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I. INTRODUCTION

&HE fine structure appearing on the high-energy
side of an x-ray absorption edge can be explained

by determining the availability of unoccupied quan-
tum states for the ejected electron and the proba-
bility that the electron can undergo transitions to
such states. The first theory explaining the fine
structure extending for hundreds of electron volts on
the short-wavelength side of an x-ray absorption
edge in crystalline solids was proposed by Kronig in
1931.Several extensions of this theory have appeared
since and some of them have been reviewed al-
ready. ' ' Even the most recent review by Parratt, '
however, does not discuss all of the theories proposed
to date so that a critical comparison of these theories
is necessary in order to gain a complete insight into
the current state of the theory.

Fundamentally, all the theories predict that the
energies at which the absorption extremiti'es occur in
cubic crystals are proportional to (h'+ Ie'+ P)/a'
where h, 1c, l are the Miller indices of crystallographic
planes and a is the length of the unit-cell edge. This
suggests that a relation between the x-ray absorption
process and a diffraction phenomenon obeying
Bragg's law should exist. Eronig suggested that
Bragg reRections of the ejected electrons are re-

~ This work was supported by a grant from the National
Science Foundation.

~ Y. Cauchois, Les Spectres de It'ayons X et La Structure
Eteetroaique de ta Materiere (Gauthier-Villars, Paris, 1948).

s H. Niers, Ergeb. Exakt. Naturw. 23, 859 (1950).
s C. H. Shaw, in Theory of Alloy Phases (American Society

for Metals, Cleveland, 1956), p. 13.
A. E. Sandstrom, in IIandbuch der Physik, edited by 8.

Fliigge (Springer-Verlag, Berlin, 1957), Vol. 80, p. 78.
5 D. H. Tomboulian, in Handbuch der Physik, edited by 8.

Fliigge (Springer-Verlag, 1957), Vol. 80, p. 246.
s L. G. Parratt, Rev. Mod. Phys. 31, 616 (1959).

sponsible for the discontinuities in what would be a
monotonic absorption curve for a free atom. He
further assumed that the transition probabilities did
not vary significantly with energy so that the main
features of the extended structure in solids could be
explained by the density of states distributions
grouped in allowed and forbidden energy bands.

In a later extension of his theory, Eronig con-
sidered the case of a small molecule and assumed that
the ejected electrons were scattered by the neighbor-
ing atoms in the same molecule; a process that bears
certain similarities to electron diffraction by gases.
By suitably combining the wave functions of the
initial and final states, he showed how the transition
probabilities can be calculated. Thus, Eronig sug-
gested that the extended fine structure can be ex-
amined in two somewhat different ways, namely, by
considering variations in the allowed density of states
or by calculating the transition probabilities after
determining the final states of electrons scattered by
neighboring atoms. Since the distance traveled by an
ejected electron in a crystal is probably quite small,
several authors have attempted to extend the second
a,pproach to large crystals (infinite molecules). Their
theories differ primarily in how the scattering effects
are calculated. At least one author (Hayasi) has
attempted to extend the band-theoretical approach.
A certain success has been claimed for all theories
presented although a closer examination shows that
the agreement between experiment and theory is by
no means exact. In the following discussion, the essen-
tial features of each theory and its "successes" in
interpreting experimental curves are presented. This
is done in chronological order of their appearance in
the scientific literature. Some of their shortcomings
are pointed out at the same time, although a more
general evaluation and comparison is postponed to
the concluding sections.

II. KRONIG THEORY

In his first paper, ' Kronig considered the extended
fine structure Mat appears on the high-energy side

r R. de L. Eronig, Z. Physik 70, 817 (1981).
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of x-ray absorption edges observed by others. In
agreement with a,n earlier suggestion by Kossell, ' the
relatively short extent of such structure observed in
gases was attributed by Kronig to transitions of the
ejected electron to the discrete energy sta, tes of an
atom (or molecule) which becomes a, continuum of
states above a characteristic energy. For a crystalline
material, Kronig assumed that this continuum breaks
up into zones of allowed and forbidden energies as
predicted by the then recently discovered zone
theory of solids. Thus, an electron ejected in a given
direction of the crystal can undergo transitions only
to certain energy zones delimited by

n'

m Q

where h is Planck's constant, m is the electron's
mass, n is an integer, and a is the length of the period
in the propagation direction. The maxima in the
absorption edge then correspond to such allowed
transitions whereas the minima correspond to for-
bidden transitions, a process which can be likened to
the reflection of electrons by crystallographic planes
as first demonstrated by Germer and Davisson.
Eronig attributed the breadth of the observed
maxima to the multiplicity of directions in which an
electron could tra, vel and to the "broadening" of the
allowed zones by thermally induced vibrations of
the atoms.

This model is based, of course, on the assumption
that the ejected electron can be described by a plane-
wave function known as a Bloch function. Although
no numerical calculations were presented in this first
paper, it was suggested that the temperature de-
pendence of absorption spectra observed by Hanna-
walt, ' namely, a shifting of the peaks in Fe closer to
the "main" edge and a decrease in their magnitude
at larger energies with increasing temperature, was
consistent with an increase of a in (1)and a, tempera-
ture-induced broa, dening of the a,llowed zones, the
more distant ones being subject to greater broaden-
ing. Similarly, the larger maxima observed by Coster
and Veldkamp" in Cu as compared to Zn were
attributed to larger vibrational amplitudes in Zn, a
proposition since shown to be invalid. Although an
evaluation of this and other theories is postponed to
a later section, it should be noted here that most
absorption-edge curves published to date are not
amenable to quantitative interpretation unless cor-

s W. Eossel, Z. Physik 1, 119 (1920); 2, 470 (1920).
9 J. D. Hannawalt, Phys. Rev. 3'7, 715 (1931);Z. Physik '70,

293 (1981).
ro D. Coster and J. Veldkamp, Z. Physik 70, 306 (1931).

rected for instrumental effects' so that some of the
"successes" of this and other theories may be
fortuitous rather than real.

