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degenerate spin-zero mesons, belonging to the (3+3
3 +3+83 ) representation of 8". This symmetry
group can be reduced by an SU3-invariant interac-
tion to SO=SU~(+, —), the group of simultaneous
SU3 transformations on the right- and left-handed
quarks which is generated by their total SU3-spin,
F,=F;++F; . F; is so constructed that it does com-
mute with space-inversion, and the 18 level conse-
quently splits into four, a scalar singlet and octet
and a pseudoscalar singlet and octet. Finally, adding

an SU3-breaking interaction splits the octets further
into the conventional I-spin multiplets.

An era of model-building clearly lies ahead.
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Rotations and Vibrations in Deformed Nuclei
J. P. DAVIDSON

Eensselaer Polytechnic Institute, Troy, Eem Fork

A general survey of phenomenological, collective-model theories, especially those based upon the
hydrodynamic model of rotations and vibrations of a deformed liquid drop, is presented. Details
of models of even —even, odd —odd and odd-A nuclei are given as well as a discussion of electromagnetic
moments and transitions in these models. The influence the vibrating and rotating nuclear surface
has on alpha and beta decay of deformed nuclei is outlined. The discussion is extended to collective
model calculations of the photonuclear process from which information can be obtained on the shape
of nuclei in their ground states. Comparison of theory with the results of some recent experiments
is given where this has been considered useful.
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I. INTRODUCTION

The need to consider a deformation degree of free-
dom, and thus the low-energy collective rotations and
vibrations of atomic nuclei, occurred some time ago
with the 6rst attempts to explain the phenomenon of
nuclear hssion. Immediate1y after its discovery, and
essentially at the same time, Feenberg (Fe 39) and
Bohr and Wheeler (Bo 39) studied the shape and sta-
bility of a deformed and charged liquid drop and
showed how the total energy changed as a function
of deformation from the spherical equilibrium shape.
Feenberg's original note was concerned with demon-
strating the stability of nuclei against spontaneous
6ssion, while Bohr and Wheeler investigated in detail
the theory of the process. The nuclear instabi1ity arises
from the fact that the total energy considered in this
process is the sum of surface and Coulomb energies
)ideas originally introduced by Weizzacker (We 35)
in the empirical binding energy formula] a,nd distor-
tions from spherical increase the surface area, and hence

the surface energy, while necessarily decreasing the
Coulomb energy. Long ago Lord Rayleigh considered
a similar classical problem in his studies on the sta-
bility of electrically charged liquid drops (St 82), and
some of the early work on the hydrodynamical model
of the nucleus parallels quite closely his theoretical
investigation.

While it has been usual to consider the axially sym-
metric deformation from the spherical equilibrium
shape, a more general treatment is only slightly more
involved. Following Feenberg's notation (Fe 39) we
may define an ellipsoid of volume equal to that of a
sphere of radius Ro by

gQ+gy2+s~/g~= g 2

where the eccentricities may be taken as

e,= (a—c)/Ro—2 (1—QX) + (1—QK),

eq ——(b—c) /Ro —(1—QX) +2 (1—Qx), (I—2)

and the semi-axes are made definite by requiring
a&b&c. For a deformed liquid drop, the change in
Coulomb plus surface energies is then, to lowest order

d,F.= (4/45) (2E, —E, ) (eP—eye2+eP),

where E is the spherical energy in question. For axial
symmetry this reduces to the usual value (Fe 39).
Treating the eccentricities as variational parameters
we see that the spherical shape is the most stable. From
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=0 t& Rp,

where Rs is defined in Eq. (I—1). Then the change in
energy due to the deformation of the well from the
spherical is just

hE„=E(e„es)—E(0)

l(l+1) —3m'
D~o

3(2t—1) (2l+3) '

where the unperturbed state functions are

A(& 8 &) =~-i(&) I'I-(8 4)

(I-4)

the I I (8, p) being the usual spherical harmonics of
order l. The total energy for an odd-2 nucleus is then
just the sum of Eqs. (I—3) and (I—4) or

AR= A (e,'—eie2+es') +8 (ei+e2) .

Again treating the eccentricities as variational param-
eters yields the fact that

ei= es —— 8/A, —

that is, the system will assume a deformed but sym-
metric equilibrium shape.

these arguments one could conclude that the equilib-
rium and low-energy shape of even —even atomic nuclei
waz spherical and because of this they would, in general,
not display a low-energy rotational level structure.

The next step occurred at the time the shell model
was being rapidly developed and a large number of
ground-state nuclear electric quadrupole moments had
been measured. That a relation between these moments
and nuclear shell structure existed was suggested by
Gordy (Go 49) who showed that near closed shells
the quadrupole moment was small, while in the middle
of the shells it was fairly large. However, Townes,
Foley, and Low (To 49) demonstrated conclusively
that the large quadrupole moments observed near
the middle of the shells, especially in the rare-earth
region, were not compatible with the shell model as
they required contributions from a large number of
the protons and not just one. That a simple explana-
tion for these large nuclear polarizations existed was
shown by Rainwater (Ra 50) who demonstrated that
a single particle moving in a potential well had a lower

energy if the"well were deformed than if it were spheri-
cal. In fact, the change in parti&le energy due to the
distortion is proportional to the eccentricity; hence a
nonspherical deformation is possible.

To demonstrate this, we generalize a perturbation
calculation by Feenberg and Hammack (Fe 51) and
consider a particle moving in an ellipsoidal potential
well of the form

V(t) = D t(RO—

The development of these ideas and the consequences
derived from them have proceeded rapidly in the past
decade until now the regions of applicability of this
unified, or collective, hydrodynamic model are quite
well known and progress is being made on the more
fundamental understanding of the parameters of the
model. This would seem then to be an opportune time
to review the successes and failures of this phenom-
enological, unified model and to attempt to bring
together some of the great mass of experimental in-
formation which can be codified by use of the model.
In the remainder of this section the theoretical founda-
tions of the model are reviewed, especially the theory
of the surface oscillations of a liquid drop. In the follow-
ing sections, the model is applied to even —even, odd,
and odd —odd —2 nuclei to discuss the energy-level
structure as well as the alpha-, beta-, and gamma-ray
transitions in such nuclei.

Finally, a few words are said concerning the role
the model plays in the theory of photonuclear reactions
in heavy nuclei.

Because of the very rapid advances being made in
understanding and applying the effects of pairing forces
to nuclear matter, this is perhaps a poor time to include
the results and predictions of these calculations in
this review. Therefore, only passing reference is made
to these calculations in places where they are of funda-
mental importance. The reader is referred to a recent
article (Ki 63) and a book on the subject (La 64).

Since Rainwater's suggestion indicates that a nuclear
system of a single particle (or perhaps a group of them)
coupled to a core may achieve a relative minimum
energy configuration if the core is deformed from spheri-
cal, we consider the classical theory of the surface
vibrations of a liquid drop. By a liquid drop we mean
a system whose deformations are volume preserving
ones since nuclear matter is considered essentially in-
compressible. While keeping the discussion as general
as possible, we assume that the oscillations are about a
spherical equilibrium shape. In general we follow the
treatment by Bohr (Bo 52) and point out where this
parallels the classical treatment.

Let the nuclear surface be represented by S~(8, P)
in a coordinate system fixed in the laboratory. Then
if Eo is the radius of the undistorted nuclear surface
of the same volume (assumed spherical), the surface
can be expanded in spherical harmonics (St 79)

where no differs from unity by small quantities of the
second order. On the other hand, the surface shape
could be expanded with respect to a coordinate system
fixed in the nucleus (the body-fixed system) or

S (8', y') =Rs/as+ Q 0*I „Ft,„(8',g') j. (I-5B)
h&1, v

From these expansions we see that the S~(8, P) and
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$~(8', g') represent the magnitude of the radius vector
to the nuclear surface. In both expansions, X=1 terms
vanish as they represent simple translations of the
nuclear surface, a type of motion which does not con-
cern us here (see Sec. V).

The laboratory and body-6xed expansion coefficients
are related by

~i„,= Q&, , P*(8') iri ., (I-6)
V

where the D„P (8;) are the (2P, +1)-dimensional repre-
sentations of the rotation group defined by Rose
(Ro 57) being functions of the Euler angles relating
the orientation of the body-fixed system with respect
to the laboratory system. ' The reality of the nuclear
surface imposes the condition

and similarly for u&,„.
Making use of the classical theory of small oscilla-

tions we may take the nz,„as generalized coordinates
so that in the laboratory the kinetic energy is repre-
sented by

T —2ZIl~,.I ~~,.I

On the other hand, assuming the potential energy of
the nucleus to consist of surface (attractive) and
Coulomb (repulsive) terms we can write it as

v= 2 pc&,„ I ~&,„ I'. (I-9)
X,p

The kinetic and potential energy expansion coefficients
are independent of p if the surface is expanded about
a spherical equilibrium shape and the nuclear Qow is
taken to be irrotational.

Since the potential energy is conservative a La-
grangian may be defined in the usual way and from it
a momentum xq,„, conjugate to the coordinate a), ,„.
This in turn permits one to determine the Hamiltonian
for the classical motion:

&=pg(1/&i) I or~,e I'+2+cd I cr~,e I'= Q&i
X,p, X,p, X

(I-10)

The coefficients for the spherical case are (St 79, St 82)

(I-1'1a)

The angular momentum of the nucleus L is defined
classically from the nuclear velocity field v(r)

L= pr xv(r) d7, (I—12)

the integral being over the nuclear volume. The as-
sumption of irrotational Row implies the existence of
a velocity potential which, because of the constancy of
the density, is a solution of Laplace's equation. For
small distortions about a spherical equilibrium shape
this potential function is (St 79)

7t. ( ) = —~o'2( *,./l ) ( /~o)" I', (8, 0) (I-13)

v(r) = —grad x(r).
Substitution of Eq. (I—13) into Eq. (I—12) yields

L—e Q Br'er i)ecxge~ (Xtu I
L

I Xtu)) (I—14)

where

i (X'li'
I
L

I Xp, )= Y*i,.„(8,p) (Rp x Vg) l'i,„(8y) dQ

has been used which is diagonal in X.
The theory may be quantized in two different ways.

If the number of nucleons outside the deformable core
is small, then the zero-point energy of the oscillations
is greater than the energy of deformation and the core
shape, on the average, does not possess a stable de-
formation and we must deal with a theory of quantized
surface oscillations (Bo 52, Sc 55). On the other hand,
for a larger number of particles coupled to the deform-
able core, the zero-point oscillations are of suSciently
low energy compared with the energy of deformation
that the nuclear surface stabilizes about a deformed.
shape. It is instructive to outline the former before
passing on to a more detailed study of the latter.

One can quantize the nuclear surface oscillations
given. by Eq. (I—10) in a number representation
(Sc 55a) by introducing the quantities bi, ,„and b*z„

~i, ,= (&/2&~i ) '(&i„,+(—1)"b*i,—,),
orq, „——p(58icoi/2)'(b*y, „—(—1)&bi, , „), (I-15)

and requiring the quantization conditions

Ci,= (X—1) (X+2) Rp'S —L3(X—1)Z' /2'. (X+1)Rpj, so that
(I—11b)

ol g,e) ezi)),el) zK8$ $&8e e)

Dix), e) f i)),e)j 4),x) 8e,e))

where p is the nuclear density, assumed constant, S
the surface tension, and Ze the nuclear charge.

The Hamiltonian of Eq. (I—10) is that for a system
of uncoupled harmonic oscillators of frequency co&=

(Ci/&i) '
' +le use the same Euler angles as Rose with 01,$,3 ~p Pp

avoid confusion later, and also the spherical harmonic phases of
Condon and Shortley (Co 57).

all other commutators being zero. As usual, the number
operator is defined as

gybe, —SQ, Ill ~

The &*q„operating on the vacuum state
I 0) creates

a A surfon in the p, state, while b),„operating on a state
with a single P surfon in the p state gives the vacuum
state. Thus the Hamiltonian of the surface oscillations
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)=2
I

X=3
I

0
2

0, 2, 4
0, 2, 3, 4, 6

0
3

0, 2, 4, 6
1, 3, 3, 4, 5, 6, 7, 9

becomes
H = Z5~&L1V&+ (2K+1)/2 j, (I-16)

where
1V)=pe(„=0, 1, 2, ~ ~ .

TABLE I—1. The possible angular momenta to which a number
E of ) surfons can couple for 'A=2 (positive-parity states) and
X=3 (negative-parity states) .

ture similar to that found in Cd'". The important
experimental diQerence between these nuclei and the
deformed nuclei is that these have a closely lying triplet
for the second excited state with spins 0, 2, 4. As we
shall see the deformed systems have either a spin of
2 or 4 for the second excited state and only rarely is
there a triplet but with spins 2, 3, 4. This diGerence is
not trivial.

If the deformation energy is very great compared
with the vibrational energies we may consider the
system as a stable, deformed, rigid rotator which will

display a typical rotational spectrum. If the surface
stabilizes on the average about some definite non-
spherical shape, then the kinetic and potential energies
can be referred to a set of axes 6xed in the body. This
allows us to transform Eq. (I—8) to one involving the
a&, ,„parameters by using Eq. (I—6), and assuming
small deviations from a spherical equilibrium shape

Making use of the definitions (I-15) in Eq. (I—14)
for the s component of the angular momentum,

L„=SQI e,„=QLp
X,p X

since (Xp'
~
L,

~
Xp)= p8„„.Thus the X surfons are field

particles with spin X. Now it is well-known (He 52a)
that particles of angular momentum X have parity
(—1)" so that to describe positive-parity nuclear
levels we need to take P even, while to describe nega-
tive-parity levels we must take ) odd. Since co&;&co&,.

for i)j, we should expect in even nuclei the lowest
levels to be positive parity while negative-parity levels
will first appear at higher energies. In Table I—1 the
total angular momenta to which several X surfons can
couple for X=2 and 3 are listed and in Iig. I—1 a
schematic energy-level diagram of low-lying levels to
be expected from nuclei of this type (which occur in
what is sometimes called the vibrational or transi-
tional region). The first excited states for X=2 are
all I=2 while the second excited state is a triply de-
generate level with I=O, 2, 4, etc. An example of this
sort of structure is to be found in the energy-level struc-
ture of cadmium-114, a nucleus in this transitional
region. The ground and first excited states have spins
0+ and 2+ as expected from the model. Instead of
a triply degenerate second excited state, four states
appear between 1.13 and 1.36 MeV with spin sequence
0+, 2+, 4+, 2+. A negative-parity level, the 3—level,
occurs at 1945 keV (Mc 64) .

The theory of these quantized surface oscillations
has been further developed (Fo 50, Sc 55, Ra 59). In
particular ScharQ —Goldhaber and Weneser (Sc 55)
have coupled a group of four f7&2 particles to the vi-
brating core in weak coupling. Using a Tamm. —Banco'
calculation including up to three surfons, they have
determined the energy-level structure of transitional
nuclei. This coupling does indeed remove the de-
generacy of the second excited states yieMing a struc-

+ Q o*g„a),„(Xv'
~
L L

~
Xv)(o ~

+[i Q 6*i,;ax.gu'
,~

Li,
~

Xp)(vi.+C.C.JI. (I-17)

The time derivatives of the D"„v are written as

D„/*=i Q Q (Y
~

Li,
~

Xi )D„~*a&i„

where the or& are the body-fixed cartesian components

0,2, 5
4,6

0,2,4,6

0,2,4

(a) (b)

FIG. I—1. A schematic diagram of the energy levels of the pure
surface vibrational model from Eq. (I—16). The principle quan-
tum number lV), is to the left and the tota] angular momenta to
which these surfons can couple to the right. The diagram (a) is
for surfons of order 2 and represents the positive parity levels of
even —even nuclei while diagram (b) represents the negative-
parity levels of such vibrating nuclei.
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Oxv Pxexv (I-22a)

The e&„are asymmetry parameters and without. loss
of generality we may require that

ge'I „=1. (I—22b)

of the angular velocity. It is necessary, when working
in the body-axed system, to recall that the angular
momentum operators satisfy (in units of fe)

LLI, Ls]= —iLs, (I—18)

cyclically. The potential energy becomes just

(I—19)
)p

The three terms in Eq. (I-17) are a vibration term,
a rotation term, and a rotation-vibration cross term,
respectively. The rotation term can be placed in a more
usual form if the inertial tensor 8"I, I, is defined by

v ) (I-20)
vl', v

so that the rotational kinetic energy becomes

ro~ =
g ~ ~ I I &I e&I .

X,kf', k

At this point in classical rigid-body dynamics it is
usual to pick for the body-fixed axes that system which
diagonalizes the inertial tensor which is then the prin-
cipal axis system of the rigid body. It has been shown
that a sufficient condition to diagonalize the inertial
tensor is to require the a), , to be nonzero only for even
or odd values of v (Wi 62a). This process of course
arbitrarily reduces the number of degrees of freedom
(except for the case of X=2 where it can be shown from
the ellipsoidal nature of the surface that a+I ——0). In
essence this means that if we relax the rigidity re-
quirement on the nuclear surface we will then consider
only those vibrations which preserve the principal
axis system.

One further point, which does not restrict the de-
grees of freedom, is that we should divide the kinetic
and potential energies into two parts, one a sum over
even X, the other other odd X since it is known that
parity is a very good quantum number for nuclear states
(Mi 64).

For those cases where we neglect the rotation —vibra-
tion cross terms we may de6ne a deformation parameter
pI by taking aI„real and setting

If we suppose, as seems physically reasonable, that
the form of the nuclear surface for low energies of
excitation are well represented by the lowest even or
odd X term in Eq. (I—5L) or Eq. (I—58) for positive-
or negative-parity states then the proper Hamiltonian
to use for them will be the sum of a term from each of
Eqs. (I—23) and (I—24). That is, we should expect that
the Hamiltonian operator to be used to investigate the
properties of the low-lying positive-parity levels in
even nuclei would be the sum of the X=2 terms in
these equations while for the odd-parity states one
would take the sum of the A=3 terms. Indeed the theory
for nuclear states whose surface is well-represented by
an expansion in terms of the Xth spherical harmonics
only has been studied under the restrictions discussed.
before (Wi 62a) and the Hamiltonian used was just

II. MODELS OF EVEN NUCLEI

A. Energy-Level Systematics

The collective model of deformed nuclei is that of a
rotating, deformed, almost rigid body whose inertia
tensor 8 has in the principal axis system the components
g~, 82, d3. The Hamiltonian is just

Q2 L2 L2 I 2

&=——+ + (II-1)

where the body-fixed angular momentum operators'
satisfy

LLI, Lsj= iLe, — (II-2)

cyclically. The quantum-mechanical system specified
by Eqs. (II—1) and (II—2) possesses the symmetry
properties belonging to the point group B2 for which
four representations A, BI, Bs, Be exist (La 58). The
Harniltonian (II—1) does not connect states of different
representations. Defining an angular momentum repre-
sentation

~
L3EK) diagonal in L' and its projections

on laboratory and principal Z axes by

II&= '&I(PI'+PI' g e'I ) ++A"cos'+-'C& p&' (I—25)

This equation forms the basis of most of the phe-
nomenological models of deformed nuclei. A detailed
examination of the application of Eq. (I—25) to even
nuclei is made in the next section.

L'
~
LmZ)= L(L+ 1)

~
Lure;),

L. (
LMZ )=m

~
L~Lg),

Ls
~

LME;)=Z [LmZ),

With these substitutions the kinetic and potential
energies become

X 3
I' = 'QI&Ifj),'+&IP-),' Q e'I.++A"con'I

v=X k=1

&s sQ(:=III', I
~ We use the convention that L is the total angular momentum

of even nuclei and the core angular momentum for other nuclei:
that is, the eigenvalues of L' are restricted to integral values.' These state functions ] LMK) are in fact the state functions
for a symmetric top Der&re introduced in Eq. (I-6) (Wi 59).

(I-24)

where

(I-23)
in units of fi.' The nonvanishing matrix elements of
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TABLE II—1. Symmetry properties of asymmetric-top state functions, representation of the point group D2 to which they belong and
allowed values of the angular momentum associated with them.

T, j I.M) T2 i I.M)
Represen-

tation Allowed L values

even

even
Qdd
Qdd

i —1)~

( 1)L+I

( 1)L+i

( —1)'

0, 2, 2, 3, 4, 4, 4, 5, 5, ~ ~

1, 2, 3, 3, 4, 4, 5, 5, 5, ~ ~ ~

L

I
LM&= g Ax I LMK&. (II-4)

Thus the rigid rotator Hamiltonian only connects state
components for which E is either even or odd. That is,
the state functions of the most general top can be
initially classified into two broad categories, one being
a linear combination of functions for even E, the other
for odd E.

The assignment of the labels 1, 2, 3 to the semi-axis
of the momental ellipsoid (and thus the choice of the
principal axis system) is quite arbitrary and the physi-
cal properties of the states must be indifferent to such
an assignment. Indeed conhning oneself to right-handed
systems there are 24 difIerent ways this assignment can
be made. The relabeling transformations T&, T2, and
T3 which carry out this process are defined in the follow-

ing way (Bo 52):

(i) T~ produces the interchange 1~—1, 3+-+—3
which corresponds to a rotation of x about the 2-axis
and T~2=1.

(ii) T2 produces the interchange 1&-+2, 2+-&—1,
which corresponds to a rotation of ~/2 about the 3-axis,
so that T24——1.

(iii) Ta produces the cyclic interchange 1c-+2+-+3+-+1,

thus Tg'=1.

The most general relabeling transformation is
T&'T»T3~ where i =1, 2, j=1, 2, 3, 4, 0=1, 2, 3 yield-
ing 24 such transformations. The transformations T~
and T~ applied to the state functions I LM) give

T, I
LM &=a I LM),

T; I
LM &=~

I
LM &, (11-5)

so that four classes of state functions exist labeled by

L expressed in the principal axis system are the

(I.MK'
I L„ I LMK)

=I L(L+1)]&C(L1L;K—p, p, K) bxx„, , (II—3)

where

L~,= W (1/K2) (LI&iL2)

Lp ——Lg.

The Hamiltonian (II—1) thus connects states such
that DE=0, &2.

The state functions for an asymmetric top designated
by I

L,, M) are

the sign obtained from these two transformations.
These are tabulated in Table II-1 where the notation
of Ref. I.a 58 is used to designate these four different
representations of the point group D2 (see also Ref.
Va 54) . For the symmetric top functions

T~
I
LMK)= exp Li~(L+K)] I

LM—K),
T22

I LMK) = exp (i~K) I LMK), (II-6)

the latter relation shows that the representations A
and 81 are associated with E even while representa-
tions 82 and 83 are associated with odd E. Finally re-
lations between A~ and A ~ can be obtained from
Eqs. (II-4)-(II-6) .

(i) A representation (K even):

A x=(—1)~Ax,.

(ii) B~ representation (K even):

A rr= (—1)~'Ax,.

(iii) B2 representation (K odd):

A x——(—1) +'Ax,

(iv) Ba representation (K odd):'
A x=(—1)'Ax.

These last four relations show that the energy levels
of A-type systems contain one level with L=O, no
levels of L=1, two levels of.L=2, one level of L=3,
three levels of L=4, two levels of L=S, etc. On the
other hand, the level systematics for Bi,&,3-type systems
contain no levels of L=O, one level each of L=1
and 2, two levels, each of L=3 and 4, three levels,
each of L=5 and 6, etc. These spin classi6cations are
quite general, being completely independent of the
model involved for the momental ellipsoid and are all
tabulated in Table II—1.

Without specifying a model for the momental ellip-
soid, the energy eigenvalues of asymmetric tops can
be specified for the various representations. For the
A representation the ground-state function contains
but one component,

Ioo)= Iooo),

and the energy eigenvalue is zero for all moments of
inertia. Therefore, A-type systems always have an
L=O ground state. Next there are two states for L=2
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(1 1 1' 1 1 ii'
~V

I

—+—+ — -3
(~1 ~2 ~3 ~1~2 ~»~3 ~2~3)

The state for L=3 also contains essentially one com-
ponent, which if normalized is

I
3M )= (1/K2) ( I

3M2) —
I
3M—2))

with energy eigenvalues

1 I
E(3)=26' —+—+—.

82

One can proceed in a similar manner for higher L
values. However, for a11 A-type rigid rotators the re-
lation

E(2') +E(2') = E(3) (11-8)

is always true. Similar relations hold for higher L values.
For the 8-type systems the lowest spin is L=1 for

which the normalized state functions are

I
L,M)=

I
L,M0)

Bi representation, (II—9a)

I I M) = {1/K2) ( I LM1)+ I LM 1))—
Bs representation, (II—9b)

I
LM &= (1/~2) ( I

LM»-
I LM-»)

with state functions

I 2M,'&=a,"
I

2M0&

+(As"/V2) ( I
2M2)+

I
2M —2)), (II—7)

and with energy eigenvalues

1 1 1E(2")=a' —+—+—
&3

with energy eigenvalues

25' 5' (1 1
L'(2, Bi) =- —+—

I

—+—,
2 &e» s, '

the others being gotten by the proper interchange of
8», 82, and 8~. Higher spin-state functions can be con-
structed from Kq. (II—1) with the aid of Table II—1;
however, the eigenvalues cannot generally be given in
closed form if 1&4 and numerical methods must be
used in such cases once values for the moments of
inertia have been assigned. The energy eigenvalues for
the asymmetric top have been tabulated by several
authors (Ki 43, To 55) in terms of moment-of-inertia
ratios.

