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L. INTRODUCTION

ONSIDERABLE information about the brems-
strahlung process has accumulated during the

past several years. This information includes various
cross-section calculations and measurements, which
have helped to provide a more accurate description of
the process. Unfortunately this material has never been
assembled and integrated in an easily referenced form,
although some general reviews' on the subject are
available. This paper provides a coherent summary of
the bremsstrahlung cross-section formulas and related
data. The theoretical formulas and their specific limita-
tions are presented in a form convenient for practical
calculations. Estimates of their accuracy are given for
cases where comparisons can be made with experi-
mental results. Correction factors are indicated in
either numerical or analytical form. A brief summary of
other data pertaining to electron-electron and to thick
target bremsstrahlung is also included. No results are
presented for electron and photon polarization effects.
Section IIB briefly discusses the problem of making
exact cross-section calculations and indicates the gen-
eral types of calculations that have been completed. A
summary of the various cross-section formulas is given
in Sec. IIC. Section IID gives useful graphical informa-
tion derived from the various formulas in IIC. Section
IIE lists corrections that can be applied to the above
! H. Bethe and E. Salpeter, Encyclopedia of Physics (Springer-

Verlag, Berlin, 1957), Vol. 35, p. 425; S. T. Stephenson, 1bid.,
Vol. 30, p. 337.
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BREMSSTRAHLUNG CROSS SECTIONS

formulas. In Sec. IIF, experimental bremsstrahlung
cross sections are compared with the theoretical results
contained in Secs. IIC and D. Conclusions with regard
to the accuracy of the theory are presented in Sec. IIG.
Section III summarizes the very sparse material avail-
able on electron-electron bremsstrahlung. Finally, Sec.
IV gives a brief treatment of thick target bremsstrahl-
ung with information on the bremsstrahlung angular
distributions (IVA), the spectra (IVB), and the pro-
duction efficiencies (IVC).

II. BREMSSTRAHLUNG CROSS SECTIONS

The cross sections discussed in this section apply to
the bremsstrahlung process? in which an electron is de-
celerated in the field of an atomic nucleus. These cross
sections give direct estimates of the properties of the
radiation emitted when electrons are incident on thin?
targets, and provide basic data for analyzing the thick
target bremsstrahlung considered in Sec. IV.

A. Symbols, Constants, and Energy-
Momentum Relations

E,, E =initial and final total energy of the electron in
a collision, in m,c? units.t
=initial and final momentum of the electron in
a collision, in 7 units.
To, T =initial and final kinetic energy of the electron
in a collision, in mec? units.}

Po, P

k,k =energy and momentum of the emitted photon,
in moc? and moc units.t

& =total energy of an electron incident on a thick
target, in mec? units.}

7%  =kinetic energy of an electron incident on a
thick target, in moc? units.t

60,0 =angles of po and p with respect to k.

¢ =angle between the planes (po,k) and (p,k).

d  =element of solid angle, sinf,dfidg, in the direc-
tion of k.

dQ, =element of solid angle, sinfdfd¢, in the direction
of p.

q =momentum transferred to the nucleus, in mqgc
units.

=po—p—k; ¢*= po’+ p*+k*— 2pok cosbo
+2pk cosf—2pop(cosh cosfo+-sind sinfy cose).
Bo, 8 =ratio of the initial and final electron velocity
in a collision to the velocity of light.

2 Except for electron-electron bremsstrahlung which is briefly
considered in Sec. III, no results are presented for other brems-
strahlung processes, involving for example the acceleration of
positrons or protons.

3 A target is defined to be thin if both the electron scattering
and energy loss processes have a negligible influence on the energy
and angular distributions of the bremsstrahlung. Order of magni-
tude estimates of such thin targets for particular energy regions
can be found in the references listed in Sec. IIG.

T This system of units for the symbols is used consistently
throughout this paper. For cases in which the data are given in
Mev units, these symbols have the multiplicative factor 0.51; for
example, the kinetic energy in Mev units is represented by the
quantity 0.517,.
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VA =atomic number of target material.

do;  =Dbremsstrahlung cross section, differential with
respect to the parameter j, in units of cm? per
atom per incident electron.

dr =volume element.

r =radius vector from a center, in units of the
Compton wavelength, A,.

a =angle of k with respect to the direction of the

electron beam incident on a thick target.

Ny  =6.03X10% atoms (or molecules) per mole.
=3.00X 10 cm per sec.

e =4.80X 1071 esu=1.60X10"" coulomb.

¢ =1.44X10"1 Mev cm.

/3 =h/2r=6.58X10"2 Mev sec=1.05X10"% erg
sec.

he =12.4 kev-angstroms.

he =1.97X10! Mev cm.

he/et =131.

my  =9.11X10728 g (electron mass).

moc?  =0.511 Mev.

Xo =h/mec=3.86X 101 cm (Compton wavelength).

70 = e2/moc*=Ro/137=2.82X 10~ cm (classical elec-
tron radius).

¢ =27%¢/137=272 578X 10~ cm?.

ao =h?/me?=0.530)X10"8 cm (radius of hydrogen
atom).

=137Ro= (137)%,

9o =8rr¢?/3 (Thomson formula)=6.64X10~25 cm?.

e/ay =21y=27.2ev.

I, =ionization energy of hydrogen atom=1/2(137)?

in mc? units.

ZI, =ionization energy of K electron (if<1).
1 Mev=1.60X10" erg.
E?  =pi+1, B*=p>4-1.
Ey, =To+1, E=T+1.
1 1
Eo = y E=
(1—-8H? (1—p2)}
E, =k+E.
po =[To(To+2)], p=[T(T+2)]}
B B
PO (1—302)"}’ P (1_62)}.
? ?
Bo =—0, g=-—.
E, E

B. Types of Cross-Section Calculations

The bremsstrahlung cross section de, for single pho-
ton emission in a large cubic box of side L, is given by
the transition probability per atom per electron divided
by the incoming electron velocity. This cross section
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can be expressed in dimensions of cm? as

w 7 \?3
da=—-——(———) 3,
(poc/ Eo) \maoc

w= (Zw/h)P/IHif|2. (II—Z)

The term p; is the density of final states and can be
written as

(II-1)

where

PERARdQdQ, L8

pr= (I1-3)
(21r) 5m002

The term H,; is the matrix element for the transition
of the system from an initial state before the emission
of the photon to a final state after the emission. The
quantity |Hs|? in formula (II-2) can be written as

| Hoy= (—2;; :7) (mect?

c
2
X‘ f YA @)emi ) dr| L0, (11-4)

In the foregoing, & is the unit polarization vector of the
photon, « is the Dirac matrix, and ¥; and ¢, are the
Dirac wave functions for the initial and final electrons,
respectively. Therefore the cross section in cm? can be
written as

137702 P],()IIL
@2m)* po

| 2

f lﬁf*(l*'a)e"‘k"lﬁa]r'

o=

X kdkd2dQ,.  (I1-5)

The important quantity to be evaluated is the matrix
element H;, defined in formula (II-4).

The problem of evaluating an “exact” expression for
the cross section involves, therefore, the use in the
matrix element of “exact’” wave functions, which de-
scribe an electron in a screened, nuclear Coulomb field.
It is not possible to solve the Dirac wave equation in
closed form for an electron in a Coulomb field, pri-
marily because the wave function must be represented
as an infinite series.* Therefore, various approximate
wave functions and procedures have been used.

The cross-section calculations that have been made
may be classified either as nonrelativistic or relativistic
depending on whether the Schrodinger or Dirac form of
the Hamiltonian is used for the electron and field system.
The calculations have been carried out with (a) non-
relativistic Coulomb wave functions (Sommerfeld) ;
(b) relativistic Coulomb wave functions (Sommerfeld-
Maue) valid to first order in (Z/137)%/I, where I is the
angular momentum quantum number that is the sum-
mation index in the expansion of the wave function ;

* A detailed discussion of this problem is given by H. A. Bethe
and L. C. Maximon, Phys. Rev. 93, 768 (1954).
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and (c) free-particle wave functions perturbed to first
order in Z (Born-approximation procedure).

The nonrelativistic cross-section formulas derived in
the dipole approximation by Sommerfeld® with Cou-
lomb wave functions have a complicated form with
hypergeometric functions and are difficult to evaluate.
Some numerical estimates® of the Sommerfeld cross
sections have been made for selected values of the elec-
tron energy, the target atomic number, and the photon
energy. However, the theory is only valid when g, is
small compared to unity, and can be expected to break
down for initial electron energies greater than a few
kilovolts. In addition, the theory disregards screening
effects, which are important for very low energies and
for targets with high atomic numbers. Because of these
limitations, results of the Sommerfeld theory are not
presented here.

Cross-section calculations with relativistic Coulomb
wave functions (Sommerfeld-Maue) including screen-
ing corrections have been made by Olsen, Maximon, and
Wergeland” and by Olsen and Maximon.® Their for-
mulas are valid only in the extreme-relativistic region
(above 50 Mev). Their results have the form of an
additive correction factor to the Born-approximation
formulas.

The cross-section formulas calculated by the Born-
approximation procedure with free-particle wave func-
tions are available in a relatively simple analytical form
for nonrelativistic and relativistic energies, with or
without screening. In general, the Born approximation
theory becomes less reliable as (a) the atomic number of
the target increases, (b) the initial electron energy de-
creases, and (c) the photon energy approaches the high-
frequency limit. In spite of their limited validity, the
Born-approximation formulas have been surprisingly
successful in predicting the properties of the brems-
strahlung radiation. Even where there is a breakdown
of the Born approximation, the accuracy of the cross-
section formulas is still reasonably good, and in the
worst cases (except at the high-frequency limit), they
can be expected to give at least the correct order of
magnitude. Therefore, this paper emphasizes the Born-
approximation cross-section formulas and includes
various theoretical and empirical corrections to these
formulas. Detailed references to the many papers in
which these formulas are derived are given in Table III.

C. Bremsstrahlung Cross-Section Formulas
and Classification Diagrams

A general classification of the various differential
forms of the bremsstrahlung cross section is presented
in Chart 1 for the Born-approximation formulas and in
Chart 2 for the extreme-relativistic formulas that con-

¢ A. Sommerfeld, Wellenmechanik (Frederick Ungar, New York,
1950), Chap. 7.

¢ P. Kirkpatrick and L. Wiedmann, Phys. Rev. 67, 321 (1945).

7 Olsen, Maximon, and Wergeland, Phys. Rev. 106, 27 (1957).

8 H. Olsen and L. C. Maximon, Phys. Rev. 114, 887 (1959).
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CHART 1
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Born Approximation Cross Section Formulas

491,0,,0,0

(Dliferencial in Photon
Energy and in Photon
and Electron Emission

185
(Bethe, Heitler,
Sauter, Racah

(Non-
Relativistic) -1BN

Angles.)
(small =)
do Aggles 2BN(a
k,°°.® 288 28N Extreme- (Sommerfeld)
ga;iﬁ\*;::z; in (schiff, % =0)|_| (Sauter, % ) Relativistic
and Angle.) oo 2BN(b)
Angles) (Hough)
(Non-
38s(d) __Relativistic) 3BN(a)
do (2€y<15) BS 3BN (Bethe,)ieitler)
(Diff:rentlal in Bethe, Heitler) (Bethe,Heitler, y-» o)
Photon Energy.) )'séc))
= 3BN(b)
Extreme- (Bethe,Heitler)
(iBS(b; Relativistic)
ny Y
38s(a)
O =0
(Non- uBN(a)
LBs LBN Relativistic) (Racah)
¢rad (Bethe,ﬂeltler) (Racah)
(Total Radiation | LEN(D)
Cross Section.) (Extreme- (Racah)

tain the Coulomb correction. The formulas represented
are summed over the directions of the electron spin
and the photon polarization vectors, and thus do not
include all of the possible differential forms of the cross
section. The primary formula gives the cross section
that is differential in photon energy and in photon and
electron emission angles. The remaining formulas that
branch out from this starting point are divided into two
main groups that are designated as screened or non-
screened. Further subdivisions are made; these depend
on the type of screening approximation, and on whether
nonrelativistic, extreme-relativistic, small-angle, or
large-angle approximations are used. For most of the
cases, the charts include the names of the principal
authors associated with a particular formula.

The formulas are identified as follows: (a) the num-
ber applies to a particular differential form of the cross
section; (b) the first letter indicates either B for Born
approximation (Chart 1) or C for Coulomb correction
(Chart 2); (c) the second letter indicates either S for
screening or N for no screening; and (d) the last letter
a, b, or c indicates further subdivisions for specific
approximations. The following notation has been
adopted here. The differential forms of the brems-
strahlung cross section are designated by the symbol,
doa,p,... . This symbol is the bremsstrahlung cross sec-
tion that is differential only with respect to the pa-
rameters given by the subscripts «, 3, - -, and is ex-
plicitly defined by dos,6...= (d"s/dadB- - -)dadB- - -. The

Relativistic)

unit of the cross section, dog,g..., is cm? per atom per
incident electron.

