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This paper presents the equations-of-motion method as a useful and flexible tool in the study of nuclear spectroscopy.
It is partly a review, but also it introduces a new and much more powerful equations-of-motion technique which supercedes
the older linearization methods. The older methods worked with operator equations. To obtain closed expressions they
had to be linearized in a rather arbitrary manner. The present approach works with the ground-state expectation of
operator equations and thereby avoids all problems of linearization. Thus, like the Green’s function method, the equations-
of-motion method becomes potentially exact. It has many advantages over Green’s function methods, however, among
which are its greater compactness, simplicity, and the physical insight it yields.

The method is first applied to rederive the random phase approximation (RPA) and the quasi-particle RPA (QRPA)
and to show precisely what terms they neglect. It is demonstrated that some of these terms have coherent phases. A higher
RPA and QRPA are then derived to include these terms. The corrections have some interesting effects: notably, there is
a reduction of the effective interaction strength and a stabilization of the nucleus against sudden phase transitions. The
equations-of-motion method is also used to generalize, in a very simple and natural way, the Hartree~-Fock (HF) and
Hartree-Bogolyubov (HB) concepts of independent particles and quasi-particles to nonsimple ground states.

The equations-of-motion method is presented as a simple extension of the shell model to the treatment of excitationg
of a correlated ground state. By concentrating on the quantities of direct physical interest, the complexity of workins

with correlated wavefunctions is avoided.

I. INTRODUCTION

It is generally agreed that the nucleus is a rather
complicated system. Nevertheless many very simple
nuclear models have been extremely successful. This is
not surprising, for even complicated systems have their
simpler aspects. But frequently one finds that, while
the general features of some data can be understood in
simple terms, a more accurate description involves a
considerable effort that is not always rewarded by
substantially improved results. This does not necessarily
mean that the effort is worthless, but it does mean that
effort should be conserved by designing the approach to
optimize the significant aspects of the problem. This is
the philosophy underlying the equations-of-motion
approach to nuclear spectroscopy.

As an example of an approach that is not optimized
consider the shell-model calculation of the spectrum of a
closed-shell nucleus. A first calculation would assume
the ground state to be a determinant of independent-
particle wave functions and would assume excited
states to be particle-hole states. Such calculations,
which are also known as Tamm-Dancoff calculations,
have been very successful, but they are not sufficient.
A notable deficiency is their inability to explain the
extraordinary strength of some of the low-lying col-
lective states, which sometimes more than exhausts the
closed-shell (nonenergy-weighted) sum rule. To im-
prove the situation, which necessarily involves en-
hancing the sum rule itself, one may try to compute a
better ground state by allowing admixtures of two
particle-hole excitations and better excited states also
by including more complicated configurations. Un-
fortunately, the problem escalates so rapidly that it
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gets out of hand before significant improvement is
achieved.

Now if the significant quantities of the problem
are excitation energies and ground-state transition
strengths, this is not an optimal procedure. These are
relative quantities, concerning an energy difference and
a transition density; they are not necessarily sensitive
to the full complexities of the stationary-state wave
functions.

A less oblique approach (in this respect) is the ran-
dom phase approximation (RPA), which calculates
these observable quantities directly, treating the
stationary-state wave functions as of secondary im-
portance. The several calculations that have been made
with the RPA! indicate that, in cases where it is ap-
plicable, it gives a much better and more consistent
description of nuclear spectra than comparable shell-
model calculations. In particular, it satisfies sum rules
and separates out spurious excited states (which other-
wise are a problem).

But in spite of its successes the RPA is still criticized
for its rather shaky foundations. The derivations of
the RPA fall essentially into three classes:

(i) the Green’s function method?;
(i) time-dependent Hartree-Fock (TDHF) theory?;

1V. Gillet, A. M. Green, and E. A. Sanderson, Nucl. Phys. 88,
321 (1966) ; V. Gillet and E. A. Sanderson, ibid. A91, 292 (1967) ;
see also the review article of A. M. Green, Rept. Progr. Phys. 28,
113 (1965), for a list of earlier references.

2R, A. Ferrell and T. T. Quinn, Phys. Rev. 108, 570 (1957); D.
J. Thouless, Nucl. Phys. 22, 78 (1961).

3R. A. Ferrell, Phys. Rev. 107, 1631 (1957); J. Goldstone and
K. Gottfried, Nuovo Cimento 13, 849 (1959); D. J. Thouless,
The Quantum Mechanics of Many-Body Systems (Academic Press
Inc., New York, 1961); M. Baranger, 1962{Cargése Lectures in
Theoretical Physics (W. A. Benjamin, Inc., New York, 1963); D.
J. Rowe, Nucl. Phys. 80, 209 (1966).
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(iii) the method of linearized equations of motion?
(also known as the quasi-boson approximation).

But there are many variations on these methods, many
of which are discussed in Lane’s book.?

The Green’s function method is usually considered
the most rigorous. The method is to derive an approxi-
mate expression for the two-particle Green’s function
by summing a restricted class of bubble diagrams in a
perturbation expansion. The first objection to this
method is that it is inconsistent on energetic grounds:
whereas the bubble diagrams are summed to all orders
(just because they can be summed), other low-order
diagrams are neglected. The argument that other dia-
grams contribute incoherently is not altogether con-
vincing. The second objection is that summing only
bubble diagrams violates the Pauli exclusion principle,
since the diagrams that would compensate are neglected.
Green’s function methods are, of course, potentially
exact and can correct these defects. The problem is that
one is confronted with an infinity of diagrams, but
little indication of their relative importance or their
physical significance is given.

TDHEF theory is physically appealing and is useful
in relating the RPA and the phenomenological vibra-
tional models®; but, as a derivation of the RPA, it has
nothing to add to the linearized equations-of-motion
method (to which it is equivalent) .

One variation of the method of linearized equations of
motion is to approximate particle-hole (or two quasi-
particle) pairs as bosons. Such an approximation clearly
violates the Pauli principle and, when used to linearize
the equations of motion, implies approximations equiva-
lent to the Green’s function method. This method has,
in some circles, fallen into disrepute because it often
tends to be a prescription rather than a derivation.
Nevertheless, it is the most flexible method; as such, it
has been used in different ways by different authors to
extend the RPA to higher order in an attempt to cor-
rect its defects. We show in this paper, however, that
the equations-of-motion method can also be put in a
form which is potentially exact, but which is much
simpler than the Green’s function method.

Some of the first extensions were made by Sawicki®
and by Tamura and Udagawa,® who generalized the two
quasi-particle excitation operators to include four quasi-
particles. These extensions are known as second RPA’s.10
They are undoubtedly an improvement on the RPA,
but are still subject to the criticism (although to a

4 K. Sawada, Phys. Rev. 106, 372 (1957); M. Baranger, bid.
120, 957 (1960); J. Sawicki, Nucl. Phys. 23, 285 (1961). °
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1964).
8 D. J. Rowe, Nucl. Phys. 85, 365 (1966).
7D. J. Rowe, Nucl. Phys. 80, 209 (1966).