The problem of the rigid symmetric top is analytically
simpler as a11 of its eigenvalues can be given in closed
form. For this case let 8»——82=8p+83,' then the Hamil-
tonian is

L '+LP L 'i ft' L' t'1 1a, =— ' '+ 'I= ——+I ——L'
2 dp dp j 2 dp (8'p dp

O' L(L+1) 1 1
E., (I.) =— + ———E' . (II—10)

2 6p 53 dp

Deformed nuclei, as is true of rotating molecules,
are not perfectly rigid but tend to distort under rota-
tion. One might expect, in analogy with the classical
case, that as these systems rotate their 'equatorial di-
ameters would increase while their polar diameters
would shorten. This would have the eGect of lowering
each energy 1evel slightly. Indeed this can be seen in
the case of symmetric tops in their E=O bands for
the centrifugal distortion will increase 8p and hence
decrease E,r (L) . One has in this case that

with energy eigenvalues

8p representation, (II—9c) E,„(L,IS =0) = (V/Sp) L (L+1)—bL'( L+1)'

(II-11)

h' (j.
E(18,) =—

I

—+—,
2

1&
E(18s)=——+—

I,
2 8» 8'3j '

jP 1 1)
E(18p) =——+—I.

2 8'2 83j

E(18s) and E(18p) can be gotten from E(18i) by
replacing 8'2 by 83 and 8» by 83, respectively. This is
generally true. or higher values of L.

For the spin-two states, the state functions in the
8& and 83 representations will of course contain only
K=1 terms being simply combinations of

I
2M+1&.

The state function for the 8» representation contains
only a E=2 term,

I
2M )= (1/~&) ( I

2M2) —
I

2M —2)),

where b is positive. ' The form of b can be given when
a model for the momental ellipsoid is picked. This is
done later when the hydrodynamical model is dis-
cussed in detail.

Without further complications introduced by taking
a particular form for the momental ellipsoid we might
see to what extent a quantum-mechanical rigid rotator
might represent atomic nuclei. We should expect that
if such a model works it wouM work best for nuclei
with a su%.ciently large number of nucleons to have
a fairly rigid structure. The simplest class of these are
the even nuclei, most of which have ground-state spin
zero, positive parity, and a 2+ first excited state. The
zero ground-state spin means that we must pick the
A representation for the state functions of the rigid

'This relation might be considered as the first two terms of a
power series expansion in terms of L(L+j) of the energy. This
technique has been used in studying the level structures of Th2'2

and Uesp by F. S. Stephens et at. (St 59a).
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rotator which also has as its 6rst excited state one
with spin 2. LAssigning the symmetry class or repre-
sentation from experiment might be objected to on
the ground that these nuclei possess "front-to-back"
symmetry and hence of necessity belong to the A
representation, such assignments being common in
molecular studies (He 45) . However, such a statement
is a model statement depending upon the nature of
the nuclear surface. The momental ellipsoid upon which
the dynamics of the system depends does of course
have "front-to-back" symmetry. However, there would
seem to be no a priori reason to conclude at this stage
that the lower lying levels of even nuclei should belong
to the A representation, except that they might belong
to the lowest symmetry. It would seem preferable to
use the experimental determination of the representa-
tion to restrict the models of the nuclear surface. )

Mailman. (Ma 61) has based an investigation of the
energy-level structure and gamma-ray branching ratios
of even nuclei in the range 40&2&250 on just such
a general model as has been developed here. LFor early
speculations on nuclear rotational spectra see (Te 38,
Gu 42, Pr 50).j We review the results of his investiga-
tion of the energy levels, deferring until later any dis-
cussion on gamma-ray branching ratios.

Mailman makes use of the relation of Eq. (II-8)
or a similar one for the first L,=5 level to test the va-
lidity of a rigid rotator model for the low-lying positive-
parity levels of even nuclei in the range 40&2&250.
In general he obtains a quite good Gt only within the
deformed regions, that is for 150&2&190, A&228.
A more recent compilation is given in Table II—2 in
which the ratios

E(2') +E(2') —E(3)
E(2')+E(2')

and

4E(2') +E(2') —E(5')
4E(2') +E(2')

are given for all nuclei with two L=2 and at least one
L=3 or L=5 level measured Here E. (L") is the mth

level of spin. L. (Great care must be exercised in using
spin and parity assignments reported in various com-
pilations, such as Ref. He 61, which have not been
actually measured. Such assignments are often made
from model systematics. ) This table has been ex-
tended. to the 2s—1d shell which is often considered a
deformed region (Go 60). Here it is possible to see
that the criterion of Eq. (II—8) is quite well satisfied
within the deformed regions but in general not outside
of them. Another characteristic of these deformed re-
gions, evident from this table, is the fact that the lowest
I=2 level rises rapidly at the edges of these regions,
being quite high outside of them.

The discrepancies in Table II—2 were explained by
relaxing the condition of rigidity permitting a small
amount of vibration. Mailman used a relation similar

&2~2
——(1/W2) sin 7 (II-12)

and to suppress the ) subscripts on the deformation
parameter P~ and the mass parameter 82. In what
follows we take the quadrupole deformation and asym-
metry parameters as P and p, but retain the X sub-
scripts on the mass and potential energy parameters
82 and C2. The moments of inertia then are obtained
from Eqs. (I—20), (I—22a), (II—12)

~~'=4~2&'»n' I:V
—(2~/3) &j (II-13)

In his paper on the coupling of motion of individual

to that of Eq. (II—11), but for an asymmetric top
(Ma 60a):

E (L")= E(L")—bE'(I.") (II—11a)

where the subscript v means the result including vibra-
tion, and b was treated as a Gtting parameter. It can
be shown that b must be positive and small. Thus to
fit the low-lying, positive-parity energy levels of even
nuclei, Mailman had at his disposal four 6tting param-
eters which he determined for 27 nuclei from Ti4' to
Cf'". With these values he then calculated the energies
of other levels and compared with experiment. Again
the model fits very well in the deformed region but less
well outside of it. Of the 27 nuclei investigated, six
had negative values for b. (Negative values for b are
associated with negative values in column six of Table
II—2.) There have been suggestions that two other de-
formed regions might exist one near iron (La 61) and
the other near barium (Sh 61) and it is in just these
regions that Mailman 6nds some evidence for rota-
tional levels.

From this rather general approach to nuclear rota-
tions we now turn to a study of other models which
are in fact models for the momental ellipsoid and its
elastic properties. The most studied and also most
successful is the hydrodynamic model Grst investigated
by Aage Bohr and by Bohr and Mottelson in a long
series of papers (Bo 51, Bo 52, Bo 53, Bo 53a, Bo 53b,
Bo 55a, Me 57). In this work they assumed that the
surfaces of deformed nuclei were well represented by
the spherical harmonic expansion, of Eq. (I—5L). In
studying the low-lying positive-parity states of even
nuclei it was assumed that the terms with X=2 were
of major importance so that we have to deal with a
pure X=2 surface. For the low-lying negative-parity
levels I.ipas (Li 61) and Davidson (Da 62) have studied
the X=3 surfaces. Since the bulk of information cur-
rently available concerns the positive-parity levels,
we discuss the theory of the 'A=2 surface erst and touch
upon the X=3 surfaces later.

The Hamiltonian for the positive-parity levels is
given without approximation as the X=2 (quadrupole)
terms of Eq. (I—25) and it is customary to take the
asymmetry pa, rameters, e&,„, of Eq. (I—22) as

f~= cos p
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TABLE II-2. Energies of the Grst spin-2, 3, and 5 levels and the second spin-2 level in a number of even nuclei and a comparison
with the energy systematics of a rigid top. The symbols (?) mean the spin and/or parity is in doubt and probably assigned by level
systematics, (U) means upper level of a close doublet of that spin.

Nucleus
Z&(21)
Me&

Z(22)
MeV

Z(31)
MeV

E(51)
MeV

L&'(21)+Z(22) —D&'(31) 4E(21)+B(22)—B(51)
'Fo

48 (21)+E(22)

12Mgl2

12Mgl4

20' a2242

26Fe3p

36Kr46

42Moe4se

44Rues'02

46Pdeo"'

56&avs'"

62Smss'

62Smso"'
64Gdgp154

6 Gd 2156

66Dys4160

es~rss'

68' rl 00

70Y4102172

74~IOS

74%110184

74112

V6OS108

76OS110

760s112 ss

760S114

760slle'"
78Pt114"2

V8P "116

VSPt118

soHg120200

84Polso

gpTh138

S2U14("

s2U1442'4

s4Pu144 '8

sscfls2'

100Fmle4"4

1.368
1.83
1.52
0.845
0.777
0.770
0.475
0.5116
0.604
0.334
0.122
0.123
0.089
0.0867
0.0806
0.0798
0.0787
0.1001
0.111
0.122
0.125
0.13715
0.15503
0.1867
0.2057
0;3165
0.3285
0.356
0.368
0.609
0.058
0.047
0.044
0.044
0.041
0.044

4.24
2.97
2.42(?)
2.660
1.475
1.524
1.105
1.1285(?)
1.168
1.167 I
1.087
0.998
1.154
0.966
0.788
0.822
1.4675
1.258 I
0.904
0.730
1.085
0.76738
0.63307
0.5572
0.4891
0.6129
0.6220
0.689
1.575
1.281
0.969
0.868 I
0.922
1.030 0
1.032 (&)
0.692

5.22
3.97(?)
2.751(?)
3.445
2.094 m

1.850(?)
1.525
1.5575 (?)
1.760(?)
1.508
1.236
1.129
1.248(?)
1.049
0.861
0.897(?)
1.5502 u
1.331
1.006
0.85(?)
1.215
0.91033
0.78999(?)
0.755
0.6909
0.9208
0.9227(?)
1.001(?)
1.776
1 ~ 544
1.023
0.913
0.965
1.071
1.074(?)
0.734

3.84(?)

2.730

2.7569(?)

1.622(?)

1.27530

1.087(?)

6.9
17
30
17
70
19.3
3.5
5.0
0.68

—0.47
2 0 2

—0.71
—0.40

0.38
0.92
0.55

—0.26
2.0
0.89
0

—0 ~ 41
—0.64
—0.24
—0.5
+0.56

0.92
2.9
4.2

8.6
18
0.39
0.22
0. 10
0.28

—0.093
0.27

—7.4

+3 1

1.0

particles to nuclear surface oscillations (Bo 52), Bohr
presented an argument showing that the deformation
would stabilize in a con6guration for which y was zero.
From the above equation this is seen to yield not only
symmetric momental ellipsoids, but ones for which
83' are identically zero. Thus the momental ellipsoid
is a long, thin, needle-like object while the surface
itself is spheroidal. Rather than discuss symmetric
systems as a special case we shall include them, as
before, with a more general problem. The vanishing
of the third moment of inertia leads to the problem that
the energy eigenvalues given in Eq. (II—10) become
infinite unless K=O. The symmetric model of deformed
even nuclei takes the ground state band to be that with
E=O in the A representation so that the spin sequence
is 0, 2, 4, 6, 8, ~ ~ ~ as observed.

The Hamiltonian is

s= s&s(p='+pV)

+,Q, , +-', CsP', (II—14a,)

the erst term being the vibrational kinetic energy,
the second the rotational kinetic energy, while the
third represents the vibrational potential energy. From
the choice of Pz and ez„ in Eq. (I—22a), the vibrational
potential energy is not a function of the asymmetry
parameters (this requirement dictated the choice of
Pq and eq„). For quadrupole surfaces these potentials
have been called "y-unstable" potentials (Wi 56).
We return to this point later. The system represented
by Eq. (II—14a) is quantized by the usual methods
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called the "nonadiabaticity" parameter) is introduced
which is a measure of how rigid the nucleus is to P
vibrations. When p is zero the nucleus is rigid and the
rotational structure shown in Fig. II—1 is unaltered.
As p, increases to one, its maximum effective value,
the nuclear surface becomes more elastic. Upon intro-
ducing two new quantities Z and Z~, functions of 8J.,~
and p, the new equilibrium deformation P(L, X) is
given by

A new independent variable, y is deined by

where

and Z is the positive real root of

~'—(1/~) ~'—2 (gL,~+2) =o

Equation (II—1'/b) then becomes

8'D. (v2y) id&'j+ (2 +1—y') D.(~2Y) =o (»-Ig)
where the dependent variable D„(V2y) is deined by

c'L 2r (p) =p &D„(&2y);

the quantity s is the vibrational quantum number de-
termined from the boundary condition at the origin
of the P variable

dition of Eq. (II—19) is necessary. However, a graphical
method of obtaining these v„ for e equal one and two
has been discussed (Wi 62a) which permits a rapid way
to compare the model energies of Eq. (II—20) with
experiment. This graphical method is good to an ac-
curacy of about 1'Po.

Certain qualitative features of the level structure
are now apparent. The effect of increasing p in the
ground-state vibrational band (11=1) is the same as
increasing y. In other words, for a fixed y, increasing
p, causes each spin level to decrease in energy relative
to the L=O level. The greater the value of L for the
level, the greater the decrease in energy. As p, is in-
creased the higher vibrational bands also come down
in energy, but the behavior is somewhat diferent.
The energy ratio R»„

+Lan (+LNn —+011)/ (+211 +011)

is a very strong function of 7.
In Fig. II—2 are shown the behavior of R22~ and R2~2

as a function of y. For these it can be seen that for
values of p greater than one the change in the level
structure will be very small. Finally, p, is most easily
determined when at least one level of a higher vibra-
tional band is known.

For small values of the stiffness parameter p, the
energy eigenvalues EL,ir,„of Eq. (II—20) can be put
into the form of Eq. (II—11a). One finds then to lowest
order in p that

D„(—v2Z, ) =0 (II-19) &=~'L1+ (57/4) (o+2)~'3/2
and is related to the energy eigenvalue EI.,~, , v label-
ing the roots of this equation with the lowest root
being denoted by e= i.

Equation (II—18) is Weber's equation for parabohc
cylinder functions (Wh 50, Ba 53). As the nucleus
becomes quite stiff to P vibrations, that is in the limit
of p going to zero, Z~ approaches infinity and these
Weber's functions become the familiar Hermite func-
tions which are the solutions of the one-dimensional
harmonic oscillator. In this limit the u„ take on in-
tegral values:

v„=0, 1, 2, ~ ~ ~ , p, =0.

For this case the nuclear energy-level structure is
formed by bands of rotator levels of Fig. II—1 each
separated by an amount 5~O.

In any event, the total energy including P vibrations
and rotations is given by

I"-L,ie,n=~oI (o.+2) (~1/&) 2

+ PAL,~+ 2)/4Z j(Z'y ,'gL,~+-,') I. (II—20-)-
The oscillator energy ~0 is usually treated as a scale
parameter.

In general there is no simple way to obtain the values
of v since Weber's functions are not tabulated and a
machine calculation of v„ from the boundary value con-

In Table II—3 the values are shown of the parameters
y and p resulting in the best fit to the measured en-
ergy levels of a number of deformed nuclei. While
in general the rms errors between calculated and meas-
ured energies are quite small, being all of the order of
1%, this certainly does not mean that we have a com-
parable understanding of the low-energy structure of
these deformed nuclei. For it has been noted in a de-
tailed study of the osmium isotopes that while the
deviations between model predictions and experiment
are about 1%, the rms experimental uncertainty is two:
orders of magnitude smaller (Em 63) .

Recently an investigation of the dependence of the
inertia parameter P/28=9/682p2 on L for very large
L has been made (St 64) and it is found that this de-
pendence is quite well explained using this model.
However, this preliminary study has taken p=0 in all
cases but it does show that the P vibrations cannot be
treated as a perturbation (see below). The study has
been restricted to the 6rst levels of a given L, that is
to levels labeled (L11). A detailed comparison was
reported only for Hf"0 where the average deviation
between experiment and theory was 0.26%.

Finally, for values of p, &0.25 the energy eigenvalue
predictions of this model differ little from those ob-
tained from Eq. (II—11a) (Kl 61) .

We now turn to the prob'. em of including 7 vibra-
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TAaLz II—3. Asymmetric-core model parameters p and p for
the low-lying positive-parity levels in even —even nuclei.

Nucleus Nucleus

(a)

20.

l5.

IO.

$m152
Gd154
Qd156
Dyl60
Er166
Er168
gb172
Hf'78
~182
~184
+186
Os"6
OS188

Os190

12 0.4
11.8 0.36
10.5 0.26
11.4 0.26
12 0.2
12.3
9 0 ~ ~ ~

10 ~ ~ ~

10.9 0.28
12.5 0.35

~ ~ ~

15.9 0.26
19.2 0.25
21.9 0.25

OS192

Ptl92
Pt194
Ra'24
Ra"6
Th228
Th230
U232
U'234 '

U238

Pu'38
pU240

Cf250

Fm254

25.2
30
29
22.3
19.9
9.1

10
9.1
8.7

10.9
8.3
8.6
7.98

10.1

0.1
~ ~ ~

0.4

~ ~ ~

0.30
0.25
0.25
0.24

~ ~ ~

0.20
0.22

(b)

5-

20.

l5

lo.

.28

.6—
(i.)

.8—

I

I5 ~o 20 25 30

tions so that y is to be treated as a continuous variable
rather than as a 6tting parameter. As long as the vibra-
tional potential energy has the form V(p, y) =-', Csp'
used in Eq. (II—14b), the separation of the p and y
variables can be carried out as in Eqs. (II—15a, b).
This form of the potential is the proper one for a hydro-
dynamic Inodel to lowest order in P. The solution of
Eq. (II-15a) is straightforward, and is most easily
obtained by noting that formally the function p'C (p)
satisfies the same differential equation as the radial
part of the three-dimensional harmonic oscillator. Thus
we have that

A=X(X+3), X=O, 1, 2, 3 ~ ~ ~,

and the energy eigenvalue solutions of the harmonic
oscillator Eq. (I—16) yield

Z=KIe(X+s) =Bee(2rsp+)+s) (II.—21)

Since these solutions are equivalent to those of Eq.
(I—16) we can use Table I—1 and the above relations
to generate a table relating X, and L (Wi 56) . $Rakavy
(Ra 57) gives a group theoretic method of generating
this table. Here X is his "seniority" symbol v.] This is
shown in Table II—4, the eigenvalues being given in
Fig. X-2a.

The analytic form of if', (8,&) of Eq. (II—15b), or
more simply of the Az(p) of Eq. (II—15c), is quite
simple for the cases L=O and L=3. The former solu-
tions are Esx(cos 3y) and Pqqr(cos 3y) for the latter.
Some of the solutions for L=2 have been calculated
in the form of polynomials of sin ey and cos ey and

I

l5
y

20 25 30
TAsLz II—4. The relation between A, ), and the angular

momentum of Eq. (II—15b).

FH".. II-2. The effect the stiGness parameter p has upon the
energy levels in the ground-state vibrational band and in the
first excited state vibrational band. In (a) the ratio of the second
L=2 level to the first L=2 level in the ground-state vibrational
band (E221) is plotted against y. In (b) the ratio of the first 5=2
level in the Grst excited vibrational band to the first X=2 level
in the ground state band (8212) as a function of y is shown. Note
in both cases how the value @=1 represents the effective maxi-
mum value of the stiGness parameter.

0

10
18
28

2, 4
0, 3, 4, 6
2, 4, 5, 6, 8
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solutions for L&6 have also been reported (Ja 59,
Be 59a).

To remove the I. degeneracy of these solutions the
form of the potential function V(P, 7) must be changed.
The requirements of the separation of Eq. (II—14b)
imply a y potential term of the form V(P, 7) =P 'f(y),
while the form dictated by a hydrodynamic calcula-
tion to second order in p and y is a term of the form
V(P, y) =P' sin'7.

An approximate separation has been carried out by
Davydov (Da 61, Da 61a) who essentially starts with
the set of separated equations (II-15a, b) an.d adds
to the latter a y-dependent harmonic potential of the
form

He then investigated 7 vibrations of spherical systems,
deformed but symmetric systems, and. deformed and

asymmetric systems —a different approximation for
each being required. For spherical nuclei his results
are identical with those given before. It is important
to note that L=O+ states are possible for 7 vibra-
tions in deformed nuclei. Therefore, where more than
one excited 0+ level exists in a nucleus at nearly the
same energy one should be associated with the first
excited P-vibrational band while the other is associated
with the 6rst excited y-vibrational band.

An example is to be found in 78pt~~6" where two ex-
cited 0+ levels have been identified. The level at 1.267
MeV would appear to be the 0+ level associated with
the first excited p-vibrational mode while the level at
1.480 MeV may well be the 0+ level of the y-vibra-
tional first excited state. These two types of 0+ levels
can probably be differentiated experimentally by the
character of their gamma radiation. A similar situation
occurs in Os"' which has been discussed in terms of
this and other models (Wa 62), and in several other
nuclei which have been fitted to this model (Da 61a).

Another much used interpretation of the energy-
level structure and other properties of deformed even
nuclei is based upon the assumption that the nucleus
maintains its axial symmetry so that K is a good quan-
tum number (to a high approximation). The argu-
inents to support this come from one of Bohr's (Bo 52)
early papers, and if one uses the hydrodynamic mo-
ments of inertia K must be taken zero since 53' is zero
as seen in Eq. (II-13) if &=0. For this case then

y2 y2 g2 —3By2

and from Eq. (II—10) the energy of each level is just

Z(1) = (P/68eP') L(L+1), E=O. (II—23)

This is in agreement with the lower lying levels in even
nuclei where the measured sequence is 0+, 2+, 4+,
6+, ~ ~ ~ . Indeed levels up to about L=18 have been
obtained by Coulomb excitation (St 59a), n-particle
(Ko 64) and heavy-ion reactions (St 64) and fit this
L(L+1) rule fairly well.

As we have seen, the X=2 surface can execute not
only rotations but P and p vibrations about its equi-
librium shape. The former vibrations for axially sym-
metric systems are identical in character with those
discussed in connection with Eq. (II—14b) and yield
a rotational band given by Eq. (II—23) based on some
vibrational frequency Atop. As "breathing mode" vibra-
tions they preserve in axially symmetric systems that
axial symmetry.

In order to explain the systematically occurring
second excited 2+ states in these nuclei (if a p-vibra-
tional band occurs then there will be at least three
2+ levels, the upper two probably being quite closely
spaced) a vibration of the y degree of freedom is in-

voked, forming a rotational band based upon these
second 2+ levels and with quantum number E=

~
2 ~.

The band head is given by her~ and the level sequence
is L=2+, 3+, 4+ 5+ ~ ~ ~ . This rotational band is
called the y-vibrational band (Ad 56) . )An unfortunate
overlap in nomenclature is a source of confusion. Sy
p vibrations in the symmetric-core theory is meant
this rotational band built upon the second 2+ level,
while in the asymmetric-core model these levels arise
naturally from the asymmetric rotator. However, in
this latter model the term y vibrations means those
asymmetry vibrations of the core discussed previously
(Da 61).].lf more than two levels with even spin
appear then it may be necessary to include rotational
bands based upon higher values of E, say E=4, 6, ~ ~ ~ .
An example can be found in the spectrum of 70Yb~02'"

which has five positively identified 4+ levels below
2.1 MeV and one other tentatively identified (Ha 61).
The authors of Ref. Ha 61 suggest the assignment of
four E bands (E=O, 2, 3, 4). (An alternative assign-
ment of nuclear structure parameters for this nucleus
is given in Table II—3.) In Fig. II—3 is shown a sche-
matic drawing of how the nuclear level structure ap-
pears in such a model. The three diferent rotational
bands have been separated and no significance should
be attached to the relative band-head energies. The
different bands are identified by the vibrational quan-
tum numbers ep, n~ and E. The quantum numbers
for the ground state, P-, and y-vibrational bands are
then np rc„=0,——E=O); rip= 1, re, =O, E=O; pep=0,
e~= |,%=2, respectively.

