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I. INTRODUCTION AND SUMMARY

NE of the contributions of Professor E. P.

Wigner to the development of modern physics
was the determination of the coefficients' associated
with the Clebsch-Gordan series for the unitary
unimodular group in two dimensions (SU.). Because
of the homomorphism of the SU. group onto the
rotation group, these Wigner coefficients have been
of particular importance in atomic and nuclear
spectroscopy.

In this paper we determine a class of Wigner
coefficients for the three-dimensional unitary uni-
modular group (SUs). The representations of the
unitary group in three dimensions U; are character-
ized? by a partition [h:hshs]. The representations of
the SU; group are characterized by the differences
[hi — hs, ha — hs] of these numbers,? that is to say,
by a Young diagram of two rows. The Wigner co-
efficients that we intend to determine are those
associated with the Clebsch-Gordan development of
the Kronecker product of two irreducible representa-
tions, expressed diagrammatically in Fig. 1. This is
not the most general Kronecker product, as the
representation [h1’] has only one row. The restriction
allows, by the rules of decomposition of products of
irreducible representations,® each representation
[hihohs] to occur only once, i.e., the Kronecker
product of [hths] and [h{" ] is simply reducible.*

Fig. 1. Clebsch-
Gordan develop-

; 1 { h
h h Z ment of a classof
,' X{-—'—]: h, Kronecker prod-
h ucts of irreduc-
hhhy | s ible representations
of SUs.
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At this point the reader could well ask if the SU;
group corresponds to symmetries of any problem of
physical importance, as otherwise the present paper
would be of purely mathematical significance.

The author would like to point out three problems
of interest in physics, in which the SU; group plays
a fundamental role.

I.1 Collective Motions in Nuclei

Since the revival of the nuclear shell model by
Goeppert-Mayer and Jensen® and others, it was
quite apparent that some nuclear properties, for
example, the large quadrupole moments of some
nuclei, could not be explained by this model, at least
in its simple original form. This led Bohr and Mottel-
son® and others to propose the collective model in
which the individual particles in the shell picture
interact with the vibrations of the liquid drop. It
was shown by Elliott? that the essential features of
the collective model could be reproduced within the
shell model framework if one considered the particles
as moving in a harmonic oscillator potential and
interacting through a quadrupole-quadrupole (Q?)
force. This last problem is invariant under the SUs
group of transformations, and this invariance was
used by Bargmann and Moshinsky™® to obtain the
operators of a complete set of integrals of motion for
it, as well as the eigenvalues of these operators. There
remained the problem of the eigenfunctions and it is
precisely for their construction that the Wigner co-
efficients associated with Clebsch-Gordan develop-
ment of Fig. 1 are of use.

If we are permitted an analogy, we could think of
the nuclear shell model problem as an island we want
to occupy. To do this we must establish a beachhead,
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Fra. 2. Approaches to the
nuclear shell-model problem.

and the usual one has been the independent-particle
beachhead, i.e., an exact solution, with the necessary
symmetry, for the independent particles from which
we could proceed by perturbation or variational
methods, to the interior of the island as illustrated
in Fig. 2.

The development of this and previous™ papers
allows us to establish a collective beachhead in
which we start with an exact solution of a problem
where the @? interaction is included. With the help
of this collective wave function we could proceed to
the interior of the island, again with the help of
perturbation or variational techniques as illustrated
in Fig. 2.

1.2 Elementary Particles

In the last few years there has been a great deal
of interest in a possible symmetry of the strong inter-
actions of elementary particles associated with the
SU; group. The first efforts in this direction were
due to Ikeda et al.® and others, who assumed the
Sakata model in which the proton, neutron, and A
particles are taken as fundamental, and the others
are formed from them and their antiparticles. The
symmetry with respect to SU; then comes as a
direct extension of the symmetry with respect to
SU. associated with the isospin concept as applied
to proton and neutron. This symmetry would allow
the classification of hyperons and mesons in terms of
irreducible representations of the SU; group, from
which selection rules and reaction rates could be
obtained.

Other models with SU; symmetry have been pro-
posed by Gell-Mann, Ne’eman, etc., and even

9 M. Ikeda, S. Ogawa, and Y. Ohnuki, Progr. Theoret. Phys.
(Kyoto) 22, 715 (1959); 23, 1073 (1960)' Suppl. Progr. Theoret.
Phys (Kyoto) No. 19, 44 (1961

10 M. Gell-Mann, Phys Rev. 125 1067 (1962).

11'Y. Ne’eman, Nuclear Phys. 26, ‘922 (1961).
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general discussions of symmetries associated with
simple groups'? have been given.

In all models with SU; symmetry one needs to
construct wave functions that are a basis for ir-
reducible representations of the SUs group, in which
the SU, subgroup, associated with the good quantum
number of isospin, is explicitly reduced. The Wigner
coefficients necessary for the construction of these
wave functions are obtained in this paper and their
application to elementary particles is briefly dis-
cussed in Sec. VI.

1.3 The Fractional Parentage
Coefficients in the p Shell

The fractional parentage coefficients in a shell of
angular momentum [ are closely related to the Wig-
ner coefficients of the unitary unimodular group in
2l + 1 dimensions, when we consider the Clebsch-
Gordan development in which the representation
[A{’- - -h%l,1]) is reduced to a single block, i.e., to [1].
For I = 1, this would mean that the ngner co-
efficient associated with the development of Fig. 1
when A!’ = 1 will be connected with the fractional
parentage coefficients of the p shell. These coefficients
are well known,*® but the procedure used in this paper
to derive them could, in principle, be generalized to
other shells for which fractional parentage coefficients
are not yet available.

We shall start in Sec. II of this paper with the
derivation of the polynomial expressions which are
basis for the irreducible representation of the SUs
group in which the SU, subgroup is explicitly re-
duced (SUs D SU; chain). As in previous papers,”®
these polynomials will be given in terms of creation
operators of a three-dimensional harmonic oscillator.
The polynomials that are a basis for an irreducible
representation of SU; in which Rs is explicitly re-
duced® (SU; D Rs chain) are also discussed.

In Sec. III we define and determine the Wigner
coefficient in the SU; D SU. chain and in Sec. IV
we determine the coefficients that relate the basis
for the representation of the SU; D SU. chain with
the one for the SU; D R; chain.

In Secs. V, VI, and VII we discuss, respectively,
the applications of the Wigner coefficients to collec-
tive motions, elementary particles, and fractional
parentage coefficients.

The explicit expression for the Wigner coefficient
in the SUs D SU. chain is given in (3.25) and the

12 R. E. Behrends, J. Dreitlein, C. Fronsdal, and B. W. Lee,
Revs. Modern Phys. 34, 1 (1962).

BH. A. Jahn and H. van Wieringen, Proc. Roy. Soc.
(London) A209, 502 (1951).
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coefficient for going from the SU; D SU; chain to
the SUs D Rs chain is given in (4.13). The algebraic
expressions for these coefficients are rather compli-
cated and so a program is being developed by T. A.
Brody for their eventual tabulation. Another ap-
proach to the tabulation of the Wigner coefficients
(3.25) is being considered by H. V. McIntosh and I.
Renero who are developing a symbolic program for
an electronic computer that would evaluate directly
the scalar product (3.23) from which (3.25) was de-
rived.

