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Institnte for Theoretical Physics, State University of Sew Fork at Stony Brook, Stony Brook, Nero Fork

Assuming isospin, the current —current form of the weak interactions of hadrons, and the most general matrix element
for the hadron current, expressions are obtained for the decay rate, the final particle energy spectra, and the final baryon-
lepton angular correlation. The results are presented in a manner that allows easier comparison between theories and
significant data. In particular, a table is given which will allow comparisons between theory and experiment for decay
widths. It also allows one to determine which of the many interactions are important in the energy spectra for the various
decay modes.

is given in Appendix A. In Sec. 2 we set up the problem
for the decay width, and evaluate the matrix elements.
Then, in Secs. 3 and 4, we obtain the formulas for the
energy spectra and the angular correlation, respectively.
In the final section we discuss the pertinence of our re-
sults to experiments. A table is given which allows an
easy comparison between theory and experiment for
decay widths and lets one determine which spectral
terms are important for a given decay process, as shown
by an example of current interest.

1. INTRODUCTION

2. DECAY MATRIX ELEMENT FOR
B~B'+1+r

Ke are considering the semileptonic decay of a baryon
into a anal baryon, a lepton, and an antineutrino, i.e.,

B~B'+l+r. (2.1)

(See Fig. 1.) The mass and 4-momenta of the initial
baryon, 6nal baryon, and 6nal lepton are (M, p),
(M', k), and (nt, q'). The 4-momenta of the anti-
neutrino is (q). We often use the quantities Q and E
defined by

Q=q+q'= p —k,

(2.2)

The weak interaction Hamiltonian is assumed to be
of the current —current type:

X($) = (G/V2) LJo($) clo($) +h.c.j, (2.3)

where J and g are, respectively, the hadronic current
and the leptonic current, G is the weak coupling con-
stant"

' Many of the results of this investigation were reported earlier.
See M. M. Nieto and H. T. Nieh, Bul1. Am. Phys. Soc. 12, 595
(1967).

P. Belov, B. S. Mingalev, and V. M. Shekhter,
Zh. Eksperim. i Teor. Fiz. 38, 541 (1960) LEnglish transl. :Soviet
Phys. —JETP 11, 392 (1960)g.

3 D. R. Harrington, Phys Rev. 120, 1482 (1960).
4 L. Egardt, Nuovo Cimento 27, 368 (1963).' W. Drechsler, Nuovo Cimento 38, 345 (1965).
6 N. Brene, L. Veje, M. Roos, and C. Cronstrom, Phys. Rev.

149, 1288 (1966),
~ C. E. Carlson, Phys. Rev. 152, 1433 (1966).
8 M. Veltman in the Proceedings of the 1964 Easter School at

Herc'-Novi, Volume III, CERN, Report 64-13, 1964 (unpub-
lished).

Cabibbo and M. Veltman, 8'eat Interactions, CERN,
Report 65-30, 1965 (unpublished) .

' N. Cabibbo, &P6$ Ijrandeis University Summer Institute in
Theoretical Physics, Volume II, Particle Symmetries, M. Chretien
and S. Deser, Kds. {Gordon and Breach Science Publishers, Inc.,
New York, 1966), p. 3.

G= (1.0232) 10-s/3f '

G /2=0. 6755&&10 "Me&-4, (2.4)

and M„ is the mass of the proton.
The matrix element of the leptonic current is

Lt'=(l(q'), —.(q) I 8 (0) I 0&,

=(2~) ~(q') b"(1+&')js(q) (2 5)

The matrix element of the hadronic current between
~~ This value is taken from Ref. 6. If the determination of the

coupling constant changes in the future, our numerical results can
be changed by simple multiplication. All masses used in this work
are taken from A. H. Rosenfeld et al., Rev. Mod. Phys. 39, 1
(196'?).
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With the accumulation of more and more experi-
mental data, it will become possible in the future to
determine some of the finer aspects of the hadronic
part of the semileptonic decay matrix elements. For
such phenomenological analysis, it is desirable to have
explicit formulas for the decay rates, energy spectra,
angular correlation, etc., where due consideration is
given. to the total structure of the matrix elements,
and which can be easily understood by all physicists.

This work was undertaken with the hope that it
would form a bridge between experimental and theo-
retical physicists. ' Some of the results have been ob-
tained earlier by Belov et al.,' Harrington, ' and others. ~~

Ke have reduced all the functions to only two kine-
matic scalars, and these two are the physically meaning-
ful momentum —transfer squared and one scalar involv-
ing energy or angle variables.

%e are assuming the current —current form of the
hadronic weak interaction and isospin. We are rot as-
suming SU(3), Cabibbo theory, or mass degeneracy.
As more experimental data becomes available, this will
allow rigorous tests of Cabibbo theory or other new
models that may be proposed. (We keep the form
factors real, which means we assume time-reversal in-
variance. However, since we assume isospin, a slight
modification allows a test of T or CI' violation. See
Sec. 2.)

Ke use much of the notation of Cabibbo and Velt-
man. ~" The metric and form of the Dirac equation
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two baryons is given by

H"= (B—'(k) i J"(0) ) B(p) )

=(2 ) 'u(k)[Fy+(F/M) "Q"+s(F/M)Q

+&'""+(Gs/M) ~""~'Q"+s(Gs/M)7'Q"jN(P), (26)

B

(p, M)

(q', m)

(q)

0+V V

Qa

&pv'5Qv

vector,

weak magnetism,

scalar,

axial vector,

axial magnetism,

induced pseudoscalar.

