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I. INTRODUCTION
A. Background

HE nucleon-nucleon, pion-nucleon, and kaon-

nucleon interactions are at present imperfectly
known. The structure of complex nuclei is also not
completely understood. Information on both the two-
body interaction and the structure of complex nuclei
could be obtained from (say) nucleon-nucleus scatter-
ing, provided that a theoretical method exists for
separating the nucleon-nucleon force effects from the
structure effects. With a theoretical expression avail-
able for the nucleon-nucleus cross section in terms
of the nucleon-nucleon cross section, the data from
nucleon-nucleon and nucleon-nucleus scattering experi-
ments could be used to gain information about the
nuclear structure; inversely, data from nucleon-nucleus
scattering experiments and independently obtained
knowledge about the nuclear structure could be used to
determine particulars of the nucleon-nucleon force. A
relation between the nucleon-nucleus cross section and
the (on-the-energy-shell) nucleon-nucleon scattering
amplitude could be used in the same manner, but in
this case there would be the additional complication of
the determination of the relative phases of the nucleon-
proton and nucleon-neutron amplitudes.

The simplest complex nucleus available as a target is
the deuteron. The deuteron should be an advantageous
target for the type of analysis just mentioned not only
because of its relative simplicity of structure, but also
because it is such a loosely bound system; i.e., the
average separation of its constituents is large com-
pared to the range of the two-body interaction and its

* This work was suported in part by a grant from the National

Science Foundation. ] . )
+ Present Address: Department of Mathematical Physics, Uni-
versity of Birmingham, Birmingham 15, England.

binding energy per particle is small. It would be ex-
pected that each of the nucleons in the deuteron would
scatter the incident particle in a manner not much
different from the way a free nucleon would scatter the
incident particle.

The problems of nucleon-deuteron, pion-deuteron,
and kaon-deuteron scattering are three-body problems;
they have not been solved exactly. Aside from this
basic fact, many of the physical details involved con-
tribute to their complexity. For example, in the nucleon-
deuteron system the identity of two of the nucleons, the
spin dependence of the nucleon-nucleon interaction, the
presence of tensor forces and exchange forces in the
nucleon-nucleon interaction, and the importance of
P-wave and higher-order partial-wave scatterings must
all be taken into account. Nevertheless, many varied
and clever approximations (the resonating group
structure method,! the Born approximation,? the high-
energy approximation,® the impulse approximation,*
several variational procedures®) have been applied to
these problems.

1See H. S. W. Massey, Progr. in Nuclear Physics 3, 235 (1933),
and references cited therein.

2 Jor example, see T. Y. Wu and J. Ashkin, Phys. Rev. 73,
986 (1948); G. F. Chew, ibid. 74, 809 (1948); F. de Hoffman,
ibid. 78, 216 (1950); R. L. Gluckstern and H. A. Bethe, 7bid. 81,
761 (1951).

3 See R. J. Glauber, “High Energy Collision Theory,” in Lec-
tures in Theoretical Physics, edited by Wesley E. Brittin and Lita
G. Dunham (Interscience Publishers, Inc., New York, 1959),
Vol. I, pp. 315-414, and references cited therein.

4 For example, see G. F. Chew, Phys. Rev. 84, 1057 (1951);
S. Fernbach, T.A. Green, and K. M. Watson, ibid. 84,1084 (1951) ;
L. Castillejo and L. S. Singh, Nuovo cimento 11, 131 (1959);
Y. Sakamoto and T. Sasawaka, Progr. Theoret. Phys. (Kyoto)
21, 879 (1959) ; E. M. Ferreira, Phys. Rev. 115, 1727 (1959).

5 See, for example, E. Clementel, Nuovo cimento 8, 185 (1951);
L. Sartori and S. I. Rubinow, Phys. Rev. 112, 214 (1958);
B. H. Bransden and R. G. Moorbouse, Nuclear Phys. 6, 310
(1958) ; L. Spruch and L. Rosenberg, ibid. 17, 30 (1960).
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One of the approximations that has been applied to
all three of the problems is the impulse approximation.
In this, the incident particle is viewed as scattering
from the deuteron by scattering once from either of the
two nucleons in the deuteron; each of these scatterings
is viewed as the scattering from a free nucleon whose
momentum distribution is that of the actual bound
nucleon. The only role played by the intradeuteron
potential is the determination of this momentum dis-
tribution. This approximation does indeed lead to an
expression (for example) for the elastic ncutron-
deuteron scattering cross section in terms of the
nucleon-nucleon cross sections and a form factor for
the deuteron structure. But this approximation neg-
lects “potential” effects (those effects of the intra-
deuteron potential other than the passive role men-
tioned above) and multiple-scattering effects; i.e.,
effects due to the incident particle’s scattering more
than once from the individual target nucleons. This
paper analyzes these multiple scatterings.

B. The Present Work

Inclusion of the multiple-scattering terms compli-
cates the problem enormously. Because of this and the
fact that it has been possible in the past to include the
effects of spin, isospin, and the identity of particles
once the basic problem has been solved, only the case
of scalar particles interacting through scalar potentials
is considered. As a further simplification the adiabatic
approximation for the motion of the target nucleons is
made. The basic problem then is just the scattering of a
scalar particle by two scalar potentials; the latter are
assumed to be spherically symmetric. Even with these
restrictions the total scattering amplitude cannot be
expressed in terms of the amplitudes for scattering from
each target particle individually without further
assumptions.

The problem treated here no longer describes the
physical situation for nucleon-deuteron, pion-deuteron,
or kaon-deuteron scattering. Direct application to
nucleon-deuteron scattering is ruled out because the
identity of two of the particles is not taken into ac-
count. However, with the addition of spin and isospin
considerations, application has in fact been made to
pion-deuteron™™ and kaon-deuteron! scattering for
moderate energy of the incident particle; i.e., the
energy of the incident particle is high enough to make
the nucleons appear to be stationary, but yet not so
high that it causes a nucleon, when struck, to recoil

6 G. F. Chew, Phys. Rev. 80, 196 (1950) ; G. F. Chew and G. C.
Wick, sbid. 85, 636 (1952); G. I'. Chew and M. L. Goldberger,
sbid. 87, 778 (1952).

7K. A. Brueckner, Phys. Rev. 89, 834 (1953); 90, 715 (1953).

8S. D. Drell and L. Verlet, Phys. Rev. 99, 849 (1955).
(199?.) M. Rockmore, Phys. Rev. 105, 25% (1957); 113, 1696

9).

10V, DeAlfaro and R. Stroffolini, Nuovo cimento 11, 447 (1959).

1T, B. Day, G. A. Snow, and J. Sucher, Nuovo cimento 11,
637 (1959) ; Phys. Rev. 119, 1100 (1960).
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violently. Because the recoil of the nucleons is not
taken into account, the application to scattering of the
pion, whose mass is much smaller than that of the
nucleon, is more justifiable than application to scatter-
ing of a kaon whose mass is approximately half that of a
nucleon.

This discussion begins with the problem of the
scattering of a scalar particle by one scalar, spherically
symmetric potential with a finite radius. Several
methods of obtaining the scattering amplitude for this
problem are briefly reviewed; off-origin-centered and
off-energy-shell amplitudes, as well as the separable
potential approximation for the scattering amplitude,
are given. Application of these methods is made to the
square well potential.

With this as a background, methods developed
previously by other authors for obtaining the total
scattering amplitude in terms of the individual scatter-
ing amplitudes are applied to the problem of S-wave
scattering by each of two spherically symmetric po-
tentials of finite radius. A method for solving this
problem using the total Green’s function for scattering
from one potential is also presented. After a test of the
separable potential approximation for S-wave scatter-
ing by two completely overlapping identical square
wells is made, the relationships among the various
methods of solution are discussed.

In Appendix A the integrals needed to evaluate off-
energy-shell scattering amplitudes for a square well
potential are evaluated. In Appendix B one of the
methods used to treat S-wave scattering by two
potentials is generalized to include the scattering of all
partial waves.