The symbols and definitions for the specific cross
sections are as follows.

(a) dok.60.6.4 is the bremsstrahlung cross section that
is differential with respect to the photon energy, %, and
to the photon and electron emission angles, 6o, 6, and ¢.
This formula contains the parameters Eo, Z, k, 6, 6
and ¢.

)
CHART 2
Extreme-Relativistic Cross Section Formulas with Coulomb Correction
491,0,,0,9
(Differential in 1cs
(Olsen, Maximon, Wergeland)

Photon Energy and
in Photon and

Electron Emission

(2 7<15)

Angles.)

2cs(a)

§=0)
49 4,0,.9
(pifferential in (fﬁi(b; 2cs 2N
Photon Energy (01sen, Maximon) Z-<=)
and Angle.)

2cs(c)

(45 ¢ §< 20)

(y=0)

3¢s(b)
o = o

y 7

(Differential in —| (mf;;:,‘%fﬁ:,) H (7o)
Photon Energy.) 3c5(c)

(g2)

( P rad 4cs
Total Radiation -1/3
Cross Section.) (> 137 277

1
[
1
1
1
'
'
]
'
|
'
[
[
'
1
'

LeN
(e <137 2717)
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TasLE I. Born-approximation cross-section formulas.

Formula 1BS—Differential in photon energy and in photon and electron emission angles. ‘ )
Approximation (H). Reference formulas: (13) in reference (a), (2) in reference (b), (13) in reference (c), (29) in ref-
ence (e).
22 (r0\? dk p dQdQp p? sin%0 po? sin%dy
dﬂk-eo,ﬂl¢=——<—) [1-F(g2)F ——(4E¢—g)+
137 k po ¢ (E—p cosh)? (Eo— po cosfy)?

2ppo sing sinfy cosp (4EEo—gq?)  2k2(p? sin?8+po? sindo— 2p po Sind sinby cose)
|

(4E—¢)

2

‘ (E—p cosd) (Eo— po cosdy) (E—p cosd) (Eo— po cosd) ’
where
@*=p*+peP+k:—2pok cosfo+2pk cosd—2pop (cos cosfy+sind sinfy cose)

and F(g,z) =atomic form factor discussed in Sec. IIE (3).

Formula 1BN—Differential in photon energy and in photon and electron emission angles.
Approximations (H), (B), (I). Reference formula (17) in reference (c).

2z (ro)wk b dudQ,

E po

dok,80,0,6=—1| {9? sin®0+po? sin®9o— 2p po sind sinby cose},

137\ =
where

¢*=p?+po* —2ppo(cosh cosBy+sind sinfy cose).

Formula 2BS—Differential in photon energy and angle.
Approximations (H), (G), (M), (J), (K). Reference formula (1) in reference (h).

472 dk 16y°E (Eo+E)? E2+E? 44°E
—:vdy[ - } [ ] InM (y) ’ )
137 % O*H1Ey  (*+1)2E L (2+1)2E?  (y2+1)4E,

dok,0o=
where
1 kE \2 VA 2
y=E000, M) (—) +(__——) .
M(y) \2E.E 111(y2+1)
Comment: This formula becomes Formula 2BN (a) when Z=0 in M (y).

Formula 2BN—Differential in photon energy and angle.
Approximations (H), (B). Reference formulas: (11) in reference (d), (4.1) in reference (f).

Z%¢ dk p 85in%y(2E*+1) 2(SER+2EE+3) 2(p*—k) 4E
dU’C'00,¢=‘——-— — —dQ — J,
87137 % po PRA pPA? Q*A¢? Ppo*Ao
L [4Eo sin®o(3k— po’E) 4ER(E@+E?) 2—2(TE?—3EE.+E?) 2k(E?+EE.— 1)]
—_— 1 1 1
T T
Pho pPAet PoPAd® pPAg? ‘ po*Ao

(4e +<eq)[4 6k 2/2(1702—]32):”
PAD) 0/ 1a¢ A0 @A ’

EEo—1+4ppo E+p Q+p
L=In] ——————|; Ao=Eo— po cosbo; e=ln[ ; €@=In ]
EE—1—ppo E—p Q—p

Q2= P02+k2— 2pok cosh.

where

Formula 2BN (a)—Differential in photon energy and angle.
Approximations (H), (B), (J), (K).

J 22 E dk {16(6)0E0)2E(,2 (Eot+E)E, . (EEO)[ (E*+E®)E, 400°Eq* ]
Tk 00,4 =" — —d - 2In{ — - .
(A+6ER)*  E(1462E?)? k JLE(+62E?)? (1462E) ]

7137 Ey kb
Comment: This formula was obtained from formula 2BN by making the high-energy and small-angle approximations. The same
result is obtainable from formula 2BS by setting Z=01in M ().

Formula 2BN (b)—Differential in photon energy and angle.
Approximations (H), (B), (J), (L). Reference formula (8) in reference (i).

2 E dk dQy E@+E? 2EE (SEo+2E) 2[E*—2E¢In(k/E,)]
dok.,00,6= _ sin%, In - + [1—cosfo]
47137 Ed® k (1—cosfy)? EE, E, EE
E[Q2+E(k—Eo COSOo)] Eok(l-COS@o) Q+E
- - [3Q*+E(Eoth)] ln(——)
EyQ?(1—cos8) EQ Q—E
where

Q*=E*+2kE(1—cosby),
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TaBLE I.—(Continued).

Formula 3BS—Differential in photon energy. ) ) .
Approximations (H), (J). Reference formulas: (31), (34), (35) in reference (a); (62) in reference (b); (21), (26) in
reference (c); (56)—(58b) in reference (j).

47 ¢ dk EN2\ [é1(7) 2 Ef¢2(v)
dor= —{(H‘*(—))[ —3InZ ——————[ —3InZ | ;.
137 & E, 4 3E 4

Formula 3BS (a)—Complete screening (y=0 or ¢;(y=0)=41n183; ¢2(v=0)=¢1 (y=0)—3%).
Formula 3BS with y=0.

472 dk E\* 2E 1E
dop=———{ [ 14+ =) —— — | n(1832-H+-—1|.
137 k E,) 3 E 9 Eo

Formula 3BS (b)—Arbitrary screening.

42 dk E\? 1 dq 2E[ q dq
doy= —{(H—(——) ) [ f (q—&)?(l—lﬂ(q))ﬂ—ﬂ]——~[ f (qs—éafq 1n—+3624—463><1—1~“(q>>2—+%] ]
137 * E, H 43 3 Ey ] ) 94

8=Fk/(2E.E).

where
Formula 3BS (¢c)—Intermediate screening I (y<2).
Formula 3BS with ¢:(y) and ¢2(v) given in Fig. 1.

Formula 3BS (d)—Intermediate screening II (2 <y <15).
Formula 3BS with ¢, (v) =¢2(y) =19.19—4 Iny—4c(y) with ¢(y) given in Fig. 2.

472%r¢ dk EN\? 2 E 2E\E
dop= —[1+(—-—) _— [ln —3—c() |-
137 & E, 3 E, k
Formula 3BS (e)—Differential in photon energy.
Approximations (H), (G), (M), (J). Reference formula (3) in reference (h).

222 dk E\* 2E 2 E[2 42-1) 8 2
dor= — (1+(—) — —) (lnM(O)-H—— tanﬂb) +—[— In (14-52) 4 ——— tan“b——-{--—] }
137 & E,J 3E, b Eo| 82 3b 3 9

2E.EZ} 1 B \? ZY \?
111k M) \2E.E 111

Comment: This formula is obtained from formula 50 of reference (b).

where

Formula 3BN—Differential in photon energy.

Approximations (H), (B). Reference formulas: (15) in reference (a), (16) in reference (c), (17) in reference (d), (37)
in reference (e).

2 dk p P*po? e«E eEy €€ 8EE FRHEPErpop?) k / EoE+pe? EoE+p? 2kEWE
——{4-2EE et L = .l ( )eo—( ) )]]
o2 ) b pp L3pop PP 2\ p¢? » 2o

137 %k po
EoE+pop—1 Eotpo E+p
L=2In| ————— |; &=k ); e=ln( )
k Ey—po E—p

Formula 3BN (a)—Differential in photon energy.
Approximations (H), (B), (I). Reference formula (18) in reference (c).

Z¢? 16dk 1 . (pﬁ-p)

137 3 k ot \po—p

k=

where

Formula 3BN (b)—Differential in photon energy.
Approximations (H), (B), (J). Reference formulas: (16) in reference (a), (21) in reference (c), (56) in reference (j).

42% ¢ dk EN? 2E 2E.E
S
137 & E, 3 E, k

Comment : This formula results directly from Formula 3BS(e) when & — 0 and from formula 3BS when y — .
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TABLE I.— (Coniinued).
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Formula 4BS—Total radiation cross section.

Approximations (H), (F), (J). Reference formulas: (47) in reference (a), (34) in reference (c), (62) in reference @3)-

2

Prad =

Formula 4BN—Total radiation cross section.

422 1
[1n(1ssz—i)+— )
37 18

Approximations (H), (C). Reference formulas: (29) in reference (c), (41) in reference (e).

In (E0+Po) -

Prad=——
137 | 3Eupo

where

Z¢* [ (12E*+4) (8Eo+6p0)
’—*— E—T‘[ln (Eotpo) P—$+

0p0o opo

2

[F(»)1t,

zIn(1+y)
F(x)=f dy and x=2po(Eo+po).
0

y

For small %, F can be expanded in the power series:
a2

2 %t
F@)=x——+———+
4 9

For large «, F is given by

16

F (x) =4n*+} (inx)*—F (1/2).

Formula 4BN (a)—Total radiation cross section.
Approximations (H), (C), (I). Reference formulas: (32) in reference (c), (21) in reference (d).

$raa = (16/3) (Z2r2/137).

Formula 4BN (b)—Total radiation cross section.

Approximations (H), (C), (J). Reference formulas: (33) in reference (c), (41’) in reference (e), (61) in reference (j),

(46) in (a), (22) in (d).
4Z2702

137

$raa= (In2Eo—3).

(b) dok.o.6 is the bremsstrahlung cross section that
is differential with respect to the photon energy, &,
and the emission angles 6, and ¢. It can be obtained by
integrating the differential cross section in (a) over the
direction of the outgoing electron. This formula con-
tains the parameters Eo, Z, k, and 6.

(c) do is the bremsstrahlung cross section that is
differential with respect to the photon energy k. It can
be obtained by integrating the differential cross section
in (a) over the emission directions of the photon and the
electron. This formula contains the parameters Eo, Z
and k.

(d) ¢raa is the only cross-section symbol used here
that does not represent a differential form of the
bremsstrahlung cross section. It is equal to the quantity,
(1/E,) fsTokdoy. This form of a total bremsstrahlung
cross section integrated over photon energy and photon
and electron emission angles was introduced by Heitler,?
who has defined it as the cross section for the energy
lost by radiation. This formula contains the parameters
Eyand Z.

)

The Born-approximation formulas that apply to
Chart 1 are presented in Table I, and the extreme-
relativistic formulas with the Coulomb correction that
apply to Chart 2 are presented in Table II. The im-

® W. Heitler, The Quantum Theory of Radiation (Oxford Uni-
versity Press, London, 1954), third edition, p. 242.

portant references and approximations for the formulas
in Tables I and II are listed in Table III. The explicit
expressions for the formulas in Tables I and II are not
necessarily the same as the formulas in the original
references because the attempt is made to use consistent
units and symbols, with energies and momenta ex-
pressed in moc? and moc units, respectively.

