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I. INTRODUCTION

AUSSIAN wave functions have been suggested
by several workers'™® as an alternative to the
more usual Slater-type orbitals in polyatomic mole-
cules, where the latter lead to extremely tedious in-
tegral computations. The Gaussian functions possess
the distinct advantage that all the integrals needed
for the usual nonrelativistic, spin-free approximate
molecular Hamiltonian can be evaluated in closed
form, including the three- and four-center integrals
which for Slater orbitals have proved exceedingly dif-
ficult. For atoms, it is possible that Gaussian orbitals,
which possess the wrong radial dependence at large
distances from the nucleus, will provide too poor an
electronic description to be of great value. However,
in molecules, the electron distribution will differ more
radically from that of hydrogenic or Slater orbitals,
and Gaussian functions may be fairly satisfactory
over the more important spatial regions. Moreover,
the increased ease of computation with Gaussians
makes possible the free use of linear combinations of
functions for each orbital, and it is distinctly possible
that a combination giving better results than a Slater
type orbital can be handled more easily.

In addition to the possibility of using Gaussian
functions for orbitals, there also exists the alternative
of using Slater orbitals and evaluating the multi-
center integrals by an integral transform method first
proposed by Kikuchi” The transform converts the
integrals involving exponential functions into forms
identical to those appearing in the Gaussian orbital
formulation. Use of the transform method, then, in-
volves integration of Gaussian integrals followed by
the numerical application of the inverse transform.
Shavitt® was the first to point out the applicability of
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this transform to the evaluation of molecular integ-
rals.

If Gaussian functions are to be most useful, it is
necessary to be able to compute integrals among
functions centered at arbitrary spatial points, with a
general angular dependence and a radial dependence
analogous to various values of the ‘“principal quan-
tum number’’ of atomic problems. A suitable angular
dependence is provided by the spherical harmonics,
provided we permit the axes for each orbital to be in-
dependently oriented. This enables us to describe p,
d, or higher orbitals directed, for example, along the
bond directions of the molecule.

Previous work with Gaussian functions, particu-
larly by Boys,* has led to formulas for the simplest
integrals of each type. While it is formally possible to
differentiate these formulas in various ways to pro-
duce all the integrals we describe, this process is
tedious and leads through work which is more com-~
plicated than necessary. It is also desirable, if ma~
chine computations are contemplated, to have alge-
braic, rather than operator formulas. The present
paper is designed to contribute in this direction, by
providing a workable collection of formulas for the
application of a general set of Gaussian functions to
molecular problems. We have managed to reduce to
explicit closed algebraic form all dependence of the
integrals upon the locations, angular dependence, and
orientation of the various orbitals. We have left in
operator form, however, the extension of the formulas
to integrals for which the principal quantum number
exceeds the azimuthal quantum number. The re-
sultant differential forms are easy to evaluate for
specific cases, but appear to be difficult to specify
algebraically.

We considered two forms for the pre-exponential
radial dependence of the Gaussian wave functions,
namely, simple powers of the radial distance, and the
Laguerre polynomials which accompany the Gaussian
exponential in the eigenfunctions of the three-dimen-
sional harmonie oscillator. We did not find sufficient
benefit from the special properties of the Laguerre
polynomials to make their use lead to simpler formu-
las in many-center systems, so that we used the
simple powers in the work which follows.
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GAUSSIAN WAVE FUNCTIONS

II. DEFINITIONS

The wave functions used are of the form

Yo (1) = 72T P7 (cos 04)e™P47"4 | o)

where (r4,04,04) are spherical polar coordinates with
origin at point A, and with axes 0, = 0, ¢4 = 0 in
directions specified by Kulerian angles (e4,84,74)
relative to a fixed axial frame which is the same for
all orbitals. To avoid ambiguity, the definition of
Eulerian angles used here is described fully in Ap-
pendix 1. We also use circular cylindrical coordinates
(PA,ZA,<PA), with

(2a)
(2b)

Subseripts and arguments are suppressed throughout
the paper wherever possible without ambiguity.
Additional orbitals, ¥, ¢¢, ¢ will be of the form of
Eq. (1), with a replaced by b,c,d, respectively. If co-
ordinates of two electrons appear in the same expres-
sion, they will be distinguished by additional sub-
seripts 1,2, as in 74, 042, ¥4(11), etc. Note that the
foregoing definition permits orbitals at arbitrary posi-
tions, with arbitrary orientation. The powers of r in
excess of [ must be even to partake of the advantages
of the Gaussian formulation.

The integrals with which we are concerned are the
overlap integral

pa =T48IN04,

24 =T4CO804.

(Antml Bt = [angten W@, @)

the kinetic-energy integral

(Anlm|—3% V*|Bn'l'm') = —}% f it (1) VY (),
)

the nuclear-attraction integral

(Anlm| 1 |Bn'l'm’) = /dr‘p:;m(r) L Y (), (5)
Tc Tre

and the electron-repulsion integral

(A,nlmBnlllmlICnlll/ImIIDnNIlHImIII)
; l

* 1
= f Atydtainm, (TS 7 (1) . Yo (1)
1

>< ‘pr?’“l,”m”'(r2> . (6)

Here V2 is the Laplace operator, 72 = |1, — 13|, and
r¢ = |r — C|. The integrations are over all space.
Notice that in Eq. (6) (4B|CD) refers to y** and ¢
for one electron, y°* and ¢? for the other. This nota-
tion differs from that usual in some branches of phys-
ics but it is common in this context.
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The associated Legendre functions appearing in
Eq. (1) are defined as
m tml  gi+lml
- (=H"Q =" 4
Pi® = 27 praie @
With the definition of Eq. (7), the representation of a
spherical harmonic originally in coordinates 6,0 when
expressed in coordinates ¢',¢’ about an axial system

derived from the original system by rotation of the
axes through Eulerian angles (,8,7v), is°

& - 1)".

