, the longitudinal polarization is
defined:

p12= pa1= pa3= p32=0.

Thus, experiments using unpolarized leptons are
equivalent in the small %% limit (but remember that
F>>m?; we go into this point later) to those using
partially linearly polarized photons. Furthermore, the
polarization & will be known very accurately. This
result has been known for some time.? In general, there
will also be the interference term between the longitu-
dinal and transverse components of & which can be
used to measure longitudinal amplitudes of the hadronic
transition.

The main result of this paper can now be approached.
Suppose our incident leptons are polarized (say, right
polarized). Then the operator for zero-mass leptons
which projects out the states for which

é-px=1plx
is $(1—1s). The corollary of Eq. (17) is now

2] 1Ty - . -
fm (R/ED)E, 2 . 2B Ly=3% Tr [y-bhyoy-lovu(1—7s) ] (26)
and now Ly=L,5+ L4, (27)
3(1+8) 0 —[3&c(148) ]
where L,,5, the symmetric part of L,,, is given by Eq.
Y g y
p= 0 1(1—8) 0 (19), but L,,4 satisfies
—[ec(1+8)2 0 &L o 22 Lyt = —% Tr [v-lovyy-evavs]
(24) . k?L‘”A = 8oqtﬁvllal2ﬂ; (28\
This is the desired result which shows that in the @€,
scattering of unpolarized leptons, the density matrix of Lyt =—LyA=—%i (14-8) /(1—8&) ]2, (29a)
the virtual photon is the incoherent sum of the two .
pure states’ L= — Lyy* = (i/V2) (ko/k)[&/(1—8) ], (29D)
. &= {[3(1+8) "% 0, —&.1%} (25a) Ligt=Ly4=0. (29¢)
an
&=1{0, [3(1—8) ]? 0}. (25b) The new density matrix, defined as before, is
Hi+e)  —H(-e)R —[e(i+e) e
= mO-ee 3-8 —ibe-eIe (30
—[e(1+8) 1 d[3e.(1—-8) ] &1

This density matrix shows that the virtual photon is in
the pure polarization state

&= {[3(1+8) ] [3(1—-8) ]*% —&.}. (31)

Thus, scattering by polarized leptons is equivalent to
scattering by a photon whose polarization is a super-
position of a transverse elliptic component and a
longitudinal component. To extract the new information
contained in interference between xy and yz components
requires scattering off polarized targets, for otherwise
an antisymmetric contribution to 7, in electromagnetic
interactions cannot be obtained (as parity is con-
served). Alternatively, recoil nucleon polarizations
could be measured, but our analysis will be made in
terms of target polarization, as this should become the
more effective technique.

The rest of this paper (except Sec. VI) is devoted to
a study of the scattering of polarized leptons off
polarized nucleons.

III. ELASTIC SCATTERING

We will now calculate the elastic scattering of a
polarized electron or muon by a polarized nucleon.® A
formalism is developed which goes over easily into the
calculation of inelastic scattering. It is most convenient
to work in the Breit frame of the nucleon,? rather than
the general frame of the last chapter. If &, p1, &, P2
denote the four-momentum vectors of the incident and
final lepton and nucleon, the momentum transfer % is
given by

k=h—l=py—p1; (32)
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in the nucleon Breit frame This gives the Rosenbluth formula
ko=0,k || p1. (33)  do/dQ=(o’/R?) (E'/E)*{Gg’[cot® 3¢/ (1+7) ]
F Eq.
rom Eiq. (192) G2t cott W/ (140) T}, (42)
(14+8)/(1—8) = csc 3¢z, (34)

where ¥ is the lepton angle of scattering in the nucleon
Breit frame. & is not an invariant quantity, but it is
invariant under Lorentz transformations along k.

The lepton four-momenta are (taking the z direction
along k)

h=2%k(cot 3¢5, 0, 1, 7 csc $¢5), (35a)
lo=1k(cot 3¢5, 0, —1, 7 csc 3¢s). (35b)
The elements of the tensor Z,, for an initial lepton of
positive helicity are easily calculated to be
2Ly = csc? iy,
2Lg=1,
2Ly=— cot? Y3,
2L14=2Lyg=1 cot 3¥p csc Y5,
2L1p=—2Ly=—1 cSC 3Y¥3,
2Lgy=—2Lgp=— cot 1Yz,
Ly=L;s=0. (36)

The proton current in its Breit frame is very simple.
In terms of two-component spinors, the nucleon
current is

Ju=x2"F"x1,
where
Fl=1kGy 6" eq,
F2= —ikGuyé- ey,
F3=0,
Fi=2MiGg; 37)

€1, €, €; are unit vectors along the «, v, and 2 axes, and
Gr(k?) and Gu(k?) are the electric (Coulomb or
longitudinal) and magnetic (transverse) form factors
of the nucleons. For unpolarized nucleons we can con-
struct the symmetric tensor T, given by Eq. (3b)¥:

Tu=% Tr [F+5+] (38)
leading to

Tu’—‘ T22= k2GM2, T44= - 4M26E2; (39)

all other T,,=0. Hence
2L, Tw=Fk*Gr?(2+ cot? 3yp) +4M?Gg?® cot? 3¢5.

