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It is shown that an earlier study by Hamilton and Woolcock of fixed momentum-transfer dispersion relations may be
complemented by a study of fixed energy dispersion relations. Two main results are obtained. First, by demanding that
the two types of relation give the same value for the amplitude, nontrivial restrictions are obtained on the amplitude
(the fo-N-N coupling constants and the values of certain integrals over the high-energy =N amplitude are obtained).
Secondly, the fixed energy relation enables one to discuss quantitatively the validity of the “ CGLN”’ approximate method
which Hamilton and Woolcock had used to calculate the partial-wave amplitudes at low energies from the fixed momentum-
transfer dispersion relation alone. The terms neglected by this approximation are evaluated, and found to be large except
at low energies (the authors had themselves suggested that this might be the case). Even when these terms are included,
undesirable cancellations occur, and the conclusion in fact is that fixed variable relations are not suitable for calculating
the partial-wave amplitudes (except at low energies), but only for providing sum rules.
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INTRODUCTION

The starting point for this article is formed by some
previous work of Hamilton and Woolcock.! In that
work, the authors made a thorough numerical and
theoretical investigation of the fixed momentum-
transfer dispersion relations for the pion—nucleon
scattering amplitudes. We show in this article that a

* This work was done at University College, London, England.

1 J. Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 137

(1963) (to be referred to as “H.W.””). See also W. S. Woolcock,
Ph.D. thesis, University of Cambridge (unpublished).

similar study of fixed energy dispersion relations com-
plements the study of fixed momentum-transfer dis-
persion relations in a very satisfactory way.

The idea of Hamilton and Woolcock was to obtain ac-
curate values of the pion—nucleon coupling constant, the
s- and p-wave scattering lengths, and even the s- and
p-wave amplitudes at energies above threshold using
as input data only a knowledge of the resomant par-
tial waves and the total cross section, plus a rough
idea of the other partial waves. We are willing to
assume all this, and in addition to use a knowledge of
the amplitude in the crossed channel (rm—NN), so
that the fixed energy dispersion relation may be used.
Using this knowledge we shall on the one hand obtain
new results (the fo~N-N coupling constants and the
values of certain integrals over the high-energy pion-
nucleon scattering amplitudes), and on the other hand
provide a critique of the H.W. calculation of the
partial-wave amplitudes.

This calculation of the partial-wave amplitudes
used the “CGLN” method,? which basically uses a
truncated Taylor series in momentum transfer. We
shall show that: (i) the evaluation by H. W. of this
truncated series contained rather large errors, the
correction of which tends to worsen their agreement
with experiment; (ii) the fixed energy dispersion
relation provides a means of calculating the remainder
to this truncated series; (ili) when this remainder is
included, the agreement with experiment is largely
restored, but there is a rather large cancellation be-
tween the truncated series and its remainder and the
conclusion is that the “GGLN” approach is not very
good except at low energies.

It should be emphasized that the calculation of the
partial-wave amplitudes was the least reliable part of
the work of H. W., and that their values for the coupling
constant and the scattering lengths (except possibly
the p™ scattering lengths) are unchanged.

2 G. F. Chew, M. L. Goldberger, . E. Low, and Y. Nambu,
Phys. Rev. 106, 1337 (1957).
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This is why we said that the study of fixed energy
relations complements the study of fixed momentum-
transfer relations. The complementarity is essentially
a result of one’s lack of knowledge of the distant
singularities, which always arises in a dispersion rela-
tion. The fixed momentum-transfer relation will be of
the form

Im G(s't)
dS,,—+g1(S[),

S =3

Gst) == /

TV nearby cuts (at fixed t)
where the integral can be evaluated, but the term
g1(st), representing the distant cuts, cannot be evalu-
ated; however, since g; has no nearby cuts it will be
slowly varying with respect to s. On the other hand, the
fixed energy relation will be of the form

1 Im G(st
G(st) =~ f ayImGst)
T J nearby cuts (at fixed s) t—1

+g2(5‘i>,

where now g is slowly varying with respect to i. Thus
one relation contains an unknown term rapidly varying
in ¢ only, whereas the other contains a similar term
rapidly varying in s only, and it becomes eminently
reasonable that where one fails the other may succeed.

In Sec. 1 the notation is introduced, and the basic
dispersion relations are presented. The number of
subtractions needed is investigated, and the rather
troublesome question of the regions of convergence
of the partial-wave expansions for the absorbtive parts
is considered: a figure showing these regions in the
s—t plane is given, which it is hoped will clarify the
situation. In Sec. 2 the input data to be used (i.e.,
the first few partial waves in each channel) are pre-
sented.

In Sec. 3, the new results mentioned above are
obtained, essentially by equating the fixed energy and
fixed momentum-transfer relations, and in Sec. 4 the
new results are used to correct the H. W. evaluation
of the truncated Taylor series mentioned above.
Finally in Sec. 5 it is shown how the fixed energy
relations enable one to calculate the remainder to this
series, and it is also shown that an alternative method
of doing this due to Atkinson? does not give good results
in practice.

SECTION 1

1.1. Notation and Kinematics

The units are such that pion mass u=fi=c=1.
The nucleon mass is then 6.72 and the threshold s value
(M +p)?=759.6~60. The standard variables s, {, and
u are used, which are the total four-momentum squared
in channels 1 («N scattering), 2 (x#m—NN), and 3
(crossed 7N scattering), respectively; ¢ is also related
to the momentum-transfer in channel 1, so that it is
natural to consider s and ¢ as the basic variables, %
being defined by the well-known relation

stHitu=2M242u2=73.
3 D. Atkinson, Nuovo Cimento 30, 551 (1963).

The scattering is described by the usual amplitudes?
A® (st) =LA (ut), (1a)
B (st=FB®D (ut), (1b)
and in addition we define a third pair of amplitudes
F& (st) = AD (st) +[ M (s—u) /(4M?*—1) ]BD (st)
=LF®(ut). (2)
The crossing relations (1) imply that at the point
s=u, B =4 =0. Hence it is useful to define
B (st) = BN (st) / (s—u) =+BD (u, 1),
A (st) = AO(st) [ (s—u) = +A (u, 1)
(remember that #=2—s—1).
Finally, G(st) will denote any of the above ampli-
tudes when general statements are made.
The partial waves for channel 1 are denoted as usual
by5
exp [2i6,. ) (s) ]—1

fre®(s) = .
2ig

)

where ¢ is the barycentric momentum,
¢*(s) =Ls— (M+1)*][s— (M —1)2]/4s.

We also define %;1.(s) =f1.(s)/¢?* and the scattering
lengths @i =h(s0), where so=(M-+1)2 1ie., the
threshold value of s. The connection between f;. and
the full amplitudes is given by

fst=2f (B P+ Fals) Pra() dsy (3)

where
M)2—1
Fu(o) = LRSI A )+ (=3 Bst)
W—M)2—1
s =2 s+ o B

W=+4st, x=141/2¢?

(= cosine of barycentric scattering angle). We shall
also need the first few special cases of (3) at threshold
[A(s00) =0/0t | =04 (set) and similarly for B]

[A4(s0) +B(s0) J=4r (14 (1/M) )aoy,  (4a)
B(s0) =4x[ (1/2M) aps.+2M (a1_—ary) ], (4b)
[A4'(500) +B'(se0) J=4r (14 (1/M) )3ars.  (4c)

The partial waves for channel 2 are denoted as usual
by fu/(t), where == refers to the nucleon helicity
states,® not the isospin state; this is fixed by J as a
consequence of the identity of the particles in the

4 4, B correspond to the possibility of two spin states, (&) to
the two isospin states (A¥=AM—-AO) Ab=4H 4240 and
similarly for B).

