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1. INTRODUCTION

HE general theory for a multicomponent gas
mixture has been developed by several authors.!=
On the assumption that the behavior of a plasma can be
adequately described in terms of binary collisions, the
results can be applied directly to a thermal plasma in a
magnetic field. Unfortunately, the relevant equations
are extremely complicated, and for this reason their
value is somewhat questionable. The prime object here
is to present these equations in a summary form in
which the differences between these and those of mag-
netohydrodynamics are emphasized.

In the next section the basis of the general theory is
briefly outlined. In principle, the method for obtaining
dynamical equations for a gas mixture is simple.
Equations of change for a finite number of macroscopic
variables are generated and then closed by using an
approximation for the velocity distribution function. In
this, and the papers referred to heretofore, a particular
approximation due to Grad,* namely, the 13-moment
approximation, is used. Equations derived in this
manner for a binary (completely ionized) plasma are
given in Sec. 3. From these, transport relations can be
generated by a method of successive approximation.
Expressions of this nature are given in Sec. 4. The sig-
nificance of relaxation and other characteristic times is
also briefly discussed. In Sec. 5 comments are made on
the validity of the 13-moment approximation and
its relationship to other types of approximations.
Except for minor differences, which are explained when
introduced, the notation is the same as that of Chapman
and Cowling,® and where applicable rationalized mks
units are used.

2. GENERAL THEORY
2.1. Closure of the Equations of Change

The general equation of change of a dynamical vari-
able ¥;(wj,r,t), referred to a frame moving with the

! R. Herdan and B. S. Liley, A.E.I. Research Rept. No. A.1004
(1959) (to be published).

2R. Herdan and B. S. Liley, A.E.I. Research Rept. No. A.1005
(1959) (to be published).
19356 Kolodner, doctoral dissertation, New York University,

4+ H. Grad, Communs. Pure Appl. Math. 2, 331 (1949).

5S. Chapman and T. Cowling, The Mathematical Theory of
Non-Uniform Gases (Cambridge University Press, New York,
1952), Chap. 1.

mean mass velocity v, is®

d”:(‘/’:)

+m(¢;)—~ v+—— niiW;)
oy e

+b, <6¢] Wj>—<zi‘vjjw">:%§}=§ljk(¢j)' €Y

w;is the peculiar velocity, while 7 and % denote particle
types. In writing (1) the following abbreviations have
been used:

d/dt=9/0t+v-9/0r, (2)
Fi=1;4vXb;—dv/di. 3)

In (3), f;4+vXb; is the acceleration due to fields of
a macroscopic nature. For instance, f;=/(e;/m,)E,
b;j=(e;/m;)B, where E is an electric field vector
and B a magnetic induction vector. ¢; and m; are, re-
spectively, the charge and mass of a particle type j. #;
is the particle number density, and the average value
over velocity space, (), is defined by

1
W= [ 1w @

fi is the velocity distribution function of particles
type j.

The collision integrals on the right-hand side of Eq.
(1) are

Ij= f fifelin (¥ ) g nbdbdedw jdwy, 5

where g;x= | W;— W], b is the impact parameter, € the
azimuthal angle, and Aj(¥;) is the change in ¢; on
collision of a particle of type j with one of type k.

In the theory of binary elastic collisions, there are
three summational invariants ¢; for which

X Int)=0. (©)
7

These are mj, m;w;, and 3m;w?, which on being sub-

stituted in (1) give the continuity, momentum, and

thermal energy equations, respectively. In view of (6)

¢S. Chapman and T. Cowling, reference 5, Chap. 18.
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these equations are of special interest. However, as is
well known, they do not form a closed set since the
two higher moments P; the stress tensor, and q; the
heat flux vector, are introduced. Taking ¥; equal to
mijw;w; and tm;ww? in (1), equations for P; and q;
could be obtained, but again two higher moments of the
form n;{(y;w;) would be introduced. This process of
generating equations for the higher moments could be
extended indefinitely depending solely on how many
primary variables one is prepared to introduce.

However, if at any level the distribution function is
known, or can be approximated to, in terms of primary
variables for which the equations of change have already
been generated, then this system of equations can be
closed. Of immediate interest and applicability to a
thermal plasma is Grad’s 13-moment approximation.
On introducing the dimensionless velocity

&= Qa)tw,; aj=m;/2kT;, (D

where k is Boltzmann’s constant and 7'; the kinetic
temperature of particles type j (referred to the mean
mass velocity v), this expression for f;ist

fi=fi®{14a;® - E+5a®: Lk

+10a;®- £(E2=5)}, (8)
where
fiOQ=mn;(a;/m)? exp(—3£7) )

is the usual Mazxwellian velocity distribution function.
The coefficients ¢ are given by

a;V=(2a;)lu,, (10)
a;®=(1/p){P;—p;U}y= (1/p)P}, (11)
a0 =(2/p;) Qe)¥{a;—5pu}= (2/p;) (22;)'R;.  (12)

In these u; (i.e., (w;)) is the drift velocity of particles
type j with respect to a frame moving with the mean
velocity v. p; is the “hydrostatic” pressure, U the
second-order unit tensor and P;°, defined by (11), is
the “nonhydrostatic” component of the stress tensor.
R; is an associated heat-flux vector defined by (12).

