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INTRODUCTION

AXWELL'’S equations and Ohm’s law combined

with the equations governing the motion of a
compressible inviscid fluid with scalar electrical con-
ductivity are sufficient to describe many of the phe-
nomena in magnetoaerodynamics. Since this set of
equations is formidable, simplifications, where appro-
priate, are in order. A possible approach is that of
treating small perturbations to some initial state and
linearizing the equations about that initial state. When
the initial state involves uniform flow and magnetic
fields, the linear treatment has already been found to
be adequate in describing many phenomena in magneto-
hydrodynamics. This success is not surprising in view
of the widespread success of the linear treatment in
aerodynamics and in view of the fact that the nonlinear
terms that make solution of the general equations
difficult occur in the fluid flow equations.

A general treatment of the linearized equations is
presented and special solutions for the flow past an
insulating sinusoidal wall with various magnetic field
geometries are given. Arbitrary values of the conduc-
tivity and compressibility are included and some
numerical estimates of magnetoaerodynamic effects
observable in the laboratory are made.

LINEARIZED EQUATIONS

Throughout this treatment electromagnetic units
(emu) are used, i.e., the magnetic flux density B equals
the magnetic field H for nonferromagnetic media. The
equations are linearized about an initial state involving
a uniform fluid stream and a uniform magnetic field,
as described elsewhere.! A feature of this linearization
is the specification that the currents are perturbation
quantities, thus implying the existence of a uniform
electric field to balance the induced electromotive
forces. The linearization therefore results in particle
isentropic flow. The magnetohydrodynamic interaction
term retained in this case is the electric body force in
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the equation of motion. Suppose the x axis is aligned
with the main stream velocity U. If the total fluid
velocity vector q= U+ v and the total field H=H,+h,
where Fv[<<U and | h|<H, then the linearized versions
of the usual equations of magnetoaerodynamics are

Continwity equation:

3p/3t+Udp/dx+p,V - v=0. 1)
Equation of motion:
v adv 1 JXH &XH
—FU—+—Vp= =
ot X po Peo 4704,
1

{H,-Vh—3VH?}, (2)

4p,

where Ampére’s law £=VXH=4xJ has been used.
Here p is the mass density of the fluid, p the pressure,
and J the current density.

Equation for magnetic flux:
oH/ot=H,-Vv—U(8/0x)H—HoV- v+ (1/47s) V2H, (3)

obtained by eliminating the electric-field vector E
between Faraday’s law VX E=—9H/d0¢ and Ohm’s
law J=¢(E4+qXH) and using Ampére’s law and
V-H=0; o denotes the electrical conductivity, which
is assumed to be constant.

By taking the divergence of (2) and using the fact
that the flow is isentropic so (dp/dp)}=a,, (the ordinary
sound speed), and defining the operator D/Di as
9/0t+ U3/ dx, one obtains

V2p— (1/a.2) (D/Di)*p=Ho/4r - VX & o

On using the curl operator on (2) and letting Q=VXv,
one arrives at
DQ/Dt=Hy/4mp, VE. (5)
Upon taking curl of (3), using (1), and again the
isentropic relation between p and p, it follows that
D&/Dt=H,-VQ— (1/p.) (HoX V) (Dp/Dr)
+ (1/4xo)V?E. (6)

By eliminating Q between (5) and (6) and subse-
quently using (4), one obtains an equation for £ alone:
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Thus, for small disturbance situations where the
unperturbed velocity and magnetic fields are uniform,
one need solve only the differential equation (7) for &

LINEARIZED STEADY PLANE FLOW

While Eq. (7) covers many phenomena including
stability criteria in appropriate cases, our purpose here
is to consider only steady plane flows. For this case
it is possible to obtain certain exact solutions to the
linearized equations for arbitrary o while including
compressibility effects, and an examination of these
solutions yields information concerning magnetoaero-
dynamic phenomena. For steady flows Eq. (7) becomes

U? 92 U 3¢ %¢
Ut 0%l 4me  Ox ox?

d7pen -V }

(Hoxv)[maz{%‘ivx‘z}} @®)

P a«xz

For plane flows €= (0,0,£), and (8) becomes an equation
for a scalar rather than a vector quantity. If