5 The connection with the other commonly used notation is as
follows: fo+‘, f]_’ fl.;}, f2_§, ---correspond to su, pn, pis, dla,' ..,
and fo 4, fi-}, f;ﬁ, fo3e«.correspond to su, pa1, pas, dsse ..

6+ means that the nucleons have the same and opposite
helicities, respectively.
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initial (and final) state, being (4-) for even and (—)
for odd J. The connection between f,7 and the full
amplitudes is simpler if F and B are used rather then
A and B (that is why we defined F). It is

Fd®=— Z‘, (J+2)(8r/1>2)(1>q>’PJ(z)f 7(1), (5a)
B® =8 Z (J+%)[J(J+1)]*<z>q)"
I{%ad}
Ply(2)f7(t), (5b)
where 2= (1/4— M?), q2=<t/4—1), z=(s—u)/4pq

(= cosine of barycentric scattering angle in channel 2).

1.2. The Dispersion Relations

This subsection contains some essential facts about
crossing symmetry in the dispersion relations, the
number of subtractions needed and the possibility of
evaluating the dispersion relations given the first few
partial waves in each channel. It may be omitted if the
reader is prepared to take the facts on trust when they
are used later.

a. The Basic Relations, Ignoring Sublractions

All the amplitudes have cuts along o >s> (M +1)2,
o>t>4 and o« >u>(M+1)2% plus poles for B& at
s=M? and #=M? with residue, for the s pole, g?=
183.940.6 (H.W. value). These poles will be formally
included in the cuts when dispersion relations are
written down.

Fixed t relations. For A®, A, B® and BO one
has [using the notation” u=2—s—t, u(s'"t) =2 —s'—1]

=
s'—u

s'—u(s't)
T=9) (s'—u>]‘ (©)

For A and B, crossing symmetry requires the
opposite sign
=
—s  s—u

S—u
=) (s'——u)]' (")

However, Eq. (7) gives us nothing new because it
follows from Eq. (6) for A and B® which gives
(say for AO)

(2]
AR (R
s—u

- 1
G(st) =1 f ds' Im G(s’t)[ :
M2 S —

=q71 ” ds’ Im G(s’t)[
M2

G(st)=rm"1 ds Im G(s’t)[

=7r_1/m ds’ Im G(s’t)[
2

» ,Im A (D[ s'—u(st)
/ds s’ —u(s't) L(s’—s)(s'—u:l

= [ a5 Im 4O ()L (=9) (') T

7 Remember that # is always regarded as the subsidiary quan-
tity, u(st) ==—s—t.
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t

0 M+D)? s

F16. 1. Region of convergence of partial-wave expansions (ex-
plained in text). Shaded regions are those regions where the par-
tial-wave expansions in channels 1, 2, and 3 diverge.

By using the variable w(st) =3%(s—u)=s—M?—1+
t/2 instead of s (this merely shifts the origin of the s
plane), all the above relations can be written in the form

G(st)= [ aw e /(=)

which is a standard dispersion relation in y=w?8; this
fact is important when considering subtractions.

Fixed s relation. Here the relations for B®, 4 can-
not be deducted from those for B®, A; thls is es-
sentially because the fixed s relatlon does not auto-
matically satisfy crossing symmetry as does the fixed
¢t relation. The relations for all the amplitudes 4, B&,
A©, and B are of the form

Glst) = _1/' gy GGt Im G(stl)
—1
- d,ImG(uu,E u' — )’ (8)
M2 —Uu

where the 4 or — sign hold according to whether the
amplitude is even or odd under crossing.

b. Regions of Convergence of the Partial-W ave Expansions

The absorptive parts Im G(st) are given in terms of
partial waves essentially® by Legendre expansions

Im G(st) =Zai(s) Pi(x) [For s> (M+1)%],
Im G(st) =Zb,(t) Pi(2) [for t>4].

The regions of convergence of these expansions
follow from the Mandelstam representation'; we show
them in Fig. 1, which requires some explanation.

The figure is symmetrical under reflection at fixed ¢
about the line s =1, as is required by crossing. For each
of channels 1, 2, and 3 there is shown: (a) the region
where the absorbtive part is nonzero for this channel,
i.e., the regions s> (M-+1)?, t>4 and u>(M-1)?

8 Proof: note that (o'—w) (0’ +w) = (s"—u) (s'+u).

9 The actual expressions, Eq. (5) and a similar one for channel
1 are more complicated, but the results stated are still true.

10 See Ref. 1 for channel 1, and for channel 2 see W. R. Frazer
and J. R. Fulco, Phys. Rev. 117, 1603 (1960).
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respectively; (b) the part of this region, indicated by
two shaded areas, where the partial-wave expansion
for the absorbtive part is divergent. Hence the region
where the absorbtive part for a particular channel is
both nonzero and calculable is given by the region
[(a)—(b) ].

From Fig. 1 we deduce the following. For the fixed
! relation, the absorbtive part is given by a convergent
partial-wave expansion, provided —26<¢<4. For the
fixed s relation the absorbtive part is given, on the
nearby cuts, by convergent expansions provided that
0 <s S(M+1)2 this upper limit may be extended to
s~(M-+1)2420 for the cut 4<i¢< o but not for the
cut (M+1)?2<u< o so that the fixed s relation is not
useable as it stands in the physical region for =NV
scattering.

¢. Subtraction

The relations given in Sec. a above may require
subtractions. As is well-known, if ,as z— 0, F(2)/2"—0
for all z>N (but not for #<N) then N subtractions
are necessary in a dispersion relation for F(z). For the
fixed ¢ relation, crossing allows the wvariable y=
(s—M?2—1-+1/2)? to be used, so that here if, as s— oo,
G(st)/s"—0 for all >N (but not for #<N) (at fixed
1) N’ subtractions are necessary, where N’=integral
part of N/2.

The asymptotic behavior for s<0 (+—«) and
1<0 (s—) may be determined from unitarity be-
cause these regions are physical (see Ref. 1 for channel
1; a similar treatment for channel 2 is trivial, see
Ref. 11). However, we require the behavior for s>0
and the only approach giving results here is that of
Regge poles.’? The details have been worked out for the
7N system by Singh and Udgaonkar,!® and when they
are applied to determine the number of subtractions
needed one finds that this number decreases as s, ¢
decrease (for the fixed s, fixed ¢ relations respectively).
The results may be summarized as follows.

(4) Fixed s relation. For all amplitudes A® and
B&®)| Regge theory predicts the following:

80 g5 <150, 2
2555580, 1
$3525 0

For s <0 the unitarity approach gives only the weaker

statement: 1 subtraction is sufficient. In this article,
only the following will need to be assumed:

subtractions are necessary;
subtraction is necessary;
subtractions are necessary.

§ 590, 3 subtractions sufficient (in Sec. 5);
§ $60, 1 subtraction sufficient (in Sec. 3);

so the Regge result for s $25 is not, in fact, needed.