II. SCATTERING BY ONE POTENTIAL

The problem discussed in this section is that of the
scattering of a particle of mass m and energy E by a
potential V(r). The Schriodinger equation for this
problem is

(7/2m) {Ve+k—U (r) W (xr) =0,
where 7=| r | and
U(r) = 2m/m?)V (1),
k= (2m /) E.

(1)

The desired solution to Eq. (1) is the sum of an inci-
dent plane wave with wave vector k; and a scattered
wave which is finite at the origin and which, for large 7,
is an outgoing spherical wave:

Y(r) =¢u(r) =| ki) +y=(1), (2)
where
| k;)=exp(ik;-1),
(finite as # — 0
aﬁ“(r)—»i (3)
f-leil"f(k/, k,ﬁ).
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Liquation (3) also serves to define the scattering
amplitude f(ky, k;) from the initial state with wave
vector k; to the final state with wave vector ky, in
which energy conservation requires | k; | = | k;| =&.

Equation (1) can also be written as an integral
equation which incorporates the boundary conditions
of Eq. (3);1.e.,

i) =kt [ V)V, @

where the free-wave Green’s function gi(r, r') is
defined by

(7/2m) (V4R g (r, 1) = 6(r—1"), (5)

and the requirement that g(r, r’) as a function of r

have the same asymptotic behavior as ¢*(r). The

application of (7%%/2m)[Vi*+k%] to both sides of Eq.

(4) and the subsequent use of Eq. (5) yields Eq. (1).
It is well known that gi(r, ') is given by

2m exp(ik | r—1'|)
42 |r—r"|

Substitution of Eq. (6) into Eq. (4), the taking of the
limit — o0, the use of

gk(r: r’)= (6)

exp(ik | r—r'|)

i
1m I —r l

00

=exp(—ikpt)rtexp(ikr), (7)
and comparison of the resultant expression with Eq.
(3) gives

1y, k) = — (2m /4 T?) f dr’ exp(—iky ') V(E)i(r') |
(8)

The following discussion is devoted to obtaining
several alternative, but of course equivalent, explicit
expressions for f(ky, k;). This discussion is limited to
potentials which not only are spherically symmetric
but which also have a finite radius; i.e., V(r) = 0 for
r>a.

A. Solution from Matching at the Potential Boundary

One method of solution is the usual partial wave
analysis. Since this is a well-known method,® only the
results are given here. These results are

30 (@41)itg1(a) Telcosrji(ka)

- —sindmi(ka) Jp1#(r) Pilpnir), 7=a
Yi(r) = 9)

35 (241 ile[cosby i (kr)

- —sindmi(kr) 1Pi(ury), 7=a

12 See, for example, L. I. Schiff, Quantum Mechanics (McGraw-
- Hill Book Company, Inc., New York, 1955), 2nd ed., pp. 162-164.
18 For example, see reference 12, pp. 100-107.
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2(214—1 )i [1/(a) 1™ cosd: ji(ka)

—-Sinﬁml(kd) ](bllk(f) —jl(kr) }Pl(ﬂksf)’

¥ee(r) =
r=ae (10)
S5 Q1) it (hr) Pao), rZa
Sl ) =B S @ DmPie), (1)
m=e"1 sindy, (12)
tans; = kji' (ka)p1i (a) — 1 (a)j1(ka) 13)

kni (ka) 1 (a) —¢p1 (a) ni(ka) )
Here 6; is the phase shift of the /th partial wave;
Pi(pey) is the Ith Legendre polynomial, u, being the
cosine of the angle between x and y. The functions
7i(x), ni(x), and kD (x), are respectively, the Ith
spherical Bessel function, the /th spherical Neumann
function, andthe /th spherical Hankel function of the
first kind.* That solution to the /th radial Schrédinger
equation for »=<a which is finite at =0 is denoted by
o15(r). In Eq. (13) “prime” denotes differentiation
with respect to the argument of the function.

The coefficients in Eqs. (9) and (10), as well as the
relation given by Eq. (13), were determined by
matching at r=a the value and first radial derivative
of ¢;(r) for r<a to the value and first radial derivative,
respectively, of ¢;(r) for r=a.

B. Solution from the Total Green’s Function

An alternative method involves the use of the total
Green’s function Gi(r, t’). This Green’s function is
defined by the equation

#/2m) {V+E—U(r) }Gi(r, 1) =6(r—1'), (14)

and the requirement that Gy(r, r’) as a function of r
have the same asymptotic behavior as y¢(r). With this
Green’s function, Eq. (1) and the boundary conditions
of Eq. (3) can be combined into

V0 =)+ [d'Gelr, ) V () expliker’); (15)

i.e., application of (7#2/2m)[V2+k2—U(r)] to both
sides of Eq. (15) and the subsequent use of Eq. (14)
vields Eq. (1).

The total Green’s function has the following explicit
form?:

Ge(t, ¥) = (2m/4ni2) 30 (2+1) Pi(itr) GO (7, 7'),
=0

(16)
GO (1, 7') = (r*A)xub (r) 2t (r>),  (17)
14 See, for example, reference 12, pp. 77-79 for the definitions
and properties of these functions.
15 Phillip M. Morse and Herman Feshbach, Methods of Theo-
retical Physics (McGraw-Hill Book Company, Inc., New York,
1953), Vol. T, pp. 791-895.
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where 7<(r>) is the lesser (greater) of 7 and 7/, x1(r)

and x2/#(r) are linearly independent solutions of the
radial Schrodinger equation

{l d—(rﬂd—) —M—Hez— Ulr) }xz’“ (r)=0, r=a,

r2dr\ dr 7?
(18a)

1
{ld—(r2‘i—)—w+k2}><zfc<r>=o, (rza), (18)

r2dr\ dr 72

and A is the Wronskian of these two solutions evaluated
atr=r'.

The particular solutions to be used are determined
by the boundary conditions on G,®(r, 7'); ie.,
Gy (7, 7') is finite at =0 and Gy® (r— 0, #) ~r~leir,
The solution x1/(7) is chosen to satisfy the first bound-
ary condition, and x2/#(r) is chosen to satisfy the
second. It is assumed that ¢1,5(7) and ¢ ,*(7) are linearly
independent solutions to Eq. (18a) such that ¢1/(r)
satisfies the first boundary condition. It is known! that
71(kr) and #;(kr) are linearly independent solutions to
Eq. (18b) with &® (kr) =5i(kr)+in,(kr) satisfying
the second boundary condition. This means the x*’s
can be written as

Awpri(r), r=a

x1f(r) = ,  (19a)
szl(kf’)+Cz1’Ll(kr), r=a
Dldn;"(r) +E1¢21’“(1’) , r<a

x2t(r) = ,  (19b)
Fiy® (kr), r=a

The coefficients B;, Ci, Dy, and E; can be eliminated
from Egs. (19) by the requirements that both x/*’s be
continuous and have a continuous first derivative at
r=a.

With the aid of'¢

Ji(@)nd (%) —ma(@)ji (%) =277, (20)

D17 (r) o (r) — 28 (r) o1 (r) =N"r2, A=const, (21)

(where again “prime” denotes differentiation with
respect to the argument) the Wronskian A can be
evaluated. Substitution of the resulting expressions for
x1, x2iF, and A into Eq. (17) yields

Forr'Za=r
GO (7, ") =[(c1r-+ibi) T "1 (7' ) i@ (kr).  (22a)
Forr,v"Za
G (r, ') =[(crtibr) & T o1 (r<)
X[dwp1i(rs) + (crtibi) g2 (r>) ] (22b)

18 Equation (20) is given in reference 14, while Eq. (21) can
be easily derived from the fact that the ¢;*’s satisfy Eq. (18a).
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In this result

bi=kn! (ka) 1/ (a) — 1 (a) mi(ka) =bi(a, &k, @), (23)
a=kj/ (ka)p1*(a) —p1¥ (a)ji(ka) =ci(e, k,a), (24)

di=¢2 (@) i (ka) — ki’ (ka) ot (a) =di(k, @, a).
(25)

The left-hand side of Eq. (21) is the Wronskian of the
¢7*’s; these functions were chosen to be linearly inde-
pendent, so that N"15#0. Equations (22) give Gy (r, 7’)
only for 7’ < a; this is the only region of interest, since
in Eq. (15) Gx®(r, ') appears multiplied on the right
by V(r) which was assumed to be zero for 7' >a.

