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Energy averages of resonant or fluctuating compound-
nucleus cross sections were first discussed by Wolfen-
stein! and by Hauser and Feshbach.? They postulated
that, as in the case of an isolated compound-state reso-
nance, the contribution of each total angular mo-
mentum and parity of the system to the average partial
reaction cross section could be factored into an average
compound-nucleus formation cross section and an
independent decay branching ratio. Together with the
reciprocity theorem,? this led to the well-known Hauser—
Feshbach formula which in the channel spin representa-
tion may be written as follows:
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Here ( ) denotes an energy average over resonance
fluctuations; dou.s is the differential cross section for
the reaction proceeding from entrance channel o with
fragment spins I, and 7, to exit channel ¢; [, sand 7/, s’
are relative orbital angular momenta and channel
spins in the entrance and exit channels, and J is the
total angular momentum. The first sum is over L, J,
and all combinations of partial waves [, s, I/, s’ con-
sistent with conservation laws, and the sum in the de-
nominator is over all partial waves and channels which
compete in the decay of the compound state. The
corresponding integrated cross section is

IT T
(Uaa'>=1r7\a22gaJM , (2)
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where g/ = (2J+1) /(21,41) (2¢,+1). The total com-
pound-nucleus formation cross section in channel «
is obtained by summing Eq. (2) over all &’

(0N y=mRa? 2 g’ Tar”. (3)

The corresponding compound-nucleus formation cross
section mX,2T ;7 for the partial wave (alsJ) will serve
for the present to define the transmission coefficients
T, If the compound-nucleus formation cross section
may be identified with the optical-model absorption
cross section,? then

Toats’=1— exp (—4 Im 8427), 4)
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Energy Commission.
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where Im 6 is the imaginary part of the optical-model
complex phase shift.

Two points require further examination. One is the
assumption of the independence of formation and decay
on the average, the other is the relationship between
average compound-nucleus formation and optical-model
absorption. That the first assumption does not have
unlimited validity was pointed out by Lane and Lynn®
and by Dresner,® who showed that in the limiting case
of isolated resonances, where the compound-nucleus
contribution to the cross section may be approximated
by a sum over single-level Breit—~Wigner resonance
terms, the average cross sections are given by Eqgs.
(1) and (2), provided one makes the substitution

TalsJTa'l’s’J - 2w Fll-.alsrn-a’l's'> (5)
)
Z Ta”l”s”J D_]H FM w(J,II)

where Dy is the mean spacing of resonances with
angular momentum J and parity II; T, is the total
width of the resonance u, Iy« is a partial width and
( Juwm denotes an average over resonances with
angular momentum J and parity II. Summing this
new average cross section over exit channels and com-
paring with Eq. (3) yields in this single-level limit

Tot” = (2r/Dyn) (Ty,ats Jum- (6)

Following Porter and Thomas’ we assume that the
values of the partial widths are distributed in p and
are also not completely correlated with respect to
channel indices , /, s. Therefore, the average compound-
nucleus cross section can no longer be factored into
independent formation and decay terms and, in fact,
the substitution (5) leads to a width fluctuation cor-
rection®® to the Hauser-Feshbach formula as specified
by Egs. (1), (2), and (6). If the partial widths have
the Porter-Thomas distribution, this correction varies
from a factor of unity to % for as£d/, and from a factor
of unity to three in the case of elastic scattering. The
relative magnitude of the width fluctuation correction
decreases with increasing positive correlation of partial
widths and with increasing numbers of competing decay
channels.® It vanishes in the limits of completely cor-
related partial widths and of very many competing
channels. However, as the number of channels in-
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creases, the average total width to spacing ratio I'/D
of the resonances will increase, invalidating the assump-
tions underlying the above discussion.

The investigation of these questions in more general
circumstances is handicapped by the great complexity
of the theories of compound nucleus reactions. Two
methods based on R-matrix theory® exist which ex-
tend the scope of the above results. One, derived by
Thomas, is based on an expansion about the limiting
case of one or two open channels and becomes un-
reliable in the presence of additional channels which
compete strongly in the decay. The other method! is
effectively an expansion in I'/D and becomes useless
when that ratio is too large. These difficulties are not
removed in a simple way by resorting either to the
Kapur—Peierls’? or Feshbach®® formalisms, since the
implicit energy dependences of the resonance param-
eters of these theories must be investigated before
reliable energy averages can be obtained. We shall in-
stead employ the Humblet—Rosenfeld resonance ex-
pansion as a formal representation of the reaction
process within a restricted energy averaging interval.
We will then be hampered somewhat by our lack of
knowledge regarding the detailed statistical properties
of the resonance parameters in that formalism. How-
ever, we will be able to express the effects of these
uncertainties largely in terms of a single parameter
which can be evaluated by comparison with experi-
mental data.’®