1 D, H. Lyth, Ph.D. thesis, University of London, 1964 (un-
published).

12 Although Regge poles give results conflicting with experi-
ment in channel 1, this is only in the physical region, £<0. As s,
¢ increase, the region of the J plane in which meromorphy need
be assumed for our purposes decreases, and, in fact, none of the
suggested modifications to the simple Regge theory (known to
the author) would affect the results given here for s, ¢>0.

13V, Singh, Phys. Rev. 129, 1889 (1962).

(ii) Fixed t relation. If the variable
y= (5= M2—141/2)*
is used:

28 51580, 1 subtraction necessary for A&, BO),
none for BM;
t 528, O subtractions necessary for 4, B&),

1 for A,

The unitarity approach gives the same result for
¢t S0, and, in fact, we only need the result for ¢=~0, the
other results merely being given for completeness.

d. The Frazer Relation

For A® the fixed ¢ relation is not valid without a
subtraction even for {<0. An alternative relation is,
however, approximately valid, that suggested by
Frazer.* The relation is simpler for the amplitude
F®) (since BY does not require subtractions, 4™
can then be calculated without difficulty). Essentially
the idea is to subtract off the contribution of f,°(¢)
to give a convergent integral:

F® (s1) —

40

=71| Im ]‘(+)(

o
I COR Dt
M2 T,
1 i/ 1 1 . ,
-EI:~/;1<X’—3+SI_M>P0(Z) dz]]» ds

Then a dispersion relation is written for fo*(¢) /(4M2—¢)
and the integration over z performed, giving

oY 1 1 ’
F‘+)(st)=1.-—1f Im F<+>(s’¢){ — _Qo(z)} s
M2 S—S§ §—u Pq

w 167 Im F+°(t')
t f / (4aM2—1) (t'—1)

gl Im F (s't) [——I——] ds’
M2

0 1 ’
| f Im F(+)(s't)[ — ,1 Qulz )] ds’'
81 S'—s s—u Pq

© 167 Im F,°(1)
s (4M2—1) (1 —1)

where the separation point s; is such that only s and p
waves give appreciable contributions to Im F(st) for
s<s1. The steps in the derivation of this equation, and
their justification, are not given here! since the relation
is only used at one point and is in any case checked
numerically.

+71 dt’4-constant, (9)

4 W. R. Frazer, Proceedings of the Rochester Conference (Uni-
versity of Rochester, Rochester, New York, 1960), p. 282.
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SECTION 2

In order to evaluate the relations, one needs as input
the first few partial waves in each channel. The input
which we shall use is presented in this section.

2.1. Channel 1 Input Data

The partial waves here are obtainable directly from
experiment.

The dominant features are several well-established
resonances (ps3, 180 MeV; di3, 600 MeV: Fi5, 900 MeV;
F3, 1320 MeV) for which a delta-function approxima-
tion is adequate:

Im f1,7(s) = (7/g;) - R+ 5(s—sy)

with the parameters listed in Table I.

The nonresonant partial waves have negligible
imaginary parts below s~100. Hence only the p-wave
resonance contributes here and one has the important
result that the absorbtive parts are approximately
first-order polynomials in ¢ (p-wave dependence). For
100 <5 5200 a recent analysis by Auvil and Lovelace®
may be used to give a rough estimate of the (imaginary
parts of the) nonresonant waves. Above s~200 little is
known; we shall assume only that the cut o« >s>200
gives a slowly varying contribution and with this
assumption predictions about the amplitude in this
region will be possible.

(10)

2.2. Channel 2 Input Data

Here the region of interest (i.e., low ¢ values) is
unphysical, but there have been several theoretical
estimates of the partial waves. For J=1 and 2 there
are resonances, and one may use

Im f,l~R,1(t—28), (11a)
Im f,2~R,25(¢—80). (11b)

R,? are not reliably known so they must be left free for
the moment. R,! are known from various sources; we
take R;'=25.0, R_!'=15.5 (corresponding’® to Ci=
—1.0).

For J=0, f%()=0 since J=0 nucleons cannot
have opposite helicities. f,°(¢) has been calculated in
terms of the J=0, T=0 =7 phase shift (on the assump-

TasLE I. Parameters R and s, for the approximations to the
resonant amplitudes Im f1,.7(s) = (v /g,) R (s—sv).

T J 1 Sy R
3 3 1 77 10
3 3 2 120 11
3 3 3 150 11
3 3 3 185 12

3 P. Auvil and C. Lovelace, Nuovo Cimento 33, 473 (1964).
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TasirE II. Various sets of Im £,9(¢).

: Set (1) Set (2) Set (3)
0 0 0 0
4.5 27.9 -8.3 8.8
5.5 23.6 —12.4 9.6
6.5 21.7 —14.6 9.8
7.5 20.8 —~13.4 10.0
8.5 20.2 -7.8 10.1
9.5 19.8 3.0 10.3
10.5 19.5 18.1 10.5
20.0 18.8 99.0 8.1
30.0 18.6 104.5 7.2
40.0 18.5 107.6 6.2

tion that distant singularities in a dispersion relation
give slowly varying terms).’® By fitting #N partial-
wave dispersion relations to experiment, two sets of
Im f,9(¢) giving good fits were obtained; they are
given in Table IT. (We are grateful to Dr. G. C. Oades
for letting us have these values.)

SECTION 3
3.1. Equating the Fixed s and Fixed ¢ Relations

The considerations of Sec. 1 show that for 0 <s
(M+1)? and small values of ¢ both the fixed variable
relations may be evaluated, except for distant cuts
which give terms slowly varying in either s (for the
fixed ¢ relation) or ¢ (for the fixed s relation). The
basic assumption of this section is that this variation is
negligibly slow, so that the dependence on s or f may be
ignored entirely. Then, by requiring that the fixed s
and fixed ¢ relations agree we shall obtain an equation
of the form

Im G(s't
ﬂ.—lf ds’——,—(s—)-l-gl(t)
nearby cuts §S—s
Im G(st/
=7r_1f dl'——,—g—l“]—gg(s) (12)
nearby cuts t—t

(the dependence of g; on s and gz on ¢ being ignored),
and we shall obtain as a consequence of this equation
the results listed at the end of the section.

Basically the plan is as follows. First, g is eliminated
by differentiating with respect to ¢ at ¢=0, giving
(we drop the subscript on g; from now on)

n! (Im G(st) ‘I/Im G (s'0)
Al Fasahl S ] it
s'—s

! —
wJ oD =

ds'+g™(0). (13)
Then, roughly speaking, we evaluate the integrals and
obtain information about the g (0), which gives the
promised restrictions on the high-energy =V scattering
amplitudes, since (if no subtraction is required)

Im G(s't
o() = f PRGN
distant cuts

s'—s
16 J, Hamilton, P. Menotti, G. C. Oades, and L. L. J. Vick,
Phys. Rev. 128, 1881 (1962).
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TasLE III. B amplitude.

s=0 s=60 s=0 s=060
Iy 0.0009 0.0006 3t Fe —0.0001 0.0004
Total 0.0009 0.0006 Total 0.0005 0.0010

We can also fix the unknown fy;—N—N coupling

constants, R.,% which give a delta-function contribu-

tion to the ¢ integral in (13) with a known s dependence.
Three points must be added to the above outline:

(a) We use A9, BD since they fall off faster than
A BM for large s and 4.

(b) For n>3 the ¢ integral in (13) is so weighted
towards {~4 that the resonance approximations for the
J=1, 2 contributions to Im G(s¢') will hardly be good;
hence the equation will only be used for n=1, 2.