The rest of the procedure for finding the scattering
amplitude consists of the substitution of Gi(r, ') as
given by Egs. (16) and (22a) into Eq. (15), the
evaluation of the integral by standard techniques, the
taking of the limit —o, and the comparison of the
result with Eq. (3). The resulting expression for

[k, ko) is
P - (=)
f(kf, ki) =k ;L,:(Zl-i—l) Pz(#kfk;) (Cz+’ib;) e

X [ Pani () UGk ' (26)
0
With the aid of the differential equations satisfied by

¢1%(r) and 7;(kr) the integral in Eq. (26) is found to
be given by

] o1 (") U (r)ju(kr') dr' = —c1a?, (27)

0

so that f(ky, k;) is given by Eq. (11) with
ﬂz=icz[61+ibz]_1 (28)

From Egs. (13), (23), and (24) it follows that Eq. (28)
is identical to Eq. (12).
C. Solution from the #-Matrix Formalism

A third method is the ¢-matrix formalism.” This
begins with the writing of Eq. (4) in the symbolic
form

Yi=| k) +aVs; (29)

i.e., g is an integral operator with kernel g (r, r’). This
equation is then solved for ¢,

Yi=[1—g V1| k;). (30)

This yields
0y, o) = — (2m/ Al f ir'

Xexp(—iky ) V() [1—g V]| ki)
=—(2m/4ah?) <k; | V[1—g V] | k)  (31)

17 B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950).
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With the ¢ matrix # defined by
t=V[1-gV], (32)

where it is understood that f; operates to the right on
| k;), Eq. (31) reduces to

Sk, ko) = — (2m/4af?) <Ky |t [ Ki).  (33)

The matrix element in this last expression can be

evaluated by expanding the operator in Eq. (32).
The operator # can also be found in terms of the

total Green’s function. In symbolic form Eq. (15) reads

vi= | k)+GV | ki); (34)

ie., G, is an integral operator with kernel Gi(r, r').
But from Egs. (29), (30), and (32)

vi=| ki) +guts | k;),

gh=G:V,

(35)
so that

where both sides of this equation operate on | k;). This
equation, when combined with Eq. (32), yields

t=V[1—gV]'=V{1+aV[1—g V] =V[1+gh],

or

h=V[1+GV]. (36)

It is now a relatively simple matter to evaluate the
matrix element in Eq. (33).

D. Off-Energy-Shell and Off-Origin-Centered
Amplitudes

The application of these methods to the problem
of scattering from two potentials is complicated by two
facts. In the first place, only over-all energy conserva-
tion can be required. If the incident particle scatters
off the target by, for example, scattering from one
potential into an intermediate state and then scattering
from the other potential into its final state, the energy
of the intermediate state need not be the same as that
of the initial and final states. Such scatterings are
called off-energy-shell scatterings. An expression for a
general off-energy-shell scattering amplitude can be
obtained by defining the operator # by Eq. (32) with
the understanding that this equation now holds inde-
pendently of the state upon which it operates.”® The
general off-energy-shell scattering amplitude is then
given by

f(p, @) =— 2m/4x7?) {p | & | Q), (37)

where p=|p |#k and ¢=| q|#k. This equation also
holds when p and/or ¢ are equal to k.

Secondly, although each potential is spherically
symmetric about its own center, neither potential is in
general centered at the origin. This complication is
easily handled because the value of the matrix element
in Eq. (37) is independent of origin. If ¢; is the ¢ matrix

18N, C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953).
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for scattering from the potential V;(r —R;) centered at
r=R; (from here on the energy dependence of the
f-matrix is suppressed), and ;o is the ¢ matrix for
scattering from this same potential centered at r=0,
then

(et q)=expli(q—p) R;I(p | tio | ).

With f; and f;o defined in an analogous manner, it
follows that

fi(p, @) = — 2m/4xt?) {p | ¢; | @)
= — (2m/4x7?) (p | t;0 | q) exp[i(q—p) - Ry]
=fio(p, @) expli(q—p)-R;]. (38)

E. The Separable Potential Approximation

Because it has been proved applicable to nucleon-
nucleon,”® pion-nucleon,® and pion-deuteron! scatter-
ing, the separable potential approximation (SPA) is
described briefly.

The first step in the SPA is the replacing of the local
potential V(r) with a nonlocal potential, or else the
assumption is made that the two-body potential is
nonlocal in the first place; i.e.,

Vi) = [ar'v (s, Owlr).

The second step in the SPA is the replacing of the
kernel V(r, ') by a separable kernel; i.e.,

Vi, 1) = M(n)o(r) (40)

where A is a normalizing constant. These last two equa-

tions yield
V(©)¥:(r) =Mo(1) ¥,

(39)

(41)
where

Bi= [0y 9.

Substitution of Eq. (41) in Eq. (4), multiplication of
the result by »(r) and integration over r gives

i=[1-Mi ] k),

(42)

(43)
where

o(ks) = f dro(z) exp(ike),

gksfdrdr’v(r)gk(r, r')v(r)).
But from Eq. (41) and Eq. (8)
J(&p, k) = — (2m/4xf?) N w(—Ky)
so that with Eq. (43)
2m_o(—ky)o(k,)

k,k; = )\,
A -

4n i (44)

19, Yamaguchi, Phys. Rev. 95, 1628 (1954).
20 A, Wentzel, Helv. Phys. Acta 15, 111 (1942).
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Equation (44) is also the result obtained for the
scattering amplitude if V(r) is a local potential with a
shape v(r) and normalizing constant A;i.e., Eq. (41) is
interpreted to mean

V(r)=n(r), (45)

where

Jaro(r)=1; (46)
¥ is still given by Eq. (42), but it is now merely the
average of the wave function over the shape of the
local potential. In this case Egs. (41) and (42) con-
stitute an approximation which is only valid under
certain conditions. From the physics of these two
equations it is clear that these conditions should be
roughly kae<<1 and Uw?<1, where ¢ is the range of
V(r) and Vo= (7*/2m) U, is in some sense the depth
of V(r).

F. Application: Square Well Potential

These techniques are applied here to the square well
potential
—U()=—(2m/ﬁ2)Vo, rSa
U(r)= Cm/B)V (r)= . (47
0 , r>a

The solution to the /th radial Schrodinger equation
with this potential which is finite at the origin is"

o1 (r) =ji(ar), (48)

where
a=[Us+F (49)

Then
o1 (r) =aji/ (ar). (50)

Equations (48) and (50) are all that is needed to make
the results of Sec. II(A) appropriate for the square well.

The results of Sec. II(B) can be applied to the square
well by the use of Egs. (48), (50), and

¢2/(r) =m(or),

i.e., ni(ar) is a solution to Eq. (18a) which is linearly
independent of 7;(ar).

An explicit expression can also be obtained for the
off-energy-shell, square well scattering amplitudes.
From Egs. (36) and (37)

f(p, Q) == (2m/4x?) (p | V+VGV | q)

¢ (r) =ami’(ar); (51

= — (2m/4xnHi2) {/dr exp(—ip-1) V(r) exp(iq-r)
+ f drdr’ exp(—ip-1) V () Ge(r, ') V (')

Xexp(iq-r’)]. (52)

Use of the results of Sec. II(B) applied to the square well,
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along with Eqgs. (A4) and (AS) of Appendix A, gives

f(p, @) =k“§(21+1)m(1>, 0) Pi(iipe),

where

nl(p: ‘1) =771(Qr P) :kU0(12{[1“‘

(53)

Uy _lcl(a: ?, a)
) e
UU[“(Q; k, a) +1bl(q’ k, a’) ]‘
(crkiby) (=g (®—p7)
It is easily seen that for g=p=Fk Eq. (54) reduces to
Eq. (28).

