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FOREWORD

Quaternion notation, far from being an outmoded
Victorian fad, is shown to be a concise and perspicuous
formalism in field theory. Clouds of indices are in great
part evaporated, features which depend on the arbi-
trary choice of a coordinate system sink into the back-
ground, and physically significant relationships are
emphasized.

This paper is written for those who know special
relativity fairly well and Riemannian geometry fairly

* This work was supported in part by a grant from the National
Research Council of Canada, and by U.S. Air Force grant AF-
AFOSR-454-63.

poorly. In Part I, after the historical introduction, there
is an account of quaternion algebra which, although
brief, should be sufficient preparation for anyone
unacquainted with the subject. The notation will seem
familiar to most physicists because quaternion basis
elements are chosen to have the same multiplication
law as Pauli spin matrices.

It is hoped that the work will prove useful to quantum
field theorists, but it has a classical bias. We do not deal
with the possibility of replacing complex numbers by
quaternions in quantum mechanics,! nor with recent
attempts to describe elementary particles by means of
quaternions.?

I. INTRODUCTION

I.1 Historical Remarks

If the use of quaternions is advantageous, why have
they been used so little? To answer this question we
give a short, tendentious history.

It was recognized early that special relativity can be
elegantly written in quaternion notation.’* However,
the formalism was never popular: perhaps because it is
slightly harder to manipulate quaternions than tensors,
but also because the Lorentz-transformation properties
of a tensor are explicitly shown by its indices.

After the invention of the quantum mechanics of
spinning particles there was a renewed attempt to
introduce quaternions. This was natural because the
Pauli spin matrices prove to be quaternion basis
elements in a thin disguise. Again the attempt failed,
and the matrix notations of Pauli and Dirac were
almost universally adopted. There was here no ques-
tion of Lorentz-transformation properties being shown
more explicitly in one formalism than in the other,
but only that it is less trouble to multiply a column
vector by a matrix than to multiply a matrix by a

1 G. Birkhoff and J. von Neumann, Ann. Math. 37, 823 (1936);
T. Kaneno, Prog. Theoret. Phys. (Kyoto), 23, 17 (1960); D.
Finkelstein, J. M. Jauch, S. Schiminovitch, and D. Speiser, J.
Math. Phys. 3, 207 (1962), and 4, 788 (1963); D. Finkelstein,
J. M. Jauch, and D. Speiser, J. Math. Phys. 4, 136 (1963).

2 E. J. Schremp, Phys. Rev. 99, 1603 (1959); G. R. Allcock,
Nucl. Phys. 27, 204 (1961).

3 L. Silberstein, The Theory of Relativity (Macmillan and
Company Ltd., London, 1924), 2nd ed., p. 148, footnote.

4 F. Klein, Physik. Z. 12, 17 (1911).
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matrix—which is effectively what one has to do in
writing, say, the Dirac equation in quaternion form.%¢

Another rival formalism was the spinor calculus.’
This is completely explicit, in that transformation
properties are shown by sets of indices. Four kinds of
index are needed (co and contravariant, dotted and
undotted), which most people find it tedious to juggle.
Since one can readily indicate transformation properties
without using indices, the spinor calculus has been
little used in either flat or curved space-time.?

The Dirac equation in its y-matrix version was soon
generalized to the case of Riemannian space-time.? The
v matrices, which can be chosen to be constants in
flat space-time, became functions of the space-time
coordinates in the generalized equation. Further, there
is the possibility of submitting the generalized equa-
tion to coordinate-dependent similarity transforma-
tions. This rather complicated state of affairs may be
brought to order by introducing a reference tetrad of
vectors at each event of space-time, and limiting one-
self at each event to the set of similarity transforma-
tions which correspond to possible rotations of the
tetrad. One can avoid talking about reference tetrads,
but at the price of simplicity: compare the papers of
Schrédinger,® and Bargmann,® and see Refs. 11, 12.

Coordinate-dependent y matrices are fairly complex
objects, but that is not their worst feature. More
serious is that they have no obvious physical inter-
pretation, so that by using them one loses much
intuitive insight. It is here that the quaternion for-
malism has a decisive advantage. One can write field
equations such as the Dirac equation in terms of
quaternions ¢* which correspond to generalizations of
the Pauli spin matrices, and which at the same time
have a clear physical meaning as the vectors of the
reference tetrad. The situation should be compared
with that in spinor calculus, where also one introduces
tetrads o435, but where the physical significance is
obscured by the abstractness of the spinor space to
which the suffixes 4, B refer. These differences between
the three formalisms are characteristic; and also
characteristic is the way in which the quaternion
formalism combines the advantages of the other two.
At least, so we try to demonstrate.

5 C. Lanczos, Z. Physik 57, 447, 474, 484 (1929).

8 A. W. Conway, Proc. Roy. Soc. (London) A 162, 145 (1937).

7 L. Infeld and B. L. van der Waerden, Sitzber. Preuss. Akad.
Wiss., Physik.~Math. K1., 380 (1933); W. L. Bade and H. Jehle,
Revs. Modern Phys. 25, 714 (1953); A. Peres, Nuovo Cimento
Suppl. 24, 389 (1962).

8 P. G. Bergmann, Phys. Rev. 107, 624 (1957), introduced a
matrix version of spinor calculus which can also be regarded as a
matrix representation of part of our quaternion theory.

9 E. Schrodinger, Sitzber. Preuss. Akad. Wiss., Physik.—Math.
K1, 105 (1932), gives references to earlier work by Weyl, Fock, etc.

10V, Bargmann, Sitzber. Preuss. Akad. Wiss., Physik.~Math.
Kl., 346 (1932).

(1;15 % R. Brill and J. A. Wheeler, Rev. Mod. Phys. 29, 465

2 J. G. Fletcher, Nuovo Cimento 8, 451 (1958).
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1.2 Quaternion Algebra

In this section the necessary results of quater-
nion algebra are written in a notation familiar to
physicists. 1?14

Definitions

A quaternion 4= (A4,, Az, As, As) is an ordered
quadruple of complex numbers.”® The 4, are the com-
ponents of 4 (lower-case Greek indices from « through
¢ have the range 1, 2, 3, 4, and from « through « have
the range 0, 1, 2, 3. Lower-case Latin indices have the
range 1, 2, 3). Equality of two quaternions is equivalent
to equality of their corresponding components: 4 =B
if and only if A,= B, We shall sometimes put A=
(Ay, Ag, As) and A= (A, Ay). It causes no confusion to
write 4 =A when 4,=0; nor is it misleading to write
the zero quaternion as 0= (0, 0, 0, 0).

The multiplication of a quaternion by a complex
number A, and the addition and subtraction of quater-
nions, are defined by

A= ()\Al, >\A2, )\Ag, >\A4),
A~4B=(A41+By, As+Bs, As+Bs, Ast+By),
A—B=A+(—1)B. (1)

Addition of quaternions is commutative and associative.
Multiplication of quaternions by complex numbers is
commutative, associative, and distributive. It follows
that if one defines quaternion basis elements o* by
(0%) g=10ag, so that

=(1,0,0,0),
03: (07 07 1’ O))

02: (0) 17 07 0))
o*=(0,0,0,1), (2)

then 4 =Aqu0* and A=A,o™ for any quaternion A
(sum over repeated lower-case indices).