In terms of the angle of scattering in the laboratory
frame ¢,

cot? $yp= (cot? ¢) /(1+1),
r=R/AM.

(40)
where

(41)

where E and E’ are the energies of the initial and final
lepton in the laboratory frame.

Alternatively, in terms of the polarization &, Eq.
(42) can be written as

do/dQ= (2a2/R?) (E'/E)*(1—8)1(8Ge*+7Ga?)  (43)
or v
do/dQ= (a?/2M?) (E'/E)*(1—8) (G +8:Gr?), (44)

using T=Fk*/4M?*=Fs/k?. Note that in this case as
k*—0, &—o and the longitudinal terms dominate.
This simply shows that the corresponding real photon
process y-+N—N is forbidden.
For a polarized target, T, must be added to T, of
Eq. (38):
Tyur==4% Tr [F+F#é-n] (45)

for the nucleon polarized along (opposite) the direction
defined by the unit vector n. For large values of %2,
say 7~1, the term involving G»*® in Eq. (42) is about
40 times as big as the term Gg? [making the usual
assumption that Gy (k?)~Gg(#?); Gg(0) =1, Gu(0) =
2.797]. This means that it is basically Ga? which is
measured in the existing experiments at large momen-
tum transfer. The most interesting experiment is thus
to measure an interference term of the form GGy and
so find Gg. From Eq. (37) interference between (14)
and (24) components will provide terms of this form;
Eq. (36), however, shows that Ly=—Ls, while
Ly= Lg. So the configuration necessary will be one in
which T9=— T, and the proton must be polarized in
the x direction [defined by the lepton momenta in
Eq. (35)]. Now

To*=— Ty =2MkGyGar, (46)
S0
2L, Tuw=FGo? (24 cot? 3yp) +4M>Gg? cot? 3yp
FAMEGEGar cot 3 (47)
or
do/dQ= (a?/2M?) (E'/E)?(1—8&)!
X{Ga’+-8.Ga*F2GeGu[ 38 (1—-8) 2},  (48)

where the alternative sign comes from reversing the
direction of polarization. Thus, measuring the asym-
metry in the cross section on flipping the target polar-
ization will measure GgGy directly. Note that the sign
of Gg can be determined in this measurement; as
Gr=F1—1Fytit is a priori quite likely that Gk becomes
negative for large values of %% The target nucleon must
be polarized perpendicular to the virtual photon in the
Breit frame, i.e., perpendicular to the direction of the
recoil nucleon in the laboratory and in the scattering
plane.
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For targets polarized in the 2 direction, it is easy to
show that the asymmetry is proportional to Ga?.

IV. INELASTIC SCATTERING—
PION PRODUCTION

We now turn to pion production,

L+ P1—>l2+ P2+ q
k=h—0b, ktpoprtyg, (49)

where ¢ is the four-momentum of the final pion. We are
interested in coincidence measurements whereby two
of the final particles are observed, and thus all the
momenta of all the particles are determined. This is
the simplest inelastic process, although its formulation
is complicated enough. The methods of the last section
are followed; the square of the matrix element for the
process is still best evaluated in the Breit frame of the
nucleon, given as before by Eq. (33). But the nucleonic
system now defines its own plane containing k and q.
So the lepton momenta l; and l; now depend on the
angle ¢ between the leptonic plane and the nucleonic
plane. Hence,

h=%k(cot 3¢5 cos ¢, cot HYp sin ¢, 1, 7 csc 3¢p), (50a)
ly=3%k(cot 3¢5 cos ¢, cot 3Yp sin ¢, —1, 7 csc 1¥s).
(50b)

It is convenient to break L,, up into symmetric L,,$
and antisymmetric L,,4 components when describing
scattering by a positive helicity lepton.