1
P} (cos )™ = Y D7’ (a,8,v)Pi(cos 8')e”? (8)
o=—1

with representation coefficients

Dy (a,8,7) = €™*""d' (coS B)mo , (92)

where
A Ome = 1+ m)1 — o)!
. 1 —t a—m/2+a/2<1 + t)l+m/2—o/2—-a
o) T

,Z sSll—c—)s+o—m)!(l+m—38)!"’
(9b)
Negative m and ¢ are reached through the relations

@ Ome = '@ mrs = (=" d (=) .o
— (_1)l+m+7dl(—t)m._, . (90)

The functions d'({)m. can be written in terms of
Jacobi polynomials, leading to recurrence relations
among d'(t)», with different indices. Since d'()ms is
real, Eq. (9a) implies Dy** = Dy™°. Properties of the
Jacobi polynomials, Legendre functions, and repre-
sentation coefficients are collected in Appendix 2.

In discussing the integrals of Egs. (3)-(6), the fol-
lowing definitions will be employed:

ma > 0.

R, = |A - B|, (10a)
R, =|C—D|, (10b)
2 = ;Iffb , (11a)
2y = cc‘fi, (11b)
P- %j:—ZB’ (12)
0=£4®, (12b)

9 A general reference on transformations of spherical har-
monics is A. R. Edmonds, Angular Momentum in Quantum
Mechanics (Princeton University Press, Princeton, New Jer-
sey, 1957), particularly Chap. 4.
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u=a-+0b, (13a)
v=c+d, (13b)
R=|P-Ql, (14)
wR’
T = u——1—2) (15)

The point P is on the line between A and B at a point
which is optimum for expansion of ¥y . It will prove
to be convenient to discuss a coordinate system
centered at P, with polar axis § = 0 along the directed
line B — A. Such an axial system, which we shall
characterize by Eulerian angles (ar,8r,vr), defines
the coordinates (7p,0r,07). In terms of A and B, the
Eulerian angles are

BZ—Az By_AZI

COS ap = "Rl Sin 3, y S ap = m s (16&)
_ B; — 4,

cos B, = R (16b)

7% =0. (16¢)

Similar remarks define coordinates (re,0,¢¢) centered
at Q with axes defined by Eulerian angles (aq,8¢,70)
specified in terms of C and D.

In discussion of the nuclear attraction integral, Eq.
(5), it will turn out that the natural parameter is the
specification of C in the coordinate system about P
introduced in the preceding paragraph. We let the
coordinates of C in that system be (R¢, O, &¢) and
indicate them collectively by Re¢. The quantity in
Eq. (5) playing the role of z in the evaluation of Eq.
(6) we denote by y, defined as

y= (a4 b)R;. (17)

When discussing rotations of the axial systems ap-
pearing on the problem so as to bring them to con-
venient orientations, it will be necessary to refer to
the Eulerian angles of a system of axes relative to
some other system which is not the single fixed axial
frame of the problem. We introduce the notation
(0pa,Bra,vra) to refer to the Eulerian angles which
carry the axial system A into the system P, with
analogous definitions for other subscript combina-
tions. In Appendix 1 we discuss the calculation of
(ara,Brayyra) when (asBavs) and (ar,Bryr) are
known.

Our most complicated orientation problems occur
in the evaluation of Eq. (6). There we shall find it
convenient to introduce two axial systems not pre-
viously discussed, which we denote by P’ and ',
centered at P and at Q, respectively. These systems
have a common orientation, with polar axis § = 0
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along the directed line Q — P, and with (az’,8s",v»")
= (ag",Be’,ve’) given by the equivalent of Eqs. (16),
with P and Q in place of A and B. The coordinate
systems defined by these axial systems we denote by
(7‘;:,0;,(,9;:) and (76,06,¢é).

Finally, two special functions enter our work,

A.(t) = / se"ds, (18)
1

1
F.(t) = / s"e™ds . (19)
0
A, is an elementary function occurring also in the
integrations of conventional atomic orbitals.”® F, is
nonelementary, but may be reduced to an expression
involving the error function. Both 4. and F, are dis-
cussed in Appendix 3.

III. OVERLAP INTEGRALS

The evaluation of the integrals (4|B) is conven-
iently performed by rotating the axes of 4 and B to a
common orientation, namely, that of the coordinate
system centered at P and described in the preceding
section. This means that ¢4 and 2 are to be expressed
in coordinates reached from the A and B systems by
rotations (aps,Bpa,yra) and (ars,Brz,Yrs), respec-
tively. Representing such coordinates by primes, we
find

N ’
o —ar? 4

i
Yiim = 2 DI"(PA)S™"Pi(cos 04)e (20)
i

with a similar expression for ¢# with ¢’ in place of o.
When the expressions of the form of Eq. (20) are sub-
stituted into (A|B), the ¢’ integration causes all
terms to vanish except those for which ¢’ = ¢, leading
to the result

-
(Anim|Bn'U'm’) = Y, Di” (PA)Dv°(PB)

=]

X Siwv(a,b, )

where [_ is the smaller of [ and I/, and

(21)

142 U+2n’
S:ln’l/(a,b,Rl) = /dl'TAf"P‘z’(COS 051)7‘3+ "

X P} (cos 05)exp[ — ari — brz] . (22)

The integrals S%../’ depend, as indicated, only upon
the screening constants ¢ and b, and upon the dis-
tance R; between centers A and B, the angular con-
tributions having been separated in Eq. (21).