The product AB of quaternions 4 and B is itself a
quaternion. The product is distributive, and for any
complex number X it satisfies

(AA)B=A(\B) =\(4B). 3)

The products of the basis elements o are defined by
0701 =—18,q0*+1€pg0", (4)
olo*=0%"=10%, (%)

13 L. Brand, Vector and Tensor Analysis (John Wiley & Sons,
Inc., New York, 1947), gives a fuller, but still concise account of
the subject in the traditional notation.

4 F, Giirsey, Nuovo Cimento 3, 988 (1956), uses a notation
very similar to ours.

15 Quaternions are often defined to be ordered quadruples of
real numbers. Our quaternions are what Hamilton called bi-
quaternions,
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where ey is the permutation symbol. From Eq. (5)
it follows that the quaternion ¢ has the same proper-
ties as the complex number 7. It is therefore per-
missible to write o*=14. With this change of notation,
Eq. (4) becomes the well-known multiplication rule
for the Pauli spin matrices. It was to achieve such
a correspondence that we chose to use the ¢ rather
than the traditional quaternion basis elements (which
are —10%).

From these rules one finds that the product of two
arbitrary quaternions is

AB=A,B,— ABs+i( 4B+ A,BiteppApBy) ™. (6)

[Note that (AB)s=—1(A4,Bp,— A4Bs)]. The product
is not in general commutative, but is associative.

Algebraic Operations

The adjoint of a quaternion 4= (A, 44) is the
quaternion A=(—A, A44). In particular, for the basis
elements o9,

Fl=—dl, =04, (7
so that _ ~
A =A4,5%=Aq0% (8)
From Eq. (6) we find that for any 4, B
AB=BA, (9)

which is to say that the operation of taking the adjoint
is anti-automorphic.’® From (4), (5), (7), one gets

24 =0 4o*=5%A45%, (10)
44.,=024576 =Y A5*
=3%*Ae70* =57 Ao°. (11)

The norm of a quaternion A is defined to be AA.
The norm behaves as a complex number,

AA=AA=—A4,4.,. (12)

It follows that (AB) (4B)=(A4A4) (BB): the norm
of a product is the product of the norms of the factors.
If AA =0, one says that 4 is null or singular. If A4 =1,
then 4 is unimodular.

The reciprocal of any 4 which is not null is defined
by A-'=A/(AA). The reciprocal has the properties

AA 1 =4"14=1, (AB)'=B"14"1. (13)

The Hermitian conjugate of a quaternion 4 is the
quaternion AT=(A4:* A.* A;* —A.*), where the
asterisk denotes complex conjugation. The operation

16 Tt is sometimes useful to define an operator K,, which changes
the sign of only the m component of a quaternion: K 4=
1(— Al, As, As, 4) etc. This operator is anti-automorphic, while
the product KK, is automorphic, and K;K;K34=A4. In the ma-
trix representation which is introduced at the end of this section,
the matrices that correspond to K»4 and K,AT are the transpose
and complex conjugate, respectively, of the matrix. that corre-
sponds to 4.

of Hermitian conjugation is anti-automorphic,
(AB)t=BtA". (14)

A quaternion 4 is Hermitian if 4T=4.

The complex reflection of a quaternion 4 is the
quaternion AX=(—A4,% —4,% — 45*% —4,%). Com-
plex reflection is an automorphic operation,

(AB)X=AXBX. (15)

The effect of applying any two of the operations
, T, %, to a quaternion is the same as that of applying
the third. For example,

(A= (4t)*=A4.
Note too that, for any complex number e,
(ad) =dd, (ad)1=a147, (ad)t=a*41,
(ad)<=a*4*. 7

(In the second equation we must require a0, 44 #0).
The scalar product 4-B of quaternions 4 and B is
defined by

A*B=—2(AB+BA)=—1(AB+BA) =A4,B.. (18)

In particular one has A-B=4;B;, 4-4= —AA=

—AA, and the important commutation relations
0%5P 0P = gooP4-GP0% = —26a8.  (19)

It has already been pointed out that the multiplica-
tion rule for the o? is the same as that for the Pauli spin
matrices. By making the correspondences

01 0 —z

A ()
10 i 0
1 0 7 0

a3e—+< ), 0'4<—)< ), (20)
0 —1 0 ¢

so that for a general quaternion 4

Agtidy,  Ai—idy
A=A,0%> =@, (21)
A

1+ids, —Astids

an isomorphism’ is established between the algebra of
quaternions and that of 2X2 matrices. Writing the
determinant of @ as det @, the adjoint as @, the in-
verse as @, and the Hermltlan conjugate as @F, it is
easy to show that A4 =det e, AoQR, A—1<——>®—1
Ates@t, and also that 2i4,=A+A=Sp @.

(16)

—20% P =

II. QUATERNIONS IN SPECIAL RELATIVITY

II.1 Lorentz Vectors

Events in flat space-time may be specified by
coordinates %, where the «; are real Cartesian spatial



coordinates in an inertial frame of reference and
#s=1ct is the imaginary time coordinate. We define
the Hermitian space-time quaternion x by x=x,0°
A homogeneous Lorentz transformation of x corre-
sponds to a homogeneous linear transformation of the
%o which leaves # Hermitian and does not change its
norm:

=y, &F=uxz,

% o= Aopp, at =g, (22)
where the A,p are complex numbers independent of x.
It follows from (22) that A4 and the Ay; are real, that
Ag and Ay are imaginary, and that AeyAgy=Ayelp=
0s5. Any 4X4 matrix A whose elements A,s satisfy
these conditions will be called a Loreniz mairizx.

Any Hermitian quaternion which transforms in the
same way as a spacetime quaternion under restricted
Lorentz transformations is called a Loreniz vector
(vestricted here means homogeneous, proper, and ortho-
chronous). Apart from the trivial cases ¥’ ==y, no
Lorentz transformation of a Lorentz vector y can be
written in the form 3'=Ry; and any Lorentz trans-
formation of the form y'=RyS can be written as
¥y =+0yQ", where Q is unimodular (QQ=1). Further,
by taking only the plus sign in the last equation one can
obtain all restricted Lorentz transformations.* Space
inversion corresponds to taking the adjoint or the
complex reflection.

If we assume that a unimodular Q exists such that,
for all y,

Y =y'a0%=Aapyso*=Qy0", (23)
then by comparing coefficients of ys one has A,zo2=
Q4fQ1, and multiplying this equation by 76f and using
Eq. (11) gives
Q=CAup0%575%, (24)

where C=1/4(Q%),. For C to be defined, one must
choose v so that (Q1),50. That this is always possible
follows from the assumption that Q is unimodular.
The value of C? is found by substituting (24) in
Q=1

Define 0,=09/8%4, 9'a=08/3%’ o, where x is a space—time
quaternion. The differential operator d =029, is then
of particular importance. When =z undergoes the
restricted Lorentz transformation x—a’=QxQf, the
operator transforms like a Lorentz vector:

9’ =029, =Q0°Q0,. (25)

7 M. A. Naimark, Les Représentations Linéaires du Groupe de
Lorentz (Dunod, Paris, 1962).

18 We have assumed the existence of a unimodular Q; but it is
also possible to prove by direct calculation that, for any restricted
Lorentz transformation A, there exists a unimodular Q of the
form (24) which satisfies (23). See A. J. Macfarlane, J. Math.
Phys. 3, 1116 (1962), who also gives references. Note however
that Macfarlane’s argument is incomplete, since he implicity
assumes that Q,0.
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To prove (25), one needs the equation
(QoQ") 5= (Q*Q") o (26)

which follows from (10) and (11).

