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I. INTRODUCTION

~CONSIDERABLE information about the brems-~ strahlung process has accumulated during the
1 past several years. This information includes various
1 cross-section calculations and measurements, which
1 have helped to provide a more accurate description of

the process. Unfortunately this material has never been
2 assembled and integrated in an easily referenced form,

although some general reviews' on the subject are
3 available. This paper provides a coherent summary of
4 the bremsstrahlung cross-section formulas and related
1 data. The theoretical formulas and their speci6c limita-

tions are presented in a form convenient for practical
2 calculations. Estimates of their accuracy are given for

cases where comparisons can be made with experi-
2 mental results. Correction factors are indicated in
3 either numerical or analytical form. A brief summary of
6 other data pertaining to electron-electron and to thick

target bremsstrahlung is also included. No results are
7 presented for electron and photon polarization eGects.

Section IIB briefly discusses the problem of making
7 exact cross-section calculations and indicates the gen-

eral types of calculations that have been completed. A
summary of the various cross-section formulas is given
in Sec. IIC. Section IID gives useful graphical informa-

8 tion derived from the various formulas in IIC. Section
IIE lists corrections that can be applied to the above

h ' H. Bethe and E. Salpeter, Encyclopedia of Physics (Springer-
Verlag, Berlin, 1957), Vol. 35, p. 425; S. T. Stephenson, ibid. ,Vol. 30, p. 337.
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formulas. In Sec. IIF, experimental bremsstrahlung
cross sections are compared with the theoretical results
contained in Secs. IIC and D. Conclusions with regard
to the accuracy of the theory are presented in Sec. IIG.
Section III summarizes the very sparse material avail-
able on electron-electron bremsstrahlung. Finally, Sec.
IV gives a brief treatment of thick target bremsstrahl-
ung with information on the bremsstrahlung angular
distributions (IVA), the spectra (IVB), and the pro-
duction eKciencies (IVC).

z
dog

= atomic number of target material.
=bremsstrahlung cross section, diGerential with

respect to the parameter j, in units of cm' per
atom per incident electron.

=volume element.
=radius vector from a center, in units of the

Compton wavelength, Xp.
=angle of k with respect to the direction of the

electron beam incident on a thick target.

Ep, E

ppy p

Tp) T

gp

PQ, P

A. Symbols, Constants, and Energy-
Momentum Relations

=initial and Gnal total energy of the electron in
a collision, in moc' units. t'

=initial and final momentum of the electron in
a collision, in mpc units.

=initial and Gnal kinetic energy of the electron
in a collision, in moc units. t=energy and momentum of the emitted photon,
in eeoc' and moc units. $

= total energy of an electron incident on a thick
target, in moc' units. f

=kinetic energy of an electron incident on a
thick target, in moc' units. $

=angles of pp and p with respect to h.
=angle between the planes (po,k) and (p,k).
= element of solid angle, sin8od8oa4, in the direc-

tion of k.
= element of solid angle, sin8a8d4, in the direction

of p.
=momentum transferred to the nucleus, in mpc

units.
= yo —P—k; q'= Poo+P'+k' —2Pok cos8o

+2pk cos8—2p,p(cos8 cos8o+sin8 sin8o co+).
=ratio of the initial and final electron velocity

in a collision to the velocity of light.

II. BREMSSTRAHLUNG CROSS SECTIONS

The cross sections discussed in this section apply to
the bremsstrahlung process' in which an electron is de-
celerated in the Geld of an atomic nucleus. These cross
sections give direct estimates of the properties of the
radiation emitted when electrons are incident on thin'
targets, and provide basic data for analyzing the thick
target bremsstrahlung considered in Sec. IV.

&0
c
e
g2

hc
kc
kc/e'
SSQ

mpc~

Xp

f'p

Cp

40
e'/ao
~p

Z'I0
1 Mev

&o' =po'+1, ~=p'+1.
Ep = Tp+1, E=T+1.

Ep =k+E.

