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Lattice Dynamics and Elasticity of Stressed Crystals
DUANE C. WALLACE

Sandia Laboratory, Albuquergue, Sex Mexico

A conservative system composed of a collection of interacting ions plus externally applied forces
is considered. The mechanical problem of motion is defined for such a system, and the equilibrium
and the translational and rotational invariance conditions discussed. It is shown that the second
equilibrium condition of Born and Huang, namely that the stresses must vanish in the equilibrium
con6guration for the infinite lattice model, is not a requirement of the theory. The dynamical matrices,
whose eigenvalues are simply related to the phonon frequencies, are shown to be of the same form
for a homogeneously strained crystal as for an ideal unstrained crystal. The elastic constants of a
homogeneously strained crystal are calculated by the method of homogeneous deformation, and also
by the method of long waves. The quantities which are observed in the measurement of sound
velocities in strained crystals are the eRective elastic constants, which diRer from the elastic constants
by terms involving the stress components. These effective elastic constants are also calculated in
the lattice theory, and their properties are discussed.

I. INTRODUCTION

The theory of lattice dynamics has not been devel-
oped for a crystal which has applied stresses. The
dif6culties which have prevented this development are
intimately associated with the problem of calculating
the elastic constants of a stressed crystal. ' ' Leibfried
and I.udwig'4 have derived the elastic constants for a
primitive lattice in the presence of isotropic pressure.
They used the method of homogeneous deformation,
and showed how surface eGects are to be eliminated. '
Here, the method of homogeneous deformation and
lattice dynamics are extended to the case of a crystal
in a homogeneously strained initial con6guration, by
explicitly including externally applied forces in the
formulation of the problem.

In order to de6ne the stresses and elastic constants
for a crystal, the lattice treatment is compared with
thermoelastic theory. This theory has been developed
for homogeneously strained elastic media, 6—' and the
appropriate results are reviewed in Sec. II. In Sec.
III, the mechanical problem of motion of a collection
of ions in the presence of externally applied forces is
de6ned, and equilibrium and invariance conditions are
obtained. In Sec. IV the method of homogeneous de-
formation is applied to a finite crystal with externally
applied forces, and the stresses and elastic constants
are derived. Section V outlines the extension of well-
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known results of lattice dynamics to the case of a
stressed crystal, and applies the method of long waves
to the calculation of the elastic constants. In Sec. VI,
the effective elastic constants, which are directly ob-
served in ultrasonic experiments, are derived in the
lattice theory, and their symmetry properties are dis-
cussed.

II. THERMOELASTICITY

Elastic Medium with Zero Initial Strain

This brief outline is based primarily on the work of
Thurston and Thurston and Brugger. ' Their notation
has been changed so as to mesh smoothly with that
used in lattice- theory. Throughout Sec. II, the Ein-
stein summation convention is used.

I.et the position of a material particle in the ideal
unstrained configuration (zero stress) be a, and the
position in a strained con6guration be x, where the
Cartesian components are indicated by a;, x;, respec-
tively, i=1, 2, 3. The displacement vector is u and
the symmetric finite strain parameters are s;

I;=X,—a, ,

Now the following de6nitions are made:

(2.3)

(2.5)

I F. D. Murnaghan, Finite Deformation of an Elastic Solid
{John Wiley ik Sons, Inc., New York, 1951).
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Bxg 8$y'

Jo ~aJ, ~ay
(2.8)

where E and P are, respectively, the internal energy
and Helmholtz free energy per unit mass, 5 and T are
entropy and temperature, and po

——p(a) is the density
of the medium in the unstrained configuration. The
t,; are thermodynamic tensions conjugate to the vari-
ables (s;j/po), and the cs;jkl, c~,jkl are, respectively,
the adiabatic and isothermal elastic constants. As a
result of their de6nitions, the tensions and elastic con-
stants must have the complete "Voigt symmetry. ""

(2.6)

c ijkl=c jikl=c,jlk=c ki;j, sl'lllllarly fol c;jkl. (2.7)

The stresses are then given by

In the lattice theory (Secs. III—V), the crystal is con-
sidered to be in an initial state of strain, and the
motion of the material points with respect to their
initial positions is studied. This circumstance, whose
necessity is discussed further in Sec. VII, requires
that the above results of thermoelasticity be expressed
in terms of motion with respect to the initial strained
con6guration r.

Therefore, make the following de6nitions, where
pl ——p(r) is the density of the strained medium.

(2.16)

, &»k &xi, BU; BU, BUk BUk&

(Br; Brj 8t, Br, Br; br, j'
(2.17)

where Jo is the Jacobian of the strain

Jo=
I a*;/aaj I =po/p(x). (2.9)

The equation of motion for adiabatic propagation, in
the presence of body forces f;, is

Tij= pl =- p] )

~~xi 8 ~~xi~~;& S

(2.18)

(2.19)

pou; —Jof;=c';,k (1a' u/ka aajia), (2.10)

and the expansions for E and P are

poF(sij, S) =poE(0, S)+f;jsij+oc ijklsijskl+

(2.11)

~~IC/ T ~~kl~~ij 7
(2.20)

According to these definitions, the coefficients T;;,
C~;,I, &, etc. , must again have the complete Voigt sym-
metry, (2.6) and (2.7), and the expansions for F and
I' are

poF(sij& T) =poF(0& T) +jijsij+ oc ijkl&ij&kl+ ' ' 'i

(2.12)
PIF($,;, S) =PIE(0, S)+T;;S;j+,C;;klS;;Skl+ ~ ~-

(2.21)
where the coeKcients (t;j, cs;jkl, etc.) are evaluated at
zero strain (s;j=0) .

pou; —Jof;=As;;k I (ij'u~/Bakija I),

i jk l ~kifli j+dimif jn~ kmln

(2.13)

(2.14)

Here the tilde means to evaluate at the initial state r,
and

Homogeneously Strained Elastic Medium

Let the medium undergo a homogeneous strain from
the positions a to new initial positions r. If the defini-
tions (2.1)—(2.5) are retained, the equation of motion
for adiabatic propagation through the strained medium
becomes"

Ij'U, /Br; ijrk Ij'u;/Br;ijrk-—,
IjS;j/Bsk I bk,h I;,

——

&' = (~a'/~r j) = (1/d ').

