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- 1. INTRODUCTION

N trying to understand the structure of the strong

interactions, several higher symmetry schemes
have been proposed.!? These higher symmetries
should conserve the isospin I and the hypercharge
Y. Especially interesting in this respect is the octet
model (unitary symmetry) proposed independently
by Gell-Mann® and Ne’eman.* In this model one
assumes the strongest interactions to be imvariant
under transformations belonging to SU(3), ie.,
under unimodular unitary transformations in some
three-dimensional complex linear vector space (‘‘uni-
tary spin space’’). The symmetry of these strong
interactions is broken by some unknown weaker
mechanism, but in such a way that the isospin and
the hypercharge are still conserved. A still weaker
interaction, the electromagnetic interaction, breaks
this lower symmetry in such a way that only the
hypercharge and the third component of isospin are
conserved. In this unitary symmetry model one as-
signs groups of strongly interacting particles with the
same quantum numbers (not the same are I, Y, I,
and directly related ones as strangeness, charge,
@ parity, ete.), to irreducible representations (IR’s)
of the group SU(3). The lowest nontrivial IR in the
octet model, which is physically possible (i.e., has
integer quantum numbers for the hypercharge), is
the IR {8}. The eight well-known baryons N A,Z,
and =, as well as the eight pseudoscalar mesons,
K ,n,m, and K, are assigned to IR’s {8}. One assumes,
moreover, the existence of eight vector mesons which

*On leave from the University of Nijmegen, Nijmegen,
The Netherlands.

1A very nice survey of the different higher symmetry
schemes in strong interactions is given by R. E. Behrends,
J. Dreitlein, C. Fronsdal, and B. W. Lee, Rev. Mod. Phys.
34, 1 (1962). The reader is referred there to the large existing
literature about this subject.

2D. R. Speiser and J. Tarski, Math. Phys. 4, 588 (1963).

3 M. Gell-Mann, California Institute of Technology, Re-
port CTSL-20, March, 1961 (unpublished); Phys. Rev. 125,
1067 (1962).

4Y. Ne’eman, Nucl. Phys. 26, 222 (1961).

belong to such a representation. Perhaps the mesons
p,0,K*, and K* constitute this octet. A difficulty here
is which K* to take. There seem to be two (Kw)
resonances, one’ at 730 MeV and the other® at 888
MeV. One favors the 888-MeV resonance because
it seems to have all the correct quantum numbers.
The next higher IR can contain 10 particles. It is
suggested” that the familiar (3,3) pion-nucleon
resonance, the Y¥ (1385 MeV), the recently dis-
covered®® I = %, Ex resonance at 1532 MeV and a
still unknown baryon Q@ (Y = —2, I =0, = 1685
MeV) belong to this IR {10}. A discovery of this Q=
would be a great triumph for this octet model.
Okubo' has derived a mass formula for the different
members belonging to the same IR. For the octets
(IR {8}), this formula reduces to a mass relation
between the different members. This mass relation
is very well satisfied for the baryons and for the
pseudoscalar mesons. However, for the vector
mesons, neither the 888-MeV mnor the 730-MeV
(K) resonance fulfills this relation. For the IR {10}
this mass formula is again very well satisfied. Cole-
man and Glashow! have given a relation connecting
the electromagnetic mass differences within the
baryon octet. This relation is also very well satisfied.

The main purpose of this paper is to derive the

5 G. Alexander, G. R. Kalbfleisch, D. H. Miller, and G. A.
Smith, Phys. Rev. Letters 8, 447 (1962).

6 For extensive references, see, Proceedings of the 1962 An-
nual International Conference on High-Energy Physics, al
CERN (CERN, Geneva, 1962), p. 781.

7M. Gell-Mann, Proceedings of the 1962 Annual Inter-
national Conference on High-Energy Physics, at CERN (CERN,
Geneva, 1962), p. 805.

8 G. M. Pjerrou, D. J. Prowse, P. Schlein, W. K. Slater,
D. H. Stork, and H. K. Ticho, Proceedings of the 1962 Annual
International Conference on High-Energy Physics, at CERN
(CERN, Geneva, 1962), p. 289.

9 L. Bertanza, V. Brisson, P. L. Connolly, E. L. Hart, I. S.
Mittra, G. C. Moneti, R. R. Rau, N. P. Samios, S. S. Yama-
moto, M. Goldberg, L. Gray, J. Leitner, S. Lichtman, and
J. Westgard, Proceedings of the 1962 Annual International
Conference on High-Energy Physics, at CERN (CERN,
Geneva, 1962), p. 279.

10 S, Okubo, Progr. Theoret. Phys. (Kyoto) 27, 949 (1962).
( 1S, Coleman and S. L. Glashow, Phys. Rev. Letters 6, 423

1961).
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Clebsch—Gordan coefficients>* (CG coefficients) of
SU(3) for the products of the most important irre-
ducible representations (Secs. 10, 11, and 18). Special
care is taken to define properly all the relevant phase
factors (Secs. 7, 10). Some useful symmetry relations
for the CG coefficients are derived (Sec. 14). The
Wigner—Eckart theorem® for this group is given
(Sec. 15) and applied to derive a general mass formula
for the octets (Sec. 16). A special case gives the Gell-
Mann-Okubo mass relation (16.3). Another special
case, however, gives a mass relation (16.15) for the
octets which is very well satisfied by the vector
mesons if one takes as the K* the 730-MeV (K —)
resonance. For completeness and to demonstrate
how to handle some special phase assignments, we
have considered in Sec. 17 the Yukawa couplings
between the baryons and the mesons. To be able to
show clearly how the results in the later sections are
derived, some additional sections were necessary to
define properly the different symbols and concepts
used. This leads us to the alternate purpose of this
paper; only slight extensions of the existing sections
and a few additional ones were necessary to give a
rather complete insight in the mathematical frame-
work of this special model for the strong interactions.
The treatment is as much as possible ‘“‘physical’’*
and tries not to rely too heavily on results obtained
by purely abstract group theoretic methods. How-
ever, where necessary, results only easily obtained
(to the author’s knowledge) by such methods are
stated and used. A very good example is Sec. 12
where the beautifully simple method of Speiser” for
reducing the direct product of two IR’s is explained,
but not proved.

2. TENSORS®

The group SU(3) consists of all the unitary uni-
modular transformations in the three-dimensional

12 Tn several other papers [e.g., Refs. 13 and 14] tables of
CG coefficients can be found. Special care has to be taken in
using these tables in combination with some of the theorems
of this paper. The phase definitions for these CG coefficients
are not the same and mostly not stated.

B A. R. Edmonds, Proc. Roy. Soc. (London) A268, 567

1962).
¢ 14 M. A. Rashid, Nuovo Cimento 26, 118 (1962).

15 C. Eckart, Rev. Mod. Phys. 2, 302 (1930); E. P. Wigner,
Gruppentheorie, Vieweg (1931).

16 With ‘“physical” we mean in this context: ‘“Along the
lines familiar to most physicists with some knowledge of the
theory of angular momentum.” If in some place in the follow-
ing sections, jumps in the reasoning are made which are a
little large for the reader, he is advised to look at the analogous
situation in the theory of angular momentum and the point
will almost always become clear (at least this was our ex-
perience).

17D. R. Speiser, in Proceedings of the Istanbul Interna-
tional Summer School 1962 (to be published).

18 R. H. Dalitz, Lectures, University of Chicago, summer
1962.
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vector space C; over the complex numbers. Let us
denote a vector in this space by ¢ and its complex
conjugate by z;; thus z; = (z°)*. Under a transfor-
mation of the group, the vectors a¢ and x; get trans-
formed into the vectors # and Z; according to®®

(2.1a)
(2.1b)

—t

xr = a.-jx’ s
- * -1
Ti = 0405 = @iy,
because unitarity of « implies®
+ —1 % —1

a =a , Or aj; = oj; .
In this vector space (s we can define mixed tensors
A2::7 which transform according to
(2.2)

Very special tensors are &, €, and ez ; they are
unchanged under a transformation of the group. We
have

—SaBy -1 -1 =1 gNgeeew
Aij...k = Ga\Olpy - * 'a.,ya” Omj* 'Olnk,Azm...,. .

3 —1k —1 13
5,‘ = Opij 51 = Opllk; = 8,',
and

ik l ijk tik

& = auajnome " = det ae”” = €7,
because of the restriction to unimodular transforma-
tions (det @ = 1).

The monomials M (p,q)

xaya. . .z’yuivj. c Wi

with p upper indices and ¢ lower indices are trans-
formed into each other by transformations of the
group. These monomials could, therefore, con-
veniently be used as a basis to construct represen-
tations of the group. These representations will, in
general, be reducible, as will be shown below, because
of the existence of the tensors &, €7, and €.

With the help of these special tensors, we can
construct, from the general mixed tensor A%:::3 with
p upper and ¢ lower indices, the mixed tensors B, C,
and D. Where

is a tensor with (p — 1) upper indices and (¢ — 1)
lower indices,

Ol = AT
is a tensor with (p — 2) upper and (¢ + 1) lower

indices, and

maf.. 8
keool

= "AT
is a tensor with (p + 1) upper and (¢ — 2) lower
indices. The tensors B, C, and D are linear combina-

19 We will use the Einstein summation convention.
20 o+ denotes the Hermitian conjugate of «,a the transpose,
and o* the complex conjugate.
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tions of the elements of the tensor A with p upper
and ¢ lower indices. The transformation properties
of B, C, and D are, however, different from a tensor
with p upper and ¢ lower indices. The tensor A4 is
therefore reducible, unless B, C, and D are identically
Zero.

We find that B = 0 when Ai}::7 = 0, thus when
the trace of A with respect to the indices o and 7 is
zero; C = 0 when A is symmetric in the indices «
and 8;and D = 0 when A is symmetric in the indices
7 and 7.

It is now clear how to construct bases for irre-
ducible representations of SU(3). We take such
linear combinations P(p,q) of the monomials M (p,q)
that these polynomials P(p,q) are

(1) totally symmetric in all p upper indices,

(2) totally symmetric in all ¢ lower indices,

(3) traceless.®
These polynomials P¢:.7 form a basis for the IR
D(p,q) of SU(3). The dimension N of D(p,q), i.e.,
the number of basis vectors is

N=Q0A+p)A+ 1+ 3(p+ 9]

Proof: A tensor, with only upper indices symmetric
in these p indices, has % (p + 1) (p + 2) linearly
independent components. This can be seen in the
following way. Due to the symmetry requirement,
the order of the indices is irrelevant. We could,
therefore, arrange the indices in such a way that we
have first all the ones, then all the twos, and finally
all the threes. Let us assume that we have « indices
equal to one, then « could run from zero to p. For
the twos and threes are so left (p — ) indices. We
could make up, therefore, (p — « + 1) different
combinations, with « ones and the rest of the indices
twos and/or threes. In total there are thus

(2.3)

S o—at)=10+D0+2)

different components. A tensor with only lower
indices and symmetric in these g indiceshas 1 (¢ + 1)
(¢ + 2) linearly independent components. A mixed
tensor totally symmetric in its p upper and ¢ lower
indices has therefore N, = 1 (p + 1) (p +2) (¢ + 1)
(¢ + 2) linearly independent components. The re-
quirement that the trace should be zero gives further
restrictions. The trace is a tensor with (p — 1) upper
and (¢ — 1) lower indices. The trace of a mixed
tensor, totally symmetric in its p upper and totally

1 Due to the symmetry requirements 1 and 2, every poly-
nomial has only one trace. By trace we mean here only the
contraction of one upper and one lower index and not the
contraction of two upper or two lower indices.
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symmetric in its ¢ lower indices, has N, linearly
independent components, where N, = % p(p + 1)
g(g + 1). All these components should be identically
zero. A traceless tensor symmetric in its p upper and
symmetric in its ¢ lower indices has therefore N
= N1 — N: linearly independent components, g.e.d.