If y and z are Lorentz vectors, the quaternions yz
and ¢z transform under restricted Lorentz transforma-
tions according to the rules

YE=QyQ,  77=Q"Q" (27)
It follows that the complex number yz-+zf=jz42y=
— 2942, is a Lorentz invariant. In particular, 2.2, and
da%. are Lorentz invariants, and 9,9, is a Lorentz
invariant operator. If we write w=yZ, then what we
have shown is that ws=1y.2, is a Lorentz invariant.
However, wib = —w,w, also is a Lorentz invariant, and
so therefore is w,wp.

Maxwell’s Equations

As an illustration of the formalism, consider the
Lorentz vector a, the potential of the electromagnetic
field. From Egs. (6), (7),

30=5%0,0=— 6aaa+i[64ar —0,04— qurapaq:lar
= (—E—1B, 104a.), (28)

where E is the electric field and B the magnetic induc-
tion (cf. Ref. 3, pp. 46, 200, 217). We impose the in-
variant Lorentz condition 9:¢=9,8,=0. The four
Maxwell equations are then equivalent to

where 7 is the current-density Lorentz vector.” Finally,
identifying E,+iB, with the w, of the last paragraph,
we see that (E,+iB,)(E,+iB,) is a Lorentz in-
variant.

I1.2 Spinors

Spinors will be defined to be quarternions with speci-
fied Lorentz transformation properties; but they also
will be required to satisfy algebraic conditions (just as
Lorentz vectors are required to satisfy the condition
of Hermiticity). The conditions are that the quater-
nions should belong to certain ideals of the quaternion
ring.20

Ideals of Quaternions

A quaternion E is said to be idempotent if it satis-
fies
E*=E. (30)

It follows from (30) that E is idempotent if and only
if Eis, and that the only idempotent quaternions, apart

19 Other forms of Maxwell’s equations and references to earlier
work are given by M. Sachs and S. L. Schwebel, J. Math. Phys.
3, 843 (1962).

2 J, Blaton, Z. Physik 95, 337 (1935).
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from 0 and 1, are those which satisfy the equations

E E=1, Ey=—1%i. (31)
From (31), the idempotents £ and E satisfy
EE=EE=0, E+E=1. (32)
The set of quaternions ¢ which satisfy
pE=¢ (33)

is called the left ideal generated by the idempotent E.
(Since E+ E=1, Eq. (33) is equivalent to ¢ £ = 0).
Similarly, the set of quaternions x which satisfy

(34)

is called the right ideal generated by the idempotent E.
Any quaternion 4 may be uniquely written as the sum
of a quaternion belonging to the left ideal generated by
E and a quaternion belonging to the left ideal generated
by E, for by (32),

A=A(E+E)=AE+AEL, (35)

and (AE)E=AF?=AE, etc. Similarly one can write
A=EA+EA. The proofs of the uniqueness of the
decompositions are trivial.

Ex=x

Definition of Spinors

A spinor is defined to be a quaternion ¢ which
satisfies Eq. (33) for some idempotent E (E#0 and
E##1), and which transforms according to the law

(36)

when the space-time quaternion x undergoes the re-
stricted Lorentz transformation x—2x'=QxQ". Since
¢’ satisfies ¢’ E=¢’, the condition (33) is covariant with
respect to the restricted Lorentz transformations (36).

The freedom one has in the choice of E may be useful
for describing the internal degrees of freedom of
elementary particles. However, in this paper we simply
choose E=E,=%(1+¢%), so that E,=1(17F¢%) =Ex,
and (33) reduces to

o—¢'=Qep,

poi=zop; (37)
or equivalently, in terms of components, to
eu=Tips,  @1=ctigpn. (38)

If ¢ and b are complex numbers, and if ¢ satisfies (37)
when the upper sign is taken, then ¢(as'4bs?) satisfies
it when the lower sign is taken.

The reason for choosing E,=%(140%) is that the
matrix representation (21) of a ¢ satisfying (37) is

particularly simple:
ipa(—121) )
es(—1=£1)

es(1£1),
[
The first column vanishes if we choose the lower signs,
and the second vanishes if we choose the upper. The

(39)

connection between our treatment of spinors as quater-
nions and the usual treatment, in which they are two-
dimensional vectors, is therefore established.?
Take the complex reflection of Egs. (36), (37), and
write o'X=pX’;
XX =0%p%,

q0><03 = :ngX.

(36)%
(37)%

We call X a conjugate spinor. Similarly, taking the
adjoint or the Hermitian conjugate of (36), (37) gives

e—¢' =40, (36)~
7*p=Fp; (37)~
o'—p! =101, (36)1
oot =Lt 37)1

We call ¢ an adjoint spinor, and o' an adjoint conjugate
spinor.

In conventional spinor algebra, a spinor with an
undotted superfix corresponds to our ¢, and one with
an undotted suffix to our ¢. Spinors with dotted super-
fixes and suffixes correspond to Kap' and KzpX, respec-
tively, where K4 =A—2A450® for any quaternion 4.
It is usually possible, as here, to indicate the transfor-
mation law of a given spinor without using indices.

Fermion Field Equations
The Weyl equation in quaternion form is

9% =0, (40)

where covariance under restricted Lorentz transforma-
tions requires that ¢ be a conjugate spinor (and there-
fore that ¢ be a spinor). Taking the complex reflection
of (40) and using (7) gives the neutrino equation

dp=0. (41)
The Dirac equation is equivalent to
(0—1ea) p*=1xb,
(5—ied) 0=1ixepX, (42)

where ¢ and 6 are spinors, ¢ is the electromagnetic
potential, k=mc/h, e=e¢/fic, and e and m are the charge
and rest mass of the particle.

III. QUATERNIONS IN RIEMANNIAN
SPACE-TIME

To understand the rest of this paper, one needs a
small amount of Riemannian geometry.?? Section III.1

2 It is tempting to speculate that the two sorts of spinor,
corresponding to the two choices of sign, may refer to different
particles: say electrons and u mesons, or two kinds of neutrino.

2 See, for example, J. L. Synge and A. Schild, Tensor Calculus
(University of Toronto Press, Toronto, 1952), Chaps. 1-3.



is introductory in character, and may be skimmed by
the expert for its notation.

III.1 Tetrad Formalism

It makes for simplicity later on if one adopts, not
the most usual formulation of Riemannian geometry,
but the so-called tetrad formalism, in which an ortho-
normal tetrad of vectors is introduced at each event
of space-time.?:?4 All that we do here is write down some
definitions, establish the notation, and show the con-
nection between the tetrad formalism and the usual one.

Tetrads and Metric Tensors

Events in space-time are denoted by upper-case
Latin letters P, Q, etc. The value of a function f at the
event P is denoted by fpor (f)p. An event may be
labeled by four real coordinates x* (recall that u has
the range 0, 1, 2, 3).

At each event of space—time one introduces a tetrad
of contravariant vectors with components o*,. Here o
(range 1, 2, 3, 4) labels the vector, and u labels its
components. The o#, (range of & is 1, 2, 3) are real,
while the o* are imaginary. The determinant of the
matrix whose elements are o*, is assumed not to vanish.

One can then find unique quantities o, such that
Opa0*8= 0ag.

(43)
The o are real and the o,y are imaginary.