(2.23)

(2.24)

(2.25)

pIF ( S,;, T) =pIF (0, T) +T;;S;j+',C;p, IS;;SkI+—
(2.22)

where the coeKcients (T,;, C;;kl, etc.) are evaluated
at zero strain from the initial conf1guration (S;;=0).

It is possible to relate t;;, etc., to T;;, etc., and also
to convert the equation of motion (2.13) to an equa-
tion of motion with respect to the initial strained con-
figuration. In order to do this, it is helpful to use the
relations

ct;j= (Br;/Ba j) . (2.15) It then follows

Change of Reference Configuration

Up to now the motion of the material points in the
elastic medium has been defined with respect to the
positions of these points in the unstrained medium.

jij (po/P1) flikflj l Tk k

C,jkl= (PO/PI) &'m&jnflk„&l, C n„O,

(2.26)

(2.27)

and (2.13) becomes

pIU; —JIf,= [T,lunik+ C;jk l](ij'Uk/Br;Br I), (2.28)

"It is understood that all derivatives are taken symmetrically,
after the manner of Green (Ref. 7), so as not to violate the con-
dition s;;=s;;.

where JI is the Jacobian

XI=
I
a~,/arjI =p,/p(x), (2.29)
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and in (2.28) the coe%cients T;t, Ca;,kt are evaluated
at S;;=0. When body forces are neglected, (2.28) is
of the same form as that given by Toupin and Bern-
stein, ' and also by Green, ~ for a homogeneously strained
elastic medium. Finally the stresses (2.8) may be
written

Bx' Bs&'

Jy Bt'y Bf~

~;;= T;; when S;;=0.

(2.30)

(2.31)

Alternative Definition of Elastic Constants

It is physically reasonable to consider the problem
of the motion, with respect to the initial configuration,
of a homogeneously strained elastic medium as com-
pletely analagous to the motion of an unstrained elastic
medium. An equation of motion for adiabatic propaga-
tion may then be written down by analogy with (2.10)s:

E ijkt +jt~ik+C ijkl. (2.33)

It is the effective elastic constants which are observed
in the measurements of sound velocities in strained
crystals, " "while the constants C~;;&~ are derivatives
of the internal energy. For general nonisotropic initial
strains, the constants E~;;q~ do not have the complete
Voigt symmetry (2.7); this point is discussed further
in Sec. VI.

III. BASIS FOR LATTICE THEORY WITH
EXTERNALLY APPLIED FORCES

De6nition of the Problem

The system to be considered is a collection of inter-
acting atoms or ions plus that part of the external
world which exerts forces on these ions. I.et the ions
be labeled by the index v. In the presence of the inter-
actions among the ions, and also the externally applied
forces f„(each f„ is applied to the ion t), the ions
assume an equilibrium configuration, with positions r„,
in which the net force on each ion vanishes. The prob-
lem to be studied is the motion of the system about
this initial equilibrium configuration; this motion is
conveniently described in terms of the displacements
U„of the ions from the positions r„. Throughout this

paper, the f„are considered to be independent of time,

'2 D. Lazarus, Phys. Rev. 7'6, 545 (1949).
' R. K. Schmunk and C. S. Smith, Phys. Chem. Solids 9, 100

(1959); W. B. Daniels and C. S. Smith, Phys. Rev. 111, 713
(1958);W. B. Daniels, ibid. 119, 1246 (1960).' H. J. McSkimin, J. Acoust. Soc. Am. 30, 314 (1958); H. J.
McSkimin and P. Andreatch, Jr., J. Appl. Phys. 34, 651 (1963).

p&U; —Jk f;= Esi;k t(B'Uk/itr, itr t) . (2.32)

By comparison with (2.28), it is seen that these "effec-
tive" elastic constants are related to those de6ned by
(2.19) according to

and the U„are always considered to be small, but not
infinitesimal.

In order to define the energy of the system as a
function of the U„, two assumptions are made.

(a) The potential energy of the collection of ions,
due only to interaction among the ions, is a continuous
function of the variables U„(and only these variables)
in the region of small U„. Thus the potential due only
to interactions among the ions may be expanded as

P(r,+U,) =P(r„)+gX„;U„;
V~%

+-,' Q A„;,„;U„U„;+~ ~, (3.1)

where i represents a Cartesian coordinate. " This ex-
pansion defines the potential energy coefficients X„;,
A„;,„;., etc., as functions of the initial configuration
The coeKcients A„;,„ i are symmetric in the index
pairs (ii, v'i').

(b) All forces, including those applied by external
sources, are derivable from potential functions. If
W(r„) is the work done on the ions by external forces,
the total potential of the system in the equilibrium
configuration is

Q(r.) = &(r.) —~(r.). (3 2)

Then Q(r„) is conserved in any real variation of the
r„which is brought about by a change in the f„.

Now if the ions undergo a virtual displacement U„,
i.e., a displacement in which the f„remain 6xed, the
work done by external forces is g„;f„;U„;,—and the
potential of the system is given by"

Q(r +U.) =Q(r.)+Z(X- f.i) U-—
V «'5

+-', Q A„;,„;U„;U„;.+ ~ ~ . (3.3)

The Hamiltonian for the initial system (ions plus ini-
tial external forces) is

(3 4)

(3-~)

R= T(U„)+Q(r,+U,),
T(U„,) =-', g~„(U.,),

where 3f„ is the mass of ion v, and U„; is the time
derivative of U„;.

