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I. INTRODUCTION

A REDUCED width for the emission of a single
nucleon in a transition between two. spcci6c nu-

clear states can be reg'arded as a product of two factors.
Of these factors, the 6rst is a measure of the probability
that, in the initial nuclear state, all but one of the nu-
cleons will Gnd themselves in an arrangement corre-
sponding to thc Gnal state; the second factor measures
the probability that, when this happens, the two com-
ponents will actually separate. The factorization is
formally expressed by

8 = $8o2.

It is clear that the "spectroscopic factor" 8, which
depends only on the wave functions of the nuclear
states involved, provides a useful basis for comparison
between experiment and the predictions of current
nucleax models.

There are two diBerent sources of experimental infor-
mation on nucleon reduced widths. In resonance reac-
tions, they occur as paxameters characterizing the rate
of decay of levels of the compound system into nucleon
channels (LaSS)P while essentially similar quantities
appear as multiplicative factors in the di6'ercntial cross
sections of certain "direct" reactions in which a nucleon
is transferred, the simplest and best-known example
being the (d,p) reaction. For spectroscopic purposes, the
sccoQd ox' stripping type of x'cduccd width has certain
Unportant advaQtagcs. Such widths can connect low-
lying levels which may be inaccessible to resonance
reactions but are of the greatest interest to current
nuclear models. Furthermore, a stripping width is a
rather easy quantity to measure experimentally and can
be extracted from the experimental cross section in a
very straightforward fashion, provided that a suitable
theory of the stripping process is available.

~ References to literature are listed alphabetically in the Bib-
liography at the end of the article.
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In the present study, the only empirical reduced
widths to be considered are of the stripping and pickup
variety. Apart from reduced widths from (d,P), (d,ii),
(p,d), and (ii,d) reactions, we give some consideration
to the possibility of obtaining nucleon reduced widths
from more complex processes, such as (d, t), (d,He'),
(He', d), or (n, t), in which a single nucleon is trans-
ferred. On the other hand, the formal techniques
developed in our theoretical analysis of S are inde-
pendent of the origin and properties of 0', and are there-
fore equally applicable in a study of resonant reduced
widths.

Holt and Marsham (Ho53, Ho53a —d) were the 6rst
to perform a systematic series of stripping experiments
as a means of studying the level properties of nuclei.
Since then, the work of many authors (for example,
La53, Sa54, Au55, Fr56, Sa58) has shown that stripping
widths can yield valuable information about the
structure of nuclear states. In such studies, empirical
reduced widths are extracted from observed differential
cross sections with the aid of the original simple theory
of Butler (Bu51) or one of its variants (Bh52, Da52).
The major difhculty encountered is that these plane-
wave Born approximation theories produce disturbingly
small reduced widths. It is found that a Butler-Born
approximation reduced width is usually smaller by a
factor of four or five than would be expected on the
basis of some reasonable potential-well model of the
nucleon-transfer process, even in cases in which the
overlap factor S should be close to unity. In a few
instances, both resonance and stripping widths have
been measured for the same two states, the conclusion
again being that the (Born approximation) stripping
width is markedly the smaller. In other words, the
Sutler theory overestimates cross sections.

The most obvious way of improving matters would
be to employ a better theory of stripping, wherein the
incoming and outgoing particles are represented more
accurately than they are by the plane waves of the
simple theory. It is, in fact, well established that such
calculations yield considerably smaller cross sections
(Ho53e, Ge53, To55). Nevertheless, these more sophis-
ticated theories do not provide a practicable basis for
the present study, wherein hundreds of stripping widths
are extracted and analyzed. Since optical-model wave
functions must be computed for the incoming and out-
going particles, the numerical solutions then being used
in calculating the differential cross section, the extrac-
tion of each reduced width would demand a sizable
machine calculation. Furthermore, the parameters
specifying the relevant optical wells must be regarded
as to some extent adjustable. We must therefore reckon
with the possibility that the resulting reduced width
would not be a sufficiently unambiguous quantity to
justify the effort expended in extracting it.

Let us, accordingly, agree to use the simple Butler
theory to obtain empirical reduced widths from
stripping and pickup reactions. We circumvent diS.-

culties with the absolute magnitude of Born-approxi-
mation reduced widths by giving up all pretensions to
c priori knowledge of the single-particle reduced width
HP; it is to be regarded as aii emPirical Parameter to be
evaluated by Circct comParison w8h cxperimeet. The pos-
sibility of using the simple theory in this fashion depends
on the fact, as yet imperfectly understood, that its two
main sources of error seem to oppose each other sys-
tematically, at least so far as their effect on angular
distributions near the characteristic stripping peak is
concerned. ' The tendency of the nuclear distortion is to
push this peak toward smaller angles, while Coulomb
sects act in the opposite direction; the net eGect, as
revealed by an imposing body of experimental evidence,
is to leave the stripping peak very close to the position
predicted by the simple theory. The essential feature of
the original Butler theory is thus preserved; the angular
distribution of scattered particles in a stripping or
pickup reaction may be used as an indicator of the
orbital angular momentum / of the transferred nucleon.

What we are trying to do is to absorb the various
shortcomings of the simple theory in a single parameter
00'. We must therefore expect our empirically deter-
mined single-particle reduced width to be a function of
the quantum numbers of the transferred nucleon, of
the Q value of the reaction, of the bombarding energy,
and perhaps of other parameters as well. Indeed, we
might hope to simulate the main Coulomb and dis-
tortion efkcts neglected in the simple theory by suitable
dependences of 00' on its parameters; in so doing, we
try to use the large amount of experimental data pres-
ently and potentially available to forge a powerful semi-
phenomenological tool for the analysis of stripping
widths.

Our analysis is subject to certain inescapable uncer-
tainties. In addition to experimental error, we must take
account of the uncertain reliability of reduced widths
extracted by means of the Butler formula. It is therefore
not possible, nor would it be of much interest, to give
a detailed error estimate in each comparison with ex-
periment. Instead, on surveying the quality of agree-
ment obtained between theory and experiment in the
entire study, we conclude that agreement to within
25% in any particular case must be considered satis-
factory. This does not prevent us from hoping, optimis-
tically, for something better in favorable circumstances.

To summarize, the three main objectives of this study
of stripping widths are:

1. to develop a formalism for the theoretical analysis
of nucleon reduced widths or, more precisely, of the
spectroscopic factor g de6ned in Eq. (I.1);

2. to use this formal apparatus and the reduced
widths extracted from available stripping and pickup
reactions in a detailed study of the structure of the
nuclear states involved; and

' This matter is discussed in more detail in a review article by
Austern (Au60).
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3. to apply the collected results of the preceding
study of empirical reduced widths to assessing and, if
possible, to increasing the power of the spectroscopic
tool furnished by the analysis of stripping widths.

We have already stated our reasons for using the
simple Born-approximation theory in extracting strip-
ping widths. The ultimate justification of this step
lies in the large amount of consistent information so
obtained about the structure of nuclei.

E: Kinetic energy of [a—1] in the rest frame of
[A+1].

Q: Q value of the reaction A (a, a—1)A+1. In terms of
the binding energies (p) of the four nuclei in (II.1),

(II.2)

M: Mass of a nucleon.
ro. Butler radius.
kp. Relative wave numbers of the pair (A,a) in the

center-of-mass frame

II. EMPIRICAL REDUCED WIDTHS kpP =2aEpM[A'/(A+a)']. (II.3)
In this section we give formulas for extracting nucleon

reduced widths from the measured differential cross
sections of stripping and pickup reactions; the empirical
reduced widths so obtained are then tabulated.

We are not concerned with the fundamental proper-
ties of the reaction process; such matters are discussed
in a number of review articles (Hu53, To56, Bu57,
Au60). Our approach is purely empirical. We use the
simple Sutler-Born approximation theory, neglecting
antisymmetrization between the projectile and target
nucleons. We do not give a detailed derivation of the
Born-approximation diGerential cross section; for this
we refer the reader to a recent article by J. B. French
(Fr60, Appendix), which we follow closely in procedure
and in notation.

I. Born-Approximation Differential Cross Section.
Definition of Reduced Width

We consider the reactions

A[JpTpMpMTp]+G($ptpmpmcp]

(A+1)[JTMMr]+ (a—1)[ptrrtm~], (II.1)

where [a] is the lighter of the two initial nuclei, and the
spins and isotopic spins are given. in square brackets.
We sometimes prefer to treat neutrons and protons on
a separate footing, in which case the isotopic-spin
quantum numbers are omitted. The projection quantum
numbers are absent from the anal cross section for
unpolarized beams.

Particular cases of (II.1) which are of practical
interest are

a=2 (deuteron-nucleon reactions) (d,p) (d,l) (p,d) (N, d)

a =3 (deuteron-triton reactions) (He', d) (d,He') (d, t)

a =4 (alpha-particle reactions) (HeP, a) (a,He') (a,t).

Forward arrows in (II.1) refer to true stripping, back-
ward arrows to pickup processes.

We then have the following definitions and kine-
matical relations (taking k= 1):

(do/des) g, (d~/des) 1" Center-of-mass differential cross
sections for the reaction A(a, a—1)A+1 and its
inverse.

Ep. Kinetic energy of [e] in the rest frame of [A].

k: Relative wave number of the pair (A+1, u —1) in the
center-of-mass frame

k'=2(a —1)EM[(A+1)'/(A+a)']. (II.4)

g, x. Natural momentum variables for the reaction
(II.1), g being the momentum-transfer vector

q= kp —[A/(A+1)]k, (II.5)

v.= [(u—1)/a]kp —k. (II.6)

0= cos '(kp. k/kpk): Center-of-mass scattering angle.
iS: Wave number corresponding to the binding energy

in [u] of the transferred nucleon. It is imaginary in
all cases of present interest.

[a/(u —1)] (5'/2M) = p.—p (II.7)

A". Wave number corresponding to the binding energy
in [A+1]of the transferred nucleon. It is imaginary
for capture into bound states of [A+1], for which

Q+ p, —p y) 0.

For both bound and unbound states, we have

[(A+1)/A] (t'/2M) = (Q+ p.—p~g). (II.8)

To express the condition of conservation of energy
in the center-of-mass frame, we start from the usual
expression in terms of kp and k and use (II.S) and (II.6)
to write

2MQ= [a/(a —1)]~'—[(A+1)/A]q'. (II.9)

Substitution for Q from (11.7) and (II.8) then yields

[a/(u —1)](~'+P)=[(A+1)/A](g'+tP) (II.10)

= [(A+1)/Ar ](xpP+y') (II.11)

z= pro, y= tro. (II.12)

We now proceed to write down the Born-approxi-
mation differential cross section for the reaction (II.1).
Apart from kinematical and statistical factors which
are given explicitly, the Anal expression involves over-
lap factors connecting

L ]=L -1], LA]=LA+1],

where, in the last step, we have introduced the dimen-
sionless quantities
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respectively. Both of these overlap factors are essen-
tially reduced widths, although it is customary to use
this terminology only for the second.

To give an explicit definition of the reduced width
connecting [A7 and [A+17, a convenient coupling
scheme must be introduced for the angular momenta
in the (A,a) channel. We can choose to specify either
the channel spin s or the total angular momentum j of
the transferred nucleon. The two representations are
connected by the simple unitary transformation
(III.55).

Let us use a channel-spin representation and let

minology to reflect this diBerence in treatment, we refer
to it as the stripping transform P, (e). Let y denote the
position vector of the transferred nucleon relative to the
center of mass of [a—17, while 1' symbolizes a suitable
set of internal coordinates of [a—17.Then the stripping
transform is

P.( )= exp( —i& H)4 *0)4.(t',p)df'd't (II 18)

where P q and P, are the internal (space) wave functions
of the nuclei [a—17 and [a7.

In terms of these overlap factors, the Born-approxi-
mation diGerential cross section of the reaction
A(a, a—1)A+1, for a single value of l, is found to be
[(A12) of Fr607

symbolize the antisymmetric wave function of the do . 3 a2(a 1)(A+1)4 (2J+1)
relevant state of [A7 (with a similar convention for
[A+17). The notation is described fully in Sec. 111.3„d~ 16pr A'(A+a)' (2Jp+1)
but for our present purposes it speaks for itself. The
overlap integrals which are encountered may then be
written in the form

~[P.(~)7P't(*y)7(H'l«) (II 19)

Hjt(z) yjt(x) Hh, t &(iy)
Wt(z, y) = x

Bx h&&'& (iy) py
(II.20)

is a vector-coupling coeKcient (Co35). The cross section
(II.14) of the inverse pickup reaction isHp'=-', rp'Z~(rp)'.

(II.13)
f g For capture into unbound states of [A+17, we simply

whic is mani est y in epen ent o
A dimensionless single particle red-uced width Hp' is

6rst de6ned in terms of the radial wave function R~(r)
of the transferred nucleon, evaluated at the nuclear
surface by

with d(s) de6ned as in (II.13). The reduced width for
the transition is then

0'= $00'. (II.16)

Our dimensionless quantity 8' is related to the reduced
width y' of Lane and Thomas (La58) by

y'= —,'[(A+1)A'/MA«P7H'. (II.17)

The analogous overlap factor connecting [a7 and
[a—17 is treated rather differently. Choosing our ter-

This would be the correct reduced width if the nucleus

[A7 could be regarded as presenting an inert potential
well to the transferred nucleon. The inert-well picture
of [A7 is almost always an inadequate approximation.
It is therefore necessary to take explicit account of the
degree of overlap of the wave functions of [A7 and
[A+17. To do this we introduce the relatipe reduced
width or spectroscopic factor 8 delned by

8= (A+1) Q ~
H(z) tp (II.15)

do
" (2Jp+1)(2ip+1) A aEp do

dpp (2J+1)(2i+1) (A+1)'(a—1)E d(o
„

(II.21)

If we wish to analyze a reduced width without the
isotopic-spin formalism, the diagram (II.13) must be
slightly generalized, as discussed in Sec. III.7. The
separate question as to whether the isotopic-spin
coupling factor (C)' in (II.19) should be ignored or ex-

plicitly divided out in extracting'0' is discussed in
Appendix 1.

2. Deuteron-Nucleon Reduced Vhdths;
Practica1 Procedure and Resu1ts

In evaluating the stripping transform Pp(N) for
deuteron-nucleon reactions, we use the Hulthen form
of the deuteron internal wave function. We give only
the result, since the details have been described by
many authors (for example, Bu57, Au60, Fr60). From
(II.18) the deuteron-nucleon stripping transform is
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found to be

4096rr & (
I 1+—

I I 1+ ), (».22)
.343S' 4 S ) L. 49S J

with 8 '=4314 f
Practical calculations may be greatly simpli6ed by

the use of numerical tables, prepared by Lubitz (Lu57),
of a dimensionless function o'fs, n(x, y) which is related
to quantities appearing in (II.19) by

P'~(x,y)7'= (++y')'&~'r~n(x y).
The effect of the term

H= {1+L(A+1)(x'+y')/96Aro'S'7)' (II.24)

is so slight that it may be taken into account very
accurately by giving A and ro any reasonable values.
Lubitz took (A+1)/A = 1 and rp =5 f, so that

H&= 1+0.008(xs+y'). (II.25)

The anal expressions obtained by substituting from
(II.22) and (II.23) in (II.19).and (II.21) are given in
(II.29) and (II.30). We erst describe the practical
procedure for using our formulas to extract reduced
widths from experimental data. All energies are ex-
pressed in Mev, lengths in fermis, and the Gnal dif-
ferential cross section in millibarns per steradian.

We consider the reactions

A+a—(A+1)+ (a—1),

and postpone the restriction to a= 2 unit the very last
step, since the procedure is the same for all the-stripping
and pickup reactions we consider. We proceed as
follows:

(a) Either Eo or E is given as the laboratory kinetic
energy of the bombarding particle. Calculate the other
by means of

(A+1)E= (A+a)Q+AEp. (II.26)

(b) Choose values of t and ro.
(c) Calculate y from

y= 0.22rp{ fA/(A+1) 7 ( Q+ e,—p r ) )&. (II.27)

For the various special cases of interest, e —e ~ takes
the following values:

Deuteron-nucleon reactions: e —e ~
——2.23 Mev,

(d,t) reactions: e,—e~~——6.26 Mev,

(He', d) and (d,He') reactions: s, e~r 5.—49 Me——v,

(o.,t) reactions: e,—e ~
——19.8 Mev,

(a,He') and (He', n) reactions: s,—p t=20.6 Mev.

(d) For each center-of-mass angle 8, calculate x from

x=0.22roA/(A+a) {aEp+ (a—1)E
—2La(c—1)EpE7i cos8) i. (II.28)

(e) Obtain o'&zn(x, y) from Lubitz's tables' (Lu57).
' The tabulated values of O'Tgp for l =2 (unbound) are incorrect

(Ha59a); the errors in question involve rnuitiplicative factors

The function o'Ts, s(x,y) contains the entire angular
dependence of the differential cross section. By appro-
priately selecting / and by varying ro, we try to fit the
differential cross section near the 6rst peak as well as
possible. Lubitz (Lu 57, pp. 125—126) gives a useful
graphical procedure (applicable for bound states with

l/0) which enables us to determine that value of rp

which, for given /, places the erst peak of the differential
cross section at the correct angle.

The Gnal step is to extract the reduced width. The
appropriate expressions are found by substituting from
(II.22) and (II.23) into (II.19) and (II.21). We obtain

(A+1)' (27+11) t Ei '

(A+2)' (27'o+1) t Ep)

X{C(Top T; Mro, Mr Mro7)—'

Xo'T~n(x, y)roo8s (II.29)

for (d,p) and (d,e) reactions, and

do As /'Eo) P

= 183.6
dhp (A+2)' (EJ

X{CLTpsrT; Mr p,Mr Mrp7)'—
Xo'Tan(x, y)ros8s (II.30)

for the inverse (p,d) and (ps,d) reactions. Contributions
from di8erent / values simply add. In most cases there
are signi6cant contributions from only one / value and
never from more than two. We repeat that, when ro is
measured in fermis, (II.29) or (II.30) gives the differ-
ential cross section in millibarns per steradian.

Since values of ro outside the range 4 to 8 f must be
regarded as physically unreasonable, the foregoing
procedure usually leads to an unambiguous determina-
tion of /; however, for capture into weakly bound or
unbound states of (A+1), Butler curves for adjacent
/ values are very similar in shape and it may be im-
possible to distinguish them experimentally. Also, for
nuclei with A&40, difhculty is sometimes found in
separating adjacent values of /. In such cases the
/ value may often be determined from other con-
siderations, either experimentally as by studying the
appropriate neutron or proton elastic scattering or with
the aid of theoretical arguments. By using the / values
so determined, we can then extract reduced widths in
the usual way.

It appears from consideration of many cases that 0'

depends signi6cantly on ro only when there is some

difhculty in obtaining an acceptable Gt to the observed
angular distribution and in a few special cases in which
capture takes place into a level of (A+1) very close to
the nucleon separation energy (Q+p, —p t =0). Spe-

which do not seem to exceed 1.5. Numerous checks of entries in
other sections of the tables have failed to reveal any other dis-
crepancies.
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cifically, if ro is allowed to vary by about 1 f on either
side of its "best" value, 8' is usually found to vary
by much less than 25% about its central value. Enge
(Kn59) has found reduced widths for K"(d,p)K" de-
pending strongly on ro. This is not in conQict with what
has just been said about 8', since Enge uses a reduced
width p which has the dimensions of an energy and
differs from our dimensionless quantity by a factor
proportional to A'/M«'.

Reduced widths extracted from the results of deu-
teron-nucleon experiments by the foregoing procedure
are given in Table I.Many of these experiments include
no measurements of absolute cross section; we then
give reduced widths in units of the ground-state reduced
width (column headed "Relative 8"'). When the spin
of the Anal state in a stripping reaction is not known,
we list (2J'+1)8'= fJ78'. Reduced widths are given to
two significant figures; we do so as a matter of arith-
metical consistency and do not claim that each entry
is significant to this degree of accuracy.

The practice of subtracting a constant isotropic
background from the observed differential cross section
to represent the "compound nucleus" contribution
seems to be without justification. No backgrounds have
been subtracted in extracting the reduced widths in
Table I. For A&40, we have not divided out the iso-
topic-spin coupling factor (C)' in (II.19). In such cases,
we list (C')8' rather than 8' itself (see Appendix 1).

3. Deuteron-Triton Reduced Widths

The technique employed in Sec. II.2 to evaluate the
stripping transform for deuteron-nucleon reactions is
the first of two alternatives. In the second, instead of
choosing explicit wave functions to describe the internal
structure of fag and fa—1j,we proceed in the following
two steps.

(1) The internal wave function of fa7 is expanded
formally in terms of the complete set of internal states
of fa—17. In the notation introduced in (II.18), this
expansion may be written

A.= 2545 $32. (II.35)

The deuteron-triton differential cross sections are
then

dp .
t 3q & (2+1)' (2J+1) /Ei &

des „E2) (2+3)' (2Jp+1) VEp)

X(CfTp-', T; Mrp, Mr Mrp j)'—
XHp'r~a (x,y)«'8' (II.36)

for (t,d) and (Heo, d) reactions, and

(3) l ~' prod '
LZi (~+3) LZ)

able to represent the dependence of the internal wave
function of fa7 on the relative coordinate p approxi-
mately by its form at large separation. This asymptotic
approximation to the relative motion is correctly
achieved by setting

f,(p)-&,(e &/-p), (II.33)

where S is defined by (II.7) and X; is a normalization
constant. The stripping transform now becomes

P~(K) =f4or (XA p) j/ (a'+S') =4rE~/ (~'+S') (II.34)

For a=3 and @=4, it is probably better to use the
asymptotic approximation than to represent fa$ and
fa—1] by explicit internal wave functions, such as
those of Irving (Ir51), which are designed to be reason-
able approximations for small separations of the com-
ponents but which do not have the correct asymptotic
behavior as p ~ ~. For deuteron-nucleon reactions, the
diGerence between these two approaches is of no prac-
tical consequence.

Let us therefore specialize (II.19) to the case a=3
and substitute (II.34) for the stripping transform Po(~).
It is again convenient to introduce the tabulated
function ' o~r(zs, y); we absorb the numerical constants
in a single factor A, where, in fact,

e.((,p) =Z ~.f.(p)e i'"'((.), (II.31)
X(CfTo~gT; Mro, Mr Mroj)'—

Xa 'r~s(~, y)«'8' (II.37)

where f,(p) describes the relative motion of the trans-
ferred nucleon and the mass center of fa—1].By sub-
stituting (II.31) into the expression (II.18) for the
stripping transform, the integral over t can be carried
out immediately. Because of the orthonormality of the
functions P ~&"& only the term in (II.31) corresponding
to the ground state of fa —17 (r=0) contributes,
yielding

P,(~)=2p)t exp( ir. 8)fp(p)d'p. — (.II.32)

(2) Since we are interested in the behavior of faj
as it dissociates into fa—1j and a nucleon, it is reason-

for (d, t) and (d,He ), If rp is given in fermis and A in
fermis ', (II.36) or (II.37) gives the differential cross
section in millibarns per steradian. Bis given by (II.25).

Many (d, t) reactions and a few (d,He') and (He', d)
reactions have now been studied experimentally and
found to have angular distributions in good agreement
with the predictions of the Born-approximation theory.
In fact, there are indications that general agreement is
markedly better than for the apparently simpler deu-
teron-nucleon reactions.

The practical procedure for extracting reduced widths
from measured diGerential cross sections with the help
of (II.36) and (II.37) has already been described in
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Sec. II.2. The quantity which is obtained directly from
experiment is not 0' itself but A0'. In order to obtain
the desired nucleon reduced width, it is necessary to
determine the normalization constant A.. This we do
empirically by comparing deuteron-nucleon and deu-
teron-triton transitions between the same two states;
the deuteron-nucleon cross section gives 0', the deuteron-
triton cross section determines A8', whence h. may be
obtained directly. We hope to determine A. with suf-
hcient accuracy to enable nucleon reduced widths to be
measured equivalently by deuteron-nucleon or deu-
teron-triton reactions. This would greatly increase the
power and flexibility of the analysis of stripping widths
as a spectroscopic tool; for example, information ob-
tainable from (d,n) experiments could be obtained from
the equivalent (He', d) experiments, which can be
performed with greater accuracy.

Whether this ideal situation can be realized in practice
remains to be seen. Present indications, as we see later,
are quite promising, although many more measurements
are needed, particularly of absolute cross sections. Our
empirical normalization constant A may be found to
vary with the quantum numbers of the transferred
nucleon, with Q, and perhaps also with A, as a con-
sequence of the diGerent eGects of Coulomb and nuclear
distortions on deuteron-nucleon and deuteron-triton
cross sections. Since such distortion effects, although
diGerent in the two cases, probably depend on the
relevant parameters in qualitatively similar fashion, A

is expected to vary to a considerably smaller extent
than O'. By the same token, we would not be surprised
to 6nd a difference between the normalization factors
for (d, t) and (He', d).

The present method of analyzing deuteron-triton
stripping' reactions has been discussed and applied to
specific examples by several authors (We56, Bu57,
Na58). The first systematic study is that of Hamburger
(Ha60a) to which we refer the reader for further details.

Table II contains deuteron-triton reduced widths
extracted with the aid of (II.36) and (II.37). The
quantity which emerges directly from the experimental
data is A8'. If the reduced width 8' has been measured
by the corresponding deuteron-nucleon reaction, we
enter it ie square brackets in the appropriate column of
Table II, and use it to determine A. from A0'. When no
deuteron-nucleon reduced width is available, we some-
times enter a suitable value of A found in the manner
just described, ie square brackets, in the appropriate
column of Table II and use it to determine 0' from M'.
Reduced widths for nuclei with A.~&26 are extracted
with the aid of the isotopic-spin formalism; for A &40,
we list (C)'0' (see Appendix 1).

There are clearly far too few direct determinations of
A for us to say much about its dependence on its param-
eters. There are, however, definite indications of a
decrease in A between Li and Mg, but it is not clear
whether or not this apparent variation with A masks a
dependence on some other parameter. All the values of

A quoted in Table II are consistent with

A.=190&40f ' (II.38)

with the exception of the values obtained from
F"(d t) F"and from the data on C"(d, f)C" at 3.29 Mev.
Our reasons for regarding the P'(d, t) F" determination
as unreliable are given in footnote h to Table II. The
fact that the peak cross section of the C"(d,t)Ci2

ground-state transition varies by a factor of 1.6 between
deuteron energies of 2.19 and 3.29 Mev suggests either
a resonance eGect or an error in the measured cross
sections.

The foregoing values of h. are sufficiently consistent to
suggest that it may indeed be possible to measure
nucleon reduced widths by means of reactions involving
triton and He ions. On the other hand, it is obvious
that our knowledge of the normalization constant is
very primitive and that no firm conclusions can be
drawn without a great deal of further experimental
study. In particular, we must remember four im-
portant limitations:

(1) There is no direct information about A for I
values other than 1 and 2.

(2) The normalization constant A has not been deter-
mined at all for A )25. In view of the large number of
(d,t) studies (Ze60) now being undertaken in the mass
region 40&A &70, this is a serious shortcoming.

(3) The Li'(d, He')He' and 0"(d t)O" results are
very puzzling. They are discussed in Sec. IV.

(4) We have already mentioned that the normaliza-
tion factor A for (d, t) reactions may differ from that
for (d,He') and (He', d) reactions. Thus, A, and AH, S

shouM be evaluated separately. There is, at present,
insufhcient data on (d,He') and (He', d) reactions to
make this possible.

4. Area of Applicability, Limitations, and Possible
Re6nements of the Simple Theory of Stripping

In our discussion of the empirical reduced widths, we
have bypassed a number of points which require further
comment. These concern such matters as the range of
bombarding energies to which our treatment is appli-
cable, some special situations in which the Born-ap-
proximation theory is inadequate, possible re6nements
of the simple theory, and the significance of the em-
pirical constant A which normalizes the deuteron-triton
differential cross section.

(a) I.imitations on Bombarding Energies

It is well known that at very low bombarding ener-
gies, the differential cross sections of (d,p) reactions
lose their characteristic stripping form and, further-
more, vary widely in shape and absolute magnitude
with small changes in bombarding energy. Under such
circumstances, an empirical reduced width extracted
with the aid of the Born approximation would have
little meaning.
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TAME I. Reduced widths from deuteron-nucleon stripping reactions.

Incident
energy
(Mev)

Lio (d,p)Liv
(Jo= 1+)

2

Ll (d p)Ll
3

Lio(d, p)u~
8

Lio(d, p)LV
14.4

14.8

Li~(p,d)Li'
(J=r )

17.5

Liv(p, d)uo
18.6

Li'(d, p)Lis
8

Ll (d p)L1
(Jo=~s )

14.4

14.8

Be'(p,d)Be'
12

Q
(Mev)

5.027

5.027

5.027

S.027

—5.027

—5.027

—0.192

—0.192

0.560

(Nis4)
0
0.478

(Nis4}
0
0.478

(Ho53c)
0

0 478

(Less, Ha59}
G
0.478
4.63
6.54
7.47

(Re56)

0 1+
2.184 3+

(Be58, Be59)
0 1+
2.184 3+
3.560 0+

(HO53c)
0 2+

(Le55, Has9)

0
0.98
2.28

2+
1+
3+

(Su58)
0 Q+

Final
state

excitation J fo

4.1
4.1

4.1
4.1

4.9
4.9

5.4
5.4

~ ~ ~

5.5
5.5

4.5
5
5

4.9

4.2
4.2
4

Relative Relative
I JQ 8'

1
1.4

1.
2.2

1
1.3

~ ~ . ~

0.83

1
0.68

1
0.52
0.54

1
0.53
0.28

Absolute
LJQ

Absolute
gS

0.048
0.063

~ ~ ~

0.040

0.053
0.036

0.053
0.027
0.028

O.oii

0.053
0.028
0.015

0.023

Foot-
notes

Beo (P,d}Bes
(J:=l-)

16.5

B o(d,P)Be'o
Jo=4 )

3.6

es(d p)Be&o
7.7

Bea(d p}Be"
8.2

Beo(d,p)Be~o
9

Beo(d,P)Be~o
9.2

Be9(d,p)Be"
10

0.560

4.585

4.585

4.585

4.585

4.585

4.585

(ReS6)

(Fu52)

0
3.368

(E152)
0
3.368

(Ze58)
0
3.368

(or56)
0
3.368
S.96
6.16
6.28
7.37

(ZeS8)
0
3.368

(Zes8)
0
3.368

0+

Q+
2+

0+
2+

Q+
2+

0+
2+

(1 )

(2 )
(3 )

0+
2+

1
1
0

~ ~ ~

G

(2)

4.5
4.5

4.8
4.8

5
4.2
4
~ ~ ~

4.5

1
1.1
7.1
~ ~ ~

11.6

1
1.0

1
0.17

1
0.23

1
0.22

1
0.23
2.4
~ ~ ~

2.3

1
0.29

1
0.20

0.046
0.041

0.024

0.046
0.008
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TAsLz I.—Coetitwed.

Incident
energy
(Mev)

Be'(d,P)Be'0
11.9

Final
Q state

(Mev) excitation

(Kb54}
4.585 0

3.368
0+
2+

fo

1
0.90

1
0.18

Relative Relative
e&

Absolute
LJQ

Absolute
8

Foot-
notes

Be'(d,p)Be"
14.8 0+

2+
(1 )

(2=)
(3 )

0
3.368
5.96
6.16
6.28
7.37

(Rh54, Ca58)
1
1
0

4 0 4

0
2

4.5

~ ~ ~

4.S
5.5

1
0.60
S.4
~ 0 ~

9.5
3.1

1
0.12
1.8

1.9
0.44

0.093
0.055
0.51

1

0.88
0.29

0.093
0.011
0.17

~ 0 ~

0.18
0.041

Be'(d,n)B'0
(~o=5 )

3.4

Blo(p d)Bo
18.9

Blo(~,d)Beo
14

Bso(d p}B11
(J'=3')

7.7

B10(d p)B11
(Jg=3+)

7.8

B (dl)C
(J0=3+)

9

4.358

—6.212

-4.358

0
0.72
1.74
2.15
3.58

(Re56}
0
1.4
2.326

(Ri54)
0
1.75
2.431

(F,v54)

0
2.14
4.46
5.03
6.76
6.81

9.19
9.28

(Ma 56)

3+
1+
0+
1+
2+

a
2l

0
+2

0

4.5
4.5
4,5
4.5
4.5

~ ~ ~

4.5

4.5

5.5
5.5

6.7
6.7
6
6

1.5
0.51

2.1
1.4
0.65
0.44

~ ~ ~

0.8

~ ~ 4

1.05

0.25

2.0
4.8
6.6
6.6

0.043
~ ~ ~

0.045

0.023

Blo(d g)C11
(J0+3+)

7.55

Bll (g p)Bll
8

3"{de)C1'
(~~=4 )

8.1 13.731

(Ce56)

0
2.01
4.24,
4.75

(Ho53c)
0
0.95
1.67
2.62
2.72
3.38
3.76
4.54

{Gi54)

(0)

5.8
5.8
5.8
5.8

4,4

~ ~ ~

44

1.2
0.54

1
0.55

0.071
0.098
0.219

0.024
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TABI,K I.—CosAsQ8d.

Incident
energy
(Mev)

3"(d e)C12
(Jo=k )

9

C12(d p}( 13

2.68

C12 (d' p)C13
3.29

C12(d' p)C18
8

C12(g p)C13
14,8

C»(d e}N»
2.68

2.719

2.719

2.719

Final
state

excitation J"

0
4.435
7.653
9.63

(ae56)
0

(Ho54a)
0

(Ro51, 51a, Ho53c)

3.09 21+

3.68
3.85 —,'+

(Gr56)
0
3.09
3.68
3.85

(Mc56,
0
3,09
3.68
3.85
5.51
6.10
6,86
7.47
7.53
7.64

43
4.3

4.2
4.2
4.2
4.2

4.5
4.5
4.5
4.5

Relative Relative
P je2 e2

0.21

1
3.1
0.1
1.7

4.6
0.31
1.8

1
4.9
0.19
2.3

Absolute
LJje2

0.26
0.28

0,26
0.055

0.022

0.025

0.056
0.18
0.006
0.098

0.042
0.19
0.013
0.0/3

0.031
0.15
0.006
0.071

0.002

0.005

0.024

C12 (d ~)N13
3.26

C'2 (a,n)N'3
9

C"(p,d)C"
(J=2 )

17

C13(g p)C14
(Jo=k )

3.89

(Mi53, Ca57)
0
2.37
3.51
3.56

(Se58)

—2.719

1+
23—
5+

4.5
4.5

4.2
5

4.8
4.8

0.021

C18 (d' p)C14
14.8

N" (p d)N13
18.5

5.947
(Mc56)
0 0+
6.09 1
6.59 (0+)
6.72 3
6.89 0
7.01 (2+)
735 2
8.32 2+

(St56, Se58)

2.365 —,'+
351

1
0
1
2
0

~ ~

2
1

5.4
4.5
5
5.4
4.5

~ ~

5.4
5

5.4
5
5

3.2

1
0.03
0.54

0.063
0.59
0.007
0,47

0.30
0.007

0.063
0.20
0.006
0.07

0 ~

0.06
0.0015

0.046
0,002
0.026
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TABLE I.—Continued.

Incident
energy
(Mev)

Final
Q state

{Mev) excitation
Relative Relative

LJF2 e2
Absolute

$J)82
Absolute

g2
Foot-
notes

N14(n, d)C»
14

N14(d p)N15
(Jo= 1+)

7

N14(d p)N15
9

N14{d p)N15
14.8

N" (d,e)0'
(so= 1+)

7.7

C14(d p)C15
(J.=o')

14.9

C'4(d, N)N»
(J0=0+)

3.53

N15(p d)N14
(J='-:-)

18.6

N15(d p)+16
14.8

—5.319

3.335

3.335

8.615

5.073

—1.007

7.987

—8.615

0.267

(Ca57a)
0
3.09
3.68

(Sh55)

5.28
5.305
6.33
7.165
7.314
7.575

8.316

8.571

(Gr56)
5.28
5.305
6.33
7.165
7.314
7.575
8.316
8.571

(Wa57)
0.
5.28
5.305
6.33
7.165
7.314
7.575

8.316

8.571

(Ev 53)

0
5.26
6.15
6.79
6.86

(Mo59)

0
0.745

(Ri57)

0
5.28
5.31
6.33

{Se58)

0
2.312
3.945

(%a57)
0
0.119
0.295
0.393

2+
23—
2

5+
4+
23—
2

5+
1+
23—
2

3—
2

1—
2

1+

(2')

1—
5+
1+
23—
2

1+
0+
1+

2
0
3
1

1
2
0

(0)~
+2

0
0

+2

2
~ ~ ~

1
2
0
2
0

0+2

(0)
+2

0
+2

~ ~ ~

4.5

5.5
~ ~ ~

5.5
5,5
5.5
5.5
5.5
5.5
5.5

4.7
~ ~ ~

4.7
4.7
4.7
5.7
4.7

5

47
5
5

4.7
4.7
4.7
4.7

4.1
5.3

5.8

5.8
5.8

5.4
54
5.4

5.5
4.2
5
4.2

1
~ ~ ~

0.72
6.6
7.6

7.7

6.5
0.31
0.76

1
~ ~ ~

0.69
7.9
6.7
7.1
49

0.55

8.3
9.7
0.39
0.82

2
0.77
0.32

(3 2)

(1) see m

(0.14)

0.08

1
0.48

0.32

1
0.64
0.18

0.049
~ ~ ~

0.034
0.39
0.33
0.35
0.24

0.098

0.027

0.41

0.48
0.019
0.043

0.19
0.27

0.05

(0.16)

0.008
~ ~ ~

0.008

0.049

0.007

0.093
0.045

0.017

0.006

0.045
0.029
0.008

0.054-
0.19
0.047
0.18

s) u

W) X

X

t

c
c
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TAax.x I.—Coetilued.

Incident
energy
(Mev)

Q16(d,p)O»
2.1

Q16(d p)QlV
3,43

Q16(d p)Q1V
3.49

Qle(d p) QlV

4.11

Qls{d p}QlV
8

Q18 (Ig P)QIT
9

Qle(d p}G'v
19

Q
(Mev).

1.048

1.919

Final
state

excitation

(Gr56a)
0.871

(St55)
0
0.871

(Ba57)
0
0.871

(Bu51a, Ho53e)

0.871 ~~+

{Gr56}
0
0.871
3.055
3.846
4.553
5.08

2
0

~ '4 ~

3
1
2

fp

6.3
63

63
6.3

5.1
5.1

4.8
4,8
~ 0 ~

4.8
4.8
48

Relative Relative
Ljj+

1
2.2
~ 0 ~

0.23
0.25
0.80

0.013

0.035

0.047

0.058
0.11

Foot-
notes

a'

Q'6(d, l)F'V

0'v(d, p)O"
7.8

Flo(p d)pls
18.5

F"(e d)O"
14.1

—1.631
(Mi53)
0
0.500

{Bi57)
0
1.99
3.55

(Re56,
0
0.94
1.042
1.087
1.129
1.699
2.105
2.525
3.063
3.131
3.352
3.727
3.790
3.841
4.116
4.227
4.358
4.400

{Ri57a}
0
1.99

4.8

5.9
5.1
5.1
5.5

1
0.16
0.72
1.1

0.017

0.017

e'

0
0.652
0.828
0.988
1.059
1.309
1.970

~ ~ 1

2
2
2
0

~ ~ ~

5.01
5.01
5.01
5.01

~ ~ ~

3
0.28
0.22
0.07

~ ~ ~

0.065
0.005
0.005
0.0015
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TsaLK I.—Continued.

Incident
energy
(Mev)

F»(d,p)
(~0=4+)

8.9

0
(Mev)

Final
state

excitation J~

{E156)

2.048
2.195
2.870
2.966
3.491
3.528
3.5g6
3.6g1
3.961
4.079
4.275
4.310
5.04
5.19
5.27
5.72
5.87
5.95
6.25
6.63
6.81
6.98
7.20

2
2
3
1
0
0

0
~ ~ ~

0
1
1
1

~ ~ ~

1
1

~ ~ ~

1
1

5.01
5.01
5.01
5.01
5.01
5.01

~ ~ ~

5;Qi
~ ~ ~

5.01
5.01
5.01
5.01
~ ~ ~

5.01
5.01
~ ~ ~

5.01
5,01
~ ~ ~

5.01

Relative Relative
t J+' . |t'

2.8
0.95
2.0
0;21
2.5
2.5

~ ~ ~

0.70
~ ~ ~

1.2
0.24
0.33
0.57
~ ~ ~

1.4
2.8
~ ~ ~

1.6
3.4
~ ~ ~

2.4

Absolute
E~jp

0.061
0.021
0.043
0.005
0.054
0.054

~ ~ ~

0.015
~ ~ ~

0.026
0.005
0.007
0.013

~ ~ ~

0.030
0.060

~ ~ ~

0.034
0.074

~ .~ ~

0.053

Absolute
8

Foot-
notes

F»(d,w)Ne'
(J0+4+)

9.06 10.645

(Cassa)

0
1.632
4.248
4.969
5.631
6.745
7.19
7.23
7.46
7.86
9.3

Q+

2
(4+)
(1 )
~ ~ ~

~ ~ ~

0
2

~ ~ ~

0
0
2

~ ~ ~

~ ~ ~

5
5

0.013
0.069

~ ~ ~

0.013
0.014

Ne" (d,p)we'
(JO=O+)

8.5

Ne (d,p)Ne"
(~.='0 )

8.5

4.53

2.965

0
0.34
1.735
2.79
3.73
4.58
4.81
5.43
5.63
5.78
5.89
6.10
6.72

(Su56)

0
0.98

o ~ ~

4+

~ ~ ~

(Su56, Mi52)

0
~ ~ ~

2
1
2
2
1

2
0

~ ~

5.5
~ ' ~ ~

5
5
5
5
5

5.1
5.3

~ ~ ~

6.4
~ ~ ~

2.7
8.6
3.2
2.9
3.2

~ ~ ~

3.1

6
8

3.2

Na" (p,d)Na
(J.='l )

18.0

Na»(d, p)Na~
(Jo= +)

3

—10.192

4.731

(8e58)

0
0.59

(S1154)

0
0.472
0.56
1.341

3+

4+
1+
2+
1+

2'

2

2
2
0
0

5.3
5.3

5.65
5.65
5.65
5.65

1
3.9
0.35
2.5

0.021
0.021

1
I

k'
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TAaLz I.—Coefilued.

Incident
energy
(Mev)

Final
Q state

(Mev) excitation J 1'p

Relative Relative
LJj82 8~

Absolute
[Jje'

Absolute
g2

Na»(d, p)Na24

Na" (d,p)Na"
14.8

Na~a(d, e)Mg24
7.75

Na~a(d, l)Mg~
(JP= 2+)

9

Mg (d,p)Mg25
(J,=o+)

8

Mg~(d, p)Mg2~
8.9

4.731
(Da60)
0
0.472
0.56
1.341
1.844
1.884
3.409

3.582
3.623
3.648
3.738
3.850
3.899
3.929
4.184
4.202
4.219
4.41
4.558
4.72
4.91
5.02
5.13
5.31
5.42

(Vo58)
0
0.472
0.56
1.341

(El57)
4.122
4.24

8.5
10.46

0
1.368
4.122
4.24
4.8
5.24

(~)6.9
74
8.5

(Ho53d)

0
0.58
0.98
1.61
1.96
2.56
2.74
2.80
3.40

(Hi58)
0
0.58
0.98
1.61
1.96

4

~ ~

4+
1+

'2+
1+

0+
2+
4+
2+

(3 )

5+

4+
g+
7+
5+

4+
x+
3+
2

5+
1+
3+

5+
2

2
2

+2

+2

~ ~

1

0

2
0
0
0
0

2
0

o(2)
0

2
0
2

~ ~

2

2
0
2

5.2
5.2
5.2
5.2
5.2
5.2
5.2
5.2

5.2

5.2
5.2
5.2
5.2

~ ~

5.2
5.2

5,2
5.2
52
5.2
5.2

5.2
5.2

~ ~

5.2
5.2

5.3
5.3
53
~ ~ ~

5.3

5.2
5.2
5.2
~ ~ ~

5.2

9
4.6
2.1

13.6
0.93
6.3

11.5
12.4

0.93
1.5
2.3"
0.68

~ ~ ~

1.6
0.72

9
1;7
5.4

10.1
32

~ ~

1.5
0.41
4.6

0.34

1
2.0
0.75
~ ~ ~

0.44

1
2.1
0.76
~ ~ ~

0.45

0.044
0.012

0.03 (0.07)
0.038

0.057
0.042
0.029

~ ~ ~

0.026

~ ~ ~

0.0049
0.0023

0.0091
0.018
0.0068

~ ~ ~

0.0040

0.021

0.0096
0.021
0.0072

~ ~ ~

0.0043



LIGHT AN D INTERMEDIATE NUCLEI

TABLE I.—Continued.

Incident
energy
(Mev}

Mg24(d, p) Mg25
8.9

Final
Q state

(Mev) excitation

(Hi58)
2.56
2.74
2.80
3.40
3.90
3.97
4.05
4.27
4.42
4.72
4.86
4.96
5.15
5.27
5.49
5.79
6.09
6.25
6.54
6.80
6.85
6.95
7.18
7.23
7.40
7.58
7.8
8.05

1+
7+
r+
3—
2

(2 )

+
1+
2

(2 )

0

0
0

~ ~ ~

1
(&1)

~ ~ ~

2
3
1

(1)

(2)

5.2
5.2
5.2
5.2

5.2

5.2

5.2

5.2

~ ~ ~

5.2
5.2
5.2
5.2

5.2

Relative Relative
LJ)02 g2

1.0
~ ~ ~

1.3
2.0

~ ~ ~

0.29
5.0

Absolute
LJje2

0.019
~ ~ ~

0.048
0.076
0.040
0.080

~ ~ ~

0.022
~ ~ ~

0.019

~ ~ ~

0.0056
0.0945

~ i ~

0.014

~ ~ ~

0.025
0.079
0.048
(o.o42)

~ ~ ~

(o.o32)

Absolute
8

0.0096
~ ~ ~

0.012
0.019

0.010

~ ~ ~

~ ~ ~

0.0028
0.047

Foot-
notes

Mg'4(d, p}Mg»
14.8

Mg" (d,n) Al»

Mg»(p, d)Mg24

17

Mg»(d, p)Mg2'
(Jo=2+)

8

Mg (dy p)Mg
(Jp ——0+)

8

5.107

0.06

—5.107

8.893

4.214

(Ha60)
0
1.61
1.96

(GO53)
0
0.45
0.95
1.61
1.81
2.51
2.69
2.72
3.08

(Be58)

0
1.368
4.122
4.24

(Ho53d)

0
1.83
2.97
3.97
4.35
4.86'
4.92
5.27 &

5.32
5.50,
6.15

(Ho53d)

0
0.987

5+
7+
5+
2

+
+

3+
7+
5+
1+
3+
7+
23—
2

p+
2+
4+
2+

p+
2+
2+

' 1&0

1+
2

2
0
2

(o)
(2)

(1)

(2)
0+2

0
0
0

0

0
2

4.3

5.3
5.3
5.3

5.3

5.2
5.2

5.2

5.3
5.3
5.3
5.3
5.3

5.3
5.3

0.37

1
2.5
1.1

1
2.7

1.2

(o.o4)
0.019 0.21

0.17
0.17
0.19

(0.12)

0.02
0.02

0.0085

0.0031

0.0028
0.0073
0.0030

0.0079
0.022

0.012

(o.o4)
0.0038 0.041

0.034

0.037

0.01

q'

s

u

v

W



M. H. MACFARLANE AND J. B. FRENCH

TABLE I.—Continued.

Incident
energy
(Mev)

Mg's(d, p)Mgs'
8.9

Q
(Mev)

4.214

Final
state

excitation J
(Hi58)
0
0.987

(1.66)
3.50
3.56
3.76
4.13
4.75

0
2
?
0
1
2

(1)

fo

5.3
5.8

5.3
5.3
5.3

Relative Relative
PJy& e

2
2.1

1.8
6.5
4.0

Absolute
pj+

0.045
0.048

?
0.040
0.14
0.09

~ ~ ~

Absolute
8

0.022

0.020

Foot-
notes

p

AP'(d, p)APs
(Jo=')

8

APv(d p)APs
(~:=!')

6

Ai27 (d n)Si2s
(Jo=V)

6

5.498

5.498

9.363

(Ho53a)

0
0.031
0.97
1.02

(En56)

0
0.031
0.97
1.02

1.37
1.63
2.14
2.21
2.28
2.49
2.59
2.66
2.99
3.01
3.10
3.29
3.345
3.461
3.535
3.59
3.67
3.70
3.88
3.90
3.93
4.03
4.12
4.24
4.32
4.38
4.46
4.52
4.69
4.74
4.77
4.85
4.90
4.93
5.00
5.03
5.14

(Ru57)

0
1.78
4.61
5.0
6.2
6.9
7.3
7.9
8.3
8.6
9.3

3+
2+

~ ~ ~

3+

3+
2+

.~ ~ ~

~ ~ ~

0+
2+

0
0

2(0)

0
0

2(0)

0
2

2(0)
0

0
0

0
0
1

0
2

2
0

0
1

0

(0)

6.15
6.15
~ ~ ~

6.15

6.6
6.6
~ ~ ~

5.4
(6.6)

~ ~ ~

6.6
5.4
5.4
6.6
~ ~ ~

5.4

6.6
6.6
5.4
~ ~ ~

5.4
6.6
6.6
5.4

5.4

6.6
5.4

5.4

~ ~ ~

5.4

5.1
5.1

5.1
5.1

5.1

5.1

7
3.61
~ ~ ~

6.27

~ ~ ~

2.28
2.08
5.37
0.42
~ ~ ~

5.13

~ ~ ~

0.22
0.18
4.01
~ ~ ~

5.96
0.11
0.38
1.42

~ ~ ~

4.28

0.21
1.59

~ ~ ~

7.28
~ ~ ~

5.72

3.80

~ ~ ~

3.84

1
0.37

0.35
0.30

0.36

1.25

1
0.72
~ ~ ~

0.96(0.13)

1
0.72
~ ~ ~

0.90

0.07

0.15
0.08

~ ~ ~

0.13

~ ~ ~

0.05
0.04
0.11
0.01

~ ~ ~

0.11

~ ~ ~

0.005
0.004
0.08

~ ~ ~

0.13
0.002
0.008
0.03

~ ~ ~

0.09
~ ~ ~

0.004
0.03

~ ~ ~

0.15

0.12

0.08

~ ~ ~

0.08

0.021
0.015

~ ~ ~

0.020(0.0027)

0.021
0.015

~ ~ ~

0.019

~ ~ ~

z' a"

b II

b II

bll

C

dtt



LIGHT AND INTERMEDIATE NUCLEI

Incident
energy
(Mev)

Final
Q state

(Mev) excitation

TABI E I.—Continued.

Relative Relative
pJQ e'

Absolute
L~3'

Absolute
tt2

Foot-
notes

Ai (d)n}si
(Jp= l+)

9

Si2s(d, n)P29
(Jp=o+)

9

SPs(d p)Si29
8

P31(p d}P30
(JP= 2+)

18.6

9.363

0.499

6.249

—10.108

(Ca55)

0
1.78
4.61
5.0
6.2
6.9
7.3
7.9
8.3
8.6
9.3

(Ca57)

0
1.30
1.92

(Ho 53)
0
1.28
2.03
2.43
3.07
3.62
4.08
484
4.90
4.93
6.38

(ae58)

0
0.685
0.707

Q+
2+

1+
2

(5+)
(2+)

1+
4+
25+
3+
2

(2 )

1+
Q+

(1)+

2
0

0

0
0

0
2
2

0
0

5.36
5.36

~ ~ ~

5.36

5.36
5.36

5.4
5.4
5.4

5.4
5.4
5.4
~ ~ ~

5.4
5.4

5.4
5.4

5.6
5.6

1
0.15

~ ~ ~

0.73

7.9

1
0.03

1
0.55
0.26

1
0.86
0.21

(0.60)

(1.31)
(1.o4)

0 ~ ~

0.028

0.31

0.034
0.037
0.027

0.044
0.076
0.027

~ ~ ~

0.012
0.102

0.117

0.047

0.039
0.001

~ ~ ~

0.017
0.009
0.005

0.022
0.019
0.005

(o.o13)
~ ~ ~

~ ~ ~

(0.029)

(o.o23)

0.013
0.012

ell

bll
b/I

bfl

h"

P31(d p)P3$
(Jp=4+)

8.9 5.695

(Da57)

0
0.077
0.515
1.15
1.32
1.75
2.18
2.23
2.65
2.74
3.00
3.14
3.26
3.32
3.45
4.03
.4.21
4.43
4.90
5.11
5.37
5.53
5.82
6.09
6.34
6.56

1+
2+

2
2
0
0

0

1
0
1
1

1
1
1
1
1

1 (or 2)

5.53
5.53
5.53
5.53

3
4.25
0.7
1.2

5.53 0.6

5.53
5.53
5.53
5.53

5.53
5.32
5.53
5.53
5.53
5.53

7
0.8
1
5

7
2
8
3

553 8

1
0.85

b/l

b/I

bll

P31(d p}P32
(Jp=k+)

7.8

(Pa58)

5.695 0

0.077 2+

2
+(0)

2

2
(7 5)
5.7

3
(0.195)
4.25

1
(0.065)
0.85



H. MACFARLANE AN D J. B. FRENCH

TAsLE I.—Continled.

Incident
energy
(Mev)

Q
(Mev)

Final
state

excitation J~ Pp

Relative Relative
I Jje2 e2

Absolute
LJj~'

Absolute
g2

Foot-
notes

P"(d,n)S"
(J 1)+

9 6.616

(Ca55)

0
2.24

0+ 0
2

5.53
5.53

1
2.7

1
0.54

0.006
0.016

0.006
0.0003

S32 (d,p)S33
(Jp=0+)

8

S"(d,n) CP'
8

K39(d p)K4p
(Jp= 2+)

6

6.421

0.06

5.57

4.70
4.98
5.76

(Ho53)

0
0.84
1.96
2.31

3.22
3.83
3.94
4.05
4.10
4.15
4.21
4.38
4.43
4.87
4.92
4.95
5.71
6.42'
6.48
6.51 I
6.53J

(M153)
0
0.806
2.86
4.12

(En59}

0
0.028
0.795
0.885
1.634
1.954
2.042
2.064
2.099
2.256
2.286
2.393
2.415
2.565
2.622
2.743
2.781
2.802
2.948
2.983
3.021
3.104
3.125
3.144
3.225
3.367
3.385

3+
1+
2

(2 )

(2 )

3+
1+
3+
23—
2

4—
3
2
5

(3 }
(2 )
(1 )

(o )

2
0

2
0

~ ~ ~

1
1)1

(1)
1
1

0

(1)
1
1

(1)

~ ~ ~

5.53

5.6
5.6

5.6

5.6

5.6

5.6

5.6

5.6
5.6

5.6

6.5
6.5
6.5
6.5
4.5
~ ~ ~

4.5
4.5
4.5

4.3
4.3
4.3

4.3
4.0

4.0

5.6
~ ~ ~

4.0
40
4.0
4.0

~ ~ ~

5.58

4
1.1

15.6

10.5

1,6

~ ~ ~

0.82

7.3

9
7.7
5.8

10.4
0.08
~ ~ ~

9.0
8.2
5.6

0.17
0.10
0.27

1.8
0.70

0.18

0.11
~ ~ ~

(o.16)
2.3
0.66

(o.26)

1
0.56

1.9

2.6

3.6

1
3.0

(5.5}

1
1.1
1.2
0.95

~ ~ ~ I

1.3
1,6
1.9

1.8

~ ~ ~

0.033

0.086
0.073
0.055
0.10
0.0007

~ ~ ~

0.086
0.078
0.053

0.0016
0.0010'
0.0026

~ ~ ~

0.018
0.0067

~ ~ ~

0.0018

0.0010
~ ~ ~

(o.oo15)
0.022
0.0063

(0.0025)

0.0096
0.010
0.011
0.0091

~ ~ ~

0.012
0.016
0.018

~ ~ ~

0.018

l/I

m"



LIGHT AND INTERMEDIATE NUCLEI

TAsLz I.—Coetieued.

Incident
energy
(Mev)

K»(d, p) K4o

(g 3+)
6

Final
Q state

(Mev) excitation

(En59)

3.412
3.479
3.599
3.629
3.657
3.715
3.738
3.766
3.790
3.820
3.838
3.869
3.883
3.898
3.920
4.017
4.102
4.253
4.396
4.462
4.539
4.582
4.658
4.788
4.801
4.902

~ ~ 0

1
1
1
1
1
1

(1)
1
1
1
1

5.0
4.0
4.0
4.0

3.8
5.0
3.8

3,8

~ ~ ~

3.8
3.8
3.8
3.8
3.8
3.8
3.8
3.8
3.8
3.8
3.8

Relative
)Ji02

0.07
0.51
0.15
3.1

0.28
0.13
0.17
~ ~ ~

1.8

~ ~ ~

1.0
1.7
3.5
1.8
1.8
1.8

(0.66)
0.99
0.76
1.3
0.93

Relative
g2

Absolute
P30'

0.0007
0.0049
0.0014
0.030

0.0027
0.0013
0.0016

~ ~ ~

0.017

~ ~ ~

0.0097
0.016
0.033
0.017
0.017
0.017

(o.oo63)
0.0094
0.0073
0.012
0.0089

Absolute
02

Foot-
notes

Z.39(d,p)re
8.9 5.57

(Da59)
0
0.028
0.795
0.885
1.634
2.042
2.064
2.099
2.622
2.743
3.225
3.367
3.385
4.017
4.102
4.253
4.788
4.801
4.902
5.14
5.34

3
2
5

(3 )
(2=)
(1 )
(o-)

5.8
5.8
5.8

5.0

5.8
5.8
4.5
5.8
3.8
4.6
4.3
4.9

9
7
5.5

12.5

23.7

2.7
0.66
3.2
0.96

1.5
1.8
3.7
2.2

1.7

1
1
1.1
1.1

2.7

I/ I/

o//

Ar" (d,p)Ar '
(Jo=0+)

8.5 3.88 0
0.57
1.1
1.39
1.9
2.46
2.79
3.01
3.36
3.98

7-
2

(Bu56, Hi57, Gi52)

5.87
5.87
5.87
5.6
5.87
5.6
5.6
5.6
5.6
5.87

8
17
0.56
8.3
0.85
1.9
1.7
1.8
33
3.2

0.08
0.016
0.005

-0.08 .

0.008
0.018
0.016
0.018
0.032
0.030

0.01

0.004

Ca (dip) Ca
(J =o+)

8 6.139

(Ho 53)

0
1.947
2.469
3.95
4.76
5.72

7—
23—
2

5.87
5.87
5.87
5.87
5.87
5.87

8
5.6
2.2
1.0
3.5
3.1

1
1.4

0.114
0.079
0.032
0.015
0.050
0.045

0.014
0.020



M. H. MACFARLANE AND J. B. FRENCH

Twsx.E I.—Conk'nued.

Incident
energy
(Mev)

Final
Q state

(Mev) excitation
Relative Relative

1 J+ e~
Absolute

L~P
Absolute

em

Foot-
notes

Ca~ (d,p)Ca4~
7

Ca"(d,p)Ca '
(Jp=0+)

7

Ca44(d, p)Ca4'
(Jp=0+)

7

6.139

5.708

5.188

(Sosia)
0
1.947
2.014
2.469
2.584
2.612
2.677
2.890
2.967
3.056
3.206
3.375
3.405
3.500
3.531
3.619
3.682
3.736
3.837
3.854
3.921
3.950
3.982
4.023
4.101
4.194

(Sosi)

0
0.373
0.593
0.991
1.394
1.678
1.904
1.932
1.957
1.985
2.048
2.069
2.095
2.107
2.225
2.250
2.273
2.409
2.530
2.607
2.673
2.696
2.753
2.844
2.880
2.947
3.027
3.047
3.074
3.094
3.194
3.279
3.293
3.369
3.398
3.419
3.584

(Co57)

0
0.176
1.036

7—
23—

(-'=)
(5—

)

~ ~ ~

3
1
2
1

0

0

0

6
6
6
6

6
6

6
6

6
6

8
5.6
0.34
1.88

~ ~ ~

0.07
~ ~ ~

0.12

~ ~ ~

0.08

~ ~ ~

0.36

0.22

2.2

0.44
0.42

0.26

7.78

0.13
0.81

0.47
0.50

~ ~ ~

0.44

1
1.4

~ ~ ~

0.034

0.042

~ ~ ~

0.11

~ ~ ~

0.13

0.114
0.080
0.005
0.027

~ ~ ~

0.001
~ ~ ~

0.002

~ ~ ~

0.0012

~ ~ ~

0.005
~ ~ ~

0.003

0.032

0.082

0.005
0.004

~ ~ ~

0.0026

0.080

0.001
0.008

0.005
0.005

~ ~ ~

0.005

0.004

0.014
0.020

~ ~ ~

0.0005

~ ~ ~

0.0006

0.010
~ ~ ~

0.001

~ ~ ~

0.0013

0.080

0.006

s

nfl

b I

tlat



LIGHT AND INTERMEDIATE NUCLEI

TAsx,z I.—Coetiweed.