The cross sections are bilinear functions of the ele-
ments of the transition matrix 3., where the index ¢
denotes a particular partial wave (e, 2, s, J). We assume
that the reaction mechanism can be separated into
direct and compound-nucleus processes, so that we may
write

5“, — Jcc,direct+gcc,compound’ (7)

where 3,-dirt s sufficiently smoothly varying with

energy that we may regard it as a constant within our

averaging interval, and 3J,.cmround jg the compound-

nucleus reaction amplitude which is assumed to vary

rapidly with energy. The average integrated partial
_reaction cross section

(e )= (| Beer ) (8)
may then be separated into the following four terms':
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where

o pprdirect=qrX 2 ‘ 13, rdirect Iz’ (10a)
(10b)
0 g fluctuation= 2% 2 < ’ 73 rc0mpound _ <5w,compound> 12 )’ (IOC)
(gperinterference Y =X 29 Re (7, direct) * (5, ,compound )

(10d)

Clearly, the average compound-nucleus cross section
must be considered as given by

o.cc,correlabionE TRE l <Scc,wmpound> lz’

a\ lati .
<g.cc'compoun >_ Teer®Tre ahon_*_o.“,fluctuahon,

(11a)
so that

<0’cc’ >= 0 gerdirect|- <o,w,compound >+ <0,cc, interference >

(11b)

The conventional optical model is a theory of scatter-
ing described by the average diagonal elements (Je.).
A generalized optical model involving coupled channels,
is obtained by considering the scattering and reaction
processes described by the complete average transition
matrix.”” The corresponding generalized optical-model

cross section is
o.cc,optxcal_: o.coldirect+o.cc,correlatmn_l_ <0'cc’ interference >,

(12a)

leading to a second decomposition of the average cross
section:

<0'cc’ > — o.ccloptical+ Coor fluctuation ( 12b)

In the case where
<5w,eompound >__>()‘ ( 133)

we find that

o.cc,correlation_)o’ ( 13b)
(O'cc’ interference >_>0, ( 13C)
a,cc,opticaL_)a-cc,dil'ect, ( 13d)
(a.cc,compound >__.>0.cc, fluctuation (13e)

Entirely analogous decompositions of the angular
distributions can be made. The average total cross
section is given by

<0,atota1 >= wauﬁz Re (ﬂwdirect.{_ <5wcompound ))’ (14)
e

which shows that the limit (13) for the diagonal transi-
tion elements would imply no net compound-nucleus
contribution to the average total cross section.

The direct amplitudes Jdiet include the effects of
nuclear potential scattering and point-charge Coulomb
scattering, as well as processes which may be dis-
cussed in terms of direct-reaction models such as the

16 The classification of cross sections given here enlarges some-
what on that used in the oral presentation of this paper at Gatlin-
burg. At that time the “direct cross section” was identified with
what is here called goptical,
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1958).



distorted-wave Born approximation. These will not
concern us further here. In order to be able to discuss
geompound fyrther, we make the assumption’® that within
a suitable averaging interval we can write'®

e 'mmpound_iz[:gucgnc’/ (E— 3T,)]  (15)
with constant parameters g, E,, and I',. The equa-
tion (15) has very general validity as a representation
of the fluctuating part of a causal transition amplitude
on the real energy axis within a finite interval which is
very far from the thresholds of certain channels.’® The
physical interpretation of this representation has been
discussed by Humblet and Rosenfeld."* We shall make
the additional assumption that the real resonance
energies E, may be considered to be distributed with
uniform density and correlations from E=— to
4+ and that the real T', and the complex g,. have
uniform statistical distributions over the range of all
resonance indices u.!® These distributions will, of course,
depend on the energy interval being considered.

In the case of an energy interval containing isolated
resonances for which the average total width T is
small compared to the average spacing D of the reso-
nance levels, Eq. (15) follows directly from R-matrix
theory. The E, are then distributed like the poles of
the R-matrix, exhibiting the well-known repulsion of
neighboring levels and other correlation effects.?® The
guc Can be written v,, exp (ip.), where ¢, is constant
in p and the real v,, are normally distributed with
zero mean. The partial widths Tyue="u2=] g |? follow
the Porter-Thomas distribution” (x? distribution with
one degree of freedom) and I'y= Y T, where the sum
is over all open channels.