The integral of Eq. (22) can be readily evaluated
forn = n’ = 0, as shown in Appendix 4. The result is

10 M. Kotani ef al., Molecular Integrals (Maruzen Company,
Ltd., Tokyo, 1955).
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’

- {7 Nl bR )""( 1 >‘
Siv(a,b, ) = (a—l— b) ¢ <a+ b a+b
l’—|a|
X > Amnat, U< (23)
with
AT — (=D + leDIT + |oD!@V — 26 — DU
PR =k + o) =k =) U =T +k)!
(24)

Values for I’ > [ are reached through the identity
Siv(@b,R) = (1) 'Stuba,R) . (25)

For nonzero n and n’, we leave the result in terms of
the indicated differentiations:

aN(_ 9\
i) (=) swanm
(26)

S:ln,l’(a,b;Rl) = (

IV. KINETIC ENERGY INTEGRALS

The kinetic-energy integrals can be transformed
into linear combinations of overlap integrals. A con-
venient way of so doing is to employ the vector
identity™

Vg = fVg + gVf + 2vf-vg.
Setting

1"+2n’ —brp? m’ im'«pB
=7rg € , g = P71 (cos 0p)e ,

v = [(2n’ +I@n + U +1)

3
TB

—2b(4n’ + 2" + 3) + 41%«%};’,

vy = _ra + reg’+1) ’
7'3
Vf-vg =0,
and
VI = =0/ (20 + 21 + I w
4 b(n + 2U + )W
— 2% i 27)
Thus,
(Anlm|— 3 V?|Bn'l'm’) = —n'(2n’ + 2U + 1)

X (Anlm|Bn' — 1U'm’) + b(4n' + 2I' + 3)

X (Anlm|Bn'l'm’) — 2b°(Anlm|Bn’ + 1U'm') .

(28)

1P, M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc., New York, 1953).
The result used here may be obtained from those given on
p- 114.
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V. NUCLEAR ATTRACTION INTEGRALS

The nuclear attraction integrals may be evaluated
by transforming them to axes of common orientation,
just as for the overlap integrals. Thus, the corre-
sponding formula is

(Anlm|— iBn’l’ " = Z Z D (PA)DY” (PB)
o=—1o'==1'
X Jﬂn'ﬂ(a,b,Rl,Rc) , (29)

where

T (a,b,Ri,Re)
— /dr<_1_> 1+2n (COS 0A)rl "y2n’
Te
Py X (cos 0%)exp[i(s’ — o)¢’ — ary — brz] .  (30)

The special case n = n’ = 0is discussed in Appendix
4, where it is shown that Jj can be written in the
two alternative forms
)
Jtlo
7

) () )
o’ a+b a+b

1 1’
FE @b iR =2 ¥ 5

i=lal "
X (l. +

=lo’|

7+
’_ L1 2 )
mr, i+5 42 0 T i(e —a)Pp S
X ZC’;, Re¢ (cos B¢)e (210 T
X I:F‘}(:i+f'+k+2) W) + 3 Ayivi’-n (?/)] ) (31a)

= (aQJ;b)e—z‘ i i (j+ )

i=lal i'=1d’l

o') (l' o’
T j,+ O'I
(o) ()

a+b a-+b P’

. oo’ pk
E ijj'Rc

’ o' 1 3G+
X P{ ™7 (cos Oc)e’ ™ (m)
1G+i’—k) 1(s A AN [ :
X ; [_2'('7+—Z‘“2‘]‘ Y Fei(y) . (31b)

Note that the dependence of the integral upon the lo-
cation of point C enters conveniently as a result of
the use of coordinates R¢ = (R¢,0¢,%c) centered
about the point P. The coeflicients C%}; arise as a re-
sult of the integrations of the Legendre functions and
are defined in Eq. (52) of Appendix 2. The sum over
k is for all values such that C%;’ does not vanish.

Substitution of either of Eqs. (31) may now be
made into Eq. (29) and the summations may be re-
arranged to place the ¢ and o’ sums within the sums
over 7, 7/, and k. Equation (29) then becomes

(Alm' ‘Bl' ') = (a—l— b> - gl: 5 z

=0 j’=0




bR, ) ( aRl) tml'm’0
x ()7 (Z42) ™ wizy=ea,pB,cP)

5 ( 1 )%(J'«hf )Yl o L(y) (32)
a + b 3G+7i7-k),
where
Wit (pA PB,P'P) = Z Z D (PA)
X DY (PB)DE ¥ (P'P)CLy
o U+ |o )
X<]+ 0)(j'+ o (33)
and
q ' :
Ya@) = 50" F)  (34a)
2 .
= (m)y DR L) 4 3 A.)] . (34b)

The formula for W depends only on the relative
orientations 4, B, P, and P’, and is thus essentially a
geometrical factor. We introduce the definition of W
for arbitrary M with an eye to its usefulness in the
discussion of the 2-electron integrals. For M = 0

DY =°(CP) = P§ ~(cos Bep)e’ ~%F

so that placing Bcr = O¢, acr = ®¢, Eq. (32) may be
reconciled with Eqgs. (29) and (31).

A bit more simplification results if we further re-
arrange the summations, by introducing ¢ = 2

(7 + j/ — k) and doing the k sum outside. The result
is
( 1 ) ( o ) 141 S5+ —k)
= R ) — %
Alm e Bl'm Py e ; 2

a+(k/2) ’
X (E_j—_-b> Vi ™ °(PA,PB,CPabR)Yau(y) ,

(35)
with
V'™ (pA PB,P'P,abR,) = ( + b)
x (28) (Fe2) " = (- )
a+b a+b j b
X Wiiists(PA,PB,P'P) . (36)

This formulation is useful in connection with the 2-
electron integrals.