We have

2LyS= 1+ cot? 35 cos? ¢,
2L125=% cot? %\pg sin 2¢,
2Ly8=1+ cot? 3Yp sin® ¢,

2LyS=1 cot 35 csc 3P cos ¢,

or

2LyS=— cot? iys,
2Ly8=1 cot 3¢ csc HYp sin ¢,
Ly5=0; (31)
and
2L154=—1 csC 3Ys, 2L,4= cot 3Yp sin ¢,
2LyA=— cot 3Y5 cos $. (52)

First consider an unpolarized target. The nucle-
onic contribution 7T,, will now be symmetric; also,
as the y axis is perpendicular to the Breit frame, the
only symmetric tensor which includes a component in
this direction is 8,,. Since T,;3=0,

2L T o= (14 cot? 3y cos? &) Tn®
+ (14 cot? 35 sin? ¢) TuB— cot? 3YpTu®

+1 cot 1Y csc 3¢p cos ¢(TiP+TuB), (53)

where T,,® indicates that the tensor is evaluated in the
Breit frame. The most convenient frame in which to
evaluate T, is the center-of-mass frame of the reaction
k+ pr—pa+q. In order to reach this frame from the
Breit frame, a Lorentz transformation is made in the
2 direction transforming
. k,=(0,0, %, 0)
mto

kﬁ,= (O: 0: kc: iko) ’

where k; and k. are functions of %2 and the center-of-
mass energy W .2 In this frame

k2T33= - k02THB;
kTa.'= bl ikng,B y kT;3= bl ikoT,:4B; (54)
Putting all this together gives the well-known result

& a E'|K| _y dos
dE'dwdQ, 2m*E k? (1-8) aQ. (55)
for the differential cross section for scattering into the
lepton solid angle dw: measured in the laboratory and
into the pion solid angle dQ, measured in the center of
mass. E, E’, and | K | are measured in the laboratory
frame; i.e., in this frame k,= (K, iK,), Ko=E—FE'.
do,/dQ is the cross section in the center-of-mass frame
for pion production by a virtual photon and can be
written from Egs. (53) and (54) as

(kﬂ/] q !) (da,/dﬂ) =§(T11+T22)+%(Tu— Tzz)g Ccos 24)
+8,Tss—[38. (148) 12(Tye+Ts) cos p.  (56)

The first term is just the cross section for pion produc-
tion by an unpolarized, transverse virtual photon; the
second term comes about from interference between
transverse states and is the ¢-dependent term which
occurs in photoproduction using linearly polarized
photons; the third term is the cross section for pion
production by a longitudinal photon, and the fourth
term represents interference between longitudinal and
transverse components. The expressions for the T';
in terms of the conventional amplitudes ;- «-Fe'? are
given in Eq. (A4) of Appendix A. By varying ¢ and &
for fixed k2, W, and 6, each of the four terms can be
measured separately.

We now consider scattering off a polarized target
First, let us consider what can be learned in pion
photoproduction experiments using polarized transverse
photons and polarized targets.!® There are four complex
functions F;, F», Fs, F+ and hence seven independent
quantities describing pion photoproduction for each
pair of values of W and @ (the pion scattering angle).
If linearly polarized photons are scattered by an un-
polarized target, two quantities 7y and T are meas-
ured, one for each direction of polarization. Linearly
polarized photons scattered by a polarized target give
two amplitudes for each direction of polarization of the
target; hence, six independent quantities can be

i j=1,2.
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measured (the two amplitudes measured on an un-
polarized target are, of course, not independent of
these six). Thus, this is still insufficient to specify the
problem; these measurements must be supplemented by
measurements of a circularly polarized photon scattered
by a polarized target, which give two extra quantities
and provide a complete set of measurements.

Furthermore, the measurements using circularly
polarized photons involve the real part of certain
products of amplitudes F;, while the measurements
using linearly polarized photons involve the imaginary
part of the same products of amplitudes. Hence these
measurements are complementary.

Proceeding to the calculation with a polarized target,
we write down the formulas for the target polarized in
the #, y, and 3 directions: The # and y directions are
defined so that the pion momentum g is given by

q=| q| (sin 6, 0, cos )
or

q/| q | =e; sin 6+e;3 cos 6; » (57)

We define

€;=€3 X €;.

T.=% Tr [5#F7¢-n]. (58)

From measurements [using Eq. (55)] of the pion-
production cross section do,/d2 for polarization along
and opposite to the direction n, we can form the sum
and differences

d 2(doo/dQ) 5= (do+/dQ) "+ (do,/d)™
T da )= (o a0 (dofd) . (59)
(do,/dQ) s" is just do,/dQ of Eq. (56) for unpolarized
particles. The asymmetry in the cross sections for
polarization along the x and z directions is given by
(do/dQ) p"=3[T1o"+Tua™) & sin 2¢

—(4/2) 1= (T — T
—[38.(1+8) J*(To"+T3") sin ¢
—i[38.(1—8) JV2(T 95— Tas™) cos .
For polarization along the y direction,
(do/dQ) p¥=%(Tu?+ Tog¥) +3(Tu¥— To*) & cos 2¢
+&.Ts?— [38(148) J'*(Tw*+Tw) cos ¢
+i[38(1—8) J*(T1#— Tr¥) sin ¢.