Incident
energy
(Mev)

Final
Q state

(Mev) excitation
Relative Relative Absolute

LJ+
Absolute

8
Foot-
notes

Ca44(d, p) Ca4'
(Jp =0+)

7

Tj48 (d p)Tj49
(Jp=0+)

7.8

5.188

6.33

5.92

(Co57)

1.432
1.475
1.557
1.902
1.971
2.249
2.356
2.394
2.597
2.681
2.763
2.844
2.950
2.970
3.032
3.148
3.244
3.296
3.319
3.419

(Ri60)

0
0.16
0.55
1.56
1.80
2.58
2.83
3.31

0
1.38
1.72
1.76
2.49
3.17
3.26

(4=)
(k )
(k )

0

~ ~ ~

1
1
1
1
1

3
1
1

~ ~ ~

5.5
~ ~ ~

6
6
5
5
5

6
6
6

2.05

~ ~ ~

9.7

1.7

0.42

1.6

~ ~ ~

0.77

~ ~ ~

2.8

~ ~ ~

8
~ ~ ~

6.3
2.5
1.8
1.3
0.8

0.21

~ ~ ~

1.6
0.6

1
3.5
1.5

0.011

~ ~ ~

0.054

~ ~ ~

0.0025

~ ~ ~

0.009

~ ~ ~

0.004

~ ~ ~

0.017

~ ~ ~

0.001

~ ~ ~

+51(d p)VN
(Jp=k )

8.7 5.075

(E158)

0
0.14
0.43
0.78
0.834
1.402
1.475
1.545
1.753
1.785
1.841
2.088
2.131
2.150
2.307

(2,3)+

1

1
1

+3
1

+3
1

7
1.4
0.26

3.1

6.25
6.25
6.25

6.25

6.25

6.25
6.25

0.32

2.2
0.54

3.6

6.25 1.1
3.3

6.25 0.46

+51(d p)QN
8.9 5.075

(Dasoa)
0
0.14
0.43
0.78
0.834
1.402
1.475
1..545
1.753
1.785

1
1
1

1

1
~ ~ ~

1

1

6
5.9
5.7

5.3
~ ~ ~

5.5

7
1.9
0.33

3.9
0.51
~ ~ ~

2.6

0.32
0.084
0.015
0.18

0.023
~ ~ ~

0.12

0.048

u -pv
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TABLE I.—Continued.

Incident
energy
(Mev)

V51(d p)+52
8.9

Q
(Mev)

Final
state

excitation J~

(Dasoa)
1.841
2.088
2.131
2.150
2.307
2.415
2.458
2.525
2.76

rp

6.2

4.5

5.1

Relative Relative
[J]02 02

0.27

1.7

0.62

~ ~ ~

0.27

Absolute
[Jj02

0.012

0.076

0.028

~ ~ ~

0.012

Absolute
g2

Foot-
notes

Cr" (d,p) Cr»
(J =0+)

10

Cr»(d, p)cr54
(Jp=k )

10

Co"(d,p) Co'p

(J.='-:-)
8.7

Zn'4 (d,p)Zn'5
(Jp ——0+)

10

Zn66 (d,P)Znsz
(J.='o )

10

Znez(d p)Zn6s
(Jp=r' )

10

Zn" (d,p)Zn"
(Jo=0+)

10

Zn6s(d P)ZnN
11.9

5.704

7.482

5,227

5.650

4.689

7.985

4.266

4.266

(E158b)

0
0.57
0.97
2.31

(El58b)

0
0.86
1.31
2.67
3.19
3.79

(El58a)

0
0.058
0.282
0.432
0.501
0.541
0.612
0.738
0.782
1.006

(Sh59)

0
0.05
0.82
0.82
1.28
1.85
2.40

(S1159)

0
0.092
0.182
0.38
0.38
0.88

(Sh59)

0
1.11
1.88
3.49

(Sh59)

0
0.44
0.82

(Eb54)
0
0.44
0.82

3—
2

(2 )

0+
2+

(i=)
(2 )

(9+/2)
(,')
(2+)

23—
25—
2

(2 )
(9'/2)
(2+)

0+
2+

9+/2
(-'+)

1—

9+/2
(2+)

1
1

1
1
1

3
+1

1
4

6.25
6.25
5.6
5.6

6.25
6.25
6.25
6.25
6.25
6,25

6.6
6.6
6.6
6.6
6.6
6.6

6.6
6.6
6.6
6.6
6.6

6.7
6.7

6.7
6.7
6.7

6.7
7.1
7.1

4
2.1
4.0
2.6

1
2.2
0.88
3.6
3.6
3.4

17.5

3.8

4.0

11.2

9.7

6
2.4
1.1

11
3.6
0.80

6
2.3
1.7

16
5.3

0.40

2
18
5.9

2

5.6

0.66

1
0.44

0.59
-0.53
1.1
0.60
0.40

1
0.57
0.85
1.6
0.89

1
0.08

b///

b III III
/II d III

bll I d III
//I

lll

b/I/

b III

b//I

b/ II d /I I
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Notes to Table I.
~ Absolute values of the reduced widths were estimated from the

ground-state data of Re56.
b The ridiculously low ro needed to fit the angular distribution is probably

connected with "internal" or "volume" effects.
'Levels at this excitation lie close to the nucleon separation energy

(Q+2.23 =0), where the behavior of the Butler formula is sometimes erratic.
~ Both l =1 and l =2 give a reasonably good fit, with l =2 slightly favored,

particularly in the case of Ca58. Both relevant experiments were originally
fitted with l =1. See Sec. IV for further discussion of ths point, which was
brought to our attention by E. W. Hamburger (private communication).

'Although the curve shows a peak in the characteristic l =1 location,
the direct l =1 transition is forbidden by conservation of angular mo-
mentum. The background is very high, however, and there is a marked
backward maximum. The mechanism of this transition has been analyzed
in terms of the so-called "exchange" and "spin-fiip" stripping. (See Au60
for discussion and references. )

~ These levels are not resolved in Ev54. An upper limit of 15% is set in
Co57 to the contribution from the 6.81-Mev level, enabling us to give a
rough reduced width for the 6.76-Mev level.

& Reduced widths relative to ground-state reduced width, as usual.
h Neutrons to eight other levels below 9 Mev were observed, two strong

unresolved l =1 groups being found. No quantitative reduced-width data
could be obtained.

' No measurements for 0 c.m. &35, so that no reliable reduced width'
could be extracted.

& The neutron group corresponding to this transition was too weak to be
analyzed.

~ Only the ground-state cross section was remeasured in Ho53c. Since
no measurements were reported for 9 c.m. &20', the Butler curves, particu-
larly for this l =1 transition, had to be fitted at undesirably high angles,
and the reduced widths are, accordingly, subject to large errors.

i McGruer et aL. (McS6) quote an error of +50% in the absolute cross
sections. Recent measurement by E. W. Hamburger and S. Mayo (quoted
in Ha59) indicates that the cross sections of Mc56 are too high by 30%.
This correction has been made in extracting the relevant reduced widths.
It also affects the C'3(d, p)Ci4 results of Mc56.

m These levels life far above the neutron separation energy (Q+~z =0).
The Butler curves for different l(=0, 1, 2) are no longer very different.
The l values, however, are obtained unambiguously in C»(e,e)C» experi-
ments (Wi58). The 7.47- and 7,53-Mev levels do not appear in the neutron
experiments. These matters were brought to out attention by E. W.
Hamburger (private communication).

Unresolved. Probably a superposition of l =1 and l =2.' The best fit (not a good one) to the angular distribution is obtained
by a superposition of l =1 and l =3 (Wa58a, Table IX). However, an l =1,
l =3 admixture is ruled out by conservation of angular momentum since
the target spin is q . We take l =1 as the most satisfactory assignment.

& l =0 gives the best fiit to the angular distribution (Wa58a, Table IX).
Detailed agreement, however, is poor and no reduced width could be
extracted.

& Absolute cross section measured in St56 and used in Be58 to "nor-
malize" measured relative cross sections.

& The l =1 curve, which fits the data very poorly, leads to a reduced
width at serious odds with the result quoted in Be58 for the mirror transi-
tion. The (p, d) data seem to be much more trustworthy,' Since the transition to the N» ground state was not analyzed in either
Sh55 or Gr56, we have to modify our usual procedure and normalize relative
reduced widths so that fJ)82 for the 5.28-Mev level is unity.' Concerning the 0+2 mixture in this transition, the l =0 component is
too doubtful to justify the extraction of a width. Gr56 discard the l =0
component as arising from Oi6 percent in the target while Wa57 also consider
that their l =0 component can arise from this source. Sh55 (unpublished)
make no comment.

"Gr56 did not resolvet his doublet of levels. This was done in preparing
the table with the aid of results of Sh55.

~ The tentative l =1 assignment of Gr56 is almost certainly incorrect.
~ To facilitate comparison with Sh55 and Gr56, the entries in the relative

)J]8' column were normalized by multiplying the corresponding absolute
(Jj&2 by the same quantity (20.3) used in the results from Gr56.

x For comparison with N'4(d, e)Oi', the bracketed entries in the relative
P column are expressed relative to the ground-state reduced width as unity.

& Not analyzed in this experiment.' Several transitions to higher levels, all well above the neutron sepa-
ration energy, were observed. As noted in footnote m, the Butler curves
then do not distinguish between l values (0 to 3).

~'At low energies the ground-state transition does not behave in the
characteristic "stripping" fashion. This is not true for the l =0 transition.

b' Insufficient low-angle data to justify the extraction of a reduced width.
&' Energy levels measured at Chalk River by 0'6(He3, y) (Ku58).
~' This quartet of levels was unresolved in Be58. The reduced widths are

accordingly tentative and are bracketed.
~' The combined angular distribution for this unresolved triplet of levels

has a peak intermediate between the characteristic l =1 and l =2 locations.
No adequate fit is possible.t' A good l =2 transition is seen to one or more levels (possibly the lowest)
of this unresolved quartet.

&' Data too poor to justify any curve fitting.
"'Originally analyzed (Br53) as an l =0+2 mixture. It appears (Se57)

that this was unjustified. No evidence for any stripping to the F'0 ground
state has been found."Despite the fact that Q+~z =0 in this vicinity, the Butler formula shows
no sign of behaving oddly. We note that no l =0 transitions are involved.

&'Unresolved group corresponding to at least three levels in Negro.
~'Unresolved. Separation and the l =2 assignment were made on the

basis of known positions and spins, although the secondary maximum is
intermediate in position between l =1 and l =2 locations.

i' The angular fit, especially at low angles, is poor. Since the absolute
cross section is given at 14'—far below the peak —no absolute reduced
width can be quoted with confidence.

m' Unresolved. Separation was again made on basis of spins, which are
known otherwise.

~' The l =2 component is subject to large errors.
O' Other studies leave open the possibility that there may be levels other

than those listed in the table, in the 4- to 8-Mev region.
i" Angular distribution could not be analyzed accurately because of

contaminants in the target.

&' At a deuteron energy of 14.8 Mev, Ha60 find a sharp rise in the angular
distribution of Mg~4(d, p)Mg» (ground state), suggestive of an l =0 con-
tribution; l =0 is clearly excluded by conservation of angular momentum.
No such anomaly is observed at a deuteron energy of 8.9 Mev (Hi58).
Ha60 show that the deuteron energy is reduced from 14.8 to 9 Mev, the
anomalous peak slowly dies away.

&' No satisfactory fit could be obtained to these angular distributions.
This is not surprising since the outgoing neutrons are of 1 Mev or less. No
reduced widths can be quoted with confidence.

s' Unresolved. The quoted width is 84'+82'.
~' The proton group is too weak for angular-distribution analysis. We

expect l =2, however, so that, with this assumption, we can use the
measured cross section to give us an upper limit to the corresponding
reduced width.

&' Unresolved group of levels. No l =0 components.
&' Superposed on l =0 group from C»(d, p)C». Since the amount of C»

in the target was not known, the accuracy of the subtraction procedure is
doubtful.~' The error in this reduced widths is large since the transition appears
as a minor admixture in Mg24(d, p)Mg» (0,98 Mev).

x' Several levels studied in this experiment are not listed in En57.
&' The ground-state doublet was not resolved in Ho53a, nor was the

doublet around 1 Mev. The separation was made with the help of En56."Isotropic backgrounds were subtracted in calculating relative reduced
widths in the quoted reference. We have simply accepted these values but
corrected for the background.~" The results of Ho53a were used to normalize the relative reduced
widths of En56.b" Could not be fitted in reasonable fashion by any superposition of
Butler curves."' Unresolved. Probably mostly from the 8.6-Mev level (Ru57).d" May be the unresolved doublet-analog of the A128 ground-state
doublet. In this case we have listed 7Hz 3'+5&z ~~."' The listed energy levels were taken from En57b. They are suKciently
different from those given in Ca55 to cast slight doubt on level identifi-
cation in the 5- to 8.6-Mev region."' Bracketed spins are assigned on the basis of the large reduced widths,
identifying these with large components of f7~~, P3]~, and Pl/2.

&" Unresolved. We mean that (at least) one of these levels contains a
large p3~2 component.

"This number is, in fact, —',gz 02+8J i2, since Bennett does not resolve
the doublet. (The factor of -,'comes from the isotopic-spin coupling. )"' The ground-state doublet was not resolved by Da57. This has been
done in the table using the cross-section ratio of Pa58.i" Unresolved levels, the combined angular distributions being well fitted
by l =3. Any appreciable admixture of lower l would, if present, obscure
an l =3 distribution. One of the three levels is, perhaps, predominantly fr~2.i'" Unresolved. No reasonable fiit could be obtained to combined dis-
tribution.'" Mi53 suggest l =1 for this transition. The spin f+ for the level at
2.86 Mev, which is convincingly established by S»(p, y)Cl» (Le56), rules
out l =1. Possibly, as in the corresponding region of the S» spectrum, we
are dealing with an unresolved group of levels.

m" The fit to the observed angular distribution is- poor.
"We list only those transitions for which definite l values and relative

cross sections are given in Da59. (With the exception of the levels at 1.634,
5.14, and 5.34 Mev). Several transitions studied in En59 are not reported
in Da59. The excitation energies quoted are those of En59,

&" The ground-state doublet being unresolved in Da59, only
PJ=3j8 +[J=4j84~ could be extracted directly. The reduced widths in
the table were separated by setting 8P =84', which is expected theoretically
and borne out well by the results of En 59.

&" Unresolved levels. The entry in the fJj8' column is Z(Jj8'.
'i" Improved measurements, confirming the tentative conclusions of

Bu56, are given in Hi57. The reduced widths were normalized with the
aid of Gi».

&" The indicated transitions have angular distributions peaked at angles
intermediate between those characteristic of adjacent l values. In each
case we have chosen the smaller value of l, for reasons (mainly theoretical)
which are discussed in Sec. VI.8" Only relative cross sections are given in Bo57a. We have used the
results of Ho53 to normalize roughly.i" In Bo57, the Ca42(d, p)Ca43 cross sections are given relative to the
Ca (d,p)Ca4' ground-state cross section (Bo57a). We can use this and the
absolute cross sections of Ho53 to normalize roughly. A similar comment
applies to the Ca44(d, p)Ca4~ results of Co57.

u" Energy levels from Sc53, Q values calculated from the atomic-mass
excesses tabulated in Wa58.

&" The spin of V» ground state is doubtful, existing data leaving open
the possibility of both 2+ and 3+. In the table, the relative reduced widths
are normalized —completely arbitrarily —to the value 7 for (JJ8'g.~"Five more strong stripping transitions, to levels of V» up to 4.43 Mev,
are reported in Da60a. The l values, while probably l =2, are not clearly
identified by the Butler theory. The matter is discussed in Sec. VI.+"These angular distributions almost certainly contain large l ~3 com-
ponents.

&" 0 values are calculated from Wa58."' The spin assignment is based on the supposition that the major com-
ponent in this level is the fgg single-particle state.

'"'Co»(d, p)Co« is currently being studied by H. A. Enge at MIT
with much higher resolution. The excitation energies of the various levels
of Co«given in the table (some of which are unresolved in E158a) are taken
from a preliminary report of this work (Mass. Inst. Technol. Lab. for
Nuclear Sci. Ann. Progr. Rept. , June, 1956-May, 1957). With better reso-
lution it seems that some of the l =1 groups of E158a contain substantial
l =3 adrnixtures.

b'"Although the transitions to the various bracketed levels are not
resolved, it is known, from the fact that the target nucleus has spin zero
in each case, that the different L values correspond to distinct transitions.
An L=1+3 superposition, for example, cannot be obtained in transitions
involving a spin-zero target.""Spins which are given in round brackets have been assigned on the
(reasonable) assumption that we are dealing, successively, with fragments
of the 1f5~g, 2@3~a, 2pig~, ig9~p, 2dg~2, and 3si~2 single-particle levels. See Sec.
VI for further discussion.d"' Pairs of levels of opposite parity are found near 0.82 Mev in Zn6~
and near 0.38 Mev in Zn6'i, probably 2Pi~2 and 1ggs single-particle levels.
The relative positions of these levels are not known.
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Many careful studies have been made of the low-

energy behavior of deuteron-nucleon cross sections,
nearly all of them referring to (d,p) reactions on light
nuclei (A(30). [See, for example, Sm57, Re51, Ca52,
and Co57, in which the proton angular distributions
from Be'(d,p)Be" have been measured at 19 deuteron
energies from 0.1 to 3 Mev. ]Such studies indicate that,
at a deuteron energy of 5 Mev, we are usually clear of
the region of rapid energy variation, the cross section
being reasonably stable, in both angular distribution
and absolute magnitude, as the deuteron energy is
further increased. Close to the nucleon separation

energy {Q=—2.23 Mev), stable stripPing peaks appear
at rather lower bombarding energies (Wi57), sometimes
as low as 1 Mev.

%e take the posi.tion that a meaningful reduced
width can be extracted from a measured differential
cross section only if it possesses a stable "stripping"
form and can be reasonably 6tted by a suitable Butler
curve (or superposition of Butler curves). The results
of the foregoing low-energy stripping experiments then
indicate that our analysis of stripping widths is ap-
plicable to transitions in light nuclei (with A(30) in
which the energy of neither the incoming or outgoing

TABLE II. Reduced widths from deuteron-triton stripping reactions.

Liv(d, t)Li' (Le55, Ha59)
15 —0.994

C»(d, t)C" (Ho54)
(J=k )

2.19 1.313
3.19 1.313

C»(d, t)C" (Ma60)
14.8 1.313

C'4(d, t)C» (Mo58)
(J='o')

14.9 —1.915

O&6(d, t)O'~ (Ke60)
(J='o')

14.9 —9.396

O"(d,t}O" (Ar60}
(J=0+)

14.9 —1.810

F"(d,t)F" (Ha60a)
(~=4 )

15 —4.155

Na" (d,t)Na~ (Vo58)
(J=2+)

14.8 —6.16

Incident
energy 0
(Mev) (Mev)

Li7 (d,He')He' (Le55, Ha59)
(I=2 )

15 —4.512

Final
state

excitation

0
1.71

0
2.184
3.560
4.52
5.35
5.4

0
4.435
7.653

0
3.09
3.68
3.86

0
0.871
3.058
3.846
4.555
5.08
5.22

0
0.59
0.89
1.54

p+
2+

1+
3+
0+
2+
2+
1+

0+
p+

0+
2+
0+

1—
21+
2

2
5+
.2

5+
4+
21—
27—

.2
23+
2

2

1+

2
0

(1)

1

2
2
2
2

fQ

5.6
5.6
6.5

5.6

4.5
5

4.6
5
6

5.5
5
5.9
5

4,8

6
6
6.5
6.5

5.8
1.9

11.1
8.0
7.4

5.7

4.5
7.3

5.9
4.5
0.24

10.4
0.28
7.0
1.2

2.4

5.7
2.2

0.21
0.22
0.25
0.38

1.7

3.3
1.1
19
0.61

Relative
8

1
0.33

1
0.73
0.66

~ ~ ~

0.52

1
0.76
0.04

1
0.027
0.68
0.18

1
0.39

0.038
0.038
0.044
0.065

1
033
0.57
0.19

L230)
[230j

230
225

L230)

L230)

205
290

190
L190)
$190)

165
[165j

[165

105

160
[160j
[160j
L160)

0.025
0.008

$0.048)
L0.036)
0.032

~ ~ ~

0.025

[0.024j
L0.025)

L0.031)
0.024
0.0012

L0.063)
0.0017
0.041
0.011

{0.017$

[0.021
0.007
0.012
0.004

Foot-
notes
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ThsLE II.—Con4ieeed.

Mg26(d, t}Mg2~ (Ha60)
(J=0+)

14.8 —4.86

V5'(d, t)V'P (Ze60)
(J=k )

21.5 —4.78

Cr~ (d,t)Cr" (Ze60)
(J-'0')

21.5 —5.79

Mn" {d,t)Mn~ (Ze60)
(J=i-)

21.5 —3.95

Fe'P (d,t)Fe'~(Ze60)
(J=0+)

21.5 —4.94

Fe"(d,t)Fe' (Ze60)
(J='S-)

21.5 —1.38

Co"(d,t)Co" (Ze60)
(J='S-)

21.5 —4.24

Zne4(d, t)ZnP8 (Ze60)
(J=0+)

21.5 —5.59

Incident
energy Q
(Mev) (Mev)

Mg'~{d, t)Mg24 (Ha60){J=")
14.8 —1.07

Final
state

excitation

0
1.368
4.122
4.24
5.24
6.01
7.33
7.60

0
0.58
0.98
1.61
1.96
2.56
2.74
2.80
3.40

0.4j
11j
3.1)

0
0.75

0
1.1)
2.7)
4.0)

0
0.42

1.4)
2.0)
2.5)

0
0.845

2.085
2.660
2.9
4.0

0.3)

0
0.19
0.64

1.1)

Jp

0+
2+
4+
2+

5+
1+
k+
2

5+
1+
2
X+
23+
23—
2

0+

2+

4+
2+

2
2
2
2

~ ~ ~

1

+3
3

~ ~ ~

1
3

+{3)

1
(3)
1

(+(()

t'p

5.4
6
6
6

~ ~ ~

7
7

7.1
7.1
7.1

7.1
7.1

7.4
7.4
7.1
7.4
7.1

7.4
7.4
7.4
7.1
7.4
7.1

7.4
7.4
7.1

~ ~ ~

7.4
7.1

7.4
7.1

7.4
7.1
7.4
7.4
7.1

1.3
2.6
0.42
0.11

4.6
0.37
0.06

~ ~ ~

0.27
0.11

~ ~ ~

0.14

3.5
2.9
2.5

5.7
0.78

5.7
1.0
1.9
1.0
0.39

3.1
0.78
0.40
2.7
0.20
0.20

0.74
1.5
1.4

~ ~ ~

3.5
1.8

6.4
~& 2.9

1.8
0.78

~& 0.40

Relative
0

1
2.0
0.33
0.09

1
0.080
0.013

~ ~ ~

0.058
0.023

~ ~ ~

0.029

150
L150)

D50)

[0.0085)
0.017
0.0028
0.0008

0.031
0.0025
0.0004

~ ~ ~

0.0018
0.0007

~ ~

0.0009

Foot-
notes

l, m, n

m, n

l, m, n

l, m, n

l, m, n

l, m, n

1~ mpn
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TAaLz II.—Cont~nled.

Incident
energy Q
(Mev) (Mev)

Cu" (d,t)Cu~ (Ze60)
(J=2 )

21.5 —3.65

Zn6'(d, t)Zn" (Ze60)
(J=0+)

21.5 —4

Zn' (d, t)Zn' (Ze60)
(J='l-)

21.5 —0.80

Final
state

excitation

0.4j

Oj

0.86$

0
1.05

2.40

2.75

3.24
3.41
3.78
4.10

0+

2+

4+

+ (3)

+(3)
1

+(3)

3

+3
~ ~ ~

1
+3

7.4
7.1

7.4
7.1
7.4
7.1

7.1
7.4
7.1
~ ~ ~

7.4
7.1

7.4
7.1

7.3
& 4.6

1.5
«40 1

0.48
0.68
0.39

~ ~ ~

1.3
1.8

2.9
1.5

Relative
g2

Foot-
notes

l, m, n

l, m, n

m, n

Zn (d, t)Zn'7
(J=0+)

21.5 —3.93 0.3j 7.4
7.1

8.8
7.2

l, m, n

& We use the value of A obtained from Li7(d, t)L16 (Ha59).
~ P from the Li'(d, p)Li' ground-state data of Ha59.' 82 from the Li7(p, d)Li6 data of Re56.
d 82 from the C»(d, p) C» data of Ho54.
& 8' from the C"(d,p)C'3 data of Ha59.
f 82 from the C+(d, p)C'4 data of Mc56 and Ha59.
I Although this triton group is obscured by elastically scattered deuterons,

it is clear that there is a strong stripping transition. By conservation of
angular momentum, such a transition must have l =1.

h There is a discrepancy (involving a factor of two) between the reduced
width determined from the F»(p, d)F'tl data of Re56 and Be58. The value
of h. obtained is accordingly uncertain. We use the data of Be58.

'02 from the Na'3(p, d)Na2' data of Be58.
& 82 from the Mg'4(d, p)Mg'5 data of Ha60.
"We use the value of A obtained from Mg'~(d, t)Mg24.
l Individual states of the residual nucleus not resolved. We use the

symbol 8J to signify the mean excitation energy 8 of a group of unresolved
levels.

m 0 values are taken from As59.
n For A )40, we have not divided out the isotopic-spin coupling factor

(C)' in (II.19). In such cases we list (C')02 rather than 0' itself (see Ap-
pendix 1).

projectile is less than 5 Mev. This lower limit, which
obviously has only qualitative significance, should

probably be somewhat higher for reactions on heavier
nuclei (A) 30) or for deuteron-triton reactions.

All available data on deuteron-nucleon reactions
involve deuterons of 15 Mev or less. At the highest
energies studied, the simple theory gives a satisfactory
account of the observed angular distributions, so that
we are not in a position to set an upper limit to the
range of usable projectile energies. There are, however,
indications (Ze60a) that the proton angular distribu-
tions from the bombardment of Be', Be", and C" by
21.5-Mev deuterons, although exhibiting very clear
"stripping" peaks, cannot be fitted by the simple theory
with reasonable interaction radii. In contrast, the simple
theory works very well for the triton angular distribu-
tions from (d, t) reactions induced by 21.5-Mev deu-
terons (Ze60). Experimental study of these matters
would be worthwhile.

(b) Ambiguities irt Determining l

We sometimes encounter transitions which exhibit
very marked "stripping" peaks but from which it is
impossible to determine I unambiguously.

The first type of situation where this occurs involves
capture into unbound levels of the final nucleus. In
such cases, Butler curves for adjacent / values are
almost identical in shape (see Mc56). The l values can
sometimes be determined indirectly, either by argu-
ments concerning reduced widths or by carrying out the
appropriate neutron or proton elastic-scattering ex-
periment.

Secondly, (d,p) experiments with 6- to 8-Mev
deuterons on heavier nuclei (A)40) (for example,
Bo57, Bo57a, Da60a) have repeatedly encountered
difficulties in distinguishing 1=1 from /=2, or /=2
from l=3. The trouble here may stem from the rather
low deuteron energies used; it would be interesting to
see if the ambiguities persist in experiments with 15-Mev
deuterons.

(c) Capture irtto Weakly Bourtd Levels of
the Eesidla/ ÃNclels

The simple theory encounters serious difficulties in
dealing with /= 0 capture into levels of the final nucleus
close to the nucleon separation energy. There are
numerous indications Lfor example, in F"(d,p) F"
(E156) and Mg" (d,p)Mg" (Hi58) j that the simple



theory remains adequate dose to the nucleon separation
energy for l values other than 0.

The examples most often quoted in the present con-
nection are (Ca57, Mi53)

C"(d,e)N" (2.37 Mev), Q+ee= —0.425 Mev,

0"(d,e)F" (0.51 Mev), Q+ ee ——+0.085 Mev,

both /=0 transitions. Here the difficulty is particularly
pronounced;. the angular distributions predicted by the
simple theory bear little resemblance either to the
usual stripping curves or to the experimental cross
sections. Not surprisingly, the reduced widths so
extracted are valueless, since they vary wildly with the
angle at which we normalize the theoretical curve and
with r{).

No comparably extreme cases have been found among
(IE,P) reactions, probably because no (IE,P) transitions
with /=0 have been observed so close to Q+ed=0;
however, in

Be'(d,p)Be" (6.28 Mev),

where Q+ed ——0.565 Mev (Gr56, Rh54), the fact that
the 1=0 reduced width varies strongly with ro (by R

factor of more than two as ro varies by 1 f about its
"best" value) indicates that all is not well, although an
acceptable fit to the angular distribution can be
obtained.

Butler (Bu57, p. 70; see also Au60) has shown that
a very simple Coulomb correction rectifies matters in
the case of (d,II) transitions to weakly bound fInal
states. The correction in question concerns the second
term in the form factor WI(g, y) (II.20), which contains
the logarithmic derivative

{L1/hI"' {Qr)j(8/Br) hI o'(iver) ).= r, (II.39)

evaluated at the nuclear surface, of a free-particle wave
function. This factor is introduced by matching the
free-particle logarithmic derivative at r=ro to that of
the radial wave function RI(r) of the captured nucleon
in the potential well of the capturing nucleus. Now in a
(d,l) reaction, the captured nucleon is a proton and the
solution of the appropriate radial wave equation beyond
the range of the nuclear potential is not a free-particle
function but a Coulomb function. For the limited
purpose of evaluating the logarithmic derivative at
r=ro, we may simulate this Coulomb correction by
replacing e in (II39) by f, where

fI= iI+{2Wm/L(~+1)hIj) (ZS/r, ) (11.40)

and Ze is the charge on the target nucleus. It is obvious
that this correction, which involves replacing the value
of t determined from the binding energies by an
"effective" value in calculating the form factor (II.20),
is a step in the right direction. In fact, as can be seen
from Pigs. 6 and 7 in Appendix I of Ma59, it provides
an excellent fIt to the experimental data on C"(d,n)N"
(2.37 Mev), OIe(d, u)F" (0.51 Mev) and other similar
transitions, with reasonable values of ro.

It should, in fact, be appropriate to use the modified
procedure for all (a,e) transitions; however, it appears
(Appendix I of Ma59) to make little practical difference
whether or not we use it unless Q+ee is close to zero

(Q+ ee(1 Mev). Accordingly, we use (II.40) only when
compelled to do so.

The approximate Coulomb correction (II.40) is inap-
plicable to (d,p) reactions; however, its success and its
ChRI'RCtel SllggeSt. tllRt, , 111 Conslderlng (d,p) I'eaCtloIIS

to weakly bound levels, it might be appropriate to
replace the value of i obtained from (II.8) by a suitable
eBective value. In other words, as suggested by Austern
(A1160)) It 111lght be betteI' to fIt {d,p) CIOSS SeCtlolls

by fixing ro and varying t.
We have preferred not to adopt this course in. the

present study, For (d,p) transitions with /=0 and
Q+ee=0, we proceed, as usual, by choosing a best-fit
radius and extracting a reduced width on this basis.
Since the reduced width so obtained is abnormally
sensitive to ro, we do not place much reliance on /=0
reduced widths close to the nucleon separation energy.

The first Born-approximation calculation for deu-
teron-nucleon reactions was performed by Bhatia et ul.
(Bh52). They obtained a result which differed from
the Butler formula in the occurrence of a simple Bessel
function jI(pro) in place of the factor WI(zy) given by
(II.20). This came about because, in evaluating the
relevant radial integral, Bhatia et al. assumed that
jI(qr) varies so slowly that it may be replaced by its
value at ro. This ls known to be a poor approximation,

For most transitions, the Bhatia and Butler formulas
predict very similar angular distributions, provided
that a somewhat larger radius is used in conjunction
with the former. Reduced widths extracted by means
of the two theories, on the other hand, sometimes dier
markedly. The apparent superiority of the Bhatia
expression in dealing with transitions to weakly bound
levels stems from the fact that their approximate
evaluation of the relevant radial integral introduces
errors which simulate the correction (II.40). This being
fortuitous and the approximation unnecessary because
the integral in question can be evaluated exactly, we
argue against the use of the Bhatia formula as a sub-
stitute for the Butler formula.

In the preceding discussion we have referred speci-
fically to deuteron-nucleon reactions. It is clear that
similar comments apply to more complex reactions in
which a single nucleon is transferred.

(d) Amado's Procedure for Exiractiug Reduced Widths

Ama, do (Am59) has recently described a modified
procedure for extracting stripping widths, also relying
on the simple Born-approximation theory. Both
measured and Born-approximation differential cross
sections are 6rst plotted as functions of cos0. The value
of the quotient

(do/dcd) (mea rseud)/(do/dc)(oB. A.) (II.41)
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extrapolated to the (unphysical) value of cos8 which
satis6es

g'+ t2= 0 (II.42)

is then taken to be the correct Born-approximation
reduced width. Since the Born-approximation cross
section has a pole at the value of cosg satisfying (II.42),
while other contributions to the observed cross section
remain finite, it is hoped that the Born approximation
is then exact.

It is clear that, when the appropriate Butler curve
fits the experimental data at forward angles very closely,
the quotient (II.42) is essentially constant and the
extrapolated reduced width does not di8cr much from
the value obtained by the procedure of Sec. II.2.
Amado's technique leads to significantly different
results only when the Born-approximation angular dis-
tribution deviates markedly from the experimental
cross section. In such cases, however, the reduced width
obtained depends quite sensitively on the exact way in
which the extrapolation is performed, a matter which
involves considerable ambiguity.

Thus, although Amado's procedure may turn out to
be very useful (quite apart from its theoretical impli-
cations), we have preferred to base our study of
stripping widths on the simple method of Sec. II.2.

(e) ErnPirieat Xorrnalisation Constant in Deuteron
Triton Cross Sections

The expressions (II.36) and (II.37) for the deuteron-
triton differential cross sections contain an empirical
constant A. This factor is related by (II.35) to the
asymptotic normalization constant E3 of the a=3
internal wave function. In view of the crudity of the
entire Born-approximation procedure, we do not believe
that our empirical value of E3' can tell us much about
the structure of the @=3nuclei.

It should be observed that the reaction

(II.43)

is both a (d,p) and a (d, t) reaction. If we assume that
the a= 2 stripping transform is known, (II.43) provides
a direct measurement of the @=3 transform. We refer
the reader for discussion of this point to Ham-
burger's paper (Ha60a). Notice that Hamburger uses a
normalization constant B' which is related to the
quantity $3' used here and in Fr60 by

(d,py) angular-correlation studies or from measurements
of the polarization of protons from (d,p) reactions. The
latter restriction is a natural consequence of our decision
to use the simple Butler theory, since plane-wave Born-
approximation theories predict zero polarization.

We have con6ned our attention to "light and inter-
mediate nuclei" (A (70) simply because available data,
with few exceptions, involve such nuclei. It seems
certain that stripping and related reactions will even-
tually be used to probe the structure of heavier nuclei,
although it is far from certain that our simple Born-
approximation procedure, as it stands, will provide an
adequate means of analyzing the data.

III. THEORETICAL ANALYSIS OF
REDUCED WIDTHS

I. Introduction

A reduced width tI' for the emission of a nucleon in a
transition between two nuclear states was introduced
in Sec. I and emerged in Sec. II as a factor in the dif-
ferential cross section of stripping reactions. This
reduced width is a product of two factors, the single-
particle reduced width 00' and the spectroscopic factor
g, which are defmed explicitly in (II.13)—(II.15). We
have agreed to treat 00' as an empirical parameter. We
now study the spectroscopic factor S, which contains
the information we seek about the structure of the
nuclear states involved.

As is later seen explicitly, the evaluation of 5 con-
sists in calculating overlap integrals between the
initial and final nuclear states. The present section is
largely devoted to an explicit consideration of such
overlap integrals, wherein the nuclear states are repre-
sented by the wave functions of appropriate nuclear
models. Although the bulk of our detailed applications
involve various species of shell model, we also examine
the weak-coupling collective model and the rotational
model.

It should be emphasized that the present analysis of
S is independent of the use of the Butler formula. Our
results are equally applicable in studying reduced
widths extracted on the basis of more sophisticated
theories of the stripping process or from the analysis of
resonance reactions. A more descriptive and less explicit
account of many of the considerations of this section
may be found in a recent article by French (Fr60).

B'= 4m S3'. (II.44) 2. Nuclear Shell Model

In conclusion, we observe that (II.19), with the
stripping transform Pa(~) given by (II.34), can be
specialized immediately to the case a=4 when occasion
arises.

(f) Limitations of the Present Study

In this study we do not give any systematic discussion

of the spectroscopic information to be obtained from

The basic assumptions, the predictions, and the
limitations of the nuclear shell model are discussed in
detail in a number of excellent monographs and review
articles (Fe55, Ma55, E157). Such matters do not
concern us here. SuKce it to say that the many successes

of the shell model in the mass region of most interest to
us (A&~70) make it a natural choice in calculating

relative reduced widths.
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The main physical content of any shell model,
whatever its degree of sophistication, resides in two
basic assumptions:

(1) There exist single-nucleon orbits, each being
characterized by a radial quantum number n and an
orbital angular momentum l.

(2) A strong spin-orbit interaction depresses each
j=l+~ level relative to the corresponding j=l—~

level, where j=s+I. These basic postulates are given
formal expression by writing the nuclear shell-model
Hamiltonian in the form

H =Ho+ H,+II„ (III.1)

=P V(y,)+ g H, ;+a+ l; s;. (III.2)

The central "shell-model potential" V(r) is assumed
throughout to possess a harmonic-oscillator radial de-
pendence. This assumption is made because it is known
to be a good approximation for light nuclei and because
harmonic oscillator eigenfunctions are particularly con-
venient in calculations. H;; is an eGective two-body
interaction operator, while H„is a one-body spin-orbit
potential;

The two-body interaction parameters and the
strength a of the spin-orbit potential are adjusted so
that the model Hamiltonian (III.2) gives as good a
description as it can of the observable properties of the
nucleus. It is therefore to be expected that the appro-
priate values of the various parameters will vary with

A, e, f, and possibly with other quantities (e.g., 1V—Z).
No experimental data has been found, to date, whose

interpretation demands conclusively that Hi; be any-
thing other than central, static, and charge-independent
(neglecting Coulomb forces). There is no reason why
the eGective two-body interaction should bear a close
resemblance to the interaction experienced by two free
nucleons in a scattering process. For heavier nuclei, the
assumption that H;; is central is not very strong, since,
in most cases of interest in jj coupling, it can be shown
that any two-body interaction is eGectively central.

H,. is diagonal in a jj representation, the diagonal
elements being evaluated by direct comparison with
experiment. We can therefore avoid introducing H„
explicitly when working in a jj representation, ab-
sorbing its eGects in specifying the single-particle level
spacings. We often discuss the positions of single-par-
ticle levels in our subsequent analysis of stripping
experiments.

The eigenfunctions of Ho provide a complete set of
antisymmetric A-nucleon functions. Since a number of
operators commute with H, the functions of such com-
plete sets may be characterized by the corresponding
good quantum numbers, amongst which we always find
the total angular momentum J, the parity s, and (as
long as Coulomb effects are reasonably small) the
isotopic-spin T. We do not discuss the important

problem of finding such additional quantum numbers
as may be necessary to furnish a complete speci6cation
of the basic functions of a representation.

Ideally, we would use the representation so con-
structed to set up and diagonalize the matrix of H.
This energy matrix is a direct sum of disjoint sub-
matrices, each block corresponding to one set of values
of J, x, T; however, this ideal procedure encounters
enormous complications and it is necessary, in practice,
to restrict the number of basic states which enter the
calculation. This restriction is achieved by including
only the states of a few of the lowest "con6gurations, "
regarding the A nucleons as 6lling the single-particle
states of V(r) in ascending order and in accordance
with the demands of the exclusion principle.

The eigenvalues and eigenfunctions of this restricted
energy matrix are then used in comparisons with the
spectra and other observable properties of nuclei. The
parameters in H. and H„areadjusted —largely by trial
and error —so as to produce optimal accord between
theory and experiment.

We refer repeatedly to "equivalent nucleons" and to
"con6gurations, " terms which ought to be de6ned with
some care. Several nucleons are said to be equivalent
if they have the same value of e, l, and also of j if we
use a representation wherein j is speci6ed. A con6gura-
tion is a definite set of values of (el) or of (nlj) if j is
speci6ed.

At the outset of a shell-model calculation, we must
decide which configurations to take in' account. In
practice, we rely on experience tempered by the neces-
sity of keeping the dimensions of the matrices involved
within reasonable bounds. In Sec. III.ii a formalism is
presented whereby many reduced widths can be ana-
lyzed independently of any choice of configurations for
the nuclear states involved. It is then seen clearly that
a reduced width measures an amplitude corresponding
to a given value of /, and often also of j, of the trans-
ferred nuc'leon, quite apart from the success or failure
of any model in describing the relevant states.

It shouM be remarked that the choice of repre-
sentation is a matter of convenience. Thus, for example,
the use of a jj representation has nothing whatever to
do with the validity or otherwise of jj coupling, the
latter statement being concerned with the properties
of the nuclear wave function. The use of a jj repre-
sentation may not be convenient unless the nuclear
states under consideration are reasonably "close to jj
coupling. "

It is seen from what has been said that one' of the
main formal problems of shell-model spectroscopy

4 The other two main problems involve the evaluation of the
matrix elements of symmetric one- and two-body operators

r= Z r(~), G= Z G(~~) (III 3)
1 i(j I

between antisymmetric e-particle states. We do not give a system-
atic discussion of such matrix elements and their evaluation in thy
present study.
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is the construction of antisymmetric m-particle wave
functions. This problem is discussed in detail in Secs.
III.4—6, with particular attention to the unambiguous
speci6cation of all (relative) phases. Section III.3
contains a preliminary exposition of our notation, while
in Sec. III.7 we apply the antisymmetric e-particle wave
functions to the central task of calculating the spec-
troscopic factor S.

intersecting coupling lines constitutes a permissible
way of completing the desired speci6cation.

Taking the preceding speci6c case by way of illus-
tration, two possible sets of iefernal coupling lines are

3. Notation

The conventional way of writing a wave function is
simply to exhibit every quantum number necessary
for its complete specification. In treating the spectros-
copy of several particles, especially if more than one

configuration is involved, such a procedure can be
incredibly cumbersome. We prefer to introduce a
symbolic notation wherein the structure of a wave
function is compactly delineated, often describing
groups of quantum numbers by a single symbol. What
is gained by so doing becomes apparent on translating
some of the considerations of Secs. III.6 and III.7 into
conventional language. Many features of our graphical
notation' have previously been described by Halbert
(Ha56) and by French (Fr60).

I.et us start. by considering two commuting angular
momentum operators j~ and j2, with j~+j2——J. We
then write, for the function obtained by vector coupling

jy and J2~

We nearly always omit the projection quantum number
M, since it has no bearing on the considerations of this
section. In addition, it is clear that only one arrow
need be drawn in any diagrammatic wave function.

Functions with the same ordering of the J; and the
same internal coupling lines, where the internal quantum
numbers run through all possible values, constitute a
complete set of orthogonal functions in the appropriate
g; ~"(2J+ I)-dimensional vector space. We demand
that each such function be normalized.

The complete sets of orthonormal functions belonging
to any two schemes for the same angular momenta must
be connected by a suitable unitary transformation. Any
such transformation may be expressed explicitly and in
a Rnite number of steps in terms of the three funda-
mental recoupling rules

(III.4) ( I)a+b-c (III.5)

b

The diagram on the right-hand side of (III.4) does not
merely indicate the mode of angular momentum cou-

phng ln lP, lt is an alternative symbohc expression fol

f itself. This is the central feature of our notation.
If it is now desired to couple e commuting angular

momenta, the diagram of the same type as (III.4)
which springs to Dlind ls

1 =P U(abed: ef)

d=p U(abed; ef) o

d (III.6)

d. (III.7)

U(abed: ef) is a normalized Racah coefficient (Ra42,
Ed57, Ro57, Fr58).

When a wave function is antisymmetric, we indicate
this by a circular arc. For example, an antisymmetric
state of the con6guration (el) in a TSL(MrMsMI)
representation is written as

But this function exhibits only m+2 angular-momentum
quantum numbers, whereas 2e are needed for a com-
plete speci6cation, as can be seen by considering the
"direct product" (Ra42) JqM~, J2M2 J M repre-
sentation. It is easy to prove that any set of e—2 non-

6 A diagrammatic notation for vive functions seems to have been
6rst used by Fano (Fa51).

(III.S)

(III.9)
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It is usually unnecessary to exhibit the particle numbers
explicitly, but this may be done as in (III.9) if there
is any danger of ambiguity. The antisymmetrization
symbol refers to the entire wave function and not to its
separate space, spin, and isotopic-spin parts. In general,
let us agree that antisymmetrization symbols appearing
in the same wave function act together (in the
preceding sense) if and only if they refer to the same
particle numbers.

Finally, a "direct product" notation is introduced
which enables us to carry out most of our formal manip-
ulations independently of the particular representation
to be used. Expressions so derived apply to both LS
and jj representations, with or without the isotopic-
spin formalism, with one exception to be noted in the
following.

Let us write

of

provided that the Racah coefficient has the significance

U(WP~: «) = U(PiViI'di: ~iri)
X U(Psysl'sos .'Esses) (III.12)

in the particular case of an LS representation. In the
same representation

( 1)P—( 1)PI+Ps

P]= (2P+ 1)= MLS]= (2L+1)(2S+1).
(III.13)

The corresponding statements for the other representa-
tions in (III.10) can be written down in the same way.
The compact symbol Dl] for the frequently occurring
factor (2P+1) is particularly convenient and is used
throughout.

The complete specification of a state may demand the
presence of quantum numbers which are not angular
momenta (e.g. , space symmetry). In such an eventuality,
the additional' quantum numbers may either be written
out explicitly

or of (III.10)

p=(ml, g} or {el,g,t} or mlj or (mlj, t},
P=(L,S} or (L,S,T} or J or (J,T}.

Greek letters are used consistently to refer to such com-
posite quantum numbers.

The recoupling techniques based on (III.5)—(III.7)
can be adapted to the direct-product notation, in pre-
cisely their original form, by means of an appropriate
interpretation of the coefficients. For example,

I

or, in a further foreshortening of the notation, simply
absorbed in p. In writing out composite symbols, such
as Racah coefficients or (—1)s, which have been assigned
a meaning only for angular-momentum quantum
numbers, we must ignore the nonangular-momentum
part of p.

The functions

=Q U(Pyl'5: «) p
of an LSJ representation do not fall naturally into a
direct-product notation. This can be readily understood

(III.11) from the explicit expression

=Q C[LSJ;Mr„M—Ml,]
L

(III.14)

Although each separate function on the right-hand side
of (III.14) fits the direct-product notation, the vector-
coupled function does not, since a linear combination
of products is itself not necessarily expressible as a
product. Nevertheless, we can introduce the symbolic
convention

(III.15)

the additional vector coupling, whose presence prevents
the use of the ordinary direct-product notation, being
symbolized by the bracketed J.

The formal modification (III.15) owes its usefulness
to the circumstance that the manipulations we wish to
perform commute with the process of vector coupling.
These manipulations —recoupling, and, as we see later,
antisymmetrization —involve the formation of specific
linear combinations, and the order of two 6nite sum-
mations can always be interchanged.

By introducing the notion of "multiple tensor"
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(Ra42), we can calculate the matrix elements of
operators in a direct-product notation. ' I et T", U' be
irreducible tensor operators in disjoint spaces. We may
then de6ne the "double tensor"

(TU)"'= T"U'

symmetric states

(III.18)

whose rank is specified by the pair of numbers (rs) and
which operates in the direct-product space. A tensor of
any multiplicity can be introduced in the same way.

It is natural to write T~ for such a multiple tensor in
the direct-product notation, the composite rank being
designated by the set of numbers A. Since the various
factors of T~ operate independently, each in its own
space, matrix elements can be calculated by means of
the standard formulas (Ed57, Chap. 5), written in the
direct-product notation. In particular, the Wigner-
Eckart theorem becomes

of speci6ed P and x. Suppose that the corresponding
problem for n —1 equivalent particles has been solved,
that

is known. The functions

(pm, lT, lp'm, .)

( 1)26

, CtLp'Ap; ni'em. j& II T'lip') (III.16)

(III.19)

Often T~ does not operate in some of the component
spaces of the direct-product manifold, the corresponding
factors of T~ being unit operators in their spaces. In
evaluating the reduced matrix elements (pllT~llp') in
such cases, we must remember that the reduced matrix
element of a unit operator, dined according to (III.16),
is not simply unity, being given, instead, by

are antisymmetric in particles $1, 2, . . ., n —1. They
are not, in general, totally antisymmetric, nor do they
have specified x. It is, however, clear that the antisym-
metric functions (III.18) belong to a restricted sub-
space of the linear vector space spanned by the functions
(III.19). We may therefore write

Suppose, for example, that we require the reduced
matrix element of a spherical harmonic Y,(~)—the
prototype spherical tensor —in the direct product of
orbital and spin spaces.

Then p= {tg) with 8=-', ,

=2 &P:*&Ip" ':y'r&l (n).

(III.20)

rl T k, o —y' (k)(r)

&pllT Ilp&=&till" &lit&(klllllk&

The extra factor so introduced (K2 in the example) is
canceled by a similar factor in the denominator in the
Wigner-Eckart theorem. This minor irritation can
therefore be avoided by agreeing that, when LutiI
indices are written explicitly, leaving out unit operators
(e.g. , T," instead of T~~ or T, ,P '), integrations in the
omitted spaces are ignored.

4. Antisymmetric States for Nucleons
in the Same Shell

Let us consider n equivalent particles or "particles in
the same shell. "We wish to construct completely anti-

'It is worthwhile to complete our discussion of the direct-
product notation by applying it to the calculation of matrix
elements of tensor operators, in spite of the fact that we evaluate
no such matrix elements in our study.

The expansion coeScients are called "coeKcients of
fractional parentage" or simply "cfp." The concept of
fractional parentage was introduced by Goudsmit and
Bacher (Go34) in atomic spectroscopy and was sub-
sequently developed in a far more general form by
Racah (Ra43, Ra49). We often adopt the abbreviated
notation

&p:xPIP" ':yv&=&p"Pl p" 7& (III 21)

Orthonormality of functions of different x yields the
sum rule

(III.22)

Since P is a good quantum number on both sides of
(III.20), there is no sum rule expressing the orthog-
onality of functions of different P. The abbreviation
(III.21) thus must be used with this reservation in mind
when dealing with sum rules.

If the cfp are known, (III.20) establishes an in-
ductive chain, starting from e=i, which determines
the functions of p" for n=1, 2, , (2p+1). The
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relative signs of all such functions are thereby com-

pletely specified; the only freedom left by the parentage
expansion is that of a single undetermined sign, referring
simultaneously to all functions of the p shell. For all
practical purposes, this single free sign is irrelevant.

Conversely, the functions (111.18) for v=1, 2,
(2p+1) de6ne, by (III.20), a set of cfp leaving no signs
undetermined; however, it is usually both cumbersome
and unnecessary to give a specification of shell-model
wave functions more explicit than that implied by the
appropriate parentage expansion.

Before proceeding, let us settle the matter of relative
phases for functions with the same P and x. When we
wish to refer to that unique and fully determined anti-
symmetric state of n equivalent particles, with a given

P and x, which is defined by a particular set of cfp, we
write

=C(123 . g) (III.23)

Since (1432}=E(1234},where P= (42) is odd,

In a complete logical development of the theory of
fractional parentage, we would now have to discuss
two further topics.

(1) The precise meaning of the additional quantum
numbers x in various representations. We have occasion
to make some comments on this subject in Sec. III.5,
although no systematic treatment is attempted.

(2) Techniques for calculating the cfp which contain
all our knowledge of the wave functions. This important
subject is bypassed. The cfp are regarded as already
calculated and at our disposal.

These facets of the theory of fractional parentage are

with the particle elnsbersiN ctscendieg order The ove. r-all
sign which the cfp fail to specify is of no consequence
here, since we are interested in the relative signs of
functions arising from the same set of cfp.

By operating on (III.23) with any permutation
P'eS, another antisymmetric state of n particles, with
the same P and x, is generated. This new function is
identical to (III.23) if I' is an even permutation and
divers in sign if P is odd.

What we have done is to attach a meaning, including
a sign, to a function symbol wherein the particle
numbers are written out explicitly, in any order.

For example, consider the symbol

treated in detail by Racah (Ra42, Ra43, Ra49, Ra51),
by Jahn and van Wieringen (Ja50, Ja51) for LSJT
representations and by Flowers and Edmonds (F152,
Ed52) for jj representations. These references include
extensive tabulations of cfp, including the cases

(t")LST: 1p shell, all e (Ja51),

(j")J j=-,', —',, —,', all e (Ed 52),

(j")JT: j=&, all &; j=~&, m~&4; j=-'„m=3,4 with

maximum T (Ed 52).

Concerning the cfp in Ja51 and the question of phases,
see the discussion at the end of Sec. III.5.

There is no reason why some particle other than Pe
should not be separated in the parentage expansion
(III.20). The conventional usage of selecting one par-
ticular particle —usually Pe—in this connection has
the advantage of eliminating ambiguities in sign. If we
wish to separate some particle other than pm in a
parentage expansion, we say so explicitly.

The concept of fractional parentage can be adapted
without difhculty to the removal of more than one
particle. Since the present study is confined to processes,
wherein a single nucleon is transferred, the extended
theory is of no interest to us.

5. Holes, Particles, and Phases

A shell is characterized by the quantum numbers p
of its constituent nucleons. In this section, a detailed
formulation is given of the hole-particle correspondence
for states of a given nuclear shell. For such purposes,
the most convenient representation is one in which the
magnetic quantum numbers m, of each nucleon are
specified. We use a direct-product notation, as described
in Sec. III.3. Our general results hold for both I.S and

jj representations, with or without the isotopic-spin
formalism.

The general notions of the hole-particle correspond-
ence were discussed by Condon and Shortley (Co35),
while the first formal development was given by Racah
(Ra42). We start from a tentative definition (III.24)
of "complementary states" appropriate only in an m,
representation. Proceeding to a more general repre-
sentation by a suitable unitary transformation, we are
led quite naturally to the relation in terms of which
Racah formulated the hole-particle correspondence
(Ra42). This relation (our (III.35)j is thereaf ter
adopted as a definition of "complementary states. "

There are [pj available states for each nucleon. It is
helpful to think of each such state as a cell or slot,
which, because of the exclusion principle, can contain
no more than one nucleon:

Lt j=5
States of p" can then be constructed by distributing the
e nucleons among N=Qg available cells. Let us refer
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to each such choice of e cells as a "distribution for p"."
A distribution determines one and only one antisym-
metric state of e particles, a unique linear combination
of the e~ distinct product functions obtained by per-
muting the particle numbers associated with the
occupied cells. Thus, every antisymmetric state of p"
can be labeled, in the m, representation, by a distribu-
tion ) and possesses a specified value of the total pro-
jection quantum number P=Zm, . By counting the
number of distributions of n particles among N cells,
it is seen that the number of allowed antisymmetric
states of p" is given by the binomial coefficient

Since the number of nucleons cannot exceed the
number of available states, it is clear that the p shell
is "complete" or "closed" when it contains 1V=Q]
particles. There is only one distribution for p~ and,
accordingly, only one allowed antisymmetric state.
This closed-shell state, which is unique to within a
sign, has all angular-momentum quantum numbers 0
and is denoted by %(S*).

The E—e cells left unoccupied in any distribution X

of p" determine a distribution X' of p~ ". Thus, to
every antisymmetric state 4P(e), there corresponds
one and only one antisymmetric state Cz ~(1V—e), a
one-one correspondence which is rejected in the relation

i

pEp )1Vp
ke ) 41V—e)

between binomial coeKcients. The two states

C'q (n) of p", & (N —m) of p
" (III.24)

are said to be "complementary. " It is to this corre-
spondence that we allude when we refer to the states
of p~ "as "e-hole" states. The word hole can thus be
interpreted in a rather literal fashion, a feature which is
all but lost in passing to a representation other than
the m, representation.

The relation of complementarity is clearly symmetric
in the sense that (A,B) is the complement of its own
complement P, ', 8). —

The allowed antisymmetric states of p" span a
certain linear vector space 2, R being the corresponding
space for p~™.The unique closed-shell function %(S*)
can obviously be expressed as a linear superposition of
products

4P (e)C g"—~'
(1V—e) (III.25)

of vectors from 2 and R. Only those products in which
'A '=)' can occur in this expansion, since, otherwise,
terms would appear with more than one nucleon to a
slot. Ke can therefore write

e(S*)=P ~&~~(a)C, -~(1V—~), (III.26)

and each term (X,X') in (III.26) corresponds to one pair
of complementary distributions.

In order to evaluate the coeKcients ~q, it is necessary
to study the behavior of the terms in (III.26) under
permutations of the particle labels. This is done most
naturally in terms of the "order-preserving permu-
tations" introduced in Sec. III.6. We simply state the
result we require, referring the reader for proof to
Appendix 3 of Ma59. The desired expression for the
closed-shell wave function is

XC, -~(1V—e), (III.27)

where the symbol {X:8&,=8) stands for "the set of all
distributions X such that 8» ——8," and 8 =p, the
largest possible value of B.

Equation (III.27) exhibits +(S*) as an invariant
product of two vectors, one from 2 and one from (R,

and is invariant in the sense that, since the closed-shell
function is unique, it must retain the form (III.27)
under suitably related changes of basis in 2 and R.
Functions arising from (III.24) under these related
transformations are then defined to be complementary
in the new representation. The "suitable relation"
which must hold between the changes of basis in 2 and
6t, such that the expression for 4'(S*) retains its form,
is clearly' that of contragredience. Indeed, this is pre-
cisely the manner in which the transformation contra-
gredient to a given transformation is defined.

Let us, then, perform a unitary change of basis

() 'A =&l
C.p,.),CP (m) (III.28)

in 2, introducing a new representation specifying the
total angular momenta P whose projections are B.
x symbolizes a set of quantum numbers chosen in any
suitable fashion so as to complete the specification of
the state. Since C is unitary,

C.pgtCg, ;p. b(xx')b(PP——'), (III.29)
(&:A=&}

where, as usual, Ct= (C")r.
7 I.et u;eU, e;eV be vectors in two different spaces. Defining the

"inner product" (We3j., p. 12) u;v; of these vectors, we ask how
changes of basis

&s =Ra&a (i)
in U and V, respectively, must be related in order that the inner
product remains invariant. In fact, u e =A;~;IuI, @~=univ~ if and
only if

A'A'i =4'.
In matrix form,

A~B=I or B=(A~)-I. (iii)

This matrix (or transformation) B, constructed explicitly so that
the inner product is invariant under a change of basis in U and a
suitably related change of basis in V, is referred to as the matrix
(or transformation) contragredient to A.

If A is unitary, as is the case in quantum-mechanical applica-
tions, we have, by definition (A~)*=A ', and the contragredient
matrix (or transformation) (iii) becomes

B= (A~)-I=A*. {iv)
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The contragredient change of basis must now be
carried out in the linear vector space R. We therefore
define the state of p~—"complementary to {III.28) to be

C p i,*C'i, ~(/V n—) (.III.30)

8

It might be argued that (III.24) already implies a
definition of complementary states in a general repre-
sentation, simply by taking the same linear com-
binations of states of p" and p~ " which are comple-
Inentary in the ns, representation. Ke would then have
dined the same term in two diGerent ways, not ob-
viously equivalent. Two attitudes are possible.

(1) We may regard (III.24) as applying specifically
and exclusively to ns, representations and refuse to
admit the word "complementary" has any meaning in
more general representations. Ke are then at liberty
to assign such a meaning through (III.28) and (III.30).

(2) We can, alternatively, treat (III.24) as a ten-
tative definition of complementary states to be super-
seded by (III.30).