(c) A straightforward numerical evaluation of each
side, with subsequent comparison, would be very
clumsy since the poles and part of the 33 resonance
contribution are the same for both sides. Hence the
relevant terms are first canceled.

The rest of this section is devoted to the detailed
working out of the above ideas.

3.2. The Cases of B, A7), and B
For these amplitudes the relations to be equated are:

(1) fixed ¢ (the integrals can be taken up to s=200 using
the information of Sec. 2)

20Tm G(s't)

G(st)=1r—1/M2 s ds'+
200 '
o[BI ey (14
M2 U —u

(ii) fixed s (letting the integrations go to infinity
for the moment)

" ’
Glst) =1 ————Imt,G(;t Lav
o

du'.

+7r_l'/‘°°Im G, Z—u'—s) (15)

M u'—u
The difference between the last terms is
A=7r~1/ Im G(o', Z—u'—s)—Im G(u't) .
M2

u'—u

Below #'~100, Im G(#'t) is, as we have noted, ap-
proximately a first-order polynomial in its second
argument since the dominant terms (pole and ps;
resonance) have a p-wave dependence. Hence

Im G(#, Z—u'—s)—Im G(o/, t)
~(function of ') (Z—u'—s—1)

= — (function of #') (#'—u)

and, therefore,

o ImG(u', Z—u'—s)—1Im G(u't
A’_\_ﬁr“l./ m G (o, u'_s) m G(u't) !
100 uw—u

-+constant.

Hence on equating (14) and (15), and differentiating
with respect to ¢, the %' integrals cancel below #'~2100.
After slight rearrangement, one obtains, in fact,

=) 4 >— L
Im G(#/, u'—s) !

o] 1
a bt 100 u'—u
10T G(s't 200 1 1
2/ —n—l—,—ﬂ ds'+ | ImG(s't) [ ,——{—-7—] ds’
M2 S—Ss 100 S—Ss S—u
-+g(8) +constant. (16)

The two integrals of the right-hand side can easily
be evaluated in terms of the data mentioned in Sec. 3.
The second integral on the left-hand side involves
#'>100 and Fig. 1 shows that Im G(#/, 2—u'—s) is
unknown here except for s~0. We have calculated the
integral at s=0 and found it to give a negligable con-
tribution to all the equations below; it is assumed that
the integral can also be ignored for s> 0.7

The first integral on the left-hand side is assumed for
the moment to be dominated by the J=1 and J=2
resonant contributions, Eqgs. (5) and (11). Thus we
obtain, on differentiating (16) once and twice with
respect to ¢t at =0

¢/t?="F(s)+¢'(0), (17a)
2c/t3=F(s) +¢"(0), (17b)

where F; and F; come from the integrals on the right-
hand side of (16) and are known. The constant ¢ is
given in terms of R_2 for B or R, for A0, BO by
Egs. (5), and ¢, is the position of the resonance (f,=
28, 80 for J=1, 2, respectively).
Equations (17) clearly require that, for all s in the
range considered [i.e., 0 $s S(M41)%],
¢/tt=Fi(s)+g (0) =t:/2[Fa(s)+¢"(0)].  (18)
In the first row of Tables III, IV, and V we show, from
left to right: Fi(0), Fi((M-+1)2), (¢/2)Fe(0), and
(t./2) Fo((M+1)?). We cannot, however, assess how
well (18) is satisfied without some idea of either the

relative magnitudes of g’, g’ and Fy, F or of the value
of c.

Tasre IV. A amplitude.

s=0 =60 s=0 s=60
Y —0.002 —0.004 34, Fs —0.003 —0.002
Total —0.004 —0.006 Total —0.006 —0.005

7 The denominater increases and there seems no reason why
Im G should increase rapidly.
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Case of B

Here we do not know ¢, but a rough estimate of g/,
g’ is possible. A rough estimate of Im B (st) for

$>200 has been made by H. W.,! so using

e [T MBS
b (1) =7 /200 s (=) s’

one obtains the order-of-magnitude predictions

5’(0)~0.00005,  5"(0)~0.00001. (19)

Looking at Table III, we see that 5’ is negligible
compared with Fi(s). F; is roughly constant, so the
first equality of (18) is approximately satisfied with
¢/t:2~0.00075. Using this value the second equality
of (18) requires that 8''=0.000015 [taking the average
value for Fy(s)], which is in approximate agreement
with the value (19).

In the second row of Table III are shown, from left
to right; F1(0) +¢', F1((M+1)*)+¢/, :/2[ F2(0)+¢"],
4,/2[Fo((M+1)?)+¢"]. The equality (18) is quite
well satisfied, and taking the average value of ¢ gives
finally

R_2=0.740.2
[with Im f_2(¢) = R_25(¢—1,) ].
Cases of A0, B©)

Here ¢ is known because R,! are known (Sec. 3).
Using Egs. (5) and (11) we obtain ¢/2,2=—0.0055 for
A and 4-0.19 for BS). The equality (18) together
with the values for Fi, F, given in the first row of

Tables IV and V now requires [taking average values
for Fi(s), Fa(s)]

a—) ~—0.0025
b'~0.10

9" >~—0.00020
b ~0.012.

(20)
(21)

Using these values, Fi(s)4g¢’ and 3¢,(Fa(s)+g’") are
shown in the second row of Tables IV and V. The
equality (18) is seen to be quite well satisfied.

Estimate of 67 and b using Im AS and Im BO

H. W. assumed that Im 4©=Im BO=0 for
§>200 (except in one case which does not concern us).
However, the Auvil-Lovelace analysis’® gave quite
large values for these quantities at s=185; after
subtracting out the resonance contribution of fi; one

TasLE V. BO) amplitude.

s=0 s=60 s=0 s=60
F 0.08 0.11 1t,F, 0.036 0.003
Total 0.18 0.21 Total 0.20 0.17

obtains at s=185 and =0
Im A'=—0.44,
Im B’=0.065,
Now @ and 6 are given by

o Im A (s't)
a (1) = —1/ - g
W= T —w)

Im A”=—0.010,
Im B"=0.0014.

o 1 1
O @) =71 Im BO(s"%) [,———l— - ]ds’.
200 s'—s s'—u
The first integral is well convergent. Taking Im A~
constant, and using the Auvil-Lovelace values one
obtains

a'~—0.002,
a"~—0.0001,

which are in satisfactory agreement with the values
(20), obtained by entirely different considerations.
The second integral diverges logarithmically if Im B
is assumed constant, so it depends sensitively on the
manner in which Im B approaches zero. However, if
the Auvil-Lovelace values were held constant up to a
cutoff at s’~1000, order of magnitude agreement with
(21) would be obtained.

Fairly recently %, and 4;; resonances have been
suggested around 2 BeV.!® However, even if purely
elastic these would only give contributions of —0.001,
—0.00005, —0.015, and 0.0007 to &, &, &', and b”,
respectively, which are not large enough to allow
anything to be said concerning the existence of these
resonances.

Summary of this Subsection

The requirements that the fixed s and fixed ¢ rela-
tions should agree for B, A, and BO), and that
Im G in channel 2 should be dominated by the J=1
and 2 resonances leads to the equality (18). The
equality is quite well satisfied with values of g’ and
g"" compatible with what is known of high-energy =V
scattering, and with values of ¢ compatible with the
known amplitudes Im f,1(¢). We also predict that
R_2=0.740.2, where Im f2 ~R_25(t—80).