In his second paper, "Kronig presented a detailed
analysis of the behavior of the ejected electron by
representing it by a Bloch function solution of the
time-independent Schrodinger equation. The Hamil-
tonian contains a periodic potential, l function ha, ving
the periodicity of the lattice which has the effect of
producing discontinuities in the allowed energy
values whenever

gs (
s p ps + 2)

6 cos p

where n, P, y are integers and y is the angle between
the electron's direction of propagation and the nor-
mal to a "boundary" plane. (y is the compliment of
the Bragg angle 8.) When one integrates over all
possible propagation directions, it can be shown that
the discontinuities occur when

Qs (
s + ps + s)

sm 2

Next, Kronig estimated the energy at which an
electron becomes "free" by means of

h' BiV

where X is the tota, l number of electrons contained
in a unit cell. [Note that (4) is the usual expression
for calculating the Fermi energy in a metal except
that N then represents the number of valence elec-
trons in a'.] On this basis he concluded that formula

(3) should be valid beyond 67 eV in Cu and beyond
11 eV in Fe. Incidentally, the energy values in (3)
must be corrected before comparing them with experi-
ment by subtracting the average inner potential of
the absorber.

Lastly, Kronig constructed a bar graph in which
he plotted rectangles of height n [=multiplicity of
the n, P, y indices] and width 2, as a function of
cr'+ P' + y'. This bar graph [reproduced from his
paper in Fig. 1(a) for Cu] shows maxima and definite
minima [absence of maxima] permitting the establish-
ment of "regions" in which boundary planes produce
energy discontinuities whose midpoints should corre-
spond with the values determined in (3). [This is an
important point which is often overlooked in the
discussion of Kronig's theory by some authors. Ac-
cording to Kronig, the "reAecting" pla, nes ma, rked in
Fig. 1(a) do not represent allowed or forbidden energy

n R. de L. Kronig, Z. Physik 7S, 191 (1932).
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regions but the boundary planes separating them
(Brillouin-zone boundaries) .] On the long-wavelength
side of this energy value lie the allowed energies
[absorption maxima in Fig. 1(b)] and on the other
side the forbidden energies [absorption minima, in
Fig. 1(b)]. As can be seen in Fig. 1(a), the energy
discontinuities are determined for groups of n, p, and

y values since Kronig believed that the contributions
of individual aP& boundary planes could not be re-
solved. A comparison between the centers of the

O' y e P s
I I

~ ~ ~ i I li i ka I II
g rn w u ru n u e' AF

state i to a Anal state i' according to

P(i,i') = P,* (xyz) V p, f; (xyz) dz dy dz, (5)

where P* represents the complex conjugate of P and
V p~ is the appropriate matrix element. This analysis
was extended by Petersen" and applied to GeC1& by
Hartree, Kronig, and Petersen. "Their analysis con-
sisted of representing the ejected electron by a plane
wave and calculating the effect of scattering this
wave by the surrounding atoms. Such calculations
require a knowledge of the atomic fields of each scat-
tering atom and a solution of the wave equation for
an electron of positive energy in such fields; particu-
larly, the determination of the asymptotic phase of
the wave at large distances. The fine structure is then
given by the ratio y(E) of the absorption coeKcient
for an atom A, bound in a diatomic molecule AB,
to that of an isolated atom. "

a d'
p pa

Fro. 1. Original Eronig theory (Ref. 11). (a) A bar graph
showing the relative eQectiveness of the reflecting planes in a
crystal in producing discontinuities in the absorption curve
plotted against s = h2 + k2 + t2. Note that Kronig grouped
these planes and used their mean energy. value as an indica-
tion as to where the t,ransition from a maximum to a minimum
should occur in the absorption curve. (b) K edge of copper
measured by Coster and Veldkamp (Ref. 10) photographically.

energy "regions" calculated from Fig. 1(a) and those
observed in the absorption curve of Cu, Fig. 1(b),
results in a good agreement [&8%].

In his third paper, "Eronig analyzed the case of
a diatomic molecule. By considering the potential
Geld of the molecule as a whole, he reduced the treat-
ment to a one-electron problem for which it is possible
to calculate the transition probabilities from an initial

is R. de L. Eronig, Z. Physik V5, 468 (1982).

y. (E) —1 = —', sin8d8[(q+ g*) cos8+ gg*], (6)
0

where

g = (~(r,8)lr] exp [i(2E)'r(1 —cos 8)] ('7)

and r is the interatomic distance in the molecule,
C(r,8)/r is the amplitude of elastic scattering at a
distance r from the nucleus of B, and 8 is the scatter-
ing angle for the plane wave of energy E.A simplified
form of this equation, expressed in terms of the phase
angles has been derived by Petersen" who also showed
that the fine structure due to each B atom surround-
ing A can be added directly, i.e., the fine structures
superpose linearly. Hartree et al."found a good agree-
ment between the predictions of (6) and experi-
mentally determined absorption curves for" GeC1,
and suggested that this type of analyis should be
useful in determining the charge distributions of the
atoms coordinating the A atom. They also pointed
out that, although such analyses are much more
complicated than those of x-ray or electron diffrac-
tion, they allow the study of the individual atoms
separately.

It should be noted at this point that Petersen"
applied this theory to explain the absorption curve
of chlorine but subsequent experimental measure-
ments by Lindh and Nilsson" deviated appreciably
from his theoretical calculations. Also, recent meas-

~3 H. Petersen, Z. Physik 80, 258 (1933).
~4 D. R. Hartree, R. de L. Kronig, and H. Petersen, Physica

1, 895 (1934).
rs D. Coster and G. Elamer, Physica 1, 888 (1934).
&6 A. Lindh and A. Nilsson, Ark. Mat. Astron. Fys. 29A, 17

(1948).
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urements on" " GeC14 do not agree with the above
discussed predictions of Hartree et gt. A theoretical
recalculation by Corson" showed a better agreement
with Shaw' s" measurements, however.

