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The ““atomic limit” (kinetic energy zero) of the Hubbard Hamiltonjan has extreme degeneracy under very general
circumstances. The kinetic energy or hopping term removes this degeneracy. It has been shown by Harris and Lange
that there are important first-order manifestations of this fact. For instance, nonlocal correlations exist which invalidate
usual Green’s function truncation schemes. We present a mass operator perturbation scheme devised on the principle
that, first of all, the role of kinetic energy as a breaker of degeneracy must be accounted for. A sort of Taylor’s expansion
of the mass operator in terms of the kinetic energy is found, the coefficients of which are functionals of the exact Green’s
functions at zero kinetic energy. The ambiguity due to the degeneracy is removed from these functions self consistently
and thereby the degeneracy properly treated. We present a Green’s function which accounts for all first-order effects of

the kinetic energy.

I. INTRODUCTION

The Hubbard model! invites the attention of theorists
because of its simplicity and richness. If we could com-
pletely understand the physical predictions of this
model, we would be helped in the establishment of
minimal requirements for metal-nonmetal and magnetic
transitions. Once we have decided to analyze a model,
however, it is required of us to make no distorting ap-
proximations. Little real progress can result from an
uncertain treatment of a simplified model. In this brief
paper, a method for calculating the true properties of
the Hubbard model is outlined.

If one is in the small kinetic energy range of the
model, it is natural to begin as Hubbard did and do
perturbation theory in the kinetic energy. If there is
less than one electron per site there is a degeneracy re-
flecting the freedom of locating the empty sites in the
ground state when the kinetic energy is zero. Even with
one electron per site there is a spin degeneracy in the
ground state. Therefore, turning on the kinetic energy
as a perturbation involves a problem in degenerate per-
turbation theory.

Harris and Lange? have shown that there are physi-
cal manifestations of degeneracy which are first order
in kinetic energy and are analogous to those associated
with choosing wave functions which diagonalize the
perturbation in conventional degenerate perturbation
theory. The methods they used did not provide, how-
ever, a technique for calculation of these effects in
detail. We have developed such a technique. It is the
first step in a clear sequence of approximations which
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tend toward an exact treatment, and within it, a proper
degenerate perturbation theory can be constructed.

II. DEFINITIONS
The Hubbard Hamiltonian! is

H=3_ 1;;Ci*Cjo+Hy, (1)
ijo
where
H0= %I Z niani—a,

Mie=CCq, (2)

and we choose £;=0.

The summations are over a lattice of sites and C;*
and Cjy, create and destroy electrons of spin ¢ on the
ith site. The first term in H describes hopping or ki-
netic energy and H, is a respulsion between two elec-
trons on the same site.

The one-particle Green’s function we use is defined
by the following equation:

. (4
Gija'v(tt,) =—j <O ! (S<U)Cw(t)c.w (t ) )+ I 0) . (3)
0] ¢S(0))+10)
The state | 0) is a ground state of H,. Since Hy has de-
generate ground states, the choice of the state | 0) must
be made with care, and this may be considered the key
to the problem. The ( ); symbol signifies usual fermion
time ordering® and

(SO Cia()Cis*(¥) )+

=({exp [—i > / dhdt U (£18)

X Cutt) [feutieir®) . @
+
The time dependence in the C’s is generated by H,.

3P. C. Martin and J. Schwinger, Phys. Rev. 115, 1243 (1959).
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The function Uy (#14) is an arbitrary external field
but note that if

U (V1ty) =t (11— 1), (5)

the S(U) is the S matrix which makes G the correct
Green’s function for the full Hubbard Hamiltonian so
long as the ground state | 0) is the one such that

(exp [—i f @y tszk,/+(t')Czq'(t')])+ 10Ye | O).
©)
The two-particle Green’s function is given by
Gane™¥ (titgt'ts") = —[6Gi¥ () /38U (t'15) ]
= G’ () GuaV (taty). (7)
The mass operator 2 is defined by
Gi7 1 (tt) =G (') — Ui () — 270 (0td'),  (8)
where
G (tty) =848 (h—1)4(8/04y). 9)
III. THE MASS OPERATOR EXPANSION