It is not important which of these attitudes we adopt.
Our main concern is with showing that the intuitive
picture of the hole-particle correspondence in the m,
representation leads to Racah's relation (III.35). Our
subsequent work uses (III.35) exclusively.

Equations (III.28) and (III.30) can now be inverted

and substituted in (III.27) to obtain

~(5*)=I
I

~(-1) ~(-1)' &
(.Vy

—'

&e)

I
2(-1) 2 (-1)»(*e:*'a')

I

&I)
(III.31)

Z{—1)' '
&n ) .s~

(III.32)

noting that (C*)t=Cr and using (III.29) to obtain (III.31).
We introduce, finally, a coupled representation

(Eq -~

Z (-1) -&CEW0;fl, -~]
EN) pa

I ZLe?'ZlIe p a
(III.33)

Xq —:
(111.34)

Equation (III.33) is obtained from

CBe0P, -IIj= (-1)'- I.tl?:,
while (III.34) emerges on noting that the summand in
{III.33) is independent of 8, Ps giving the number

P] of distinct values of 8 for a given P. In abbreviated
form,

(III.35)

Equations (III.34) and (III.35) are identical to the
expression in terms of which Racah (Ra42) originally
formulated the hole-particle correspondence.

In (III.28), a new representation is introduced in the
linear vector space 2 spanned by the allowed states of
p" by means of a transformation which is unitary and
specifies the angular-momentum quantum numbers P,
but which is otherwise arbitrary. Once a choice of
representation in 2 has been made, however, (III.34)
or (III.35) completely fixes the contragredient repre-
sentation in the vector space S. spanned by the allowed
states of p~ ". In other words, although the relation
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between representations in 2 and R is uniquely deter-
mined, considerable freedom remains in selecting either
one.

The customary way of constructing the antisymmetric
states of the p shell involves the use of a parentage
chain and has been described in Sec. III.4. In this
section we have been proceeding quite diBerently. The
functions of p" have been formed explicitly by writing
them in an m, representation and then applying a
specific unitary transformation of the form (III.28).
It is obvious that the hole-particle theorem just derived
does not depend on how we choose to specify the states
of p". If we do so in terms of a given set of cfp, then
(III.34) or (III.35) specifies the contragredient repre-

sentation in p~ ", just as before. As e runs through all

values appropriate to the p shell, so does X—e, and

(III.34) or (III.35) implicitly defines a "contragredient"
set of cfp in terms of the original set. We shortly express
this relation between cfp quite explicitly. The single

sign, pertaining to all functions in the p shell, left free

by the original set of cfp, can now be regarded as that
of the closed-shell function 4'(S*).

Let us therefore suppose that we possess a standard
set of cfp covering the entire p shell. A complete set of
functions, to which we refer as the "normal" or Z set,
is thereby defined, to without a single unimportant

sign, for all values of e appropriate to the given shell.

A general function of the 2 set may be written

gredient set is

+.~(x—e)=— (III.37)

~(1V—e) is the complement of 4' ~(n).
Let us now extract from (III.35) an explicit ex-

pression for each (R cfp in terms of the cfp in con-
necting the complementary states. The desired ex-
pression is independent of the sign of 4'(S*). We start
from (III.37) by separating particle Pn+1 from the
function

To do so, let us observe that

{e+2,m+3, , X—1, 1V, e+1)
=P{n+1,v+2, , S—1, 1V),

w'here I' is a permutation operator which passes n+1
over the other X—n —1 numbers. Thus, P is a product
of S—e—1 interchanges and its parity is

( 1)N—«—1—( 1)n+1

Thus, according to the prescription described in Sec.
III.4, following (III.23),

+.~(e)=— (III.36)
g+l

C-~) (III.38)

Equation (III.34) or (III.35) defines a second complete
set of functions, the "contragredient" or (R set, in
terms of the 2 set. A general function of the contra- We therefore have, from (III.35),

0

P [n],(pK
—«ne~ pÃ « 1& )tR( 1)—+—1

(e)
0

n+))

p(n+i)

Q Pn j'(p" "n'~ p" " 'e—')'RU(np—oc—e'n) ( 1)~+'—«+"+—'
('I J «ee

nba. .NI,
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where the first step utilizes (III.20) and (III.38), and the last is a simple application of the recoupling rules
(III.S) and (III."/). But the Racah coefficient is given by U(np0e: e'n) =6(ee'), whence

(Eq
+(S8)—

( ) P [+Jf(pN
—»»&c

(
px»»+lac) ( 1)p+»—»»+»»+1

(e) ™ (III.39)

0

Observe that, since the pairs (ne) and (n»a') are in one-one correspondence, we can omit the superscript »: in
summations over o, ', e'.

Let us now replace I in (III.3S) by I+1 and apply (III.20). We obtain

&~+1)
0

ni
(III.40)

2 [ej»&p"+"
I
p"~)~

I

&~+1i

0

It is clear that (III.39) and (III.40) have the same
form. Equating coeKcients, we obtain the desired
expression

( N »»&»~ ps -—»»-1&»)6L

(p+~ lp )z

—( 1 )»»+1+»»-»-p
(m+1) (2&+1}

(III.41)
(X—w) (2n+1)

A considerable freedom of choice has been left in

defining the functions of the normal or 4 set, cor-
responding to the many possible ways of denning the
nonangular-momentum symbol x in a= (xP). We might
try to turn this freedom to advantage by demanding
that the entire set (for all e) of basic functions

(n) be characterized by the same array of
quantum numbers 0. as the entire set of functions
0' a(e).

Let us state this requirement in a diGerent way. Each
state of p" in the 2 representation is characterized by a
set of quantum numbers n—= (xP). The complementary
state of p~ " in the (R representation then has the
quantum numbers n» —=(x'P). We demand that x be
so defined that (x'P) also labels a state of p~ "As the Z
represewtation. If this can be done for all states (xP) in
the p shell, then the basic functions in 8 and (R can
dHFer only in sign. It is not obvious that such a choice
of representation is possible.

In practice, the symbol x nearly always refers to
irreducible representations of the unimodular unitary

group or of one of its orthogonal and symplectic sub-
groups (Ra49, Ja51, Ra51, F152).s The desired relation
between bases in 2 and S is then fulfilled as a direct
consequence of the way in which complementary repre-
sentations are de6ned. A full discussion of this point
would require a description of techniques (Li50) for the
reduction of outer products of representations into
irreducible components, and is therefore omitted.

Representations which do not satisfy this extra
requirement are very inconvenient and are therefore
seldom used. Each list of cfp employed in this study
defines a normal set 2 and, by (III.35), a contragredient
set (R whose basic functions are labeled by the same sets
of quantum numbers.

All allowed states of the p shell now fall into two
classes according to whether

or
(A) @.~ (e) =On~(n)

(8) %.~(n) = +P (n)—
(III.42)

The space symmetry. quantum number is included in this
statement by virtue of the intimate connection (%e28, Bo55)
between irreducible representations of the unitary and symmetric
groups.

This classification is uniquely defined by (III.35) (for
suitably specified x), independently of the sign of %(S*).
Reversing the sign of 0'(S*) interchanges the two
classes (A) and (8) but leaves the division into classes
invariant.

It would be quite practical to express the R cfp in
terms of the 2 cfp simply by listing explicitly the
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assignment of each state in the shell to the appropriate
class (A) or (8).This, we prefer not to do; Eq. (III.41)
turns out to be a more useful link between 2 and R.
In fact, we are less interested in possessing two alter-
native representations than in making the cfp of one
standard set, for e~& ~~X, suKce in all our considerations
throughout the entire shell. We now examine this pos-
sibility in more detail.

In Sec. III.2 it was remarked that the three central
problems in performing shell-model calculations are the
construction of antisymmetric functions and the evalu-
ation of the matrix elements of symmetric one- and
two-body operators. Having discussed the hole-particle
correspondence in the light of the 6rst of these problems,
let us, for completeness, turn our attention briefly to
the other two.

Consider, then, a symmetric one-body operator

(III.43)

where Ta(i) is a multiple tensor of rank 6 in the
(product) space of the ith nucleon, and the bracketed
2 and (R refer to the vector spaces and not to the par-
ticular bases selected therein. Starting directly from
(III.35), it is easy to derive a relation' between the
reduced matrix elements of Ta[Z] evaluated in the 2
set. and tllose of T [(R] 1n (R:

(III.44)

a result first obtained by Racah (Ra42).
Equation (III.41) leads to a similar relation for the symmetric two-body operator

(III.45)

i&j~+1 G„

and the summation extends over all the allowed states
of p2. Notice that G[Z] is a scalar operator so that all
matrix elements nondiagonal in the angular momentum
part of 0. vanish. Furthermore, the diagonal elements
are entirely independent of 0. and are, for many pur-
poses, of no consequence.

We conclude this section with a summary of the
procedure to be followed in shell-model calcu/ations
within the p shell. The erst step is to define a complete
set of antisymmetric states in terms of a suitable
standard set of cfp. This we dehne in the following
fashion:

(1)I ~& -,'1V. In the first half of the p shell, the standard
cfp are taken to be those of some suitably chos'en
normal or Z set.

(2) n& ',X In th-e s.econd half of the p shell, the
standard cfp are those of the corresponding contra-
gradient or R set, given explicitly in terms of the com-
plementary standard cfp for e~& —,'1V by (III.41).

In the 1p shell, the standard cfp for e~& 6 are conven-
tionally taken to be those given by Jahn and van
Wieringen (Ja51), with the amemdnsents eitumerated by
Elliott, Hope, aed John (E154). These amendments
must be made bo/h vertically aed horizontally in the
original table of cfp. For various configurations j", we
use the cfp tabulated by Edmonds and Flowers (Ed52).

Having thus specified a suitable basic set of antisym-
metric states of the p shell, we proceed in the usual way
to construct and diagonalize the matrix of the Hamil-
tonian (III,2) and to use the eigenfunctions so obtained
to calculate the matrix elements of operators of physical
interest. All the necessary calculations in the second
half of the shell can be reduced to the complementary

9 Strictly, (III.44) holds only for Hermitian tensor operators,
those whose components satisfy T,th=( —1)~(T~")t. For non-
HerInitian tensors, the right-hand side of (III.44) should be modi-
6ed by TaLGtj —+ Ttal'(Rg and (([ (~)~(~[ (]l*. We do not have
occasion to deal with non-Hermitian tensors, so that (III.44)
is of adequate generality.
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ones in the first half of the shell with the aid of (III.41),
(III.43), and (III.44). It is therefore clear that standard
cfp need be tabulated only for e&~-,'X.

Some specific examples of the techniques and
theorems of this section are given in Sec. III.9. Possible
ways of checking calculations against phase errors are
discussed. In particular, we demonstrate the value of
LS—&jj transformations in locating errors in calcula-
tions performed in an JS representation.

6. Antisymmetric States for Nucleons
in Different Shells

Let us now consider a group of particles not all of
which belong to the same shell. In principle, we could
construct antisymmetric states by adapting the paren-
tage formalism of Sec. III.4. We use, instead, a hybrid
procedure wherein fractional parentage is used within
the equivalent groups, while antisymmetry between
these groups is handled directly.

We start with the set of functions

which are mutually orthogonal and normalized. It is
important that p and p' define orthogonal single-particle
states. This would not be the case, for example, if p
referred to neutrons and p' to protons, and a different
radial dependence were assumed for neutrons and
protons.

The antisymmetrizing operator for the symmetric
group 5„is

(III.47)

We can construct an antisymmetric function from
(III.46) directly by applying the antisymmetrizer
A + for S„+. But of the (n+m)! functions which are
generated from (III.46) by permutations of S +, all
those sets wherein the same e particles are in the p shell
and therefore the same m particles are in p', contain

functions identical to within a sign. This fact, which
stems from the antisymmetry of the separate equivalent
groups, suggests that a simplified antisymmetrizer can
be found in this case.

Let us, therefore, define an order-preserving per-
mutation as one which, when operating on Ci(12 n)
XC'2(n+1 n+m), leaves the integers inside Ci and
C2 separately in ascending order. Thus, if all (n+m)!
permutations of S~ be divided into sets such that
two permutations belong to the same set if and only if
the functions arising through them from (III.46) are
the same, then it is obvious that each set contains one
and only one order-preserving permutation. S„+
contains

order-preserving permutations with respect to the
partition (12 n: n+1 n+ni).

Let us introduce the operator

~.+ = 2' (—)"~., (III 4g)
(n+m)! r~.

where P' indicates a summation over order-preserving
permutations in S + . The composite permutation
operator

(III.49)

consists of a linear combination of permutations of
S~ . Manifestly, each term is distinct and there are

terms. Since the parity (—)"looks after itself, the terms
in the linear combination (III.49) are identical with
those in A~ . Finally, the normalization factors are
the same, yielding the operator identity

O'~~ „A„=A ~„. (111.50)

However, since the wave functions for the groups p",
p' in (III.46) are separately antisymmetric, A„and
A reduce, eGectively, to unit operators. Thus, 8„+ is
itself a simplified antisymmetrizing operator for the
function (III.46), yielding for the desired normalized
antisymmetric function,

(III.51)

The extension of this technique when there are more
than two groups of equivalent particles can be carried
out immediately.

In practical applications —those which involve the
setting up and diagonalization of energy matrices —the

large dimensionalities encountered render (III.51)
somewhat academic, with two important exceptions:

(1) when one of the shells contains a very few (« 3)
nucleons or holes;

(2) when n+m itself is small (~& 3, or 4 at most).
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In the first case, (III.51) is both usable and convenient.
In the second case, (III.51) is also quite practical, but
it may be preferable to use an extension of the parentage
techniques of Sec. III.4 [see, for example, the work of
Elliott and Flowers (E155a) on A = 18 and A = 19j.

We also see, in Sec. III.7, that (III.51) and its
generalizations can readily be used to set up general

expressions for relative reduced widths.

8(/) = n P I
a (z) I

' (III.52)

with

V. She11-Model Expressions for S

It 'is recalled that the relative reduced width, or
spectroscopic factor S, was defined in Sec. II, Eq.
(II.15), as

(III.53)

/(n) and 3(n) refer to the transferred nucleon, c ' and
co symbolize the precise representation used in con-
structing wave functions, and s is the channel spin. e is
the number of antisymmetrically coupled particles in
the heavier nucleus identical to the transferred nucleon.

In this and ensuing sections we solve the problem of
evaluating S with a variety of assumptions concerning
the shell-model wave functions. Simple explicit ex-
pressions are given. It is impoitant to bear in mind
that the simplicity involved refers to the calculation of
relative reduced widths from wave functions which are
already known. Often, the more dificult problem is
that of calculating reasonable wave functions. There are
therefore many transitions for which we cannot obtain
reliable relative reduced widths, in spite of the existence
of very general expressions for S.

The task of constructing shell-model wave functions,
particularly for nuclei with A&30, is frequently made
easier by treating neutrons and protons on a separate

footing. The definitions (III.52) and (III.53) can then
still be used, with these qualifications:

(1) The isotopic-spin coupling factor (C)' in

(II.19) must be handled in the fashion described in

Appendix 1.
(2) The diagram in (III.53) or (III.54) must be

generalized [see (III.78)j.
(3) Due regard must be paid to the fact that n, in

(III.52), signifies the number of antisymmetrically
coupled particles iden/ica/ to the transferred nuc/eon If.
we are using the isotopic-spin formalism, n is the total
number of active nucleons in [A+1).Treating neutrons

and protons on a separate footing and considering, for

example, a (d,p) reaction, n is the number of active

neutrons in [A+1j.

Another convenient representation is that in which

j (n) rather than z is specified. g(s) is then replaced by

a(j)= (III.54)

The necessary change of representation is achieved by

1(n)

=p (—1)~+l-& *U(/-, .TOJ: zj'
S(~)

(III.SS)

Substituting from (III.SS) in (III.52) and (III.53),
we have

8(/) =n Q S(z)*u(z)

=n P (—1)' "U(/ ,'JOJ: js)—-
X U(/ ,'J,J:j")8*(j)d(j')-

= Z (-1)'-"~(jj')~*(j)~(j'),

making use of the unitarity of the transformation
induced by normalized Racah coeScients. Performing
the summation over j yields

8(/)=n2 Iy(j) I, (I11.56)

with no interference between diGerent values of j. We
often rewrite (111.56) in the form

&(/) =Z 8(/j) (III.57)

'0 This meaning of c should not be confused with its significance
in connection with complementary states. or some modification thereof.



General expressions for S are now derived which apply
to the antisymmetric states of any pure con6guration.
We use the j rather than the s representation. Some
special cases of interest are mentioned explicitly. It is
then demonstrated that the separate treatment of
neutrons and protons introduces no new complication„
and a very simple prescription is given for dealing with
mixed configurations. Throughout, the direct-product
notation of Sec. III.3 is used. Although the same might
be achieved by means of an appropriate formal modi-

fication Lsee Sec. III3, Eqs. (III.14) and (III.15)j, we

prefer to consider separate/y the case of I.5J repre-
sentations.

A case which is su%.ciently general to embrace most,
situations of practical interest may be symbolized by

(III.58)

where f g }r indicates vector couphng to a «sul tant I",
and, as explained in Sec. ID.3, p stands for either of the
. ets Mj or Mjt. Let us emphasize that the single-
particle states pI, pg, and ps.are taken to be mutuajly
crthogonal. From (III.54) and (III.56), the relative
reduced width for this transition is given by

8(.)=( + + )Ie(~)i', (»I»)

(III.60)

F

Let us 6rst manipulate the wave function oIl the left:

= &- +. +. Z 63"'~3!p3"'-'~s)

=@2(I ~"*~3I»"' '~3)~(P~~I'I 3'v~s) (III.61)

Ni ze2~e3.'
& +"+ .= — Z' (-1)'&'

(eg+n2+e3)!' r@.~, +N. +~,

The appropriate antisymmetrizer is defined, as in T'he last two steps leading to (III.61) involve, suc-
cessively, application of Eqs. (III.20)»d (III &).

Again modifying (III.48) in a suitable way,
function on the right-hand side of (UI 6o) becomes

(III.62)
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where

gnI+n2+ (n3 —y)

331!Ssl(03—1) l
- 3

gl
(281+282+238—1)!~ sesmx+N3+83 -1 (—)'P. .

We have introduced the abbreviated notation

b(131182138' ' '
~ 131 t32 188 ' ' ') (b(131131 )b(132132 )b(+3138 )

for a product of Kronecker deltas.
The summation in (III.63) can be performed ex-

plicitly, and the final result is

It only remains to decide how many of the regular
permutations on each side of (111.60) can contribute,
and to add all contributions. Let us do so in five steps.

(1) In the wave function on the left-hand side of
(III.61), only those regular permutations can con-
tribute which leave particle (231+Is+288) in the ps shell.
This is a direct consequence of the orthogonality of
diferent single-particle states.

(2) For the same reason, all contributions to the
overlap integral are diagonal in the permutations I', .

(3) These diagonal contributions are all equal since
they cannot depend on the particular way in which the
particles are labeled.

(4) According to (1), the contributing terms on the
left-hand side are simply those permutations which are
order-preserving relative to

(1, 2, 3, , Ns . 231+1, 331+2, , n 1+232'.

881+332+1, , 281+Is+238)

and leave 331+332+838 invariant. These permutations are
obviously order-preserving with respect to

f 1, , 231. 231+1, ; 281+282+1, , 231+832+238—1),

and are therefore in one-one correspondence with the
terms, given by (III.62), on the right-hand side of

(III.60). There are, accordingly,

(381+332+238—1)!/83!332!(288—1)!

8(ps) = [333/(23,+332+ns)]lb(n1np: n1'n2'p')

X(ps"'ns! ps"' 'ns') U(Pns'I'ps' V'ns). (IU.64)

From (III.59), the desired spectroscopic factor is

8(ps) =~8(ps"'nsl»"' 'ns')'

X f/(P'nsI'Ps 7'ns).'&(nln2P: nl' n'sp') (II.I.65)

That an orthogonality condition for the quantum
numbers of the inert groups of nucleons must emerge
is obvious. All the relative reduced widths which we
write down in the remainder of the article are diagonal
in such quantum numbers.

With this minor reservation, we see from (III.65)
that the inert groups of nucleons (p1"' and ps"') influence
the spectroscopic factor S only through their total
quantum number P. In particular, although the total
number of antisymmetrically coupled particles appears
in the original definition (III.56) of 8, it is the number
of equivalent nucleons iss the group to which the trans
ferred 33Ncteoss belongs that emerges as a multiplying
factor in the final expression. In other words, with an
obvious notation,

gf
L

equal contributions.
(5) Each equal contribution involves the overlap

integral of the wave functions on the right-hand side of
(III.61) and (III.62), and this is clearly equal to

b(nsn1')b(n~s')b(PP')b(nsns')b(VV')

Collecting points (1) to (5) and remembering the
normalizing factors in the antisymmetrizers, (III.60)
leads to

If the inert groups happen to be coupled to zero
(/ =0), it is obvious that the relative reduced width for
the transition (111.58) reduces to

331!232!838! 231!232!(238 1)!—
&(Ps) =

(231+332+232)! (231+332+238—1)!

(23,+232+Is—1)!
X

281 !332!(Ns —1)! 3V

X &(PnsI'ps: Vns)

X~(n1nst3nsV: n1'ns P &8Y) (III.63)

2,, }
Thus a set of zero-coupled inert groups of nucleons is
devoid of infiuence on the relative reduced width. The
most frequently encountered case of zero-coupled
groups is that of a number of closed shells.

A slightly modi6ed version of the general case just
treated might emerge if we wished to transfer a particle
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from the p~ or p~ shells. Consider, then, the transition The Racah coeflicient in (III.65) being unity, we have

$(p ) —n (p 82n
~p

ea lo &)2 (III.70)

t,x p) )'.

This, however, is precisely the relative reduced width
for the transition

(III.66)

A few applications of the basic recoupling rules
(III.S)—(III.7) sufIice to reduce this case to the one
whose general solution has just been obtained. Substi-
tuting from (III.65), we encounter a one-parameter
sum over products of three Racah coefFicients, which

may be carried out with the aid of Biedenharn's sum
rule [Ro57, Eqs. (II.6)—(II.15)]. Let us recall that,
because of the commutativity of finite summations,
recoupling can be carried out inside the antisym-
metrization symbols.

The results are

as follows immediately on equating both e& and e2 to
zero in (III.65). We conclude that, in evaluating relative
reduced widths, we are justified in ignoring inert closed
shells. We do so consistently in the rest of this study.

The preceding conclusion is even more apparent if
only the pl shell in (III.58) is closed. In this case, the
very form of (III.65) is unchanged.

(h) Addition of an Inequillalent Particle
to an Equivalent Group

If, in (III.58), we put

u(pl) —[n,/(n, +n2+n2)] (—1)"-'—l'+&' ej=0 e2=e S3—i
I

X(pl nl~ pl l &1')&(pn2pl&1 ~ nlr')

Eq. (III.65) gives the spectroscopic factor for the
transition

~(P1)=»(Pl"'nl ~P1"' 'ol )'U(Pn2P, o,' n,r')'.
X U(plr'Fn2. 'Py')2. (III.68)

It is easy to carry out a similar calculation for the
case of transfer of a p2 nucleon or, more simply, we can
apply the necessary coupling transformation (only a
phase factor) to bring us back to the situation covered
by (III.67) and (III.68).

(a) Role of Closed Shells

We have already remarked that any set of inert
groups of nucleons, whose total angular momentum
quantum numbers are zero, has no inhuence on relative
reduced widths. The commonest case of this type, where
the relevant inert groups are closed shells, is worth
writing down explicitly.

If nl ——[pl]=lq'1, n2= [p2]=$2, we have seen in Sec.
III.5 that the p& and p2 shells are closed. Equation
(III.58) then reduces to

x~) .

(III.69)

x p' (»i.»)
I'

Since the Racah coefIicient and the cfp in (III.65) both
reduce to unity, we obtain the well-known result

g(p') =1 (111.73)

In practice, the equivalent nucleons p" in (p"p') r usually
do not couple to a single value of 0-, the extra particle
p' having the eGect of exciting the equivalent group. "
Instead, we have

QE(o)~.
and the relative reduced width for transfer of p' becomes

g(p') =
I &(&)~'(1 (III 73')

Thus, from a reaction wherein an inequivalent nucleon
is separated from (or added to!) an equivalent group,
we obtain a direct lower limit for the corresponding
single-particle reduced width.

"Here we are discussing only excitations within a single con-
figuration. We see repeatedly that there is no difhculty in cal-
culating S between linear superpositions of states. The intro-
duction of mixtures of excited configurations is only one such case.
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The case S= 1 occurs when p" contains a unique state,
as in all cases where the p shell contains a single particle
or a single hole. If several amplitudes E(o) occur in
the wave function of [A+1j, but all except one are
very small, then S—1. In such a case we may say that
the inequivalent nucleon is "weakly coupled" to the
equivalent group. We develop this idea of weak coupling,
first discussed by Lane (La55a), in detail in Sec. III.11.

While dealing with (III.72), we should also consider
the closely. related transition

Equation (III.76) reduces the calculation of reduced
widths for transitions in the second half of a shell into
the complementary problem in the first half. As such,
it rounds out the considerations of Sec. III.5.

In addition, (III.76) is very useful in Sec. III.11,
where we discuss sum rules.

It is easy to see that the presence of inactive groups
of particles in different shells does not disturb the
foregoing hole-particle theorem. In fact, the relative
reduced widths for the transitions

X

(III.74)

This is one of the special cases embraced by (III.68),
whence

S(p)=n(p"a
I
p" 'r') U(orTo': ay)2 (III.75)

which, apart from the notation, is the same as (III.20)
in Fr60.

Ixp!

(c) Hole Partic-le Theorems for Reduced Widths

The hole-particle correspondence described in Sec.
III.5 leads us to expect a simple connection between

the relative reduced width for the transition

are related by the appropriate modification (111.76') of
(111.76). The presence of the group p' only produces
an extra recoupling factor, which is U(pi2oi"p: yn)2 in
the erst case, and

U(Pa~p: I'no)2= [rn,/~n]U(P«rp: &~)2,

XP

and that for the complementary transition

a

in the second. For the p nucleons, (III.76) holds, so
that, taking account of the minor difFerence in the
recoupling factors, we have

S(N n+ 1, «'~~—N n, a'I)—
= [I'/yjS(n, nl' ~ n 1, noy). (III—.76')

XP
The appropriate modification therefore consists solely
in introducing the total quantum numbers F and p in

o the multiplicative factor. Otherwise, the inactive groups
are devoid of inhuence. It is interesting to notice [see

To derive the relevant hole-particle theorem, let us Sec. III.8, Eq. (III.102)7 that a hole-particle theorem

use (III.70) to write of precisely the same form as (III.76) and (III.76')
emerges in LSJ representations.

S(nn ~ n 1, 12o)—
S (N —n+1, «' ~N n, a.')—

'n(p ail p «)
(N n+ 1)(pN th+1«c

I
pN c2 )

If we now express the wave functions for p" and p" ' in

the normal or Z set, those for p~—", p~ "+' in R, we can
use (III.41) for the ratio of the cfp, whence

(d) Separate Treatment of Neutrons and Protons

The general results (III.65) and (III.68) can be
applied directly only to transitions connecting initial
and final states which are antisymmetric in all particles
involved. Suppose, next, that a neutron is added to a
state of the configuration

[(aii 1ca2 2) (piolpon2) j
S(N n,+1,no' ~ N n, n—')—

= [12/aojS(ni2 —+ n —1, cio) (III 76) Specifically, let us calculate

agreeing with (III.29) of Fr60. S(P2) = ('ni+'n2)
I ol(P2) I

', (III.77)



(III.78)

It- ls immediately obvious that thc inactive gronp of protons inguenccs $ only through thc totRl quantum Dumber

p„.Let us then contract the proton portion of (III.78) to its bare essentials and consider the overlap integral

A(po) = (III.79)

In order to reduce this to a case covered by (III.65),
it is only necessary to specify P„rather than p in the
right"hand wave function. According 'to (III.7) the
necessary transformation is expressed by the Racah
coef6cient U{P„oI'po',yP ). Use of (III.65) with»=0
then yields

3(po)

=»{po"'gaol

po" 'oo&'~(P. eI'po: VP.)'
XU(agog po.'ceo)'. (III.80)

This example is SUKciently general to demonstrate
that the separate treatment of neutrons and protons is
covered by the general results (III.65) and (III.68), to
wlthln R rccoUpllng transformation %'hlch CRD bc wllttcQ
down at sight. Let us note that in the direct-product
symbols in (III.78) and (III.80) no isotopic-spin factors
appear, since we are using wave functions in a language
which treats neutrons and protons as separate entities.

(e) Sgperpos@ions og Basic States

In this scctloD wc hRvc shown ho%' to CRlculatc
overlap integrals and reduced %idths connecting basic
stRtcs of jj rcprcscntRtlons. ID practlccq %'c usually
wish to deal with wave functions which are linear com-
binations of basis elements. This can be handled very
easily, as we now demonstrate.

The overlap integral, and hence, by (III.56), the
relative reduced %idth, for the transition

Cr(r) —& {0ro{s)xp)r

connecting bRslc stRtcs of ouI" I'cpl'cscntRtloQ CRQ bc
calculated by the methods of this section. 'tA'e obtain
thereby an expression for

~..(p)=(~ {&l{~"{»&p&.&.

Let us now suppose that the states Cr and 0'ro in
which we are interested are linear superpositions of the
states of the representation, according to

Cr=p K,rCr(r), +ro=Q &sr'+ro(s). {III.82)

Simply substituting (III.82) in (III.8I)
desired result

~(p) =Z &."&*"~-(p). (III.83)

Since %'e always deal with real codBcicnts E, the
complex conjugation on E,r in (III.83) has been
oInlt ted.

This procedure is by no means restricted to jj repre-
sentations. It applies to all transitions connecting states
%hose %Rvc functloQs Rrc llQear comblDRtlons of coD-
stituents which are connected by known (i.e., cal-
culable) overlap integrals. Indeed, the process of taking
linear combinations is so simple and obvious that %e
usually content ourselves with an evaluation of the
individual overlap integrals to the right of (III.'83),
taking thc 6DRI step fol granted.

Wc are now in a position to calculate the relative
reduced width for any transition connecting states for
which shell-model wave functions are available. This
last proviso is, as we emphasized at the beginning of
this section, an important onc, since the problem of
obtaining suitable wave functions may well be harder
than that of calculating the resulting spectroscopic
factor. From a reduced width, however, wc can some-

times deduce an amplitude directly, particularly in the
CRsc of tlRDsltloDs lnvolvlIlg t%o contllbutlng / values.
An example of such a determination is given in Sec.III.9
(see also Pa58 and Fr60, Example 15). Thus, even in
mass regions which are spectroscopically obscure, a
I'cduccd width Inay glvc us 1Dfolmation Rbout thc
nuclear wave functions.

Since the relative reduced width is proportional to
the square of g(p), it is clear from (III.83) that the con-
tributions from the various ba,sic states add coherently.
This has the important consequence that R small
observed reduced width may not be recognizable Rs due
to the operation of some general selection rule.
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8. Calculation of S in I.SJT Reyresentations

The cases of practical interest to which the resujt;s
of Sec. III.7 are directly applicable are those of jjJ
representations, with or without the isotopic spin T.
We now show how to handle the calculation of relative
reduced widths when the relevant overlap integrals
involve wave functions in an I.SJT or JSJ represen-
tation. As we saw in Sec. III.3, such representations do
not permit the use of a simple direct-product notation,
but can be accommodated by a straightforward formal
modification (III.15). We prefer not to use this adapted

product notation here, although it would be entirely
feasible to do so.

No formal advantage is gained by specifying the
value of j for the transferred nucleon when I.S wave
functions are used for initial and final states. Further-
more, in situations where the use of an LS representation
is more convenient, we usually expect the two diGerent

j values for each l to participate on a more or less equal
footing. We therefore prefer to use a channel-spin repre-
sentation [(111.52) and (III.53)), the relevant overlap
integral being

(III.84)

where 0. and o.p label the quantum numbers necessary, in addition to JSJ, in a complete specification of the
states involved.

It is now easy to see why things are a little more complicated than they were in Sec. III.7. The difficulty is

simply that when we proceed, as usual, by inserting in (III.84) the parentage expansion

np'Lp Sp'Tp'
(nLST i

no'Lo'So'To ) (III.85)

for the wave function on the left, we see that neither
s nor Jo is specified. An extra recoupling is therefore
necessary. Observe that the parentage expansion
(III.85) has not been affected by specifying J.

With the aid of the recoupling rules (III.5)—(III.7),
Eq. (III.85) can be suitably transformed to yield, for
the wave function on the left of the overlap integral
(III.84),

so that

(s) = ( 1)'+ o+ (nLS—T(npLpSpTp)

XU(/LoJS: Ls)U(LoSos&: JoS), (11187)

where r= fnLST}, s= fnpLpSpTp}.
In all cases of interest we deal with wave functions

of the form

(—1)'+ o'+ (nLST~np'Lp'Sp'Tp')
4TJ(I' ) Q KaLST 4aLSTJ(l )

nLS
(III.88)

no'Lo'So'&o'
s'Jo'

U(lLp JS:Ls )U(Lp Sp~sS: Jp S)
with a similar equation for O'FpJp(l" '). The overlap
integral g(s) between such states can be written down
from (III.83), the g„(s)between basic states being
given by (III.87). We conclude that

(III.86)
n) an

S(l)=rig a(s)' (III.89)

8(s)= P K~r,sr K
nLSnpLpS p npLpSpTp

J'o( ] )l+Lp+L

The overlap integral between the wave function in

(III.86) and that on the right-hand side of g(s) in

(III.84) is

&(noLpS'oToJos: no'Lo So'To Jo s )

(nLS T
I
noLoSo To)U(/Lo JS:Lz)U(LpSosS: JoS). (III.90)

This expression has been given by Lane (I,a53),
Satchler (Sa54), and Auerbach (Au54, 55). In the
latter reference and in Fr60, our g (s) is referred to as P,.
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Since z= Jp+8 and 8=-', , there are at most two terms
in the sum over s in (III.89). For example, in the case
Li'(d, p)Li', when Jo——-'„wecan have s= 1 or 2, provided
that the spin J of the state in Li' is such as to satisfy
h(s/J), with /= 1. For example, a state with J=3 could
only be attained by a=2. When Jo=o there is only
8 Q ~

1

The fact that contributions from the two different
channel spins add incoherently has the consequence
that measurements on angular distributions alone
cannot distinguish between channel spins. In order to
measure relative values of diBerent terms g(s)', recourse
can be had, in principle, to studies of (d,py) angular
correlations. We encounter an example of this later in
our discussion of the 2=8 polyad.

It is useful to regard (111.9Q) as a matrix equation

Ro57 (6-15)$ in terms of normalized Racah coeKcients:

U(/LJpSp. Lpx) U(LSx-,':JSp)

JI.OSO '
= ( )Z+8+7+Jo+8o+Zo+1

JOI.S

XQ U(Jo/oJ: «)U(/LoJS: «)
X U(LoSos-', : JpS) (III.95)

noting that I=-,'.
Collecting (III.94)—(III.95), and rearranging the

phRsc fRctors,
e )& JT&

(P o), ~—( )o+1+1+J+Zo+T+Toi
&/l/' —e+1) JpTp

XP U(J, / ',J:xs)-

XP( )'+ '—+ (/" LST(i/" ' oLpSoTo)

XU(/LpJS: Ls)U(LoSos ', : JoS)]. -
(III.91)

where E is a rom vector, Eo~ is a column vector, and
(//, )" is the rectangular matrix

lVve sce from (III.92) that the bracketed term is simply

( (p,)„,o. The clesired relation between corresponding
of complementary p matrices is

XU(/LpJ'S: Ls)U(LoSosS: JpS). (III.92)

The rows and columns of these matrices are labeled by
the sets of quantum numbers

I
(p o) ~

i

.

i ( )o+1+1+Z+Zo+T+To

kX—ey1)
r=(uLST} and s= fupLpSoTo}

There is a separate matrix (p,)o for each pair of values
/o= (JJp) of the spins of the nuclear states involved.
For every p, r and s can take all sets of values satisfying
the triangle conditions A(LSJ), b, (LpSoJo).

The inatrix (P;)", whose rows and columns corre-
spond to the sets of complementary quantum numbers
ro and so, is given, according to (IG.92), by

(//:) = ( 1)'+~"(u, L~—,T, ~u LST)
XU(/LJpSo. Lpx) U(LSxl: JSo). (III.93)

A striking relation exists between p, and, p,o. In order
to obtain this relation, we need two auxiliary results.

. Thc first of tllcsc lllvolvcs spcclallzlllg (III.41) to tllc
case of an I.ST representation:

{P"+'u 'LpS T iP " 'LST)

(/"uLST
i
/"-'u pLpSpTp)

—( )n+&+&+&+8+T+&o+8o+To

ePSTj
X (III.94)

(iV—e+1)LLoSo Top

XP U(Jo/~J: xs)(P,)„o. (IIL96)

The inverse relation follows immediately, by the uni-

tarity of the U function:

(X—e+1) ~ JpTp '
(P ) p

i ( ( 1)n+1+1+J+Jo+T+To

e i JT.
XP U(Jp/-', J:xs) (P.')„,&. (m.97)

]Ã—~+1.J I ~ )N—e ~ JP (III.98)

Since there are, in general, two allowed values of the
channel spins s and x, the unitary transformation
(III.96) and (111.97) connecting complementary ele-
ments of the dt/ matrices can be regarded as a rotation
1n R two-d1mcnslonal spRcc. Wc now dc11vc thc col'1c-

sponding relation between the relative reduced widths,
bearing in mind that S' and S, with the same amplitude
vectors E and Eo~, are not usually of interest Simul-

taneously, since, if + represents a state /" (or /" "), 0"
does not, in most cases, represent a state of P " (or
P "+'), which is physically interesting.

%C wish to evaluate the relative reduced width 5'
of the transition

expressing the respective state vectors E„,E,' of the
Secondly, let us write theBiedenharn sumruleL(Bi53, states of P " and P "+' in the I set. Equations
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(III.89)-(III.91) then yield

8'= (lV-5+1)g y~(x)'

=(N —~+1) P X,Jf.„.rC,OE:,,o

rsvp'a'

~Z(p*),.(p. ), ."
But, from (III.96),

Z(p. )..(p. ), "
s JT

Q U(Jol-', J:xs)E—++1-J To

&& V(Jol-',J:xs') (P,)„(P,)„,.

Z (p.)-(p.)"",
cV—m+1 I JoToJ

(III.100)

momentum and parity, we would be particularly
interested in selection rules having their origin in the
detailed structure of the nuclear states concerned.

Various selection rules are discussed in this way in
Fr60. Here we demand an explicit expression for each
reduced width rather than a qualitative statement as
to its order of magnitude. Particular selection rules
are mentioned when and where they are encountered.

A few numerical examples are now examined. These
are useful later in their own right, but serve in this
section to demonstrate how we intend to use the formal
expressions for reduced widths derived in Secs. III.7
and III.8.

Example 1.

C"(il P) ~ C"(g.s.) l=1 8,' 0.04
o+

~ C"(3.68 Mev) l = 1 tl'* 0.01.

where the anal step makes use of the unitarity of the
transformation (III.6). Finally, we use (III.100) in
(III.99) to give

JT ~

— e P A,E;IC,'E', g (P,)„(P,)..., (III.101)
JoTO- rs z

~I~I

which can be written in the compact form

gc(iN n+1 J—T ~ lN—m JT)

These reactions were 6rst discussed from the viewpoint
of the shell model by Lane (La53).

I.et us introduce the symbol S, for the relative
reduced width of the ground-state transition, the cor-
responding quantity for the —,

' excited state being S*.
In extreme jj coupling, the C" ground state is

represented by the closed-shell wave function (P& )0.
The C" ground state is, similarly, (PP)OPi„yielding

Sg= 1,

JT
8'(l" JT~/ ' JOTO)

-JoTo

with the aid of (III.73). The jj-coupling wave function
( I 1 ) for the ~~ excited state must involve excitation of the

p; closed shell, so that
S' is, by definition, the spectroscopic factor calculated
according to (III.89) and (III.90) using (1) the am-
plitudes of the state vectors (in 6t) for the nuclear
levels connected by the transition

P'—&+& JoTo ~ P'—~ JT
and, (2) the P matrices (in 2) for the complementary
transition

)n JT~)n—1 J T

In view of (III.96) and (III.102), we require P
matrices only for the first half of the 1 shell. The con-
siderations of this section leading to (III.102) may
therefore be regarded as augmenting our collection of
hole-particle theorems I (III.41)—(III.45), (III.76),
(III.96), and (III.102)].Appendix 2 of Ma59 contains,
in numerical form, the more useful p matrices for the
first half of the 1p shell.

9. General Comments: Syeci6c Examples

A reasonable 6rst step in analyzing the empirical
reduced widths given in Tables I and II would be to
seek general selection rules to explain the smallness of
the reduced widths for certain transitions. Apart from
the requirements imposed by conservation of angular

From the small value (=4) of the observed reduced-
width ratio 8'*/8, ', we might be tempted to conclude
that jj coupling is a good approximation for the rele-
vant wave functions. We would not be justified in
drawing such a conclusion, since, as we shortly prove
and illustrate in Fig. 2, the calculated reduced-width
ratio remains small for considerable departures from
extreme jj coupling. This and several other examples
show that it is dangerous to make statements about
modes of coupling on the basis of single numbers,
unsupported by other evidence.

We now examine the behavior of S, and S~ as functions
of the spin-orbit parameter f =

~

a ~/ (X~ " considering,

"The "single-particle spin-orbit" shell model has been used
extensively in studies of the 1p shell (In53, La53, La54, and
many others). The formalism of the model is discussed, for
example, in E157 and Fr58. The matrix elements of the two-body
central interaction in the 1p shell have been given explicitly by
Racah (Ra50) and by Elliott et al. (E154), completing earlier
work of Hund (Hu37) and of Feenberg, Wigner, and Phillips
(Fe37, Fe37a). These central-force matrix elements can be
expressed in terms of two radial integral parameters L and E
(In53, Fr58). The results of calculations of quantities of interest—for example, energy spacings and reduced widths —are insen-
sitive to changes in L and K around the values 5 to 7 for L/K
and —1 Mev for K. We use L/K=6, K= —1.25 Mev unless we
state otherwise.
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erst, the ground-state transition

"+' JOTO~I ",JT,

where [n] labels the space symmetry (Fe37, Ja51,
Fr58).

The calculation of wave functions and reduced widths
is carried out in the standard representation defined
in Sec. III.5. This representation is spanned by the
functions of the normal or 2 set for e&~6 and by those
iof the contragredient or R set for n&6, where n is the
number of ip particles and the 2 and 6t sets were
defined in Sec. III.5. The most important property of
this standard representation is that its defining cfp
satisfy the Racah hole-particle relation (III.41). Con-
sequently, in calculating matrix elements and reduced
widths in the second half of the shell, we usually do
not need explicit cfp for n) 6, instead expressing each
quantity of interest directly in terms of its complement
in the first half of the shell by the appropriate hole-
particle theorem.

Using this procedure, we first construct and diag-
onalize the matrix of the Hamiltonian (III.2). The
appropriate hole-particle theorems in this case are
(III.44) and (III.45), the results being presented, " in
the form of tables covering all configurations 1p", in
Appendix C of Fr58.

By using a Rosenfeld exchange mixture (Ro58, E157,
Fr58), with L/K=6, K= —1.25 Mev, we obtain the
wave functions for a few values of f:

[ 1 0 0

C": K=[0.945 0.309 0.084'

[0.823 0.500 0.151

[0.249 0.609 0.314

13 ~ + T

1 ~ 0.930'
—0.044 —0.214

0 0.148
0 0.257
0 i —0.038

f=o /=3

0 0 ] 1=0
(LS limit)

—0.065 0.039] |=3
—0.190 0.115] i =5
—0.497 0.471]

(jj limit)

0.805 0.430j—0.359 —0.544
0.212 0.272
0.415 0.609

,„—0.087, .—0.272

i~ oo

(III.104)
"Our standard representation corresponds to the "comple-

tnentary" or (C) phases of Fr58, Appendix C.

where m=4, J=7=0 and Jo= To=-, . The rather
peculiar step of labeling the final state of a (d,p) transi-
tion with a subscript zero is taken in order to conform
in every detail with the notation of (III.99).

The relevant basic states of (1p') and (1P'), in an
I-ST representation, are

Ci2 ~ ii5'[441 i8P[4&&l ii+[4&2] i&D[4&&l iiP[3&&l (III 103)
C13 ~ 22P[441] 22P[432] 24P[432] 24D[432] 22S[3331

11S[41

13P[31]

11S[22]

15D[22]

13P[211]

22P [3] 22P [21] 24P [21]

—g3/3 o o
—g2/3 +5/6 —g5/12

o Q3/3 o
0 0 +30/12
0 Q3/6 Q3/12

24D [21]

0
—1/4

0
g6/4—+15/12

22S[111]

0
0
0
0
3/3

(III.105)

The rows and columns of this matrix are labeled by the
states complementary to (III.103) with unchanged
ordering.

To evaluate 8, as a function of f', we follow (III.92)
and (III.101), forming the matrix product

operating fore-and-aft on (III.105) with the row and
column vectors (III.104). Then, following (III.102),

8,= PT/J, r,]S'=-,'.4g(1)'= g(1)'
'4 Strictly, the C~ wave function in the LS limit should contain

a small admixture of "S[~],arising from the weak central inter-
action between states of the same LST and different Lej. The
relevant minute amplitude would not inQuence the normalization
to the necessary accuracy, and since, in addition, the corre-
sponding element in the 8 matrix vanishes, is without influence
on the value of S.

The rows and columns of these vectors are labeled by
the basic states ordered as in (III.103).

The C" wave functions are taken from Bennett's
thesis (Be58), where they are given" in a representation
defined by the cfp of Ja51 without the modifications of
E154. To express the C" functions in our 2 set, we
must make these modifications, which, as can be seen
from Appendix 2 of Ma59, involve a change of sign in
Bennett's "S[ '] and "P['"] amplitudes relative to the
other three. Since all five states belong to the same
class [(8) in Appendix 2 of Ma59], no further changes
of sign are necessary in passing to (R and therefore to
our standard representation.

The C" wave functions are given by Auerbach and
French (Au56) in the Z representation. Passage to Gt

is achieved (Appendix 2 of Ma59) by reversing the sign
of the "D""'and "S["3]amplitudes.

The transition in which we are interested,

(1p)', (TOJO) = (-,' -', ) +—(1p'), (TJ)= (0 0),

obviously has only one channel, with a=2'. Instead of
computing the relevant P matrix (III.92), we make use
of the hole-particle theorem (III.102) in order to go
over to the complementary transition

(1P'), (T~)= (0 o) ~ (1P'), (T&0)= (2 2),

which also has only one channel, with channel spin
x= 1.

To evaluate the matrix Pi' in our standard represen-
tation for the complementary transition, we insert the
modified (El54) cfp of Ja51 in (III.92). The result,
from Appendix 2 of Ma59, is
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S"
2.0

89

S = {E(I8g')Ear)'. (III.106)

The procedure involved in evaluating S* is precisely
the same as that just described; we do not go into it
in detail. On performing the necessary matrix multi-
plications, we obtain the results shown in Fig. 1, where
S* and S, are plotted as functions of q=('/(('+6)
Figure 2 exhibits S'/S, as a function of the same param-
eter. A number of points demand further comment.

(A) We observe that

Sg~ 1 ag ('~ CG

S*—&0 as t'~ &n

agreeing with the values otherwise obtained in the jj
limit at the beginning of this discussion. The agreement
so obtained furnishes a valuable check on

(1) the correctness. of the I8 matrices given in Ap-
pendix 2 of Ma59,

(2) the consistency of the phases of wave functions
and P matrices.

(B) It would be just as easy to calculate S, for the
transition

(1P') (ToJo)= (2 k) ~ (Ip') (2'J)=(00)

directly from (III.93), using the cfp which we have
agreed on as standard. For the second half of the 1p
shell, as in this example, the standard cfp are those of
the (R set, obtained from the complementary (4l3) cfp
in 2 with the help of (III.41). S, would then be ob-
tained, by (III.91), on matrix multiplication by the
row and column vectors —E and Ear of (III.104). The
results are the same as before.

In every calculation of reduced widths in an LSJ
representation, it is desirable to check consistency of
phases and the correctness of the P matrices by going
to the jj limit. The relative reduced width under con-
sideration should be computed by substituting the
appropriate eigenvectors of the spin-orbit matrices for
(1p)" and (1p)~ ' in (III.91) and comparing with the
value of S(jj) obtained by an independent calculation
in a jj representation. This was done in Example 1.

02 0-4 0.6 0.8 1.0
$+6

»G. 1. Spectroscopic factors for A = 12=13 as a function of the
spin-orbit parameter g.

1.0

l2( ) 15CI5 0.78
(+)G,C

'//XXX////~XX/ ZZ/ 8/ / lF(, t

0 02 0.4 0.6 0.8 I.O

$+6

FIG. 2. Ratios of spectroscopic factors for A = 12 13 as a
function of the spin-orbit parameter q. Experimental 82*/8, '(d, p)=0.25~0.06; experimental 8'*/8, ' (P,d)—0.95 experimental
8'*/8g' (d t)—0.78.

Exump/e Z.

0"(d,p) —+ 0"(1.98 Mev) 1=0+2
—+ 2+

8'(2)/8'(0) =4.4.

Our analysis is very similar to that of Bilaniuk and
Hough (Bi57) who first studied the preceding transition.
It illustrates how a reduced-width ratio can lead to a
direct determination of an amplitude in a wave function.

From the structure of 0", which has a ~+ ground
state, a 2+ state at 0.872 Mev, and no ~+ states until
5.08 Mev, we expect 1d; and 2s~ to compete closely in
the low-lying levels of nearby nuclei, 1dg being relatively
unimportant. Let us, therefore, write for the wave
function of the preceding 2+ state in 0",

A ps(d)') 2+Age(desi) 2, (III.107)

neglecting the small amounts of (d;d1), (das;), and (d*,2)

which may be present.
Since the 0'~ ground state is simply d~, it is obvious

that
S(l=0)= IA»l' S(1=2)=2IAsgl'. (III.108)

Remembering that 8'= $80', we have

8 ((=2)
l Assi 80'(ld)

=2
8'(l=0) lA»l' 80p(2s)

(III.109)

The single-particle reduced widths are, unfortunately,
not known very precisely in this mass region; however,
the results of various O"(d,p)O" experiments (see
Table I for references) and indirect evidence from
other nearby nuclei strongly suggest that

8o2(2s)
2 & ~&3.

80'(1d)
(III.110)

By using (III.110) and the observed value 4.4 of the
reduced-width ratio in (III.109), we find

0.43& lA, l
&0.36, 0.89( lA l

(0.93. (III.111)
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In other words, the relevant 2+ state in 0" contains
between 13%%uz and 18%%uz of (d;si).i5 This is to be com-
pared with the rather larger value of around 40%
which emerges horn intermediate-coupling calculations
(Re54, Re58). The neglect of the small amplitudes
involving d.; has no effect on this disparity. Bilaniuk
and Hough (Bi57), who used a different method of
accounting for the difference between the l=0 and l =2
single-particle reduced widths, found

(lA„l,iA„l)= (o.81, o.48),

which is not very different from (III.111).The ampli-
tudes are quite insensitive to the uncertainty in the
single-particle widths and similarly to inaccuracy in'the
measured reduced-width ratio.

Experimental results (Bi57) are available only for
the transitions to the three lowest states in 0", at
0 (0+), 1.99 (2+), and 3.55 (4+) Mev, respectively.
A determination of the position of the next 2+ state,
whose wave function is approximately

—A5g(de), +Agi(d;s;) 2,

would yield an estimate of the interaction matrix
element

H» ——((d )2iHl(dms;))2.

The relevant 2+ state could be identihed by its domi-
nant l=0 stripping component from 0", the small l=2
admixture being, in all probability, too weak to be
detected. If the observed separation of the two 2+
levels is hE (we know that AE)1.5 Mev), first-order
perturbation theory yields

l&»i —lA»l/~E

the amplitude being measured by the reduced widths.
In the preceding example it is of no consequence

whether or not we use the isotopic-spin formalism,
since we are dealing with states of maximum isotopic
spin.

TABLE III.

Excitation (Mev)
in K4'

0
0.028
0.795
0.885

4-
3
2
5

3
3
3
3

g2

(relative to 8,')
1
1.1
1.2
0.95

ignored; we see later that this involves no additional
physical assumption because of the uniqueness of the
proton and neutron states concerned. Since the number
of antisymmetrically coupled neutrons is simply 1, it is
obvious from the definitions (111.54) and (III.56) that
each of the four l=3 transitions in question has 5=1.
This result is also contained in (111.80), as can be seen
by putting m~=0, e~ ——1 and observing that each of the
Racah coeScients and the cfp has the value unity.

That these predictions agree quite well with what is
observed for the transitions in question is apparent from
the list of experimental results in Table III (En59),
taken from Table I.

Of the four states listed in Table III, those with
spins 4 and 5, the ground and 0.885-Mev excited
states, respectively, of K", cannot be reached from K"
by l= 1 transitions because of angular-momentum con-
servation. For the 2 and 3 levels, however, the possi-
bility of l=1 components is open and might arise by
interaction with the appropriate members of the tetrad

{L(d )~7i Xi (2py)7 }g, J=O) 1, 2, 3—. (III.113)

The major portions of these 2p1 states are found to he
around 2 Mev in K", as evidenced by prominent l=1
stripping (En59).

The l=1 admixtures found in the l=3 transitions to
the levels 0.028 Mev(3 ) and 0.795 Mev(2 ) of K4'
are certainly small. For the 3 state, En59 give, as a
result of a very careful analysis, a lower limit

Exaiiip/e 3.
K89(d p) ~ K4'

(4-,3,2,5 )
l=3

e'(l=3)/8'(1=1) ~&50,

with an even larger limit for the 2 state.
If we wite

(III.114)

Four l=3 transitions are observed leading to the
ground and first four excited states of K4' (En59). In
considering these transitions it is most convenient to
work without the isotopic-spin formalism.

The work of Goldstein and Talmi (Go56) and of
Pandya (Pa56) has demonstrated that the four K"levels
in question may be identi6ed, to considerable accuracy,
with the quadruplet

{L(d,*');7nXi 1f7/, 7„)g, J=2, 3, 4, 5—. (III.112)

This wave function has the form of an fqJ2 neutron
coupled to the K" ground state (d, proton hole)
function. The closed shell (d~')0 of neutrons has been

' Percentage refers to the square of the amplitude.

&i{L(d ):7,XLfv»7 )z=3+&2{L(d )17,XL2p~7.)
for the K" (0.028 Mev) wave function, it is clear that

8(1=3)/8(1=1)=
l Ei ['/l E2 l'. (III.115)

Now, as we see in Secs. V and VI, an analysis of many
transitions in the mass region 24»&A &70 indicates that

8o'(2p)/0o'(1f) =2

is a reliable estimate, whence, using (III.114) and
(III.115),

lz, l2/lit, l2& 1oo.

Ke therefore conclude that Ey&~0. 1 and that the
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relevant 3 state contains less than 1% of

(Ld)'jiLf»ij V=3
~

an upper limit which applies a fortiori to the 2 state.
In order to produce a 1% /= 1 admixture in the 3

transition by interaction with the appropriate 2p~
level, which appears at 2.042 Mev in K~, a matrix
element of the order of magnitude of 200 kev is neces-
sary, as follows from the 6rst-order perturbation theory.
A plausible calculation of this matrix element (Pa57b)
yields a value of 330 kev. The difference between these
two values is not surprising in view of the uncertainty
as to the exchange character of the effective two-body
interaction.

It is important to observe that the separate proton
and neutron states in (III.112) and (III.113) are
unique. Thus, it is not necessary to make an additional
physical assumption to the effect that the neutron and
proton angular momenta are each good quantum
numbers. This is to be contrasted with the situation in
Example 5, Sec. III.10.

By treating neutrons and protons separately in this
example, we were enabled to ignore the closed dg neutron
shell. The problem was thereby reduced to the simplest
of two-body cases (strictly, one hole and one particle),
where we do not have to worry about antisymmetry
between the two particles concerned.

Exes/e 4.

N" (d,ii) -+ 0"(g.s.) /= 1.
p+

This reaction has not yet been studied experimentally.
Adopting a jj representation (the result is the same
with an IS representation, as we see later), this transi-
tion involves filling a hole in the 1py shell. It follows at
once from the uniqueness of the states concerned that
the appropriate cfp is unity. Thus, from (III.70),

S(closed shells-+ p; ') =4, (III.116)

the number of nucleons in the pi shell. In Sec. III.10
we have more to say on the subject of large spectro-
scopic factors for transitions wherein a shell is com-
pleted.

Without isotopic spin, the foregoing transition ills
the p~ neutron shell, for which, by the same argument,
S=2.

The apparent discrepancy is removed on recalling
the isotopic spin coupling factor in the Butler formula
(II.19). In the present instance it is

K'Lk 2 oi 2
—

2 0j)'=k.

The N" ground state is a single-hole p; state in the

jj picture. There is a similar p; state at 6.33 Mev in
N". A. transition connecting this pt hole state to the
ground state of 0', which could be realized experi-
mentally by 0"(44 4/) N'4, would have

$(closed shells -+ p; ') =g. (III.116')

In an LSJT representation, (III.116) and (III.116')
are trivial consequences of (III.103). The two transi-
tions we have just discussed are

(1p)", (T&i)= (oo) ~ (1p"), (T~)= (2~),

with J=2 and ~. The complementary transitions are

(1p)', (»)= (2~) ~ (1p)',

where, obviously, 8=1 for both values of J. Since the
relevant states are unique and there are therefore no
amplitudes to take into account, (III.103) immediately
gives

S(closed shells ~ pg ') = pJ2"/JOTO] 1=2(2J+1),
(III.117)

a result which includes both (III.116) and (III.116')
as special cases with J= 2, 2, respectively.

Equation (III.117) is also obtained, perhaps in a
more revealing fashion, on consideration of the extra
recoupling transformation which, as we saw in Sec.
III.8, is the one extra complication which led to the
separate treatment of LSJT representations. The ap-
propriate Racah coeKcient is

U(L,S» 'JSO)'= U(1—'1-' J-O)'= (2J+1)/6.

It is obvious that the remaining Racah coeScient and
the cfp in (III.92) are both unity. The relative reduced
width is therefore given by the product of the recoupling
coeKcient and the number of particles (12) in the
complete 1p shell:

S(closed shells —+ pg ') =12 P(27+1)/67=2(21+1),

which agrees with (III.117).It is instructive to observe
the combined effect of the extra recoupling factor and
the difference in the number of nucleons in LS and jj
closed shells.

E uxpiiie/5.

Ca4'(4/, p) -+ Ca4' (g.s.)
Ca4'(4/ p) -+ Ca4' (g.s.) /= 3
«"(4/ p) «" (g s )

If we are not using the isotopic-spin formalism, the
coupling factor would, naturally, be ignored. The
reduced width 0 extracted with the isotopic-spin
formalism is thus twice what is obtained without it, a
factor which is rejected in the preceding S values.

The lowest levels of the Ca isotopes are expected to
belong to the configurations fr/Q"As in Examp, le 2, it
is immaterial whether or not we use the isotopic-spin
formalism, since all states concerned would have

maximum T.
The ground-state transitions, with their respective
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relative reduced widths, are

f»2 ~ [closed shells], 8= 1

(f»2')»2 ~ (f»2')o ~=5(fvi2' 4 jvi2'0)'= 4

(fr2')»2 (f»2') o, 8=5(f7i2 k fV(2 0) 2

obtaining the necessary cfp from the tables of Ed52,
with the help of (III.41) for the last one. These spec-
troscopic factors can also be obtained very simply from
the sum rules to be discussed in Sec. III.10. (See
Example 2 of Sec. III.10.) The observed ground-state
reduced widths (Bo57, Ca57, Bo57a) are seen, from
Table I, to be in the ratio

4:2.9:1.6)

in satisfactory agreement with the predicted values

4:3:2.

These transitions furnish useful illustrative examples
in. a preliminary discussion of single-particle levels.
Although there is a variety of possible definitions, the
underlying physical picture is the same in all of them.
We think of a nucleon moving in a potential well
generated by the other constituents of the nucleus [A].
These other constituents must be well described as
being in some definite state of the nucleus [A —1].A
state of [A] which can be represented in such a fashion
lends itself very naturally to the description "single-
particle level. " It is characterized by a specified value
of l (or both / and j) of the extra particle and can be
identified by its prominent appearance in transitions
involving the transfer of a single nucleon. According to
the intuitive description of a reduced width given in
Sec. I, a single-particle level of [A] would be one which,
by definition, has S=1 and 0'=0&' for decay to its
particular parent state of [A —1].Single-particle levels
are naturally encountered in nuclear reactions on
[A —1] as target. The term "single-particle level" is
usually confined to states of the foregoing description
whose parent is the ground state of [A —1].We follow
this custom in the present study since we deal with
target nuclei in their ground states. The case of excited
parent states could be of interest in connection with
the decay of levels of the compound nucleus in resonance
reactions.