Under the coordinate transformation x*—ux*', the
o*, transform, by definition, as contravariant vectors®
(44)

and it follows from (43) and (44) that the o, trans-
form as covariant vectors,

o o= (9x*' /02") 07y

Oua=(007/0%* ) 0y (45)

The covariant and contravariant metric tensors are

defined by

Zur = 0palray g =0"40"0. (46)

They are symmetric, and because of (43) they satisfy
gangh =20y, (47)

g,uff"a =Opuay g’”’lfm =0 (48)

Generalizing (48), we define the covariant vector f,
corresponding to a given contravariant f* by fu=gu f*;
and then from (47), f*=g*f,. This is just as in the usual
formalism.

2 T, P. Eisenhart, Riemannian Geometry (Princeton University
Press, Princeton, 1926), Chap. 3; F.A.E. Pirani, Acta Phys.
Polon. 15, 389 (1956) ; C. Mgller, Kgl. Danske Videnskab. Selskab,
Mat.-Fys. Skr. 1, No. 10 (1961). Also see A. E. Levashev and
O. S. Ivanitskaya, Acta Phys. Polon. 23, 647 (1963).

2 For some purposes it is better to use tetrads of null vectors:
see R. K. Sachs, Proc. Roy. Soc. (London) A270, 103 (1962);
FE. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962).

25 We use here the notation of J. A. Schouten, Ricci-Calculus
(Springer-Verlag, Berlin, 1954).
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The metric tensor is uniquely determined by (46)
once the o*, are chosen. However, the converse is not
true: choosing the g at each event does not determine
the o*, uniquely. One easily shows that the tetrads
o, and o'#, give rise to the same g* if and only if

O-’Ma = Aago“g,

(49)

where A is a Lorentz matrix (cf. Section II.1), which
may now be a function of the x*.%

Inertial Coordinates

We now introduce a class of special coordinate
systems in a neighborhood of each event. This may seem
an unnecessarily complicated procedure, but it will help
us when we try to generalize the results of Part II.

Start from the theorem? that in a neighborhood of
any event P there exist real coordinates ®* in terms
of which the metric tensor at P has diagonal elements
(=1, 1, 1, 1), zero nondiagonal elements, and zero
first derivatives. Make the trivial coordinate trans-
formation LP=®* LB =4P0 g0 that the
transformed metric tensor G4 satisfies at P

(GPap)p=0us,  (0GPap/0XP)p=0.  (50)

A coordinate system in which Eqgs. (50) are satisfied
is said to be inertial (at P). We use this word because
such coordinate systems correspond physically to
locally inertial frames of reference. The point of
introducing an imaginary X®), is to avoid having to
raise and lower the indices -« -t

Using (50) one finds

ox* ox”
<gw>p=(

ox*  Ix
XD, aE)CU’)gS

P = —— -
aﬂ)P (am(P)a afx:(P)01>P. (51)

It follows from (49) that one may obtain the
(8x4/dX®,) p from the (o%,)p by a Lorentz transforma-
tion. Thus, by performing a suitable inhomogeneous
Lorentz transformation of the X, we can find co-
ordinates x®, with the following properties. (i) The
@, have their origin at P, and are inertial at P [Egs.
(50) hold]. (ii) The x® are real and x®, is imagi-
nary. (iii) The transformation coefficients dx*/9x®),
are the o* at P

(0x#/9xP)g) p= (0*s) p. (52)

Such x®, are said to correspond fo the tetrad o*,. The
x®), are not uniquely determined by these conditions;
but if ¥®, and P, are two sets of coordinates inertial
at P which correspond to the same o*,, then 2®,=
2P 40 (xPpx®*) as &P xF),*—0. The meaning of
Eq. (52) is that the vector with components o#, (a
fixed) is tangential at P to the x®, coordinate curve.

26 Be clear on the notation: the ¢*';, are got from the o#, by a
coordinate transformation x#—a*’ (they are two descriptions of
the same tetrad), while the o’#, are got from the o*, by a Lorentz
transformation (they are two different tetrads described in the
same x* coordinate system). We do not write %, for the Lorentz-
transformed tetrad, because later the suffixes o are suppressed.



826 REeviEws oF MODERN Prvsics « Jury 1964

We have implicitly assumed, and always assume,
that the Jacobian of the transformation from the
a* to the @, does not vanish in some neighborhood of
P27 This, together with (43) and (52), implies

(0x®,/02*) p= (Opa) - (83)

Local Lorentz Transformations

If (o*,)p and (o'#)p are two tetrads at the event P
which give rise to the same (g*)p, then they are related
by a Lorentz transformation like (49)

(0"4) p= (Aqp) p(a*s) P, (49)p

where (Aay)p(Agy)p=060s. Suppose that «®), and
#'®, are coordinate systems inertial at P which
correspond, respectively, to o*, and ¢’#,. Then from
(52) and the assumption that the determinants of the
o*, and the o’#, are nonzero, one shows that

7B = (Aa) 6Pt O (&30, )

as
x® 2P, E 0, (54)
We call transformations of the type (54) local Loreniz
transformations (in the neighborhood of P). They are
important in Sec. IT1.3, where we demand that physical
laws should be covariant with respect to rotations
(i.e. Lorentz transformations) of the reference tetrads.

Christoffel Symbols

We adopt the notation df/dx*=f,, and similarly for
any suffix from « through w; and we put 9f/dx®,=f 4,
and similarly for any suffix from « through .. However,
one must not write f, if it is unclear which set of
inertial coordinates x, one is dealing with. In deriva-
tives of the form 9f®/dx* or of P /9xP), of quantities
f® which depend on the choice of inertial coordinate
system, we make the convention that the event P
and the inertial coordinate system associated with it
stay fixed throughout the differentiation.

The transformation law for the metric tensor can now
be written

(85)

Gur=2" , 25,8 Pap.

Differentiate (55) with respect to x* at P, and use
(8Pas ) p=(§Pap, 1Py 2)p=0, which holds because
the x®), at inertial at P:

(gﬁw,)\)P = x(P)vz,n)\x(P)a,V'i"x(P)a.#x(P)a,ﬂ)\- (56)

The Christoffel symbols of the first kind at P are
therefore
Lwr, Np=3 (g, tgnw—gur) = (6P g 1o ) p. (57)

Multiply by g™ and use (43), (46), (52), (53) to find

% Let it be understood that throughout this paper we exclude
singular cases. All necessary derivatives are assumed to exist, and
even “arbitrary” transformations are as smooth as we please.

the Christoffel symbols of the second kind:

™
{ } = (gﬂ\l:l'w; )\:I)Pz (x(P)a,uvx”,a)P-
W),
Since #®), 44" o= 6,7, one has £®) g 1, 2™ 4P 4 &7 0, =0,
and (58) becomes

™
{ } == (x(P)arl‘x”.aV)P-

w),

(58)

(58)°

Absolute and Covariant Derivatives

Let f,...» be a tensor with respect to transformations
of the #*. Its components in the x®), coordinate system
are

LS ™ o SNV S S (59)

where ##o=0%"/0xP),. If f,..» is defined along a
curve € and is differentiable with respect to an in-
variant parameter v on @, then the absolute derivative
of fu..»* with respect to » at P is defined to be the
tensor g,...» ", of the same type as f,...»"*, whose com-
ponents at the event P in the @, coordinate system

are
(§Pqu.cy..) p=[(d/dv) [Pg...,... ]p. (60)

Transforming (60) to the #* coordinate system and
introducing the notation g,..» =(§/6v)f,..»", one
finds by (52), (53), that

L(8/6v) fr... " Ip
=(,,m. cegTyeee (d/dv) (xu,a. . .x<P)m. . 'fw--*"))P- (61)

(In such equations it often does no harm to omit the
suffix P). If one expands the derivative in (61),
writes d(#*,q)/dv=a* o,dx7/dv, etc., and uses (43) and
(58), one gets the usual expression for the absolute
derivative in terms of the Christoffel symbols.