A way to denote an IR is to write {N}, e.g.,
D(1,1) = {8}, D(2,2) = {27}, D(3,0) = {10}, ete.
When more than one IR has the same dimension
we could distinguish them by stars, primes, etc. For
example, D(p,q) and D(g,p) (p > q) have the same
dimension. We denote then D(p,q) = {N} and D(q,p)
= {N*}.

3. GENERATORS OF THE GROUP

In Sec. 2 we have shown that a suitable basis for
the IR D(p,q) of SU(8) is formed by the N poly-
nomials P(p,q). There polynomials span a linear
vector space Vy. A transformation « of SU(3) in
the space Cs corresponds to a transformation U in
the space Vy. These transformations U form the
IR D(p,q) of SU(3), they are unitary?® (U* = U™)
and unimodular® (det U = 1).

Any unitary transformation U can be written as

U=e¢", (3.1)

where H is Hermitian; H = H*. Also the inverse is
true; for any Hermitian H the U defined by (3.1) is
unitary. The requirement of unimodularity implies

TrH =0. (3.2)

Also here the inverse is true; (3.2) ensures that U
defined by (3.1) is unimodular.

We can also write the transformations « in the
space (3 in the form (3.1) with the condition (3.2).
In a three-dimensional space, there exist nine
linearly independent Hermitian operators but only
eight traceless ones. To these eight operators in Cs
(the generators of the group) correspond eight
Hermitian traceless operators F; in Vy. We write,
therefore,?

8
H = Z aiFi ) (33)
=1
where F; = Ff,'I'r F; = 0, and «; is real. To obtain
the commutation relations for F;, it is more con-

22 We can always choose the basis such that the matrices
are unitary. See for example L. S. Pontrjagin, Topologische
Gruppen (B. G. Teubner Verlagsgesellschaft, Leipzig, 1957),
Vol. 1, Sec. 32.

2 The representations have to be unimodular, because
otherwise the unimodular matrices would form an invariant
subgroup. The group SU(3) does not have an invariant sub-
group, the representations are therefore unimodular.
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venient to express (3.3) slightly differently. We intro-
duce a set of nine traceless operators®* Aj, which are
defined such that their representation in Cs is given
by

(Ali)uv = Bivaky - %aik v (3.4)
(2,k,u,py = 1, 2, or 3). These operators satisfy
i = (AD". (3.5)

Moreover, they are not totally independent but

Ai+ A3+ 45=0. (3.6)
We can now write (3.3) in terms of these Aj;weget
H = Y BiAx, (3.7)

where the hermiticity of H requires
Be = (B)*. (3.8)

It is easy to see that these matrices A satisfy the
commutation relations
[A5,A7] = 8141 — 8iA.

To these 9 operators in C; correspond 9 operators in
every space Vy satisfying the relations (3.5) to (3.9).
Then they are, of course, not any more 3 by 3 but N
by N matrices. _

We will introduce here still another notation for
the generators of the group, which we will use
throughout the rest of this paper. With the help of
this new notation the connection between the F,
(e.g., Gell-Mann’s notation®) and the A (e.g.,
Okubo’s notation') is readily made.

3.9)

We denote
F1=I1, F4=K1, F6=L1’ F3=M,
F, = Iz, F5=K2, F7=L2,
Fs = 1Is. (3.10)
We can form then the operators
I. =1 4+1I,
K:k = K1 =+ 'LKz y
L, =L, 4 1L,. (3.11)

The operators A} are then expressed in terms of these
operators

Ai=L+3v3M, Ai=1, 4=1I,
A= —L+3+v3M, Al=K., A=K,
A= —3BM, AS=1L,, AZ=L . (312

24 These operators A} differ from the ones given by Okubo
(Ref. 10) by an over-all minus sign.
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TFor completeness we will also give the relation be-
tween our set of generators and the set used by
Behrends et al.!

H, = (1/\@)13 E, = (1/\/3)I+ E., = (1/\/3)1—

Hy, = (1//3)M E» = (1/v/3)K+ E-. = (1/v/3)K-
By = (1/3)Ly E_s = (1/+/3)L-
(3.13)

4. COMMUTATION RELATIONS

We note from the commutation relations (3.9)
that I3 and M are two commuting operators. Because
the rank of the group is two, there exist no other
linear operators commuting with these two. We will
combine them into a vector E = (I3, M). The com-
mutation relations can then be written as

[E)I:i:] = :EiI:!: ’

[EyK:l—J = '—tde:;

[E,L.] = 1L, (4.1a)
and

[1:,I-] = 2i-E,

[K+,K-] = 2k-E,

[Ly,L-] = 21-E, (4.1b)

where the unit vectors i, k, and 1 are defined by

The other commutation relations, less symmetric in
form, are

(I-K.] =L+, [K- I =L-,
[I+,Ls] = K+, [L-,I-] =K-,
K.,L]=1I,, [L.,K]=1_, (4.1¢)
and the rest is zero.
We will introduce the operators®
Pi=¢é™, Po=¢e", P, =¢"". (4.2)
Then
PP, = —I., P7K.P;i= L.,
P'I.,P.= L:, PiK.P.= —K=,
PUI,P,= K., P/K.Pi=—1I,,
PU'L.P: = —K.,
POLP = —1Ix,
P'L,P, = —Lx. (4.3)

24 Quite extensive use of these operators is made by C. A.
Levinson, H. J. Lipkin, and S. Meshkov, Phys. Letters 1, 44,
125, and 307 (1962); Nuovo Cimento 23, 236 (1962); Phys.
Rev. Letters 10, 361 (1962). See also A. J. Macfarlane, E. C.
G. Sudarshan, and C. Dullemond, Nuovo Cimento (to be
published).
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These relations can easily be proved in the following

way:

P IPy = L. + dn[L,Ke] + ((ir)"/20[[ 1., K2) Ko)
+...

=TI,cosin+ Lesininr = L,
and analogously for the other relations. From the
relations (4.3) follows directly that
P'PP; =P, , P;'P,P,=P;',
Pi'P.P,=P;", P;/PP.=P; ,
P{'P.:P,=P, , P7'P,P, = P;'.
Moreover, we have the relations
P;'EP; = E — 2i(i-E),
P.'EP, = E — 2k(k-E),
P'EP, = E — 21(1-E) . (4.5)

The relations (4.5) can easily be proved as follows:

(4.4)

P.'EP; = E + in[E,K>]
+ ((@r)’/2)[[E,K:]Kz] +- -+,
=E 4 kk-E)(cos7 — 1) + kK, sinr,
=E — 2k(k-E) .
5. COMPLETE SET OF COMMUTING OPERATORS

To denote the different eigenstates, it is con-
venient to label them with the eigenvalues of a com-
plete set of commuting operators which are linearly
independent. The set consisting of I; and M can be
extended with I? = I? + I3 + I? and with two more
operators F? and G®, called Casimir operators.2:
These are™

8
FP=3Y A4 =Y F,
wy

=1
GP =Y AANAL .

728 _
The operators F? and G° have the property that they
commute with every F;. According to Schur’s
lemma??® these operators are constants for an irre-
ducible representation. The IR’s can, therefore, also
conveniently be labeled by the eigenvalues f? and ¢°
of these operators #2 and G*. Of course, the set (p,q)
is equivalent with the set (f2, ¢®). The states within
an IR can be labeled by the eigenvalues T(T + 1),

( 25 }§ B. G. Casimir, Proc. Roy. Acad. Amsterdam 34, 844
1931).

26 M. Hamermesh, Group Theory and its Application to
Physical Problems (Addison-Wesley Publishing Company,
Inc., New York, 1962), Secs. 8-13.

27 1. Schur, Sitzber. Preuss. Akad. Wiss. Physik. math. KI.
24, 406 (1905).

28 Ref. 26, Secs. 8-14, lemma II.
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T.,and mof I, I, and M. Also for the eigenvalues of
E = (I5, M) we will use the vector notation e = (7,
m). We will denote by |e,y) an eigenstate of the
operator E belonging to the eigenvalue e. The label v
describes the unspecified other quantum numbers.
For an IR, we can also define the highest eigenvalue
ex and the highest eigenstate |p, ¢, T, ex, v). This
highest eigenvalue is that eigenvalue e within the
IR which has the largest 7'.; the highest eigenstate is
the eigenstate corresponding to the highest eigen-
value.

6. TWO THEOREMS

We are now in the position to state some useful
theorems.

Theorem 1: Let |e, v) be an eigenstate of E. If
K.l|e, v) isdifferent from zero, then K, |e, v) isalso an
eigenstate of E with the eigenvalue e + k.

Proof: From [E, K.] = kK. follows

EK+le7'Y) = K+(E + k)lefY) = (e + k)K+|e7'Y) )
QE.D.

Analogously we have, if K_|e, v) 5 0, then K_|e,
v) has the eigenvalue e — k; if I.|e, v) % 0 then
I.|e, v) has the eigenvalue e = i, and if L,|e, v) # 0
then L,|e, v) has the eigenvalue e =+ 1.

This theorem has a simple geometrical interpre-
tation in a two-dimensional eigenvalue diagram (Fig.
1). In this eigenvalue diagram every eigenvalue is

S

I3
Fig. 1. Part of a two-dimensional

eigenvalue diagram showing the regular
pattern (Theorem 1).

represented by a point e = (7., m). These points
form a regular pattern; the distances between neigh-
boring points being i, k, or 1.

Theorem 2: Let |e, v) be an eigenstate of E, then
Ple, v) is also an eigenstate of E with the eigenvalue
e — 2i(i-e). The degeneracy of the state P.le, v) is
the same as the degeneracy of the state |e, v).

Proof: From P7'EP; = E — 2i(i-E) follows

EPile,’Y) = P1{E - 21(i°E)}|e77)
= {e — 2i(i-e)} P:le,y)
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Moreover, P; is a unitary operator; it conserves,
therefore, the multiplicity of the state.

Analogously we find that P:le, v) and P,|e, v) have
the eigenvalues e — 2k(k-e) and e — 21(1-e). The
degeneracy of these states is again the same as the
degeneracy of |e, v).

Also this theorem has a simple geometrical inter-
pretation in the two-dimensional eigenvalue diagram.
If e, is an eigenvalue, then also the values e., es;, and
es, obtained from e; by reflection with respect to lines
through the origin perpendicular to the i, k, and 1
directions, are eigenvalues [see Fig. 2(a)]. Once more
applying P; gives two more eigenvalues e; and es. So,
in general, the existence of one eigenvalue implies the
existence of six eigenvalues® all with the same de-
generacy.

There are two exceptions. The first exception is
when the eigenvalue e; lies on one of the reflection
lines [see Fig. 2(b)]. In this case the existence of one
eigenvalue implies only the existence of three eigen-
values. The second exception is when the eigenvalue
e: lies in the center; e; = (0,0). In this case no other
eigenvalues are implied.

P; P;
—

s A ‘\PL Pk/

13

. .
5 3

a. b.