Po =L&o(7'o+2)3', P=L&(2'+2)3'

po

=6.03X10"atoms (or molecules) per mole.
=3.00X10"cm per sec.
=4.80X10 "esu=1.60X10 "coulomb.
=1.44X10 "Mev cm.
=k/2s. =6.58X10 " Mev sec=1.05X10 " erg

sec.
= 12.4 kev-angstroms.
=1.97X10-"Mev cm.
= 137.
=9.11X10 "g (electron mass).
=0.511 Mev.
=k/moc 3.86X10 "cm (Compton wavelength).
= e'/moc'= Xo/137 =2.82X 10 "cm (classical elec-

tron radius).
=Z'ro'/137=Z' 5.78X10 "cm'.
=k'/woe'=0. 530X10 ' cm (radius of hydrogen

atom).
=137lto= (13'7) ro
= Sorroo/3 (Thomson formula) =6.64X10 oo cmo
= 2Ip ——27.2 ev.
= ionization energy of hydrogen atom= 1/2 (137)'

in mpc' units.
= ionization energy of E electron (of«1).
=1.60X10 ' erg.

'Except for electron-electron bremsstrahlung which is brieQy
considered in Sec. III, no results are presented for other brems-
strahlung processes, involving for example the acceleration of
positrons or protons.

'A target is defined to be thin if both the electron scattering
and energy loss processes have a negligible influence on the energy
and angular distributions of the bremsstrahlung. Order of magni-
tude estimates of such thin targets for particular energy regions
can be found in the references listed in Sec. IIG.

t This system of units for the symbols is used consistently
throughout this paper. For cases in which the data are given in
Mev units, these symbols have the multiplicative factor 0.51; for
example, the kinetic energy in Mev units is represented by the
quantity 0.51T0.

Pp

Ep

B. Types of Cross-Section Calculations

The bremsstrahlung cross section der, for single pho-
ton emission in a large cubic box of side L, is given by
the transition probability per atom per electron divided
by the incoming electron velocity. This cross section
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and (c) free-particle wave functions perturbed to first
order in Z (Born-approximation procedure).

The nonrelativistic cross-section formulas derived in
the dipole approximation by Sommerfeld' with Cou-
lomb wave functions have a complicated form with
hypergeometric functions and are dificult to evaluate.
Some numerical estimates' of the Sommerfeld cross
sections have been made for selected values of the elec-
tron energy, the target atomic number, and the photon
energy. However, the theory is only valid when Pp is
small compared to unity, and can be expected to break
down for initial electron energies greater than a few
kilovolts. In addition, the theory disregards screening
eGects, which are important for very low energies and
for targets with high atomic numbers. Because of these
limitations, results of the Sommerfeld theory are not
presented here.

Cross-section calculations with relativistic Coulomb
wave functions (Sommerfeld-Maue) including screen-
ing corrections have been made by Olsen, Maximon, and
Wergeland' and by Olsen and Maximon. ' Their for-
mulas are valid only in the extreme-relativistic region
(above 50 Mev). Their results have the form of an
additive correction factor to the Born-approximation
formulas.

The cross-section formulas calculated by the Born-
approximation procedure with free-particle wave func-
tions are available in a relatively simple analytical form
for nonrelativistic and relativistic energies, with or
without screening. In general, the Born approximation
theory becomes less reliable as (a) the atomic number of
the target increases, (b) the initial electron energy de-
creases, and (c) the photon energy approaches the high-
frequency limit. In spite of their limited validity, the
Born-approximation formulas have been surprisingly
successful in predicting the properties of the brems-
strahlung radiation. Even where there is a breakdown
of the Born approximation, the accuracy of the cross-
section formulas is still reasonably good, and in the
worst cases (except a,t the high-frequency limit), they
can be expected to give at least the correct order of
magnitude. Therefore, this paper emphasizes the Born-
approximation cross-section formulas and includes
various theoretical and empirical corrections to these
formulas. Detailed references to the many papers in
which these formulas are derived are given in Table III.

can be expressed in dimensions of cm' as

(p,c/E, ) (mpc)
where

w= (2~/h)pf~H;f ~'. (II-2)

The term pf is the density of final states and can be
written as

pEk'dkdQidQ„L p

Pf=
(2m) Pmpc'

(II-3)

The term II;~ is the matrix element for the transition
of the system from an initial state before the emission
of the photon to a final state after the emission. The
quantity

~
H;r ~' in formula (II-2) can be written as

2

X J~iPr*(X* e)e '"'iP;dr L '. (II-4)—

In the foregoing, 2 is the unit polarization vector of the
photon, e is the Dirac matrix, and tp, and gf are the
Dirac wave functions for the initial and final electrons,
respectively. Therefore the cross section in cm' can be
written as

137rp' pI'()I'
d~= I Pf*(X* e)e '"'P dr

(2n.)4
pp J

XkdkdQ pdQ„(II-5).