8 J. Sawicki, Phys. Rev. 126, 2231 (1962); see also H. Suhl and *

N. R. Werthamer, 7bid. 122, 359 (1961). )
®T. Tamura and T. Udagawa, Nucl. Phys. 53, 33 (1964).
10 We reserve the term ‘higher RPA” to describe a higher par-

ticle-hole RPA without the inclusion of two particle-hole oper-

ators.

lesser extent) that they involve a rather arbitrary
linearization procedure. A similar (and essentially
equivalent) second RPA was also derived by da Pro-
videncia,* based on an analogous extension of TDHF
theory. His treatment has the virtue of establishing a
connection with the Brueckner theory of the ground
state. Improved linearization methods are also used by
Do Dang and Klein'? and coworkers in an attempt to
understand the anharmonicities of vibrational spectra.

Other authors have tackled the problem from the
quasi-boson point of view. The simplest method, due
to Ikeda et al.,** was merely to renormalize the quasi-
boson operators in a plausible (although rather arbi-
trary) manner to correct for violation of the Pauli
principle. It was found that the interaction strength is
effectively reduced in such a way as to increase the
excitation energies of low-lying states and thereby
stabilize the nucleus against phase transitions. More
elaborate and very elegant methods have been de-
veloped by Belyaev and Zelevinsky,* Marumori and
co-workers,’® and, more recently, by da Providencia.'
These methods recognize that quasi-particle pairs are
not good bosons, but they suppose that ideal bosons
do exist.” Thus a series expansion in ideal bosons
is attempted, first for the quasi-particle pairs and then
for the Hamiltonian itself. In this way one is left with
an anharmonic oscillator Hamiltonian and a direct
connection with phenomenological treatments. Our only
criticism of this approach is that boson methods are
only really appropriate for large numbers of particles
with an even larger density of states. Without these
conditions, which are not well satisfied for nuclei, series
expansions in terms of ideal bosons tend to be slowly
convergent.

The equations-of-motion method described in this
paper is a new and a particularly simple one which
shows promise of much greater flexibility than previous
methods. It differs from the above treatments in cer-
tain fundamental respects. The equations of motion
are not expressed as operator equations, but rather as
the ground-state expectation of operator equations.
Thus while the relation to other methods remains
apparent, all arbitrariness of linearization procedures is
avoided. Similarly, the necessity for ideal bosons is
dispelled. The formal equations become exact closed

11 J. da Providencia, Nucl. Phys. 61, 87 (1965).
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tbid. 156, 1167 (1967).
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17 In some cases the ideal bosons are supposed to exist in another
spagie, but with a one-to-one correspondence to the space of the
nucleus.



expressions which do not violate the Pauli principle,
which are fully consistent, and which are not subject
to the early objections to the RPA. The method may be
regarded as a straightforward extension of the shell
model to admit the complexities of wave functions but
(at the same time) to bypass them by concentrating on
the quantities of direct physical interest.

Of course it is not expected that the equations can be
solved exactly, but it is clearly an advantage that the
formal statement of the method should be exact. Fur-
thermore, the equations have been designed so that
good approximations are possible. Generally speaking,
the approximations that must be made are those of
standard shell-model computations. Firstly, the vector
space must be truncated, and, secondly, some assump-
tions must be made about the ground state. Here the
extended shell model is better off than the conventional
shell model because it absorbs most of the information
needed directly from the Hamiltonian. As a conse-
quence, the results imply a higher order of ground-state
correlations than those fed in. This reflects the fact that
the equations, according to our philosophy, are as
insensitive as possible to the complexities of eigenstate
wave functions.

The general equations of motion are derived in Sec. 2.
Their formal properties are investigated in Sec. 3. It is
found that the properties of the RPA equations, as
described by Thouless,'® are quite general and hold to all
orders of approximation. The reader who is familiar
with these properties (and is prepared to accept that
they do generalize) may therefore omit this formal
section. Sections 4-7 are devoted to the particle-hole
approximations. The equations are derived in complete
generality and solved first in the RPA. This approxima-
tion is shown to neglect important coherent contribu-
tions, due to violation of the Pauli principle, which are
then included in a higher RPA. As a byproduct of deriv-
ing the general particle-hole equations, it is also shown,
in Sec. 6, how the equations-of-motion method can be
applied to generalize the HF definition of single-particle
energies and wavefunctions, to non-HF ground states.
Section 8 treats the two quasi-particle approximation in
a similar manner. A discussion of the approximations
is given in Sec. 9, together with some comments on
the interpretation of the finite vector-space equations
in terms of centroid energies. Concluding remarks are
made in Sec. 10.

2. THE EQUATIONS OF MOTION

The equations of motion for a harmonic oscillator
Hamtiltonian of frequency w are

[H, 01]=0",
[H7 O]:_w07 (1)

18D, J. Thouless, Nucl. Phys. 22, 78 (1961).
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where we put 7i=1 and where O, O are boson operators
satisfying the commutation relation

[0, 0T]=1. (2)

From the solution to these equations a set of eigenfunc-
tions can be constructed, defined by

0]0)=0,
or]0)=[1),
Ot [ n)=(n+1)"2| n+1), 3)
and with the eigenvalues
E,=(nt+3)w. (4)

It is apparent that the solution to Egs. (1) and (2) is
given, in Hilbert space, by

0*=°'Z0(n+1>”2 | nt1) n . (5)

Let us now consider whether this approach can be
adapted to a more general Hamiltonian, which will
eventually be identified with the nuclear Hamiltonian.
Suppose that our Hamiltonian is not completely
harmonic but has a harmonic spectrum up to the mth
level. By this we mean that

Epi— En=o, all n<m, (6)

where w is a constant independent of #. We now define
the concept of the harmonic space as that region of
Hilbert space spanned by the set of eigenvectors n<m.
If the Hamiltonian is not in the least harmonic, then
m=0 and the harmonic space is the one-dimensional
space of the ground state. Certainly this is not much of
a space, but it is in fact adequate.
Now if Ot is given the form

m

Ot=2(n+1)"2 | nt1)n| + 22 Cool £)g| (D)

n=0 p,g>m

for arbitrary C,q, it is apparent that Eqs. (1)—(3) are
still satisfied, provided they are allowed to operate only
within the harmonic space. In other words, we can
write, quite generally,

[H, 0']=wO'+P,
[H> O]=_w0_Pf’ (8)

[07 OT:IZI"I—Q) (9)

and

where

Pln)=Pl|n)=Q|n)=0"|n)=0, all n<m.