Frc. 2. Two-dimensional eigenvalue diagrams showing the
results of the operators P;, Pi, and P, on the state ¢(1)
(Theorem 2) (a) When e(1) is arbltrary,

Pig(1) = ¢(2), Pig(3) = ¢(3) ,
qub(l) = ¢(3), Pip(4) = 4(6) .
Pig(1) = ¢(4),

(b) When e(1) lies on the reflection line Py,
Pig(1) = #(2),
Pis(1) = &(3) ,
Pig(1) = ¢(1) .

We note that the operator P; is the charge sym-
metry operator. The symmetries implied by the
operators P, and P, are, therefore, generalizations of
the principle of charge symmetry.

29 Tn Racah’s lecture notes (Ref. 30) is shown that not only
e and e — i(i-e) are eigenvalues, but the whole chain (iso-
multiplet) connecting these two eigenvalues.

30 G. Racah, Group Theory and Spectroscopy (Institute for
Advanced Study, Princeton, New Jersey, 1951).
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7. IRREDUCIBLE REPRESENTATIONS I

In this section we consider the simplest irreducible
representations which are of interest to us.

D(0,0) = {1}. This IR consists of only one state
and because of theorem 2, the eigenvalue e belonging
to this single state is e = (0,0). In the octet model,
one identifies the hypercharge operator Y = S + B
with the operator

Y = (2/V3)M . (7.1)

This state is, therefore, an isosinglet state with
Y = 0. The operators F; we can represent by 1 X 1
matrices which are all identically zero (traceless).

m
m 1%*3
1
- 2v3 [ (
1 1 1 1
& e o i
J .
| 2v3 2
1
=k
a. b.

Fia. 3. Eigenvalue diagrams of the IR’s with N = 3. (a)
The irreducible representation D(1 0) = {3}. (b) The irre-
ducible representation D(0,1) = {3*}.

D(1,0) = {3}. There are three possibilities for this
case according to theorem 2. The first possibility is
three degenerate eigenvalues at the origin I/ =Y
= 0. For this case, all the operators F; are identically
zero. Because they are 3 X 3 matrices, this case is
reducible. The two other possibilities have eigenvalue
diagrams as depicted in Fig. 3. Here we have to make
a choice. We make the conventional choice [Fig.
3(a)]. We leave the eigenvalue diagram [Fig. 3(b)]
for the contragredient representation D(0,1) = {3*}.
We are, therefore, able to write down

) <1 0 0) i 1 0 0
I;=—10-1 ,and M = 1 0
2\0 0 o 23 o 0—2

For the other matrices we have first to define the
relative phases between these three states. We will
do this the following way:

(1) Within an isomultiplet we use the Condon and
Shortley phase convention.®* This establishes that

Igp =0, I = &1, Ii¢s=0.

31 K. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, Cambridge, England,
1935). See also Ref. 37.
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(2) The relative phases between the different iso-
multiplets can also be defined rather easily. We re-
quire also for the operators K, the phase choice of
Condon and Shortley. Therefore,

K+¢1=0, K+¢2=0, K+¢3=¢1-

The matrix elements of the operators I, and K, are
now totally defined and, therefore, also of L, = [I_,
K.]. We can identify ¢; = !, ¢» = 2?, and ¢s = a®.
These states ¢1, ¢z, and ¢s in SU(3) are equivalent
to the states a (spin up) and 8 (spin down) in SU(2).
D(0,1) = {3*}. The eigenvalue diagram is like
Fig. 3(b). We can, therefore, write
1 <~—1 0 0) L [~ 00
Iy =+ 010),and M = 55 0—-10).
2\ 000 2V3\ ¢ o2
With our phase conventions we have now
Lip: = 8upe, Kidi = burgps .
We can identify® ¢:(3%) = —x, ¢2(3%¥) = 22, and
$3(3%) = .
All the IR D(p,q) can be formed by the direct
product of p times D(1,0) and ¢ times D(0,1). This
direct product contains of course more than the IR

D(p,q). However, it is clear that the highest eigen-
state ¢(ex) of D(p,q) can be formed in only one way

(7.2)

d’(eH) = xlyl...zl UgVs* * *Wg .
\_W_/ ;_Y__/
p factors ¢ factors
The highest eigenvalue is, therefore,
. — (m Z’_"_ﬁ)
“ 2 7 2v3/°

Moreover, it is clear that this highest eigenvalue is
nondegenerate. This highest eigenstate has hyper-
charge

(7.3)

Y=0-9/3. (7.4)

Physically the hypercharge is an integer. If we want
to restrict ourselves to the octet model, then not all
the IR’s of SU(3) are interesting. The only IR’s
realizable in nature®® are IR’s for which p — ¢ = 3n,
wheren = 0, £1, £2, &3, - - ete.

These are, therefore, the representations

{1} = D(0,0), {10} = D(3,0), {28} = D(6,0),
ete. ,

{10%} = D(0,3), {28*} = D(0,6),
etce. ,

32 See Sec. 8 for the specific phases.
3 This comes from our special choice (7.1) for the hyper-
charge operator.
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{8} = D(1,1), {35} = D@4,1), etec.,
, {35*} = D(1,4), ete.,
{27} = D(2,2), {81} = D(5,2), etec.,
, {81*) = D©2,5), etc.,
{64} = D(3,3), ete.

To stay closer to the physics, we will work in the
following solely with the hypercharge operator Y
and its eigenvalues. The vertical scale in the eigen-
value diagrams we will, however, compress in such
a way that the unit of length along this vertical axis
still corresponds, as if we have plotted the eigen-
values of M. In this way we preserve the high sym-
metry in these eigenvalue diagrams.

To be able to refer simply to the different eigen-
states of an IR we will enumerate them from 1 to
N. We will choose the following ordering for the
states:

(a) within an isomultiplet, the states are ordered
so that I, decreases;

(b) the isomultiplets belonging to the same Y are
ordered so that I decreases;

(c¢) the groups for different Y are ordered such
that Y decreases.

For the contragredient representation {N*}, we
adopt an opposite convention for (a) and (c); we
order the states within a multiplet such that I, in-
creases and the groups of different ¥ we order such
that Y increases. In this way the eigenvalue diagram
for {N*} is the inverse with respect to the origin
(I.=0,Y = 0) of the eigenvalue diagram for {N}.

To be able to define later uniquely the Clebsch—
Gordan coefficients of SU(3), it is necessary first of
all to define precisely the relative phases within the
IR’s. We adopt, therefore, the following convention:

(1) The relative phases within a definite iso-
multiplet are determined by the Condon and Shortley
phase convention.® Then

Lé(LL,Y) = [(I = L)(I+ L+ 1)])'(I,L.+1,Y),
I¢(I,L,Y) = [(I+L)(I—-L+1)s(I,I.— 1Y),
(7.5)
and

Pip(L,1.,Y) = (=), — I,Y). (7.6)
(2) The relative phases between the different iso-
multiplets we define then with the help of the opera-

tors K .. Biedenharn®* has pointed out that

K+¢'(I;IZ)Y) = b+¢(I + %yIz + %;Y + 1)
+bo(I - 3.+ 3Y + 1), (7.7)
3% L. C. Biedenharn, Phys. Letters 3, 69 and 254 (1962); J.

Math. Phys. 4, 436 (1963). See also G. E. Baird and L. C.
Biedenharn, J. Math. Phys. 4, 1449 (1963).
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where

b (U + L+ DB@—q) + T+ 3V + UBG+20) + T+ 3Y +2@p+q) = T = %Y]}* 7.80)
T 2( + QI+ 1) o
and

b = {(I — LA —p) + T =3V +2) = T+ 3V + U@+ q) + 1 3V + 1]}* (7.5b)
N 2I2T + 1) : )
We require thus always b, to be real and positive. Then the commutation relations (4.1c¢) require

This uniquely defines the relative phases between ”
all the states of an IR. L= —L=. (8.1¢)

8. CONTRAGREDIENT REPRESENTATIONS

The representation D(p,q) is called contragredient
to the representation D(q,p). These representations
are intimately connected.

If U = e«7iis a representation of an element of
SU(3), then so is U* = (U™)?. Now

(U—I)T _ e—iaiF'-T - eea,-m"
Therefore, we could choose [actually we do not, see

Eq. (8.1)] the generators F! of the contragredient
representation to be

Fi= —F;.
Then we have
L=-1L, I.=—-1I,
Y'=-Y, KL= —-K=,
L/i: —L%,

and the relation between the eigenstates is
¢({N*})I;127Y) = 17¢*({N}II) - IZ} - Y)

where 7 is an over-all phase factor.

This choice is certainly <nconvenient, because it
implies that not all of the elements of the matrices
I, and K, are positive, which is required due to our
phase conventions (1) and (2). We have to take the
following choices for the matrices Fi of the contra~
gredient representation {N*} if we have the matrices
F; of the representation {N}.

I'’=—I; and Y" = -Y. (8.1a)
This is required because of the eigenvalue diagram
and the specific ordering of the different states. Our

phase conventions require the choice
"
I + = Iz

K! =K-. (8.1b)

The relation between the eigenstates of the repre-

sentations {N} and {N*} is then

¢({N*},I,I;,Y) = ’7(—)1”+%Y¢*({N};L - Iz; - Y) .
(8.2)

Here 7 is an over-all phase which could conveniently
be defined by the condition®

¢({N*}JIJO)O) = ¢*({N})IJ070)
then n = 1.

(8.3)

9. IRREDUCIBLE REPRESENTATIONS II

In this section we will discuss the IR’s which we
will use later on.

D(1,1) = {8}. One can immediately construct the
eigenvalue diagram [Fig. 4(a)]. The highest eigen-.
value ez is I, = 1, ¥ = 0, hence I = 1. Because of
theorem 2 this eigenvalue ensures the existence of six
eigenvalues e, €, €3, €5, €7, and s (all nondegenerate).
The existence of es I =1, I, =0, Y = 0) is also
implied by the existence of es, because es, es, and e;
form the I = 1 isomultiplet. We count so in total 7
eigenstates. The missing eighth state es can be noth-
ing else than a I = 0, Y = 0 state. The matrices I,
are given by Eq. (7.5), the matrices K, by Egs. (7.7)
and (7.8).

D(3,0) = {10}. The eigenvalue diagram is given
in Fig. 4(b). The highest eigenvalue e, is I = 3,
I.= 3%, Y = 1. Theorem 2 implies the existence of
e; and e;. The eigenvalues e and e; have to exist to
make up the I = £, ¥ = 1 isomultiplet. However,
the existence of e; and e; implies the existence of e,
e, €s, and e, due to theorem 2. The last eigenvalue es
is necessary to complete the I = 1, ¥ = 0 multiplet.