C. Bremsstrahlung Cross-Section Formulas
and Classi6catton Diagrams

A general classification of the various diGerential
forms of the bremsstrahlung cross section is presented
in Chart 1 for the Born-approximation formulas and in
Chart 2 for the extreme-relativistic formulas that con-

~ A. Sommerfeld, Wellen~nechanik (Frederick Ungar, New York,
1950), Chap. 7.

~ P. Kirkpatrick and L. Wiedmann, Phys. Rev. 6?, 321 (1945).
~ Olsen, Maximon, and Wergeland, Phys. Rev. 106, 27 (1957).

H. Olsen and L. C. Maximon, Phys, Rev, 114, 887 (1959),

A detailed discussion of this problem is given by H. A. Bethe
and L. C. Maximon, Phys. Rev. 93, 768 (1954).

The important quantity to be evaluated is the matrix
element H;f, defined in formula (II-4).

The problem of evaluating an "exact" expression for
the cross section involves, therefore, the use in the
matrix element of "exact" wave functions, which de-
scribe an electron in a screened, nuclear Coulomb field.
It is not possible to solve the Dirac wave equation in
closed form for an electron in a Coulomb field, pri-
marily because the wave function must be represented
as an infinite series. Therefore, various approximate
wave functions and procedures have been used.

The cross-section calculations that have been made
may be classified either as nonrelativistic or relativistic
depending on whether the Schrodinger or Dirac form of
the Hamiltonian is used for the electron and field system.
The calculations have been carried out with (a) non-
relativistic Coulomb wave functions (Sommerfeld);
(b) relativistic Coulomb wave functions (Sommerfeld-
Maue) valid to first order in (Z/137)P/I, where l is the
angular momentum quantum number that is the sum-
mation index in the expansion of the wave function;



B REM SSTRAH LUNG CROSS SECTIONS 923

CHART l

Born APproximation Cross Section Formnlae

do„o Oe
(Differential in Photon
Energy and in Photon
and Electron Emission
Angles. )

1BS
(Bathes Heitlar~
Setfter, Raeah)

(Non-
Re lat ivis t ic) '

"k,a, e
(Dif ferential in
Photon Energy
and Angle. )

2BS

(Schiff, ~~
- 0)

2BN

(Sauter, ~ ~o)
Extreme-
Relativistic

(Large
Angles)

2BN(b)
(Hough)

(Small
Angles) 2BN( a)

(Sommerfeld)

(Differential in
Photon Energy. )

EBS(e)
(Schiff, ymO)

&BS(d)
(2&y C iS)

(Bethe, He i tier )
ASS(c)

(y&2)

~BS(b)
(Any y)

)BS(.)-
(7 m o)

3BN

(Bethe, He it ler y ~~)

(Extreme-
Relativistic )

3BN(b)
(Bethe, Haitler)

(Non-
Relativistic) 3BN(a)

(BetheQe it ler )

C', d
(Total Radiation
Cross Section. )

4BS
(Bethe, He i

tier�

)
4BN

(Racah )

(Non-
Relativistic)

I

,I

(Extreme-
Relativistic)

ieBN(a)
,

(Racah)

4BN(b )
(Racah)

tain the Coulomb correction. The formulas represented
are summed over the directions of the electron spin
and the photon polarization vectors, and thus do not
include all of the possible differential forms of the cross
section. The primary formula gives the cross section
that is differential in photon energy and in photon and
electron emission angles. The remaining formulas that
branch out from this starting point are divided into two
main groups that are designated as screened or non-
screened. Further subdivisions are made; these depend
on the type of screening approximation, and on whether
nonrelativistic, extreme-relativistic, small-angle, or
large-angle approximations are used. For most of the
cases, the charts include the names of the principal
authors associated with a particular formula.

The formulas are identified as follows: (a) the num-

ber applies to a particular diR'erential form of the cross
section; (b) the first letter indicates either B for Born
approximation (Chart 1) or C for Coulomb correction
(Chart 2); (c) the second letter indicates either S for
screening or N for no screening; and (d) the last letter
a, b, or c indicates further subdivisions for specific
approximations. The following notation has been
adopted here. The diBerential forms of the brems-
strahlung cross section are designated by the symbol,
dfT p ... . This symbol is the bremsstrahlung cross sec-
tion that is diAerential only with respect to the pa-
rameters given by the subscripts n, P, , and is ex-
plicitly defined by da, s...= (d"s/drrdP )dndP ~ . The.