Equation (2.6) can also be written as

where the F's and G's are the hadronic form factors,
assumed to be functions of the momentum transfer
squared (Q'). In the terminology of Weinberg, "Ft, Fs,
G~, and Ga are associated with "6rst-class" currents
(proper Lorentz vectors with G parity +1, and axial
Lorentz vectors with G parity —1). Fs and Gs are
associatedwith "second. -class" currents (G parity oppo-
site that of the 6rst-class currents).

If the lepton and antilepton currents are coupled to
hadron currents that are members of the same isospin
multiplet, then time-reversal violation occurs only by
means of the second-class currents. ' "Thus, with this
added assumption, we just make the form factors of
the second-class currents imaginary; and if such terms
exist, they violate time-reversal invariance. If one as-
sumes SU(3), then the result holds with the isospin
multiplet becoming an octet."

The terms in (2.6) are called

FIG. 1. The semileptonic decay process B~B'+l+T. The„4-
momenta and mass of the initial baryon, 6nal baryon, an& anal
lepton are (p,M), (k,M'), and (q', m). The4-momentaoi theanti-
neutrino is (q).

Fr=F[1—(~/M')Q'j Gi=G[1—(&/M')Q'j,

ft-fL1 (~/M'—) Q'3, gt=g[1 —(P/M') Q'$,

(2.9)

unitary parity. However, using (2.7) allows great sim-
plification in computation, and the resu1ts can trivia11y
be converted by means of (2.8). For these reasons we
use the (2.7) form of H" to calculate functions, but
most of our numerical results are given in terms of the
more physically meaningful (2.6) form of the hadron
current.

Later in this paper we integrate over the Q' variable.
This can be done if we pararneterize the form factors
by a polynomial expansion. However, one does not
expect a wide variation of the form factors because the
maximum Q'is small. Because of this and the fact that
Iij and G& have lowest-order symmetry breaking, we
keep the other form factors constant and express Fj
and G~ by

H"=(2~)-'~(k) [f,q"+i( f,/M) E"+s(f,/M) Q"

FA=fu, GB=gP. (2.10)
where

where A. , n, 8, P are parameter constants. This implies
that

+gn"7s+s(g /M) 7'&"+s(g /M)v'0"3" (P), (27)

f,=Fr+[1+(M'/M) jFs Any of the other form factors can be similarly expanded
and integrated.

The total decay rate (inverse lifetime) is now given
by

gr=Gg —[1—(M'/M) )Gs

g2=G2

g3= G3 (2.S)

I'= '=(q q) '/d'qd'q'd'qq'lq q q q')———

&& Z-:(I'I'), (2.11)
IPins

The (2.6) form of H" has more physical content,
since each term has a de6nite G parity and a definite

"S.Weinberg, Phys. Rev. 112, 1375 (1958).Also, Reference 8
has a good discussion on this point.

"N. Cabibbo, Phys. Letters 12, 137 (1964).

T=(2~)'(G/V2) H&L&. (2.12)

To calculate the square of the matrix element we
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combine (2.5), (2.7), and (2.12) to obtain

2 l( I

7' I')=,Tr
I fn'"+8 —&"+i—Q"+g v"v'+i —&"v'+i —Q"v'

l

G' ( i—%+M') ( . fp . fp . g8 . gp 't —iP+M
4(2n.) 8 2kp I, M M M M j 2pp

x~ f.+'-~+' —Q"+g.~v-' —~v-i —Q"v'i T
i ~ (1+~') -~"(1+7')

i

. fp . fp g, . g, l (—iq'+m
l(

—zq)
M M M M J & 2qp' 2/0 i

G2

L (Q P (2.13)

In the last line of (2.13) we use the fact that all invariants can be expressed in terms of the masses, and two
scalars, here Q' and (p q) . It is useful to note that

Q'=(p —k)'= —M' —M"—2(p k),

p k= —', (Q'+M'+M"),

P q'=-:(Q+M"-M ) -(P q).

(2.14)

(2.15)

(2.16)

A long trace calculation (see Appendix 3) leads to the result

Fl(Q8, p q) =(f'+gl')2(p q)[M'8 —Mp+mp —2(p q) j+(f,—g,) [2Q8(p q) ——,'(Qp+mp)(Q8+M'8 M8) j
[(f 2+g 2)/Mpj[8(P, q)

2 4(P, q) (M12 M2+m2+Q2) +I (Q2+mp) (m8 4M8) jl (Qp+Mp+M/8)

[(f 8+g 8) /M2jm21 (Q2+mp) I (Qp+M2+M 8) [(f2fp+g2g8)/M2j[4mp(p, q) m2(Q2+m2) jl (Q2+M2+M12)

+MM~( flp glp) (Qp+—mp) —(M /M) (f88—g88) [8(p q)
8—4(p q) (M 8—M8+mp+Qp) +I (Qpymp) (mp 4M8) j

—(M'/M) (fp' —gp') mpp (Q8+m8) —(M'/M) (fpfp —
gpgp) L4m'(P q) —m'(Q'+m') j

+(M'/M) ( f,f,+glg8) [8(P q)' —2(P q) (2Q'+m'+2M" —2M') —2M'(Q'+m') j
+2(M'/M) (flf +glgp)m'(p q)+(fl fp —glgp) [8(p q)' —2(p q) (2Q'+3m'+2M" 2M ) ——(Q'+m') (2M —m )j