More is said about this approximation to f;in Sec. 3.
For the moment, though, it is clear that if equations
of change for uj, Tj, P;° (or P;), and R; (or q;) are
generated, the higher moments #;{;w;), which inevi-
tably appear, can, using (8) in the defining equation
(4), be expressed in terms of these same variables.
Furthermore, knowing the dynamics of a collision the
integrals can be evaluated and a closed system of
equations obtained.

2.2. Collision Integrals

These have been discussed in detail elsewhere?3 and
only those points relevant to the accuracy of the ex-
pressions given in the next section for a thermal plasma
are commented upon here.
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Equation (8) can be written in the abbreviated form
[i=£iO0144)).

In reference 2 the collision integrals have been evalua-
ted only to the accuracy involved in taking

Fife=fi® fr®(14+4A;+A%)

in expressions (5). The quadratic terms have been con-
sidered in detail by Kolodner?7? but they are in most
practical cases unimportant, and no such terms are

given here.
To within the approximation (13), the general result

is
Lin () =80 +085 Vw48 Pw+0,@P,°
+65 9P+ O R;+8,. O R,.

(13)

(14)

The §;™ (£6x;) are scalars, being functions of #;,
ni, Tj, and Ty ; theexact dependence on these parameters
being determined by the nature of ¥; (w;). The fact
that Eq. (14) is of nonuniform tensorial rank implies
that in the case of each particular y; certain of the §’s
are necessarily zero.

In general, the §™’s are extremely complex, only
simplifying in the case of equal temperatures. However,
in a binary electron plasma, in which m,&m;, they do
reduce to something manageable provided

T<L(mi/me)T..

(Here as elsewhere in this paper j and % refer to general
particle types, while the subscripts 7 and e refer ex-
plicitly to ions and electrons, respectively.)

In evaluating the integrals (5) for a plasma an upper
limit has had to be placed on the impact parameter .
This has been taken to be the Debye length /% and the
coefficients of the next section, corresponding to the
8(’s of (14), involve as expected the ratio k/7jx. 7 is
the distance of closest approach of two particles, types
7 and &, which possess the mean relative energy of these
particle types (in the center of mass frame of the col-
liding particles). Following Spitzer,® the ratio &/r; is
denoted by Ajz. This, in general, is given by?

3 CYA:+Olj mEm ; 4reo
Ajk =—Ii( ) .
2 (47747} mk-I—mj ]e,—ekl

(15)

(16)

a and o; are as defined in Eq. (7) and e is the per-
mittivity of free-space. InA; is tabulated in reference
8. In particular, since m>>m, and a>a, [consistent
with Eq. (15)7], it can be easily verified that

1nA,~,~= lnA,-,-{-ln(Te/TiZi) &lnAi,, (17)

hlA,g = InAie—i—an,-zlnAi,. (18)
71. Kolodner, Institute of Mathematical Sciences, New York
University, NYO-7980 (1957).

8 L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience
Publishers, Inc., New York, 1956), Chap. V.




TRANSPORT EQUATIONS

Z; is the ionic charge, while the approximations follow
from the fact that InAy is usually within the range 10
to 20.

3. DYNAMICAL EQUATIONS FOR A
BINARY PLASMA

In the following subsections, equations corresponding
to the dynamical equations for #;, nm;u;, p; P,°, and
R; are given in summary form. The detailed deriva-
tion can be found in reference 1. For notational
convenience, q; and P; also appear in these equations,
ot being understood that these are related to P;° and
R; by Egs. (11) and (12). In cases where no confusion
can arise, j, the conduction current density, is used in
preference to the u;. This permits a ready comparison
of the equations of this section with those of magneto-
hydrodynamics. To be explicit,

1=2 njeu;, (19)
7

but since by definition

Piui+Peue= 0, (20)
where

Pi=ENMi;  Pe=NeMle,
it follows that
I (21)

Although the following equations apply to a com-
pletely ionized plasma, use of the approximate equality
#e| €| ~mn.e; has only been made in simplifying the
collision integrals and in neglecting terms in which the
ratio o/n.e, occurs explicitly. o is the charge density
defined by

o= Z ;e ;. (22)

3.1. Maxwell’s Equations

In order to emphasize the distinction between con-
duction, convection, and displacement currents, the
relevant Maxwell equations are included, namely,

CurlB=yoi+u00’V+uo€06E/aIf,
curlE=— (8B/d7).

wo is the permeability and e the permittivity of free
space.

(23)
(24)

3.2. Continuity Equations

The equations of change for #. and #; may be com-
bined to give the continuity equations for mass and
charge. These are

d0/dt+(8/91) - (j+ov)=0,
3p/dt+(9/9r) - pv=0,

where p=p;~+p.. Since the plasma is completely ionized,
the collision terms are zero.