CHART 2

Extreme-Relativistic Cross Section Formulas uith Coulomb Correction

k 0,0, P

(Differential in
Photon Energy and
in Photon and
Electron Emission
Angles. )

k, 0 , P

(Differential in
Photon Energy
and Angle. )

2CS(a)

(4 - O)

2CS(b)
(any g)

2CS(c)

(—'C, )& 2O)

lcs
(Olsen, Maximon, Mergeland)

2CS
(Olsen, Maximon)

2CM

do„
(Differential in

Photon Energy )

3CS(a)
(» O)

3CS(b)
(any y)

3cs(c)
(yC»

3cs(d)
(2& y&»)

'

AS 3CM
(Daviese getlsse ( ~)Maximon, Olsen)

(Total Radiation
Cross Seccion. )

4cs

(E))»7E' )

4cM

(E(&»7E" )

unit of the cross section, da.
, tt. .., is cm' per atom per

incident electron.
The symbols and definitions for the specific cross

sections are as follows.

(a) dos, ee,e,e is the bremsstrahlung cross section that
is differential with respect to the photon energy, k, and
to the photon and electron emission angles, Hp, H, and ft.
This formula contains the parameters Ep, Z k Hp H,

and Q.
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TABLE I. Born-approximation cross-section formulas.

Formula 1BS—Differential in photon energy and in photon and electron emission angles.
Approximation (H}. Reference formulas: (13) in reference (a), (2) in reference (b), (13) in reference {c), (29) in ref-

ence (e).
Z2 ( rp ) 2 dk p dQkdQ„p~ sin28 pp' sj.n28o

dak. op. e. o=—!
—

! I 1 —F (q,Z) ]'————— (4E—o' q') +- (4E' —q')
137 (2~) k pp q' (E—p cosg}' {Ep—pp cos8p)2

2ppp sing singp cosp(4EEp —
q ) 2k (p sin28+pp sin'8p —2ppp sing singp cos@)

+ 7

(E—p cosg) (Eo—pp cosgo) (E—p cosg) {Eo—po cosgo)
wnere

q'= p'+ p p +k —2p pk cosg p+2pk cosg —2P pp(cosg cosgp+sing singp cosp)

and Ii (q,s) =atomic form factor discussed in Sec. IIE(3).

Formula 1BN—Differential in photon energy and in photon and electron emission angles.
Approximations (H), (B), (I). Reference formula (17) in reference (c).

Z' (rp)'dk p dnjm„
do seoee , , , =!——!

—— {p' sino8+ po' sin'8p —2ppp sin8 sin8p cos$),
137 (2{-) k po q'

where
q'= P'+Pp' —

2PPp (cos8 cos8p+ sing sin8p cosP).

Formula 2BS—Differential in photon energy and angle.
Approximations (H), (G), (M), {J), (K). Reference formula (1) in reference (h).

4Zrp dk 16y E (Ep+E) Ep +E 4y E
dab, 8o =— —ydy + in'(y)

137 k (y'+1)'Ep (y'+1)'Eo' (y'+1)'E ' (y'+1)'Eo
where

1 ( k )P ( ZP

y=E@o,—= +
M(y) 12EoEJ (111(y'+1)j

Comment: This formula becomes Formula 2BN(a) when Z=O in M {y).

Formula 2BN—Differential in photon energy and angle.
Approximations (H), (B).Reference formulas: (11) in reference (d), (4.1) in reference (f).

Z'ro' dk p 8»n28o(2Eo +1) 2{5Eo+2EEo+3) 2(po —k )
der@,8p, qb =———dQIc +

8~137 k po po'~o4 pp'~o' Q'~o' po'~o

L 4Ep sin go (3k —po2E) 4Eo (Eom+E') 2 —2 (7Eom —3EEo+E) 2k (Eo +EEo—1)+- +— —+ +-
ppo! pp'~o4 po'~o' p 2Q

where
EEp —1+ppp

L=ln
EEp —1—ppp

Q'= pp'+k' —2ppk cosgo.