D(0,3) = {10*}. The eigenvalue diagram is given
in Fig. 4(c). The matrix K is easily determined from
the corresponding matrix of the representation {10}.
We have

K. (10%) = [K+(10)]".

3¢Tn the octet model every IR possesses a state with
I. = Y = 0. See also Sec. 14.
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The representations lines. The eigenvalue diagrams are given in Figs.
4(d)—4(g).
DE2) = (27}, D(©0) = (28}, (@)
D@A1) = (35), D(3,3) = {64}, ete., 10. CLEBSCH-GORDAN COEFFICIENTS
and the corresponding conjugate representations When one forms the product representation of

{28*}, {35*}, etc., can be obtained along the same two IR’s D(pi,¢1) and D(ps,gz), then this product

° X X . . . ° . . X X [
. q . . L. . [ X [
{27} {28} (35}
d. e. F
4
. x 2% X .
. x o i~ o X .
., o & n R
r2 3,
. X o =] X .
. x X . F1a. 4. Eigenvalue diagrams for the lowest irreducible
representations.
{64}
« multiplicity |
x n 2
o n 3
) u 4

g.
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representation is, in general, reducible. Symbolically
one writes

D(p1,q) ® D(p2yg) = PZQ ®«(P,Q)D(P,Q), (10.1)

where ¢(P,Q) is an integer. The series on the right-
hand side of Eq. (10.1) is called the Clebsch—Gordan
series (CG series). This symbolical equation states
that the representation D(P,Q) is contained o(P,Q)
times in the direct product of the IR’s D(p:,q) and
D(p2,42)-

We have seen in Sec. 5 that a complete set of
operators necessary to specify uniquely the states of
an IR is G3, F?, I?, I, and Y. The states of the product
representation D(pi,q1) ® D(ps,q.) are, therefore,
completely specified by the eigenvalues of the 10
linearly independent, commuting operators

(1), G*2), F(1), F*(2), I'(1), I*(2), (1), L,(2),
Y(1),and Y(2). ()

If we define the operators
F; =F:(1) 4+ F:(2)

then a (noncomplete) set of commuting operators is

(f=1,---,8) (10.2)

@ GQ), G*Q), F*, F*(1), F*(2), I’, I,,and Y.

However, this makes only 9 operators. We need
another operator to make this set complete. This
operator T' is unfortunately not contained in the
group. We have to go outside the group to find this
operator® which is necessary to distinguish the
different D(P,Q) for the same P and §, when
o(P,Q) > 1. A complete set of commuting operators
is therefore

@& G*Q), G*2), F', F*(1), F*(2), I, I, Y, and T
II)

In the following we will use a shorthand notation
when there is no chance for confusion. We denote
then the eigenvalues ¢® and f2 of G® and F* collectively
by u, the eigenvalues I, I., and Y by », and the eigen-
value of T' by v. We denote the eigenstates of the
representation D(pi,q:) by ¢%2, the eigenstates of
D(pz,q2) by ¢%2. We write the eigenstates of the set
(ZI) in the product representation as

(o)

The dimension of the representation D(p;,q:) is N..

3 This is about all that can be said about this operator T.
In practice, one uses symmetry properties of the wave func-
tion.
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In the N.N. dimensional product space, we can
take as basis the vectors ¢4 ¢%? of the product
representation or the direct sum of the vectors

M1 M2 My
o ()
of the different IR’s contained in the product of
D(p1,q1) ® D(pz,g2). These two different sets of

orthonormal basis vectors are connected by a unitary
transformation®

ACEYED> (1 ) gl (103)

v Vive v
The coeflicients (4:4:4«) are the Clebsch—Gordan co-
efficients (CG coefficients) of SU(3).

We could have looked at the above problem in
another way which is very useful. The product states
o4 ¢4 are eigenstates of the operators of the set
(I). Therefore, they are also eigenstates of I, = I,
+ L.and ¥V = Y; 4 Vs, but not of G?, F?, T, and I
With the help of the Clebsch—~Gordan coefficients

1i12d. of SU(2), we can construct the eigenfunctions
x of the operators G®(1), G*(2), F*(1), F*(2), I, I, and
Y, but not yet of G%, F?, and T. Then

I Ip I () ) (pa)
Z Clsz:zlquan ¢l’z *

Iialsz

II,Y> = (10.4)

< M1 M2
X\LY: LY,
Now we can combine the different x to obtain eigen-
states of the set (I1)

My )

1Y

M1 #2#7> —_ ( M1 M2
ll/ ( 14 1,;/1 IlYl IzY2
H II,Y).

1,,Y,
X x (IIYI LY,

The coefficients

(10.5)

( M1 M2 | My )
LY, LY,IY
are called isoscalar factors.”® Note the dependence of

these isoscalar factors on the total isospin I.
Comparison of (10.4) and (10.5) with (10.3) shows

(,le M2 My) _ M1 M2 #7)
Vi Ve ¥V IY ’

= Cl.1us ( LY. LY, (10.6)
Because the CG coefficients of SU(2) are well known,
it is sufficient to give the isoscalar factors to specify
the CG coefficients of SU(3) uniquely. Care has to
be taken, however, that the CG coefficients of SU(2)
have the correct phase factors.®

36 It turns out that one can choose the different arbitrary
phases in such a way that all the CG coefficients are real. The
transformation matrix is then a real orthogonal matrix.
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To define uniquely the isoscalar factors, one has
to define the relative phase of the basis vectors of
the IR D(P,Q) in the CG series (10.1) with respect
to the basis vectors of the product representation
D(p1,q1) ® D(p2,qz). We will take these phase factors
always real; this will result then in real isoscalar
factors. To decide on the sign of the phase, we con-
sider the highest eigenstate ¢%) of the IR D(P,Q),
then

() _ M1 M2 My () ()
¢V11 - v;v, (Vl Vs VH) ¢'v, ¢"2 .
Among the different CG coefficients, we choose the
one with the largest possible I; to be positive. If this
is not sufficient to decide, we take from the coef-
ficients with the largest possible I; the one with the
largest possible I» positive. This convention was
sufficient to determine the phases in the cases met
here. Perhaps this is not, in general, sufficient; how-
ever, this convention can easily be generalized. We
have chosen this convention as the most direct
generalization of the phase convention for the CG
coefficients of SU(2). There one requires

Ch 50> 0.
11. ORTHOGONALITY RELATIONS

The CG coefficients of SU(3) form a real orthogo-
nal matrix. Therefore,

¢f’;‘u)¢}(}:2> — Z (#l M2 Mv) ‘// (Nl M2 :‘7) , (11'1)

vy Vi V2 ¥V

and
fr e #7) (#1 2 u§’) s
Z (Vl s ) ey 8udyy'8n’, (11.2a)
Z (#1 M2 #7) (ll’l #,2 #’y) — 5"”‘,5‘,2”2, . (11'2b)
pyv Vi V2 ¥V Vi ve v

The orthogonality relations of the CG coefficients of
SU(2) are well known.*” Therefore, the orthogo-
nality relations for the isoscalar factors are

7
M1 M2 | My i p2 | By ) oo e
2 <LY1 LY, IY) (Ln IZYZIY’> = OOy By’
fa¥e (11.3a)
and
Z(m M2 m)(m M2 uy)
S \LY, LYIY) \1IlY! LY} IY
= 01,1,01,1,'0v,v,0v,v,’ . (11.3b)

37 M. E. Rose, T'heory of Angular Momentum (John Wiley
& Sons, Inc., New York, 1957).
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12. CLEBSCH-GORDAN SERIES

The direct product D ® D of two IR’s of SU(3)
can be decomposed in several IR’s of SU(3). This
is formally described by the Clebsch—Gordan series
(10.1). To find the different D(P,Q) with their
multiplicities ¢(P,Q) we will follow the method of
Speiser.' 8

We start by making a (p,q) coordinate system (Fig.
5). In this coordinate system we can represent every

F1c. 5. Coordinate system in which we can represent every
irreducible representation {N} = D(p,q) by a point (p,q).

IR D(p,q) by the point (p,q). We make this co-
ordinate system oblique; the p and ¢ axes make
angles of 30° (see Fig. 5) with a horizontal line, which
we will call the Is axis. The axis perpendicular to the
I axis is called the Y axis. The unit of length along
the p and ¢ axis we taketo be I/Vv/3.

Next we can reflect this figure about the p axis
and about the ¢ axis. Reflecting now about the Y
axis, we obtain the “lattice” as shown in Fig. 6.
We give a positive weight to the nonshaded sextants
and to the shaded ones a negative weight.

In order to obtain the Clebsch—Gordan series of
the direct product D(p1,q1) ® D(pz,q:) we need the
eigenvalue diagram of D(p1,q:) or D(pz,q2) with the
multiplicities of the eigenvalues. We will assume that
we have the eigenvalue diagram of D(p,,q:) drawn on
scale; the unit of length for I is [, the unit of length
for Y is 2 /3l. We place this eigenvalue diagram of
D (p1,q1) on top of Fig. 6 in such a way that the eigen-
value (Z5,Y) = (0,0) coincides with the lattice point
{N3:} = D(ps,q2) in the first positive weight sextant
and that the I; axis of the eigenvalue diagram
coincides with the I; axis of the lattice. The eigen-
values of D(pi,q) coincide now all with points of the

38 This method can be used for all the IR’s of SU(3) and
not only for the subset of IR’s used by us. Because we are
only interested in the octet model, we give this restrictive
version.
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lattice representing IR’s, except those eigenvalues
which fall on the p, ¢, or ¥ axes. We can now state
Speiser’s theorem:
Every IR covered by an eigenvalue of D(pi,q),
in the above described way, is contained in the

F1g. 6. The lattice. The nonshaded areas have positive
weight, the shaded areas negative weight.

direct product D(p1,¢1) ® D(pz,g:) as many times
as the multiplicity of the eigenvalue which covers
it and with a sign equal to the weight of the
sextant. The contributions of the negative weight
sextants have therefore to be subtracted from (in-

Y s
A/ lg*/ 2(;////32?

Fra. 7. Determination of the CG
series for the direct product {8} ® {10}.

stead of added to) the Clebsch—Gordan series.

Eigenvalues covering the p, ¢, and ¥ axes can be

neglected.

To demonstrate the procedure we will obtain the
CG series of {8} ® {10}. We will do thisin two ways.

927

First, we will place the center of the eigenvalue
diagram [Fig. 4(a)] of {8} on top of the point {10} in
a positive-weight section of the lattice (see Fig. 7).
This point (IR) is covered by an eigenvalue of multi-
plicity two. This gives, therefore, a contribution to
the CG series of @ 2 X {10}. The points (IR’s)
{8}, {27}, and {35} in the positive-weight sextant,
and the {10} in the negative-weight sextant are
covered by eigenvalues of multiplicity one. They
give, therefore, a contribution

{8} @ {27} @ {35} © {10}
to the CG series. We can neglect the two eigenvalues
falling on the p axis. The complete CG series be-
comes now
{8} ® {10} = {8} @ {27} ® {35} © {10} ® 2
X {10}
= {8} & {10} & {27} @ {35} .

Fia. 8. Determination of the CG
series for the direct product {10} ® {8}.

To obtain the CG series the other way, we place
the (0,0) eigenvalue of the eigenvalue diagram [Fig.
4(b)] of {10} on the point {8} in a positive-weight
sextant of the lattice (see Fig. 8). All the eigenvalues
of {10} have multiplicity one. The positive-weight
sextant gives the contribution to the CG series

(1} @ {8} ® {10} ® {10*} @ {27} @ {35} .
The negative-weight sextants give the contribution
O {1} © {10*} .