+(fl fp —glgp)m'[2(p q) —(Q'+m') j. (2.17)
Inserting (2.16) into (2.17) yields

~"(Q', p q') =(f'+g ') (Q'+M" —M' —2P q') ( '—Q'+2P q')

+I (fl gl) 2[Q2(Q2+M12 M2 mp 4P, q~) +m2(M2 M~8) j
+[(fp'+gp')/M'jL2(Q'+M" M' 2P q') (—m'+—2P q')+8(Q'+m') (4M' —m') j-'(Q'+M'+M")

'[(f8'+gp')/—M-'jm'(Q'+m') '(Q'+M'+M-")

—[(f f 8+ggp)8/M mj'( 'Q+2 M" 2M m' 4p—q')-,'—(Q'+—M'+M")

+,]/M'(f, ' g,') (Q'+m—') + (M'/M) ( fp' g8') [2(Q'+M" —M' 2p q'—) (m'+—2p q') +-'(Q'+m') (4M' —m') j
I (M&/M) (f 2 g82) m2(Q2+m2) (M&/M) ( f2 fp g2gp) m2(Q2+2MI2 2M2 m2 4p, q~)

—(M'/M) ( fl f8+glgp) [(Q'+M'8 —Mp —2p q') (m'+4p q') +2M8(Q8+mp) j
+(M'/M) ( fl fp+glgp) m'(Q'+M" —M' —2p q')

(f f g g ) [(Q2+MI2 M2 2p, q~) (3m8+4p, q~) +(2M2 m2) (Q2+m2) j
( fl f8 glg8) m—'[M' M"—+m'+2p q'—j. (2.18)
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3. ENERGY SPECTRA

To obtain the energy spectra we use the method described in Appendix C of Ref. 9.
Combining (2.13) and (2.11) yields

G' d'qd'q'd'kF= ~'(P I —
q

—q')—~'(O', P q)
fc (22r) '2 pokoqo'qo

We work in the center-of-mass system, so that po ——M, (p q) = —Mqo, (pq') = —Mqo', and

(3 1)

Q' = —M' M"+—2Mko. (3.2)

F and Ii ~ are then independent of angle.
For calculating the baryon spectrum the q integration is done immediately, so that the integral part of (3.1) is

dkZ= , ~(po —&~—qo
—qo') P'(O' P q).

ko qoq,
'

Changing the k and q integrations to polar coordinates yields

Z =Sar'
I&I'dl&l

~»LM —4—
qo

—(I el'+ ll I'+»I qll&l)"'j ~'(O', P q),
ko qoqo —1

where s is the cosine of the angle between q and k. We now use

(3.3)

(3 4)

dan s =1 '
so (3.5)

where so is defined by f(«) =—0, i.e.,

For our case

so that

«=L(M —&o—qo)' —I a I' —
I & I2J/2 I

& II ti I.

1/If'(«) I =qo'(«)/I& II tll

(3.6)

(3 I)

Z =8+'
&o

Ialdlal P'(Q', p q)0(1 —«2),
qo

(3.8)

where the 0 step function insures that —1&3'o& 1.
By realizing that

I & I ~
I
& I =&od&o, (3.9)

we can change the momentum spectrum to an energy spectrum, "so that

Z=sm' &od&o qodqoF' '& 'q 0 1—~o (3.10)

The condition that so'&1 means that

a &qo&u+,

(M'+M"+2m„2 —2222 —2Mko) (M—ko) & I lr. I R
2 (M2+M" 2Mho)—

g L(M2+M~2 222
2 ~2 2M/ )2 4222 2222211 2 (3.11)

'4 By making use of (3.9), our results can be converted at once to momentum spectra, if the reader so desires. Where it will
cause no confusion, we shall henceforth use the word neutrino instead of antineutrino.
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where we have temporarily left in a neutrino mass. The necessity for the factor in the square root to be positive
implies that

Now setting ns, =0 gives

IIp= (2M) '[M'+M" (m—+m )'j&kp.

(M'+M" —m' —2Mkp)

+M

(3.12)

Q'+mP M' M"—Q'—
2M

I I

This finally yields the decay width F in terms of the baryon energy-spectrum function, S&.'

62 ap

dkp SE (kp),

(3.13)

(3.14)

Se(q ) = f dqpp'(Q'— qqqs). ,
a-

(3.15)

An explicit integration gives

SE(kp) = (fIp+gI') L2(M"—M'+m') Ap —4Ap&+( fI—gI)'[2Q'Ap —',(Q'+mp) (Q'+M" —M') AI)
—[(fp'+gpp) /M'$[8Ap —4(M"—M'+Qp+ mp) A,+-', (Qp+m&) (mp-4Mp) AI)I, (Qp+ Mp+M'p)

![(f'+-g")/M'j '(Q'+ ')(Q'+M'+M") A L(f f.+-g g,)/M ~ [2A,—', (Q+ ) A,~(Q+M+-M )

+MM'( fI' gI') (—Q'+m') AI —(M'/M) ( fP—gpp) [8Ap —4(M"—M'+Q'+m') Ap+ I (Q'+m') (m' —4M') AI)

—'p (M /M) ( fp' ga') m'—(Q'+m') AI —(M'/M) ( fpfp
—

gpgp) m'[4Ap —(Q'+m') AIj

—2 (M'/M) ( f f +g g ) [—4A + (2Q'+2M" —2MP+mP) A +M'(Q'+ ') A,$

+2 (M'/M) ( fI fp+gIgp) m'Ap —( fIfp gIg ~) [—8A—p+2 (2Q'+2M'p —2Mp+3mp) Ap+ (Q +m') (2M' —m') AI)

+ ( fI fp —gIgp) m'[2Ap —(Q'+m') AI$, (3.16)

A„=[(—M)" I/Nj(a~" —u ") S—1) 2) 3'~~ (3.17)

Use of (3.13) shows that the ( fI—gI)
' term is identically zero, so that there is no fIgI interference in the baryon

spectrum. However, this is not true for the other spectra as is commonly thought. We come back to this point
later.