In expressing these ideas more precisely, we can
distinguish two different situations according to whether
the effective potential field does or does not number
among its generating nucleons some which are equiva-
lent to the loose "single" particle. At the very outset,
we demand freedom to express our definition in a
number of different ways, since which one is most con-
venient depends on the context. The various alterna-
tives do not confhct with each other.

Bearing in mind the ground states of the Ca isotopes,
let us define a single-particle level of the first kind as

(III.118)

are usually of the same order of magnitude as the
single-particle width, and, in fact, we always have
S ~& 1 in such cases. On the other hand, transitions of the
type

(j'"+')z =o, .=0 ~ (g"+')i,=. ..=i, (III.118')

wherein a nucleon is added to rather than removed
from a single-particle state, do, in fact, have" S&i.
Explicit spectroscopic factors for the foregoing transi-
tions are derived in Sec. III.10, Example 2.

The configuration j'"+' contains several states other
than the lowest-seniority single-particle state. It would
be natural to refer to (g"+')JWj or (j'"+')J=j, u W1
as "multiparticle" states. The configuration (g"+')g~;
cannot be reached from (j'")0 by a stripping transition
because of angular-momentum conservation, the same
being true for (P"+')J=j, sW1 as a result of the
seniority selection rule" he=1. For (f»2)'"+' (identical
nucleons), no states with J=j, v W 1 occur, as is also the
case for j= ~ and —,'. An example of a multiparticle
level is the 0.373-Mev level in Ca4', whose dominant
configuration is probably (f&~2i)t and which shows no
stripping from the (f»2')0 ground state of Ca .

The basic idea of the Mayer-Jensen single-particle
model (Ha49, Ma49, Ma50, Ha50), where the notion
of single-particle levels originated, is that the properties
of low-lying states of odd-A nuclei are determined by
the last odd nucleon. We might try to express this
formally by assigning a wave function (j'")Oj (+2m+1)
to a single-particle level of j~"+'. As was realized in the
very early stages of the single-particle model (Ma50a),
this would violate the exclusion principle. On antisym-
metrizing (j'")0jcomponents involving (j'")&&0 appear.
The natural substitute for (j'")Oj is (j'"+')z;,„»
which has many of the characteristic properties of states
of the Mayer-Jensen model and satisfies the primary
demand of antisymmetry.

'6 This de6nition applies to a condguration of both neutrons
and protons, or to an odd group of particles of one kind (neutrons
or protons) only. If the conaguration j'"+' contains more than
one state with J=j, the single-particle level is de6ned to be that
of lowest seniority. (@=1.See Ra49, F152, Ed52. )"An absolute upper limit on all spectroscopic factors is
provided by the inequality S ~&e, where N is the number of
nucleons in the heavier nucleus equivalent to the transferred
nucleon. The case of equality, wherein the upper limit is attained,
corresponds to the transition (III.118').

"For stripping from (j'")0, this seniority selection rule does
more than forbid transitions already forbidden by angular-
momentum conservation only when j "+' contains J=j, @&1.
We must then make the assumption (which is probably reason-
able) that seniority is a good quantum number.

one whose dominant configuration is (g"+')q, .'6 Tran-
sitions leading from (j'")0 to such levels do not neces-
saxily have S= 1;however, as in the foregoing examples,
the reduced widths for the single-particle transitions,
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On the other hand, the wave function

which we may abbreviate to (j'")pj, contains no com-
ponents wherein the 2n equivalent j nucleons are
coupled to nonzero spin. This state is of precisely the
sort envisaged by the Mayer-Jensen model, and may
be referred to as a single-particle level of th~; second
kind. It follows from (III.73) that the transition

has $=1, its reduced width being the single-particle
width 0o'(t' j').

We expect to 6nd single-particle levels of the second
kind, with configurations (fit/") p2py, (fqt p'") o2pt„among
the low-lying" levels of the Ca isotopes. Instead of the
expected two such levels, we find in each of Ca", Ca",
and Ca", some half-dozen /=1 transitions, most of
which are far short of single-particle strength. Indeed,
the only two levels which can possibly be predominantly
(j'")pj' are the py levels at 1.947 Mev in Ca4i and at
2.048 Mev in Ca4'. The appearance of appreciably more
transitions of given / than would be expected on the
basis of simple counting is not necessarily indicative of
a failure of the model used for the relevant nuclear
states. Interactions between Gnal states can give rise
to a fragmentation of single-particle levels into several
components, each of which may show a sizeable stripping
width. This idea of spreading out a single-particle
reduced width over a number of levels is the basis of
Lane, Thomas, and Wigner's (La55) treatment of cross
sections averaged over many resonances.

From the viewpoint of this study, the most signi6cant
property of a single-particle level (of the second kind)
of a nucleus fA] is that it is connected to LA —1]by a
transition with S= I. Our discussion has, until now,
been con6ned to the case where A is odd and the
relevant state of t 2 —1] is coupled to zero. It is clear
from (III.73) that we can have transitions with S=1,
involving an inequivalent nucleon, wherein neither of
the restrictions just mentioned applies. It would be
desirable to include such cases in our de6nition of
single-particle level. For example, we would like to
think of the Koo(d, P)K4o transitions discussed in Ex-
ample 3 as leading to single-particle levels. The neces-

sary generalized de6nition, still in accordance with the
physical picture discussed earlier, is given in Sec. III.10
in a manner which does not rely upon de6nite con6gura-
tion assignments. It contains (j'")pj as a special case
and does not confhct with (J'"+')s;.

"Sy "low" we mean at an excitation of 5 Mev or less.

Conclld~ng Remarks

In Secs. III.7—9, especially when working in jj
representations, we concentrated much of our attention
on the calculation of relative reduced widths between
single basic states of pure con6gurations. It should now
be clear that this imposes no limitations on the appli-
cability of our results. If we can calculate these ele-
mentary constituents of reduced widths, the general
case follows without difhculty by taking linear com-
binations in the manner described at the end of Sec.
III.7. It is to be noted that the various contributions to
the reduced width are coherent.

Finally, it is of interest to mention the possibility of
working in a mixed I.S and jj representation, For
example, the ~+ and 2+ levels near 8 Mev in B",
which we discuss in detail at the beginning of Sec.
III.11,may be described in terms of a 1dg or 2sg nucleon
coupled to the ground state of B', whose wave function
can be given in an I-S representation.

10. Sum Rules and Related Toyics

By using normalization and factorization properties
of cfp, various sum rules for relative reduced widths
can be written down from the expressions given in Secs.
III.7 and III.8. In this section we discuss such rules,
once again treating jj and ISJT representations
separately. The sum rule which we use most frequently
emerges from the weak-coupling formalism to be
described in Sec. III.11.

Using this to sum over rp in (III.119), we obtain our
6rst sum rule:

r0
(III.120)

jjRepresestatioss

To begin with, let us use the direct-product notation
described in Sec. III.3 and adopted throughout Sec.
GI.7. We deal with transitions between states of a
single shell, phrasing our results so as to apply either
to jj or to jjT representations. Specifically,

p=(j t=o) or

r= (x,J,T) or (x,J),
I'o= (xo,Jo,To) or (xo,Jo),

where x and xo symbolize all necessary nonangular-
momentum quantum numbers.

Rewriting (III.70), we have

S(s, r ~ s—1, rp) =s(p"r~ p" rp) . (III.119)

The condition that the relevant wave function (p")r be
normalized yields, as in (III.22),

P (pnr
~

pn-lr )P —1
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From the standpoint of a (d,p) reaction, (III.120)
involves a summation over initial states. It is, accord-
ingly, of interest mainly" in connection with pickup
reactions. More interesting would be a sum rule in-
volving summation over I" in (III.119),since this would
concern Qnal states in true stripping reactions, to which
most available experiments refer. (See Table I.) A sum
rule of the desired nature can be deduced from (III.120)
with the aid of the hole-particle theorem (III.76) for
relative reduced widths. In fact, rewriting (III.76) and
summing over F, we have

The summation over I' on the right-hand side can now
be carried out by (III.120), giving a second sum rule

P [I']S(n, I' —+ n 1, I"p) = (X——n+1)[1'p], (III.121)
r

where X=[p] is the number of particles in the complete

p shell.
Let us now adopt a jjT representation, wherein

further sum rules can be derived by expressing the cfp
as products of spin-orbit and isotopic-spin factors. The
factorized sum rules can be combined to reconstruct
(III.120) and (III.121), as is seen explicitly in Example
3. Thus, the new sum rules really contain the ones
already written down.

The wave functions for j"are characterized by xJT,
where x symbolizes irreducible representations of the
symplectic group (F152) together with any additional
quantum numbers which may be necessary. The value
of T determines the transformation properties of the
isotopic-spin part of the wave function under permuta-
tions in charge space and hence, through the exclusion
principle, also the symmetry of the spin-orbit function.
In fact, the isotopic-spin function transforms according
to the irreducible representation of the symmetric group
S„corresponding to the partition [pn+T, —,'n —T] of n,
while the symmetry of the spin-orbit function is charac-
terized by the partition [2~"—r, 1'r] obtained by inter-
changing the rows and columns of [,'n+T, ~~n —T—].
The dimension of either of these irreducible repre-
sentations is easily found from We46 (p. 201) to be

(tnT
~

tm—1T )p (III.124)

The full cfp can then be written in the factorized
form (Ja51, p. 503)

(j"»TI
j" 'xo~pTp) = (vo/v) '*(j"»(T) l

j" 'x&p(Tp) )
X(t"T

~

t"—'T,), (III.125)

where, according to (III.124), (t"T~P 'To) has only
two possible values, namely, +1 or —1. The bracketed
symbols T and To in the spin-orbit cfp label the sym-
metry of the corresponding functions in the manner
just described. The dimensions v and vo of the relevant
irreducible representations of the symmetric group are
given by (III.122).

Again we start from (III.70) using (III.125) to
express the spectroscopic factor in the form

modifications of (III.20), the full cfp also appearing as
products.

This factorization procedure is well known in both
I.S and jj representations (Ja51, Ed52), following from
a theorem enunciated and proved by Racah (Ra42).
The description given in Secs. 2—4 of Ja51 is very
thorough and readable; although it applies specifically
to LST representations, only minor modifications in
notation are necessary in carrying it over to the jjT
case. The results we need are given in Ed52, Eqs. (1),
(2), and (4). In using these equations, it should be
noted that the summations over the symmetry quantum
number for j" ' (X' in the notation of Ed52) in Eqs.
(2) and (4) are redundant. This comes about because
(again using the notation of Ed52) the Yamanouchi
symbol k labeling the spin-orbit and charge functions
for n particles determines the n—1 particle Yamanouchi
symbol k' which is obtained. from it by removing particle
label g n."k', in turn, determines the irreducible repre-
sentation X' of S ~ to which it belongs. Thus the sum-
mations over X' each reduce to a single term. In par-
ticular, the isotopic-spin function is dered by Eq. (4)
of Ed52, which reduces to a simple product. In fact,

(t")r,o
——(t"T~t" 'Tp)[(t" ')ro, poXt(n)]r, (III.123)

where the Yamanouchi symbols k and ko label particular
functions of the basic sets which span the relevant v,
vo-dimensional representations in isotopic-spin space of
S and S ~, respectively. Since the isotopic spin
functions are normalized, we have

n!(2T+1)
(III.122) $(n, AT +n 1, xgJpTp)— —

=n(vp/v)(j"x j(T) )g" xojp(To)) . (III.126)

We now express the full wave functions as sums of
products of spin-orbit and charge functions, each of
which is separately normalized. Correspondingly, spin-
orbit and charge cfp are defined by the appropriate

"Equation (III.120) also refers to a stripping reaction if the
summation over Fo reduces to a single term which corresponds to
a ground state. We encounter such a situation, for example, in
Mg '(p, d)Mgm (g.s.), described in pure jj coupling.

By using (III.124) and the normalization condition

&0~0

of the spin-orbit functions, we can sum over xpfp in

21 Yamanouchi symbols and their significance in. the present
context are described iri Sec. 1 of Ja51.
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(III.126) to obtain a third sum rule obtain a fifth sum rule:

P $(n,xJT~ n —1, xoJoTo)=n(vo/v) .(III.127) Z 8(n, «JT —+ n —1, ~onoJoTo)
~p Jp ap Jp

Another sum rule follows from (III.127) in the same
way as (111.121) was obtained from (III.120). Re-
writing (III.76) and summing over xJ, we have

=n—
&o (T) i op(Tp)& . (III.132)'

The technique whereby a sixth sum rule can be
obtained from (III.132) has already been described
twice, .following (III.120) and (III.127). We need
reciprocity theorems connecting the factors of the
spin-orbit cfp with their complements. Such theorems
depend on the fact (We28, p. 281; F152) that n-particle
spin-orbit functions which spread out the irreducible
representation of the symmetric group labeled by the
partition L2i" T, 1'T], also transform according to that
irreducible representation of the unimodular unitary
group SU(2j+1) which is characterized by the par-
tition in question. They are special cases of a general
theorem connecting the coefficients which reduce a.
product of contragredient representations with the
coefficients reducing the original product representation.
(see Ja51, p. 518). In the present case, we have

Q LJ]8(n xJT~n 1 xoJoTo)

Jo&O
Q 8 (1V—n+1, xo'JoTo p E n, *'—JT,).

T ~ sJ

Equation (III.127) can now be useci to perform the
summation over xJ on the right-hand side, giving a
fourth sum rule:

Z P]8(n, xJT~ n 1, xoJ—oTo)

P JOTO=—(cV—n+1), (III.128)
u0 T J

where
(lV—n)!(2T+1)

pC—
L=,'(A —n)+ T+1]!P,(X—n) —T]!' ' ooo'Jap

i
o'n'J& J -

& (d'(po) ) i
= (—1)'+"+ —

~
(, (111.133)

Jp. &d'(o) j&«J ( ~pep Jo&(X—n+1)!(2Tp+ 1)
C—

0
L-'(1V—n+1)+To+1]!L—'(1V—n+1)—To]! &

'(T ) I
'(T)& t'd"+'(To) d'( ) &

'

&~(T) I~p(To)& & d"+'(T) d'(~o) j (111.134)

The sum rules (III.127) and (III.128) can be further
reined by splitting the spin-orbit cfp into two factors.
Ke have already stated that x stands for irreducible
representations oof the symp-lectic group SP(2j+1),
together with any other quantum numbers which may
be necessary. In other words, x= («).The factorization
in question, which follows from a theorem of Racah
(Ra49), is expressed by Edmonds and Flowers (Ed52)
in the form

where d"p+'&(T) is the dimension of the irreducible
representation. L2&" T, 1'T] of SU(2j+1), d'(pr) being
the dimension of the irreducible representation 0- of
Sp(2j+1)

On multiplying (III.133) and (III.134), we obtain
the reciprocity theorem satisfied by the spin-orbit cfp.
It contains no reference to the -dimensions of repre-
sentations of the symplectic group. If we then multiply
this reci ro it th o m f n- '

fp c y e re or the st orbit c p by the
&j"*J(T)

I
j.-'*.Jo(To))= &-(T) I-o(To)& corresponding result,

X(«J j prop. oJo), (III.129)
{~N—p+1T

~

~N p,
T&/&p T~ p—1T

& ( 1—)T+Tp+ '(III 135)—

2 &~(T) l«(Tp)&'=1,
&p

(«J~ 0'pupJp& =1,
ap Jp

(III.130)

(111.131)

which combine to give the normalization condition for
&j"xJ(T)

l
j" 'xoJo(To)&

On substituting (III.129) for the spin-orbit cfp in
the expression (III.126) for the relative reduced width,
and summing over prpJp by means of (III.131), we

where the erst factor is independent of o. and J, the
second of the representation (T) of the symmetric
group to which 0, and J belong. The two terms in
(III.129) are exhibited separately in the tables of cfp
in Ed52. They obey the normalization conditions

for the isotopic-spin cfp, introduce the correct weight
factors as in (III.125), and use (III.122) and We28
(p. 383) for the various dimension factors which occur,
we arrive at the hole-particle theorem (III.41) for the
full cfp. This provides a useful check on our procedure.

To obtain the sixth and 6nal sum rule, we write
down (III.76) summed over nJ, using (III.132) to
carry out the summation on the right-hand side of the
equation. 0. symbolizes all quantum numbers necessary
in addition to 0-, J, and l. AVe have, then,

Z P]8(n, «JT~n i, ~o~oJoTo)—
Joro V= (1V—n+1) — —(p.o'(To)

~
o'(T))' (111.136&

~0
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For transitions in the second half of a shell this result
is convenient as it stands. In the 6rst half of a shell we
can use (III.134) to write, alternatively,

p fJ5S (n, oaJT~ n 1, o o—o'oJoTo)

JOTO r' d-&'&'+"(To) d'(o)= (N —n+1)
T ro' d&'&+'&(T) d'(oo)

Consider the transition

a,

r,
for which, according to (III.64),

'
X t

~. (III.138)sJI

X&.(T) l..(T.)) . (III.137)

The dimensions of irreducible representations of
SU(2j+1) and SP(2j+1), which are commonly of
interest in practical applications, are listed by Flowers
(F152), Tables I and III, respectively.

In a true stripping reaction, the differential cross
section is proportional to I J]8'. Only if the spin of the
relevant 6nal state is known can the actual reduced
width be extracted. On inspection of the sum rules,
however, we see that (III.121), (III.128), and (III.137),
which refer to Gnal states in stripping reactions, already
have the spin factor LJ7 inside the summation. They
have the form QLJjS. On the other hand, no spin
statistical factors appear in the expression for the dif-
ferential cross section of a pickup reaction, the reduced
width 8 emerging directly. Correspondingly, the pickup
sum rules (III.120), (III.127), and (III.132) contain
no spin factors, having the form p S.

Thus, the statistical factors in the cross section and
the internal spin factors in the relative reduced width
are intimately related. We encounter this connection
in other parts of this study, notably in connection with
hole-particle theorems for reduced widths and in the
discussion of Example 2 in this section. The various
factors combine in such a way that the sum rules can
be applied even if the spins of the Anal states concerned
are unknown. Indeed, the possibility is opened of using
our sum rules in discussing unresolved or poorly
resolved groups of final states. It should also be noted
that sum rules can sometimes be used when, because
of ignorance of spins, we cannot proceed by calculating
individual spectroscopic factors.

Sum Rules for Afore Complicated Configurations

We saw in Secs. III.7 and III.8 that the form of the
hole-particle theorem for relative reduced widths
L(111.76) and (111.103)g is the same in jj and LS
representations, and that, moreover, it is not disturbed
by the presence of inactive groups of nucleons with
nonzero total spin. Let us now examine the correspond-
ing situation for sum rules. We find again that the
extra recoupling coeKcients have the effect of replacing
the spins of the active groups by the total spins, the
form of the sum rules remaining the same as before.

s= 2U(&~p2r»:roe. 2) (o2"'o.2lo2" 'p2)' (111139)

The summation over I'0 is immediate, yielding

p s(n„~,r~ n, —1, p,r,)=n,(»-~, lo,-- p, ) .
r0

We can now sum over p2 as before, using the nor-
malization of (p2"')e2, whence

p s(n2) G2r ~ n2 —1, p21'0) =n2) (III.140)
Pai'0

of the same form as (III.120).
To obtain the sum rule for n2 and F, let us erst note

that

U(~y, rp, :r~,)'= Lr~,/rp, ]U(n~,&,r, : rp, )2,

so that

p I
rjS(n„n,r ~ n, -1,p,r,)

r =.
I
ro- /rp j(""*-I."-'p.)'

=(X2—ng+1)Lr, ](p ~' "~'p2'lpp "' ')2

the second step using (III.41). The normalization of
the cfp then leads to

P Lrja(n„o,r~n, —1, P,r,)
Fa2

= (X2—n2+ 1)Lrp]) (III.141)

of exactly the same form as (III.121). The four addi-
tional sum rules obtained by factorizing the cfp can
obviously be derived as before.

We conclude that the way in which statistical factors
in the cross section keep step with spin factors in the
reduced width is not spoiled by the presence of inactive
groups of nucleons, even if these are not coupled to zero.

Example 1.

Mg"(p, d) ~ Mg'4 l=2(dt).
0+ 2+ 4+

The transitions in question to the three lowest states
of Mg" have been studied experimentally by Bennett
(Be58). The transition to the 4+ level, however, was
not de6nitely resolved. We assume that Bennett's
third deuteron group corresponds entirely to the 4+
state for the purposes of this example. " We use the

~ We return to this matter in Sec. V. (a) Physically, this may
not be a good approximation. Our main interest here is in showing
how the sum rules work.
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(di ')~, r, 0 includes thirteen states:

»To
——(000) J=0

(110) 2 4
(220) 0 2' 3 4' 5 6' 8.

(III.142)

I.et us, then, apply (III.127), with m= 9, and

»/i 0
——i (m=9, T=-,')/i 0(n=8, To——0) =-', from

(III.122). Therefore,

isotopic-spin formalism and assume that jj coupling is
a reasonable approximation, This is a procedure of
uncertain accuracy in the mass region in question, but
we can hardly avoid adopting it in order to be able to
treat the foregoing reactions within the framework of
the shell. model.

The transitions in which we are interested are

(d-: ').,r-:~—(d-:')~.. r =o.

The unfactorized sum rule (III.120) does not interest
us here because it includes TO= I states. Ke therefore
start by considering the first factorized sum rule
(111.127), which connects states of fixed isotopic spin.

(di ') q ~ r ~ contains two states, with 0 = (100) and
(210) (F152). We further assume that symplectic sym-
mctly ls R good quRntun1 nuIQbcr' Rnd Rglcc to describe
the Mg" ground state by J=-', , T='~i, 0 = (100).'~

whence
S2+S4= 8/3. (III.144')

Equations (III.144), (III.144'), and (III.143) then
ylcld

(To =0}
So+S2+S4=3= P S(0o&o). (III.145)

opJp

It is clear, from a comparison of (III.143) and (III.145),
that the other 10 states in (III.142) do not contribute.
Obviously, the transitions (100) —& (220) must be
forbidden by a selection rule. The nature of this
selection rule, however, is easy to 6nd; quite generally,
from the reduction of the direct product

(»ri»r~»r3. »r»,) X (100 .0)

of irreducible representations of Sp(2k), (0i0203»ri)
can only be connected to those representations of the set
(~i+ 1»»r2» ' ' '

» &&)» (»T» 0'2+1» '
» 0'&)» (0'»»r2» ' ' '

»
0'&+ 1)

which are allowed" (see F152, also We46, p. 218).
The observed ground-state reduced width (Be58) is

8,'=0.008, whence, using S,= xi from (III.144), we have
8»»'(1d) 0.024 for the relevant single-particle reduced
width. This value is in satisfactory agreement with
other estimates in this mass region.

Thc sltuRtlon ls n1uch less SRtlsf Rctory for' thc 2+
and 4+ states. The observed reduced widths (Be58) give

022+042=0.022+0.012=0.034 4.58',
(To =0}

S(aoJO)=9 —,
' 1=3 (III.143) which is to be compared width

S2+S4=8Sg
opJp

the summation extending over all 13 states (III.142).
We omit the additional symbol no in (III.143) because,
as we see, 0.

O
——(220) does not enter, the remaining states

being completely speciled by 0.0 and Jo.
Next we pass on to the doubly factorized sum rule

(III.132), which connects states of fixed isotopic spin
and also of 5xcd symplectic symmetry. First, consider'
T=~, 0.=(100) TO=0, 00=(000). The final state
being unique, we obtain a direct evaluation of a relative
reduced width. We have already evaluated all the
factors in (III.132) except ((100) L54)! (000) L44j)2,
where we introduce the partition ge+T, 2e Tj-—
instead of T. With the help of (III.134), Tables I and
III of F152, and the cfp of Ed52, we have

from (III.144) and (III.144'). It is not clear to what
extent this discrepancy is due to the crudity of the
model or to uncertainties in the experin1ent and its
interpretation. A remeasurement of the J0=4 reduced
width, resolving the two levels around 4.2 Mev in
Mg", would be valuable.

If we wanted to treat neutrons and protons sepa-
rately, we might make the further approximation, a
very common but doubtful one, of neglecting excitations
of the even group of protons in the Mg isotopes. The
transition in question would then be

(III.146)

So'+S2'+S4'= 5, (III.147)

&(1oo)L5411(000)L443'

d«&L(21$)d'(000)

d &@($221)d'(100)
((000)L22j (100)L»j '

Applying the unfactorized sum rule (III.120) without
isotopic spin yields

=70/156 -', 1=-', .

SL(000)0]=So=9 3= 3. (III.144)

Similarly, for 2'=-,', o.=(100) -+ To 0, o.o=(110), we-—
need

((1oo)L54j I (11o)L443)'= 8/9,

quite different from (III.145). The difference is due to
the fact that, in (III.146), the relevant states are repre-
sented by wave functions quite diferent from the ones

~' (010~~ ~ 0g,) is said to be a11ovred if 0I ~&o2 «&
~ ~ «&0.k. In yj T

representations we are interested only in cases where o; ~&2.
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used in the earlier part of this discussion. They are, in
fact, unacceptable because they do not possess definite
isotopic spiQ. Wc CIlcountcl' R similar situation ln
Example 4.

Eral/e 2. Fluctuations im tedgced widths. The sum
rules (III.120) and (III.121) yield expressions for in-
dividual reduced widths when the summations reduce
to a single term. Let us make use of this property to
demonstrate Quctuations in S throughout a shell.

Consider identical nucleons without isotopic spin.
The essential point is that (j ")z-.-o is linked, in both
stripping and pickup, to the unique seniority e= 1 states
with J=j of the adjacent odd configuration nuclei.

Apply (III.121) to the transition (j»+&)g ~(j»)q
where we omit the seniority labels. Noting that
lit'=2j+1, we have

corresponding transitions involving a single particle,

~""(S'+i ~j)"(2j+1)3(1~o)=2j+1
(III.152)~""(j~j'+j)"8(1~o)='1

The cross sections, from (III.151) and (III.152), are
therefore in one-one correspondence in spite of the dif-
ference in reduced widths. Notice that in a pickup
transition involving a single hole no cancellation can
occur and the large reduced width manifests itself as a
correspondingly large cross section.

In a true stripping reaction, on the other hand, the
compensation by spin factors of the large reduced width
associated with the filling of a shell is inescapable. To
make this point clear, consider the transition"

or
(2j+1)8 (2m+1 ~ 2N) = (2j+1) 2n—

8(2&+1~2n) =1—Pn/(2j+1) j.
(III.148)

x J, (»I 153)
Jj

Equation (III.120) yields, in similar fashion, the relative
reduced width for the transition (j'")0-+ (g" ') j=j.

$(2' -+ 2e—1)= 2e. (III.149)

Thus, for the chain of transitions

(nJ) = (00) ~ (1j)~ (20) ~ (3j) etc.,

expressions (III.148) and (III.149) combine to give

8{n—& m —1)= tt {Ieven),
(III.150)

S(e—+ rs —1)= 1—I (e—1)/(2 j+1)](e odd).

For j= 2, the sequence of S values so obtained is

&) 2~ 4:) 4~ ~~ 6~ ~~ 8

We have, incidentally, rederived two earlier results.
(1) Putting I= V = (2j+1)in (III.123), we 6nd 8=X

for a transition in which a shell is completed. This was
pointed out in connection with Example 4, Sec. III.9.

(2) The chain of 8 values for j= ~~ includes the three
. 8 values (1, ~, —,') connecting ground states in the Ca

experiments, mentioned in Example 5, Sec. III.9.
Although a transition in which a hole is filled has

S=E, it does not have a correspondingly larger cross
section than a transition involving a single particle.
This comes about through the inAuence of the spin
factors in the expression for the diGcrential cross section
(see Sec. II.2). Let us, then, compare single-particle
and single-hole transitions at opposite ends of the j
shell. On omitting everything but the relative reduced
width and the spin factors, we have, at the end of the
shell,

the p,d cross section involving no spin factors. For the

wherein we might hope to avoid the canceHRtions of
(III.151) and (III.152). Expression (III.139) can be
reduced to the case j2 '~ j2 ~'+j2 by means of a
single recoupling whose Racah coeKcicnt is

&(j~j2j~j2:Jo).

The relative reduced width for (III.153) is, accordingly,

8(yP1—1 y2+~ g1 ~ jP1—I j&%2—1 J)

=P/j~j2)Lj~j=Ã/j~3 (»I 154)

using (III.139) and the explicit value of the squared
Racah coe%cicnt. The differential cross section for the
transition (III.153) is therefore

~ Lj&Pjg&

. from (III.154). Thus, although cancellation can no
longer be supplied by the total spin factors, the de-
6ciency is made up by the additional recoupling coef-
6cient.

ExpcrlIDcntal 1csults with R bcRllng on thc predlctlons
of (III.136) are disappointingly scarce. The predicted
large reduced width (3=8) does seem to be observed
in 8"(d,n)C" (g.s.) (Ma56), but not, apparently in
Al" (d e)Si" (Ru57) or Ps'(d I)S" (Ca55). The ground-
state reduced width for Mg" {dp)Mg" is between five
and six times that for Mg"(d, p)Mg" (Ho53d). The
8 values predicted by (III.150) for the tail of the j= ~~

chain being —, and 6, the observed fluctuation is in the
expected direction but considerably smaller. In. view
of the approximations involved (see Example 1, Sec.
III.10), this result is quite encouraging.

24 The ensuing argument is the same if we replace jp& ' by jI.
The essential point is that the separate neutron and proton states
are unique, the doubtful "odd-group assumption" (see Example 4)
being, therefore, unnecessary.
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The best prospect for improving this situation and
of testing (III.150) is probably furnished by the Ca
isotopes. We have already seen that the (d,p) experi-
ments on Ca", Ca", and Ca" yield ground-state reduced
widths in satisfactory agreement with the S values of
1, 4, and —,

' predicted by (III.150) with v4= 1, 3, and 5,
respectively. Expression (III.150) gives S= 2 and S=4,
respectively, for the ground-state (p,d) or (d, /) transi-
tions on Ca" and Ca". These transitions should be
quite easy to observe.

By assuming that symplectic symmetry is a good
quantum number and considering transitions connect-
ing unique states of lowest symplectic symmetry, we
could exhibit similar fluctuations throughout a shell
containing both neutrons and protons, using the
isotopic-spin formalism. We do not go into this matter
here because of the lack of pertinent experimental data
and because the qualitative features are the same as in
the case of identical nucleons.

Prom (III.122)], (III.128) gives

84 25
[J]S,=13. .1=40, (m. 156')

JM, 2,4, 6 5 4.13

which agrees with (III.155).
There is a similar sum rule for transitions to T=1

states, which would appear in Ca~(/l, vv)Sc~. Expression
{III.128) gives, for the transitions

(fV/2 )T=i+- (fv/2 )To=3/2. So=7/27

84 27
[J]Sg=13 1=72. (III.157)

J'(T=l) 3 4.13

%e conclude our discussion of this example by veri-
fying that the T=1 sum rule (III.157) and the T=2
sum rule (III.156) combine to give the result obtained
with the aid of the unfactorized sum rule (III.121). In
fact, from (III.157) and (III.156),

Ca4'(d, p) —+ Ca44 l=3.
7/2 J=0, 2, 4, 6+

O', T=l,2 J (T~l} J(T=2}

=216+200=416, (III.158),

(III.159)
J,7=1.,2

We first use (III.121) without the isotopic-spin for-
malism. Noting that (fv/22)7/2 necessarily has good while (III 121), with [I'o]=[JoTo]=8.4, yields

seniority 00
——1 (there are no other -', states in fv/22),

the transitions are

J'=0,2 „4,6
[J]Sg=40. (III.155)

Since So=4 (from Example 2), we have also a sum rule

for v= 2 states:
(v=2}

[J]S,=36.
J=-2,4, 6

{III.156)

Let us now verify that) introducing the lsotoplc-spin
f'ormalism and applying the factorized sum rule (III.128)
to transitions between states of maximum isotopic spin
(T= 2, To= 2), we simply rederive (III.155). The result
is so obvious that we are really checking the con-
sistency of our sum rules.

011 applying (III.128) 'to

(fv/2')T =2, J =0 ~ (f~/2 )To =3/2, Jo =7/2

we note that the summation again contains J=o, 2, 4,
and 6. Since A =16, m=4, and

7'/vo' 7'(& 77=——12, T=—2)/7o'(A —n+1=13,To——2)
=25/4. 13

(fv/2 ) Zv ~ (fv/2 ) 7/2 v=1 ~

The selection rule 60= 1 limits the fv/24 states of interest
to v=o, J=o, and v=2, J=2, 4, 6. Noting that I=4,
X=8, (III.120) yields

the same result as before.
Example 4.

Sc"(d,p) —v Sc4' l=3.
Yj2

7 5 8.4
g [J]S,-11 —.

5
(III.160)

We notice that none of the final states in (III.160)
has J=O; in fact, (fv/24)z 2 contains no J'=0 levels.
Since Sc46 has T= 2, we are interested only in T= 2 and

There is no pertinent experimental data, although
Sc"(d,P)Sc4'(g.s.) has been observed. (See Wa55 for
references. ) Using the isotopic-spin formalism, the
transitions under consideration are

(fv/2 )T 2 (fv/2 )To =3/2, J = o7/42=(1000)

connecting states of the lowest isotopic spin (—', and 2,
respectively) in Sc4' and Sc4'. We assume that sym-
pletic symmetry is a good quantum number. Possible
final states are {F152)

o=(2000) J'=1, 3, 5, 7

ov= (1100) J'= 2, 4, 6.

Other T=2 states of fv/22 are forbidden by the sym-
plectic selection rule encountered in Kxample j. and,
in some cases, by conservation of angular momentum.
Expression (III.128) then yields, with an obvious
notation,



LIGHT AND INTERMEDIATE NUCLEI

'T=3. The unique state (f~~2')r 3 q 0 is thus the only
J=O state of Sc"which can arise from f~~2'

Let us now consider the 1=3 transitions in Sc"(d,p)-
:Sc" without the isotopic-spin formalism. In order to
vrrite down comparably simple vtave functions for the
relevant nuclear states, we assume that the total
.angular momenta J„andJ of protons and neutrons
.are, separately, good quantum numbers. This assump-
tion vras mentioned brieQy in Example 1. The transi-
tions in question are now represented by

(III.161)

= 6 6(f~i2'(30) I fn2'(5 5))'p'= 5P (III.166)

The second step uses (111.70): The third step follows
from the fact that the cfp is of magnitude unity because
of the uniqueness of the states involved. The isotopic-
spin coupling factor takes account of the diGerence in
the spectroscopic factors appropriate to reduced vridths
extracted with and vrithout the isotopic-spin formalism.

%e have already found, by direct evaluation, that
this relative reduced vridth is simply ~. Sy using
(III.166), then, we have

to the relative reduced width. Thus,

~= g'B 4 3 i 4 2 2]}'&E(fr~')&r~&=&»i +-

(aim')&r~. & v=2m»] P' (III.165)

The relative reduced width for this transition is pg (III.167)

5~(lOJ l:-'J-)'0 i 'J-
I
f~n'0)',

:and is zero unless J„=—', . There are, accordingly, eight
Anal states with J=O, 1, 2, 3, 4, 5, 6, 7, each being
connected to the five-particle state in (III.161) by a
'transition with 8= &. We have the sum rule

(m. 162)

In spite of the fact that the right-hand sides are the
same, the sum rules (III.160) and (III.162) are quite
different. In particular, (III.162) contains a J=0 state
which does not appear in (III.160).

Since, as we have remarked before, there is only one
J=O state of f7/2' with T=2, this unique state having
T=3, vre must have

Now this state cannot be attained by transfer of a
single nucleon from any state with To= —,', furthermore,
we have seen that it is connected to

(III.168)

where P;; exchanges the space and spin coordinates of
nucleons i and j.This form for the "square of the iso-
topic-spin operator" has a meaning even if the isotopic-
spin formalism is not used. The eigenfunctions of
(III.168) are, by definition, "states of de6nite isotopic
spin.

The expectation value of T' in the state (III.164)
can now be calculated in straightforvrard fashion. The
result, which we state with proof because the details
are of no interest to the present study, is

(T')= 17/4. (III.169)

By inserting cg(TO= ,')+PP(To= ',) in—stead of (III-.164),
we And

P')= (»/4) '+(35/4) p', (III.170)

since the expectation value of X in To=-'„~states is
15/4 and 35/4, respectively. By using (III.169),
(III.170), and the normalization condition, we have
two simultaneous equations,

The conclusion is, in other words, that the wave function
(III.164) is 90%% Tg ——3~ and 10%%uo To= s'.

It is interesting to verify this result by considering
the operator T', which, operating on e-nucleon wave
functions, can be vrritten in the form

(="=l) (III.164) (15/4)n'+ (35/4)P'= 17/4, n'+P'= 1, (III.171)

by a transition with S=-,'. We are therefore forced to
the conclusion that the function (III.164) is not a pure
T= —,

' state. The relative reduced widths can be used,
as we now show, to evaluate the percentage of T= ~

in (III.164).
Stuart by writing u(f~)2')r, =3)2+p(fv(2')r. =sg2 for

(III.164). Only the To —', component can contribu——te

for the squared amplitudes. The solutions, n'=9/10
and P'= 1/10, are exactly what was obtained in the
foregoing from the reduced width connecting (III.163)
and (III.164).

It should be noted that the possibility of obtaining
the percentage isotopic-spin composition of a wave
function by considering only a single l'educed width,
or by evaluating only the expectation value of T' in
the state in question, depends on the existence of only
two possible values of T. When there are more than
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two possibilities, or whenever we wish either to evaluate
the amplitudes rather than their squares, or, equiva-
lently, to construct explicit states of definite isotopic
spin in terms of functions such as (III.163) or (III.164),
we must construct the matrix of T' and diagonalize it.

The example illustrates the point that a wave func-
tion in which neutrons and protons separately possess
specified angular momentum may not have a definite
isotopic spin. Since there is no evidence to suggest that
isotopic spin is not an approximately good quantum
number for the low-lying states of all nuclei of interest
in the present study (with A less than about 70), such
functions may be unacceptable. (In the example just
discussed the isotopic-spin impurity is quite small. )
There is no reason why such functions may not be
used as the basis of a representation, if it be so desired.

Practical applications of the jj sum rules we have
been discussing are severely limited by the lack of
pertinent experiments. We have seen that, for true
stripping reactions on even-even targets, our sum rules
result in the direct evaluation of the relevant ground
state reduced width. To 6nd cases with more content,
we must consider pickup reactions or stripping on odd-A
targets. It can be seen from Table I that most of the
experiments which have been performed in the mass
region of potential interest involve stripping on even-
even target nuclei. Some of the exceptions, for example,
P"(d p)P" K3'(d, p)K", V"(d p)V" connect nuclei
whose lowest configurations are too simple to be of
much interest as far as sum rules are concerned. Experi-
ments such as Ca"(d,p)Ca44, Sc"(d,p)Sc", and Sc4'-

(He', d)Ti'e are quite feasible and present interesting
possibilities. We do not discuss, at this point, the use
of our jj sum rules in connection with (d,p) studies of
low resolution.

Sum Rules fn an I.ST Representation

It would now be easy to write down the I.S analogs
of the six sum rules, factorized and unfactorized, which
were derived in a jj representation. Such sum rules
would be of no more than formal interest because I.S
coupling is a reasonable approximation only for the
very lightest nuclei. We therefore seek I.SJT sum rules

by at tacking the general expression (111.89) and (III.90)
for the relative reduced width. This expression, in-
volving as it does two sets of mixing coeKcients, can be
summed explicitly only in special cases.

One such case has been discussed by French (Fr56a)
and applied to stripping and pickup reactions in the
A =14 polyad. It involves transitions connecting two-
and one-hole states

)N—2 T J ~)N-I TJ

where T=-,', J=l&-,'. Here we can perform the sum-
mation over J because, in view of the uniqueness of the
one-hole states, the corresponding mixing amplitudes
do not intrude.

—LTDJ03 Z ELoSO IC»'So'
sLoSO

I.o'$0'J

X U(lLJOSp .'Lps) U(lLJOSO .' Lo z)

X U(4's-,': JSO) U(l-,'z2: JS,') (—1)'0+'o'

from (III.103), since S= ,', L=-/, and the cfp are
obviously unity. First, we sum over J using the uni-
tarity of the transformation (III.7), obtaining 8(SOS0').
Using this to eliminate So', we can then sum over s,
obtaining h(LoLO'). The summation then reduces to

LToJoj Z (&»»"")'=LTOJoj,
LpSp

since the state (TeJO) of P ' must be normalized. We
obtain the sum rule

Q (J]S(P ' -'J~/ ' TpJp)=fTOJoj, (III.172)

the summation extending over the two values l&-,' of J.
It is interesting to notice that (III.172) enables us to
deduce, from a measurement of the ratio of the two
relevant reduced widths, the absolute values of their
spectroscopic factors. If the absolute reduced widths are
also measured, we obtain a direct determination of the
single-particle reduced width Ho (l). Thus, information
which cannot be obtained directly from a single reduced
width because of ignorance of the amplitudes in its
spectroscopic factor has been gained by considering two
related widths.

In the case of the 1p shell, there are two types of
transitions:

(TOJO)=(01); N"(d P)N" N"(d n)O"'t

(TOJO) = (10) C"(d n)N" I

Following Fr56a, let us denote the relative reduced
widths of the four transitions under consideration by
$0, $0*, SI, SI, where the subscript indicates the J value
of the target nucleus, and the asterisk implies that the
transition proceeds to the excited one-hole state with
J= ~~. Expression (111.172) then becomes

8,+28;*=—' (III.173)
for i=0 and 1.

The sum rules discussed in this section have all
.referred to transitions connecting low-lying states of
the same configuration. of equivalent nucleons. In most
experiments, such transitions are in a minority. The
weak-coupling formalism of Sec. III.11 leads to a dif-

I.et us start from (III.103), which becomes

3(P ', TOJD. P ', —,'J)=(LT(Joj/2LJjS'(t, ,'J:P—,TOJO),

where the prime indicates that we must use the ampli-
tudes Ezoso 0 ' for the states (ToJ0) of P
g mls(TOJo. -', J')
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ferent type of sum rule, involving the transfer of a
nucleon inequivalent to the constituents of the target.
This sum rule asserts that a basic single-particle
reduced width can be broken into fragments by final
state interactions but cannot be augmented or dimin-
ished thereby. Some further sum rules, in which the
summations extend over all observed transitions of
given /, are discussed at the end of Sec. VI.

9.28
a

9. 9

S.9S
Joss+ X*a+2

B

(a)

— -+ 6.6s
2—+ 6.6
2

—+ 2.466
2 e'

2

Fro. 3.

R.IS
l.74

,7I7
I

&o Sl~

(b)

11. "Wek-Coppling" Fpr~zlism

The considerations of Secs. III.7—10, whereby it is
shown how to compute relative reduced widths in the
language of the shell model, are not useful when explicit
shell-model wave functions cannot be obtained. Since
this is true in many cases of practical interest, it is
desirable to develop a formalism for analyzing reduced
widths with as little reliance as possible on model wave
functions.

Lane (La55a) has studied levels in light nuclei of
parity opposite to that of the ground state. He suggests
that levels of this kind which are excited strongly in
reactions involving the transfer of a single nucleon can
be well described by vector coupling the appropriate
single particle to the ground state of the parent nucleus
and antisymmetrizing. We refer to this process as
"weak coupling, " For example, the ~+ level at 3.09
Mev in C" may be regarded as mainly

fyo(C")X2s;];+=A (qo(C") X2s;))+,

where (X)~+ symbolizes vector coupling to spin 2+ and
A is the antisymmetrizing operator.

In most cases, the extreme weak-coupling assumption
is too restrictive; several low-lying levels of the parent
nucleus contribute significantly to the states under
consideration. The idea of weak coupling can, however,
be extended so as to take such possibilities into account.
The weak-coupling formalism which emerges was first
used by Lane, Thomas, and Wigner (La55) in their
discussion of average cross sections.

We proceed by letting two simple examples speak
for themselves, concluding with some general comments.

Examp/e 1. 8"(dp)B" In B"(dp)B. ", a group of
l=0 and l=2 transitions is observed leading to levels
around 9 Mev in B".The relative reduced widths in
Fig. 3(a) were obtained from the data of Bilaniuk and
Hensel (Bi59), the spins having been determined inde-
pendently (see Aj59).

The spin and the large l=0 reduced width of the
9.19-Mev level strongly suggest that it is predominantly
Lyo(B")X2si]7~2+." It can be seen from the spins and
spacings of low-lying levels of B" [Fig. 3(b)] that the
only other weak-coupling states which can be expected
to contribute appreciably are LqoX1d~] and Lp&X1d;].

~~ No absolute cross sections have been measured for the levels
in question. We know that their reduced widths are of single-
particle size from their measured ratio to the B"(d,p)B" ground-
state reduced width, whose approximate size is known Lfrom3"(d,mlC"j.

For a sizeable component of such a state (more likely
the erst) to be present in the 9.19-Mev level in B", it
would have to be nearly degenerate with (poX 2si]. The
two members of this interacting doublet would then be
separated by an amount of the order of magnitude of
twice the interaction matrix element, so that a second
&+ level in B"would be expected close to 9.19 Mev,
certainly within 1 Mev. This expectation is strengthened
by the fact that d-s interactions are not, apparently,
very strong"; in fact (Aj59), the nearest s'+ level in
8" to that at 9.19 Mev, is at least 1.2 Mev away and
probably further. We conclude that the B" level in
question is well described by LpoX$$]7/2+.

Similar arguments apply to possible mixing of ~+
weak-coupling states. In this case, however, two levels
with J= 2+ are found in B"only 350 kev apart; the
1=0+2 admixture in the stripping to the 8.93-Mev
level confirms that we are dealing with an interaction
between LyoX1d;];+ and LyoX2s;];+. We therefore set
up the 2)&2 Hamiltonian submatrix

between the states

Hgo E2
(III.174)

The ratio of the 2s and 1d single-particle reduced widths
can be obtained directly from the transitions to the two
~+ levels in question, whence

8'(l =0:9.28) n'80'(2s) 6.6

8'(l =2: 8.93) n'8 '(1d) 4.6

'See, for example, Halbert's calculations (Ha57) for the
positive-parity levels of A = 15.

X&=EPOXd']5' g2= L+OX&,]y'
Diagonalizing this submatrix, we obtain the eigen-
vectors and energies

4'i=nxi+PX2, 8~=8.93 Mev,

%2= —Px~+nx2, h2 ——9.28 Mev (III.175)

of the observed B"levels.
The ratio of the 1=0 and l=2 reduced widths of the

8.93-Mev level provides us with a measure of the am-
plitudes in (III.175); in fact,

8'(l =0) S(0)8 '(2s} P' 8 '(2s)
(III.176)

8'(f= 2) S(2)8 '(1d) n' 8 '(1d)
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2+

0+

, 0.48 0.88.

making an arbitrary choice of the relative sign of n
and p. We can therefore solve for E,, Ev, and Hvv. A
change in the relative sign of o/ and p merely reverses
the sign of H», the reduced-width ratio tells us only
the magnitude of the interaction matrix element.

The results are

H~2 ——150 kev, E&=9.01 Mev, E2= 9.20 Mev.
(III.177)

We could equally well use the l=0 reduced width of
the 9.19-Mev level to obtain the ratio of the 2s and 1d
single-particle reduced widths. This leads to results
slightly different from (III.177), reflecting a 20% dis-
crepancy in the total /,=0 reduced widths of

LqoX2s, ];+ and l qvoX2s;]v/2+

measured by the relevant experiment (Bi59). On using
the second normalization, we have

H~2= 160 kev, E~=9.04 Mev, E2=9.17 Mev.
(III.178)

It is interesting that LqvoXsi]~ lies nearly degenerate
with or below l qvoXs~]v/v+, although, as a result of the
interaction between ~+ states, the —',+ level is observed
to be 100 kev higher. Any reasonable effective inter-
action seems to place the —,'+ below the 2+ member
of the s~ doublet. This matter and what it implies
about the effective interaction will be discussed in a
forthcoming paper by Bilaniuk and French (Bi60).

Egavnp/e Z. /=1 and /=3 transitions in 0"(d,p)0"
Here we have a larger number of competing weak-
coupling states than was the case in Example 1. We
can do no more than enumerate the states which can
contribute, using this and the observed level structure

On using this and the observed ratio of the l=0 and
/=2 reduced widths of the 8.93-Mev level, (III.176)
yields P'/a'= 0.30, whence

I~I=0.88, Ipl=048.
We now know, not only the diagonal form of the matrix
(III.174), but also the matrix which carries out the
diagonalization, namely,

0.88 —0.48

of 0'7 to make quantitative statements about the 2,
~, and ~ states in question.

The relevant states of 0", together with the next
known levels of the same spin and parity, are shown in
Fig. 4(a). The level-structure of 0" below 8 Mev is
illustrated in Fig. 4(b).

We consider the ~ levels Qrst. The large l=3 reduced
width of the 3.846-Mev level indicates that it contains
a large fragment of the Lqvo(O") Xfv/2] single-particle
component. Although no stripping data is yet available
on the next 2 level, the fact that it is at 5.70 Mev is in
itself a compelling argument that the lower ~ level is
a good single-particle state. '7 For, "spreading" meas-
urable l=3 components over 2 Mev would, in this case,
demand existence of a weak-coupling state close in
energy to fq/o X1fv/2] and an interaction matrix element
of 1 Mev. This is improbably large, particularly in view
of the fact that such an interaction would involve
inequivalent pairs (f and d, or f and s). We predict,
then, that the 5.70-Mev level will show weak stripping;
the corresponding reduced width, if measurable, would
give an estimate of the interaction matrix element.

The existence of a 1fv/2 single-particle level only 4
Mev above the 1d'~ ground state of 0'~ is surprising. On
the basis of the potential-mell model of the interaction
of an extra nucleon with the nucleons of 0", using the
customary harmonic-oscillator radial dependence, the
l4/2 fv/v separation is expected to be more than 10 Mev.

From the spins and parities of low-lying levels of 0",
we see that only Lq2X1dy], l q2X2sy], and l qv4X1//;]
can possibly give ~ states low enough to interact with
PqvoX1fv/27 To estima. te the relevant energies, we note
that the expectation value of the nuclear Hamiltonian
in the weak-coupling state Lqv;Xuq] breaks into two
parts:

{internal energy of q;}
+ tenergy of interaction of nucleon v//, with qv~).

The Grst term is simply the observed energy of the
state q; of the parent nucleus; to estimate the second,
we make the crude approximation that the interaction
energy of N~ is roughly the same as its interaction energy
with the ground state yo, which can then be obtained
from the observed single-particle level position. On
applying this procedure to the —,

' levels of 0', we 6nd
that the preceding three d» and s~ weak-coupling states
are expected about 2 to 3 Mev above LqvoX1fv/v]. This
is consistent with our conclusion, based on the 0"level
structure, that the 3.846-Mev level is a good single-
particle fv/v state

Let us similarly consider ~3 levels. The sizeable 1=1
reduced width of the 4.553-Mev level indicates a
L+pX2p ] component. It is, at present, not clear what
proportion of the whole this component constitutes.
Firstly, the next ~3 level is only about 800 kev away,

~' For a definition of "single-particle level, " see the discussion
following the examples.
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quite close enough to permit substantial mixing. In the
second place, although we know very little about Oo'(2p)
in this mass region, data later in the ds shell (A &~20;
see Sec. V) indicate that the l=1 reduced width of the
4.553-Mev level is considerably smaller'8 than the full
single-particle value.

Weak-coupling states with J= —,
' which might inter-

act with [eoX2P;] obviously include [eoXd;] and
[oo4Xd~]; however, since the 6.92-Mev 2+ level of
0"(q&o) almost certainly involves excitation of the ip~
shell, [oo» ip~] must also be considered. q» is probably
well represented by

o o=~(1P; ')o(1d )o+P(1Pr')o(1&Pe:)o
+y1P) I2P), (III.179)

while (E157b)

yo~(1P~ ) (1dg)+ (Illlllol' coIIlpollcllts),

Oo4 (1pi ') (2S~)+ (minOr COmpOnentS).

We therefore see that [oooX1p;7, which is given by

~(1Pr')(1d )o+P(1P: ')(1d;»:-)I+v2P:,

has large overlaps with [&poX2P~], [yoXd~], and
[p4Xd~]. The weak-coupling states, in other words,
are not orthogonal, in fact, they are not linearly
independent.

This difhculty, which comes about because the rele-
vant excited states of 0"belong to conhgurations other
than that of the ground state, is a central one in con-
structing a formal theory of weak coupling. We can
clearly proceed by step-by-step orthogonalization, con-
structing a new set of functions y; as follows:

Xo=[OoX2P:], Xi=[OoX1d:], Xo=[44X1d&7,

xo=&{[ooXIP;]—(xo, [o oX1P)])xo—"
—(xo, [eoXIP-;])x.} ",

where K is a normalizing coe%cient. This new set is
orthonormal because we have made it so, but no longer
has the property of unique parentage, in that a state
y; is not associated with a unique state y; of the parent
nucleus; however, the ground state go is still uniquely
associated with xo, a significant fact in the discussion of
stripping reactions.

On using the crude energy estimate described in
connection with the & levels, we find that any of zj, p2,
xo may well interact significantly with [oooX2P;7, as is
suggested by the stripping data. We therefore expect
appreciable reduced widths for one or more ~ levels
between 5 and 6 Mev in 0'~.

The salient feature of known —,
' levels in 0" is the

existence of an isolated low-lying level of this nature
at 3.058 Mev, which apparently shows no stripping
from 0".No data are available concerning the reduced
widths of higher —,

'—levels. Our rough energy estimates

From F'9(d,p)F0 we obtain the lower limit 80~4,'2p) ~&0,02,
while the 0'7 1= j. reduced width in question has the value 0.013,

suggest that [q»Xd;7~ may lie 1 or 2 Mev below

[e oX2P)7.
Further Olo(if P)O" or 0"(He'd)F" experiments,

studying levels up to 7' or 8 Mev, are clearly needed.
Leaving the examples, we now brieQy formalize the

arguments which we have been using. Consider the
stripping reaction.

[~7(d,P) ~ [~+17 (III.180)

'I'r I"=PC;o"(x o)rz (III.182)

whcI'c s labels thc different cigcIlvalucs and cigcIl-
vectors of 3C~~.

Only those states O'I g&' of [2+1) are observed in
the stripping experiment (III.180) which contain appre-
ciable components of some gDI, . The reduced width of
+gg&'~ for capture of NI, is obviously

( )=I (III.183)

A siiogle particie lelel-of [3+1) is now profitably
de6ned as one for which the expansion (III.182) contains
one predominant term, COA, &'~~1. In other words, a
single-particle level is one for which the weak-coupling
approximation is good. If we restrict A to be even and
represent the ground state goo of [A7 by (g")o, we
obtain, as a special case, the second type of single-
particle level introduced in Example 5 of Sec. III.9.

expressing the wave functions of [2+1) levels in a
representation spanned by the weak-coupling states
[oo;XNo], where qo; (i=0, 1, 2, ) are the.actual states
of [A] and the No are the single-particle states which
belong to the unoccupied subshells in the ground state
of [A].

The restriction to nucleons NI, . inequivalent to all
those in the ground-state configuration of [A] is made
because the idea of weak-coupling loses its special
character when applied to equivalent nucleons. For
example, direct antisymmetrization of (d~)ody intro-
duces components of {(dg)IXd~}~.In dealing with the
transfer of equivalent nucleons, the techniques of Secs.
III.7—10 are most convenient.

The functions [Ic;XNo) are not linearly independent.
This difBculty was illustrated in Example 2 and is liable
to be encountered when the states y; belong to con-
6gurations other than that of the ground state yo of
[A]. We therefore construct an orthonormal set x;o
from the functions [q;XNo] by the direct procedure
described in Example 2. We have

xone= [o oXNo] (III.181)

for all k. The new states y;~ do not, in general, corre-
spond to unique parent states in [A].

Thc Iilatl'ix of tllc Hallllltolllall of [3+1]ls liow sct
up in the representation spanned by the states x;I,.
Diagonalizing the submatrix K~~, we obtain the wave
functions of states of [2+1]with the given T and J
in the form
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The first type, belonging to a configuration of equivalent
nucleons, corresponds to a situation explicitly excluded
from our discussion of the weak coupling formalism.

In certain cases, a nucleus Pl+1] can be reached by
(d,p) and (d,e) experiments from nuclei with the same
A and different T,. I et us consider, as an illustration of
such a situation, the levels of N', since both C" and
N" are available as targets. The C" ground state is the
analog the first excited state q» of N". Thus, not only
[ppXup) but also [p&Xe&] can be reached by stripping
experiments. A slight extension of the preceding de-
finition of single-particle component is desirable to
accommodate [q iXl~].A weak-coupling representation
of the levels of N" must be based on N" and cannot be
based on C'4.

We now write down, from (III.183), an obvious but
important sum rule which simply reassembles the
various fragments into which a single-particle reduced
width has been split by final-state interactions. The
matrix C,g,

&' which diagonalizes the Hamiltonian sub-
matrix K~ is unitary. This implies, for the column
labeled by i=0, k, that Q, ~COL&')'=1. Thus, from
(III.183),

p 8&'~(eI,)=1, (III.184)

the summation embracing all states of [2+1]with the
given TJ which contain components of [yoXNs]r J.

In applying the preceding sum rule, we simply add
the observed values of [J)e' for transitions involving
the single-particle I& in question. Then (III.184) yields,
on further summation over J,29

Z [J]8'=go (I&) Z [J]=[jJO]80'(Nu). (III.185)

2P Jp is the spin of the target nucleus, and j the transferredj value. If, for example, one cannot distinguish between pp and
pg, we further sum over j.

'p The 3s transitions in Ca (d,p)Ca ' have not been observed;
however, it is known (Sc59) that Hp (3s)—Hp'(2d) and the 2'
transitions have been observed.

Much of our information concerning the 2p, and 1f
single-particle reduced widths is obtained in this
fashion.

In practical applications of (III.185), we encounter
a difFiculty illustrated by the / =0 transitions in
Ca~(d, p)Ca", discussed in Sec. VI. In this case, l=O
transitions to low-lying levels in Ca" contain, in prin-
ciple, both 2s; and 3s; contributions, the former because
of possible core excitation in Ca". If we now sum [J]8'
over all observed 1=0 reactions, g[J]e' includes, in
addition to the 3sy terms to which (III.185) applies,
extraneous 2' contributions. Since we cannot disen-
tangle 2s and 3s, we cannot, strictly, apply the sum
rule; however, even if the low-lying l=0 transitions
were pure 2s;, they would contribute less than 5% to
P[J]8'.+ Such contributions are of no importance. We
conclude therefore, that the sum rule (III.185) can be

applied to L=O transitions in Ca"(d,p) Ca4' and, almost
certainly, to other cases of interest also.

Taking into account the fact that some weak con-
tributions to stripping involving NI, may escape de-
tection, (III.185) should be replaced by

Q 8&'&(N~)~&1. (III.186)

This inequality applies u fortiori to any one transition
involving an inequivalent nucleon. This point has
already been made in Sec. III.7 (III.73'). When we
have reason to believe that a given transition or set of
transitions involves almost all of the relevant single-
particle component, we often omit the inequality and
quote a direct estimate of the single-particle reduced
width rather than a lower limit.

In the formalism just developed, an orthonormal set
of functions y;I, has been introduced at the expense of
the uniqueness of the parentage relation. A state y, ~

may be associated with several di6'erent states of the
parent nucleus [A], although for the special functions
xop corresponding to the ground state of [A], the
uniqueness of the parentage relation is preserved. Since
stripping reactions involve these very components xo&,
the introduction of the set x is appropriate and con-
venient in the study of stripping. In contrast, a pickup
reaction reveals all possible parent states (in [A]) of
the ground state of [2+1].Such a situation is not
covered by the formalism of this section.

12. Calculation of S from Rotational-Model
Wave Functions

Several recent studies (Sh56, Pa57, Ra57, Br57,
Li58, Br58) have indicated that the rotational model—direct descendant of Bohr's strong-coupling collective
model (Bo52)—is capable of describing with some
success many aspects of nuclei in the ds shell. The mass
region to which these studies refer—j.9~&2 &3f—is of
direct interest to our analysis. Various features of
stripping and collective models have been analyzed by
Yoshida (Yo54), Satchler (Sa55, Sa58), and Sawicki
(Sa58a). The following discussion is closest to that of
Satchler.