In the next subsection, a study of 4™ will yield a
value for R,? also.

3.3. The Amplitude A

Here the Frazer relation (9) is used instead of the
fixed ¢ relation. The Frazer relation is for F®, and
A may be calculated from this relation and the
unsubtracted fixed ¢ relation for B, using

A=F—[M(s—u)/(4M?—1)]B.

18 A, Diddens, E. Jenkins, T. Kycia, and K., Riley, Phys. Rev.
Letters 10, 262 (1963).
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0.5+

0

F16. 2. K(s) and L(s). K=F,, L=tF,/2.

One obtains, after some cancellation,

$1

A (st) =71 f

(M+1)2

1 1
Im A(_S’t) '/—‘-+T— ds’
§—s S—u

+7r"fOo Im F(s't) [71: +—,1—~—Qiz—llj| ds’

§S—s S—u Pq

M(s—u) I/m [ 1 1
[ I B(s - ds’
M=t 51 m B(s") s'—s s'—u s

dt'+constant.

© e
4

(432—1) (V' —1t)

Upon equating this relation with the fixed s relation,
the low-energy #' integrals cancel as before, and so do
the contributions from Im f,°(#'). One thus ends up
with relations similar to (17) above.?®

_ / Im A (st))

12

tlel(s)7

2/ Im ADGH) 4 gy
el B — =1'9(S).

T 1’3
ImA means Im A4 with the s-wave contribution
[167 Im F,%/(4M?—t)] subtracted out. As before
F; and F, may be calculated except for the #' integra-
tion in channel 3, which is only calculable at s~0.

In Fig. 2 are shown Fi(s) and ¢,/2F,(s), with #,=80
and s;=100.20 The channel 3 integral has been set
equal to zero; the arrow indicates its contribution
to Fy at s=0, and its contribution to Fs is negligable
at s=0. It is seen that F; and #,/2F, are approximately

19 There are no terms like ¢, ¢’ in (16) since order-of-magnitude
estimates predict that they are negligible.

2 The separation point s; may be taken anywhere between the
first and second resonances (at s=80, 120) without altering the
results very much.

equal, hence we can predict that
Im A(st") >~a(s) (¢ —80).

Assuming that the J=2 contribution dominates as
before, Egs. (2), (5a), (Sb) and (11) give a(s) in
terms of R,2 and R_2. The dotted line in Fig. 2 shows
a(s)/t,? with R 2 fixed at the value of the last sub-
section (R_2=0.7) and R,? fixed to give a best fit,
R,2=8.5. The error bars show the change caused by a
209, change in Ry2?; a similar change in R_? would
have a much smaller effect. If a different partial wave
had been assumed to dominate, or if #. had been
greatly altered, the fit would have been worse, so we
have in fact predicted that

Im Fiz'—- Ri25(t—tr) y
with
R,2~~8.5+2,

R_2~0.740.2,
1,~~80.

The only other estimates of R.? are due to Kane and
Spearman? (R;2~R 2~10) and G. C. Oades?
(R_2~0.3), but both these estimates involved the
use of the partial-wave expansion for 4, B in terms of
F’ at points far outside its region of convergence, and
the first estimate did not clearly isolate the effect of
the F, resonance from other possible effects.

A Check on the Frazer Relation

The accurate scattering lengths obtained 1n
Ref. 1 give, via Eqgs. (4), an accurate value for
F&®'((M+1)2, 0). On the other hand, the Frazer
equation also gives a value, in terms of known channel
1 integrals and Im f,°(¢). Equating these two values
gives
_, ( 16r Im f,°(¢)

)@=y (=)
The sets of values (1) and (2) of Table IT give for this
integral the values 0.58 and 0.45. The agreement gives

added confidence both in the sets (1) and (2) and in the
Frazer relation.

d’'=0.54-0.1.

3.4. Summary of the Numerical Results of Sec. 3
Defining

Y i Im G(s't) ,
gll)=m -/zco (s'"—s) (s'—u) as’,

e 1 1
(8 =7 / Im G(s’t)[,—+7——] ds’
200 S—S5 S—u

[roughly independent of s for 0 s S(MH+1)2], we

2 G). L. Kane and T. D. Spearman, Phys. Rev. Letters 11, 45
(1963).
2 G. C. Oades, Phys. Rev. 132, 1277 (1963).
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have obtained
b’ (0) =~0.000015,
G’ (0) ~—0.0025,
a7 (0) ~—0.00020,
5 (0) 0.10,
b)"(0) ~0.012.

In addition we have obtained

Imf+0(t,)
) e 0.540.1
(@r—7) () =04
—8.5,
R2=0.,
with
Tm f,2= R,25(/—80).

Finally we shall need a value for AD® ((M41)2, 0)
in terms of Im f,° Either the fixed s or the Frazer
relation gives

AP (M+1)2, 0)= (0.009220.010)
167 Im f+0(tl)
- / (@M — 11"

where the large error on the first term is due to a
cancellation at large quantities; however, the second
term is almost certainly dominant.

dt,

SECTION 4

4.1. The Hamilton-Woolcock Calculation of the
Partial Waves

The rest of this article consists essentially of a dis-
scusion of the H.W. calculation mentioned in the
Introduction. It is of interest because that calculation
required no knowledge of the channel 2 (77— NN)
amplitude (it essentially used the ‘“CGLN” method,
proposed by Chew ef al.2 in the first-ever application
of dispersion relations to the pion-nucleon problem),
and yet it appeared to give good results.

However, as H.W. pointed out, the results may be
subject to large errors except at low energies. Our
conclusion is that these errors are indeed present, and
that, therefore, the “CGLN” method is not reliable
except at low energies; furthermore, even when the
method is modified by using a knowledge of the ampli-
tude in channel 2 (zm—NN), so as to give agreement
with experiment up to higher energies, undesirable
cancellations occur. It may fairly be said, therefore,
that single-variable dispersion relations are not suitable
for discussing the partial waves except at low energies,
and that their principle role in a complete theory
would be to provide sum rules of the type used by
H.W. in Ref. 1 and by us in Sec. 3.

As was mentioned in the Introduction, H.W. used a

7

Taylor series
G(st) >~G(s0) +1G' (s0) +32G" (50). (23)

Error may occur, therefore, either from an incorrect
evaluation of this series [i.e., incorrect values for the
G™(s0)], or from the neglected remainder term
being large. In this section we investigate the errors
from the first source, and show that the improvement
of the H.W. values for G™(s0) makes the agreement
of the H.W. results with experiment worse rather
than better. Then in the next section we show how to
calculate the remainder and restore to a large extent
the agreement with experiment.

4.2. The H.W. Calculation of the G® (s0)

H.W. used a fixed ¢ dispersion relation, making sub-
tractions for some amplitudes but not for others. We
discuss the question of subtractions first, then we dis-
cuss the evaluation of the dispersion integrals.

a. The Question of Subtractions

In the case of A®, A®’ and B® the s- and p-wave
scattering lengths which H.W. had already calculated
were used to calculate the values of the amplitudes at
s=(M+1)? using Eq. (4).2 Using these values, the
amplitudes were then calculated from the subtracted
relation (for A®, A0, B® and BO)

G(st) =G((M+1)?, )47 /M‘: Im G(5'2)

x[ 11 1 1 ]d,
s'—s s'—u s'—(M+1)2 §—[(M—1)2—{] S

However, there is a complication in the (—) case.
The s- and p-wave scattering lengths had been calcu-
lated by making a least-squares fit to several relations
involving them; one of these relations was the unsub-
tracted fixed t relation

GU(M+1)?, t)=7r_1/O: Tm G(s't)

X[ - 1 b= ! ] ds’.
S—(M+1)2 §—[(M—-1)2—1¢]
Now in the case of the p scattering lengths this was in
fact the most important piece of data. Hence it is true
for our purposes to say that 4, 4™’ and BO) were
calculated by H.W. from unsubtracted relations, except
that the combination [4©(s0)-+BO(s0)] at s=
(M +1)?2, which is proportioned to the s-wave scattering
length, was known from other sources.