We may neglect again the two eigenvalues of {10}

falling on the p and ¢ axes. The complete CG series
is, therefore,

{10} ® {8} = {8} @ {10} & {27} & {35}

as we have seen before.
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13. IRREDUCIBLE REPRESENTATIONS AND
IRREDUCIBLE TENSOR OPERATORS

Under a transformation « of SU(3) the vector x
in the space C; transforms according to

= ax. (13.1)

The basis vectors ¢4’ of the IR {u} = D(p,q)
= {N} transform then as

W = Uy = Z ¥DA*e) . (13:2)
v'=1
Here D™ is a unimodular unitary matrix.
Therefore,
> D (a)DE* (@) = 8, (13.3)
and
¥ = 2 DY@ . (13.4)

14

As already pointed out in Sec. 3, the matrices D*
form the IR {u} = D(p,q) of the group SU(3). In
that same section, we have seen that every transfor-
mation of SU(3) is characterized by eight real
parameters ;. The matrices D®(a) are, therefore,
functions of the «;. It is possible to define a density
function p(a;) such that®

/dal . -dasp(al, . ',as) =1 (13.5)

if the integral is performed over all the elements of
the group SU(3). We write®

dQ = dal- . -dasp(al, . ',as) .
Then one can also show that®#
f doD¥® (a)D$* (o) = an,al,ak, (13.6)

From the transformation propertles (13.2) and (13.4)
of the basis vectors of the IR’s and the definition
(10.3) of the CG coefficients we find the relation

(M: (us) — M1 M2 My <M1 M2 /.L»,) ()
Dy (a)Dy3. (@) %:7 <V1 va v ) Y D\ («)
(13.7)

39 Ref. 26, Chap. 8.
40 For SU(2) we have

1 27 ki 2m
/dﬂ = ﬁ/’ daf sin Bdﬁf dy ,
T 0 0 0

where a, 8, and v are the three Euler angles.

41 For SU(2) this is the well-known relation
G* pU*, =
/ deD’1 o D2

1 ,o
vy = o, + 1 817500 M o000y

J.J.pE SWART

and the inverse relation

/)
Z (#1 M2 l»"y) (:“-l M2 Ky ) 5:3‘3( )D(nz)(a)
ViV,

17 2% Vi vz A
M.

= 88y DR (a) . (13.8)

In (13.2) we defined the transformation of the
basis vectors ¢ ¢ of the IR D(p,q). We can now also
define irreducible tensor operators of rank u. This is
a set of N, operators 7% which transform under a
transformation « of SU(3) as

T;’:(“) — l]]’f"‘)(]—1 = Z T:’QDS”:*(Q) (139)

in complete analogy with Eq. (13.2).

14. SYMMETRY PROPERTIES OF THE
CG COEFFICIENTS

In this section we will study some of the symmetry
properties of the CG coeflicients of SU(3) and of the
isoscalar factors. Unfortunately, our lack of knowl-
edge of the operator I' will reflect itself here in the
impossibility of defining rigorously some over-all
phase factors. Fortunately, these phase factors are
rather unimportant and can be fixed afterwards.

I

If the IR {u}, appears in the CG series of {u:}
® {ue2} then it will also appear in the CG series
{us} ® {m}, because these series are identical.

Therefore,

(Ml M2 #7) =& <#2 M1 #y>
Vi Ve ¥V Vo V1 V
where the & = =1 according to our phase convention
as given in Sec. 10. These & = & (u1,u2,u,) are inde-
pendent of the “magnetic”’ quantum numbers »;, vs,
and ». Therefore, we can take the highest eigenvalue
vi of {u}, and determine there the value of &,.

Because of the property of the CG coefficients of
SU(2)

(14.1)

CI‘I:I,IZ — ( )I,+12-—ICl, 22;2 , (142>
we obtain for the isoscalar factors the relation
( i s |u7> _ ¢ (_)1,+12—1 < M2 My)
LY, LY,|IY ! LY, LY )| IY/
(14.3)
From this relation (14.3) we obtain directly that
( bt | ey )= forty =1 if2L — I = odd
LY, L)Y\|.Y, forfé = —1if 21, — I = even.
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II

Consider the integral

I = [aD% @D& @D (@) . (144)
Using (13.7) and (13.6) we obtain
_ 1 (ul Wz ll-ay) (m ez Ms~,>
I= N ; Vi V2 V3 MAzAs /T (14.5)
From (8.2) we can write
¢ = (=%, (14.6)

p=I+131Y and —v=({,—-1,—-7).
The phase factor n is only dependent on u but not
on ». Equation (13.4) together with (14.6) gives

DE (a) = (=" DU (a).  (147)
Using (14.7) we can rewrite (14.4) as

1= (=) [ 40D (@)D, () DI @)

_1 (= oo (m 73 ué'i,’)
Nz 5’ Vi —Vs —V2
X

(Ml I“g Mék'y' ) (_)Xa‘FXu
A=Az — e )

Comparing this last expression for 7 with (14.5) and
noting that this equation should hold independently
of the values of the “magnetic”’ quantum numbers
V1, 2, V3, M1, Az, and As gives in case of only one quan-
tum number y

M1 M2 M3y ) I +Y,/2 ]_V_a ¥ M1 u¥ #’2“7’
= 52(_) N. .
Vi V2 V3 2 Vi —V3 —V2
(14.8)

It is expected that this formula holds, or can be made
to hold by a suitable choice of T, in case there are
different eigenvalues v belonging to the same us.
For example, in the case {8} ® {8} = {8}; ® {8}
and {8} ® {27} = {27}, ® {27}., (14.8) does hold.
The arbitrary phase £ = £2(u1,ue,us) = %1 is again
independent of the magnetic quantum numbers.
This phase can be determined in every specific case
by considering the highest eigenvalue.

Tor the CG coefficients of SU(2) we have the relation

. (2 + 1)¢
P = (=)0 (21211> Crpt..
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Therefore, the relation for the isoscalar factors is

< M1 M2 | M3y ) - E (_)I,+Y,/2 ((212 + 1)N3)%
LY, LY,|I;Y;s 2 (2I; + 1N,
M1 ui udy’ )
X (LYI L-vL-v.) (49

From (14.8) and (45) =1
follows
<5 _5* (1)) _ (_ )1,+1H+%(Y+Y11)N—% (1410)

if the highest eigenvalue of {u} has I = Iy and
Y = Yy;and {g} = {N}. We find also

( M M* 1) _ (_)I+1H+%(Y+YH) (21 + 1>%
IY I — Y|00 N )
(14.11)
From (14.9) we obtain moreover that
for &£ =1
( p iz m*;) _o i Li+Y:=odd,
II2Y2 Iz - Yz IzYz for Ez = —1
f I+ Y, =even.

III

From the definition (10.3) of the CG coeflicients,
from their reality property, and the relation (14.6)
we deduce

* * *
(Ml .“2”«37> =& (P‘l M2 M3y ) , (14'12)
V1 V2 V3 —V1 —V2 —V3

where & is independent of the magnetic quantum
numbers v, vz, and s, and & = 1. It is important
to note here that the phase convention (8.3) cannot
always be applied consistently at the same time to
{u}, {me}, and {us}. Therefore, in certain cases
& = —1. Because of the relation

I I, I, Li+I,—1, I, I, I,
Ciiug.= (—) C--ri 1 s

we get for the isoscalar factors

M3y | _ _\hHLTL
I3Y3) - 53( )

iy u¥ ul )
X (L Vi L— Vil — Yo - (413

Again the & is easily determined in any particular
case by considering the highest eigenstates.

( M1 M2
LY, .Y,

15. WIGNER-ECKART THEOREM

The Wigner—-Eckart'® theorem can also be stated
for SU(3). This theorem concerns the matrix element
(¢, T w2 W) of an irreducible tensor operator
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T %) between two basis states, ¢4 and ¢ % of
IR’s. It reads

(¢§F:s)’T(“z ¢,,(:“)) — Z </~‘l M2 #w) (MHT(MQ)
v

V1 V2 V3

#1)7 .
(15.1)

We have to sum here over v. The right-hand side
contains, therefore, as many terms as the IR {us}
is contained in the product {wm} ® {u2}. The Eq.
(15.1) is a theorem in as far as it predicts the de-
pendence of the matrix element on », vs, and »;. At
the same time (15.1) is a definition of the reduced
matrix elements (us||7 “*?|| ).

We can prove this theorem the following way.
From the Eqgs. (13.4) and (13.9) follows
@2,12°68%) = 3= DI DED G T ).

AXhe
Making use of the combination property (13.7) of
the D functions one obtains
Z D‘('“s)* (ﬂ' 142 ﬂ'y) (#1 12 .u'y)
MAzs e Vi V2 ¥V A Az A
BNy

X D,(K) (dgua),T{Euz)‘b{l(nl)) .

(¢5;3¢s)’ T(uz)qs:i‘l))

The matrix elements are independent of our choice
of coordinate system; they are, therefore, independ-
ent of the eight real transformation parameters
ai, -+ +,as. Thus we can perform the integration over
dQ. After making use of (13.6) we obtain

() rpr(ia) , () M1 pg sy | 1 M1 Mg May
e - ¥ (ki) 3 3 (i)
(¢a ’ ¢l ) 72 V1 V2 V3 N3)\1)‘Zz)\a )\1)\2)\3

X (¢(I‘a) T(ﬂz) (IA.))
This gives us the form (15.1) of the Wigner-Eckart
theorem if one defines

_Ns)\z

1A2s

(el | T*7]

# “ 3 2 1
“1)7 (#1 2 37) (¢(u T(u) (l:)) .

AL Az A
The reduced matrix element is obviously independent
of the quantum numbers », »;, and vs.

16. THE MASS FORMULA

We will consider the mass formula specifically
here for the octet (the IR {8}). The discussion for
every other IR can be done along the same lines. In
the octet model one assumes that the strongest
interactions are invariant under transformations be-
longing to the group SU(3). In the absence of any
other interactions the particles belonging to the same
IR of SU(3) should have, therefore, the same mass,
the unitary multiplet mass. The symmetry of these
strongest interactions (unitary symmetry) is broken

J.J.pE SWART

by some unknown weaker mechanism but in such a
way that the isospin 7 and the hypercharge YV are
still conserved. Through the action of this unitary
symmetry breaking mechanism, the mass degeneracy
of the particles belonging to the same unitary
multiplet will be removed. If one assumes the
simplest form for the symmetry breaking interac-
tion, then one can derive the Okubo mass formula'®
for fermions and for bosons®

M = Mo+ MY + Mu{I(I +1) — 1Y%
m’ = mo+ my{I(I + 1) — 1¥*}.

These formulas give the Gell-Mann—Okubo mass
relations

(16.1)
(16.2)

My + Mz = My + Mz, (16.3a)
myx = 3my + Lml, (16.3b)
mxx = 3ml, + Lm. (16.3¢)

The relations (16.3a) and (16.3b) are very well
satisfied; the relation (16.3c), however, is not so
well satisfied.

If one introduces then the electromagnetic inter-
action, this has to be done in such a way that 7T and
Y are still conserved. The presence of this interaction
results in mass differences between the different
members of the same isomultiplet. If one introduces
the electromagnetic interaction, but neglects the
presence of the unknown unitary symmetry breaking
mechanism, one can derive a relationship between
the mass differences of the members of the iso-
multiplets which make up the same unitary multiplet.
For the baryons one obtains'

M(E) — M(E) + M(p) — M(n)

=MEY) —-MEZ). (164)
This relation is also very well satisfied.

We have seen that when the weaker symmetry
breaking interaction is switched on, the unitary
multiplets split up in isomultiplets. As this break-
down of unitary symmetry has to be done in such a
way as to preserve the selection rules for isospin and
hypercharge, every such mass operator must have
the form

(u)
01 = E Tol,‘o,o,
I

42The use of the mass for fermions and the (mass)? for
bosons in formulas like (16.1) and (16.2) seems first to be sug-
gested by R. P. Feynman. It is related to the fact that in the
Lagrangian the mass term for bosons is m2¢*¢ and for fermions
Myy.

43 We note that for bosons a term linear in Y cannot occur.

(16.5)
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where the summation goes over all the physically
allowable IR’s of SU(3), therefore®® u = 1, 8, 27, ete.
The breakdown due to the electromagnetic inter-
action has to be such that T3, as well as Y, are con-
served. The most general operator*® achieving this
is, therefore,

0: = 2, T, (16.6)
w1

where u runs over all the possible IR’s and I over

all the values within an IR consistent with ¥ = 0.