This model also includes a rotation —vibration inter-
action yielding a correction to the energy levels of the
form given in Eq. (II-11) so that if each band is as-
sumed to have the same moment of inertia, 80, then
there are four parameters in the theory:80, S~p, hco7,

and 6.
A symmetric-top system with three rotational band. s

is no more complicated than an asymmetric-top system
with p vibrations and the number of parameters in
each is the same. For both systems the Resp are essen-

tially the same and are associated with the coefficient
of the vibrational potential energy C&. 80 in the sym-
metric system can be associated with a similar scale
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FIG. II-3. A schematic diagram of the energy level structure of
a deformed but symmetric nucleus. Three bands are shown: the
ground-state rotational band, the P-vibrational band to the left
of it, and the y-vibrational band. The nuclear parameters ficop

and Ace~ are the energies of the lowest member of their respective
bands.

parameter Acro in the asymmetric system, h~~ is re-
placed by p, while 5 as we have seen is replaced by the
sti8ness parameter p, at least for small ii t for larger
values of p or higher L, values it is often necessary to
introduce a term el.'(L+1)' to get adequate agree-
ment between experiment and theory (St 59a) 7.

In the hydrodynamic model, the 5 coe%cient in Eq.
(II—11) can be related to 80, Su&e and 5~0~ a,nd it should
be possible to evaluate b from the ground-state rota-
tional band, then predict the positions of the P- and
y-vibrational bands. Such a program has been carried
out by Sheline (Sh 60) and the results show that b

from the ground-state rotational band is a factor of
about two times too small to explain the P- and y-vibra-
tional band heads. In actual fact Sheline in this study
determined the constant b from the spectrum Pu'",
then determined a scale factor s so that sb could be used
to predict the P- and y-vibrational band heads when
used in conjunction with the moment of inertia, also
empirically determined. Finally, assuming that s should
remain constant throughout the deformed regions he
predicted the P- and y-vibrational band heads for 26
nuclei. At the time of publication he could compare
four of the predictions with experiment and in two
cases got very good agreement. While this technique
is useful as a tool to aid in determining the energy
range to seek out levels of a certain character, more
complete experimental evidence in these regions of
atomic number, as well as the more recent theoretical
developments described before, cast doubt on the
validity of the approach. Since the magnitude of the
factor s is only given empirically the method would
seem to reduce to a two-parameter fitting procedure
similar to that used by Mailman (Ma 61) (who used
four parameters) which was described earlier.

Following the initial suggestions of Davydov and

Filippov (Da 58a) and the very striking agreement with
the experimental E2 transitions from the second 2+
level (Va 59), several investigations have refined this
symmetric-core model to the point where agreement is
as good as (Bi 59, Li 61a, Li 62, Fa 62, Pr 63) or for
some nuclei better than, the asymmetric-core model.
While the details of each of these calculations differ,
we follow the discussions of Lipas (Li 61a) because
this treatment has been extended to study octupole
vibrations and negative parity levels in deformed
nuclei (Li 61, Li 62). The method was originally dis-
cussed by Birbrair et al. (Bi 59) and has been extended
by Danos and Greiner (Da 64b) to include giant dipole
a,bsorption (see Sec. V). One of the original criticisms
of the asymmetric-core model was that there was no
mechanism for additional 0+ states above the ground
state (Ta 59, Ta60), which comment is of course not
valid for the more extended asymmetric models (Da
60a, Da 61).

Restricting motion to small oscillations of P and y
about a spheroidal equilibrium shape defined by P=PO
and p=po=o, the hydrodynamic moments of inertia
of Eq. (II—13) become

&2' 3B2Po'=&0', (II—24a)

8,' 4B,P,'y'= 4B y'. (II—24b)

In lowest order the difference between di' and d2' is
neglected so that E is a good quantum number and
the rotational energy is given by Eq. (II—10) . One then
has two choices in developing the vibrational Hamil-
tonian, either the rotational term fi'E'/2832(y) can be
included in it (Bi 59, Li 61, Pr 63), or it can be placed
in the rotation —vibration interaction term (Fa 62) .
tIn this reference the authors do not use P and y as
the vibrational variables, but the ao, a+~ of Eq. (I—17) .
New variables, a'0 and a'+~ are then de6ned with ref-
erence to the spheroidal equilibrium conditions as

&o=Po+~ o=Po+ (P Po),.=",=(1/~2)~o~'«A,

and the dynamical equations are expressed in terms
of a'0 and a'+2 and terms through second order are used. ]
In any event for small oscillations about the equilibrium
shape the potential is

U(p, y) =-', Ce(p —po)'+-', C,y'.

The vibrational Schrodinger equation thus separates

5
,+-:Ce(& &o)' f(&)= E—ef(P) (II-25)

2

1 d d (K/2)'
+-', C,~' ~(v) =&,C(v).

7 ~7 ~7 7
(II—26)

.Equation (II—25) is the wave equation for a one-
dimensional oscillator while Eq. (II—26) is that for
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a two-dimensional oscillator if one defines me= (E'/2)'.
Thus the solutions are

Ee=

eicos�

(pep+-', ),
ep=0, 1 2 ~ ~ ~

E,=Sa,(re,+1),
N~= p ~

E ~+2', X=O, 1, 2, ~ ~ ~, E even.

[The evenness of K arises from the fact that the regu-
la,rity of C (y) at the origin restricts m to integral
values. j To these must be added the rotational energy

E„p= (fi'/2dp) CL(L+1) E'$. — (II—27)

Since the P vibrations preserve axial symmetry, such
bands have quantum number E=O and spin sequence
0, 2, 4, ~ ~ ~ and v~=0. The first y-vibrational band
has rip

——0, re~= 1 whence
~

K
~

= 2 and the spin sequence
2, 3, 4, ~ ~ ~ . The value e,=2 is associated with two
bands one having K=O and spin sequence 0, 2, 4, ~ ~ ~

while the other has
~

E ~=4 and spin, sequence 4, 5,
6, ~ ~ ~ . Mixed bands can also occur the lowest having
rip ——11~=1. While these have been discussed (Ma 60,
Sh 60), there seems little experimental evidence for
more than the familiar p and p bands (rie ——1, x~=0
and Np

——0, x~=1, respectively) although the large
number of 4+ levels in Yb"' below 2.1 MeV (Ha 61)
would indicate the necessity, from this point-of-view,
of bands with m, &1 and perhaps mp&1. No such de-
tailed analysis has been made.

For small displacements from axial symmetry, the
differences between 8'~', d~', and 80' cause an interaction
between these various bands and, if the asymmetry is
small enough, this interaction may be treated by per-
turbation theory. It is usual to neglect the changes in-
duced in the vibrational part of the Hamiltonian by
these slight deviations from axial symmetry so that the
perturbation Hamiltonian is

LP+Lop LopEI'= T,.i T,.tip& = —,'6' Q———
de' do' (dP) o

1fco(d 2—1+d 2—1 2d 2—1) (L 2+I 2)

+-',fe'(dip '—dp' ') (Lip Lop) . (II—28)—
The first term is diagonal and represents an interaction
between bands with the same K while the second term
represents an interaction between bands where 6K=2.
Defining 8 by

Pob=P Po, -
Eq. (II—28) can be written through terms of second
order as

H'= (P/2doo) [(—28+3P+2y') (Li'+L ')

+(-('/~) &+(4/~) '»(L'- ")j
The term 6 will connect states where Aep=~i, that
is the ground and P-vibrational band, while the second

bio P LP(L+.1)o
[~E"(L)3~= —12

2do' Rcpt '

( O' ' L'(L+1)'
[hE„,(L)j,= —4

~

(II—30a)

(II—30b)

h' ' L'L 1'
[AEp(L) j,=48

CEp(L) —E,(I,)y'~t ~„'
(II—30c)

where the terms in L(L+1) have been neglected since
they contribute to the renormalization of the appro-
priate moments of inertia in second and third order.
The result (30a) can also be gotten by a classical per-
turbation calculation (Mo 57). The usual results of
a second-order perturbation calculation are that levels
are pushed down by those above and up by those below.
Hence

C~Ee(L) 3..= C~E:(—L) 3~,

CAE, (L)j„=—[hE„(L)Q„

C~E~(L) j,=-[«,(L))~
These results have made use of second. -order terms in
what is generally considered to be a first-order theory.
Lipas (Li 61a) has discussed this point in some detail
and we return to it later.

From the point of view of energy level and spin
sequence there would seem to be little reason to choose
between either the symmetric model or the asymmetric
one. 'Both contain the same number of parameters
which can be related to one another and both are
equally successful, in the deformed regions, in explain-
ing the level structures. To base a preference for the
symmetric model on the idea that the nucleus, as a
liquid drop, somehow cannot be asymmetric has no
support classically. It is well-known that the line of
stability for a rotating liquid drop passes from spheri-
cal shape through the MacLaurin spheroids and the
Jacobi ellipsoids into the pear-shaped figures (Ly 53).

term 6' and y' will connect states with dry=0, &2,
Ae, =0, +2. The off-diagonal matrix elements in the
P and y space will be quite small since the energy spac-
ing will be 2k'. The diagonal terms will give rise to
corrections to the axially symmetric moment of inertia
dp'. Finally, the term in (Li'—Lp') gives rise not only
to the interaction between the y vibrations and ground
bands, but also to the interaction between the P and
y bands. The renormalized moments of inertia in the
lowest three bands are

l,l

d,,=do' ——',5'[(9/A'cop) + (12/Ace, ) j,
d p

——doo —-', e[(27P~p) + (12/a~, )),
d =d '—-'fi'[(9/Scop) + (24/Sop, )j. (II-29)

The corrections to the energies of these bands are
given by
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Indeed, as pointed out by Berenger and Knox (Be 61),
the hydrodynamics of the problem prohibit such a
nuclear system, if in rotation, to be spheroidal, although
they expect such shapes to be a good starting point for
further approximations. The fact is that at its greatest
distortion in the asymmetric model the core is not very
far from a spheroid.

We now return to a short discussion of the negative
parity states in even nuclei. The occurrence of these
states was discovered quite early (St 54) and not long
after they were brought within the purview of the col-
lective model (Ad 56) when it was realized that they
probably arise from octupole (X=3) vibrations of the
nuclear surface. These negative-parity levels occur
throughout the deformed regions, the lowest such levels
being found at about 1.2 MeV in the rare earths and
much lower in the actinide series. In Fig. II—4 the lowest
observed negative-parity levels are plotted as a func-
tion of A. As with the lowest 2+ levels these negative
parity levels are relatively low in the deformed regions
and are considerably higher outside of them.

Comments made earlier concerning the positive-
parity levels are also true here. If the deformation
energy is greater than the vibrational energy, rotational
spectra are observed while if not, a vibrational spectrum
takes its place (Fig. I—2b). In the deformed region the
theoretical investigation can proceed along two diferent
lines. On the one hand one can discuss the octupole
vibration about a spherical (La 60) or spheroidal
(Li 61, 61a) shape assuming the system remains' sym-
metric so that one deals with a E=O and E=2 level
structure. In the latter study of vibrations about the
spheroidal shape the A, =3 moments of inertia were
used for the case of a&0, a3+~@0; a3+&=a3+3=O and the
problem studied from the point-of-view of perturbation
theory. Thus the vibrational kinetic energy is now

Twib 2~2(P +P 7 ) +2~3(II30 +2632 ) ~

Again it is assumed that, in lowest order, these octupole

vibrations preserve axial symmetry and are small so
that we still have Eq. (II—24a), but Eq. (II—24b)
becomes

g 2+3~4+ P 2(+2+g2)

g'= (283/82P32) a232.

By again placing the rotational term fi2E2/2532+3(y, g)
in the vibrational part of the Hamiltonian, one has

—f32 1 B' 1 B' 1 (B2

2 82 BP' 8 Bb' 8 (By2 y2+g2 By

B' g B 52 (E/2) '
+B 2+ 2+ 2 B +2B ( 2+ 2)+ (P7 7) ) g)P

where B~ has been defined before, b= aap and

I'(P, ~, b, g) =!Cs(P-P.)'+!~,~'+!~b'+-;~,g.

The P and b variables separate immediately and lead
to one-dimensional oscillator equations of the form of
Eq. (II—25) with quantum numbers ns and n3 and
It =0. For the p band, one takes 23S——1, 233 ——0 and this
yields the spin. -parity sequence I=0+, 2+, 4+, ~ ~ ~

while the b band requires mp=O, m~= 1 and the sequence
I= I—3—5— ~ ~ ~ . On the other hand, the y and g
variables can only be approximately separated in
lowest order which gives rise to a doubly degenerate
system the lowest band of which has

~

E ~=2. This
degeneracy is removed in the next order leading to
y and g bands both characterized by ~

E ~=2 and
having the spin sequence I=2, 3, 4, ~ ~ ~ . The y band
has even parity and the g band odd.

Interactions between the bands give corrections to
the moments of inertia as well as to displacement of the
bands relative to their unperturbed positions. The
results are an obvious extension of Eqs. (II-29) and
(II—30).

This theory has been compared with experiment and
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level structure alone. We discuss the multipole mo-
ments and transitions in order of increasing multipole
order.

The transition probability per unit time for the emis-
sion of a photon of energy Ro=5ck carrying off angular
momentum X is (Pr 62)

87r(X+1) k'"+'
J3 'A, DL,"

~L-(2~+1). j ~

where the reduced matrix element B(X, hL) is de-
fined as

8(),, L, +Lf) =—(2L„+1)—' Q ~ (/~ Tg„[i) [',

(II-31)

where Tq„L is the appropriate multipole operator de-
6ned in the laboratory. Since these reduced matrix
elements have no direct energy or ~ dependence, usually
they, or their ratios, are the quantities compared with
experiment.

The operators inducing the transitions are spherical
tensors so that their body and laboratory components
are simply related by

T&,„~=Q D„P *(8;)Tg„e. (II-32)

transition becomes

so that

3Z 4~, 5(5/~)~,2'(&0) =— —+0'+ 0' cos v I

4m 5 2i )

Z=(n, ) re(ZO) ~~;&.

IPI 5

These monopole transitions can take place not only
between states of 1.=0 but between any states with
the same spin and parity. A theoretical study of the
0'—+0 transitions using a model with P and y vibrations
has been made in Ref. Da 61a. Calculations using the
symmetric deformed nuclear model with P vibrations
have been done for 22 nuclei (Re 61) . These have been
compared with experiment where data are available
and reasonable agreement with theory is obtained
although discrepancies have been noted near the edges
of the deformed region (Ra 60).

Figure (II—6) shows a comparison of the monopole
conversion transition probability in the k shell com-
pared with the single-particle M1 and E2 gamma-ray
transition as well as the M1 and E2 conversion prob-
abilities also in the k shell. Since E2 gamma-ray tran-

The static electromagnetic moments are the diagonal
matrix elements of those operators and since parity is
a good quantum number in nuclei there are no static
electric multipole moments with X odd or static mag-
netic multipole moments with P even.

The lowest multipole order is the monopole or E(0)
transitions in which the energy of the transition is
carried oG by a positron —electron pair formed by in-
ternal pair creation (high-energy transitions) or by an
atomic electron emitted in internal conversion. In
many instances these monopole transitions compete
with electric quadrupole transitions in certain deformed
even nuclei.

The interaction Hamiltonian is (Ch 60)

QO

H, i(L=O) = —e d~„p„(ef
~

———
~

e, ),
o rn re

where
~

e, ) and
~ e~) are the initial and Anal electron

wave functions and r„and r, the nuclear and electronic
radii and p„ the nuclear density. The absolute transi-
tion probability for electric monopole internal con-
version, S' is

TV= QP',
where

IO'

IPll

IPlo

SEC '

lp

IO

IO

P= (1/e) p„$(r„/R) '+ ~ j d „. Io
40

I

50
1

80
l

90 Ioo

The factor 0 is available in graphic form as a function
of the transition energy (Ch 56) . For a deformed but
uniformly charged nucleus whose surface is given by
Eq. (I—5L) or (I—58), the operator inducing the

I'IG. II—6. Comparison of the BO, M1, and E2 transition proba-
bilities for internal conversion in the k shell for various values of
atomic number Z. Also shown are the single particle estimates of
the gamma-ray transition probabilities for M1 and E2 transi-
tions. After Church and Weneser (Ch 56).
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TABLE II—6. The electric monopole to electric quadrupole transition probabilities for deformed even nuclei.
The calculated values are from Ref. Re 61.

Nucleus Calc.

I=0+
Obs. Calc. Obs. Ref.

Sm152
G.d154

Hf"'
+7182
+$184
Os188
Os190
Pt196
Th230
Th232
U232

U234
U'236

U'238

Pu238
Pu240

0.032
0.034
0.0075

~ ~ ~

0.60
~ ~ 0

0.74
~ ~ ~

0.42
~ ~ ~

0.31
0.43

0.013
=0.02

0.0076

~ ~ ~

1.3~0.6
~ ~ ~

1.0
1.1
1.33

~ ~ ~

1.0~0.3
0.1+0.03

.3

.60

&0.65

0.077 0.03

~ 4 ~

3.2X10-2
1.3X10 2

6X10-3
2.4X10-3
5.8X10-4

~ ~ ~

1.3
&0.5

~ ~ ~

~ ~ ~

0.09

Re 61
Re 61
Re 61
Sa 62
Sa 62
Sa 62
Sa 62
Sa 62
Bj 63
Re 61
Re 61
Bj 63
Re 61
Re 61
Bj 63
Bj 63

sition probabilities in deformed nuclei are enhanced by
several orders of magnitude over the single particle
values, it can be seen that for high Z the monopole
transitions wiH compete favorably with the E2 gamma-
ray transitions.

In Table II—6 are listed the L~'0/E2 ratios as measured
and predicted by theory. To date no monopole tran-
sitions between negative-parity states have been re-
ported.

The next multipole orders are the electric and mag-
netic dipole transitions. However, since the electric
dipole operator can be directly related to motion of the
center of charge and since we have assumed that the
center of mass (and also charge) is at rest

I
this is done

by omitting the X= 1 terms in Eqs. (I—5L, B)7 it should
be expected that in deformed nuclei the E1 transitions
should conform to the single-particle estimates (Bl 52) .
There is, however, one well-known case in which an Ei
transition is hindered by a very large factor —this is
the isomeric transition in Hf" from the 9—state
at 1142.9 keV to the 8+ state at 1085.3 keV. This is
an excellent example of K-forbiddenness in the sym-
metric-core model which is quite applicable here since
there is but one L=2+ level in this nucleus. 'The 8+
level is then the fourth excited level of the E=O
ground-state band and its state function can be written

i
I=8, M, K=0+)=Cr(X) (17/8m')'D~pg(ii, ).

The initial state must be the 6rst number of a K=9-
band since no other negative-parity states have been
observed at lower energies. This state function is then

~I=9, M, a=9—&

=C';(X) (19/167rg) gTDgpIg(8i) Dgpl g(8;) 7, —

where the functions C (X) represent all other parts
of the state function except the rotational part. The
transition probability then contains a factor which is
the square of the integral over the rotational parts of

the state vectors of the form

which is identically zero as
~

v ~(1. Thus for the tran-
sition to take place at all there must be some slight
K-band admixture in either or both states. The failure
of the transition to be allowed is due to the fact that
K-quantum numbers do not overlap. From the known
properties of the Clebsch —Gordan coefficients, in-
tegrals of the above type do not vanish if 2 K&). The
degree of E-forbiddenness has been characterized by
the number v (Al 55),

(II-32a)

the larger v the more the transition is inhibited. For
the Hf' isomeric transition v=8 and the transition
is much slowed. Other similar, very slow E-forbidden
transitions have been reported (Sc 57) .

Magnetic dipole transitions are forbidden in even
nuclei for these collective models. In this case the
operator p is

in units of the nuclear magneton, where g& is the gyro-
rnagnetic ratio which for the collective model is taken
as Z/A as it is for the liquid-drop model (Wa 39).
Since the components of the operator L are stepping
operators in an angular-momentum representation we
have that for the laboratory components

L„)LM)
= (—1)gf L(L+1)7&C(L1L;M+p, —p, M) i LM+iI, )

(II—33)

so that for the strict symmetric model, Mi. transitions
are forbidden between levels even when permitted
by the spin and parity selection rules. The case for
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TABLE II—7. The experimental ratio of transition probabilities
for magnetic dipole to electric quadrupole transitions between the
(22) and (21) levels in deformed even nuclei. This ratio is some-
times given by 8 where

s2 =0.7 LE(22) —E(21)]28 (E2:22-+21)/E (M 1:22-+21).

We now turn to electric quadrupole transitions which
occur either between states of positive parity or states
of negative parity. The part of the operator with the
largest matrix elements is (B1 52)

Nucleus

Sm'"
Dy160
182
+f184
Os"6
Ps'8
OS190
Pt192
Pt194
Pt196
Th228
Th232

T(%1)/T(E2) X10 '

2.0
3.6
6.4
0
1.0
0.3

(25
5.3
1.0
5.3
0
0

ra'&2„((lr, qt)Pr*P' &r,

with the sum running over the protons of the nucleus
and the integral over the entire space in which the
initial and final nuclear state functions P; and fr are
de6ned. The matrix elements for the transition are

TABLz II—8. The measured gyromagnetic ratios of the excited
states of even nuclei. These should be compared with the Z/A
value which is also given.

the asymmetric model is similar: the only possible tran-
sitions are for AI.=0 but then AE'= 2. Equation (II—3)
for the stepping properties of I. in the principal axis
system shows these transitions to be forbidden also.
Thus 351 transitions are absolutely forbidden in col-
lective models for deformed even nuclei. That this is
conhrmed to a high degree is to be seen in Table II—7
where the ratio B(M1; 22~21)/B(E2; 22—+21) is very
small for such nuclei.

This feature of collective models that the 3f1 tran-
sitions are zero for even nuclei depends only upon the
stepping properties of the angular momentum opera-
tors, Eq. (II-3) and (II—33), and not on their par-
ticular form. In their original paper Davydov and
Filippov (Da 58a) derived a relation for the ratio
B(M1; 2 ~221)/ B( E;222—+21) which was not iden-
tically zero. Several authors have commented that this
result is wrong (Ta 59, Ta 60, Ta 62); however, Lipas
(I.i 64) in a detailed discussion shows that the error
in Ref. Da 58a was to take the magnetic dipole operator
to second order in the n2„while taking the angular
momentum operator only to erst order. As a result the
ratio of reduced matrix elements, B(M1)/B(E2), is
of order

~
n» j' as might be expected. Had they taken

the angular momentum operator to second order their
matrix elements would have vanished. Unfortunately
the uncritical use of these results of Ref. Da 58a is
found elsewhere (e.g. Pr 63, Gr 63).

The static magnetic dipole moment, (p), for even
nuclei is (lr)=gzL and is zero for the ground states
of even nuclei. Recently, it has become possible to
measure the magnetic dipole moments of the excited
states of nuclei, which for even nuclei yields a direct
experimental determination of the collective gyro-
magnetic ratio gg. Table II—8 gives the excited-state
gyromagnetic ratios for a number of these nuclei. In
general these are for the first excited state (2'). With
few exceptions, the experimental value of gg is well
below the Z/A value usually assumed for collective
motion. This difference has also been explained by the
effects of the pairing correlation (Ni 61a) .

Spin of
Nucleus state Z/A Reference

Fe'6
Nd"0
Sm'"
Sm"4

Q.d154

Qd156

0yl60

Er166
gb172
Hf 178

Hf180

~182

QT18$

OS186

Os188

Pt192
Hg198

+0.53~0.16
0.22~0.04
0.350~0.03
0.21~0.04
0.31~0.05

0.367~0.03
0.320~0.03
0.28~0.08
0.31~0.03
0.304~0.034
0.29~0.02

0 371~0 032
0.5+0.1
0.285+0.042
0.193+0.018
0.207~0.016
0.38~0.05
0.292+0.027
0.316~0.028
0.30~0.08
0.29%0.03
0.20~0.02
0.23~0.03
0.27~0.07
0.38~0.11

0.464
0.400
0.408
0.403

0.416
0.410
0.412
0.410
0.407
0.404

0.400

0.407

0.402

0.398
0.409

0.404

0.406
0.404

b
c
b
c(Fig.
12)
c
c
d
q
r
c(foot-
note 33)
c
c
f
g'

g
h
g
3
k
l
n
p
s
m
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of the form

(f I
2'2»

I 2&=eZ( —1)" "&LfMf ID'-.—.(82) I L'M'& ef*(r) Z r"Y2 (8A v") 0'(r) dr.