Ho= (Hyz,H0,,0) and a2=H /4700, at=Ho2/47T 0w,
M=U/a.,, then (8) takes the form
82 U ZE a?g
(V“’—M 2—) ———V?——I- (a2—U)—+a,>— ]
0x*/ |4no  Ox dx? dy?
92 0% it
= (M 20,2 — Zala,,V?) +M?a2—. (9)
dxdy 9xdy Y out

If the disturbances considered extend to plus and
minus infinity in the x direction periodically, e.g., as in
the case of flow over a sinusoidal wall or over a system
of currents resulting in a periodic magnetic field at the
boundary, then the quantity & can be synthesized
from components of the form & =Ke?%e#¥, In the
present discussion we consider only a purely sinusoidal
disturbance with wavelength !=2x/\. Then, substi-
tuting in (9) for £, we obtain an algebraic equation for

o#0 y

Ho
veea'rx

0 m "

o0

Fic. 1. Flow past a wavy wall where the applied magnetic
field is uniform and oriented at an arbitrary angle with respect
to the undisturbed free-stream velocity U.
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B(N). If we define the magnetic Reynolds number R,,
as oUl, then

1U?
S e
2R,
U2 ]
ZR,,.)
1U? \
o,
U
+)\4(U2—a,2—a,,2— ——)] (10)
2R,

In general we have a quartic equation for 8 with
complex coefficients, which becomes, if we collect the
terms, and let e?=a2+a,?

+x2(U2_az2__

—— MZI:B2A2 (ay2+ax2+

o
54[a,,2+;—i]+53[— 2i>\axa,,]+62)\2[ Ur-a2(M?—1)
-

+;1€_(M2_ 2)]+26i>\3azay—>\4[ (U?—a?)

+ M2 (o U2+iU2 M?2—1)|=0 11
(= U9 )]—. (11)

m

Since B is in general complex, assume f=A-iB;
then equating the real and imaginary parts of (11)
separately to zero gives two equations for 4 and B.
On equating the real parts to zero one obtains

2 2
A4ay4+A3B( - —)+A2[—6ay2B2+)\2U2

Rn ”
+Ne2(M2—1) +6B)\axa,,]+A[B)\2 (2—M2);

m

U2
+ZB3}€—] — 20,0, BA+ Blay,2— BN U (M?— 1)o?]

— 20,0, BN (M2 — 1) UH-a— M?%2]=0, (12)
and equating the imaginary part to zero gives
U? U2 U?
At—+A%(4Ba*— 2\a0ry) —I—AZ( —3BP— —N—
2Rn m R
UZ
+ M 2)\2————) + A4 (—4B%, 246 B2\a,0+2BNU?
2R,
1
— 2BN2a?+-2BM*N2a2+2\3a,00,) + BAU*——
U? U U
+ BIN— — M2 BN——+4—N(1—=M?)=0. (13)
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INCOMPRESSIBLE FLOW

As a simple example of the method of solution of a
given boundary value problem, consider the flow of a

AND J. E. McCUNE

conducting fluid past an insulated “wavy wall” as
depicted in Fig. 1. For this case Eq. (10) becomes,
after discarding the root 32=2\? as not appropriate,

82 a,? a0y B ol

—[ZRm——-+i]—4Rmi ——I—ZRm(l— -——-) —1=0 (14)

AZ U2 Uz U?

or
@y aay  \? o @ )
4—Ruit+ l (4——Rmi) -—4[2Rm——+i][2Rm(1— -—) -—’i] '
U? U? U? U?

. 15)

>l ™

If we let R, approach infinity in Eq. (15), then 8/A
approaches (¢U/a,)[(a,/U)%1]. Since B is pure
imaginary in this limit, there is no decay with y of the
disturbance and £ remains constant along lines of slope
dy/dx=0y,/(@z4=U). Thus if U=0, the disturbance
moves along the magnetic field lines and can be identi-
fied with the Alfvén wave mechanism. With a free-
stream velocity U, however, the currents also drift
with the stream. From a fixed point in the field currents
move along the y axis at the speed =« and along the
x axis at the speed U==a,; thus if disturbances originate
at the wall under consideration, we must retain only
the root B/A= (sU/a,)[(az/U)+1]. If we call the
appropriate root 81, then

f=Koohw, (16)

By using Eq. (5) to find @ and noting that the arbitrary
function of y introduced must be zero as it is not
periodic in , it follows that
H,— A H
Q=_____(_ﬂ_l_/_z._)__y_ Klei)\:nﬂﬂw,
4wpU

an

where K is a constant. Since V:v=0, it is convenient
to define a stream function ¢ so that #=—y, and

v=v,. Then
vy=g,

Y= ngi)“"ﬂw-l—K;ge”‘(’”"'i”),

or
(19)

where
Ky=K\[H+ (81/N Hy )/ 4mp U (B:2—N3).