Extension of Egs. (31) to nonzero n and n’ is pro-
vided by

JSon (a,b,Ri,Re)
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where the dependence of R¢ upon @ and b must be in-
cluded in the differentiation. R¢ depends on a and b
only through its dependence upon P. Let dP, refer to
a differential of P in the polar direction of the P co-
ordinates; this is the direction in which P moves as a
result of changes in a or b. In particular,

ofo bR1 G/Rl
da  (a+b)°’ (@ + b)*"
Now, derivatives of the form
(8/9Po)[REPL ™ (cos Oc)]

are discussed in Appendix 5, in connection with the
evaluation of the two integrals. Using the techniques
there described, we find

(37)

P, P,

ab

6 .7'—.7 i(e o
% I:R’ZvP;, (cos O¢)e' ’4’0]
bR,

- (B422) (a8

c'—-a i(q'—v)@
X Pi5° (cos Oc)e ‘,

(38a)

d

ab [RI(EIPI:,_“(COS Oc)ei(a’_”wc:l
_ <k + |o’ — g alR,

k-1
a+b )(—a—l—b)Rc

X P{3° (cos O¢)e’ %
with

(38b)

9
da

= % [RZPT.,,Tf,](eos ec)e““’"")%] =0.

]:R’BPTJ_",I (cos Oc)e’® "’”’”:l

Equations (38a) and (38b) facilitate the carrying out
of the operations of Eq. (37), particularly if Eq.
(31b) is used for J3. If Eq. (37) need not be ap-
plied, i.e., if n = n’ = 0, it is possible that Eq. (31a)
will be the more convenient.

VI. TWO-ELECTRON INTEGRALS

As for the one-electron integrals, we remove some
of the angular contributions to the problem by align-
ing the coordinate axes of A and B to the P orienta-
tion, and by aligning the C' and D axes to the Q
orientation. We then reduce the integral to a two-
center problem by expanding y4(r;) and ¢(r;) about
P, and ¢°(r2) and ¢2(r2) about Q. Proceeding as for
the one-electron integrals discussed in Appendix 4,
one obtains for the special case n = n’ = 0
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’

Vi@ () = €™ 3, 3 D" (PA)

1
o=—1l 0 ==1

e’ S (0B ) (=T
X D (PB) 2. 3 (a+b) (aib)

i=lal i'=Ta’l
I+ )(z'+ ) o or
X (j + j' + Zk: C"N II’?(JH —k) k0 —q(rl).
(39)

A corresponding expression may be written for the
second electron.

We next transform the expression of Eq. (39) to
the P’ coordinate system, and transform the corre-
sponding expression for the second electron to the ¢’
system. This set of transformations leads to the
standard form in which we shall express the two-
electron integrals. We may write the result of the
transformations just described in the form

(AlmBl/ml}CZIImIIDZIIImIII) —_ e"-”x"s

’
g g

g 0',

1

l l, ',/I
X EI ’Zl’ I,Zl” II/E/’I D'lna* (PA)D'{I’U (PB)
o==lg==l"0 =-— o ==1

1 rry may L v v
X DFQODE D) 3 S 5
j=lol j'=lo"| i '=lo

1
1

bR, )“"(—aR,)"‘f'( dR, )"'“""
X ./u%///] <a + b a + b C + d

7

() 02D (1)

c+d J+ o 7+l

I+ cr") <lu1 + o‘”') va’ ya!'a!""
X <]-H + ! ]‘III _|_ " zk: kZICkiJ' Cki i

k-
X 3 DM P PIDE T MQQ)
M

=k

M
X X 640 236"+ " (U0, R) (40)
where k_ is the smaller of k¥ and %’ and
M
X NLN’L'(?L,U,R)
1 2N+L oN’+L’
M
= f dr,éldréz?rh P17 (cos 051)ros
12
’2 ’2 . ’ ’
X P1 (cos 0hs)e™ P o.M %, %) | (41)

We have used the symmetry of the integral in the
P’, Q' coordinates to reduce the transformation so
that only one new summation, over M, is introduced.
The corresponding summation which would have
permitted independent variation of the ¢’ dependence
of the two electrons leads to vanishing contributions
in the terms not explicitly shown in Eqgs. (40) and
(41).

The sums appearing in Eq. (40) may be rearranged
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as for the nuclear attraction integrals. The result of
so doing can be cast in the form

(AlmBllm/ICll/mHDl/Nm/l/) — e““x‘-"’a

N N L I A e IR TUMET S Y
k=0 k'=0 m=+k— ¢=0 ¢'=0

X Vim'™'M (pA PB,P'P,ab,R))

Vi" !
X (QC,QD,QIQ,C,d,Rz) X X;.lk»q’-k,(uyv;R> . (42)

We have been able to obtain a general explicit
formula for X¥.x'r’ when N = N’ = 0. Then, as
shown in Appendix 5,

-ty ()
Xaw (o) = ww + ) \u+ o w4+

L'~ m|

X g AfL’jijL«»i(x)y

M

’

L>L (43)

where A¥.r; is given by the same expression as for the
overlap integral, namely, Eq. (24). For L' > L,

X7 (uy,R) = (——l)L,"LXf’L(v,u,R).

Nonzero N and N’ values are obtained from

(44)

M a v 6 ¥’ M
XNLN’L’(u)UJR) = _—a_u— —'—a‘;)_ XLL'(u;UJR) ’
(45)

thus, completing the specification of the two-electron
integrals for n = n’ = n’’ = n'"’ = 0. The most gen-
eral case is reached by the formula

(AnlmBn’l,mlICn//l’lm’/Dn///l///mlll)
e )
da ab dc ad
X (AlmBU'm'|CU'm' DU'"'m"") .
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APPENDIX 1. EULERIAN ANGLES

We use a right-handed coordinate system, such
that a counterclockwise rotation by an angle =/2
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about the z axis'? carries the positive « axis into the
position originally occupied by the positive y axis.
Then the Eulerian angles (e,8,v) describe the follow-
ing ordered operations on a set of coordinate axes:
(1) rotation by an angle o counterclockwise about
the new z axis, (2) rotation by an angle 3,0 < g < =
counterclockwise about the new y axis, (3) rotation
by an angle v counterclockwise about the new z axis.