II. POLYNOMIAL BASIS FOR THE
IRREDUCIBLE REPRESENTATIONS OF Us.

It is well known* that the basis for the irreducible
representations of unitary groups of a given dimen-
sion can be expressed in terms of homogeneous
polynomials in the components of vectors in a space
of the same dimension. For the basis of the represen-
tations of Us we could then take homogeneous
polynomials in the components of n three-dimen-
sional vectors. It is very convenient to think of these
vectors as creation operators”® afm,s =1,---,n as-
sociated with particles in a three-dimensional har-
monic oscillator with the components m = 1,0,1 of
the vectors'® being spherical rather than Cartesian,
so that the metric! is

(— 1)m6m)—m' ’

and the raising and lowering of indices follows the
rule

(2.1)

a+ms = (_1)ma+—ms . (2.2)

If we now consider the family of linearly independ-
ent homogeneous polynomials of a given degree in
the am,,

P(a;-!) = P(afhag—l:a;-ly' : .Ja’?—") ) (23)
it is clear that under the substitution
ah— S Ul alv,, (2.4)

where U™’ is a three-dimensional unitary matrix, the
polynomials (2.3) would be a basis for a generally
reducible representation of Us.

Before restricting the polynomials (2.3) further,
so that they constitute a basis for irreducible repre-
sentations of Us;, we shall introduce the following
definitions and notations.!® First, with the creation

14 M. Hamermesh, reference 4, Chap. X.

15 In what follows the negatlve of a number index will be
indicated with a bar above, e.g., —1 =

16 M. Moshinsky, Nuclear Phys. 31, 384 (1962).
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+ . oy . .
operators a., we shall associate annihilation operators
a™, satisfying the commutation relation

[a"am's] = Om'dss’ . (2.5)

From this commutation relation we conclude that
when applied to the polynomials (2.3) the annihila-
tion operator could be interpreted as the differential
operator

= (8/8am.) . (2.6)

From (2.5) or (2.6) we see that under the substitution
(2.4), a™, transforms as

A" Y (UEa, @.7)

where UT is the transposed conjugate of the matrix
U.

We now designate™®® by |0) the ground state for
our system of particles in the harmonic oscillator, and
with its help we can define the scalar product
(P,P") of two polynomials of the type (2.3) as

(P,P") = (0|P"P'|0), (2.8)

where P+ is obtained by replacing all a¥; by a™,, and
we use the commutation relation (2.5) to evaluate
(2.8). This definition of the scalar product will be
very convenient to discuss orthogonality relations
between polynomials, as well as to normalize them.

Once we have both o, and a™,, we can define the
following operators!S:

’

n
’
.
et = Z ana™ .,

Z ana” s

m=1

(2.9)

Co = (2.10)

From (2.5) we obtain the following commutation
relations for these operators':

(e Cu™ 1= e, onr — eumsn ) (2.11)
[C”/’O‘?Ns///] e Css,”as”a/ —_ Cs”s/Bss'”, (2'12)
[@.",Co]l = 0. (2.13)

Because of the commutation rules (2.11) we shall
refer® to @, as the operators associated with the
infinitesimal unitary transformations in three dimen-
sions. The operators C,, that annihilate one quantum
in particle s’ and create one in particle s, will be re-
ferred to as transfer operators. It is clear from (2.4)
and (2.7) that the transfer operators remain in-
variant under unitary transformations affecting the
creation and annihilation operators. When applying
functions of the operators (2.9) and (2.10) to poly-
nomials P of the type (2.3), we shall always think of
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e, ,C, as first-order partial differential operators
in the variables as.,, according to the rule (2.6).

We can now further characterize the homogeneous
polynomials P of (2.3) by making them satisfy the
equations

CowP=0,s<s;C.P =hP. (2.14)

As the C,, are invariant under Us, the polynomial
solutions of (2.14) would still be solutions after we
carry out the substitution (2.4) and so the linearly
independent polynomial solutions of (2.14) form a
basis for a representation of Us. It has been shown™?
that (2.14) implies that only the first three of the
h, are different from zero with hy > he > hs > 0, and
the sum of the &,

h = hl + hz + ha, (215)

is equal to the degree of the polynomial. The most
general solution of (2.14) then depends only on the
creation operators of three particles and to write it
we first introduce the notation®

’
s __ 4 ass 4+ o+ +, +
Am == amsyAmm' = OmsQm's” — Am'sQms’

ss’s’’ mm’m” + _+ +
AIOT =e AmsQm’s'Am’'s"”

(2.16)

where repeated indices are summed over 1, 0, and 1
and =" is a completely antisymmetric tensor,
ie., e =1, &0 = —1, etc. The solution of (2.14)
then has the form?®

A1’ AT’ Arg
(2.17)

where Z is an arbitrary polynomial in the variables
indicated, subject to the condition that after multi-
plying by the first part of (2.17) no negative powers
of the af, remain, i.e., P should be a polynomial in
the af,.

The family of linearly independent polynomials
(2.17) forms a basis for a representation of U,
characterized by the partition [hihshs]. If we restrict
ourselves to the SUs group for which det ||Uz ||
= 1, the factor (Alg})™ in (2.17) will be an invariant
under SUs, so that by eliminating it from (2.17) we
have a set of polynomials that form a basis for a
representation of SU; characterized by the partition

(2.18)

The representations of Us and SUs, whose basis
we have obtained, are not unitary representations'”
as the linearly independent polynomials (2.17) have

- - Av A Ar
P = (s atye iz ( 44 A

[Kl,Kz], K1 = by — ha, k2 = hs — hs .

17 E. P. Wigner, reference 1, p. 74.

MARCOS MOSHINSKY

not, in general, orthonormal scalar products of the
type (2.8). To obtain unitary representations, we
further characterize the polynomials in terms of
Hermitian operators built up from the €,™’, which,
because of (2.13), commute with the C,,, and so can
be applied simultaneously with (2.14). These Her-
mitian operators can be constructed in several ways
in accordance with the subgroups of U; in which we
are interested. In the elementary-particle problem
we are concerned with a two-dimensional unitary
subgroup U of Us, i.e., in the Uz D Uy, chain, while
in the collective motion problem we are interested in
the three-dimensional rotation subgroup Rs, i.e., in
the Us O R; chain. We shall discuss the two cases
separately.

II1.1 Polynomial Basis for the U; O U, Chain

Let us consider the subgroup U, of U, associated
with matrices of the form

Ui 0 Ui
0 1 0
Ui 0 Ui/ (2.19)

The operators associated with the infinitesimal
unitary transformations for this subgroup will be
e, €, 1Y, €1, and from them we could form the
Hermitian linear combinations
T, = % ((‘31T + eil>, T, =
Ts =3 (e — ef), (2:20)
K=e'+e! (2.21)

the commutation rules (2.11) we obtain

—i} (&' — ),

From

[T1,T5] = <Ts and cycl., [T;,K] = 0,7 = 1,2,3.
(2.22)

Clearly we could then use the three commuting
operators K,T’;, and

T =T;+T:+ T3, (2.23)
to characterize further the polynomial solutions of
(2.14). Instead of K we shall use an operator S
defined as

S=K—-3@E' +e"+e')=—-e"+31H,
(2.24)

where H is the operator that gives the degree k of
the polynomial, i.e.,

H=e'+e'+e'=>0C.. (225

From (2.11), and (2.12), H clearly commutes with
all e, C...
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For reasons to be discussed in Sec. VI, the opera-
tors 7T'; will be referred to as the Cartesian com-
ponents of isospin and the operator S as the reduced
strangeness. As these operators can be constructed
from linear combinations of the operators
e, — LHs7' they are associated® with the infinitesi-
mal transformations of a subgroup of the unitary uni-
modular group SU; rather than with those of a
subgroup of Us.

The polynomial solutions of (2.14) can now be
further specified by the equations '

TP = t(t + )P, TP =P, (2.26 a,b)

SP = oP. (2.26 ¢)
From the commutation rules (2.22) of the T;, we
see that 7 =1¢t — 1,---, — ¢, and 2¢ is restricted

to non-negative integer values. The operator €
when applied to polynomials of the form (2.3), will
give the degree of the ag, in this polynomial, and so
from (2.24) 3o will be an integer congruent modulo
3 with the degree h of the polynomial.