Finally, the SPA can be applied to the square well.
From Egs. (45), (46), and (47)

(3/4ra’, r=a

1(01, p: a)}' (54)

(1) = 1 (55)
0, r>a,
= — (4wa?/3) V,. (56)
These relations and Eq. (42) lead to
kbi(r)zl;i: (3no/cokaa3)j1(aa), r=<a. (57)

A numerical comparison of this result with Eq. (9) in
the region 0=<7=a shows that Eq. (57) is a good ap-
proximation when

ka1l and «aS1. (58)

These restrictions merely mean that inside the potential
the total wave function is approximately equal to its
average over the shape of the potential provided that
the wavelength outside the potential is large compared
to the radius of the potential and that, inside the
potential, the wavelength is at least as large as the
radius; i.e., the wave function is a slowly varying func-
tion both inside and outside the potential.

III. SCATTERING FROM TWO POTENTIALS

The problem under consideration now is that of the
scattering of a scalar particle by two spherically sym-
metric potentials. The Schrédinger equation for this
problem is

(72/2m) {Ve+-B— V(| 1= Ry |)

In this equation the origin is the midpoint of the vector
R joining the centers of the two potentials, r is the
position vector of the incident particle, R; is the
position vector of the center of the jth potential, and

R= Rz—R1=2R2= '—2R1 (60)
The desired solution to Eq. (59) has the form
Yi(r) = |ka)+ye(1), (61)
where
Yoo (r) —F (ky, ki) rteltr; (62)
o
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ie.,, F(k;, k;) is the scattering amplitude for this
problem for scattering from the initial state | k;) to the
final state | k). The goal of the following calculations
is to obtain an expression for F(ky, k;) in terms of the
fio(ky, ki), =1, 2, the individual origin-centered
scattering amplitudes for scattering from potentials one
and two.

Several methods for solving this problem are pre-
sented for the case of S-wave scattering; i.e., each
potential scatters only S waves relative to its own
center. It is assumed that the two potentials are
identical; this is not a necessary assumption, but it
makes the form of the equations somewhat simpler
than otherwise.

A. Point Potentials

The simplest case is that of S-wave scattering from
two point potentials. Brueckner” discussed this problem
in 1951; his derivation is given below.

The wave function outside the potentials is written
as the sum of the incident plane wave, a wave scattered
from potential one, and a wave scattered from potential
two;i.e.,

exp(ik [ 1—Ry )
|r—Ri|

exp(ik | t—R. )

|r—Re| '’
this being the general solution to the wave equation
outside the potentials for S-wave scattering by each

potential. The outgoing amplitude A is given in terms
of the total wave amplitude at Ry by

exp(zk l Rl—Rz D
| Ri—R; |
where (no/k) is the S-wave scattering amplitude for
potential one: from the assumption of identical po-

tentials, (no/k) is also the S-wave scattering amplitude
from potential two. Similarly

11/,(1‘) = exp(ikior) +A(]

+Bo (63)

A():%‘O{exp(iki'Rl) + By }, (64)

exp(ik | Ri—Re |)
IRi—R, | } (65)

When Egs. (63), (64), and (65) are solved for the
scattering amplitude the result is
7o exp(2¢kR) ]‘1
(kR)*

By= %{CXP (1ki*Re) + 4o

Pk, k) = [1

X {%0 { CXP[’i (ki'—kf) . R1]+CXPD: (ki'—kf) : R2] }
+[n¢® exp(ikR) /B R expli (k- Ri—k;+Ry) ]
+-exp[i(ki- Ro— ks Ry) ]} }, (66)

where R=| R |.
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From the discussion in Sec. II(A, B, and F) the
details can be filled in. That Eq. (63) is the solution
to the Schrédinger equation outside the potentials
and for S-wave scattering by each potential, can be
seen from Eq. (10) and the identity A® (x)= —ix
exp(1x).

Equation (64) states that the amplitude of the wave
scattered by potential one is the S-wave scattering
amplitude for this potential times the wave incident
on this potential evaluated at the position of this
potential. This also follows from the discussion in
Sec. II: From Egs. (2), (16), (22a), (28), and Sec.
II(F), it follows that for a square well centered at
p=0,

P(p>a) = — (no/4mkcoa®) (e%#/p)
X [agliole ) U W (e), (6)

where ¢¢(g) is the wave incident upon the well; it is
legitimate to use the entire incident wave in Eq. (67)
since only its S wave part will survive the integration.
It is assumed now that the range of U(p’) is small
enough to allow the removal of the incident wave from
the integrand. The remaining integration can be per-
formed and the result is

Y*o(p>a) = (no/k)¥"°(0) [Us j1 () /coa Jo™ exp (ikp).

The taking of the limit of a point well, a—0, Uy
(which means that the previous manipulation is exact),
results in

Uojl(ad) /Coa—>1,
so that

¥*(p) = (no/k)¢¥"(0) p~* exp (ikp),
or with g=r—R;,

(| r—R;|) = (no/k)gbi"c(r:Rj)w_

|r—R;| (68)

The realization that the wave incident on one potential
is just the original plane wave plus the wave scattered
by the other potential gives an immediate explanation
of Egs. (64) and (65).

Finally, from Eq. (62) and Eq. (7), Eq. (63) implies

F (kf, ki) = exp( ‘—ikf' Rl) Ao-l—exp( '—ikf‘ Rz) Bo. (()9)

Equation (66) follows directly from Egs. (64), (65),
and (69).

Bruckner’s result for F(ky, k;) can be interpreted as
follows: The first two terms in the numerator of Eq.
(66) are the single-scattering (or impulse approxi-
mation) terms; i.e., the incident particle scatters once
from either potential, and the amplitude for each of
these scatterings is shifted in"phase because the po-
tentials are centered at r=R; and r=R,, rather than at
r=0. The next two terms in the numerator are the
double-scattering terms; i.e., the incident particle
scatters from potential one (two), propagates as an
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outgoing spherical wave R exp(ikR) until it scatters
from potential two (one). The denominator represents
all higher-order multiple scatterings; the four different
phase factors in Eq. (66) come from the four different
possibilities of the initial and final scatterings being
from potentials one or two.

B. Solution from the #-Matrix Formalism

In 1955 Drell and Verlet® calculated the scattering
amplitude F(ky, k;) by using the f-matrix formalism.
A somewhat expanded form of their derivation is given
below.

For the case of scattering from two potentials
Vi(r—R;) and Vy(r—Ry), Eq. (4) has the symbolic
form

Yi=|ki)tye=|ki)+a(Vi+Vo)ys.  (70)
The solution is
Yi=[1—g(Vi+V2) I [ ki),
which gives for the scattered wave
pe=g(Vi+ Vo) [1—g(Vit V) I | ke).  (71)

Use of the usual noncommutative algebra gives
aVi[1—g(Vi+Va) I

=gV [ (1—gVa) (1—gV1) —gVogi Vi 1™

=g Vil(1—gV1) —gtogs Vi (1= g V)™

= giti[1—gitogits 71 (1—gi V) ™

=gehi[1—gitogets T (14geta) (72)
where, independent of the state upon which it operates,

t=Vil—gVil?,  j=1,2, (73)

is the off-origin-centered ¢ matrix for scattering from
Vi(r—R;). The last line of Eq. (72) follows from

(1—g Vo) l=14g.Vo(1—giVs) 1= 1+4gibo.