In a similar manner, one can obtain the lepton and neutrino spectra. For the lepton spectrum the result is

Q2r-
(2qr) PMfi

Ap

dqo SI,(qp ), (3.18)

SI,(qp') = dkpF" (Q', —Mqp'),
A—

(3.19)

dQPPII (QP Mq q) (3.20)

A p ——(M'+ m' —M") /2M,

(M qp') (M'+M—'I+mP —2Mqp') &
I

Ii'
I

(M' M"+m' 2M—qp')—
2 (M'+m' —2Mqp')

—M'm'+M( —qp'&
I

q'
I ) (M' M"+m'—2Mqp')—

(M'+mP —2Mqp')

(3.21)

(3.22)

(3.23)

The integration of the spectral functions to obtain the lepton and neutrino spectra requires use of the form
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factor expansions (2.9) . Using them in (3.20) yields

2M Sr. (qo ) = ( JR+~g) [ Ds—+( 4M—qo' M'—R+MR+ms) DR+ (M" MR—+2Mqo') (mR 2M—qo )Dl]
—2[(Pn+ g'P) /M') [ D—4+ ( 4M—qp' M—"+M'+m') Ds+ (M"—M'+2Mqo') (m' —2Mqo') DR)

+ L ( f'n'+ g'P') /M') [—Ds+ ( —4Mqo' —M"+M'+m') Ds+ (M" M—'+2Mqo') (m' —2Mqo') Ds)

+(f g)R{ D [ 2Mqp + (MR M 0+ms) )D + ms(MR Mvs) D }
—2( f—g) [(fn —

g P) /MR) {-' D4 —[—2Mqo'+ ,'(M'-—M"+m') )Ds+-'m'(M' —M")DR}

+[(fn g'P) '/—M4) {', Ds [-2—Mqo—'+ ', (M' -M"+—m') ]D4+-,'m'(M' —M")Ds}

g[( fRR+gRR) /MR) {( 2Mqp +vM +Rms)RDR

+D [ 4MRq vp 2Mq v (2Mvs ms) +2mRMvs+ (MR 1ms) (MR+Mvs+ms) )
+D 1(MR+Mis) [ SMRq vs 4Mq v (Mvs MR ms) +2ms(Mvs MR) +1ms(4MR ms) )}

imp[( f0+g R)/MRXDR+ (MR+Mvs+mp) D +ms(MR+Mvs) Dl]
—[(fs fs+gsgs) /M')m'[R Ds+ (2Mqp'+ RM"——',M' —

R mR) DR+ (M'+M") (2Mqp'+M" M' R—m') D—l]
+MM'( fs —g') [DR+mRD1] 2MM'[—( fsn gRP) /M—'][Ds+m'DR]+M M'[( Pn' g'P') /M—')[Do+mRDR]

—(M'/M) ( fRR gRR) [(4—Mqp' —PRms —2MR) DR+ {SMRqo'R+4MqQ'(M'R —M' —ms) —mR(2M'R —1m ) }Dl)

(M /M) ( fsp gsR) (Rms) [DR+mRD1) (M /M) (fsfs gsgs)m [DR+ (+4Mqp +2M R 2MR mR) Dl)

—(M'/M) (ffu+ggp) {( 4Mqo'+—m'+2M') DR+[ SM'qo"—2Mqo'(—2M" 2M' m—') +m—'(M"+M'))Dl}

+ (M'/M) [(ffsn+ggRP) /M'] {( 4Mqo'+m—'+2M') Ds

+[ SM'qp" —2—Mqo'(2M" 2M' —m') +—m'(M" +M') )DR}

+ (Mv/M) ( ffs+ggs) ms[DR+(Mvs MR+2M—qpv) Dl] (Mv/M) [(nifs+Pggs) /MR)ms[DR+ (Mvs MR+2Mqpv) DR]

( ffR
—
ggR) {(—4Mqp'+—2mR+2M') DR+[ SM'qp' —2Mq p'(2—M" 2M' 3—m') +m—'(3M" M' m') )Dl }- —

+[(nffs Pggs)/MR] {( 4Mqpv+2ms+2MR) Ds+[ SMRqp R 2Mqpv(2Mvs 2MR 3mR) +ms(3MvR MR ms) ]DR}

—(ffs —ggs) mp( 2Mqp' M—"+M +—m') Dl+[(nffs Pggs)/M']—m'( 2Mqp' M—' +M'+—m') DR, (3.24)

D„=(d+"—d ")/I

Lastly, we give the result for the neutrino spectrum S„(qp):

Q2 cp

F= dqpSv(qo) v

8 I
p 2) 3 (3.25)

(3.26)

C+

S.(qo) = dkoF'(QR, —Mqp),
C—

=(2M) 1 dQRFr(QR, —Mqp),

cp=(2M) '[M' —(m+M')')
(MR+Mvs —m' 2Mqo) (M—qo) ~ —

I sl I
R

2 (M' —2Mqp)