(25)
(26)
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3.3. Momentum Equations

The equations of change for p.u, and p,u;, on being
added, lead to the total momentum equation

pdv/dt=o(E+vXB)+pg+jXB—(9/9r)-P,

where P=P,+P,, and pg is any nonelectromagnetic
body force such as gravitation.

- Again, if these equations of change are first multiplied
throughout by e;/m; and e./m., respectively, and then
added, the ‘generalized Ohm’s law” is obtained,
namely,

@7

. . a 1 .
—{—+i—v+i-—vt———PA+—iXB

me (dy O 9 } 1
n.e2ldt or or 7€ OF 7e€

— (B+vXB)= —-nj—a( R.,—r—an,R,-). (28)
mq

e(=|e.|) is the charge on a proton. The coefficient 7
is the same as that given by Spitzer® for the resistivity
perpendicular to a strong magnetic field in the absence
of Hall currents [these are associated with the jXB
term in (28)], pressure gradients, and inertial terms.
Numerically,

7=1.29X10®7T;%Z; InA;, ohm-m. (29)
The second coefficient « is related to 5 by
a=3%(ne/kT,). (30)

It is shown in Sec. 4 that the coupling between the
electrical and thermal properties is responsible for the
well-known anisotropic resistivity of a plasma (ignoring
Hall currents). Owing to the mass ratio ms,/m;, the term
in R; in (28) can usually be neglected.

It is convenient to define a time 75 by the relation

7p=polé’/1, D)
where

I2=me/ ponec®. (32)

Inspection of (28) shows that 7p is simply the electron
collision time for momentum exchange. It has, however,
another interesting interpretation: /, is the penetration
depth in a stationary collisionless plasma. Hence 7p is
of the order of the time for an electromagnetic field to
penetrate this distance when collisions are dominant.
Numerically,

rp=(2.72X105/Z; InA;s) (T }/n,) sec, (33)
where it must be remembered that %, is number per
cubic meter and T is in degrees Kelvin.

3.4. Energy Equations

The thermal energy equations for both ions and
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electrons have the general form

dip; 3 0 9 o
+-pi— v+—-a;—p;F; u;4Pj:—
dt 2 or ar or
=—nwi(Ti—Tr), (34)
where
F,=ci/m;(B+vXB)+g—dv/d, (35
and
vie=vei= 3k (me/ms) (1) niv), (36)

7p being defined by Eq. (31) or (32).
On adding the equations for the two components, the
total thermal energy can be obtained. This is

ap 3 0
— v+— o+P: ——: (E+vXB),

37)

where

p=pit+p.; a=ai+q.; P=P,+P.

Again, taking the scalar product of (27) with v and
adding the result to (37) gives

d(3p+3p?)
at

+_ {a+P-v+3pv+ieciv}
=E-(G+ov)+pg-v.

This is simply the equation for total energy balance.

(38)

3.5. Stress Equations

The equations for the “nonhydrostatic’” components
of the stress tensors, written in general form, are

I¢]
o v+4(((8/91)q;))°—2p{(F;u;)°

2R X B 2P, 0v/o0)°
m;

8 Bi
——Tpe-"pe. (39)
Tk Tii

In these equations F; is as given by (35), while the
cross product between a tensor and a vector is defined

to be

(P°X B))\uE-Pv)\OfuvrB‘r» (40)

€0, is the permutation tensor. If A and B are two
vectors,

((AB))nu=3{ArBu+Brd,— 300doBs},  (41)
where A could be the vector operators 9/dr or P-9/ar"
o is the Kronecker 4. [T

In (40) and (41) the double suffix summation con-
vention applies to Greek indices. However, in (39)7and
elsewhere, no such convention applies to the Roman
indices j and % (or 7 and e). It is important, further-

R. HERDAN AND B. S.

LILEY

more, to note the ordering of the subscripts 7 and % in
(39) since B;x #Bx; and 7,17 74, as can be seen from the
following explicit forms for these coefficients:

Z(m,-T,,)2
9 meTi

Tie™ TD, 42
O]
5 Tl 4511’1A19(T@ J
m;
Tii= o, (43)
4 m; ¥ Te %lnA”
i S 2 (Y (E) 2
15vV2  \m, T:.7 InA;
10 1 m;,
Tei™ ————Tp, (44)
27Z,~me
10 1
Tee™ " TD, (45)
13 [1 8 1 InA,,
13V2 Z;InA,,
G Te)
J— 1_
15\m,.T; 3T;
ie = 46
2/T. (46
1) e ]
S\T; 45 InA;,
N2 ymy T.\*InA g,
[0 () i
2 10 Me T;/ InA;.l 3
W= o~ 47
3 4 mi\i T\ InAy) 2
o) G) )
\/2_15 Me T,i lnA,-e
1 InA.-
[z
12 V2Z;InA;,
ee= " —1, (48)
13[1 8 llnAee]
13v2 Z;InA,,
Bei=8/21~% (49)

These expressions for the coefficients in (39) are
exact to within an error of the order of 1/2 InA,.

The times 7;; and 7. should not be confused with
ion and electron self-collision times. Contributions from
self-encounters are, however, included, being easily
identified since they are those terms which involve the
ratios

InA;i/InA;, and  InA.e/InAg.

