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&HEOH, ETICAL and experimental evidence for
direct pion-pion interactions has been accumu-

lating steadily during the past few years. The large
pion-proton interaction radius of about 1 F, indicated
by large total cross sections persisting up to energies
of several BeV and higher, ' suggests directly that the
incident pion interacts with the meson cloud rather
than the bare core of the proton. Theoretical analy-
sis of electron-proton scattering predicts a pion-pion
resonance with 7 = 1, J = 1, at a somewhat uncer-
tain energy. Pion-pion resonances with T = 0 have
also been predicted. ' During 1960, several labora-
tories reported indications of resonances at various
energies. 4 Early in 1961, a rise was reported in the
z-+-s' cross section up to about 700 MeV, ' and evi-
dence for a resonance at about 760 MeV was reported
by Erwin et cl.' Its existence has been confirmed by
several other laboratories'-' and it has been named
the "p" meson. Since then, two other energy-depend-
ent pion-pion interactions (co,g) have been discov-
ered, ' "and the possible existence of another (l) has
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been reported. "Their properties are summarized in
Table I.

TABLE I. Energy-dependent pion-pion interactions.

Name

Width
Mass (1')'

(MeV) (MeV) I-spin Decay Probable j
Rho
Omega
Eta
Zeta (7)

760
790
550
575

~ 100
&25
&15

?

2 pl
3 pl
3 pl
2 pl

Full width at half-maximum.

During the past year, we have been studying the
occurrence of pion-pion interactions in collisions of
positive pions with protons, at incident pion kinetic
energies of 910, 1090, and 1260 MeV. Identification
and kinematical analysis of 8500 two-prong x+-p
interactions at these energies in the Brookhaven 20-
in. hydrogen bubble chamber has been completed.
Table II shows the classification of these events by
energy and by reaction products

The reactions of principal interest for pion-pion in-
teraction are those producing a single pion: z-+ + p
~p + s+ + z-', and z-+ + p —+ n + z-+ + z+. The

simplest pion-pion mechanism is indicated in Fig. 1,
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Fxo. 1. Simplest pion-pion inter-
action diagram for pion-nucleon col-
lisions. N is the target nucleon, N',
the recoil nucleon.

in which the incident pion interacts with a virtual
meson emitted by the proton. This mechanism has a
higher probability of producing small four-momen-
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Tsar K II. Classification of identiled ~+-p
two-prong reactions.

Energy Total Multiple m

(MeV) Number Elastic (p, +, 0) (n, +, +) production

910
1090
1260

2045
2520
3868

944
1205
1745

846
951

1865

209
249
490

46
115
268

turn transfers to the target proton than other inter-
action mechanisms, and shouM, therefore, be favored
by selecting reactions in which the laboratory mo-
mentum of the secondary nucleon is less than about
three-pion masses.

The effect of the energy-dependent di-pion inter-
action at 760 MeV (p meson) is shown in Fig. 2,
which contains a histogram of the total energy (co) of
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the ~+ and 7r&& secondaries in the reaction 7r+ + p -+
p+ m++ s-'. Peaks occur near &a = 750 MeV for the
1090- and 1260-MeV energies. These peaks extend
far above the three-body phase space curve, and also
above the trapezoidal-like spectrum produced by de-
cay of the nucleon isobar of mass 1230 MeV. Also
plotted for comparison, is the asymmetrical curve
showing the spectrum calculated for a constant pi-pi
cross section from the formula given by Chew and
Low" for the diagram of Fig. 1:

2 2 2 280 f 6/p ~ r 2 2 1/2 + 0

(
~ ~ .). —.(~o —p ) ~(~ s-).