Equations (2.14) and (2.26) determine the poly-
nomial P up to an arbitrary multiplicative constant.
We shall show this first for the case 7 = ¢ for which
(2.26) is equivalent to

(T: + 4T2)P = @,'P = 0, TP = tP, SP = oP .

(2.27 a,b,c)
Equation (2.27 a) applied to (2.17) implies that
22 0f(0P/dais) = (AD™ (A" (A "™
X [0Z/8(A1/A1)] =0, (2.28)
which means that Z is independent of (Al/A!). The
most general form of (2.17) becomes then
P = (AD)"™ 22 by (A0)" 7 (A0) (A1) (A7),
,p
(2.29)

where the b;, are arbitrary constants. If we now im-
pose the conditions (2.27 b,c) on (2.29), we see that
l,p are restricted to the values

l=h—3h—3s—1t>0,
p=—h+3ih+3c—1t>0,

where as [,p are non-negative integers, 2¢{ must be
congruent modulo 2 with (34 + ¢). Defining

(2.30a)
(2.30 b)

k=h —h:—1l=—hs+3h+3s+t>0,
(2.30¢)

n=hs—hs—p=h —3h—3%c+¢t>0,
(2.30d)
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we see that the polynomial characterized by the
partition [hih:hs] and by o,t,7 = ¢, has the form

Piianeee = b(AD)" (A0)" (AY)" (AT (AlD)™ ,  (2.31)

where b is an arbitrary constant that can be given
the value (A18) of Appendix A, so as to normalize
the polynomial in the senses of (2.8).

The polynomial P for an arbitrary = can now be
written

Piinoir = [+ N[ — n)1@OY™
X (efl)t_rph,hzh,au y (2.32)

as from the commutation rules (2.11), Py qer be-
haves as a Racah tensor'® of order ¢ and projection r
with respect to the operators (2.20) of isospin and it
reduces to (2.31) when 7 = ¢.

Two polynomials Pi,i,n.0e- that differ in at least
one of the values of ot have a zero scalar product as
the operators (2.26) are Hermitian. As the constant
b in (2.31) is chosen so that the polynomials are
normalized, it is clear then that these provide a basis
for a unitary representation of Us.

The polynomial (2.32) can also be written as

th;h;atr = (Aigg)hspnxawtr(A;;Afu) ) (2-33)

where «i,k; are the differences (2.18). As Al2? is in-
variant under the SUs group, it follows that the
polynomials Px,,00¢- constitute a basis for a repre-
sentation of SUs, i.e., under the substitution (2.4)

with det ||Uz'|| = 1, the polynomials transform as
PK,K,Oo-t-r'"_) Z PK‘Kzoﬂlt,T’®:,ll‘$:,'a'l‘r(U‘:nn’) . (234)
a’t/-rl

The 9’s in (2.34) are then a unitary representa-
tion of SU; characterized by the partition [«ikz]. The
representation is irreducible, as we can prove that
the only matrix M,/ 1,6, commuting with all the
D’s is a multiple of 8,,/8.:s 8:1,, i.€., by making use of
Schur’s lemma. The proof will be omitted as it can
be derived straightforwardly by first considering a
matrix M that commutes with all ©’s corresponding
to a unitary unimodular transformation of the type
(2.19), then by further restricting the M to commute
with the ©’s associated with a transformation

exp (—ia) 0 0
0 exp (12a) 0
0 0 exp (—ia)/, (2.35)

and finally by restricting the M to commute with
the D’s associated with a three-dimensional rotation
Rs.

18 GG. Racah, Phys. Rev. 62, 438 (1942).
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The family of polynomials Pi, s -noser (AL,AZ)
for all values of o, consistent with the inequalities
(2.30), with the fact that

30 = hmod 3, (2.36a)
2= (2h+ o)mod 2, (2.36b)

and for 7 =t,---, — ¢, forms a basis for an ir-
reducible representation of SUs characterized by
[hi — hs,he — hs]. From these polynomials we are
going to derive the Wigner coefficients of the SUs
group. We shall use the fact that any polynomial
function R(C,) of the C. in which the a™, are
interpreted as the differential operators (2.6), when
applied to our family of polynomials, will transform
them into another family of polynomials which will
continue to be a basis for an irreducible representa-
tion of SU; of the type (2.34), since the C.,, are in-
variant under SUs.

I1.2 Polynomial Basis for the U; O R; Chain

The operators associated with the infinitesimal
three-dimensional rotations will be the components
of the angular momentum vector and in spherical
notation (m = 1,0,1) they are given by

’ ’
+m m
2 : z :Gmm'm”a sQ sy
’
s

T
m'm

Ln = (2.37)

where e is the completely antisymmetric tensor.
From (2.2) and (2.9) we then obtain

“(GOT + (‘310),£o = (ell — GTT) = 2T,
(€' + er). (2.38)
The Casimir operator® of the Rz group will be

=2, (=1)" .8 m, (2.39)

and we could use the Hermitian operators £2,£o to
further characterize the polynomials (2.14), i.e.,
P would satisfy

&P = A\ + 1)P, £P = uP. (2.40)

As in the previous subsection we could restrict our
discussion of the Eq. (2.40) to the case when u = A,
for which (2.40) is equivalent to

2P =0, &P = \D. (2.41)

The polynomials that are solutions of (2.14) and
(2.41) were obtained in a previous paper.**® Intro-
ducing the notation

32w (1) AL (2.42)
19 G. Racah, Group Theory and Spectroscopy [Notes of

lectures at the Institute of Advanced Study (Princeton, New
Jersey, 1951)], pp, 44, 45.

£1=
L1 =

D =
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we can write the polynomial as
Pinan = wl (A1) (A1) ()" (AL1) ™,
(2.43)
where for Ay — hs — \ even
'Y:O;E: _h2+h3+)‘y"7=h2_h3:
.(- % (hl - ha - )\) y (2.4;4&)

and ¢ is an integer restricted by the inequalities

0<2q<h2‘—ha,hz"'h3“—)\<2q<h1—h3_)\.
(2.44b)
FOI' h1 —_ ha —_ )\Odd,

’Y=1,£=—hz—'—ha"}—)\,ﬂ:hz"‘ha‘—l,

=3 —h—2—-1), (2.44c)
and
0<2¢<hs —hs—1,
hz_h3—>\<2q<h1—h3—}\—l. (244(21)

The polynomial P for an arbitrary p can now be
written as

Prnnow = [+ )72 [0 — 1@\
X (L) Prniann - (2.45)

The family of polynomials Ph, s.n. _oars (Ak,AZ)
obtained from (2.45) after removing the factor
(Ared™, will form a basis for an irreducible represen-
tation of SU; characterized by the partition [hy — hs,
h: — hs] but with the rows of the representation
being labeled by gAu instead of the ot 7 of the previous
subsection. In Sec. IV we shall obtain the coefficients
relating the basis (2.45) to the basis (2.32), which we
need for the explicit construction of the wave func-
tions associated with the collective motions.

The polynomials (2.45) form a basis for a non-
unitary irreducible representation as the index ¢ is
not associated with any Hermitian operator. In
reference 8 we showed, however, that it was possible
to use a Hermitian operator @, which was essentially
the quadrupole moment of the particles, to determine
up to an arbitrary constant the solution of (2.14) and
(2.41). If the polynomials P are then subject to the
additional condition

QP = wP, (2.46)

they would form a basis for a unitary representation
of SU;s whose rows would be wAu. In reference 8 we
gave the explicit procedure for determining the
coefficients ¥ in the development

Ph,hgh,w)\u = Eq a‘;Phxhzhaq)\M ’ (2-47)
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and so we could also connect the unitary representa-
tions whose rows are wiu with those whose rows are
alr.