These equations can be put into a more tractable
form. Premultiply the first equation of (8) by an arbi-
trary operator R and the second by R; then take the
expectation of the first plus the Hermitian conjugate of
the second with respect to a wave function | ¢ ). Pro-
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vided | ¢ ) lies within the harmonic space, we obtain

(¢|[R,[H,0]]|¢)=w(s|[R,0"]|¢), allR.
(10)

Similarly

(¢|[R [H,O0T]|¢)

The advantages of using the double commutator in
these equations, rather than a simple product, are two-
fold. Firstly, the two equations are Hermitian con-
jugates, so that we need only consider one. Thus
both Ot and O should emerge as solutions of one equa-
tion with energies Z-w, respectively. Secondly, the com-
mutator of two operators is of lower particle rank than
the product, and hence its matrix elements require
less knowledge of the wave functions. As we shall see,
these features are vital to the success of the method.
We also have the pseudo-boson commutator

(¢[00,0"]]¢)=1. (12)

The usefulness of this approach is that the solutions
are independent of | ¢ ), which can lie anywhere within
the harmonic space. Now strictly speaking, the nuclear
Hamiltonian is not harmonic at all, which means that
| ¢ ) must be restricted to the ground-state wave func-
tion | 0). However, by setting up the equations in the
general harmonic vector space, we have insured that
they are as insensitive to the wave function as possible.
Restricting | ¢ ) to be the ground state also ensures that
the matrices that occur are Hermitian. As we show in
the following section, many useful properties follow from
this Hermiticity—in particular, the orthogonality rela-
tion

(0| [0 Ox1][0)=ba,

for different solutions O,' and Ohf. The corresponding
equation for arbitrary | ¢ ) is not necessarily expected,
even for a harmonic spectrum.?®

Now, in general, the ground-state wave function is
not too well known @ priori, although we may have a
good zero-order approximation to it in terms of Hartree—
Fock theory, for example (or the shell model). We
therefore retain the symbol | ¢ ) to distinguish such ap-
proximate ground states from the exact ground state,
which should be self-consistent according to Eq. (3).
To obtain better results it may be worthwhile to iterate

19 For example, O,' and O,T might be associated with different

harmonics of the same normal mode. Thus, if O, has the form
given by (7), then O, might be

(m-1)/2

Of= 2 (Gut1)"2 | n+2)n| + 2 Cplp) |
n/2=0 pg>m

with frequency wh=2w,. Thus, unless |¢) is an eigenstate,
(¢ | [Ox, Orx11[ @) is not necessarily equal to 3. On truncation of
the vector space, (e.g., to the space of single-particle operators).
this possibility often disappears.

the solution of the equations using (3) to define a
better approximation |¢) to |0). Such a procedure
would be suggested, for example, if an uncorrelated
wave function had been used for | ¢ ), but the solutions
subsequently revealed the presence of large ground-
state correlations. Since the equations are not very
sensitive to |¢), we may expect convergence to be
rapid, except for certain pathological cases which we
discuss later,

Unfortunately, Hermiticity of the equations is not
guaranteed for an approximate ground-state wave
function | ¢ ), and this is inconvenient. To regain the
Hermitian properties we can generalize (10) to

(¢|[R, H,0"]|¢)=wid|[R,01]|¢), all R, (13)
where the double commutator [R, H, O1] is defined
2[R, H, O']=[R, [H, O']]+[[R, H], O']. (14)

Equation (13) follows exactly from (10) in the limit
where | ¢ ) is an eigenstate?® when

(¢|[H,[R,0"]]|¢)=0.

Suppose now we wish to find solutions O, w, of (13)
within some finite operator space spanned by the set
of basis opérators {n,7}. Since we also want solutions
Oy, —ox to emerge, this set must include all adjoint
operators nz T where

na =g
Thus we expand

0= " Xo(k)nat (15)

and obtain from (13) the eigenvalue equations

Xﬂ) (6| [nas H, n6™] | ¢ )Xis(x)
=w~Zﬁ: (6| [ma 671 | ¢ )Xp(x) (16)

or
%:MaaXﬁ(x) =“’K§NaﬂXﬂ(") (17)
with obvious notation.

These equations are very similar to the standard
eigenstate equations for diagonalization of a Hamil-
tonian in a finite configuration space. Indeed, if we
assume that | ¢ ) is already the exact ground state

H|¢)=E|¢)

and set up excited state configurations

[a)=nt|¢), na|¢)=0, alla>0,

2 Like the orthogonality relations, (13) does not necessarily
hold exactly throughout the harmonic vector space. But this does
not imply any approximation, since we now require | ¢) to be
the ground state. It simply means that (13) is not quite as in-
sensitive to | ¢) as we would have wished.



then (16) reduces to the set of equations of half the
dimensionality:

> {a| H|B)Xs(k) = (Eotw) 2 {a | BYXa(x),
B8>0 8>0
all «>0.

These are the general Tamm-Dancoff equations. They
are inferior to (16) for the following important reason.
The Hamiltonian matrix elements are the ground-state
expectation of operators n,Hngt which are opera-
tors of a particle-rank which is two greater than the
corresponding operators [1a, H, 75'] of the equations-
of-motion method. Consequently, the Tamm-Dancoff
method relies on considerably more detailed knowledge
of the ground state. This results in the fact that, in
contrast to Tamm-Dancoff, the equations of motion
take ground-state correlations into account to a higher
order than those (if any) contained in | ¢ ).

The price paid for this improvement is twofold.
Firstly, the equations have double the dimensions and,
secondly, the metric matrix N,z ceases to be positive
definite. Indeed, since the basis operators {n.'} will
not generally be orthonormal with respect to the cor-
related ground state, the metric matrix may not even
be diagonal. This is not a problem formally (which we
will discuss in a separate paper). It does add to the
technical difficulties of solving the equations, but it
adds little more than the conventional RPA.

3. FORMAL PROPERTIES OF THE EQUATIONS

It is shown in Sec. S that a first approximation to the
equations of motion is the standard RPA. The formal
properties of the RPA equations have been investigated
by Thouless.!® These properties, as we now demonstrate,
are completely general.

3.1. Adjoint Pairs

In the exact solution of the formal equations we
expect that solutions will appear in adjoint pairs cor-
responding to excitation creation- and destruction-
operators, with energies o, respectively. Let us ex-
amine whether or not this result also follows for an
approximate ground-state wave function | ¢ ) and for a
finite operator space. If O, is given by (15), its adjoint,
which we write as

Of:' t= Ox,
is given by

Ot= 2 X *()mat= 2 Xa*(0)na".

Thus we obtain

X o (&) =Xa*(x).
From the definitions [(16) and (17)] of M. and
N.g, we also get

Mai=Mup*,  Naj=—Nug*.
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Taking the complex conjugate of (17), putting bars
over the indices, and using the above symmetry rela-
tions gives

;Maﬂxﬂ (’-‘) = —wu*;NaﬁXﬂ(f‘) . (18)
Thus, for any wave function | ¢ ), solutions always
appear in adjoint pairs with energies wx and —w,*
unless w, vanishes. If w, vanishes, the corresponding
solution (or pair of solutions) may be self-adjoint.