If fu..> is differentiable throughout a region which
contains P, then the covariant derivative of f,.." at
P is defined to be the tensor #,..», whose contra-
variant degree is the same as that of f,..»", whose
covariant degree is one higher than that of ..., and
whose components at the event P in the @, coordinate
system are

(P gy p=L[ (/06D [P Jp (62)

Transforming (62) to the a* coordinate system, and

introducing the notation 4,...»*,=f,..»",, one finds
JaerT = 0gar cgTye e (6/3907) (xu'a. . .x(P),y')\. . ’fu"-)‘"') .
(63)

Again the usual expression in terms of Christofiel
symbols is got by expanding the derivative, etc.

The preceding examples of the tetrad formalism
should be sufficient to establish the notation and to
familiarize strangers with its use. The only other remark
we make is that the Ricci identity

fwluv"‘frlvu=R)'1rMVf>\; (64)



which holds for any differentiable vector field fr, and
which may be used to define the mixed curvature
tensor R*,,, gives when fr,=o0,, the equation

Rana'_—o')‘a(o'walya"“ a'ralvu) . (65)

It follows, using Rymue= — Ry, that the Einstein field
equations for empty space, Ry,= R ,n=0, are equiva-
lent to

(66)

a1 =0,
where frop =3 ( fap—foa) -
III.2 The Quaternions ¢* and o,

The quaternions ¢* and o, are defined by

(T”=¢T“a0'a, U'p=0'yaa'a- (67)
From (48) and (67)
=g’  h=gha,. (68)

The o#, and oy, are the & components of o* and gy,
respectively, which agrees with the notation of Section
1.2. Our previous device of writing ¢* with a superfix,
so that one is not misled into thinking that the «
denotes a quaternion component, is not needed here:
only suffixes from « through ¢ (range 1, 2, 3, 4) are
used for quaternion components, so ¢, cannot be the u
quaternion-component of some quaternion o. If
ambiguity does threaten, one can always put brackets
round a suffix to indicate that it does not denote a
quaternion component: for example,

o@® @@= (300(1))0,/396“) ot

is the reference tetrad expressed in the x®, coordinate
system.

The reality conditions imposed on the o*, and
Oue are o¥ *=0”‘k, a”4*=—-a“4, U'uk*=0'pk, 0',,,4*=—"O',‘4. It
follows from the definitions of Section I.2 that

aﬂfzo'“: UMT=‘TM
(69)

The operations of raising and lowering indices commute
with the operations —, T, X: for example, g.,6*=d,.
The scalar product of ¢* and ¢” is, by (18) and (46),

ot g?=—1(o*¢"+o"5*) = — L (6%’ +5"a*)

GH = ghtX 5 =g, X
ot=gt”, op=0,".

(70)

Lowering one superfix in (70) gives o*-o,=gt, =8";
lowering both gives 0,0, =gus.
The norm of o* is

=gHy0’q= gl“'.

kGt = —ogkyoty=—g" (no summation on u); (71)

and its reciprocal is
"
(e#)1= —-U—W for g#MO (no summation on p). (72)
8

Similar results hold for o,.
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From (10), (11), (43), one shows that, for any
quaternion 4,
oudot=5,45"=24,

0, A5"5* =057 A5t =G,4570" =5,67 Ao =44.,.

(73)
(74)

Egs. (73), (74) remain valid if one everywhere raises
the suffixes u and lowers the superfixes u.

Coordinate Transformations and the Operators 9, d

The o* and &* are contravariant vectors.? This
follows from (44) and from the fact that the ¢* and
¢ are constants, unaffected by transformations of the
a#. Similarly, the o, and &, are covariant vectors.

* Transforming the ¢* and ¢, to an inertial coordinate

system x®),, one has
(75)

It follows that if a quaternion frp=( f,)po® is given at
the origin P of an inertial coordinate system x(®,, then
by defining a vector (fu)p= (0uefa)p, One can write
fp in the invariant form fp= ( f,o*)p.

The operators d=o#d, and d=4#d, are invariants:
0*d, =09, and §*9,=5*'9,+ for any coordinate systems
a* and #*'. If ¢ is an invariant quaternion, then da and
da are also invariant quaternions, and d-a and d-a are
invariant complex numbers. If the coordinates w, are
inertial at the event P, then it follows from (75) that

op= (0"6,,)p=0’“(aa)P, (76)

where 0,=09/d%,. In a flat space-time one can find
coordinates #, which are inertial at every event. In
such a coordinate system Eq. (76) is valid everywhere,
so that d=0¢%9, in agreement with the definition of
Section II.1.

(0P (@) p= (0uat™) p= (0*a0,) p ="

Lorentz Transformation of o,

It was shown in Sec. III.1 that a Lorentz transforma-
tion of the reference tetrad (ou.)p entails a local
Lorentz transformation (54) of the coordinates inertial
at P which correspond to o, Omitting the suffixes P,
we write the local Lorentz transformation correspond-
ing to o’ua=~Aapous as &' Py=Aux®pg-1-0,, where O,
denotes terms of the second order in the x®,; and
provided that A describes a restricted Lorentz trans-
formation, these equations are equivalent [cf. Eq.

(23)]to
0"#=QG'MQT7 (77)
&P =Qx®Qt+0,, (78)

for some unimodular Q. We have here written ¢/,=
0" ua0®, &P =4 P02, &/ P =45/ ®) 6 and 0, is a quater-

% We always use the words invariant, vector, tensor, to refer to
quantities which behave in the appropriate manner with respect
to general transformations of the x*. When we are concerned with
Lorentz transformations of the reference tetrads, we use the
phrasIeIs Lorentz invariant, Lorentz vector, Loreniz fensor, as in
Part II.
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nion whose components are of second order in the
x2P),. Note that both A and Q are invariants. One can
multiply (77) by g and use (48) to get

o"*=Qa*Q1, (79)
where ¢'#=g"#,0%.
The transformation of the operator d=o0*d, which

corresponds to the Lorentz transformation (79) is
' =d"9,=Qa*Q1d,. (80)

If one uses (76) to write 8'=0%(9's)p, and (52) to write
Q0#019,=Q0°Q%(ds)p, then (80) becomes identical,
apart from the suffixes P, with Eq. (25).

When Q differs little from 1, we may write Q =1-4d¢
and neglect terms of the order of (8g,)% The uni-
modularity condition Q@=1 is then equivalent to
8g+38g=0 or to 8gs=0, and the transformation law
(77) reduces to

d0u=0"y—0u=090,+0,(89) T+ 0(5gudq™)
as
(81)
We note that none of the Egs. (77) through (81) is

altered if, instead of requiring that Q be unimodular, we
impose the weaker condition® ‘

QQ=Ga=e",

where 8 is a real invariant. If 8 is of the same order as
the 6gq, then to first order (82) is equivalent to 8¢+
8q=2ip, or to 6qs=p.

8¢a0ga*—0.