III. DETERMINATION OF THE WIGNER
COEFFICIENTS OF THE SU:; GROUP
FOR THE SU; D SU; CHAIN

In subsection II.1 we obtained the polynomials
in the creation operators a¥, that are a basis for the
irreducible representations of SU; in the SU; D SU;
chain. We shall now consider the product of two
polynomials of this type, one associated with the
partition [hihs] and the other with the partition
[r{’] and develop this product in terms of polynomials
agssociated with the partitions [hihehs] according to
the rules of decomposition of products of irreducible
representations.? The coefficients in this development
are the class of Wigner coefficients for SU; mentioned
in the introduction.

The polynomials for the partition [Aihs] will be
denoted as

Phl’h/o,y':’r'(A:n,Afn) y (3.1)
and they have the form (2.32) with hihi0s’t' 7" re-
placing hihshsotr. For the polynomial associated
with the partition [h{’], we can again use (2.32)
denoting the particle by index s = 3 to distinguish
it from the indices 1,2 appearing in (3.1), and so the
normalized polynomials becomes

P00 (A0) = [t 4 7)) — 2¢)!
X (" — T//)!]—1/2 (A::)t"w"

X (Ag)hl”—zt”(A%) t”—.'r” . (32)

For the partition [h{’] the eigenvalue ¢’ is not
independent of hi’,t”, as applying the operator S of
(2.24) to (3.2) we obtain
o =2@" — L hl). (3.3)
If we now consider the set of products of the poly-
nomials (3.1), (3.2), we see that they provide a basis
for a generally reducible representation of SUs. We
want to develop these products in terms of poly-
nomials that would be basis for irreducible repre-
sentations of SUs. To do this we first notice that in
the SU; D SU, chain the rows of the irreducible
representations are characterized by the indices
ot associated with the Hermitian operators S, T2 T's.
It is convenient therefore to choose linear combina-
tions of the products of (3.1) and (3.2) that are
eigenpolynomials of these operators. These linear
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combinations will have the form
T bty (A, A%, A%) = 3 (H1'r'r"|tr)
X Ph,'h;’Oa"t"r'(AinyAfn)Phxl,OUU/,t’/fu(Ain) ’
(3.4)

where (|) is a Wigner coefficient for the SU, group.
Clearly the I’s are eigenpolynomials of T2 /7T with
eigenvalues ¢(t + 1), 7, respectively, and of S with
eigenvalue ¢ = ¢’ 4+ ¢, as S is an additive operator.
The index ¢’ is suppressed in II, as from (3.3) it is
not independent of the others.

In what follows we shall deal only with the de-
velopment of the II’s, since the products of the
polynomials on the right-hand side of (3.4) could be
expressed in terms of the II’s by making use of the
orthogonality properties of the Wigner coefficients
of the SU, group.

From the Eqgs. (2.14), satisfied by the polynomial
(3.1), and from (3.2) we have*

Cull = W ,Coell = hall ,C1.IT = 0 (3.5a,b,¢)
Cssll = RYIT. (3.5d)
The operators C.(s = 1,2,3) in (3.5) are Hermitian,
but Ci. is not, as from (2.10) CF; = Cs1. We would
like to rewrite the Eqgs. (3.5) in a form in which only
Hermitian operators appear, and for this purpose
we define the pseudospin vector’” F whose spherical
components F,(m = 1,0,1) are

F1 - (l/\/g)olz, Fo = % (Cu - 022),

Fi= (1/V2)Cu . (3.6)
From the commutation rules (2.12) we immediately
see that the Cartesian components of F satisfy the
commutation rules of angular momentum and so the
operator

F2 = Zm (“‘l)mFmF—m = 021012 + % (Cu - sz)
X [} (Cun = Cu) + 11, (37)

commutes with all F,. Equations (3.5) are now
equivalent to

FII = fl(f, + I)Hr
FoI = f'II, where f’ = % (b{ — hi), (3.8a,b)
(011 + ng)H = (hl1 + hz/)H s Csll = hiln, (3.80,d)

where all the operators are Hermitian.
To obtain the Wigner coefficients for the terms in
the Clebsch-Gordon development, we must determine

20 We shall suppress the indices in the II, P etc., in all
equations where no misunderstanding can occur.
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the set of polynomials that are a basis for an ir-
reducible representation of Us; characterized by the
partition [hihe:hs] and at the same time eigenpoly-
nomials of the operators (3.8) with the same eigen-
values as II. This can be achieved by applying
polynomial functions R(C,) in the operators C..s to
the P’s of (2.32), as we have shown in subsection
I1.1 that this would give a new set of polynomials
that are a basis for the same representation [hihahs)
of U,. For the polynomials RP the equivalence be-
tween the degrees of the creation operators in
particles 1,2,3 and the partition numbers hi,he,hs
will no longer hold and so we could look for R’s such
that (3.8) would be satisfied.

To determine the operator R(C.,) we make use
of the theory of Racah tensors,'® which applies to
the pseudospin as it obeys the commutation rules of
angular momentum. First we define the polynomial

Vi= [+ )0 [(f = )E@NI™ CEPranapon
(3.9)

where f = $(hi — h2).

If we apply the operator F, [which from (2.6) can
be thought of as a differential operator in the ai]
to the polynomial V7, we obtain

PV = [f(G 4 DI (fomlfy + m)Visn,  (3.10)

and so V7 is clearly a Racah tensor*® of order f and
projection ». Second, we define the operator

Wi = (=11 =y 0
x ¢4 el (3.11)
with f"/ = $(h: — hs).
From the commutation relations (2.12) we have
[Fn W3 = [f7(f 4+ D1
X <f”1V”m]f”V” + m)I’Vijj-{-m;
and so Wi, is a Racah tensor of order f” and pro-
jection »”.
We construct now the polynomial

= > IW

77
v v

(3.12)

hllhz,hl’,
®hrhohgotr

= R(Cssl)P}lxhghgﬂtT’
where R(C,,) is the operator

R(Cw) = 3 (s =1

X L@ =N+ G+ 00
X [(f =@ Ch™ e cly
(3.14)

(3.13)
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Clearly from the procedure of construction ® is an
eigenpolynomial of F2 Fy with eigenvaluesf’(f' + 1),f’
and its degree in the creation operators of particles
1,2,3 is hi,hs,hi’, respectively, so that @ is an eigen-
polynomial of the operators (3.8) with the same
eigenvalues as II. Two polynomials @ that differ in
any of their indices are orthogonal. This is obvious
for the indices A1,hs,hi’,0,t,7 as they are eigenvalues
of the Hermitian operators C11,C22,Cs3,8,T% T, re-
spectively. For the indices hi,hs,hs it is proved in
Appendix B.

The Wigner coefficients we are looking for are
given by the scalar product

(dO s, T ke,

= (hihso't' ,h{'t" ) hihohs,ot) | (3.15)
where d is the normalization coefficient of the @’s
given by (B.9) of Appendix B, and we have taken
7 = ¢ on both sides of the scalar product as both @
and II are part of a basis for an irreducible represen-
tation of the SU. group associated with isospin, and

so their scalar product is independent® of 7.
To evaluate the scalar product (3.15), we first
notice that from the explicit expression? of

{"fv"v|f’f") and the definitions of f”,f,f’, we could
write R(C,.) of (3.14) as

hy—hg

R(C.)=¢eD, (hh — hs — &)[a!(hs — bl — )]
a=0

X Ol o0l 0,

where ¢ is given by

e =[(M — By 4+ D)V — BT [ — B4 + 1)
X (he — V(R — h)!(ha — ha)]72 . (3.17)

Using the commutation relations (2.12) we can
write R in the form
R(Oss') = 3021 Zﬂl {(hl - hz - a)‘

X [al(h — B — o)) O~ O™

X C5'} 4 e 2a {(h — s — a)!