Substitution of Eq. (72) as it stands, as well as with
152, into Eq. (71) yields*
| p—p’
(1) = — (2m/4ahi?) fdrlw
|r—r'|
XA —tigutege 6 (1+guts)
+[1—tgihgr 0 (14-gh) } | ki)

Use has been made of Eq. (6) and the operator identity
A[1—BAT'=[1—ABT'A. The scattering amplitude
obtained from this last equation is

F(ky, k)
= — (2m/4xh%) (&; | [1—tigatogr "0 (14 geta)
+[1—togrhge ] (14gt1) | ki). (74)

2 D. Park, Compt. rend. 245, 291 (1957) also obtained this
result.
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The interpretation of this result in terms of single,
double, and multiple scatterings is apparent.
The use of the closure property

Jar1)(x = [ax expliv: (r—x) 1= 2m)3(e ),

(75)

permits Eq. (75) to be written (through double-
scattering terms) as

F® (ky, k)
= — (2m/4x??) { (ks | 1 | ki) + By | 2| i)}

— (am/aa®) (2m) [ avaanf Qs | 1] ) (| g )

X0t [Ra)+ ke [ 2] v ) (v ge| 2) (0 [a |k} (76)
The Green’s function gi(r, r') can be written as the
Fourier integral!?

2m  [dqexp[iq: (r—1')]
h2(2m)? Q% — (k+1ie)?
i.e., e>0 and the limit e—0 is taken after the integration
is performed. This expression for g.(r, t’) leads to

g(r, 1) = — , €0 (77)

cara 3»)=/drdr' exp(—iy-1)ge(r, 1’) exp(id-r’)

Wm §(y—2)

= —22(2m)3- 78
N i (78)
From this relation, Eq. (38), Eq. (60), and Eq. (76), it
follows that

FO(ky, k) =exp[ —i(k;—ky) -R/2]f 0 (ks k)
+exp[i(k;—ky) - R/2 ]2 o(ky, k)

4w fdy exp(—iy*R)
(2m)3) 2= (k+tie)?
Xfro(Ks, ¥)fe0(y, ki)

4w [dyexp(iy-R)
(2m)3) = (k+-ie)?
Xfzo(Ks, ¥)fro(y, ko). (79)

The first two terms are the single-scattering terms,
while the integrand contains the double-scattering
terms. For example, the first double-scattering term
reads as follows: The incident particle with momentum
k; scatters from potential two into an intermediate
state of momentum +~; it then propagates in this
intermediate state until it scatters from potential one.
The total amplitude for this process is found by inte-
gration over all intermediate momenta. This last
statement means that, even though-the propagator in
the integrand is peaked at 4*=£? the scattering ampli-
tudes in the integrand are off-energy-shell amplitudes.

+expli(ki+ky) -R/2]

+exp[ —i(ki+ks) -R/2]
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The assumptions of S-wave scattering and identical
potentials permit the reduction of Eq. (79) to the form

F® (kf, k,) = {exp[:z (k,—kf) 'R/Z]
+exp[ —i(ki—ky) -R/21} (no/k)
+ {explii (ki+ky) - R/2]+exp[ —i (ki+k) -R/2]}

Yy

2 ee)
X?r/o Y= (htie)? (80)

jO('YR)fO(k) 'Y)fﬂ('y’ k)’

Wheref0=f1,0=f2,o.
Drell and Verlet considered two approximations for
the amplitudes in the integrand of Eq. (80):

I Jo(k, v) =fo(v, k) =fo(k, k) =no/k,
II. Jolk,v) =fo(v, k) =0 for vk

The first form states that the off-energy-shell ampli-
tudes are the same as the energy-conserving ampli-
tudes, while Eq. (82) states that the off-energy-shell
amplitudes vanish.

The substitution of I. into Eq. (80) leads to

(81)
(82)

2(> dvy . 2
7_r/o S G RN Wfo(y, B) = (/B L (kR),
where

7 ydvy
I(kR)=— f
(BR)= =3 R} P (htid)®

X[exp(ivR) —exp(—ivR) ]
(83)

= (kR)'exp(ikR).
Equation (80) can then be written
F1® (ky, ki) = (no/k)
X {exp[i(ki—ky) -R/2]+exp[ —i(k:—ky) -R/2 ]}
+ (n0/k)*R™ exp(ikR) {exp[ii (ki+k;) -R/2]
+exp[ —i(kitks) -R/2]}.

On the other hand, the form for the scattering
amplitude given by Eq. (82) means that the factor
[v*— (k+ie)*]* in the integrand can be replaced by
(wi/2k) 8(vy—k). This yields
Fuu® (ky, ki) = (no/k)

X {exp[i(ki—ky) -R/2]+exp[ —i(k:—ky) -R/2]}
17 sinkR

(84)

+ (no/k)* {exp[i(k+k/) -R/2]

+exp[—i(k:+k,) -R/2]}.  (85)

All the higher-order multiple-scattering terms can be
evaluated in the same manner as the double-scattering
terms by using, in addition to Egs. (81) and (82), the
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approximations

L JoCv, ¥') =fo(k, k) =m0/k, (86)
11 folv, ¥')=0 for y or v'#k. (87)
Summation of all the multiple-scattering terms leads to
Fron(ky, ko) =[1— (no/k)* W11 ]

X (no/k) {{exp[i(ki—ks) -R/2]
+exp[ —i(ki—ky) -R/2]}
+ (no/k) W, 1{expli (kit+ky) - R/2]

_ Jexp[ —i(k+k) -R/2]}),  (88)
where the “propagators” Wiy 11 are given by
W1=8ikR/R, W11=’i sinkR/R. (89)

Drell and Verlet pointed out the following features of
Eq. (88). If the propagator W is used the resulting
expression for F(ky, k;) is the same as that obtained
by Brueckner [Eq. (66)] and it has the same fault;
i.e., in the limit R—0, when the two wells collapse to a
single well centered at the origin twice as deep as either
of the original wells, Eq. (88) yields the incorrect
result Fr—0. If the region 2R<1 is important, then
Eq. (88) with W as the propagator is a poor approxi-
mation. If only terms through double scattering are
included and W7y is used as the propagator, then, in
this same limit, Fy—oo, which also is not correct. If,
however, Wy is used in Eq. (88), then

Fn—;:Oﬂ (no/ k) [1-ino ]/[14ne*],

which at least reduces to the correct values for 7,<<1.

A third approximation method, the SPA, was also
used by Drell and Verlet to evaluate F(ky, k;). This
work is discussed later.

C. Solution from Matching at the Potential
Boundaries

In 1957 Eyges® presented a method for solving
nonseparable boundary value problems for those cases
in which the nonseparable boundary is a sum of
boundaries, each of which by itself constitutes a
separable problem. This method is illustrated below
for the problem of S-wave scattering from two identical,
nonoverlapping, spherically symmetric potentials.

The Schrodinger equation is again Eq. (59) with
the boundary condition given by Egs. (61) and (62).
Here, however, the additional restriction that R>2a is
imposed, where a is the radius of each of the potentials.
The general procedure for the scattering of all partial
waves is first to write the solution ¢;(r) in the region
outside both potentials as the sum of the original plane
wave and a scattered wave from each potential:

Yi(r) =| ko)+yee(r—Ry) +¢o=(r—Ry).  (90)
The scattered wave from the jth potential (j=1, 2) is

2 L. Eyges, Ann. Phys. 2, 101 (1957).
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then written as a linear combination of the partial wave
solutions for the scattered wave when only the jth po-
tential is present. Next, the solution ¢;(r) inside each
potential is written as a linear combination of the
partial wave solutions for the problem when each po-
tential is present by itself. Finally, the coefficients in
these linear combinations are determined by the usual
continuity requirements on the wave function and its
first radial derivative at the boundary of each potential.