"In the remainder of the paper, the Einstein summation con-
vention is not used, and Cartesian indices are always denoted by
~ ~ /

'6 Equations (3.1) and (3.3) imply that the potential energy
does not depend explicitly on other coordinates of the ions, such
as spin direction; Ref. 4, footnote 26a.

The Equilibrium Condition

The equilibrium condition for the static configura-
tion is that the net force on each ion vanishes. The
total force on ion v in direction i, when all U„=O, is

—(BQ/BU„;) (at all U„=0) = X„+f„;—
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gf„;=0, all z; (3.7)

gf„,r„;. is symmetric in (i,, ~'), all (i, i'). (3.8)

These conditions are contained in (3.6), since for phys-
ical reasons a collection of ions should not experience
a net force or torque as a result of the interactions
among the ions, i.e.,

QX =0 all i. (3.7a)

gX„;r„;.is symmetric in (i,, i'), all (i, i'). (3.8a)

In view of (3.6), these equations are identica, l with
(3.7) and (3.8).

When application is to be made to a crystalline
lattice, it is convenient to eliminate surface effects.
This may be done by considering the interior of a
finite crysta, l, as in the present paper (Secs. IV and V),
or with the aid of the idealization of the infinite lattice.
Born and Huang' have stated that in addition to the
requirement that the net force on each ion vanishes, a
second equilibrium condition is required for the infinite
lattice model, namely that the equilibrium configura-
tion corresponds to vanishing stresses. This second con-
dition is equivalent to requiring that P(r„+U„) per
unit volume be stationary with respect to a homogene-
ous deformation of the lattice. To show this, E(r„+U„)
per unit volume can be written as a series in the strains
5,;, when the displacements U„are taken to be a ho-
mogeneous deformation Lsee (4.4) below7.

V—IP(r„+U„)= V—IP(r„)+gC;; S;;.+, (3.9)

where V is the volume of the crystal. In (3.9), the C;,
are components of the stress tensor in the equilibrium
configuration, and the requirement that C;; vanish is
equivalent to the requirement that E(r„+U,) be sta-
tionary with respect to a homogeneous deformation
from the equilibrium configuration. As an example, it
is easily shown that for the central force model of Born
and Huang (Ref. 1, article 29), the condition that
P(r„+U„) per unit volume is stationary wit:h respect
to arbitrary 5,; is identical with their condition (29.17)

- for vanishing stresses.
An essential point of the present paper is that the

second equilibrium condition of Horn and Huang is

Thus

X„f„—;=0,-all (v, i); equilibrium condition. (3.6)

As a result of this condition, Q(r„+U„) is a stationary
function (and presumably a relative minimum) with
respect to arbitrary virtual displacements of the ions
from equilibrium. Neither P(r„+U„) nor W(r„+U„)
is stationary in general.

The translational and rotational equilibrium of the
collection of ions as a whole requires the conditions'

not a requirement of the theory. The Hamiltonian
(3.4) is valid in the presence of externally applied
forces, and the elimination of surface eGects is carried
out below. The only equilibrium condition is (3.6),
and this guarantees that Q is stationary at equilibrium,
while in general P is not required to be stationary.

Translational and Rotational Invariance Conditions

The potential energy of the system (ions plus ex-
ternally applied forces) is invariant with respect to
translation or rotation of the system or the coordinate
system. It is possible to carry out a simple extension
of the derivations of Leibfried and Ludwig, '4 whose
treatment is valid for a collection of ions without
externally applied forces, or with an isotropic pressure.
If the ions undergo displacements Y„, the potential
energy coefFicients vary according to'4

X„,(r„+Y„)=X„;(r.)++A„;,„;V„;+~, (3.10)

etc. for higher order coefficients. These are the coeffi-
cients which appear in the expansions for P (r„+Y„+U„)
or Q(r„+Y„+U„),where the displacements U, are still
given in the same coordinates as before.

Now let the system undergo a translation E ( 7'„;=a,,
all v, with arbitrary e;). In this case each f„; remains
the same. Now each coefficient in the expansion for
Q(r„+Y„+U„)must equal the corresponding coeKcient
in the expansion (3.3) for Q(r„+U„), since the U„are
arbitrary. This gives rise to the relations

gA„; „;.= gA„;,„;=0, all (vi, v'i'), (3.11)

f„;=+(8;;+M;;)f„,', etc. (3.14)

(b) Rotate the initial system of ions plus externally
applied forces through the infinitesimal angle —co, and
express (3.3) in terms of the displacements U„; in the
original coordinate system. In this operation each force
component f„; is rotated through —~, but is still ap-
plied to the ion v. The rotation of the collection of ions
is accomplished by the displacements4

V„;= Qcv;,'r„; . —(3.15)

etc. for higher order coefficients.
To obtain the rotational invariance conditions, carry

out the following two operations on the initial con-
figuration.

(a,) Rotate the coordinate system through the in-
finitesimal angle ~(~;; = —~;;), and express (3.3) in
terms of the displacements U„;, where the components
U„; are given in the rotated coordinate system.

Q(r.+U ) =Q(r )+Z(X- f-) ~-+— , (3»")
i

X„;=g(8,;+or;,)X„;, (3.13)
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Then with the aid of (3.10), there follows

Xvi Xvi g Avi, v'i'oji'i"rv'i "+ ' ' '
j

v/, i/i//

fvi =g ( tjii' Mii') fvi'j etC

(3.16)

(3.17)

(3.18)

quantity is to write the quantity so that it is the same
for each cell e in the interior, and evaluate at m==0.
For example„(3. 11) can be written

QAe;, , =-0, all (i, i ), primitive lattice;
I

g Ae;, , j; =0, all (ji, i ), nonprimitive lattice.
&v

Since the U„are arbitrary, the corresponding coef6-
cients in (3.12) and (3.16) must be the same. In
particular

X„f„,—=X„, f, — (3 19)

Equation (3.19) is to be satisfied to first order in io;;.;
in view of the antisymmetry of co, this leads to the
condition

gA„; „;r„; .+f„; tj;; is symmetric in (i', i"). (3.20)
vl

Since f„; can be replaced by X„;, according to (3.6),
then (3.20) is the same as (2.9b) of I.eibfried and
Ludwig. 4 The higher order equations of Leibfried and
Ludwig are obtained exactly as in their treatment,
since the f„; do not enter in these conditions. Their
zero-order equation (2.9a) is the same as (3.8a)
above. These conditions apply to the initial equilib-
rium configuration.

