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oretical calculations and using experimental data on
polarizabilities, refractive indices, and Verdet con-
stants. '4 There are available also theoretical and
measured values of some of the oscillator strengths
occurring in (26). To calculate 0, the available oscil-
lator strengths were extended and modified in such a
way that a large number of sum rules were exactly
satisfied. It was ensured, in particular, that the de-
rived oscillator strengths yielded S & accurately since
the form of (26) is similar to the product of two such
summations. The resulting accuracy is largely de-
termined by the accuracy with which 8 & is known,
8 & being essentially the dipole polarizability. In none
of the cases given in Table I"should the error exceed
20%%u~ and it is usually very much less.

i4 A. Dalgarno and A. E. Kingston, Proc. Phys. Soc. (Lon-
don) A73, 455 (1959); 78, 607 (1961); A. Dalgarno and D.A..
williams (unpublished).

TxsLz I. Values of van der Waals coefFicients C in atomic
units. b

H He Ne Ar H c

H
He
Ne
Ar
H, c

Li
NaI
Rb
Cs

6.5
2.8
5.7

20.2
9.2

67
74
99
100
120

2.8
1.5
3.1
9.9
4.2

22
25
33
34
38

5.7
3.1
6.6

20.6
8.6

48
52
68
69
77

20.2
9 ' 9

20.6
68. 1
29.6
200
210
280
280
320

9.2
4.2
8.6

29.6
13.3
88
96
128
132
148

a The interaction energy is f—C/(r/ao)'][e'/a, ], a, being the Bohr radius.
b Values for additional systems are given in the references. (See reference

14.)
0 The I, values are averages over all orientations.
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Sensitivity of L1L2,3M4,5 Coster-Krenig Transition Rates to
Variations in Energy Levels and Screening Parameters

EDWIN J. CXLLXN

Aeronautical Research Laboratories, 8"right-Patterson Air Force Base, Ohio

S TUDY of the I&l, , s3II4, s Coster —Eronig transition
rates offers a sensitive tool for comparisons of

various atomic wave functions. These transitions are
sensitive to different screening parameters arising
from use of different wave function computations
and also have pointed up several inconsistencies in
tabulated energy-level values. While there are many
transitions of the Coster —Eronig type, ' ' the
LiL2,33f4,5 have the features of large transition rates,
sharp cutoffs at various atomic numbers, and greater
proportion of the very scanty data on such transi-
tions.

This class of transition, first described by Coster
and Eronig in 1935,' is distinguished by the filling of
a deep vacancy in an atom by another electron of the
same shell, but different subshell, with ejection of
another electron of different shell with low energy.
The final doubly ionized state serves as the initial
state for emission of x-ray satellite lines of relatively

i D. Coster and R. Kronig, Physica 2, 13 (1935).
s J. N. Cooper, Phys. Rev. 55, 155 (1944).
3 E. H. S. Burhop, TAe Auger Egect and Other Rcdictionle8s

Transitions (Cambridge University Press, New York, 1952).

high intensity, relative to the parent lines. Because
of the nature of the variations of energy levels with
atomic number, these transitions are energetically
possible only for certain regions of atomic number. ' '
The general features of these transitions and their
consequences have been reviewed by Burhop' and
more recently by Listengarten. 4 The current work is
concerned only with the L&L&,3&4,5 transitions, here-
after called LLM transitions. Only a few previous
calculations have been made of transition rates for
the LLM transitions, including those of Ramberg and
Richtmyer' for Au, based on the Thomas —Fermi field,
of Pincherle' using hydrogenic functions, and of
Rubinstein and Snyder' using a SCF function for Kr.
The present calculations cover the atomic number
region from Sc to Sn.