The first-order term in a functional Taylor’s expan-
sion for the mass operator in which we sum over re-
peated space and spin indices and integrate over re-
peated times is as follows:

Eij‘,v(tllll) — Ei,‘,U“ (tltl’) I (BEij,(tltl’) /BUlm"(tgltz) )Uo
XU (t't) — U™ (/1) ). (10)

Functionally differentiating Eq. (8) and using Eq. (7)
we can express (62/6U)y, in terms of the one- and
two-particle Green’s function for the field U,. Putting
this into Eq. (10) and then plugging the resulting form
for 2 into Eq. (8) we get the form for the inverse of the
one-particle Green’s function correct to first order in
the change in external field, (U—U9):

Gii W (') =G (') — Ui (') — ZizuVo(tuty')
—[— Gips 0 (1its)) Gpig®®' U0 (Bstats'ty") G i V0 (tst")
TG0 (1) G VO (H212)

— 850051010 (l— 1) 8 (ta— 1) ]

XL[Uw (') — U (/1) 1. (11)

IV. PERTURBATION THEORY IN THE
KINETIC ENERGY

In order for our change in external field to represent
turning on the kinetic energy in the Hubbard Hamil-
tonian, we must choose Uy=0 and U must be given by

Eq. (5). To evaluate the terms appearing in Eq. (11)
we then need 2 and the one- and two-particle Green’s
function at zero kinetic energy, that is at U, where
U 0= 0

But, there are no unique Green’s functions at zero
kinetic energy because of the degeneracy in H,. Thus,
we essentially need the Green’s function for Uy—0
rather than Uy=0.

Hubbard wrote as his solution for #;=0 the Green’s
function

(12)

Gije(w) =85 [M‘Fl—ﬂﬁ]

w—1

This solution is not unique and the most general solu-
tion for the one-particle Green’s function for #;;=0 is, in
fact,

Gijo(w) =8y [

where

Mig) | 1= (niv)
w—l—f—ie‘ w+1e

]+27ri6(w) gin  (13)

Giir=(Wis), (14)
and, otherwise, gi;, is an arbitrary real symmetric func-
tion of ¢ and j. Thus, in the atomic limit there can be
spatially and spin-dependent static correlations which
are arbitrary and the specification of which is equiva-
lent to fixing the ground state | 0) in the Green’s func-
tion definition.

By a careful analysis of the equations of motion at
zero kinetic energy, we were able to show that all
ambiguity in the two-particle Green’s function can be
completely expressed in terms of the same function,
gije [or its Fourier transform, g,(k)]. Thus, all the
functions needed to specify the right-hand side of
Eq. (11) can be expressed in terms of the function
gijo- To choose this function prematurely would be to
prejudice the possible manifestations of the degeneracy
of H, 0-

V. RESULTING GREEN’S FUNCTION

When all the steps introduced up to now are carried
out, we arrive at the following form for the space and
time Fourier transform of the inverse Green’s function
from Eq. (11) for the case (ni)=(n;.,)=n:

nlo  INT—L(k))
w—I(1—n) ' [w—I(1—n) ]’

G ko) =0—8&(k)—

(15)
In this expression,
&(k) =N7' 2 exp [—ik (R~ R) Tty (16)
i
T=N-13 1:;(Cis*Cis), (17)
i

L(k) =N7* 3 exp [—ik- (Ri— R;) L Di+ Si~],
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where
Dy = {(1ig— (Mis)) (M= (njg)) ),  (19)
Si7= (Cidci—v+cj—vcia+> . (20)

T can be simply expressed in terms of gi;.