In the case of A®”) B®’ and B®’  an unsub-
tracted relation was used since no accurate information
was available with which to make a subtraction.

2 In the case of A’ the value of B®) is also required; the
value obtained from the unsubtracted relation is used.
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In the case of A" also there was no accurate in-
formation, but since the A™ amplitude requires a
subtraction H.W. were forced to make one. The
subtraction constant was estimated roughly using the
available data on d waves at 310-MeV pion lab energy;
however, H.W. emphasized that this procedure was
liable to serious error.

b. The Accuracy of the Dispersion Integral

The H.W. evaluation of the dispersion integrals was
probably substantially correct? except that in the (—)
isospin case Im G(st) was set equal to zero for s>200
Since H.W. used (actually or effectively) unsub-
tracted relations for the (—) case, this means that they
effectively used our relation

1
s'—u

200 1
GO (st) = 7.-—1/ Im GO (s't) [s_’ s+ ]—l—g(t)
M2 -

with g(¢) =0, except that the combination [4M e (0) +

5(0) ] was known from the s-wave scattering length.

[Note that s—#=4M at the point (s= (M+1)? {=0).]
4.3. Corrections to the G™ (s0)

From the above discussion, two main errors seem
likely in the H.W. evaluation of the quantities G™ (s0) :
first, A" (s, 0) may be in error by a constant term
since the subtraction constant was unreliable; second,
the (—) amplitudes may have appreciable errors
coming from setting g™ (#) =0. Our work of Sec. 3
enables these errors to be corrected.

a. Case of A"
Here we need an independent estimate of
A" ((M+1)2 0)

to check the H. W. value. This is provided by the
analysis of Sec. 3 which gave
AD"(M+1)2,0)~~(0.009+0.010)

2 =16r Im f,°(#)
(4M2—1)43
where the large error was caused by a cancellation of
large quantities. The integral is unfortunately strongly
dependent on the set of values used for Im f,°(#);
we obtain AD"((M+1)20)=0.14, 0.02 using sets
(1) and (2) of Table II. However, the H-W. value
was —0.056, and no set of Im f,°(¢) allowed by the
analysis of Ref. 16 will produce this value; hence ke

H.W. value of A" (s,0) must be increased by a con-
stant amount, probably about 0.1 f0 0.2.

b. The (—) Amplitudes

The corrections to be made to the (—) amplitudes
due to the neglect of high-energy integrals are

AAO (st) = (s—u)a®(t),
AB®O (st) =b9(1),

24 With the exception mentioned in footnote 26.

ar,

T4

except that one must have AL 4 (50)+B(s0) ]=0
for s=(M+1)?% to preserve the s-wave scattering
length. Using the values of ¢/, &', ¢©”, and 5"
obtained in Sec. 3, one thus obtains

ABO)(s0) =0(0),

AB©Y(50) =0.10,
ABO"(50)=0.012,

AAD(s0)=—[(2s—2) /AM [ (0),
AAS(50) =0 (0)—0.0025(25s—3),
AAO"(50) =—0.0025—0.0004 (25— ).

a(0) and 5 (0) are unknown, but a connection can
be established between them since the total cross
section is quite well-known to high energies. This
enables one to estimate!! that

@™ (0) 45 (0) /AM ~0.008.

Hence 6 may be eliminated from the above equations.

4.4. The Effect on the Partial Waves of the Corrections
to the G™ (s0)

Having calculated the G™, H.W. calculated the
partial waves using the Taylor series (23) and the
projection formulas (3).25 H.W. give results only for
s and p waves up to s=70 (100 MeV) and s=90
(300 MeV) for the (+4) and (—) cases, respectively.
This was because they rightly considered the truncated
Taylor series to be unreliable for the other cases (see
5.1 below). However we shall be calculating the re-

Re hi) /

N LS.FIT(1)
AN LS FIT(3)

™ > \ \\

a)
AN

\
"« \ PION LAB.
NN ENERGY
N (Mev)

0 100 200 300

Fic. 3. hoy P (s). (a), (b), (c), and (d) have the meanings
assigned in Table VI. Experimental points are taken from Ref. 28
at 100 MeV, and Ref. 29 at 310 MeV.

% One obtains the series
2
fre(s)= ZD[CH:" () Fy™ (50) +dr™ (s) Fat (s0) ]
Pooat
(with fairly simple coefficients ¢;4®, d;4®) already obtained using

slightly different considerations by Chew et al. (Ref. 2). H.W. set
F,®»=0, but this makes a negligible difference.
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Reh!? ’

S

014

o

—.021

—.034

~.04
X PION LAB.
\ ENERGY
\ {MeV)
T

0 100 200 300

F16. 4. 1M (s) (see Fig. 3 for explanation).

mainder term, so we give s, p, d, and f waves, up to
s=90 for both (+4) and (—) cases. In the cases where
H.W. did not give results, we have calculated them
using the values for G™(s0) given in Woolcock’s
thesis.!

The s- and p-wave? results are given in Figs. (3)-(8)
[curve (a)] and those for d and f waves at s=90% in
Tables VI and VII [row (a)].28-3

Next, we show in curves and rows (b) the corrections
to the %, coming from the corrections to the G® (s0)
given in the last subsection, using the value 0.14 for
A (s, 0) (that obtained using column 2 of Table

Re h¥

024

-.024

=04

-086

F16. 5. Iy (s) (see Fig. 3 for explanation).

% In the case of 4, there is an additional source of error in
the H.W. calculation due to the neglect of the rapidly varying
Im fi-#(s) in calculating the G™ (s0). This has been corrected
for (see Ref. 11 for details and the reason why probably only
In-® will be aﬁected)

27 No comparison with experiment is possible for s <90.

28 D. Edmonds, S. Frank, and J. Holt, Proc. Phys. Soc. (Lon-
don) 73, 856 (1959); also D. Edwards and T. Massam (private
communication to J. Hamilton, quoted in H.W.).

2 Q. Vik and H. Rugge, Phys. Rev. 129, 2311 (1963).

® P, Auvil, A. Donnachie, C. Lovelace, and A. T. Lea (to be
published).

=)
Reh .

05+

2
g 2T FION L,
”"")\}_.,:%"‘ e ENERGY
0 -—j_-—_—_'."—-——— : d) (Me )
0 100 200 300

F16. 6. ko (s). (a), (b), (c), and (d) have the meanings
assigned in Table VIIL. Expenmental points are as in Fig. 3.

II) and setting ¢ =0 for the moment. The corrections
are seen to destroy the agreement with experiment
for s and p waves; furthermore, the s waves especially
are seen to be very sensitive to these comparatively
small corrections [the situation for the (—) case is
worse than it looks because the various corrections
tend to cancel], so the method already begins to look
rather dangerous. Also in the (4) case the results are
much too large, indicating that the remainder term
is going to tend to cancel the truncated series; this is
to be expected according to the discussion of 5.1 below,
but is a further objection to the method.