4 M. A. Listengarten, Izv. Akad. Nauk SSSR, Ser. Fiz. ,
24, 1041 (1960).

s E. Ramberg and F. Richtmyer, Phys. Rev. 51, 913 (1937).
6 L. Pincherle, Nuovo Cimento 12, 81 (1935).
& R. A. Rubinstein and S. N. Snyder, Phys. Rev. 9'7, 1653

(1955); also R. A. Rubinstein, thesis, University of Illinois,
1955 (unpublished).
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These calculations are based on methods similar
to those for the KLL transitions. ' The transitions
arise from the electrostatic interaction of two elec-
trons in an initially deeply ionized atom, according
to the theory of Wentzel. ' The interaction is treated
using screened hydrogenic functions and the Gordon
continuum wave function for the ejected electron. "
The appropriate matrix elements for the transition
rates are of the form (ah~1/r»~cd), and are separated
into radial and angular parts by the usual expansion
of 1/r» in Legendre polynomials, with the angular
factors being given in Condon and Shortley. " For
the LLM transitions considered, only I' and I' terms
are found.

The energy of the ejected electron is quite low,
below 165 eV for atomic numbers below the cutoff at
Sn. The energy is taken as

k = [(E, —E; —E,*)/1 3. 605]',

where A; is in atomic units; E& is the L& energy-level
of the atom of number Z; E; is the L; energy-level
value; E~ is the M, energy-level value for the Z + 1
a,tom. The choice of the M-level energy for the Z + 1
atom is taken to account for the ionization in the L&

level. Unlike the ELL case treated by Bergstrom and
Hill, " there is no available experimental data to in-
dicate that a choice of Z + c, where c is a constant
less than 1, would be preferable.

The choice of screening constants for the 3d elec-
tron proved to be of considerable interest and sig-
ni6cance. These constants were taken according to
the usual definition of Hartree" as

Freeman" for the series Zn to Kr, were kindly sup-

plied by Dr. C. Froese."From the graph of these r
values, shown on Fig. 1, it is evident that a consid-
erable divergence in this property appears for differ-

ent SCF treatments of atomic wave functions. The
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Fzo. 1. Comparison of rag as a function of atomic number
Z for various SCF wave functions of Lowdin and Appel (ref-
erence 14), Mayers (reference 15), and Watson and Freeman
(reference 16).

o = Z —(rn/r), (2)
screening constants 0-ad were computed from the r
values based on Eq. (2) and were used in the transi-
tion rate calculations. Screening constants used for
the L& and L23 functions were those derived in
Reference 8.

Since the energies of the L, and Ls, and M4 and 3IIs

levels are slightly different, rates for each of the four
transitions L&L2M4, L&L23f&, L&L33I4, and L&L3JII&

were computed separately, using the proper energies
from the tables of Sandstrom" up to Zn, and of
%apstra, Nijgh, and Van Lieshout" for atoms be-
yond Zn. The exchange integrals were computed
using the same energies as the direct integrals. The

where o. is the screening constant; rII is the mean
hydrogenic radius 1/2(3ns —l(l + 1) = 10.5 for M
shell; r is the mean radius for the appropriate wave
function. In this work several types of wave functions
were used. The initial r3& values were computed from
the values given by Lowdin and Appel, " and fitted
a,nalytically to a formula r = 14.1305/(Z —14.6588).
Other values of r based on the wave functions of
Mayers" for Sc, As, and Xe, and of %atson and

s E. J. Callan, Phys. Rev. 124, 798 (1961).
s G. Wentzel, Z. Phys. 43, 524 (1927).
rs W. Gordon, Z. Phys. 48, 180 (1928).

E. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, New York, 1958), p.
174.

» I. Bergstrom and R. Hill, Arkiv Fysik 8, 2 (1954).
» D. R. Hartree, The CaLculation of Atomic Structures (John

&Viley 4 Sons, Inc. , New York, 1957).
rs P. O. Lowdin and E. Appel, Phys. Rev. 103, 1746 (1956).
rs D. Mayers, data received from Dr. C. Froese (private

communication).

~6 R. E. YV'atson and A. S. Freeman, Phys. Rev. 124, 1117
(1961).