(1) Born-Approximation Cross-Section Formulas

The Born-approximation calculations require the
initial and final electron kinetic energies in a collision
to be large enough to satisfy the conditions: (2rZ/1378,),
(2rZ/1378)<1. At extreme-relativistic energies, the
cross sections predicted by the Born-approximation
formulas are larger than the true cross sections. For
example, the value of the total cross section predicted
for lead by the Born-approximation formula is about
109, larger than the value predicted by more accurate
formulas.” At very low energies, the situation is re-
versed and the Born-approximation cross section is
smaller than the true cross section. The energy region
in which the Born-approximation formulas require only
small corrections is approximately between 4 and 10
Mev for the initial electron kinetic energy. As a rough
guide, it is estimated that Born-approximation formulas
for the total radiation cross section, ¢r.q, are correct to
within 109, for initial electron kinetic energies above 2
Mev and within a factor of two below 2 Mev.
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(2) Extreme-Relativistic Cross-Section Formulas
with the Coulomb Correction

The formulas in Table II are valid for arbitrary Z
and have been developed in a series of papers by Bethe
and Maximon, Olsen,! Olsen, Maximon and Werge-
land,” Olsen and Maximon,?!? and Davies, Bethe, and
Maximon.® Their calculations were carried out (a) with
Sommerfeld-Maue wave functions, and (b) with the
extreme relativistic approximations: E,, E, k>>1, and
pofo~1. These formulas are estimated® to have an
accuracy of the order of (Z/137)2(InE/E) which is

T ‘ A LR R

21

20F

)

Fi1c. 1. Screening factors,® ¢;(y) and ¢2(y), for electron-
nuclear bremsstrahlung plotted as a function of y=100k/E,EZ!.
The curve marked “Hydrogen atom” was calculated with exact
wave functions. The curves for the Thomas-Fermi atom and a
bare nucleus differ by the quantity 4¢(y), where the function ¢(y)
is plotted in Fig. 2.
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F16. 2. Screening factor,? ¢(y), for electron-nuclear brems-
strahlung plotted as a function of v = 100k/E,EZ}.

10H. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954).
1t H. Olsen, Phys. Rev. 99, 1335 (1955).

2H. Olsen and L. C. Maximon, Phys. Rev. 110, 589 (1958).
13 Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954).
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F16. 3. Dependence of the Born-approximation cross section
integrated over the photon directions on the photon and electron
energy. The ordinate values for these curves are obtained from
Formula 3BN for 0.05- and 0.50-Mev electrons, and from For-
mula 3BS (e) for 5-, 50-, and 500-Mev electrons.
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Fic. 4. Dependence of the bremsstrahlung spectrum shape on
the electron kinetic energy for a platinum target (Z=78). The
relative intensity (defined as proportional to the product of the
photon energy and number per unit time) is integrated over the
photon direction and is normalized to unity for zero photon
grllgesr%ie):s. The intensity values were computed from Formula

e).

better than 29, for electron kinetic energies above 50
Mev and for Z equal to 80.
D. Graphical Representations of the Formulas

A general picture of the dependence of the cross-
section formulas in Sec. IIC on the electron and photon
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Tasre II. Bremsstrahlung cross-section formulas with Coulomb correction.

Formula 1CS—Differential in photon energy and in photon and electron emission angles.
Approximation (J), (N). Reference formula (7b.13) in reference (m).

Z® (ro\*dk p dUD,| 7 (P—gHIA-F@©) (" To(xp)[1—F (x) Jdx) |*
dak,vo,a,¢=—(—) —_— f dy f dp-pJ1(quo) 1[p(¥*—gAH¥] exp 2mf _—
1371\2x/ k po qi® e y 0 0 x
p? sin% po? sin%do 2p o sind sinfy cosg (AEEo— g2) +2k2 (p? sin®f+ po? sin?ho— 2ppo sind sinfo cose)
{———(41202— 9+ UB—g) '
(E—cosf)? (Eo— po cosbo)? (E—p cosb) (Eo— po cosflo)
where

g?=p*+pot-+E2—2pok coso+2pk cosf—2pop (cosd cosfo-+-sind sinfo cose)
gs=p0 cosfo+p cosf—k; qi?=pe? sin¥o+-p? sin®d—2pop sindy sind cose.

F(x), F (y) are atomic form factors discussed in Sec. ITE(3) and functions of the momentum variables x and y.
F(x) cannot be set identically to zero as discussed in reference (n).
Formula 2CS—Differential in photon energy and angle.
Approximation (J), (N). Reference formula (7.2) in reference (n).

222t dk di
— —{(E+E) 3+2I) —2EE(14+-444T) },
137 k Eg

1 1 5
§= -3 u=pdo; I‘=ln(—)_2_f(z)+g;(_)
1422 5 £

) ® [¢— /8] k
5(-)= {[1-F(9)F-1} dg; &= .
£ e ¢ 2E.E

dok,go=

where

v 100%
Formula 2CS (a)—Complete screening { —=0, where y= .
& E\EZ}

111y 1112
Formula 2CS with ir'=1n( or I‘=1n( )—Z—f(Z),
200¢ £

where
f(Z)=1.2021(Z/137)2 for low Z
=0.925(Z/137)? for high Z. See reference (k) for further discussion.

Formula 2CS (b)—Arbitrary screening.
Formula 2CS with the form factor, F(g), as an arbitrary function.

Formula 2CS (c)—Intermediate screening.
Formula 2CS with F(5/%) given by

6Z%¢

1—25- 0.5 1.0 20 40 80 150 20.0 250 300 350 400 450 50.0 60.0 70.0 80.0 90.0 100.0 120.0

—3(8/¢) 0.0145 0.0490 0.1400 0.3312 0.6758 1.126 1.367 1.564 1.731 1.875 2.001 2.114 2.216 2.393 2.545 2.676 2.793 2.897 3.078

Formula 2CN—Nonscreened case.
Formula 2CS with I'=In(1/8)—2—f(Z)

Formula 3CS—Differential in photon energy.
Approximation (J). Reference Formula (1) in reference (1).

42%¢ dk EN2\[¢1(v) 2 E\[¢2(y)
137 % E, 4 3 E, 4

Formula 3CS (a)—Complete screening (y=0 or ¢;(y=0)=41n183, ¢2(y=0)=¢:(y=0)—2).

Formula 3CS with y=0.
422 dk E\? 2 E 1E
dor= —{ [1+<—) — -—][ln(lSSZ“i) —f(2)1+- ——}
137 k E, 3E, 9 E,

Formula 3CS (b)—Arbitrary screening.

42% ¢ dk E\? ! dg ! q dq
dak=———[<1+(—) )[ f (4—5)’(1—F(q))L+1—f(Z)]—%EoE[ f (q’—&zqln—+35“’q—46“)(1-—F(q))z—+%—f(Z) :
137 & E, s ¢ 3 5 ¢

8=k/(2EE).
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TaBLE II.—(Continued).

Formula 3CS (c)—Intermediate screening I (y<2).
Formula 3CS with ¢;(y) and ¢2(v) given in Fig. 1.

Formula 3CS (d)—Intermediate screening II (2<vy<15).

Formula 3CS with ¢, (v) =¢2(y) =19.19—4 Iny—4¢(y) with ¢(y) given in Fig. 2.

422 ¢ dk E\N? 2E
dou= _[1+(_) -
137 & E, 3 Eq

2E.E
[ln —i—cN—f(@) |
k
42%r ¢ dk EN\? 2 E
S ) S
137 % E, 3 E,

Formula 3CN—Nonscreened case (y= « or ¢(y)=0).
Formula 3CS with y=

Formula 4CS—Total radiation cross section

2E.E

—%—f(Z)].

Approximation (J). Reference formula (45) in reference (k).

42% ¢

brad=
137

Formula 4CN—Total radiation cross section.

[ln(183Z 1) +————f(Z)]

Approximation (J). Reference formula (44) in reference (k).

42% ¢

praa=——[In2E,—3—f(2)
d 137[ 03 f( ]

energies, the photon emission angle, and screening cor-
rections is presented in Figs. 3-10. These graphs provide
various types of theoretical intercomparisons primarily
for energies above 1 Mev. Such a detailed examination
of the predictions is useful only for the high-energy
region where the theories are reasonably accurate and
require much smaller corrections than in the low-energy
region. The high-energy intercomparisons rely heavily
on the extreme-relativistic predictions of Schiff'* which
depend on the validity of the complete screening
approximation [see Sec. IIE (3)]. The Schiff formulas
are given in a relatively simple analytical form, and
have been used extensively for estimating the spectrum
shape from a high-energy accelerator even though other
more complicated formulas with intermediate-screening
approximations are believed to be more accurate (see
Table V).

(1) Dependence of the Bremssirahlung Spectrum
on Electron Energy

Figure 3 shows the dependence of the bremsstrahlung
spectrum (integrated over the photon directions) on
various initial electron kinetic energies for a platinum
target (Z=78). The spectra for 0.05- and 0.5-Mev
electrons were calculated from Formula 3BN. The
spectra for 5-; 50-, and 500-Mev electrons were cal-
culated from Formula 3BS(e). Figure 4 compares
spectrum shapes predicted by Formula 3BS(e) for
various electron energies.

(2) Dependence of the Bremsstrahlung Spectrum
on Photon Angle

Figures 5(a)-(e) show the dependence of the spec-
trum shape on the reduced photon angle, Eofy, as ob-

18 L. I. Schiff, Phys. Rev. 83, 252 (1951).

tained from Formula 2BS. The figures show that as the
emission angle increases, the relative number of high-
frequency photons increases until the trend reverses at
the larger angles. For comparison, the spectrum shape
integrated over the emission angle is evaluated from

TasLE III. Approximations, conditions of validity, and references
for bremsstrahlung formulas of Tables I and II.

Approximation Condition of validity

A. Nonscreened 60Z3 (14 po*02)>> (EoE/k)
B. Nonscreened 137ZH> (EoE/k)
C. Nonscreened Ex137Z%
D. Complete screening 60Z (14 po?00") <K (EoE/F)
E. Complete screening 13727t (E.E/k)
F. Complete screening Ec>13721
G. Approximate screening (Ze/r) exp(—r/a)
potential:
H. Born approximation (272 /13780), (27Z/1378)1
I. Nonrelativistic Bkl
J. Extreme relativistic Eo, E, 1
K. Small angles sind=60
L. Large angles 60
M. Approximation in electron 6,< (Z/111Ey)
angle integration. Result
not accurate for
N. Small angles 3<pBe<S

s H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146 83 (1934).

b H. Bethe, Proc. Ca.mbndge Phil. Soc. 30, 524 (19.

©oW. Heitler, Quantum Theory of Radiation (Oxfoxd Umversxty Press,
London, 1954), third edition, p. 244.

d F, Sauter, Ann, Physik 20, 404 (1934).

° G. Racah, Nuovo cimento 11, 469 (1934).

tR. L. Gluckstern and M. H. Hull Jr., Phys. Rev. 90, 1030 (1953).

& A. Sommerfeld, Wellenmechanik (Frederlck Ungar, New York, 1950),

Chap. 7.

hL 1. Schiff, Phys. Rev. 83, 252 (1951).

P. V. C. Hough, Phys. Rev. 74, 80 (1948).

i E. Segre, Expznmenlal Nuclear Physscs (John Wiley & Sons, Inc., New

York 1953), p.
Davxes Bethe and Maximon, Phys. Rev. 93, 788 (1954).

1H. Olsen Phys Rev. 99, 1335 (1955).

= Qlsen, Maxlmon and Wergeland Phys. Rev. 106, 27 (1957).

» H. Olsen and L. C. Maximon, Phys. Rev. 114, 887 (1959).
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Formula 3BS(e) and is shown by the dashed line. In
Figs. 6(a)-(e), the dependence of the cross section
(Formula 2BS) on the photon emission angle, 6, is
plotted for various photon and electron energies.

The spectrum shape integrated!® over the photon
directions with the limits from zero to a maximum
value of 6y equal to © is of practical interest to experi-

T [ T | T I T | T
05T =10 Mev
z2.78

RELATIVE INTENSITY

k/ Ty
F16. 5(a)

0.51Ty =20 Mev
Z2:=78

RELATIVE INTENSITY

INTEGRATED OVER 6

o] { | I 1 l
[9) 2 a4 6 8 1.0

k/To
F1c. 5(b)
15 J. H. Hubbell, J. Appl. Phys. 30, 981 (1959).

AND J. W.