SECTION 5

5.1. Qualitative Discussion of the Remainder Term

The results for the partial waves given by the
truncated Taylor series alone may now be obtained
by adding curves or rows (a) and (b) of the figures
and tables. The qualitative features are the same as
those shown by (a) alone (H.W. result), namely that
there is fair agreement with experiment at s=70,

Rehf)

02

PION LAB,
ENERGY
(MeV)

o 100 200 300

F16. 7. - (s) (see Fig. 6 for explanation).
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~Reh()
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c) d)

—-.0254

F16. 8. I O (s) (see Fig. 6 for explanation).

but that above this point the results become in-
creasingly bad, especially for the (4) case. Hamilton
and Woodcock had already explained this state of
affairs in Ref. 1, as follows.

The full Taylor series converges for | ¢ |<| # |, where
%y is the position of the nearest singularity of G(st) in
the ¢ plane, at fixed s. In fact, {,=4 for all amplitudes
and all s values, so the series converge for | ¢ |<4.

In order to calculate the partial waves one needs
G(st) for all physical ¢ values, which are (for a given s)

—4¢2<t<0.

Hence the Taylor series converges for all the ¢ values
required provided that ¢?<1, ie., s<68. If the full
series does not converge, the truncated series will
probably have a large remainder term, so this explains
why the results for the partial waves become worse
above s=~70. H.W. explained the fact that the (—)
results are better than the (4) ones by noticing that
the (—) amplitudes will have a small discontinuity
across the cut >4 below about {=28 [the position
of the resonance in f,1(¢), the lowest wave to con-

TasLe VI. d and f waves at 310 MeV, (+) case. (a) Trun-
cated Taylor series using H.W.’s G® (s0). (b) Corrections to
truncated series arising from our correction to A" (s0). (c)
Born pole contribution to remainder to Taylor series. (d) Chan-
nel 2 contribution to remainder.

104X e 104X hoy 108X 713 105X /154

(a) —2.5 —7.0 0.6 0

(b) 31.1 31.3 —1.7 0

() ~1.6 —1.9 0.4 1.2

(d) —16.9 —18.4 1.7 3.5
Total 10.1 2.0 1.0 4.7
Experiment 6.7 —6.5 1.0 2.8

(Ref. 29)

tribute]. Hence f, is effectively ~28 and the series
should give reasonable results for ¢ <7, i.e., s $90, as is
indeed observed.

This discussion suggests that the way to calculate the
remainder to the truncated series is to consider the
analytic properties of the amplitudes at fixed s. We
present two methods. The first (which is original)
uses an explicit knowledge of the amplitude in channel 2
and gives good results; the second (due to Atkinson?)
uses only a knowledge of the position of the nearest
singularities, but it does not give good results in
practice.

5.2. First Method of Calculating the Remainder to
the Taylor Series

This consists in noting that in the three-times sub-
tracted fixed s dispersion relation,

G(st) =G (s0) +1G’ (s0) +32G" (s0)

w“lfm Im G(st')[ ! Es—] ar
4 V—t3

1 (u—2+s)3] ,
e
w—u (u/—2Z+s)3

1r"‘fMa;Im G/, E——u’—s)[

(24)

the first three terms constitute the truncated Taylor
series (23) and therefore the integrals must constitute
the remainder. The projection of the partial waves
may be carried out without difficulty, the denominators
(!—1t) and (#'—u) giving rise to Q functions in the
usual way.

There are three contributions to this remainder,
each of which will be considered in turn.

The pole at u'=M? gives a small but not negligible
contribution, which is shown in Figs. 3-8 [curve (c)]
and Tables VI and VII [row (c)].

TaBLE VIIL. d and f waves at 310 MeV, (—) case. (a)-(d) as
for Table VI, except (b) corrections to truncated series arising
from proposed corrections to 4/, 4", B’, and B with ¢ (0) =0.

108X ha— 104Xy  10Xhs— 105X sy

(a) 6.7 0.9 1.2 0

(b) 0.8 1.3 1.3 0

() 1.6 1.9 —0.4 —1.2

(d) 2.8 0.8 —-1.6 —0.2
Total 11.9 3.8 0.5 —1.4
Experiment 4.7 2.6 2.0 —1.4

(Ref. 30)

The integral u'>(M+1)? causes a difficulty, since
Fig. 1 shows that the absorptive part is not given by a
convergent partial-wave expansion except for #'~~
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(M+1)2+3 [we are in the region s> (M-+41)2].
However the three subtractions suppress this integral,
and it will be assumed negligible. This assumption is
supported by the fact that the contributions of the
first two resonances to the (divergent) partial-wave
expansion for the absorptive part give negligable
contributions to the integral.

The integral >4 can be evaluated since Fig. 1
shows that the absorptive part on the nearby part of
the cut is given by a convergent partial-wave expansion
for s <80 and hopefully for somewhat larger s values.
The contributions from Im f,° and Im f.’ affect only
the (+4) (—) isospin cases, respectively; they are
shown in Figs. 3-8 [curve (d)] and Tables VI and VII
[row (d)7, set (1) of Im Fs+(¢) (Table II) being
taken for the moment. The contributions from Im F,°(¢)
are seen to be large, and to tend to cancel the divergent
behavior of the Taylor series as is expected.

The final results for the partial waves are shown in
Figs. 3-8 (curve marked ‘“TOTAL”) and Tables
VI and VII. The addition of the remainder of the
truncated Taylor series has clearly improved the
results obtained by using the truncated Taylor series
alone [i.e., the sum of curves (a) and (b)], and we
conclude, therefore, that this method of calculating the
remainder has been successful. It is shown in Sec. 5.4
that the results for s and p waves can be still further
improved by making slight changes in the G™(s0),
and it is also shown there that the results are not very
different if set (2) of Im F,°(¢) is used instead of
set (1).

5.3. Second Method of Calculating the Remainder

This method was suggested by Atkinson,® and we
refer to his paper for details. Atkinson only applied
the method to one wave [ fo.(s)], and his result
actually contains a numerical error (Atkinson, private
communication).

The first step is to subtract out the Born term
explicitly from the B amplitudes, defining a quantity

_ 1 1
@ (st) = B® (sf) — g2 )
B@® (st) =B (st) —g <M —s:FMz—u)

From now on G will represent any of A& or B&®,
Next one transforms from the variable ¢ to a variable

son=| (=) -G /162D

where

x=141/2¢,
2y=144/22
xy=14+[Z— (M+1)2—5]/24.