One can now easily find # and v, and to satisfy the
boundary condition of the wall being a streamline to
first order [v(y=0)=1iUere™*], it follows that

K2+K3= Ue. (20)

If we also define a stream function for the magnetic
field h in the upper half-plane so 4,=—S, and %,=S.,
then V2S=¢ and

S= K4g%>\z—ﬂlu+Ksei>\(z+iy>’

where K4=K1/(B2—M?).

21

(18)

a,?
U2

On recalling that VXE=0 and £=0 when the
perturbations vanish, we find £,=constant=—UH,. It
follows from Ohm’s law that

t=4dmo[uH ,+ Uh,—vH . (22)

On substituting for the perturbation quantities u, A,,
and v, Eq. (22) imposes a condition on the harmonic
parts of the solution which were introduced, namely,

K3(H.+iH,)=UKs. (23)

At y=0, &, and %, are continuous across the boundary
since no surface currents can flow for finite conductivity
and steady flow. Moreover, since there are no currents
flowing within the wall (i.e., in the lower half-plane)
as it is an insulator, it follows that the stream function
for h in that region satisfies Laplace’s equation. It is
then easily shown that necessarily #,=1k, at y=0, so

K=Ki[—27/(B:+N)]. (24)

We now have five relations between five complex
coefficients K; through Ks. In many cases one is also
interested in the pressure, which can be found using
Eq. (4) and a component of the equation of motion (2)
to determine the coefficient of the solution to the
homogeneous equation. As y— o, p— p,, so the
pressure is given by

j’ = Kﬁei)\x—ﬁ1y+K7ei)\(a:+iy)_}_pow (25)

where
Ke= (K1/Am)[ (H1+iNH )/ (N —B1) ],
K;=—p,UNK3.
The drag per wavelength of wall can be found:
2/ w4V
D=f de=f p(—)dx,
0 0 dx
and if K¢=Fee'% and Ky=Fre®, then
D=en{Fg sinfg+Fr sinfy}.

(26)
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F16. 2. Disturbances pro-
duced in an incompressible
fluid in a uniform magnetic
field propagate along the mag-
netic field lines as Alfvén waves
relative to the fluid.
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For convenience the K’s are tabulated:
. 22e(B:12—N\%) (H,+1H,)

2\ (aa?/ U?)—2B1(e*/ U?)

+2i(asay/ U?) (B14+N) — (B1+))

Ky={[Ho+ (i8:/NH,1/4mpU (6 —N)} Ky
Ky=[U/2x(A—81) (H,+1iH,) 1K,
K=K,/ (B2—N)
Ky=K1/2\(A\—B1)
Ko= (K1/4m)[ (H 1+iNH,)/ (N2 —B:2)]=Feei’
Kr1=3(p U)K/ (B:—\) (Hs+iH,) ]=Fre™.

For the ‘“‘aligned fields” case, that is, H,=0, so that
the velocity and magnetic fields are aligned, one finds

B 44eNH [ 1— (/U ]Rom
 2ag2—1—{1452Ru[1— (a:2/ U J}?

Xexp(m—xl [I—H'ZR,,,(I— %—S)T }y) (29)

Note that ¢ becomes 1/e of its value at y=0 at a
distance

y=6=Re(\{1+i2Ru[1— (/ UH T},

where Re denotes the real part. For large R,, the cur-
rents are confined in a layer § whose thickness is
proportional to I/{R.,[1— (a.2/U?J}?, and in the limit
as R, — « the coefficient of the exponential goes as
(Rn)?* so the current layer approaches a current sheet.
When the current layer is thin, the magnetohydro-
dynamic effects are limited to what can be called a
“boundary layer” analogous in many ways to the
viscous boundary layer in regular fluid dynamics.