It is recalled that one of the main assumptions which
led to the form (11.19) for the differential stripping
cross section demanded the spherical symmetry of the
nuclear potential acting on the transferred nucleon.
Without this assumption, separation of the radial and
angular portions of the integration in the transition
matrix element could not have proceeded in the
manner of Sec. II. But the very use of @ rotational wave
function presupposes that the nucleus so described
possesses a sizeable equilibrium deformation, auto-
matically excluding any chance that its potential 6eld
can be spherical. Thus, strictly speaking, it would be
self-contradictory to insert rotational wave functions
for the nuclear states in the overlap integrals (III.53)
and (III.54) .
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Analysis (Sa58b) of these "geometrical" effects has
indicated that they are, in general, quite small. We
therefore ignore geometrical eGects and adopt the ap-
parently illogical course of using rotational wave
functions, while retaining the assumption that the
transferred nucleon experiences what is, to all intents
and purposes, a central potential.

Let us proceed to discuss the overlap integral (III.54),
with the intention of representing initial and 6nal
nuclei by means of rotational wave functions.

All forms of rotational model which have been used
to date begin by segregating the constituent nucleons
of a nucleus into two groups. The 6rst group is treated
as a whole and referred to as the core of the nucleus.
The nucleons of the second group are described as
"active" or "extra-core" nucleons. As a result of the
competition between the preference of the core itself
for a spherical shape and the "polarizing" dorts of the
extra-core nucleons, the nucleus assumes a nonspherical
equilibrium shape. The deformed nucleus can execute
motions of a rotational type which have, as their asso-
ciated dynamical variables, a suitable set of Euler
angles 8 specifying the orientation of a body-fixed set
of axes relative to a frame of reference whose orientation
is fixed in space. The motion of the active nucleons in
the field of the core is described, in a manner to be
discussed, by an "intrinsic" wave function x(i), where
i signifies the set of all coordinates of the active nucleons
referred to the body-fixed axes.

The internal degrees of freedom of the core are dis-
cussed, if at all, in terms of a collective vibrational
model. We follow the accepted procedure in studies of
the rotational model, assuming throughout that the
core is in its vibrational ground state, described by the
wave function $(]).

We adopt Nilsson's model of the intrinsic structure
(Ni55), wherein each active nucleon moves in a
spheroidal potential well. Each Nilsson orbit is charac-
terized by the principal quantum number e, and by the
projection 0 of the single-particle angular momentum

j on the body-6xed s axis. Nucleons 611 these orbits
four at a time, in accordance with the exclusion prin-
ciple, most of the filled orbits being lumped together as
the core. 3 and j are no longer good quantum numbers.
x(i) is thus a normalized antisymmetric product of
Nilsson functions.

Assuming the independence of the particle motion in
the deformed nuclear field and the rotation of this field,
we can write the wave function of the nucleus [A] in
the form

ezpx;~p(g, zZi) = [(2Jp+1)/1en'fly, (q)

X {DMpzrp p(t9)xxp(z)+ ( 1) p ~ DMp, Kp px —Ecp). —

(III.187)

D~0~0 is the matrix representative of the rotation
operator R(8) (Ro57, Ed57). The precise dennition of

the D~ which we use is that of Bohr (Bo52), the complex
conjugate of the D functions introduced in Ro57. The
requirement of axial symmetry implies that Q=EO.
Finally, the phase operator (—1)' must be interpreted
according to the equation

(—1)'xp= 2(—1)'tz,x,p. (III.188)

A detailed discussion of the wave function (III.187)
will be found in the review article by Moszkowski
(Mo57). Questions concerning the validity of the adia-
batic assumption from which it emerges or the precise
significance of the division of nucleons into "core" and
"particles outside the core" constitute one of the major
unsolved problems of nuclear spectroscopy.

The rotational wave function for the nucleus [A+1]
is

~(lj) = tC,x~*(g,a,zV)

X {4zpxp($,6,i)XP„),(v')) gzzd$d8didv', (III.190)

on suitably modifying the notation of (III.54). Pp&;(v')
is the wave function of the transferred nucleon referred
to the space-6xed axes. We observe, in particular, that
8(lj ) is independent of M. This, indeed, was why the
spin summation could be performed explicitly.

On the other hand, the overlap which presents itself
more naturally in the present context is

(JISM I Jo&oMo) =Jt 4'uxor*((, a,iv)@zpxpMp(g, zl i)

Xd)dpi, (III.191)

a function of the coordinates of the transferred nucleon.
We now prove that 8(lj) can be deduced simply and
directly from (JEM

~
JpK'pMp). It is, accordingly, un-

necessary to recalculate the di6'erential stripping cross
section ab initio.

Indeed (III.190) may be rewritten

&(ij)= dv 2 C[JpjJI Mp& M Mp]
Mp

X (JKM ( JoEoMo)g'[M Mo; zzljP (III 192)

C, ~x(~,a, z)v=[(2J+1/1e~z5~y, (~)
X{D~x (&)xx(zv)

+(—1) " '"D~, x~x x}, (III.189)

where v is the set of all coordinates of the transferred
nucleon referred to the body-6xed axes.

I.et us now consider the problem of calculating rela-
tive reduced widths. The overlap integral in terms of
which 8 is defined in (III.54) and which emerges from
the considerations of Sec. II, can be written
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This suggests that we make the formal expansion:

(JEM l JOEOMo) =p «,C[JojJ;Mo, M —Mo7

Xy*[M—M„eij](.'). (III.193)

Our assumption that one e can contribute in any
instance ls ln the splrlt of NllssoIl s calculation. If wc
now multiply (III.193) by

/[M Mo, nlj—']C[Jpj J; Mo, M —Mo],

integrate over ~', and sum over Mo, we obtain, com-
paring with (III.192),

oV= ~(ij),
0

1.C.)

(JEM l JOEOMO) by writing xx(i, ))) as a simple product,

(, )=x — ()x '"'(), (III 196)

where XI& o(i) ls aii aiitisyiilllleti'ic fuilctioil of tlie fii'st

e—1 nucleons, provided that we multiply by the nor-
malization factor e & associated with the antisymmetri-
zation of (III.196). It is clear that yx(i, v) and xxo(i)
have zero overlap if they diGer in the orbital of more
than one nucleon.

(3) It is seen from {III.194) that the wave function
of the transferred nucleon should be referred to axes
6xed in space. This can be achieved, with the aid of the
rotation matrices, on expanding gati(v) in (III.196) as a
sum of functions of definite j.Explicitly,

Xo(~)=Z o-i (Qb-i)o(~)

(JEM
f
JOKOMO) =Q 8 (lj )C[J0jJ; Mo, M Mo]—

ij.

X+[M—Mo,nl j]()'). (III.194)

=2 o-i) (Q)D-o*'(&)k.i)"(~'). (III.197}

The u g; are given in terms of the codFicients b„gg
tabulated by Nilsson (Ni55) by the simple transforma-

(JEMl JOEDMO) and select the coefficient of

C[Joj J;Mo, M Mo]'+[M —Mo, nfj](p)—). a~i;(Q) =Q C[4j; it, Q—A]t)„ig(Q). (III.198)

We wish, therefore, to calculate the overlap of the
wave functions (III.187) and (III.189). Let us make,
in this connection, three manipulations.

(1) Depending on the Q value of the transferred
nucleon, there are four possible kinds of transition
between (III.187) and (III.189). These we may write
symbolically

Eg E
E~ E

fQ f
=K+K,.—Eg E

It is clear that, whichever case we are handling, the
two terms in the overlap integral (JE'Ml JOEOMo)
must be equal. Let us consider, first, the case lQl
=

l
E—Eol; the result for E+Eo follows by changing

the sign of Eo in the relevant Gnal formula. As a result
of what has just been said, it is permissible to calculate
(JEMl JOEOMO) with simple product wave functions
of the form

L(2I+1)/8~'7'0{&)D~x'(~)xx,

allowing for the occurrence of two equal terms by a
compensatory change in normalization.

If either K or EO=O, (III.195) is the correct wave

function, and there is only one term since —E'O=EO.
Our general result holds in this special case, provided
that we include a multiplicative factor of W2.

(2) Both xx(i))) and xylo(i) are antisymmetric in all

active nucleons. I et n be the number of active nucleons
in the heavier nucleus [2+1]. We may evaluate

Then, from (III.191) with the help of (III.196)-
(III.198),

, [JJ.]
(JEMl JOEOMO)=e ' p (ffi)) Dvx~~

8~2

XD o'D~oxo 'dÃ(KO) E—Q)

Xa (,{Q)$*[m;nlj 7(v'), (III.199)

where (fli) is the core overlap, and

p= K2 if either E or Eo is zero (III.200)
= 1 otherwise.

The integral over the Euler angles yields [Ed57,
(4 6 2)]
[8m /(2J+1)]C[Joj J; Mo, M —Mo]

XC[JojJ; Eo, E—Eo]
X8(m, M —Mo)i)(Q, E—K ). o(III.201)

The summation over m can now be carried out ex-
plicitly, and (III.199) becomes

(JKM f J,K,M,)=p(N —:p(jf')[J,/J]:

XC[JojJ; Eo, E—Ko])i~i)(Q)b(Q, K—Eo))

XC[JojJ; Mo, M M07—
X/*[M—M)), nl j]()'). (III.202)

The overlap integral for the case lQl =K+ED is
obtained from (III.202) by the replacement E—Eo —+



E+Ep, as discussed in the foregoing. Comparing
(III.202) with (III.194), we obtain an expression for
the overlap integral in which we are really interested:

~(V)=& 'i (flp)l:~p/Jj'

XCPpj I; WEp, EaEpja„i,()Q))

. Xb([ni, iE~Epj). (III.203)

VVe obtain

which is the sum rule written down and used by
Litherland et al. (Li58).

13. Calculation of S from Vibrational-
Model Wave Functions

Finally, let us recall the de6nition (III.56), S(lj)
=su(l j)', whence

The core overlap

(fl p) = "&r'(k)4'(&)&5 Z(S,y)=Z, L1+P „I„&&(~,y)j, (111.209)

Another important type of nuclear collective excita-
tion involves shape oscillations about a spherical equi-
librium (Bo52, Mo57). The reduced widths of vibra-

&(8)=~'(fl p)'L~p/~j tional levels were first discussed by Satchler (Sa58),

XCP,jJ; ~E, E~E,j .„(~a~) whose treatment we follow quite closely.
In the most important case of quadrupole or ellip-

X~(I~~I~ IE~Epl) (III 204) soidal vibrations, the shape of the nucleus at any
moment can be described by

defies exact calculation. Crude estimates based on the
approximate vibrational wave functions of Bohr and
Mottelson (Bo53) suggest that

(III.205)

is a reasonable value provided that, as is nearly always
the case in practice, the nuclei concerned have similar
equilibrium deformations (Sa58).

In all cases of interest to us, excited bands are based
on intrinsic states of single-particle excitation. The
influence of the mixing of bands (R,P.C.) on relative
reduced widths can be analyzed as described in Sec.
III.S.

Let us conclude this section by deriving a sum rule.
%e can use the orthonormality of the Clebsch-Gordan
coeKcients to sum over all states J in the rotational
ba'nd E in (III.204). The sum rule is

2 Ljl&(V') =u'L~p)~. i'(I ~~I) (III 2o6)

where we have set (f~ i)=1 and omitted the Kronecker
B.

The normalization of the intrinsic wave function,
expressed. by

C~)j = 1~

where Rp is the normal radius of the nucleus and (8.,$)
describes the direction of E relative to a set of axes
6xed in the nuclear shape. The e„cannow be used as
dynamical variables in the shape oscillations, the
relevant "vibrational" Hamiltonian being

H =p Z(&l~. l'+Cfog: I'). (III.210)

8 and C are parameters which may either be calculated
on the basis of some more detailed nuclear model or,
preferably, treated as empirical constants. H describes
a set of uncoupled oscillators, whose quanta we refer
to as "phonons. " Each such phonon carries two units
of angular momentum and possesses an energy
Aa) =ALC/8j'.

If we confine our attention to states involving on
more than three phonons, then the eigenfunctions of
(III.210) can be completely specified by (ER), where
E is the number of phonons and E. is the total angular
momentum.

Once again let us start by separating the nucleus into
a core and a number n of "loose" nucleons outside the
core. Correspondingly, the nuclear Hamiltonian may be
written

H=H~+H, +H;„p. (III.211)

yields a further sum rule

Z L~3&(V) =~'I:~p).

H„is the ordinary shell-model Hamiltonian for the
loose nucleons, the core being described by the vibra-
tional Hamiltonian H. given by (III.210). The inter-

(III.207) action energy can be expressed (Bo52) as

These sum rules were erst given by Satchler (Sa58).
Their application is discussed in Sec. V, where stripping
reactions in the ds shell are analyzed.

Lastly, in the second sum rule, let us put J0=0,
J=j, p= K2, and n= j., the case of an even-even target
nucleus.

Hi p Ip P P npyp&'&(8——;,y,) (III.212)

where k is a constant of the order of magnitude 20 Mev
for light nuclei. %'e take

Hp=H, +H„
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as a zero-order Hamiltonian, treating H; t by first-order
perturbation theory.

We begin by discussing reduced widths connecting
zero-order states (eigenfunctions of Hp). The perturbed
wave functions (eigenfunctions of H) are linear com-
binations of these zero-order states; the corresponding
reduced widths can then be obtained from the zero-
order overlap integrals by the method described at the
end of Sec. III.7.

Reverting to the notation described in Sec. III.3,
the eigenfunctions of Bo may be written

&pap (lj) N R
NoRo

(III.214)

with the eigenvalues Nkcv+E(eIa). c symbolizes an

antisymmetric shell-model wave function for the e loose

nucleons.

The desired overlap integral is

On applying the recoupling rule (III.5) to the right-

hand wave function,

81:Io p(lj)=P U(RoIoJj:JoI )
7I

=b(NNo)8(RRo)U(RoIoJj: JoI)8™(lj),
(III.215)

where 8™(lj) is the overlap integral of the shell-model

states. Expression (III.215) agrees with Satchler's
result [Sa58, Eq. (8)]. As might have been expected,
the overlap integral is diagonal in the vibrational states,
whose only eGect is to multiply the shell-model overlap

by an angular-momentum coupling factor.
For a nucleus in its ground state, the zero-order

vibrational wave function has %=8=0. The vibra-
tional selection rule DE=0 then implies that stripping
and pickup reactions select members of the ground-state
vibrational band in the residual nuclei.

The first-order eGect of H;„~is to mix states whose
phonon-numbers dier by one. Such admixtures give
rise to small reduced widths for one-phonon states.
Two-phonon states only have nonzero reduced widths

in second and higher orders. The mixing coefficients are
calculated (E157) by standard perturbation theory.

d(lj) is then expressed in terms of gIa;Io o(lj) aas in
(III.83) and the shell-model overlap calculated with

the help of the tecnhiques described in Sec. III.7. The
final relative reduced width is

Situations may be encountered wherein perturbation

theory is not valid. This would happen, for example, if

an excited level of the ground-state vibrational band

lay close to a one-phonon state of the same spin and

parity. " The states in question could then interact

strongly, producing two levels with sizeable stripping

widths.

There are strong indications (Mo57) that nuclei in
the region 70~&A~&i50 exhibit some of the features
predicted by the vibrational model. Not nearly enough
is known about this region experimentally; stripping
and pickup reactions provide a good means of improving
the situation.

IV. STRIPPING AND PICKUP REACTIONS ON
1P-SHELL NUCLEI

We now analyze the reduced widths given in Tables
I and II, on. the basis of suitable nuclear models. This

section deals with nuclei in the 1p shell, with 4 &&A ~&16.
In this region, many /=1 transitions involving 1p

nucleons are discussed in terms of the intermediate-

coupling shell model (In 53, Ku56), using the techniques

described in Sec. III.S. For the eRective two-body inter-

action we assume either a Rosenfeld (Ro48, Fr58) or

an Inglis (In53, Fr58) exchange dependence. These two

forms of interaction lead to almost identical results in

most cases of interest to us"; in practical situations we

select whichever is more convenient. Later in the 1p

shell, beyond A = ii, it is worthwhile to examine the

jj coupling predictions.
We also encounter transitions involving 2s, id, and,

possibly, 2p nucleons. In such cases it is most convenient

to use the weak-coupling approach of Sec. III.ii.
Reduced widths in the 1p shell have been discussed

by Lane LLa54: C"(d,p)C"7, Auerbach and French

(Au55: Li, C, and N), French (Fr56: A =14), French

3' Satchler (Sa58) cites, in this connection, two close 2+ levels
~n Cdii4

' See, however, our discussion of the channel-spin ratio in
I.i'(p, y)Be' {17.63 Mev).
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and Fujii (Fr57: A=6 —10), and Bennett" [Be58:
C13(p j)C12 ~ N15(p j)N14]

When we have occasion to use experimental evidence
not concerned with stripping reactions, we do not, in
general, give explicit references, referring the reader for
such matters to the review article of Ajzenberg-Selove
and Lauritsen (Aj59).

A=6 7

Li'(d, p)Li'

3/2

W.35 pp(T ()

& l,'4.52

I 3.560
l /goalI I 2.I84

I /
I / /g*lI//

I//
l+

/// rggl

The ratio 8'*/8, ' for the two levels of the ground state
I doublet shows no variation as the deuteron energy
increases from 2 to 14.4 Mev (Fig. 5).

With the use of a Rosenfeld interaction, we now cal-
culate the ratio S*/S, of the P doublet spectroscopic
factors as a function of the spin-orbit parameter g.'4

The low-lying level spectra of both Li' and Li~ are well
reproduced with f 1.2; accordingly, let us set f(Li6)
=f(Li') in studying S*/S,. The results are (Au56)

=0 1.2 2.4 3.6
S*/Sg= 1 1.2 1.4 1.6,

with a Rosenfeld interaction. The observed ratio
8'*/8, ' 1.4 (Le55) leads to 1.8~&& &~2.8, slightly larger
than the values determined from the spectra. On using
the lowest admissible value of f= 1.8, we have S,=0.8.
With the absolute ground-state reduced width of Le55
we then have

8o'(1p) =0.060. (iV.1)

Fn. 5.

-5/2-
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333ennett's analysis of C"(p,d)C'2 is incorrect. He uses dif-
ferent phase conventions (i.e., different basic sets of states) in
his C" and C" wave functions.

~ Defined in Example 1. of Sec. III.9.
35 The transition l", L ~ l" ', Lp is L-forbidden if the triangle

condition 6(LplL) is not satisfied.

The 4.63-Mev level is almost certainly the
member of the F doublet. The corresponding stripping
transition from Li' is forbidden by angular momentum
conservation. The transition to the 2 member of the
doublet is L-forbidden. "Since all the evidence indicates
that for A=7 we are close to JS coupling, we can
expect that the predominantly "F;level of Li will not
appear in Li'(d, p)Li'.

The sizeable reduced width of the ~ level at 7.47
Mev is thus compelling evidence (Fr57) that it is not
predominantly 22Fg, but that, instead, '4' is the main
component, as is now well known (Me56, Ma57). For
/=1.8, the corresponding relative reduced width is
S**=0.65, whence S**/S,=0.81, in excellent agreement
with 8'**/8g'=0. 83.

The resonant width of the 7.47-Mev level has been
measured by elastic scattering of neutrons on Li'(Wi56).
The ratio of resonance to stripping widths is found
(Ha59) to be

8'(res)/8'(str) =0.21/0.04= 5.2.

Li'(p, d)Li' Li'(d, t)Li'

(IV.2)

There are two relevant (p,d) experiments and one
(d, I) (Fig. 6). The ratios of the reduced widths so
obtained agree to within 20%. The (d, I).S6 reduced
widths are normalized as described in Sec. III.3.

Let us consider the two lowest T=o states first.
Once more let us take |(Li') =i (Li'). We have (Fr57)

0 1.2 24 3.6
S*/Sg=0.48 0.69 0.89 1.12 2.33,

with a Rosenfeld interaction.
The observed' ratio 8*/8g =0.70~0.033 is con-

sistent with the previous predictions in the reasonable
range 0.8~&&~&1.2.

Serious di%culties are encountered with the T= I
levels. The ratio of the spectroscopic factors for the
ground and 0+, T=1 levels is given by (Ha59)

=0 1.2 2.4 3.6 m

S**/Sg= 1 1.06 1.17 1.33 2.78,

using a Rosenfeld interaction. These values, all greater
than one, are to be contrasted with 8'**/8,2=0.66
extracted from the (d, t) data (Ha59). The (p,d) meas-

3 I,i (d, t)Lie and Li (d,He3)He6 were analyzed by Ham-
burger (Ha59), his methods and conclusions being similar to ours.

37 We regard the value for this ratio obtained from the (d, t)
experiment (I,e55) and the (p,d) work of Re56 as being most
reliable.

3 We frequently use this way of writing the value of a quantity
of which we have several separate determinations (experimental
or theoretical). The quoted "errors" indicate the limits within
which the various determinations are consistent, and should not
be taken to imply that the value so obtained is rehable to this
accuracy.
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urement of this ratio is, unfortunately, subject to large
uncertainties. The statement 8'**/8,'=0.5&0.3 is prob-
ably trustworthy and suggests that the difIiculty is not
mainly due to our technique for extracting (d, t) widths.
A more accurate (p, 4g) measurement of this ratio would
be valuable.

The reduced width for the 2+, T= 1 level at 5.35 Mev
is hard to measure accurately because of the presence
of the nearby broad»3D» level. The "measured" value
of 0.5 for the reduced-width ratio is only a rough
estimate. We therefore cannot attach much signi6cance
to the fact that a satisfactory value of 8/8, can be
obtained orily with an unreasonably large value of t'.

In the JS limit, which should be a satisfactory ap-
proximation here, the 8 values of the "D levels at 4.52
and 5.5 Mcv are 0.15 and 0.02, respectively. The nonap-
pearance of these levels in Li'(p, 4E) is thus to be
expected.

The absolute ground-state reduced widths measured

by Li'(p, d)Li' and Li'(d, p)Li' agree well. The estimate
(IV.1) of 80'(1p) is therefore consistent with the pickup
results on Li".

Ji r (d,He3) Hes

Thc 6rst two levels ln Hc arc tlM RQRlog of thc T= 1
states at 3.56 and 5.35 Mev in Li6 (Fig. 7). The (d, I)
and (d,He') reduced widths for these levels should be
ldcnt1. cal. In fact)

8'(d, He')/8'(d, I) =0.8(7=0+),
8'(d, He')/8'(d, t) =0.3(J=2+).

The discrepancy for the 2+ state is striking, even allow-

ing for a possible uncertainty by a factor of two in the

(4I,I) reduced width.
The statement that the predicted reduced widths for

the T=1 levels in Lie are markedly smaller than the
observed values obviously applied a fortiori to the

analog levels in He'. For the 1,71-Mev state the dis-

agreement involves the alargming factor four.
We regard these difhculties as very serious and can

offer no satisfactory explanation. Indeed, they are

perhaps the severest single trouble which we encounter
in our study. Any (He', d) or (d,He') studies would help

indirectly by revealing whether or not our diftlculties,

if genuine, stem from an incorrect treatment of the
mechanism of (d,He') reactions.

A=7' 8

I.P(d,p)J.P
The 8- and 14.4-Mev experiments lead to conQicting

values for the ground-state reduced widths (Fig. 8).
We favor the 14.4-Mev datum since the implied value
of Hp(ip) agrees well with values obtained elsewhere
in the 1p shell.

The known level spacings of Li', Li~, and I i can be
adequately fitted with the same two-body interaction
with values of 1 which vary very little. It is therefore
reasonable to set i (Li') =1 (Li') when computing spec-
troscopic factors Sg, 3*, S**for the three lowest levels
in Li.'9 On using a Rosenfeld interaction, we have
(Fr57) for the values of f of inost interest:

gg

10/9
1.09
0.98

s*/s,
0.60
0.50
0.43

gpss/g

0.36
0.31
0.34

Since the observed ratios 8'*/8 ' and 8'*~/8 ' are 0.53 and
0.28, respectively, good agreement is obtained for any
of the values of f' in the range considered. The absolute

2.28

Pe 1/
/

/
/-

/ 0.98
/

/ /
g gef

/g /
/y

value 8~'= 0.053 implies

0.05 ~& 8'(1p) ~(0.06, (IV.3)

consistent with our earlier estimate (IV.1).
Hamburger (Ha59) examined the region between 2

Rnd 8 Mcv cxcltRtlon ln Ll, w'1th. out finding Rny othcl
sharp levels than the ones discussed afore. It was
estimated that levels with widths less than 100 kev,
attained by transitions" with cross sections larger than
0 6 mb/sr 4' would have been detected.

An intermediate couphng calculation using a Rosen-
feld interaction with g 1.2 indicates that there should
be at least seven levels of the configuration 1p' in the
2- to 8-Mev region, several of which have S values of
the same order of magnitude as those for the three
lowest levels of Lis.

The nonappearance of these states, at first sight

"Relative to the T=O reduced widths for which agreement
seems to be good.

0 The word "transition" as a synonym for "reaction" seems to
be appropriate for direct interaction processes.

4' The 2.28-Mev level shows a peak cross section of 1j. mb/sr
(Ha59).
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surprising, can be naturally explained on recalling that
levels above 2.034 Mev in Lis are unbound against
neutron emission. The total width of such a level can
be easily estimated. "For example, a level as low as 3
Mev in Li' with 8 0.5 and 888(res) 0.4 already has
F&0.5 Mev. The widths clearly tend to increase with
exc1tRtion.

Thus the expected levels with sizeable 8' must be
broRd Rnd overlRpplng. The proton spectrum obtRined
by Hamburger (Ha59) is consistent with such an
interpretation.

We have seen that the 8 values in Lil(d, p)Li8 to the
erst three levels of Li are very insensitive to the spin-
orbit parameter. However, on closer inspection of the
interaction matrices and the tables of P, appropriate
to the 0.98-Mev level of Li' (Appendix 2 of Ma59), we
see that the channel-spin ratio43

x= 8(2)8/8(1)' (IV.4)

In the second equation, we have used the values of the
5 and D multiplet separations obtained from the Li~

spectrum.
All but two of the parameters upon whi. ch x depends

have now been 6xed. It is therefore worthwhile to study
the behavior of the channel-spin ratio x as a function
of f and h.

In principle, x might be measurable by the 'Li (d,py)-
Ll (0.98 Mcv) angular-correlation cxpcrlmcnti wlllcll

has not been done. The same parameter has, however,
been determined by Li'(p, y)BC8. The 17.63-Mev res-
onant level of Be' which is reached in this reaction is
the analog of the 0.98-Mev level in Li'. The angular
distribution of y rays to the ground state of Bes is given

~ See Ha59, p. 46.
4' In general, we define the channel-spin ratio x to be

(s)}'/8(s&)'. In this case) where Jp=g, s&=2 and s'~=1. a(s}
is de6ned in terms of (P,}matrix elements by (III.9j,}.

is clultc sensitive to t for any reasonable interaction.
This arises from a strong interference eGect between
the 338|"& and "PI3Ij multiplets, which are expected to
be quite close.

The spacing of these two multiplets is itself a param-
eter of considerable interest in connection with the
effective two-body central interaction in the 1p shell.
We can express all central interaction matrix elements
in terms of the two-body multiplet energies ""S,""D
"E', and 338. The channel-spin ratio is a function of these
multiplet energies and f Examin. ation of a whole range
of 1p shell data reveals that we can determine all the
multiplet energies quite well with the sole exception of
"I', whose position is related to the preceding Lis dif-
ference by

(II~ 88+) —2(81+[81] 88+[811)

+ (11/6) (»D—»D)+ (5/6) ("S—"S)
~2 (8IEI811—888 t811)—1.1 Mev. (IV.5)

I
I

I

I
I8—
I
I

I

I

I

2 I

I
I k=3
t
I

I

I

The Rosenfeld interaction, which has been widely
used in 1P shell studies, gives d,II=5.5 Mev, far above
the allowed range. On the other hand, the Inglis inter-
action gives the acceptable value 61=1.4 Mev. The two
interactions differ very little in other respects.

It may be objected that such a complete determina-
tion treats the effective interaction too literally. Even
if this be the case, the example is useful in illustrating
how a channel-spin ratio may be able to measure a
quantity inaccessible to reduced widths.

In conclusion we remark that the resonant reduced
width of the 2.28-Mev level in Li' has been measured
by elastic scattering of neutrons on Li'(Wi56). The
ratio of resonant to stripping reduced width is (Ha59)

8'(res)/8'(str) =0.072/0. 015=4.8, (IV.8)

very similar to the value (IV,2) found for the 7.45-Mev
level in Li~.

2=8=9
Be8 (p,d) Be8

It is now certain (Aj59) that the only states in Be'
below 10 Mev are the 0+ ground state and the broad
2+ level at 2.90 Mev. Only the ground-state angular
distribution has received accurate experimental study,
the two available measurements of the absolute reduced
width (Re56, Su58) being in good agreement.

Let us use the wave functions of Fr55 for the Beo
ground state and treat Be in the JS coupling approxi-
mation, which should be reasonably acculRte. With
l =3, which seems (Fr55) to be a reasonable value for
Se9, we have $,~0.4. The ground-state reduced width

by
1+L(5—x)/(5+7x) j cos'8. (IV.6)

The most recent study of this angular distribution
(Ne58) yields

3.0&~&3.6. (IV.7)

In Fig. 9 the shaded region contains points (1,6) which
yield values of x within the allowed range (IV.7).

If we accept the restriction 1~&&~&3 imposed by
other data in this region of the 1p shell, it is clear from
the diagram that the measured channel-spin ratio
(IV.7) implies

0.3&~ 5&~2.75 Mev.
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2=9 10

Bio(p,d) 8'

being 0,'=0.024, we have

Op'(1p) 0.06

in good agreement with (IV.1) and (IV.3).

There is a general lack of experimental information
concerning the 3=9 polyad. Higher levels in Be' and
B, their spins, parities, and positions should be studied.
In this (and other) connections, careful B' (d, t)B and
B"(d,He') experiments would be valuable.

0.04~&80'(1p) ~&0.06, (IV.10')

I3' (N,d)Be

The results of this experiment (Ri54) are in satis-
factory agreement with those of the mirror experiment.
The observed value of 8'/8, ' for the 2 level is 1.05&

slightly larger than the (p,d) value (Fig. 11).
The theoretical discussion of B"(p,d)B' is equally

applicable here. The larger value of 8'/8, ' improves
agreement with the calculated S/Sg for higher l (Be')

(IV 9) and correspondingly strengthens the argument in favor
of f(Be') 3.

The absolute ground-state reduced width of 0.043
leads to

Transitions to two of the three lowest states in B'
have been studied (Re56) (Fig. 10). The spin assign-
ments are based on evidence concerning the mirror
nucleus Be', but do not contradict anything known
about B' itself.

If the 1.4-Mev level has, in fact, spin -', +, the transi-
tion to it is /-forbidden; experimentally, no stripping is
observed.

In Table IV are given44 values of S/S, for the ~~ and

2
—levels with various pairs of spin-orbit parameters

l (B') danf(B")
The B"wave function near the I.S limit varies very

rapidly with l, a fact which is reflected in the behavior
of S/S, . Apart from this the ratio S/S, is insensitive to
variations in the spin-orbit parameters. For all values
of f in Table IV, except the first and possibly the fifth,
agreement with the observed ratio 8'/8, '=0.8 is ade-
quate. In view of the complexity of the wave functions,
the general agreement found for the reduced width
ratio is pleasing. The favored values of the spin-orbit
parameters are l (B')~1.8, f'(Bio) ~3.8, but the wave
functions are too complicated for us to place much
reliance on this. 4'

in satisfactory agreement with earlier estimates.

0.04~& 80'(1p) ~& 0.05, (IV.11)

Be'(d,p) Beio

The i=1 transitions to the first two states of Be"
have been examined at various bombarding energies
[Fig. 12(a)j; most observers, unfortunately, did not
measure absolute cross sections. The reduced width
ratio does not seem to vary with energy [Fig. 12(b)j;
on the basis of the 3.6- and 14.4-Mev data, it is tempting
to suggest that 80'(1p) increases with bombarding
energy. Systematic measurements, in . this or other
cases, are badly needed to clarify the behavior of reduced
widths as a function of the energy parameters (bom-
barding energy and Q value).

Calculations of relative reduced widths for the first
two levels of Be"predict a strong ground-state transi-
tion (S~2) and an excited-state transition which is
weaker by a factor of 10 (S 0.2). These predictions
are in satisfactory accord with the experimental reduced
width ratio of 0.18a0.07. On using the absolute ground-
state width at 14.8 Mev, we have

Slo
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TAsr.z IV.

C(B') r(B")
0
1.4
2.8
3.8
5.7
1.4

0
1.4
2.8
3.8
5.7
3.8

0.0012
1.18
1.12
1.09
1.03
1.03

1.84
1.35
1.24
1.24
1.26
0.95

which agrees with earlier estimates.

~1500
1.13
1.11
1.14
1.22
0.92

4'From Table III of Fr55.
If the spin of the fIrst excited state of B' and Be' is -',+, as

seems to be the case (Aj59), a value g(89)—3 is preferred. On the
other hand, a —,

' assignment would favor the smaller value g—1.8.
See Fr55 for a fuller discussion.
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FIG, 12.
46 The absence of any other levels below 7.5 Mev in Bel with

measurable 1=0 reduced widths suggests that the 2s states
(IV.12) are not subject to strong 6nal-state interactions.

7 We are indebted to Dr. E. W. Hamburger for much of the
nsuing discussion.

The calculation for the 2+ state predicts that channel
spin 2 should dominate; measurements of (p,y) angular
correlations (Aj59) confirm this prediction, giving a
value of nine for the channel-spin ratio x dered by
(IV 4)

We now turn our attention to negative parity levels
of Be". Two strong l=o transitions proceed to the
5.96- and 6.26-Mev levels of Bem Since Bee has Jo
these levels must have spin 1 or 2 . The y-decay
branching ratios to the first two states of Be'o (Me58,
Aj59) indicate definitely that the 5.96-Mev level has
J=1 and the 6.26-Mev level J=2 . It is likely" that
these levels are the members of the 7= 1 2s doublet

[q o(Be') X»y]a=i-, 2-. (IV 12)

Since we are dealing with levels within 800 kev of
the neutron separation, energy, we cannot place much
reliance on the exact values of the reduced widths. It is,
however, interesting that

[J]8'(6.26))[J]8'(5.96) (IV.13)

in agreement with the foregoing spin assignments, in
spite of the fact that the observed peak cross sections
(Rh54, Gr56) are in the ratio

o (5.96)/o (6.26)~1.5. (IV.14)

The intermediate-coupling calculations of Inglis
(In53) and Kurath (Ku56) predict that, for any reason-
able interaction, the first four 7= 1 levels of 1p' should
have J=0+, 2+, 2+, and 3+. The S values for the second
2+ and the 3+ states are zero in the jj limit and are very
small for reasonable values of S(Be') and t (Be'o). The
6.18-Mev level, whose stripping width is unobservably
small, may well be the second 2+ state,

The 7.37-Mev level has attracted much attention. 4~

From Be'(n, e) (Wi55) the spin of this level is definitely
three; the angular distribution of neutrons is best fitted
on the assumption of p-wave formation (and therefore
positive parity), although if-wave capture cannot be
ruled out (Wi55, Aj59). The 3+ assignment was ap-
parently confirmed when Green and Middleton (Gr56)
obtained a good fit to the stripping data with /= 1; the
14.8-Mev data, however, are not nearly as well 6tted
by 1=1 (Ca58).

Assuming that the l= 1, J=3+ assignment is correct,
we would have

8'(res)/8'(str) =0.015/0.042= 0.36,

smaller by an order of magnitude than the ratios
[(IV.2) and (IV.8)] found for the 7.47-Mev level in I.ii
and the 2.28-Mev level in Li, which are quite typical.
This contradictory situation, whereby the same transi-
tions is strong from the stripping viewpoint and weak
as a resonance reaction, constitutes a serious objection
to the l=1, 3+ assignment. Furthermore, the l=1
reduced width from the stripping data is larger by an
order of magnitude than what is expected for the 3+,
T= 1 state. 4s

On close1' scrutiny~ 3= 2& J=3 ls much Inore at-
tractive. Both the elastic neutron scattering data and
the stripping distribution of Green and Middleton are
not inconsistent with such an assumption, while
Cameron's (d,p) results favor /=2 quite strongly. We
would then have

8'(res)/8'(str) =0.136/0.041=3.3, (IV.15)

a very reasonable result.
If the J=3 assignment is correct, the level must be

predominantly [po(Be')Xdg]3-. The 3 value for the
corresponding transition from Be' is then close to unity,
whence

802(1d) ~& 0.04, (IV.16)

which is satisfactorily consistent with other p-shell
estimates of this quantity. We conclude that available
data strongly suggest that the 7.37-Mev level in Be'0
has J=3—.

Be'(d, l)B"
Only a low-energy experiment (Aj52) with no ab-

solute cross sections is available (Fig.13). For this
reason, and because of the great complexity of the
relevant wave functions, we do not consider it worth-

Fxo. 13.
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48 The l= I transition to this level is forbidden in both IS andjj coupling. For g(Be )=1.5 and g(Be' )=4, 5 we have $=0.012,
0.011, respectively (Fr55).



M. H. MACFARLANE AND J. B. FRENCH

while to undertake a detailed comparison of observed
reduced widths and calculated 3 values.

Since only the lowest T=i level has so far been
studied in Be0(d,N)B", no direct comparison can be
made between the ratios of the reduced widths of T= 1
levels in B' and of their analogs in Be' . However, the
absolute reduced widths of the ground (3+, T=O) and
second excited (0+, T=1) states of B" have been
measured by B"(e,d)Be' and Be0(d,p)Be", respec-
tively. The ratio of the reduced widths so obtained,
0.093/0.043= 2.1, is to be compared with the value 1.4
measured directly by the (d,n) experiment. In view of
the low energy of the (d,n) deuterons, this agreement is
perhaps all that could be expected.

An experiment at higher deuteron energy, including
absolute cross sections, "would be valuable. |A'e have
already noted the existence of possible weakwoupling
2sy levels in Be' . In the 5- to i0-Mev region in B' we
expect to find strong 3=0 transitions to four such levels,
two with T=O and two with T=i.

&.o 9.28
~ o9'8

g, o,e 8.95

5/2+
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FIG. 14.

lO

49 A preliminary report has appeared of a Be'(He', d)B" ex-
periment, using 25-Mev He' ions (We60).

A= 10 11

jl10 (d p) gll ~ 2l10 (j ii)Cll

The reduced-width ratios for mirror (d,p) and (d,m)

reactions (Kv54, Ce56) to levels below 7 Mev, in B"
and C", respectively, are in good agreement (Fig. 14).
No absolute (d,p) reduced widths have been measured.

Quantitative intermediate coupling calculations of
spectroscopic factors are of doubtful value in this
complex region and are not attempted. It is worthwhile,
however, to consider the jj-coupling predictions. In this
approximation the low-lying levels of B"and C" belong
to the configurations p~' and pPpi which contain, for
T= ~, the following states:

(IV.17)

Three of these states can be reached from(pP) (TJ)
=(03), the levels in question having J= —'„00,and 0'

TxsLz V.

B"excitation J
0 3—

2.14
4.46 (-,'-)
5.o3 (,'-}
6.76 (~-)
6.81 (-;-)
7.3o (-,' )
7.99

P rel C"

1
e ~ ~

0.25
0.17
0.7

excitation

0
1.99
4.26
4.75

3—

8' rel

~ ~ ~

0.2
0.14

'0 See Au59 for discussion and references."Recent work by Wilkinson (Wi60) on the reaction B"(d,p)B"
at low deuteron energies (3 to 4.5 Mev) suggests negative parity
for the 8.93-Mev level; in a study of Be'(He', p)B", Hinds and
Middleton (Hi60b) reach a similar conclusion. If the parity of
the level in question is indeed negative, Example 1 of Sec. III.11
should be regarded merely as an illustration of the weak-coupling
procedure.

with 8=7/4, 1 and, 1, respectively. The spins (Aj59,
Table 11.1) and l= 1 reduced widths of negative parity
levels below 8 Mev in B"and C" are listed in Table V.

Agreement with the simple jj predictions is fair.
The number and what is known of the spins of the
low-lying negative parity levels is consistent with the
enumeration (IV.17). The reduced-width ratios, al-
though they indicate mixing of the basic ~ and ~

states, are also in qualitative agreement with the values
i:0.57:0.57 pr'edicted in jj coupling.

%e do not discuss the reactions to the 6rst excited
states of B"and C", which appear to have the charac-
teristic l= i angular distribution although the spins
(3+ —+ —, ) forbid /=1 stripping. To resolve this dif-
ficulty, various authors" have invoked a spin-Qip or a
nucleon exchange e6ect. %e later remark on a number
of cases where a similar mechanism might have been
expected to be important.

The large l=0 reduced widths of levels at 9.i9 and
9.28 Mev in B" suggest an interpretation in terms of
the weak coupling of a 2s nucleon to the ground state
(p0) of B".In fact, since the relevant spins are known
(Aj59) to be 07 (9.19 Mev) and 00 (9.28 Mev), we inter-
pret the levels in question as [p0X2s;]z~&+ and
[w0&2s;]~+. The small energy separation of these states
and other aspects of s doublets in light nuclei are dis-
cussed in a paper by Bilaniuk and French (Bi60).

The transition to the 8.93-Mev level (J= —,) is
identified by Bilaniuk and Hensel (Bi58) as 1=2 with
a smaller /=0 admixture. If the positive-parity assign-
ment so obtained is correct, " it is clear that we are
dealing with a major fragment of the id single-particle
state [000xid~];+. The l=0 admixture in the 8.93-Mev
angular distribution then indicates an interaction with
[0l0X2$)])+. In Sec. III.11 we saw how the ratio of the
l=0 and l= 2 reduced widths of this level can be used to
determine the mixture of the basic single-particle states
in the observed ~+ levels.

The fact that no absolute (d,p) cross sections have
been measured tends to weaken our arguments in favor
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of the single-particle nature of the levels in question. In
this particular case, however, the high spin of the B"
ground state leads us to expect weak coupling of 2sg to
be a very good approximation for J=-,'+ and quite
good for J= ~~+.

The foregoing interpretation of the stripping data for
levels near 9 Mev in B"(Bi") implies 80'(id) 82'(2s),
whereas, in other cases of capture into weakly bound
levels of the 6nal nucleus, we 6nd 80'(2s) ~& 802(id). The
measured. B"(d,n) C" ground-state reduced width
(Ma56) is smaller than expected on the basis of jj
coupling, by a factor of two.

Measurements of absolute cross sections in B'0(d,p)B"
and independent determinations of the parity of the
8.93-Mev level would be valuable.

s(TOJo) = -', [TpJoj. (IV.18)

We thus expect to see four /=1 transitions, the states
of p~' and their relative reduced widths being, from
(IV.18),

TOJp= 03 01 10 12

g (ToJo)= 7/4 3/4 3/4 15/4.

The jj' prediction is therefore that the first three
levels of 8' should show strong reactions, while the
other positive parity levels except the lowest with
7= 1, J=2 (probably at 5.16 Mev) should be weak.

Transitions to negative parity levels of B'o are
forbidden by configuration selection rules and should
be weak. Any measured /=0 or /=2 width would indi-
cate components from higher configurations in the B"
ground state.

5/2-
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+11 (p d)+10

No pertinent experimental data are available.
In jj coupling we have

p:(&J)=(k 0) ~ pa':(ToJo),

the spectroscopic factor for which follows immediately
from (III.76) and is

A= ll 12

+11(d p)f312

The reliability of the reduced widths from the only
available experiment (Ho53c) is doubtful, especially for
transitions to the second and higher excited states,
because of a lack of low-angle measurements (Fig. 15).

We first inquire whether jj coupling can predict the
main features of the observed /=1 transitions. Since
pP contains no T= 1 states, we must have

p~'p: (p )~.-~.

We therefore expect two strong l= 1 transitions (8~1)
proceeding to levels in B"with J= 1+ and 2+.

Two strong /=1 reactions proceed to the first two
states of B", the relative values of the reduced widths
being consistent with 2+ for the first exci.ted state. The
absolute reduced widths, however, are smaller than
expected by a factor close to two. A weak /= 1 level is
found at 3.76 Mev by B"(n,m)B"(WiSS). If there are
no other strong /= 1 transitions, the jj coupling picture
is qualitatively correct.

The /=0 reduced width of the 1.67-Mev level is
subject to considerable uncertainties because no meas-
urements were made below 14'. The strength of the
transition suggests [wo(B")X2s~]~- „2-.

The 3.38-Mev transition was assigned /=1 by Holt
and Marsham (Ho53c). This assignment is uncertain
because they did not measure the difI'erential cross
section below 23'. In fact, if we compare the 3.38-
and 1.67-Mev angular distributions for 0 »&23', we see
that they are very similar. Thus /=0 is a definite pos-
sibility for the 3.38-Mev level. At any rate, the 2.62-,
2.72-, and 3.38-Mev levels probably include at least
one strong /=0 state, corresponding to the second
member of the [woX2sy] doublet. The situation obvi-
ously needs experimental clarification.

The /=2 assignment for the 3 level at 4.54 Mev,
not convincing from the stripping data, is confirmed byB"(e,N)B" (Wi55). The next level with J=3 is at
5.73 Mev in B", the ) value from B"(n,n) being either
one or two. It is not clear whether this level, whose
resonant reduced width is small (see Aj59, Table 12.2)
for either l value, is a 3+, T= 1 level of p' or a 3 level
containing a fragment of [po(B")Xd&j. In any case,
we expect weak coupling to be a reasonable approxima-
tion for the 4.54-Mev level, since the first excited state
of B",with J=~-, is 2 Mev above the ground state. The
absolute reduced width for the 4.54-Mev level indicates

0.05 &80'(1d) &0.06. (IV.19)

8"(d e)C"
The two available experiments (Gi54, Ma56) yield

reduced width" ratios for the first two levels of C"
)) The reduced widths extracted from the data of Ma56 and

given in Table I differ from those quoted in Table 12.8 of Aj59
by a factor of two. The discrepancy arises from the isotopic-spin
coupling factor which here has the value $.
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"An accidental cancellation is possible but unlikely.

differing by a factor of 2.6 (Fig. 16). The ground-state
angular distribution in the 8.1-Mev experiment is,
however, very crude and the disagreement is probably
not significant.

The jj predictions for the /= 1 transitions are rather
interesting. The ground-state transition fills the eight
particle py shell and therefore has 8=8. (See Example 4
of Sec. III.9.) A very large value is, in fact, observed
for 0,'. Two other l=1 transitions to T=O levels are
expected; each involves the addition of a p4 nucleon
and has S=1. The reduced width for the 2+ level at
4.435 Mev is in apparent agreement with such a pre-
diction. The corresponding J=1+ state has not yet
been identified.

The strong l=2 transition to the 9.63-Mev level
indicates that it is predominantly Lpo(B")Xd,j. The
spin of the state is probably 1;2 would give a value
of 8$(id) more in line with other determinations, but
seems to be excluded by the data concerning C"(e,e')
and N'4(d, 42) (see Aj59).

Considerable interest centers on the 0+ level at 7.653
Mev; intermediate coupling calculations within 1P2

(Ku56) predict that the first 0+ excited state should be
at least 3 Mev, and probably 5 Mev, higher. lt is
therefore of interest to find out what are the dominant
configurations in this level. In addition to 1s41pe, we
could have the doubly excited configurations 1s'1p'2s',
1s'1p'1d', and 1s41p'2s1d, and the "breathing modes"
1s41p'2p and 1s'1p'2s.

Both 1s'1p' and 1s'1p'2p components can be reached

by B"(d, 22) C". Unfortunately, present experimental
information can only give the upper limit 0'&0.02 on
the reduced width, and this is too crude to give us useful
information about the configurations.

A careful study of the level under consideration has
been made by C"(d, t)C" (Ma60). The reduced width
0'=0.0012 so measured implies S~0.025. The simplest
interpretation of this S value is that the 7.653-Mev level
is about 10%s'p'. "A component of this size could arise
by the interaction of a 0+ state from s'p' with a similar
state belonging to excited configurations. Stripping data
on this and other levels up to 14 Mev would be interest-

ing and might best be obtained by a careful B"(He', d)
rather than B"(d,l) experiment.

0.043
~& 822(1P) & 0.06, (IV.20)

which agrees with other estimates.
Because the lowest states of C" are widely separated,

the levels at 3.09 and 3.85 Mev must be nearly pure
single particle 2s; and 1d; levels. This expectation is
confirmed by the corresponding strong l=0 and /= 2
transitions, from which we obtain reliable estimates of
the single-particle reduced widths:

822 (2s) ~0.17, (IV.21)

822 (1d)—0.07. (IV.22)

McGruer et al. (Mc56) studied several unbound
levels between 5 and 9 Mev in C", but could not
assign / values because the relevant Butler curves with
l=0, 1, and 2 are very similar. The correct values of /

0+
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~ See Table I, footnote k.
5 These were 6rst studied by Lane {La54), who also discussed

weak coupling for the positive parity levels of C"{La55).

A=12 13

+12(Jp)C12

Relative and absolute diGerential cross sections for
C"(d,p)C" have been measured at deuteron energies
between 2 and 14.8 Mev. (Fig. 17). There is no definite
indication of an energy variation in the reduced widths,
although the ground state reduced width seems to
increase slightly between 2.7 and 9 Mev. The experi-
ments at 8, 9, and 14.8 Mev are in reasonable agreement.
We regard the latter two as more reliable" and use the
corresponding reduced widths in the following analysis.

For the 1=1 transitions" to the —,
' and —,

' levels, we
have S,=S*=3 in LS coupling and S,=1, S*=O in the

jj limit. The experimental ratio 8'*j8,'=0.25&0.06
then indicates immediately that we are far from LS
coupling (as is well known anyway). A plot of the g

values and their ratio, covering the transition from LS
to jj coupling is given in Fig. 1, where we have calcu-
lated 8, and g* as functions of t (assumed the same for
each nucleus) with an Inglis interaction. The reduced-
width ratio is not well enough determined experimen-
tally to fix a value of f, but the range 3&~t & 6 is satis-
factory. For f=5 we find S,=0.7, whence, using
0,'=0.036~0.006, we have
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have now been determined by elastic scattering of
neutrons on C" (See Table 13.5 of Aj59.)

The 5.51- and 6.10-Mev levels are not seen either in
the stripping or in neutron scattering experiments. One
of them is probably the —,'level of p' which grows from
the 22F &44'& multiplet.

At 6.86 Mev there is an /= 2 level with J= ~+ whose
small stripping width 0'=0.0018 indicates a fragment
of the basic single-particle state [q o(C")X1dt], whose
major component belongs to the 2+ level at 3.86
Mev. The 6.86-Mev level must be ' predominantly
Lg ~(C":4.435) Xsi] (or perhaps d;), the reduced widths
implying that the Lg OXdt] component amounts to only
2.5% in intensity. Such an admixture demands an
interaction matrix element of about 600 kev.

A weak /=2 level with J= —,'+ is found at 7.57 Mev
by C"(n, n) C" and another such level, with a very large
resonant width, at 8.33 Mev. The latter level appears
very strongly in C"(d,p) C", but it is too broad to yield
an identifiable angular distribution. It is probable that
we are dealing here with single particle d~ components,
which would indicate

Ld~]—Ld;] 4 Mev. (IV.23)

for the d doublet splitting in C", comparable to the
value (~5 Mev) found in 0'~.

C"(d,n) 1P'

This experiment should yield very similar results to
the mirror (d,p) experiment, since the spectra of C"
and N" agree very closely. Because of the much poorer
resolution in the (d,n) case, no meaningful comparison
can be made, apart from noting that the absolute ground
state reduced widths agree tolerably well.

C"(p d) C" ' C"(d t)C"

There is a large discrepancy between the absolute
ground-state reduced widths measured in the only
available (p,d) experiment (Be58) and the (d,p) experi-
ments (Fig. 18). The (d,p) reduced width being con-
firmed by several experiments, we suggest that the
(p,d) cross section quoted in Be58 is incorrect.

The ratio of reduced widths for the first two states
of C" is found to be 0.95 on the (p, d) experiment (Be58)
and 0.76 in the (d, t) experiment (Ma59). The two deter-
minations agree well.

In Fig. 1, again calculated with an Inglis interaction,
it is clear that

8*/Sg) 1.2,

and that the ratio does not vary appreciably for P&5.
This agreement is mediocre and no value of f' can be
fixed.

"Ly3&(1pgj, where &8 represents the (1 ) state at 9.63 Mev inC', would appear energetically to be an even stronger possibility.
However, we have already seen that y&—I (pg7)Xdgj, so that
Lv3x&Ptj=Evoxd)j.

Fxo. 18.
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80'(2s) ~0.20. (IV.24)

We do not expect the 0 member of the s; doublet to
be far away. The only level below 11 Mev with a
strong enough stripping transition is a J=O level, of
uncertain parity, at 6.89 Mev. This level was assigned
/=1 in Mc56; however, the reduced width would then

We have already pointed out, in discussing
B"(d,n)C" that the (d, t) reduced width (0.0012) of
the 7.653-Mev level probably indicates a component of
s'p' about 10% in intensity. Nothing further can be
said about the structure of this state until further
experimental data are available, concerning stripping
from B"to the level in question and both stripping and
pickup to higher levels of C".

In spite of the very small reduced width, a clear /= 1
angular distribution is observed (Ma59) to the 7.653-
Mev level. The background in this weak transition is
itself surprisingly low, about 0.02 mb/sr. There is, in
fact, some evidence that the background in deuteron-
triton reactions tends to be lower than in the corre-
sponding deuteron-nucleon reactions. Further experi-
mental study of this point, which could be very sig-
nificant, is essential. A very interesting experiment in
this connection would be the "spin-Qip" transition
B"(He',d)C" (2.01 Mev). If the nonstripping con-
tributions to deuteron-triton and deuteron-nucleon
cross sections dier markedly, this is obviously an ideal
case to examine.

A=13 14

C18(jp)C14

All low-lying l=1 transitions are forbidden in jj
coupling except that to the ground state, for which 8=2.
The only strong l= 1 transition observed is, in fact, the
ground-state transition, as predicted (Fig. 19). The
6.59-Mev level is probably weak /=1, possibly the
J=2+ (T= 1) level expected in this vicinity.

The level at 6.09 Mev is known to have J=1
(Aj59), and shows a strong l=0 stripping transition. It
is undoubtedly Lpo(C") X2s,]&-, there being no nearby
1 levels to suggest strong interactions. From the
reduced width we obtain the value
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C"(d,e)1P4

There is no data concerning reduced widths, although
a few low-energy experiments have been performed (see
Aj59). In jj coupling, we expect only two l,= 1 transi-
tions, both with 8=2, to the first two states of N".
Negative parity 2s; and id; levels appear with both
T=O and T=i. The T= j. levels, analogs of the C'4

levels discussed previously, have been identified by
C"(P,P)C" (Table 14.8 of Aj59). A high resolution
C"(He', d)N" experiment, studying levels in N" up to
10 Mev, would be well worthwhile.

C14(@)+13

The calculated ratio for the l= 1 reduced widths to
the ~ and -', levels is found to be insensitive to the
spin-orbit parameters, except near the uninteresting
IS limit (Fig. 20). With f'(C")=3'(C'4) we have

be anomalously large for an l= 1 transition (8'~0.09)
and incredibly so for a forbidden one. It is found that
l=O gives an acceptable fit to the angular distribution
of the .transition in question and must surely be the
correct assignment. (See Table I, footnote p.) Be-
cause of a lack of low-angle measurements, a reliable
reduced width could not be extracted. The transition,
however, is strong and the 6.89-Mev level probably
[ppp(C") X2sx].

The strong l=2 transitions to states at 6.72 and 7.35
Mev suggest the presence of large components of
[ippXd ]p p . We expect weak coupling for the 1d;
single-particle states of C". The lowest states in the
weak coupling representation (Sec. III.11) which can
interact with [q p Xd;]p-, p-, [ppp Xd;]p-, p-, and [pp p X2s;]p-,
where q ~ represents the ~ second excited state of C",
are probably about 3 Mev higher, since the excitation
of p~ is 3.68 Mev. The assumption that the 6.72- and
7.35-Mev levels are the 3 and 2 members, respec-
tively, of the doublet is supported by the reduced-
width ratio

[J]HP(6.72): [J]HP(7 35) =1.55:1

very close to the statistical ratio of 1.4:1. The absolute
reduced widths yield

&=0 2 5 16

S*/Sp= 2 1.47 1.15 1.20 1.23.

Reasonable separate variations of f'(C") and f(C") do
not change these results appreciably.

The experimental reduced-width ratio (Mo58) is
HP*/8, '~0.7, significantly smaller than S*/S, for any
value of i This dis.agreement may perhaps indicate a
variation in 8p'(1p) between the ground and 3.68-Mev
states, which, in turn, may be due to the fact that the
reaction is (d, f) rather than the simpler (p,d).

Since the 3.09- and 3.86-Mev levels have been iden-

tified as single-particle 2sy and id' states, the measured
l=O and l=2 reduced widths give a measure of ad-
mixtures of p 2s' and p'id' in the C" ground state.
The technique for estimating such admixtures is
described in connection with N'4(p, d)N". We work in

jj coupling and assume 8p'(2s) =0.17 and 8p'(1d) =0.07
for the relevant single-particle reduced widths. The jj
coupEng assumption implies neglect of 1p'2s1d, since

(ipip)p2syid~ contains no states with J=O. The meas-

ured reduced widths imply that, assuming

4 (C")=~ip"+P(1P*.') p2s +v(ipt')oid

0.06 ~& HpP (1d) ~& 0.07. (IV.25)

A broad level at 11.9 Mev in C"appears very strongly
in C"(d,p)C'4. Although no l assignment is possible, it
is probable that this transition involves one (or both?)
single particle dg states with J=1 and 2 . This would

indicate
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[dy]—[dg] 5 Mev, (IV.26)

similar to values found for the d doublet splitting in
C" and O' . A firm l assignment might be possible by
C"(n, pp) C"

I/2-
c
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N'4(p d)N" N'4(n d)C"

The ground-state widths (Be58, Ca57a) measured by
the two diGerent reactions agree very well, but there is
a large discrepancy in the measurements of the /=1
reduced width ratio to the 2 and $ states (Fig. 21).
The /=1 curve in the (n, d) experiment fits the data
very poorly; any reduced width extracted from such
a curve is subject to large uncertainties. Furthermore,
the (n,4t) width H'=0. 16 for the pp state is incredibly
large for an /=1 transition whose 8 value in the jj
limit is 2/11. We conclude that the (n, d) ratio is
erroneous and take H'*/H, '~0.5 as the experimental
value.

The ratio S*/S, of spectroscopic factors, calculated
as a function of l'(N") = I'(N'4) within the configurations
1p", is found to decrease monotonically from 2.26 at
&=0(IS) to 2/11 at f'= ~ (jj). A few representative
values, obtained (Au55) with a Rosenfeld interaction,
are

0 2 5 16

S*/Sp ——2.26 0.97 0.15 0.12 0.09.

Agreement with the measured ratio is found for $~3.5.
This value is rather low, but could be modified by
varying f (Nip) and t (NI4) separately. For f'~3.5,
S,~1.3, whence, using 0,'=0.05,"

Hp'(1p) ~0.04. (IV.28)

The /=0 reduced width to the 2.365-Mev level in N"
extracted from Bennett's data (Be58) is subject to large
uncertainties, because the transition is very weak and
no measurements were taken for 8, .&15'. We should
probably regard the "measured" reduced width as
setting an upper limit

0' &0.002. (IV.29)

We have identified the —,
'+ level of N" in question as

(pP) p2s~. A measurable l= 0 pickup width must indicate
the presence of p'2s' in the ¹4 ground state. The con-
figuration P'2sP contains a number of states with 5= 1,

570ur ground-state reduced width is twice that quoted on
page 174 of Aj59. As in the case of B"(d,n)CI2, this difference
reBects an isotopic-spin coupling factor of —,'.

the intensities of the various configurations are

n'=0.92 (92%%uo), P'=0.005 (0.5'%%uo),

A=0.07 (7%%uo). (IV.27)

An analysis similar to the foregoing was 6rst given
by Baranger and Meshkov (Ba58), who obtained a p'd'
intensity of 12%%uo, about twice that given in (IV.27).
Their result differs from ours because of a diGerent way
of handling the data. The discrepancy of a factor of two
in the p'd' intensity is within the reliability claimed by
Baranger and Meshkov and does not influence their
qualitative conclusions, which we discuss later.