For intervals in which I'/D is not small, the distribu-
tion laws of the resonance parameters in (15) may differ
from those discussed above. It is no longer certain that
the resonance levels E, will exhibit repulsion. The
distribution of the complex g, is also not known, but
it appears likely on statistical grounds that both their
real and imaginary parts are normally distributed, so
that the | g |? follow a distribution with characteris-
tics somewhere between a x? distribution with one and
with two degrees of freedom, depending on the rela-
tive magnitudes and correlations of the real and
imaginary parts. A two degrees of freedom distribution
of | guc |? results from an isotropic normal distribution

8 P. A. Moldauer, Phys. Rev. (to be published). Questions of
validity of these assumptions and their relation to the R-matrix
theory (Ref. 9) and Kapur-Peierls Theory (Ref. 12) are dis-
cussed there, as well as methods for treating the statistical
properties of ’the parameters of Eq. (15).
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~ (Bcker)1Qeer and (ke)¥Gey exp 150,‘ of Ref. 14, respectively. E, and
I'; mean the same as in Ref. 1
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of the g,.. The partial widths must be defined in terms
of a real normalization constant? N,>1,

Pnc=| 8uc [2/N,.,

Ty= ZP#C'
c
The distribution of the N, and their correlations with
the | gu. | are important because of their effects on the
distributions and correlations of partial and total
widths. Since N, is essentially the normalization of
the eigenfunction of a very complex boundary value
problem of high dimension and may be considered
as a sum of a large number of random contributions,
we may suppose that the N, are fairly constant in p.
We also suppose that the distribution laws of widths
and spacings deviate from their known isolated reso-
nance limits in proportion to the magnitude of T'/D.
Fortunately, we also find that as I'/D becomes large,
the values of average cross sections do not depend
strongly on the precise details of the statistics of the
resonance parameters in (15). To some extent this is
also true of cross-section fluctuations, so that it may
be difficult to obtain detailed information on resonance
parameter statistics in the region of overlapping
resonances.
Averaging (15) gives

(@)= (/D) (Gucgyer Dy (18)

where it will be taken for granted that u=u(JII), and
hence

(16)

which makes

a7

a.cc,correlation: W;\c2(7r2/D2) | <gucg}tc' ># 12_

The fluctuation cross section is given by

Oee ,fluctuation — X 2{ l Lue I | 8ue’ | >
D T, u

2’H' F +Pv
_D_<gucguc’gvc 474 [:1—(I)O< ”2D )]> y}) (20)

where @, is defined in terms of the resonance energy
pair correlation function? Ry(E,—E,) to be

& (I‘) D/"*‘m deRy(e)
¢ D - 171' — €—1il ’

and has the properties of tending to zero for small
T'/D and maximum level repulsion” and approaching
unity for large I'/D or when the resonance level energies
E, are uncorrelated. Therefore, as T'/D becomes large,
1— &, tends to zero regardless of the level spacing dis-
tribution law. Using the fact that in any case &, is a
slowly varying function of its argument and assuming

2 The parameter N, is equivalent to the ¢,2 of Ref. 14 and to
the | N, |™ of Ref. 12.

2 Freeman J. Dyson J. Math. Phys. 3, 166 (1962).
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that a sum of two total widths does not fluctuate very

much, we may take ®, to be a function of the average
T'/D. Defining also
.= Zenc;

Ouc= (27"/ D ) ]V#2 Tye,
we may write with the help of (16) and (17)
a.w,fluctuation= Tx02<.w> -2 ( 1— CI)O) a.cc,corre]ation.
O, u

(23)

(22)

Invoking flux conservation we find that

Oee ,correlation

(O Ju= Teromround-2(1— ) 3

e’ 7r7\62

» (24)

where T compound jg the transmission coefficient of the
generalized optical model which is related to the trans-
mission coefficient 7°. of the ordinary single-channel
optical model, defined in Eq. (4) by

chompound—_— Tc__. Z (gcc”optical/ﬂ.f\g) .
¢/ Isée

By Eq. (22) the distribution of the fluctuations of
O, about (O,.), is governed chiefly by the distribution
of the T, which we expect to follow a x? distribution
with one degree of freedom at low I'/D and with be-
tween one and two degrees of freedom at larger I'/D.
In general, when ©,. follows a x? distribution with
v. degrees of freedom, the first term in Eq. (23) can

be evaluated in terms of the following integral

(B4 Oper/ O )y _ /w dat
<9uc >M (euc’ >;4/ (9,‘ >ﬂ 0 foC’Ha“ o fer?errl? ’
(26)