In the text we have introduced the notation
(apa,Bra,yyra) to signify the rotation which carries
axes denoted by (a4,84,74) into the system denoted
by (ar,Brvr). By straightforward trigonometric
manipulations, one finds

€oS Bpa = €0S B4 cos Bp + sin B4 sin Bp cos (ap — au),

(47a)
aps = —ys+ 86, (47b)
where
gin p = Sin B sin (ap — a4) 7 (47¢)
sin Bpa
_ — ¢08 Bp + coS B4 €OS Bra
cos b = S B sin fra ,  (47d)
Yra = YP — X, (47¢)
where
. _ sin BA sin (ap — (XA)
sin x = sin Bra , 47%)
cos x = coS B4 — €0s Bp €OS Bpa (47¢g)

sin BP Sil’l BPA

Specification of the range 0 < Bpa < 7 insures that
Eq. (47a) is single valued in Bpa.

Equations (47) are not properly defined for certain
values of the angles. If 8,4 = 0 or 7, one may use in
place of Eqgs. (47b) and (47e):

(48a)
YPa = YP — Y4 . (48b)

If B4 # 0 or m, but sin B4 or sin B8, = 0, Eqgs. (47d)
and (47g) may be modified by substitution of Eq.
(47a) which in this special case becomes

Qps = Op — (4,

COS Bpa = €OS B4 €OS Bp .

The result is

__sinB4cosfBr ,
cosd = T sin Bra 47d")

12 The sense of all rotations described here is to be deter-
mined while looking toward the origin of the axial system from
a point in the positive direction along the axis of rotation.
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cos B4 sin Bp ,
sin ﬁPA ) (47g )

It should be noted that (OépA,ﬁpA,’YpA) #= (aAp,BAp,
'YAP); but that

cos x =

agp = W — Yp4a, (493,)
Bar = Bpa, (49b)
Y4ap = T — Qp4 . (4:90)

APPENDIX 2. SPHERICAL HARMONICS, JACOBI
POLYNOMIALS, AND ROTATION REPRESENTATIONS

The associated Legendre functions defined in Eq.
(7) of the main text are orthogonal, and normalized

so that
f/P’"(t)P'”'(t)dt =5 ( 2 ) (I + [m|)!
. 1 "Nol 41/ (1= mp)!”

Expansion of the product of two Legendre functions
leads to the formula'®

PYOPY () = 3, CHv PP (1)
where the coefficient C7i is specified by

J

o = @2+ DI+ m)(=1)"7""@2g9 — 20!
’ (g —NWg — DWg — 129 + 1)!

> ED'+m +9IG+HL=m = 9)!
U =m =)= 1+ m'+ ) —m — s)lsV’

m >m>0. (52)

The sum over s in Eq. (52) is to be over all values
such that the factorials are well defined, and
g =3 {4+ U+ j). These coefficients vanish unless g
is an integer or zero, and j satisfies the relations
lm —m'| <jand |l = V] <j < |l 4+ V| Asindi-
cated, Eq. (52) only applies for values m’ > m > 0.
Extension of the definition to other values of m and
m’ are provided by the following formulas, derivable
from the definition of Eq. (7) and consideration of
the integral relation to be cited below.

(50)

(51)

o = on = o m>m>0  (53)
m%:(w+1)w+m®w—hw+mn
i o 4+ 1/ @ = |m'DI(G + [m" + m])!
X ) m>m>0. (54)

Equation (51), when applied to the integration of
products of three associated Legendre functions, leads
to

fm”@mmwmw

B E. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, Cambridge, 1951), p.
176.
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_ G+ lm— ) ( 2

G—Im—=mDI\2+1

The associated Legendre functions satisfy various

recursion formulas, which prove to be extremely use-

ful in the developments of the later Appendices. In a

form consistent with the definition, Eq. (7), the
formulas we used are'*

) o . (55)

(1 =&)L Pr) = ~uPTO + G+ Imh PR,

(56)

(@ = Im|l + DPa@) — 21+ 1)tPT(2)
+ @+ Im)PiL@) =0, (57)
Platu(®) = @lm| 4+ DPTi() - (58)

For initiating the use of the above formulas, it is con-
venient to use the result

Pl = (—=D)"@2lm| — DI — & (59)

Upon rotation of the coordinate system, spherical
harmonics transform as indicated in Eqs. (8) and
(9). The representation coefficients of Eq. (9b) can
also be written in terms of Jacobi polynomials,”® a
form which facilitates study of the relations among
coeflicients of different indices.

_ (=™ + m)!

d'One = gy =07

X (14 )" PPI @), me >0, (60)
The Jacobi polynomial P¢# (t) is defined as
@ _ (=D e -8
P () = >l a-=—ra+1
dﬂ nt+a n
X 27 [ =0 (L + 07 (61)

The Jacobi polynomials and the associated Legendre
functions are related by the formula

pry = LR pymipe )

m>0. (62)

Many formulas relating to the di, can be derived
from Eq. (60). Some of these formulas are
(1 _ t)(a—m)/2(1 + t)(o'+m)/2

d’(t)mq - 217(0_ — m), ’

a>m>0

(63)

14W, Magnus and F. Oberhettinger, Special Functions of
Mathematical Physics (Chelsea Publishing Company, New
York, 1949), Chap. 4.

15 For a general discussion of Jacobi polynomials see Bate-
man Manuscript Project, Higher Transcendental Functions
(McGraw-Hill Book Company, Inc., New York, 1953), Vol.
2, pp. 168 ff.
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m - " ! m—a)/2 m+a)/2
& ()nr = G (1 = 0

m>c>0 (64)

(+o+D(l—-—m+1)
a+1)

XA e =0, 1— (65)

Starting from either Eq. (63) or (64), repeated ap-
plication of Eq. (65) enables generation of all d%.., for
m, o > 0. For the special cases I = m or ! = ¢, Eq.
(65) can be used if dz;* and d' are defined as zero.
Values of d%, for negative m and ¢ can be related to
values for positive m and ¢ by considering the effect
of changing variables in Eq. (8) from ¢ to —¢, or
from ¢’ to —¢’, with corresponding changes in «, g,
and vy so as to maintain the same physical content.
The results of these considerations are expressed in
Eq. (9¢).