All four terms in Eq. (60) and all the interference terms
in Eq. (61) can be measured by varying the azimuthal
angle ¢. To decouple the transverse and longitudinal
terms (Tu?+To) and T3, & must also be varied. The
expressions for 7 are given by Egs. (A5)-(A7) of
Appendix A.

As seen from the form of these expressions, the sym-
metric terms T+ T;* (which could be measured with
an unpolarized beam scattered on a polarized target)
do give the imaginary part of products of amplitudes

(60)

(61)
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whose real part is given by the antisymmetric terms.
The transverse terms (%, =1, 2) of Egs. (60) and (61)
are precisely those which appear in the photoproduction
expressions involving linearly and circularly polarized
photons. Thus, working at low &2 (in view of the condi-
tion kZ>m?, this is in practice restricted to polarized
electron scattering), it is possible to make a complete set
of measurements of the photoproduction amplitudes in
one experiment, as the elliptically polarized virtual
photon is a superposition of linearly and circularly
polarized components.

By the same argument as before, there are six com-
plex functions of W, 6, k* describing the general case;
hence, 11 independent real observables must be meas-
ured. The symmetric parts of Egs. (56), (60), and
(61) give 12 quantities, thus in principle specifying the
system. The five extra antisymmetric quantities in-
volved in using polarized leptons overdetermine the
system, but in practice would be very useful because
they involve the real part of functions whose imaginary
part is known.

A simple example is the first pion-nucleon resonance,
the Niss*(J=3, I=%). We consider the production of
7% (in order to avoid the pion pole) at resonance and
include only s and p waves of the final =~ system,
using the partial-wave analysis of Eq. (AS8).

The dominant excitation in this region is the magnetic
dipole M1,. The goal is to measure the less important
terms at resonance. These form two groups:

(i) The electric and longitudinal quadrupole excita-
tions Ey, and Ly, of the N* which are in phase with
MM

(ii) The background terms Eo, Loy, My, Ly
whose phase is small, as the sy and py2 N phase
shifts are small at this energy.’®

The formulas are approximated by only including
terms quadratic and linear in My,. The term | My |2 is
the dominant contribution and has already been meas-
ured’®” in unpolarized electroproduction experiments.
M, is pure imaginary at resonance, so the real parts
of the interference terms of group (ii) with' My and
the imaginary parts of interference terms in group (i)
can be omitted. For the transverse terms using F4=0,

Tyo*+Tu? determines Im (MM, *), (62a)

Tyo*+ Tor® determines Im (g +3M;— cos ) M1.%,
(62b)
T19*— T1* determines (3 cos? 0—2) | My, |*+6Ey My *.
(62c)

We can choose 6 appropriately in (62b) and (62c) and
thus provide clean measurements of all three transverse
nonresonant terms.

For the longitudinal terms the procedure is similar.
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Starting with the expression for unpolarized particles

[Eq. (56)]:

T13+ T'51 determines Re (Loy+6Lyy cos 0) My *.  (63a)

This term has been measured” and presumably is a
measurement of L. Also,

T 237+ T'35* determines
Im [ Ly, cos 0+ Ly (3 cos? 6—2) M1 *, (63b)

and Lo, and Ly can be isolated by taking cos §=0 and
2. The higher 7-N resonances can be treated similarly
but they are more complicated.

We now look at inelastic lepton scattering integrating
over the pion angles 6 and ¢. If Eq. (56) for unpolarized
leptons and nucleons is integrated, we obtain, using
Eq. (55),

o /dE don= (a/27%) (E'/E) (| K | /k?) (1—8)7
X[or(B, W) +8ror (B, W)] (64)

for the total virtual single pion photoproduction cross
sections o7 and oz. Here

ke 1
|—q—| or=T dx(Ty+Tan)
—1
and
ke 1
oL= 27 / deszg, (65)
lq] -1

where x=cosf, for virtual single pion photoproduction.
But clearly, Eq. (64) isindependent of the final hadronic
state N’ in the reaction l;-+ N—l+ N’, where only /; is
observed. So, in general, o7 and oz measure the total
virtual-photon absorption cross sections. Now, Eq. (60)
gives the asymmetry in lepton scattering off a nucleon
polarized along and opposite to the direction of the
virtual photon:

(% /dE"dw;) *=%— (d%¢ /A E'dw;) >~

a E'|K|[148\"
= 2 ZE D fontas, w) —oatae, )3, (0
where
ke

1
m ((TP——O'A) =—27I"L dx(Tuz—' T212). (67)

-1
By comparison with Eq. (11) for the density matrix of
a right circularly polarized photon, we see that op and o4
measure the total pion production cross sections for
virtual transverse photons of spin parallel and anti-
parallel to the spin of the nucleon. Again, Eq. (66) can

be generalized to apply to all final hadronic states N'.