X (he — b + )by — b — )]

X Ol ol eoey  (318)
Now taking this form of the R in (3.13) and intro-
ducing the corresponding ® in the scalar product
(3.15), we see that the first summand in (3.18) gives
no contribution to the scalar product as the operator

C:: can be passed to the right-hand side of (3.15) as
Ci2 and from (3.5¢) CiII = 0. For the second sum-

(3.16)

21 K. P. Wigner, reference 1, p. 115.
22 E. P. Wigner, reference 1, p. 192.



WIGNER COEFFICIENTS FOR THE SUs GROUP

mand in (3.18) we could once again make the same
type of development and continuing the process we
finally obtain

(bt WY Y hahohayoty = def (Bi — ho)!
X (b — By + DI [(h — DI — G + 117

X (Chi™'ch™ Py, (3.19)
where II is given by (3.4), P symbolizes
Phonansore(Ahy A%, AS),
and we have made use of the identity??
2 (b — hs — 0)\(ha — s + @)!
o al(hy — bl — a)!
_ (he — h3)'(ht — ho)!(ha — i + 1)!
(hy — R)Y(hT — hs 4+ 1)! (3.20)

Again, making use of the explicit expression?? for
@'t 7' 7|ty we could write the IT in (3.19) as

2t

2 (@ = (=18 — ¢+t — )™

II=gq
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X [(er) Pry(an) e agyn
X (A (3.21)
where P’ stands for Ph, s, 00070( Al A%,), and g is

g = {[@+ DI + ¢ — )"
X[+t 4+t 4+ DI (=" + ' + B!
X (" — ¢ + OB — 2672, (3.22)

Using the commutation rules (2.11) we could, by a
similar analysis to (3.18), express II as sum of two
terms, in which the first contains the operator Cr'
applied to a polynomial. The contribution of the
first term to the scalar product is zero as €,I can pass
to the left-hand side as €;* and as this commutes
with C,, we get Ci'P = 0 as 7 = ¢ for P. The second
term can again be developed in the same way and
continuing this procedure and making use of an
identity similar to (3.20), we obtain, after sub-
stituting for P,P’ their explicit expression (2.31),
that

(hihis't Bt ) hhohs,oty = bb'deg (hi — ha)!(hy — By + DI(—=¢" + ¢ + )@ + ¢ + ¢+ 1!

(he — h)I(hy — hz + DI + ' — )12 + 1)!
X (o3 o™ (A1) (a9) (A1)" (A1) (A1D™ , (AD* (41" (A1) (Al (ah "~ (ad™ = (a7

In (3.23) b,b’ are the normalization coefficients for
P,P’ obtained in (A18), k,l,n,p are given by (2.30)
and k',I',n/,p’ are

K o=3%h— 30+ 30+, (3.24a)

2 E. Netto, Lehrbuch der Combinatorik (Chelsea Publishing
Company, New York), pp. 250, 251.

(3.23)
V=2p—31n—1sd —t, (3.24b)
n'= 3K+ 3H —Fo + 1, (3.240)
pr=1hl+ih4 1o =1, (3.24d)

where from (2.36) 3¢’ is congruent modulo 3 with
(hi + h3) and 2¢' is congruent modulo 2 with [¢/
+ 31 + h3)l.

The evaluation of the scalar product in (3.23) is sketched in Appendix C, and from the discussion
given there and the explicit forms for b,b’,d,e,g, we obtain for the Wigner coefficient of the SUs group

in the SUs; D SU. chain, the expression

(hihie’t! Bt Vhihshs,ot) = [ (15 — ko)1 — By 4+ DIy — A (hs — h3)! ]/2
(W — ks + D)1k — ho)!

v [ (=t + ¢ + DI 4+ ¢ — O — & + DI + ¢+t 4+ DIRY — 20)! 1”2
@)@t + 1!
y [ (W — hs + DI — hs)! ]/[ (hi — hs + 2)1(hs — hs + 1)1kl ]‘/2
(hy — hs 4+ 1)!(he — hs)! (hs 4+ 2)1(he + 1)!

y [ 4+ n+ DI+ 1+ Dintp! ]’[
pP+k+n+DIn+Ek+1+ DEN

&+ 0+ DIE + 1+ D)

1/2
@ +FK+0 +F )0 +F + U+ DI ]

X 30 3 (=) gy — o 0) (s A w — 0))
rs uv ab
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XM—=—p+u—)lp—ut+o)ll@e+bdlh—0U—r—s—a—0I+r+a)(s+D)!

X [rlhy — b —r — IS+ ¢ —t — )W — 2t — r)l(he — Bs — w)lu!

X (n—he + b+ w)(p — w)l(hs — )W (he — bt — B’ + 28" —u+0v + 1)

X (hs—t" —t +t4+u—0v+ )0 —a) @ - —p+u—v+a)p—p —u+o+b)1"},

where the summations extend over all values of the
variables for which the factorials in the denominator
are not infinite.

Note added in proof. The present derivation of a
particular class of Wigner coefficients for SUs could
be extended straightforwardly to general Wigner
coefficients of unitary groups of arbitrary dimension
if the above proofs are modified at two points.

(1) The fact that the polynomials (2.17) form a
basis for an irreducible representation of SU; can be
proved, instead of by Schur’s lemma, by Racah’s
theorem (reference 19, p. 37) concerning the unique-
ness of the highest-weight polynomials in an irre-
ducible representation of semi-simple Lie groups.
Highest weight would mean in this case that poly-
nomials of the type (2.17) satisfy

e,"P = h,P, e,”P =0,m>m'. (3.26a,b)

It is easily seen that conditions (3.26b) imply that
the Z in (2.17) is a constant and so there is only one
polynomial of the type (2.17) of highest weight, with

W =hy, h=hs, hl=hs. (3.27)

(2) The polynomial function R(C,) in (3.16)
could be derived in a more general fashion by first
remarking that because of (2.14) R could, without
loss of generality, be written as

R(Css’) = ; AA,,saCZnggcgl . (328)
Yha

Now applying Eqs. (3.5 a,b,c) to RP, we immediately

obtain

6=hz—hé+a,

so that the coefficient in (3.28) could be written as
A,. Equation (3.5d), applied to RP, will then lead
to a recurrence relation for 4, which gives precisely
(3.16).

v =l —h{—aq (3.29)

we easily obtain

Axlﬁ‘,,)\t _
aq

(3.25)

(__2):—)\/2 (t _

IV. COEFFICIENTS RELATING THE POLYNOMIALS
IN THE CHAIN SU; D R; WITH THOSE IN THE
CHAIN SU; > SU:

In this section we will obtain the coefficients for
the expansion of the polynomial P, n,n.00 of (2.43)
in terms of the polynomials P, s,.0:r of (2.32). These
coefficients will be needed in the next section for the
determination of the collective wave function.

We first notice from (2.38) that £, = 275 and
therefore in our expansion we can restrict ourselves
to = = $\. Furthermore (A}Z)" appears both in
(2.32) and (2.43) so we could eliminate it. Using the
notation (2.18), the coefficients we are interested in
are given by the scalar product

(Prixsoo n/2Prsr0an) = (ot (kika)g\) . 4.1)

The polynomial Py,y,o000/2 1S defined in terms of

the operator (@i')**? acting on the polynomial

Py a0000 0f (2.31). Passing this operator to the right-

hand factor of the scalar product (4.1), our co-
efficient becomes

(t(ars)gy = [t + 3T 1 — 31T
X (Prexaooi, (C1) 2P o) - (4.2)

From the commutation relations

[e,6.7] =0, [£, &'] = 2e,),  (43)
we see that the right-hand factor of the scalar
product in (4.2) is a polynomial associated with the
partition [kix2] and of angular momentum 2¢, we can
write therefore

(GIT) t—)\/sz,xgoq)\)\ = E AK;:})\thlxzoq’2 t2¢ o (4:4)

Py

Applying the operator (€:7)**? to the polynomial
(2.43) and keeping in mind that
GITA} = €1IA}§ = (‘31T’w+ = 0,

els = —2(A)°, ey = —2(Ak)*, (4.5)

I (=N — glg!