D and S are particular projections of the two-particle
Green’s function which can also be expressed in terms
of gj,. Since the expressions for D and S are complicated
and will not be explicitly analyzed further in this
paper, we will not write them out here. What is most
important to notice is that a momentum-depgndent
term proportional to particular density and spin cor-
relations does come into the inverse Green’s function
to first order in kinetic energy. L(%) is nonzero precisely
because of the degeneracy in*H. _

The spectral weight function corresponding to the
Green’s function in Eq. (15) and correct to first order, is

A (kw) [21=2Z1(k) 60— E1(k) )+ Z2(k)  (w— Ex(k)),
(21)
where

Ex(k) = (1—m)8(k) =[T—L(k) J[1—n]™,
Zy(k) =1—n—2n(1—n)&(k) [7'—2[T— L(k) ]I,
Ey(k) =I+n&(k) —[T—L(k) Jn,

Zy(k) =n+2n(1—n)&(k)[+2[T—L(k)]JI%. (22)

The energies F;(k) and Ex(k) are the wave-number-
dependent energies in the lower and upper parts (,’f Fhe
band split by I. The numbers Zi(%) and Z'z(k)f,f give
their respective weights. We find no broadening of the
peaks in the spectral weight function to first order.
Pursuing the next order in the functional Taylor’s
expansion of{Eq. (10) will introduce this e.ffect. We
emphasize that even to first order there are important
renormalizations to both the energies, E, and the
weight, Z, due to the degeneracy.

VI. CALCULATION OF g (k)

The final task in this program is to determine g, (k).
From Eq. (13), one can show that

8o (k) = (ns(k))

at zero kinetic energy. But we can calculate from our
G,(kw) the quantity {(n,(k) ) for finite #; and then take
the limit A—0 where

(23)

tij=AT.5j. (24)
This properly breaks the degeneracy. a:nd gives us an
equation for g (k) since all the quantities appearing in
G,(kw) are known functionals of g (%).

For finite #; and less than one electron per site,

(no(k))=2y(k),  Ea(k)<u
=0, Ey(k) > p, (25)
As A—0, p must tend to zero so that
2 (ne(k) y=n. (26)

k

Since at A=0, Z;(k) =1—n, p must tend to zero in
such a way that those £ for which Ei(k) <p must fill
a volume in momentum space equal to (2r) n(l—mn)~L

To simplify the present analysis, assume Ej(k) is
monotonic in | % | and spherically symmetric. Then we
will have (%) <u for | & | < ko, where

sk =n(1—n)=1(2xr)3,
and therefore
& (k) =1—n,
=0,

| & |<[6mn/(1—n)]ue
| &|>[6mn/(1—n) J4s.  (27)

If a calculation of T, L(%) and therefore Ey(k) using
this simple g, (k) should yield an E;(%) which is not
monotonic, then the determination of g,(%) would have
to be done self consistently. Also, of course, lack of
spherical symmetry in the lattice must also complicate
the calculation. In general, one must solve the equations,

g (B) = (1—m)0(u—Fa(k) ) (28)
and
n(1=m2n) = [ oG- E®),  (29)

where, of course, E;(k) is the functional of g(k) deter-
mined by Egs. (17)-(20) and Eq. (22).

VII. CONCLUSION

We have not completely analyzed in this brief paper,
the full implications of the Green’s functions we have
found. They do contain the subtle effects which we
knew must appear in a good solution of the Hubbard
model.? What is established here, is a method which
gives an accurate statement of the content of the model
to the order it has been applied, and which when ana-
lyzed in detail and carried out to higher orders will tell
us how a Hubbard metal would really behave.
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Discussion of Esterling and Lange’s Paper

G. W. PraTT (MIT): I'd like to say I agree with your approach
of looking at this thing as a quantum mechanics problem. I'd
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like to make a suggestion. Mattheiss has carried out the solu-
tion of six hydrogen atoms on a ring, where he has taken all
possible states into account at all interatomic distances and so
forth and he gets the sort of thing you are talking about, a very
highly degenerate ground state when you pull these hydrogen
atoms apart. He seems to get this spectral weight function which
develops as you suggested it would. I think it would be a very
interesting thing to take Mattheiss’ solution, where all the
eigenstates and energies are known, and translate it into Green’s
function language and just see how it turns out. I think it would
be a rather instructive thing to do.