MOTZ

mentalists. Figures 7(a)—(e) show the spectra obtained
for different values of E¢® by integrating Formula 2BS
within the above limits of 6, These curves facilitate
estimates of the change in thin-target spectra for
different experimental arrangements that subtend vari-
ous angles. In Figs. 8(a)-(c), the curves give estimates
of the fraction of the total number of photons at any

[ L I B B

0.5ITy = 40 Mev

Z:78

RELATIVE INTENSITY

k/To
F16. 5(c)

U L L
0517, = 90 Mev
z:78

INTEGRATED OVER 6,

RELATIVE INTENSITY

00 | > 1 l | I ! !
. . T 6 8 1.0

Fic. 5(d)
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0.51Tp = 300 Mev
2:78

INTEGRATED OVER 8,

RELATIVE INTENSITY

. 4 6 8 [Xe]
0 ¢ k/To

F16. 5(e)

F16. 5(a) Dependence of the Schiff spectrum shape on the photon
emission angle, 8o, for 10-Mev electrons and for Z=78. The data
are obtained from Formula 2BS (solid lines) and from Formula
3BS(e) (dashed line). The values for the intensities (defined as pro-
portional to the product of the photon energy and number per unit
time) are normalized to unity at the zero photon energy. (b) De-
pendence of the Schiff spectrum shape on the photon emission
angle, 6, for 20-Mev electrons and for Z=78. (c) Dependence of
the Schiff spectrum shape on the photon emission angle, 6o, for
40-Mev electrons and for Z=78. (d) Dependence of the Schiff
spectrum shape on the photon emission angle, 6, for 90-Mev
electrons and for Z=78. (e) Dependence of the Schiff spectrum
shape on the photon emission angle, 8o, for 300-Mev electrons.

given energy that are included within the angular limits
from zero to E¢® ; these curves are obtained by graphical
integration from Figs. 6(a), (c), and (e) for initial elec-
tron kinetic energies of 10, 40, and 300 Mev.

Figures 5-8 present some predictions of the Born-
approximation formulas given in Table I. For com-
parison, the spectrum shapes as a function of the photon
emission angle that are predicted by the more accurate
extreme-relativistic Formula 2CS(c) in Table II, are
shown in Figs. 9(a) through (e) with a normalization
of unity for zero photon energy. The spectra for elec-
tron kinetic energies of 10, 20, and 40 Mev, Figs. 9(a),
(b), and (c), are predicted with a zero Coulomb cor-
rection factor, f(Z)=0, in Formula 2CS(c), and the
spectra for electron kinetic energies of 90 and 300 Mev,
Figs. 9(d) and (e), include the Coulomb correction
factor for Z=78. A comparison of the spectral shapes
with and without the Coulomb correction factor shows
only small differences compared to the larger effects that
occur with different types of screening approximations.

(3) Screening Effects and Coulomb Corrections

Figures 10(a)-(e) intercompare Formula 2BS (0°
Schiff), Formula 3BS(c) (Schiff’s formula integrated

931

over the photon angle), Formula 3BS (Bethe-Heitler’s
formula integrated over the photon angle), and the
latter formula including the Davies, Bethe, Maximon
correction [Formula 3CS and Sec. IIE(1)]. The three
curves that are integrated over photon angle are appre-
ciably different in shape. For example, the curves
labeled ““Schiff” and ‘“Davies, Bethe, Maximon” are
109, different for an electron kinetic energy of 10 Mev
at a fractional photon energy of 0.7 with the normaliza-
tion used in this figure. For the sake of completeness,
the spectra corrected for multiple scattering are also
plotted in these figures. The multiple scattering cor-
rection as calculated by Hisdal'6 is discussed in Sec. IV.

E. Corrections for the Cross-Section Formulas

Various corrections have been obtained for the for-
mulas given in Sec. IIC. These corrections may be
classified according to three types: (1) Coulomb cor-
rections, (2) high-frequency-limit corrections, and (3)
screening corrections. In each case, the correction is re-
stricted to a particular energy region, and is intended
to apply only to the formula for a particular differential
form of cross section as specified below.

(1) Coulomb Corrections

(a) Nonrelativistic energies.—In the nonrelativistic
region where TX1, Elwert'” has estimated a multipli-
cative Coulomb correction factor for the cross-section
Formula 3BN(a). The Elwert factor, fg, can be
written as

=Bo{ 1—exp[— (27Z/13780) ]}
T B{1—exp[— (2r2/1378)]}

This factor is valid only if (Z/137) (61—B8¢1)<1. This
requirement forbids the use of the Elwert factor near
the high-frequency limit. In addition, the Elwert cor-
rection was derived on the basis of a comparison be-
tween the nonrelativistic Born-approximation and the
nonrelativistic Sommerfeld calculations. Therefore the
factor is restricted to nonrelativistic electron energies.
For higher electron energies (of the order of the electron
rest energy), the experimental results in Sec. IIF show
that the Elwert factor breaks down. As a rough guide,
the Elwert factor may be expected to give results that
are accurate to about 109, for electron energies below
about 0.1 Mev.

(b) Intermediate energies.—In the energy region from
roughly 0.1 to 2.0 Mev, Coulomb corrections to the
Born-approximation formulas are not available in
analytical form. Therefore these corrections must be
estimated empirically from experimental results (Sec.
IIF). For the cross-section formulas differential in
photon energy, doi, such empirical corrections cannot

(I1-6)

16 E. Hisdal, Phys. Rev. 105, 1821 (1957).
17 G. Elwert, Ann. Physik 34, 178 (1939).



(@)

932 H. W. KOCH AND J. W. MOTZ
0.51To =10 Mev
Q= k/To 278
35— —
1
Q
g 30— g —
3 3
S
2
g 4
2 25— —
2
4 20 —
6% | x
o |
x
15| —_
10 —

\

Eo o

3 4

F16. 6. Angular dependence of the Schiff cross section (Formula 2BS, Z=78) at various photon energies for the following
electron energies: (a) 10 Mev, (b) 20 Mev, (c) 40 Mev, (d) 90 Mev, and (e) 300 Mev.

(Figs. 6(b) to 6(e) continued on following pages)

be determined in enough detail from the available data
to cover the whole energy region. However, corrected
estimates of the integrated cross section, ¢raq, are given
in Sec. ITF from which empirical correction factors can
be obtained. The results indicate that the corrections
to the Born-approximation formulas for ¢r.aq are as
large as a factor of two in the energy region close to the
electron rest energy, and less than 109, in the energy
region from about 4 to 20 Mev.

(c) Extreme-relativistic energies.—In this energy re-
gion, formulas that include the Coulomb correction for
the differential cross sections dok,60,4 and doy, are given
in Table II. A comparison of the formulas in Tables I
and IT shows that the Coulomb correction can be
applied to the Born-approximation formulas for do; by

the addition of

42%? dk EN?2 2 FE
a=—=—Hir(2) - @, @
137 % E, 3 E,

where f(Z) is approximately equal®® to 1.20(Z/137)2 for
low Z and 0.925(Z/137)? for high Z. This additive term
is independent of the type of screening approximation
that is used and is similar to the correction derived for
the pair production process.! For lead and energies
above 50 Mev, the correction decreases the Born-
approximation ¢rg with intermediate screening by
about 109). The corrected cross section should be
accurate to about 29,

Accurate experimental data corroborating the cross-
section values predicted by these formulas are not yet
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available. However, confirmation is available in the
results of absolute pair cross sections. The ratios of the
experimental pair-production cross sections to the
Born-approximation cross sections are found to agree
with the Davies, Bethe, Maximon®® values, as shown
in Fig. 11.

(2) High-Frequency-Limit Corrections

The formulas in Tables I and II are derived on the
basis of certain approximations which do not permit an
evaluation of the cross section at the high-frequency
limit. This shortcoming has been emphasized by various
experimental studies'® which indicate that the cross
section has a finite value at this limit.

Recent calculations made in the Sauter approxima-
tion (expansion in powers of Z/1378, and Z/137) by
Fano" predict a finite value for the cross section at the

18W. C. Miller and B. Waldman, Phys. Rev. 75, 425 (1949);
Fuller, Hayward, and Koch, zbid. 109, 630 (1958); D. Jamnik

(private communication).
1 [J. Fano, Phys. Rev. (to be published).

high-frequency limit. In contrast, the cross section with
the Born-approximation (expansion in powers of
Z/1318y and Z/1378) becomes zero at the limit. The
cross-section formulas for the high-frequency limit
obtained by Fano are®

Zr¢® Bo dk 4w sin®0odb,
1372 B2 E¢® k (1—0 cosfp)*
X{1+3Eo(Eo—1)(Eo—2)(1—Bo cosfo)} (II-8)

and, after integration over 8y,

c=Tp=

723 dk  E¢Bo
[do'k]k =ro=4r—rpt— ————
1370 b (E—1)?

4iE0(E0—2)l1 1
3 (Bot1) L 280Ee

1+Bo
In . (I1-9)
1—8B0
# The cross section differential in 6y is proportional to sin3,,
therefore, both the Sauter-approximation and the Born-approxi-
mation calculations predict that the cross section at the high-
frequency limit is zero for 6, equal to zero.
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Fano, Koch, and Motz* have shown that Formula
(I1-9) overestimates the cross section at the high-
frequency limit and that a more accurate estimate is
obtained for a given electron kinetic energy if this for-
mula is multiplied by the ratio of the “exact” to the
Sauter photoelectric cross sections.”> A summary of
their results is given in Fig. 12 which shows the depend-
ence of the bremsstrahlung cross section (integrated
over photon direction) at the high-frequency limit on
the incident electron energy for aluminum and gold
targets. The solid lines (Sauter-Fano) are predicted by
Formula (I1-9) and the dashed lines (corrected Sauter-
Fano) are estimated to be the corrected cross-section

2 Fano, Koch, and Motz, Phys. Rev. 112, 1679 (1958).

2 Detailed formulas for the Sauter photoelectric cross section
and for the “exact” cross sections of Sauter-Stobbe and Nagasaka
are given by Heitler® and by G. White Grodstein, Natl. Bur.
Standards Circ. No. 583 (1957). The “exact” photoelectric cross-
section formula for high energies has been calculated recently by
R. H. Pratt, thesis, University of Chicago (June, 1959), and Phys.
Rev. (to be published).

2
Eobo

values. A comparison of the theoretical and experi-
mental values indicates that the true cross sections at
the high-frequency limit are predicted by the dashed
curves with an accuracy of approximately 20%,.

(3) Screening Corrections

Screening effects are most important for extreme-
relativistic and for nonrelativistic electron kinetic en-
ergies. Corrections for screening have been adequately
included only in the extreme relativistic calculations,
where Eq, E, £2>1. The screening corrections for both
the Born-approximation and Coulomb-corrected for-
mulas in Tables I and II have been given by the Born-
approximation procedure. In these screening calcula-
tions, the cross section is proportional to the square of
the matrix element

M=fV(r) exp(iq- r)dr, (II-10)
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where V (r) is the potential that determines the inter-
action for the bremsstrahlung process and r is the radius
vector in units of the Compton wavelength, Xo. This
potential for an atom is represented by the sum,
V.+V. where V, is the potential arising from the
nuclear charge and V., is the potential arising from the
charge of the atomic electrons. If the atomic electron
form factor is defined as

47 1
Fe(q,Z)=2—e f p(r)(sjrqr)rzdr, (I1-11)

where p(r) is the electron charge distribution, then the
matrix element, M, can be written as proportional to
the quantity (Z/¢*)(F.—F.). F, is the nuclear form
factor which is roughly equal to unity.? Therefore, the
unscreened differential cross-section formulas may be
corrected for screening effects by including the multi-
plicative factor [1—F, %

% S. J. Biel and E. H. S. Burhop, Proc. Phys. Soc. (London)
A68, 165 (1955).

For a Thomas-Fermi model, . depends on the quan-
tity ¢Z—* where ¢ has a minimum value of (po—p—£k).
At higher energies, gmin becomes equal to (k/2E.E) and
screening calculations are expressed in terms of vy
=100k (E,EZ¥)~'. v is approximately equal to the
radius of the Thomas-Fermi atom (rrr=137Z"%) di-
vided by 7max, Where #max is the maximum impact pa-
rameter discussed by Heitler’ and is equal to gmia™™.
If 7max is large compared to the nuclear radius but small
compared to the atomic radius 7rr, then v is large and
Fo(g,Z2)=0. If rpax is of the order of 7rr, then y~1 and
screening must be taken into account. If the impact
parameter is of the order of the nuclear radius, then the
distribution of the nuclear charge must be included by
a nuclear form factor® although the influence of the
distribution of the atomic electrons can be neglected.

The dependence of 7max on the initial electron kinetic
energy at all energies can be obtained by setting #max
equal to (po— p—Fk)~*. The results are shown in Fig. 13
for k equal to 0.17, 0.5T, and 0.9 T%. Also, the dashed
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lines give the Thomas-Fermi atomic radii for beryllium
and gold. A comparison of 7y.x with 7rr shows that 7max
is larger than rrr at low and high energies. To be
specific, screening effects can be expected to become
important over a large part of the spectrum for electron
kinetic energies above approximately 5 Mev and below
approximately 10 kev. For low fractional photon en-
ergies where £<0.17, screening effects are important
for all values of T%. It is interesting to observe that for
the high photon energies the screening effects are the
least important for values of 7' approximately equal to
the electron rest energy.