This formula strictly applies only in the limit as one
approaches the pole of real pion emission, but was
used here throughout the entire physical energy re-

3 G. F. Chew and F. E. Low, Phys. Rev. Letters 113, 1640
(1959).
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FIG. 2. Total energy W of the two secondary pions in their
center of mass, for all reactions x+ + p —+ p + m.+ + m 0 and
s++ p ~ n+ s.++ s.+. (Number of events per 20-MeV in-
terval. )
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FIG. 3. Total energy 5' of
the two secondary pions in
their center of mass, for re-
actions m+ + p —& p + ~+
+ x 0 in which laboratory
Inomentum of the secondary
proton is less than 400
MeV/e.

The I spin of the "p" meson is clearly shown by
comparison of the co spectra of events producing pz+x'
with those producing nm+m+ shown in Fig. 2. The co

spectra for the nx+~+ reactions show no significant
peaking, and conform well to the three-body phase
space curve. This is consistent with a di-pi I spin
equal to 1, which does not occur at all in the nm+m+

reactions. On the other hand, assuming I spin con-
servation, I spin 2 is 4 times as frequent in nz+x+

events as in pm+~' events, and I spin 0 does not ap-
pear in either process. The assignment I spin 1 agrees
with our earlier conclusion. s' and those of other'
laboratories.

The energy width (I') of the di-pi interaction is re-
lated to its lifetime (r) by the well-known relation

h/I'. It is therefore desirable to determine the
width as precisely as possible. The width which we
obtain experimentally, however, depends upon the
amount of background which we assume to be pres-
ent. Selecting low momentum transfers to the nu-
cleon reduces this background but does not eliminate
it in x+-p interactions. In these reactions there is
a strong production of the nucleon 1230-MeV isobar.
Figure 4 clearly shows this; at all three energies there
is a pronounced peak at 150 MeV in the m+-proton

Q-value spectrum. The effect of both the isobar and
the meson is shown in Pig. 5, where the total energy
in the Center of mass system (c.m. s.) of the s-+ is
plotted against the total energy of the s' (Dalitz

gion. The resulting spectra have maxima which are
broader and at different energy from the observed

, peaks, which also extend significantly above these
curves. The peak at 1260 MeV contains 54 events
above the curve for constant di-pi cross section, cor-
responding statistically to 4.5 standard deviations.
At 1090 MeV, the peak is 2.5 standard deviations.
Selecting events with momentum transfer to the
proton of less than 400 MeV/c, reduces the back-
ground and enhances the peaks for the energies 1090
and 1260 MeV, as appears in Fig. 3.
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Fxe. 4. Kinetic energy
Q of the proton and posi-
tive pion in their center of
mass, for all reactions ~+
+ p —+p+ m++ xo.
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Fr a. 6. Kinetic
energy of positive
pion and proton in
their center of mass,
for reactions m++ p~ p + m.+ + ~0 in
which laboratory
momentum of sec-
ondary-proton is
& 400 MeV/c.

plot). The size of each black spot is proportional to
the density of events in that area. Ridges of high
density are apparent in the di-pi and isobar regions.
The region where the di-pi and isobar ridges intersect
is of interest, with respect to possible interference be-
tween the di-pi and the isobar production. A popula-
tion density greater than the simple sum of the two

)260 MEV

L ENERGY

M. SYSTEM

Chew-Low formula, ignoring the background. The
full width at half-maximum of these peaks, obtained
from Fig. 7, is 120 MeV. Since the background will

tend to increase the apparent width, 120 MeV is an
upper limit to the true width, which probably lies be-
tween 60 and 120 MeV. Note added in proof: We have
since attempted to fit the data of Fig. 7 with a single
level resonance formula in the J = 1 state, combined
with an incoherent hard-sphere scattering back-
ground in angular momentum states J = 0 to J = 3.
A. maximum likelihood procedure yielded the follow-

ing parameters:

400-
0 )
Wx

200- ~ 0 W 0
~ ma w

Beam.
energy

1090 MeV
1260

Resonance Resonance
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However, attempts to 6t the data with a coherent
( 1 l0 200 400 600 MEV W(tT')

Fro. 5. Density of events in the m(~+)-m(~s) plane for
the reaction m+ + p ~ p + m+ + ~s. w(~) is the pion total
energy in the system's center of mass. Horizontal lines enclose
the region of m+-p isobar. Vertical lines enclose the region of
mo-p isobar. Slanting lines enclose the "p" region.
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ridges would indicate strong interference between the
two states. This may be present in one of the cells in
the intersection, which contains 34 events, whereas
the sum of the ridges is 24.