In all the other incompressible cases the results for
large R, can be interpreted as follows. By using Fig. 2,
the currents penetrate the fluid at an angle 6, where

(28)

sinf=c,/[ (c,+U)*+a,2 ]}, ie., as we have seen for
R,,— o, the mechanism of current penetration is
Alfvén wave propagation relative to the fluid. As the
currents propagate away from the wall they diffuse
into one another because of the finite conductivity.
If we let a typical diffusion time r=o/?sin?¢ and let
T=1%4/a,, where y, is a distance typical of the pene-
tration depth before diffusion smears the waves,

U (ay/ U)3
[ e/ U)+1T+ (o, / UY*

It can readily be checked that this result is in perfect
agreement with the penetration distance obtained from
expansion of Eq. (15) in inverse powers of R,.

Figures 3 and 4 show drag coefficients per wavelength
for the wavy wall for the cases H,=0, and H,=0,
respectively. In the aligned fields case (H,=0, Fig. 3),
the drag is zero at R,=0 and R,,= % and reaches a
maximum in between. In this case a large R,, approxi-
mation is good at about R,=10% This is to be con-
trasted with the “crossed fields” case (H,=0, Fig. 4),
where the drag is zero at R, =0 but approaches a finite
value as R,,— c. This is because the Alfvén waves
transport momentum away from the wall and although
the flow is incompressible there is a “wave drag.” In
this case a large R, theory is valid at about R,=10.

Ya= o’l (30)

COMPRESSIBLE FLOWS

While compressible flows for arbitrary angle between
the velocity and magnetic field can in principle be
treated with the above relations, in practice the
computation tends to be long and tedious. To illustrate
the effect the electromagnetic interaction has on a
compressible flow field, suppose Eq. (10) is treated for
the aligned fields case, i.e., a,=0, and also for the
moment in the limit R, — . (The aligned fields case
is of special interest as it is easily attained experi-
mentally.) Then it follows that

F/N={[(U*/a)—1](1—11)/

L0 e)+M2—1]}. (31)
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Fic. 3. Drag coefficient Cp*
plotted vs R,,=dUl for various
values of the ratio U/ay for the
case where U is aligned with Hi.

Co*= Drag per wavelength
T U0

Rm

Note that our solution consists of standing waves in
the flow if 8 is imaginary or 82/A2<0, and that otherwise
the flow has an elliptic nature. This is consistent with
previous work? in which other field orientations were
also treated in the limit R,,— . In the present case
the different regions are conveniently represented on
the U/a, vs M diagram shown in Fig. 5.

Probably the most interesting region in this limiting
case is the range U/a,<1 and M <1. In the hyperbolic
part of this region the standing waves are forward
facing. The appearance of these forward-facing waves
has recently been interpreted by the authors! in terms
of the basic “pulse” solutions of magnetoacoustics;
they have also been noted by Kogan and by Taniuti.?

Forward facing waves are not the only example of
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disturbances moving counter to the fluid stream in
magnetohydrodynamics. Forward facing “wakes” have
been noted by Hasimoto, by Greenspan and Carrier,
and by Lary,* for incompressible flow. It is believed
that such forward-facing “wakes” also appear for
compressible flows, for example, in the elliptic region
in the lower left-hand corner of Fig. 5.

Extension of the analysis to finite R,, because it
introduces a diffusion process, enables one to verify
that the forward-facing waves are indeed the proper
choice in the above hyperbolic region, since along these
waves the disturbances introduced by the wall diminish,
while along the rearward-facing waves they are ampli-
fied. Also, one can determine in this way the magnetic
Reynolds number necessary to observe the phenomenon

F1c. 4. Drag coefficient Cp*
plotted vs R,=qUl for various
values of the ratio U/a, for the
case, where U is perpendicular to

0.

c «_ Drag per wavelength

2T T e U
%3

ol

ol
ol

0

100

2J. E. McCune and E. L. Resler, Jr., J. Aero/Space Sci. 27, 493 (1960).
3T. Taniuti, Progr. Theoret. Phys. (Kyoto) 19, 749 (1958); M. N. Kogan, Priklad. Mat. Mech. 23, 70 (1959).
¢ H. Hasimoto, Phys. Fluids 2, 338 (1959); H. P. Greenspan and G. F. Carrier, J. Fluid Mech. 6, 77 (1959); E. C. Lary, Ph.D.

thesis, Cornell University, 1960.



LINEARIZED MAGNETOAERODYNAMICS

of forward-facing waves experimentally. For a,=0
Eq. (12) becomes

(U¥ Rp) Dy=N[U+az*(M?—1)](4*— B?)