(82)

Skew-symmetric Tensors

The representation of real skew-symmetric tensors
by quaternions which is given in this subsection will be
needed when we calculate derivatives of the o,.

Let f,, be a real skew-symmetric tensor. Define the

invariant quaternion F by
F=f,,0%5". (83)

Because fu,=—f., we have F=—F, or F;=0. From
Egs. (69), (70) it follows that

4f,,0'=Fo,+a,F1,
8fu=0,(G,F+F'6,) — (Fo,+o.F1)G,,

(84)
(85)

and hence f,, is uniquely determined by F [that (85)
is skew-symmetric can be seen by writing o,6,=
2(0464—0u6,—28u) , €tc. .

Another possibility is to define an invariant quater-
nion H by

H=—TFt=f,3, (86)

and put F=—H" in (84) and (85).
For any given f,, we have found a quaternion F

which satisfies (84). The most general F which satis-

2 I, Weyl, Z. Physik 56, 330 (1929).

fies (84) can always be written
F=f,0*"+ia (87)

for some quaternion «, and by substituting (87) in
(84) we show that F is a solution if and only if « is a
real number. When a0, one naturally has Fs<—F.

Derivatives of o,

The definitions of absolute and covariant derivatives,
which were given in the last section, apply unchanged
to tensors which are also quaternions. Each quaternion-
component of such a tensor is, of course, itself a tensor;
and the requirements that a tensor should be differ-
entiable along a curve or throughout a region must
now be interpreted as meaning that these quaternion-
components are so differentiable. Applying the defini-
tions, we see that the covariant derivatives of o* and
o, are

oty =0¥4),0%,

(88)

Ouly=0Opa|,0%
where

U“alvzo'ﬂa,v_i_{u}g)\a, o'ualv:U;ux,v—{)\ ]O’Aa-
VA uy

It makes for ease of interpretation if, instead of
using Christoffel symbols, one expresses the covariant
derivatives of g, in terms of rotation coefficients (see
Eisenhart® p. 97, but notice that his rotation coefficients
are all real). These are the invariants y.g, defined by

(89)

Because of (43) they satisfy vYagy=—"gay. Define the
tensors Yau» by

Yoy = Oue|0%307y.

(90)

They are real, satisfy v.u=—"ur, and at P in a co-
ordinate system inertial at P one has (Y®a5,) p="as,.
Multiply (89) by o.0,, and use (43), (88), (90):

Yapr = YapyTraTuB0 vy.

o'ulw:')/)\mra')\- (91)
Define a quaternion I'; by
Ir=10,.6"+ic, (92)

where the a, are real and are chosen to transform as the
components of a covariant vector (so that I, is a
covariant vector). From (91) and (92),

—1 —y s
r7r = Z’Yqu"U”-{-ia,,.

(93)

Since the .- are real and skew-symmetric in g and v,
the T'; satisfy all the conditions required of the F of
Eq. (87), and therefore by (84),

Y= Tro -0, T . (94)

Further, I'; is the most general covariant vector solu-
tion of (94). Finally, substitute (94) in (91):

Oplr=—Tro,—a, T 1.

(95)



The absolute derivative of ¢, with respect to a
parameter v on a curve C is, from (95),

60,,/6v=a,,],,(dx"/dv) = vo'n_o'quT) (96)

where T,=TI,dx"/dv is an invariant. Multiply (96) by
dv, and put d(o,) = (60,/0v) dv, dg=—T', dv:

d(ou) = (dg) outou(dg) ", (97)

Equation (97) has been written to look like the differen-
tial version of (81), but it has a different interpretation.
In a coordinate system which is inertial at the event
P=P(v) of C, the vector d(o,) at Pis (80P () /v) dv=
(do® (y/dv) dv=do® y=0D (o) (v+dv) =P (1) (v). In
this way the vector d(o,) determines the change in o,
corresponding to the displacement dv along @ from P.
On the other hand, the vector ég, in Eq. (81) is the
change in ¢, at P corresponding to the Lorentz trans-
formation Q=1-438g. We conclude that in a coordinate
system inertial at P the change in the reference tetrad
produced by the displacement dv along € from P is the
same as that produced by the Lorentz transformation
1-T,dvat P.

Lorentz Transformation of Ty

Apart from the usual assumption that all necessary
derivatives exist, the choice of reference tetrads in the
last subsection was quite arbitrary. Suppose that
o, and ¢/, are two sets of tetrads defined on the curve @
and related by the v-dependent Lorentz transformation
¢’,=Q0,0%. In a coordinate system inertial at P= P (),
the tetrads are o® (= (9x*/9xP,)a, and o' ® 4=
(82#/8x®)y) o’y The displacement dv along € from P,
which corresponds to a Lorentz transformation 1—T, dv
of the ¢®,, corresponds similarly to a Lorentz trans-
formation 1—TI",dv of the ¢'® ). This latter trans-
formation can be accomplished in three steps: from
7P ey (v) 10 0P (1), from ¢® ) (2) t0 (e (v+dv),
and from ¢® 4 (v4dv) to ¢’ P, (v+dv). The corre-
sponding Lorentz transformations are Q~1(v), 1—T, dv,
Q(v+dv),sothat 1—TI", dv=Q(v+dv) (1—T, dv) 0~ (v),
and hence

I, =QT,Q " — (dQ/dv) 0.

In (98) everything is evaluated at P=P(v). One can,
of course, add to (98) a term 4y (v), where y(») is real
[cf. (93) ]

By taking the curve € to be arbitrary, we can deduce
from (98) the relation between T, and I',. Alter-

(98)

natively, use the defining equation analogous to (92):

IV =2%0"1:6""+i . (99)
It follows from (62) that for any quaternions 4 and B
one has (4AB) = A |.B+ AB., and that the covariant
derivative of an invariant quaternion is the same as the
partial derivative. Since Q is an invariant,

o'yr= (Qo’,,QT) == QO'VMQT’{“QJWQT"’Q‘TV ¥ (100)
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We impose on Q the condition (82), which is equiva-
lent to Q'=Qe¢2% and which implies (Q,Q") =
—B.-e%#. A short calculation using (74), (92), (99),
and (100) then gives

I =QT:Q 7 —Q Q0 +i(a/r—artBx).  (101)
We define o’; so that the last term in (101) vanishes:
(102)

Because a, is by assumption a real covariant vector
and B is a real invariant, we see that o', is a real co-
variant vector. If we write e=¢/fic and identify a,=
—ag/e as the electromagnetic potential, then (102)
represents a gauge transformation.?

At any given event P we can choose Qp=1,
(Q.x)p=(T'x)p. Because Q is an invariant, these equa-
tions are covariant with respect to transformations of
the 2*. Then from (101) and (102) we have (I',)p=0,
and from (95), (¢/4-)p=0. At P in a coordinate
system inertial at P the covariant derivative is the
partial derivative, and the last equation becomes
(6'® (a,8)p=0. The physical meaning of the trans-
formation is therefore that it makes the vectors of
the tetrad at an event near P parallel to the corre-
sponding vectors of the tetrad at P. We say that after
the transformation the tetrads are locally aligned with
respect to the tetrad at P. This is of importance in the
next section when we define aligned absolute and aligned
covariant derivatives.

a,r: aw_B.m

II1.3 Physical Laws in Riemannian Space-Time

There are two kinds of freedom within the formalism
that we have been developing:

(i) The coordinates x* may be transformed in an
arbitrary manner.