For S-wave scattering by each potential Eq. (90) is
identical to Eq. (63):

¥i(r) =exp(ik; 1) + Ao exp (ikps) +Bops™ exp(ikps),
(91)

where p;=| 0; |=| r—R; |, 7 = 1, 2. Equation (9) can be
used to write the wave function inside the jth potential
as

p1, p2> @,

vi(oi) = IZDz,mk(p,-) Pi(pri;), pisa, j=1,2. (92)
—0

To determine the coefficients 4o and B, the wave
function inside and outside the jth potential must be
expressed in terms of g; so that the continuity condi-
tion on ¢; and its derivative with respect to p; at the
boundary p;=a can be easily applied. To accomplish
this, Bauer’s® formula is used in the form

exp(ik; 1) =exp(iki*R;) exp(ik;- o;)
=€Xxp (ke R)) lz: (21+1) 1'l]'l(kpz') Pl(#k.'pf) )
=0

(93)
and the relation?4

exp(ik | ;=R |)
| 0;£R |

=ik 3 (2+1)js(koy) n® (kR) Po(uar.p), R>pi (94)
=0

is also used. Substitution of Eq. (93) and Eq. (94) into
Eq. (91) gives® for j=1

¥i(en)
© . 4 3
= exp(ikesRo) 35241 kon) (5777 Fea( B
+ (4m)  Aopr™ exp (ikp1) Yo,0( Liipr)

o 1
+ikBoY, ij(kpl) @ (kR)

=0 m=—1
X47TYl.m*(LRks)Yl,m<Lk;p1), a=;m<R, (95)

2 See, for example, Gerald Goertzel and Nunzio Tralli, Some
M athematical Methods of Physics (McGraw-Hill Book Company,
Inc., New York, 1960), p. 161.

¢ This relation can be derived easily from Eq. (77) with the
help of Bauer’s formula.

% For the definition and properties of the spherical harmonics
Yim(Lzy) used here see A. R. Edmonds, Angular Momentum
in Quantum Mechanics (Princeton University Press, Princeton,
New Jersey, 1957). The notation L., means the angular co-
ordinates of y with respect to x as polar axis.
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where the spherical harmonic addition formula

4 4

Pi(urp) = mmgl Vio*(Ler;) Vi (L) - (96)
also has been used.

The continuity conditions at py=@¢ can now be
applied to Eq. (92) with =1 and Eq. (95). A similar
analysis can be performed for j=2. The resulting
expressions connecting Ao and By are just those given
in Egs. (64) and (65). Consequently, F(ks k;) is
given by Eq. (66).

The key point is that the potentials are nonover-
lapping. This allowed the use of Eq. (92) for the wave
function inside each potential. If the potentials over-
lapped, the region p;<e would not possess spherical
symmetry about p;=0, so that Eq. (92) would no
longer be the correct expression for ¥; in this region.

D. Solution from the One-Potential Total
Green’s Function

In this section a third method of solution is presented;;
one that also is applicable only for nonoverlapping
potentials. The starting point is the Schrodinger
equation (59) with the total wave function ¢; given
by Eq. (90). The boundary conditions are

finite at | t—R; |=0, j=1,2,

s (97)
¥i(f =R LR, [ exp(ik | T—R; )

as | r—R;|—w

and the no-overlap condition R>2¢ is assumed to hold.
The total wave function can also be written as

Yi(r) =y (r—R;) +¢~(r—R;), j=1,2, (98)
where
Yire(r—R;) =exp(ik;-R;) exp[ik;- (r—R;) ]
+¢uo(r—R;—[R,—R;]), n#j, (99)

is the wave incident on the jth potential; i.e., the wave
incident on each potential is the original plane wave
plus the wave scattered from the other potential.

Because the potentials do not overlap the Schré-
dinger equation in the region outside U, is

(#2/2m) {V,+k* — Ur(p1) 1 s(01) =0,

where the variable has been changed from r to o=
r—R;. From Egs. (98) and (99), ¢;(g1) is the sum of

an incident wave

¥ii"(01) = exp[ik; (+R1) J+¥o*(e:—R), (101)

and a scattered wave. The first term on the right-hand
side of Eq. (101) clearly satisfies the free-wave Schro-
dinger equation and, in fact, so does the second term.
This last follows from the fact that y»*¢(g;—R) is the
wave scattered by Us; i.e., once ¢»* is outside U, it is a
frec wave. This being the case, Eq. (100) can be

(100)
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written as
(72/2m) { Vo, + k= Ui (p1) }$1= (01) = Vi) ¥1i™(o1) .
(102)

Equation (102) can be converted into an integral
equation by using the total Green’s function formalism
of Sec. II(B). The result is

(o) = f dei'Gi (01, 01") Vi(ed)

X {exp[iki: (o/+Ry) J+¢2=(e' —R) },
where Gy (o1, o1') satisfies

(#2/2m) {V o2+ —Ui(p) }Ge (01, 02') = 6(01—01'),
(104)

(103)

and the boundary conditions of Eq. (97) ;i.e., Gr (g1, 01)
is the same total Green’s function as that used in
Sec. II(B).

Inanalogous fashion ¥*¢(gz) in the region outside U,
is given by

v (02) = / de'Gr (g2, 02') V2 (02')

X {exp[iki- (02’ +R2) J+ya*(o2'+R) },

where ge=1—R,.

Equations (103) and (105) constitute a pair of
coupled integral equations for the scattered waves
¥, =1, 2. Furthermore, the implicit restrictions on
these equations, Eq. (103) valid only for p.>a, and
Eq. (105) wvalid only for p;>e@, can be dropped. This
follows from the fact that, for example, once »*
is outside U, by its definition noting more can happen
to it; it is true that y¥»* can be regarded as imping-
ing on U; and being scattered by this potential, but
this process is a contribution to ¥, rather than a
modification of ¥, The result is that Egs. (103) and
(105) are valid even when the potentials overlap.®
When, as has been assumed, the potentials are non-
overlapping, however, the form for each of the scat-
tered waves is known, so that this pair of equations
can be solved.

In both Egs. (103) and (105), the plane-wave term
on the right-hand side is just the single-scattering
(impulse approximation) term; e.g., in Eq. (103) this
is all that would appear inside the braces if potential
two were not present. The other term in each of the
integrals represents all of the multiple-scattering terms.

To illustrate the method of solution, the case of
S-wave scattering is again considered. From the results
presented in Sec. II(A) it is known that, for S-wave
scattering from a spherically symmetric potential
centered at x=0, the scattered wave is spherically

(105)

2% See Sec. III(E).
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symmetric and proportional to x~le®=. This means

Yi*°( 1) = Aopi™* exp (ikpy)

=4y | g2+R [T exp(ik | g+R ), (106)
2> ( 02) = Bops~* exp (ikp2)
=By| ;.—R | exp(ék | a—R ), (107)

where the coefficients 4y and By are to be determined.
From Egs. (16), (22a), (28), (103), and (107),
¥1°(01) for p1>a is given by

v
¥(e) =~ —lexp(ikeR) Lt Bolal,  (108)
. TCod
where
g 1:/ doi'p1o* (o) Ur(py) exp(iki-o1'), (109)

1= [do/es (o) Uslot) | o —R [ exp(it | o/ ~R |).

(110)

The use of Bauer’s formula in Eq. (109), the perform-
ing of the angular integration, and comparison of the
result with Eq. (27) gives

I;= —4wcya®. (111)

From Eq. (94), Bauer’s formula, and Eq. (27), Eq.
(110) reduces to¥

Io= —4ikhy® (kR) cod?. (112)

The substitution of Egs. (111), (112), and the defini-
tion of h®(kp;) into Eq. (108) leads to Eq. (64).
Equation (65) can be derived in a similar manner.
The resulting expression for F(ky, k;) is again that
given in Eq. (66).

E. The Separable Potential Approximation

The third approximation used by Drell and Verlet?
was the SPA. Their derivation of F(ky, k;) for S-wave
scattering from identical potentials proceeded in the
following manner.