T =3 3N—g+ g — DI (e —2t) — ¢1lg"!

(4.62)
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where
€ = ki if K, — Niseven,
€=k — 1lif ks, — ANisodd. (4.6b)
Instead of using the form (2.43) for the poly-

nomial Py, y,04:2:2¢, We notice from (2.42) that » can
be expressed as %1°

v = (&) [(A) s — wi]. @)
Expanding »* in (2.43) and grouping terms, we
can write
Px,x;Oq’tht = (A;)-K2+2t

X BT (AR)rs® R 2y (48)
P
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where p takes only even values if x;, — 2¢ is even and
in that case

, ’
g = (,7) v, (4.92)
2P
and p takes only odd values if x;, — 2¢ is odd and in
that case

, ’
EY = (1 q 1) (—1)e/a1/2 (4.9b)

2P—3

Substituting ’(4.8) and (4.4) in the scalar product
(4.2), we obtain

(tlam)) = X [+ 30T [ — 301007 A% ELD

X (A1) (48" (AT0)" (ALY, (A1) ™ (A1) s )

We can now exchange the order of the summation in
p and ¢/, make use of the identity??

(4.10)

22 (@ = )b — ¢+ ¢l e — HN7

= (a+b)[(a+b—c)lable™, (4.11)

and expand the powers of s,w, on the right-hand side and of A!2 A!Z on the left-hand side, to obtain finally

(ot(kik2)gn) = [t + 3 M2 — 20122 (—2)M% >, EZI:{[% (k — ) — )IVIL (o — 2t — )]}
" p % (Kl - 2t - P) p vimt+at+fo o
x (1) (2) (e S 2 2) (5) e

s (Camymmom gy aty iy s, (el s i) |

The scalar product in (4.12) can be evaluated
using Eq. (C6) of Appendix C. There appear some

Kronecker deltas that are automatically satisfied,

(t+ 30!

(& +n + DIk + L+ Dinlp!

(4.12)

and one 8,.,, that allows us to eliminate the « index
in the summation. The explicit expression for our
coefficient becomes then

{ot(kirz)g\) = I: @ — In)1E2H!

pP+Ek+n+DIn+E+1+ 1N

1/2
:I (_2)t—()\/2)+p

X 2 AENE (=N = )]l ke — B! + )2t + p — v — WA + »)!

pvr B

X [2°(n =)W = NG —t—3p—p+ B~ B~ Bl —n — B+ NI(=p+=+/IT},

where F¢ takes the same values as in (4.9) and the
summation is extended to all non-negative values of
the variables for which the factorials in the de-
nominator are not infinite.

(4.13)

V. COLLECTIVE WAVE FUNCTIONS

In reference 7 we showed that long-range correla-
tions between particles, when acting within a shell
of the harmonic oscillator, could be represented by
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the quadrupole-quadrupole interaction
Q=r—-3i0—-1¢g", (5.1)
where H,£? are given by (2.25) and (2.39), respec-

tively, and T is the Casimir operator for the three-
dimensional unitary group and is defined by #1°

r=> e e . (5.2)
As the collective motions”?* are associated with these
long-range correlations, we could describe them by
the Hamiltonian®

s =H— (Q/9),

where J is an arbitrary constant.

In reference 8 we obtained the integrals of motion,
and the corresponding eigenvalues, associated with
the Hamiltonian 3. In this section we shall indicate
how we can use the coefficients (3.25) and (4.13) to
determine the eigenfunctions. We shall discuss, in
detail, the eigenfunctions for a system of three
particles and then indicate how the analysis can be
generalized to n particles.

Let us assume that, in the absence of the Q? inter-
action, the three particles are in energy levels of the
harmonic oscillator characterized by the quantum
numbers »1,v2,v5. These quantum numbers will not
be changed by the interaction since the operator
@Q?, being a function of €,", will commute with the
operators C..(s = 1,2,3) that give the degrees
v1,2,v3 of the polynomials in particles 1,2,3.

We start by considering a polynomial in the crea-
tion operators AL, A% of particles 1,2 of the form

(5.3)

[+ )T L = )™
X Cél—y Phl'h,’oq'g’,-’(A:n,Afn) s (54)
where P is given by (3.1) and
ff=3W —h),v =50 —w), (55)
with &/,h restricted by the relation
h{ + hé =" + V2 . (5.6)

From the discussion in Sec. II.1, the polynomials
(5.4) clearly constitute a basis for an irreducible
representation of SU; characterized by the partition
[Aihz]. Furthermore, the polynomial (5.4) is of degree
v1 in AL and of degree v, in A2,

With the third particle we associate a polynomial

Pyooos’ i7" (A7) (6.7)

24 B. R. Mottelson in Proceedings of the International Con-
ference on Nuclear Structure, Kingston, Canada, edited by D.
A. Bromley and E. W. Vogt (University of Toronto Press,
Toronto, Ontario, 1960), p. 525-540.
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of the type (3.2) in which A{" = »;. From (5.4), (5.7),
and the Wigner coefficient (3.25), we construct the
wave function

IVleVs,h{hé,hlhzh:;,o'tT)
= [(f/ + V/)!]l/z [(f/ _ V’)!(Qf’)!]_l/2
X CL™" 3 ((hihda’t! pat!Yhahaha,ot)

X Z,(t,tll'r"r,'ItT)Phllhrzoﬂ’tl1, (A;,Ai)

X Pv;ODd”l”T”(A?n)}IO> y
where

hi +he+hs =v, +vo +v3,0 = d + 4,
o =2@" — L), (5.9a,b,c)

with the last relation coming from (3.3).

The set of eigenfunctions (5.8) associated with
o,t,7 form a basis for an irreducible representation
of Us characterized by [hihshs]. They will therefore
be eigenfunctions of the Casimir operator I' with
eigenvalues!®

v =hi+hs+ hi+ 2 — hs) .

While this result is of a general group-theoretical
nature' it can also be seen from the fact that by
construction (5.8) will be equal to (3.13) if in the R
of (3.14) we replace the projection ' by »’. As the I’
is a function of @,™ it commutes with R(C,,) and
it can be applied directly to a polynomial of the form
(2.32), which was shown previously®® to be an
eigenpolynomial of T' with the eigenvalue (5.10).
While (5.8) is an eigenfunction of T and H, it is not
an eigenfunction of £2 or Q2. To construct eigenfunc-
tions of £2 and @* we use (4.13) and the o¢ of (2.47)
to define

IV1V2V3,h1,h§,h1hzh3,w)\)\> = E Z
q a,t

X {a‘;’(crt(hl bl hg,hz - h3)q)\>
X |vwwaws,hihs,hihohs,ot 5 \) . (5.11)

The set of eigenfunctions (5.11), together with those
obtained from them by applying powers of £1 as
in (2.45), still form a basis for an irreducible repre-
sentation of Us; characterized by [hihshs], but now
the rows are labeled by wAu. The wave function
(5.11) is then an eigenfunction of the Hamiltonian
3¢ for the case of three particles, and from its con-
struction it is also an eigenfunction of the integrals
of motion of 3¢ that were obtained in reference 8.
To construct the collective wave functions for n
particles, we start with a set of polynomials of » — 1
particles that is a basis for an irreducible representa-

(5.8)

(5.10)
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tion of SUs characterized by [hihj] and is labeled
by the rows ¢’t’7/. We then take for the nth particle
a polynomial of the type (5.7) of degree », in Az.
The construction of the eigenfunction for n particles
then follows exactly the same steps (5.8), (5.11).