Dp=Ep —pp cosgp,' 0=in
E+p

y

E p

f 4p l (oO) 4 6k 2k(Po' —k')
-I —I+I —! —,——

Ep~o) kpQ& ~o' &o Q'~o

Q+p
c&=ln

Q —p

Formula 2BN(a) —Differential in photon energy and angle.
Approximations (H), (B), (J), {K).

Formula 2BN(b) —Differential in photon energy and angle.
Approximations (H), (B), (J), (L). Reference formula (8) in reference (i).

Z rp E dk dQg (Ep +E 't 2EpE (5Ep+2E) 2LE —2Ep ln(k/Ep) j
!sin'8o ln —— + —— $1—cos8pg!4o137 Ep' k (1—cos8p)o 1, EEo ) k Eo EpE

do'k, 8p, g =

Z'ro' E dk 16(goEo) Eo (Eo+E) Eo (EEo (E, +Eo)Eo 48o Eodo.k,8p, y — dQg ——+»n!
2{ 137 Ep k (1+go2E(p) 4 E(]+8(pEo2) 2 ( k E(1+go2Eo2) 2 (1+go2E(p)4

Comment: This formula was obtained from formula 2BN by making the high-energy and small-angle approximations. The sameresult is obtainable from formula 2BS by setting Z=O in M(y).

where

EfP+E (k —Ep cosgp) ) Epk (1—cos8p) (Q+E)
L3Q'+E(Eo+k) 3»!—!EoQ'(1 —cosgp) EQ' &()-E)

Q =E +2kEp(1 —cosgp),



B REMSSTRAH LUNG C ROSS SECTIONS

TABLE I.—(Continued) .

Formula 3BS—Differential in photon energy.
Approximations (H), (J). Reference formulas: (31), (34}, (35) in reference (a); (62) in reference (b); (21), (26) in

reference (c); (56)-(58b) in reference (j).

r'E&'~ -~~(~) 2 E -~.(v)
dog= —

I
1+I —

I I
—;lnz ——— ——;lnz

137 k (, &Eo) 3 4 3 Eo 4

Formula 3BS(a)—Complete screening (y=O or 4t ~(p=O) =4 ln183; @2(y=O) =pl {y=O)——,').
Formula 3BS with y=0.

4Z'ro'dk (E)~ 2 E 1 E
dao=- — 1+

I

—
I

———ln(183Z l)+——
9Eo

Formula 3BS(b)—Arbitrary screening.

4Z'ro'dk ( (E lo dq 2E q dq
dao= —

I 1+I —
I

I (q —k)'(1 —F(q))'—+1 ———
I

q' —Q'qln-+3Boq —44o I(1—F(q))'—+-',.
137 k E (Eo) q' 3Eo ) q4

where
5 =k/(2EoE).

Formula 3BS(c)—Intermediate screening I (y &2).
Formula 3BS with qbj(p) and p2(p) given in Fig. 1.

Formula 3BS(d)—Intermediate screening II (2 (p (15).
Formula 3BS with pl(y) =&2(y) =19.19—4 lny —4c(y) with c(p) given in Fig. 2.

4Zromdk (E )2 2 E 2EoE—1+I —
I

——
137 k (Eo) 3 Eo k

' —c(y)

Formula 3BS(e)—Differential in photon energy.
Approximations (H), (G), (M), {J).Reference formula (3} in reference (h).

2zoroodk ( (E)o 2 E l 2 E 2 4(2—b')

+I —
I

———
I

»&I(0)+1—-«n 'k +——»(1+k')+-
137 k ( (Eo) 3 Eo) b Eo b' 3b'

where
(2EoEZ&'1 1 ( k lo ( Z& )o

k= +
111k i M(0) (2EOEJ (111)

Comment: This formula is obtained from formula 50 of reference (b).

8 2
tan 'b ——+-

3b' 9

Formula 3BN—Differential in photon energy.
Approximations (H), (B).Reference formulas: (15) in reference (a), (16) in reference (c), (17) in reference (d), (37)

in reference (e) ~

Zoroo dk P (Po+Poo) ooE oEo ooo 8EoE k'(Eo'E'+Po'P') k ( (EoE+Poo) (EoE+Po) 2kEoE)
I+—+——+i +— —+

I I I
o-I

I
+

137 k Po (, P'Po' ) Po' P' PoP 3PoP Po'P' 2PoP l, l, Po' ) k P' J O'Po' j
where

L=2 ln
EoE+pop —1 (Eo+po) (E+p

EEo—poJ EE—PJ

Formula 3BN(a)—Differential in photon energy.
Approximations (H), (B), (I). Reference formula (18) in reference (c).