~7 Private communication.
i8 A. Sandstrom, in Handbuch der Physik, edited by S.Flugge

(Julius Springer —Verlag, Berlin, 1959), Vol. XXX, p. 224.
~9 A. Wapstra, G. Nijgh, and R. Van Lieshout, Nuclear

Spectroscopy Tables (North-Holland Publishing Company,
Amsterdam, 1959).
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FIG. 2. Total I&L2,3354,5 Coster-Kronig Transition rates as
a function of atomic number Z for screening constants based
on r3~ derived from various wave functions of Lowdin and
Appel (reference 14), Mayers (reference 15), and Watson and
Freeman (reference 16), plus value for Er calculated by
Rubinstein and Snyder (reference 7).

rates for the various terms are given simply as

~ =
r. (2J + &)/nj(D ~ 3&/5)'(x/3o) (3)

where g is 9 for P terms, and 14 for I" terms, D and
E are the appropriate direct and exchange integrals,
and + is taken for singlets, and —for triplets, in
summing the integrals. x is a weighting factor for the

number of electrons in each subshell, and equals
4:6:8:12for each of the transitions listed above, re-
spectively. The total transition rate is then the sum
of all the individual rates.

The total transition rates are shown on Fig. 2 for
the atoms from Sc to Ag, based on the various screen-
ing constants used. The wide variation resulting from
use of different screening is apparent, both in abso-
lute values for a given atom, and also in the slope of
the transition rates for the LLM transitions as a func-
tion of atomic number. The decrease above 40 Zr is
due to the disappearance of the L&L23SI4,& transitions
beyond this point. In this region of atomic number,
the major portion of the I & level width is due to LLM
transitions. The radiative partial width is quite small
as evidenced by the low values, about 0.05, for the I
fluorescence widths. ' Also the LLN transitions are of
relatively small value in this region, based on com-
parisons of hydrogenic probabilities at comparable k
values. The total Auger widths are of the order of
3—5 eV, which leads to values of only a few tenths of
an electron volt for the radiative widths. There are
considerably greater variations in widths determined
for diQ'ering screening constants. For comparison,
Table I shows the calculated LLM transition rates
for Er and Au. It is seen that the Rubinstein and
Snyder rates for Kr are considerably smaller than are
found in the current calculations, and also that their
P:P ratio of 1:4 is much less than the present ratios,
or those of Ramberg and Richtmyer or Pincherle for
Au. The values of Pincherle are considerably less than
those of Ramberg and Richtmyer or the current
values. The current values for Au give an LLM width
of 3.67 eV based on the Lowdin —Appel screening, or
4.87 eV based on Slater screening. "Taking the Ram-
berg and Richtmyer ratio of 1.385 for the total L&

sII Z. C. Slater, Phys. Rev. 36, 57 (1930).

TxsLz l. Comparison of L1L2,3M4, 5 auger transition rates.

79 Aud

This work This work

Terms R—Sf R—Rl' P' L-Ag

1P + 3P
1P + 3P
Total'
Total, eVb

10.64
89.00
49.64
1.85

1.48
115.84
117.27

8, 28
157e

4.8

1.00
161.65
162.64

4.48

1.58
97.81
98.85
2.70

80.89
285.55
815.94

8.60

2.26
68.68
65.94

1 79e

0.57
180.66
181.28

8.67

8.05
171,16
174.21

4.87

' Values given in 10—' a.u.
b 1 a.u. = 27.21 eV; 1 eV = 36.?5 &( 10—' a.u.
c Projected value.
d Only L,L,M„, Transitions energetically possible.
e Total L, width given as 5.5 eV in reference 5.
' R—S Rubinstein and Snyder (reference 7).

g L—A Lowdin —Appel basis (reference 14).
& M Mayers basis (reference 15).
' W-F Watson-Freeman basis (reference 16').
i S Slater basis (reference 20).
& R—R Ramberg and Richtmyer (reference 5).
1 P Pincherle (reference 6).
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Auger width to the LLM width, and using their
value of 1.78 eV for the radiative width, the total Lr
width would be found as 6.9 eV and 8.5 eV for the
Lowdin —Appel and Slater screening, respectively,
compared to the Richtmyer observed width of 8.7
eV for the L1 level of Au. The agreement is satisfac-
tory. In the case of Er, there is no direct measure-
ment of L1 level width as yet reported.