One notices that the operator 0, is a special case of

0.. Hence, the general mass operator must have the

form

%} = 2 8o (16.7)
where M is the mass operator for fermions and m?
for bosons. For the IR {8} only the irreducible tensor
operators belonging to the IR’s {1}, {8}, {10},
{10*}, and {27} give nonvanishing expectation
values. Therefore, if we restrict ourselves only to
these operators out of (16.7) which conserve the
total I spin, then

M(orm') = Tsao + Tonoe+ Tooo. (16.8)
Using the Wigner-Eckart theorem (15.1) we obtain
for the isomultiplet masses of the baryons
My = a — (v/5/10)as, + % as, + (1/3v/5)az,
Mz = a — (v/5/10)as, — % as, + (1/3v/5)asr,

My =a — (\/5/5)6181 - (1/\[5)“27;
Mz = a+ (v5/5)as, — (1/9v/5)azr
(16.9)
where
Ouy = (8]| T 0](8)y . (16.10)

We have here four masses and four constants. Solving
(16.9) for the constants gives
a = §[2My + 2M=z + My + 3M5],
= (1/V5)[BM> — Mx — My — M:]
as, = My — Mz,
—(9/8/5)[3Ms + Ms — 2My — 2M =] .
(16.11)

The Gell-Mann—Okubo mass relation (16.3a) is based
on the assumption that the mass differences trans-

Q
k2
|

)
S
5

Il

432 The IR’s
I=1,=Y =

43> Analogous results can be found in M. A. Rashid and I. I.
Yamanaka, Phys. Rev. (to be published).

610} and {10*} do not have states with
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form as T, i.e., @2z = 0. In practice this condition
is rather well satisfied because *™*¢ a, = 1150.84
MeV/c?, as, = 91.34 MeV/c?, as, = —379.54 MeV
/c?, and azr = 11.9 MeV/c2.

The mass formula for the electromagnetic mass
differences can be obtained by introducing those
operators T3%,, which exhibit explicitly the break-
down of isotopic spin conservation. Thus

T = T®o + Ty + T + T, + TED, .
We get

M, = My + (+/15/90) (9bs, — 4bxr)
+ (1/24/3)bs, — (1/4/15) (bio — o) ,
M, = My — (v/15/90) (9bs, — 4bar)
— (1/2+/3)bs, + (1/4/15) (bio — buov) ,
Mzo = Mz — (+/15/90) (9bs, — 4bsr)
+ (1/2+/3)bs, — (1/4/15) (bio — o) ,
Mz = Mz + (+/15/90) (9bs, — 4br)
- (1/2\/3)1732 + (1/\/1_5) (bio — bio*) ’
My = M,,
Mse = Ms + % cor,
Ms+ = Ms — 2 cor + (1/4/3)bs,
+ (1/+/15) (bio — buo*) ,
Mz = Ms — %027 - (1/\/:_”)1’8;

— (1/4/15) (bio — buo*) , (16.12)
where
by, = (81| T1%,0/18)y (16.13)
and
Cu, = (8I|T53,/18)y -

Y

We notice from (16.12) that we have here essentially
four arbitrary constants (9bs, — 4bs1), bs,, (bio — bio*),

44 We use here the following masses:

M, = 938.21 + 0.01 MeV/c2,
M, = 939.51 +0.01 MeV/c?,
My = 1115.36 + 0.14 MeV/c?,
Ms+ = 1189.40 + 0.20 MeV/c2,
Ms® =1191.5 + 0.5 MeV/c2,
M5z = 1195.96 + 0.30 MeV/c?,
Mz =1315.8 + 0.8 MeV/c?,

Mz~ =1321.0 + 0.5 MeV/c2.

The first six masses are from tables from W. H. Barkas and
A. H. Rosenfeld, University of California, Berkeley (1960),
UCRL-8050. The =~ mass is from Ref. 45 and the =’ mass
from Ref. 46.

45 L. Bertanza, V. Brisson, P. L. Connolly, E. L. Hart, I. S.
Mittra, G. C. Moneti, R. R. Rau, N. P. Samios, I. O. Skilli-
corn, S. S. Yamamoto, M. Goldberg, L. Gray, J. Leitner, S.
Lichtman, and J. Westgard, Proceedings of the 1962 Annual
International Conference on High-Energy Physics at CERN
(CERN, Geneva, 1962), p. 437.

46 D. H. Stork, Bull. Am. Phys. Soc. 8, 46 (1963).
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and c;;. However, there are also only four independ-
ent mass differences

(Mﬂ - MP) ) (M2+ - ME_) )
and

Mz — M=),

(Mze — 5 (Ms++ M3-)].

The relation (16.4) between the electromagnetic
mass differences can be obtained by assuming bio
— bi* = 0. From the experimentally observed
masses* one obtains bs, — 4 by = (2.52 &= 0.7) MeV
/¢, bs, = 22.6 MeV/c? b — bior = (—0.12 == 0.6)
MeV/c2.

For the vector mesons, using®

me = 782 MeV/c
m, = 750 MeV/c’,

(16.3c) predicts mx* = 774 MeV/c*. Now there exist
two K* resonances, one® at 888 MeV/c? and the other®
at 730 MeV/c?. None of these values is very close to
774 MeV/c?. However, let us rewrite Eq. (16.9) for
the vector mesons. We get
mey = mg — 2ms — 9m;
me = mo + 2mi — m;
My = mo — m; + 3ms (16.14)
where

mo=a, m = (v5/10)as,, ms =—(1/94/5)as,

and as, =0.

The assumption made by Okubo® to obtain (16.2)
was setting arbitrarily m3 = 0. One could just as
well set arbitrarily mf = 0. This leads to the mass
relation

mxr = & mp — Lm,. (16.15)

This formula predicts the K* at 733 MeV/c?, sur-
prisingly close to the observed 730 MeV/¢®* K — =
resonance. This might imply that the mass differ-
ences in the vector meson octet do not transform
according to the representation {8}, but perhaps
according to the representation {27} = D(2,2).
Another explanation® is that the w does not belong
to the vector octet, but is a unitary singlet. The
vector octet consists of the p, K* (888 MeV/c?), and
another I = 0 vector meson ¢. The mass relation
(16.3¢) predicts mi = 4 mk — ¥ m?, or my = 927
MeV/c?. Due to the presence of the w, with about the
same mass and with the same quantum numbers as

47B. P. Gregory, Proceedings of the 1962 Annual Inter-
national Conference on High-Energy Physics at CERN (CERN,
Geneva, 1962), p. 779.

48 J. J. Sakurai, Phys. Rev. Letters 9, 472 (1962).
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the ¢, this level is pushed up and perhaps this ¢
meson is the 1020-MeV resonance® in the KK system.

17. YUKAWA COUPLINGS

In the unitary symmetry model of strong inter-
actions very definite relations are predicted between
the different meson baryon coupling constants. We
shall restrict ourselves here to the Yukawa-type
coupling between the baryon octet and the pseudo-
scalar meson octet. Generalizations to other couplings
are obvious. In unitary spin space we shall denote
the wave function of the baryons by B and of the

mesons by M.

We make the following assignments®:
B, =p, M, =K',
B, =mn, M, =K°,
B; = —E+, M, = —x*
B, =32, M, =1,
Bs =2, Ms=m,
Bs = A, M = 9,
B, =2, M, =K°,
Bs =&, Ms = —K . (17.1)

The antiparticles belong to the conjugate repre-
sentation. As the meson particle representation is
equivalent to the antiparticle representation, one
must be careful with the phases. We note that our
above assignment for the mesons is consistent with
the phase conventions (8.2) and (8.3) for the con-
jugate representation.

With the same conventions the antibaryon wave
functions B* are

Bl = —(&)", Bf = — (2O,

By = (B")", B = ("),

By =n", Bf = (ZY*,

By = —p", By = A", (17.2)

We assume an interaction Lagrangian of the Yukawa
type
L = —g(B'B)M .

The Lagrangian should be a unitary singlet, i.e.,
belong to the IR {1}. The mesons transform as the

49 P. Schlein, W. E. Slater, L. T. Smith, D. H. Stork, and
H. K. Ticho, Phys. Rev. Letters 10, 368 (1963); P. L. Con-
nolly, E. L. Hart, K. W. Lai, G. London, G. C. Moneti, R. R.
Rau, N. P. Samios, I. O. Skillicorn, S. S. Yamamoto, M.
Goldberg, M. Gundzik, J. Leitner, and S. Lichtman, Phys.
Rev. Letters 10, 371 (1963).

50 We assign Bs = — 2+ in analogy with M5 = —=*. This
gives T = Tt + 2070 4+ B,
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IR {8}. To preserve unitary symmetry the invariant
g = B*B must also transform as the IR {8}. How-
ever, there are two ways to couple {8} ® {8} to {8}.
The two possible currents g’ and g are given by

=3 (iifﬂ BiB..  (17.3)
The interaction Lagrangian is, therefore,
L = — (@9° + 28 )M = —gM , (17.4)
where
oM =3 (f _8v é) oM.,  (17.5)
Introducing the constants
g = [(+/30/40)g: + (v/B/24)gs] ,  (17.6)
a = (v6/24)(g:/90) , (17.7)

we write the interaction Lagrangian as

Lint = gva(N1 N1 o + gz (N3 7N2) om0

+ gaze(ATE + 2 A)em — dg35. (7 % X)em

+ gNN'q(N:-Nl)n + gEEn(N_;Nz)ﬂ

+ gam(ATA)n + gzz,(Z*-2)y

+ gmax{ (NiK)A + A*(K™Ny)}

+ gaax{ (V2 Ko)A + A" (KIN2)}

+ guzx{E" (K*=N:) + (N7 <K)- X}

+ gzsx{ET(KI=N,) + (N2<K.) -2}, (17.8)
where
gyve = G, GzEe = —gh(l — 2a) ,
gaze = 3 V30, (1 — ),
gy = § V3G (4, — 1),
gzzy = —% V3% (1 + 2a5) ,

g33r = 2gﬂa17 ’

gzzy = %\/ggp(l — @), = —3% \/391)(1 — @),
gnvaAk = —%‘ \/39p(1 + 2a,) )
Jzak = %\/SgP(LLap - 1) y gnzk = gp(l - zap) )
gzzk = —0v . (17.9)
We have used here the notation
=0 K"
v (2), m=(F), &= (%),
_(®)
K. = (_ %) (17.10)

A, =, =, and 7 for the isospin wave functions of the
particles. To illustrate the procedure followed we will
consider in more detail the coupling of the » meson
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with the baryons. We have n = M¢, Equations (17.4),
(17.5), and (14.10) give that
Ling = (1/2'\/2)56M6 .

Using the isoscalars from Table II, we obtain

9" = (1/2+/5){Bi'Bs + B{B, — BB, — B{B,}
— (1/+/5){BiBs — Bi B, + B: B;.
— (1/+/5)Bi Bs
= (=1/2vB){(EN)'E +p'p + (E")'E
+n'n} + 1/VB){(Z) 27+ ('
+ (2=} — (1/vB)A"A
= —(1/2v/5){N{N, + Ny N:}
+ (1/vB){="-X — A"}
and
9 = % {BiBs — BiB, — Bi B; + B} B,}
= 1 (NN, — NiNa} .
Therefore, using (17.6), (17.7), and (17.9), one ob-
tains

9o = 0:95" + 3295 = 24/2 [ ( -y L)ervl

4+/10 442
) N;N,

01 [
+ (‘wﬁ) )
+ (1/2v/10)g: (== — A+A):|

= 2v/2(3 V3¢, (4, — 1)NYN,
~%v34:(1 + 20,)N; N,
+ 3361 — @) (E"-X — A7A)]

= 24/2[gywNi N1 + gzz,Ns N2 + gz5,=" - X
+ gaagATA] .