The absorptive cross sections op(W), o4 (W) for
k?=0 are those which appear in the Drell-Hearn-
Gerasimov! sum rule. They can thus be measured
directly using polarized electron beams (see below for
the use of polarized muon beams in this connection) to

obtain the limit k2—0. This means scattering at almost
forward angles, so that

[(1-&)/(14-8) [*—(E—E) /(E+E'). (68)

Although this factor is inverted in Eq. (66), it repre-
sents the ratio of the difference to the sum of the
transverse cross sections. Hence it should be as large as
possible in order to separate the asymmetric effects.
For a given energy E, the largest values of W are the
best to measure.

V. FORWARD SCATTERING

We now consider the case where %? is not large com-
pared with m?. This is especially important for muon
beams. For simplicity, only forward scattering, ¥ =0,
is considered and now #? is not neglected.

To first order in 7?

Ke=m?(E—E')*/EE. (69)

As this is nonzero and positive, the Breit-frame for-
malism can still be applied. Thus, the lepton tensor L,
including the mass terms must be calculated with
2(140,) in place of 3(1—+v;s) for the lepton spin-
projection operator. Then,

282L,,=3% Tr [ (y-h+im) v, (v-letim)vu(140.) ], (70)
and for L,,= L,,5+ L4,

kzL“_s = (ldoy+1, 1ulast %kzau ») (71)
and
LA =— (i/2) (81,80 — 1,02) (72)
" Lipt=—LyA=—1i/2. (73)
The lepton momenta are given by
L=[0, 0, 3k, i(m>+1k?) V7],
l,=[0, 0, — 3k, i(m?+ 1) 17]. (74)
So for the nonzero elements of L,.5,
LyS=Ly5=1/2,
LyS=—2m*/R*. (75)

Thus, L,, is an incoherent superposition of a completely
right circularly polarized transverse state (for incident
positive-helicity muons) plus a pure longitudinal state.
In terms of & we find that for the transverse contribu-
tion, & is zero, while for the longitudinal state, &=
2EE’/(E?*+E"), which is the forward-angle limit of
Eq. (20) neglecting m. If the lepton were of zero mass,
it must conserve helicity, and the lepton current is
now proportional to &, for forward scattering.!® Hence,
if the hadron current is conserved there is no forward
scattering in this approximation. Including mass, this
theorem can be generalized: If the lepton scatters pre-
serving helicity in the forward direction, it is still true
to first order in m/E that j, is proportional to &,.
Thus, all the scattering is helicity-flip, and the virtual



NormaN DOMBEY Scatiering of Polarized Leptons at High Energy 243

photon in a forward helicity-flip transition must have
spin 1. Hence, we have the above result.
We now obtain

d%c

——=— e — 76
dE'dwndQ, 2n*E kK dQ° (76)

where for unpolarized nucleons
(ko/| @ 1) (doo/dQ) =3 (TutToo) + (2m2/ke?) Tos.  (77)

For right-polarized muons and a nucleon polarized par-
allel and antiparallel to the beam direction, integrating
over pion angles gives

(B /AE dw)?— (&P /AE dw;) 4

_ a E|K]

- 27('2 E k2 [U'P(k2, W) _UA(kz) W) ]'

(78)

Thus, forward muon scattering where the muons are
polarized, provides a beam of almost real, completely
circularly polarized photons, for k% can be made very
small by using very high-energy muon beams; op(W) —
oa(W) for almost real photons can thus be measured.

VI. NEUTRINO SCATTERING

We now consider the process of neutrino scattering

on nucleons

v+ N—I-+N, (79)
where N’ is any state which can be reached through
first-order weak interactions.

A high-energy neutrino beam is an inevitable com-
plement to a high-energy muon beam. The major
difficulty of performing experiments with this beam,
apart from the very small cross section, is that the
incident neutrino energy is not known. With better
methods of particle detection and with a more intense
neutrino beam, it may be possible to detect all final
state particles of Reaction (79) and thus determine the
over-all energy-momentum configuration. Expressions
for the relevant cross sections will be written assuming
this to be the case.