FM-1) (UP—ad); (32)
Dy=AB[2(42— B2+ (M?—2)\],
while (13) becomes
(U%/Rpm)D1=— ABN[2U%+ 20 2(M?—1)];
D, =14+ A2 (3 M2\2—\>— 3B +-} B* 33)

+ BN =AM BN N (1— M),

While the last two equations are difficult to solve
for 4 and B, it is rather straightforward to take as our
unknowns «,? (or M?), and R,. With this point of
view, it is convenient to write

a.? 24 BDy+[A2— BN (M?—1)]D;
U —24B(M?—1)Dyt+ (M2—1)[\2— A2+ BYID,

(34)

and
D,

Rp=
N[14 (e U (M2—1)] (42— B?)
FNUL=1)[1 (a/UY)]

(35)

Recall that 4 is a measure of the damping and B of
the slope of the wave. If m is the wave angle, then

m=tan!(dy/dx) = tan—*(\/B). (36)

Suppose we ask what R, is necessary so the current
generated at the wall is damped to 1/e times its wall
value a distance ! (=the wavelength, 2x/\) along the

ELLIPTIC

U/a‘

/
HYPERBOLIC
£

ELLIPTIC ELLIPTIC
—— &
WAKES (?)

1 M

(Rm-’ m)

Fic. 5. Various flow regimes in the U/a., M plane. The dotted
lines refer to the curves plotted in Fig. 6.
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Fi1e. 6. The magnetic Reynolds number (R.=c¢Ul) required
for currents to damp to 1/e of the wall value in a distance ! along
the waves vs the cotangent of the wave angle B/A.

wave. Then 4 and B are related as follows:
A/N=[(B/N)+1]¥/2x. (37)

Thus, choosing B/\ determines both the wave slope
and A/\ for this condition; and «z?/U? and subse-
quently R,, can be calculated for given M. (Alter-
natively, M? and R,, can be calculated for given
a2/ U%) In Fig. 6 R,, vs B/\ is plotted for M=%, with
a,/U varying along the vertical dotted line shown in
Fig. 5. Also in Fig. 6, R,, is plotted vs B/\ for a,/U=2
with M varying along the horizontal dotted line shown
in Fig. 5. In either case R,, in Fig. 6 is the value of the
magnetic Reynolds number that must be achieved in
order that the forward-facing waves not damp out
before propagating into the flow field one wavelength.

For M=1 there is a minimum R,, of about 16 at
B/A=-0.5, i.e., for a wave tilted about 26° forward
of the normal. This is a difficult R, to achieve in thelab-
oratory. For a wave swept forward the same amount but
along the curve for a,/U=2, one needs an R,, of only
1.6, and the R, continually decreases as M=1 is
approached. It seems best to work at a fixed Alfvén
number and as close to M =1 as possible to facilitate
observation of forward facing waves.

However, this calculation has been carried out for
disturbances involving only a single harmonic. There
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is some evidence® that sharp disturbances (involving
many harmonics) may propagate more deeply into the
flow field for a given R, and thus enhance the possi-
bility of observation.

CONCLUSIONS

The compressible linearized equations of magneto-
aerodynamics can be solved in some simple cases.
These examples serve to illustrate many of the phe-
nomena common to this field. The addition of the
electromagnetic equations to the fluid flows leads to
Alfvén waves so that even incompressible flows have a
wave character. Finite electrical conductivity intro-
duces current diffusion, while compressibility effects
bring in sound waves modified by the currents and
Alfvén waves modified by the compressibility. The

5J. E. McCune, J. Fluid Mech. 7, 449 (1960).
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interaction is complex and depends strongly on the
magnetic field strength and geometry.

The drag coefficient per unit wavelength of a “wavy
wall” has been plotted for two field geometries and
various field strengths. The appropriateness of approxi-
mate theories for large electrical conductivity is seen
to depend not only on R, but also on the geometry of
the field. The geometry governs whether the flow field
is affected by an Alfvén wave mechanism or current
diffusion, the wave mechanism being by far the more
powerful.

Under certain conditions the magnetic field makes
possible the propagation of disturbances counter to the
fluid stream. This phenomenon is strikingly different
from what is usually observed in conventional fluid
mechanics. An estimate of the experimental conditions
required to observe these effects has been presented in
Fig. 6 and the conditions are found to be attainable in
the laboratory.