This leads directly to the interaction Lagrangian
(17.8).

Experimentally one knows gyv. very well® and
one has a pretty fair idea about gz and gzz.. This
establishes that o, is small** and perhaps® a, ~ 1.

Also the coupling of the vector mesons to the
baryons is described by a formula like (17.8). We
have only to make the replacement

K—K*¥*, andK,— K¥.

m—g, n—w(re),

51'T. Spearman, Nucl. Phys. 16, 402 (1960); G. Salzman
and H. Schnitzer, Phys. Rev. 113, 1153 (1959).

52J. J. de Swart and C. K. Iddings, Phys. Rev. 130, 319
(1963).

53 A, W. Martin and K. C. Wali, Phys. Rev. 130, 2455
(1963).
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However, we have now two coupling constants ¢
and ¢ and two factors a¢’> and a @ for the electric
type and magnetic type of coupling.

In case there should exist a meson ¢ which is a
unitary singlet, then the interaction Lagrangian of
this meson with the baryon octet is

Line = g{NIN: + A"A + 272 + N2 No}o .

A very nice special case of the vector meson octet-
baryon octet coupling is obtained by setting o
= 1. We recover then the universal coupling of the
I =1 p meson to the isospin current and the uni-
versal coupling of the I = 0 octet vector meson w
(or ¢) to the hypercharge current as proposed by
Sakurai®* A unitary singlet vector meson is uni-
versally coupled to the baryonic current.

(17.11)

18. TABLES OF ISOSCALAR FACTORS

In this section, we present Tables I-VT of isoscalar
factors for the following cases:

{8} ® {8} = {27} @ {10} @ {10*} @ {8}, & {8}.
® {1}
54¢J. J. Sakurai, Ann. Phys. (N. Y.) 11, 1 (1960).
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{8} ® {10}
®

10 5} @ {27} @ {10} @ {8}
{8} ® {27} 52 S

= {3 {
= {64} @ {35} ® {35*] @ {27}

@ {27}, @ {10} & {10*} & {8}

{10} ® {10} = {35} ® {28} @ {27} @ {10%}

{10} ® {10*} = {64} @ {27} @ {8} @ {1} .
With the help of the symmetry properties (14.3),
(14.9), and (14.13), these tables can be extended
quite a bit. In fact, already some of the entries in
the tables are redundant, because they can be ob-
tained with the help of Eqs. (14.3), (14.9), or (14.13)
from other parts of the table. However, we feel that
omitting these numbers would sometimes be con-
fusing. In Table I we will give for some cases the
phases &, &, and &, this will facilitate the extension
of the tables of isoscalar factors for these cases.
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TasLE I. Phase factors to be used in Eqs. (14.1), (14.3), (14.8), (14.9), (14.12), and (14.13).

M1 p2 u3 31 & & M1 u2 M3 &1 33 £
27 1 -1 1 35 1 -1 1
10 -1 -1 1 . 27 -1 -1 1
s g 10* -1 1 1 10* -1 -1 -1
8 1 1 1 8 1 -1 -1

82 -1 -1 -1
1 1 -1 1 28 1 1 1
35 1 -1 1 | 10 10 5 -1 -1 1

27 -1 1 1 .

8 10 Ef -1 _1 | 10 -1 -1 1
A .11
-1 . -1 1 -1
35 -1 -1 1 | 1010 8 1 1 1
3° -1 ! 1 1 -1 1 -1

1 1
8 Z 27, -1 -1 -1 28* 1 -1 1
-1 -1 . . 35 -1 -1 1
10* 1 1 -1 | 107 10 27 1 -1 1
8 1 -1 1 10 -1 -1 1

TasLE II. Isoscalar factors for {8} ® {8}. Given are the isoscalar factors

( 1181/1 128172 l I'v )

for the CG series {8} ® {8} = {27} @ {10} & {10*} ® {8}, ® {8} & {1}.

Y=2 I=1

11, Yl, Iz, Yz

27

My

ol
ol

y ;% 1

1

Y=21=0

11, Yl; 12, Y2

10*

My

-1
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TasiLE II. (Continued)
Y=11=3% Y=0 I=0
Il, Yl; Iz, Yz 27 10 My 11, Yl; 12, Y2 27 81 1 82 My
3, 1; 1, 0 V272 =272 L, 1; 3 -1 V15/10 /10/10 1/2 +/2/2
1 05 1 |22 e I 210 1 1| -vI5/10 —vI0/10  —1/2 ~2/2
1, 0; 1, 0 |—-+10/20 —+/15/5 v6/4 0
0, 0; 0, 0| 3v30/20 —~5/5 —+72/4 0
Y=1 I=%
Iy, Yyi; Iz, Yo 27 8; 82 10* | uy Y=-11=3%
oL, 0| VB0 3vE0 12 -1/2 In Y I a | 2 107 |
1, 03 i 1| -=4/5/10 —§¢5/10 1/2 -1/2 3 -1 1, 0 V32 —3/2
3L, 1; 0, 0| 34/5/10 v5/10 1/2 1/2 LA Va2 Varz
0, 0 % 1]3v56/10 —+5/10 -1/2 -1/2 05 % - / /
-0 I= Y=-1I=%
I, Y1; I, Y 27 oy Iy, Y5 I, Yo 27 81 82 10 | py
. 1 -1; 1, 0 | —=+/B/10 -=3+4/5/10 1/2 1/2
L, 614 0] 1 U700 3 -1 | VB/A0 3410 172 172
1 —-1; 0, 0 | 34/5/10 —-5/10° -1/2 1/2
0, 0; % -1 | 3+4/5/10 -+/5/10 1/2 -1/2
Y=0 I=1
11, Yl; 12, Yz 27 81 82 10 10* My Y=-2 I=1
101 %, 1| B/ —4/30/10 6/6 -+6/6 ~1/6/6 Ly, Yi5 Iy Yo | 27 | by
210 D 1| B —+/30/10 —+6/6  B/6 —~/6/6
1, 0; 1, 0 0 0 v6/3  6/6 —+/6/6 11 3 o1 1
1, 0; 0, 0 |+/30/10 v5/5 0 1/2 1/2 » T
0, 0; 1, 0 [+/30/10 v/5/5 0 -1/2 -1/2
Y=-2 I=0
I, Yi; Iz Yo 10 Ky
%7 _1y %7 -1 1
TasLE III. Isoscalar factors for {8} ® {10}. Given are the isoscalar factors
8 10 l M'y)
LY, LY |IY
for the CG series {8} ® {10} = {35} @ {27} & {10} @ {8}.
Y=2 I=2 Y=1I=%
I, Yy; I, Y2 35 My I, Yi; I, Y2 27 8 My
1 . 3
é: 17 2 1 X 1 1, 0, %, 1 \/5/5 —2\/5/5
Yy =2 I=1ﬁ » 1,1, 0 “2\/5/5 _'\/5/5
Il, Yl; Iz, Yz 27 Ky
Y=0 I=2
L3 1] -1 Iy, Yi; I, Yo | 35 27 |uy
Y=11=4% L, 0; 1, 0| B2 172
LIy Yi; I, Y2 35 My H -1 3 1 1/2 —\/3/2
1, 0; 3 1 1
’ i Y=0 I=1
Y=1I=3% I, Yi; I, Y, 35 27 10 8 |uy
Iy, Yi; I, Y2 35 27 10 | py o
1, 0; 1, 0 [-+3/6 —3+5/10 +/3/3 30/15
1, 0; 3 1 ~1/4  —~B/4  /10/4 00 00 1 0 | +2/2 —+/30/10 0 ~/5/5
0, 0; 3 1 5/4 —-3/4 —2/4 101 & -1 V3/3 V5/5  A/3/3 30/15
i, 1; 1, 0 10/4 V2/4 1/2 -1, 3, 1 |-+4/3/6 V5/10 +/3/3 —2+4/30/15
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TasLE II1. (Continued)

T ¥i: I YY=O I2=70 8 Y=-21=1
boob T e K I, Yi; Ip, Y | 35 27 iy
1, 0; 1, 0 JVio/s  —+/15/5
L L 3 -1 -v/16/56  —+/10/5 1, 0; 0, -2 | 1/2 V3/2
1 . 1
Y=-11=3 » -1 3 -1 V3/2 —1/2
I, Yi; I3 Y 35 27 [y =-2 =0
I, Yq; Iy Yo 35 10 |u
1: 0: %7 -1 ‘\/Q/2 '\/2_/% Y
11 _
h-Li L 0] v22 v2/ 0, 0; 0, -2 V32 B2
Y=-11=1% 5 ~-1; 5 -1 _ﬂ/2 \/2/2
I, Yi; Is, Y2 35 27 10 8 |uy = -3 I=1
1, 0; % —1 | —1/4 —756/20 +/2/4  ~/5/5 I, Yi; I, Y2 | 35 | my
0, 0. %, -1 3/4  —34/5/20 ~/2/4 —+/5/5
1 1.0, =2 | v/2/4  3+4/10/20 1/2  +/10/5 3 -1, 0, -2 1
5 -1, 1, 0| —-1/2 V5/10 v/2/2  —+/5/5

TasLE IV. Isoscalar factors for {8} ® {27}. Given are the isoscalar factors
( 8 27 ;17)
LYy ILY:|IY
for the CG series {8} ® {27} = {64} @ {35} @ {35} & {27} & {27} & {10} & {10*} & {8}.