Since all of the rotational models introduced to date have only even K-bands (this is true not only for the
models of positive-parity states but those of negative-parity states as well) 2 is only even, so these matrix
elements become

&f I
2'2» I2&=e(—1)'I &LfMf I

D' ,o(8;)-I L'M'& 4*f(r) QrA2Y2o(8A, ((e)e,(r) dr

+ (LfMf I
D'-.-2(82) I

L'M') ()I2*f(r) p rI.'Y22(8)6, ()2e) g'(r) «

+ &LfMf I

D' .2(82)-I L'M') It)*f(r) p rA'Y2-2(8)2, 6f)6)e'(r) dr}

=e(—1) I (LfMf I

D' »()(8;) I
L,M, ) (t'*f(r) Q rA'Y2()(82, (f)2)y, (r) dr

+2 &LfMf I D'-»-2(8f)+D'-»(8f)
I

r-'M'& It) f(t) Z re L Y22(8, , If))+Y2 2(8)6, (f2)]y, (r) dv

z
+2 (LfMf I

D' „2(8,) D',2(8;) —
I L;M;) g*f(r) g r)6'I Y22(82, yk) —Y2 2(8)6, yA) ]g, (r) dr}. (II—34)

1(;=1

This last term is zero since the rotational matrix element

(LfMf I
D' „2(8;) D' „2(8;) I

—L,M;)

vanishes both for the A and the 8& representations.
If the charge distributions are assumed to be the same in initial and 6nal states we may replace the

integrals over the nuclear volume by the components of the quadrupole moment tensor

Q„=e(162c/5) Q It)*(r) re'Y2»(8A, q A) y(r) dr,

Q() then being the intrinsic quadrupole moment of the nucleus. A simplification of Eq. (II—34) is obtained
by introducing new quantities Q»()

Q. = (5/64 )'(Q,+Q-,)

which are, of course, model-dependent since theory depends explicitly upon the nuclear charge distribu-
tion and shape. (The Q»() are identical with the i'e» defined in Ma 61 and are the same quantities defined in
Em 63.) Thus Eq. (II—34) becomes

(f I
2'.

I )=(—1)"I(LM ID'-. (8) IL'M')Qoo+&LM I
D' . (8')+D' . (8-)—IL'M')Q-o}

2L~+1)&=a(—1)»
I
C(L~2Lf,. —M;, —f, —Mf)2Lf+1i

Ap~&Api
X + L1+(—1)Df]I 1+(—1)D']C(L,2Lf, 000) ~(—1)i'+Df g A,DfA, C(L;2Lf, K;, 0, K~) Q„

Ki)0

+ A()if AP C(L;2Lf, 2—20) + 'A2Df A()D'C(L;2Lf, 022)

6, (—2)i»iz g

A~I'Azine

[C(L 2Li. II 2 e~)+C(L 2L~; II;, —2, IIy)2 ()„}, (II—36)
Ks)O, Ky&0
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where the upper sign is for transitions between states
belonging to the A representation (positive parity)
and the lower sign is for transitions between states
belonging to the Bi representation (nega, tive parity).

Mailman (Ma 61) has calculated the reduced matrix
elements for E2 transitions from Eq. (II—36) forI, &6 and has compared his theory of a general
asymmetric, rigid rotator with experimental values
from 23 nuclei. {As many as 10 branching-ratio pre-
dictions have been compared. ) In this process he as-
signs values to Q00 and to Q00 the latter through the
ratio r=&2Q00/Q00. In general he finds good agreement
with theory and in particular the values of r are in
many cases quite close to the hydrodynamic value.

In the hydrodynamic model if one assumes that the
nuclear charge is uniformly distributed then the quad-
rupole moment tensor components of Eq. (II—35a)
become

3Z8Q„=, r'Y0„(8, &p) dr
Eo' 5

'
[3ZeR0'/(5m-) &jr», (m+)

(II—35b)

12:ZeRO'
Q u0, a0,C(323; ~i ~), (~—).

5 m

Thus, for each case

3ZeRO
(&»+~&—0) ~

Sx

3ZeR
43m'' .., Q a„a,„[C(323)xptr)+C(323; a—po) j, (~ ).

The electric quadrupole operator is a first-order opera-
tor in the a» for the quadrupole (0.+ states) surfa, ces
but a second-order operator for the octupole surfaces.
The E3 operator, is a first-order operator in the a3„.

Gregoriev and Avotina (Gr 60) have compared the
predictions of the asymmetric-core model using the
hydrodynamic moments of inertia with experiment and
fixed values of P and p. In this study the asymmetry
parameter p has been picked to fit the measured energy
levels. Only two branching ratios

B(E2:22—+21)/B(E2: 22—+01)

B(E2:31—+41)/B(E2: 31—+21)

have been used. Of the 24 nuclei studied, 18 have such
measured ratios. In general, the predictions of the
model are close to the experimentally observed values
with few exceptions (two notable ones are Os'" and
Pt'" where theory and experiment differ by more than
50%). Van Patter (Va 59) in an extensive survey of
the E2 transitions from the 2+ states in even nuclei
finds striking agreement between theory and experi-
ment especially for the branching ratio

B(E2:22—+01)/B(E2: 21—+01) .

For the case of the symmetric model, transitions
within the ground state band (E=0) are governed by
the 6rst term of Zq. (II—36) while transitions within
any other band are governed by the second term. On
the other hand, transitions between the ground state
and the "gamma vibrational band" are governed by
either the third or fourth terms. Thus the branching
ratios within a band or from one band to another are
proportional to the ratios of squares of Clebsch —Gordan
coefficients. Ratios for transitions from different bands

[as the B(E2: 22—+01)/B(E2: 21—+01) mentioned
abovej are not given completely by this model because
the elements of the quadrupole tensor Q„0 are inde-
pendent fitting parameters and are not related as they
are in the asymmetric model with hydrodynamic
moments of inertia. Again surveys show this model is
fairly successful in predicting the experimentally ob-
served ratios (Sh 60). However, certain cases are not
explained by this simple theory but can be explained by
assuming the mixing of the E=O and K=2 bands
(Gr 59). The reduced matrix elements for the decay
between these two bands will then have a contribution
from the second term of Eq. (II—36) as well as from the
third and fourth terms. If the amount of K=2 band
mixed into the E=O band is e then clearly a new pa-
rameter is needed in the theory involving the ratios of
the elements of the quadrupole tensor. This parameter
is defined as

0Q00/Q20

and the effects of the band mixing on the branching
ratios between bands will be

B(E2:—+22—+20) 10 1+2Z '
B(E2:—+22~00) Z 1—Z

where the notation is B(E2: Z;E,~ZrÃr) . (This
band mixing is not identical with the E-band mixing
occurring naturally in the asymmetric top problem
in which all E bands with E&L,„enter into the
problem. Actually, however, the strength of the higher
E bands in the state functions of the lower lying levels
in the asymmetric-top model with hydrodynamic
moments of inertia is very small so that this technique
is a very good approximation to the asymmetric-top
model. ) Comparison between the model and experi-
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ment has been made for 12 nuclei in the deformed re-
gions assigning values of Z to each for various B(E2)
ratios with L,„&4.The agreement between Z values
assigned from different ratios for a given nucleus is
fairly good although for some nuclei the agreement is
very poor being outsid. e experimental error (i.e.,
Sm"' Er' ' and Th'") (Ni 61).

This band mixing causes a shift of the energy eigen-
value by the amount t Eq. (II—30b) j

hE= c' L'( L+1)'LE(22) —E(21)]
and is therefore of the form of the energy shift due to
the vibration —rotation interaction. The survey shows
that this shift is smaller than the coe%cient b of Eq.
(II—11).

In general the reduced matrix element for E2 tran-
sitions can be written as

B(E2z Lz~Lr) =B(E2:Lz~Lg), f(Z, L;, Lf)

with B(E2:L, +Lz), being—for transitions between pure
E bands. Reference Li 62 gives tables of f(Z, I.;, Lf)
for transitions between the P band (zzzz=1, n~=O) and
the ground-state band (zzs

——zz~=0) with and without
P~ coupling and for transitions between the y band
(zzs ——0, v~=1) and the ground-state band with P—y
coupling. In this reference comparison between theory
and experiment is made for the nuclei Gd"' and W'"
the conclusion being that the coupling is not su%.cient
to account for the L'(L+1)' corrections to the rota-
tional energies. However, a similar but much more
detailed symmetric-model calculation with this K-band
(or rotation —vibration) interaction (Fa 64) does yield
results between theory and experiment in the de-
formed regions comparable with the asymmetric
model. Near the edges of the deformed region, es-
pecially for the osmium isotopes, the former model gives
a somewhat better fit to the reduced gamma-ray
transition ratios. This is achieved by including terms
through second order in the collective Hamiltonian
even though the surface is only expanded in lowest
order spherical harmonics. This would seem to be in-
consistent since there is evidence that first order
V4„(8, q) terms are of comparable magnitude to second-
order quadrupole terms (see Sec. IV A).

Since the reduced matrix elements are the most
model-sensitive measurable quantities, they should
yield the most insight into the structure of these nuclei.
An extensive comparison of experiment with these
several models has been made in the osmium region
(Em 63) and the data seems to support best the sym-
metric top model with a modicum of band mixing.
However, the P vibrations alone can cause considerable
shifts in these ratios of the reduced matrix elements
(Da 63) which effect has not been included in these
studies.

Experimental information concerning the branching
ratios for E2 transitions between negative-parity levels
is quite sparse. To date only two nuclei have measured

TABLE II—9. Intrinsic quadrupole moment Qo, deformation
parameter P and ratio of experimental to rigid moment of inertia
for deformed even nuclei. The rigid moment of inertia is given
by 8»g=gAMg02(1+0. 31p) while the experimental moment of
inertia is usually obtained from 0'0= 35,2/E(21) .

Nucleus
Qo

(barns) Reference

Sm"0
Sm"2
Sm"'
G.d154

G.d156

Gd1«
G.d160

0y160

D y162

D y164

Er164
Er166
Er168
Er170
+b170
Qb172
gb174
Qb176

H f176

Hf'78If180

+7182
QT184

186
)s'86

OSI88
OS190
OS192
Pt194
Pt196
Pt198

Ra
Ra224
Ra226

Ra228

Th226
Th228
Th280
Th232
f/234
U230

+232
U234

+236
U'238

Pu"'
Pu"0

3.65
5.86
6.83
5.88
6.79
7.41
7.65
6.72
7.19
7.55
7.14
7.56
7.60
7.42
7.48
7.72
7.72
7.60
7.8
8.1
7.1
7.5
6.7
7.08
5.61
5.33
5.0
4.5
4.41
3.56
3.7
6.63
6.21.
7.22
7.79
8.25
8.47
8.80
9.25
8.93
9.46
9.98
9.77

10.35
10.52
10.95
11.26

0.184
0.290
0.336
0.280
0.320
0.346
0.354
0.301
0.320
0.334
0.306
0.323
0.320
0.310
0.304
0.311
0.308
0.301
0.30
0.31.
0.27
0.28
0.25
0.259
0.201
0.191
0.18
0.16
0.152
0.122
0.13
0.184
0.171
0.197
0.212
0.220
0.225
0.233
0.243
0.233
0.245
0.257
0.251
0.263
0.268
0.271
0.278

0.147
0.380
0.551
0.373
0.498
0.547
0.561
0.490
0.512
0.558
0.456
0.496
0.496
0.484
0.455
0.477
0.475
0.445
0.41
0, 38
0.38
0.34
0.31
0.272
0.247
0.214
0.18
0.16
0.0972
0.0890
0.076
0.223
0.291
0.351
0.400
0.330
0.403
0.433
0.450
0.467
0.443
0, 470
0.516
0.485
0.480

. 0.493
0.488

El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
El 60a
Ad 56
Ad 56
Ad 56
Ha 56
Mc 61
Mc 61
Em 63
Mc 61
Mc 61
Mc 61
Mc 61
Mc 61
Ad 56
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60
Be 60

E2 branching ratios between these negative-parity
states, these being W"' (Ha 61) and Th"s (Ar 60).
The experimental papers apply the symmetric model
to these levels fairly successfully in the case of Th"
but considerably less so in %'82. In this latter case an
attempt to extend the coupling of symmetric octupole
and quadrupole surface vibrations to explain the spec-
trum as well as the branching ratios has been rather
unsuccessful (Li 62). The only other study made use
of the results of Eqs. (II—36) and (II—35b, zr ), that
is the asymmetric-core model with hydrodynamic
moments of inertia but without the vibration contri-
butions to the branching ratios (Da 62). The com-
parisons between theory and experiment are generally
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within experimental error and thus may also be said
to support this model. No extension of the band mixing,
symmetric-top model has been proposed for these
states. Much more information on the odd-parity
levels of even nuclei is needed before a definite choice
can be made.

Electric octupole transitions occur between even-
and odd-parity bands. A few E3 transitions have been

measured in the deformed regions (Ha 61) (the pref-
erence, of course, being for Ei emission followed by
E2 transitions) and there is also some evidence for
E3 Coulomb excitations (El 60). Since the even-parity
rotational states belong to the 3 representation and the
odd-parity states to the 8& representation, the reduced
matrix elements B(L~'3: L,~Lz) contain terms of the
form

(LzMpr+
~

T3p
~

L;M;7r )—
=e(—1)& Q (—1)"(IzMzzz+

~

D „„3
~
L,M;zr )P z —Q r18Vg, (01„pa)g, dr

=e(—1)" (LfMz7z+
~

D „0'
~

L;Mp)Q*.z
—g r~'Y~o(8z, yz)P;dr.

+ (LfMfzr+ I
D u 2+-D-"I-L'M Ir )y*z—g «"[Iz»(e~, v ~) + F3-2(t k v~) 3y' dr

2L+1 '* ApLfApLi= e( —1)" — C(L;3Lz. M, IJ, Mz—)—— [1+(—1)~z]L1—(—1)~~jC(L;3Lf j 000)
2Lz+1 2

—( —1) '+ z Q Azz zzfzz ~C(LBLz ICzOKz) 00O
Kf&0

g Lfg Li g Lfg L

+ L1+( 1)zzj C(L 3Lz 220) + ." ' [1 ( 1)z,)'C(L 3Lz. 022
2v2

* '
2%2

where

—(—1)~z+ ~ Q Ax zAx ~LC(L;3Lz, IC;, —2, Kz)+C(L;3Lz, E;, 2, Kz)] 020 )

Ãf)0 Ki)0

Q„o= (7/64m)'(0„+0 „)

0,= (16m/7) l
( g "z Q rra Yg„(gp, q g) P, d7

k=1

For surfaces given by Eq. (I—SB) assuming the nuclear
charge distribution is constant and the same in the
final as the initial state then these octupole terms can
be given explicitly. While these integrations should
be carried out from the origin to the smaller of the
quadrupole or octupole surface, within the approxima-
tions generally used it is probably sufhcient to carry
out the radial integrals from zero to the mean surface
(Da 62) . In this approximation the operators in lowest
order are

Q„= (3ZeRO'/Sm-) a3„.

Tentative L&'3 transition assignments have been made
in W'82 (Ha 61). Generally speaking no higher electric
transitions have been observed between the lower
lying levels of the deformed nuclei. The theory of these
transitions can be developed in a manner analogous
to that already given.

Finally, Lipas (Li 63) has made use of the collective

model of octupole vibrations about a spheroidal equi-
librium shape (I.i 61, Li 61a) discussed before to cal-
culate E2 and E3 transitions involving the various
vibrational states. From the empirical data he was
able to determine the mass parameters 82 and 83.
For the former the values calculated for transitions
from the beta to ground-state band are in poor agree-
ment with the values calculated for transitions from
the gamma to the ground-state band, which is exactly
what has been found in more recent experiments by
Greenberg et al. (Gr 63a) in Sm"'. Lipas has also cal-
culated the reduced A~1 transitions (Li 63) by dropping
the requirement that the centers of mass and charge
be coincident by postulating the relative displacement
of neutrons and protons which is analogous to the
models discussed. in Sec. V. The calculated transition
probabilities are an order of magnitude smaller than
experiment.

The static electric quadrupole moments are simply
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proportional to the diagonal matrix elements of the
operator T~„~. The quadrupole moment as measured
in the laboratory, Q, is related to the intrinsic quad-
rupole moment Qo by

Q= LL (2L —1)/(I+1) (2L+3) jQo

so that the measured quadrupole moments of all even-
even nuclei in their ground states will be identically
zero. The intrinsic quadrupole moment is not nec-
essarily zero, and can be most easily measured by
Coulomb excitation (Ad 56). For the symmetric-top
model the Coulomb excitation of the 6rst excited
state yields the intrinsic quadrupole moment directly,

B(E2:01—+21) =(5/16ir) eQ o

and is the way most of the moments are determined.
Table II—9 shows the values of the intrinsic quad-
rupole moments of deformed even nuclei measured in
this way. Also shown is the value of the deformation
parameter p which is related to Qp by

Qp ——
t 3/(Sx) «7ZRp'(1+0. 16P)P (II-36)

and a comparison of the experimental moment of
inertia (for the symmetric theory)

~x= 3' /Z(21)

with the rigid moment of inertia

8„o ', AM——R—p'(1+031P).
The ratio d/8„, should be compared with the ratio

dg~e„/d„. o
——45P'/16m (1+0.31P) .

That the experimental moment of inertia is greater
than the hydrodynamic moment of inertia arises from
the contributions of the pairing force (Be 59). How-
ever, in the collective model the moment of inertia is
a fitting parameter Lin the asymmetric model the
similar parameter is ~pip= (Ci/&g) «j.

III. COUPLING OF NUCLEONS TO THE CORE

A. Models of Odd-A Nuclei

In his paper on the collective model, Bohr (Bo 52)
discussed the coupling of a single nucleon to the core.
Later, he and Mottelson (Bo 53) applied the model
to discuss such nuclear properties as beta and gamma
transitions as well as static moments. Probably the
most successful form of these models are the strong
coupling ones. Intermediate coupling has been treated
in the above papers and elsewhere.

The core, and hence the potential well in which the
extra nucleon moves, is assumed to have a permanent
average deformation and any oscillations of shape which
take place have sufficiently low frequency to permit
the particle to follow adiabatically. In the strong
coupling limit the motion of the extra nucleon is exactly
the same in the body-fixed fram. e as that of a nucleon
moving in a spatially fixed potential well.

The picture of a single particle coupled to a core

formed by all of the other nucleons has the advantage
of simplicity; however, a model where several nucleons
outside a closed shell are coupled to a deformed core
might be equally valid. Since this latter picture is more
difficult to treat mathematically in a nontrivial way,
it has been seldom used (Fo 53) and we confine our
comments to the single-particle model.

The total angular momentum of the nucleus I, a
constant of the motion, is now the sum of two parts,
L, the core's angular momentum, and j, the particle
angular momentum, where

I=L+j. (III-1)
Strong coupling then implies that

Pi, Ioj=—i7o, cyclically
but

L j&,jo j=+ij o, cyclically.

It is customary to take the projections of I and j
along the 3-axis to be K and 0, respectively, while the
s-component of I is M. Since the potential in which
the particle moves is, in general, neither spherically
nor axially symmetric, j', 0, and E are not constants
of the motion. When the system possesses an axis of
symmetry it is reasonable to assume that the core will
behave like a deformed even nucleus having a similar
symmetry for which we saw that, at least for the lower
lying levels, La=0 whence E=Q and are constants of
the motion.

The Hamiltonian of the system now contains two
terms, one being the kinetic energy of rotation of the
core (assuming for the moment that core vibrations
can be neglected), while the other is the Hamiltonian
of the extra-core nucleon:

H=o&'Q( Ilp&.)+( p/ 2m)+ V(rl, s)

= (fi,'/2) g (I ' 2Ij +j z') 8—
+ (p'/2m) +V(r, 1, s), (III-2)

where the possibility that the potential might be de-
pendent upon the extra nucleon's orbital angular mo-
mentum 1, and spin s, has been included.

If one further assumes that odd-2 nuclei possess an
axis of symmetry (s'i ——8o ——8p) this equation can be
put into a very simple form:

(III-3)
where

HIe= (fi /28 )LI(I+1)—2E ] (III—4a)
H„= (P'/2m) +V(r, 1, s) + (fio/2do) j' (III-4b)
H.= (—fi'/&o) (Iij i+Ipse) = (—P/2&o) (I+j +Ij+), -

(III-4c)
the & referring to the usual stepping operators 0+——

0&~i02. The term H, has been called the "rotation —par-
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ticle coupling" (RPC) term (Ke 56) which it in fact
is not since Hg is not the rotator-Hamiltonian nor is
H„ the particle Hamiltonian. A true rotation —particle
coupling term would be of the form L j. However, H,
is of the form u- j which classically can be thought of
as a potential term giving rise to the Coriolis force, a
characterization which seems preferable here.

If the particle is tightly bound to the core, the par-
ticle levels in the potential U(r, I, s) are rather widely
separated when compared with the spacing of the ro-
tational levels of the core. Under this circumstance the
off-diagonal matrix elements of H, are small and may
be neglected in first order. Qualitatively then, the level
structure of a symmetric, deformed, odd-3 nucleus
consists of bands of rotational levels each built upon
a separate particle or intrinsic level. The level sequence
is determined by Q(=K) so that the band will contain
levels with angular momentum I=K, K+1, K+2, ~ ~ ~ .
In the approximation that H, can be neglected Hg
and H„commute and the state functions are

I
»MK&=

I
IMK& I n=K&,

where the
I
IMK)=Der'* are the solutions to the

rota, tor problem and the
I

Q&=XD are the solutions of
the problem

Hexa= &~xo (III-5)

For a spherically symmetric potential, j' is a constant
of the motion and the eigenvectors

I jQ& form a com-
plete set so that we can expand xg in terms of them

I
fl&=aC~a I

jfl&= Z Chaos a'I jn'&r„(III—5a)
jQ~

where I jQ'&r, are the laboratory state functions. Again
making use of the symmetry properties under the
transformations TI and T2' the appropriately sym-
metrized state functions have the form (Bo 52)

I
»MK&= (1/~2) 2C,'L I IMK) I j&)

+(—1)'-
I
IM K& I j—fl&] (»I-—6)

where in every case K—0, Q&0, must be even (for
axial symmetry K=0) .

The resulting energy is then

E(I, E) = (P/2yo) LI(I+1) 2K'—]+F~(K) (III—7)

with I)E=D and E~(K) is an appropriate eigenvalue
of H„defi ned in Eq. (III—5). It is only necessary to
specify the potential function U(r, 1, s) in H„ to solve
the eigenvalue problem for then not only the F„(K)
but the C,g are determined.

It is possible to compare theory with experiment
without actually determining the solutions to the
particle problem if the extra nucleon is so tightly
bound to the core that AF~(K )=E„(E2')—F( K)i))
AF(I, K), where

AF.(I, IC) =E(I, K) —L(K, E)

= (fi'/2do) Ll (I+1)—K(K+1)]. (III—Sa)

A nice example in which such a simple description of
deformed, odd-A nuclei does agree with observation is
found in the low-lying states of U"'. Kith the energies
of the various levels one can use Eq. (III—Sa) to de-
termine the inoment of inertia parameter 5'/280 the
mean value being 5.75 keV (it is perhaps more useful
to use this parameter, P/250 in keV or MeV than the
moment of inertia do in g-cm ). It is interesting to
compare this value of the moment of inertia parameter
with that of neighboring even nuclei. From Table II—9
we have that for U'" 5'/28o has the value 7.8 keV
while for U" it is 7.3 keV. This supports the original
suggestion of Rainwater that the outer nucleon does
indeed polarize the core—in this case it increases the
deformation.

Despite the strength with which the odd nucleon
is coupled to the core, the Coriolis term H, does connect
sta, tes diagonal in Ko=2 augmenting Eq. (III—8a) by
an additional term. The matrix elements of H, are

(FIMK'
I
H,

I
EMIK&= —(5'/28p) gC*;a CyaIL8rr, rr i

+ ( —1) '~rc, —(z—ii]L(I+K) (I—K+1) (j+K) (2 K+1)]*

+DI E) (I+K+1)(j E—) j(+K+1)]—-'*Sinai rr~, }. (»'I—9a)

Only for E=—,'bands does the second term contribute
and it is customary to write for them

where the "decoupling parameter" a is de6ned as

~=—Z( —1)"'(j+2) I Ci-: I'. (III-9c)

Therefore Eq. (III—Sa) becomes, with the addition

(»M-'
I
a, I

»M-' &= (—1)'+-:(fi'/2~, ) (I+-,') a,

(III—9b)

of these diagonal terms,

DE(IK) = (fi'/2dp) II(I+1)—K(K'+1)

+~5(—1)"-:(1+2)+1]~~„}.(»I-Sb)

Equation (III—9a) shows that H, connects two ro-
tational bands for which ~E= j.. If the extra-core par-
ticle is suKciently tightly bound that these bands are
well-separated in energy, then the e6ect of H, will
clearly be small. However, if the particle is rather
loosely bound, then these bands overlap strongly and
the corrections due to H, are important.
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TABLE III—1. Parameters for Z-band mixing in a number of odd-A nuclei. The parameters are defined in Eq. (III—10) .
Band parameters for the case of no band mixing in these same nuclei are given in Table III—2a, b.