Method of Eliminating Surface E6'ects

In the case that the collection of ions is supposed to
represent a crystal, the ion index v is written as the
pair (n, j), where rt labels a unit cell and j labels an
ion in the unit cell ( j= 1, 2, ~ ~ ~, J) . The equilibrium
position of ion (rt, j) is r„;=r„+r; In the. present
work, the crystal is presumed to depart from perfect
periodicity (with constant lattice parameters) only
near the surface. This implies that the externally ap-
plied forces f„, are the same for each equivalent ion
in the interior, The "interior" of the crystal is defined
as those cells e for which sums such as

IV. THE STATIC LATTICE AND ELASTIC
CONSTANTS

The Method of Homogeneous Deformation

The system is now specialized to a collection of ions
representing a finite crystal of initial volume V, plus
initial externally applied forces. Thus the crystal is in
a state of strain. From the initial equilibrium con-
figuration, let the lattice points (ions) undergo a ho-
mogeneous deformation given by the displacements

&vvji = &ji+g Vii'rmti' (4.1)

This deformation is explicitly assumed to be brought
about by additional forces g„; applied to the ions only
in the surface region, while all initial forces f„; are
held constant. ' The I';; are independent elastic strain
parameters; the I';; represent displacements of the
sublattices, and must be considered as dependent pa-
rameters. After the F;; are eliminated, the elastic en-

ergy per unit volume can be expressed as

(3.24)

In addition, with the aid of (3.11), it is obvious tha, t

~

~ ~ ~ ~
~ ~Andri, jv'jvi'(rjv't'i" rlti") =0 (3 25)

nn/, jj/

This expression is the same for all cells e in the interior,
and evaluating at m=0 with r„=0gives

(3.26)

~nji, n'j 'p)~ ~ ~ Avv jY,vv'j'i'(rn'j'i'' , r jY, '')jv~ ~ ~ ~ ~ ~ V—'P(r„t+U t) = V—'E(r„,)+gD;; Y;;

converge in the region of perfect periodicity, i.e., the
sum need not be carried out over cells e' which are
near the surface. The calculations of this paper are
restricted to cases in which these sums do converge in
the interior for an arbitrarily la, rge (but finite) crystal.

It is convenient to take the origin of coordinates at
a cell in the interior, so that r„=0 for m=0. The lattice
symmetry in the interior gives rise to the following
relations with respect to this origin of coordinates, '

ii/i

i/i�/ll

(4.2)

This equation defines the D coeKcients in terms of the
coeKcients in the expansion (3.1). Henceforth, the
present work is restricted to terms no higher than
quadratic in strain parameters.

Now transform to the symmetric finite strain pa-
rameters (2.17) .

For every r„ there is a —r„=r „; (3.21)
(4.3)

Ap ', ' = Api, „;, primitive lattice; (3.22)

Aoji, vvt'i' Apj ', t' nonprimitive lattice. (3.23)

The method of eliminating surface effects from. a

The elastic energy can be expressed in terms of the

"The possibility of obtaining the deformation (4.1) vrith
forces applied only near the surface rests on the assumed perfect
periodicity of the crystal in the interior.
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5;; as

V II'(r„;+U„;)= V II'(r„;)+QC;; S;;

Cii ' Dii ')

Ci;.,'.i".=D;i.i-i-.—C;.;-.S;;-.

(4.5)

(4.6)

A fundamental approximation in the interpretation
of (4.4) is to equate the elastic energy with either the
He';mholtz free energy or the internal energy. Thus,
when the U„;are a homogeneous deformation,

V II'(r„;+U„;) pIF(S,;, T) pIE(S,,', S). (4.7)

Since the temperature does not enter into I', there is
no difference between differentiation of I' at constant
T or constant 5. According to this interpretation,

i/i//i///

This equation defines the C coefficients, and accord-
ingly these coefIicients must have the complete Voigt
symmetry Lanalogous to (2.6) and (2.7)]. By com-
paring (4.2) and (4.4), and using the symmetry of the
C coefricients, Leibfried and Ludwig' have shown

With the aid of (3.8a), a,nd noting that A„;,„;"=
3„;",„;, it follows that

illil l Z)il li lliil ~
D"--

(4.13)

(4.14)

In the following, D;i is replaced by C;i.
It is not possible to eliminate surface eGects from

C;;; the sum (4.11) must be carried out over the
entire crystal. Physically this is because for a given
state of initial strain, the Cii are fixed regardless of
the volume of the crystal. This point gives no diffi-

culty, however, since by (4.8) the C;;. are components
of the observable initial stresses. Surface effects can
be eliminated from the D,i,' i" by taking the com-
bination symmetric in (i', i'").' '

&/'Tl. . .—.(-""'-'-+D" '-')
2V ~~A», n ir X (rn;.mr;«r+rn;" r„r,')

nn/

2 V ~Anin'ir'(r, n'ir rni. ') (rn i"' rni'")
nn/

g V c ~~0i,nli "~n'i'~n'i"'
n/

Cii T;;, (4.8)
(4.15)

/ . . . . ~/S. . . . ~/ T.. .Ciil .„.„, C i, „.„, C (49)
where the quantities in (4.8) and (4.9) are all evalu-
ated in the initial configuration (S,,'=0).