In addition to discussing the transformation of
spherical harmonics upon axial rotations, one may
consider the effect of translation of the origin of a
spherical harmonic expansion. In particular, a solid
spherical harmonic in coordinates (r,0,¢) may be ex-
pressed in coordinates (r',8’,¢’) about an axial system
translated without rotation a distance ¢ from the un-
primed system along the polar direction § = 0'°:

7'P7 (cos 0)e™* = i (l + m‘) gt
1 j+ m

J'=*|m|
X P} (cos 0')e™®.

a7 () me — (24 1)
(I=a)+m)
l

1>meo>0.

(66)

Equation (66) which is apparently not as widely
known as the corresponding formulas for rotations,
proves to be most useful in the work described in the
later Appendices.

Finally, we make the observation useful in the
later Appendices, that the Green’s function expansion
in spherical coordinates takes the form, consistent
with the associated Legendre function definitions of
Eq. (7),"

1 0 l l _ ! N .
PErA PP fﬂ%”l (cos 6:) P¥ (cos 62)
i
X e T )

16 . W. Hobson, The Theory of Spherical and Ellipsoidal
Harmonics (Cambridge University Press, New York, 1931),
. 139 ff.
ppﬂ P. M. Morse and H. Feshbach, reference 11, p. 1274.
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APPENDIX 3. SPECIAL FUNCTIONS

The function A4.(f) defined in Eq. (18) of the main

text is most conveniently generated by the recursion
formula®

A.(t) = (n/) A (t) + Ao(?) (68)
together with the initial value Ao(f) = e */t. The
function F,(f) is closely related to A.-;(t), as may be
seen by making the substitution # = s* in the for-
mula of Eq. (19), giving an expression differing from
A only in the limits of integration. By a partial
integration, it is possible to show that F.(t) satisfies
a recursion formula quite similar to Eq. (68),

F.(t) = [(n — §)/0F.a(t) — 5 Ao(t) . (69)
Equation (69) may be conveniently applied to pro-

ceed to F, from values of Fy. F, is the function intro-
duced by Boys! in the form

o3
Fo(t) = ¢ f e dy
o

which may be evaluated from tables or by methods
of computation suitable for the error function.

By differentiation of the formulas Eqgs. (18) and
(19), one sees that advancement of the index corre-
sponds to derivatives in the sense that

(70)

(%)nAo(t) — (=) A(D) (71)

(‘%)nFo(t) = (=1)F.(t) .

APPENDIX 4. ONE-ELECTRON INTEGRALS

The integration of S7 of Eq. (22) is conveniently
performed in a coordinate system centered at the
point P of Eq. (12a), with the axial orientation
given by Egs. (16). Using the expansion of Eq. (66),
we write r4P{(cos 64’) in terms of solid spherical
harmonics about P, which is a distance [P — A]
= bR:/(a + b) along the polar axis of the A’ axial
system. In a similar manner, we write r5P3(cos 65) in
terms of solid spherical harmonics about P, which is a
distance — |P — B| = —aR:/(a + b) along the polar
axis of the B’ system. The result of these substitu-
tions, forn 4+ n’ = 0 is

. = l+|a|><z'+ia|)

'Sl ! yb>R1 =™ ( -

v@b ) = ¢ 20 20 G o)\ + 1ol
bR

- —aR: i'—=i" rer ™
() () [ [

X Pj (cosp)Pj (cos Bp)/ drpﬂ)“,“exp[— (a+b)r],
0
(73)

(72)

FRANK E. HARRIS

where we have used in the exponent the relation
ar’y + bry = (a + b)pr + adi + bes

bR, )2
a—+b

= (a + b)pr + a(zP +

aRl

+b(zp-a+b> ’

2 2 _abe
= @+ D0+ + 55T
= (a4 b+ .

The integral over the associated Legendre functions
vanishes unless 7 = 7/, in which case it has the value
given in Eq. (50). Identifying'®

_ @+
c s

/ drprij+2e—(a+b)f; W%(a + b) —j—%’ (74)
o

we obtain
S
-

X 22

(=D @+ oD + lo])!(27 — D!
T =G+ NG — 02— )
bR,

x ()" () ()
a+b a+b a+ b6/’

which, upon setting k& = I’ — j, can be converted to
the form of Eqgs. (23) and (24). The upper limit [ of
the sum over j is the lesser of [ and I, and enters the
problem through the orthogonality condition on the
associated Legendre functions.

The integral J5" of Eq. (30) may be evaluated by
methods quite similar to those just employed for S7.
Writing the solid spherical harmonics in coordinates
centered at P, using Eq. (66), and introducing the
Green’s function expansion, Eq. (67), for the quan-
tity 1/re, it is possible to bring Eq. (30) to the form

1 1’
i (a’b’RI,RC) =" j;’al j’=zla’| (;i }Z )
(z' + 1a'|> < bR, )“"( -a}h)""
X\ + 11/ \a+0/ \a+b

’ e . )
00, DI =0 (e —a)®o | _
X Zk: Cryi'Pr, 7’ (cos Oc¢)e <2—ch 1

(75)

® k .
X / drprp” ”;—}1 exp[ — (a + b)ry], (76)
0 +
where C5, defined in Eq. (52), enters through the
integration of the product of three associated
Legendre functions. The sum over k in Eq. (76) is to

include all values for which Cyj;» does not vanish, and

18 W, Magnus and F. Oberhettinger, reference 14, Chap. 1.
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r_, r4, are the lesser and greater, respectively, of 7p
and Re.