FIG. 21.
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Since a lot of attention has been paid to the C" and
N" ground-state wave functions, we first summarize
the present status of this problem and then discuss the
relevant stripping data.

t

Stripping Data aisd the Ground State Wave-
Functions of C'4 and N44

During the past few years, major interest in the
A=14 polyad has shifted its focus away from the
C" P decay. This problem is now resolved and there is
little doubt that the long lifetime of C'4 is due to an
accidental cancellation. The fact that such a cancel-
lation cannot be produced within the framework of the
single-particle spin-orbit model, with wave functions
restricted to p", but can be if we introduce a tensor
force, has occasioned comments that the long lifetime
of C"demonstrates the existence of a tensor interaction.

Two procedures. were used in studying this problem.
The first, very similar in spirit to conventional inter-
mediate coupling calculations, involved a choice of
effective central, tensor, and spin-orbit interactions and
the use of these to calculate energy levels, wave func-
tions, and other properties of interest (Ja54, K156,
Vi57). The second. technique proceeded directly from
the experimental data and, assuming again wave
functions belonging to p", obtained a direct solution
for the amplitudes in the wave functions of interest
(Sh55, Be58). The C'4 and N'4 ground-state wave func-
tions determined from the experimental data did not
agree with the results of the shell-model calculation
and, indeed, appeared to be inconsistent with what is
known about p-shell level structures.

T=O and there is therefore the chance of accidental
cancellation in the spectroscopic factor. Ignoring this
remote possibility, we use the jj coupling approxima-
tion, which is probably quite accurate, to estimate an
upper limit on the p'2s' admixture.

The transition in question is

alp"+ p(1p;) p'(2st2) i ~ (1p,*')p2s;,

with S=2P'. Taking Hp'(2s) =0.17 Lsee (IV.21) and
(IV.22)3, we find P'(0.006. In other words, (IV 29).
implies that the py'2sp admixture in the N" ground
state is less than 0.6%%uo in intensity.
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It now seems that the fault lies in the assumption of
p" wave functions. Baranger and Meshkov (Ba58)
have shown that the C'4(d t)C" I=0 and 3=2 reduced
widths indicate mixtures of p's' and especially p'd' "
in the C" wave function which, while negligibly small
for most purposes, are large enough to play an im-

'
portant part in the very delicate P-decay cancellation.
The long lifetime of C" therefore imposes no simple
relation between the p'0 wave functions of C" and N".
The direct solution of Sherr et a/'. loses its central datum.
Moreover, the specific necessity for a tensor force
disappears.

It is nevertheless of interest to see what restrictions
the stripping data impose on the wave functions

+(01)=W('5'i)+W ('~i)+vP('») (IV 30)

of the N'4 ground state (T=O, 5= 1) and

t.o

p~i + .
,~J

-l.O' ~p-+, ' s JVj

et al.

SSCHER-
FKRRELL

i
KLLIOTT

' l.O

+(10)=4 ('5'.)+e('&o) (IV 31)

representing the C" ground state (T=1, J=O) and
its analog at 2.31 Mev in N'4. We consider the 1=1
transitions connecting these two levels with the ~ and

single-hole states in N'5 and 0", using the notation
described in Example 4 of Sec. III.10. The sum rule
derived there yields

FIG. 22. N" ground-state wave function. Curves I'Q:
with Rosenfeld interaction; —————,with Inglis interaction.

suggests. The agreement between (IV.33) and (IV.34)
is therefore quite satisfactory.

C'4(d ii)N" (Ri57) to levels at 0 and 6.33 Mev in N":
0.20 &~So*/Sp &~0.50

S,=3/2(1+S,*/S;) (i=0, 1) (IV 32) whence
0.75 & s, &1.07. (IV.35)

1.07& s, &1.25. (IV.33)

N' (d e)0' (Ev53) to levels at 0 and 6.14 Mev in 0'5

0.06 &~Si*/Si ~& 0.11,
yielding

1.22& sg& 1.34. (IV.34)

This was one of the first (d,e) stripping experiments to
be performed and it may not be as reliable as (IV.34)

"See the earlier discussion of C"(d,t)C' for quantitative
estimates.

enabling us to extract S, directly from a measured ratio
of reduced widths. In the following discussion, the
phase-convention used for the 3= 14 wave functions is
the standard one discussed in Sec. III.5.

We now present the experimental information con-
cerning S, and S,*. Since the relevant (single hole)
states in N" and 0" are about 6 Mev apart, we must
allow for the possibility of an energy variation in Oo'(1p).
Since no clear evidence for such a variation is found
elsewhere in the ip shell, it seems sensible to restrict
this variation in Oo (1p) to a factor 1.3 in either direc-
tion. The e8ects of such possible energy dependence of
Oo'(1P) are included in deriving S,*/S, from measured
values of OP*/OI2:

N'4(d P)N'5 (Wa57) to levels at 0 and 6.33Mev in N" .

0.10&~Si*/Si&&0.20,

whence, using (IV.32), we have

The relevant experiment used very low energy deu-
terons (EO= 3.5 Mev). There is some evidence
LBe'(d, p)Be"] to support the hope that a stripping
ratio does not vary much with bombarding energy.

N"(P,d)N" (Be58), to ground and 2.31-Mev states
in N":

0.5 & S,/S, &0.8. (IV.36)

Equations (IV.33) to (IV.35) yield the range of values

0.56~& So/S, ~& 1,

whose agreement with (IV.36) confirms the accuracy
of the low-energy C"(d,n)N" estimate of Sp+/So. We
regard the limits

0.5~& So&1 (IV.37)

2S =1+iv'+2OL(-:)-:v-(l)' j, (IV.38)

as can be shown directly from (III.89) and (III.90).
Using the normalization condition to eliminate y',
(IV.38) determines a curve in the nP plane for each
value of S~. The loci for 8~=1.07, 1.25, and 1.34 are

on So as reliable.
We now examine the restrictions imposed by (IV.33),

(IV.34), and (IV.37) on the amplitudes in 4(01) and
%(10). In this analysis we can safely neglect configura-
tions other than 1p", since the admixtures of 1p'd' and
1p's' found in C" from the (d, t) results have no appre-
ciable inQuence on the /=1 reduced widths under con-
sideration. Si is given (Fr56) in terms of the amplitudes
by
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shown in Fig. 22."The shaded annular region contains
values of o. and p consistent with the stripping data.

Since the P decay is no longer regarded as relating
n/P and x/y, the only other data yielding a relation
between u and P concern the magnetic and quadrupole
moments of N". We do not regard the latter as provid-
ing any useful information in the present connection.
The magnetic moment locus is the cross-hatched ellipse
in Fig. 22 the errors being uncertain. The available data
are seen to restrict (n,P) to two zones in the (oP) plane.

The first is a wide band in the first quadrant, where
the wave functions of Sherr et al. , Elliott, and Visscher
and Ferrell lie (Sh55, E156, Vi57, He58). The second is
a smaller region around n= —0.4, P=0.1 in the second
quadrant. Intermediate coupling calculations with
Rosenfeld and Inglis interactions yield the curves PQ
as f ranges from 0 to ~. These curves lie inside the
allowed region for the low values 2~&&~&3. Since a
small tensor force changes the calculated values of
(o.P) from the second quadrant to the first, we should
not expect agreement to be much better. The experi-
mental data do not enable us to choose between the
two allowed regions.

Let us now consider So, for which we have [Fr56:
(III.89) and (III.90)]

28o——1+x'+ 2v2xy. (IV.39)

Thus, a value of $0, together with the normalization
condition, determines two distinct values of (x,y). The
allowed points on the unit circle x'+y'= 1 are exhibited
in Fig. 23, corresponding to the range of values (IV.37)
for So. The stripping data demand that x and y have
the same sign and that either x/y &~2.8 or x/y ~&0.35.

Any shell-model calculation with a reasonable inter-
action, with or without a tensor force, predicts" that
z~y, to within a factor two. To obtain x &~2.8y, we
must go to the physically unreasonable LS limit while
@~&0.35y is quite impossible. Since the limits imposed
by the stripping data on x/y are insensitive to variations
in So, we have here a clear-cut contradiction.

In summary, we would assert that available experi-
mental evidence" does not permit us to choose between
alternative means of achieving cancellation in the
p-decay matrix elemen. t. Ignoring the p decay entirely,
we obtain two distinct direct solutions for the N" wave
function, lying in different quadrants of the ap plane,
and we have no way of deciding between these alter-
natives. The poor agreement between the intermediate
coupling N" wave function with the usual value of f

~'A diagram of this kind was Grst used by Warburton and
McGruer (Wa57}.

0 This can be seen from the form of the spin-orbit matrix
IS 0
3I' K2g

and the fact that the central diagonal difference E('S}—E('E)
~6X. A small tensor force simply adds a small term to the 8I'
diagonal matrix element and is of no importance to our argument.

"The p-decay branching ratio of the 3.945-Mev level to the
two lowest levels in N'4 could also be analyzed in this connection.

Ogx/y C.55

FIG. 23. C' ground-state wave function. 1, jj limit; 2, inter-
mediate coupling (Rosenfeld interaction, /=5); 3, Visscher and
Ferrell (Vi57); 4, Elliott (E156).

(1 ~4) and that determined directly is not to be
regarded as at all significant. On the other hand, the
disagreement in the C" case is very real and not at
present understandable.

@14(dp)+15. +14(d ri)015

Where they overlap, the three N'4(d, p)Ni~ experi-
ments (Sh55, Gr56, Wa57) agree quite well, except for
the 8.316-Mev I,=0 transition.

We have already discussed the /=i transitions. It
only remains to use (IV.33) and the ground-state
absolute reduced width (Wa56) to obtain

0.037 &~Op'(1p) &~0.044. (IV.40)

Between 5 and 9 Mev in N" there are seven posi-
tive-parity levels. Halbert (Ha56, Ha57) has carried
out detailed shell-model calculations for such states of
2 = 15, arising from 1s'1p' 2s, 1s'1p' 1d, 1s'1p" In the
comparison between theory and experiment presented
in Table VI, we have used the spin assignments and
S values of Halbert. "These spin assignments are con-
sistent with all currently available experimental
evidence.

The reduced widths of Sh55 were normalized by
taking [Jje'(5.28) =0.049, from Gr56.

We have ignored the doubtful /=0 component in the
transition to the 7.58-Mev state. There is no conclusive
evidence that such a component exists. Its presence
would contradict Halbert's spin assignment for the
state.

Apart from the data of Wa57 for the 8.316-Mev level
and the mixed transition to the 8.571-Mev state, the
values of 80'(1d) and 0O'(2s) are consistent to within
~30'. In view of the great complexity of the wave
functions, this is satisfactory and lends support to

"The N'4 ground state is represented by an intermediate
coupling wave function (Rosenfeld interaction, g =4) the 8
values being given in Appendix G of Ha56. In Ha57 the N'4 wave
function of Sherr et al. is used, the values of 5 being very similar.
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TAsLz VI.

Excltat Ion

5.28
5.31
7.165

7.314

7.575

8.316

8.571

5+
+

7+
2

s(&=0)
0

0.110

0.853

0.013

0.134
0.033
0.726

~ ~ ~

0.015

0,622

0.005

0 ~ ~

0.084
0.095

~ 4 4

0,12
0.16
0.24
0.004
0.005

0.008
~ ~ ~

0.049
0.041

~ 0 ~

0.058
0.063
0.068

~ ~ ~

0.009
0.011

00'(2s)

0.13
0.15

0.14
0.19
0.28
0.30
0.37

0.061

0.067
0.056

0.093
0.10
0.11

0.016
0.018

Reference

Gr56
Sh55, Gr56

Gr56
Sh55
Gr56
Sh55
Gr56
Sh55
Ka57
Gr56
Sh55
Wa57
Sh55
Wa57

a The entries in the columns headed "80'(2s)" and "80'(1d)" are not to be regarded as reliable estimates of single-particle reduced widths, but rather as
values of the ratios 82(0)/3(0) and P(2)jg(2), evaluated for each transition. Agreement between theory and experiment is then exhibited in the degree
of consistency of the ratios so obtained.

Halbert's spin assignments. Taking mean values, we

have the rough estimates

00'(1d) 0.08, 8p'(2s) 0.15. (IV.41)

It shouM be remarked that interchange of the spin
assignments for the 7.165- and 7.571-Mev levels would
not seriously impair agreement with experiment.

The positive parity levels of N" could obviously be
discussed from the weak coupling standpoint. It can
be seen from Table VI, or from Fig. 3 of Ha57, that at
least the 6rst two states of 2=14 (J=1, T=O and
J=O, T=1) contribute jointly to several of the N"
states. Now both of these states of A = 14 are available
as ground states of target nuclei (N" and C").This has
the unique consequence that not only can components of
Lpo(N") &'(u&j, where I&= 1dt or 2s~, be directly located

by ¹4(d p)N", but also fragments of t yo(C'4)XuI j
are accessible by C"(He', d)N" A careful C"(He', d)N"
experiment would therefore yield valuable insight into
the weak-coupling structure of positive parity levels in
N15

1P'(p d)Ã"

The absolute ground-state reduced width (Be58)
agrees well with the value found by N" (d,p)N" (Wa57).

We have already discussed the transitions to the 6rst
two states of N'4 it remains to examine the 3.945-Mev
level. The reduced width 81' for this level is subject to
large uncertainties; the estimate

interaction varies very little between f'=4 and the jj
limit. The value for S~/S~ in this region lies between
0.45 and 0.5, significantly higher than (IV.42).

eo'(1d)—0.05, 80'(2s)~0. 1 (IV.43)

for the single-particle widths.
Angular distributions with clear stripping form were

measured for transitions to two higher levels in C", at
6.4 and 7.3 Mev. At the corresponding values of Q,
however, Butler curves with /=0, 1, 2, and 3 are almost
identical. l values and spins could be determined by
C (I,'0) C, whereupon reliable st11ppmg widths could
be extracted.

C"(d p)C"

Since the first excited state of C" is 6.09 Mev above
the ground state, the ~+ and —',+ levels at 0 and 0.745
Mev in C15 must be nearly pure 2s~ and Id~ single-
particle levels (Fig. 24).

The shell-model calculations of Halbert (Ha56, Ha57)
give results consistent with the preceding expectation.
The erst T=~ levels of 2=15 are predicted to be
nearly" degenerate, and to have J= ~+, ~+.

The simple weak-coupling argument and the detailed
calculation of Halbert and French agree" in suggesting

1 for the 1=0 and l=2 transitions under consider-
ation. The absolute reduced widths (Mo58) then yield
the rough estimates

0.1 & S&'/S& & 0.3 (IV.42)

0+

/
g,p t

/
l5

/g
p'4~0

P'

St2+

Fxo. 24.

of the stripping ratio is probably rehable. It is found
that S~'/S~ calculated as a function of 1 with a Rosenfeld Detailed calculation (K157) indicates that jjcoupling

is an excellent approximation for the four lowest T= I
states of 2=16 (Fig. 25). The levels in question are
accuratelyrepresentedby (pt 'd;)z 2, &and(p, 'st)z p, g.

"The —',+ level is actually predicted to be 0.2 Mev lower than
the ~+. This could certainly be altered by allowable changes in
the parameters of the theory.

'4 For the —,'+ level, Halbert (Ha56) gives S=0.97.
65 Levels above 1.22 Mev in CIS are energetically accessible,
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Fro. 25.

I/2—
l5

/
.295

/ /
/ /a*2

/ / .II9
//

l6

Such an interpretation indicates S~i for each of the
four transitions in question, a prediction which is
confirmed by the near equality of the respective 1=0
and l=2 reduced widths. In fact, consideration of the
reduced widths enabled Warburton and McGruer
(Wa57) to 6x the spins of the levels in question, illus-
trating an important practical use of (d,p) widths. The
absolute reduced widths yield

aIld
86'(1d) 0.05

8p'(2s) 0.18.

g16(+ep ~)g16 ~

g16 (d t)g16

(IV.44)

(IV.45)

In the pickup reactions on 0", we expect to see two
strong l=1 transitions (S=. 4 and S=8, respectively)
to the one-hole p4 and py states in 0'6 and N'6 (Fig. 26).

An 0"(Hep, u) experiment has been carried out with
a 9.2-Mev He' beam (Hi59). A very clear /=0 transition
is observed to the ~~+ member of the positive-parity
doublet near 5.2 Mev in 0'5. This implies either a
(2sP)p admixture in the 0" ground state, sizeable
1s461p" contributions in the 5.174-Mev level in 0", or
possibly both. It will be noticed that the —,'+ member of
the 0"doublet lies lower, the reverse of what is found
in X~5

The ground-state (d, t) transition has recently been
studied (Ke60) at a deuteron energy of 14.9 Mev. The
measured absolute cross section yields A8'=2.4, which
is unexpectedly small; for example, with S=4, 866(1P)
~0.04 from (IV.28) and (IV.40), and 8=190 from
(II.38), we would expect A8'~30. Several factors may
contribute to the observed diminution of lN':

(1) In the 0' (d, t) 0'6 experiment under consideration
(Ke60), the energy of the outgoing tritons is only 4.7
Mev. 866(ip) seems to decrease at very low projectile
energies.

(2) There is consistent evidence (see Sec. VII.2)
that single-particle reduced widths decrease as the
binding energy of the transferred nucleon increases.
In the case of 0"(d, t)0'6 (ground. state), this binding
energy has the large value of 15.65 Mev.

(3) Very little is known about the energy-dependence
of the (d, t) normalization factor A. In view of the large
release of binding energy and the small triton energy
involved, it is- possible that the above rough estimate
of A, as well as that of 866(1p), is a substantial overesti-

5.253

FxG. 26.

l6

S.174
/

/
/

/
/

r
/

I

I/2 +

I/2-
l5

mate. In order to clarify the situation, it would be
worthwhile to repeat the 0"(d,t)0" experiment at a
deuteron energy of 20 Mev or higher and to study0"(p,d) 0'6 with protons of similar energy.

In concluding this section on the 1p shell, we remark
that our two most serious sources of difhculty, en-
countered in Li (d,He')He' and 0"(d,t)0", have
involved (d, t) or (d,He') and not the simpler deuteron-
nucleon reactions.

0"(dip) 0";0"(d,n)F"

Since the next levels of the same spin and parity are
5 Mev higher, the ground and 6rst excited states of 0'7
and F"are, without doubt, good single-particle id' and
2s4 levels (Fig. 27). The (d,p) and (d,n) reactions on 0'6
therefore provide an ideal means of studying the d and
s single-particle reduced widths and their dependence
on bombarding energy.

The values of the reduced-width ratio 8'*j8,' for the
first two levels of 0'1 and. F'~, obtained in (d,p)
(Bu51a, Gr56) and (d, 46) (Mi53) experiments with 8-
to 9-Mev deuterons, are 2 and 4.3, respectively. It seems
unlikely that this large discrepancy rejects a real dif-
ference between (d,p) and (d,n) reduced widths. Pre-

V. STRIPPING AND PICKUP REACTIONS ON
ds-SHELL NUCLEI

In Sec. IV, we had something to say about most of
the 1p-shell transitions for which experimental data
are available. Since the ds shell is not well understood
spectroscopically and because, in several instances, the
experimental situation is unsatisfactory, such thorough-
ness is not attempted in the present section. In
discussing the ds shell, we analyze in detail only those
reactions from which we can obtain useful spectroscopic
information.

Stripping reactions in the ds shell have been dis-
cussed by several authors; l=0 and /= 2 transitions in
0"(d,p)0" by Bilaniuk and Hough (Bi57) Mg'4(d p)-
Mg'6 and Si"(d,p)Si" from the viewpoint of the rota-
tional model by Litherland et at. (Li58) and Bromley
et aL (Br57); the mixed I=0+2 ground-state transition
in P"(d,p)P" by Parkinson (Pa58); l=i transitions
in the last-named reaction by Pandya (Pa57a).



of ep'(1d); stripping data on higher levels of 0'r are
needed before a Anal conclusion can be reached.

A detailed discussion of the negative parity levels of
0'~ has already been given in Example 2 of Sec. III.11.
We concluded that the 3.856-Mev level in 0' is a
good. single-particle 1'/p state. On using (V.1) and the
measured ratio (Gr56) of its reduced width to |t,', we

obtain

5.08
/'

t. 2/
4.555

/ z
/ ~i 5.846

/i 1t,~l /

/ s.oss

/x s/

/
.sr'

/ i-p~

3/2 +

5/2—

?/2—

1/2—
FIG. 27.

Op'(1f)~0.012. (V.3)

We conclude by repeating that further OiP(d, p)0'7
and 0"(He',d)F" experiments, studying levels in the
final nucleus at least up to 8 Mev, would be well
worthwhile.

I/2+

0+
016

l7

017(d P) Qlp
liminary measurements with 15-Mev deuterons (Ke59)
yield a value of 3.4 for 0'*/0, ', intermediate between
the preceding extremes.

At bombarding energies up to 4 Mev, the angular
distribution of the ground-state deuterons does not
have the characteristic stripping form (Gr56a, St55,
Ba5/). At 8 and 19 Mev, respectively, the measured
ground-state reduced widths (Bu51a, Fr53) of 0.058
and 0.044, respectively, " are consistent with the pre-
liminary value of 0.05 (Ke59) at 15 Mev. There is,
therefore, no evidence of a significant variation in
ep'(1d) between 8 and 19 Mev. Furthermore, the result-
ing value

Transitions leading to the three lowest levels of 0"
have been studied experimentally (Bi5/) (Fig. 28). On
the basis of these results, spins of 0+, 2+, and 4+ were
suggested for the corresponding states in 0". These
assignments have now been confirmed by C"(n,y)OiP.

(See Aj59.) No absolute cross sections have been
measured.

Wave functions for 0" have been calculated by
Redlich (Re54, Re58), and by Elliott and Flowers
(E155a), with very similar results. On using Redlich s
wave functions, we find 8"/8,~1.2 for the 3.55-Mev and
ground states of 0". This is in good agreement with
the observed reduced-width ratio of 1.1.

The mixed i=0+2 transition to the 1.99-Mev level
has been discussed in detail as Example 2 of Sec. III.9.

Op'(1d) 0.05 (V 1)

is in good agreement with the values (0.05 to 0.07)
obtained in Sec. IV from 1P-shell studies.

The reduced width 0'* of the 0.872-Mev level of 0'~
appears to increase steadily with bombarding energy
from 0.013 at 2.1 Mev (Gr56a) to 0.11 at 8 Mev (Bu51a).
It is not clear whether the larger value of 0.17 at 15 Mev
(Ke59) indicates a real energy variation or experi-
mental uncertainties. At any rate, the main energy
variation occurs for low energies, as we have already
noted in the case of ep'(1P). Vsing the 15-Mev data
(Ke59) because it is probably the most reliable, we have

018(d f) 017

Transitions to low-lying negative-parity levels in 0'~

(Ar60) indicate that the 0"ground-state wave function
contains sizeable (1'/P)p and (2P )p admixtures (Fig.
29). Neglecting core excitation, the 0" ground-state
wave function is

+(0")=~(1~') +0(»') +&(1~-')p-

+&(1fvp')p+ p(2P-)p (V4)
Hp'(2s) 0.17, (V.2)

The pickup data are now used to determine the size of
the amplitudes in (V.4).

Consider first the l=1 transitions. A strong triton
group is observed (Ar60) belonging to the i2level at

in good agreement with 1p-shell estimates (0.15 to 0.]8).
Further 0"(d,p)0'" experiments, in which absolute

cross sections are measured at different deuteron ener-
gies, are needed to clarify the dependence of Op'(1d) and
OpP (2s) on bombarding energy.

The 1=2 reduced width of the 5.08-Mev level is
nearly equal to that of the ground state, the observed
values being 0.8 0,' (Gr56) and 0.9 8,' (Ke59). This
suggests that the level in question, whose spin is ~+,
is predominantly single-particle 1d;. However, we
cannot rule out the possibility of an energy variation

r
l

I p/
I.98

//
Cia+2 FIG. 28.

The reduced widths quoted here and in Table I for the two
lowest transitions in 0"(d,p)O" are smaller by a factor of three
than those extracted by Fairbairn (Fa54) from the same experi-
mental data, but in reasonable agreement with the values given
by Fujimoto et al. (Fu54).

0+
0

5/8+
17
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3.058 Mev in 0", but no angular distribution could be
measured because of the presence of elastically scattered
deuterons. Since the level in question shows no stripping
from 0" (Gr56, Ke59), its predominant configurations
clearly involve 1P1 core excitation.

The total )= 1 reduced width in 0"(d,p) 0' of the —',

states at 4.555 and 5.38 Mev is markedly smaller than
H9'(2p) (Ke59), again implying significant amounts of
1p-core excitation. 1p and 2p contributions to pickup
to these levels add coherently so that we cannot say
much about the 2p;9 amplitude in (V.4). To obtain a
solution, we take

(V.S)

FxG. 29.

O)S

)
5.38

5.08

g )
4.555

g 35.846

&&. ) &

3.058

0.87I

3/2-

3/2+

3/2-

) /2-

I/2+

5/2+
0)7

TABLE VII.

tensity
of 1'

75 2'
66.9
74
79

Wave functi

From pickup data
Shell model~
Redlich
Elliott and Flowers

2sp id' if&12 2pp

14.5
21.2
16
15.2

3.3 5.5 1.4
5.2 2.9 0.7
9.6 ~ ~ ~ ~ ~ ~

5.8 ~ ~ ~ ~ ~ ~

99 See footnote 67.

' The effective two-body interaction used had a Gaussian
radial dependence with range parameter (Fr56) 'A=1, strength
V0=30 Mev, and Rosenfeld exchange dependence. The neces-

, sary single-particle level positions were taken from the spectrum
of 0".

a relation which emerges from the shell-model calcu-
lation cited in the following. The size of the 2p; com-
ponent is too small to have much influence on the
remaining amplitudes.

The relevant Anal states being good single-particle
levels, the spectroscopic factors for the 1d;, 2s;, 1d;,
and If9/9 transitions are

S(1d;)=2n' S(2s))=2P' (V.6)

The transitions to the 1d; and 2s~ levels in 0"have

Q values similar to those for low-lying l=0 and 1=2
transitions later in the ds shell. We therefore take

H, '(2s)/H9'(1d) 2 Ho'(1f)/(H9'(1d) —,', (V.7)

differing from the values appropriate to 0"(d,p)0"
in the direction indicated by stripping data on heavier
ds-shell nuclei.

Using the observed reduced widths AH' given in
Sec. II.3, Table II, (V.S)—(V.7) enable us to solve for
the '(squared) amplitudes in (V.4). The resulting per-
centage composition of the 0" ground-state wave
function is exhibited in Table VII. We also list,
for comparison, the intensities obtained in the shell-
model calculations of Elliott and Flowers (E15Sa) and
Redlich (Re58), and in a similar calculation89 including
1f7~99 and 2P99 contributions.

In view of the various uncertainties involved (par-
ticularly in the ratios of the single-particle reduced
widths) over-all agreement is very satisfactory. The
shell-model calculation gives 1f&~99 and 2p 9 admixtures

considerably smaller than those indicated by the pickup
data. This situation could certainly be improved by
reasonable changes in the parameters of the shell-model
interaction. It is also noteworthy that the ratio of 14~
to 2sg intensities obtained from the pickup data is in
good agreement with shell-model predictions.

The observed (Ar60) ground-state reduced width of
A8'=5. 7 and the value of n' obtained before imply

AH99 (1d) =3.8. (V.8)

F19(p d)F18

In the only relevant experiment (Be58), the four
levels near 1 Mev in F" were not resolved (Fig. 30).

' All were carried out on the University of Pittsburgh cyclotron.

Because of the jump in Q value between 0'8(d, p)0~9
and 0"(d,p)0", H9'(1d) in (V.8) cannot be regarded as
a known quantity. However, the normalization constant
A has been determined from C'4(d, t)C" (Mo58) and
Mg" (d, t)Mg94 (Ha60) where the Q values are within a
few hundred kilovolts of that encountered in the present
example. Furthermore, the values of A obtained from
C" (165) and Mg" (150) are in excellent agreement and
all three experiments under consideration involve the
same deuteron energy. "Thus, the value A.= 160 in the
present situation should be reliable. From (V.8) and
(V.7) we then have, for the single-particle reduced
widths,

H99(ld) =0.024, H99 (1f)=0.012, H99 (2s) =0.05. (V.9)

The preceding value of H9'(1f) is in excellent agreement
with the very consistent values obtained in several
experiments involving nuclei between 0'7 and Ca'5,
supporting the reliability of our analysis.

On comparing (V.9) with (V.2) and (V.3), we see
that both H9'(1d) and H99(2s) have decreased by a factor
of two to three between 0" 0' and 0'7 0".They
appear to remain fairly constant up to 3=28. These
observations suggest that the dramatic decrease in the
single-particle reduced widths reveals a strong de-
pendence on Q (especially close to Q=O), since Q (for
low-lying transitions) changes by about 4 Mev between
0" 0"and 0' 0"and then varies relatively little.
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respectively, compared with 8.2 Mev for F12(P,d)F12

(ground state). We therefore have striking evidence
that 092(2s) decreases strongly as Q increases. ep'(ld)
seems to exhibit similar tendencies although a com-
parison of (V.1), (V.7), and (V.10) indicates a slower
rate of decrease.

In conclusion, we note that Bennett's (Be58) com-
bined angular distribution to the four levels near 1 Mev
in F"may include some 1= 1 contributions involving 1pi
pickup to the 0 level.

F"(d t)F"

ep2 (2s) 0.03. (U.11)

This is smaller by a factor of five than the value (V.2)
obtained from O'P(d p)O'2 and smaller by a factor of
two than the value (V.9) obtained from 012(d,t)O".
The Q values of these reactions are 1.1 and 5.8 Mev,

"An l=2 reduced width of about 0.016 of the l=0 reduced
width is predicted for the I" ground state. No l =2 component is
observed (Se58) as expected.

Other studies (Ku58, Aj59, Hi59a) clearly indicate
that the spins of the 0.94- and 1.129-Mev members of
this quartet are 3+ and 5+, respectively. There is,
however, some disagreement about the remaining two
states. Kuehner et ul (Ku58. ) identify the level at
1.087 Mev as the lowest T= 1 state in P', with J=O+,
the 1.042-Mev level probably having J=O . Hinds and
Middleton (Hi59a) reverse these spin assignments,
asserting that the J=O+, T= 1 level lies at 1.042 Mev.
We have adopted the spin assignments of Kuehner et a/.
(Ku58, Aj59), but our analysis would not be affected
by an interchange of the spins. The essential conclusion,
on the basis of conservation of angular momentum, is
that the 1=0 and 1=2 components of Bennett's (Be58)
combined angular distribution correspond, respectively,
to the J=O+, T=1and J=3+, T=Olevelsinthequartet
near 1 Mev in P8

We have an independent check on the absolute (p,d)
reduced widths of Be58. The reduced width of the
J=O+, T= 1 ground state of 0' has been measured in
F"(22,d)O" (Ri57a), the value of 0.017 so obtained
being in reasonable agreement with the (p,d) reduced
width (0.023) of the analog level in F".

We can calculate S values for the /= 0 and l= 2 tran-
sitions of interest using either of the very similar sets
of wave functions calculated by Redlich (Re55, Re58)
and Elliott and Flowers (E155a). Redlich's wave func-
tions give the results shown in Table VIII. Agreement
between theory and experiment for the /=0 transitions
is good. "To 6t the relative reduced width of the l= 2

transition to the first excited state of P, we must take

Opp(2s)/Hpp(1d) 1 5 (V.10)

From the observed ground-state reduced width of
0.017 (Be58) and the calculated value of 8, we obtain

Two experiments have been reported, with 9-Mev
deuterons (E157c) and 15-Mev deuterons (Ha60a).
The low value A= 105 obtained for the (d, t) normaliza-
tion constant in the 15-Mev experiment perhaps indi-
cates a tendency for A. to decrease as Q increases.

No ground-state reduced width could be obtained
from the 9-Mev data since the diGerential cross section
was not measured at suKciently small angles to locate
the main forward peak.

TAm, E VIII.

TpJp

Excitation
energy in FI'

(Mev) S/S, e2/e, 2 (SeS8)

01
03

10

01

0
0.94
1.042
1.087
1.699

0.6
0.7
0.6
0.1

1.0
0.21 0.12

F19(d P)F2P

No shell-model wave functions are available for low-

lying positive-parity states of F".Such wave functions
are probably very complex, could not be obtained
without laborious calculation, and in any case would
be of questionable reliability. We therefore do not
discuss the predictions of the shell model for /=0 and
I=2 transitions in F"(d,p)F".

However, the Nilsson form of the rotational model
has been applied to P' with considerable success

The four levels near 1 Mev were not completely
resolved, the triton angular distributions being inter-
preted (E157c) as showing an 1=1 transition to a level
around 0.94 Mev and an /=0 transition to a level near
1.07 Mev. The presence of a strong /=1 transition at
this excitation is not confirmed by the (p,d) data (Be58);
furthermore, the purported l=1 angular distribution
must certainly include a sizeable contribution from /= 2
tritons to the 3+ level at 0.94 Mev. We conclude that,
although an /= 1 transition to the 0 level at 1.042 Mev
is possible, its presence is not established by available
data Further .experimental study of F"(d, t)F'2 and also
of F"(d&Hep)O" is clearly desirable.
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(Pa57, Ra57). The —,
'+ ground state of F" is identified

as the lowest of a Eo=-,'rotational band, " whose
intrinsic configuration is illustrated in Fig. 31~ In this
figure we exhibit the value of 0 and the Nilsson orbit-
number for each orbit; a neutron is symbolized by an
open circle, a proton by a cross.

Let us consider the rotational bands in F" that can
be reached by adding a neutron to the ground-state
con6guration of F".The lowest orbit in which there is
a vacancy is No. 7, with 0= —',+. The two bands, with
E= 1 and E=2, which arise from the resulting intrinsic
configurations probably lie close in energy with the
%=2 band lower (Br59); they certainly interact
strongly.

The spin of the F" ground state is known (Aj59) to
be either 2+ or 3+. We feel that the 2+ assignment is
more plausible, for the following reasons:

(1) The interaction between the X=1 and X=2
bands depresses the J=2 and J=3 members of the
E=2 band by considerable amounts. In order that the

po'(2p) &~0.021.

F"(d,n)Ne"

(V.12)

We again analyze the stripping data in terms of the
rotational model. The intrinsic configuration of the Ne'0

ground state is formed by adding an 0=—',+ proton in
orbit No. 6, to the F"ground-state configuration (Fig.
32). Band mixing should be relatively unimportant
here (Br59). Calculated values of g for positive values
of Nilsson's (Ni55) deformation parameter g" are given
below for the J=O+ and J=2+ states, the 4+ state
being excluded by conservation of angular momentum:

We therefore suggest that the ground state of F"
has J=2+, the first excited state J=3+. E is probably
strongly mixed in both states.

Eight l=1 transitions are observed (E156) to levels
of F" between 5.04 and 7.20 Mev. Since Po(Fo) has
J= &+, there are four basic l=1 components:

[4oX2p'jz'
[QoX2p;]g. 7=0, 1.

Since no spins and parities are known, we confine our-
selves to an application of the gross sum rule (III.185),
which yields

I/2
S(J=O)=
$(J=2)=

2

0.31
0.34

0.49
0.31

6 l

O'S7 0
0.29 2.

Fre. 31.
Agreement with the experimental reduced-width

ratio 8'j8,'= 1.1(Ca55a) can be achieved only by taking

8oo(2s)/8o'(1d) &1. (V.13)

In view of the very large Q values involved (=10 Mev)
and the apparently rapid decrease of 8o'(2s) as Q
increases, this, perhaps, is not unreasonable.

J=3 state lie lower, the difference between these de-
pressions must exceed their zero-order energy difference
taking the moment of inertia parameter from the
spectrum of Ne", we find a separation of about 1.5 Mev
which is probably too large to be overcome by the
interaction between bands.

(2) On using Nilsson's single-particle wave functions
(Ni55), we find S&0.1 for the 1=2 transitions to the
J=2 members of both the E= 1 and the E= 2 bands,
this result being insensitive to changes in deformation.
It is clear that no interaction between bands can alter
the fact that the lowest J=2+ state should have a small

stripping width. On the other hand, the J=3+ members
of both bands have sizeable S values, in the vicinity
of 0.25. The fact that no stripping has been observed to
the F" ground state is then a clear argument in favor
of a spin of 2+.

~ This Kp= ~ band mixes strongly with a nearby K'p=-,'+ band.
Since a Kp= ~+ band contains no state with Jp= ~+, the mixing
does not influence the wave function of the Kp=y ground state.

O.248

Fzo. 32. 1,832

~ a~/
/

/
—0+20

i/Py / ~ A~O

Fle
7' g measures the relative importance of the deformation and

the spin-orbit coupling. g=0 corresponds to zero deformation.

Neoo(d P)Ãe"
No absolute cross sections were measured in the only

available experiment (Bu56). The only point on which
we wish to comment is the fact that no stripping is
observed to the ~+ ground state of Ne". From the
standpoint of extreme jj coupling, this is to be expected
since the transition in question must involve a dg
nucleon and is therefore j-forbidden.
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Ne" (d p)Ne"

In contrast to Ne" (d,p)Ne", a strong t=2 ground-
state transition is observed, implying that the spin of
Ne" is Pp+ (Bu56) (Fig. 33).

In examining the predictions of the rotational model
let us refer to Fig. 31 Lthe intrinsic structure given in
discussing F"(d,p) F"$.The Ne" ground state (Ep ——0+)
has four nucleons in the Q= p+ (No. 6) orbit and two
neutrons (the full complement) in the Q= p+ (No. 7)
orbit. Low-lying bands of positive parity in Ne" are
constructed by adding a neutron in orbit No. 5, with
0= ~+, and No. 9 with 0= ~+.

We identify the ground and first excited states of
Ne" with the lowest states of the resulting rotational
bands (with E= Pp and E=—',) on observing that the
decoupling parameter (Ke56) of the E=p' band is such
that it has a —,'+ ground state for positive deformations
with the ~+ member more than 1 Mev higher. Since
DE=2, the two bands in question do not interact
directly (Ke56); indirect interaction, through positive
parity bands arising from the 2s; and 1d; states of the
spherical shell model, is discouraged by the fact that
interactions between bands arising from diferent
spherical orbits are relatively weak. The pure-band
approximation should therefore be adequate in the
present situation.

The ground-state transition has Sg= ~~. This result is
independent of the deformation because an intrinsic
state with 0= ~+ receives no contributions from 2s; and
1d~ and therefore has a definite value (Pp+) of j. In
contrast, the S value of the first excited state is sensi-
tively dependent on p, decreasing rapidly from the
value S= 1 as g increases from 0. In order to obtain the
observed reduced-width ratio 8'/8, '=4 (Bu56) for the
reasonable deformation g 4, we must have

Hp (2s)/Hp (1d))2.

This is a very reasonable result since the Q values
concerned are quite small (between 2 and 3 Mev), so
that we would expect to find a reduced-width ratio close
to what was found in 0"(d,p)O" and markedly larger
than the values obtained in 0"(d, t)0"and F"(d,e)Ne'

while the (d, t) value is 0.33. It is probable that the
0.59-Mev angular distribution of Be58 contains deu-
terons from the 0.89-Mev level in Na" for which the
(d, t) experiment (Vo58) gives 8'/8, '=0.59.

We do not give a detailed theoretical analysis of the
relative reduced widths since nothing is known about
the spins of the relevant excited states of Na" and since
we are dealing with an odd-odd nucleus in which inter-
actions between the bands of the simple rotational
model are probably important.

Na" (d,p)Na'4

The results of the three available experiments (Sh54,
Da60, Vo58) are in fair agreement where they overlap.
We cannot give a detailed analysis of the positive-
parity transitions because of the spectroscopic dif-
ficulty of dealing with an odd-odd nucleus and because
of insufhcient information about excited-state spins.

Nine t=1 transitions (Da60) are seen to levels in
Na'4 up to 4.5 Mev. On using the gross sum rule
(III.185) and normalizing the relative reduced widths
of Da60 with the aid of the absolute ground-state cross

0.59

3/2+

Na

Xa2 I
/

/
/

/
/

/
pa 2

22
Na

Fn. 34.

Na" (d,n) Mg'4

We consider, first, the theoretical predictions for the
first three levels (Fig. 35). These have been discussed

by Litherland et at. (Li58).

section of Vo58, we obtain

8p'(2p) ~& 0.028, (V.15)

where the inequality refers to the possible presence of
unobserved 2p contributions above 5.4 Mev in Na'4.

Na" (p d)Na"' Na" (d t)Na"

Both the (p,d) and the (d, t) experiments have been
performed (Be58, Vo58) (Fig. 34). They disagree con-
cerning the ratio of the l=2 reduced widths of the lowest
two states of Na". The (p,d) experiment gives 8'/8, ' 1,

Gronrld State

According to the jj-coupling shell model, the Na"-
(d, n)Mg'4 (g.s.) reaction is j-forbidden. On using the
Nilsson rotational model, we have S, 0.08 for g~4,
the S value being so small that the reaction is, once
again, dfectively forbidden.

0+
f4

22

lao /
/

/
/

/
/

, ~f-2

0.98 I/2+

5/2+
23

Fj:0. 33.

1.368'-3lev Level

Both l= 0 and l= 2 are allowed by angular momentum
conservation, but the l=0 component is forbidden by a
E selection rule, 8(~Q~, ~EaEp~), since Ep= p, Q= p,
and E=0. For q= 4, the predicted S value is given by
S(1.368) =0.69.
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Fxo. 35.

5/2+

Na

/
X~O+2 /

/

/
/

/
/

/
/

/

/

/

4y

O+
M'49

LJ]8=24/7 and Hp'(1d) is not less than 0.02, implying

LJ]Hp' 0.07.
A high-resolution Na" (He', d) Mg" experiment would

be valuable.

Mg" (d)p)Mg") Mg" (d,n)A1"

Three Mg" (d,p)Mg" and one Mg" (d,e)A1' experi-
ments have been performed LFig. 36(a)]. The three
(d,p) experiments (Ho53d, Hi58, Ha60) give reduced
widths in excellent agreement with each other. The
(d,e) experiment, at the low deuteron energy of 4 Mev,
yields reduced widths whose ratios agree well with the
(d,p) results, but whose absolute values are much
smaller. This reduction in reduced widths probably
reQects the inQuence of the low bombarding energy.

The ground-state angular distribution at a deuteron
energy of 14.8 Mev (Ha60) exhibits a sharp forward
spike superposed on a normal /=2 curve, an anomaly
which is not visible in the 8-Mev (Ho53d) or the 9-Mev
(Hi58) data. It is not clear what produces this forward
peak in the angular distribution; careful measurements

4.1ZZ-3Av I.e~el

Independently of the deformation, (III.204) yields

98(J=4+:E=O)/5$(J=2+: E=O) =-', (V.16)

provided that we make the approximation of ignoring
j= ~3 contributions to the 2+ level. We can verify
directly that such contributions are of no consequence.

The only available experiment (Ca55) is, unfor-
tunately, inadequate to provide a thorough test of
these predictions. The angular distribution of neutrons
to the 2+ level apparently shows no stripping although
the cross-section is quite large ( 5)&g.s. cross section).
The 4.122-Mev 4+ level is not resolved from a nearby
2+ state whose 1=0 component dominates the combined
angular distribution.

Probably only two significant points emerge from
the available experimental results. These are the
absence of a ground-state transition, and the absence
of an /=0 component in the 1.368-Mev angular dis-
tribution, vindicating the j and E selection rules. It is
surprising that the l=2 component of the first excited
state should not have appeared quite clearly, since

Mg

590 f)
s4o--'---- —Sf2-

230
go2 2.74~

2.S6~

/ 1.96
g 2 1.61

0.98

o.ss/~
\

ZOO
5/2+

b ~ g.2
M g

3/2+
7/2+
1/2+

5/2+
d

7/2+

Sl/2
5/2+

dS/2
I/2+

(a)
Fro. 36.

(b)

6

"Two different E=-,' bands can also interact.

at successively smaller deuteron energies (Ha60) reveal
a gradual diminution in the forward spike until, at
about 9 Mev, an /= 2 curve of the usual form remains.
It is not likely that the anomalous behavior in question
stems from contaminants in the target (Ha60); the
effect seems to be real.

We discuss l=0 and l=2 transitions to levels in
Mg' below 4 Mev on the basis of the rotational model,
which was first applied to Al" and Mg" by I.itherland
et aL (Li58).

The intrinsic structure of the ground state of Mg'4 is
illustrated in Fig. 36(b); for notation, see Fig. 31.Low-
lying positive-parity levels of Mg" (or AP') involve
four bands, with T= ~ and E= ~+) ~+) ~+, and 2+, re-
spectively, formed by adding a nucleon in orbits Nos. 9,
5, 11, and 8. Rotational bands interact strongly only if
they arise from the same spherical shell-model orbits
and differ in E by 1." We therefore expect the two
lowest bands, with E= —,'+ and E= —,'+, to be fairly pure.
The two higher bands undoubtedly interact so strongly
that statements made on the basis of a pure-band
approximation would be valueless.

We therefore treat the bands based on Nilsson orbits
No. 9 (X=—,') and No. 5 (E= —', +) as pure, but take
account of the interaction between the bands based on
orbit No. 11 (X=-',) and No. 8 (E= —,') in the manner
described by Kerman (Ke56). Since, in the present
case, only the J= 2+ states of the last-mentioned bands
enter into the band-mixing problem, we need only
diagonalize a 2)&2 matrix. A brief description of the
procedure is given in connection with Si"(d,p)Si". We
do not consider here the problem of fitting the observed

energy spectrum of Mg" by the eigenvalues of the rota-
tional Hamiltonian; this can, in fact, be done with fair
accuracy (Li58). Rather, we content ourselves with

identifying the levels of Mg" as members of the various
rotational bands, calculating S values on this basis.

Satisfactory agreement with the observed relative
reduced widths of levels below 2.8 Mev is obtained with
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Tmz, z IX.

Excitation
(Mev)

0
0.58
0.9S
1.61
1.96
2.56
2.74

5+
1+
3+
7+
5+
1+
7+

Orbit
No.

5
9
9
5
9

11
9

Seo2(l)

S,eo2(1d)

1
1.8
0.45

0.21
1.2

g2—(Ho53d)
g2

1
2,0
0.75

0.44

(Hi58)

1
2.1
0.76

~ ~ ~

0.45
1.0

(I-Ia60)

0.37

the reasonable values

8(P(2s)
0=3 — =12

80'(1d)
(V.17)

of the relevant parameters (see Table IX). The ground-
state spectroscopic factor is S,= 3 and is independent
of the deformation parameter g.

It remains to discuss two positive-parity levels, at
2.80 and 3.90 Mev, which were found in Hi58 to have
large l=2 reduced widths. There is little doubt that
the spin of the lower level is ~+, but that of the upper
may be either —,'+ or -',+. We consider two possible inter-
pretations.

(1) Both levels have spin l+ and arise from the inter-
action of the —',+ members of the rotational bands, with
E=—,'and E= —,', respectively, based on Nilsson's
orbits Nos. 11 and 8. On using the momentum of inertia
indicated by the spectrum of Mg'4, and a deformation
parameter g= 3, we find that the two states in question
are 3 Mev apart and that the Evalues are very strongly
mixed. "The entire 1dg reduced width is concentrated
on the lower —,'+ state, which has S 0.8, compared with
S&0.01 for the higher.

(2) Litherland et aL (Li58) identify the levels at 2.80
and 3.90 Mev in Mg'5 as the ~3+ and ~~+ members, re-
spectively, of a pure E= ~ band based on orbit No. 11.
We have seen that a calculation based on the full rota-
tional Hamiltonian (Ke56) reveals that the pure-band
approximation is very poor in the case under con-
sideration. It is nevertheless possible that the 3.90-Mev
level has J= ~+, with E=~ and E= ~ strongly mixed.

Such a state would certainly have a very small l=2
reduced width since most of the available d; intensity
has been used up to the lower ~+ levels of Mg'5. The
2.80-Mev level would be interpreted as before.

Both of the foregoing interpretations lead to 3/$=2. 4
for the 2.80-Mev level, considerably larger than the
observed (Hi58) ratio 0'/8, ' 1.3 of reduced widths. A
more serious objection is that the 3.90-Mev level is
predicted in both cases to have an unobservably small
reduced width, in direct contrast to the finding of Hi58.
The latter discrepancy may be less severe than now
appears because the 3.90-Mev level was not resolved
in Hi58 from the nearby single-particle 1f&~z state at
3.97 Mev; the observed l=2 reduced width is accord-
ingly subject to large error. A (d,p) experiment resolving
these states would help clarify the situation.

At an excitation energy of 3 Mev or higher, positive-
parity bands arising from breakup of the Mg'4 core
might enter into consideration (Br59). The intrinsic
structure of one such band, with E= ~3+, is shown in
I ig. 37. Another E= -', + band of comparable energy has
the two promoted neutrons in orbit No. 9. However, if
we neglect pairing forces of the kind considered by
Brink and Kerman (Br59), these core-excited bands
are connected by sizeable of'f-diagonal interaction
matrix elements only to the two lowest bands, based on
orbits No. 9 and No. 5. Since the zero-order separation
is 3 Mev or more, the resulting mixing of bands is
probably small. This is confirmed by the Mg'5(d, t) Mg'4
experiments of Hamburger and Blair (Ha60), wherein
only the members of the ground-state band in Mg'4 are
excited with appreciable probability. Accordingly, since
members of core-excited bands show no stripping from
Mg", their neglect should have little inQuence on our
analysis of the stripping data.

On using the observed reduced widths (Hi58) and
calculated S values for the two lowest states of Mg",
we obtain the estimates

I/2
Fxe. 37. HP(1d)~0.03, 8P(2s)~0.04 (V.18)

5/2

"The lower state is about 60% E=q and 40% K=).

of the relevant single-particle reduced widths.
Observed l= 1 and l=3 transitions are indicated in

Table X. Litherland et at. (Li 58) suggested that the
levels at 3.40, 3.97, and 4.27 Mev are the —,', —,

'—,and
members of a E= ~ band arising from Nilsson's orbit

No. 4, the lowest orbit arising from the 1f~tg state ofthe
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spherical shell model. The spectroscopic factors so
implied for p=4 are 0.11, 0.19, and 0.006, respectively.
ttoo(1f) and 8o'(2P) are known with reasonable accuracy;
using the values 0.010 and 0.025, respectively, we obtain
the calculated reduced widths shown in Table X. It is
clear that the observed reduced widths are at variance
with the proposed interpretation, the predicted values
being too small by factors of 6ve or more. A valid
application of the rotational model to negative-parity
levels in Mg" should include all four bands arising from
1fo~o and their interaction, both 2p~ bands and their
interactions, and possibly also the mixing of 1f7/p 2p;,
and 2p~ bands. Too few of the relevant levels and their
spins are known to make such a large undertaking
worthwhile.

Let us now use the weak-coupling formalism of Sec.
III.11 considering first the /= 1 transitions. Five levels
in Mg2~ were assigned /= 1 in Hi.58~4; of these, only the
lowest, a ~ level at 3.40 Mev, is of dehnitely known
spin. The levels in question, with their reduced widths,
are given in Table XI.

It was stressed in Sec. III.11 that strongly interacting
levels must have the same spin and parity and should
lie within 1 or 2 Mev of each other. Accordingly, J= 2

is strongly favored for the 4.27-Mev level because of
the proximity of the 3.40-Mev level with its large /= 1
reduced width and spin 23 . Similarly, J=—,'for the
6.80-Mev level is suggested by its large separation from
the main [PoX2Py] component at 3.40 Mev.

Interpretation of the stripping data on the 7.40-
and. 7.58-Mev levels is complicated by the fact that
/=1 and /=2 Butler curves are not very diferent at
these excitations. If we accept the /=1 assignments of
Hi58, the foregoing arguments strongly favor J= 2 for
both levels. Assuming, for example, that the 7.40-Mev
state has spin ~3, and ignoring the relatively weak
level at 4.27 Mev, since its inAuence on the argument
would be slight, the observed reduced widths of the
3.40- and 7.40-Mev levels would demand an incredibly
large interaction matrix element of close to 2 Mev. We
conclude that strong —,'levels at 7.40 or 7.58 Mev would
be very hard to explain. "If, however, we assume J= ~

for both levels, we find that the total 2py and 2py
intensities are almost the same, in serious disagreement
with the expected statistical ratio of two. An alter-
native possibility presents itself on observing that the
angular distribution of the 7.58-Mev level is rather

'4 Ignoring a possible small component in the 5.79-Mev level,
whose presence would not signifIcantly influence the ensuing dis-
cussion.

'5The 7.40-Mev level appears as an 85-kev resonance in
Mg~(n, e)Mg~. Consideration of the total cross section at this
resonance led Fields and Walt (Fi50) to J=-,', and Haeberli et al.
(Ha58) to J=-,' . The different spin assignments reflect a dis-
agreement by a factor of two in the measured cross sections.
Haeberli et ul. also found J=-,' to be in accord with difFerential
cross sections measured at 8(c.m. )=90 and 180'. A level near
7.58 Mev appears as a 275-kev resonance in Mg24(e, e)Mg~. From
the total cross section, Fields and Walt assigned J=$ . However,
this assignment is by no means certain; indeed, these authors
suggested that the "level" in question might be a doublet.

TABLE Q.

Level of Mg'~

3.40
3.97
4.27

7/2
(4 )

tI'(calc)

0.003
0.002
0.0002

02(obs) (Hi58)

0.019
0.010
0.011

diferent from that of the 7.40-Mev level, bearing a
closer resemblance to the 8.05-Mev angular distribu-
tion. /=2 produces a reasonably good fit in both cases.
From the viewpoint of the weak-coupling formalism,
the most attractive interpretation of the levels in ques-
tion is then the following:

3.40 Mev
4.27 Mevl

6.80 Mevt
7.40 Mev

)

7.18 Mev'
7.58 Mev,
8.05 Mev.

J= — [QX2py] t o (2py) —0 024

J= -',
— [yX2P;7 eo'(2P;) 0.031,

J= oo+ [yX2d~] eo'(2d;)~0. 020

The matter should be settled by an experimental deter-
mination, of the relevant spins and parities.

Applying the sum rule (III.185) to all observed f= 1
transitions (excluding the transition to the 7.58-Mev
level), we have

whence

2yg, 2yy

eo'(2p) 0.026, (V.19)

in good agreement with other estimates.
Three l=3 transitions have been observed (Hi58), to

levels at 3.97, 4.72, and 7.24 Mev in Mg'5. The spin of
the 3.97-Mev level is known to be ~ . Arguing again
that strongly interacting levels should be within 1 or
2 Mev of each other, we conclude that the probable
spins of the 4.72- and 7.23-Mev levels are —,

' and -',—,
respectively.

The two ~~ levels (Fig. 38) involve components of
[poX1fv~o]. Since [4oX2py] appears to be about0 6Mev
below [pX 1fi~o] in Mg", it is possible that [4iX2p;] is
less than 1 Mev from [goX 1fyqo] and interacts with it
quite strongly. Proceeding in the manner described in

TABLE XI.

Excitation (Mev)

3.40
4.27
6.80
7.40

7.58

I J)0
0.076
0.022
0.014
0.048
0.042
0.055

76 This estimate agrees well with the value 0.019 found from
Ca~(v, p)Ca" (Ho53).
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I.368
I

FxG. 38.

&0 „-0+
Mg

Sec. III.11 (Example 1), the reduced widths of the 3.97
and 4.72 Mev levels indicate a zero-order separation of
450 kev and an interaction matrix element of 300 kev.
The absolute reduced widths of the —,

' levels indicate
that

ep'(1'/2) =0.012, (V.20)

in excellent agreement with (V.3).
The 7.23-Mev state must7~ be predominantly

[PoX1f~], providing the only identification to date of
a single-particle 1f; level in a ds-shell nucleus. The ab-
solute reduced width of the 7.23-Mev level gives

80'(1f;)=0.013. (V.21)

The ordering of single-particle levels in Mg'5 divers
in several respects from what is found~' elsewhere in
the region 16(A(50. Firstly, values of the p-doublet
splitting fall consistently between 1 and 2.5 Mev, with
the single exception that in Mgm~[2pi] —[2py] 3.5
Mev. On the other hand, the f-doublet splitting in Mg'5
is only 3 Mev, smaller than in Sc"and the Ca isotopes,
where [1f~]—[1'/2])6 Mev. Lastly, Mg" is the only
known nucleus where 2p~ lies below 1f7/2.

A very strong l=0 transition is assigned in Hi58 to
a level at 5.49 Mev in Mg". It is very hard to account
for a very large 2s~ component as high as 5.5 Mev in
Mg". The Q value of the transition in question is
within 10 kev of that of the intense l=0 transition to
the first excited level of C". In separating these groups,
Hinds et al (Hi58) m. ay have underestimated the C
contribution.

Mg" (p,d)Mg", Mg" (d, t)Mg'

Two closely-spaced levels near 4.2 Mev in Mg'4 were
not resolved in the only available (p,d) experiment
(Be58) (Fig. 39). A (d, t) experiment (Ha60) indicates
that most of the combined l= 2 transition proceeds to
the 4+ level at 4.122 Mev. The (d, t) and (p,d) results
are in satisfactory accord except that the (p,d) experi-
ment indicates a markedly stronger transition to the
4.2-Mev doublet.

The intrinsic structure of the ground states of Mg'4

and Mg" was described in connection with the inverse
experiment Mg'4(d, p)Mg". The fact that, of the levels
of Mg'4 up to 7.6 Mev, only the members of the ground-
state band were excited with appreciable intensity in
the (d, t) experiment, indicates that the X= ~+ ground
state of Mg" is very pure. "The small reduced width
of the 2+ state at 4.24 Mev probably arises from a
residual interaction with the 2+ member of the ground-
state band.

According to (III.204), the spin-J member of the 0+
rotational band in Mg" has a spectroscopic factor pro-
portional to C(J -,'—',:0 -', )'. The resulting reduced-width
ratios are given in Table XII. The (d, t) reduced widths

TABLE XII.

Level in
Mg'4

0
1.368
4.122

0+
2+
4+

1
25/14= 1.8
3/14 =0.21

8—(@)
g 2

1
2.0
0.33

g2—(pA)
g 2

1
2.7
1.0

are in excellent agreement with the predictions of the
rotational model; agreement for the (p,d) reduced
widths is markedly poorer.

In Example 1 of Sec. III.10, we applied the jj-
coupling sum rule

S2+S4= 8Sg

5/2+
Mg25

4.24

~I 4.122

/
P s2/

l
/

/
/

i.S6S
I

/

/ /1*2

/
/'

2+
4t

2t

Ot
M

24
g

FrG. 39.

to the (p,d) reduced widths. Agreement with the
observed reduced widths is unimpressive and becomes
rather worse if we use the (d, t) data. The preceding
sum rule is to be contrasted with

Sg+ $4= 2Sg,

obtained with the aid of the rotational model. The
rotational sum rule is obviously in much better agree-
ment with experiment than the jj-coupling sum rule.

Mg" (d,p)Mg"

7~ The 7.23-Mev level was not completely resolved in Hi58 from
a nearby l=2 level at 7.18 Mev. The separation of the combined
angular distribution into l=2 and l=3 components is quite
convincing.

78 The positions of single-particle levels in the region 30&A &60
have been discussed in detail by Nussbaum (Nu56).

Since we are again dealing with the transfer of a
nucleon with 0= ~, for which j has the speci6ed value
of ~5, the reduced widths of levels in the E=0 ground-
state band of Mg" are independent of the deformation
(Fig. 40). We find, for the spectroscopic factors of the

From the viewpoint of the ¹ilsson brand of rotational model.
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ground and erst excited states of Mg", the values 8,=2
and $*=5/7.

In the only available experiment (Ho53d), the
ground-state angular distribution was not measured.
Since l=2 is demanded by conservation of angular
momentum, an upper limit 0,'~&0.04 was set on the
reduced width. The 1=2 assignment has now been
confirmed 1I1 the reaction (Ha60) Mg (8 $)Mg ' uslllg
the value A=150 of the (d, t) normalization factor
obtained from Mg" (d,f)Mg'4, the ground-state reduced
was found to be 0.031 which is consistent with the
foregoing upper limit and is used in the following dis-
cussion. The ratio of the l=2 reduced widths of the two
lowest states of Mg'6 is then found to be

H/H, =0.7.

Considering the uncertainty involved in our indirect
determination of 8,' and the fact that, both the states
under consideration are found to contain small
admixtures of excited bands, agreement with the
pr'edlcted ratio

$/$, =5/14 0.4
is tolerably good.

TABLE XIII.