R. V. LaNGE: Brooks Harris and I published a paper which I
understand is unreadable, but we tried. Anyway, we published
a paper in which we derived a moment technique which gives
these same things phenomenologically. It shows that the weights
and the bands must be related to correlation functions but it was
not microscopic in the sense that we could not also calculate
the correlation functions. In this new work we have the function
g and everything is in terms of it; g can be determined at the
end of the calculation without much difficulty because all you
have to do is take your answer for the one-particle Green’s
function, take the atomic limit of it and you get an equation for
g and hence for all those correlation functions and the Green’s
functions which are then determined. We have checked this
against the rigorous moment results that Harris and I got and
it does check those out exactly. So this is a microscopic Green’s
function now which reproduces all of that complicated phe-
nomenology that we had previously produced.

D. ApiEr (Massachusetts Institute of Technology): I'd like
to point out that for the case of an initially half-filled band the
average kinetic energy term vanishes, and there is neither a
shift in weight between the bands nor a shift of the band centers
oi gravity. Consequently, when there is exactly one electron per
atom present, the material will be a Mott insulator, at least near
the atomic limit. In this respect the solution presented here
is better than the one originally suggested by Hubbard.

R. V. LaNGE: Just let me take one minute to illustrate just
what that band-shift effect does. If you have an exactly half-
filled band, you do get an energy gap. If you have one half an
electron per site of each spin and you analyze those moments
which I threw on that slide, you will find you have a separation
between the full and empty parts of the spectral weight function.
However, if you have anything but a half-filled band, one can
see just how band theory doesn’t work. Imagine we remove one
electron from a lower subband. We can see that band theory is a

799

dangerous point of view because in the first place, Hubbard
showed that one state drops down so that where your holes are
depends very much on where your electrons are. Not only that,
the rigorous results show that more than one state dribbles down.
It isn’t just one. How much more comes down is just a function
of the kinetic energy of the opposite spin electron. That has a
very simple physical interpretation. The weight in the lower
subband is related to “what’s the chance I can stick in an electron
and land on an empty site.” Then I don’t have to add much
energy. The weight in the upper subband is related to the chance
I can stick in an electron and force a double occupancy. Then
T'll have to add energy I. But if there is hopping, then what
can happen? If I toss an electron on an empty site, an electron
could hop over real quickly and force me to add energy I. As
long as it hops over within a time less than 1/I so to speak, I
might have to add energy I even though I put the electron on
an empty site. Likewise, if I put the electron on a full site, then
the other one could hop away and I don’t have to add energy I
after all. Now which of those two effects is more likely? Obviously
the second one is, because these are repulsive particles and it is
more likely that adding an electron to an occupied site will drive
the other one away than adding an electron to an empty site
will suck one over to form a double occupancy. So that means
that it is a little bit easier to put electrons into this system with
low energy than you would expect due to the correlation effects.
Now that’s a very physical process. At this stage is where I
want to start using physical intuition. Now we have got the
problem where we can maybe think about the true properties
of the model and start using physical intuition at this point
and ask whether these processes carry over into more realistic
models. One shouldn’t guess too early in the game.

T. A. Karran (MIT Lincoln Lab): Buried in your results
should be an antiferromagnetic order and a spin wave spectrum,
at least for the case of one electron per site. Have you looked
into this?

R. V. Lance: If we have one electron per site, then you have
to choose a properly generalized spin-dependent function g. You
see the degeneracy is removed in a different way. In other words,
you can put it in this same ambiguous function and determine
it at the end of the calculation, but now the degeneracy refers
to spin arrangement. But I haven’t pushed it as far for the one
electron per site as I have for the fewer than one electron site.
The hopping breaks the degeneracy to second order here. But
if you have fewer than one electron per site it breaks the de-
generacy to first order and you get all sorts of wild things to
first order.