(i) The reference tetrads at every event may be
subjected to independent Lorentz transformations.®

We impose the traditional requirement that any equa-
tion which correctly expresses a physical law must be
covariant with respect to both sorts of transformation.
This is quite restrictive, and consequently a sensible
method for guessing the laws of curved Riemannian
space-time is to try to write known laws of flat space—
time in a form covariant with respect to the transfor-
mations (i) and (ii), and then to assume that these
covariant laws are valid in general. We shall now ex-
amine this procedure more closely.

In flat space-time one can choose coordinates x,
which are inertial at every event [that is, by (50),
the metric tensor is everywhere gus=0,5]. When
working in such a coordinate system one does not
normally bother with reference tetrads; but at each
event we shall introduce a tetrad whose vectors point
in the %, coordinate directions. From the last subsec-

% That is, in accordance with out general policy, independent
but smoothly varying from event to event.
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tion we see that these tetrads are everywhere locally
aligned with respect to one another.

We suppose that a physical law of flat space—time is
expressed in the x, coordinate system by the equation
f=0. To write this equation in a form which is covariant
with respect to transformations of type (i) is commonly
not hard: one can use the mechanism of tensor calculus.
What we must think about is how to ensure its co-
variance with respect to the general tetradtransforma-
tions of type (ii).

The original equation f=0 must be covariant with
respect to Lorentz transformations of the x,,—other-
wise it would not be acceptable as the expression of a
physical law. Since we have identified the x, coordi-
nate directions with the directions of the vectors of the
reference tetrads, we can say that f=0 is covariant
with respect to those special transformations of type
(ii) in which the reference tetrads undergo the same
rotation at every event. We cannot however expect it
to be covariant with respect to general transformations
of type (ii) unless the Lorentz transformation of the
quantity fp is determined solely by the rotation of the
tetrad at P, and not at all by the rotations of the
neighboring tetrads. When this is the case, we say that
the Lorentz transformation of fp is Qp-determined
(recall that Qp is the Lorentz-transformation quater-
nion at P, and that it determines the rotation of the
tetrad at P).

How does one find out whether the Lorentz trans-
formation of a quantity at P is Qp-determined? We
shall not attempt a profound answer, but simply assume
that the Lorentz transformations of certain of the
variables appearing in fp are Qp-determined. Further,
when we come to reinterpret the covariant form of the
equation fp=0 as being valid in curved space-time, we
shall assume that for such a variable the transformation
which corresponds to a given Lorentz transformation of
the tetrad at P is the same in the old, flat space-time,
and the new, curved space-time interpretations.®

In the examples that we shall deal with, the Lorentz
transformations of the quantities fp which appear in the
flat space-time equations are not Qp-determined; but
they are functions of Qp-determined variables and of the
partial derivatives of Qp-determined variables with
respect to the x,. If, therefore, we can define a quantity
which has the same Lorentz-transformation properties
as the Qp-determined variable ®», and which reduces
to (0®/9x,)p at the event P in the case when the
tetrads are locally aligned with respect to the tetrad at
P, then the problem of writing the equation f=0 in a
form which is covariant with respect to general trans-
formations of type (ii) should be readily solved. The

3 In flat space—time, where the tetrad vectors were chosen to
point in the x, coordinate directions, the Lorentz transformation
of the tetrad at P is the same as the Lorentz transformation of
the %,. Similarly, in curved space-time, Eq. (77) and (78) express
the relation between the Lorentz transformation of the tetrad at
P and the local Lorentz transformation of the corresponding
coordinates inertial at P.

quantity that we need is the aligned covariant deriva-
tive, defined in the next subsection.

Aligned Absolute and Aligned Covariant Derivatives

In S_c. II1.1 we defined the absolute derivative of a
tensor 4, which is a tensor of the same type as 4, and
the covariant derivative, which is a tensor of the same
contravariant degree as 4 and of covariant degree one
higher. The definitions do not involve any particular
choice of reference tetrads, but transformations of the
tetrads need not correspond to any simple transforma-
tion of the derivatives. Now, for any Riemannian
space-time, we define new quantities, the aligned
absolute derivative and the aligned covariant derivative
of the tensor 4. They have, respectively, the same
tensor transformation properties as do the absolute
and covariant derivatives of 4, but they transform in
the same way as 4 when the tetrads undergo Lorentz
transformations.

It was shown at the end of Sec. II1.2 that, given an
event P and a tetrad (o,)p, one can always transform
the neighboring tetrads so that (¢’,;,)p=0. After the
transformation the tetrads are said to be locally aligned
with respect to the tetrad (o,)p. Suppose that, as a
result of the aligning transformation, the tensor 4
becomes AT, where AT is defined in some neighborhood
of P. Then we define the aligned absolute derivative of
4 at P to be the absolute derivative of AT at P,
and the aligned covariant derivative of A at P to be
the covariant derivative of AT at P. We introduce the
notations A4/Av for the aligned absolute derivative
of A with respect to a parameter v, and A4, for the
aligned covariant derivative of 4 with respect to a*.

It follows from (60) that if one locally aligns the
tetrads with respect to the tetrad at P, and chooses
coordinates ), inertial at P, then at P the aligned
absolute derivative is the ordinary derivative. Simi-
larly, from (62), the aligned covariant derivative with
respect to &, at P is the partial derivative with
respect to #®,. From this we get an intuitive idea of
the meaning of the aligned derivatives.

The aligned absolute (covariant) derivative of a
tensor A is the absolute (covariant) derivative of a
tensor AT of the same type as A4, and is therefore a
tensor of the same type as the absolute (covariant)
derivative of 4.

The aligned absolute and aligned covariant deriva-
tives of a product of tensors are found by rules like
that for ordinary derivatives. For any tensors 4 and B
one has (4B),,=A4,,B+AB,,, etc. The proofs are
trivial if one first transforms to an inertial coordinate
system.

It follows from the definitions that, if a tensor is
unchanged by Lorentz transformations of the reference
tetrads, then its aligned absolute (covariant) derivative
is the same as its absolute (covariant) derivative. In
particular, g.a=g,n=0 and g”x=g"”»=0; and using
the product rule of the last paragraph, we see that the



operations of raising and lowering tensor indices com-
mute with the operations of taking the aligned absolute
or aligned covariant derivative.

To investigate the Lorentz transformation properties
of the aligned absolute derivative, we make an arbi-
trary, but smooth, transformation of the reference
tetrads on the curve €. Take v to be a parameter on C,
write the events of € as P=P(v), and let Q=Q(v) be
the Lorentz transformation quaternion. The Lorentz
transformation of the tensor 4, defined on @, is written
A—A'=L[Q]A4, where L[Q] is an operator with the
group property L[Q®W]JL[Q® ]=L[Q®WQ®] for any
Lorentz-transformation quaternions Q® and Q®,

Without performing the transformation Q of the
reference tetrads, one may locally align them with
respect to the tetrad at the event O=P(v0) by means
of a Lorentz transformation ¢. The aligned tensor is

Ar=1L[ql4, (103)
where, using the results and notation of Sec. IIL.2,
g=q(v) =14(I}) 0(v—20) +0(v—20)? as v—>vo.