Once we obtain the eigenfunctions of 3¢, we could
give them any desired symmetry properties, e.g.,
we could antisymmetrize them if the spin part of
the wave functions corresponds to all spins up. It
is possible, though, to start by characterizing the
wave function by a given representation of the
permutation group,’® and then requiring it to be an
eigenfunction of 3¢. This procedure will be discussed
elsewhere.

VI. APPLICATION TO ELEMENTARY PARTICLES

We shall limit the discussion in this section to the
SU; symmetry theory of the Sakata model as given
by Ikeda et al.? The operators a7k, of the previous
sections can now be thought of as creation operators
of particles s = 1,-:-,n, where these particles can
be found in three states, proton for m = 1, A for

= 0, and neutron for m = 1. Clearly, the isospin
is then associated with a unitary transformation of
the proton-neutron states of the form (2.19), and
80 its components are given by the operators (2.20).
The baryonic number operator is given by the H of
(2.25), since on applying it to states in which each
particle appears once, its eigenvalue A equals the
number of particles. The strangeness operator is

— e (6.1)

as it gives zero when applied to neutron or proton
states and 1 for a A state. If we denote by & the
eigenvalue of (6.1), i.e., the strangeness quantum
number, then it is related to the ¢ of (2.24) and
(2.26¢) by

8=0c—1%h,

(6.2)

and from (2.36a), 8 is an integer. Finally, the charge
operator is clearly ©,' as it gives 1 when applied to a
proton state and zero for a neutron or A state; from
(2.20) and (2.25) we have the well-known relation®

611 = % [H + (—'eoo)] + T3 . (63)

The strangeness 8 and isospin ¢ associated with
a given representation [hihzhs] of Us are obtained
from (2.30) if we use (6.2). The relations (2.30) hold
for positive A’s as only creation operators are in-
volved. Yet as these relations depend on the differ-
ences hi — hs,he — hs it is clear that they would
still hold if we subtract an integer from all the A’s,
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i.e., if we translate the base line of the partitions® as
illustrated in Fig. 3, for this would affect the repre-
sentation of U; but not of SUs. Therefore, for any
set of integers hi > hs > hs, the values of 8, ¢ are
restricted by

L(ha—hs—hs—8) —t>
34 he—hs+8) —t>
1(hi—hat+ha+8) +t>
L(=hi+ho—hs—8)+t>0, (6.4a)

with 2¢ being congruent modulo 2 to (A + 8). From
the integers hi,hs,h; in (6.4a) we can form the positive
integers k1 > 2 > 0 of (2.18) and the integer h
of (2.15). The first two characterize the irreducible
representation of SU; whose rows are labeled by
gtand r =t--- — ¢, and the last & is the baryonic
number which now can take negative as well as
positive values. Combining Eqs. (6.4a) by pairs we
obtain the following bounds for ¢ and ¢

—h <8< —hs, 0<¢<§ (B~ hs). (6.4b)

With the help of the Wigner coefficients (3.25)
we could now construct the polynomial functions in
s, Of first order in each particle, that would be a
basis for an irreducible representation of Us. Again
we are restricted to creation operators and so at first
sight it would seem that we could construct the wave
functions of hypernuclei associated with representa-
tions of Us, but not of the other hyperons or mesons
for which annihilation operators are also needed. To
avoid this restriction we notice that under the unitary
unimodular transformation (2.4) of a,., the vector

’ rr
—_m __ mm' m + + 1
a = E:HE An'10n''2 = 5
m m

)

3

0
0
0,
>

trr

mm’'m
€

i
m'm

transforms as

_m 1 mm'm”’ w rrm e _m

T D 5,5 o e URUT
; mlmll E’H,I

— Z (UT %n.d}F’

and therefore it has the transformation properties

(6.6)

F1e. 3. Different represen-
tation of Us are given by the
three integers corresponding
l to the lengths from the verti-

cal base line to the short

I lines. When we change the

base line, we change the

l representation of Us but not

of SUs;, which depends only

on the differences of these
integers.

25 T am indebted to Professor G. Racah for this remark.
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(2.7) of the annihilation operator a™.. We can now
write the polynomials associated with a basis for a
representation [hihs] of SU; in the form

Piioave = (=1 b@)" (5" @)" @)" , 6.7)
where we suppressed the particle index s = 1 in
an1, and used (2.2) and (6.5). The exponents &’,I’,n’,p’

are given by (3.24) and it is trivial to see that under
the substitution

hi— hi, ht — hi — hi, o’ > — o', t' —t', (6.8)

the exponents k')’ are interchanged with »/,p’.
Therefore a representation which in the particle
picture is denoted by (hihs,o’t'7’), in the antiparticle
or hole picture must be denoted by {h{h{ — hs,
— ¢'t’7’} and vice versa.

The results of the previous paragraph justify the
use of the Wigner coefficients (3.25) for the con-
struction, in terms of particles as well as antiparticles,
of wave functions that are a basis for irreducible
representations of Us. For example, in the particle
picture (11,6't'7"), where from (2.30) ¢’,t’ are re-
stricted to ¢/ = 2’ = 0 and ¢’ = —3,t’ = 1, corre-
sponds in the antiparticle picture to {10, — ¢'t’7'}.
If we want then to construct a basis for a representa-
tion of U; from an antiparticle and a particle we
would need the coefficients

(116"t 18"V hihohs,ot) (6.9)

where [hihohs] is restricted to [21] or [111]. More
generally, we could construct the wave function for
a system of n particles by starting with a wave
function for n — 1 of them in the particle or anti-
particle picture, depending on whether the n’th is
a particle or an antiparticle, and combining the
products of the wave functions with the coefficients
(3.25).

VII. FRACTIONAL PARENTAGE COEFFICIENTS
IN THE p SHELL

In Sec. III we obtained the Wigner coefficients for
the SU; group when the rows of the representation
are labeled by otr. Clearly we could have carried out
a similar analysis when the rows are labeled by
wAu, in which case the Wigner coefficients associated
with the development of Fig. 1 could be denoted by

(hihsw'N BN} hihohs,w)) (7.1)

where '’ is not indicated as for the single-row repre-
sentation it is not independent of® A{’ ,\”’. The co-
efficient (7.1) could be obtained from (3.25) if we
made use of (2.47) and (4.13) to transform the rows
agtT into wiy.
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The fractional parentage coefficients in the p shell
are clearly given by (7.1) when we take A’ = 1,
N’ = 1. These fractional parentage coefficients are
well known,® and so the present analysis provides
only a different procedure for their derivation. It is
interesting to note though that the analysis of Sec.
IIT can be generalized to unitary groups in 27 + 1
dimensions as the explicit expression for the poly-
nomials that are a basis for an irreducible representa-
tion [hy -« - haiga] of Usziyr has already been obtained.®
The analysis developed in this paper could then, in
principle, be generalized to derive the fractional
parentage coefficients in a shell of angular momentum
I, or for that matter, in a mixture of shells.
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APPENDIX A

Normalization Coefficients of the Polynomial P.

In this Appendix we determine the normalization
coefficient b of the polynomial (2.31). Denoting
by P, the polynomial
Po = (A1)"(A0)"(A1D)" (A1) (A16D)" = (A16D) " Pitus ,

(A1)
where k,l,n,p are given by (2.30), we see that b2 is
given by

b_2 = (Po,Po) = (0[P3Pol0> .