Y=2 I=1
Y=3 I=3% I, Yi; I, Y5 64 35* 27, 27,
Il, Yl; Iz, Y. 64 My
i01; % 1| 4/14/21 -2/3 \V70/14 6/6
] 1, 1; % 1(2470/21 /5/6 —+/14/28 ~/30/12
» 1,1, 2 1 1, 0; 1, 2 |-+421/21 —/6/6 —+/105/14 1/2
TAra— 0, 0; 1, 2| /14/7 —1/2 —+/70/28 —+/6/4
= =2
I,, Yy; I, Y2 35* My Y=2 I=0
Il, Yl; 12, Yz 35* 10* My
01, 1, 2| -1
v o oLy 1) -v30/6 —4/6/6
Y=2 I=2 L, 0; 1, 2 VvB/6 —+/30/6
I, Yi; I, Ys 64 35 | py Y=11I=3%
I, Y1; I3, Yo 64 35 12
L L% 1| BB -3 i i !
L, 0, 1, 2| 4373 V6/3 1L, 1; 2 0] +3/3  —+6/3
1, 0; 3 1] +6/3 V3/3
Y=1I=3%
I, Yi; I, Yo 64 35 35* 27, 27, 10
1, 01; 2, 0 V7721 —1/12 —5/6 5+/42/56 1/10/8 —5+/2/12
Y110 54/7/21 -5/12 5/6 —3+/42/56 +v10/8 —2/12
1, 0; % 1 —+/21/63 7/3/36 —315/9 —5+/14/56 +/30/8 54/6/36
1, 0; % 1 5+/42/63 56/18 +/30/18 /7 0 3/9
0, 0; 5 1 V/105/21 —/15/12 -/3/3 70/56 -/6/8 30/12
i, -1; 1, 2 v/35/21 \/5/6 -1/3 —1/210/28 —/2/4 —/10/6
Y=1I=1%}
11, Y], Iz, Y. 64 35* 274 272 10* 8 My
1 01; 1, 0 V/35/21 -4/10/6 34/105/70 1/2 -1/3 24/5/15
10 0 | 2v35/21 VIO/6  —+/105/70 1/2 1/3 v/5/15
1, 0; 3 1 —/42/63 /379 —14/7 0 —+/30/9 24/6/9
1, 0; & 1 |-+/210/63 —515/36 —19+/70/280 V6/8 7/6/36 30 /45
0, 0; % 1 1/210/21 —+/15/12  —13+/70/280 —-6/8 —/67/12 —4/30/15
-1 1, 2 —24/7/21 V2/12 —4/21/28 V5 /4 -5/6 -2/3
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TaBLE IV. (Continued)

937

Y=0 I=3
Il, Yl; Iz, Yz 64 By
1, 0; 2, 0 1
Y=0 I=2
Il, Yl; Iz, Y2 64 35 35* 271 272 Ky
1, 1; % -1 | 2421721 —+/3/3 \/3/6 —+/210/28 V2/4
1-1; 3 1 | 2421721 3/6 -/3/3 —+/210/28 -2/4
1, 0; 1, 0 210/21 30/12 30/12 V21/14 0
1, 0; 2, 0 0 V2/4 —/2/4 0 V372
0, 0; 2, 0 V)7 -1/2 -1/2 V70/14 0
Y=01I=1
11, Yl; 12, Yz 64 35 35" 271 272 10 10* By
3, 1; 3 -1| 24/35/63 -1/9 -5/18  34/14/28 +/30/12 —-2+/5/9 -/5/9 4/9
P10 8 1| -2/35/83 5/18 1/9  —3v/14/28 +/30/12  —+/5/9 —2+/5/9 ~4/9
101, L, -1 10/7/63 —+/5/9 25/9  =3+4/70/70  /6/6 ~1/9 4/9 2+/5/45
1 -1; i, 1| 1047/63 2+/5/9 —+/5/9  —34/70/70 —+/6/6 —-4/9 1/9 2+/5/45
0, 0; 1, 0O 5+7/21 —+/5/6 -+/5/6  —+/70/70 0 1/3 -1/3  -2+4/5/15
, 0; 0, 0 104/7/63  24/5/9 2+/5/9 44/70/70 0 2/9 -2/9 —/5/45
1, 0; 1, 0 0 30/12 —+/30/12 0 1/2 +/6/6 +/6/6 0
1, 0; 2, 0| —+/14/63 +/10/36  +/10/36 —+/35/14 0 542/18 —54/2/18 24/10/9
Y=0 I=0
Il, Yl; Iz, Yz 64 271 272 8 My
L, 1; % -1 24/21/21 /210/70 V2/2 24/15/15
-1 11| —2vRia V31070 ~3/2  —2+4/15/15
1, 0; 1, 0 —4/21/21 —4+/210/70 0 2+/15/15
0, 0; 0, 0 2/7/7 —4+4/70/70 0 —5/5
LI Yi; I, Y2 64 35" By
L, -1; 1, 0 | /3/3 -1/6/3
L 0 % -1 | v6/3 B33
Y=-11=3%
Il, Yl; Iz, Yz 64 35* 35 271 272 10* Ky
1, -1; 2, 0 —/1/21 1/12 \5/6 —-5+/42/56 v10/8 —54/2/12
L1001, 0| 5yl -5/12 5/6 —3v/42/56  —+/10/8 V2/12
1, 0; % -1 1/63 —7+/3/36 15/9 54/14/56 1/30/8 5+/6/36
1, 0; 1, -1 | 5+/42/63 54/6/18  1/30/18 717 0 —~/3/9
0, 0; % -1 105/21 -/15/21  —+/3/3 0/56 6/8 —\>30:/12
3, 1; 1, -2 +/35/21 /5/6 -1/3 —+/210/28 V2/4 +/10/6
Y=-11=}
Il, Yl; 12, Yz 64 35 271 272 10 8 By
3, -1; 1, 0 —+/35/21 +/10/6 -3+/105/70 1/2 -1/3 -24/5/15
100 0 | 2v35/21 V1076 ZV105/70 172 _1/3 V5/15
1, 0; & -1 —~/42/63 3/9 —+/14/7 0 1/30/9 2+/6/9
1, 0; % -1 \%;10/63 5+/15/36 —194/70/280 /6/8 7/6/36 —+/30/45
0, 0; % -1 1/210/21 —/15/12 —134/70/280 +/6/8 v6/12 ~4/30/15
:, 1; 1, -2 24/7/21 —2/12 V21/28  +/5/4 -/5/6 2/3
Y=-2 I=2 Y=-2 1=0
Il, Yl; Iz, Yz 64 35* My Il, Y1; Iz, Y2 35 10 By
3, —-1; 3, -1 | 4/30/6 —+/6/6
-1 \/6/3 —\/3—/3 2y ’
-2 | +3/3 v6/3 1, 0; 1, -2 1/6/6 30/6
Y=-3 I=3%
Y=-2I=1
I, Yi; I, Y 64
i 64 35 27 275 |uy e M Bl at
%, _1; 1: -2 1
1 —/13/21  2/3 —+/70/14 6/6 | — —3
1 2v/70/21 /5/6 —+/T4/28 —+/30/12 =3 I=4
1, V21/21 +/6/6 \ﬁ105/14 1/2 I, Yi; I, Yo | 35 thy
0, VI4/7 =172 —-+/T0/28  /6/4 P PR .
2 — 4 y
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TasLE V. Isoscalar factors for {10} ® {10}. Given are the isoscalar factors

10 10 My
LY, LYs|I'Y
for the CG series {10} ® {10} = {35} & {28} ® {27} & {10*}.
Y=2 I=3 Y=0 I=1
11, Yl; Ig, Yz 28 Hey 11, Yl, 12, Yz 35 27 10*
5 1, 3 -1 -+/6/6 —/2/2 -4/3/3
L& 1) 1 oY 1| -6 V212 —3/3
Y =2 I =2 , 0; 1, 0 —-6/3 0 V3/3
Il, Y1; Iz, Yz 35 Ky Y=0 I=0
I, Y1; I3 Yo 27 Ly
%y 1: %, 1 -1
, 0; 1, 0 1
Y=2 I=1
_ = 3
I, Yi; In, Y2 | 27 | 1 Y=-11=3
L, Yy; I, Y 28 35 27 10*
oL o3 1 1 5, 1; 0, -2 | +/B/10  1/2  3vB/10 12
Y —2 =0 0, -2; % 1 V5/10  —1/2  34/5/10 -1/2
1, 0; % -1 |34/5/10 172 —+/5/10  —1/2
Il, Yl; Iz, Yz 10* My %, —l; 1, 0 3\/5/10 —-1/2 —\/5/10 1/2
= — = 1
%015 % 1| -1 r=-1 1=}
11, Y1; 12, Yz 35 27 My
Y=1I=% 7 7
X 1, 0; % -1 =272 =32
Iy, Yi; I, Y2 28 35 | uy 1 -1, i 0 —2/2 2/2
3, 1, 1, 0 V272 V272 Y=-2 I=1
1, 0 3 1 V2/2  -+/2/2 I, Y1; 1o, Ys 28 35 27
Y=11=3%
1, 0; 0, -2 V575 V2/2 1/30/10
Ti, ¥1; Iz, Y2 35 27 | 1y 0, -2" 1 0 Vb5 —R2/2 \/30/10
H -1 3 -1 V15/5 0 -~/10/5
5 1, 1, O —2/2 —2/2 Y=-2 =0
1, 0; 3 1 —~/2/2 2/2
’ > v2/ I, Yi; In, Y2 | 35 | ay
Y=1I=%
Il, Yl; 12, Yz 27 10* My %) _1;' %; -1 -1
v Y=-3 =%
3 1; 1, 0 2/2 V2/2 ;
hoog 1| VAR -vae b e T2 | 2 il i
— _ 1-1; 0, -2 | +2/2 V2/2
Y=0 I=2 0, =20 & -1 | v22  —v2/2
I1, Yl, 12, Y2 28 35 27 My
Y=-4 1I=0
301; % -1 V5/5 V272 1/30/10 Iy, Yi; I, Y2 | 28 by
i-1; 3 1 \/5/5 —~/2/2 +/30/10
1, 0; 1, 0 | I5/5 0 —~/10/5 0, -2; 0, -2 1
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TaBLE VI. Isoscalar factors for {10} ® {10*}. Given are the isoscalar factors
( 10 10* M'y)
LY, 12Y2|1 Y
for the CG series {10} @ {10}* = {64} & {27} @ {8} & {1}.
Y=3 I=% Y=0 I=1
L, Yy Iy Y, 64 By L, Yy I Y, 64 27 8 |uy
H L, 6 2] 1 3, 1; 3 -1 21 /21 VIA/T 6/3
1 0 1 0 |+210/21  3+/35/35 —2/15/15
Yo 12 1 -1 % 41 | +210/21 —4+/35/35 V15/15
L, Yi; I, Y2 | 64 By Y=0 I=0
%’ 1; %, 1 1 Il, Yl} Iz, Yz 64 27 8 1 Ky
3, 1; % -1 35/35 V210/35 VI0/5 VI0/5
Y=2 I-=1 I, 0; 1, 0| 24105/35 0/14 0 —+/30/10
-1, 3 1| 370/35 ~V105/35  —+/5/5 5/5
I, Yi; I, Vs 64 27 Tuy |0, 20 0 2| 2+35/35  —34/210/70 10/5  —+/10/10
3, 1; 3, 1 | 2177 2:/7/7
1 0o 0 2 |2vin —Jﬁzw Y=-11=3%
Iy Yy I, Y2 64 My
= = 5
Y=11 2 11 0; %) -1 1
I, Yi; I, Y2 64 My
—_ = 3
$ L, L, 0| 1 Y=--11=-4%
Il, Yl; 12, Yz 64 27 My
Y=11=3 t, 0; 3, -1| +/I4/7 V3571
T, Yi; In, V2 ) 27 | bh-1 1, 0| +B57 —vIi/T
5, 1; 1, 0 | 17 V35/7 Y=-1 I=4
.1 _
1, 00 & 1 | +B5/7 Vi14/7 N T o o 5T
Y=11=1% 1, 0; % -1 VT 4+/35/35 /10/5
: 1-1; 1, 0| 2i/7 V35/35  —+/10/5
L, Yi; I, Ys 64 27 8 | my 0 -2, 3 1 T4/7  —3+/70/35 V5/5
&, 1; 1, O VTIT 4+/35/35 v/10/5 V=-2 =2
1 0 3 1| 2vint v/35/35  —+/10/5 T
3 -1 0 2 | V47 -3v/70/35 V/5/5 b Yy Iy Y2 | 64 | gy
Y=0 I=3 3 -1; 3 -1 1
Iy Yy Iy, Y2 | 64 | py Y=-2 I=1
oL g -1 1 I, Yi; I, Y2 64 27 | uy
3, -1 3, —1| 217 2/T/7
Y=0 =2 0 2. 1 0| 2vi/T =T
11, Yl; Iz, Y2 64 27 My Y= -3 I =%
3 1: 3 -1 /7 \/4_2/7 Il, Yy, Iz, Y, 64 My
1 o 1 o 2/ T
0, -2; 3, -1 1