3.2. Stability conditions

Consider a small displacement e of the wave function
| ¢, given by the unitary transformation

| x)= exp(eF) | ¢)

where F is an arbitrary anti-Hermitian operator. The
energy expectation

| H|x)={(|H|¢)+e(s|[H, F1|¢)
+3¢ (o | [FY, [H, FI]| ¢ )+---

can be regarded as a multidimensional energy surface.
The linear term in e is its slope and the quadratic term
its curvature along some line in this surface specified
by the choice of F. If | ¢ ) were the exact ground state,
its slope would be zero and its curvature positive in all
directions (unless the ground state is degenerate, when
it may vanish). For convergence of an iterative cal-
culation of the ground state, as suggested in Sec. 2,
it is not essential that the slope be zero for all F;
otherwise | ¢) would already be an eigenstate. But it
should be in the region of positive curvature surround-
ing the point on the energy surface corresponding to
the ground state. We require therefore that |¢)
approximate the ground state sufficiently closely that

& |[F' [H, F11]¢)= Zﬂﬁa*MagFﬂzo (19)

for all anti-Hermitian operators F, within the finite
operator space considered. We shall refer to this in-
equality as the stability condition, by analogy with the
stability condition for the HF state.’®

Consider an eigenvector ¥ (\) of the matrix M:

> MVe(N)=AV.(\), alla.
B

Since M is Hermitian, its eigenvalues A are real. From
the symmetry of M, there exists another eigenvector
degenerate with ¥,(\) given by

S M pYi*(\) =\Va*(\), alla.
8

This pair of degenerate eigenvectors can be recombined
to form new eigenvectors whose elements are

Ya(\)—Ya*() or i(Ya(N)+Ya*(N)),
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which correspond to anti-Hermitian operators and can-
not both vanish. Thus, if M has any negative eigen-
value, it is possible to construct an anti-Hermitian
operator F violating the stability condition. Therefore
the stability condition is that M is positive definite:

D Vo *Map V20 (20)
8
forall V.

Following Thouless,'® we now show that, provided this
stability condition is satisfied, all solutions of Eq. (16)
have real energies. Suppose that there exists a solution
X () with complex energy w.. Then

Zﬁ:Xa*(K)MaBXB(K)=wxEﬂXa*(K)NaﬁXﬂ(")- (21)

The left-hand side is the expectation of a Hermitian
positive-definite matrix, and so it is a real nonnegative
number. The coefficient of w, on the right-hand side is
similarly real, and so, if w, is complex, it must vanish,
The expectation of a Hermitian matrix can only attain
its minimum value for an eigenvector, which implies
that X (k) is an eigenvector with eigenvalue zero. If
this is so, w, is also zero. Thus we conclude that, pro-
vided the stability condition is satisfied, ws can never
be complex.

This proof apparently breaks down if IV has a zero
eigenvalue. We show elsewhere that this can happen
only if the vector space is overcomplete, which is
automatically recognized and corrected in the solution
of the equations.

3.3. Spurious Solutions

We have shown that complex energies should not
occur. What about zero energies? Clearly any operator
that commutes with the Hamiltonian will produce a
zero-energy solution of Eq. (10). For example, the
momentum operator P commutes with the Hamiltonian
and hence

Other examples are the angular momentum operator
and the number operator. Of course, the solution of
Eq. (13) for an approximate ground state | ¢ ) and for a
finite vector space only give solutions with energies
approximately equal to zero.

These solutions are spurious in the sense that they do
not correspond to real excitations of the nucleus. On the
contrary, they represent operators which should be
diagonal. They do correspond, however, to real degrees
of freedom. It is a very satisfactory feature of this kind
of approach that spurious excitations associated with
these degrees of freedom should separate out and
appear, at least formally, with zero energy. At the
same time, the mere existence of spurious solutions
raises problems of another kind which concern the

all R.

derivation of the ground state. It is apparent that we
should not require the correlated ground state |0)
to be the vacuum of such operators, but rather an
eigenstate. If | ¢) is not already an eigenfunction, it
can be made so by projection. In practice, however, it
appears that projection is not such a good idea for the
following reason: Nearly all our understanding of
nuclear structure is based on the belief that the nucleus,
to some extent, resembles a system of independent
particles. But if we insist that the nucleus have definite
center-of-mass momentum, we apply a constraint on
the particle coordinates which destroys all semblance
of independent particle motion. The same happens if
we demand definite angular momentum for deformed
nuclei or definite particle number for superconducting
nuclei. Now in the case of translational motion, the
nucleus can be localized by the application of a field
in the center-of-mass coordinate. Such a field cannot
affect the intrinsic structure, since the center of mass
and intrinsic motion are completely decoupled. But it
regains the possibility of a nondivergent description
of the nucleus in terms of an independent particle basis.
We believe that something similar can be done for
deformed and superconducting nuclei. But here there
is an essential difference in that the intrinsic structure
of deformed nuclei does depend, to some extent, on the
rotational angular momentum, and the structure of
superconducting nuclei does depend on the particle
number. These problems and the derivation of the cor-
related ground state will be discussed in more detail
elsewhere.

3.4. Orthogonality and Normalization

Consider two solutions X («) and X(\) of Eq. (16).
Since the matrices M and NV are Hermitian,

zﬁ:Xa*(K)MaaXﬁ(%) =wx§ﬂ:Xa*(K)NaaXa(>\),
=w* 2 Xo*(1) NopXp(M).
o

Unless w) and w,* are equal, therefore, both sides of this
equation must vanish. If x=), then, provided the
stability condition (20) is satisfied, M is positive
definite,

w2 Xo*(k) NopXp(x) >0
a8

and w, wy are real. This suggests orthogonality relations
with the normalization

DX H () NapXs(\) =+da i @>0,
aff

=—da  ifw<0. (22)

Spurious solutions, with w=0 and which correspond
to Hermitian operators, are self-orthogonal.



For orthogonality of excited-state wave functions we
require that

k| N)= (0] [0 OrT]| 0)=04, we>0. (23)
Equation (22) shows that
<¢ I [0'0 O)\T] I ¢>: ey w>0, (24)

which gives us orthogonality of excited-state wave
functions just to the extent that | ¢ ) is a good approxi-
mation to | 0), in as much as (23) is sensitive to | 0).

Clearly, if we iterate until self-consistency is achieved,
i.e., until | ¢ ) becomes the vacuum of the O, operators,
then exact orthogonality of wave functions will be
achieved.

3.5. Closure Relations

If there are no spurious solutions, either because the
corresponding operators have been removed from the
operator space, because the degeneracy of the ground
state has been lifted by the addition of a field to the
Hamiltonian, or because the equations have been re-
duced by transformation to an angular momentum
representation and we are considering a subspace with-
out spurious solutions, then the usual arguments!® can
be applied to show that the solutions form a complete
set.