III. KOSTAREV THEORY

In a preface to the presentation of his theory,
Kostarev" scoffs at Kronig's original theory for fail-
ing to explain the "general features" of the absorption
curves of a11 materials. He argues that a more general
theory should be based on the consideration of near-
est-neighbor atoms only and cites the success of
Hartree et a/. " in explaining the absorption-edge
structure of GeC14 in support of this contention. The
gist of Kostarev's argument is that the ratio x(E) in

(6) is determined by the transition probabilities from
the initial K state to the Anal state F according to

~I Kfr) solid

x(E) =
(8)()PsKlrI free atom

and is independent of the variations in the density of
allowed states underlying Eronig's theory for solids.
In order to calculate the transition probabilities
I'~J;, Kostarev used the approximate method of
Wentzel —Eramers —Brillouin (WKB) which, interest-
ingly, Hartree et at. f4 decided to be inapplicable in
their study of GeC14 absorption curves.

The main difhculty in such a calculation arises
when the wave function describing the final state of
the ejected electron in the solid is sought. Kostarev
assumed a potential distribution based on the well-

known Wigner-Seitz model and derived an ex-

pression analogous to (6) for polycrystalline copper

6.259
k (k' + 3.222k 2.523)

0.213k
X sin 9.16k + 25(k) —arctan ks

Ssse

(9)

in which k is the wave vector and b(k) is the phase
of the scattered wave calculated by the WEB ap-
proximation. The numerical coefficients in (9) were
calculated by assuming spherical symmetry about
the absorbing atom (the surrounding atoms are
considered to lie in concentric shells about the
absorbing atom) and considering only its twelve
nearest-neighbor atoms, i.e., only the first shell.

ir C. H. Shaw, Phys. Rev. 70, 648 (1946).
fs S. T. Stephenson, Phys. Rev; 71, 84 (1947).
fs H. Glaser, Phys. Rev. 82, 616 (1951).
so E. M. Corson, Phys. Rev. 70, 645 (1946).
4' A. I. Kostarev, Zh. Eksperim. i Teor. Fiz. 11, 60 (1941).

Although Kostarev admitted that the contributions
of atoms lying in concentric shells outside the Grst
coordination sphere may contribute to x(E) terms as
large as 70% of the first term, he ignored them on the
grounds that their contribution is too difficult to
assess quantitatively and the predicitions of (9)
appeared to agree sufficiently well with experiment
not to require further refinements. In fact, Kostarev
did not attempt to apply (9) to explain the actual
shape of an absorption curve, but instead calculated
the values of k at which minima and maxima in the
absorption curve should occur. This is clearly the
case (in polycrystalline Cu) when the argument of
the sine in (9) equals —,

' (2n —l)fr where n is any
integer. Using the values of A; thus determined for
n ) 8 (this limit being imposed by the approxima-
tions used), he then calculated the energies separating
the expected absorption maxima and minima in Cu
according to

k'k'/2~ —
~
V.

~
+ a, (10)

ss D. Coster and J. Veldkamps Z. Physik 74, 191 (1982).
ss W. Beeman and H. Friedman, Phys. Rev. 56, 892 (1989).
s4 A. I. Kostarev, Zh. Eksperim. i Teor. Fiz. 19, 418 (1949).

where U, is the average potential in the crystal and
A is the electron work function. Finally, Kostarev
compared his theoretically predicted energy separa-
tions to the experimental values for Cu obtained by
Coster and Veldkamp" and ignored the more recent
and different values reported by Beeman and Fried-
man" on the grounds that they were less reliable.
Kostarev's calculations agree with this data within
a few percent whereas Eronig's values difFer by as
much as 10%.

In a later reexamination of his theory, "Kostarev
used a simplified version of (9)

00 00 -1

r(s) = it + —Qs; o(r) sio2()sr + s()s)]rfr
i=1 0

(11)
where r is the radial distance from the absorbing
atom; k is the wave vector, and 8(k) the phase of the
ejected electron wave; z; is the number of atoms in
the ith spherical shell about the absorbing atom and

u;(r) is the potential energy of the electron in the
field of an atom in the ith shell, averaged over all
values of r. He calculated the phases with the aid
of the WEB approximation as before, and used
(presumably) a Hartree self-consistent field calcula-
tion to determine the values of u, (r) for each shell.
Then Kostarev calculated and tabulated separately
the energy positions of the maxima and minima pre-
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dieted by (11) for all odd i layers surrounding a
copper atom. (The contributions of even layers were
considered to be smaller than experimental errors. )
It turns out that each coordination shell predicts
maxima and minima at somewhat different energy
values but these can be combined into groups agree-
ing fairly well with an experimental curve shown in
Kostarev's paper. Moreover, the possible occurrence
of maxima and minima (for different shells) at nearly
the same energy value serves to indicate the approxi-
mate magnitudes of each. It should be noted that
Eostarev associated minima labeled P and y in his
curve each with only one predicted minimum.
Several other predicted minima and maxima lie
near these values but are not used. They may, how-

ever, account for a barely visible ultrafine structure
in his curve.