To more completely evaluate the integral over 7,
we change to the dimensionless variable s = rp/Rq,
and introduce y as given in Eq. (17). These substitu-
tions lead to

k
f drpriti ;;, exp[ — (a + b)rl)]

| 1 w

st ’ P4

+i’+2 —ys? j+i +k+2 —ys? j+i ~k+1 |
-—-‘Ri)] /e”’s“ d8+_/-6y8871 ds 5
0 1

= R [Py @) + 3 Ayorrn @],  (77)

where the last of Eqgs. (77) was obtained by intro-
ducing the definitions of Egs. (18) and (19). The A,
term may be verified by changing the variable of
integration from s to s®. The subscripts of 4. and
F, are integral by virtue of the conditions under
which €7 is nonvanishing. Application of Eq. (77)
leads, with Eq. (76) to Eq. (31a) of the main text.
To obtain Eq. (31b), it is necessary to apply the re-
cursion formulas, Eqs. (68) and (69) to F. and 4., so
as to reduce the subsecript magnitudes. Operating in
this way on the entire A. contribution at each step,
and operating on the amount of the F, contribution
necessary to cancel out the A, term, one may after
sufficient steps arrive at

k
f drprs” +2—::I—1 exp[ — (a + b)r}]

3G+ "—r+2)
= (k + ¥Re (a +b>
3G+ k) 2 b
X X Tl (1)

The use of Eq. (78) with Eq. (76) leads to Eq. (31Db).

APPENDIX 5. TWO-ELECTRON INTEGRALS

The main object of this Appendix is the evaluation
of the integral X’ of Eq. (41) of the main text. A
subsidiary goal is the evaluation of derivatives of the
sort (8/8P,) [r»P% (cos6p)], where dP, refers to a dif-
ferential of P in the polar direction of the P co-
ordinates.

We shall proceed toward the evaluation of X,
by the method of mathematical induction. Since
X, = X717, we shall restrict explicit discussion to
the case M > 0. We begin by evaluating X#,. Using
Eq. (589) for P}, and writing 2 = p*> + 2, we have
the expression in cylindrical coordinates

X:;M = [(2M —_ 1)‘!]2 /dplePldpdedegalngz
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M+1 M+1
X P1 2 e—up;“—vpz3—uzP17—111Q2’+iM((pz-«pl) .

T12

(79)
We have dropped the primes and subscripts P and @
where no confusion can result. We now introduce the

Green’s function expansion for 1/r. in eclyindrical
coordinates,'®

Z /0 dke—kln—zalJlml(kpl)Jlml(kpz)ezm(¢z—\pn)
(80)

in which J,, is the Bessel function of the first kind,
of order m. The sum over m reduces to the single
term for which m = — M, as a result of the integra-
tions, and then contributes the factor 4«%. Thus,

XAMfM = 417"2[(2M _ 1)”]2
X / dk[ /dzldz 'klz,—zzl—uzp —vzg, 2

X / dpipi” e T ar (lop) - f dpsps” e T M(kpz)]
(81)

The p; integral has the value® (k/2u)¥(e™*"**/2u),
while that over p. is equal to (k/2v)¥(e™**'*/2v).

The integrals over z; and z. present more difficulty
on account of the absolute value in the exponent.
Using coordinates zp; and zpe, introducing ¢ = |z
— 2| in place of 2, and denoting the 2, and 2, integral
by Z,

1 _
"

Z = ,/‘dedee"klz‘_z’x usp 2-veg,2

- '/; dt /:-alePle_“_wP‘a (e—v(zp‘—-R—t)i + e—"(‘Px—R'H)’) .
(82)

Completing the square in the exponent, the zp in-
tegral may now be evaluated,

3
™
Z = (u—I—v)

X /; dte—kl[e—-[uv/(u+w)](R+t)= + e—[uv/(u-h:)](R-t)*:I .
(83)
Substituting the work thus far done into Eq. (81),

5
2

Xy = m (@M —

LA k3 (u+v) /duv
X / dk<4uv> ¢

ETES P. M. Morse and H. Feshbach, reference 11, p. 1263.

20 Bateman Manuscript Project, T'ables of Integral Trans-
forms (McGraw-Hill Book Company, Inc., New York, 1954),
Vol. 1, p. 185, formula 30.
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X / dte—-kt (e—- [uv/(u+v)] (R+1t)2 + e— [uv/(u+1:)] (B— t)’) . (84)
(4

Changing variables to p = % k[(u + 0v)/w]}
q = tluw/(u + v)]* + (k/2) [(w + v)/ww]?, and intro-
ducing x = wR?*/(u + v),

2ri[(2M — DU

M —_
X = w(u + v) M+

XMy (85)

where

N bgiehy” b gab
X = / dq/dppzM[enx —(g+z*%) + e~2m (g—=%) ] )
0 0
(86)

Integrating x by parts twice with respect to p,
one obtains the recursion formula

_J;_{ / dg gy GMCM = D)
0

XM = 4z M-1

_ e <2M -1 &)

2% 2 ) Mxs -

By comparison with Eq. (69), we see that x/M!
satisfies the same recursion formula as does F x(z).
Since

_ i/w —(‘z—ac%)2 . —(q+:c’})2 _
X0 =757 dale € ) =Fo, (88)

we have in general xx(xz) = M! F x(z), and

P S LV
AMM~w)(u+v)% u+ v MMol" M s

emM — 1N
A%Aﬂ):%)‘ (89)

in accord with Eq. (43).

The next step in the inductive demonstration of
the formula for X% is the application of recursion
formulas to advance the lower indices from M to L
and L’. The subsequent work can be expressed more
concisely if we introduce a symbolic notation

Xlnfllll {f(r11r2) }
= f drdesf (t.,1) ri P (cos 6,)rF P (cos 05)
12

X e—urx’—”'z’+fM(¢z—¢x) , (90)

where f(r;,r;) may be any function of the indicated
variables.