In the determination of (A2) we shall use through-
out the fact (2.6), so that the adjoint operator of A3,
can be interpreted as a differential operator, i.e.,

(A3)

(A2)

AnF = (9/94) .
From (Al), (A2) we obtain
(Po,Po) = (0] (A101") " 7" Pilinp{ AroTPo} 0}, (A4)

where AlZ" can be written as

AT = ATATT 4 ATTATT 4 ATTATT (A5)
with
A12+' — A1+A24; _ AI-IFA2+ (AG)
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To evaluate the curly bracket in (A4) we notice that
AT (ALRD)™ = hs(Ater) ™ALy, and cycl . (A7)
From (A7) and (A6) we obtain
(AT (A1) " Prp} = { }
=hs 3, AL AV (AnAL — AnAL)PL], (A8)
where
P, = (AGD" P -

Using the commutation rules (2.5) and the definitions
(2.10), as well as Eqgs. (2.14), we obtain

(A9)

{ } = hs(Cis + 3)(Caz + 2)P,
= (b + 2)(hs + 1)hsP s, (A10)
and so
(Po,Po) = (b + 2)(hs + 1)hs(P_,P_y) . (All)

Repeating this process for P_,, etc., we obtain
finally

(Po,Po) = [(h1 4 2)!(he 4 1)!As1] [(he — ks + 2)!
X (he = hs + D)7 (Peinp,Prn) - (A12)
We can now write
(Pklnp,Plclnp) = (Pklnp—I;Ai%+Pklnp) .
Using (A6) and (A3) we easily see that

AF (A1) Prno} = p(@ + & + 2+ 1)Priny-r
(A14)

(A13)

Substituting in (A13) and repeating the process p
times, we obtain finally

(PrinpyPrinp) = [Pl + &k +n + 1]

X [(k +n+ 1)!]_1 (Pktno,szno) .
(A15)

The scalar product on the right-hand side of (A15)
can be evaluated in a similar way by making use of

Al Prmo = n(n + &k + 1 + 1)Piias o, (A16)
and so we obtain
(PrnoyPrmo) = [nl(n + k + 14+ 1)1]
X [+ 14+ 1)1 (Prioo,Prico)
=nlln+k+14+DI[E+T4+ DTN,  (ALT)

where from (A3) the last scalar product gives (kW!).
Combining all of the previous results we obtain

827

the normalization coefficient as

b= [ (= hs + 2)1(hs = ha + 1)1]“2
- (hi + 2)!(hs + 1)1h3!

x[ (k4 n + 1)! ]“2
plp +k+n+1)!

X[ (k+ 1+ D! ]”2
nln 4+ k 4+ 14+ 1)1 : (A18)

APPENDIX B
Orthonormalization of the Polynomials @

In this Appendix we determine the normalization
coefficient d of the polynomial @ of (3.13), and we
prove that two polynomials ® differing in any of the
indices hi,he,hs are orthogonal.

Denoting by ®* %" the polynomial

oM™ = e R(C.)P, (B1)

where ¢ is given by (3.17), R by (3.16) and P is a
shorthand notation for the polynomial (2.32), we
see that d2 is given by

a? = &@En"™ e, (B2)
As @ " satisfies the equation
C®™™ =0, (B3)

we shall use the form (3.18) of R to reduce (B2)
to the form
d™? = [(hh — ha)!(hs — b + D[ (A — RI)!
X (M — By 4+ D™ (Cla™ gl P )
(B4)

To evaluate (B4) we pass one of the C5; to the
right-hand side as C.s, and notice that from the
definition (B1), the commutation relations (2.12),
and Eqs. (2.14) we obtain

Cr®™ ™ = (W — by + 2)0™ " (B5)

Substituting (B5) in (B4) and repeating the analy-

sis Ay — h{ times, we see that the scalar product in

(B4) reduces to

(he = b + DAL — hs + D7 (CHTP,EM™)

(B6)

Now from the definition (B1) we see that

(h — h)ICH P (BY)

Substituting (B7) in (B6) and again making use of

oM =
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the commutation rules (2.12) and of (2.14), we obtain
for the scalar product in (B6)
(e — BV (he — B3V (ha — ha)[(R5 — k)] . (BS)
Combining all of the previous results, we obtain
for the normalization coefficient
d = [(B — hs + DI — hs)]?
X [(h — hs + DI(hs — b)), (BY)

We now consider two polynomials @ %' ,®% '’ de-
fined by (B1) where the first is characterized by the
indices hi,hs,hs for the polynomial P of (2.32) while
the second is characterized by the indices %i,hs,hs.
Without loss of generality we can assume h; > hi.
By a reasoning entirely similar to the one that takes
us from (B2) to (B6), we prove that the scalar product

I = ((ph, ’hz” @h,'h,') :
is proportional to
(C57P, 7", (B11)
where @ has still the general form (3.13) as
hy < hi. From (2.12) we see that Ci2 and Cs; com-
mute and so we could use the form (3.18) of @M’
to reduce (B11) to
I« (Os™PCRTCR™P),  (B12)
where P,P are given by (2.32) with indices hihshs
and hihshs, respectively. As
[C15,Ci7 ] = (ha — B4)Cl™ 7'Cia, (B13)
we see that I = 0 if &, > h,. For hy = hi, we could
again use (2.12) to prove that I = 0 if hy 5 he.
Finally as
hi+ he+ ha = B + hh + B = ha + Rz + D,
(B14)

we conclude that @ %', ®» %" are orthogonal if they
differ in any of the indices A1,h2,hs.

(B10)

APPENDIX C
Evaluation of Scalar Product in (3.23)

The evaluation of the scalar product (3.23), which
is necessary for the determination of the Wigner
coefficient (3.25), is a long but essentially straight-
forward process. Here we shall indicate only a few
basic steps.

First we pass the operator Cii™ on the left-
hand side of (3.23) to the right as Ci". Then we
notice that C;; will act only on products of powers
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of A% and as
013A§n = A:n ) (Cl)
we get on the right-hand side of (3.23) linear combi-
nation of terms of the same type as those already
present plus a factor of the form (A})°".
On the left-hand side of (3.23), C4~" acts only on
the product (A}R)*(A}2)?, and as
CSZAi?n = Aifn; m = O;i; (CZ)
we get on the left-hand side of (3.23) linear combi-
nations of terms of the same type plus factors of the
form (A)¢(A})’. Now developing A3} as
Aror = (A1) (AnAlT — ATAD) , (C3)
we see that the scalar product in (3.23) becomes a
linear combination of scalar products of the form

(A1) (40)"(A10) (A1) (A1) *(ATD)
(A (a0)" (@D (Al (A1) (A (ad) (4"
(04)

where from (3.8) we must have the degrees of all
particles the same on both sides, so that among other
relations we get

ff+gd+hn=c+f. (C5)
To determine (C4) we pass the terms A2, from the
right- to the left-hand side, and notice that in (C4)

(AT (a7 (AF)Y (Al (Al

is equivalent to

(C6a)

(-1 ( y ) ( ,{) g WA T (@) A,
(C6b)

where use was made of (A3) and (C5). The scalar
product (C4) then becomes proportional to

(@)™ () (D™ (A1) (aih)”,
(AHY (A)Y (ah* (A (a%)) . (C7)
We develop the A3, A} on the right-hand side
of (C7) in terms of AL, A%. Now passing the powers
of A% to the left-hand side, and using a formula
analogous to (C6), the scalar product (C7) is reduced
to one in which we have only powers of Al on both
sides, which can be immediately evaluated using
(A3).
In this way the scalar product (3.23) can be

evaluated and the explicit expression appears in
(3.25).