IV. HAYASI THEORY

In his original theory" Kronig suggested that the
monotonic absorption curve of a free atom is inter-
rupted by maxima and minima due to transitions to
allowed and forbidden states, respectively, in a solid.
A different interpretation was offered by Hayasi who
suggested that the maxima are superimposed on the
free-atom curve, that is, that they are additive. In
his first paper, "he a,rgued that the ejected electron
is reHected backward (8 = 90') by certain crystallo-
graphic planes which prevent it from moving very
far from the absorbing atom. The conditions for
such a reflection can be analyzed with the aid of the
reciprocal-lattice concept and show that, for a
transition to a state having p-type (twofold) sym-
metry, a standing-wave pattern is set up in the
vicinity of the absorbing atom by total reHection
from such planes in a perfect crystal. Hayasi called
these quasistationary states and suggested that the
amplitudes of the reQected waves are directly propor-
tional to some power of the number s of atoms
coordinating the absorbing atom and lying in the
reAecting planes, and inversely proportional to some
power of the distance r to these atoms. Finally, from
the Bragg reHection law nX = 2d, he concluded that
such rejections will occur for electrons having ener-
gies (in eV) given by

Irl his second paper7" Hayasi extended this theory
in an attempt to reproduce the exact shape of actual
absorption curves, on the assumption that the
breadth of an absorption maximum is due to a natural
breadth, equal to twice the corresponding Fourier
coe%cient of the crystal potential (matrix element
of the transition) plus a broadening due to the ther-
mal motion of the atoms which he calculated using
Einstein's specific-heat theory. By fitting a (presuma-
bly) Gaussian curve to the breadth thus determined
and fixing its height by making it proportional to s,
Hayasi attempted to reconstruct the observed ab-
sorption curves of copper and nickel. Immediately
adjacent to the "main" edge, the calculated maxima
are broader than the observed ones. Beginning with
the third maximum the breadths of the observed
and calculated maxima appear to be commensurate,
however, the energy positions predicted by (12) for
some of the calculated maxima do not coincide with
the observed ones. If these maxima a,re shifted by
arbitrarily small amounts, a fairly good agreement
is-.achieved. Since these shifts and the heights of
individual Inaxima cannot be justified rigorously,
Hayasi contented himself by pointing out the agree-
ment between the observed and calculated breadths.

In general, the agreement between Hayasi's pre-
dictions and experimental curves for Cu and Ni,
although not exact, is as good as that of the other
theories. Similarly to Kronig, Hayasi assumed that
the transition probabilities vary monotonically with
energy and, therefore, need not be evaluated in
detail. In comparing his theory to that of Kronig, it
should be noted that Kronig claimed that his relation
(3) predicted the midway point between a maximum
and minimum, whereas Hayasi's identical relation
(12) predicts the energies of the quasistationary
states (lying in the forbidden-energy regions) and,
hence, the 'positions of absorption maxima. A direct
comparison of these two theories is rather difficult at
present because it is not possible to establish the
correct location of the "main" edge with sufhcient
precision. In a third paper, " Hayasi reconstructed
the simpler absorption curve of lithium quite accu-
rately. A similar comparison in aluminum has been
carried out by Johnston and Tomboulian" and by

(7i'+ k' + l')

4a
(12)

Fujimoto" who both found a good agreement to
exist. It is particularly noteworthy that the agree-
ment is fairly good for the maxima located close to

where h, j'c, l are the Miller indices of the reHecting
planes and a (in angstroms) is the length of the unit-
cell edge in a cubic crystal.

» T. Hayasi, Sci. Repts. Tohoku Univ. 33, 128 (1949).

ss T. Hayasi, Sci. Repts. Tohoku Univ. 33, 183 (1949).
s~ T. Hayasi, Sci. Repts. Tohoku Univ. 34, 185 (1950).
~8 R. W. Johnston and D. H. Tomboulian7 Phys. Rev. 94,

1585 (1954).
ss H. Fujimoto, Sci. Repts. Tohoku Univ. 39, 189 (1956).
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the main edge, a region where Kronig believed his
theory to be invalid.

More recently, Hayasi" has elaborated the theo-
retical basis of his quasistationary states and showed
that they are simply the consequence of a triply
periodic potential containing a "hole."Although his
actual calculations are based on a one-dimensional
model, they can be generalized to three dimensions
in the usual way. The significance of the one-dimen-
sional calculation is that it predicts the appearance
of a set of discrete states (the so-called qua, sistation-
ary states) one lying in each of the forbidden-energy
bands of a perfect crystal. The energy levels of these
states are predicted by (12). On this basis, Hayasi
suggested that the absorption spectrum consists of
two parts: a continuous absorption curve due to the
transitions to the allowed energy states in a perfect
crystal and absorption maxima produced by transi«
tions to the quasistationary states. He then applied
this theory to the L», »I spectra of aluminum with
fair success and extended this discussion in a subse-
quent paper" in which the refiecting planes (hkl) in
(12) were selected on the basis of their reflecting
power (akin to electron diffraction), but without
taking into account the actual transition probabili-
ties.

V. SAWADA THEORY

In analyzing the original Kronig theory, Shiraiwa,
Ishimura, and Sawada" decided that its chief limita-
tion was the failure to take into account the transition
probabilities for the ejected electron. Assuming that
the density of states varies ~ E*', they concluded
that the absorption coeKcient

x(E) " E'P(E), (13)
where P(E) is the transition probability. Shiraiwa
et al. further assumed that the ejected electron under-
goes elastic and inelastic scattering by the other
atoms and that the scattering cross sections 0- are
additive. This means that the amplitude of the
electron wave is attenuated by exp [——,

' (c., + o;„.&)

pr], where p is the density of atoms and r the distance
traveled from the absorbing atom. A simple-minded
calculation then shows that the ejected electron
travels only several lattice spacings before the
amplitude becomes nearly zero. This is another way
of saying that the lifetime of the ejected electron is
severely limited by scattering processes.

ss T. Hayasi, Sci. Repts. Tohoku Univ. 44, 87 (1960).
» T. Hayasi and T. Sagawa, Sci. Repts. Tohoku Univ. 44,

126 (1960).
32 T. Shiraiwa, T. Ishimura, and M. Sawada, J. Phys. Sac.

Japan 13, 847 (1958).