The enhancement of the pi-pi interaction peaks
relative to background is shown in Fig. 3, where the
or spectra are plotted for events with secondary-pro-
ton momentum less than 400 MeVjc. However, the
nucleon 1230-MeV isobar is still present i'n the final
state of these interactions. This is apparent from Fig.
6, where the peak at 150 MeV s+ —p Q value is still
pronounced in the events with low momentum trans-
ferred to the proton. Figure 7 shows the pi-pi cross
section computed from the data of Fig. 3, using the
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FIG. 7. Pion-pion cross sections, computed by applying
Chew-Low formula to reactions m+ + p —+ p + x+ + 7«- in
which laboratory momentum of secondary-proton is less than
400 MeV/g.
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background have shown that the fitted parameters
are strongly dependent on the assumed model.

The angular momentum of the p meson is expected
theoretically to be 1. Because the pion is a boson and
the I spin is odd, the angular momentum must also
be odd. The large energy width and resulting short
lifetime of the rho meson precludes a spin of 5 or
higher, which would have a long lifetime because of
the angular momentum barrier, and tends to make
the assignment J = 1 somewhat more probable than
J = 3. Several workers'" have made studies of the
angular distribution of the di-pi decay which are con-
sistent with J = 1. The long lifetime of the rho,
coupled with the presence of the nucleon 1230-MeV
isobar, makes the validity of an Adair-type analysis
doubtful in s —p interactions. In fact, it is possible
for a background as low as 12% to produce isotropy
from an expected angular distributions of 1 + 3 cos'0.
To test this question, we have tried to determine the
spin of the 1230-MeV isobar, which is known to be
3/2. The results are shown in Fig. 8, where the ex-
perimental distribution obtained is vastly different
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FrG. 8. Angular distribution
(cos s) of positive pion from de-
cay of 1230-MeV nucleon-isobar,
in the reactions 7I-++ p —+ p+ m+

+ mrs for which Icos O„I ) 0.9.
0„is the angle between the line of
flight of the isobar in the c. m. s.
and the incident direction. 8 is
the angle, in the isobar's center
of mass, between the positive
pion and the incident direction.

from the 1 + 3 cos' 8 which the analysis predicts. A.

more detailed analysis appears to be required, if use-
ful information concerning the di-pi spin is to be ex-
tracted by this means.

The maximum value of the z+~' resonant cross
section (95 mb) favors J = 1 instead of J = 3 or
higher. In order for this value to be consistent with
J' = 3, the amplitude for all other decay modes of
the p must be comparable in magnitude to the ampli-
tude for p —+ s. + w'. Our search for these other de-

cay modes, p —& 2w+ + vr + w' and p —+ w+ + 3w',

indicates a total amplitude for these processes of at
most 1/6 of the amplitude for decay to s- + w'. This
is inconsistent with a spin assignment of J = 3 or
higher.

We have also searched for the presence of other

4 D. Carmony and R. T. Van de Walle, Phys. Rev. Letters
8, 78 (1962); Report to the Internationale Conference d'Aix
en Provence by the groups at Bari, Bologne, Orsay, and Saclay
(unpublished).