The accuracy obtainable with a bremsstrahlung for-
mula corrected for screening depends on the validity
of the extreme-relativistic approximations and on the
adequacy of the atomic model used to provide the form
factor. Only the latter will be commented on here. The
most extensive calculations and applications have been
based on the Thomas-Fermi atomic model. However,

the Hartree self-consistent field model is more accurate*
but more difficult to apply. The atomic form factors
predicted by the two models have been compared by
Nelms and Oppenheim? and are given in Fig. 14. The
curves in this figure show that the accuracy of the
Thomas-Fermi model decreases as the atomic number
decreases.

Information concerning the influence of the form fac-
tor differences on the bremsstrahlung cross section can
be obtained by referring to pair production calculations.
The nuclear momentum distribution in the pair pro-
duction process at extreme-relativistic energies as cal-
culated by Jost, Luttinger, and Slotnik? is given in
Fig. 15. Their results show that the most probable ¢
values are of the order of 0.1. Table IV gives the ratio
of the Thomas-Fermi to the Hartree form factors for
representative ¢ values, as obtained by Nelms and

#A. T. Nelms and I. Oppenheim, J. Research Natl. Bur.
Standards 55, 53 (1955).
26 Jost, Luttinger, and Slotnik, Phys. Rev. 80, 189 (1950).
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Fic. 7. (a) Comparison of Schiff spectra integrated up to
various photon emission angles for 10-Mev electrons and for
Z=178. The curves were derived by graphical integration of the
cross-section curves given in Fig. 6, and may also be derived
analytically by the integration of Formula 2BS. The curve labeled
o represents the spectrum integrated over all angles. The values
of the intensity (defined as proportional to the product of the
photon energy and number per unit time) are normalized to unity
at the zero photon energy. (b) Comparison of Schiff spectra in-
tegrated up to various photon emission angles for 20-Mev elec-
trons. (c) Comparison of Schiff spectra integrated up to various
photon emission angles for 40-Mev electrons. (d) Comparison of
Schiff spectra integrated up to various photon emission angles for
90-Mev electrons. (e) Comparison of Schiff spectra integrated up
to various photon emission angles for 300-Mev electrons.
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Oppenheim? for carbon and mercury. These differences
produce different estimates for the pair production
cross section: for example at 60 Mev, the cross section
for carbon with the Hartree form factor is increased by
3% above the cross section calculated with the Thomas-
Fermi form factor.?® Comparable detailed information

TaBLE IV. Ratios of Thomas-Fermi to Hartree
atomic form factors.

Thomas-Fermi Thomas-Fermi
q ( Hartree ) carbon (—Hartree__. ) mercury
0.1 1.11 0.802
0.2 2.50 1.00
0.3 3.67 1.07
0.4 4.10 1.15
0.5 4.63 1.26

26 R. McGinnies (private communication).
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Fic. 8. (a) Dependence of the Schiff cross section on the angular
integration limit, E¢®, for various photon energies with 10-Mev
electrons. The curves are derived by graphical integration of the
curves in Figs. 6(a), (c), and (e), and may also be derived analyti-
cally by the integration of Formula 2BS. (b) Dependence of the
Schiff cross section on the angular integration limit, E,®, for
various photon energies with 40-Mev electrons. (c) Dependence
of the Schiff cross section on the angular integration limit, E,0,
for various photon energies with 300-Mev electrons.

is not available for the bremsstrahlung process. How-
ever, general conclusions are possible on the basis of a
comparison of the maximum impact parameters for
bremsstrahlung and pair production. The maximum
impact parameter for bremsstrahlung is (2EoE/k) and
the similar expression for pair production is (2E,E_/k)
where E, and E_ are the total energies of the positron
and electron. By varying the values of E and % for
fixed E, in bremsstrahlung and the values of E, and
E_ for fixed & in pair production, we find that the im-
portant impact parameters in bremsstrahlung are
larger on the average than those in pair production. This
fact explains why the screening effect is much larger on
®rad than on ¢y, for equal values of E; and % (see, for
example, the total cross sections for the two processes
in reference 9, pp. 252 and 262). The larger screening
effect indicates that the use of the Hartree form factor
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F1e. 9. (a) Dependence of the Olsen-Maximon spectrum shape
on the photon emission angle, 8o, for 10-Mev electrons. The values
for the intensities (defined as proportional to the product of the
photon energy and number per unit time) are obtained from For-
mula 2CS(c) with f(Z)=0 and are normalized to unity at the
zero photon energy. (b) Dependence of the Olsen-Maximon spec-
trum shape on the photon emission angle, 6, for 20-Mev elec-
trons. (c) Dependence of the Olsen-Maximon spectrum shape on
the photon emission angle, 6, for 40-Mev electrons. (d) De-
pendence of the Olsen-Maximon spectrum shape on the photon
emission angle, 6o, for 90-Mev electrons and f(Z)=0.925 (Z/137)2.
(e) Dependence of the Olsen-Maximon spectrum shape on
the photon emission angle, 6, for 300-Mev electrons and
f(Z2)=0.925(Z/137)2.
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in place of the Thomas-Fermi factor will have a greater
effect on ¢raq than on ¢pair.

The first detailed study of the influence of form
factors on screened bremsstrahlung cross sections was
made by Bethe.?” Bethe’s calculations, which are sum-
marized in the formulas of Tables I and II, consider
four types of screening:

(o=,

, complete screening condition: y=~0;

2, intermediate screening condition I: vy <2;

3, intermediate screening condition IT: 2 <y <15;
4, no screening condition: y>1.

The Bethe” and Bethe-Heitler?® screening calculations
with intermediate conditions I and II were performed
numerically using the tabulations of the atomic form
factor for the Thomas-Fermi model given by Bethe.?

In the work of Schiff'* analytical calculations were
made possible by the use of the complete screening
condition (y=0) and an approximate screened atom
potential, V, given by (Ze/r) exp(—r/a), where a
=(111/Z%. The atomic form factor, F.(¢,Z), corre-
sponding to this potential is given by the quantity
[14 (aq)*T™. For many purposes the Schiff Formulas
2BS and 3BS(e) are sufficiently accurate. Schiff** notes
that compared to the intermediate screening Formula
3BS, the complete-screening Formula 3BS(e), “is
larger than it should by by less than 297, for moderate
values of Z and is never more than 49, high in the worst
case of large Z and energies such that screening is
incomplete.”

A third procedure for including form factor effects
was developed by Moliére.® By approximating the
Thomas-Fermi potential with a simple analytical ex-
pression, he obtained the following relation:

[l—Fc(Q)Z)] 3 g
q2 B i=1 61'2+q2’
where a;=0.10, a»=0.55, a3=0.35,
Bi=Z%/121; b5;=6.0, b,=1.20, b3=0.30.

(I1-12)

The Moliére function has been applied by Olsen and
Maximon?® to obtain intermediate screening formulas
that include Coulomb corrections.

The most accurate predictions of screening correc-
tions to bremsstrahlung cross sections for specific
target elements can be obtained by the use of the
Hartree form factors in the formulas that permit the
use of arbitrary form factors, e.g., Formulas 3BS(b)
and 2CS(b). Unfortunately, the screening corrections
for these formulas must be evaluated numerically and
are not as convenient to use as the complete screening
formulas just discussed.

27 H. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934).

(1;83511)' Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83
® H. Bethe, Ann. Physik 5, 385 (1930).
# G. Moliére, Z. Naturforsch. 2a, 133 (1947).
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Fic. 11. Dependence of the pair cross-section ratio, dopair (true)/
dopair(Born), on the photon energy. The solid curve is taken from
Grodstein® and the dashed curve is taken from reference 13.

F. Comparison of Theory and Experiment

Very few experimental determinations of the brems-
strahlung cross section are available for comparison
with the estimates given in Secs. IIC, D, and E. At
present, experimental data on cross sections have been
obtained for electron kinetic energies of 34 kev® by
Amrehn® and Réss,®? 50 kev by Motz and Placious,®
90 to 180 kev by Mausbeck* and Zeh,* 0.5 and 1.0
Mev by Motz and 2.72, 4.54, and 9.66 Mev by
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F16. 12. Dependence of the bremsstrahlung cross section at the
high-frequency limit, integrated over photon direction, on the
incident electron kinetic energy. These data are obtained from
reference 21, and the dashed curves are estimated to give the
most accurate values for the cross section.

3 Most of the experimental data that is available in this low-
energy region has been produced by the pioneering work of
Kulenkampff and co-workers. Their measurements give extensive
information about relative angular distributions and spectra from
thin targets, and show general agreement with the nonrelativistic
Sommerfeld theory.® The details of their various results are not
included in this report which is primarily concerned with absolute
cross-section measurements and comparisons with the Born-
approximation theory.

2 H. Amrehn, Z. Physik 144, 529 (1956); D. Réss, thesis, Uni-
versity of Wiirzburg (December, 1957).

3 J. W. Motz and R. C. Placious, Phys. Rev. 109, 235 (1958).

3 H. Mausbeck, thesis, University of Wiirzburg (1957) ; H. Zeh,
thesis, University of Wiirzburg (1957).

3 J. W. Motz, Phys. Rev. 100, 1560 (1955).
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Starfelt and Koch.?® The important results of these
studies are combined and summarized below.

(Z) Cross-Section Differential in Photon
Energy and Angle

For electron kinetic energies that are small compared
with the electron rest energy, the experimental re-
sults®—% show general agreement with the Sommerfeld
theory® except for certain minor discrepancies which
probably occur because the theory does not account
for relativistic and screening effects. On the other hand,
the Born-approximation theory (Formula 2BN) is
seriously inadequate in this energy region and no
analytical correction factors for the Born-approxima-
tion formula are available in this differential form.
Furthermore, no quantitative studies are available on
the importance of screening.

For electron kinetic energies that are of the same
order of magnitude as the electron rest energy, the
Born-approximation theory (Formula 2BN) under-
estimates the experimental cross section*3 as shown by
the comparison in Fig. 16. These data also show that
the differences between the theory and experiment in-
crease with (a) the photon energy, (b) the photon angle,
and (c) the atomic number of the target.

For electron kinetic energies that are large compared
with the electron rest energy, the experimental results®

36 N. Starfelt and H. W. Koch, Phys. Rev. 102, 1598 (1956).

agree within 109, with the Born-approximation theory.
For example, in Fig. 17, the experimental cross sections
for gold at 4.54 Mev® show general agreement with the
predictions of the screened, extreme-relativistic Schiff
Formula 2BS and of the unscreened Sauter Formula
2BN. There are differences in detail (generally less
than 109, in this energy region): (a) near the high-
frequency limit, the experimental cross sections are
greater than the Schiff cross sections which in turn are
greater than the Sauter cross sections; (b) in the low-
frequency region, the experimental cross sections show
good agreement with the Schiff cross sections, but are
less than the unscreened Sauter cross sections. For low
Z targets, there is better agreement with the Sauter
formula.

(2) Cross-Section Differential in Photon Energy

A comparison® of experimental and theoretical values
for the cross section differential in photon energy, doy,
is given in Figs. 18-21 for electron energies of 0.05, 0.5,
1.0, and 4.5 Mev. Each of these figures gives the esti-
mates of (a) the Born-approximation cross sections
[Formulas 3BN or 3BN(a)]; (b) the corrected Sauter-
Fano cross sections at the high-frequency limit [Sec.
ITE(2)]; (c) the Elwert-Born approximation cross sec-
tions [Sec. ITE(1)]; and (d) the experimental results.
The solid lines show the cross sections computed from
Formula 3BN(a) for 0.05 Mev, and Formula 3BN for
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F1c. 14. Evaluation? of the atomic form factor, F(¢,Z), for the Hartree self-consistent field model (solid lines) and for the
Thomas-Fermi model (dashed line), as a function of the nuclear momentum transfer, g.

0.5, 1, and 4.5 Mev. The dashed lines give the Born-
approximation cross sections corrected by the Elwert
factor defined in Formula (II-4). The comparison with
the experimental results shows that the Elwert correc-
tion gives the most accurate results at very low energies
(below 0.1 Mev). For electron kinetic energies of the
order of the electron rest energy, the cross sections ob-
tained with the Elwert correction factor are still less
than the experimental values (by as much as a factor
of two in the worst case). For very high energies, the
Born-approximation theory overestimates the actual
cross sections, and the Elwert factor is no longer valid,
although it gives good agreement with experiment in the
5-Mev cross-over region [see Sec. IIF(3)]. The cor-
rected Sauter-Fano cross sections at the high-frequency

limit show good agreement with the experimental re-
sults as noted previously in Fig. 12.