Since collision times add according to the law
1/7¢=1/74+1/78,

it is seen from (45), for example, that the electron
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self-collision time is
[ (5\/2/4)21:": (hlAie/lnAee) TD]. (50)

This is independent of Z; since 7p [Eq. (33)] is in-
versely proportional to Z;.

At first sight the coefficients (42) to (49) appear
disappointingly complicated. However, owing to the
mass ratios, the crossterms involving the 7 j; can usually
be neglected. That is, the right-hand side of (39) can be
approximated to by

LB/ 7i) PieT+L(Bsi/ i) Pi* 181/ 7i) Pi°.  (51)

Similarly, the corresponding terms in the heat-flux
equations (see next subsection) can also be ignored.
Trial solutions indicate that these are valid approxi-
mations provided

(me/ M) TeK T KT o(mifme)t, (52)

the error involved being of the order of (Ts/T.) (me/m.)}
near the upper limit. Furthermore, within the range
indicated by (52), only the self-collision terms are
important in 74, while from (17) and (18),

lnAii/lnAiezlnAee/lnAiezl . (53)

Therefore, to within the limits imposed by (52) and
(53), the collision terms simplify considerably. The
crossterms can be neglected and the remaining ones
are relatively uncomplicated.

In one sense the thermal-energy equations are super-
fluous, since they could be combined with (39) to give
dynamical equations for P; rather than P,°. This
follows from the fact that 3p; is, by definition, simply
the contraction of P;. However, mw? is a summational
invariant and is therefore of special interest. Thus, Eq.
(34) has been retained in explicit form.

3.6. Heat-Flux Equations

These are the most cumbersome of the set, being

given by

dR; 7

i v+—(—P° 1, ot T—— P, )
r

dt ar m; 2 or

5 daT; e; v
+-nku——P;L-F,——R;XB+R;-—
2 dt mj or
2 d v av
+_ q,—" +q] _—+_—’q1)
5 or dr OJr

=—1/m)Re— (1/7;) Ri—7i.
The 7’s are the same as those in Sec. 3.5 while the y’s are

ve=%(kT./e)(1/7D), (55)
9T, 1(
‘ 2 ¢ 1

D5ESE) e

(54)
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As pointedout in Sec. 3.5, the crossterms involving
the times 7;(7 k) can, subject to (52), be neglected.
Furthermore, since v;~ (m./m,)?, the term v,j can be
ignored in the equations for the ions. This, however,
is not true of the corresponding term #.j, which is of
major importance in coupling the thermal and electrical
properties of a plasma.

4. TRANSPORT RELATIONSHIPS
4.1. General

The equations of the preceding section are a set of
quasi-linear differential equations which must be solved
subject to certain initial and boundary conditions. This
is, in general, a difficult problem. However, in certain
cases it is possible to develop expressions of a transport
nature which lead to a reduction in the number of
variables and thus an over-all simplification.

In particular, in slowly varying flows, it is possible
to express the components of j (or u;—uy), P;°, and
R; in terms of the #; (or ¢ and p), T; and the com-
ponents of E, B, g, and v. The latter of these two sets
of variables is called primary, the former secondary,
and in what follows are denoted by P, and S, respec-
tively, irrespective of tensorial rank or particle type
concerned.

It is convenient to consider the problem generally
and write the component equations of (28), (39), and
(54) in the generalized form

aS, AN 6P,,
.___+a”)‘x____.+
at dx* 6x

dap, dP,
+S)\(bu)\v_+cu)\v&_“ =7MS)\7 (57)
at ox*

where, as before, the double suffix summation conven-
tion applies to the Greek indices. Inspection of Egs.
(28), (39), and (54) shows that many of the coefficients
a, b, ¢, d, and v are zero, but when this is not so they
are peculiar in that they are functions of the P, only.
In particular, after making allowances for dimensional
differences, the v,n\’s are basically the reciprocals of the
collision and Larmor times (and one other which is
discussed in Sec. 4.2.3), while the g,\* and d,)* are the
thermal and mean mass velocities. Again, it is observed
that the

dP,/dt may be dT;/dt or dv./dt, (58)

where v, is the 7th component of the mean mass velocity.
On the other hand, in nearly all instances,

can*0P,/dx¢ are equivalent to N,*dV,/0x%, (59)

the N’s being merely numbers. In slowly varying flows
the terms in Sy on the left-hand side of (57) may be
ignored in comparison with those on the right. Hence,
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first approximations to the S are given by

Yin ySN= 0w P,/ dx* (60)
" =T dP,y/ %, (61)

The I, are the reduced cofactors of the determinant
|7a| (which is assumed nonzero). A second approxi-
mation can now be found by putting the terms in S,
(and S)) on the left-hand side of (57) equal to the
Sy of (16) and those on the right equal to (3S»; or,
in general, the (z-1)th approximation is

9 (n)Su 9w Ss
(i SH= I‘m{ Qs
' Ax*
dpP, op, opP,
+ (n)S6 (buﬁv +Cp.5yx ) ] +P)\pdyv‘{ . (62)
dt dx* o

In this manner “solutions” to any degree of approxi-
mation may be obtained, subject to the flow being
slowly varying.