pion-pion interactions besides the rho meson. The
omega meson is not present since the available energy
is barely sufFicient to produce it by the reaction
s + p ~ p+ + co' + s . There is weak evidence,
however, for the presence of the eta meson, in the
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FIG. 9. Ideograms of neutral missing mass for the reactions
7r+ + p ~ p + s.+ + neutral(s), at 1260-MeV energy: (A.) All
reactions. (B) Reactions for which laboratory momentum of
secondary-proton is below 400 MeV/c.
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FIG. 10. TOtal energy8' of the two secondary-
pions in their center of
mass, for reactions m.++ p—+ p + ~+ + m. 0 in which
laboratory momentum of
the secondary- ion is
above 550 MeV c.
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missing-mass spectrum of the events which produce
w+ + p + neutral(s). This spectrum, shown in the
ideograms of Fig. 9, has a peak at 560 MeV, after se-
lection of events with secondary-proton momentum
below 400 MeV/c. The peak contains 9 events, com-

pared to an average of 3 events per equal interval on
either side of the peak.

The zeta meson, if it exists, is not discernible in
these data. It has been reported to a,ppear as a peak
in the co spectrum at about 575 MeV."Reference to
Figs. 2 and 3 shows no indication of a peak at this
energy in these data. It has been suggested that this
interaction may occur with high momentum transfer
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to the nucleon. Therefore, we have plotted the co spec-
trum for events with momentum of the secondary-
proton greater than 550 Mev/c (Fig. 10).The zeta is
still not apparent.

We are indebted to the Bubble Chamber Group
and the Cosmotron Department of the Brookhaven

National Laboratory, for generous technical assist-
ance in producing the bubble chamber pictures for
this study, to the technicians of the Yale high-energy
group for scanning the pictures and measuring the
interactions, and to the other physicists of the Yale
high-energy group for many stimulating discussions.
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l. INTRODUCTION

&HE radiation emitted during encounters of
electrons with ions in a fully ionized gas of low

density is called bremsstrahlung. The term "free-
free transitions, " which is customary in the astro-
physical literature, refers to the same process. This
radiation has proved to be of importance in cosmic-
ray studies, in radio astronomy, in gas discharges, in
thermonuclear experiments, and in other physical
and astrophysical problems. The wide range in
energy and frequency met in these applications
necessitates different approximation formulas. This
fact, combined with the fact that the relevant litera-
ture is spread over a long time interval, from Eramers
(1923)' to now, makes it diKcult to obtain a clear
survey of the literature for practical purposes.

The aim of this paper is to collect in a concise
manner the most important approximations that
permit the rapid calculation of numerical results in
the entire energy and frequency ranges with an
accuracy of one percent.

The discussion, which can be naturally divided
into a part dealing with incoming electrons of one
velocity only (Secs. 2—5) and a part dealing with a

* Present address: Duke University, Durham, North
Carolina.

~ See the list of references at the end of this paper.

gas having a Maxwellian velocity distribution (Secs.
6—9), is limited to nonrelativistic energies, i.e., ener-
gies smaller than 104 eV or temperatures lower than
10' 'E, approximately. The restriction to low energies
means that the formulas for dipole radiation suflice.
Screening effects, arising from penetration of the
electron into the electron shell of an atom (for very
low energies), have also been omitted [cf., Guggen-
berger (1957), Hettner (1958)].

Theory and numerical data for bremsstrahlung at
higher (relativistic) energies were reviewed by Heitler
(1954), J. Stickforth (1961), and in great detail by
Koch and Motz (1959).The latter authors state that
"The nonrelativistic cross-section formulas derived
in the dipole approximation by Sommerfeld with
Coulomb wave functions have a complicated form
with hypergeometric functions and are difFicult to
evaluate, "and omit from their review a discussion of
this topic, which is the exclusive topic of the present
paper. Hence, only one formula [their 3 BN(a), our
(12)] is common to the two papers.

In Sec. 2, rigorous formulas for electrons of one
velocity are reviewed. In Sec. 3, a general division is
made of the energy and frequency ranges into
regions where different basic assumptions hold. A.

list of approximation formulas with their domains of
validity is given in Sec. 4. In Sec. 5, we discuss the
numerical results that are available in the literature.