(3) Total Cross Section

The experimental values for the total cross section,
¢raa (defined in Sec. IIC), are shown in Fig. 22 by the
closed and open circles for initial electron kinetic en-
ergies of 0.05 Mev,® 0.5 Mev,*® and 1.0 Mev.® The
theoretical values are shown by the solid lines, which
are predicted by Formulas 4BN(a) in the region where
T9<0.5 and by Formula 4BN for no screening. The
curves that include screening corrections for Z=13 and
79 are obtained by numerical integration of the inter-
mediate screening Formulas 3BS(c) and 3BS(d). For



F16. 15. Momentum
distributions? for the
recoil nucleus in nuclear
pair production for sev-
eral photon energies.
The relative number of
recoils are plotted in
Figs. 15(a), (b), and (c)
as a function of the mo-
mentum, ¢g. These curves
are summarized in (d)
and are compared with
the asymptotic curve.

F16. 16. Dependence of the
bremsstrahlung cross section
dok,60,¢ on photon energy and
angle, 6o, for 0.5- and 1.0-Mev
electrons. The theoretical cross
sections shown by the solid
curves are calculated from For-
mula 2BN, and the experimen-
tal values® for gold are given
by the open circles.
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F16. 17. Dependence of the bremsstrahlung cross section
dak 80,4 Tor gold, on the photon energy and angle, 6, for 4.54-Mev
electrons. The theoretical cross sections are given by the solid
curve (Schiff, Formula 2BS), and by the dashed curve (Sauter,
Formula 2BN). The experimental values® for gold are given by
the open circles.

extreme-relativistic energies, the triangles give the
most accurate theoretical cross-section values?” for
Z=179, which are estimated by numerical integration
of the Coulomb-corrected Formula 3CS. The most
accurate values for ¢r.q, which are estimated from the

3 For Z=13, the corrected values for energies above 50 Mev
have only small differences (less than one percent) with the values
shown by the solid line for Z=13.
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Fic. 18. Dependence of the bremsstrahlung cross section in-
tegrated over photon angle on the photon energy for 0.05-Mev
electrons. The Born-approximation cross sections shown by the
solid curves are calculated from Formula 3BN(a), and the Born-
Elwert cross sections shown by the dashed curves are obtained
from the product of Formula 3BN(a) and the Elwert factor,
Formula (II-4). The experimental values® are shown by the open
and closed circles for gold and aluminum, respectively. The cor-
rected Sauter-Fano values at the high-frequency limit are esti-
mated in reference 21.

above combined data, are shown by the dashed curve
for Z=13 and the dot-dashed curve for Z=79.

Approximate correction factors for the Born-approxi-
mation ¢.q values with screening have been estimated
as a function of the initial electron kinetic energy from
the ratios of the cross-section values shown in Fig. 22
by the empirical (dashed and dot-dashed) curves and
by the Born-approximation curves with screening.
These estimated factors are given in Fig. 23, and show
that the ratios are equal to unity at the energy of
approximately 10 Mev for aluminum and 6 Mev for
gold. For energies larger than these crossover energies,
the Born-approximation formula overestimates the
cross section; for smaller energies, the reverse is true.
Even though the correction factor for ¢;.q may be close
to unity for a given electron energy, much larger (or
smaller) correction factors may be required for the
differential cross section, doi, in the high- or low-fre-
quency region because of a crossover effect (see Fig. 39
in Bethe and Salpeter, reference 1), which is masked
by the integration of doy. It is interesting to observe in
Fig. 23, that the maximum correction factor for the
Born-approximation calculations occurs at electron
kinetic energies approximately equal to the electron
rest energy.
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Fic. 19. Dependence of the bremsstrahlung cross section inte-
grated over photon angle on the photon energy for 0.5-Mev elec-
trons. The Born-approximation cross sections shown by the solid
curves are calculated from Formula 3BN, and the Born-Elwert
cross sections shown by the dashed curves are obtained from the
product of Formula 3BN and the Elwert factor, Formula (II-4).
The experimental values®® are shown by the open and closed
circles for gold and aluminum, respectively. The corrected Sauter-
Fano values at the high-frequency limit are estimated in refer-
ence 21.

G. Summary

A survey of the foregoing data leads to some general
conclusions about the accuracy of the cross-section
values predicted by the various formulas and correction
factors. Also, suggestions can be made for selecting
formulas that give the best estimates for the cross sec-
tion or that can be easily evaluated to give reasonably
accurate results. These judgments are summarized in
the following.

In Table I, the screened formulas depend on the ex-
treme-relativistic approximation and therefore are valid
only in the energy region To>>1. For T,<1, only the
nonscreened formulas are applicable.?® The nonscreened
formulas require relatively large correction factors ex-
cept in the region near the crossover energy (see Fig.
22). At the extreme relativistic energies the nonscreened
formulas are less accurate than the screened formulas.

In Table II, the extreme-relativistic cross section
formulas for dok,00,4 and doy are estimated to have an
accuracy that is given approximately by the factor
(Z/137)*(InE/E). For f(Z)=0, the formulas in Table IT

3 A Born-approximation formula that includes screening effects
without the extreme-relativistic approximation, has been given by
Gluckstern and Hull, Phys. Rev. 90, 1030 (1953). This formula
applies mainly to the low-frequency region and has heen found
to be inadequate® in the high-frequency region.
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are the same as the Born-approximation formulas in
Table I except for differences in the screening correc-
tions which are reviewed in Sec. ITE(3).

An estimate of the general accuracy with which the
formulas in Tables I and II predict the cross-section
values over the whole range of electron energies can be
obtained from a comparison of the theoretical and ex-
perimental predictions for ¢r.q in Figs. 22 and 23.

For the cross-section differential in photon energy,
dok, a summary of the corrected formulas for specified
energy ranges of the incident electron is given in Table
V. Conservative estimates of the accuracies of these
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Fic. 20. Dependence of the bremsstrahlung cross section inte-
grated over photon angle on the photon energy for 1.0-Mev
electrons. The Born-approximation cross sections shown by the
solid curves are calculated from Formula 3BN, and the Born-
Elwert cross sections shown by the dashed curves are obtained
from the product of Formula 3BN and the Elwert factor, Formula
(II-4). The experimental values? are shown by the open and closed
circles for gold and aluminum, respectively. The corrected Sauter-
Fanozvalues at the high-frequency limit are estimated in refer-
ence 21.

formulas have been made on the basis of the experi-
mental data assembled in this report. The greatest un-
certainties are in the energy range from 0.10 to 2.0
Mev. Because of the uncertainties of screening effects,
no corrected formulas are given for the energy region
below 0.1 Mev. These corrected formulas are tentative
and it can be expected that some will be replaced by
more accurate expressions as more data becomes
available.

For the cross-section formulas differential in photon
energy and angle, dok,00,¢, N0 quantitative corrections
are available for low and intermediate energies because
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of insufficient data. For extreme relativistic energies,
the most accurate estimates (3%,) for dok,00¢ are given
by Formula 2CS.

III. ELECTRON-ELECTRON BREMSSTRAHLUNG

The bremsstrahlung cross-section formulas for elec-
tron-nuclear interactions in Sec. IIC vary as Z2 For tar-
gets with high atomic numbers, the additional influence
of electron-electron bremsstrahlung can be included
approximately by replacing Z? by Z(Z+1). However
for very low Z elements such as hydrogen or beryllium,
the electron-electron bremsstrahlung contributions must
be included more accurately. Cross-section calculations
for this process are complicated because of the exchange
character of the interaction in which there is a large
energy and momentum transfer to the recoil electron,
in contrast to the electron-nuclear bremsstrahlung proc-

AT T T T T 1 v T 7 1
L z.79 _lo517,2 454 Mev

BOR
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Fic. 21. Dependence of the bremsstrahlung cross section inte-
grated over photon angle on the photon energy for 4.54-Mev
electrons. The Born-approximation cross sections shown by the
solid curve are calculated from Formula 3BN, and the Born-
Elwert cross sections shown by the dashed curve are obtained
from the product of Formula 3BN and the Elwert factor, Formula
(I1-4). The experimental values® are shown by the open circles
for gold. The corrected Sauter-Fano values at the high-frequency
limit are estimated in reference 21.

ess in which the nucleus is assumed to be infinitely
heavy. No complete calculations are available for pre-
dicting the detailed features of electron-electron brems-
strahlung.® A summary of pertinent results that have
been obtained is given in the following.

A. Maximum Photon Energy

In the electron-electron bremsstrahlung process, the
maximum photon energy that is available in the
laboratory system at the laboratory angle 8, is?

kmax=F/(1—/F cosby), (I11-1)

where F is equal to (Eo—1)/(Eo+1). Table VI gives
some values of kmax at zero and 90 degrees obtained from
Formula (III-1) for various incident electron kinetic

3 For a general review of the available theories on electron-
electron bremsstrahlung, see J. Joseph and F. Rohrlich, Revs.
Modern Phys. 30, 354 (1958).
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Fic. 22. Dependence of the total radiation cross section,
¢brad[ = (1/Eo) f,T%kdo], on the initial electron kinetic energy, 7.
The solid lines are obtained from Formula 4BN for no screening,
and from the numerical integration of Formulas 3BS(c) and
3BS(d) with screening corrections for Z equal to 13 and 79. The
experimental points®:3 are shown by the open and closed circles
for a gold and aluminum target, respectively. The values shown by
the triangles are estimated by numerical integration of Formula
3CS for Z=79. On the basis of the experimental data at the low
energies and the theoretical values (triangles) predicted by the
exact theory at the extreme relativistic energies, the dashed
curves have been drawn as an estimate of the most accurate ¢rqq
values for Z equal to 13 and 79.

energies. From the very sparse experimental informa-
tion®3¢ available on electron-electron bremsstrahlung,
some results®® have shown reasonably good agreement
with the values of kmax predicted by Formula (ITI-1).

B. Cross-Section Formulas for Free Electrons
(1) Nonrelativistic Energies

In contrast to the electron-nucleus and electron-
positron systems, the electron-electron system has no

TaBLE V. Corrected cross-section formulas for doy.

Kinetic energy
range for inci-

dent electron, Corrected cross- Estimated
Mev section formula® Restrictions accuracyb
0.01-0.10 doy= fpdo3BN® £>0.01T, +359,
0.10-2.0 dor=A frdo BN £>0.01T, +209,
2.0-15 dor=Ada3BN ¥>15 b
=Ado;3BS(d 2<y<15 +59%,
=Adg3BS© y<2 +59%,
15-50 dor=do BN y>15 b
=Adg;3B8 (D 2<y<15 +39%,
=Ado3BS v<2 +39,
50-500 doy=do BN y>15 b
=do3CS® 2<y<15 +39,
=do3CS () v<2 +39%,

where fg is defined in Formula (II-6), 4 is the
correction factor given in Fig. 23, v is equal to
the quantity 100k (E,EZ)1.

a The superscripts for dox give the formula numbers defined in Sec. IIC.

b No estimated accuracy is given at photon energies near the high-
frequency limit of the spectrum. If better accuracy is desired in this region,
the cross section at the high-frequency limit can be obtained from the
dashed curves in Fig. 12, and the spectrum shape may be adjusted by fitting
this end to the curves given by the formulas in column 2 above.
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F1c. 23. Approximate correction factors for the Born-approxi-

mation ¢rq values with screening shown in Fig. 22. These factors
have been estimated from the ratios of the empirical (dashed and
dot-dashed) curves to the Born-approximation curves with screen-
ing in Fig. 22

dipole moment. Therefore the electron-electron brems-
strahlung cross section becomes zero for calculations
based only on the nonrelativistic dipole approximation.
Garibyan® has made calculations beyond the dipole
approximation and has obtained the following non-
vanishing result for the cross-section differential in
photon energy :

1"02Z 8 B “dk [ 3(,302—62)2
137 1580 & (Bo2+82)?
Bo*+8* Bd3 2484%6°
( +26 )
BB B*+B8?  (Bo*+B)?
Bot+6Y\
Xln( ) , (III-2)
Bo—B7
which for £ — 0 becomes®
rZ[32dk 1 46,2 17
dak_.0'=——[—-——-— In—+4— (I11-3)
137L5 &k B¢? B 12

These results are only valid for T<1.

TaBLE VI. Maximum photon energy for electron-
electron bremsstrahlung.