Primitive Lattice

In view of the equilibrium and invariance conditions
(3.6), (3.8a), and (3.20), the treatment of the primi-
tive lattice for the present case of arbitrary initial
stress follows exactly that of Leibfried and Ludwig'
for the case of isotropic pressure. The more general
derivation is outlined here to serve as a foundation
for the complicated nonprimitive lattice problem.

The homogeneous deformation is

V.;=+V,; r.,', (4.10)

The second equality follows by (3.11), the third equal-
ity represents the elimination of surface eGects, with
t/', =volume of one unit cell in the interior, and r„=0
for m=0, and the fourth equality defines the D coeffi-
cients. The D coefficients satisfy the following symme-
try properties.

(4.16)

(4.17)

D,;,,' +C;, 5,'; =D;., ;,'+C;., ~ 8, ,'. (4.18)

The first symmetry is obvious from the definition
(4.15), and (4.17) follows with the aid of (3.22).
The third symmetry is proved as follows. ' ' Multiply
(3.20) by a component of r„, sum over n, and relabel
Cartesian indices to obtain the condition

and the D coefficients are

D,,'= V- gr. ,r„,',
, n

(4.11) nn/
A ni, n'i "rnir mr ir "+grani "rnir /iiir"

is symmetric in (i", I", "). (4.19)
ii'i i" ~ ~ni n i ~ni'~n i ~D"

nn/
(4.12)

This may be written

It may appear that the D coefficients depend on the
origin of coordinates, but this is not the case, since in
view of (3.7a),

QX„,r„;.= gX„;(r„,' Z,'), —

where R is an arbitrary vector. Similarly, with the aid
of (3.11), it is seen that D,, ;; ~ is independent of R.

Diirjrrirrr+Cjrir $iirrr rDii i i +rrCrrrrir5ijr irr rr(4 20)

From (4.20), (4.14), (4.13), and the defmition (4.15)
of the D coefficients, (4.18) may be proved directly.

Finally, from (4.6), (4.13), and (4.15), the elastic
constants are given by

2 (Czirirrirrr+Ciirrrirrir) =Diirr&r&rrr —Cir&rrrp&irr. (4,21)
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With the aid of symmetries of all these quantities,
(4.21) may be solved for the elastic constants. '

C—,,'-S, ,' +C,'.,'-/, ;. (.4.22)

The right-hand side of (4.22) must have the complete
Voigt symmetry of the left-hand side, and the relations
(4.16)—(4.18) are just the necessary and sufficient con-
ditions to insure this symmetry.

Nonprimitive Lattice

The crystal undergoes a homogeneous deformation
from the initial state, with displacements (4.1), as a
result of additional forces g„j applied to the ions in
the surface region. A complication arises if the initial
externally applied forces f j are allowed to penetrate
throughout the crystal, as would be the case for an
applied electric field. For such a case, the energy den-
sity associated with the additional displacement (4.1)
includes polarization effects (e.g. , piezoelectric and
magnetostrictive effects), as well as elastic stress-
strain effects, due to the motion of the ions in the
presence of the initial field."This paper does not con-
sider polarization effects"; therefore let

f„s=X„j=0, all (rt, j) in the interior. (4.23)

The initial state of the crystal is thus one of arbitrary
elastic strain, due to the initial forces f„; which are
applied to ions in the surface region.

When (4.1) is used in (3.1), the elastic energy per
unit volume becomes

V—'P(r„,+U„;)= V—'P(r„;)
+V- P X.;,LY;;+PY,,'„,,'j

+ 2 V g Anii, o'j'2
nn/, jj/, i i/

X$ Ys.;Yj; +2 Y,;Q Y,';"r„.,'; ~

where two cross terms linear in I';; have been com-
bined by interchanging indices to yield the middle
term in the last square bracket. Surface effects can be
eliminated at once from three of the terms in (4.24).
Thus

U ' Q X„;,Y;,= V, 'QXpj, Yj;=0, (4.25)

'8 See, for example, W. P. Mason, Physical Acoustics and the
Properties of Solids (D. Van Noptrand Company, Inc. , Princeton,
New Jersey, 1958).

"The present treatment, with nonvanishing X„;in the interior,
serves as a starting point for the study of the polarization effects
in crystals from the atomic point of view. However, with a non-
vanishing contribution to the energy density of the form of
(4.25), it is necessary to solve (4.27) for the Y;; to second order
in the I";; .

where the expression vanishes by (4.23). By using
the methods which were used in writing (3.25), and
transforming to (3.26}, the first two terms in the sum
involving A coefFicients in (4.24) may be written

-', V, Q Apj;,„j;$Yj;Yj

+2Y Z, Y"-(»-s"- r—s")j, (426)

X (r j"-—rj" ) Y"'" (4 28)

This is a set of inhomogeneous equations for the Y,;,
and the solution has been discussed previously. "Since
the homogeneous equations have solutions Y; Lwith

arbitrary Y;; the proof follows from (3.24) $, the sub-
lattice motion is arbitrary to within a vector Y. Thus
(4.28) determines only the relative motion of the sublat-
latices; this is a direct consequence of eliminating the
surface effects from (4.27) . The solubility condition for
(4.28) is just the equation (3.26), and thus is satisfied
with the neglect of surface effects. The matrix of coeK-
cients on the left-hand side of (4.28) g Aps', s ', is

symmetric in the index pairs (ji, j'i'), by virtue of
(3.21) and (3.23). The solution is therefore given in

terms of a (real) symmetric matrix E;;,j; ' P.