Any arbitrary vector ¥ within this vector space
can therefore be expanded:

V=>[aX(x)+a:X (%) ],

x>0

where
ac= 2 Xo*(x) Nag ¥,
B

ai=— D X *(&) Nog Vs
aff
= ZBX;(K)NaﬂYﬂ‘

Thus we obtain the closure relation

DD [ Xa(k) Xp* (k) — Xa* (k) X5(k) INgy= ey (25)

>0 8
3.6. Matrix Elements and Sum Rules

The matrix element of some operator I between the
ground and an excited state,

k| W[0)=(0[[0, W]]|0),
is given, to whatever approximation one is working, by
k[ W[0)=(s|[0 W]|®)

= ZHX,,*(K) NosWs. (26)

The exact energy-weighted sum rule Sgw for a
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Hermitian operator I is defined by
Sew=D_we| (x| W[0) 2

=3(0|[W,[H, W]]|0). (27)

Now the double commutator in this ground-state matrix
element is essentially a constant or a single-body oper-
ator for most transition operators W of interest. Con-
sequently its expectation is particularly insensitive to
the wave function. This, of course, is the value of the
energy-weighted sum rule, as opposed to the nonenergy
weighted. One therefore defines an energy-weighted
sum by

Sew=3(¢ | [W, [H, W]]|¢)

which is either equal to Sgw or a very good approxima-
tion to it.

Consider the situation when W has angular mo-
mentum for which there are no spurious solutions. W
can then be expanded:

W= (a0 +a*0,),

k>0

(28)

where

a={¢| [0 W]| o).

Inserting this expansion into (28) and using the
orthogonality relations (24) gives

Sew=3% 2_ a*an{en (¢ | [00 Ox1]] 6)
K,A>0
—'O),‘<¢! | [:_O)\T, OK:I ] ¢>})

=2 e acl,

x>0

=2 | (1[0, W][e) - (29)

k>0
Thus the transition strengths of (26) exactly exhaust
the energy-weighted sum Sgw.

If W has the angular momentum of a spurious state,
a sum rule for intrinsic excitations can still be devised
by subtracting from W that component which operates
on the spurious coordinate. For example, the electric
dipole operator

protons
D=e¢ . Z;

%

can also be written
D=%e> Zi—%e) (i) Zs,
[ 7

where the sum is now over all nucleons. The first term
operates only on the center-of-mass coordinate and
can therefore be subtracted to leave an intrinsic dipole
operator. The above arguments now apply to show that
the solutions of the equations of motion exactly exhaust
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VI vl vt
(a)
\' v v
v%§v' v v’/
v v’
(b) (c)
v v

Fic. 1. (a) Some low-order self-energy insertions which are
eliminated by the representation and single-particle energies &, of
Eq. (42). (b) Additional self-energies included in the single-
particle energies §@® of Eq. (43). (c) Off-diagonal self-energy
insertions neglected in the definition of & @& [Eq. (43)].

the energy-weighted sum rule for this intrinsic dipole
operator.

4. PARTICLE-HOLE APPROXIMATION

A first approximation is to restrict the operators Ot
to particle-hole form:

OT = Z ( YmiamTai—Zmiai*am) . (30)
Here (and throughout this paper) the subscripts
m, n, p, and ¢ are reserved for particle states (single-
particle states above the Fermi energy) and i, j, %,
and !/ are reserved for hole states (single-particle
states below the Fermi energy) .2

Inserting (30) into (16), we obtain the matrix
equation

GO 0)0) e

for the column vectors (¥a;) and (Z,;), where A and
U are Hermitian and B is a symmetric matrix defined by

Aminj= <¢ I [aiTamy H7 a,.Taj:l ] ¢>?
Bminj= - <¢ ] [a'ifamy H7 affaﬂj ‘ ¢>7
[]minj':‘ <¢ I [aiTam, a/'n.*aj:l I ¢ >' (32)

Given a well-behaved Hamiltonian, which we write in
the general antisymmetrized form

H= ZTW’avTav’_Fi Z Vﬂvﬂ'v’duTavTav'aﬂ'y (33)

w! pvulv!

21 The term “Fermi energy’ is used rather loosely here. It is to
be understood as that energy such that, if all particles occupied the
lowest-possible single-particle states, all states below the Fermi
energy would be occupied and all states above it would be empty.
Single-particle states and their energies can be defined in many
ways. For the moment, we shall be completely general and delay
their definition until the most appropriate definition becomes
apparent.

and a wave function | ¢ ), the construction and solu-
tion of Eq. (31) is straightforward.

For particle-hole operators, the orthogonality rela-
tions (22) become
Z { ymi*(") Uminjyni(x) —Zmi*(") Umini*znj()\) }
ming

= +3x)\

= 0

if w>0,
if w<0. (34)
The closure relations (25) become

ZZ{ Voni(€) Vir* (6) = Zns™® (6) Zpi () } U plen = 8mndij,

k>0 pk

D> Zni(6) Vii* (1) = Vini* (1) Zii () } Upenj=0,  (35)

>0 pk

and the transition matrix elements (26) become

‘W 10)= 20 {Vui* (&) Unmin/Wn;

minj
+Zmi*<K) Uminj*an} .
5. RANDOM PHASE APPROXIMATION

(36)

Suppose we choose for | ¢ ) the particle-hole vacuum
| ). We find

Amini=8ii{| @[ H, a,1]|)+0ma (] @.'[H, ;] | )+ Vimiin.

The single-particle representation still remains to be
specified. The obvious choice is the one which diago-
nalizes the single-particle matrix elements:

(| anlH, a2 |)=8nnbm,
(| ai'[H, a;]]|)=—8:8: (37)

In fact this is the Hartree-Fock (HF) representation;
the &, are HF single-particle energies, and the particle-
hole vacuum | ) is the HF wave function.

In this representation we obtain finally

Amini=0mndij(8m==8:) +Vmjin,
Biini=Vmnii,

Unnini=8mn0ij, (38)
and (31) becomes the standard RPA equation.

6. GENERAL PARTICLE-HOLE EQUATIONS

It is well known that the RPA is inconsistent from
the point of view that the HF wave function is not the
vacuum of the RPA excitation operators:

0(x) | )s=O0.

The corresponding statement in Green’s function lan-
guage is that the Pauli exclusion principle is violated.
If ground-state correlations are large, this may intro-
duce serious errors. Let us therefore examine the struc-
ture of the matrix elements (32) when | ¢ ) is the fully
correlated ground state | 0).