Excitation
(Mev) J~

0 $+
0.58 ~~+

2.56 $+

Orbit 8 /tYg~

E NO. l s(& ——2) 3(&=4} (Ha60)

5 2 2' 2' 1
9 0 1.3P 0.56P' 0.080

11 0 0.3'' 0.9' 0.023

for the relevant intrinsic wave function; we use the
observed pickup widths to evaluate a', P', and y'. A
similar analysis has been given in Ha60.

First, we consider the ground states of the rotational
bands based on orbits Xo. 5, No. 9, and Xo. 11 in Mg".
The respective values of $, obtained from (III.204)
with the aid of Nllsson s single-particle wave functions
(¹55), are given in Table XIII.

In order to obtain estimates of the amplitudes we
must have a suitable value for Ho'(2s)/H0'(1d). We have
encountered consistent evidence that this ratio de-
creases as Q increases; since the Q values for the transi-
tions in question are much higher than those en-
countered in Mg" (d,p) Mg" and almost as large as that
for F"(de)Ne", (V.17) and (V.13) suggest that

Ho'(2s)/Ho'(1d) 1 (V.23)

FIG. 40.

2.S7

I
xa /

/
l,e5

/
/ /

/ ygdo) 2
//
/i

//
//-
Ii ~-- -- 0+

p ~ Mg~~
~mPgsg) Ho'(1d) 0.02. (V.26)

is acceptable as a reasonable estimate. %e then obtain

a'=0.80 P'=0.10 y'=0. 10 (g=2), (V.24)

a'=0 75 P'=0.22 y'=0.03 (q=4). (V.25)

Using the ground-state spectroscopic factor (which
is insensitive to g) and the corresponding observed
absolute reduced width (Ha60) of 0.031, we have

As discussed by Satchler (Sa58) and by Sawicki
(Sa58a), the presence of an 1=0 admixture in the
transition to the 1.83-Mev level reveals 2sy components
in its wave function. The most likely origin of such
components is through interaction with the 2+ level
at 2.97 Mev. Geometrical eGects cannot contribute
(Sa58b). Since rotation-particle couphng (Ke56) does
not connect bands with DE=2 directly, the interaction
in question probably arises mainly from residual two-
body forces.

Comparison with (V.18) again reveals the tendency of
single-particle reduced widths to decrease with in-
creasing Q.

According to (III.204), the reduced widths of levels
of the s3me b3nd in MES are proport jonal
appropriate (squared) Nilsson amplitudes. Relevant
experimental data is available only for the E=

& band
based on orbit No. 9, for which we have the data given
in Table XIV. The ratios are very sensitive functions
of the deformation, and it is patently impossible to
obtain reasonable agreement for both the —,'+ and —,'+
states. For g=3, the reduced-width ratio of the ~+

Mg" (d, f)Mg"

If.the last two nucleons in the Mg" ground state
were entirely in Nilsson's orbit No. 5, only the ground-
state of Mg" would be excited in Mg"(d, t)Mg". The
fact that other levels show appreciable pickup (Ha60)
reveals the presence of admixture in the Mg" intrinsics
wave function. Let us write

%'(Mg") =a(No. 5)'+P(No. 9)'+y(No. 11)' (V.22)

Excitation
(Mev)

0.58
0.98
1.96

TABX.E XIV.

1
0.28
0.26

1
1.6
1.7

p
(Ha60)

1
0.16
O.Q
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state is reasonably reproduced but the ~3+ level is much
too strongly excited.

The ~+ level at 2.80 Mev in Mg", which we have
seen to be an intimate mixture of E=-,'and E= ~, also
has a small observed l=2 reduced width. The value of
5 for this state, calculated for g=3 on the assumption
that the (No. 8) admixture in (V.22) is negligible, is
found to be 0.028„in fair accord with the observed
reduced-width ratio of 0.03 (Ha60).

3.76
3.50

g/g
s0

0
I,ee

j4% 2)

- I//g
///
/i/~ M927

0»
Mg

t3/2+) O.OI6

I/2» O.OI4

t5/2+) P

&3/2+) 0.009

«2» OOIe

g2

FIG. 41.

O.OI2 '
(&/2+)

O.OIO ' I/2+I.98

0.004 -'- 5/2~

0.007 ' 3/2+

0,02 I 25 I/2+

8
Mg25

Mg" (d,p)Mg"

Two experiments have been reported, one with
8.9-Mev deuterons studying levels in Mg'~ up to 4.75
Mev (Hi58), the other studying only the ground and
6rst excited states of Mg" at a deuteron energy of 8
Mev (Ho53d). The absolute reduced widths measured
in these two experiments disagree by a factor of two.

Let us study the 1=1 transitions 6rst in order to get
a better idea of the correct Mg" absolute reduced
widths. A strong /=1 level appears at 3.56 Mev in
Mg", analogous to the 2p~ level at 3.40 Mev in Mg".
There is probably a weak I= 1 level at 4.75 Mev in Mg",
similar to the 4.27-Mev level in Mg". The reduced
widths of Hi58 then yield OP(2p) 0.035, significantly
larger than other estimates, suggesting that the absolute
Mg" reduced widths of Hi58 are too large. Let us,
therefore, renormalize the reduced widths of Hi58 to
80'(2p)=0.026 f(V.19), (V.33), and (V.34)]. The re-

sulting reduced widths are intermediate in value
between those of Ho53d and Hi58, and are given in

Fig. 41.
The deformations of the four Mg isotopes with 2 = 24

to 27 appear to be quite similar (Ra57). The rotational
model therefore predicts that the spacings and reduced
widths of low-lying levels of Mg'~ should resemble those
of Mg'5 with the ground-state E= ~~ band removed.
Because of the different effects of residual two-body
forces (Br59) in the two cases, we do not expect this

similarity in structure to be more than qualitative.
That the predicted qualitative similarity is exhibited

by the observed level sequences and reduced widths can
be seen from Fig. 41.

al"

2.28
g s Q (0)~ 2.2 I» 2.14

/' rgsg /
~&r /lI 0

/ 1.63
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/ 1.02
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/
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Ps0
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I+
de/a

SI /2.

5/2

2+
3+ai"

(a)

I ZG. 42.
IJ

(b)

AP'(d p)AP'

A high-resolution experiment has been performed
with 6-Mev deuterons (En56), studying levels up to
5.14 Mev in Al", but measuring no absolute cross sec-
tions [Fig. 42(a)]. The reduced widths so obtained
can, however, be normalized with the aid of an earlier
less-detailed experiment (Ho53a) at a bombarding

energy of 8 Mev.
We start by discussing the possibility of applying the

rotational model to the low-lying positive-parity levels
of AP8 and their reduced widths. The intrinsic structure
of the AP~ ground state is as shown in Fig. 42(b). The
lowest T=1 bands of 3=28 have E=2 and E=3,
being formed from the AP7 ground state by adding a
nucleon in the No. 9 (0=~+) orbit Lsee Fig. 42(b)].
Iow-lying excited bands can be formed in two dif-
ferent ways. Firstly, excited T=1 bands with E=O
and E=1 are constructed by putting two nucleons in
each of orbits No. 5 and No. 9. Secondly, a nucleon
can be added to the AP' ground-state configuration in
either of the 1dg orbits, No. 11 and No. 8. We may
enumerate the various bands in the following fashion:

{64 74 5' 9'} T= 1 Z'= 2, 3,

B. {6'745'9'} T=1; E=O, 1,

C. {64 74 5' 11'}T=1 X=2, 3,

{6'74 5' 8'} T= 1 IC= 1 4

The number of nucleons in each orbit is given by the
superscripts. Sheline (Sh56) has discussed levels of AP'

up to 2.3 Mev in terms of the rotational model. He
assumes that the only rotational bands of importance
are those arising from the intrinsic configurations A

and 8, the 1dg orbits making no significant contribution.
The observed reduced widths indicate that such an
assumption is unjustified. The crux of the matter lies
in the large k=2 reduced widths (En56) of the levels

at 1.02 and 2.28 Mev in AP', reduced widths which

correspond to S values close to one. None of the rota-
tional states discussed by Sheline could possibly have
sufFiciently large 1=2 reduced widths; members of the
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Hp'(2p) &&0.02. (V.27)

Since no spins are known and since 2p~ and 2p~ com-
ponents can both contribute to J=2+ and J=3+ states,
we cannot separate 2p~ and 2p~ contributions. However,
the large LJ]8' values of the 3.59-, 4.69-, and 4.77-Mev
levels indicate that they must have J&1 and probably
J&2 also.

No 1=3 transitions were observed (En56). This is
probably due to competition with /= 1; l= 1+3 super-
positions are allowed by conservation of angular mo-
mentum when Jo&~2. (AP~ has Jo= ~.)

A12'(d, n) SP'

The two available experiments, at deuteron energies
of 6 and 9 Mev (Ru57 and Ca55), are in poor agreement.
We accept the 9-Mev data of Ca55 as more reliable.

Binding-energy calculations on the basis of the rota-
tional model (Br57) suggest that the equilibrium defor-
mation of ds-shell nuclei changes sign near Si'8 This
expectation has been supported by applications of the

~The equilibrium deformation of AP8 is probably (Ra57)
rather smaller than that of Mg'5 or AP'; q=2 is probably a rea-
sonable estimate.

8'The inequality allows for the possibility that sizeable 3=1
components lie above the limit of the experiment in question
(En56). We quote only one significant digit because the reduced
widths of En56 were normalized indirectly, using those of Ho53a.

ground-state X=3 and X=2 bands have S(1=2)(0.2
for any reasonable deformation, "while states arising
from the intrinsic configuration 8 cannot be reached
by stripping from AP7 and so have S=O. In fact, l=2
reduced widths of the desired size demand large 1d;
contributions. For reasonable deformations, such con-
tributions can be found only in members of the 6rst
kind of excited band discussed previously, wherein the
added nucleon is in one of the 1d; orbits, No. 11 and
No. 8.

Thus a correct application of the rotational model to
low-lying levels in AP' must include all the rotational
bands enumerated previously and interactions between
them. This is obviously a large undertaking and is
hardly worthwhile since only three of the relevantleve~s
are of definitely known spin and parity.

I et us proceed to examine the negative-parity tran-
sitions. Strong l=i transitions are observed to levels
in Al" between 3.4 and 5.2 Mev. There are six basic
3= 1 components:

[poX2pg]J, J=1, 2, 3, 4 .
LgoX2P-;]J, J=2, 3 .

Applying the sum rule (III.185), we deduce from

PLJ]S=(3+5+'7+9)+ (5+7)= 36
and"

ZLJ]e' &~o.7,

rotational model to Si" (Br57) and P" (Br58), where
reasonable agreement with experiment is achieved for
deformation parameters of between —2 and —3,
prolate shapes being rather definitely excluded. The
change of sign in question appears to take place quite
suddenly; the adjacent nuclei APS and Si" probably
have stable equilibrium deformations of roughly equal
magnitude and opposite sign. The existence (but not
the sign) of a stable equilibrium deformation in the
"closed-shell" nucleus Si" is indicated by its successful
inclusion in Brink and Kerman's (Br59) calculation of
relative binding energies of light deformed nuclei. By
minimizing the total energy of the nucleus with respect
to q, it is found (Br57) that the equilibrium deforma-
tions of Si" and Si" should be almost the same. This
prediction is much less sensitive to the details of the
model used than the precise value obtained for the
deformation at minimum energy. We therefore conclude
that Si" is, in all likelihood, an oblate nucleus, with
g~—2.

Having assigned very diferent equilibrium deforma-
tions to AP and Si', we cannot give a quantitative
discussion of the Al"(d, n)Si" reduced widths on the
basis of the rotational model. Not only is the core
overlap factor (f~i) in (III.204) now an unknown
quantity, but also the single-particle Nilsson orbits in
AP' and Si' are no longer even approximately orthog-
onal.

The existence of stable deformations for AP and Si'
implies, in the language of the shell model, sizeable
contributions to the corresponding wave functions from
the 1d~ and 2sy orbits. We later encounter very direct
experimental evidence of such admixtures in discussing
the reactions Si"(He',n)SP~ and Si"(d&p)Si" erst we
examine the implications of the AP'(d, n)Si" reduced
widths.

In jj coupling, the AP~ ground state is simply dy '
and that of Si" a closed-shell state. The AP'(d, n)Si2s

(ground state) reaction would then have $=12, as
described in Example 4 of Sec. III.9. Since 80'(1d) is
about 0.02 for reactions of the relevant Q value (V.26),
the observed reduced width of 0.039 (Ca55) reveals a
discrepancy of a factor of six. Since it is unlikely" that
there is such a large error in the measured absolute
cross section of Ca55, we are forced to the conclusion
that the preceding simple wave functions for AP~ and
Si"are seriously inadequate.

In the following calculation, our aim is to And the
smallest 2sy and 1d~ admixtures consistent with the
observed ground-state reduced width. We assume op-
timal cooperation of phases and make the approxima-
tion of using extreme jj wave functions, of lowest

2 The strong l =0 transition(s) to level(s) near 9.3 Mev in Si'
probably excites the analog of the AP8 ground-state doublet.
Reasonable agreement is found between the values, 0.31 and 0.22,
respectively, of Z/J)0' for this lowest T= j doublet measured by
Al (d,e)Si (Ca55) and AP (d,p)AP (Kn56).
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symplectic symmetry, a' for states of d;". %e obtain
an upper limit to, rather than an estimate of, the one-
hole and closed. -shell components in A12~ and Si'8

respectively.

As in the case of Ne", paired excitations from the 1d;
to the 2s~ and id~ shells are energetically favored. Let
us, therefore, exclude such configurations as dy 's~', and
write~ for the Si'8 ground-state wave function,

(Siss) =
p OO

(V.28)

where c2, c3, and c4 describe configurations involving s~

and d~. For example, c2 represents some linear com-
bination of (s ) sr and (dfs) s~. We are not interested in
the precise nature of the c;; apart from additional
overlap factors to be mentioned in the following, the

reduced widths in which we are interested here (those

involving transfer of a 1d; nucleon) depend on the «
only through the total quantum numbers.

In similar fashion A12~ may be represented by

%(AP')=
()1

l
(V.29)

Corresponding terms in (V.28) and (V.29) are con-
nected by the transfer of a Id; nucleon. On using
(III.64),"the overlap integrals are, respectively,

si(d:) = 1, —(1/14)'&«I cs'), —(&/») *&cs
I
cs'),
—(s)'(«I «').

The overlap factors &c;Ic,') clearly depend on the exact
nature of the 2$& and id~& contributions c& and g; to Sl
and AP'. In accordance with our aim of setting a lower
limit on such core-excited components, we take (c; I

c )
=1. If the overlap factors are, in fact, significantly
smaller than one, then the amount of core excitation
implied by the observed reduced widths will be corre-
spondingly larger.

The spectroscopic factor is therefore

S(1Z&)=12I ~y, —(1/14) &~,P,—{7/18)iosP,
—(-')' s(f 3' (V 30)

It is clear that if the phases (especially of the last two
components) cooperate, a large reduction in the spec-
troscopic factor can be produced by a moderate amount
of core excitation. Let us suppose, for example, that

"Symplectic symmetry may not be very "good" for rig", but
is probably as good as jj coupling and quite satisfactory in the
present context. For states of dg 2 no assumptions need be made
concerning symplectic symmetry since each such state is uniquely
specified by T and J.

Notice that, in writing the pair of quantum numbers (TJ),
we place T 6rst."In evaluating the last of these four overlap integrals, pre need
the cfp (dts ls-', ~d~'00), which is not given by Edmonds and
Flowers (Ed52). However, using explicit expressions given by
Grayson and Nordheim (Gr56b) for the cases of lowest symplectic
symmetry, we find (dts s. @dye 0 0)= —(2/151&.

the AP' and Si" ground states are 60% d;—' and rf;",
respectively, and that the phases cooperate. Let us take,
in fact,

QyQ2QBQ4 =
=L(6/10):, (1/10)', (1/1o)-:, (2/10):3

and substitute in (V.30). We obtain 8 1.45, in place of
the value 12 found in pure jj couphng.

Thus the small AP'(d, n)Siss ground-state reduced
width places an upper limit of about 60% on the
closed-shell component in 9'(SPs). The remaining 1d;
contributions must appear in higher excited 0+ states
of Si" the corresponding 1=2 transitions should be
sought in high-resolution AP'(d, e)Si" or AP'(He', d) Siss

experiments.

Siss (Hes, n) Sisr

If Si" were a true closed-sheB nucleus, the only
positive-parity transition to be observed to low-lying
levels of Si~' would be the l=2 ground-state transition.
The observation (Hi60) of a strong 1=0 transition to
the ~+ first excited state of Si' and a second l=2
transition to the ~3+ second excited state, constitutes a
direct verification that the Si" ground-state wave
function contains large 2s*, and id' contributions (Fig.
43).

Si"(d,p) Si";Si"(d,n) pss

The measured (d,p) and (d,e) reduced widths (Ho53,
Ca57) of the 6rst excited states of Si" and P" disagree

by a factor of two. Since the first excited state of P'9
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g,2 0.958

) 0 0.782
I/2+

5/2

Fxo. 43.
FiG. 44.

»I/2

S.28

5/2i
si

-2

IBS/2

Hp'(2p«) ~0.029,

Hp'(2p«) ~0.023,

(V.33)

(V 34)

in reasonable agreement with earlier estimates. The
p-doublet splitting is 1.5 Mev and the relative positions
of 1f7/p and 2p; levels is reversed from what is observed
in Mg".

Bromley et al (Br57) have .pointed out that nuclei
between Si" and S"possess oblate equilibrium shapes,
and therefore suggest that the Nilsson rotational model
is applicable. The intrinsic structure of the Si" ground

is within 1.5 Mev of the proton separation energy, we
regard the (d,p) reduced width as more significant.

The observed l=2 reduced widths of ~5+'states in Si"
are a further indication of core excitation in Si". For,
by conservation of angular momentum, such transitions
must involve the capture of a dg nucleon; only 1d;
seems likely at the excitations in question and would
be ruled out by a closed-shell assumption for Si".

Although the reduced widths involved are small,
they imply large amounts of core excitation in the
ground state of Si". Summing over all pe+ states (or
their fragments) which can be formed from (V.28) by
capture of a 1d; nucleon, we obtain the sum rule

P S(1d«) =
p (PpP+Pp'1 2P4') (V.31)

Adopting 8p'(1d) 0.025 as a suitable value of the
single-particle reduced width for the Q values in
question, the wave function

(P&PAP4) = E(6/10) *(1/10) '(1/10) «(2/10) «3

used in connection with AP'(d, n)Si" gives

P 8'(1d«) 0.0025,

considerably smaller than the measured sum of 0.006.
This discrepancy indicates either an even larger degree
of core excitation in Si" or coherent 2d; contributions
to the observed l=2 reduced widths.

There is little doubt that the well-isolated strong
l=3 and l= 1 transitions to levels at 3.62, 4.9, and 6.38
Mev in Si" reveal good single-particle 1f&~„2p;,and 2p«
levels, respectively. The absolute reduced widths yield

&p'(1f )~.013, (V.32)

state is shown in Fig. 44. It can be seen that, for oblate
shapes, three positive-parity bands are expected among
the low-lying levels of Si", based on the 0= p+ (No. 9),
0= Pp+ (No. 8), and 0=-',+ (No. 11) Nilsson orbits.

Bromley et al. neglected the mixing of bands and
assigned the five lowest levels of Si" to the first two of
these bands. Such a model is at variance with observed
l=2 transitions to —',+ states, as can readily be seen as
follows. The reduced width of the &+ state arising from
the E= Pp+ (No. 8) band is

8=-,'c;pP(No. 8),

where c~~ is the d~ amplitude in the single-particle
Nilsson function. The same expressions hold for the —,'+
states arising from the No. 9 and No. 11 E=—,

' bands.
For small deformations c«pp (No. 8)~1,c«p'(No. 9)~,and

c«,'(No. 11) 1.The prediction is therefore that two I=2
transitions with about one-half of the full single-
particle strength will be observed to -',+ levels of Si".
In fact, only one d« transition is seen (Ho53) and this
has a full single-particle reduced width. We now show
that the discrepancy stems from the unwarranted
neglect of band mixing and disappears when the com-
plete rotational Hamiltonian is used.

Pure rotational bands are obtained by neglecting a
"Coriolis" term

—(5/2d)(J j) (V.35)

in the rotational Hamiltonian (Ke56), where J is the
total nuclear angular momentum and j is that of the
intrinsic nucleon motion. The operator (V.35) connects
states diGering in E by 1, or two E=-,' bands; for
moderate deformations (of the kind encountered in
calculations of nuclear energy levels) it has large off-
diagonal matrix elements between states of rotational
bands arising from the same shell-model orbits. In the
case of Si", such strongly interacting states are en-
countered in the E=—,

' and E'= —,
' bands based on

Nilsson's orbits No. 11 and No. 8.
We therefore must carry out a calculation for Si"

based on the full rotational Hamiltonian described by
Kerman (Ke56). The Hamiltonian matrix is set up and
diagonalized in a representation spanned by the pure-
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3/2+ 245
5/2i 2 39

I.75

.03

.02

. I2

&5/2+I 3 0"
3/2+ 243

2.03

3/2 I 28

82

0.002

0.005

O,0 I 9 Fio. 45.

states of Si", we obtain

8pP (2s)~0.04,

8pP(ld) 0.021.

(V.36)

(V.37)

3/2+ '
.90

——.56S.29

Rota tion a I

Model

I/2+
Si

Observed
(Ho 53)

0,022
The 2s reduced width is sensitively dependent of the
deformation, while the 1d reduced width is not. The
value (V.37) of 8p'(1d) is consistent with (V,24),
obtained from Mg"(d p)Mg" where the Q value is
comparable.

band states from Nilsson orbits No. 8, No. 9, and No.
11. The matrices encountered are 2X2 for J=-,'+
and 3&(3 for J=~+, &+, ~ . The calculation has two
adjustable parameters, the deformation g and the
moment of inertia 8; we take the zero-order positions
of the ground states of the interacting bands to be
given by the rotational Hamiltonian and Nilsson's
intrinsic eigenvalues. The energy levels and spectro-
scopic factors shown in Fig. 45 are obtained with a
deformation g= —2 and a moment of inertia parameter
5'/28= 0.35 Mev suggested by the value (0.37) obtained
from the excitation of the first 2+ state'in Si".

(1) No states in addition to the ones shown in Fig. 45
are predicted below 3.5 Mev; none of the higher states
have S)0.05. Thus agreement with the spins, order,
and positions of positive-parity states of Si" is fairly
good. The general tendency of the predicted levels to
crowd too closely together could be improved by using
a rather larger value of h'/28. Our results favor a spin
of ~5+ for the 3.07-Mev level.

(2) The calculated 8 values are in satisfactory accord
with the observed reduced widths. In particular, it is
striking that interaction between bands results in all
the observable d~ reduced width being concentrated in
the erst excited state. The dy reduced width of the
second excited state is found to be larger than predicted
by much the same factor as was encountered in our
shell-model discussion of this transition. A larger 1d;
reduced width couM be obtained only by increasing the
deformation and this would push the ~+ first excited
state too close to the -,'+ ground state.

(3) In using the rotational model to interpret the
data on Si"(d p) Si", we must assume that Si" and Si"
possess nearly equal equilibrium deformations. We have
discussed this question in connection with Apr(d, n) Si".

Detailed agreement could obviously be improved by
minor adjustments in the parameters g and r1'/28. The
significant points which have emerged are that a good
over-all picture of both spectrum and reduced widths
has been obtained with a reasonable choice of param-
eters and, of particular interest here, that agreement
for the reduced widths cannot be obtained without
taking correct account of the iriteraction between the
two 1d; bands.

Using the S values given in Fig. 45 and the observed
reduced widths (Ho53) of the ground and first excited

PP1(d p)PPP

Experimental studies of levels in P" up to 6.56 Mev
(Da57) and of the ground-state doublet (Pa58) have
been reported. No absolute cross-sections have been
measured. Ke therefore depart from our usual order
and discuss 3=1 transitions first; from such considera-
tions we obtain a rough normalization of the l=0 and
3=2 reduced widths.

There are four basic 2p single-particle components
(Fig. 46):

LppX2p;]g, 7= 1, 2—; pypX2p;]g, J=O, 1—.

The fact that nine l=1 transitions are observed indi-

2+232
V'2 5/2+

1.265
I

3/2+ Pro. 46.

I/2+
p3l

ppl(p d)ppp

The intrinsic configuration of the lowest bands in P"
may involve a mixture of (0+-,'+)' and (0=-'p+)', the
two nucleons occupying Nilsson orbits No. 9 and No. 8,
respectively. Each conaguration gives rise to three
bands, two with T=0 and one with T= 1 (X=O); since
we are dealing with an odd-odd nucleus, all six bands
may be (in zero order) below 2 Mev (Br59). The bands
arising from (0=—,'+)' and (0= Pp+)' interact with each
other only through residual two-body forces since the
Coriolis term (V.35) is a one-body operator. The fact
that Nilsson orbits Nos. 9 and 8 lie very close in energy
for small negative deformations, and our earlier con-
clusions concerning the Mg" ground state (where con-
ditions are less favorable for interaction), suggest that
strong mixing may occur. The situation is clearly quite
complicated. Accordingly, since the only available ex-
periment (Be58) locates only two l=0 transitions to
levels of P', (one of them to an unresolved doublet of
levels near 0.7 Mev) and since little is known about the
spins of low-lying levels of P", we do not give a detailed
discussion of the P"(p,d)P" data.
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cates fragmentation of these single-particle states. This
fragmentation could be produced by interaction with
suchstatesas[$)X1f~jp" [PpX1f7/p7&, p [t)&Xa2P)]p,)-,
and [$&X2pt]&-, independently of the detailed fashion in
which 2sy and 1' contributions are mixed in the P"
ground-state wave function. In particular, the fact
that nine rather than four /=1 transitions are seen
cannot be taken to imply that the P" ground state
involves large departures from jj coupling"; we may
be forced to invoke such departures in interpreting
other data.

The two 1f~/Q components [PpX1f)/p js, J=-3, 4
have not been identified.

Let us now apply the sum rule (III.185) to the /= 1
transitions. If C is the factor which normalizes the
relative cross sections of Da57, we have

44C= 128p'(2p).

Taking Hpo(2P) =0.027, we obtain

C~0.0074.

TABLE XV.

Excitation

0.077
0.515
1.15
2.2
4.21

0.022
0.0015
0.031
0.005

. 0.009
0.004
0.005

Reference

Pa58
Pa58
Pa58
Da57
Da57
Da57a
Da57

With this normalization, the reduced widths of /=0 and
3=2 transitions in P"(d,p)P" are then as given in Table
XV.

The presence of /=0 transitions to low-lying levels

of P ' is a clear" indication that the single-hole wave

function s~' is not an accurate representation of the P"
ground state. Let us write, in fact,

a We assume that only one member of the doublet at 2.2 Mev has an
l =0 angular distribution.

+(P31)—a

22 22

taking account of all (—', y) states of sP, stodi, and s~d~'.

We use the observed /=0 reduced widths to estimate
the size of the amplitudes n), ap, np, and a4 in (V.38) and
hence the amount of core excitation in the ground state
of P".

We take account of all states of sy'dg and s~'dg' which
can be reached by /=0 stripping from P"; such states
have T=1 and J=0 or 1. s d; contains no T=1 states
with J=O and only one with J=1, the latter state
being identified with the ground state of P". There are
three J=1 states and one J=O state with T=1 in
s~'d . Energy estimates based on the spectra of P",
CP4, and S~ indicate that the J=0 state should be
lowest. It is therefore likely that the 0.515-Mev level
in P" has J=0 . We can then assign" states of sy'dg

and s~'dg' to observed levels of P" in the following
plausible fashion; the corresponding S values, obtained
with the aid of (III.65), (III.68), and the wave function
(V.38) for the ground state of P", are given alongside:

P"(0): [(s~')i i1d~j(rs)
S(E=2)=n)o $(l=0) =—'aoo (V39)

P"(0.515): [(s)')lo(1djP) lpj (Fs)=(10)

8(t= 0)= 4onoo (V.40)-

"This point has been made by Pandya (Pa57a} in a rather dif-
ferent fashion.

"The analogous 1d~ transitions in Al 7(d p)AP' give no such
direct information because of competition with 1dg contributions.
The situation for A =32 is otherwise very similar to that for A =28.' Similar assignments have been made by Pandya (Pa57a).

Hp'(1d)~. 02, Hp'(2s)~0. 03, (U.42)
we find

n '=0.66, aoo=0.04 a '=0 04, nP=0 26 (V.43). .

Our treatment of the ground-state transition is the
same, in principle, as the original one of Parkinson

1.15'i
P" 2.2 &: [(sP)o&(dP)&o]»+[(sP))o(d))')o)]»

4.21.t

+[(st')o)(dP)»l»

P S(f=0)=-'o(aoo+a4o). (V.41)

From the appropriate measured reduced widths

(Da57); (V.40) and (V.41) determine noo and n4', the
ratio of the /=0 and /= 2 reduced widths in the ground-
state transition (Pa58) yields aoo/a& through (V.39);
since a)'+no' is known from the normalization of
(V.38), the squares of all amplitudes in (V.38) are now
determined.

It remains to select suitable values of 8p'(2s) and
Hp'(1d). The Q value for P"(d,P)Pop is close to that of
Si"(d,p)Si" where Ho'(1d) has been estimated rather
reliably as 0.02. Since the corresponding value of
HP(2s) is sensitive to the deformation assumed for Si"
in extracting it, we prefer to use the rather smaller
value of 0.03 indicated by determinations of Ho'(2s)//

Hoo(id) elsewhere in the ds shell. [See, for examPle,
(V.17).]With
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(Pa58; see also Fr60). The fact that the preceding
value of n22 is considerably smaller than Parkinson' s
reflects our different assumptions concerning HpP(1d)/
Hp'(2s) and the change of normalization implied by the
presence of the third and fourth terms in (V.38).

A reasonable picture of the P"(d,p)P" reduced
widths has thus been obtained. In the process, it has
been estimated that the P" ground state is between 60
and 70% s~ '. This should be regarded as a rough
estimate in view of the uncertainties introduced by our
indirect normalization of the reduced widths of Da57
and by our assumed values of the single-particle reduced
widths.

The rotational model has been applied with some
success to P" by Broude et al (Br5.8), and P" may also
be an oblate nucleus. However, we do not discuss the
rotational interpretation of the PP'(d, P)P" reduced
widths because of the difhculty, described in connection
with P", of dealing with the many bands at low exci-
tation in an odd-odd nucleus.

P"(d n)S"

If the P" ground state were well described as a
single-hole s~ state and the S"ground state as a closed
shell, we would have 8=4 for the P"(d,n)S" ground-
state reaction. The observed 1=0 reduced width (Ca55)
8,'=0.006, smaller by a factor of at least 10 than such
an 8 value would demand, reveals the inadequacy of
the preceding simple wave functions. We have already
reached this conclusion from our analysis of PP'(d, P)P";
it is also suggested by the fact that a second l=0
transition is observed (Ca55) to level(s) around 4 Mev
in S".

The situation is very similar to that encountered in
AP'(d, n)Si"; the arguments presented in detail there
need not be repeated. SufBce it to say that with the
wave function (V.38) and (V.42) for P", the observed
diminution of the P"(d,n)S" ground-state reduced
width sets a rough lower limit of 40% on the amount
of core excitation in S".

A more detailed consideration of the excited levels

of S" is not worthwhile since so little is known of their

properties, particularly spins and parities.

S"(d,p)S"; S"(d)n)CPP

The (d,p) and (d,n) reduced-width ratios (Ho53,
Mi53) of the first two levels in S"and CP. ', respectively,
are in marked disagreement. We regard the (d,p) data
as more significant because the Q value of S"(d,n)C1"
(0.84 Mev) is —0.746 Mev, so that the level in question
is close to the proton separation energy.

Since no absolute cross sections have been measured,
we confine ourselves to a brief qualitative discussion of
the observed reduced widths. We start with the l=1
transitions.

3.78
2

2.24
I

Fxo. 47.

~0 S32

There are two basic 2p single-particle components
(Fig. 47)

QpX2p~]; —, [y,X2p;];—.

Four l=1 transitions are, in fact, observed, the levels
and reduced widths being as shown in Table XVI.

The only state of a weak-coupling representation
based on S" (see Sec. III.11) which could possibly
interact significantly with [4pX2p~] is [p&X 1f7/p].
Similarly, only one state, namely, [p&X2p~], seems likely
to interact strongly with [ppX2pi]. We therefore
suggest that the 4.2- and 4.9-Mev /=1 levels have
J= pP and —', , respectively. The values of P[J]H' for
the p and p states are in the ratio 12.1/8. 1 1.5,
compared with the predicted value of two.

A strong 3=3 transition to a level near 2.8 Mev in S"
reveals the dominant 1fq~p single-particle component.
The reduced-width ratios imply

Hp'(2p)/Hp'(1f) 1.'7 (V.44)

in good agreement with other estimates of this ratio.
We have already mentioned that the presence of an

l=0 transition to the Grst excited state of S" implies
core excitation in S'. Apart from .this, the most sig-
ni6cant point about the positive-parity transitions is
the absence of observable l=2 transitions to ~+ states
in S".In the first place, it indicates that we are justihed
in ignoring 1d; excitations in S, and, by implication,
in P" also; secondly, since 2d; contributions are at
least as likely among low-lying S"(d,p)S" transitions
as in Si"(d,P)SiP', it suggests that 2dy contributions to
observed dy transitions in Si"(d,p)Si" are too small to
be of importance.

Region 33~& A~& 38

If the earlier part of the ds shell, with A ~&32, we
have seen that 1d and 2s conigurations are strongly
mixed; at the end of the shell, on the other hand,
around A =40, the j'j-coupling shell model seems to be
quite successful. It is unfortunate that so little experi-
mental information is available concerning the inter-
esting transitional region. We would like to know
whether low-lying levels of nuclei in this region can be
adequately described as belonging to id+ and to what
extent excitation of the 2sy core is important. A related
question concerns the equilibrium shapes of nuclei
beyond Si". We have seen that nuclei from A =28 to



A =3j. can be treated with some success in terms of a
rotational model, assuming oblate equilibrium defor-
mations. Further experimental study is needed to 6nd
out whether and, if so, to what extent the region of
oblate nuclei extends beyond S~.

cp'(d, p) cp'

The only available stripping experiment (Ki52)
concerns the CP'(d, p) CP' ground-state reaction, a
mixture of /=0 and l=2. No absolute cross section is
available.

This isolated piece of data does not, in fact, tell us
much about the importance of core excitation in CP'.
For the CP' ground state is expected to be mainly
(d»4) &rg~ O2~ (the configuration dP containing only one
such state); thus the small /=0 admixture in the
ground-state angular distribution reveals a small com-
ponent of t'(s» ')»»{d»')~2]»» in the CP' ground-state
wave function.

But this admixture is not the one most likely to
contribute significantly to the CP' ground state.
$($» )»»(8» )02j»» is energetically more favorable and
is not connected to the dominant component in the CP6

ground state by transfer of a single nucleon. Further-
more, we cannot be sure that other kinds of excitation
of the 2s shell can be ignored in CP' and CP'.

We conclude that much more experimental informa-
tion is needed before we can say anything signi6cant
about the CP' and CP6 wave functions. Probably the
best way to study such matters would be to perform
high-resolution Cl"(d,p)CP' and CP'{He',d)Ar" ex-
periments. Points of interest raised by such investi-
gations could then be further examined by suitably
chosen experiments on S~, CP', and perhaps Ar".

VI. STRIPPING AND PICKUP REACTIONS ON
HEAVIER NUCLEI (A)40)

Since there are few data concernirig nuclei with A &70,
this section concerns stripping widths in the region
40 ~& 3 &1'0. In our theoretical discussions we use the jj-
coupling shell model and the weak-coupling formalism
described in Sec. III.1I.

K39 (d p)K40

Two experiments have been performed. , at deuteron
energies of 6 Mev (En59) and 8.9 Mev (Da59). The
results of these two studies agree very well, within the
limitations imposed by the lower energy resolution and

FN. 48.

the lack of absolute cross sections in the 8.9-Mev ex-

perimentt.

The strong 1=3 transitions to the first four levels ol
K40 have already been discussed in detail as Example 3
of Sec. ID.9. The four levels in question being, as we
have seen, good single-particie 1 F 2 states, the absolute
reduced widths of Kn59 yieM

80'(1fop)~.010, (UL1)

The experimental results indicate that these states are
split into many fragments. Such a situation is not hard
to understand qualitatively; on the reasonable assump-
tion that some of the low-lying excited states of K"
have positive parity, we can clearly have many inter-
acting states of the type Py, Xuqj, where up= 1fr2, 2p»,
or 2p». The situation is too complex to attempt any
detailed enumeration of the anal-state interactions
involved.

On summing over all )= j. leve]s we have usjng
(III.185),

PLJje2=24»», 2(2p).

quite close to the values found in the ds shell (802(1f&~2)
0.012 [(V.3), (V.20), (V.32)].
Some 30 l=i transitions are observed to levels

between 1.6 and 5 Mev in K".We discuss them in terms
of the weak-coupling formalism, since 2p contributions
to the K~ ground-state wave function are assuredly
negligible,

There are six basic single-particle 2p components
(see Fig. 48):

LqoX2p»], J'=0, 1, 2, 3-;
LpoX2p»j, J'=1, 2 .

Excitation (Mev) J
3.22
4.2
4.9
5.71

Tmr. E XVI.

Relative PJ'S Reference

I 10.5 Ho 53
1 j..6 Ho 53
I 0.8 Ho53

7.3 Ho 53

The observed values of [Jj8' (En59) yield PLJjP~.49, whence

80'(2p) ~0.021, (VI.2)

in reasonable agreement with ds-shell estimates.
Let us now say a few words about 2p» and 2p» com-

ponents separately.
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2p; Levels YAax,z XVII.

The large l=1 reduced widths of levels at 2.042,
2.064, 2.099, and 2.622 Mev indicate the presence of
major components of t.poX2ppg. The [J]8' values of
these levels enable us to make the plausible spin assign-
ments given in Table XVII.

State of K40

2.042 Mev
2.064
2.099
2.622

3
2
1
0

P j+(l=1)
0.086
0.078
0.053
0.018

e2(l =1)
0.012
0.016
0.018
0.018

2p~ Levels

We cannot say much about the detailed nature of
the 2p; levels. Apparently the degree of fragmentation
of the 2p; components is greater than that of the 2pg,
which is not surprising in view of the higher excitation.

Three weak /=0 transitions are observed to levels
of K~ between 3 and 4 Mev. Their significance is
discussed later.

Ar" (d,P)Aro

The only available experiment (Bu56) gives no
absolute cross sections. Qn using the ground-state peak
cross section given in an early study (Gi52), a rough
normalization can be obtained. .The accuracy of the
resulting absolute reduced widths is quite uncertain.

l= 3 Traesi@oes

Only one 3=3 transition is observed, connecting the
ground states of Ar" and Ar". We ignore core excitation
and discuss this transition in terms of the jj-coupling
shell model, taking the lowest state of each con6guration
compatible with the given total quantum numbers.
The ground-state transition is then described by"

(VI.3)

/= J. Transitions

The two basic 2p single-particle components are
distributed among seven observed l= 1 transitions. The
large fJj8' value of the 1.39-Mev level in Ar" indicates
that it contains a large fragment of pyoX2paj and,
accordingly, has spin ~. The low-lying l=1 level at
0.57 Mev must also contain a component of the 2p~
single-particle state (and hence must also have spin -', ),
probably arising from an interaction between

&/2

and LyoX2p;j.
On applying the sum rule (111.185), we 6nd 80'(2P)

~0.035. If we use (VI.4) to express 80'(2p) in units of
8o'(If) (thereby avoiding any reference to our doubtful
indirect normalization of the reduced widths of Bu56),
we have

80'(2p)/8o'(If)=2 6 (VI.6)

This value of the ratio of single-particle reduced widths
is to be compared with 2.1 from K"(d,p)K" L(VI.1)
and V1.2)] and 1.7 from the (d,p) experiments on
Ca, E(VI.7) and (VI.8)3.

Xn view of the correspondence

2 2

the appropriate S value being ~, from (III.65). The
absolute ground-state reduced width (Bu56, Gi52) then
leads to the reasonable estima, te

8o'(1'/2) —0.013. (VI.4)

7/2

(vr.s)

or (since the d; group has spin zero) more simply still as

In situations such as this, to use the isotopic-spin formalism is to
make things unnecessarily complicated.

g9 As an academic point, we note that since the dg neutron
shell is llled in both states, the reaction (VI.3) can be described
more simply without the isotopic-spin formalism as

is some state of three particles in the 1f—2p shell, we
expect a qualitative similarity between the positions
and reduced widths of low-lying levels in Ca" and Ar".
This expectation is clearly borne out by the results of
available Ca4'(d, p)Ca~ (Bo57) and Ar~(d, p)Ar4' (Bu56)
experiments; the similarity even seems to extend to two
weak positive-parity levels found at nearly the same
excitations in Ca ' and Ar4'. The main diGerence is that
many levels are known below 4 Mev in Ca4' which
show no stripping from Ca", while no analogous levels
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have been found in Ar". In particular, no low-lying
-',—level of Ar" of the form

corresponding to the first excited state of Ca", has yet
been observed. Most of these apparent differences
probably stem from the lower resolution in the only
available Ar" (d,p)Ar" experiment (Bu56).

Low-lying positive-parity transitions in Ar (d,p)Ar"
are discussed later.

Orbit

Ca o(a,p}Ca
2pk

Ca42 (d' p)Ca43
2pf

TABLF. XVIII.

Excitation of state

1.947
2.469
2.967
3.619
3.736
3.950

0.593
2.048
2,607
2.880
2.947
3.584

0.080
0.027
0.002
0.005
0.003
0.032

0.005
0.080
0.008
0.005
0.005
0.005

0.026

0.021

0.021

0.012

Ca4o(d, p) Ca4'; Ca4'(d, p) Ca4', Ca44(d, p) Ca4'

(d,P) experiments on Ca" (Bo57a), Ca~(Bo57), and
Ca4' (Co57), have been performed with 7-Mev deu-
terons. The cross sections are given in the same relative
units. The reduced widths extracted from the data
obtained in these three experiments can be normalized
with the help of an earlier study (Ho53) with 8-Mev
deuterons.

We find it convenient to discuss the three Ca experi-
ments simultaneously. Many aspects of these reactions
have been discussed by French and Razoo (Fr56), whose
main interest was in using the (d,p) results to study
certain matrix elements of the e6ective two-nucleon
interaction. We are not concerned with that topic here.

The ground-state 1=3 transitions have already been
discussed in Example 5 of Sec. III.9. The ratios of the
three ground-state reduced widths agree well with the
jj-coupling predictions. The absolute reduced widths
indicate

8oo (1f)—0.013 (VI.7)

in good agreement with other estimates.
Stripping to the low-lying ~ state at 0.373 Mev in

Ca4' and to a similar state (probably at 0.176 Mev) in
Ca4' can only involve 1f», by conservation of angular
momentum. Since the main 1f» components appear at
6 Mev or higher (C159), transfer of a 1f» nucleon at
such an excitation is strongly unfavored. The fact that
no stripping is observed (Bo57, Co57) suggests that jj
coupling is a reasonable approximation. The foregoing
considerations have no bearing on the possibility of core
excitation.

In considering /=1 transitions, we use the weak-
coupling formalism of Sec. III.11, on the assumption
that 2p» and 2p; do not contribute significantly to the
ground states of the even-A Ca isotopes. Let us first
separate 2p» from 2p». To do this, we note that 2p»
levels are expected to lie above 2p» levels and that the
total 2p; intensity (QLJ]8') should be twice that of 2p;.

The results of the most plausible such separation are
given in Table XVIII. The values of 8o'(p) obtained by

Ca"(a,p) Ca4'
2pf 1.432

1.902
2.249
2.844
3.244
3.419

0.011
0.054
0.009
0.009
0.004
0.018

0.019

0.016

The values of 8o'(2p) determined in Table XVIII
cluster around the value

8o'(2p) 0.022, (VI.8)

excluding the 2p» levels in Ca4' and Ca4' Lsee (2)].
Strong l =2 transitions to levels at 4.76 and 5.72 Mev

(Ho53) indicate large single-particle 2d» contributions.
Such an interpretation is supported by the gross-
structure studies of Schiffer and Lee (Sc59), who find
that, in the region 49~& A ~&66, 2dg levels lie 1 to 2 Mev
above 2p*, . The usual sum rule (III.185) then gives

applying the sum rule (II1.185) to each set of 2p» and
2p» transitions constitute a test of the consistency of
our interpretation.

Several remarks should be made concerning this table.

(1) The identification of the 2.47-Mev level in Ca"
as single-particle 2p» is strongly unfavored. Apart from
upsetting the relative amounts of L»oo&'&2p»] and
L»ooX 2p»], such an interpretation would demand an equal
division of $(poX2p»] between levels 1.5 Mev apart.

(2) 8,'(2p») &8oo(2p»), especially in Ca~(d, p)Ca o. It
is probable that this diGhrence is due to the existence
of 2p» levels above the excitation reached in the relevant
experiments.

(3) It should be stressed that Table XVIII lists only
those ~ and ~ states which have observable 3=1
reduced widths. There are many levels below 4 Mev
in the odd-A Ca isotopes which show no stripping and
of these there must surely be some with spin ~, some
with spin —,

'—.
(4) In'both Ca4o and Ca" the lowest /=1 level is

weak, arising mainly from (f7/2')» —, (fg)o')»—

90 See Fr56, particularly Table I. 8o'(2d») &~0 016. (VI 9)
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No single-particle 1f; or 1gg~2 components have been
reported in (d,p) studies of the Ca isotopes. I't ls now
Rlmo, t certain, from R study of the structure of Sc"
by Ca40(p, p)Ca4' (C159), that such components he
above the range of excitations studied, around 6 Mev.

Core ExcitatioQ 1Q 618 RegloQ A~40

In the (d,p) reactions on K'9, Ar4', Ca4', Ca~, and
k)=0 dl=2 t 'ti b d t

low-lying levels of the residual nuclei. Detailed dis-
cussion of these transitions ln terms of minor com-
ponents in thc target glound stRtc ls morc dificult
than for g 30 because of the greater likelihood of
coherent ]d' and 2d, 2s and 3s contributions and because
of uncertajnty concerning the relevant single-particle
Ieduced widths. e therefore con6nc ourselves to a
brief qualitative discussion.

Let us start with the l=0 transitions. Even if these
mere to arise only from excitations of thc 2»hell
amount of 2s core excitation imp]ied by the observed
reduced widths would be less than 10%%uo. Since possible

3s contributions are coherent with 2s, jt js possjble
that the actual amount of core excitation ls considerably
smaller.

Since no l=2 tI'Rnsltlons hRve been jdcnti jcd jn

K"(d,p)K", we discuss the similar cases of Ar4' and
the odd-2 Ca iso~opes. Here the situation is quite
diGercnt. If core excitation is responsible for the ob-
served transitions it must involve id',. the amount of
core excitation implied by the measured reduced widths
is between 10 and 20%. 2d~ contributions, coherent
with icf— Rl c probRbly of little 1IQportRncc. Such Rn
interpretation implies J= ~+ for the low-lying positive-
parity levels in question. If, on the other hand, we are
dealing with low-lying fragments of PyoX2d;j, the
correct spin assignment is J=~5+. But the 2d~ single-
particle component must certainly be small, so that core
excitation must predominate. Since J=~+ is strongly
unfavored for low-lying core-excited levels jn Ar~, Ca4',
or Ca4', we conclude that the probable spin is ~3+.

. Sizeable amounts of id' and 2s~ core excitation in the
ground states of the Ar and Ca isotopes Inay have sur-
prisingly little effect on the 2p and 1f reduced widths.
This is obvious in the case of 2p; for 1f, it is a con-
sequence of thc fRct thRt j.dg Rnd 2$r nuclcolls RI'c

promoted in pairs. The essential point here is that the
g values of fv22"+'~ fv2'" and f~~2'" '-+ f7~22" 'differ—
only by ~ Lsee (III.150)j. For example, if we replace
the simple ground-state wave functions of Ca'0 and
Ca" by

Q (Ca40)—
gs~5

involving 40% excitation of the 1d~» shell» we have
g=0.g0. In other words, 40%%uo core excitation changes
g only from ]. to 0.9, assuming that the phases cooperate
ln thc dcslI'cd wRy.

If we use the jj-coupling approximation and treat
neutrons and protons separately, the transition to the

erst excited state of Ti4~ is described" by

Ti (d p)Tl

PrcliIQlnary Icsults of an experiment by Rictjcns and
Bilaniuk (Ri60) with 7.8-Mev deuterons reveal one E=3
transition, proceeding to the first excited state of Ti4~,

and 6ve 3=1 transitions to levels of Ti4~ between I 5$
and 3.31 Mev (see Fig. 49).

Thc I'cactlon to thc'glound state of Tj4~, whose spin
no stllpping. From

jj-coupling vlcwpolnt this ls to bc expected since the
transition must involve a 1f; nucleon and is therefore
j-forbidden.

0
(VI.10)

9'On using the isotopic-spin formalism and assuming that
symplectic symmetry 0 is a good quantum number, the transition
in question becomes

(f7'~')~J =r k~ ~= (Moo) ~ (fV ~2 )~0J0=00& &0= (0000)&

the S value being —,', exactly as before. A similar comment holds
for ri48(v, p)Xi49(g.s.).
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with S=~~. Although no absolute cross sections are
available, Rietjens and Bilaniuk (Ri60) have also
studied Ti4'(d, p)Ti4', measuring the cross sections for
Ti" and Ti" in the same relative units. They find, for
the ratio of the fII2 reduced widths,

tP*(Ti4I, 0.16 Mev)/8g'(Ti4') =2.2+0.7. (VI.11)

On representing the Ti4'(d, p)Ti4' ground-state transi-
tion by the appropriate modification of (VI.10), we
obtain S,(Ti4') = ~ and, accordingly,

S*(Ti4', 0.16 Mev)/Sg (Ti4') =2,

3.26

II
s I

»» I.72
/

g ~ I/ I.38
/ ]'

//
/ /R. i

//
/

//

I3/2-)

(3/2-)

7/2-

381/2 49

2dg/2 4 3

ge/2

2 PI/g 5s l

f~s/2

2p&/2. I.6 (Mev)

ff&/& Rough Fxcitoffoo
T)49

111 agl'eenleilt wltll (VI.11).
The lowest l=1 level, at 1.56 Mev, undoubtedly

contains a large fragment of the 2p» single-particle state
[q OX2p»7, its spin being, therefore, —,'-. It is likely that
the nearby 1.80-Mev level also contains a 2p,* contri-
bution. With these exceptions, we cannot separate 2p;
and 2p» among the observed 1= 1 transitions; it is, in
fact, doubtful that all 2p contributions have been
accounted for. Levels with large cross sections at
OL„b=20' are found at 3.60 and 3.71 Mev in Ti", either
or both of which may have an /=1 stripping pattern.

The 0.55-Mev, level probably has spin ~, belonging
predominantly to

The fact that no stripping is observed indicates a
negligible interaction with [poX2p»7, in contrast with
analogous levels in Ca~ and Ca".

Fn. 49.

39f

9 ~ f~+ 285
rjtslr 2,58

f.eQ

g I//
/I

/j 055
//

Q. fe
// 7/2-

5/2"
Tf

Ti4'(d, p) Ti4'

There are two relevant experiments. Preliminary
results of the first of these (Ri60) are indicated in Fig.
50(a). The second is a study (Sc59) of gross structure
1I1 tile pl'otoI1 spectl'a from Tl (d,p),wltll eIlel'gy 1'eso-

lution poorer than the average spacing of levels in this
mass region. The purpose of this work is to locate

Fn. 50.

single-particle levels in the residual nucleus, the low
resolution having the CGect of reassembling the various
fragments of the basic single-particle states. No absolute
cross sections are available.

Vfc have all cady discussed thc 3=3 grouIld-state
transition in comparing 1fiI2 reduced widths in Ti"
and Ti".Let us therefore proceed to discuss the higher
single-particle levels. The rough positions of single-
particle levels in Ti" found by SchiGer et al. are shown
in Fig. 50(b).

The results of Rietjens and Bilaniuk are consistent
with these 6ndings. The l=i transitions to levels at
1.38 and I.72 Mev clearly" involve the major portion
of the 2p» level [q 0(Ti4') X2p»7. On using the sum rule
(III.185) and the fact that Sg(Ti4') =-'„the observed
reduced widths of the 6rst three observed states of Ti'9
lead to

rather smaller than the value 1.7' implied by (VI.7) and
(VI.8). The findings of Schiffer e» al. suggest that the
2.49-Mev level in Ti49 is single-particle 1f»,' no angular
distribution is available for this level at the time of
writing, but the cross section at 0L,b=20' is consistent
with the foregoing interpretation. The 3.26-Mev level
involves a large fragment of [yoX2PI7, and the nearby
3.17-Mev level may do so as well.

The level density of known levels of Ti4' and Ti'9 up
to about 3 Mev is markedly lower than in Ca", Ca",
Ca". lt is likely that other levels, which show no
stripping from Ti" and Ti", actually exist in the rele-
vant parts of the spectra of Ti4' and Ti'9.

Ca4'(d, p) Ca"
Angular-distribution measurements (Bu54) show that

the reactions to the erst two states of Ca49 have I=I
(see Fig. 51).The levels in question being, undoubtedly,
single-particle 2p» and 2p», the absolute cross sections

In an experimental study of the circular polarization of y rays
following the capture of polarized neutrons by Ti4II, Yrumpy
I',Tr57} assigned a spin of ~ to the j..'l2-Mev level in Ti49. Since
the measurements involved in the polarization experiment are
very delicate, we prefer the spin-assignment of —, , which is
defInitely favored by the stripping data.
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0+
co"8

/
/

/

/

3.56

2.026
I/2-

3/2"
C o49

Fio. 51.

(Sc59) are given. It is clear that the two sets of results
are consistent with each other.

The foregoing interpretation of the 2p levels assumes
that the lower /=1 transitions (below 1 Mev) involve
predominantly 2P, nucleons, those above 1.4 Mev
involving 2P4. This assumption is suggested by the
"break" between 0.9 and 1.4 Mev in the sequence of
l=1 levels and receives support from the good agree-
ment between the observed ratio

LJ]82(/=1)/ g (J]82(/=1) =2.5,
of the corresponding transitions would provide a reliable
determination of 852(2P) in this mass region. No cross
sections, relative or absolute, are available.

The 1f; single-particle level is no lower than 3.56 Mev
in Ca". This is to be contrasted with the situation in
Ti4', where the 1f; level seems to lie below 2P4 and
bears a close resemblance to what is found in Ca". It is
clear that the filling of 1f2~2 proton shell has a pro-
found inhuence on the 1f; neutron levels. Further ex-
perimental information, in particular a determination
of the position of 1f; levels in Ca4', Ca4', Ca'"', Ca", and
Ti47, is needed to shed light on this matter.

V51(d P)V52

Three experiments have been performed, two (K158,
Da60a) with moderate energy-resolution for levels up
to 2.8 Mev in V", the other (Sc59) a "gross structure"
study with low resolution. The two moderate-resolution
experiments are in good agreement.

The V" ground state is expected to be predominantly

(VI.13)

7/2-

with a complete shell of f2~2 neutrons. Thus, V"(d,p) V"
should involve 2p;, 2pl 1f;, single-particle levels
and their fragments. Let us consider /=1 levels first.
There are four basic 2P; components, L 22o X2p;]J
= 2, 3, 4, 5+, and two basic 2P, components po2oX2P4]J
=3, 4+. If the main 2P4 and 2P; components do not
overlap, we can separate them in the usual way with
the aid of the relation"

ZLJ]8'(2P1) =2 ZLJ]8'(2Pk)

Exc. (1„'Mev Exc. )1 Mev

and the statistical ratio of two.
The fractions of the total 2P4 contribution

ZP]8'(2P-:)

belonging to levels with J=2, 3, 4, and 5+, are ~~, ~3',
~'~, and 3'„respectively. The ground state of V"
possesses almost 0.6 of the observed (K158) total value
of PLJ]82 for /=1 levels below 1 Mev, suggesting a
large ground-state spin. On the other hand, the &8 decay
V"~ Cr" is allowed and proceeds entirely to the 2+
excited state of Cr", so that the spin of the V" ground
state must be either 2+ or 3+. The difficulty would be
resolved if the ground state of V" were a close doublet,
probably consisting of a 3+ ground state and a 5+ first
excited state. Such a doublet would contain 18/32~0. 56
of the total 2P4 contribution.

On using the absolute cross sections of Da60a and
the sum rule (III.185), we have

8p'(2P) 0.019, (VI 14)

&I""2.S

in good agreement with earlier estimates.
There is a definite break in the succession of strong

stripping transitions between 2.307. and 2.8 Mev in V".
Dalton e/ a/ (Da60a). then find five more strong
stripping transitions to levels up to 4.43 Mev in V".
It is impossible to decide on the basis of the simple
Butler theory whether the appropriate / value for
these transitions is 1 or 2. All that is known about the
systematics of single-particle levels and single-particle
reduced widths in this mass region conclusively indi-
cates l=2; we have assumed this to be the correct
assignment in the foregoing discussion.

obtained from (III.185).
Experimental information concerning 1=1 levels in

V" is summarized in Fig. 52. The reduced widths $J]82
of the various proton groups resolved in K158 (taken
from Table I) are exhibited graphically to the right.
Proton groups which are known (Sc52) to correspond to
more than one level in V"are indicated by a vertical bar
( ~). On the left, the positions of the 2P; and 2P4
single-particle levels, found in the work of SchiGer et al.

"True independently of the ground-state target spin.

"-2.0
Exc.

1 S
(Mev)

in V52--I 0

2pI/2

0S 3/22p

0 I

&&E&.&&T&VE [Jj e' &2. &&

FIG. 52.
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Similar difhculties in distinguishing adjacent 1 values
are encountered in (d,p) experiments on the Ca isotopes
(Bo5/, Bo5"/a, Co57) and in Cr" (d,p)Cr" (E158b)
where the transition to the 2.31-Mev level may have
either 3= 1 or l=2. The difFiculty may stem from the
fact that each of the experiments in question was per-
formed at deuteron energies of 6 to 9 Mev, very close
to the height of the Coulomb barrier (6 to 7 Mev) in
this mass region. This point is also raised in Secs. II.4
and VII.

No 1f» level was found in the low-resolution Vs'(d, P)-
V" work of Schiffer et aL (Sc59). This is not surprising
since 1f» components are expected, in this region to
lie close to the main 2p contributions, in which case
l= 1 would probably swamp l= 3.Kl-Bedewi and Tadros
(E158) find large 1=3 admixtures in groups of levels
near l.s and 2.1 Mev in V". It is certain that sizeable

1' contributions have as yet escaped detection.

Cr" (d,P)Cr"

The ground state of Cr" LFig. 53(a)] shouM be
adequately represented by the wave function

(VI.15)

The fact that the 1fr/s neutron shell is fully occupied,
while the 2p and 1f» shells are empty, permits the use
of the weak-coupling formahsm of Sec. III.II in dis-
cussing l= I and l=3 levels in Cr~. We consider 1=1
transitions 6rst.

There is no doubt that the ground state of Cr"
contains a large fragment of the 2p; single-particle state
Lq&sX2P»] /Fig. 53(b)]. The experimental stripping
data (E158b) then present us with the puzzling phe-
nomenon of two 1=5 transitions, to levels j..74 Mev
apart, each with roughly the intensity relative to the
ground state to be expected of a full single-particle 2p»
transition. We examine three possible interpretations of
this situation.

(1) It has usually been assumed (Nu56, E158b) that
the spin of the 0.57-Mev level of Cr" is —,', the corre™
sponding l= 1 transition involving 2p». If the transition
to the 2.31-Mev level has been correctly assigned l= I,94

it must surely proceed through 2p» also. The presence
of two approximately equal fragments of L+oX2p»]
1.74 Mev apart then demands the existence of a —,

' state
(possiblyt q iX2P»]»-) nearlydegeneratewitht qsX2P»],
and an implausibly large interaction matrix element of
close to 1 Mev. A further objection to the present inter-
pretation is that it implies

PLJ]0 (2p»)=O. 85 PLJ]»»s(2P»),
9 %e later discuss the possibility that the 1=1 assignment is

incorrect.

5/2-

l.45
I

Fxo. 53.

in serious diagreement with the expected statistical
ratio of two.