(104)

Alternatively, after performing the transformation Q
one may locally align the tetrads with respect to the
transformed tetrad at O by means of a Lorentz trans-
formation ¢’:

A'T=L[¢']A'=L[¢']L[Q]A4, (105)
¢ =¢ (v) =14+ (1)) 0(v—20) + 0 (v—10)% as wv—o.
(106)

The aligned absolute derivatives of 4 with respect to
v at O before the transformation Q is

A4 84T 6

=2 =(%) =(=(LLq14

(Av >o ( 0v )o (61)( Lol )>o’
and after the transformation Q the aligned absolute
derivative of 4’ is

AA’ 84'T 8

= =(2(1g147) .
(5,0, -G aos
From the group property of L, one has L[¢']4’=
L[¢JL[Q]A=L[¢'Q]A4, and since by (98),

q'=Q09Q0™'— (dQ/dv) 0Qo™* (v—10) +0(v—20)?, (109)

we get, writing Q(v) =Qo+ (dQ/dv) 0 (v—20) + O (v—10)?
and using ¢=1+4+0(v—19),

7'Q=Q0g+0(v—120)>

(107)

(110)
Thus

L[q'Q14=L[Qo]L[q]4+O0(v—10)*

= L[Q0]A™+0(v—10)",
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and from (107), (108),

(AA‘:');(B—‘Z(L[QOJA 1) )0=L[Qo]<§%r>o

=L[Qo](%’§>o. (111)

The commutation of the operators L[Qo] and §/8v is
valid for all reasonably behaved L[Q], and certainly
for all the L[ Q7] that we shall deal with. This is easiest
seen by transforming to a coordinate system inertial at
O (where 6/8v becomes d/dv).

Eq. (111) says that the Lorentz transformation law
of the aligned absolute derivative A4/Av of a tensor 4
is the same as that of 4. Provided that 4 is differ-
entiable throughout a region containing O, so that the
curve C can be chosen arbitrarily, one proves at once
that the Lorentz transformation law of the aligned
covariant derivative 4,, is also the same as that of 4.

Relation of Aligned to Nonaligned Derivatives

For brevity, let aligned derivative(s) mean aligned
absolute or (and) aligned covariant derivative(s), and
nonaligned derivative(s) mean absolute or (and) co-
variant derivative(s). We now express aligned deriva-
tives in terms of nonaligned. The principal application
that we shall make of the results will be in evaluating
the aligned derivatives of invariants. (A nonaligned
derivative of an invariant is just an ordinary or partial
derivative).

The aligned form AT of the tensor A4 is given by
Eqgs. (103), (104). Expand the Lorentz transformation
operator L[¢] about the point O (for which v=v0)
on the curve €:

L[q]=1+K0(‘ZJ—‘Z)o)+O(1}—7)0)2. (112)
Substituting in (107), one finds the aligned absolute
derivative at O in terms of the operator Ko

(A4/Av) o= (84/8v) o+Kodo. (113)

A simple special case of (113) is when 4 is a spinor ¢.
Instead of (36), we assume the slightly more general
Lorentz transformation

¢’ =exp[i(N—1)810¢, (114)

where 8 is the real function such that QQ=e¢#, and N
is a positive or negative integer or zero. (In quantum
theory, the charge of the particles described by ¢ is
N times the electronic charge). From (93) and (104),
using the definitions I',=T dx"/dv and a,=a, dx™/dv,
we have

q7=142i(ar) 0(v—20) +0(v—10)?, (115)

and substituting in L[ ¢Jeo=(¢7)*®Dge, one finds the
Ko of Eq. (112). If we drop the suffixes O, Eq. (113)
then gives

(A¢/80) = (d¢/80) + (i(N—1awt g, (116)
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For N=0, the i{(N—1)a, term in (116) is cancelled
by the ‘“‘electromagnetic” ia, term in I, which is
what one would expect for neutral particles.

Starting from the transformation law

e o =exp[—i(N-1)8]0%¢*,  (117)

one shows similarly that Ap*/Av is given by the com-
plex reflection of (116), and it is also easy to prove that
Ap/Av and ApT/Av are given by its adjoint and Her-
mitian conjugate, respectively.

If y is a Lorentz vector, then L[¢ly=g¢yq’, and
Koyo=(Iy) 0yo+yo(Ts') 0. Again dropping the suffixes
0, Eq. (113) gives

(Ay/Av) = (8y/6v) +Toy+yTut. (118)

In particular, taking y=o, and using (96), we have
Acg,/Av=0, which is also an immediate consequence of
the definition of the aligned derivative.

The aligned covariant derivatives of ¢ and y with
respect to a* are found by replacing the aligned and
nonaligned absolute derivatives in (116) and (118)
by the corresponding aligned and nonaligned covariant
derivatives, and replacing a,, I', by ay, Tyt

eu=ept (1 (N—1)au+T)e,
Y=Yt Ty+yT"

Covariant Field Equations

(119)
(120)

With the mathematical apparatus that we have
assembled, it is straightforward to write the field
equations of Part IT in forms which are covariant with
respect to transformations of the a* and Lorentz
transformations of the reference tetrads. We define
operators D and D by

DA=o"4,,

for any tensor 4. We write the variables that appear
in the field equations—the electromagnetic potential a,
the spinors ¢, 6, etc—as invariants. For example, we
define a real vector g, such that a=a,0* [see Eq. (75)
and the remarks that follow it]. When A is an in-
variant and the tetrads are locally aligned, one has
DA=0A4 and DA=38A4, where d=0%9, and J=¢*d,.
Thus we put the field equations of Part IT in a generally
covariant form by replacing d by D and § by D.

As an illustration, the Lorentz condition on the
electromagnetic potential was written as 9-¢=0.
This is equivalent to (8d@)4=0; and according to our

DA=54,,, (121)

prescription it has the generally covariant form
(Dd)4=0.
The generalized form of the Dirac equation (42) is

De*=ixd,  Do=ixp*. (122)

The terms involving the electromagnetic potential are
implicit in (122) provided that we allow Lorentz
transformations in which Q satisfies only (82), and
provided that the Lorentz transformation of ¢ is given
by (114) and the Lorentz transformation of by

6—0" =exp[i(N'—1)57]08, (123)

for suitable V, N'. To show that (122) can be reduced
to (42), substitute for D and D from (121), then use
(119) and its complex reflection. Recall that in (42)
the tetrads may be taken to be locally aligned, so that
oy»=0 and, by (92), I'r=ia,. We find

(0—1iNa) p*=1xb, (0+iN'a)0=ixpx, (124)

where a=d*q,. Eq. (124) is the same as Eq. (42)
provided that Na=—N'a=ea. If as before ea=—a,
then N'=—N=1.

The covariance of these field equations does not
depend upon space-time being flat. They are therefore
possible expressions of physical laws in curved space—
time.

IV. CONCLUSION

The movement towards abstract algebraic and coordi-
nate-independent formulations of physical theories,
and away from particular matrix representations and
special coordinate systems, is an increasingly popular
one, and our work is in accord with it. Less popular,
and seemingly opposed to this rarefied mathematical
spirit, is our desire to make abstract concepts more
concrete and imaginable. To pure mathematical minds
the aim is unsympathetic. They are happy in their
complex spaces, and would prefer to postulate an
affine connection rather than to align tetrad vectors.
It is a matter of taste. Those, however, who are pre-
pared to exploit the accident of having been born in
space-time may find this paper useful.

ACKNOWLEDGMENTS

I should like to thank Dr. P. G. Bergmann, Dr.
F. A. Kaempffer, and Dr. W. Opechowski for their
helpful comments on an earlier version of this work.