The matrix element for Reaction (79) is given by
standard weak-interaction theory to be

(G//ZI/Z) <N’l],‘“’lN><l|j“’”lu>,

where G'=G cos §, or Gsin#,, depending on whether
strangeness is conserved or not, and 6, is the Cabibbo
angle.’?

The weak leptonic current is

(80)

Ju= 1Y, (14s) 15 (81)

thus,
| M |*=3G" Ty By, (82)

where
Tuw=2AN"| T2 | NY*(N'| o | N)  (83)

as in Eq. (3b), and

Ey=Tr [y+loy, (145) v+ levu(1475) ]
=2Tr [7‘11’)’;:’)"127#(1"*'75) ]

Comparing Eq. (84) with Eq. (26), it is apparent that
E,,=8FL,,7, (85)
where L,,T is the transpose of Ly, This shows that the
formalism of the previous chapters is applicable to the
neutrino case, provided neutrinos are compared with
left-polarized muons or electrons, and antineutrinos

with right-polarized muons or electrons.
The neutrino analogs of Secs. II, IV, and V are now

briefly described.

(84)

A. Charge-Exchange Scattering

We consider the processes
v+n—p+1-,
7+ p—nt-it.

In the nucleon Breit frame, L,, is given by Eq. (36),
and so E,, is determined.
The weak nucleon current

e =]uv+]nA)

where by the conserved current theory J,* is just the
nucleon isovector electromagnetic current and®

(86)

(p | TA | n)=itgyysmc(F) + kuiaysmB(k) . (87)

As k,L,,=0 in our approximation, the second term does
not contribute, so there is just one extra form factor

a(k?) to consider.
As before J,¥ is written in terms of two-component
spinors, J,*=xs*F#x;, where in the Breit frame

Fl=1kGy 8+ es—2was- e,
F2=—1kGyd- €1— 2wad- €y,
Fi=—2Mad-e;
§4=2MiGg; (88)

§3 is nonzero showing that J,4 is not conserved.
The energy of the nucleon in its Breit frame is
w= (M2+Fk/4)12= M (1+47)"2. We are not interested
here in polarizing the target nucleon, so T, is given as
in Eq. (38) and

T11= T22= k2G M2+4w2a2,

T44= —'4M2GE2,

T12= - T21= - 4ikaMa. (89)

Thus, the neutrino analog to the Rosenbluth formula
for the differential cross section in the laboratory is*
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[cf. Eq. (42)]

January 1969

de Gk (E'\? cot? 3y
o~ 8 (E) {GE2 14, TG (4]
cot? Y (£ _ )}
X (2+ —-1+T >:{:4GM05 T 7)t, (90)

or in terms of &, as
do/dQ= (G"*k*/47*) (E'/E)?*(1—8&)}
X {1Ga?+8GE+ (147) 2 2Gya 7(1+7) (1—82%) ]2},

(91)
The positive sign is for incident neutrinos.

B. Weak Pion Production

The processes we consider are
v+N—l"+N+m,
7+ N—It+N+.

By analogy with the electromagnetic case, the weak
pion production cross section do,,/dQ can be defined by
& G’ E' | K | dow
dE'dwdQ; 47 E 1—8 dQ’
where the notation is the same as in Eq. (35). The
general form for do./dQ for an unpolarized target can
be written down in terms of the &; and G; of Appendices
A and B, but this would not be very useful. Instead,
we consider the production of the Nis* resonance
including only the dominant terms My, the magnetic
dipole transition arising from the vector part of the
weak current, and FEiy, Ly, Si, the electric, longi-
tudinal and scalar dipole transitions from the axial
vector part of the weak current. The form of these
dipole operators is taken from the partial-wave analy-
ses [Eqgs. (A8) and (B2)].
Both L and S (suffixes are no longer necessary) for
the axial current must be considered because it is not
conserved. So, in place of Egs. (54),

KT yB = — ki Tss— ikoke(ToutTas) +k T,
kTuB= —ikOT'i3+ ch‘i‘iy
kT4 B=—ikoTsit+k Ty, i=1,2. (93)
Similar equations for 7,2 are not needed here because
L= Ly, =0. From Egs. (93), the quantity
A=L— (ko/ko) S (94)
alone describes the longitudinal and scalar transitions,
provided that the lepton current is conserved.
From Egs. (51) and (52) for L,,, the cross section for

producing a pion at the first resonance can now be
written:

(ke/| q ) (dow/dQ)
=3[l E*+ | M [P2=2(1— &%)V E*M](2+3 sin? 6)
+38(E*— M?) sin? 6 cos 2¢+6(ko/k) {[38(14-8) J2E*A