It is then shown that the Taylor series in w for

G(st),
G(st) = ian(s)w”

is convergent for all values of s and ¢ (on the physical
sheet). This series may be rewritten

G(st) = lim ic,,N(s)éw(so)tn,

N> n=0

where the coefficients C,¥(s) are known functions of s.
Atkinson now argues that since this expression con-
verges for all s and ¢ it will be more accurate even if N
is kept finite than the corresponding truncated Taylor
series. Thus he replaces the series

2
G(st)~Y, %Gw(s()) t (25)
n=0".
by the series
2
G(st) =D C.2(s)G™ (50) 17
n=0
or
2
~ 2 Y(n) n_| g2 = i
Gs) =3 G (0) -+t ), (26)

where the g? term only appears of course in the B
amplitudes. The remainder to the Taylor series in this
approach is clearly given by subtracting (25) from
(26) giving

R(st) zié’m) (sO)[C2(s) = (m))—1 ]t

n=0
1 1 2. [ o 1 1
2 —_— —_— _— n
Te {(Mz—s:FML—u) ;,l:at" ¢=0<M2-—S:FM2—u)t }

The term in g? is equal to the corresponding term
obtained by the first method (described in the last
section). Hence the first term should correspond to the
integral over ¢ in the first method (plus, strictly, the
integral over #’ but this is probably negligible as has
been seen). The contributions to the partial waves of
this first term and of the # integral are compared in
Table VIIL. For s=70 there is complete disagreement,
and even for s=90 there is only qualitative agreement.
Looking back at Figs. 3-8 and Tables VI and VII it is
clear that if curve (row) (d) were replaced by the
corresponding term obtained from this method there
would be violent disagreement with experiment.

Thus it appears that this second method of deter-
mining the remainder to the Taylor series is not satis-
factory with this low order of truncation; it is necessary
to know more than just the first three G™(s0) if the
amplitude is to be determined from a knowledge of the
analytic properties alone.
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TaBLE VIIL. Taylor series remainders (non-Born). (a) From fixed s dispersion relation. (b) From the mapping method.
The results for /4, ko4 and /sy are very similar to those for 4, ks, and k.

(+) case, s=70 (+) case, 5s=90 (—) case, s=70 (—) case, s=90
(a) (b) (a) (b) (a) (b) (a) (b)
hoy —0.015 0.000 —0.29 —0.445 0.001 —0.007 0.017 0.023
- 0.006 —0.003 0.035 0.052 —0.0060 0.0012 —0.002 +0.008
104X hip —15.0 00.5 —20 -33 0.7 —6.3 2.9 2.4
105X /13— 9 6 2.0 0.3 —1.4 —-0.4 -1.5 1.2

5.4. Further Improvement of the Results Obtained
in Sec. 5.2

The results of Sec. 5.2 are in moderate agreement
with experiment. In this subsection it is shown that if
certain small changes are made in the G (s0) good
agreement can be obtained for s and p waves (leaving
the d and f waves practically unchanged). However,
since we cannot properly assess the error to which
either the G (s0) or the remainder term are liable, it is
not clear whether these small changes are significant.

a. (+) Case

If the values used by H.W. for the s- and p-wave
scattering lengths (@oy, @1, and e1y) were in error, this
would affect their values for 4, 4’, and B as follows:

2M+1
AAD(50) =47r[—:-|_—Aao+— 2M (Aar—— Aary) ]
oM
M+1
AA<+)'(sO)=41r[ ]; —%Aa1+],

2%5—3
AB(+)(SO)=[ ZM ]41r

2M+1
X ["'2‘]‘7"Ado+— 2M (Adl_—' A(ll+) ],

and the results for the s and p partial waves would be
changed accordingly.

We have therefore carried out a least-squares fit as
follows. Results to be fitted: the experimental s- and
p-wave results at s=70 and s= 90 and the values for the

TaBLE IX. Alterations in scattering lengths, (+4) case.

ACL(H_ A(ll_ A(ZH.

Set (1) —0.003 0.009 0.007

Set (3) —0.004 0.004 0.004
Changes proposed in

Ref. 16 vee 0.010 0.008

H.W. errors 0.004 0.005 0.005

scattering lengths calculated by H.W.;! all weighted
according to their quoted errors. Parameters to be
varied: the scattering lengths aoy, @1, and .4, giving
rise to variations in 4’, 4, and B and hence to varia-
tions in the theoretical values of the results to be fitted.

The partial waves obtained from this fit are shown in
Figs. 3-8 [curve “L.S. Fit (1)”]. There is clearly a
considerable improvement. The corresponding scatter-
ing lengths are shown in Table IX; ao; is seen to agree
well with the H.W. calculated value, a1y to agree
only moderately well.

So far only one set of Im f,°(#) has been used, set
(1) of Table 2. We have repeated the whole calcula-
tion using several widely different sets of Im f,%(¢)
(calculated by G. C. Oades” in terms of a two-param-
eter formula for the s-wave mr phase shift; we are
indebted to Dr. Oades for supplying the sets). The set
giving best values® for the least-squares fit described
above are shown in the last column of Table II and the
results for the partial waves are shown in Figs. 3-8.
The values obtained for @y and @i, are shown in
Table IX. It is seen that the improvement in the fit to
the partial waves and scattering lengths when these
new values of Im f,%(f) are used is not very great and
in fact Im f,°(#) is more likely to be given by one of
the first two sets; however it is of interest that our
fixed variable approach gives results for Im f,%(¢)
in at least qualitative agreement with the partial-
wave approach of Ref. 16.

b. (=) Case

In Sec. (4.2) a™(0) was set equal to zero. The
results for s and p waves using a©(0)=—0.02 are

TasrLE X. Alterations in scattering lengths, (—) case.

Aagy Aayy
This calculation —0.001 —0.0008
Changes proposed in Ref. 32 0.004 0.0007
H.W. errors 0.003 0.0020

3 A set which changed sign also gave a good fit, in analogy
with set (2), but the corresponding rate of change of the =
phase shift is so large as to be hardly acceptable physically.
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given in Figs. 3-8. The agreement with experiment is
clearly improved, but again we cannot be sure that
this is significant. The small changes®? predicted in the
p wave scattering lengths from the H.W. values are
given in Table X.

SUMMARY OF CONCLUSIONS AND RESULTS

In Sec. 3 the fixed s and fixed ¢ relations were equated;
the assumption that distant singularities give slowly
varying terms led to Egs. (16) in the cases of AO,
B, and BX), and to a similar equation in the case
of A®). The evaluation (where possible) of the inte-
grals, using the input data described in Sec. 2, led to
the results given at the end of the section for the
unknown terms in the equations (i.e., the fe-N-N
coupling constants and the integrals over the high-
energy NV amplitudes).

In Sec. 4, the results of Sec. 3 were used to improve
the H.W. evaluation of the truncated Taylor series
(23). The agreement of the result with experiment was
made worse by this improvement, but in Sec. 5.2 the
hitherto neglected remainder term was evaluated (by
using a fixed energy dispersion relation) and fairly
satisfactory agreement with experiment was obtained
for s and p waves up to 300-MeV pion lab. energy.

In Sec. 5.3 an alternative suggestion due to Atkinson?
for evaluating the remainder term without an explicit
knowledge of the channel 2(7r—NN) amplitude was
shown not to give good results in practice. Finally in
Sec. 5.4 it was shown that the results of Sec. 5.2 could

21, L. J. Vick, Nuovo Cimento 31, 643 (1964).

be improved if small changes were made in the p-wave
scattering lengths (used in evaluating the truncated
Taylor series), and still further improved by using a
set of values of Im F,°(¢) somewhat smaller than
those of Ref. 16; however, it was emphasized that these
improvements may not be significant.

Note added in proof. The constants R.? defined by

Imf:ﬁ(t) _'\_.’R:‘:Z(t“‘ 80)

which we have loosely called ‘the f-N-N coupling
constants’ are more precisely given by

R,?= (kinematic constant)
X ( f*~m—r coupling constant)
X ( f~-N-N coupling constant)

but of course the first two factors are known. The
first is just a matter of definition and the second is
known in terms of the width and elasticity of the
observed f° resonance in 7 scattering.
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