What is most interesting in these results is the
possibility of experimental determination of the most
appropriate calculated wave functions. Determina-
tions of L& level widths for several atoms such as Zn,
Er, and Zr would allow both the total magnitudes
and their slopes with atomic number to be compared
with the calculated values. Either through absorp-
tion-edge measurements of considerable difhculty, or
through photoelectron methods, such as those of
Siegbahn and his co-workers, " one can expect suf-

ficient accuracy to permit discrimination of the pre-
ferred screening, and, hence, of the more appropriate
wave function. In the case of Er the values derived

on the basis of the Watson and Freeman r correspond
to an LLM width of about 4.7 eV, compared to the
value of about 3.3 eV based on the Lowdin and

Appel r, or about 4.3 eV based on a linear projection
of values based on Mayers r. It is also worthy of
note that the LLM transition rates are quite linear

with atomic number in this region, and reasonable

projections can be made. The slope of the Watson—
Freeman based rates is also much greater than that
of the Lowdin —Appel based rates. Although the
Mayers data cover only three elements, the con-
cordance of slope of r with that of Lowdin —Appel
would show a similar concordance of slope in the
transition rates, or in e6ect, merely a shift upwards
in the curve of LLM transition rate vs atomic num-

ber. Projecting these curves to Zr, the LLM widths

would become about 5.3 eV, 5.0 eV, and 3.9 eV for
the Watson —Freeman, Mayers, and Lowdin —Appel

bases, respectively. Taking the total L1 level width as
1.2 times the LLM width to account for radiative
width and LLN and other transitions, which is
reasonable in this region of atomic number, the re-

spective L1 level widths would become 6.4 eV, 6.0 eV,
and 4.7 eV. In conjunction with the varied slopes,
x-ray measurements could distinguish among these
values. The differences between different wave func-

tions are of much greater magnitude for these LLM
transitions than are evidenced on the basis of energy
criteria for the wave functions.

~E. Sokolowaki, C. Nordling, and E. Siegbahn, Aviv
Fysik 12, 301 (1957).

Also in the course of the calculations, the sensi-
tivity of the LLM transition rates to energy of the
ejected electrons was demonstrated. These rates do
not show any maxima in the range of atomic numbers
considered, except where energy cutoffs prohibit a
particular L&L;3I; transition. The matrix elements
show a continuous increase with atomic number, even
though the ejected electron energy goes through a
maximum, dropping to less than 10 eV near the cutoff
atomic number, in contradistinction to previous sur-
mise. ' ' The total rates are rather linear as has been
mentioned, and some discrepancies in energy level
tables were noted as a result of this.

In the case of the LLM transitions in Zn and
Ga, using the energy-level data from Sandstrom's
tables, " a large deviation from the general trend of
values for the matrix elements was noted. This was
traced to a K-level energy value for Ga of 10395 eV,
which affected the L2,L; and M4, 5-level values, and
thus both the Zn and Ga LLM transition rates. The
same K-level value in the tables of Wapstra et al."
was 10369eV, which resulted in the LLM rates falling
closely on the trend line. In the case of Er, Wapstra's
table gave a value of 1904 eV for the L1 level, which
also resulted in a discrepancy. A value of about 1920
eV fitted the trend closely, and was taken as ap-
propriate. It was later found that Moore" had re-
determined the Er energy levels, finding a value for
the L& level of 1920 eV. No other major discrepancies,
other than obvious misprints, were noted in the
tables. Some possible minor discrepancies have been
suspected, but cannot be unambiguously specified.
Typical is the case of As, where the LLM transition
rates seem slightly low, but no tabulated level value
departs from expected values by more than a few eV.
Sandstrom's K level for Ge is 4 eV lower than
Wapstra's, and for As is 8 eV higher. Since the M-
level energy is based on the E level, taken for Z + 1,
this over-all difference of 7 eV could lead to an ex-
planation of the low transition rate. Closer study
with more exact wave functions is indicated.