Fmax

To 60 =0° 60 =90°
100 99, 0.98
10 9.7 0.83
1.0 0.79 0.33
0.1 0.069 0.048
0.01 0.0054 0.0050

# G. M. Garibyan, Zhur. Eksptl. i Teoret. Fiz. 24, 617 (1953).
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(2) Extreme-Relativistic Energies

Several calculations® based on the extreme-relativistic
approximations give the following approximate formula
for the cross-section differential in photon energy:

4ri?Z dk EN? 2 E
dak’= —[(1+(_) C3E,
137 & E, 3 E,

2EE 3\ EE
X(ln —-)——], (IT1-4)
E 2/ o9

which is similar in form to the electron-nuclear cross-
section Formula 3BN (b).
The total radiation cross section obtained from For-

™ "[f”'r"r*"'

20

F16. 24. Screening factors,®* ¢, and y», for electron-electron
bremsstrahlung. The curve marked “Hydrogen atom” was calcu-
lated* with exact wave functions. For free electrons, ¥, =ys=y.

mula (III-4) is given as
roieZ

¢rad, = ’
137

[In(2E)—47. (II1-5)

C. Cross-Section Formulas with
Binding Corrections

The influence of atomic binding on the electron-
electron bremsstrahlung cross section has been calcu-
lated only in the extreme-relativistic approximation.
With the Thomas-Fermi model, the corrected formula
for the cross-section differential in photon energy is®

o 4r2Z dk[( 1+
O = € —_ 1
e (EO))wl) 1—Inzi)

—g E(4¢2(€)— ——Ian)] (I11-6)
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where ¢ is equal to 100k(E,EZY)™, and ¥, and y, are
given* by the data in Fig. 24. For complete screening
where e~0, the cross section becomes

4r*Z dk EN? 2 E 530

iR (B) 2E) 5
137 k Eo 3Eo Z‘

The total radiation cross section which is obtained

for the complete screening case from (III-7) is given by

bead’ = (472Z/137) In(530/2%). (IT1-8)

(I11-7)

A comparison of this Formula (III-8) with the electron-
nuclear bremsstrahlung cross-section Formula 4BS
shows that the Z electrons in an atom increase the
electron-nuclear cross section by the factor 5 so that
the total cross section becomes

braa®l=Z(Z+n) (¢raa*®3/ 27). (I1-9)
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F1c. 25. Dependence of the radiation probability correction

factor, K (=drad/drad*), on the initial electron kinetic energy and
the target atomic number.

For complete screening, 7 is given by

530 183 1
n=In— (ln~+— , (II1-10)
VA Z¥ 18
which varies from 1.04 for magnesium to 0.88 for lead.

For most cases, a value of 7 equal to unity is sufficiently
accurate.

1IV. THICK-TARGET BREMSSTRAHLUNG
PRODUCTION

Bremsstrahlung is produced in tkick targets for most
practical cases. In this discussion, a target is defined to
be thick if the scattering and energy loss processes that
occur as the electrons traverse the target have an
appreciable influence on the bremsstrahlung production.
In principle, a complete description of the brems-
strahlung emitted from a given target can be obtained
from the cross sections for the pertinent elementary
processes. For example, the angular distribution of the

“J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939),
and 101, 1836 (1956).

949

total bremsstrahlung power, the shape of the brems-
strahlung spectrum from an x-ray tube, or the efficiency
of bremsstrahlung production can be calculated if
detailed data are available with regard to the brems-
strahlung and electron scattering (elastic and inelastic)
processes. However, any such analysis is necessarily a
complicated procedure, since the calculations for the
energy loss and scattering of the primary electrons and
the absorption of the x-rays in the target must be in-
cluded with the cross-section information of Sec. II.
Also, the analysis depends on the characteristics of a
given experimental situation. For these reasons, this
paper does not give a complete, systematic treatment
of thick-target bremsstrahlung production; instead it is
confined to the presentation of pertinent experimental
data as well as useful analytical results and procedures.
Also, emphasis is placed on thick-target results that
give absolute data on photon intensities and brems-
strahlung production efficiencies.

Some of the analytical results for thick-target brems-
strahlung are most conveniently expressed in terms of
certain quantities which are defined in the following
discussion. When an electron traverses a target, the
average energy lost in the path length element dx by
radiation can be written as

—dEy= NEo(K¢eaa®)dx= K Eqdl, (IV-1)

where N is the number of target atoms per cm?® and
Koeaa* is equal to the cross section ¢paq defined in Sec.
IIC. ¢raa™ is equal to (42%?/137) In(183Z~%) cm?, which
is approximately the same as the expression for ¢raq
at extreme-relativistic energies (see Formula 4BS). K
is defined as the radiation probability correction factor
and is plotted in Fig. 25 for various values of the target
atomic number and the electron kinetic energy. The
length ¢ is given in units of the radiation length, f,
which is defined as

to=1/Neppa* cm. (Iv-2)

Values for #y in units of g/cm? as a function of the target
atomic number are plotted in Fig. 26.

A. Thick-Target Bremsstrahlung
Angular Distributions

(1) Nonrelativistic and Intermediate Energies®

For electron energies that are small or comparable
to the electron rest energy, no analytical or empirical
formulas have been derived for estimating the brems-
strahlung angular distribution from thick targets, and
only a few experimental results are available.

In contrast to the extreme-relativistic region, the
radiation intensity produced at these low energies is

“ The results that are presented for the nonrelativistic and
intermediate energy region where T, <1 apply only to targets
that are thick enough to stop the electrons. For the relativistic

region where T¢>3>1, there is no such restriction on the target
thickness.
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important at large angles, and is about the same order
of magnitude at both zero and ninety degrees. However,
because the absorption of the bremsstrahlung photons
in the target is large, the angular distribution of the
bremsstrahlung is largely dependent on the target
geometry in specific experimental situations. One of the
few examples in which angular distribution data are
presented in a more general way with corrections for
the geometry and the target absorption is to be found
in the measurements of Buechner, Van de Graaff,
Burrill, and Sperduto*® for initial electron Kkinetic
energies in the region from 1.25 to 2.35 Mev. Their
results for beryllium and gold targets are given in Fig.
27. The curves show the angular dependence of the
radiation intensity integrated over photon energy for
specified electron energies. These data indicate that the
intensity ratio at zero and ninety degrees is approxi-
mately 10 for beryllium and 3 for gold at 1.5 Mev, and
approximately 40 for beryllium and 4 for gold at 2.35
Mev. Also from these data, we can obtain the following
empirical expressions for the power radiated at zero
degrees:

1 (a0)(AU) =9.4(T)?* roentgens per minute per

ma at 1 meter for gold, (IV-3)
I (a—0)(Be)=0.92(T,)** roentgens per minute

per ma at 1 meter for beryllium,

where 7 is the electron kinetic energy in moc? units for
the electrons incident on the target, and « is the angle
between the photon direction and the direction of the

4 Buechner, Van de Graaff, Burrill, and Sperduto, Phys. Rev.
74, 1348 (1948).
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incident electron beam. Then with the approximate
conversion factor of one roentgen equal to 30004500
ergs/cm? for photons with energies in the range from
0.1 to 2 Mev,* we have

I (a—0y(Au)=0.5(7T)?*? watts/ma-steradian,

- . (Iv-4)
I (am0y(Be)=0.05(7)?* watts/ma-steradian.

From these equations, the fraction, R, of the total in-
cident electron kinetic energy that is radiated per
steradian at zero degrees is

R (a=0)(Au)=1073(T)'* for gold,
and (IV-5)

R (am0y(Be) =10"%(T)24 for beryllium.

(2) Relativistic Energies

At high energies, estimates of the bremsstrahlung
angular distribution from thick targets have been made
on the basis of the following simplifying approxima-
tions. First, the thin-target spectrum integrated over
photon angle (Formula 3BS) is assumed to represent
the spectrum shape for any angle. Second, the intrinsic
(thin target) angular spread of the bremsstrahlung
(Formula 2BS) is neglected at large angles where
a>>Eg™! but not at small angles where a <E!; there-
fore, at large angles the photon is assumed to have the
same direction as the electron that is multiply scattered
before it radiates.

With these approximations, the following analytical
results have been obtained. For large angles where
a>>EqY the fraction, R, of the total incident electron

120 120

TOTAL INTENSITY (ROENTGENS /MIN./ MILLIAMPERE AT | METER)

BERYLLIUM Z=4 GOLD Z=79

. F1c. 27. Angular dependence of the thick-target bremsstrahlung
intensity integrated over photon energy for 1.25- to 2.35-Mev
electrons. These results were obtained by Buechner, Van de
Graaff, Burrill, and Sperduto® and include corrections for the
target.

“W. V. Mayneord, Brit. J. Radiol. Suppl. No. 2, 136 (1950).
For photons outside this energy range, the conversion factor has
a significant energy dependence and the factor must be weighted
by the bremsstrahlung spectrum shape.
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kinetic energy that is radiated per steradian at the

angle, a, is given®® as
— 80202
1760t

where & is the total energy in mc? units of the electron
incident on the target, and Ei is the exponential
integral?®

K&
1760

Re> = (IV-6)

00 e—z
—Ei(-—y)=f —dz, >0 for y>0. (IV-7)
v 2

For small angles where o< Eg, Muirhead, Spicer, and
Lichtblau*” have obtained the following expression for
the bremsstrahlung angular distribution

RS Boy
K&o? —&o2a? —8o2?
= { —-Ei[ J+Ei[ ]} (IV-8)
1760 1760t 7.15
This formula gives good agreement with experimental
data?” and can readily be evaluated at small angles by

keeping the first term in the expansion of the ex-
ponential integrals which is

Ei(—21)—Ei(—2) — In(21/22) for 2z1,2,— 0.
Thus

(IV-9)

K&¢

In246¢, for £>2X1073%.  (IV-10)

R@-0y=
Or

For t=0.1 and &,=3, this formula agrees reasonably
well with the result predicted by the low-energy For-
mula (IV-5). For thin targets, this “on-axis” intensity
becomes?®

R (aoy=K18¢/4m, 1<2X 1075, (IV-11)

Estimates of the ratio Ra/R (a0 for tungsten (Z=174)
are given in Fig. 28 for three target thicknesses.
Several conclusions for high-energy angular distribu-
tions can be drawn from the form of the Formulas
(IV-8), (IV-10), and (IV-11). The logarithmic form of
Formula (IV-10) shows that most of the radiation comes
from the front part of the target. Also, since the frac-
tional energy radiated depends on 8¢, the total energy
radiated at zero degrees will depend on &¢. Two addi-
tional effects influence the dependence on &, of the
total radiated energy. The factor K, according to Fig.
25, increases slightly with &, and for very thick targets
the effective ¢ in Formula (IV-10) will increase loga-

for

4 J. D. Lawson, Nucleonics 10, No. 11, 61 (1952).

4 Exponential integral functions are tabulated in National
Bureau of Standards Tables of Sine, Cosine, and Exponential In-
tegrals (U. S. Government Printing Office, Washington, D. C.),
Vols. 1 and 2 (MTS5 and MT6).

47 Muirhead, Spicer, and Lichtblau, Proc. Phys. Soc. (London)
A65, 59 (1952).
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Fi16. 28. Theoretical bremsstrahlung angular distributions from
thick tungsten targets for relativistic energies. These data are
obtained from the National Bureau of Standards Handbook 55.
R, is defined as the fraction of the total incident electron kinetic
energy that is radiated per steradian at the angle a.

rithmically with &,. Therefore, the total energy radiated
on the axis of the bremsstrahlung beam will depend on
at least a 3.2 exponent for a thin target and on a
slightly higher exponent for a thick target. The specific
exponent to be used will depend on the energy range
of interest, the effective target thickness, and the ex-
perimental geometry.

B. Thick-Target Bremsstrahlung Spectra
(I) Nonrelativistic and Intermediate Energies®

In this low-energy region the radiation has a broad
angular distribution (see IVA), and the dependence of
the spectrum shape on photon angle is important.*® No
general analytical expressions which accurately predict
the spectrum as a function of angle for any experimental
situation are available at these energies. Part of the diffi-
culty has been the inadequacy of the Born-approxima-
tion cross-section differential in photon energy and
angle (Formula 2BN). Nevertheless it has been possible
to obtain reasonable agreement between theoretical and
experimental thick-target spectrum shapes shown in
Fig. 29 for a particular application®® with an initial
electron kinetic energy of 1.4 Mev, photon angles of
zero and ninety degrees, and a tungsten target. In this
example, the experimental results confirm the theo-
retical dependence of the spectrum shape on photon
angle after distortions due to photon absorption in the
target and surrounding materials are eliminated. The
results also show that the relative number of photons
in the high-frequency region increases as the emission
angle becomes smaller. This trend is just opposite to
the behavior observed for thin-target spectra.’

“ One of the earliest experimental indications of this depend-
ence was found by C. E. Wagner, Physik. Z. 21, 621 (1920).
% Miller, Motz, and Cialella, Phys. Rev. 96, 1344 (1954).
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F16. 29. Relative spectral intensities at 0° and 90° for 1.4-Mev
electrons incident on a thick-tungsten target.® The solid curves
are obtained from theoretical estimates that include electron
scattering effects and photon absorption in the materials sur-
rounding the target. The experimental values have been normal-
ized and are shown by the open (zero degrees) and closed (90
degrees) circles. To obtain absolute spectral intensities in Mev per
steradian per Mev per incident electron, the ordinate should be
multiplied by 1072 for the theoretical curves and by 2.1X1072 for
the experimental points.