Having thus concluded that only the nearest
neighbor atoms can inhuence the absorption process,
Shiraiwa et at. developed a method based on that of
Kronig" and Petersen, " but modified by including
the amplitude attenuation due to scattering. The
time-dependent Schrodinger equation was used to
determine the electron's wave function and a wave
packet was formed in the vicinity of the absorbing
atom by combining this wave with waves scattered
by the neighboring atoms. This wave packet com-
plied with the Pauli uncertainty principle, spreading
out with time, and the potential field existing within
the wave packet was used in the Schrodinger equation
calculation. In a second paper, "Shiraiwa used tabu-
lated Hartree self-consistent-field values to determine
the field of the scattering atoms, required in calcu-
lating the phases of the scattered waves. The transi-
tion probabilities were then calculated by an expres-
sion similar to that of Petersen" (modified to include
the amplitude attenua, tion) by summing over the
nearest neighbors of the absorbing atom. The contri-
bution of each set of equidistant neighbors was
assumed to be proportional to %', where s and r
represent the number and radial distance of equi-
distant neighboring atoms. The absorption curve
finally was constructed by multiplying the transition
probabilities by the density of states which Shiraiwa
assumed to be proportional to k[=2z(E/150) 1].

In his first paper, "Sawada compared the calcu-
lated absorption curves to those measured for Cu,
Xi, and Fe in his laboratory. In the second paper, "
similar comparisons were made for curves of Cu and
of Ti in the metal and in two polymorphic modifica-
tions of Ti02. In both papers, absorption curves were
calculated for several values of (o;& + a; i). Their
agreement with the observed absorption curves of
the metals, particularly in the second paper is good,
whereas that for both modifications of TiOs is not as
good.

VI. OTHER THEORIES

The recently published "Theory of the Fine Struc-
ture of Absorption Spectra" by Kozlenkov" is not
so much a new theory as a recapitulation of the
theoretical treatments of Petersen, "Kostarev, "and
Shiraiwa et cl."In his discussions, however, Kozlen-
kov brings out several interesting features of this
approach. As also noted by others, it is possible to
distinguish these theories from the early Kronig
theory" by realizing that the Kronig theory (also
Hayasi") is based on the existence of long-range

ss T. Shiraiwa, J. Phys. Soc. Japan 15, 240 (1960).
'4 A. I. Eozlenkov, Izv. Akad. Nauk SSSR 25, 967 (1961).
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order (lro) in a crystal whereas the other theories
consider only the nearest-neighbor atoms, i.e., the
short-range order (sro). This makes the sro theories
more general in that they should apply equally well
to small molecules or infinitely large ones (e.g., a
crystal) whereas lro exists only in crystals. [It is
correct that the two kinds of theories utilize the con-
cept of lro or sro in their formulation but their
validity cannot be ascertained by qualitative analyses
based on this consideration alone. The reverse is
also true, i.e., it is not possible to cite the appearance
of the observed structure as supporting evidence for
either kind of theory. This is discussed further in the
next section because such qualitative tests have been
suggested by several authors. ] Since the basic formu-
las of all the sro theories are the same, they diBer
mainly in how the potentials of the scattering atoms
are calculated and the formalism used in determining
the phases of the scattered waves. Kozlenkov demon-
strated that the assumption of a simple square-well
potential for an atom permits the calculation of the
phases with an accuracy not worse than that ob-
tained in more rigorous calculations. The various
relations for calculating the absorption curves x(k)
proposed by others "'4"are essentially equivalent to

)t(/g) cc —g —,' sin (2kr; + 28), (14)

where the subscript i denotes the atoms in the ith
shell about the absorbing atom and the other symbols
have their previously defined meanings. Using this
relation and phases determined by noting the mean
values of tabulated phases, " or by extrapolation
from these values, Kozlenkov calculated the absorp-
tion-edge structures for Ti, Zn, I'e, Al, and Cu and
compared them to plots of experimental absorption
curves. The agreement appears to be of the same
order as that observed in the other theories.

One of the main experimental observations sup-
porting Kronig's (and Hay. asi's) lro theory in metals
has been the fact that the energy values at which
the maxima and minima occur in cubic crystals hav-
ing the same lattice type are inversely proportional
to a'. Eozlenkov showed that this result also can be
derived from the approximate equation (14) and
suggested, therefore, that it is not really supporting
evidence for Kronig's theory. In addition, Shmidt"
showed how (14) can be used also to explain the
temperature dependence of the fine structure in
terms of the Debye theory. Although other explana-

N N. F. Mott and H. 8. W. Massey, Theory of Atomic Col
visions (Clarendon Press, Oxford, 1933).

ss V. V. 8hmidt, Izv. Akad. Nauk 888R 25, 977 (1961).

tions of the absorption-edge 6ne structure also have
been proposed (cf. discussions in Refs. 1—6) they have
dealt primarily with the Kossels structure occurring
within 20—30 eV from the "main" edge. For example,
Borovskii and Shmidt" have suggested that the
ejected electrons can interact with conduction
electrons in a metal by generating plasma oscillations.
This mechanism of energy absorption is not likely
to explain the absorption of higher energy electrons
but the possibility of some energy losses due to
plasma oscillations cannot be ruled out, even though
it has not been considered in any of the theories
discussed above.