The results of the calculations described show the
value of the L&L2,33f4,5 Coster —Eronig transitions as
a vehicle for both experimental and further theoret-
ical study on various facets of atomic structure. In
the present work, no attempt has been made to in-
clude any effects of intermediate coupling, nor have
any relativistic effects been considered. These effects
should be minor, in the region covered, since only
total rates are concerned here, rather than term in-
tensities.

s~ H. R. Moore, Proc. Phys. Soc. (London) A70, 466 (1957).
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Spin Resonance and Hyperfine Interaction
CHAH, LES A. MCDOwKLL
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INTRODUCTION

where

Kxl+K2i

&HIS paper is restricted to electron spin reso-
nance phenomena in free radicals. We shall

choose a few topics in which significant advances
have been made recently, especially topics reBecting
more directly on some aspects of electron correlation.
We shall, therefore, largely be concerned with dis-
cussing the electron spin resonance (ESR) spectra
of organic free radicals. These species exhibit electron
spin resonance because they have an unpaired x
electron.

The spin Hamiltonian 3C for a system of x electrons
such as one has in a w-electron radical can be written

I iI Q 8„I,,,6(r„;) .87rgl pl (4)

In Eq. (4) IpI is the absolute magnitude of the
Bohr magneton, 6(r») is the Dirac delta function of
the distance rk~ between electron k and nucleus E,
p~ is the magnetic moment of proton X, and I~. is
the z component of the spin of proton X, in units of
h. This equation can be expressed more simply in
terms of the "coupling constant" for the proton X,a,&
as

any of the observed splittings in aromatic free radi-
cals. Considering, therefore, only the hyperfine inter-
action between the z components of the electron and
nuclear spina (valid in the Paschen —Back region), the
Fermi contact Hamiltonian which gives the non-
vanishing isotropic hyperfine splitting for free radi-
cals in solution is

56i = 50o+ PH g S

S~ I), (r,„.S~) (r),„ I„)
K3 ge egN iV ~ 3 5

res ~X jlt

K~ AQ+SzI~z 3

SPIN DENSITIES IN e-ELECTRON RADICALS

Equation (5) is frequently written in the form in-
troduced by McConnelp

y —g,p.g„p„g (S, I„)5(r,„) . aN QPN (6)

For radicals in solution (or in the gas phase) the
term between [ ] in Eq. (3) averages out to zero, ' so
for these cases the second term, the Fermi contact
interaction which is isotropic, is important and gives
rise to the hyperfine splitting observed for free radi-
cals in solution. Weissman neglected spin. -orbital in-
teraction effects which can also lead to isotropic
hyper6ne splittings for radicals in solutions'; but the
effects are about 100 times too small to account for

i S. I. Weissmsn, J. Chem. Phys. 22, 1878 (1954).
~ H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28,

107 (1958).

Here Q is negative and has been given various values
such as —22.5 6 for the benzene negative ion, '
—25.67 0 for the cyclooctatetraene radical anion, '
and values of about —30 0,' which are necessary to
Gt the observed electron spin resonance spectra of
polynuclear hydrocarbon radical ions, if it is assumed
that the odd electron densities p&'s are given by the

3 H. M. MeConnell, J. Chem. Phys. 24, 682, 764 (1956).
4 S. I. Weissman, T. R. Tuttle, and E. de Boer, J. Phys.

Chem. 61, 28 (1957).
~ T. J. Eatz and H. L. Strauss, J. Chem. Phys. 32, l873

(1957).
6E. de Boer and S. I. Weissman, J. Am. Chem. Soc. 80,

4549 (1958).