Nucleus
(3h.'/if p) x

(keV)
(3&'/&o) x+i

(keV)
E K

(kev)
E K+1

(keV)

Gd153
Tb159
Erl63
Yb177
Hf177
W182

Os185
Cm'4'
Bk"9

60.00
71.04
71.64
92.40
66. 12
97.84
98.64
35.82
31.20

31.20
67.80
72.90
58.80
90.72
81.30
92.70
37.26
31.20

7.50
6.85

113.3
332.0
550.2—1.32

3.21
257.0
412.5

140.0
388.4
46.30

706.6
591.2
208.3
194.1

2.38
49.05

~ ~ ~

0.185
~ ~ ~

0.169
3.65X10 '

11.75
10.00
5.00

31.40
38.00
23.25
19.31
8.5

15.00

To obtain an analytic expression of the effect upon
the energy eigenvalues of two such K bands one can
simply diagonalize the matrix

(H, H)

EH, Hj
which leads to the secular equation

E(I, K) E(K [—H, I K+I)
=0

(K+1
~
H,

~
K) E(I, K+1)—E

the solutions of which are

E(I) =- E(I, K)+E(I, K+1)
2

connected by H, and, since they overlap strongly, the
effect is important. Figure III—1 shows a comparison
between the measured energy-level structure and the
values calculated from Eq. (III—10). In Table III—1
are listed the various parameters for a number of odd-A
nuclei in the deformed regions. For nuclei with more
than two K bands (such as Lutrs), a similar calculation
can include the interaction between all of the bands
which are connected by H, .

The question of vibrations can be handled for these
models of odd nuclei in exactly the same way as even
nuclei. Thus Eq. (II—11) can be immediately extended
to odd-A nuclei; keeping only diagonal terms in H,
as well as the rotation —vibration term, Eq. (III—7)

2 K 1 H, K
&AE 1+ . (III-10)

AE

BE=E(I, K) —E(I, K+1) and (K+1
~
H,

~
K) are

the matrix elements of Eq. (III—9a) and may be con-
veniently written as

(K+1 I H,
i
K)= Ax[(I—K) (I+K+1)]' (III—10a)

with

A = (5'/W, ) gC*,x—+t~,x[(j K) (j+K+I) ~—'

9/2-

7/2—

— 554.2
(556.4)

4I2. I

(413.2)

— 29I.7
(29I.S)

9/2 ——

7/2 —— 453.I

7/2- [503j

— 308.9 9/2+ —— 309.5
(306.6) 9/2+ f624]

(III-ioh) 3/2 - - — 208.8
W2"L5I2j (208.8)

7/2-— 207.0
(206.0)K is no longer a good quantum number (even though

the core still possesses axial symmetry); however, if
the extra core particle is lightly bound then dE will

be large and E will be "approximately" a constant of
the motion.

This calculation was first applied to W"' with ex-
cellent results (Ke 56). The level structure of this
nucleus consists of two rather complete bands (K= s
and K= as ) and individual members of two others
(K= rsand K'= as+) below about 0.6 Mev, the ground-
state band being E=-,' with the head of the K=-,' band
being at 0.209 MeV. The other two bandheads are
at 0.453 and 0.309 MeV. Thus the lower two bands are

- 99.I

(99.02)

46.5
(46.49)

I/2— 0
I/2- t5I0]

FIG. III—1. Experimental energy levels for W"'. The numbers
in parenthesis are calculated from Eq. (III—10) v ith the param-
eters (fi'/rfe)t=16. 307 keV, (M/se)g=13. 550 keV, a=0.1691,
Ep= —1.320 keV, EP=208.27 keV, Ag =23.253 keV. The experi-
mental values are from Ref. Ha 62.
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becomes

E,(IE) = I'„(K)

+ (5'/28O) P (I+1)—2E'+ (—1)'+ (I+-,') abler, )$
—bP(I+1) —2E'+ (—1)I+'(I+ ', ) a-Sir, i)'.

(III-7a)

We now turn to the extra-core particle problem. We
confine attention to a rather strongly coupled particle
moving in an axially symmetric potential. Then the
Schrodinger equation defining the problem is given
by Eqs. (III—4b) and (III—5), the solution of which
depends only upon assigning the form of the potential
function V(r, 1, s). There have been many solutions
carried out using various deformed potentials, and the
resulting eigenvalues show essentially the same qualita-
tive features. The earliest calculation was that of Hill
and Wheeler (Hi 53), the potential being an ellipsoidal
one without spin-orbit coupling. Moszkowski (Mo 55)
solved the particle problem using an infinitely deep
spheroidal potential (the spheroidal box) with and
without spin —orbit coupling. Gottfried (Go 56) used
a finite spheroidal well with spin —orbit coupling, and
recently Lemmer and Green (Le 60) used a nonspheri-
cal, velocity-dependent potential with a diffuse edge.
This latter calculation was a perturbation calculation
in the deviations from spherical symmetry while the
rest were exact calculations, the Hamiltonian being
diagonalized by machine.

The most used calculation is that of Nilsson (Ni 55)
who used an anisotropic harmonic oscillator potential
with spin-orbit and P terms of the form

U= —,'mLco. '(x'+y') +~,'s'J+ Cl s+Dl'. (III-11)

The P term has the effect of depressing the high an-
gular momentum states which is in keeping with the
notion that for higher A the single-particle potential
is more of a square well than an oscillator well. The
constants C and D were picked so that the level se-
quence for zero deformation reproduces that of the
shell model with its well-known magic numbers at
2, 8, 20, 50, 82, 126, ~ ~ . The results of this calculation,
eigenvalues and eigenvectors, have been tabulated and
published for symmetric deformations on the range

~ P ~
&0.3 for all of the oscillator shells with X&7

and the level sequence as a function of p has been
plotted (Ni 55, Mo 59).

The oscillator frequencies of Eq. (III—11) are re-
lated to the deformation of the core from the spherical
shape by

$p
——(m&uo/fi) &xp, p'= g $g', (III—12a)

the Hamiltonian becomes

Ho/A'(up=-, '(—V'+p') —Pp'FM(8, y) =Hpo+Hg.

(III—12b)

In picking a basis to diagonalize H, one in which IIpo
is diagonal is taken; however, there is some choice. In
one of these, the commuting operators are

and the base vectors are just
~

mi, e~, e3). Another basis
is formed from the commuting operators IIop 1 /3

and s& which have eigenvalues (1V+-,'), l(l+1), A and
Z, respectively, where

3

X= QnI, ——0, 1, 2, ~ ~ ~

/=Ã X—2 X—4 ~ ~ ~ 1or 0.

The base vectors are denoted
~
MAX) and this is the

system used by Nilsson and subsequent authors.
It is customary to replace the constants C and D

of Eq. (III—11) by new ones defined by

Then the nondiagonal terms of the single-particle
Hamiltonian are just

Hg+(1/A'~o) (Cl s+DP) = —Pp'Fqo(8, p)
—2d s—p~P. (III—13)

These operators will not connect oscillator states with
principal quantum number, T, differing by one unit
but will connect states in which AS=2. In the diag-
onalization of Eq. (III—13) Nilsson (Ni 55) has neg-

Here 8 is a measure of the deformation, ' and if the
nuclear surface is assumed to be an equipotential, then
8 can be related to p by

8= -'- (5/4s. ) &P—0.946P

(to first order). The oscillator strength is determined
by Sero and for an isotropic oscillator it is possible to
calculate the rms radius of a particle and relate this
to the nuclear radius X=I.2A&&(10 " cm, so that
L7p =AA ~ MeV. Nilsson has taken n =41, however,
Sero is actually an over-all scale parameter which is to
be determined for each nucleus after the levels have
been fitted.

Introducing the change of scale by

The constant volume condition implies that the product
co,2', be constant to first order in 8 which in fact yields

~ Various authors do not use the same definitions of b and in-
deed the definition may be different in different papers by the
same author, although to first order they are the same. A table of
relations between the various deformation parameters is to be
found in Ref. Mo 59. Here we follow the definition of Ref. Ni 55.
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lected all matrix elements not diagonal in N. In general
this is a very good assumption since levels with N
differing by two are separated by 25coo. However, for
large N and sizable deformation it is found that levels
obtained by the diagonalization process and differing
by two units in N do in fact cross. Nilsson has shown
that there is an alternative representation in which a
great deal of the effect of these nondiagonal matrix
elements can be taken into account so that such are
in fact altered.

Even with this assumption, the nondiagonal matrix
elements mix states with different values or /, A and
Z although Q=h.+2=jr and the parity (—1) ' remain
good quantum numbers. The diagonalization process
was carried out by machine with the values of K and

p so fixed that for zero deformation the shell-model
ordering of the states is obtained. (Kl 52); usually
x is considered fixed while p is a function of X (we
use year in what follows). In Ref. Ni 55 are tabulated
the energy eigenvalues and eigenvectors (not nor-
malized) resulting from this diagonalization process
with N&6, K=0.05 and po=p~=p2 ——0, pa

——0.35, p4 ——

0.45, 0.55 (normalized) ps ——ps ——0.45. The calculation
is for the range of distortions

~ P ~
&0.3 and the energy

eigenvalues are also given in graphical form. In Ref.
Mo 59 these tabulations are extended to the N= 5 and
7 shells with ps ——0.70 and pr

——0.40. For light nuclei,
a different value of K has been used with greater success
and a graph of the energy eigenvalues for N &3, K=0.08
and. deformation

~ p ~
&0.6 is given in Ref. (Li 58)

where the model has been applied to the mirror pair
Mg", AP'.

The Hamiltonian defined by Eqs. (III—12b) and
(III-13) which has been diagonalized is not the same
as the Hamiltonian Hs of Eq. (III-4b) since the j j
term is missing in the former. The effect of deleting
this term has been studied (Ch 63b) in the X=2
shell where an exact diagonalization of the complete
Hamiltonian of Eqs. (III-4) has been carried out as
well as the diagonalization with the j j term missing,
with the terms of H, missing, and with both left out.
The results for a deformation of P=0.2 are shown in

Fig. III-2. The levels numbered I are the result of the
diagonalization of the complete Hamiltonian, those
marked II the result of omitting the off-diagonal I j
terms, those marked III the result of omitting only
the j j terms, while the levels marked IV result from
the omission of both. For this shell (iV=2) and for
this particular deformation the effect of omitting the
j' term is noticeable but does not result in the reorder-
ing of the lower lying levels. For higher shells the
effect is more pronounced.

For very large deformations the 1 s and P terms in
Eq. (III—13) may be treated as perturbations so that
in zero order the eigenvalues are those of a pure aniso-
tropic oscillator. In this limit the energy levels may be
labeled by the quantum numbers N, e„A. and Z.
However, since Q=A+Z is always a good quantum

E

IV —-9/2

3.B-

3.6-

3.4-

3.2-

—-7/2

—- ——-5/2~~ -7/2esca
5/2
9/2

KSCR ..
. —-5/2

I/2
7/2—- 5/2—-3/2—-7/2

—- 9/2- ——3/2

- i/2

FlG. III—2. The results of an exact diagonalization of the eigen-
value problem defined by the Hamiltonian of Eq. (III—2) for
axial symmetry, (denoted by I) as compared with such a diago-
nahzation omitting the off-diagonal I j terms (denoted by II),
omitting only the j j terms (III), and omitting both (IV). The
total angular momentum of each level is given on the right.

number it is suScient to give only 0, N, e„A. The
parity is also usually included and the labeling con-
vention is Q, &$1V, m„A] (the parity is redundant
being plus or minus as X is even or odd) .

As an example, consider again W'83 which has 109
neutrons. Since each Nilsson level is doubly degenerate,
two particles can be put into each. The 109th neutron
is then to be placed in a level with spin and parity of
—,
' —which is only possible for a deformation of 5—0.2
and energy E/fs~s=6. 4. Within a small region around
this deformation and energy are to be found the levels
—',—P10j, —,

' —P03)) -', —P12j and —,'+L651j. Thus
all of these particle excitations should be observed
in the low-lying spectrum of %"' and in fact all but
the s+level do occur. The appropriate level assign-
ments are: ground state -', —P10$, 208.8-keV level

s
—P12j, 453.1-keV level 7s —P03j, and the 309.5-keV

level s+L634$ (here the 108th neutron has been ex-
cited to pair with the 109th neutron in the -,'—L610j
level leaving the unpaired 107th neutron to give the
level characteristics). The other low-lying levels are
just the rotational members of the bands built on these
various particle excitations. Since the form of the po-
tential has been specified, the C;g coefficients are known
from which the decoupling parameter of Eq. (III—9c)
can be calculated as well as the parameter Az of Eq.
(III—10b). A table is available (Ni 55) showing the
range of a as a function of the spin of the level in the
K=

& band. For %"' the empirically determined value
for the rs—p10] level (0.19) falls within the range
given in this reference.

Similar assignments can be made for other odd-3
nuclei, such assignments depending not only on spin
and parity assignments of the levels but alpha, beta
and gamma decay systematics and occasionally on re-
action data. Table III—2 lists such band-head assign-
ments for a number of odd-A nuclei in the deformed
regions,
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TABLE III—2. Intrinsic particle orbital assignments, moments of inertia, vibrational parameter and decoupling
parameter for (a) odd —proton nuclei and (b) odd —neutron nuclei.

Nucleus

Band-head
energy
(keV)

Assigned orbital
Kvr [Nn,h]. 3AP/up

(keV)
b

(keV)

a. Odd —Proton Nuclei

6 Eu153

65Tb"'

6 Tb157

6 Tbl59

Tb161

67Hol65

6gTm"7

6gTm"9

6gTml?'

71Lul?5

71Lu

Lul?9

Ta"'

7 Re183

ZrRe185

75R el87

7?I1189

7?Irlgl

„ Ir193

89Ac227

glpa281

91Pa233

g3Np23?

0
103.18

0
348

0
316.19
379.31

0
6.3

0
496.1

0
646

0
94.25

0
82.45

539.2

0
27. 5

327.0

0
84. 1

166.2

0
86.8

213

0
59.57

-', +[413]
p+ [411]

p+ [411]

p+ [411]

—,'-+ [411]
p+ [413]

p+ [411]

—,' —[523]

—,,'+[411]
—',+[411]
2+I:404j
-.',- —[523]

p+ [411]

—,'+[404]

p+ [404]

—,"+[624]

p+[404]
-,'—[514]

p+ [402]
—,
' —[523]

-',-+[402]
p+ [400]

—',+[402]
-', +[402]
—,'+ [400]

—',+[4o2]
—,,'+ [400]
-', +[4o2]

—,'+ [402]

-,'+ [651]
—;—[532]
—,'-[s30]
—,
' —[530]
—,'+[642]
-', +[651]

-', —[530]
-,'+ [642]
—,'+ [651]
—',+[642]
-,'-[s23]

71.5
83.58

78.0

73.5

70.0
69.4

62.9

72.2

71.8
84. 18
62.58

72.2

75.54

128.5

90.84
83.2

97.68
111.96

107.06
144

114.78

129.6
161.8

147.1
200.0
73.0

161.0

31.8
54. 7

15.6
20.6

38.0
14.8
28.5

28.5
37.2

+2.6X10 3

0.0
—2.41X»-2

—2.0X10 '

—3.3X10 '

—2.9X10 3

+2.8X10 '

+3.4X 10-2

+2.9X10 3

—6.31X10 '
—7.83X10 3

+3.5X10 '

—5.20X10 '

+5.36X10 '

+2.0X10-3

—3.67X10-2

+3.27X1o '

+3.27X10 '

+2.79X10-1

+1.65X10 '

—2.84X10 '

+7.14X10 2

+1.49X10 3

—2.08X10 3

—0.71

—0.77

—0.86

—G. 015

—0.035
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TAnLz III—2 (Conttnled)

Nucleus

Band-head
energy

(keV)
Assigned orbital

E [Nn, k]
3A,'/tte
{keV)

b

{ eV)

Np239

96Am23Z

Bf249

0
74.6

0
8.8

393

—', +[642)
-', —[523)

—,-[s23)
—,'+[633)
-', —[521]
-', +[642]

~ ~ ~

37.0

36.0

28.0
36.8
34.3

—2.4X10 s

—3.33X10 s

+9.5X10 4

+4.oxio-'

62sms9 0
4.85

b. Odd —Neutron Nuclei

—,'+[651)
g+ [660)

Gdsg"'

64Gd91'65

640d93'5v

66Dygs

660ygv"'

6sErgs

6sErgv"'

6sErggMV

voYbgg"'

voYb1o1'"

v oYb1031zs

V2HGO1'"

V2HBI'"

0
129.2
212.1
303.5

0
86.5

247. 0

64.0

0
25.6
74. 5

0

0
104.3
345.7

0
242. 7

297.2

0
207.8
585.4

0
24. 3

191.4
570.5

0
95.2

122.4
835.6

0
351.2

0
107.2

0
125.9
348.8

-', +[651]
i+[642)
-', -[532)
-,'—[521)
—', —[521]
-', +[651)
—,'+ [660)
—', —[521]

—',+[642]

i+[642]
-', —[523)
$—[521)

—,-[s23)
k-[523]
—,
' —[521]

—,
' —[521)

-', —[523]
—;-[s21)
-', —[s21)
-', +[633]
—,
' —[521]

-', -[s23)

2+[633]
-', —[521]
52[512]
—', -[523]
—,-[s21)

—', —[512)
-', —[514)
—', —[512]
-', +[633]

—,
' —[s21)
-', —[512]

—,
' —[512)
—;—[521]
-', —[514]

52.2
46.5
45.0
78.1

72. 7

37.7
20.8

65.0

44 4

37.5
66.9
68.6

63

72.0
71.9
79.7

66.2
63.8
76.0

52.9
67.2
71.5

47, 2

70.4
75.4
66.8

72.4
48.2
73.5
76.0

67.6
53.0

77.1
77.6

70.0
81.0
86.0

7.7x10 2

—2.4X10-2

—1.0X10 '

—1.OX1O-2

—1.0X10 s

8.OX10,'
1.0X10-'

4.0X10 '

5.0X10 3

3.0X10 '

9.0X10 '
7.0X10 '

4.0X10 '
1.0X10-2
3.4X10 '

+0.88

+0.47

+o.56

+o.70

+0.79

+o.85

+0.82

+0.75
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TABS.z III—2 (Continued}

Nucleus

72H60S"'

72H&107'79

74W107

74W109 SS

76OS109

76Osill

760s113'"

7sPtlll

7sPt113191

7sPtlls"'

7sPt117

goThleg'2'

gPT11141231

92U14123S

92U143

92U14s

g4PU143

g4Pu14s '

94Pu147

g6Cm14s241

g6Cm147

g6Cm14g'"

gsCGsl"'

gsCfls32s'

100I'"miss

Band-head
energy
(keV)

0
321.3
508.9

0

365.5
385.2

746. 1

0
208

0
127.8

0
74.3

36.2

0
185
390

0
312

0
0.08

129

0
145

0
145

0
286
392

0
172

0
255
394

0
106

Assigned orbital
Kw[Nn, A]

—,
' —[514]
2+L624]
-', —[512]
-,'+[624]
2+[624]
—', -[512]
-,'—[510)
—,
'- —[521]
—,
' —[510)
—',—[512]
—,
' —[510]
—,
' —[512]
—,'-[510]
—,
' —[512]
—,
' —[512]
2
—[510)

-'; —[512]
Y' —[512]
k-[510)
p —[510]
2
8—[512]

)+[633]
5+[633)
—', —[752)
—,'- [743]

5+[633)
-,'+[631]
l —[743)
2+[631]
-', +[633]

I2+[631]
—,'+[622]
-,'—[743]
p+ [631]
—,'+[631]
-,'+[622]
Y
—[743)

—',+[622]
g+ [624]
—,'+ [631]
—,'+[622]
—,'+ [624]
—',+[622]
—,
' —[734]

g
—[734]

+L620
-,'+[613)
y+ [613)

3A2/4fp

(keV)

76.4
52.9
82.6

61.8
94.6
87.8
90.2

78. 1

97.9

71.4
114.4

48.5
134.0

83.5
118

26.0

117
36.0

36.7

36.0
17.0

35.6
34.8

30.8
35.5
35.9

46.0
47. 1

37.5
38.2
28.3

36.0

37.3
35.8
28.5

38.8
40. 1

(keV)

4.OX1O-3
—1.3X10 2

—1.9X1O-2

—3.OX1O-3
—5.0X10-2

—7.4Xio-2
3.5X1O--

—2 ~ OX10 2

—6.0X10 2

—7.4X10 3

0
5.4X10-2

—4.0xio '

—3.5X10 '
—1.7X10-'

1.4X10 2

9.5X1O-3
5.0X10 s

—6.6X10-4
—3.2X1O-3
—8.1X10 4

—3.5X10 '

2.0X10 '
4.0X10 '
1.7X10 '

1.5X10-6
-3.0X10-6

+0.48
+0.59

+0.19

0.02

—0.60

0.69

—0.28

—o.56

—0.58

0.29
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An examination of a Nilsson-level diagram in the
region between the g»2 and j»~2 shells shows a con-
siderable gap at 152 neutrons for deformation of the
order of P=0.2. Such a gap is suggestive of a "magic"
number or shell closing. Unlike the more familiar magic
numbers, there is no indication of a shell at T= 152 for
spherical nuclei. There is considerable evidence that
such a shell (or perhaps better subshell) does exist
(Pe 57b, As 64) and it is interesting that the original
suggestion (Gh 54) based on alpha decay energies was
made before the work of Ref. Ni 55. In general, the
energies of emitted alpha particles decrease as the
mass number increases; however, at major closed shells
(Z=82 and %=126) this trend is reversed there being
a very steep rise in energy with increasing mass number
(Pe 50). This reversal can be distinguished at /= 152
but is far milder than that occurring at the major shells,
indicating a subshell closure. The thermal-neutron
capture cross section decreases suddenly in the cali-
fornium isotopes at %=152 (being three orders of
magnitude less for Cf'" than for Cf"') as does the half-
life for spontaneous fission (Ma 54) both signs of a
change in shells.

The assignment of Nilsson-level quantum numbers
also facilitates the investigation of the shape of the
nuclear energy surface as a function of mass number.
The total nuclear energy 8 is the sum of potential and
kinetic energies for all A particles and is thus a func-
tion of the deformation P. The equilibrium, ground-
state deformation pe is then determined by

(a8(P)/aP) „=0.
For two particle forces V;= g;~,U;,

8(P) =gr, +-,ZV„=-,Z8, (P) --;g(V,—r,).

(III—14)

Since the F„(p) are known, the evaluation of the ex-
pectation value of the last term as a function of p
permits the evaluation of the energy surface. For heavy
nuclei care must be taken to include the coupling be-
tween the different oscillator shells. As mentioned
before, Nilsson accomplished this by introducing a
pseudospherical basis such that the matrix elements
of the "nonspherical" part of the Hamiltonian is
exactly diagonal in X. The term (V;—F;) can then
be separated into angular momentum-dependent and
independent terms for

P(V;—i,) = P(V, ' —7,') +Cl' s'+Dl", (III—15)

the first term being expressed in the new system for
which the Hamiltonian is just a harmonic oscillator.
For such an oscillator the average value of potential
minus kinetic energies is zero, hence

8(P) = -„'+8,(P) ——,
' (Cl' s'+Dl' ). (III-16)

This expression neglects not only the Coulomb energy
between protons but any residual interactions such
as the pairing force. The change in Coulomb energy
upon distorting a spherical charged drop is (Fe 39)

E,/E, e= 1—(4/45) p'.

Inclusion of this term thus shifts the equilibrium shape
to higher energies. However, this e6ect is not as great
as indicated by the ratio for heavy nuclei since di6'erent
values of p, have been taken for neutrons and protons in
the unfilled shells. Equilibrium-shape studies have been
made by Mottelson and Nilsson (Mo 59) in all three
deformed regions. These show not only the general
trend of p with A but also the preference for prolate
shapes in deformed nuclei.

This symmetric-core model has been applied with
considerably less success to the light nuclei in the 2s—Id
shell which was the last discovered of the three well-
established regions of nuclear deformation. The sug-
gestion was first made in 1956 as a result of an exten-
sive study of Al" in the Mg" (p, p) Al" reaction (Li 56)
and the mirror pair Mg"—Al" are probably the best
studied nuclei in the shell. After this initial suggestion
most of the other nuclei in the shell below S"have been
studied from this point of view (Ra 57a) . [0"(Go 59),
F" (Pa 57), Ne" (Li 61b), Na" (Pa 58), Mg" (Pe 57a),
A=25 (Li 58), AP (Al 60), Al" (Sh 56), A=29
(Br 57), Pei (Br 58) . For a recent review of this
region see (Go 60).j While the results vary from nu-
cleus to nucleus, the evidence seems overwhelming
that these nuclei are deformed and that the strong-
coupling collective model does in fact explain a major-
ity of their ground-state and low-lying excited-state
properties.