Substituting the recursion formula, Eq. (57), for
P¥ (cos 6:), Eq. (41) for X#; leads to

(L — M+ DX2a = QL+ DX {zm)
— (L + M)X:it vfri},

L—-1>M (91)

FRANK E. HARRIS

where the zp: and 7} factors in the integrals arise from
the excess powers of r; after use of Eq. (57).
Differentiation of X#,’ with respect to u leads to
. G e (92)
ou ’
while differentiation with respect to P. (in the P’
axial system) leads to an expression for X%,/ {zp}. In
passing, we observe that this differentiation with re-
spect to P, is the same process as that needed to pass
from Eq. (37) to Eqgs. (38) in the discussion of the
nuclear attraction integrals. To carry out the differ-
entiation, we use the relations dr/0P, = —zp/n,
d cos 6,/0P. = (cos® ; — 1)/r;, and Eq. (56). These
considerations lead to

aXlItlL’/aPz = 2quA,lL'{zP1} - (L + M)Xgl—l,lz',

L—1>M. (93)
Introducing Egs. (92) and (93) into Eq. (91),
(L= M+ DXz
(2L + 1) [aXﬁ’L' y ]
= ( o oP. + L+ M)Xi s
C"Xzﬂll—x.z,’
+(L+M)———au—, L—-1>M. (94)

Equation (94) does not hold for L = M. Using Eq.
(58) and the methods employed immediately above,
one may show

2M + 1 8Xiiy
2u 0P,
The corresponding formulas for advancement of

the second index are obtainable by similar methods.
They are

M
XM+1.L’ =

(95)

(I — M+ DX
_ <2L’ + 1) [aX,”fL'

+ (L' + M)Xz“,y_l]

20 Q.
M
+ @+ By (96)
2 M
XY = ““sz 1 a——fé:” . o7

We now carry out the inductive process by substi-
tuting Eq. (43) into Eqgs. (94)—(97), confirming its
validity for arbitrary values of L and L’. With Eq.
(89) for X% u, these steps complete a proof of Eq.
(43).

In using Eqgs. (94)—(97), it is found that the de-
sired verification is by no means immediate. We be-
gin by remarking that 4/9Q. = —94/dP. = 3/9R,
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and Fi(z) = —Fia(z). It is, in addition, necessary
to make rearrangements involving the functions
Fi(x) so as to cause them to appear multiplied by
suitable powers of . The basic technique involved is
the multiple application of Eq. (69), to lead to
identities such as
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20" Fuss(@) — 2+ 2) — )a'Frsa (@)
= 22" F1yin () — @+ 25 + l)ij’H(x) - (98)

The actual work, though tedious, is straightforward
if the above considerations are kept in mind.

JULY 1963

Polynomial Orthogonality and Integration Quadratures

Tien CH1 CHEN
Development Laboratory, Data Systems Division,
International Business Machines Corporation, Poughkeepsie, New York

1. INTRODUCTION

UADRATURE integration formulas, when used
with polynomials, link together two kinds of
orthogonal properties: orthogonality in the sense of
integration on the one hand, and orthogonality in the
sense of summation on the other. The interrelation-
ships can be exploited towards the solution of eigen-
value problems in quantum theory.

Polynomials ¢x(2) and ¢n.(x), of degrees k and m,
respectively, are orthogonal in the sense of integra-
tion (or briefly integration-orthogonal) over (a,b) for
the weight function w(x), if

6]

We restrict ourselves in the choices of (a,b) and w(z)
to the cases where a complete set of {¢.(x)} can be so
defined.

The same polynomials would be termed orthogonal
in the sense of summation (or briefly summation-
orthogonal) over the n abscissas {z:} for the n
weights {W,} if

n—1

Z Wion(@:)om(x:) = Aibim;Ar > 0
=0

b
/w(x)«pk(x)gom(x)dx = Aim;Ar > 0.

@)

holds. Many properties of the orthogonal polynomials
are well established.! Of particular interest to nu-
merical computation are

(a) the least-squares properties of orthogonal ex-
pansions of either kind;

18ee, for example, G. Szegd, Orthogonal Polynomials
(American Mathematical Society, New York, 1959); also A.
Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,
Higher Transcendental Functions (McGraw-Hill Book Com-
pany, Inc., New York, 1953), Chap. X.

(b) Gaussian quadrature integration formulas
based on interpolation of the integrand at zeros of
integration-orthogonal polynomials. The n-point
quadrature formula has a degree of precision® of
p = 2n — 1—twice as large as corresponding New-
ton—Cotes formulas.

2. SUMMATION-ORTHOGONALITY THROUGH
QUADRATURES

We first observe that the Legendre polynomials
Pi(z), P..(z), which are characterized by integration-
orthogonal relationships [over (—1, +1) for w(z)
= 1], are, for k + m < 3, nevertheless, summation-
orthogonal over {z;} = —1,0, +1 for {W.} = 1/3,
4/3, and 1/3, respectively. These abscissas and
weights are precisely those used in Simpson’s rule,
whose degree of precision is 3.

This is not surprising since quadrature integration
formulas serve as a bridge between an integral and a
finite sum.

Theorem. Given an n-point quadrature formula of
degree of precision p over (a,b) for w(z). If ¢x(x) and
on(x) are integration-orthogonal in the same sense
and, further, ¥ 4+ m < p, then these polynomials are
also summation-orthogonal over the abscissas and
weights specified by the quadrature formula.

Proof. Clearly ¢u(x)en(x) is a polynomial of de-
gree k + m < p. Hence,

Awbem = /aw(x)<pk(x)¢m(x)dx

i

; Wioe(z)em(a:) . QED.

2 The degree of precision of a formula is the maximum de-
gree of an otherwise arbitrary polynomial integrand for which
the formula is exact.