An alternative form of this process of successive
approximation emphasizes the question of convergence.

If the S\ are expanded in the form
Sv=ShO4 SO F SO -S4 (63)

where

D SHE=SOFSH DS (64)

then (61) and (62) are equivalent to the series of
equations

Sy®=0, (65)
S)‘ W)= I‘)‘,,d,,,,"aP,/ax", (66)
and for n > 1,
AS,™  aSym
Sy = I‘)\p{ +au——
ot ax*
dP, aP,
+SB(") (bnﬁv +Cu6vx ) }- (67)
dt dx*

The expansion (63) should be compared with the
Chapman-Enskog expansion of the velocity distribution
function. Furthermore, the recursive nature of (67)
implies that (63) is an expansion in terms of the reduced
cofactors T, or the Th.a.% etc. Remembering the
nature of the v\,’s, a.*’s, etc., this is tantamount to an
expansion in terms of the collision, Larmor, or hybrid
times or mean free paths and Larmor radii. Hence, the
rapid convergence of (63) would appear to require
that the primary variables change little in times and
distances comparable with these characteristic quan-
tities. Certain explicit examples are considered in more
detail in Sec. 3.3.

By using (23)-(27) and (34), it is possible to eliminate
the time derivative from (63) and thus obtain the .S\
in terms of the P, and their spatial derivatives only.

R. HERDAN AND B. S. LILEY

Unfortunately, the resulting expressions are so un-
manageable that they are of little value. The fact that
this can be done, however, is of importance in showing
the relationship between the 13-moment approximation
and the direct Chapman-Enskog solution of the Boltz-
mann equation.

If the flows are not slowly varying, at least to the
extent implied previously, it may still be possible to
use (66) as a first approximation provided the y’s are
replaced by the coefficients of the Sy on the left-hand
side of (57). These involve dP,/dt and dV,/dx* How-
ever, the convergence of a series of the form (63) for
this case has not been investigated by the authors of
this paper.

In the next subsection the first approximations to
(28), (39), and (54) are considered in detail. Although
these are basically similar to those of Chapman and
Cowling,® they do differ by the inclusion of extra terms.

4.2. First Approximations

For simplicity it is assumed that the ion temperature
lies within the limits stipulated by (52). Therefore,
i®, P;°W, and R;® satisfy the equations [compare
with (28), (39), and (54)]

1 9 1
————pt+—iXB+(E4+vXB)=7j+aR,, (68)
NeCe OT NeCe
.
—2p4(3v/ a1))°+2—(P X B))°
m;
ﬂ.
+2mie ((u;(B+vX Bm,g/e)°=—P2,  (69)

5 k0T, ¢ "
pe T YR xB

2 mj dr m;

mj Rj .
—g)=——+m- (70)

Ty

-
+—P (E+v>< B+

n; €j
The double suffix notation on the 8’s and 7’s has been
dropped and the superscripts (1) denoting the first

approximations have been left out.
From (20) and (21),

Ne€elle ™Y,
Zm,,

22 A 3,
mi

hence due to the factor m./m; the third term on the
left-hand side of (69) can be ignored in the case of the
ions. Therefore, the ion and electron equations ‘“‘de-
couple” in the first and all subsequent approximations.

Although this in itself introduces a considerable sim-
plification, the determinant for the electrons, corre-
sponding to the |y| of Eq. (60), is still 12X12 (six
components of the stress tensor: three for j, and three
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for R,). Hence, rather than attempt to solve the set
(68) to (70) en bloc, it is much simpler to proceed in
steps. This is done in the next three subsections.

4.2.1. Stress Tensor

It is preferable to start with Eq. (69) since this
involves no terms in R;. This can be written in the
abbreviated form,

290,24+ AP Xw,)*=—P,

Tj

(71)

where w;=¢;/m;B. In all subsequent equations it should
be noted that w;=e¢;/m;|B|#|w;|. In particular,
w,=—e¢/m.|B|, while in general |w;| is the cyclotron
frequency.

1
el’= «aV/ 6r)>°—;((i[E+ vX B+meg/ea:]>>°,

e =((9v/or))°,

while 8;~% ; B,~1 [compare with Egs. (47) and (48)].

If a Cartesian reference frame is so orientated that
the magnetic field is in the x direction, then the solu-
tion of (71) is formally the same as that given by
Chapman and Cowling.® On dropping the subscripts 7,
this is

P, :;:co = zﬂe:czo,

2u
Pf=——
1+ (datr?/)
272 2wT
X {ewo"}'% (en’+ €::°) +31/z°—_];
B B8
. 2u
1+ (dtr?/g?)
4w?r? 20T
X { ezz°+'% (ew°+ezz°) —eyzo_ } )
fia B
p o 2u { o116 O)Zwr} po
L=l 5 (e~ ) — | =P,
T ey T g )
,P [} P o 2'“ { °+0)’T O}
=Ly =——————1¢€ —€zz
R T L A I
2 w
sz°=Pzz°= ’“‘_—“li——’ ezzo'—'—‘rel‘llo ]'
14 (w?7%/5%) 8
u is the coefficient of viscosity defined to be
p=pr/B. (72)

The limiting forms of these expressions when wr>1
are of special interest. Those for the nondiagonal com-
ponents are still valid whether this corresponds to
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large w or large 7 (see the next section for 1/7=0).
However, as 7— « (a collisionless plasma) the ex-
pressions for the diagonal components become mean-
ingless and the exact Egs. (39) must be used. In this
case, subject to certain other assumptions, these
equations when combined with the thermal energy
equations give the well-known double adiabatic law.?