VII. COMPARISONS %'ITH

EXPERIMENTAL OBSERVATIONS

Before attempting a quantitative evaluation of the
relative successes with which the various theories
can explain experimentally observed fine structures,
it is natural to inquire whether qualitative considera-
tions can be used to determine which theoretical ap-
proach is more valid. Kostarev21 suggested that hcp
and fcc cobalt could serve to distinguish between the
validity of the lro and sro theories because the nearest
neighbors are the same in both closest packings
whereas the lattice types are different. Sawada et a(.38

used the similarity of the absorption-edge fine struc-
tures of these two modifications of Co as proof of the
validity of his sro theory. Unfortunately this proof is
not very convincing. As first observed by Hull, "the
interplanar spacings of the strongly reflecting planes
are the same for both modifications so that the main
discontinuities (Brillouin-zone boundaries) should
occur at the same energy values. An apparently more
promising comparison should be possible between
two polymorphs having pronounced structural differ-
ences while retaining the same nearest-neighbor con-
figurations, for example, the two modifications of
Ti02, anatase and rutile. The E absorption curves
of Ti for both modifications were recorded by Shi-
raiwa" and show two similar maxima near the edge
but somewhat dissimilar structures at higher energies.
Qualitatively this supports the principles underlying
the lro theory since the short-range order is only
modi6ed for the more distant neighbors. The absorp-
tinn curves calculated for both modifications by
Shiraiwa using the sro theory show about the same
order of similarity with each other as they do with

37 I. B.Borovskii and V. V. Shmidt, Izv. Akad. Nauk SSSR
24, 428 (1960).

M. Sawada, K. Tsutsumi, T. Shiraiwa, T. Ishimura, and
M. Obashi, Ann. Rep. Sci. Works, Fac. Sci., Osaka Univ. 6, 1
(1959).

ss A. W. Hull, Phys. Rev. 17, 571 (1921).
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the experimental curves. This doesn't "prove" that
the sro theories are less valid than the lro theories,
but merely points out the difhculties in making quali-
tative comparisons that have been suggested by
several authors as being decisive. Nevertheless,
several other investigators have expressed their belief
that nearest neighbors rather than lro have a pre-
dominant influence on absorption-edge fine structure,
cf. Coster and Kiesta, "a viewpoint supported pri-
marily by the presumably short mean free path of
the ejected electron.

Obashi recorded the fine structures of the K absorp-
tion edges of iron and cobalt in the same Fe—Co alloy"
and of nickel and cobalt in the same Ni—Co alloy. 4'He

claimed that the similarity of the extended structure
for both atoms in the same alloy supports the sro
viewpoint because the nearest neighbor configura-
tions and separations are the same. Conversely,
Coster and Smoluchowski4' concluded from their
examination of several Cu —Zn alloys that the similari-
ties in the extended fine structures of the K absorp-
tion edges of Cu and Zn support the Kronig lro
theory. Since both sro and lro are the same in these
alloys, it is hardly possible to draw final conclusions
when the fine structures of both elements are the
same. Research currently in progress in this author' s
laboratory on Cr—Ni solid solutions indicates that
the extended structure of Cr and Ni are different
even though both atoms presumably have similar
environments in the same crystal structure. Borov-
skii and Ronami4' compared the structures of the K
edge of copper and the I edge of platinum in a 50—50
alloy CuPt at 20'C and 500'C. The authors found
that the height of the fine structure of the Pt I edge
was decreased at 500'C far more than that of the
Cu K edge and cite this as proof supporting Eosta-
rev's sro theory's predictions of temperature de-
pendence. 4' (For an alternate discussion of tempera-
ture dependence see Hayasi. ") What the authors
overlooked, however, is that the room-temperature
structures of both edges are different in that the
absorption maxima are more widely spaced in the
extended structure of the platinum I edge. Finally,
Stephenson" examined a number of binary ionic
compounds and found that the absorption-edge
structures for the pairs of elements comprising each

4s D. Coster and C. Eiesta, Physica 14, 175 (1948).
M. Obashi, Sci. Repts. N. Coll. Osaka Univ. 6, 55 (1957).

42 M. Obashi, Sci. Repts. N. Coll. Osaka Univ. 6, 65 (1957).
43 D. Coster and R. Smoluchowski, Physica 2, 1 (1935).
44 I. B.Borovskii and O. N. Ronami, Izv. Akad. Nauk SSSR

25, 999 (1961).
4s A. I. Kostarev, Zh. Eksperim i Teor. Fis. 21, 917 (1951);

22, 628 (1952).
4s S. T. Stephenson, Phys. Rev. SS, 878 (1940).

salt di8ered out to 150 eV, i.e., the limit of his
measurements. These observations certainly dispute
the claim that lro determines the characteristics of
the extended fine structure although it is not obvious
just how they can be explained by the sro theories
proposed so far, since the immediate coordinations
of both absorbing atoms are similar.

Other experiments also have been proposed.
Stephenson" suggested that the absorption of polar-
ized x rays should show a dependence on crystal
orientation if Eronig's theory is valid. The results
of several experimental studies" " using partially
polarized x rays showed that some variations did
occur but not of sufFicient magnitude to permit
definite conclusions. Recently, Boster and Edwards"
passed 82.4% polarized x rays through a copper foil
whose plane was parallel to (100) and compared the
extended fine structures (measured to 350 eV) for
four different angular positions of the foil relative to
the plane of polarization. Although differences as
large as 5% in the positions of peaks lying more than
230 eV from the "main" edge were observed, it is
not possible to assign a real meaning to these
observations because the experimental errors in
locating these positions are as large as 2% and no
significant changes in the peak heights were detected.
Similarly, Dr. H. Fujimoto examined three single-
crystal foils of copper in our laboratory using 70%
polarized x rays. Although the crystal foils were,
respectively, parallel to (100), (110), and (ill), no
significant differences were observed in the fine
structure. It is planned to repeat these measurements
in the near future using 100% polarized x rays,
primarily to establish what the directional depend-
ence is, if any.