„ll,j/ j//, ilil/il//

X (r&ggj gilri —rpielir) YpIpli (4.29)

R,;,;;=Rj;,;,. (4.30)

In (4.29) the particular solution Y; has been dropped;
this part of the solution always gives a vanishing con-
tribution ig. the subsequent calculations. The R;;,;,'
do not contain surface effects, and also these coeffi-

where the origin of coordinates is at m=0 as usual.
The parameters Y;; are eliminated by requiring that

the net force on each ion vanish in the final configura-
tion, i.e., that Q is again stationary with respect to
arbitrary virtual displacements of the ions from their
final configuration (as in Sec. III above). With the
aid of (3.10), and (4.1) and rioting that f„; remain
constant while g; are applied, this condition is written

foji+gnji =Xoji+

+ Q A„;;,„j;[Yj;+QY;;.r„j; 5+ . (4.27)
n/, j/

This is to be satisfied for all (rt, j, i). Since the energy
density is required only to second order in the strain
parameters Y,;, and in view of (4.25), (4.27) need

only be solved to 6rst order in the Y;, . From (3.6),
it is seen that the f„j;and X„;;may be canceled from

(4.27). It is advantageous to eliminate surface effects
from (4.27); since g„;;=0in the interior the result is

~~ ~ ~ ~~ ~~ ~~ ~~ ~~Apjin'j'~'Y ,j'i' g . Apji, a'j'i'
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It is now possible to eliminate the Vj; from (4.24).
First if (4.28) is used directly in (4.26), the term
quadratic in I'j; exactly cancels half of the term linear
in Y j;. Then, with the aid of (4.31), (4.25), and
(4.26), Eq. (4.24) is transformed to the form (4.2),
with

D,;.= V-I+X„j,r„j;.,
ni g

D,,„„,„,= V; g ~„,'-,„.;.,(r„.;.;. r,;.)—
n/ jj/ jlv

(4.32)

&&@j,'-,„,„,+V- g W„,, „.,„' r.;,'r. .;,'". (4.33)
nn/ jj/

Again it is not possible to eliminate surface eGects
from D;;, but this causes no difficulty. By (3.8a),
D;; =D;;; in the following D;; is replaced by C;;,
according to (4.5). As in the case of the primitive
lattice, surface effects are eliminated from the last
term in D;;;",'" by taking the combination symmetric
in (z', i"').

cients do not form a matrix inverse to Q„Aoj;,„j;.
For abbreviation, make the definition

(4.31)

are given by the same expressions as for the primitive
lattice, namely (4.21) and (4.22), and are again shown
to have the Voigt symmetry as a result of (4.16)-
(4.18).

V. LATTICE DYNAMICS AND
LONG-WAVELENGTH ACOUSTIC MODES

The Dynamical

Relatrix

The problem of lattice dynamics is to 6nd the nor-
mal coordinates of the Hamiltonian (3.4). The usual
harmonic approximation is made by dropping terms
in (3.3) which are of higher order than quadratic in
the displacements. Higher order terms have been ex-
tensively discussed in perturbation treatments. 4 '~23 In
view of (3.6), the harmonic Hamiltonian is written

XH ——Q(r.j)+-', Q Mj(U j,)'

nn/ jj/ t'i/

where the A coefficients are evaluated at the initial
configuration. The virtual displacements and their
time derivatives satisfy the commutation relations

& j' 'n. . .(~S'glgI gIII~Dt'gill jl foal J =~ggl lglglll (4.34) $MjU„j;, U„j; j= zA8„„—hajj /;;, (5.2)
TT ~ g - ~ v

n/ jj/ t', lv

XD rn' j'i' rji') &ji'i"i'"+, (r~'j'i"' rji'") &ji'i"i'5,
2Vc ~ jlOji n'j'I" (rn'j'2 rji') (re'j'i"' rji"') ~

nf,ijf

(4.35)

It is now possible to show that the D coeScients of
(4.35) satisfy the relations (4.16)—(4.18) . This involves
a lot of algebra, and the procedure will only be sketched.
Equation (4.16) again follows from the definition
(4.35). To prove (4.17), write out the
etc., according to their definition L(4.31) and (4.29)]
and use (4.30) along with the symmetry of the 2
coefFicients in their index sets. To prove (4.17) for the
last term in D, use (3.21) and (3.23). In proving
(4.18), it is convenient to eliminate surface effects
directly from (3.20) to get the condition, with the aid
of (4.23),

~ ~ ~ ~

'/ '//
+Oji,n'j i (r„~p, ~ r~~)jis symmetri—c in (z, z ).

n/ j/

(4.36)
This condition can be used to show that

(4.37)

Equation (4.18) may be proved for the last term in D
by a procedure analogous to the proof for the primitive
lattice.

From (4.6), (4.13), and (4.34), the elastic constants

I:U.j', U- I" 1=LU.j', U"I' j=0 (5 3)

This problem has been treated in detail for the case
f;=0, all (zz j).'" " These treatments have, quite
naturally, carried the restriction X„;=0, all (rz, j).
The elimination of surface efkcts is essentially simpler
in lattice dynamics than in the method of homogene-
ous deformation. This is because in the small vibration
problem (lattice dynamics), the equilibrium positions
remain fixed. Thus the normal coordinates of the har-
monic Hamiltonian are found by applying the cyclic
boundary condition to macrocrystals in the interior of
a large 6nite crystal, or in an infinite lattice. ' "

The Hamiltonian (5.1) is a homogeneous quadratic
form in Unjt& Un'& and the standard procedures'" "
can be applied directly to the present case. Kith the
cyclic boundary condition applied to macrocrystals con-

"M. Born and E. Brody, Z. Physik 6, 132 (1921).
2'W. Ludwig, Phys. Chem. Solids 4, 283 (1958).
~' A. A. Maradudin, P. A. Flinn, and R. A. Coldwell —Horsfall,

Ann. Phys. (N. Y.) 15, 337, 360 (1961);A. A. Maradudin, A. E.
Fein, and G. H. Vineyard, Phys. Stat. Solidi 2, 1479 (1962);
A. A. Maradudin, ibid. 2, 1493 (1962'); P. A. Flinn and A. A.
Maradudin, Ann. Phys. (N. Y.} 22, 223 (1963)."J.M. Keller and D. C. Wallace, Phys. Rev. 120, 1275 (1962);
D. C. Wallace, Phys. Rev. 131, 2046 (1963); 133, A153 (1964}."G. H. Begbie and M. Born, Proc. Roy. Soc. (London) A188,
179 (1947)."R. E. Peierls, Quantum& Theory of Sotids (Clarendon Press,
Qxford, England, 1955).