Z ro' 16 dk 1 (po+ p )
137 3 k po~ (po —p)

Formula 3BN(b)—Differential in photon energy.
Approximations (H), (B), (J). Reference formulas: (16) in reference (a), (21) in reference (c), (56) in reference (j).

4Z'rp~ dk E )~ 2 E (2EoE)

137 k Eo) 3 Eo E k )
Comment: This formula results directly from Formula 3BS(e) when b —+ 0 and from formula 3BS w'hen p ~ ~.
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TABLE I.—(Continued).

Formula 4BS—Total radiation cross section.
Approximations (H), (F), (J). Reference formulas: (47) in reference (a), (34) in reference (c), (62) in reference (j).

4Z'rp' 1
grad= ln(183Z &)+—

137 18

Formula 4BN—Total radiation cross section.
Approximations (H), (C). Reference formulas: (29) in reference (c), (41) in reference (e).

where

Z'r p' (12Ep2+4) (8Ep+6pp) 2
ln (Ep+pp)— Dn(E, +p,)g ——;+ LF (x)j,

137 3Eppp 3Eppp' Eppp

In(i+y)
F(x) = —dy and x=2pp(Ep+pp).

dp y

For small x, F can be expanded in the power series:
X' X' X4

F(~) =~
4 9 16

For large x, F is given by
F(x) = g'm +g(in@)' —F(i/x).

Formula 4BN(a) —Total radiation cross section.
Approximations (H), (C), (I). Reference formulas: (32) in reference (c), (21) in reference (d).

4r~ = (16/3) (Z'rp'/137).

Formula 4BN(b) —Total radiation cross section.
Approximations (H), (C), (J). Reference formulas: (33) in reference (c), (41 ) in reference (e), (61) in reference (j),

(46) in (a), (22) in (d).
4Z'rp'

ffrLri
— — (1n 2Ep

—-', )
137

(b) do.j,eo, q is the bremsstrahlung cross section that
is differential with respect to the photon energy, k,
and the emission angles 80 and 4t. It can be obtained by
integrating the differential cross section in (a) over the
direction of the outgoing electron. This formula con-
tains the parameters Eo, Z, k, and 80.

(c) dog is the bremsstrahlung cross section that is
differential with respect to the photon energy k. It can
be obtained by integrating the differential cross section
in (a) over the emission directions of the photon and the
electron. This formula contains the parameters Eo, Z,
and k.

(d) g„,z is the only cross-section symbol used here
that does not represent a differential form of the
bremsstrahlung cross section. It is equal to the quantity,
(1/Eo) f;r'kdok. This form of a total bremsstrahlung
cross section integrated over photon energy and photon
and electron emission angles was introduced by Heitler, '
who has defined it as the cross section for the energy
lost by radiation. This formula contains the parameters
Eo and Z.

The Born-approximation formulas that apply to
Chart 1 are presented in Table I, and the extreme-
relativistic formulas with the Coulomb correction that
apply to Chart 2 are presented in Table II. The im-

QW. Heitler, The Qgantum Theory of Radiation (Oxford Uni-
versity Press, London, 1954), third edition, p. 242.

portant references and approximations for the formulas
in Tables I and II are listed in Table III. The explicit
expressions for the formulas in Tables I and II are not
necessarily the same as the formulas in the original
references because the attempt is made to use consistent
units and symbols, with energies and momenta ex-
pressed in moc' and moc units, respectively.

(1) Born Approximatio-n Cross Section Formul-as

The Born-approximation calculations require the
initial and final electron kinetic energies in a collision
to be large enough to satisfy the conditions: (2'/137Pp),
(2nZ/137P)«1. At extreme-relativistic energies, the
cross sections predicted by the Born-approximation
formulas are larger than the true cross sections. For
example, the value of the total cross section predicted
for lead by the Born-approximation formula is about
10%%uo larger than the value predicted by more accurate
formulas. 7 At very low energies, the situation is re-
versed and the Born-approximation cross section is
smaller than the true cross section. The energy region
in which the Born-approximation formulas require only
small corrections is approximately between 4 and 10
Mev for the initial electron kinetic energy. As a rough
guide, it is estimated that Born-approximation formulas
for the total radiation cross section, p„q,are correct to
within 10% for initial electron kinetic energies above 2