(25)

where

fe= H—g Mlt.

ve (Ou)u

As the number of competing channels becomes large,
the above integral is expected to go to unity, and at
the same time I'/D is expected to become large so
that &, approaches unity. In this continuum limit we
then have

chompound Tc,compound

E Tc,,compound ’

o7

Toe fluctuation__)ﬂ.xrz

(27)

which defines the meaning and conditions of validity
of the Hauser—-Feshbach formula (2).

It is often assumed, and likely to be true at low
energies, that the width amplitudes for different
channels are uncorrelated, in which case we may write

(Gueuer Ju= cer {gue® Ju= Beerbe (N uL'ue ), (28)

where b, is a generally complex number whose mag-
nitude varies between unity for small I'/D and zero
if the g, are distributed isotropically in the complex
plane. The assumption (28) means that the relations
(13) hold for c¢s£¢’. If we also assume that

NN )u=N (29)

we can write

0 g oOTrelabion = grX 25, (| b, 12/4N2) <9uc >u27 (30)
oo Ttuetuntion =X 2{ (0,:pcr/ O Ju— decr Qe (Bue)?},  (31)
<euc >u (Z/Q ) [1"’ (1 QcT compound) ] (32)

where
Q=2 | b [*(1— %) /N> (33)

Clearly (O )y— T omround when either 7'compound op
Q. is small. The former condition is expected to hold
near the threshold of channel ¢ giving rise to the rela-
tion (6), the latter for large I'/D, leading again to
Eq. (27).

It should be noted that even in the limiting case of
Eq. (27), the assumption of statistical independence
of the average decay probabilities governs the mag-
nitude of the fluctuation cross section and that the
average compound-nucleus cross section (11a) exceeds
the fluctuation cross section by the amount of the cor-
relation cross section for those decay channels whose
amplitudes are correlated with the entrance channel
amplitudes. This preference for decay into correlated
channels is due to the interference effects which were
discussed by Professor Breit.?* Among these preferred
decay channels will ordinarily be the entrance channel
itself. However, when the cross-section decomposition
(12) is used, then the enhancement ocorrelation of the
compound elastic scattering cross section is included
in the optical-model scattering cross section o¢,°ptical,
even in the case of the conventional single channel
optical model. In fact, ogcomrelation g just the difference
between what is meant by the optical-model shape
elastic scattering cross section and the potential scatter-
cross section of resonance theory.

Observable integrated cross sections are obtained
by summing the above partial cross sections over ap-
propriate exit channels and, averaging over entrance
channels using g,” as a weighting factor as in Egs. (2)
and (3). The differential fluctuation cross section.is
given by
da-aa,fluctuation va

dg =4(2L,+1) (2i+1) “ZL Py (cos 6)

- = (S) cIuc’
X { (—10)~Z1JLT, sLYZ(I'JV J, s’L)<"Te">
] ’

7 0,Opc
+5aalasle2(lJl/]’, SL)[ (1— 6“/) <<__"__“.>
O u
+2_7E Re < HCZgMc’ *2> )
) v, /,

a <1>u)

Re b.b. ™
2N

JORRCIN [ ME

~* (x Breit, Definitions of Compound Stutes, Topical Conference
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when the condition (28) is satisfied. The first term in
the brackets is analogous to Eq. (1). The remainder
of the expression affects only elastic processes and does
not necessarily vanish even in the limit of large I'/D.

The above methods may also be used to calculate
cross-section fluctuations. These results are reported
elsewhere.18:2

We finally turn to some calculations in which con-
sequences of some of the above formulas are compared
with measured low-energy neutron elastic and inelastic
scattering cross sections in iron, copper, zirconium,
and niobium. The procedure used was to obtain first
good optical-model fits to the elastic scattering data
of Smith and collaborators.?=% These fits were based
on the low-energy neutron optical model of Moldauer.?®
Deviations from that model are indicated in the cap-
tions to Figs. 1(a), 2(a), 3(a), 4(a), where the cal-
culations are compared with the measured total
elastic scattering cross sections ¢(ELASTIC) and the
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F1c. 1. (a) Elastic scattering of neutrons by iron. Data from
Ref. 25, calculations by optical model of Ref. 28 with the substi-
tution R=4.8 F. (b) Inelastic neutron scattering to the 0.845-MeV
level in %Fe. Data from Refs. 25, 29. Calculations as described in
the text based on the same optical model as in Fig. 1(a).