2' A. A. Maradudin, E. W. Montroll, and G. H. Weiss, in SoM
State I'hysics, edited by F. Seitz and D. Turnbull (Academic
Press Inc. , New York, 1963), Suppl. 3.
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taining Ã unit cells, the results are as follows:

ui„;;,j; ——QAo;;,.;; expLtk (r„;.—r;) 7, (5.4)
nl

(5.6)

(5 7)

(5.8)

where V k, =Vk, * is taken.
The dynamical matrix ai„defined by (5.4), is Her-

mitian and of order 3J (J is the number of ions per
unit cell). The eigenvectors of ai, are vi,„s=1,2, ~ ~ ~,

3j', and the eigenvalues are M, (aji„)', where ~oi„ is the
circular frequency of the normal mode with wave vector
k and polarization s. There are E values of k distrib-
uted in the first Brillouin zone. Equations (5.6) and
(5.7) are orthonormality and completeness relations,
respectively, for the eigenvectors. '~

The solution is identical in form to that for the case
f„;;=X„j;=0.However, the dynamical matrices now
depend explicitly on the initial configuration through
the r; vectors, and implicitly through the dependence
of the A coeKcients on the initial configuration.

Long Waves and Elastic Constants

Born's method of long waves' " can be applied to
the dynamical matrices to give the secular equation
for long-wavelength acoustic modes. In the present
notation, this is

S= I) 2) 3.

(5 9)

Here the polarization index s is restricted to acoustic
modes only, and the (orthonormal and complete) eigen-
vectors v, give the directions of the displacements dur-

ing the propogation of the wave. This equation is
valid in the limit of small

~

k ~, and for a given direc-
tion of k (i.e., co„v, depend on the direction of k). For
a primitive lattice,

(5.10)

for a nonprimitive lattice,

G" =U '„;-,„.;.; r„.,';.—r;;.

X(r„;;"—r;; ). (5.11)
27 Begbie and Born (Ref. 24) refer to the ak of (5.4) as the

Fourier transform of the dynamical matrix. Also, Refs; 1, 24, and
26 include M, in the de6nition of the ak matrices.

Equation (5.9) is an equation of motion with re-
spect to the initial strained configuration, and is there-
for to be compared with the thermoelastic equation
of motion (2.28). But (5.9) is a solution to the me-
chanical problem of motion; statistics have not yet
been taken into account. In comparing (5.9) with
(2.28), the same approximation is made as in the
interpretation of the elastic energy density due to a
homogeneous deformation (Sec. IV above), namely
that the diGerence between adiabatic and isothermal
propagation is neglected. An equation similar to (2.28)
can be written for isothermal propagation, and con-
tains isothermal elastic constants.

Consider solutions to (2.28) of the forin of plane
elastic waves:

U„=w„exp[i(k r—aj,t) 7, s=1, 2, 3. (5.12)

The body forces in (2.28) are presumed to be time-
independent, and do not enter explicitly into the wave
solution. Dropping the distinction between adiabatic
and isothermal propagation, replacing T;; by C,; ac-
cording to (4.8), and writing Cartesian indices as
i, i', , (5.12) and (2.28) give

piaj, v„= Q LC;.;".&,;"+C;;.,'.;".7k, ,k,„,p„',. (5.13)

Since (M,/U, ) is just pi, the density in the initial
configuration, (5.9) and (5.13) are identical for each
s and for arbitrary ki if

& l'/
a (Ciififl ill/+ Q llitiill jI) +Cilill/giill

= a(G"-"-+~""-'-') (5 14)

From the definitions (5.10), (5.11), (4.35), and
with the aid of (4.16), it follows that

—,'(G;;-;.; "+G;; .;-.;.) =D;;";,'- (5.15).

Thus (5.14) is the same as (4.21), and again leads to
the expression (4.22) for the elastic constants. The
method of long waves leads to identical results for the
elastic constants as does the method of homogeneous
deformation, when the same approximations are made
in each treatment.

VI. EFFECTIVE ELASTIC CONSTANTS

From Homogeneous Deformation

The present section gives some of the physical sig-
nificance of the effective elastic constants, which were
defined in (2.33) above.

Consider the initial system of a collection of inter-
acting ions, representing a finite crystal, plus exter-
nally applied forces. If now an elastic deformation is
carried out, represented by the displacements (4.1),
by the application of additional surface forces g, )

while the initial forces f; are held constant, then the
directly observable energy is the increase in elastic
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energy of the system as a whole. In other words, the
directly observable additional stress and additional
strain are properties of the initial system as a whole.
From (3.1), (3.3), (3.6), and (4.2), the elastic energy
per unit volume of the system is

D- . (6 3)

+-', Q D;;;";"Y;; Y,'; + ~ ~, (6.1)
ii li iii li/

when the U„;; are given by (4.1) .
The last term in (6.1) cannot, in general, be written

as a quadratic form in the symmetric strain parameters
5;; of (4.3). This can be done only if the D;;;; ~

have the complete Voigt symmetry, and this is gener-
ally not the case. Nevertheless, the D coefficients might
be considered as elastic constants, since they enter a
general. ized stress —strain relation in the appropriate
way:

~jLV Q(Y;,')]/BY, ,'= Q D;;;",'- Y;",-, (6.2)
iil iiii

where the higher order terms have been dropped. The
generalized stresses, i.e. , the left-hand side of (6.2),
are not symmetric.