6.1. Complete Equations
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We find
Amin= 0| aTH, 411 0)omm— (| {as", [H, a1} )0 | au'am | 0) 1
+{0 | an[H, a.1]]0)6;i— (| {am, [H, .1} [) (0] a;0:" | 0)
+ijin'—ZVMjin 0] a.'an| 0>—ZVmMin 0| aja,t l 0)
- . I (39)
— > Vniun{0 ] @ua:" | 0)= D Vijiw (0| anta, | 0)
+2Vmwn 0|:a:'a,taja,:| 0)+ EVujiv ] :a,ta,tana,:| 0)
g 11
+%2me 0|:a,%a,ana;: l 0>+z ZVWW <0 aﬁan“a,,a, |0)
Buini= | {am, [H, ¢;'1} |) (0 | ana:" | 0)+ (| {ai', [H, aa1} [) (0| as%an | 0)} I
+anii_ZVunif (0] a.an|0 )"EVmuij 0 ‘ atan I 0)
: . I (40)

—memwam—memwwwm

+ZV,,,,“,] 0 ]:a:fa.a,0,:] 0)+ TV,.W 0|:a;taxta,am:| 0)
w IIT

Zmew O |:a;'a:taua,:| 0)+3 ZVnm (0 a,,”a,.“aman l 0)

oy

Unini=0mn {0 | aita; | 0)—8,(0 | a,tan|0),

where the operators enclosed by dotted brackets
(: :) are to be arranged in normal order with
respect to the particle-hole vacuum | ).

6.2. Single-Particle Terms I

The equations look frightful, but are simplified con-
siderably by a suitable choice of single-particle basis.
A desirable choice would be one which diagonalizes all
the single-particle matrix elements labeled I in (39)
and (40), but it is not clear how one would achieve
this exactly. A natural basis is one which diagonalizes

<0 ‘ {(l,,, I:H; aﬂ’T]} [ 0>= (0 l {[a,,, H]: a‘V’T} 1 0);
=T+ Z;Vuvn’ﬂ <0 | (N

=86, (42)

This is a generalization of the HF basis in which the
self-consistent field is replaced by a single-particle field
calculated for the true rather than the HF density. In
diagrammatic language these self-energies correspond
to the elimination of all self-energy insertions of the
type shown in Fig. 1(a).

A very reasonable approximation now is to assume
that this representation also diagonalizes all the single-
particle matrix elements 1.2 Angular momentum conser-
vation guarantees this, of course, in the majority of

22 This assumption underlies the whole of the shell model;

without its fulfillment to a high degree of accuracy, it would be
hard to understand the persistence of shell structure.

(41)

cases. Thus we define single-particle energies §&:
O] an[H, 6,71 0)=6, 0| an[H, an"][0)
= Spn&n® (1= pm),
(0 a:'[H, a;]]0)=25;;40 ] ai"[H, a:]]0)

= —51';'81'(_) (1—}1@), (43)
where
= <0 l an'an l 0))
hi= <0 [ aiaﬁ [ 0). (44)

$m is the number of particles already occupying the
particle state 7, and 4, is the number of holes occupying
the hole state 7. These single-particle -energies include
self-energy diagrams of the type shown in Fig. 1(b),
[in addition to those of 1 (a)] but neglect off-diagonal
diagrams of type 1 (c).

The remaining single-particle terms are an order of
magnitude smaller and can be approximated a little
more crudely. Rather than introduce a third single-
particle energy we therefore approximate?

<] {aiT; [H’ aj:l} l)g—siigiy
{| {@m, CH, @]} | Y28nEime (45)

23 It is observed in HF calculations [see K. T. R. Davies, S. J.
Krieger, and M. Baranger, Nucl. Phys. 84, 545 (1966) ] that the
single-particle energies converge much more rapidly than the self-
consistent field. This indicates that the single-particle energies are
insensitive to the field. Thus, if the ground state is described at all
well by HF theory, the above simplification is hardly an approxi-
mation at all.
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(a) (b)

F16. 2. Some low-order diagrams contributing to the particle-
hole interaction terms II of Eqgs. (39) and (40): (a) Vamjin; (b)
Low-order Pauli correction to Aminj; (€) Vomnis; (d) Low-order
Pauli correction to Bmin;j.

The sum of the single-particle terms I of A4,.;,; then
becomes

8nnii Em ™ (1 — pm) —Emhi—&: (1 —hs) +8Eipm .

The terms I of B,:,; vanish.

The single-particle energies &, &,™, and &, are
experimentally observable quantities: &, is the centroid
for the total strength of the single-particle state », as
evidenced in stripping and pick-up reactions; &,™® is
the centroid of just the stripping strength of the particle
state m; ;7 is the centroid of just the pick-up strength
of the hole state <.

With these assumptions, the metric matrix (41)
becomes

(46)

Uminj = anaij( 1 '_Pm— hz) . (4’7)

The fact that this matrix becomes diagonal is extremely
useful because it can be inverted very easily to convert
(31) to standard RPA form.

6.3. Particle-Hole Interaction Terms II and III

Under the above assumptions, the interaction terms
II of (39) and (4), which depend only on the single-

U—1/2 0 A B U—~1/2 0
0 UJ\B'" 4*/\ 0 U~1/2>
®t @*/\Z

In more compact form, this becomes

where

‘ymi= ( 1 _Pm_hz) 12 Ymi,
Zmi= (1= pm—1:) 2 Z s,

()

particle density of the ground state, are given for
Aminj b}'

ijin(l_pm_pn_hi_kj> (48)

and for By by

Vinii (1= pm—pn—hi—h;) . (49)

Some of the low-order diagrams contributing to these
terms are shown in Fig. 2.

The correlation terms IIT are not simplified by the
choice of particle basis. Some of the lowest-order dia-
grams, which are summed in these terms, are illustrated
in Fig. 3.

Some low-order diagrams which are conspicuously
absent are those of the type shown in Fig. 4. These
diagrams represent a coupling of a one particle-hole
phonon to a two- (or more) phonon state. Such a cou-
pling will cause a splitting of the one-phonon strength,
but it cannot shift its centroid energy, which is pre-
dicted exactly by the equations-of-motion method (see
Sec. 9.2). To account for the energy shift of specific
states due to coupling to states outside of the space, one
can always renormalize the interaction in the usual
manner. A formal statement of how this is achieved for
equations of RPA form is given by da Providencia.l!

7. HIGHER RPA

I we neglect the correlation terms and the difference
between &, and &, in the Pauli correction terms of
(46), then the equations simplify considerably. We
obtain

Amini = dnnbii (En™® —&7) (1= pm—1i)

FVujin(1—=pm—hi—
Buini=Vmnii(1—=pm—hi—pa—h;),
Unmini=dmndii(1— pm—hs).

pﬂ_hJ) )

Since U is a diagonal matrix, it is readily inverted and
(31) can be written

UllZ 0

S ARG )

(50)

@minj= 5mn6ij (gm(+) —Si(—)) + ( 1 —pm_hi) 12 ijin(l —_Pn——h]) 1/‘2)

(Bminj= ( 1 '_Pm'_hl) llgvmnij( 1 '—Pn'—hj) II2’

(51)



and we have neglected some terms quadratic in the p’s
and 7’s.

These equations are of the same form as those of the
RPA (38), differing only by a renormalization of the
two-body interaction.

Transition matrix elements are given by

L1 0)= LW i1 = pu—hh) 2%* (4)

W in(1= pn =) 2Zni*(9) ], (52)
which (again) is the RPA result, but which is now given
for a renormalized transition operator.