One of the difhculties with applying the model in
this region is that there is a strong overlap of levels
belonging to various E bands. This condition vitiates
the separation of core and intrinsic parts of the problem
with the consequent neglect of the Coriolis term B, of
Eq. (III—4c). In his study of F" Paul (Pa 57) made
use of this term in the Hamiltonian to mix the —,+[220j
and se+[211] rotational bands (levels 6 and 7 in Fig.
III—3). This yields the correct level sequence for the
low-lying positive-parity states, but does not reproduce
the level spacing well. The first excited state is placed
at 0.24 MeV which is about 20% too high and it is a
mixture of 81% E= 2state and 19% E-=-,' state. The
next state is the 2+ member of the second triplet
centered at about 1.5 MeV. It is a 54—46% admixture
of these same states. This band-mixing technique has
been used with more or less success everywhere pos-
sible in the shell; however, for certain nuclei, notably
the mirror pair at A =25 the bands have 6K=2 which
are not mixed by II,. The success seems to depend to
a large extent on the number of bands mixed. For
instance in Na" Paul and Montague (Pa 58) on the
one hand mix the e~+ [211j, i~+ [211], 2+ [202j
(levels 7, 9, and 5 in Fig. III—3), obtaining the second
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. 4p

2.5

Q a
3/2 +

l/2 +

5/ +
I/2;

&/2+

/2

notion that the moments of inertia of such a rotating
system are larger for higher excitations (do increases
monotonically with band-head energy) . Bhatt (Bh 62)
has done a consistent calculation for most of the odd-A
nuclei in this shell using band mixing but with the same
moment of inertia for each band. While he obtains
"remarkable agreement" with a general rotational
model the agreement is much poorer than Gove (Go 60)
gets with the Nilsson model. However, Bhatt made no
attempt to include the effect of deformation vibrations
in his calculation.

We now turn to electromagnetic transitions and
static moments of the model. The multipole operators
are (Bo 53)

T(EX) =pe,~,"Yi„(8;,q;)+(3/4n. )Z.RO"n*),„,

-0.4
1

I l i I I I i

l/ 2

FIG. III—3. The intrinsic particle levels for a deformed but
symmetric system whose potential function is given by Eq.
(III—11). These levels correspond to the p and 2s—1d shells
(except the level 14 which is the lowest particle state from the
2p—1f shell).

two by essentially exciting the odd particle from the
—2+i 211$ level up. This places the second excited state
(~+) about 25% lower than the measured value.
On the other hand Clegy and Foley (Cl 62) fit this
level (and the first excited 2+ state) very closely by
mixing the ~3+ L211j and the -', + t 220) (levels 7 and 6)
by exciting a particle from the latter state to the former.
However, their higher excited states fit poorly. (The
important point of their calculations is that low-lying
states can be formed with this model by mixing par-
ticle and hole configurations. ) However, Glockle
(Gl 64) gets a surprisingly good fit to the first six
excited states by mixing four bands 2+ L220j, 3~+

L211j, 2+L202j, 2+$211j (levels 6, 7, 5, and 9). A
similar calculation has been carried out by Bunker and
Starner (Bu 64), both for Na" and for the mirror
pair Ne"—Na" with equal success. In general these
calculations do not include the vibrational parameter
b of Eq. (III—7a); however, in the mirror pair Mg"-Al",
27, does not mix the various bands and this contribu-
tion has been added (Go 60). In this analysis the
spectra are built on the four Nilsson levels 2+ $202j,
—,'+ L211j, —,'+ L200j, 2

—(330j (levels 5, 9, 11, 14 in
Fig. III—3) for the ground and first three excited-state
bands, but the —,'+ L202$ band (level 8) is conspicuous
by its absence. The decoupling parameters and re-
duced nucleon widths indicate a deformation param-
eter P in the range 0.3 &P &0.4. In carrying out the
fitting procedure fourteen parameters (including the
positions of the band heads) have been used to fit
twelve levels. The moment of inertia parameters
P/2so are different for each band, the difference being
as much as a factor of 2. This agrees with the intuitive

e5+— g» L(r) V(r" Yi,„(g, p) ) dv, (III—18)
mc X+1

where in Eq. (III—17) the recoil contribution has been
omitted in the first term. Here the sums are the con-
tributions of the extra-core nucleons and run only over
those nucleons taking part in the transition. The second
terms in each equation refer to the core contributions
and their matrix elements are similar to those dis-
cussed in Sec. II. From the discussion there the electric
dipole transitions are due to single-particle terms in
Eq. (III—17) and yield little concerning the model.

Magnetic dipole transitions, on the other hand, are
important here and in fact the diagonal matrix ele-
ments of Eq. (III—18) were perhaps the first aspects
studied of the interaction between surface vibrations
and the extra-core particle both in weak coupling
(Fo 50) and otherwise (Bo 51, Da 53). Let us consider
the magnetic dipole moments first and then the transi-
tions. For this case X=1 and the dipole operator of
Eq. (III—18) can be simply written as

~=gsL+g;j, (III-19a)

where gg can be taken from the measured value of the
neighboring even nucleus or for convenience may be
taken as Z/A. Making use of Eq. (III—1) we obtain

p =gBI+ (g1,
—g») ]+(g~ —gl) S

=gd+ (g, gii) j+ (gi g.)1— —

since j=l+s. The magnetic moment is then

(III—19b)

I =g~I+LK'/(I+1) jfg» g~+( 1)' *(2I+—1)—
X [(gi—g») ~+ (—1) '(g, —gt) Qaio'gb», ;I, (III-20)

where Kg» (SIIK
~
gil.+g,s, l

——EIIK), the ai, a+~ are
the normalized expansion coeKcients of the Nilsson

(III—17)

e5
T(MX) = g g,s+ g,l v;(r;"Y „(0;,q;))2mc; X+1
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functions, and the decoupling parameter is defined in
(III—9c). This can be written more compactly (Ad 56,
Ke 59)

f =a~I+ LE'/(I+1) ](g» g»—)

X(1+(—1) *'(2I+1)bpb», ;]. (III—20a)

Thus there are three unknown quantities g~, gg and,
if E=—,', bo which would require three measurements
in the same nucleus. If one is willing to assume that
the core gyromagnetic ratio is the same in an odd nu-
cleus as in its even —even neighbors, then for E&—,'
ground states g~ can be obtained from a measurement
of the magnetic dipole moment.

In order to assign all of the magnetic dipole properties
of an odd-A nucleus in a consistent manner it is neces-
sary to make use of two magnetic dipole measurements
(or three if K =—,') . At present, it is best to take besides
the static dipole moment of the ground state the 3f1
transition probability which is

T(M1:I,~If) = (16»/9) (k'/5) B(M1:I;K,~IfEf) .

(III—21)

The reduced matrix element is most easily evaluated
by introducing the spherical tensor of rank one,

G = (gI gII)j +(g gI)e

which is the only part of the operator p that is effective
in inducing the transition since we saw in Sec. II
that the even —even core does not undergo M1 transi-
tions. The reduced matrix element is then

B(M1:I,K, +IfKf)—
= (3/47r) (ef'I//2rrec)'C'(I;1If, ' K;, Kf K Kf)'

X
i (I,Kf iG, iI;K;)

XL1+(—1) '+&(2I,+1)bp dI, 8»f, ;B», *,] ~', (.III—22)

where

Eqs. (III—21), (III—22), and (III—23) below:

be(I +I —1)—= T(E2:I~I 1)—/T(M1: I +I —1)—
= (3/20) (IIoQp/5) 'I t (I—1) (I+1)]'*

X(g» —gz)L1+(—1)'+'bpbp, —;]}',

where Qp is the intrinsic quadrupole moment of the
nucleus (see below). The sign of b is defined (Ad 57)
as the sign of

(g» —g~) L1—(—1) '"'bpb», —:].

In practice one must evaluate the additional pa-
rameter Qp which is most easily done by Coulomb ex-
citation and also measure the intensity ratio of the
cross-over to cascade transitions from the second (I=
Ig+2) rotational level. Knowing (p) then yields the
magnetic parameters. Table III—3 gives these for a
number of nuclei in the deformed regions.

There has been some criticism that 6' can be deter-
mined only with a relatively large error so that the
gyromagnetic ratios determined this way (i.e., by
Coulomb experiments) are not as reliable as when the
mean-life of the first rotational level is determined
(Be 62). Gyromagnetic ratios measured in this way
are also given in Table III—3, the overlap of observed
values being in general within experimental error.

For electric quadrupole transitions in odd nuclei the
reduced matrix element for transitions within a K band
is

B(E2:I, &If) = (5/16—Ir)e'Qp'C(I, 2If , KOK). .

(III—23)

From this relation come the many intensity rules for
E2 transitions. For instance for Coulomb excitation
from the ground state to the erst and second excited
states of a rotational band one has

B(E2:Io~Io+2) /B (E2:Io +Io+1)—
= 2(Io+1)/Io(2Io+3),

(2I +1)—'

—(2I,+1)

If=I,—1,

If——I;+1.

while for decays of the type discussed above one has

B(E2:I~I 1)/B(E2: I +I 2—)——
=2K'(2I —1)/(I+1) (I 1+K) (I 1—E) . — —

Therefore the evaluation of this reduced matrix ele-
ment for any magnetic dipole transition (or two tran-
sitions if K= —,') yields enough information (with (fe))
to obtain the magnetic parameters. In practice the
B(M1) are not directly measurable since the large
collective enhancement of the E2 transitions causes a
great deal of mixing for transitions in which BI=1.
The experimental quantity which is measurable in
such a case is 6' the ratio of E2 to M1 gamma-ray in-
tensities. For the rare-earth-deformed nuclei this ratio
has roughly the range (Be 60a) 10 '&be &10. For
transitions within a E band, P is easily evaluated from

Transitions between bands built upon different in-
trinsic states can also take place. In general the re-
duced matrix elements for a transition from the state

~
E,I,K, ) to the state j EfIfKf) is

B(lI:I,K,—&IfKf)

—
i C(I;XIf, K,, Kf K,, Kf) (Kf i

TeA,»—f », i
E,)

+ (—1)I'+"+1C(I,XIf, Kj) Kj+Kf& Kf)

X (Kf
~

T~I »„+»I ~
K, ) ~' (III—24). —

where the relation involving the coeQicients C;g of Eq.
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Tax,z IlI—3. Magnetic properties of some odd-A nuclei, the magnetic dipole moments are given in units of nuclear magnetons.

Nucleus Sign 8 Reference

Eu153

G.d155

G.d 157

Tb159

Dv161

DY163

Ho165

ErI6?

Tm'69

gb173

t,u'75

Hf177

Hf 179

Ta181

Re185

Ie187

gr191

1.507

—0.28

—0.37

1.52

—0.375

0.52

3.29

—0.5
—0.21

—O. 665

2.0

0.61

0.47

2.340

3.144

3.176

0.17

0.51

0.47

0.038

0.040

0.02

0.025

6.7

0.031

0.106

0.020

0.047

0.22

0.15

0.198

0.033

0.030

0.14

0..452
0.45

0.34

0.22

0.24
0.44

0.25

0.243

0.30

0.124

0.38
0.26

0.20
0.35

0.30
0.31
0.29

0.215
0.20

0.203
0.28

0.327
0.31

0.413

0.413
0.43

0.46

0.32

0.664

—0.54

—0.56

1.53
1.37

—0.311

0.194

1.120

—0.219

—1.79

—0.453—0.52

0.65

0.65

0.162
0.17

—0.172

0.767

1.597

1.617

—0. 12

0. 16

Be 60a
Be 62

Be 60a

Be 60a

Be 60a
Be 61a

Be 60a

Be 60a

Be 60a

Be 60a

Be 60a
Be 62

Be 60a
Be 61a

Be 60a
Be 62
Be 63

Be 60a
Be 63

Be 60a
Be 62

Be 60a
Be 62

Be 60a

Be 60a
Be 62

Be 63

Al 61

(III-6),
C; Ir= (—1)'+ *C;H,

has been used (Ke 59) . In (III—24) the first term is the
more important for the second term only contributes
when X&E,+Er, the less usual case which we shall
consider.

For a series of transitions involving the same initial
and final intrinsic states the nuclear matrix elements
will be identical so that the intensity ratios will be but
ratios of the squares of appropriate Clebsch —Gordan
coefficients. These interband transitions are then useful
in assigning quantum numbers to intrinsic states.

The next higher static multipole moment is the
magnetic octupole moment, (0), which has been
measured for only seven nuclei. There have been two
theoretical investigations of (0) from the point of view
of this model. In one (Su 57), the extra particle angular
momentum j was taken as a constant of the motion
even though the particle potential was not taken as
spherical. A self-consistent calculation, within the
context of the Nilsson model has been carried out by
Williams (Wi 62) who found the octupole moment to

be

I(2I 1) (2I—2)—
(2I+4) (2I+3) (I+1)6, 8,

X —gRRO'+g(3) G(I, 3V P)
7 &coo

where Ro is the nuclear radius, fi/m~0 the square of the
intrinsic oscillator length, and the total particle gyro-
magnetic ratio g(l) is de6ned a,s

g(~) =I ' Z ~" I .L~g.+ (2gil. ,f+-I) (I—~) l,

the Az, a being those of Nilsson. The funct. ion G(I, W, P)
is a complicated function of its arguments, given in
explicit form by Williams. Since only two octupole
moments have been measured in nuclei near a deformed
region most of the results of this calculation could only
be predictive in nature. In Table III—4 are tabulated
the results in the deformed regions. Williams has made
use of g, as a fitting parameter. These values are also
tabulated.
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The electric hexadecapole moments, (Q'), have also
been investigated from the stand-point of the strong-
coupling collective model (Su 57a), but again the extra-
core particle's angular momentum j has been taken as
a constant of the motion. To date no electric hexa-
decapole moments have been measured.

Another set of selection rules governing gamma-ray
transitions in odd-A nuclei are those which depend
upon the asymptotic quantum numbers and are rigorous
in the limit of infinite distortion. However, for actual
nuclei they are only approximate, hence if not fulfilled,
do not prohibit a transition but only slow or "hinder"
it. These selection rules for some of the more common
multipole transitions are given in Table III—5 and a
more complete table in Ref. Al 57.

A signiicant detail of the Mg"—AP' spectrum is that
~E=2. This is a situation for which there is no Coriolis
mixing, but such mixing and only such mixing does
occur for an asymmetric-rotator Hamiltonian. That
such an approach might be fruitful for the deformed
region in the 2s—1d shell can be seen from the asym-
metric-model parameters for Mg'4. The agreement
with this model is not as good as one finds in the rare-
earth region; it is sufficiently so to encourage the appli-
cation of an asymmetric-core model to odd-A nuclei.

Newton (Ne 60, Ne 60a) has extended Nilsson's
single-particle calculation to asymmetric-oscillator
potentials by relaxing the condition ~ =u„ in Kq.
(III—11).He finds that the preferred shape for model
(as distinct from actual) nuclei near 1V=Z= 12 and
20 is asymmetric with some evidence for a similar
situation near A=44—46. This calculation has been
extended to the 1V=5 shell (Du 62).

An extension to all of the odd-A nuclei in the 2s-j.d

TABLE III—4. The theoreti=al and experimental values of the
magnetic octupole moment, (0), in units of nuclear magneton
barns, and the deduced value of the single-particle gyromagnetic
ratio, g, , for nuclei in the deformed regions from Ref. Wa 62.

Multi-
pole

Oper-
ator

r F» ~i yes 1 ~1
0 yes 0

&1 no

sp ~1 no
t~2 s~ 0 no

r'F2„~2 no

~i no

0 no 2—2

~2
0

shell has been carried out (Ch 63b) with, in general,
much better agreement with experiment than Bhatt
(Bh 62) has obtained with the simpler symmetric-core
model. Because of the complicated overlapping band
structures found in this region, the calculation was
carried out initially with only the assumption that
the core is rigid against deformation vibrations. The
effect of P vibrations has since been examined (Ro 64) .
The Hamiltonian is that of Eq. (III—2) with the po-
tential identical with Nilsson s $Eq. (111-11))except
that ~,/co„. The nondiagonal part of the Hamiltonian
is then

TABLE III—5. Asymptotic selection rules for electromagnetic
transitions of multipole order Ei, Mi, and E2.

Nucleus (&)exo (H —IIo) /5coo ——E Q
sin y —2ork 3

Mg25
Al27

CP5
CPZ
Eu153
Gd155
Gd157
Tb159
Dy161
Dy163
Ho165
Er167
Yb'7'
Lu"'
Hf177
Hf179
Ta181
Rel85
+233
U'235

Np237
Am24'

—0.020—0, 015

—0.16
0.019—0.020—0,015—0.020
0.044
0.054
0.054
0.086—O. 034—0.235
0.112
0.003
0.007—0.032
0.061—0.001
0.064—0.061
0.121—0.409—0.031

—3.40
5.30
2. 75
2.90
3.80—2.42—2.90
3.13—3.20—2.24
2.01—3.42—3.11
3.29—1.24—2.30
3.41
3.84—2.01—2. 10
5.59
3.72

sin p
(p» /ic) I 20 cos y+ ( I 22+ I 2—2)

v2

—21 s—p12. (III—25)

The parameter I' is a strength parameter for the
core defined as

Initially p, and ~ were taken to have the Nilsson values
(p2 ——0, iI=0.05). The model parameters are then I'
and the usual P and y which were taken to have ranges

P&0, P&0, 0'&y&60'.

The Hamiltonian (III—25) shows that no change in
the energy levels can arise, once these parameters
have been picked, by changing ~ since changing it by
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a factor 1/f merely changes p to p/f and 5~0 to f5~0
Thus changing ~ only changes the calculated values of
the quadrupole moments and E2 transition prob-
abilities.

The Hamiltonian was diagonalized in terms of the
basis of Eq. (III—6). The Pauli principle was taken
into account by a basis truncation procedure, in which
basis elements were removed which contained corn-
ponents of filled Nilsson levels. The results of such
a calculation are apparently quite sensitive to this
procedure since a similar calculation with a different
method of truncation (Wa 61) failed to give such close

agreement with experiment.
For each odd-A nucleus in the shell, with more than

three levels with measured spin and parity, the model
parameters were determined from the low energy-level
structure. The state functions so obtained were used
to calculate the static moments (p), (Q) and (0) a,s
well as the mean life of certain of the levels. To im-

prove the agreement between measured and calculated
quadrupole moments ~ was varied until this value
agreed with experiment. In Table III—6 are tabulated
experimentally measured values as well as the calcu-
lated ones.

Beta vibrations are added by simply augmenting
the Hamiltonian of Eq. (III—2) with a vibrationa, l

term EI„(Ro 64), where

1 l9——P' +~C(P P)'—
282 p' clp Bp

Unfortunately, the equations cannot be separated so
that a perturbation approach must be used, making
use of the rigid-core calculation as the zeroth-order
one. In general, this procedure improves the energy-
level fit as well as agreement between theory and ex-
periment. Such agreement is quite striking for the
mirror pair Ne"—Na" the parameters for which turn
out to be P=0.061, Pa=0.088, y=20', @=0.30 (Ne");
P=0.065, Po ——0.090, y=20', @=0.30 (Na"), where

p is the stiffness parameter defined in Sec. II.
This model cannot account for negative-parity levels

found in the spectra in this shell. Using the parameters
found for the mirror pair Mg"—AP', the calculation
was extended into the 2P —1f shell (Ch 63b) and the
lowest %=3 levels were tens of MeV higher than the
negative-parity states found in these nuclei. Such an
explanation for these levels has been made with the
symmetric-core model (Li 58) .

One great difficulty which arises in attempting to
extend these calculations into the rare-earth and
actinide deformed regions is the fact that a very large
number of intrinsic particle levels are available to inter-
act. If the rotational energies are small compared with
the single-particle excitations, then a useful simplifica-
tion would be to neglect the interactions between single
particle levels. Hecht and Satchler (He 62) have done
just such a calculation for the X=4, 5, and 6 oscillator
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shells and applied it to nuclei in the upper end of the
rare-earth deformed region (specifically to Re"', Ir"'
and Pt"'). They have tabulated the matrix elements
of the rotational Hamiltonian Lthe first terms of Eq.
(III—2)$ as well as the level ordering for odd-proton
and odd-neutron nuclei in this region.

In fitting the model to Pt"' they have available three
single-particle levels (which is also true of the Nilsson
model). The energy-level sequence and spacing re-
su1.ting from using any of these levels are in good agree-
ment with experiment, at least for the four negative-
parity levels below 260 keV. As would be expected the
magnetic moment of the ground state is in reasonable
agreement with experiment, but only one set of pre-
dictions (built on their particle state 115 with /=0. 1
and y=30') yields reasonable agreement with the

magnetic dipole transition probabilities. However, the
model fails to explain the cross-over E2 transitions
from the upper levels to the ground and 6rst excited
states.

This model has been applied to calculating the
magnetic dipole moments of YV'", Os"', and Fe' and
the energy levels of W' ' (Ch 63a). The magnetic mo-
ment is somewhat improved over the symmetric-core
calculation which is perhaps not surprising. The cal-
culation does improve the gamma-ray branching ratios
in %' ' but values of y obtained for this nucleus are
not consistent. The final result is the negative one that
the best state functions do not have y= 0'.

A similar calculation (Pe 61) has been applied to
Cs'" but since the region is probably not one of strong
equilibrium deformations the result is probably not
meaningful.

In an early investigation of odd-A nuclei with asym-
metric cores Davydov (Da 59a) coupled a single j=—',
particle to such a rotating core. Here j is taken as a
constant of the motion but since y/0, 0 is not. The
results have been compared with W"'. Similar calcu-
lations for j=~ and applied to the nuclei Th"', U'",
and Np"r (Da 61b) and with j=

2 and applied to Th'"
Cm'", and Bk'" (Da 62a) have been reported. Taking
j to be a good quantum number is of questionable va-
lidity and casts considerable doubt on the results.
Davydov has also considered the case of such a model
with weak coupling (Da 60), where j will be an "almost
good. "quantum number.

Another similar model of odd-A nuclei is called by
its authors the elastic ellipsoid model. The kinematical
model was first studied (Os 55, Os 56, Kl 56, Kl 57)
and then the dynamical model was developed (Os 58),
and is only incompletely studied, as no detailed solu-
tion of the dynamical problem has been given and the
only eigenfunctions available are empirical ones. As
usual in simple collective models the basic assumption
is that the nucleus can be thought of as an even —even
core the collective behavior of which is described by
the three Euler angles and a deformation parameter,
8, which is defined as the ratio of the semi-axis along

the 3 direction to the radius of a sphere of the same
volume. The extra-core nucleon is assumed not to par-
take of the collective motion. Also the dynamical
properties of the core are determined only by a fraction
k of the nucleons. This is similar to the hydrodynamic
model where the moments of inertia contributions come
only from lobes of the deformed core.

To obtain the model Hamiltonian the kinetic energy
is transformed from laboratory to body coordinate
systems and then a shrinking transformation is applied
to transform the distorted core to a spherical distribu-
tion. That transformation matrix is given by

5' 0 0

S= 0 6: 0

0 0

which is volume conserving. The Hamiltonian can thus
be written

H„„=Hii+H„,

and Hii is identical with H,„of Eq. (II—10) while
H, depends only upon 8 which is an exact measure of
the spheroidal deformation and for small deformations
can be related to P by

1+P(5/4u ) &.

For small deformations then and taking K=O, this
model reduces to the axially symmetric hydrodynamic
case. The eigenfunctions are, however, altogether
diferent, being

where the mixing parameter as well as the quantum
numbers LjD~ and I-'jVE' are determined by fitting
the observed magnetic dipole and electric quadrupole
moments.

The Nilsson calculations have been extended to
include the motion of particles in a potential of the
form given in Eq. (III—11) but with FM(8, vr) and
F,e(e, p) terms added in order to investigate the octu-
pole deformation and its stability in even nuclei (Du 59,
Du 61, Ru 63). These calculations are an extension of
earlier suggestions by Lee and Inglis (Le 57) on the
octupole deformation. However, since the particle
potential with I ~0 and I"3o terms added is not an even
function under point reQection, the particle eigen-
states must be of mixed parity. This point is not dis-
cussed in the particle calculations (Du 59, Du 61,
Ru 63) but it is of fundamental importance inasmuch
as parity is certainly a good quantum number for
nuclear states (Mi 64).