+[38(1—8) JV2M*A} sin 6 cos 6 cos ¢
+ (/K8 (143 cos? 6) |'A |2

(92)

(95)

In the simplest Chew-Low-type theories, E and L are
proportional to a(k?) and S=0.2

Note that the effective longitudinal polarization is
now given by (ko/k) &2, rather than by §,2= (k/ko) &'/
as in the electromagnetic case. If the weak current were
conserved,

keL—kpS=0,
so that
A=—(k*/k) L, (96)

and the old formalism is regained. But as it is not con-
served, Egs. (92) and (95) show that as k>—0, only the
longitudinal term involving | A [? remains. In addition,
in this limit AyA=~kyL—k.S—k.L— koS, which is just
(apart from angular factors) the matrix element of
9.J4 between N and Nygs*. If the usual assumption is
made, i.e., that this matrix element is proportional to
that of ¢, (¢« is the pion field operator) for &* close to
—m.?, in particular for £2=0,2 Adler’s result is ob-
tained®—for forward neutrino scattering, do.,/dQ is
always proportional to the cross section for the corre-
sponding process with an initial charged pion replacing
the weak current.

Finally, the appropriate value of & in the £*—0
limit must be found as in Sec. V. At forward angles

BR=m?(E—E')/E 97)
for final lepton mass m. L,, is now
kzLqu= [llnl2v+ llvl2u+%(k2+m2) aﬂv:]; (98)

and L,,4 is ignored, as only the longitudinal and scalar
couplings are important for small %2 The lepton
momenta in the Breit frame are

ll = [O; 07 %(m2+k2) /k) %,L(m2+k2) /k])

1=[0, 0, 3(m*—&*) [k, i (m*+E*) /k],  (99)
and so
R*Lyy=— K’ Lu=3m*(K*+m’) /R,
k2Lgy= k2 Lyg=3im*(k*+m?) [ k2. (100)

Note that the £*—0 limit is here much more singular
than the limit was in Sec. V, for now neither the weak
lepton current nor the weak hadronic current is
conserved.

The terms 73,2 and T, must now be calculated;
for 2*—0

T3P = — TP =3i(Ts B+ TssP), (101)
SO
&/(1—8) =2m2(k+m?) /k*
=2EE'/(E—E')?, (102)

and with this substitution, Egs. (92) and (95) give the
forward cross section. It is perhaps surprising that this
value of & is again the forward angle limit of Eq. (20)
neglecting m, although the weak current is not
conserved.
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APPENDIX A

The form of the matrix element (N | J | N) for the
process y+N—w-N, where v is a virtual photon in
the center-of-mass frame, is given by

x2*Fx1=16F1+ 6+ 46+ kFotio- kaF,+is- 445,

+i8-kkgs+ig-gkss, (A1)
where q and k are unit vectors in the directions of q
and k. Tt is also useful to define

Fs' =F1+F; cos 0+,

F¢' =TF4 cos 0+F, (A2)

S0
Fl=14g-[ (F1—F2 cos -+F, sin? 0) e;

+ (Fo+TFs+F4 cos ) sin 0 e;],
F2= —F, sin 0-+1d- €:(F1—F» cos ),
F3=14-[F¢’ sin fe;+ (Fs'+Fs’ cos 0) e ]. (A3)

Then, starting with the formulas for unpolarized
targets, we have

Tu=Tau+[| % '+ | Fa *+2 Re (5,%F5) +2 Re (51%5,)
42 Re (F3*F,) cos 6] sin? 6,
Tos= | F1 >+ | F2 >—2 Re (51*F2) cos 6,
Tu= |35 >+ | F |>+2 Re (Fs*F¢') cos 6,
Tys+ T51=2 sin 0 Re [Fs'*(Fo+Fs+F4 cos 6)
+F*(F1+F;5 cos 0+F4) .
For polarized targets, first n=e,;, we have
1%+ Tor®=2 Im [Fo* (F1+F cos 8+5,)
—F1*(Fo+F4+F4 cos 6) ] sin 6,
T o3+ T32*=2 Im [F5"* (51—, cos )
+F6'*(F1 cos —F,) ],
Ty— Toy®= — 24 Re [Fo*(F1+-F4 cos 05,

(A4)

—F*(Fo+F3+F4 cos 0) ] sin 6,

To3*— T3p= — 21 Re [F'* (F1—F2 cos 6)
+F6"*(F1 cos 0—F3) ],
(AS)