The use of Eq. (14) and the application of the SPA
to each potential term individually leads to

Vi=| Ki)HMdigivi+-Nalegivs, (113)

where

Bi= [am(r-Ryu(n, j=1,2,  (114)
and »;(r—R;) is V;(r—R;) normalized to unit volume
integral with normalizing constant A; From the
averaging of Eq. (113) over v, there results

Jr=exp (ik;* Ry) v (Kq) +Miage -+ Aalogs®,  (115)

V";;-:I"he use of Eq. (94) is restricted to S-wave scattering. A
more general method, applicable to higher partial waves, is given
in Appendix B.
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where
w(@) = [demi(e) explin-e), j=1,2,  (116)
gkif—E/drdr’vi(r—Ri)gk(r, 1)v;(r'—R;). (117)
Similarly,
l;2= exp (1k,,' Rz) V2 (kz) +)\1J/1gk21+)\21;2gk22. (118)

From the asymptotic form of Eq. (113) it follows that
FIII (kf, kz) = — (2’)‘)1/4.7['712) [)\11;1’01( _kj')
X €xp ( ""ka‘ Rl) +)\2§Z21)2( —kf) €xXp ( —l.kf‘ Rz) ] ( 1 19)

Equations (115) and (118) can be solved for y; and Je.
Substitution of the results into Eq. (119) gives Eq.
(88) with WI,II replaced by W111,

W eromm — 2m g _ 2m ot
T o (k) n(Ka)  Aah? o (—Kp) (k)
(120)
and with
2m _ v;(—k;)v;(k;
(/) ~foall i = e h P, (121

4ok 1—Ngd

The accuracy with which the SPA result approxi-
mates the correct expression for F(ky, k;) depends on
whether or not the potentials overlap. For any two
spherically symmetric potentials Eq. (94), Bauer’s
formula, and v:(q) =(q) =2(g) =v(—¢) can be used
in Eq. (120) to obtain

=) 2d .
WIII=7)“2(k)7r_1f_w'q;'_'_—?kj_TyJO(qR)WZ(QX (122)
As Drell and Verlet pointed out, for nonoverlapping
potentials Wyrr reduces to the exact value R~ exp(ikR).
This follows from the fact that v2(¢) is an even, analytic,
oscillatory function of 2¢a so that, first, for ¢ large and
complex the R-dependent term in Eq. (122) deter-
mines the behavior of the integrand, and second,
72(g) can be removed from this integrand and evaluated
at g=k.

The case R<2a is much more complicated. Only the
special case of low-energy (ka<K1) S-wave scattering
from two completely overlapping (R=0) identical
square wells is investigated here. For this case F (ky, k;)
is calculated through double-scattering terms first
using the SPA and then exactly.

The double-scattering terms in the SPA are given by

Frur? (&, ki) = (no/k)*W i {exp[i (kit+ky) - R/2]
+exp[ —i(ki+ky) -R/2]}.
From Eq. (55), for a square well
=[d iq-1) =30 [ 1%0(gr)d
2(q) /rv(r) exp(iq-r) =3a /;fjo(qr) r

= 3(qa) Y1(qa),

(123)
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so that Eq. (122) becomes

_ B = j(gR)ji(ga)
WIII“le2(ka)£m qz—(k-{—ie)qu' (124)

Evaluation of this integral for R<2a and the taking of
the limit R—0 gives for the region ka<K1%

6
Wik '————4i+0(x) - - -, (125)
R0 Sx
2<<1
where x=ka.

On the other hand from Egs. (53), (54), and (80)
the exact double-scattering terms are given by Eq. (123)
with Wi replaced by W,

=E @ ]O(QR) 502((19 q, (Z)
76— [ — (k+ie) " ][ —a

where, from Egs. (24), (48), and (50),

q*dq (126)

co(ey, ¢, @) =qjd' (qa)jo(ea) —aje’ (ea)jo(qa).  (127)

Evaluation of the integral in Eq. (126) and the taking
of the limit R—0, gives for the region x==ka<1,
y=aa=21 (which, from Sec. II(F), is the region where
the SPA is applicable to the square well)

Wk_l__)ijO(y) x_4_[%y+yj02<y) ]x_3+0(x_2) + cee,
L 71(y) 671*(y)
(128)

A direct comparison of Eq. (128) with Eq. (125) shows
a marked disagreement. This indicates that the SPA
as applied to two local potentials is not a good approxi-
mation when the potentials overlap.

F. Comparison of the Various Methods

The relationships among the various methods can
be summarized as follows:

1. Brueckner’s point potential calculation is merely a
special case of the more general calculation of two
spherically symmetric nonoverlapping potentials. The
reason that the S-wave scattering amplitude from two
nonoverlapping potentials has the same form as that
from two point potentials is that, because the po-
tentials do not overlap, each potential has incident
upon it the scattered wave from the other potential in
the region where the scattered wave is a function of the
potential parameters only through the combination ns.

2. The t-matrix formalism used by Drell and Verlet is
the most general and the only method by which the
case of overlapping potentials can be treated exactly.
The reason why their approximation I (II) gives (does
not give) the correct result for the scattering amplitude
from nonoverlapping potentials can be found from a
consideration of the integral in the double-scattering

28 This result also is contained in reference 8.



620 L. H.

term of Eq. (80). From Eqs. (34), (36), and (38),
Joly, ki) = — (2m/4xt?) (x | V+VGV | ki)
=—(1/4m) (v | U¥:),

which for S-wave scattering reduces to

(129)

folr, B = = (4m) [ exp (=i D) U (r)so(0),

where ¢;,0(r) is the S-wave part of ¢;(r). The use of
Bauer’s formula and the performing of the angular
integration gives

foly, ) = — / i) U salr)dr.  (130)

From this it follows that fo(y, &) is an analytic, oscil-
latory function of ya. From Eq. (129) it is clear that
fo(v, k) =fo(k, v) so that the product of these two
functions is an analytic oscillatory function of 2vya.
If jo(yR) in the integral in Eq. (80) is written as a
sum of exponentials, then from the above remark, so
long as R>2a, the R-dependent terms determine the
behavior of the integrand for v large and complex.
Thesz= facts, along with the remark that fy(y, k) is an
even function of v, imply that the fo(y, £)fo(k, v) can be
taken outside the integral in Eq. (80) and evaluated at
y=k. The remaining integral is easily evaluated, and
the usual result for nonoverlapping potentials is ob-
tained. A similar argument holds for the higher-order
multiple-scattering terms. The key point is that all the
integrals in these terms can be evaluated without
decomposing the amplitudes fo(p, ¢) into their con-
stituent parts. Under this condition fy(p, ¢) is an
analytic function of p and ¢. It is because Drell and
Verlet’s approximation I (II) satisfies (does not
satisfy) this analyticity condition, that their approxi-
mation I (IT) gives (does not give) the correct scatter-
ing amplitude for nonoverlapping potentials. This leads
to the conclusion that if an approximation is to be used
for fo(p, ¢) such as to represent the case of overlapping
potentials, then the approximate form of fy(p, ¢) must
be nonanalytic with respect to p or g.

3. It follows from the preceding discussion that
Brueckner’s point potential calculation, as well as the
calculations of Secs. III(C and D), include the con-
tributions from off-energy-shell t-matrix elements. How-
ever, in the sense that for nonoverlapping potentials
the incident particle propagates between collisions as
an outgoing spherical wave with an energy equal to the
incident energy, the multiple scatterings are on the
energy shell scasterings. These two statements merely
reflect the fact that it is necessary to use all momenta
P, including those with p>£k, in the Fourier integral
representation of ! exp (ikr).

4. The advantage of the total Green’s function
method over Eyges’ method is that the former contains
fewer undetermined coefficients at an intermediate
stage. This is because part of the work of determining
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the coefficients has already been done in constructing
the Green’s function. Also, the physical picture of the
multiple scatterings is somewhat clearer in the Green’s
function method than it is in Eyges’ formalism.

5. The basic equations of the Green’s function
method are contained in the general formalism used by
Drell and Verlet. This can be seen as follows: Eq. (70)
can be written as

Yi=| ko)™,

where

vio=a V=gVl k)+Hpe+ya.=],

or

j=1,2#n,

Y=g Vi{1—aV;]'[| ki)+d.=],

so that from Eq. (32) and the relation g,V ;= Gt there
results®

=G Vi[| ki) -+,
Yoo= G, V1l | ki )]

If these last two equations are expressed in explicit
form, the first in terms of g; and g’ and the second in
terms of g, and g/, the resulting expressions are just
Egs. (103) and (105).