R'= [(MR M'R mp —2Mq—p)
R —4M'Rmp)—,

2M'qP+qpM (M" M'+m') m'M'& MqoR-'—
(M' —2Mqp)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Again using (2.9), this explicitly yields

2MS. (qo) = 2M—qo[M'2 M—'+m'+2Mqo] f ( f'+g~) 81[ 2(—Pa+g'P)/M'582+[( f'0.'+g'P')/M4]8 }

+(f g—)'I1 2—(f g—) L(f~ g—P)IM']I2+L(f~ g—P)/M'5'I3

+[(f22+g2 )/M2)f+1[gM qo+4Mqo(M M +m )+21m (m2 4M ))++2[4Mqo+12(m 4M ))}
+[(fp'+gp') /M')'2m'(m'X1+X2) [—( f2 fo+gogo) /M']m'[(4Mqo+m') N1+X25

+MM&( f2 g2) (m281+82) (2M&/M) ( f2~ g2p) (m282+83) + (M&/M3) ( for32 g2p2) (m28 +84)
—(M'/M) ( f2 g2 )—f 81[8M qo +4Mqo (M' M+—m ) +2m (m —4M ) ]+82[4Mqo+ 2 (m' —4M') ]}

—(M'/M) ( f32 —go') 2m2[m28, +82]+(M'/M) ( f2 fo —
gogo) m'[(4Mqo+m') 81+82)

—2 (M'/M) f 81( ff2+gg2) 82[—( ffor2+ ggop) /M'] }[ 4M'—qo'+Mqp(2M' 2M"—m') —+m'M']
—2(M'/M) f 82(ff2+gg2) 83L—( ff«+g gop) /M'] }(M' 2M—qo) —2M'm'qof 81( ffo+ggo) 82L(—ffo~+g gop) /M'] }

2 f 81(ff2 —
gg2)

—82[( ff2~ —gg2P) /M') }[—4M'qo'+Mqo(2M' —2M"—3m') +,'m'(—2M' m'—))
—2 f 82( ff2 gg2) 83[(ffon gg2p) /—M') }[M' 2Mqo —,'m') —

—(ff3
—gg3) m [—(2Mqp+m )81+82)

+[(ff342 —ggop)/M')m'[(2Mq, +m') 82+8,), (3.32)
where

8„=(b+" b")/—22,

A= —-'B. 2+-'(M' —M"—m' —4Mq )'8 1+-'m'(M' —M")8
X„=—-,'8„+1—-', (M'+M") 8 I=i) 2) 3) ~~~

~ (3.33)

4. ANGULAR CORRELATION

The derivation of the angular correlation between the final baryon and lepton is more complicated than that
of the energy spectra, but is done in a similar manner. Starting from (3.4) and changing to energy integrations,
we have

Z=8~2 dx dko dqo' &(M—&0—qo' —qo) J'"(Q', —Mqo'),
—1 kpqp

qo—= (I q'I'+ ll I'+2xI q'Ill I)"'
=M —ko —

qp )

~here x is the cosine of the angle between g' and h.
integrating with respect to the qp' variable yields a factor, as in (3.'7), of

I
q'

I (qo'+qp) +x I
k

I
qo'

'

qo must be such that the quantity in the 5 function of (4.1) is zero. The solution of this is

(M—00) (M'+M" +m' —2koM) —x
I

lr
I (W) 'i'

2[(M—ko) '—x2 (k02 —M")]
W= (M'+M" —m' —2koM)' —4m'

I
k I'(1—x').

(41)

(4.2)

(4.3)

(4.4)

In obtaining (4.4) there is an ambiguity of sign in front of the square root. The listed ( —) sign can be seen to
be correct by taking the limit

(43)

and expanding (4.2) and (4.4) in powers of k.
We also need the quantity in the square root of (4.4) to be positive. The solution of this condition is

W=(kp —K4.) (kp —K ) &0,
M (M'+M" m') &m(—K0)"K+-

2[M' —m'(1 —x') ]
Ko (1—x') [(M'+M"+m') ' ———4 (m'M'+M'M" +m'M"x') ).

(4.6)

(4.7)
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The meaning of (4.6) is that the k& energy domain is restricted for certain values of x—specifically, between
E and E+. This introduces the factor

8(ks, x) =1—0(ks —K ) +0(ks K+—) .

Combining these results and using the kinematic limits for the ko integration, we have for the angular corre-
lation F(x)

Q2r=
(2m-) 'Mft

dxI"(x), (4 9)

(3II +M —m ) j2M2 2 2

Remembering that

we can write

go =$0

Q' = —M' —M"+2Mks

(4.10)

dQs
I
lr II tl' Is

I"(x) =(2M)-', 4 (Q', x) P"(Q' —Mqs'),
(~ =)s -II tl'I (M —ko)+xvo'I& II

C (Q', x) =1 0(Q' M—' M"—+2M—IC ) +0(Q' M' M"—+2M—K+) .

(4.11)

(4.12)

S. DISCUSSION

The results obtained in the last two sections in
principle allow a comparison between theory and ex-
periment. However, at first glance the lines of equations
seem too complex to be understood. Fortunately, this
is not the case.

The 6rst quantity sought is the decay width. From
Sec. 3 we see that, given the masses of the particles
involved in any particular decay mode, we can inte-
grate the various terms of, say, the neutrino spectrum.
Then by multiplying the results by the appropriate
form factor constants for a given theoretical model,
one could add the terms and have a predicted decay
width.