4.2.2. Heat-Flux Vector

As for the stress tensor it is convenient to write the
equation for R; in the abbreviated form

5 k 1
—=pi—D;+R;Xe;=—R,, (73)
2 m; Tj
where
oT; e; 2m; m;
= pe BuxBe )
ar m; szk €;
0T, 2m. _ e, 2m, Me
= + Ye) —— Peo'[E+vX B+“"'g]-
ar  Sp.k e Spek €e

Using the vector identity
AX(BXC)=BA-C)—C(A-B), (74)

the solution of (73) is straightforward. On ignoring the
subscript 7, the result is

R=—\/ (14 ]{D+7?0-Do—r0XD}. (75)

Contained in this solution are the usual properties
of heat conduction parallel and perpendicular to a
magnetic field, while the Righi-Leduc and Ettings-
hausen¥effects are accounted for by the transverse
terms wXD. \ is the coefficient of thermal conductivity

defined by
A=3p(k/m)T. (76)

The expression for (75) is relatively straightforward
except for those components of D which involve P°.
These could be eliminated by using the results of the
previous subsection. There is, however, little value in
doing this except in explicit cases. A simple example
along these lines is given in the next subsection. Equa-
tion (75) is a vector equation, but for wr>>>1, the only
significant components are

R,=—\Dy, (77)
R.=5p(k/m)(oXD/c?). (78)

As for the diagonal stress components, if 1/7 — 0, the
expression for R;; becomes meaningless and the more
exact equations must be used. However, the expression
for R, is still valid, provided it is regarded as an average
value over a Larmor period. This is easily seen by con-
sidering the more exact equation [compare with (54)]

9 G. F. Chew, M. L. Goldberger, and F. E. Low, Proc. Roy. Soc.
(London) A236, 112 (1956).
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for 1/7=0, namely,
(@R/dt)— RX w=D.

If it is assumed that v=0, then D is independent of
R. Let the magnetic field be in the x direction and D
in the y direction, then provided D is essentially con-
stant over a Larmor period,

R,=— (D,/w)+K cos(wi+e),
R,=—K sin(wi+e),

where K and e are constants. Therefore, R, has a steady
component in thé z direction upon which there is super-
imposed another component which rotates with a
frequency w. This is analogous to the guiding center of
a particle moving with a drift velocity EXB/B2. The
effect of collisions is to damp out the periodic component.

4.2.3. Ohm’s Law

The coupling between j and R, in (68) is of prime
importance. To illustrate the effects of this, two special
cases are considered. In the first, the term in P,° in (70)
is neglected; when this is done, substitution of the
expression for D, in (75) yields [after a certain amount
of manipulation in which the vector identity (74) is
again used ]

Re = 'YeTei - Temex RD+ RD

AeT el oT.
—w —,, (79)
14wir 2 or
where
TYeTe |, Ao e
Rp E———————{ IX @7+ } (80)
1+we27'92 YeTe or

Use of this expression for R, in (68) gives the Ohm’s
law,

ﬂxli=A+KX B; (81)
where
1 0 KT’7'e2 aTe
AE—-——“—pe",—E_aRD",“_——'we'——“)e’ (82)
No€e OT 14+wird? r
1 WoTe
K= ]—f—v——a( )RD. (83)
Nelo B

The use of both B and w, is a matter of convenience,
while it should be noted that e,= —e (the charge on an
electron) and w,= —e/m.B. 1, is defined by

m=n[1— (avere/n) ],

and as implied by the notation is the resistivity parallel
to a magnetic field. That this is so can be seen by taking
the scalar product of (81) with B, namely,

7711=A'B/i‘B;

(84)

(85)
where

A-B=[— (1/n.)) (8ps/ 1)+ E-+xr(8T./31)]. (86)

R. HERDAN AND B.
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From the definition (84) and the previously defined
values of @, ve, 7, and 9 [Egs. (30), (45), (55), and
(29)], it may be shown that

N 4(‘\/7Z; lnAie+2 lnAee)

y (87)
n  13V2Z;InA«+8 InA,,

In particular for Z;=1, n/9,~2, while as Z;,— o,
n/mu— 3.25, these results being consistent with those
of Spitzer.® The coefficient xr in (86) is called the
thermal diffusion emf coefficient and is defined as

15k 8 1 InA.7! %
KTEa)\e=———-[ _— ] o, (88)