These results are almost identical to those obtained
by an extended linearized equation-of-motion pre-
scription. The small difference may, however, be very
important. In this method, the equations of motion

[H, atal~a'a+atataa

are linearized by replacing pairs of particle creation- and
destruction-operators by their correlated ground-state
expectation values.?* The results differ from ours in
that the single-particle energies involved are &, rather
than &, but otherwise they are identical.

The correlation diagrams of Fig. 3 occur first at the
same order as the Pauli correction diagrams for the
forward-going graphs [Fig. 2(b)] and actually at a
lower order for the backward-going graphs [Fig.
2(d)]. Therefore they cannot be neglected on energetic
grounds. However, it is supposed that they contribute
with random phases and consequently are unimportant.
But it is abundantly clear that the Pauli violation cor-
rections, which we now include, do contribute co-
herently and do effect a reduction of the effective inter-
action strength.

Whether or not the approximation of random phases
for the correlation terms is justified is an important

¥16. 3. Some of the lowest-order diagrams contributing to the
correlation terms IIT in Egs. (39) and (40) of (a) Amin; and
(b) Bminj-

24 This approach has been used by Ikeda ef al. (see Ref. 13) in
the two quasi-particle approximation for a “pairing 4P, inter-
action, but the method is general.
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Fic. 4. Some low-order diagrams which do not contribute to the
particle-hole equations.

question that should be decided by computation. The
important point is that we now have closed expressions
which makes their computation feasible. The only
remaining problem is how to derive the correlated
ground state—or at least its one- and two-particle
densities. Suggested methods for doing this will be
discussed in a separate paper.

8. TWO QUASI-PARTICLE APPROXIMATION
8.1. General Equations

Whatever wave functions | ¢ ) one uses as an approxi-
mation to the ground state, the particle-hole treatment
can only make sense if ground-state correlations are
not too large. Otherwise the distinction between particle
and hole states becomes artificial. In particular, if
ground-state correlations are of the superconducting
type, the particle-hole vacuum could be almost orthog-
onal to the correlated ground state. In such a case, a
two quasi-particle approximation is more appropriate
for the excitation operators:

0= (Ve o'+ Zwayen,).

uy

(53)

The quasi-particles are defined by the Bogolyubov-
Valatin transformation

avT = UvauT - Vva/v')

a;t=U,a;'+V,a,, (54)
where U, and V, are positive real numbers which remain
to be defined, but which are subject to the normalization

UsHV.z2=1. (55)
A barred index 7 refers to a single-particle state which
is the time-reverse of ».

Substituting the above expression (53) into the
equations of motion (15) and (16), we derive equations
identical in form to those of the particle-hole equations
(31), but with submatrices:

Auw’v': <¢ l [avam H: aM’TaV’T:l l¢>’
Buvu’u'= <¢ ‘ [al'alu H: a#'al"] ! ¢>)

quu’r’ = <QS l [al'alh al-t'fal"T] ‘ ¢>' (56)
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These may be expanded:

Ay = (1=Po) [(1+ProBurr) ({& | [ H, @] | ¢ Yo
— ([ o, [H, 0"} [) (@ | et Tt | 6)) +Oporsr ™
—3(1=Pw) @ | Low, {[H, o], aw '} [ ¢)
—3(1=puw) (¢ | awLon, {ow, [H, aw'1} ]| 4)

— (1 4+-Puun) (b I:a,uf{a,, [H, oz,/'r:l}a,,:[ é)],

(57)

Burv=(1—Py) [(l'l‘ﬁmﬁp’v’) <[ {am [H: aﬂ':l} I > (¢ I 0y l é)

+=vau’v’(B)

+3(1=Pw) @ | Law {{H, aw], ow}]on | 6)
+3(1—pur) (¢ l Lo, {am LA, 0‘#’]}]“!*’ I é)

+ (14+-DuPur) (o !: {a, [H, au’]}avar’:l ¢,
U = (1"‘ﬁnl') [61414'61’1"—6}‘#' (¢ l ayta, l ¢ >_3w" <¢ I a,,/Toz,, ] ¢ >:|;

where P, is an operator which permutes the indices
&y . Vpuror™® is defined by

couvu’v’(F) =%{aw [all; {[H) aM’T:I7 aV’T}]} (60)

and is the quasi-particle generalization of a forward-
going particle-hole graph [Fig. 2(a)]. Uupw»® is
defined by

ro;um’v'(B)‘: —%{al') I:am {EH’ Ol,,'_-_l, a"’}:]} (61)

and is the quasi-particle generalization of a backward-
going particle-hole graph [Fig. 2(c) .

8.2, Quasi-Particle Random Phase Approximation
(QRPA)

Suppose we choose for | ¢ ) the quasi-particle vacuum
| ) given by

l )=I>I(](Uy+ V.ates") |-), (62)

where |- ) is the bare vacuum. We find that
Anm'v'= (1—ﬁMV) I:(l'*'ﬁwﬁu’l") <I a,,[H, O‘V’f] [ )5#’
+€Ouw'v’(F)]-

To evaluate this expression, the particle basis v and
the parameters U,, V, must be specified. This we do in
accord with Hartree-Bogolyubov theory, but we use
the equations-of-motion method, which is more in
keeping with the present development. The method is
simple and has the advantage that it is readily general-
ized to a correlated ground state. Since this method will
be described more fully elsewhere, here we merely note
the salient expressions.

The single-particle basis is chosen as the one which
diagonalizes?

(I {ay, [H, a1} [} =8 (8,—2). (63)

% Since we are utilizing quasi-particles which do not conserve
particle number, it is appropriate to modify the}Hamiltonian in
the usual manner: H—H—X\y, where A is the chemical potential
and # is the number operator.

(58)
(59)

The coefficients U, and V, are defined by the require-
ment that

(Hes", [H, o1} 1)
=0, [(U=V2)A,—2U,V,(&—)\)]=0,
where A, is the gap parameter defined by
({5, [H, a1} )= {a", [H, a5 "]} | }=5wA,. (65)
Explicitly,
A»=%Z”3V,w (laata,"])= —%;VﬁmUuV”- (66)

(64)

These equations, together with the normalization (55)
and the number equation .

(Inl)=4, (67)

define the quasi-particles completely. The quasi-particle
energy E,, defined by

<I {av; [Hy al”T]} l>=5wr <] {al" [H: avt]} 1>=3.,ny,,,
(68)

after some manipulation of the above equations, is
given by

By= (Up=V2) (8,—\) 42U, VoA,
= (& —0rase, (69)

With this choice of quasi-particle basis, the sub-
matrices of the QRPA become

Apwry = (1=D) [8ur 80 ( Byt Ey) + Oy ®],
By = (1—Pyy) Oponr®,

Urvr = (1= Do) Sy 0.