In addition we wish to know which terms are sig-
nificant for the spectra or angular correlation. To plot
the curves of all the terms for all the decay modes
would quickly get out of hand and leave one with an
unintelligible mass of graphs. However, integrating the
absolute value of the spectral terms would give a "feel-
ing" for the term's possible importance in a given
process. It is necessary to integrate the absolute value
of the spectral terms because some terms might almost
integrate to zero, (meaning that they gave negligible
contribution to the decay width) but yet still be im-
portant in determining the shape of the spectra or
angular correlation. (We see an example of this later. )

Indeed, some important terms integrate exactly to
zero for the decay width, but are significant in deter-
mining the spectral shapes. An especially important
example of this is the vector —axial vector interference
term, (F—(r)s, which comes from (F, (r) cross terms
with (1+y') . As was shown in Sec. 3, this term is zero

50 loo

qo
l50

Fxc. 2. This shows a graph of the lepton energy spectrum in
absolute units of 10' (MeV sec) ' as a function of the lepton
energy in MeV for the process Z ~ ne v with vector, axial vector,
and weak magnetism couplings given by Cabibbo theory l

see Eq.
(5.4)g. The vertical line indicates the spectrum maximum. The
positions of the maxima for spectra vrith only vector and axial
vector couplings, and for vector and negative axial vector cou-
plings are also indicated. A second curve shows the spectrum that
would exist if the weak magnetism form factor had the same value
as the axial vector form factor. The maxima (123.5 MeV) would
be in between the tvro maxima from the pure vector and axial
vector couplings. A third curve shovrs the spectra if the weak
magnetism form factor changes sign, (Eg~ —Eg) .
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TABLE I. This table gives information on the decay vridths and spectra of the processes listing each column. For rows 1-18, the top
one number the two are the same) gives the integral of the absolute value of the neutrino spectrum for that form factor term. The same
in Eq. (2.4).

(1) P'

(2) P'A

(3) J"2A&

(4) pP,

(5) pF2A

(6) PFs

('7) PFsA

(8) Fss

(10) g'

(11) O'B

(12) O'B'

(13) OGs

(14) OGsB

(15) g™Gs

(16) gggB

(1'0 Gs'

(18) Gss

(19) (j-tt)'
(2o) (f—9) (PA —OB)

(21) (PA —OB)'

(22) FsFs

(23) GsGs

(1) n-+pe v

0.1889X10-s

0.3684X10~

0.2029X10 "
—0.5453X10 s

0 2650X10~

-0.6277X10-~4

0.315/X10 "
~0.1344X10 6

~0 1539X10 "
—0 1126X10 7

0 2660X10~

0.5589X10 xo

0 5668X10 s

0.1325xiO-s

0.8550X10 "
~0 117SX10 '

~0.1472X10 "
0.3667X10 "
0.3528X10 "
0 3534X10 "
0 7133xiM

0.8231X10 i'

0.6600X10 ~

0 1573X10 "
0.1006X10-»

0 2000X10 "
0 2035X10 "

(2) A~Pe v

0 1514X10s

0.2189X106

0.1231X104

O. 3544X 106

0 2998X10'

0 3978X104

0 3782X10'

+0 9911X10'

~0 1000X10'

0 2178X10'

0.27»X10'

0 3146X10'

0.4502X10'

0 1082X10'

0.8494X10'

~0.9532X10~

~0 1375X10'

0.5151X10'

0 3718X10 '

0.3742X10 '

0 6492X106

0.1010X10 '

0.8101X10

0.2046X106

0.155OXios

0.1700

0.1700

(3) A~PIJ, P

0.243SX10'J

0.845OX1O'

0.7647X108

0.4067X10'

0.2773X10'

0.6961X10'

0.5209X104

+O.3730X10'

+O.6906X104

0.2502X10'

0.2565X10'

0 2172X10'

0.7270xiO'

0 2703X10'

0.260/X104

~0.1913X10'

%0.3649X10'

0.8647X104

0 1436X10'

0 1396X10'

0 3901X102

0.7370X10

0 2781X104

0-2703X10'

0 6611X10'

0 6611X10'

(4) Z ~ne v

0.8997X10s

0.2393X107

0.2472X10'

0 3971X10'

0 2407X10s

0 8180X10'

0.5567X10'

+0.3747X10s

%0.6927X10'

0.2370X10'

0.2135X10s

0 1608X10'

0.2655X10'

0 1169X10s

0 1684X10'

~O.7607X10'

~0.2012X10'

0 2731X10'

0.3616

0.3632

0 7018X10'

0.1013

0.6679X10~

0-3094X10'

0.4302X104

0.1216X10'

0.1216X10i

for the Gnal baryon spectra as all leptonic variables
have been integrated out. In the static limit ( ~

k
~

=
ttts =0) the interference term is also zero for the neutrino
and lepton spectra /see (2.17)g. However, although
the static approximation is justified for beta decay, "
it is not universally valid for hadronic semileptonic
decays. Thus, for 1'arge enough Qs the interference term

Ie J. D. Jackson, Eteraegtary Particle Physics and Fietd Theory,
1P6Z Brandeis Lectures, K. W. Ford, Ed. (W. A. Benjamin, Inc. ,
New York. 1963), Vol. I, p. 263.

can be non-negligible and be seen, '6 and should be
taken into account.

The results of the type of numerical calculations
described above for seventeen semileptonic decay

IThe possibility of the lepton spectrum having an interference
term was brought to the attention of the author by P. Franzini and
J.Cole. P. Franzini and N. Veh had performed calculations for the
lepton spectrum which showed that the terms existed, contrary to
what is often believed. J. Cole had performed a Monte-Carlo
integration for the process Z=+n+e +T, with imaginary data
taken from a Dalitz plot. His result gave a shift of a few MeV in the
lepton spectrum when one changed the sign of P/g.
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number times the form factors labeling the row is the contribution to the decay width in sec '. The bottom number {ifthere is only
is true of rows 19-23, which integrate to zero for the decay width contribution. The value of the weak coupling constant used is given

0.398SX10

0.1946X107

0.2660Xio'

0.1566X10'

0 8373X10'

0.4101X10'

0.2467X10'

w0. 4637X 107

~0.1318X106

0.9353X10'

0.7471X10~

0.3059X10'

0.118iX10'

0.6830X107

0-1084X106

+0.3848X108

~0.1188X10'

0 2185X10'

0 5245X104

0.3682xio~

0 1470X10'

O. 2292X107

0.1360X10'

0.21s7xio4

o.»84X«'

0.1784X105

(6) z=&ae v

0.3655X10'

0.9767X10'

0.1015X10'

0 1515X104

0 3122X10'

0 3146X10'

0 7293X10'

~0 4858X10'

~0.9086xio '

0 9752X10'

0.3013X10'

0.6646X10 '

O. io95xio'

0.4873X10

0.7084X101

W0.9979X10

wo. 2665X10

0.1031

0.1379Xio-~

0.1393X10-8

0.2924X104

0.3570X10 4

0 8073X10'

0.3773X10~

0.5290Xio '

0.1470xio-~

0.1470Xio '

(7) =+Le v

0.3190X10

0.4423 X10'

0.2383X1O

0.7148Xio'

0.6187X107

0.7692X104

0.7482X10'

+0.1522X103

~0.1472X10'

O.4402X1D'

0.5689X10'

0.4729X10~

0.9492xio

0.2186Xio'

0.1646X1O'

~0.1968X108

~0 2721X10'

0.7728xio~

0.5347X10 '

0.5382X10 '

0.1312xio~

0.1450X10 '

O. 1669X107

O. 4041X»
0 2935X10'

0.2497

0.2497

{8) =+Ay, v

0.8615X10'

0.2571X106

0 2053X104

0 1547X10'

0 1127X10'

0-2340X10'

0.1898X10~

~0.1036X10'

~0 1705xio'

0.9533X10'

0.1043X10'

0.5477X10~

0.257ixio'

0.8533X106

0.7soix104

~0 6367X107

~0.1100X10'

0.2812X10

0.4048X10'

0.4481xiO

0.1097xio

O.3003X106

0.1016X10'

0.8962xio~

0.1921X10'

0.1921X104

(9) e-+Z+e v

0.2938X10'

0.1525xio

0.3075xio»

0.2396X10'

0.3495X106

0.9659xio~

o. is8sxio4

~0 2323X10'

~0 8430X10 '

0 1522X10'

0 3325xio~

0.4425

0.87»xio~

0.7592X10~

0.2142Xiog

~0.1116X10'

WO. 5784X1O»

0.6976

0 1809Xio '

0 1826X10 ~

0.4555xio

0 4750X10 '

0 9158X10'

0 8308XHP

0 2261X10'

0 1384X10 '

0.1384X10 '

(10) ~-+X+p u

0.2387xio'

0 3848X10

0.1558xio~

0.6429X 10~

0 6728X10

0.5041

0.5481X10'

~0.3609X10'

~0 2934X10'

0 4085X10'

0.6452X10

0 1540X10'

0.71SSX10

0.1164X10'

0 4752X10'

~0.1270X10'

~0 1036xio'

0 1880xio

0.1469

0 5843 X10'

0-3s57xio '

0 1737xio'

0.2833Xio~

0.1161X10i

0 1122X10'

0 1122X10'

processes are listed in Table l. The numbers were ob-
tained by integrating the neutrino spectrum (3.32),
using the formula for the decay width (3.26). Before
integration the spectra were converted to the Ii and.
G form factors by means of (2.8)—(2.10), and the
similar form factor terms were combined. The weak
coupling constant of (2.4) was used, the integrals
were done to one part in 10', and the results are in
units of sec '.

For rows 1-18, there are two numbers in each column
(one number is printed if the two numbers are the

1'= (1.0) '(0.1889 10 ') +(1.18)'(0.5668 10-'),
=(0.98)10 'sec '

r = (1.02) 10' sec. (5.1)

same) . The top number is the decay width figure. This
6gure times the value of the form factors that label
the row will give that term's contribution to the decay
width.

Take, for example, beta decay using only the form
factors 1=1 and 6=1.18. From column 1 we then
have
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TAszz II. Using the form factors of Eq. (5.4') with the labeled sign changes, in the table we give the coordinates
of the lepton energy spectrum maxima for the decay Z ~ne v.

Energy of spectrum
maxima (MeV)

Flux of spectrum maxima
[1O'(MeV. sec) 'j

120

0.556

128

0.555

F, |,F2

1294

0.550

re Al

P, G, —F2

0.592

p, —g™,F&

118

0.551

P —6 —F2

137

0.591

The second numbers of each column for rows 1—18
are the integrals of the absolute values of the spectral
terms. Rows 19—23 are terms that integrate to zero
and so just the absolute value integrals of these terms
are given. (These rows are partially labeled by f and g
to save unnecessary, essentially equivalent lines. ) Note
the almost complete equality of rows 22 and 23.