% A, B. Smith, “Scattering of Fast Neutrons from Iron” (to be
published).

26 A. B. Smith, C. A. Engelbrecht, and D. Reitmann, ‘“Elastic
and Inelastic Scattering of Fast Neutrons from Co, Cu, and Zn”
(to be published).

27 D. Reitmann, C. A. Engelbrecht, and A. B. Smith, Nucl.
Phys. 48, 593 (1963).

PETER A. MOLDAUER Average Cross Sections 1083

0.8

L L L L I B |

T TrrrrrrrrrrrrrrT
o‘EL(burns) cu

12k o

0.6 2

PR g
D

0.4

02 ¢

TT T 1T T 17
) T I

ool Lt vt

LIS B N B I B B B
w'.’t

I | 08
0.8 w N
! of o0 04
49,02

0o o -

T T T 11
1

04 v

I WO T T T T T T T | l— | T T Y T N N T T T | l_
00 0.4 08 1.2 16 00 04 08 1.2 1.6
£, Mev €, Mev

0.0

o
0.3 F¥tu (n,n")

EXCITATION CROSS SECTION, barns

0.2 -¥%u (n,n')
L 067 MeyL——"
Y =

0.1 22

o

0.6 0.8 1.0 1.2 1.4 1.6
Eq MeV
(b)

F16. 2. (a) Elastic scattering of neutrons by copper. Data from
Ref. 26, calculation by optical model of Ref. 28. (b) Inelastic
neutron scattering to the first two excited states in each of the
stable isotopes of copper. Data from Ref. 26. Calculations as
described injtext based on optical model of Ref. 28 with spin and
parity assignments as shown.

Legendre polynomial expansion coefficients wy of the
angular distribution defined by

do(EL) /dQ=[o(EL) /4w 1> wrPr(cos8). (35)
L

Particular attention was paid to energies below in-
elastic thresholds where all of the optical-model absorp-
tion cross section was assumed to produce elastic
fluctuation scattering, the angular distribution of which
was calculated by means of the formulas in the Ap-
pendix of Ref. 28.

The transmission coefficients of these optical models
were then used in Eqgs. (31) and (32) to calculate
partial inelastic scattering cross sections in the respec-
tive nuclides. It was assumed that no direct or correla-
tion cross sections contribute to the inelastic scatter-
ing and that all 6, have a Porter-Thomas distribu-
tion. In general, calculations were carried out for the
cases of all Q,=0 and all Q.= 1. The latter value would
be approximately applicable for most of the important

28 P, A. Moldauer, Nucl. Phys. 47, 65 (1963).
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F16. 3. (a) Elastic scattering of neutrons by zirconium. Data
from Ref. 27, calculations by optical model of Ref. 28 with the
substitution W 6 MeV. (b) Combined inelastic neutron scatter-
ing to the excited levels near 0.92 MeV in all isotopes of zirconium.
Data from Refs. 27, 30. Calculations as described in text based
on same optical model as in Fig. 3(a).
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channels in these reactions if | &, |2/N? were unity and
if the full Wigner resonance level repulsion applied.?
The results of these calculations, together with the
predictions of Eq. (2) (labeled H.F.) are shown in
Figs. 1(b), 2(b), 3(b), 4(b), and are compared there
with the measurements of Smith and collaborators, %
of Montague and Paul,®® and of Lind and Day.® The
results suggest that the neutron partial-widths are
uncorrelated in this region and that their distribution

2 J. H. Montague and E. B. Paul, Nucl. Phys. 30, 93 (1962).
3% D, A. Lind and R. B. Day, Ann. Phys. (N.Y.) 12, 485 (1961).
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(b)

F1c. 4. (a) Elastic scattering of neutrons by niobium. Data
from Ref. 27, calculations by optical model of Ref. 28 with the
substitution W=6 MeV. (b) Inelastic neutron scattering to the
first four excited states in niobium. Data from Ref. 27, calcula-
iiz)n)s as described in text based on same optical model as in Fig.

a).

is close to that suggested by Porter and Thomas. Any
serious deviations from these conditions would cause
an increase in the values of most of the inelastic cross
sections. The comparison also suggests that for the
important neutron channels in this region, Q. is close
to zero for zirconium and niobium and small for iron
and copper.