With regard to estimates of the shape of the spectrum
integrated over the photon direction, Kramers® ob-
tained the following simple, analytical expression:

Iv=AZ(ko—F), (IV-12)

where I is the energy radiated in all directions in the
energy interval, (k, k+dk), A is a proportionality con-
stant, and ko is the photon energy at the high-frequency
limit. This result was derived on the basis of a nonrela-
tivistic, semiclassical calculation, in which electron
scattering effects (including backscattering) were neg-
_ected and only the electron energy loss was considered.
In spite of these limitations and because of its simplicity,
the Kramers Formula (IV-12) has been used extensively
to estimate the thick-target spectrum (not including the
characteristic radiation®™) at a given angle for various
experimental cases, with corrections included for the
photon absorption in the target and surrounding ma-
terials. Results obtained for various electron energies
in this low-energy region have shown general qualitative
agreement between the theoretical (Kramers) and ex-
perimental spectrum shapes, and indicate that For-
mula (IV-12) is satisfactory, at least for order of mag-
nitude estimates.

% H. A. Kramers, Phil. Mag. 46, 836 (1923).

% For estimates of the thick-target characteristic radiation in-
tensities that are superimposed on the continuous spectrum, see
A. H. Compton and S. K. Allison, X-Rays in Theory and Practice
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1949),
pp. 69-89.

82 A detailed summary of such comparisons is given in Natl.
Bur. Standards (U.S.) Handbook 62, 20-24 (1957).

H. W. KOCH AND J.

W. MOTZ

(2) Relativistic Energies®

Two complementary procedures for calculating thick-
target spectra at high energies which include effects of
electron scattering in the target are given by Penfold®
and Hisdal.** The Penfold calculations estimate the
thick-target effects primarily in the high-frequency
region and give the spectrum integrated over photon
directions up to a maximum angle, T'; with respect to
the direction of the incident electron beam. The Hisdal
calculations estimate the thick-target effects on the
over-all spectrum shape in the forward direction and
should not be applied to the high-frequency region.

The Penfold method®:% assumes that (a) the Schiff
Formula 3BS(e) describes the intrinsic spectrum at all
angles; (b) the electron energy loss rather than electron
scattering in the target produces the predominant
effect on the shape of the spectrum for large values of
T'; (c) no electron radiates more than one photon; and
(d) the photon absorption in the target is negligible.
With these approximations, Penfold obtained the fol-
lowing formula for the thick-target spectrum integrated
over photon direction to a maximum angle I' deter-
mined by the detector:

€0
S(80,E0,I‘,xo)d¢rkdEo,

k+1

Pr=nN, (IV-13)

where Py is the number of photons in the energy interval
k to k+dk, N, is the number of target atoms per cms?,
n is the number of electrons incident on the target, 8y
is the total energy of the incident electron in mc? units,
%o is the target thickness in g/cm?, and doy is given by
Formula 3BS(e) for electrons with energy E,. The func-
tion S represents the probability that radiation pro-
duced by the electrons reaches the detector, and can
be written as

S(80,E0,T',220)
zo
= f B3 (80,E0,P,5€)B4 (I‘,Eo,x)Bs(xo,x)dx, (IV—14)
0

where the function Bj; gives the fraction of the radiation
emitted by electrons with energy E, at the target depth
x, By is the fraction of electrons that penetrate beyond
the thickness x, and Bs accounts for path length
straggling. These B functions require involved nu-
merical evaluations, and the results are described in
detail in the Penfold report.® Motz, Miller, and
Wyckoff® have estimated the thick-target spectrum for
a particular experimental situation in which the brems-

8 A. Penfold, University of Illinois Report (unpublished).

& E. Hisdal, Phys. Rev. 105, 1821 (1957); E. Hisdal, Arch. for
Math. Naturvidenskab 54, No. 3, 1 (1957).

% A similar but less general method has been used by R. Wilson,
Proc. Phys. Soc. (London) A66, 638 (1953). Wilson’s calculations
did not include electron scattering effects in the target and his
results give a spectrum shape averaged over the photon directions.

56 Motz, Miller, and Wyckoff, Phys. Rev. 89, 968 (1953).
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strahlung is produced with an 11.3 Mev (kinetic energy)
electron beam incident on a tungsten target (approxi-
mately 0.010-inch thick), and is measured on the beam
axis with a small detector (I'~0). They used the fol-
lowing simplified, analytical form for the thick-target
generating function:

S=1—exp|——m(%)2} (IV-15)

and, as shown in Fig. 30, have obtained good agreement
with experimental results. For the more general calcu-
lations, Penfold used Formulas (IV-13) and (IV-14) to
estimate the thick-target spectrum shapes for an inci-
dent electron kinetic energy of 15 Mev, a 0.020-inch
platinum target, and for two detectors which subtend
different angles on the electron beam axis, (I'=10
degrees, I'>>10 degrees). A comparison is made in Fig. 31
of these two Penfold results (curves C and D) with the
spectrum shape predicted by Formula 3BS(e) (curve A)
and with the shape resulting from the application of the
S function in Formula (IV-15) (curve B). The curves
show that Formulas 3BS(e) and (IV-15) give a greater
number of photons in the high-frequency region relative
to the total number in the spectrum compared with the
more accurate spectral shape predicted by the Penfold
procedure. For certain cases, the spectrum shape pre-
dicted by the simplified Formula (IV-15) may be
sufficiently accurate.

3

=74

A
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>

Fic. 30. Bremsstrahlung intensity spectrum in the forward
direction for 11-Mev electrons incident on a thick-tungsten
target.5¢ The thin-target Born spectrum, modified by the photon
absorption in the materials surrounding the target, is shown by the
solid curve. The dashed curves show the spectra expected for a
10-mil and a 20-mil target, and the experimental values are given
by _the open circles.
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F1c. 31. Comparison of the spectrum shapes predicted by the
thick target Penfold calculations®® and by Schiff’s thin target
Formula 3BS(e) for 15-Mev electrons. The Schiff curve 4 shows
the spectrum integrated over photon angle. Curve B is the spec-
trum shape predicted by Formula (IV-13) with the simplified S
function given by Formula (IV-15). Curve C is the spectrum shape
predicted by the Penfold calculations [Formulas (IV-13) and
(IV-14)] for a 0.020-in. platinum target and a detector which
subtends an angle, T', of 10 degrees. Curve D gives the Penfold
spectrum for I'>>10 degrees.

The Hisdal method® assumes that (a) the spectrum
variation with angle as given by the Schiff Formula
2BS has the dominant effect on the thick-target spec-
trum shape; (b) the energy loss of electrons in the
target is negligible; (c) no electron radiates more than
one photon; and (d) the photon absorption in the
target is negligible. With these approximations, Hisdal
has calculated tables for estimating the spectrum shape
to be expected in a small detector placed on the electron
beam-target axis. Hisdal’s results are given in terms
of a correction factor which multiplies Formula 3BS(e)
for a given value of 2 to obtain the corrected spec-
trum for a particular target thickness. Examples of
spectra calculated by Hisdal’s method are given in
Figs. 32(a)-(e) for 10-, 20-, 40-, 90-, and 300-Mev
electrons, and are compared with the Schiff spectra
integrated over photon direction [Formula 3BS(e)].
When the detector subtends a large solid angle at the
target, the measured spectrum shape is given by the
cross section integrated over the photon direction.
Figures 7 and 8 give data for the spectrum shape in-
cluded within a given detector angle. If this shape for
a given experimental arrangement is estimated to be
similar to the zero degree spectrum, then the Hisdal
correction will be important; if this shape is estimated
to be more similar to the spectrum integrated over all
angles, then Hisdal’s correction will be unimportant.

C. Efficiency for Bremsstrahlung Production

The bremsstrahlung production efficiency for a given
electron kinetic energy and target material is defined

57 Similar calculations that apply only to a specific target ma-
terial and electron energy have been made by A. Sirlin, Phys.
Rev. 106, 637 (1957). While the Hisdal calculations include only
the Schiff complete screening approximations, Sirlin examined the
effects of both the intermediate and complete screening approxi-
mations on the spectrum shape,
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F1G. 32. Comparison of bremsstrahlung spectrum shapes
predicted by the thick-target calculations of Hisdal®” and
by the thin-target calculations of Schiff* for (a) 10-Mev
electrons, (b) 20-Mev electrons, (c) 40-Mev electrons,
(d) 90-Mev electrons, and (e) 300-Mev electrons. The
Schiff spectrum is integrated over the photon direction,
Formula 3BS(e), and the Hisdal curve gives the spectrum
in the forward direction, I'=0, after corrections have been
made for multiple scattering in the target (see Sec. IVB).
The values of the intensity (defined as proportional to the
product of the photon energy and number per unit time)
are normalized to unity for zero photon energies.
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as the ratio of the total bremsstrahlung power radiated
when an electron current is incident on a target to the
total power in the incident electron beam. The results
of various theoretical and experimental determinations
of the efficiency are given in the following.

(1) Nonrelativistic and Intermediate Energies

The efficiency results for this energy region apply
only to the cases in which the electrons expend all of
their kinetic energy in the target. Experimental deter-
minations are complicated by (a) the large photon
absorption in the target and (b) the large electron back-
scattering from the target.®® In the available measure-
ments of the efficiency, corrections have been made for
effect (a) but not for effect (b). Therefore, these experi-
mental efficiencies are less than the values that would
be obtained if all of the electrons were completely
stopped in the target.

In this low-energy region, most experimental and
theoretical results®® are in agreement within a factor
of two with an efficiency, ¢, given by the following
formula:

e=5X10-4Z T, (1V-16)

(2) Relativistic Energies

(a) Intermediale thickness largets—A target is de-
fined to have an intermediate thickness if the incident
electrons do not expend all of their energy as they
traverse the target. This condition usually exists in
high-energy electron accelerators.

The efficiency of bremsstrahlung production for
targets having an intermediate or small (<o) thickness
can be estimated from the expression

e=[(d80)r/To]~Kt,

where (d8o)r is the energy loss by radiation, ¢ is the
target thickness in units of the radiation length fg
[Formula (IV-2)] and K is the radiation probability
correction factor given in Fig. 25.

(b) Thick targels—For thick targets, the incident
electrons lose all of their energy in the target. Formula
(IV-16) obviously does not apply at high energies for
which the efficiency must remain less than one. An
approximate relation for the efficiency in this high
energy region has been derived® by assuming that the
total electron energy loss per unit path length can be

(IV-17)

% These results are summarized by H. Kulenkampff, “Physics
of the Electron Shells,” Fiat Rev. Ger. Sci. 1939-1946, 95; R. D.
Evans, The Atomic Nucleus (McGraw-Hill Book Company, Inc.,
New York, 1955), p. 616; and by S. T. Stephenson (reference 1).

% H. W. Koch and J. W. Wyckoff, IRE Trans. on Nuclear Sci.
NS-5, No. 3 (1958).
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TaBLE VII. Approximate percentage efiiciencies
for x-ray production.

To:

2 4 10 20 50 600
Carbon 0.36 0.72 1.77 3.47 83 52
Aluminum 0.77 1.54 3.75 7.2 16.3 70
Iron 1.54 3.0 7.2 13.5 28.1 82
Lead 4.7 9.0 19.7 33 55 94
written as
dgo pZ
_——=— (—){6+3.5X10—350Z}, (IV-18)
dx A

where p is the density and A the atomic weight of the
target material, and where the first term is the collision
loss and the second term is the radiation loss. Integra-
tion from the initial energy &, to 1 gives the following
distance, x,, traveled by an electron in losing all of its
energy:

%o In(146X1042&;). (IV-19)

3.6X10-%p22

Then the efficiency becomes

collision loss 6pZ xo
e=]——w—
&o A4 &
3X10ZT,
= (IV-20)
14-3X10Z7,

This procedure does not account for the large fluctua-
tions in the radiation loss process and, therefore, pro-
vides only a rough estimate of the efficiency. At low
energies, Formula (IV-20) reduces to 3 X 104Z T, which
agrees roughly with Formula (IV-16). Some representa-
tive values of the efficiency obtained from Formula
(IV-20) are given in Table VII. These values do not
include corrections for the x-ray absorption in the
target, which cannot be neglected for most situations.
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Thomas-Fermi model (dashed line), as a function of the nuclear momentum transfer, g.