Within the framework of the method of homogene-
ous deformations, where the specification of the motion
as being either adiabatic or isothermal does not appear,
the D coefficients are just the effective elastic con-
stants. Thus, make the identification

Identification of (6.6) with (5.9), with the aid of
(5.15), yields again the relation (6.4) for the effective
elastic constants.

Departure from Voigt Symmetry

The symmetry properties of the effective elastic con-
stants E;,','.; ~ follow from (2.33), together with the
symmetries of Tjj, C;.;;,~ analogous to (2.6) and
(2.7)."The fact that these constants do not have the
complete Voigt symmetry when T;; &0 has been recog-
nized by Toupin and Bernstein' and by Thurston. "In
discussing the symmetries of the effective elastic con-
stants, it is convenient to divide them into two groups,
since the stress components may be of arbitrary magni-
tude.

(a) iWi" ,;,','"= C,, ;";"'
54 constants; 18 distinct

constants.

fied with adiabatic E coeKcients. In the interpretation
of the results of ultrasonic experiments, the distinction
between 8 coeKcients and C coefBcients, according to
(2.33), has not been recognized. " Ij

If the plane wave (5.12) is used in (2.32), again
with time-independent body forces and neglecting the
distinction between adiabatic and isothermal propa-
gation, there results

(6.6)

Surface effects are now eliminated as in Sec. IV. In
view of the definitions (4.15) and (4.34), (6.3) gives

(6 4)

(b) i =i" ;;;;"= C;;;,'"+T;; ":jV. . . .

27 constants; 18 distinct in
genera, 1.

By comparing (6.4) with (4.21), the explicit relation
between the elastic constants and the effective elastic
constants is seen to be

(g' sslsllslll+S' jjlll ill jl) s (Cjjl jlljlll+Cjjllljlljl)

+C;,'"jj,,' . (6.5)

Equation (6.5) agrees with the definition (2.33) of
the effective elastic constants; this justi6es (6.3).

From Long Waves

The physical reason for interpreting elastic waves
on the basis of the equation of motion (2.32) is exactly
the same as for interpreting stress —strain relations on
the basis of the energy density (6.1). When elastic
waves are propagated through a medium (with or
without initial stress), the directly observable property
is the set of E coefficients of (2.32). Certain combina-
tions of these coeKcients are observed in ultrasonic
experiments. In these experiments, the ultrasonic waves
are presumed to be adiabatic, and are thus to be identi-

In general, then, there are 36 distinct effective elastic
constants. If the initial stress is a homogeneous pres-
sure p, T,,'= —p5, ,', and there are 24 distinct effective
elastic constants. A general symmetry property which
follows directly from (2.33) is

(6.7)

Finally, the results of Sec. IV show that the effective
elastic constants calculated from lattice theory, after
surface effects are eliminated with (6.4), have the
correct symmetry.

The number of independent E coefficients is reduced
from the number of distinct coefficients by equations
which couple different coefficients and the stress com-
ponents. For the most general lattice symmetry, there
are 27 independent E coeS.cients for arbitrary stress
and 22 for homogeneous pressure.

28 Here the notation for constant 5 or constant T is dropped for
abbreviation,

29 R. N. Thurston, J. Acoust. Soc. Am. 36, 1041 {1964),ab-
stract T11.
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VII. DISCUSSION

The lattice theory of Secs. III—V represents the defi-
nition and solution of a mechanical problem. In formu-
lating this problem, the initial positions r„of the ions,
the potentials of interaction between the ions, and the
externally applied forces f„might all be considered as
arbitrary within the restriction that the equilibrium
condition (3.6) and the invariance conditions (3.11)
and (3.20), and similar higher order invariance condi-
tions, must be satisfied. There is no way to put thermo-
dynamic conditions, such as requiring that the pressure

p is zero, into the mechanical problem, although this
has been attempted by previous authors. '" This is
because it is not possible to evaluate thermociynamic
functions on the basis of the solution of the mechanical
problem alone. In particular, the externally applied
forces f„are not thermodynamic forces (although their
averages are approximations to observable forces) . Fur-
thermore, since the mechanical problem does not con-
tain the temperature T as a parameter, it cannot
specify elastic constants as being either adiabatic or
isothermal. Finally, the problem of motion may be
set up without the previously used requirement that
the initial stresses vanish, "or the equivalent require-
ment that the energy of interaction among ions, per
unit cell, is a minimum. ' 4

Once the mechanical problem is solved, and the en-

ergy levels are found with the aid of boundary condi-
tions, the partition function Z can be evaluated for
the initial configuration. Certain thermodynamic prop-
erties which are obtained by differentiating Z with
respect to T {e.g. the caloric quantities 5 and E),
can be calculated for this configuration. To obtain
thermodynamic forces, which depend on the variation
of Z with respect to the configuration (e.g. , p), it is
necessary in principle to find Z for a new configuration
which is infinitesimally removed from the old one. In

~ H. Kaplan, Phys. Rev. 125, 1905 (1962}.

this manner the thermodynamic properties of the sys-
tem are described as explicit functions of the configura-
tion and the temperature. "Such calculations would be
impossible in principle if an equilibrium condition were
applied which 6xed the con6guration.

Now the necessity of the change of reference con-
6guration in Sec. II becomes obvious. The theory of
statistical mechanics of a solid is based on the motion
of the ions about the initial configuration, and the
stresses which give rise to this con6guration are not
known until the partition function has been calculated.
Likewise, the observed thermodynamic properties of a
solid are functions of the initial con6guration.

Observed ultrasonic waves are true thermoelastic
waves, and, under the assumption of adiabatic propa-
gation, can be used to obtain the thermoelastic con-
stants (2.19). If these wave velocities are used to
obtain the potential energy coefficients for a lattice
model, for example by comparing (5.9) with (2.28),
it should be recognized that the resulting potential
energy coefficients are in error because the mechanical
problem has not taken statistics into account. "
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"Numerical calculations of the vibrational contribution to the
compressibility as a function of temperature are present1y being
carried out for some central-force models.