13 e 13v2 Z; InA,, e

If pressure and temperature gradients can be ne-
glected, and there is no current flow in the direction of
iXB (that is, no Hall currents), then 7 is the resistivity
perpendicular to a strong magnetic field. On using (80),
(82), and (83), subject to these restrictions, (81)
becomes

. C"Ytﬂ'e2 WeTe
miy= E+VXB+‘——‘—‘~( B

() GxeaxB.
We' Te

For (w,.)2>1, the identity (74), now gives

QY eTe

(i : (’)e)"’e:

(mitaeyere)j=nj=E+vXB+
w?
which proves the preceding statement.
In general, the Rp term in K, is responsible for the
para- and diamagnetic properties of a plasma (the
temperature gradient term in this expression is the
Nernst effect).
Coming now to the second case, it is assumed that
B=0 and that all space derivatives are zero. Then Eqs.

(68)—(70) are

L= 77].+0£R¢, (89)
2(Ej)°= 1/ .5, (90)
(ee/me) P2 - E= (1/75)Rot7.3. 91)
For E= (E,,0,0), the solution of these equations is
E, )
Je=——————; jy=7:=0, (92
u(1—¢°E?) !
P (o] 3 Z2Te (<] P ] 1 o
Tz n’l(l_szIQ) ) vy zz T 2 Tz
P,°=P,°=P.°=0, (93)
Ro— —Y7 L[ 14 (e/m)% (re/ve) EZ]
’ ﬂll(l_szrZ) ,
R,=R,=0, (94)
where
4 ae 4m, & 9
T TE=—— — — 1 2 (95)

3 num. 5 kT,fmez N ’
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It is now convenient to define an acceleration time 7,
by the relationship

2T =% (e2/me) E2r.2. (96)

That is, 7, is the time to accelerate an electron, in the
absence of collisions, to an energy equal to $&7.. (It
should be noted that by definition T, is measured with
respect to the mean mass velocity. The true thermal
temperature T’ of the electrons is related to T, by
$kT,=3kT +3mmp.)

By using (87) and (45), the term (1—
be written as

{2E.%) can now

1—-2E2=1—0(1p%/7a2),
where
120

2 InA,.’
Hvz+— H 13+
Z;InA;,

and 7p is as defined by (31) or (33). For Z;,=1; 0?~%,
while for Z;— «, 62— 60/13. Therefore, according to
(92), the effective resistivity tends to zero as 7— 07p
and does, in fact, eventually become negative. This
implies that the first approximations are no longer
adequate, and the “inertial” terms, in particular the
time derivatives, in Egs. (28), (39), and (54), must be
taken into account. This suggests, for this particular
problem, that an adequate criterion for the complete
“runaway”’ of electrons is

02(7'D2/7'a2) Z 1:

2=

8 InAuH’
Zi lnAie

or, numerically,

2.25X108(E2T2/Z2n 2P > 1 (97)

(corresponding to InA,~15). E, is in v/m and #, is
number/m?. Comparison with Secs. 4.2.1 and 4.2.2
shows that (92)-(94) and the subsequent discussion still
apply in the case of a magnetic field provided it is par-
allel to E and there are no space gradients.

4.3. Higher Approximations

In general, the higher approximations are extremely
complicated. However, to illustrate what is involved,
two relatively simple examples of possible practical
value are considered. In both of these, it is assumed
that the mean mass velocity, time derivatives, forces,
and currents are all zero. With these assumptions, Egs.
(39) and (54) are

#((8/an)R)°—2((P°X ))°=— (8/7)P°, (98)
7k aT k 9 k oT R
——P°——T—-P° +—P————R><m~——. (99)
2m or 2 m dr T

m or

The first approximation to P° is zero, while R® is
given by (75). The higher approximations satisfy the

FOR THERMAL PLASMA 739

equations [compare with (67)]

~{—3P°‘”+”+2<<P°(”+” X o))°=3((8/0r)R™))°,  (100)

1
——R+1) + R+ %

T

7k oT k 0
= — PO . T . P°m),

(101)
2m or m oOr

Since P°® is zero, it follows from (100) and (101) that
P°™ =0 for » odd; R™=0 for » even.

The first case to be considered is
T /dr=(0T/3%,0,0); o=(0,0,0).

The only nonzero components are R;, Pi.°, Py,°
P,.°. At all levels

o o
PWJ =Pzz =

, and

1p o
3P2:°.

By using (75), (100), and (101), it may be confirmed
that to the third approximation,

4k79 oT
sz°(1)=0; Pzz°(2)="'_—_— pT—"—);
3mBox ox
P..°®=0, (102)
S5k oT »
RW=———pr—; R,®=0,
2m Ox
272 9 oT
(3)_—__( ) ___( pr— )—
B ox dx
4/7kN\?T 9 O oT
+—(—*) -I— T——(pr——) l (103)
3\m/ B dx! ox ox

Since 7 and p are simple algebraic functions of T, it
is obvious that P.,° and R, can be expressed as a power
series in 7. R.x® involves derivatives of T up to the
order and degree of three. In particular, one such term is

(14/3) (k/m)*(*/8)p (3T / 9x)*d7/ oz,

which, since 7~ T%/#, includes

[R.® Js=T(k/m)*(%/B) (p/T) (9T/ 0x)*.