In view of the foregoing, it is clear that the only
kind of meaningful comparison that can be made
between the various theories is to compare the agree-
ment between the predicted and observed positions
of the maxima in an absorption curve. The fine
structure of the K absorption edge of Cu has been
chosen for this purpose. The experimental curve used
is that determined by Krogstad, " Fig. 2, which is
one of the most accurately measured absorption

47 S. T. Stephenson, Phys. Rev. 44, 849 (1933).
48R. Krogstad, W. Nelson, and S. T. Stephenson, Phys.

Rev. 92, 1394 (1954).
4~ W. F. Nelson, Ph. D. thesis, Washington State College,

1956 (unpublished).
50 J. M. Kl-Hassaini and S. T. Stephenson, Phys. Rev. 109,

51 (1958).
5i J. N. Singh, Phys. Rev. 123, 1724 (1961).
52 T. A. Boster and J. E. Edwards, J. Chem. Phys. 36, 3031

(1962).
» R. S. Erogstad, Ph. D. thesis, Washington State College,

1955 (unpublished).
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curves available. It has not been corrected for all the
factors suggested by Parratt'; however, such cor-
rections affect primarily the structure close to the
"main" edge and are not of much significance to the
present comparisons since the above theories pre-
sumably are not valid in this region anyway. Copper

Ae G 0 E F G H I J K L

Z,'

IOO l50 206
ENERGY (VOLTS)

300

FIG. 2. K edge of copper measured by Erogstad (Ref. 52)
using a two-crystal spectrometer.

is also convenient to use because it is one of the test
cases employed by each innovator and their own
calculated values can be utilized in making the com-
parison. Because of the uncertainty in locating the
reference zero of energy (position of "main" edge and
true value of inner potential in copper), each calcu-
lated set of peak positions has been "norma, lized" by
lining up the strong peak occurring at 103 eV in the
experimental curve. The actual "shift" in the calcu-
lated values is noted for each theory below.

In making a comparison to Kronig's theory, it is
necessary to use a somewhat different procedure since
Eronig described how the positions of inflection
points and not peaks can be determined. Thus, the
discontinuities in Eronig's plot shown in Fig. 1(a)
were grouped in conformity with the observed
structure and their average E determined. The ener-
gies at the maxima and minima in Krogstad's curve
shown in Fig. 2 were similarly used to determine their
median separation. The comparison between the
observed and calculated values is given in Table I.
Note that this comparison differs slightly from the
one made by Krogstad" who assumed that Kronig's
theory predicted the positions of the minima.

The experimental values listed in Table I are the
actual values measured from Krogstad's curve (from
his Table 2) to which 11 eV has been added, since
this represents the best available value for the
energy separating the Fermi level from the inner
potential level. As can be seen, the agreement is fair;
the largest deviations are less than 10%.

The positions of the maxima and minima in
Krogstad's curve [after adding 11 eV] are compared
to the values predicted by the other theories in
Table II. Hayasi's and Kostarev's values were read
from tables in their papers and have been increased
by ll eV and 19 eV, respectively. Sawada's and
Kozlenkov's values were read off a plotted curve
and are subject to reading errors of ~3 eV because
of the small scale used in their publications. Two
things of interest to the present discussion stand out
from this comparison: (1) The agreement between
observed and calculated values appears to be excel-
lent for some of the maxima predicted by all four
authors, but not for all maxima; (2) The approximate
equation used by Kozlenkov agrees as well, if not
better, than the more exact calculations of the others.

VIII. DISCUSSION

To date, essentially three distinct mechanisms
have been proposed to explain the extended Cine

structure occurring on the high energy side of an
x ray absorption edge:

(I) The original lro theory of Kronig. ""
(II) The lro Hayasi theory"" involving transi-

tions to quasistationary states.
(III) The sro theory originally formulated by
ronig" and modiCied by others""" """
Theories (I) and (II) do not provide a "formula"

predicting the exact shape of the experimental ab-
sorption curve. Instead, theoretical arguments are
used to justify the prediction that anomalies should
occur in the absorption curve for energies proportional
to (V + A.

" + t')/a', provided that the energies are
measured with respect to the average inner potential
in the crystal, i.e., from the "main" absorption edge.
Kronig predicted that these energies should corre-
spond to discontinuities in the allowed energy values
that an electron can have in a crystal, whereas
Hayasi predicted that these are the energies of maxi-

Tash, F. I. Comparison of Kronig theory with experimental curve for Cu.

J —a K —) L —p

Experiment 28
Theory

38 62
69

83
78

110
103

128
122

146
149

167
166

181
196

206
208

219
218

252
'241
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mum overlap between the ejected electron's wave
and waves scattered by neighboring atoms back
toward the absorbing atom. The discontinuities pre-
dicted by Kronig are fundamental to the band theory
of soljds. In metals, however, the allowed bands are
believed to overlap so that one would not expect
necessarily to observe absorption maxima and
minima extending for hundreds eV in metals, despite
the fact that the presence of such discontinuities does
contribute to electron scattering.

TxsLK II. Comparison of experimental and theoretical values
of the absorption maxima and minima of copper (energy in eV).

Peak Experiment Hayasi Eostarev Sawadaa Eozlenkov

B
p
C

D

p

6
II
8
I
J
K

K
X
L

M

26.2
80.00
84.8
41.7
56.5
67.0
77.6
82.9

108.0
117.8
122.0
184.7
148.2
148.5
168.8
170.7
176.0
187.6
208.5
208.8
218.0
222. 5
285. 2
269.0
282.8

84

57

80

108

115

126

172

219

287

24
29
84
44
52
60
80
91

108
120
125c
184'

1500
161'
169c
182'
192

210
228
241
274'
808

10
28
89
51
68
67
77
89

108
111
121
182
147
152
165
178

211
222
281
254
286

21
25
81
41
52
64
75
88

108
117
122
186
149
158
168
182

209
209
217
225
242
264
298

a These values were read ofT a curve computed for the weighted scatter-
ing factor equal to 0.138 '.

b These values were read oA' a curve computed for seven-nearest-neighbor
spheres.

c Values based on one or two predicted values only.