8.3. Higher QRPA

The QRPA can be taken to a higher order just as the
particle-hole RPA. For | ¢ ) we take a correlated ground-

(70)



state wave function | 0) containing the vacuum plus
admixtures of quasi-particle excitations.?® Now the
equations defining the particle basis and the transforma-
tion to quasi-particles generalize to a correlated wave
function without any change in form. They become

0| {a, [H, a1} [0)=0m(&—N), (71)
O] {e', [H, «»']} | 0)
=8, [ (U2=V2)A,—2U,V,(&—N\)]=0, (72)
where
A,=(0] {as, [H, ]} |0)=32"Van (0] ai'a,’ | 0).

(73)

The expression (69) for the quasi-particle energy E,,
now defined by

(0 l {al” I:H: av’T]} I 0>=5W'En

remains unchanged.

The quasi-particle energy E, becomes the combined
centroid for creation and destruction of a quasi-
particle. However, in Eqgs. (57)-(59), only the centroid
energy for creation of a quasi-particle appears. Thus we
define

(0 l a,,[H, aWT.—J l 0 >gaw’ (0 l ot,,[:H, avT] l 0>
= 6VV’EV(+)(1 _'Nv) )

where N, is the number of quasi-particles occupying
the state » in the correlated ground state:

N,={0]|ata]|0). (75)

It is doubtful whether, in practice, E,? will differ
significantly from E,.

If we now make the assumption of random phases
for the correlation terms of (57) and (58) and follow
exactly the same steps as in the derivation of the higher
RPA, we again obtain equations of RPA form with

(74)

Yw=(1=Ny—N,) 2V,
Zw=(1—N,—N,)12Z,,,
Qv = (1= Puw) (80 (B, + E, D)
+(1=Ny—N) 20y ® (1 =Ny — N, 2],
Gy = (1=Pw) (1= Ny—N,) 2V ®
X(A=Nw—N,)'"2,

Wy = (1= D) Syt (76)

2 In the quasi-particle treatment, we do not suppose | 0) to be
the exact ground state with definite particle number for the reasons
stated in Sec. 3.3. Rather, it is considered a good wave function if
its A-particle components approximate the A-particle ground
states. As a result, the quasi-particle equations-of-motion yield
spectra which are averages over a few nuclei in the neighborhood
of the nucleus in question. This is the penalty one must pay for
the simplicity of quasi-particle methods.
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9. DISCUSSION OF THE APPROXIMATIONS

The approximations that must be made in order to
solve the equations of motion are of two types: ap-
proximations for the ground-state wave function and
approximations of the truncation of the vector space.
These we discuss separately.

9.1. Approximations for the Ground State

For the particle-hole (two quasi-particle) equations,
the only input data required of the ground state are its
one- and two-particle densities. In the RPA (QRPA)
these are approximated by HF (HB) values. By ex-
tending these approximations to a higher order, we
have shown that they neglect important coherent con-
tributions which are particularly associated with cor-
rections to the one-particle densities or diagrams of the
types shown in Figs. 1 and 2. The inclusion of these
contributions in the higher RPA is manifested in two
ways. Firstly, the HF particle-hole energy is replaced
by (&x—&), which inevitably is larger. This
replacement is advantageous because the &% (rather
than HF energies) are observable centroid energies.??
Secondly, the effective interaction strength is reduced.
Both corrections increase the energy of low-lying excita-
tions for a given Hamiltonian.

Without detailed calculation it is not easy to predict
the consequence of including the remaining neglected
terms [namely, the correlation terms associated with
corrections to the two-particle densities or diagrams of
the type shown in Fig. 37. It is hoped that the correc-
tions will be small due to a random phase cancellation.

9.2. Truncation of the Vector Space

We now assume that the ground-state wave function
is exact, and we consider the effect of truncating the
vector space. The first observation is that the O, |0)
cease to be exact eigenstates and the O, |0) may not
completely vanish. We then must consider the sig-
nificance of the energy wx of the equation

(0 [ [OK’ H’ OAT] l 0 >=ax)\wx-
Expanding in terms of exact eigenstates | a), we find
wx=§:(Ea—Eo){l (@] OM0) [P+ {a| Oc[0) 2}
(77

Thus wy is the centroid energy for the O,f, O, strength.
This is an exact and very significant result, for it tells
us just what to expect when the vector space is en-
larged. If the original truncation was reasonable, the
bulk of the strength would reside in a single eigenstate
close in energy to the centroid. As the vector space is
enlarged, the strength of the original solution becomes

# If, for lack of experimental information, one takes the energies
of only the lowest states with single-particle strength rather than

the centroid of all such states, then the particle-hole energy is
inevitably underestimated.
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split among a number of solutions which, in the limit
of an infinite space, become the eigenstates. It is
apparent therefore that enlarging the vector space can
only lower the energy of the lower solutions.

Similarly, if we wish to take into account the coupling
to vectors outside of the space by the use of an effective
interaction, it is clear that, for the lowest states, all
such effective interactions must be atiractive. For example,
if the original vector space included only 1%w particle-
hole (two quasi-particle) excitations, then the effective
interaction associated with coupling to 3%w excitations,
two-particle-two-hole excitations, etc., (e.g., diagrams
of Fig. 4) can only be attractive.

10. CONCLUDING REMARKS

The higher RPA goes a long way towards the in-
clusion of superconducting effects without giving up
number conservation (as does the QRPA). If we as-
sume that HB theory accurately describes single-
particle energies

Sm(+) —A= Em,, 8,'(_) —A\=—F;

and single-particle occupancies

Pm = Vm2, hiz Ui2;

but that nevertheless the Fermi surface is sufficiently
sharp to justify the neglect of quadratic terms in p,
and £, then the QRPA and the higher RPA become
equivalent. In fact, such a situation is almost certainly
nonexistent, for under these circumstances a super-

conducting solution is unlikely to exist. Nevertheless,
it is very satisfactory that the equations continue into
the domain of each other in this way.

It is well known that, in standard RPA theory, the
excitation energy of the “collective” state falls as the
interaction strength is increased; eventually it vanishes
and starts to become imaginary. This (as Thouless'® has
shown) indicates the instability of the HF wave func-
tion and the occurrence of a phase transition. The cal-
culations of Ikeda et al.*® indicate that, for the higher
RPA, this no longer happens. We differ from Ikeda et
al., however, in the interpretation of this result. It does
not mean that phase transitions cannot occur; that is
unrealistic. It means, rather, that phase transitions are
not sudden and that the correlated ground state slowly
makes the transition, leaving excited states always at
positive, real energies. In the difficult region of a phase
transition, the particle-hole or two quasi-particle
truncation is almost certainly inadequate, but the
elimination of imaginary roots is surely an essential
feature of any realistic calculation.?®

In this paper we have tried to indicate some of the
usefulness of the equations-of-motion approach. But its
potentiality has not yet been fully explored. Because of
its simplicity and formal exactness, it has a flexibility
which holds considerable promise for its successful
application to further problems of nuclear spectroscopy.

% Note added in proof. Since the completion of this manuscript,
the significance of imaginary roots and the meaning of a phase
transition have been more fully investigated in terms of general
variational equations [D. J. Rowe, Nucl. Phys. (to be pub-
lished) 7.