Tyo=Twn*=Ts"=T1s*=Ty*=0.
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Next, for n=e;
T1o*+Tor*=2 Im (F1*F4+F2*F3) sin? 6,
Tog*+ Ty = — 2 Im (Fs*Fo+Fo'*F1) sin 6,
Tyo*— Toy*= — 2i[ Tont+ Re (F1*F4+F2*F3) sin? 6],
Toy*— Tyo*=2i Re (F5*Fo+F6*F1) sin 6,
Ty?=Tp*=Ty*=Ty*=Tyn*=0. (A6)
Now, for n=e;
Ty?=2Im (F*—Fs* cos 0+F4* sin? 9)
X (Fot-F5+F4 cos 0) sin 0,
To¥=—2 Im (F1*F,) sin 6,
T3 = —2 Im (F5"*Fs’) sin 6,
T+ Tar=— 2 Im [F"*(F1—F> cos 0+F, sin? §)
—F¢'*(Fo—F1 cos 6+F; sin? 0) ],
Tig¥— Ty¥=2i Re [F5'* (F1—F, cos 04F4 sin? §)
—&¢'*(F,—TF cos 0+F; sin? §) ],
T1¥=To¥=To¥=Ts'=0. (A7)
The multipole expansion for the &, is, with x= cos §,%
F1= 2 { (My+Ey) Py ()
+LHOM, +E ]Py (x)},
o= 2L (1) My +HIM TP/ (2),
F= 2L (En—Mu) Pra” (0) + (Brt- M) Py (9) ],
Fu=2 (My—Ey—M, —E ) P/ (x),
§5'= 2 L(H1) Ly Pot' (#) — 1L Pry (2) ],
§¢'= 2 {[ILi— (1) Ly IP/ (2) . (A8)

Here, M., E1y, and L, are the magnetic, electric, and
longitudinal multipole amplitudes leading to a final
7N state with orbital angular momentum ! and
J=1%3.

APPENDIX B

The form of the matrix element (Nw|J,”|#) in
the center-of-mass frame is

x2* (F#4-1G*) x1,
where
Fr=(%,0),

and & is given in Appendix A. The most general form
for G* is2

G= Glﬁ‘f‘ G268+ qé+Gsé- fid . Ak(’i
+Gid6- K+ Gk +Gea- §o- Kk,
G*=1Gr+iGsé- G4-k. (B1)

In the multipole expansion of the G; it is not clear
which multipoles to call electric and which magnetic.
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We will choose the convention that the electric multi-
poles still have the same quantum numbers as the
longitudinal and scalar multipoles, i.e., they carry the
natural spin-parity assignments for an axial vector
field. So with this convention and otherwise using the
same notation as the multipole analysis of &; we obtain

Gr=2 [ (M~ Ev) Pyt () — (M-~ Er) Pry” (2)],
Go=— 2 [(4+2) Myt (1= ) M1~ Eyy+E JP/ (),
Gs= D (Ey—My+M, —Ei ) P (x),

Gi=— 2 [(H 1) My Py’ (x)+IM Py o (2) ],

Gs'=> [Li Pu' (x) —LiPiy' (x) ],

Gi'=2 (L, —Ly,) P/ (%),

Gr= D[S Py’ (%) — Si-Pry/ (%) ],

Gs=2_ (81— 8u) P/ (), (B2)
where
Gs,=G5+Gl Ccos 0+G¢,
GGI=G5+Gz+Gs cos 6. (B3)

APPENDIX C

There are unfortunately as many notations as au-
thors in this field. Equation (64) for inelastic scattering
detecting only the final lepton is

d’o a E' |K|
=————(1—¢) .
ey mE g (LT lortan]
Akerlof ef al.” use basically the same notation but they
include the gauge-invariant factor (k%/k?) in their
longitudinal cross section ¢4 rather than in the vir-
tual photon polarization density matrix. So

oW = (k*/ke?)oy.

Gilman? introduces

(C1)

— W,

Otrans — 0T, Olong = (CZ)

Hand® writes Eq. (64) in terms of the equivalent real
photon energy K

K= (W= M?)/2M; (C3)
SO
o™ =(|K|/K)or,
os®=(|K|/K)or®. (C4)

In terms of the inelastic form factors® a(K,, k%) and
B(Ko, k%)

2 /AE'dwi= (402E"*/k*) [2 sin%ya (K, k?)
+cosz%t//B(K0,:k2) 1, (C5)

where Koy=E—E'. Then
a(Ko, ¥) = (| K | /4°a)or,
B(Ko, #) = (4n%) (/| K | ) (or+os0).  (C6)
Drell and Walecka? use the form factors Wy and W,
a=Wy/M, B=W./M. (€7
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