By comparison, the model underlying Hayasi's
theory appears to be physically more reasonable.
For example, he recognizes the fact that simple
transitions to allowed energy bands in metals should

not lead to a specific structure but to a monatonic
absorption curve. The fact that his theory predicts
the absorption maxima positions at slightly larger
energy values than those predicted by Kronig is of
little practical significance because neither the true
inner potentials in crystals nor the exact energy
value of the "main" absorption edge can be deter-
mined with sufFicient accuracy. In fact, Kozlenkov"
has suggested that the relative positioning of the
predicted and observed maxima should be adjusted
by trial and error, preferably in the 100—150 eV range.
This proposal is not as arbitrary as it sounds in view

of the above mentioned difhculties and also has been
used by others. "'"The present limitations of Hayasi's
theory are that it does not appear to predict correctly
the entire absorption curve, including both the
position and the breadths of all absorption maxima,
and it does not predict the heights of the maxima.
Also, in its present form it is limited to perfect crys-
tals and does not include calculations of actual transi-
tion probabilities to the quasistationary states.

Although the sro theories (III) attempt to calcu-
late a continuous absorption curve, the predicted
shapes do not agree with experimental curves as well
as do the predicted positions of the maxima and
minima. There are several possible reasons for this
lack of fit, for example, the various approximations
used in determining the phases of scattered waves
may not be sufficiently accurate, the methods used
for averaging the potential field acting on the ejected
electron may be inappropriate, etc. Of even greater
significance is the fact that the possible contributions
to absorption of multiple-vacancy states and energy
losses by plasma oscillations are not considered, even
though it is not certain how large an effect these
processes have at energies lying more than a few
tens eV from the edge.

There is one recent observation that strongly sup-
ports the sro approach. Nelson, Siegel, and wagner'4
measured the extended fine structure of the ger-
manium K edge in amorphous Ge02 out to 350 eV
and compared it to that of two crystalline poly-
morphs. They found that the extended structures of
amorphous and hexagonal Ge02 were very similar but
differed notably from that of tetragonal germanium
dioxide. Since it is not likely that an extensive long-
range periodicity exists in Ge02 glasses, it is necessary
to conclude that the fine structure is most st,rongly
influenced by the arrangement of neighboring atoms
about germanium. The immediate coordination of
Ge, however, is the same in both crystalline poly-
morphs also so that, unlike the beliefs expressed by
Kostarev and later proponents of the sro theories,
it is necessary to consider the inHuence of next-
nearest, and further neighbors as well.

It is not possible to draw any really definite con-
clusions from the above analyses except that the
theories proposed so far do not appear to explain the
observed fine structures in full detail. Although the
matching procedure used in making the comparison
in Table II is not necessarily the best possible, it is
evident from the randomness of the observed differ-

54 W. F. Nelson, I. Siegel, and R. W. Wagner, Phys. Rev.
12'7, 2026 (1962).
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ences that any other comparison procedure would
not alter the preceding statement. By way of sug-

gesting future lines of attack, it is worth pointing
out the similarity between Kozlenkov's relation (14)
and a very similar expression underlying the intensity
of z-ray scattering by disordered alloys. It can be
shown that when short-range order only is present,
the intensity

sin kr;
T$

where a; is a coeKcient dependent on the scattering

power and number of atoms in the ith shell about a
central atom and k = (2n/X) 2 sin tt. The close rela-
tion between absorption and diffraction has already
been pointed out above and suggests that a considera-
tion of the ejected electron's diGraction by the atomic
arrays may lead to a more convenient formulation
of the absorption process. If successful, such an
approach also would have the advantage of making
absorption-edge studies amenable to the investigation
of the structure of solids. A more rigorous theory,
however, doubtlessly also will require more exact
experimental measurements than are generally avail-
able at the present time.
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I. INTRODUCTION

&HE proper understanding of the process of
.. thermal conduction in monatomic gases is not

only important in itself but is also basic for the more
complicated case of polyatomic gases. The investi-
gations during the last five years have thrown con-
siderable light on this problem. In this paper we
discuss all the experimental and theoretical work
with a view to get an over-all assessment.

Three different groups of workers have reported
the experimental thermal conductivity data of binary
and ternary mixtures of inert gases. These are:
(a) Saxena (1956, 1957) and Srivastava and Saxena
(1957a, 1957b), who determined the thermal con-
ductivity of six binary gas systems and of two
ternary gas systems at 38'C as a function of com-
position; (b) von Ubisch (1959), who measured the
thermal conductivity of all the ten possible binary
systems of the five stable inert gases, and of the
ternary system He—Er—Xe for different proportions
of the constituents at 29' and 520'C; and (c) Thorn-
ton (1960, 1961) who reported on the thermal con-
ductivity of seven binary gas pairs at 18'C and again
as a function of composition.

The rigorous treatment of the phenomenon of
thermal conduction in gases was given by Enskog

Ll 1

~ 011X L.l

where

Ll n xl

L..x.
x 0

Ll 1
' ' Ll n

Lnl ' ' ' Lnn

4x'; 16T
[X,]& 25p

x;xp[i25 M; + 2s Mp + 4MIMgA;g]

(M; + Mp)'D;p

16T*'*3I M (10 —4

(3I;+ M, ) D;;

(2)

(1911) and Chapman (1917) and is adequately de-
scribed by Chapman and Cowling (1952), and
Hirschfelder, Curtiss, and Bird (1954). Recently
Muckenfuss and Curtiss (1958) have derived an
equation for the complete second approximation to
the thermal conductivity of multicomponent gas
mixtures. Mason (1958) gave a somewhat simpler
expression and Mason and 8axena (1959) have
investigated the relative accuracies of both these
formulations. Muckenfuss' and Curtiss' (1958)
formula for the thermal conductivity of an n-com-
ponent mixture can be written after the modification
suggested by Mason and Saxena (1959) in the follow-
ing form:


