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By introducing complex canonical coordinates, classical and quantum mechanics may be embedded in the same formu-
lation. In such a way, the connection between Poisson brackets and commutators, canonical transformations and unitary
transformations, etc., become apparent. This formulation is also particularly suitable for discussing the classical limit
of quantum mechanics and for quantum-statistical mechanics.

I. INTRODUCTION

The general structures of classical and quantum me-
chanics are usually regarded as essentially different and
the relation between them has been the subject of
several investigations.! As a matter of fact, the con-
nection between the usual formulation of classical me-
chanics and quantum mechanics is not immediate. The
classical limit of quantum mechanics, which is usually
identified with the limit #—0, is rather obscure; the
connection between commutators and Poisson brackets
is difficult to explain in that limit. Neither is the con-
nection between the theory of canonical transformations
and unitary transformations in quantum mechanics
apparent, and one has to rely on analogy arguments.

A better understanding of the relation between the
two theories may be obtained by a formal theory of
generalized dynamics which includes classical and quan-
tum mechanics as special cases. This is realized by a
more general formulation of Hamiltonian mechanics,
with the introduction of complex canonical variables.
Hamilton’s equations, Poisson brackets, and canonical
transformations exhibit an elegant and compact form,
when written in terms of the new variables. In particular
the analysis of canonical transformations reduces to the
study of the analytical properties of the generating
functions as functions of the new variables.

Quantum mechanics may be regarded as a special
case of the above formulation. The Schrodinger equa-
tion may in fact be written as Hamilton equations for
complex canonical coordinates, the Hamiltonian func-
tion being the mean value of the Hamiltonian operator.
In this formulation the analogy between classical and
quantum mechanics goes beyond the formal structure
of the equations of motion. In the same way as for the
Hamiltonian, a “classical” phase function of complex
variables may be introduced for any other observable
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and for them the Poisson brackets may be defined as in
the classical case. Thus, the quantum problem takes a
form similar to that of a classical problem; for example
the Poisson bracket of two conjugate variables has the
same value 1 in both the classical and quantum cases.

Most of the assumptions of quantum mechanics have
a natural explanation in the framework of complex
classical mechanics, in which they have a strictly related
analog. For example, the correspondence between
Poisson brackets and commutators is not arbitrary:
the Poisson bracket of two “classical” phase functions
is in fact the mean value of the commutator between
the corresponding operators. Similarly, the hermiticity
of observables has its analogue in the fact that the
phase functions of complex variables must satisfy a
reality condition, and the unitarity condition is nothing
but the canonicity condition for generating functions
in the case of complex canonical coordinates.

Thus, classical and quantum mechanics may be em-
bedded in the same formulation, the “classical” form
of quantum mechanics being obtained by taking the
mean values of the corresponding operators. The differ-
ence between the two theories does not lie in their
mathematical structures, but rather in the way a physi-
cal problem is schematized and reduced to a mathe-
matical problem. For example, the system of one single
particle is completely described by sixz variables in
classical mechanics, whereas an #nfinife number of ca-
nonical variables is needed in quantum mechanics. In
particular, as we show below, a quantum particle is"
equivalent to a set of infinite classical harmonic oscil-
lators. This aspect of the theory is emphasized by
second quantization or field theory. As a matter of fact,
both classical and quantum mechanics have the struc-
ture of a Lie group of transformations associated with
a Lie algebra of functions of the canonical variables.
The two formulations may be regarded as different
representations of the same algebraic structure, the
difference being in the number of dimensions of the
space in which the representation is realized.

Thus, the classical limit of quantum mechanics may
be understood as an approximation in which the dy-
namical variables are described by average values:
Getass= ¥ | ¢ | ¥), Perass= (¥ | p | ¥) etc., in which the
“hidden” quantum structure of the state is neglected.



The limit —0 should be better understood as a con-
dition on the magnitude of the dynamical variables
involved in a specific problem in order that the above
approximation is valid (Ehrenfest theorem).

II. COMPLEX VARIABLES AND CLASSICAL
MECHANICS

The state of a classical system is completely described
by the real canonical coordinates g, pp, k=1, <+, N
(N being the number of degrees of freedom) and the
time evolution is governed by the Hamilton equations

Ge=0H/opr,  Pr=—0H/q. (1)

In the place of the variables g, pr, which play a non-

symmetric role in Egs. (1), we introduce the variables
2 and z,* so defined?

ze=(qetipe) /N2, == (qg—ipe) /V2.

In terms of the new variables, the Hamilton equations

take the compact form:

iék=aH/6zk*, — 13 *= aH/aZk. (2)

The second set of equations may be obtained from the

first by complex conjugation, and it is therefore super-

fluous. In Egs. (2), the Hamiltonian has to be regarded

as a function of 2z and 2% satisfying the reality con-
dition:

H(z, z¥*) =[H(z,2*) J*=H*(z* 2). (3)

Like the Hamiltonian, any other phase function f(g, ),
may be written in terms of the variables z, z* and the
analogue of Eq. (3) is satisfied by definition:

[z 2%)=[1(z 2% 1" (3

For any two phase functions f(z, 2*) and g(3, z*), the
Poisson bracket is given by:

=l Y 33 S 9 %)

=6qk 6?,, apk aqk aZk 6Zk* azk* aZk

=—i/, ¢} (4)

The sum over repeated indices is implied. The bracket

[, J, defined before may be regarded as a definition
of the Poisson bracket in the new variables. As is

2By a suitable choice of the system of units or by a simple
similarity transformation, the variables ¢ and p may be made
to have the same dimensions.
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evident from Eqs. (2) and (4), the variables z; and 2,*
play the role of canonical conjugate variables, just as
the old ¢’s and p’s.

III. CANONICAL TRANSFORMATIONS

We are now in the position of characterizing the
canonical transformations in terms of the new variables.
They are implicitly defined by the property of leaving
the Poisson brackets invariant. However, as far as the
study of canonical transformations is concerned, it is
useful to give a differential characterization.

In the usual formulation, a transformation from the
variables ¢, p to the variables Q, P is canonical if the
following condition is satisfied:

Dre— P.Q—H+K=dF/di,

where H=H(q, p) and K=K(Q, P) are the Hamil-
tonians in the two systems of coordinates and F is an
arbitrary function. When the complex variables are
used, the above equation is equivalent to:

K(Z, Z*) —H(z, 5*)
+%1[Zka*—Zka*— zkék*-l—zk*ék]= dF/dl.

The above condition may be transformed into a set of
differential equations. For this purpose, a system of
independent variables has to be chosen, with the pre-
scription that part of them belong to the old system
and part to the new one. In the usual formulation, one
may choose either p, Q or P, q or p, P or ¢, Q. Now
one may choose either 2, Z or z* Z* or 2, Z* or z*, Z.
Then one has, e.g., in the first case:

K(z, Z)—H(z, Z)
%’LI:Zka*—{—Z.ka*-— 2Zka*— (Zkék*+ék2k*) +2ék2k*]

=dF/dt
or
OF®.  GF® .  9F®

"‘H [ 2 *— / Z *l= &) .
K ‘il *—ZnZi*] P %1 9z, kT o

The above condition is equivalent to the set of differ-
ential equations:
15 ¥=9F M /9,

—iZ*=9FW /37, K—H=3F®/o.

(5)

Similarly, one has, in the other cases,
—1%,=0F® /9z,*, 1Zy=9F® [0Z,*, (6)
12 *=9F® /gy, 1Zy=9F® /07, % (7N
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and

—izk=0F(4)/azk*, —iZk*=(9FK4)/aZk. (8)
Here, FO=F®(z Z), FP=F®(z* Z%¥), F®=
F®(z, Z*), and F®=F®¥(g* Z) may be regarded as
the generating functions of the transformations. It is
not difficult to see that there are only two independent
sets of generating functions. Equations (6) and (8)
may in fact be obtained by (5) and (7) by complex
conjugation. Therefore,

F® (g%, 2%) =[F" (s, Z) T,
F®(z% Z) =[F® (3 2%) ]*.

Thus, of the four types of generating functions of the
usual theory, only two are really different, in each pair
the two functions being the real and imaginary part of
the same analytic function. Apart from a greater ele-
gance and simplicity, the reduction from four to two is
in agreement with what one would expect from a group
theoretical point of view. The two types of generating
functions classify, in fact, the transformations which
are connected with the identity and those which are not.

The integrability conditions for Egs. (7) and (8) are:

2F 02F* 0*F 02F* —s
02:02,* 02,797, | 0Z,*9Z,* 92,02 7
02F  9°F* 9*F 02F*
¥, k| ¥ o ka7 . Oty )
02,021, 02:702,™  0%,04:™* 02,502
Hence, defining

Fy=F=08F/dZ*dZ}*, Fri'=Fy*
= fri=0%F /32,0, fri=Ta*,

ga=0"F/0z,0Z;*, (g"ri=ga™,

Egs. (9) and (10) take the form of matrix equations
g'g+FF=1I, (10)
gg'+ffT=1. (11)

Here I denotes the unit matrix. The set of Egs. (7),
(10), and (11) define a canonical transformation con-
nected with the identity.

Similarly, from Eqgs. (5) and (6) one has

9*°F' O2F'* 92F’  QF'*
aZiaZk Gzi*azl* 8zk6Z, 0zl*aZ,~*=

kly

RF RF'*  RF RF'*
— =$
07,074 027071  02:0Z1 0Z,%0z* 7

or, with obvious notations,

ffT—hht=1I, (12)

FtF—hth=1. (13)
In this formulation, canonical transformations may be
studied by investigating the analytic properties of the
generating functions. For example, conformal trans-
formations of phase space, i.e., transformations which
preserve the angles, are characterized by analytic func-
tions?
Zk—_-Zk(Z), Zk*=Zk*(Z*).
On the other hand, the conditions (10), (11) require
g'e=gs"=1,
Fo, and f;; vanishing in this case. Thus, one has

Zy=apzi,  Zit=ar5%,

%o %
Qipla™ = Qo™ @i1= 0y,

i.e., the only canonical transformations preserving the
angles in phase space are the linear orthogonal trans-
formations. In a similar way, the transformations that
preserve angles except for their sign, are the inverse
conformal transformations. By conditions (12), (13)
they are restricted to linear ‘orthogonal” transfor-
mations with determinant —1:

Zy=2x(3%) = arz™, Zi*=Zy*(3) =iz,

ariar*= anaa™=—du.
We list now some cases of canonical transformations
that take a simple expression in the above formulations.
We restrict ourselves to rotations in the planes gz, px:
Zp= z""‘kzk,

Zk*= €Xp (—lak) Zk*,

The above transformation is equivalent to the following
transformation of the real canonical coordinates:

Q= (cos ax) gr— (sin o) pr,

Pr=(sin oy) g+ (cos ag) px,
Thus for = 3, the exchange of p and ¢ is obtained,
Qe=—tr,  Pr=0qs

3 H. Cartan, Théorie élémentaire des fonctions analytiques d’'une
ou plusieurs variables complexes (Hermann & Cie., Paris, 1961).



whereas for o=, the space inversion is obtained,

Or=—qx, Pr=—tr.

(Note that it is continuously connected with the iden-
tity.) The generating function is

F=—1 €xp (-iak)zk*Zk.

therefore if the Hamiltonian is invariant under the
above transformation, the quantity

ZZk*Zk €Xp (——iak) = szzk*= qk2+Pk2

is a constant of motion. This means that the modulus
of the two-dimensional vector (g, pr) is conserved.
This is the case of the harmonic oscillator, when the
variables
qe= (men) ey, pr=mdy/ (mer)?

are chosen as canonical variables. (The transformation
from gy'= %z, pi’=miy to g, pr is obviously a canonical
transformation.)

IV. “CLASSICAL” FORM OF QUANTUM
MECHANICS

An interesting application of the above formulation
is given by quantum mechanics.* To this purpose we
consider a system of particles, contained in a box of
finite volume Q. The Hilbert space 3¢ of the states of
the system has infinite but numerable dimensions. For
example, one may take as basic states the eigenstates
of the momentum, spin, etc. of each particle; because
of the finite volume , the eigenvalues of the components
of the momentum of each particle are discrete and
numerable. For simplicity sake, we further assume that
the energy spectrum is bounded, i.e., the energy of the
system cannot exceed a definite, arbitrary large value
E. Then, we may restrict ourselves to a subspace 3¢'C3¢
of finite dimensions. The above assumptions are not
restrictive since one may make Q— o and E— o at
the end of calculations, then making 3¢’ go to 3C.

The generic state | ¥) may be written as a super-
position of the basic states | ax), k=1, +++, N, which
form a complete orthonormal set

| ¥ y=u | o)

(sum over % is implied), where u, are complex coeffi-
cients which completely determine the state | ¥ ), once

4 This formulation is particularly suitable in quantum statistical
mechanics, see: F. Strocchi, “An Axiomatic Approach to Statistical
Mechanics” (to be published).
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the basic states | oz ) are fixed. As we see below, the
coefficients %, may be regarded as a sort of canonical
coordinates and the complex 2/NV-dimensional euclidean
space of the #,’s may be regarded as the phase space of
our quantum system.*

On using the Schrédinger picture for the state vectors,
and taking the basic states as time-independent, the
Schrodinger equation may be written as (i=c¢=1)

1(d I‘I’)/dt) =’l,(d1/tz/dt)l ai>=H l a,’)ui
or
1(duk/dt) =63(3/6uk*= <ak l H | oy >ui)

where
=Hpu*u,= (o | H | @, Y, *= (¥ | H | V).

In that form the Schrédinger equation is nothing but

the Hamilton equations in complex canonical coordi-

nates for a classical system whose Hamiltonian function

is the mean value of the quantum Hamiltonian operator.

We shall call 3¢ the “classical” Hamiltonian.
Introducing the real coordinates

Q= (1/‘/7) (uk—l—uk*): pkE (7'/\/2) (uk*_uk);

the “classical” Hamiltonian becomes

3C=31Hi(qiqu+piputiqupi—iq:pr) -

This is the Hamiltonian for N coupled harmonic oscil-
lators. An interesting case is when the Hamiltonian is
one of the basic observables. Then

Hi= E61;

(because of a possible degeneracy not all the £, are
different, i.e., it may be E,=E; even if 2#/). In this
case, one has

K=3E:(q>+p:2).

This is equivalent to using #ormal canonical coordinates
for describing a system of classical harmonic oscillators.

The above-shown analogy between quantum and
classical mechanics goes beyond a formal structure of
the equations of motion. All the physical quantities
may be expressed as bilinear functions of the variables
Upy Up™:

@ | B\ W)= (k| B|i)w*u;=brom*u=8(u, u*).
The hermiticity condition for observables requires

b=k | B|i)=(G|B"|k)*=(i|B|k)*=bus*
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Therefore,
& (u, w*) =[®(u, u*) J*;

this is just condition (3’). Thus, with any observable,
one may associate a real phase function of the complex
variables #, u*.

One of the basic quantities in classical mechanics is
the Poisson bracket. Then, given any two Hermitian
operators 4 and B, we may define the Poisson bracket
between the corresponding phase functions @ and ®, as
in classical mechanics:

96 0®  9G O®
[@, &J=—

auk 6uk* (’mk* a_.uk
= Quth; bt — arabidun™®
= (i | AB—BA | l)u*w= ([4, B]),

ie., the classical Poisson bracket [@, ®] between the
quantities @ and ® is the mean value of the commutator
[A4, B] between the corresponding operators. Thus,
the “classical” form of quantum mechanics leads neces-
sarily to the usual correspondence between classical
Poisson brackets and quantum commutators.

V. CANONICAL OR UNITARY TRANSFORMATION
IN QUANTUM MECHANICS

A transformation of the Hilbert space into itself may
be regarded as generated by a linear operator U, thus
yielding

U I‘I’>=uk, I ak)= Ukﬂti } 297 >,
where
U=k | U|i)=G| U k)™

Hence, on defining

Un'= (k| UT i),
one has
Uri= (Uat) *.

If the operator U has an inverse U™}, one gets

= (U")satts’, U= (k| U |1).

The above transformation of the Hilbert space is there-
fore equivalent to a transformation of the complex
canonical variables according to:

’

On requiring that the above transformation is canonical,
one obtains as generating functions

F= iUkiuk’*ui,
and conditions (10) and (11) imply

UpUi*=UaUa®= 0y,
ie.,

U'u=0Ut=1.

Thus, unitary transformation in quantum mechanics
are canonical transformations in the sense of classical
mechanics.

From the generating function F, it is easy to see that

Ui’ = = " ¥’

is a constant of motion, i.e., the norm of state vectors
is conserved.

It is interesting to note that a large class of canonical
transformations, corresponding to the classical trans-
formations of Egs. (5), (6), (12), and (13) have not
been considered in quantum mechanics. For them, one
has:

UlU=UU'=—1,

i.e., they change the sign of the metric in Hilbert space.
However, from a physical point of view, an Hilbert
space with negative definite metric is acceptable just
as one with positive definite metric. Then, one should
expect that transformations of kind (1), (2) should be
used in quantum mechanics, e.g., for representing dis-
continuous transformations such as, e.g., charge conju-
gation etc.