(2) Another possibility is that the two lowest k=1
levels, at 0 and 0.57 Mev in Cr~, have spin ~ while
that at 2.31 Mev has spin ~~ . At first sight, this sug-
gestion is rather attractive. It implies

ZP]»»'(2p»)=2 3 ZP]i»'(2p»),

satisfactorily close to the statistical ratio of two; fur-
thermore, the two fragments of LysX2p»] do not appear
to be unreasonably far apart.

The observed (E158b) /=1 reduced widths of the
ground and 0.57-Mev levels of Cr" then demand the
existence of a s state only 180 kev above t ysX2P»]
and connected to it by a moderately large interaction
matrix element of 270 kev. The only reasonable possi-
bility for such a state is LprX2P»]»-. A calculation of
the energy of this state relative to LysX2p»], describing
q 0 and q ~ by the appropriate states of the neutron con-
figuration fr~s4 and choosing an effective two-body
interaction consistent with certain features of the
spectra and stripping widths of nuclei near A=40
(Pa5'/a), places it nearly 2 Mev above LpsX2p-;]. The
effective interaction appropriate to this mass region is
not well understood and our detailed prediction corre-
spondingly uncertain. "Nevertheless, it is very hard to
produce a reasonable interaction which depresses
LytX2p;], - even to witlun 1 Mev of Lq oX2p»]; the
difhculty of reducing the separation to the desired

O'In discussing some projection theorems relating the level
structures of nuclei in the vicinity of A =60, I.awson and Uretsky
(I.a57') identify the 0.57-, 1.29-, and 2.31-Mev levels as the $,$,and
$- members, respectively, of the group Ly&X2p»j z, J=$, $, $, ss,
predicting that the missing ~ state should be around 1.8 Mev.
Apart from the difhculty (discussed before) of producing a low-
lying $ state, these assignments are open to the objections that
they do not account for the 1=1 reduced widths of the 0.57- and
2.31-Mev levels (they imply a zero reduced width in each case)
and that the 2.31-Mev level, if indeed its parity is negative, must
surely involve 2py. However, the theorems used by Lawson and
Uretsky, in particular their "center-of-gravity theorem, "are of a
very general nature. If the foregoing detailed assignments are
incorrect, we would expect to find levels of Crsa, as yet undetected,
below 2.5 Mev, to which the theorems in question apply.
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value of 180 kev is su%i.cicntly extreme to constitute a
serious objection to the present interpretation of the
Cr~ reduced widths.

(3) The angular distribution of the 2.31-Mev level
in Cr" is not repmduced very well by Elwyn and
Shull's (El58b) Butler curve with 5=1 and ro ——5.6 f;
almost as good a Gt is obtained with l= 2 and the larger,
but reasonable, radius of 7 f. On the basis of the angular
distribution alone, l=1 is more likely but l=2 cannot
be definitely excluded.

We therefore have a third possible interpretation of
the Cr" results, according to which the ground, 0.57-,
and 2.31-Mev levels are single-particle 2pa, 2p~, and

2' states, respectively. The observed reduced widths
(El58b) lend support to such an interpretation. The
values of fJ]8' for the ground and 0.57-Mev states of
Cr" are in the ratio 1.9, agreeing well with the statistical
ratio of 2; the l= 2 reduced width of the 2.31 Mev level
yields"

lQ good Rgx'ccIQcnt. with thc values fouDd fox' this rRtlo
in the (d,p) experiments on Zn~(VI. 16), Zn"(VI. 1/),
and Zn" (VI.18), and also in the gross-structure studies
of Schiffer et al. (Sc59). A 2p-doublet splitting of 0.6
Mev is markedly smaller than the values L2p~j—L2p;1 1.5 Mev found in nearby nuclei; on the
other hand„p2d~j —L2pgj—2.3 Mev is close to what is
found in Ti" (2.'/ Mev), V" (2.1 Mev), and Mn'6

(2.3 Mev).
Wc therefore have three alternative interpretations

of the Cr" reduced widths, of which the third is, perhaps,
the most attractive. The matter should now be settled
experimentally; probably the best way to do this wouM

be to determine the spin and parity of the 2.31-Mev level
Rnd thc splQ of thc 0.57-Mcv level lDdcpcDdcntly of
the stripping results. A Cr'~(d, p) Cr" experiment study-
ing levels up to 5 Mev in Cr" would also be useful in
identifying the main 2d; contributions and thereby
either supporting or excluding interpretation (3).

There is no doubt that the 0.97-Mev level is pre-
dominantly t yoX 1faj. Indeed, this experiment (E158b)
was the first in which a 1' single-particle state was

definitely identi6ed.

Cr»(d, p)Cr&

It is likely that some of the proton groups observed
in the only available experiment (E158b) correspond to
unresolved gmups of levels in Cr" and that sizeable l=3
components have been svramped by the dominant l= 1
contributions (Fig. 54). No absolute cross sections are
availabl.

The observed l= 1 reduced widths do not lend them-
selves to any simple interpretation. We might be

"The l value of the 2.31-Mev level being uncertain, this is to
be regarded as test of the consistency of our interpretation rather
than an independent estimate of the ratio of single-particle
reduced widths.

F&G. 54.

tempted by themarked break between 1.31and 2.67 Mev
in the pattern of observed l=1 transitions to suggest
that 1=1 levels below 1.5 Mev involve mainly 2pg, those
above 2.5 Mev being predominantly 2pi. The proposed
2p~ transitions are, however, too strong relative to 2pg
by a factor of about four to support such an inter. -
pretation. Detailed analysis of the low-lying levels of
Cr" and their reduced widths must await identi6cation
of possible l=3 contributions and, possibly, further
lnfox'IQRtloQ conccx'ning thc splns of the 1'clcvRnt stRtcs.

Co"(d,P)Co«

There are two relevant experiments, one (E158a),
with moderate resolution, reaching levels up to 1 Mev
in Co«, the other (Sc59) being a low-resolution study
of single-particle neutron levels in Co".

In the latter experiment, the pmton energy-spectrum
reveals only one low-lying l=1 peak; above this l=1
peak, 2d; contributions are found to be centered around
2.7 Mev, 3s~ near 4 Mev, while 1g9g2 components are
tentatively identi6ed close to 2dy. No 1f~ contributions
are found, a conclusion which is paralleled in the
Inodcl'Rtc-xcsolutloQ work of E158R. HowcvcI, prcllml-
nary results of a high-resolution Co"(d,p)Co«experi-
ment (En5'/) indicate that there are many /=1 levels
below 2.5 Mev in Co~ with sizeable l=3 admixtures,
and a few' pure l=3 levels as well. It is therefore almost
certain that, in the low-resolution work of Sc59, 1'
contributions are concealed in the single l=1 peak.

The simplest interpretation (Sc59) of the existence
of only one I= 1 peak is that, in 27Co~2", the 2p~ neutron
shell is complete. The single l=1 peak would then cor-
respond to 2p;. Since, however, 2p; and 2p~ contribu-
tions are experimentally indistinguishabl, it is by no
means clear that this extreme assumption is justi6cd.
Further work is needed to find out how the 2p~ and

1' neutron shells fill in the region 50(A(/0, (p,d)
or (d, t) pickup experiments are particularly useful in
this connection.

'~ See the discussion of the (d,$) experiments of Zeidman et u$.
(Ze60) at the end of this section.
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Zn" (dip)Zn"; Zn" (d,p)Zn" i Zn" (dip)Zn" i
Zn" (d,p)Zn"

(d,p) experiments on Zn'4, Zn", and Zn" have been
performed with 10-Mev deuterons (Sh59), Zn" (d,p)Zn6'
with both 10-Mev (Sh59) and 11.9-Mev (Eb54)
deuterons. The 10- and 11.9-Mev Zn"(d, p) results
are in reasonable agreement, although the 1=4 transi-
tion to the first excited state of Zne' is markedly stronger
in the 10-Mev experiment. We use the 10-Mev data of
Sh59 "in the following discussion. Although no absolute
cross sections are available, the various Zn(d, p) cross
sections of Sh59 are given in the same relative units.

The presence of l=1 and 1=3 transitions to low-

lying levels with J= ~ and 2, respectively, in Zn"
and Zn" indicates that neither the 2p» nor the 1f;
neutron shell can be regarded as closed in the Zn" and
Zn" ground-state wave functions. We cannot make
quantitative estimates of the structure of these wave
functions on the basis of the stripping widths alone.

Above the 1f» and 2p; contributions in Zn~(d, p)zn"
and Zn" (d,p)Zn'", strong transitions are observed with
1=1, l,=4, and I,=2, similar to the three lowest transi-
tions in Zn" (d,p)Zn". But the Zn" ground-state wave
function is expected to involve, predominantly, closed

1f» and 2p» shells. Thus, the Zn" levels in question can
be plausibly interpreted as single-particle 2pi, 1get&,

and 2d», the spins (-', and 9/2+) of the first two states
being otherwise known. We see later that the Zn" (d,p)-
Zn ' ground-state reduced widths lends some support
to our hope that (p»') 0, (1d»') 0, and (1g»') 0 contributions
to the Zn" ground state are small.

We would like to give a similar single-particle inter-
pretation of the l=1, /=4, and l=2 levels in Zn" and
Zn". Such an interpretation demands that the reduced
widths of analogous levels in Zn" Zn ' and Zn" be
the same, since each 8=1. On using the data of Sh59
and expressing the reduced widths in the same units,
we have the values shown in Table XIX. The reduced
widths of corresponding levels are seen to agree moder-

ately well, their ratios very much better. It seems, in
fact, that the proposed single-particle interpretation"
of the levels in question is a reasonable approximation,
probably rather better in Zn" than in Zn" and Zn' .

From Table XIX, then, we obtain for the ratios of

2p, 1g, and 2d reduced widths:

8,'(1g)/8(P(2P) 2.1, 8(P(2d)/8(P(2P) 1.1,
from Zn" (VI.16)

"Sh59 suggest that the transitions in question may have l =3
rather than l=4, arising from excitation of the if~q2 shell in Zn64
and Zn . Apart from the difBculty of producing a core-excited
transition of the requisite strength )remember the 1' transitions
in Si'8(d,p}Si"j,we regard l =3 as unlikely because the 0.44-Mev
transitions in Zn, which certainly has l=4, has a very similar
angular distribution.

» We have incidentally suggested spins for the relevant levels
of Zne' and Zn'7.

TABLE XIX.

8'(Zn' ) 8'(Zn6') 8'(Zn69}

1/2+
9/2+
5/2+

0.90
1.9
1.0

0.85
1.6
0.89

1.4
2.5
1.4

(d, t) Reactions on Nuclei with 51~& A &~68

(d, t) reactions on a number of nuclei with mass
numbers between 51 and 68 have been studied by
Zeidman, Yntema, and Raz (Ze60, Ra60) at a deuteron
energy of 21.5 Mev. In many of the (d, t) experiments
individual levels of the residual nucleus were not
resolved; even if they were, far too little is known
about the spectroscopy of nuclei with 2 60 for us to
provide an explicit wave function for each state. Ac-
cordingly, the kind of analysis used in connection with
0"(d, t)O'i or Mg"(d&t)Mg" is no longer possible. In-
stead, we use the sum rules of Appendix 2, where the
summations extend over all observed transitions of
given / and the information obtained primarily concerns
the target ground state.

We could proceed directly and simply by substitution
in (III.120') or (III.140') of Appendix 2. Instead, it is
instructive to derive the desired sum rule explicitly in
one particular case, that of Zn"(d, t)Zn". We assume
charge independence, so that the Zn ' ground state has
T= 2, Mz ——2. Since the isotopic spins of the final states
in Zn" are not known, we need sum rules for the quan-
tity (C)'8', where (C)' is the isotopic-spin coupling

80'(1g)/80'(2p) ~1 9, eo'(2d)/80'(2p) —1 0,
from Zn" (VI.17)

8Q (1g)/8Q (2p)~1.8 80 (2d)/8Q (2p)~1.0
from Zn". (VI.18)

These estimates of 80'(1g)/802(2p) constitute the only
information about 80'(1g) encountered in this study;
they are rather larger than the values quoted in the
gross-structure study of Sc59(-1.0).

If the closed-shell interpretation of the Zn" ground
state is a reasonable approximation, the Zn'~(d, p)zn68
ground-state transition should be well represented by
(2p»4)0(1f )o~(2p )o(1f );, ignoringthezero-coupled
group of protons. The S value of this transition is six
(the number of particles in the 1f» neutron shell). If we
regard the transition Zn"(d, p)Zn'9 as single-particle

2p», so that 8= 1, and use the estimate 80'(2p) ~2802 (1f),
the measured ratio (Sh59)

eg'Lzn" (d p)Zn" j/8 '[Zn" (d p)Zn"] =2.4

indicates $,[zn"(d,p) Zn'Sj 5.
This is sufhciently close to the predicted value of six

to suggest that core excitation in the Zn" ground state
is relatively unimportant.
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factor in (II.30) or (II.37). It is reasonable to write

+(Zn") =n(fs')»+&{(f~')»(PP)»)»
+V{(f,')oo(p, )oo)oo+&{(f-,' )oo(p, )oo)oo

+o{(fP)»(p~')lo)» (VI 19)

for the ground-state wave function of Zn ', with TJ=20.
Other components which might be required could be
included in the following discussion without difhculty.

Let us now list the components in the Zn" wave
functions which can be reached by pickup from (VI.19).
We consider /=3 transitions first and use (III.64) or
(III.67) to evaluate the necessary overlap integrals
(reduced-width amplitudes):

Substituting (VI.24) in (VI.23), we see that the cross
terms vanish and the sum rule

Z 3;(f~)=8 Z ~.' (UI.25)

is obtained. The foregoing argument refers explicitly
to states of Zn" with T{}=—,'. It is, however, obvious that
(VI.25) and the arguments which led to it are equally
applicable to the states with To———,'.

The amplitudes (VI.20) and (VI.20') then lead to

( 3 l

2)

To—2 ~ 8 l ——(7/10)'*n

s,= (5/12)~P

~,= (1/30) &P

(VI.20)
84= 12'y
e,= (1/5):S

yo —(1/4) ho

Xl'=(f )-:.— 6 l' ——(3/10) &n

x,'= {(f ).;(P1o),o) &,'= (3/10)'P (VI.20')

xo'= {(f-)-;—;(Pg')oo) &g'= (3/10)'8

g7 9 1 1—8it —n'+ —P'+~'+ —P+—o' i, (VI.26)
310 20 2 5 4 )
5) y3 3 3»( f~:2'o= I=8)' —-n'+ P'+—5' ). (VI.26')
2P (10 10 10

It remains to combine (VI.26) and (VI.26') into a sum
rule for (C')S(f~). The relevant isotopic-spin coupling
factor {C[To-,'T:Mro, Mr Meow}' has—the value 1 for
each To=-,' state, —,

' for To=-', . Thus, multiplying
(VI.26) by 1, (VI.26') by o, and adding, we obtain the
final sum rule

Consider the To= —', states first. Actual states @; of
Zn~ with Jo= ~ and To= 2 are linear combinations of

ye and of other —',—states y~ y, which are
not reached by fl, pickup from (VI.19). Speci6cally, we
have

P CjoXo
k~1

(VI.21)

8

&J(ft) =8{2clo4o)'
k 1

where s is the number of states in Zn" which contain
significant components of y~. . .y6 and dk ——0 for k)3.
As described at the end of Sec. III.7, the spectroscopic
factor S; of p; is

Z(C)'~(f-) =6n'+44'+4&'+2&'+2" (VI 27).
fg

We verify immediately that (VI.27) is precisely what
is obtained by applying the general sum rule (III.140')
of Appendix 2 to each separate component of (VI.19)
and adding the results. We have thus veriied the asser-
tion at the end of Appendix 2 that the contributions to
the sum rule from different components of the target
wave function do not interfere. The argument is clearly
quite general. For 2PI pickup, we obtain in similar
fashion

Q (C)'8(2p ) =2p'+2y'+4P+4o' (VI.27')

=8{+cjo 8o +2 Q cjkcjl4o8l) ~

k k&5

P (C)8=6, (VI.28)We now sum (VI.22) over all states of Zno' with
mojo= o o and observable f; pickup reduced widths;
in other words, we sum over j: the number of neutrons outside closed shells.

It is easy to see that, in the general case of pickup on
a nucleus with isotopic spin T(=Mr) and I nucleons
outside closed shells, we have

Q S,(fr) =8{+ (Q c,&')&&'+2 Q (Q c;&c;l)&&&l)
k&L j

Finally, summing over all states of Zn" which are
(VI 22) reached from Zn'4 by pickup of either an ft or a 2P1

neutron, we have

Since the matrix [c,o] transforms one (real) ortho-
normal set of functions into another, it must be orthog-
onal. Thus

(VI.29)Q(C)'8= —+Mr,
2

P c, ; oSc(lk,l). (VI.24) where the summation extends over all transitions in-
volving nucleons outside closed shells.
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Raz et aL (Ra60) have used sum rules similar to those
under consideration to interpret the results of (d, t) ex-
periments on nuclei with mass number A 60. These
authors adopt what we describe, in Appendix 1, as an
"e-p formalism. " Components in ground-state wave
functions are formed by placing neutrons and protons
separately in low-energy states. Although, as we have
emphasized repeatedly, this procedure is not charge-
independent, the sum rules obtained by Raz et al.
(for P 8) do not differ greatly from what is found )for
g(C)'8] with the ard of (III.140') of Appendix 2. This
reQects the fact that the T admixtures in the lowest
states of the n-p formalism are usually small. It is clear
that the sum rule (VI.29), the right-hand side of which
depends only on m (the number of nucleons) and Mr
(the neutron excess), also emerges in the m-p formalism.

We encounter two main difficulties in applying our
sum rules to the results of (d, t) experiments (Ze60) in
the region from V to Zn. Firstly, l=3 levels are some-
times unresolved from nearby l=1 levels, making it
dificult to measure the 1=3 reduced width. In such
cases we accept the upper limit given in Ze60 as a rough
estimate of the t=3 reduced width. Secondly, f&t2 con-
tributions to pickup are experimentally indistinguish-
able from f;. We assume that f~~2 transitions to levels
below 4 Mev in nuclei between Cr" and Zn" are un-
important. Too little is known about the systematics of
single-hole states for us to be certain that this is a good
approximation.

Let us, then, apply the "total" sum rule (VI.29). To
do so, we need to know the values of three phenomeno-
logical parameters, the (d, t) normalization factor A, and
the single-particle reduced widths 0P(1f) and 00'(2p).
We take

(see Figs. 58 and 59) and use measured values of
(C)'A8' (Ze60) to "evaluate" A&0'(1f) The results . are
shown in Table XX.

Results are reasonably consistent; the tendency of
Aeo'(1f) to decrease with mass number probably reflects
the presence of sizeable 1f; and 2p; contributions above
the highest excitations reached in the relevant experi-
ments (Ze60). The small value of Ago'(1f) found in
Zn'~(d, t)Zn66 is, however, quite disturbing since all
sizeable l= 1 and l=3 contributions up to about 5 Mev
in Zn" have been identified. Elsewhere in this study we
have found A 190 (II.38) and eo'(1f) 0.012 (Fig. 58),
yielding Aeo'(1f)~2.3, in satisfactory agreement with
the values in Table XX.

The separate ft and 2pt sum rules give only two rela-
tions between the amplitudes in the target grour, d-state
wave function and therefore do not, in general, deter-
mine these (squared) amplitudes completely. Some-
times it is possible to obtain a solution with the aid of
other experimental data, as in the case of Fe" discussed
in Ra60.

The main qualitative conclusions to be drawn from

TAME XX.

Target
nucleus Mn' Fe" Fe ' Co" Zn'4 Cu" Zn" Zn' Zn"

380'(11') 3.0 2.7 2.0 2.4 1.9 1.8 1.5 0.8 1.2

the experiments of Zeidman et al. (Ze60) are the
following:

(1) The absence of t = 1 transitions in V"(d, t)V" and
Cr"(d, t)Cr" provide further indications that 2p~ ad-
mixtures in the configurations 1f~t2" are small.

(2) The ft, and 2P& orbits mix very strongly. There
is some evidence that the ft orbit contributes more to
even-even nuclei that to even-odd nuclei (Sc59, Ra60).

Many more pickup experiments in this mass region
are needed, not only in order to examine the wave func-
tions of the target ground states but also, and probably
more important, to study the properties of single-hole
states in the residual nuclei.

VII. REVIEW OF THE INFORMATION OBTAINED
FROM THE ANALYSIS OF EMPIRICAL

REDUCED WIDTHS

It is clear from the wide variety of useful applications
in Secs. EV to VI that the Born-approximation analysis
of stripping widths is very useful in the study of
nuclear spectroscopy. The central assumption of our
procedure is that the shortcomings of the simple Born-
approximation theory of stripping can be absorbed in
an empirical single-particle reduced width Hp', which
varies smoothly as a function of the relevant param-
eters. The most convincing justification of this assump-
ti.on is the body of consistent information deduced with
its aid about the properties of nuclear levels. In Sec.
VII.1, we give a brief resume of the different kinds of
information which can be obtained from an. analysis of
stripping widths.

The properties of Hp' provide another, more direct,
test of our basic assumption. If this assumption is
justified, we should now have a fairly detailed picture
of the magnitude of Hp' and of its dependence on its
parameters. In Sec. VII.2 we collect the information
about Hp' obtained in Secs. IV to VI. It is seen that the
behavior of the empirical single-particle reduced width
is sufficiently consistent to confirm the reliability of our
procedure.

Finally, in Sec. VII.3, we discuss some experiments
and types of experiment which are of particular interest
for future study.

1. Information about the Properties
of Nuclear States

In this subsection, we review the different ways in
which a stripping width can tell us something about
the structure of nuclei. Many of the procedures to be
described have been used extensively in Secs. IV-VI.
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(a) Spin Determinations may demand, instead, quantitative expressions for
them. Initial and final nuclear states are then described
by the appropriate model wave functions and the
reduced widths calculated by the techniques described
in Sec. III; finally, the calculated reduced widths are
compared with experiment. This procedure, exemplified
many times in Secs. IV to VI, often leads to the assign-
ment of spins, For instance, the spins of several positive-
parity levels in XI5 were assigned by comparing their
observed stripping widths in N" (d,p)N" (Sh55, Gr56,
Wa57) with the predictions of Halbert's (Ha57)
detailed shell-model calculation.

Arguments based on the weak-coupling formalism of
Sec. III.11, where we are dealing with single-particle
states and the manner in which they are "spread out"
over adjacent bands of excitation, give rise to another
important class of spin determinations. If the target
nucleus has JO=O, spins of levels in the residual nucleus
can sometimes be assigned on the expectation that
sizeable fragments of each basic single-particle state
should be found quite dose together, probably within
1 or 2 Mev, In other words, there is a tendency in odd-3
nuclei for levels of the same spin and parity which do
not belong to the ground-state configurations and which
are excited by stripping from adjacent even-even
nuclei, to appear in clusters. This tendency is condned
to levels which show stripping and does not apply to
levels of the same spin and parity in general. Spins are
suggested on this basis for 3= 1 levels in Ca", Ca", and
Ca'~ in Sec. VI. When the target spin is nonzero, there
are several single-particle states of each kind, with
diGerent spins, in the residual nucleus. If these basic
single-particle components have sufkred suKciently
slight loss by fragmentation, each such state has 8~1
and the corresponding values of fJ]8' are proportional
to (2J+1).Considerations of this kind, first emphasized

by Enge (En53), yield the spins of the four lowest levels
in K~ which are well described by fdt '1fqts jJ=—2, 3,
4, 5, and also of four /=1 levels around 2 Mev in the
same nucleus arising from fdic '2p,*]J=O, 1, 2, 3 .

(0) Determination of Amplitudes and
Interacts on Matrix Elements

The reduced width of an unfavored transition often
measures an admixed amplitude in a wave function
whose major component has some simple coupling
scheme. Furthermore, the determination of such
admixed amplitudes, in addition to being useful in

itself, can yieM a measure of the size of interaction
matrix elements. A good illustration is encountered in
Example 3 of Sec. III.9. Here we consider possible /= 1
admixtures in the t=3 transition in K"(d,p)K4' to a
3 level at 0.028 Mev in K'0. The dominant con6gura-
tion of this level is fdic '1f7t&7s-,' an t=1 admixture
could be produced by an interaction with the 2pt state
fd~ '2ptj, -, whose main component is at 2.042 Mev in
K'0. A measurement of the /=1 reduced width of the

The best-known application of the stripping reaction
in nuclear spectroscopy is in determining spins and
parities. Such applications vary in sophistication from
cases which involve only simple kinematical consider-
ations to those where we use relatively detailed infor-
mation about the structure of the nuclear states
involved and about the systematics of stripping reac-
tions.

Purely on the basis of kinematics, measured / values
6x parities and restrict spins to one of a few possible
values. Assuming that (as is nearly always the case)
the spin and parity JOIIO of the target ground state are
known, the parity II of the final state is 6xed as
II= IIO(—)', while its spin J must lie between Jo+I+s
and the smaller of t Jo—lao'I. In the special case
Jo= l=O, J is determined uniquely, having the value —,'.

At the next level of sophistication, suppose that in a
(d,p) for (d,n)j reaction involving the addition of a
nucleon inequivalent to those in the target ground
sta«, a, large value of fJj8' is found. Since in such a,

case it is known from (III.73') that S~& 1, a knowledge
of the appropriate single-particle reduced width 8$(t)
may impose a lower limit on J and, in some cases,
determine it completely. A good example of this kind
is provided by the work of Warburton and McGruer
(Wa57) on ¹'(d,p)N". They find an /=0 transition to
a level at 0.393 Mev in N", with fJ]8'=0.54. Since
8~&1 and 80 (2s) in this mass region is known to lie
between 0.1 and 0.2, it is clear that J~&1. However,
since the target spin is —,', the only possible spins are
0 and 1, so that the level in question must have J=1.

The spin determinations considered so far make no
assumptions about the structure of nuclei beyond
what is involved in deciding that the transferred
nucleon in certain situations is inequivalent to those
in the target ground state. In order to make more
speci6c use of our knowledge of nuclear structure, we
usually proceed to introduce some nuclear model. Now
each model, in its simplest form, makes general state-
ments concerning reduced widths, of the form of
selection rules, predicting that certain reduced widths
should be large, others small. These selection rules are

'

frequently useful in fixing spins. For example, in the
region 20~&2 ~&28, id' transitions to low-lying levels
(below about 3 Mev) are j-forbidden or, in other words,
are predicted to have zero reduced widths by the
extreme jj-coupling shell model. .The fact, therefore,
that the Ne" (d,p) Ne" ground-state transition shows no
stripping& while Ne" {dp)Ne" (ground state) has t=2&
implies spins of ~+ and ~+ for the ground states of Ne"
and ¹",respectively. Other models, for example, the
rotational model, can be used in similar fashion.

Selection rules are far from exploiting fully the pos-
sibilities of a nuclear model in analyzing reduced
widths. Ke need not be satisded with statements as to
whether certain reduced widths are large or small, but
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0.028-Mev level wouM determine the admixed 2py
amplitude and hence the interaction matrix element

([d~ '1f&F27&-)H)[dt '2pt]3-). Any interaction matrix
element is a significant quantity and can tell us some-
thing about the effective two-body interaction in nuclei.
In the actual case under consideration, only an upper
limit on the observed /=1 admixture is available
(En59).

(c) nuclear Models

Reduced widths measured in stripping and pickup
reactions provide important tests of the wave functions
of nuclear models. The main emphasis here is on giving
a reasonable interpretation of enhanced and inhibited
transitions and on correctly predicting the number of
strong transitions of given /. Many such examples are
found in Secs. IV to VI. In favorable cases, we hope to
give a quantitative estimate of each observed reduced
width with the help of the model wave functions.

In Sec. IV, low-lying t= 1 transitions in the 1p shell
have been analyzed in terms of the intermediate-
coupling shell model. Satisfactory agreement with ex-
periment can generally be obtained with values of the
interaction parameters similar to those found neces-
sary in studies of other properties of 1p-shell nuclei
(In53, Ku56).

At the beginning of the ds shell, up to A =19, similar
intermediate-coupling calculations have been carried
out. Reduced-width data is too scanty to provide, as
yet, a searching test of such predictions. The rotational
model has also been used for A=19, but it is quite
possible that the two models agree better with each
other than they do with the experimental data. Later
in the ds shell, from A =20 to A =33, the data bear a
qualitative resemblance to the jj-coupling predictions.
Closer inspection reveals that, in detail, the jj ap-
proximation is very crude in the region in question. In
particular, /=0 and /= 2 reduced widths in the vicinity
of A=28 and A=32 reveal that the "closed-shell"
nuclei Si" and S" involve large amounts of core-excited
configurations. However, the Nilsson form of rotational
model (¹i55) gives a satisfactory description of
stripping data in the region 20~&A~&33, but only if
correct account is taken of the mixing of rotational
bands arising from the 1d~ 2s;, and 1d~ orbits of the
spherical shell model. These applications of the rota-
tional model enable us to understand both the quali-
tative success and the quantitative failure of the
jj-coupling shell model. For, although the low levels
of ds-shell nuclei belong predominantly to the same
(ds) shell, the success of the rotational model indicates
that the d and s subshells are intimately mixed. Very
little is known about late ds-shell model nuclei, with
33&A &38.

In Sec. VI we have discussed "intermediate" nuclei,
with 38~& A (70; much more data is needed before any
clear picture can emerge. Qualitatively, however, the
jj-coupling shell model within the con6guration 1f&J2"

has some success in interpreting the properties of low-

lying levels in 1f&t2 nuclei (A(52). The results of
stripping and pickup reactions on nuclei in the mass
region 52(A(68 indicate that the 1' and 2pg orbits
are very strongly mixed.

Since most of the available data refer to light and
intermediate nuclei, with A&70, the only detailed
models used in our study are the rotational model and
various species of shell model. However, as further
stripping data become available in the region 70~&A
~&150, the vibrational collective model, whose pre-
dictions are considered in Sec. III.13, may become
important.

(d) Single Particle L-evens"' and
Stripping Reactions

The stripping experiment [A]-+ [A+17 is a natural
means of studying single-particle levels in the nucleus
[A+1],their fragmentation, their relative positions and
separations, and how such properties vary from nucleus
to nucleus. Detailed information of this kind should
yield valuable insight into the effective two-body inter-
action in nuclei. The weak-coupling formalism described
in Sec. III.11 provides a very convenient framework
for the discussion of stripping transitions to single-
particle states.

When the single-particle states under consideration
are split by final-state interactions into large numbers
of fragments, it is usually impracticable to discuss the
reduced width of each individual level. Instead, we
consider sums of the reduced widths of many levels,
using the sum rule (III.185). In such studies, it may
not be essential to resolve individual levels of [A+1],
the desired information being obtainable from low-
resolution measurements of the kind carried out by
Schiffer, Lee, and Zeidman (Sc59). It should be ob-
served, however, that low-resolution studies have
certain important limitations. Whenever the fragments
of two single-particle states with different / values
overlap, there is a danger that the state with higher /

will be obscured. For example, in the work of SchiGer
et al (Sc59) on fp. -shell nuclei, 1' components often
escape observation.

(e) Pickup Reactions and Single Hole States-
In contrast to a stripping reaction which reveals the

properties of single-particle states in the residual
nucleus, the pickup reaction [A+1]—& [A] can be used
to focus attention on the ground-state wave function of
the target nucleus [A+1].A pickup reaction can often
measure small amplitudes in a ground-state wave
function which couM not readily be detected by any
other means. Striking illustrations of this technique are

'«The term "single-particle level" has. been deaned at the end
of Sec. III.9 and in Sec. III.11.We are talking here of cases where
the "single particle" is inequivalent to all nucleons in the ground
state of LAg.
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found in the analysis of the reaction C'4(d, t) C" in Sec.
IV and of 0"(d,t)0'T and Mg"(d, t)Mg" in Sec. V.

Just as stripping reactions reveal single-particIe
states, pickup reactions seek single-hole states in the
residual nucleus. Little is known about the properties
of such single-hole states, but the subject promises to
be important in the future.

2. Information about the Mechanism of Stripping
Reactions: Single-Particle Reduced Widths

The quantity of spectroscopic interest in a reduced
width

H'= sHO' (VII.1)

is the spectroscopic factor S. In this study we have used
the Born approximation to extract values of H' from the
measured differential cross sections of stripping and
pickup reactions, treating the single-particle reduced
width Ho' as an empirical parameter. If this procedure
is reliable, we should find that 80' is a smoothly varying
function of its parameters, namely, n, l, j, rs, Q, an done
of the projectile energies (ED or E).

It would be very surprising if Ho' were found to
depend significantly on j for Axed e and l, and, indeed,
there is convincing evidence that it does not. Further-
more, we have already pointed out that our reduced
widths depend strongly on ro only when the Butler
theory Ands difhculty in providing a stable 6t to the
observed diGerential cross section. On the other hand,

0.06—

Ho' is certainly di8erent for different values of n and l.
We therefore consider a separate reduced width 8G'(e, l)
for each pair of values (e,l), and study the dependence
of these quantities on the energy parameters.

(b) Dependence of 8GE oe Q

Instead of the Q value of the reaction

P~)+Lo) ~ Pa+1)+I-o—1), (VII.2)

(a) DePendemce of 8DS oe the Projectile Energies

Absolute cross sections for the reactions Be'(d,p) Be",
C"(d p)C" 0"(d p)0" Mg'4(d p™g"and Mg'4(d e)
Al" have been measured at several diGerent bombarding
energies. From Table I, we find in each case that the
observed reduced widths, and therefore 8DS(1p), 8s'(2s),
and 8ss(1d), increase by factors of two to three as the
deuteron energy increases from, roughly, 3 to 7 Mev.
All available evidence, including the cases just cited,
indicates that the single-particle reduced widths do not
change much as the deuteron energy is further increased
to 15 Mev and perhaps to even higher energies.

Accordingly, let us consider only "moderate-energy"
single-particle reduced widths obtained from reactions
wherein neither projectile energy lies outside the ap-
proximate range of 6 to 20 Mev. We understand this
restriction to apply when we speak of reduced widths
without further qualification. Our task is therefore to
study the dependence of each single-particle reduced
width 8G'(n, l) on the remaining energy parameter Q.

0.04—

4 N ~
we introduce the binding energy 8 of the transferred
nucleon in the nucleus LA+1). According to (11.8),
we have

2
~o(IO) B=Q+4 4, r—(VII.3)
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Let us now use the values of Hps(fs, l) obtained in
Secs. IV to VI to plot each single-particle reduced
width as a function of 8. The results for Hp'(1P), HP(2s),
8p'(1d), 8p'(1 f), and Hp'(2p) are shown in Figs. 55 to 59.
In view of the uncertainties involved in extracting these
single-particle reduced widths —experimental error,
inaccuracy of model wave functions, and the short-
comings associated with the Born approximation—
their over-all consistency is remarkable and confirms
the reliability of our semiempirical procedure for
analyzing stripping data.

The salient qualitative features of Figs. 55 to 59
are"'
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(1) With the exception of Hps(1f), each of the single-
particle reduced widths under consideration decreases
monotonically with increasing 8 for B&2 Mev.

(2) Hps(1f) does not change signi6cantly between
B=O and 8=8 Mev.

For binding energies in the ranges covered by Figs.
55 to 59, the foregoing five single-particle reduced
widths fluctuate by less than 20% about their central
values. LHDE(2s) for B(2 Mev should be excluded from
this statement since l=O reduced widths of levels close
to the nucleon separation energy (8=0) are often
pathologically sensitive to rp]. Consistency to within
+20% is very satisfactory.

It is now shown that an interpretation can be given
of the salient characteristics of 8[)' in terms of a simple
potential-well model of the process of nucleon capture.

Let us therefore suppose that, in the reaction (VII.2),
the transferred nucleon is captured by a spherically
symmetric potential well representing the nucleus LA j.
The reduced width for this process is, by definition, a

I 'f I i

0 0.5 2
I I I

10 14 l6
B (INev)

FIG. 60. Single-particle reduced widths for a square-well
potential.

single-particle reduced width. It is given (II.14) by

Hpp (fp, l) = -s, rpSE„P(rp), (VII.4)

where E„f(rp)is the radial wave function, evaluated at
the nuclear surface, of the captured nucleon in the
potential well representing LA]. The quantity (VII.4)
can be evaluated numerically for a suitably chosen
potential well. It is found to be a function of the single
parameter y, which is related to the binding energy of
the captured nucleon in the capturing potential"' by

0,IOO

FIG. 58, eo~(1g) as
a function of binding
energy.
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I'The symbol "g" in Fig. 59 refers to cases )for example,
(V.12)j where only a lower limit is available for the relevant
single-particle reduced width.

where p, is the reduced mass of the nucleon.
8p (fs,l) has been evaluated by Lubitz' s (Lu57) and

by Lane (La54a), for various values of fG and l, using
normalized square-well eigenfunctions. I.ubitz's results
are shown in Fig. 60 (taken from Fig. 2 of Lu57). To
facilitate comparison with Figs. 55 to 59, we have chosen
the representative parameter values @=0.95 and rp= 5 f,
and give values of 8 corresponding to a few values of y.

It is obvious that several of the characteristics of the
empirical single-particle reduced widths are reproduced
by the potential-well model. Such features include:

(1a) Each single-particle reduced width decreases
monotonically with increasing y for y& 2.5.

(2a) 8ps(1f) varies by only 10% between y=0 and
y=3.

"~The well depth is determined by e, l, 13, and r& and can be
evaluated very simply for speci6c parameter values with the aid
of Fig. 3 of Lu57.

'O'We are indebted to Dr. Lubitz for correspondence on this
topic.
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A comparison of predictions (1a) and (2a) of the
potential-well model with characteristics (1) and (2) of
the empirical single-particle widths reveals qualitative
similarity. There are equally obvious quantitative dis-
parities. For example, the maxima predicted by the
square-well model occur at larger binding energies than
do the empirical maxima. Furthermore, the well-known
tendency of the Born-approximation theory to over-
cstlQlRtc closs scctlons manifcsts itself ln thc fRct that
the square-well reduced widths are an order of magni-
tude larger than the empirical values. Again, the rela-
tive values of the di8erent single-particle reduced
widths predicted by the potential-well model bear little
resemblance to what is found empirically.

In view of the uncertainties involved in extracting
empirical reduced widths and since a square well does
not provide the best possible equivalent potential well
for the nucleus LA], we do not expect to find quan-
titative agreement between the potential-well model and
empirical values of Hp'. However, the success of the
potential-well model in reproducing the qualitative fea-
tures of the empirical single-particle reduced widths
provides further con6rmation of the validity of our
procedure.

Tile slllglc-pR1'tlclc reduced wldtlls 80 (2&) Rnd 8o (ig)
also appear in a few instances in Secs. V and VI. Much
less is known about them than about the 6ve single-
particle reduced widths discussed afore. Available data
indicate rather consistently that

(VII.6)

(VII.'/)

80'(2d) Hp'(2p)

HoP (1g)&1.38o'(2p).

Similar findings have been reported by SchiGer, I.ee,
and Zeidman (Sc59).

Nothing is known about single-particle reduced
widths for bombarding energies above 18 Mev and
essentially nothing for capture into unbound levels of
(2+1) (B(0).Both these topics merit experimental
study. Further experiments should also be undertaken
to verify that Ho' does not vary significantly with pro-
jcctllc energies ln thc rRngc 6 to 20 Mcv. Thc dlI'cct

evidence on which we have based this conclusion is
rather scanty, but the consistent picture which has
emerged of the dependence of Hp2 on the binding energy
of the transferred nucleon argues in its favor.

3. Suggested Exyeriments for Future Study

We conclude our study of stripping widths with a
discussion of some experiments and types of experiment
of particular interest. In some of these experiments the
main objective is to study the properties of a speci6c
nucleus; others are more concerned with the mechan-
ism of stripping reactions and aim to sharpen our semi-
phenomenological procedure for analyzing stripping

widths by determining its parameters with greater
precision. Many of the experiments in the ensuing list
have already been discussed elsewhere in our study; in
such cases we are content to give a reference to the
section wherein the relevant discussion may be found.

(1) The successful application of our procedure for
Rnalyzlng stI'lpplng dRtR depends on Rn Rccul'Rtc
knowledge of the appropriate single-particle reduced
widths. Any stripping or pickup experiment can con-
tribute to our store of information about Hpm and should
therefore include measurements of absolute cross section.

In addition, several speci6c aspects of the single-
particle reduced widths merit experimental investi-
gation; some of these aspects have already been
mentioned in Sec. VII.2,

(a) The same transitions should be studied at
several dMerent bombarding energies in order to study
the dependence of Hp' on projectile energies. See Sec.
VII.2.

(b) We know very little about single-particle
reduced widths of unbound levels (B(0).It would be
interesting to examine how such quantities are related
to the corresponding resonant reduced widths and to
Born-approximation reduced widths for bound levels.

(c) The behavior of single-particle reduced widths
close to the nucleon separation energy should be studied
and compared to the behavior predicted in Fig. 60.
Scc Scc. II.4.

(d) The relation between (d,p) and (d,e) reduced
widths of analog levels in mirror nuclei is poorly
understood. Since the binding energy of the nucleons
captured into such states often difkr significantly, it is
by no means certain that 8'(d,p) =8'(d, l).

(e) We see from Figs. 55 to 59 that little is known
about the behavior of Hp2 for 8&12 Mev. This could
be studied by pickup reactions on closed-shell nuclei
(ol' tllc lllvcl'sc stllpplng 1'cactlolls). Tile bombard1ng

energy should be 20 Mev or higher in order to keep the
energy of the outgoing particles well above the Coulomb
bRl1'1C1.

(2) The (d, t) and (d,HC') normalization factors A. (t)
and A(HC') must be evaluated more precisely. Avail-
able data (see Sec. II.3) indicate that is probably
possible to extend our analysis to include such more

complex processes, but our knowledge of the nor-

malization factors is inadequate. This is reQected in the

fact, noted at the end of Sec. IV, that the most serious

dif6culties encountered in our study involve (d, t) or

(d,Hc') reactions. The (d, t) and (d,HC') normalization

factors may be quite diferent and should be evaluated

separately. See Sec. II.3.
(3) Ill Scc. II.4 wc remarked tllR't (d,P) cxpcl'llllcnts

with 6- to g-Mev deuterons on nuclei with 2 ~& 40 (Bo5'7,

Bo57R, Da60a) have repeatedly found. difliculty in dis-

tinguishing l=l from l=2, l=2 from /=3. Since the

bombarding energies involved are very close to the
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relevant Coulomb barrier heights (6 to 7 Mev), we

suggest that experiments with higher-energy projectiles
might distinguish l values more clearly.

(4) (d,p) experiments should be carried out with
deuterons of 20 Mev or more in order to test the validity
of the Born approximation at higher bombarding
energies. See Sec. II.4.

(5) In discussing the Mg24(d, p)Mg" ground-state
transition in Sec. IV, we mentioned the anomalous
forward spike found in the l= 2 angular distribution at
a deuteron energy of 14.8 Mev (Ha60). Such a phe-
nomenon could not be due to an l=0 admixture, even
allowing for the possibility of spin-Rip. Recent work by
Parkinson (Pa60) with 8-Mev deuterons has revealed
a similar spike in the l=2 transition Mg"(d, P)Mg'6
(1.83 Mev). In this case an (=0 admixture is allowed,
but the forward peak, as was the case in Mg'4(d, p)Mg'~,
is much more sharply localized in the forward direction
than an /=0 Butler curve. It would be very interesting
to dnd out whether a distorted-wave calculation predicts
these sharp forward spikes. Such calculations might
also give some indication where to seek other instances
of the anomalous forward peak.

(6) Available data on vibrational (100~&A&~150)
and rotational (150(A &190) nuclei have for the most
part been obtained from the analysis of P-decay
schemes and from Coulomb-excitation studies. Such
information is subject to rather severe restrictions
since only a limited number of levels are energetically
accessible to P decay and since the probability of
Coulomb excitation decreases rapidly with increasing
excitation energy. Stripping and pickup experiments
provide an ideal means of studying vibrational and
rotational nuclei.

In order to carry out this program, the systematics
of stripping reactions for A)70 must be studied in
detail.

(7) Li (n, d) He', because of the puzzling Li'(d, He') He'
results. See Sec. IV. Measurements of the (n,d) reduced
widths of the first two states of He' would yield valuable
information about the energy dependence of A(He').

(8) B"(d,e)Ci2 or B"(He'&d)Ci2, especially to the
7.65 Mev 0+ state of C". See Sec. IV.

(9) C"(He'&d)N'4 up to 10 Mev in N'4 because of
special interest in the A = 14 levels. See Sec. IV.

(10) C'4(He'&d)N" up to 10 Mev in N" in order to
(a) fix the So parameter of the A=14 states (see

Sec. IV and also the end of Sec. III.10) and
(b) use the fact that both C'4 and N'4 are available

as targets to examine the weak-coupling structure of
. the levels of N'~.

(11) N"(He', d)O" up to 10 Mev in 0" with par-
ticular attention to the following features:

(a) The ground-state reduced width (8=4) should
be compared with the surprisingly small value obtained
in. 0"(if t)O"

(b) Information can be obtained concerning the
0+ state at 6.04 Mev in precisely the same way as in
B"(He', d) C" (7.65 Mev).

(c) l=0 and 1=2 transitions measure p~ 'sy and
p~ 'dy components in negative-parity levels of 0"above
6 Mev.

(d) Shell-model wave functions for the levels
mentioned in (c) have been calculated by Elliott
(E157).

(12) Ois(p, d)0is; 0"(d,He')N". See Sec. IV.
(13) 0"(d P)O" up to 10 Mev in 0" in order to

study single-particle levels, their positions, and how

they are fragmented by final-state interactions.

(14) 0''i(d, f)O" (6.06 Mev), to supplement 11(b).
(15) 0"(~f p)O" 0"(He' ~f) P' These experiments

would test available shell-model wave functions (E155a,
Re58) for A=18 and A=19. Although the first three
levels of P', -',+ ground state, -,'at 110 kev, ~+ at 198
kev, are only about 100 kev apart, the energy resolution
necessary for complete separation is no better than
200 kev because the ~ level at 110kev should show no
stripping.

(16) F"(d t)F" F"(d He')0" as in (15).
(17) Al" (He', if) Si" If n is the 1d ' amplitude in the

AP' ground-state wave function, then P 8 for all id~
transitions to 0+ states of Si'8 is 12m'. On using the
rough value o.' 0.6 obtained in Sec. V, we obtain
gg 7. The observed ground-state reduced width
implies S 2, accounting for only a minor portion of the
sum. We therefore expect to find 1dg transitions of con-
siderable strength to higher 0+ levels in Si' . (The l=2
transitions in question may be obscured by coherent

2' admixtures and, since the relevant spins are not
known, by 1d; transitions to levels of Si" with J&0.)

(18) Si"(d,He')AP7 because of interest in the Si'
ground-state wave function. See Sec. V.

(19) Sims(d, P)Si", up to 10 Mev in Si". See Sec. V.
(20) Si"(d, t) Si' to supplement (17).
(21) S"(d,n)C1~; S"(d,p)S~. The single-particle levels

with /= 3 or /.= 1 are of interest. There are, for example,
two sets of f&~& single-particle levels (identified by strong
1=3 reactions), namely, J= 2, 3, 4, 5 with 2'= 0, 1.Both
are observable in the (d,n) for (He', d)] reaction, only
one set in the (d,p). There is a strong prediction (Fr60a)
that the average of the T=O, 1 spectra should be iden-
tical with the low-lying spectrum of CP', which is well
known. Even if only the T=1 spectrum were known,
we could combine this with that of Cl" to get a complete
account of the shell-model interaction for a (d1fqq2) pair.
A similar argument applies to the p; levels; in CP' the

p1 levels are unknown but could be deduced from those
of K4' for which we have a plausible assignment (see
Sec. VI). There are a great many possible examples of
this sort (see Fr60a).

(22) CP'(d, p) CP'; CPS(He', d)Ar", particularly to
the CP6 ground state and the first excited 2+ state of
Ar". See end of Sec. V.
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(23) The LJ18' values of the expected 3=3 transitions
to the first four levels of CP, whose predominant con-
6guration is L(dy')) y)(1'/2$(r J 2J) J 2, 3, 4, 5-,
should verify the correctness of the theoretical spin
assignments of Goldstein and Talmi (Go56) and of
Pandya (Pa56) for these levels.

(24) Ar" (d,p)Ar" should resemble Ca"(d,p) Ca"
quite closely. A level at 1.52 Mev in Ar" is known to
have spin 2+. If a weak l=2 transition is observed to
this level, J= ~3+ would be strongly favored for the
2.014-Mev level in Ca4'. See Sec. VI.

(25) K"(He',d)Ca4'. Since the ground-state transi-
tion completes the idj shell, we have $~8. The ob-

. served ground-state reduced width would yield infor-
mation about core-excitation in K", and Ca', as in the
similar cases of Al" (d,n) Si" and P"(d I)S"discussed in
Sec. V.

(26) Ground-state reactions involving the calcium
isotopes are of very great interest. One would like to
know the variation of 8 with e (Sec. III.10, Example 2)
for the entire chain of m values. At present only three
points are available on the S~&1 branch; the 3~&1
branch is of particular interest because this branch
efkctively measures the m degeneracy of the single-
particle fqt2 state and thus gives a sensitive indication
of the validity of the spherical shell model in a region
where one has a strong a priori feeling that it should be
good. (Observe that the strong cooperative effect is
found in the shell model; the rotational collective model

gives at most a weak cooperative effect. )
Of course, excited-state reactions in the calcium iso-

topes as well as in the other f~t& shell nuclei are of
general interest too.

(27) Ca4s(d, t)Ca47; Ga4'(d, He')Sc4'. The p decay
Ca" -+ Sc4'(-,' -+ -,'—) with log ft=8.6, is strongly
inhibited. If this is due to very different ground-state
configurations for Ca4' and Sc4~, the ground-state

(d, t) and (d,He') reduced. widths will reflect such dif-

ferences. By simultaneously performing Ca48(d, p) Ca49

to the '1' single-particle level, 80'(1f)g could be deter-
mined for use in analyzing the pickup results.

(28) As indicated in Appendix 2, (He~, d) and (d, t)
experiments with heavy nuclei lead to con6gurations
which contain two T values. Very often we should be
able to determine the T value simply by the magnitude
of (C)'8', where (C)' is the isotopic-spin coupling factor.
For example, if we should observe an excited-configura-
tion reaction with a near single-particle strength in
Cr"(He', d)Mn", we could argue that the Mnl state
has T=-,', since (C)'=-'„-,' for T=-,', -'„respectively.

A related point which does not seem to have been
emphasized suf5ciently in the literature is that (d,w) or
(He', d) reactions on nuclei with T)0 (and a positive
neutron excess) should reveal t7oo sets of single-particle

states, with T= To&2. Such an effect should be sought

in gross-structure experiments of the kind carried out
/for (d,p)7 by Schiffer et aL (Sc59). Similarly, two sets
of single-hole states are expected in (d, t) reactions,
while (d,He') or (n, d), like (d,p), should show no T
doubling.

(29) There has recently been considerable interest in
the statistics of the spacing of levels of given II, J, T,
one question being, for example, whether the spectrum
shows the expected "repulsion" between levels (Po60).
Stripping experiments with zero-spin targets to indi-
vidual levels in a giant resonance peak produce a set of
such levels and might then be of some utility in study-
ing the statistical behavior. In fact, combining the
reduced widths with the spacings might facilitate a
more subtle study of the statistical behavior than is
possible via the energies alone.

CONCLUSION

The analysis of stripping data with the aid of the
Born approximation has had a good measure of success.
A large body of information has been obtained about
the structure of nuclei with A &70, checking at many
points with findings based on other experimental data.
The empirical single-particle reduced widths behave in
consistent fashion as functions of their parameters.
Available evidence indicates that, in addition to
deuteron-nucleon reactions, more complex processes
such as (d, t), (d,He'), and perhaps (He', n) and (n, t),
which involve transfer of a single nucleon, can be
included in the same general framework. This will

require further experimental work to determine the
empirical constants normalizing the differential cross
sections of these more complex reactions.

APPENDIX 1

Isotoyic Spin in the n —y Formalism

It has been suggested several times in the foregoing
that the isotopic-spin formalism may in some cases,
particularly for heavier nuclei, be replaced by a simpler

one in which neutrons and protons are treated sepa-

rately (using what we call the "rt—p formalism" ).
There are really two questions involved here.

The first question is whether in reactions involving

heavier nuclei the isotopic-spin Clebsch-Gordan factor
which we abbreviate as (C)' should be included in the
equations relating do./d~ and O' Le.g. , (II.29) and

(II.30)j, one being often tempted to omit this factor
on the vague ground that isotopic spin does not have
much to do with heavier nuclei which have a neutron
excess and whose active neutrons and protons are in

different orbits. We see that in fact (C)' should atways

be included in the equation. In a large class of cases,
however, (C)'= 1 so that the question then has no con-
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tent; but if (C)sW 1, the use, e.g. , of Eq (.II.29) without
the (C)' factor gives a reduced width which has built
into it a Quctuating isotopic-spin. dependence which may
disguise its real significance. The (C)' factor should then
be included in the equation for exactly the same reason
as one uses in lighter nuclei. The second question is for
the person who wishes to calculate a relative reduced
width S from a model. Should he use the T formalism
or the rs —p formalism? The answer here is that only
when (C)' is automatically unity is the rs —p formalism
as a general rule more convenient. In this special case
the closed neutron subshells behave in the reaction as
entirely inert objects.

We observe first that no matter which formalism we
choose, the isotopic spin of both states in a reaction is
definite. '" In order, then, for a wave function to be
described simply in terms of an rs —p configuration, it
must be that the states of such a configuration should
have a de6nite T, for otherwise we would have to use an
appropriate mixture of is —p configurations. It is easy
to show (see Fr60a) that T is definite in an n —p con-

figuration

and

ha the value
~
T,

~

=is(lii' —Z) if and only
if every orbit which contains one or more protons is
completely filled for neutrons. "' Configurations of this
type we may call (rs —p) r configurations. The low-lying
states of heavier nuclei belong to (rs —p) r configurations
and, moreover, any (d,p) reaction starting with such a
configuration necessarily leads to another. The (C)'
factor has the form (C[TsrsTs+s , To, —s]')' —which

is automatically unity. The neutron subshell which in
the target nucleus has the same orbit as the active pro-
tons may be regarded as entirely inert and ignored.

For a (d,w) or (Hes, d) experiment things may be
different. If the added proton enters an orbit which is
neutron-filled, we have once again a final (ri —p)r con-

figuration, (C)'=1, and things are as before. If the
added proton enters a higher orbit which. is neutron-

empty, the resultant configuration is not an (I—P)r
configuration and (C)'4 1.The point is that final states
with two diGerent T values are available"' and the two

"'We ignore the admixing of isotopic spins caused by Coulomb
effects since for all the nuclei we consider this should be negligibly
small except in the special circumstance that two states of the
same (Jp.) but different T come very close together. Observe,
too, that when the reaction involves two (e—p)z configurations
(see the following for the de6nition) isotopic-spin admixtures
which would arise from a different radial dependence of neutron
and proton have no effect except to make unequal the single-
particle neutron and proton widths.

M5 If the state has a proton excess the words proton and neutron
should be interchanged here. Note, too, that certain states in-
volving equivalent protons and neutrons, not in filled subshells,
also necessarily have a de6nite T (for example, a proton and
equivalent neutron). These are of no interest to us here and we
may exclude them without modifying the definition of an (n —p)z
configuration by observing that their T value depends on J.

"'Or counting differently, more than one e—p configuration
contributes, the proton being added in the j orbit, sinking to
another (j~j') while a neutron makes the inverse transition.
The number of e—p configurations which are excited may be

(C)' factors simply determine the way in which the total
cross section divides among the states of diBerent T.
It is obvious that [when the (C)' factor is properly
taken account of] we haversr 8=1 for final states of
either T. This simple result would have been entirely
disguised if reduced widths were extracted without con-
sidering the (C)' factor and, for example, we would find
a diferent reduced width for the (d,rs) experiment than
for the (d,p) experiment to the corresponding level. The
same argument applies to the case where the added
proton enters an orbit which contains some neutrons
but is not filled except that here we do not have the
simple case S= i. 8 instead should. be determined by a
detailed calculation which is simpler in the T formalism,
but in any case the reduced widths should always be
extracted using an equation containing the (C)' factor.
If the T value is not known, the quantity determined
should be stated as (C)s8', and it sometimes happens
that the numerical value of this class does, in fact, indi-
cate what the T value must be.

The same remarks apply to the pickup reactions.
Here the (d,He') experiments starting with a heavier
nucleus always lead to an (I—p)r configuration with
(C)'= 1.The (d, t) experiments, on the other hand, lead
to more complicated situations unless the neutron is
removed from a proton-empty orbit. If the orbit is not
proton-empty, then once again states of two difterent
T values are available, (C)sW1, calculations via the T
formalism are usually much simpler, and'the reduced.
width should be extracted by means of an equation
containing the (C)' factor.

APPENDIX 2

Further Sum Rules

In many cases, particularly when dealing with (d, t)
and (He, d) reactions with heavier nuclei, the isotopic
spin of many of the 6nal levels is not known and then
the sum rules given in Sec. III.10 cannot be immedi-
ately applied. Instead, we need sum rules for the
quantity (C)'8', where (C)' is the isotopic-spin Clebsch-
Gordan coupling factor in (II.30) and (II.37). Since in
(III.127) and (III.128) we have given, for the transfer
of an equivalent particle, separate sum rules for each
final T value, and since (III.140) and (III.141) enable
us to generalize these to the most complex con6gura-
tions, "' it is not difficult to produce the required sum
rules and we give the results without proof.

larger than two (corresponding to different values of j'), but the
exclusion principle for the neutrons reduces the number of degrees
of freedom to two.

"'7 We ignore here the possibility that the initial nucleons couple
differently in the 6nal state since we already know how to handle
this complication." Note that in (III.138) the inert group (ppi) may be replaced
by any group whatever of particles inequivalent to p2, without
changing the results.
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{CLToa'T; Mrona])ag(j "xJT~j " 'xpJpTp) = +2—mMr,
sp Jprp 2

(III.120')

{&IToaT; Mrona5)%(JaTaj "xaJaTa,' JT~ JaTa;j " 'xaJaTa', JoTo)
JOT0

sag T3

S T(T+1)+To(To+1)—Ta(Ta+1)
-+naMr.
2 T(T+1)

{C(ToaaT; Mrona])aPJ]&(JaTa;j "xaJaTa; JT~ JaTaj " 'xaJaTa' JpTp)
JT

(1V—n+1)
P {CLTo'a T; Mrona])aLJ]S(j"xJT~j" 'xpJpTp) =LJp] 2n—aMrp,
zJF 2

(III.121')

(IIL140')

X—n+1
=LJp]

'Tp(To+1)+ To(To+1)—Ta(Ta+1)—mMrp
To(To+1)

(III.141')

We have numbered these equations to coincide with
the corresponding sum rules of Sec. III.10 for 8' with-
out the (C)a factor. In the last two, the notation
(J&T„j"x,J,T, ; JT) denotes a group J&Ta vector
coupled to the j" group x2J2T2, the resultant angular
momenta being JT. The transitions are those of
(III.38) with na= JaTa, na= JaTa, Pa =—JaTa, etc—., re-
membering, as just mentioned, that the internal struc-
ture of the inert group is of no consequence. The Qrst
two equations are special cases (T& ~ 0) of the second
two, while the second and fourth are the hole-particle
complements of the other two. The trivial case T=O
causes no difhculty in the last two equations, the
m-dependent term simply vanishing when T=O. The
equations could be written more formally in terms of a
Clebsch-Gordan coefEcient and (for the last two) a
Racah coefficient. For example, the sum in the erst
equation is

n 1 n+1
e C ——;Mrpm222'

which sheds an interesting light on the structure of the
equation.

The equations inform us immediately about such
phenomena as the relative magnitudes (apart from the
purely dynamical effects) of a giant resonance peak
reached from a given nucleus by (d,p) and (d,n) reac-
tions, and when more data of this type become available
they will be of considerable value.

We stress once again that the equations given here
and in Sec. III.10 enable us to evaluate the desired sum
for any case whatever for which a target wave function
is available. When dealing with a j"group the symbols
in question do not require that the symplectic sym-
metry or seniority should be good; there is, in general,
such a requirement for the sum rules of Eqs. (III.132),
(III.136), and (111.137), but we have not felt it worth-
while to write the equations for these cases.

Finally, if the target wave function is represented as
a linear combination of orthogonal states with ampli-

tudes A;, it is clear that in any sum rule there is no
interference between the different components, and the
sums are then a linear combination with amplitudes

i 2; j
' of the sums for each orthogonal state. The vanish-

ing of these interference terms is shown in a specific
example at the end of Sec. VI.
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