For rapid convergence R,® should be small compared
with R,®. Since (104) is likely to be a dominant term
in (103), consider the ratio of [R.®7; to R,®. This is

[R«®7s/RaW = (28/15) (1*/T?) (8T /3x)?,  (105)

where 2=[2(kT/m)]tr is the mean free path. Thus,
rapid convergence requires little change over a mean
free path.

(104)
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The second case to be considered is for
aT/dr=(0,0T/3y,0),
0= (,0,0).

From the first approximation (75), it is seen that the
“expansion” times are of a hybrid nature. However, for
(wr)>>1, the only significant component of R® is

R, O =§(k/m)p(1/w:)0T/dy.

On using this expression for R® in (100), the only
terms of P°® of any magnitude are (compare with
Sec. 4.2.1)

k19 spoT
P @= e — —(— ___) =—P,°0,
2m ws, 0y \w, 0y

Consequently, the solution for R,® is given by (103)
when T is replaced by 1/w., the expression multiplied
by —$% and 8=1. Since p < T, a convergence criterion
51m11ar to (105) follows, namely,

1>>(7/15) (r2/T2) (8T / 8v)?,

where r=[3(kT/m)}(1/w;) is the Larmor radius. In
these higher approximations the gradient of the mag-
netic field also appears and this may be dominant. For
instance, such a term in R,® is

12 1k 9T /9 1\2
LELEL 0 LY,
2mw, m Iy \ 0y w,

The ratio of this term to R,® is
(2/185) (r*/ws?) (3wa/ 3y)*.

That is, as anticipated, the magnetic field should vary
little over a Larmor radius. Similar arguments apply
to density gradients and all such primary variables,
while time dependence can be taken into account in a
like manner.

5. DISTRIBUTION FUNCTION

Expression (8) for the distribution function is an
approximation to the complete expansion in terms of
multidimensional Hermite polynomials. By considering
more terms in this series, greater accuracy can be
achieved, but only at the expense of greater complexity.
It might be expected that the equations deduced by
using (8) only apply near true equilibrium states, hence
the inclusion of “thermal” in the title of this paper.
There is, however, no rigorous mathematical argument
by which the range of validity of these equations can
be judged and a certain amount of physical reasoning
is required.

R. HERDAN AND B. S.
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With regard to the distribution function itself, it is
clear that it must be finite and nonnegative, at least
over a considerable range of £ Take, for example, a
problem in which there is an axis of symmetry in the
x direction and along which there is applied a force
[compare with Eqgs. (89)-(91)]. The only nonzero
components of the vectors u, R, and the tensor P° are
s, R., P..°, P,° and P,° while again from the
symmetry

P,°=P,°=—1P.°

In this case, expression (8) becomes,

J= 1O+ Qo) untet (1/29) Poc® (2 — 357 — 3E7)
+(2/9) (20)*R:£.(£—5)}.

Therefore, in particular, when & =0,
f=fO{1= (1/4p)P=°(&74-£5)),
which is valid only if
1> (1/4p) P=° (&2 +£5).

Similar arguments apply to other values of &.

If now (106) is expressed in terms of the peculiar
velocity w, instead of £, a useful and interesting variant
for this distribution function can be obtained. If w.
is put equal to wcosf, where 6 is the polar angle in
velocity space, this is

f=fO{Po(cos8)+y.P1(cosd)+xP2(cosd) }.
The P, are Legendre polynomials in cosf, while

v=w[20u:+£(e/p)R. (e’ —3) ],
X= (o/ p) Pos"w?

could be regarded as the first term in, say, expansions
of Sonine polynomials. The ‘“variant,” (107), is par-
ticularly useful for determining average values over
within the shell w, w+dw. It may, for instance, be
readily confirmed that

(wa)o= 3wy

In view of (107) and the discussion given in Sec. 4, the
relationship between the 13-moment approximation of
Grad and other types of expansions and approximations
in common use can be understood.

(106)

(107)
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DISCUSSION

Session Reporter: W. B. RIESENFELD

B. Lehnert, The Royal Institute of Technology, Stockholm,
Sweden: The second of your momentum equations corresponds
to Ohm’s law. Do you get in this equation a term which is due
to thermal conduction as well ? '

B. S. Liley: The second moment equation involves the to-
tal heat flux vector, which in turn can be related to tempera-
ture gradients.

J. M. Burgers, University of Maryland, College Park,
Maryland: It is the type of approximation assumed for the
distribution function which brings the necessity of having the

heat-flow terms go with the diffusion terms on which the
electric current depends.

J. E. McCune, Aderonautical Research Associates, Prince-
ton, New Jersey: At what point did your discussion stop treat-
ing a multicomponent gas and start dealing with a fully ionized
gas?

B. S. Liley: I intended all the explicit moment equations
which I presented to describe a fully ionized gas. Actually
the formalism for incomplete ionization is much the same. The
nature of the numerical coefficients changes, however.