B. Models of Odd-Odd Nuclei

For odd —odd nuclei it can be assumed that the
nuclear properties for the most part are determined
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fi-—J. I
&I&i.+).

j„=l„&2,

j~=~&~2)

j =l %2,

the former being known as the strong rule. Essentially,
these rules state that the intrinsic spins of the last
neutron and proton tend to align.

This reasoning has been extended by Gallagher and
Moszkowski (Ga 58) to deformed nuclei by assuming
that Z„and Z„, the projections of the intrinsic neutron
and proton spins along the symmetry axis, always
couple parallel. This assumption depends upon the
fact that for very large deformations, A. and Z are
separately good quantum numbers, while for actual
nuclear deformations these are only approximate
quantum numbers. However, these coupling rules de-
pend upon the asympototic quantum number assign-
rnents. This then leads to the coupling rules.

I= [Q„Q„f;—
I=Q +Q~;

Q„=A &2,

0„=A„&2, 0„=A„&2. (III—28)

Gallagher and Moszkowski have shown that these

by the odd neutron and odd proton, each moving in
its own deformed well and associated with the projec-
tion quantum number Q„and 0„. For strong coupling
there are two possibilities for the nuclear ground state
(Bo 53),

KI,,=QI,,=
~
Q.~Q„~, (111-26)

and the energies of these two states are separated by
an energy of the order of rotational energies in the
given region. Since such energies are small compared
with particle excitation energies, one of these can be
expected to be the ground state while the other will

be a nearby excited state. Thus assigning the individual
quantum numbers Q„and Q„gives the head of two
low-lying rotational bands of the form

I
Q.—Q, 1+1, IQ„—Q„I+2, ",

I2 Q+Q~, Q——„+Q~+1, Q +Q„+2, ~ ~ ~ . (III—27)

It is quite reasonable to expect that for a given odd —odd
nucleus the odd —neutron orbital will be the same as in
the neighboring odd-A nuclei with the same number
of neutrons, and similarly for protons. This original
conjecture (Bo 53) has been well borne out and Peker
(Pe 57) has found that the ground states of odd —odd
nuclei in all three deformed regions can be determined

by this method being either I& or I2 and often the 6rst
excited state is then I2 or I~.

The next question, of course, is which of the two
possibilities in (III—26) yields the ground state, a
matter which should give information concerning the
interparticle forces in nuclei. This problem is analogous
to the one in the j—j shell model which leads to the
Nordheim coupling rules (No 50, No 51) which are
that

coupling rules account in general for the ground-state
spins of deformed odd —odd nuclei (they actually con-
sidered all odd —odd nuclei and found the coupling rules
were violated mainly in regions near closed shells,
i.e., not in the deformed regions). They made their
particle assignments from the previously discussed
Nilsson diagrams, however, there are some cases where
the last odd-particle configurations are not the lowest.
But even here the lowest lying level is coupled so that
the intrinsic spins of odd neutron and odd proton
couple parallel (Ga 62a).

One noteworthy breakdown of the coupling rule
(III—28) is in AP' in which the prediction is for a 2+
ground state, but 3+ is observed. However, the 2+
state is very close at 31.2 keV (the second excited state
is at 974 keV) . Sheline (Sh 56) was the first to point
out the probable existence of rotational levels in this
nucleus, however, some doubt has been cast upon his
analysis (Mac 60) .

Making use of the coupling scheme (III—28) and
the notion that odd neutron and proton move inde-
pendently each in their own potential well permits us
to write the state functions for odd —odd nuclei

~
EIMK)=$(2I+1)/16Ir'$l Q C,„D„C;„E~D,

Jn2$

X [y"';„D„)t"',„IrpII„DAIir'*

+ ( 1) '" '"X ' '
D X —rr+D DAI A- *j (III-29)

where the C, D were defined in Eq. (111—Sa), and the
~ sign is determined by the particular coupling rule
used. From this product wavefunction we obtain for
the energy eigenvalues

E(INK) = E~(D~) +E„(Q„)+L'„t,(I) = Ep„,+E„t,(I)
(III—30)

so that for a given set of particle states the rotational
band has the familiar I(I+1) dependence. DvVe neglect
any effects due to vibrations of the core. If necessary
we could append a vibrational function y(P), say, to
(III—29) and add E b to (III—30).] In Table III—7
are listed the odd —odd nuclei and the assigned odd
par ticle states.

An interesting special case of Eq. (III—29) occurs
when both particles couple in such a way that K=O.
Then Eq. (III—29) is

~
EIilf0) = ((2I+1)/16m'1*' g C;,D„C;„D,

2njp

(~) . (2) .
p~p& gn —np

+(—1)' '& '")t'" —II x"'. II,)DAIO'*. (III—29a)

The two particle terms in the square brackets are not
identical so that the enegy spectrum for a given pair
of intrinsic states does not display the usual rotational
I(I+1) dependence; however, the even-spin and odd-
spin bands do and they are displaced slightly one with
respect to the other so that the energy eigenvalues can



J. P. DavrDsoN Deformed Nuclei 145

TABLE III—7. Ground-state spins, odd-neutron and odd-proton states for some deformed odd —odd nuclei. Where known similar
information for excited bands is given along with the band-head energy.

Nucleus
Band head

(keV)

Odd-particle configuration

Neutron Nucleus
Band head

(1 eV) Proton Neutron

Odd-particle configuration

F20

Na22

Na24

Ap'

Al28

0
472

0
229

0
31.2

5+
0+
3+
2+

9+[211]
-', +[211]
-', +[202]
—,'+[202)
—,'+[202]
-,'+[202]

—',+[202]
-', +[202)
—',+[202]
1+[202]
—,'+ [211)
—',+[211]

-', +[220] -', +[211]
—',+[211] —,'+ [211]

Tm'66

Tml

Tmlz0

Tm'z2

Lu'Z'

Lulz4 0
171

—,'+ [404]
-,'+ [404)

—;—[512)
-,'—[512]

e+L411] 2+[642]

e+[411] 2+[633]

—,'+ [411] —,
' —[521)

4+[411) 2+[512)

re+[404] v —[521)

P30 —,'+[211] -', +[211]
—',+[211] -', +[200]

Lu'Z' 0
~200

—,'+ [404)
—,'+ [404)

—,
' —[514]
—,
' —[514)

CP4 0
143

0+
3+

—',+[202]
—;+[202)

—',+[202)
re2+ [202]

Ta"' 7—
1+

—',+[404)!—[514]
—',—[514]
-,'—[514]

C]36 —', +[202] —',+[200)
Ta"' 0

212
9
1+

e -[514)
-', +[404]

e+ [624)
e+[624)

Ku'"

Eu"'

Tbl56

Tb160

Ho160

Ho162

Hol64

HO166

Tm164

0
55

0
90

0
139

0
12

190
419
499

0—

1+
6—

1+
6—

0—
7—
3+
1+
4+

—,'+ [411]
—;-[s32]

-,'—[521]
-', +[642]

-', —[523]
—', —[523)
l —[523)
-', —[523]
-', —[523]

-', +[633]
-', +[633]
-,'—[521]
l —[523)
—,
' —[521]

—,
' —[523] —',—[523]

—',+[411] —',-[521)

-', +[411] —', —[521]

-', +[411] —',—[521]

—', —[523] —',—[521]

—,'-[S23] -', —[S23]
—,
', —[523] -', +[642]

-', —[523] -', —[523)
-', —[523] -', +[642]

Ta'"

Re'82

Re184

Re186

Re188

Ir188

Irl92

Ir194

Am'4'

Qk250

0
200

0
169

0
48.6

0
85.2

99
382

7+
2+

1—
5—

2—
7+
5—
6+

e+[404) e —[51o]
—',+[402]
—',+[402]

ee+ [624]
—,'+[624]

—',-[521]
—,'+[633]
—;—[s21]
—,'+[642]

—,+[620]
-,'+[613]
-', +[613]
-,'+[613]

-', +[402) —',—[510]

e+[4o2]

-', +[402) -*, —[512)
11/2- [505] —',-[512]

—,'+[411] —;-[512]

2+[4021 e
—[512)

-', +[402) -', —[512)

-', —[523) —', +[622]
-', —[523) —',+[622)

be written as

E(I3IK=0) =E~„,~' '"1+E„q(I) I, even

= E~„,&'"@+E(I„t) I, odd. (III—30a)

This displacement of odd and even spin values in
K=O rotational bands has been observed in Am"'
(As 60) where the spin-1 state is displaced down-
ward relative to the spin-0 state. It has also been ob-
served in Ho"' where the spin-1 state is displaced
upward relative to the spin-0 state making the latter
the ground state (He 60) .The direction and the amount
of this displacement depends upon the details of the
interaction between the odd nucleons.

The low-lying level structure of this last nucleus
has been studied by the Ho" (d p) Ho"' reaction and
some 31 levels below 820 keV have been found (St 63) .
By using rotational energy systematics alone these
authors have been able to fit a large number of these
levels into four rotational bands the lowest two being
the spin-0 and spin-7 bands built upon the odd proton
and odd neutron Nilsson levels sr —L523j, s7+ L633],
respectively. Two other bands with E=3 and K=4
are built on the levels 2

—L523), s —L521$. The K=O,
7 bands have the same moment of inertia while the
K=3, 4 bands have a different and smaller moment
of inertia. While making spin and parity assignments
from energy systematics alone is a doubtful pro-
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TAsz, z III-8. Comparison of experimental and calculated values of the magnetic dipole moment of deformed odd —odd nuclei. Equa-
tion (III—31b) has been used for the calculations. The tabulated values of g~ are from either Table II—8 or III—3. When no value is
listed Z/A was used.

Nucleus
0

(barns)
PexP
(nm)

@thy
(nm)

F20

Na22

Na24

P32

CP6

Eu'"

Tbl56

Tbl60

Ho166m

Tm"0

I u176

Am'4' 1(E=0)

0.21

0.27

0.13

—0.25

0.27

0.32

0.32

0.32

0.32

0.30

—0.0168

1.4 ~0.5

1.9 ~0.5

0.61~0.05

8.0 ~0.7

2.092~0.002

1.746

1.688~0.005

—0.2523
~0.0003

1 ' 28539
~0.00009

1.912a0.003

2. 1

1.45 +0.18

1.60 &0.25

3.3 ~0.5

0.26 ~0.02

3.07 ~0.28

0.33

0.886

1.747

1.69

—0.25

1.28

1.96

1.90

3.74

0.26

2. 81

0.39

0.21

0.35

0.367

0.28

0.31

0.31

0.304

0.39

cedure, this case is reinforced somewhat by making
use of previous spin and parity assignments of a few
of the lower levels (He 60, Es 61).

A similar rotational structure has been investigated
in the lowest deformed region, in Na'4 also by the (d, P}
reaction on Na" (Da 64). Again Nilsson levels are
assigned the odd proton and the odd neutron; however,
here most of the levels below about 4 MeV are con-
sidered to arise from the assignment of the odd neutron
to any one of four different levels (numbers 5, 8, 9,
and 11 in Fig. III—3) .

In order to explain the energy difference between the
gI ound states of P

&
Na ) and Al" which have T=0

and the first excited T=1 state (5=0+), a more
specific model has been introduced (Ke 64) in which
the two odd particles are coupled to a deformed (but
symmetric) even —even, rotating core. The Hamiltonian
is then

H = (fi'/28p) L'+H„,+HF,+v»

= (&'/2&p) (I Jl 3p) +Hm+Hi p+ VIA

where V» is a residual two-body interaction which in
the cited calculation is taken as having a Gaussian
radial dependence while the spin —isotopic-spin part
has the Rosenfeld (Ro 49} mixture. If AE be the energy
difference between these lowest T=0 and T= 1 states,
then

hE = 8a—(5'/dp) 0,

~,=(z =1~ v»
~
T=l&—(r=o

I v» I
T=o&.

The calculated values of 8& quantitatively reproduce
the experimental values of DE.

The magnetic dipole moments can be calculated
on the basis of the model of noninteracting odd par-
ticles by taking the sum of two terms like Eq. (III-20)
one for the odd neutrons and one for the odd protons.
For the asymptotic quantum number description, the
magnetic dipole moment is (Ga 58)

~= Ll/(1+1) jLaR+ (A.+g "~.) ~g."~-3,

(III-31a)

where g, is usually taken as the free proton or neutron
value and the upper and lower signs are determined
by the coupling rules. Equation (III—31a) with

gE ——Z/A has been applied to almost all odd —odd
nuclei (Ga 58); however, a calculation only for de-
formed regions has been done by Hooke (Ho 59) who
used the relation

~= Ll/(1+1) XgE+ (Vp&+Z "(s.p)+g."(s-p&j

(III—31b)

taking g~=0.40. In Table III—8 the experimental and
theoretical values of the magnetic dipole moments of
deformed odd —odd nuclei are tabulated using Eq.
(III—31b) for the calculated values. Wherever possible
gR was taken from either a neighboring odd-A nucleus
or an even —even nucleus as a simple way to take into
account any pairing effects in the nuclear core. The
deformation P is obtained from the experimental value
of Qp or p and these also are tabulated. The appropriate
single-particle Nilsson levels are given in Table III—7.

Gamma-ray transition probabilities can be calcu-
lated using the state functions of Eq. (III—29). The
result differs in one important respect from the similar
case in odd-A nuclei which leads to Eq. (III-24). In
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this case there is an integral, called by Gallagher the
overlap integral (Ga 60), in addition to the Clebsch-
Gordan coefficient and the matrix element of the tran-
sition operator. The overlap integral contains only the
initial and final nontransforming particle state func-
tions and is zero unless they represent the same state.

Thus, for odd —odd nuclei an additional type of for-
biddenness (in addition to Eforb'iddenness) arises
involving two-particle transitions. Such a situation
has been called "non-overlap forbiddenness" by
Gallagher who has discussed the relatively few meas-
ured gamma-ray transitions in deformed odd —odd
nuclei (Ga 60).

IV. ALPHA AND BETA TRANSITIONS

A. Alpha Transitions

The collective models described before have been
successfully applied to explain some of the puzzling
details of alpha-decay fine structure. It. was early
recognized that the relation between alpha energy
and parent mass number showed shell effects very
clearly, the energy increasing as the mass decreases
until a shell was crossed, at which point there was a
precipitous decline in the decay energy (Pe 50). How-
ever, away from the shell edges the ground-state—
ground-state alpha decay in even —even nuclei was quite
well described by the Gamow —Condon —Gurney model
of the penetration of charged particles through a spher-
ically symmetric barrier (see Ref. Pe 57b for a general
review of alpha-decay theory and a compilation of ex-
perimental results). The decay from ground state to
excited states in such nuclei did depart from this theory
and in some cases to a considerable extent (As 53).
The fact that this was not due simply to the added
angular momentum carried off by the alpha particle
was indicated by the fact that the alpha half-lives to
the second excited states were increased by too. great
an amount relative to the ground state (often hundreds
of times longer). It was suggested that a deformed
potential barrier might give rise to such half-life de-
partures from simple theory (As 53). Indeed, earlier
calculations had been reported in an attempt to ex-
plain just such fine-structure details (Pr 49). (For an
early discussion of nuclea. r rotational motion and alpha
decay see Te 38.)

Probably the most puzzling feature was to be found
in the decays of the odd-A nuclei where the ground-
state to ground-state transitions were often strongly
inhibited whereas the simple shell model would suggest
that their decay rates should be comparable with that
of the even —even neighbors. In discussing the alpha
spectrum of Am'4I, Rasmussen (Ra 54) suggested that
the ground-state —ground-state transition occurs in a
process which leaves the odd nucleon (the ninety-fifth
proton) in a state different from the odd nucleon state
of the parent nucleus, thus strongly retarding this decay
mode. On the other hand, the transitions to the third
and fourth excited states leave this odd nucleon in the

log F(Z) = log t; A(Z) E,II' B—(Z), —(IV—1)

where 8,« is the effective decay energy when account
has been made of electron screening. A table of E,«
as well as a table of A (Z) and B(Z) are in Ref. Pe 57b.
A more useful quantity, which might be called the rela-
tive hindrance factor f(Z), which is F(Z) but nor-
malized by taking it equal to unity for all ground-state
transitions in even nuclei, is

XI( ) =E &( )/ ero~~&( ) ~ ( )

The reduced hindrance factor is also useful for it is the
hindrance factor with the eGects of the centrifugal
barrier penetrability and any effects due to the non-
central character of the interaction (important in de-
formed nuclei) reduced out.

Numerous calculations of the alpha decay hindra, nce
factor have been made for deformed nuclei, which are
applicable to the heavy-element alpha emitters as most
of them are deformed. Some of these studies have been
devoted only to the decay of even —even nuclei (Ra 56,
St 57a, Ro 61) while others dealt with both even —even
and odd-A nuclei (Fr 57, Ra 62) . In general these cal-
culations have taken the deformed nuclear surface as
possessing an axis of symmetry, although two have been
generalized to asymmetric deformed shapes (Ro 61,
Ra 62). We shall outline one of these more general
calculations indicating the differences between it and
the calculations employing axial symmetry.

The essence of the problem is to calculate the pene-
tration of an alpha particle with given angular mo-
mentum through an anisotropic barrier. The system

same state as in the parent. This is now known to be
the situation, for the ground sta, te of Am'4' has the odd
proton in the state —', —

t 523j while the ground state
of Np'er is the es+ L642j state, the —',—[523] state
being at 60 keV in this nucleus (see Table III—2). The
notion of favored alpha decays in odd-A nuclei has
been defined by Bohr, Froman, and Mottelson (Bo 55)
as being those decays which do leave the odd nucleon
in its original state and these decays should be com-
parable with similar decays in neighboring even-even
nuclei. Thus the rate for a given decay is strongly in-
Auenced by the alpha formation factor, this factor being
greatest when the alpha is formed from a neutron pair
and a proton pair, each pair occupying states which
differ only in the sign of Q. Thus these favored tran-
sitions will be characterized by the selection rule
8K=0, no change in parity.

-A more detailed discussion of the fine structure is
facilitated by introducing the hindrance factor F(s)
which is the factor by which the observed alpha half-
life is different from that calculated. The ground-state
to ground-state decays of even —even nuclei conform
to the simple theory. Their half-lives are quite closely
given by the Geiger —Nuttall rule (Ge 11)

log t;=A(Z) E, I&I+ B( Z).

The hindrance factor is then
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to be considered is the alpha particle and the daughter
nucleus; the Hamiltonian in the center of mass of the
two-body system is

where

+=+a++daughter++iut, (IV—3)

H.= —(r2/2M. ) V,2 (IV-4a)

Ifdaughter +rot++part++vib (IV 4b)

and H;„& is just the electrostatic potential between
the alpha particle and the daughter nucleus. The three
terms in Eq. (IV-4b) are analogous to Hamiltonians
discussed in Secs. II and III.

The state function for this system can be written as

{ I;3';)= exp (—iEt/fi) g r 'firfi (r)
If I

C if,r*'(lIf, 8, rp, .8;pi, ), (IV—Sa)

where i stands for the parent nuclear quantum numbers
and f for the daughter quantum numbers. The variables
r, 8, y are the daughter —alpha radial distance, the
angular orientation of the alpha relative to the labo-
ratory, while the 8, are the Euler angles specifying
the orientation of the daughter nucleus and the Pi are
the vibrational deformation parameters. The function
Cdf,.r

' in Eq. (IV—Sa) is then

C,"'(/I f 8»0, 8. ;, ph) =
{ (2If+1)/162r'7'I'. „(p )

X Q +Kf f J3Qf f(XQf fD fMfKf (8')
Mfa

Kf, jOf

+(—1)' 'X Q' D"jff Kf(8')3 -(IV-Sb)

In all these calculations the vibrational term in
Eq. (IV—4b) has been neglected and attention focused
only on the deformed rotator aspects of the nuclei.
However, recent measurements of alpha decay to
vibrational states have been reported (Bj 63) indicat-
ing that this term might well be considered. The quan-
tum number 0 characterizes the rotational band in the
daughter nucleus to which the decay proceeds while
v characterizes the vibrational state. In any event by
neglecting H;b one sets I'„„(P&,) =1. The nuclear sur-
face is represented by Eq. (I—SB)

2

S(8', 0 ') = Z0{ 1+ g Q„V2„(8', »
') ],

p—2

where the a„have been defined in Eq. (II—12) . LFroman
(Fr 57) took the surface to be axial and of the form

$,(8') =E0{1+ g Ph Vg0(8') j (IV—6)

and kept terms for P«8 and even for positive parity
transitions. ) Corresponding to this surface the electro-
static potential (H; t) can be expanded in the appro-
priate harmonics (Pr 49) as

2(»—2) e2
V(r') = + g V„(P, ~, r) V2„(8', &')

with the expansion coefFicients being determined by

See
V (P, v, r)=

Sr' nuclear volume

rr2
( II) V (8lr II) grlr

One method of solving the wave equation is to use
a method suggested by Christy (Ch 55) which makes
use of a three-dimensional WBK approximation and
notions from ray optics, This involves the extremal
problem

E dS= mlnlmulTl,

and used the empirical data to predict the boundary
conditions. LRasmussen and Segall (Ra 56) solve the
coupled set of diGerential equations for the problem
by both outward and inward numerical integration.
In the former case, better agreement with the empirical
intensities for Cm'4' are obtained for a nonconstant
boundary condition at the nuclear surface. This is
also found true for the inward integration. )

For even —even nuclei Rafiqullah (Ra 62) finds that,
in general,

+Iaaf ffKf (CtKf+ QQ'&2—Q'hiKf;2 —Q')
l1 IV—8

C00+ +02—Q'h00; 2—Q'
Qt'

while for nuclei having y&15 this can be simplified
since to good approximation in the lowest band AKf"—
'50 Kf The quantities h&K, 2 z and C&Kf are available in
numerical form (Ra 62).

where p and p' are two points inside the barrier while
E can be written as

E=E(r') =I{LV(r') —8]/81»

=E0(r)+DE(r, 8', 22'),

the explicit form of E0 and ft E being given in (Ra 62)
for the asymmetric core and in (Fr 57) for the sym-
metric core.

Comparison with experiment is made through the
reduced transition probability c&, which is the reciprocal
of f&(Z) defined in Eq. (IV—2). Actually, the l de-
pendence of the centrifugal barrier is taken out, yield-
ing a quantity b&, (Fr 57, Ra 62) which is compared
with the similar experimental quantities.

The actual numerical results depend critically upon
the boundary conditions (Ra 62). The condition at
large distances is that the wavefunction represents only
outgoing waves. However, for the condition at the
nuclear surface Frornan (Fr 57), Strutinskii (St 57a),
and Rostovskii (Ro 61) take the function constant.
Rafiqullah (Ra 62), on the other hand, finds that this
assumption does not reproduce the observed Z de-
pendence of the b&& which deviate considerably from
the empirical values for large l. He has taken this
boundary condition as

Po(8', 02') =»t'0+02„&2„(8', 02') (IV—7)
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TABLE IV—1. The empirical bi1 for even-even alpha emitters calculated from the hindrance factors given in Ref. Pe 57b and the
fitted values of p, pep and epAp. The calculated values of bu for l 8 are labeled bu' and the calculated values of Qpp aIld Qp~p are from
Ref. Ra 62.

Parent
nucleus b21 b41 b61 ~2O b81 Q20

g Th230

92U2 2

Pu238

g6Cm'42

98Cf246

1.30

1 ' 24

1.02

1.00

0.77

0.77

0.60

0.22

0.12

0.21

0.10

0.31

0.30

0.36

0.32

0.18

0.28

0.21

0.24

0.24

0.25

0.25

4.73

-2.40

—1.62

—2.42

—5.15

-16.88

—72.81

—23.58

—23.08

—219.1

0.007

0.11

0.10

0.10

0.09

10.30

12.66

12.65

14.20

14.02

2.71

2.08

2.55

Thm, E IV—2. Froman's (Fr 57) fitted values for 14 and p4 and
his calculated values for b61 and b81. The latter are to be compared
with the empirical values of Table IV—1. The estimated values of
p6 and p8 to fit the theoretical and empirical b61 and b81 values are
p6=p8=0. 02 for Pu 38 and Cm' .