6. From a physical viewpoint the reason why the
SPA result reduces to the same form as the correct
answer for the case of nonoverlapping potentials is that
the SPA approximates the wave function only in the
region inside each potential. When the potentials do
not overlap, neither potential ‘“knows” what is hap-
pening to the wave function inside the other potential.
One potential “sees” the effect of the other potential
only through the wave scattered by the other potential
after it has left the interior of the other potential; in this
region the SPA uses the exact wave function.

7. Each of the methods used in Secs. III(A-D) can
be generalized to include the scattering of all partial
waves. The calculations become rather involved; e.g.,
to find the scattering amplitude for the scattering of
the first N partial waves, determinants of order 2N?
must be computed. Remarks 1 through 4, generalized
in the appropriate manner, are valid even in this case.

APPENDIX A: SOME USEFUL INTEGRALS

The values for the integrals which occur in the
evaluation of f(p, q) for a square well potential derived
are derived below.

The derivation begins with the definition that
bp.1(7) anc} n?q,;(r) satisfy, respectively,

{g;(ﬂ%)—l(l-{-l) +P2r2}¢,,_,(r) =0, (A1)

{%(’23;)“’”“) +W}¢,qz(r> =0, (A2

2 Tiie mor;entum—space equivalent of these equations for the
case of N potentials was obtained by H. Ekstein, Phys. Rev.
88, 721 (19351).
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Multiplication of Eq. (Al) on the left by ¢,.:(r),
Eq. (A2) on the left by ¢,..(7), and the subtraction of
one of the resultant expressions from the other gives

d/l d d/( d
¢q,l;1;(725%1’)—%"3;(7254"1'1): (=1 bp.1t00, 7%,

or
d d d
l-i;[r%q,zad)p,z—'7'2¢p.rd;¢q,z]= (=12 bp,1g.17?,

so that

[ Porar)buariar

72 d d d
= [W{d’q,l(f') Eﬂsp,l(’) —¢p,l(7)5¢q'l(r) }]r=m(A3)

Application to the spherical Bessel and spherical
Neumann functions yields

yzcl(P: q, }’) —WZCZ(P; ‘B x)

[ iorrias)az= = (A4)
[[rmtenritanir= L ITZRLD (x5
where Eqs. (23) and (24), with

SEO) =iilkn), G =mkr), k=prg, r=x,»,

have all been applied in arriving at Egs. (A4) and (AS).

APPENDIX B: EXTENSION OF III (D) TO ALL
PARTIAL WAVES

Eyges has treated the generalization to all partial
waves of the method described in Sec. III (C), for the
problem of two hard spheres when the scattered wave is
incident along the line joining the spheres,? and for the
problem of a particle bound to two or more nonover-
lapping spherically symmetric potentials of finite
radius but otherwise arbitrary radial profile.® The
derivation given here is the generalization to all partial
waves of the method used in Sec. III (D) for the problem
of scattering from two identical nonoverlapping spheri-
cally symmetric potentials of finite radius but otherwise
arbitrary radial profile.

The derivation begins with the use of Eq. (10) to
write Eq. (103) as

Y1 (1) =¥1r.a *(o1)

+ [ 40/Guler, o) V(o (e ~R),  (BY)

where the impulse approximation (single-scattering)

% L. Eyges, Phys. Rev. 111, 683 (1959).
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term is given by
Yira (o)
=exp(iki Re) 2 (2041)i* i ® (kpy) Po(usesp), pr>a.

=0

(B2)
From Egs. (16), (22a), and (28) it follows that Eq.
(B1) can be written as
1: sy
Pre(o) =¥ira (o) ——— 2 (241 mer® (kpy) I,
4‘n'dzl=[)
(B3)
where for p;>a

Il=/dgllpl(uplﬂl')¢1lk(91,) Ui(p/)¥2(0'~R). (B4)

To complete the preliminary work, the generalizations
of Egs. (106) and (107) are written. From the form
of Eq. (10) these are

1

Yo(0) =2, 2 Arwhi® (kpy) Yim(Liiwy), p>a, (BS)

=0 m=—1

ey ]
\&280( 92) = Z: Z Bl:mhla) (kpz) Yl.m(LkiM) y P2>a, (Bé)

=0 m=—1

where, because the two-potential problem in general
lacks azimuthal symmetry about the direction ki
spherical harmonics rather than Legendre polynomials
must be used in these last two equations.

In order to evaluate I, the scattered wave
¥2*°(0'—R) is represented by the Fourier integral

po(o/—R) = (2m) [ dyga, () expliv-or), (B)

where
() = [dto(6-R) exp(—iv-t).  (BS)
From Eqs. (B7) and (B4) it follows that

1= ) [dvgu) 1, (B9)

where
Ji= / Aoy Py )1 (p") Ur(p') exp(ivy- o),

or, upon application of Bauer’s formula and the
spherical harmonic addition formula,

Ti= 4 Po(iyp) f “W1t(x) Uy (o) ju(v)dv.  (B10)
0

On the other hand, Eq. (B6) can be used in Eq. (BS),
and, after the variable is changed from t; to t;=t.—R,
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the angular integration can be performed to give

o Y

g () =47 exp(—iy-R) ,Z z: By w
=0 m/=—1"
XYZ’,m'(LIc.;'y)Kl’) (Bll)
where
Ky=[ThOU)jvt)ydy  (B12)
0

This last expression can be evaluated by using Egs.
(A4) and (AS) of Appendix A. If

-

is used in Eq. (B11) and the resulting expression sub-
stituted into Eq. (B7), Eq. (B6) is regained. Equations
(B13), (B11), and (B10) are now substituted into
Eq. (B9), and Bauer’s formula and the spherical har-
monic addition formula are used to perform the angular
integration. The resulting expression for 7; is

—16ma%’

e—0t

(B13)

I D) i OB
X T VY Y yn™ (L) Yoo ne ™ (Lige) M, (B14)
where

F— / AV 10V Vo (BI3)
and
Because®

T WV =0 for I+ 41" #even integer,

and 7;(z) has the parity (—1)% the ¥ integrand in
this last equation can be replaced by one half the in-
tegral from — o to . Again for nonoverlapping po-
tentials the R-dependent term determines the be-
havior of the v integrand for v large and complex.
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Iivaluation of the v integral yiclds

Mulln = ~—7r/11~(1) (kR) d—’zf x%u’“(x) U1(x)jl(kx> dx,
0

so that from Eq. (27)
Mup =ncdi® (kR), (B16)

where ¢; is given by Eq. (24). Finally from Egs. (B16)
and (B14) it follows that

—16m2a*ic; Z

I= —\vRp,
! (2141) 70 m,mlz,m//( 2 .
X Jomrmrr wrrt Yl,m*(Lkim) Yl” ,m"*(LkiR) hl"(l) (kR) .

(B17)

Equation (B17) is now substituted into Eq. (B3),
Egs. (B2) and (BS5) are substituted in the resulting
expression, and the coefficients of ¥m(Lip) @ (kp1)
are equated. The result of these manipulations is

4 Lm= [47!' (2l+ 1) ]%i“—lﬂlam,o exp (1k,' RI)
AT (=)™ 3 D (—2) Y T VY

1 mtm!?
XY pr g * (L) bV (RR).  (B18)

The other half of the set of relations between the 4;,
and the Bi, can be obtained from this result by the
substitutions A;n¢>Bim, Ri—Ry, R——R. In order
to find the A;, and the B;, from these relations,
determinants of infinite order would have to be calcu-
lated. If instead of using all partial waves only the
first NV partial waves are used, then the A;m Bim would
constitute 2N? unknowns with Eq. (B18) and its mate
being 2N? inhomogeneous equations among these un-
knowns; i.e., determinants of order 2V? would have to
be evaluated.

Once the 4;,, and the B;,, are known, the scattering
amplitude is determined: From Eqs. (B5) and (B6)
F(ky, k;) is given by

F(ks, ki) = i ;‘: (=) Y o Liejrs)

=0 m=1

X {A Im EXp('—’ikj'Rl) +Blm exp( ""’ikf'RQ) }