An example of the worth of integrating the absolute
value terms is seen in column 4, the process'~

Z ~N+e +r. (5.2)

=+2.36V, (5.3)

Now weak magnetism is known to exist. We see from
row 8, column 4 that, although the weak magnetism
terms are not important for this decya width, the large
Q' of this process should make them important for the
spectra.

F2 is given by'

Fs=+V(ll,„lJ,„)(M/2M—„)=+V(3.'70) (M/2M„),

tion of the maxima (129.25 MeV) is indicated by a
vertical line. The positions of the maxima of the curves
obtained by using (F, 6) or (F, —6) are indicated, as
are the curves for Fs ——6=0.103, and Fs + Fs.——

The results are significant. If just vector and axial
vector couplings exist (and we can ignore the Q' de-

pendence of the form factors), then a determination
of the electron spectrum to 8 MeV would allow an
unambiguous test of Cabibbo theory. The sign of F/6
could be determined in addition to the magnitude. Un-

fortunately, we see that if weak magnetism exists here,
then a test requires greater accuracy. Switching form
factor signs moves the spectral maxima (see Table II);
there is even more uncertainty if the magnitude of F~
changes (see Fig. 2).

The above examples should show how a judicious
combination of Table I and the results of Secs. 3 and 4
can facilitate a phenomenological understanding of ex-

perimental results and their relationship to theoretical
models.

t/' =0.116,

Fs +0.274, ——

F= —0.211,

6=0.103. (5 4)

In Fig. 2 we have plotted the electron spectra for
process (5.2) using the form factors of (5.4) . The posi-

where p,„and p„are the magnetic moments of the neu-
tron and proton and t/' is a constant. If one accepts
Cabibbo theory, then for process (5.2) we have"s
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APPENDIX A

This appendix gives the conventions used in the paper. Two dotted 4-vectors are written as a 5, with the space
part of a 4-vector in boldface a. The Majorana gauge is used for the 7 matrices, meaning that they have the

simple properties
~X'I gp7

osx —(7@~x ~x~s) /2r'

~At

7'=7'7'7'7'=7''

I, ) = 1, 2, 3, 4,

(A1)
'7 An investigation of this process is being done by a Columbia —Rutgers —Stony Brook collaboration. Preliminary results were re-

ported earlier. See C. Baltay et al. , Bull. Am. Phys. Soc. 12, 568 (1967).
' C. S. Wu, Rev. Mod. Phys. 36, 618 (1964).
' H. F. Schopper, Weak Interactions and Nuclear Beta Decay (North-Holland Publ. Co., Amsterdam, 1966).
's In Ref. 6, the notation of N. Brene, B.Hellesen, and M. Roos /Phys. Letters 11, 344 (1964)g has been used. The q in that paper

is equal to —Q in our notation, so an extra minus sign is needed in the weak magnetism term.
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The 4-vectors have an imaginary fourth component, so that

P = P—*= P—o= ( I p I'+M') '"
The Dirac equation is

(ip+M) 24(p) =0,

-(p)('P+M) = (p»('P+M) =o,
where

(A2)

(A3)

(A4)

The spin summations for particles and antiparticles are

Z '(p).—.'(p) =(2P.)- (-V+M) .,
i=1

2

&s'(p) 0-'(p) = (2PS) '( —&P —M) s-.
i=1

APPENDIX 8

(A6)

(A7)

For those who want to follow the trace calculation in detail, an outline is given here. By taking the traces in
(2.13), F' can be written as

32pI(Q2 P.q) (T la+ T a~+T av+T qv) T&q~ (B1)
where the T's in (B1) are given by

TI""=—4L(fI2+gI') (&"P"+&"P"—& P~"")—2fCId'""& P j+L4(& P)/M2X(f~"+f2Q") (f2&"+f2Q")

+(g2&"+g2Q") (g2&"+g2Q") 3, (B2)
T2&"=4MM'P "(fI' gI') —(1/M—') (fA"+f2Q") ( f2E: +f2Q )+(1/M ) (g2Jt +gSQ ) (f2+ +g2Q ) jy (B3)
T2""= (4M'/M)fILP" (f2&"+f2Q") +P"( f2&"+f2Q") j+(4M'/M) aII:P"(C2&"+a2Q") +P"(a2E:"+g2Q")j (B4)
T4""=4fID'"(f2&"+f2Q") +&"(f2&"+f2Q")j—4gIL&"(g2&"+g2Q") +&"(r2&"+g2Q") j (B3)
T aX gLq~pqX+q~kqy yX (qi, q) spkaPq~aqS'j (B6)

T& is the lepton trace. The baryon spin sums give factors of (—ik+M') and ( —ip+M). T,, T,, T2, and T4
come from the traces involving AP, MM', M'P, and kM.

In the contraction in (B1), many terms cancel because of the complete antisymmetry of 4&" s. By then using

g &ykaP~Xwa 2 (gaxg@r gao Pz.) (B&)

the contraction can be completed. The result is in the form of dot products of P, k, q', q, E, and Q. By using
Eqs. (2.14)—(2.16), all the dot products can be expressed in terms of Q', (P.q), and the masses of the particles.
When this is done, equation (2.17) for FI(Q2, P q) is obtained.