Parent
nucleus b61 b81

gpTh23'
U232

g4PU238

g6Cm242

98cf246

0.26
0.26
0.26
0.26
0.18

0.041
0.029—0.024—0.041
0.000

0.39
0.32
0.14
0.06
0.03

0.14
0.11
0.02
0.00
0.01

In Table IV—1 are the results of this calculation
where the quantities to be compared with experiment
are the b» values. Unfortunately, only for Pu'" and
Cm"' is such a comparison possible. In Table IV—2 are
Froman's results (Fr 57) for these same nuclei where
b2i and b4i have been fitted to the empirical values. The
values of ps and p4 are also tabulated. Froman estimates
that ps and ps will be of the order of 2X10 ' that is the
same order of magnitude as p4. These results throw con-
siderable doubt on the validity of expanding the nuclear
surface only to lowest order (i.e., I"» terms), but using
second- and even third-order terms in the expansion
of the moments of inertia about the symmetric shape
in the study of the rotation —vibration interaction
(Fa 64) (see Sec. II). LSimilar values are found by
Kjallquist (Kj 58), but larger values have been cal-
culated by Harada (Ha 64) .7

Table IV—1 shows that the alpha wavefunction on
the nuclear surface is strongly distorted by the nu-
clear deformation. In general, the wavefunctions are
highly elongated at the equator and very much re-
duced at the poles, a circumstance postulated by
Christy (Ch 55) to explain the l=4 intensity for Cm"'.

Froman (Fr 57) has also considered odd-parity
transitions in even-even nuclei. However, since es-
sentially no empirical data were available, he made
only rough theoretical estimates of the hindrance
factors.

The favored transitions in odd-A nuclei can be in-
vestigated in a manner similar to these transitions in
even —even nuclei. However, as mentioned before (Sec.
III) nothing is known about the values of y for nuclei
above the 2s—id shell or even if an asymmetric-core

TABJE IV—3. Theoretical reduced transition probabilities
cly1, obtained by replacing the c&' values by the reduced transition
probabilities of the neighboring even-even nuclei, interpolated to
the Z value of the odd —3 nucleus considered.

Parent
nucleus

CIf1
(emp. )

CI9'1

(theo r.)

91pa231

92U233

94pu239

96Am24'

Am24'

96Cm243

Es263

3/2-

5/2+

1/2+

5/2

5/2

3/2
5/2
7/2-

5/2+
'I/2+
9/2+

11/2+

1/2+
3/2+
5/2+
7/2+

5/2-
7/2-
9/2

11/2
13/2

5/2-
7/2-
9/2

11/2
13/2

5/2+
7/2+
9/2+

7/2+
9/2+

ii/2+
13/2+

1
0.32

1
0.34
0.093

1
0.35
0.35

1
0.31
0.083
0.0018
0.00076

1
0.25
0.052

1
0.29

1
0.13
0.050

1
0.38
0.23

0.31
0.13
0.018

1
0.26
0.39
0.0049

1
0.24
0.083
0.0016
0.0013

1
0.24
0.083
0.0016
0.0013

1
0.23
0.080

1
0.11
0.033
0.0034

model is necessary or useful in the other deformed
regions. Assuming y(1.5' and that the alpha wave-
function on the nuclear surface is given by Eq. (IV—7)
the reduced transition probabilities for the favored
transition I,—+If is

Qlc'I i C(I,lIf, I,OI;) i'

ZIc I I
C(I'lI' IOI*) is

where the c'i can be given in terms of the Ci~~ and
hlzf, sII of Eq. (IV—8). Unfortunately even these c'I
cannot be calculated for asymmetric odd-A nuclei
so the procedure is to interpolate for the particular
Z from the neighboring even —even nuclei. This reduces
the results of the asymmetric-core case to those of the
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symmetric-core problem. Some of these results are
tabulated in Table IV—3. The calculated values are in
fair agreement with the empirical ones considering
the nature of the assumptions made.

Finally, one can consider the unfavored transitions
in odd-A nuclei in which the transition connects bands
in which the odd nucleon is in different intrinsic states.
Here the relative hindrance factor is-far more influenced
by-the formation factor for the alpha particle than by
the barrier penetration factor. Such calculations have
been done near the "magic numbers" using simple
shell-model theory and, in general, the technique is
outside the scope of these general phenomenological
collective models.

B. Beta Transitions

The operators inducing beta transitions, like those
inducing electromagnetic transitions, can be written
in terms of spherical tensors (Ro 54) and are also even
or odd under point reAection. Calling X the rank of the
spherical tensor operator then, there is an obvious E
selection rule (Al 55) which can be formulated as

which is similar to the usual selecti'on rule for the an-
gular momentum

~
I,—Ir

~

&X&I,+If. (IV—9b)

These selection rules are similar to the gamma selec-
tion rules, arid in fact both the beta and gamma decay
theories can be cast in the same form (Al 55). How-
ever, the selection rule (IV—9b) is rigorous while that
of Eq. (IV—9a) is not since it depends upon the K
purity of the initial and Anal states, so violation of this
selection rule acts to hinder or retard that particular
transition rather than prohibit it. The degree of E
forbiddenness is defined as in the gamma-ray case by
v where

For odd-A nuclei there is a further set of selection
rules which depend upon the asymptotic quantum
numbers L1V, n„h), and in the limit of infinite dis-
tortion these selection rules are rigorous. However,
since deformed nuclei have relatively small distortions,
in fact, these selection rules are also only approximate.
Transitions in which all of these selection rules hold
are called "unhindered" while those which are allowed
by (IV—9a) and (IV—9b) but are forbidden by one or
more of the (lV, e„A) selection rules are called "hind-
ered" (Al 55a). These beta-decay selection rules for
all of the beta transition operators through second for-
bidden transitions have been tabulated (Al 57) and
we give in Table IV—4 these selection rules for allowed
and first forbidden transitions. The notation for the
nuclear matrix elements is similar to that of Preston
(Pr 62). Several tabulations of ft values exist (Al 55a,
Mo 59) which show that, at least for allowed and first

forbidden transitions, the hindered and unhindered
transitions separate empirically just as the ft values
for different degrees of forbidenness are separated
by different orders of magnitude. In general these
ranges are a& log ft&b where the limits are a=4.5,
b=5.0 for allowed unhindered; a=6.0, b=7.5 allowed
hindered; a=5.0, b=7.5 first forbidden, unhindered;
a= 7.5, b= 8.5 first forbidden hindered.

Another obvious rule is that the ratio of f/ values for
two transitions to different members of the same rota-
tion band will be in the ratio of the squares of the ap-
propriate Clebsch —Gordan coefficients.

ft(I;K,~IirKr) C(I,AIif j Kj) Kf Kj, Kf)
ft(I,K,~I2fKf) C(I,AI9f j Kj, Kf Kj) Kf)

(IV—10)

For a detailed comparison one can calculate the
nuclear matrix elements using the Nilsson state func-
tions for a given distortion determined by the level
structure or other properties. One can then calculate
the ft values which for allowed transitions, using the
notation of Ref. Pr 62, is

f,t = 2m& ln 2L (I0) (gi
'

~
m~ ('+gg' I ~. t') g ',

where (I., ) is a number near unity and the g, are the

TABLE IV—4. Asymptotic selection rules for allowed and erst
forbidden beta transitions in deformed nuclei.

Matrix
element ~n., hA

0 0

0 0

0no

0, 10, 1
no 0—+0

0no

0, 1
no 0~0 +1) D

0 1

+I) 0

0 1

+1) 0

0 1

+1) 0

yes 0

0, 1
no 0~0

yes

pes

yes 0 +1—1
1

TI(1, d) 0, 1

no 0—+0
or —&-1 1

2 2

1

+1—1
1

0
+1—1

0

1

0
yes

T&(1, u'j 0, 1, 2
no 0—+0

or 1~0

yes 0 0
+1—1

1

0

0
+1—1

0

(+1
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coupling constants and BR~ and 5K, are the Fermi and
Gamow-Teller transition operators. Nilsson has dis-
cussed this evaluation brieQy for mirror transitions
and for certain forbidden transitions, the "unique"
forbidden transitions, in which the operators are quite
analogous to the gamma case.

Bogdan (Bo 62a, Bo 63) has calculated the matrix
elements for Xth forbidden transitions using Nilsson
state functions assuming (V—A) type interactions
and has compared them with two or three transitions
to even —even nuclei in the rare-earth deformed region.

For beta transitions between even nuclei, Gallagher
(Ga 60) has defined two different classes of transition:
those in which the initial and final state have the same
relative coupling of the two odd nucleons, and those
in which the states have different relative couplings.
In the former case, the matrix elements in the asymp-
totic limit of infinite distortion become the product
of an overlap integral (c.f. Sec. III B) with the asymp-
totic selection rules discussed before. For the case of
transitions between states of different relative coupling
Gallagher found that the odd particles must have
A„=A„=O, 0~=0„=—,

' for nonvanishing contributions
to the transition matrix elements in allowed and first
forbidden decays. He classified twelve such beta tran-
sitions in the deformed regions and found that the
ranges of the ff values were essentially the same as for
the odd-A cases. (This statement is stronger than de-
manded by the empirical evidence as he was able to
classify only one allowed unhindered and one first
forbidden hindered decay and 6ve each of allowed
hindered and first forbidden unhindered. )

Similar transitions have been discussed from the
point of view of the asymmetric model (Da 60b) in
which the final states are given quite specifically for
any level of angular momentum L(c.f. Sec. II); how-
ever, the initial state functions (for the odd —odd parent)
are taken as

I I~)=qr(r) Qcixa~rcr

which is a pure rotational model of odd —odd nuclei
and neglects any possibility of the interaction between
the two odd nucleons. Clearly this calculation cor-
responds only to transitions between initial and final
states having the same relative coupling of the odd
nucleons. The a~ are not known, so to proceed it was
necessary to take the odd —odd parent as being sym-
metric (K a good quantum number) and calculate
only the ratios of ft products for different final states.
In this case one has

ft(I;K,~Lit) Q~,Air, 'C(I AL,r) E;, E'i —E,, Ei) '
ft(I,K; L2r) QArr, ~iC—(IAL2f, Ki, K2 Kc) Ki)

which reduces to (IV-10) when Kris a good quantum'
number. The data are too sparse to decide upon the
merits of this calculation, although it would seem that

if one is going to insist on a nuclear model with an
asymmetric core the odd —odd case should be handled
in a more consistent manner.

V. PHOTONUCLEAR REACTIONS

Immediately after the discovery of the photonuclear
giant resonance by Baldwin and Klaiber (Ba 47, Ba 48)
several theoretical models to explain the process were
suggested by Goldhaber and Teller (Go 48). They
invoked collective dipole effects to explain some of the
properties of the cross-section curve as a function of
energy in particular the energy of the resonance, as
well as the integrated cross section. In one of these
models the nucleons execute harmonic oscillations each
about its equilibrium position the spring constant being
the same for all nucleons in all nuclei. Thus, the res-
onance energy E is a universal constant identical for
all nuclei which even at that time did not agree with
experiment. The second model was a two-Quid model
in which compressible proton and neutron Quids os-
cillate against each other, with the restoring forces
proportional to the density gradients and E inversely
proportional to the nuclear radius or to A &. Finally,
they suggested that the dipole motion might be caused
by the oscillation against each other of the neutrons
and protons taken as rigid spheres. This yields E
proportional to R '=A:. For this model they also
calculated the integrated cross section.

The second model has been extensively investigated
by Steinwedel, Jensen, and Jensen (St 50, St 50a)
who solved the two-Quid problem for a spherical nu-
cleus and related the resonance energy E to the phase
velocity of second-sound I in the Quid by

E =2.085uR—'

which is proportional to A '. This model has been ex-
tended by Danos (Da 58) and Okamoto (Ok 58) to
spheroidal systems relating, among other things, the
width of the resonance to the intrinsic quadrupole
moment Qe. This width is due to the splitting of the
resonance because the spheroid has two different
eigenfrequencies associated with its semi-axes. These
latter calculations were confirmed by Fuller and Weiss
(Fu 58) who were able to measure the giant resonance
sufficiently accurately in terbium and tantalum to
show a double peaked curve.

A major experimental difficulty in these measure-
ments is related to the fact that the giant resonance
is studied with a bremsstrahlung x-ray distribution,
the unfolding of which from the measured yield curves
injects the major uncertainty into the results. Recently
it has become possible to obtain essentially mono-
energetic x-ray beams of variable energy from high-
Qux electron linear accelerators which permit very ac-
curate determination of the photonuclear cross-section
curves. It would seem that this is now the preferred
way to determine the shape of the nucleus in its ground
state.
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The calculation of Steinwedel, Jensen, and Jensens
proceeds from Hamilton's principle

5 I.dt= 8 dt 2 dr=5 dt (3—'U) dr=0,

p~+&.p~v~=0,

p„+V p„v =0,
and to the boundary condition

r'vi ~r=aa =0.

(V—2a)

(V—2b)

(V—3)

The condition (V—1) is that of a homogeneous in-
compressible total fluid while conditions (V—2) are
the familiar statement of the conservation of mass
(Se 59).

The physical process at hand requires (a) that the
total number of nucleons remain fixed during photon
absorption, (b) tha, t the electromagnetic field be
coupled to the nucleus, and (c) that the dipole oscil-
lations be coupled to other internal degrees of freedom
broadening the resonance to some width F. Require-
ment (a) can be entered into the variational calcula-
tion through a Lagrange multiplier while (b) requires
adding the force on an electric charge q(E+v x8).
Finally, the width must be added through a dissipa-
tion term which is done in an ad hoc fashion. The vari-
ational principle then becomes

I.dt= dt Q—N3 bg 60', d7 =0.
r

The potential energy density is just the symmetry
energy (Pr 62)

&=&(p. p-) '/po—
Carrying through the variation leads, after lineariza-

tion, to a wave equation with damping of the form

La%'—I'(8/Bt) —(8'/Bt') 7p„(rt) =0

which can be simplified by assuming a harmonic time
dependence for p„(r, t)

p, (r, t) =p„i'iL1+rt(r) exp ( i~t)7—
whence the wave equation

(V'+k') g= 0. (V—4)
The most lucid exposition of this development is to be found

in Ref. Da 61c which is unfortunately unpublished.

where 2, 3, and 'U are the Lagrangian-, kinetic-, and
potential-energy densities, respectively. The fluid ve-
locities are denoted by v(t), where

v, (t) = r ,(t),
'

the r(t) being the generalized coordinate of an element
of the fluid, the index i referring to neutron or proton
Quid. The variation is carried out with respect to the
r, (t) and subject to the constraints on the densities p;

po= p&1p„=constant,

This equation with the boundary condition of Kq.
(V—3) is identical with those associated with the
acoustical vibrations of a gas contained in a rigid
spherical shell the solutions of which have long been
known (St 45). For the particular case at hand the
eigenvalue problem may be expressed as

tan kr= 2kr/(2 —k'r');

the lowest nontrivial solution of which was given by
Lord Rayleigh (St 45) as kr = 119.26'/180= 2.08.
This mode leads to the energy

E~——h~g= nA —
& MeV

with n=70 and it has been asserted that o. p=80
(Da 61c).

Both Danos (Da 58) and Okamoto (Ok 56, Ok 58)
have investigated the relation between the intrinsic
quadrupole moment Qo of a deformed nucleus and the
splitting of the giant resonance cross-section curve into
two peaks (Okamoto considered the width of the un-
resolved resonance peak to be related to Qo, while
Danos takes the resonance widths to be parameters
of the theory which is more correct). Okamoto solved
Eq. (V—4) with the boundary condition (V—3) in
spheroidal coordinates while Danos made use of the
1=1, m=0 solution by MacLauren (Mac 98) of the
analogous acoustical problem and the l=1, m=&1
solutions from which he (Danos) showed that to a good
approximation the two frequencies for a spheroidal
nucleus are related by

mrs/Id, =0 911(a/b).+0.089, (V—5)

valid on the range of deformation normally found in
nuclei (Da 58). Here a and b are the semi-axes with
6 normal to the symmetry axis. For a randomly oriented
target the average cross section will be

(a(E) )~.= sa.(~)+s~s(&).
It was also shown that if the width F; is a function of
resonance energy then

(Oa) max/(&5) max= I'b/21'a

Equation (V—5) relates the ratios of the resonance
energies to that of the semi-axes and hence to the
deformation parameter P so that knowing the positions
of these peaks the intrinsic quadrupole moment Qo,
can be calcula, ted from Eq. (II—36). These predictions
were confirmed by Fuller and Weiss (Fu 58) who
observed the splitting in tantalum and terbium and
compared the intrinsic quadrupole moments deter-
mined in this way with those determined by Coulomb
excitation. The agreement was quite good.

The extension of these ideas to ellipsoidal nuclear
shapes has been done by Inopin (In 60) and Okamoto
(Ok 62). The former has used a variational method
to obtain the wave numbers k; in the form

k,= (2.08/R, ) (0.92+0.08R;/Ro), (V—6)
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TABLE V—1. Photonuclear cross-section parameters for nuclei in the deformed regions. In the column labeled Type, P re-
fers to a bremsstrahlung gamma-ray beam while y refers to a monoenergetic gamma-ray beam used in the experimental determination
of the listed parameters.

Nucleus mb
E

MeV
~a

MeV mb MeV
r&

MeV
Qo
b Type Reference

Tb159

Tb159

Hol65

Hol65

Ta181

Te 181

258

318

200

318

308

198

510

12.5

12.2

12.2

12.10

12.2

12.45

12.75

10.85

2.4

2.67

2.35

2.65

2.33

2.3

3.0
2.45

310

233

328

249

328

348

570

16.3

15.6

16.0

15.75

16.0

15.45

15,50

14.10

4.0
4.30

4 4

4.5

4 4

5.0

4.00

5.6
7.0

7.6

7.40

7.6

5.7

6.71

12.8

Fu 58

Fu 62

Br 63

Fu 62

Fu 58

Br 63

Bo 64

~ Natural erbium.

where E; is the ith semi-axis of the ellipsoid. Inopin
then compared this calculation with the work of Fuller
and Weiss (Fu 58) on terbium, reinterpreting their
data to yield a resolved three-peak resonance curve
with resonance energies at 12.5, 15.0, and 16.8 MeV.
Using these and Eq. (V—6) he calculated the deforma-
tion and asymmetry parameters /=0. 30 and y=19'.
This reinterpretation does violence to the cross section
determinations of Fuller and Weiss and is not consistent
with the reported experimental errors. It also does not
take into account fully the (p, 2rc) cross section which,
from the monoenergetic gamma-ray work, is known to
make a large contribution to that part of the cross-
section curve above the first resonance peak.

Okamoto (Ok 62) makes use of a geometrical method
to calculate the ratios of the resonance energies. He
gives a table of predicted resonance energies of 44
nuclei from Ne' to Hg" . No predictions are made in
in the actinide deformed region and only the isotopes
Ps"0 and Pt"' Pt'94, and Pt"' in the lower deformed
region are given. Since the platinum isotopes may have
the greatest asymmetry (y=30') it is interesting to
note his predictions of 13.5, 14.2, and 14.9 MeV are
considerably closer together than Inopin finds for a
much less asymmetric nucleus. Such close resonances
are probably not resolvable by present techniques. With
regard to the platinum isotopes recent betatron meas-
urements on the separated isotopes Pt'", Pt"', Pt"', and
Pt"' show a very broad and unresolved resonance for
the even-3 isotopes and a rather narrow resonance for
the odd-A isotope (He 64). The former are not in-
consistent with some sort of splitting of the resonance
but the latter eff'ect in Pt'" indicates that it is not de-
formed to any great extent.

Much more accurate work can be done using mono-
energetic gamma-ray beams for then it is also possible
to measure the (y, 2n) cross section. In Table V—1
are tabulated the resonance energies, widths, and de-
rived intrinsic quadrupole moments Qo for a number

of nuclei in the deformed regions. In general the res-
onance parameters are obtained by fitting each res-
onance to a "Lorentz" line of the form

~(@=«(~o) /L&+ (&'—&o') '/I"&'j
whe~~ «(&o) is the peak cross section at energy Eo
while I' is the width of the resonance at half-maximum
(Fu 62a).

Since in principle the shape of the giant resonance
could resolve the question of whether or not a de-
formed nucleus is spheroidal or ellipsoidal, one would
hope that careful measurements would resolve this
question independently of the interpretation of the
spectra. Unfortunately, the question is still unresolved.
As mentioned before it was originally suggested that
the experimental evidence from Tb" indicated it to
be ellipsoidal (In 60) and recent measurements with
a bremsstrahlung beam (Bo 62b) have been fitted
with three Lorentz lines with energies at 12.25, 15,
and 17 MeV, widths of 2.5, 3.2, and 2.0 MeV, and
heights of 278, 191, and 305 rnb. On the other hand,
data obtained using a monoenergetic gamma-ray beam
rule out the above interpretation of three such widely
spaced resonances but do not distinguish between a
prolate spheroidal deformation and an ellipsoidal de-
formation (Br 64). A similar situation exists in Ho"'
where the betatron data are not accurate enough to
distinguish between spheroidal and ellipsoidal shapes
(Fu 62). For this nucleus and Ta'" the monoenergetic
x-ray data could not be fitted with three Lorentz
shapes, the conclusion being that these nuclei are "es-
sentially spheroidal" (Br 63).

It has been shown that the coherent photon scatter-
ing cross section is related to the total nuclear absorp-
tion cross section (Fu 56). The scattering cross section
has been measured for a few nuclei in the deformed
regions and a discrepancy exists between this scatter-
ing and the absorption cross section. This discrepancy
is associated with a second component of the scatter-
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ing cross section called the "tensor" component (I'u 62)
so that the total scattering cross section is

d~/do= (d~/dn), + (d~/dn, ) „
the first term being the so-called scalar cross section.
It has been found that the tensor cross section is sensi-
tive to the shape of the deformed nucleus, being much
larger for ellipsoidal nuclei than spheroidal nuclei
(Fu 62).

Danos and Greiner have amalgamated the hydro-
dynamic models of the low energy structure of de-
formed nuclei and the dipole oscillations of the giant
resonance (Da 64c). In this development they have
considered the interactions between the dipole oscilla-
tions and the rotations and vibrations of an even —even
nucleus; however, the effect of the odd particle (or
particles) for odd-A (or odd —odd) nuclei should be
small for the giant resonance, hence the theory is con-
sidered to have validity for all nuclei for which a col-
lective hydrodynamic model is meaningful (i.e., for
A&50). Further, the calculation is done within the
context of the adiabatic approximation, that is, that
Ez'pg«E~ jb&&Ed where Ed is the energy of the giant
resonance. The particular form of the theory of the
low-energy rotation —vibration problem is that one of
the rotations and vibrations of an axially symmetric
system where the collective parameters are ao'—(P—Po)
and a'+2=Pop/W2 mentioned in Sec. II (Fa 62, Fa 62a,
Fa 64) although the theory could use other low-energy
models as a starting point.

The total Hamiltonian consists then of a term for the
rotations, one for the vibrations and one for the dipole
oscillations. Calling the total angular momentum I
the nuclear angular momentum L and the angular
momentum of the dipole oscillations j then

I=L+j

which is just Eq. (III—1). That is, the dipole oscilla-
tions enter the rotational problem in the same way
the extra-core nucleon enters the similar odd-2 prob-
lem. Here j is restricted to values appropriate to a
dipole oscillation. The total Hamiltonian can then be
written as

If=&a+&vs+&a+A n+&. a+&d, z—
where H;b and its associated Schrodinger equation
is similar to that of Eqs. (II—25) a,nd (II—26) (except
the variables are ao' and a2'), H„n is simila, r to tha, t
of (II—28) and H„~ is identical with II, of Eq. (III—4c).
The dipole oscillation problem is treated in the second
quantized representation and is similar to Eq. (I—16).

The wavefunctions are products of a vibrational
term, a rotational term, and a dipole term

4=V p P~x'"n„

respectively, where ep and e~ are the vibrational quan-
tum numbers and s indicates the dipole mode, being
zero for excitations parallel to the symmetry axis and
&1 for excitations normal to this axis. These functions
must be properly symmetrized under the T& and T2'

operators discussed in Sec. II. The energy eigenvalues
are then

E(I, E, np, n„s)
= [I(I+1) E'

~

—s
~
]En+A(a, +5(o,(np+ ,')-

+5a), (n,+1).
The coupling between the dipole oscillations and

the quadrupole vibrations stabilizes the nuclear sur-
face in an asymmetric shape so that the upper resonance
is split into two peaks. Further, some of the dipole
strength of these two resonances goes into a satellite
line of each peak due to the coupling of a single quan-
tum oscillation in the y mode.

This model has been fitted to the betatron data of
the deformed odd-2 nucleus Ho'" (Fu 62). The pa-
rameters E&, Scop, Ace~ were fit to the low-energy struc-
ture of the neighboring even —even nucleus Er"6 while

Po was determined from the separation of the giant
resonance peaks. The widths I"~ were fit to an expres-
sion of the form

with 8=2.2. The agreement between experiment and
theory is very good indeed (Da 64b) and considerably
better than for the so called "static" theories dis-
cussed earlier where the cross section was too low on the
high-energy side of the giant resonance peaks.
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