Mev and within a factor of two below 2 Mev.
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(2) Extreme R-elatioistic Cross Se-ctiort Formulas
with the Coulomb Correction

The formulas in Table II are valid for arbitrar Zr i rary
and have been developed in a series of papers by Bethe
and Maximon, " Olsen, " Olsen, Maximon and Kerge-
land, ' Olsen and Maximon " and Davies, Bethe, and
Maximon. "Their calculations were carried out (a) with
Sommerfeld-Maue wave functions, and (b) with the
extreme relativistic approximations: Eo, E, k))1, and
potIO 1. These formulas are estimated" to have an
accuracy of the order of (Z/137)J(lnE/E) which is

40

30

IIIIII I III IIII ~ IIII IIII I III IIII I' I I I \ I
~ I

21

20

.OI QI I.O 10
PHOTON ENERG Y, M e v

IOO
Ilii

1000

19
$(y)

Fzo. 3. ~. Dependence of the Born-approximation cross section
integrated over the photon directions on the photon and electron
energy. The ordinate values for these curves are obtained from
Formula 3BN for 0.05- and 0.50-Mev electrons, and from For-
mula 3BS (e) for 5-, 50-, and 500-Mev electrons.

1.0

17

.5 1.0 1.5
100 k"=

E,EZ'

FIo. 1. Screening factors/' p1(y) and p2(y), for electron-
nuclear bremsstrahlung plotted as a function of p=100k/E0EZ&.
The curve marked "Hydrogen atom" was calculated4' th

unctions. The curves for the Thomas-Fermi atom and a
a e wi exact

is plotted in Fig. 2.
bare nucleus differ by the quantity 4c(y) where the f t ( )s

I-
CA

LJJI-

LJJ

I-
,4

LLI
K

0.25

0.20 i

0.15

0
0 .6

II/Tp
1.0

0.10

0.05

0
2 4 5 6 7 8 9 10

100 k
lg

7 a
Eo f Z

FIo. 2. Screening factor, "c(y), for electron-nuclear brems-
strahlung plotted as a function of y= 100k/E0EZ&.

"H. Bethe. Bethe and I,. C. Maximon, Phys. Rev. 93, tt68 (1954).» H. Olsen, Phys. Rev. 99, 1335 (1955)."H. Olsen and L. C. Maximon, Phys. Rev. 110, 589 (1958).
avies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954).

Fro. 4. Dependence of the bremsstrahlung spectrum shape on
the electron kinetic energy for a platinum target (Z='tt8). The
relative intensity (defined as proportional to the d fo e pro uct o the
p o on energy and number per unit time) is integrated over the
photon direction and is normalized to unit for

e in ensity values were computed from Formulae.

better than 2% for electron kinetic energies above 50
Mev and for Z equal to 80.

D. Graphical Representations of the Formulas

A general picture of the dependence of the cross-
section formulas in Sec. IIC on the electron and photon
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TABLE II. Sremsstrahlung cross-section formulas with Coulomb correction.

Formula 1CS—Differential in photon energy and in photon and electron emission angles.
Approximation (J}, (N). Reference formula (7b.13) in reference (m).

Z~
I r, i&dk p dn~ ~" (y —q, )~(1—F(y)) p"

os q~) '&(y q o)~i xp'I 2ia
137E2~j k po q~' ~a. y 0 dp x

p' sin'8 porn sin 8o 2ppp sin8 sin8p cos4 (4EEp —q')+2k (p sin'8+ pp sin'8p —2ppp sin8 sin8p cos4k)

X t - - - (4Eo' —q')+ — (4E2—q2)— l

{E—cos8)' (Ep—pp cos8p) ~ (E—p cos8) (Ep—pp cos8p)

where
q'= p'+ p p~+k2 —2ppk cos8p+2pk cos8—2ppp (cos8 cos8p+sin8 sin8p cosqgtb)

q =pp cos8p+ p cos8—k; qz =p p sin'8p+ p sin 8—2ppp sin8p sin8 co&.

F(x), F (y) are atomic form factors discussed in Sec. IIE(3) and functions of the momentum variables x and y.
F(x) cannot be set identically to zero as discussed in reference (n).

Formula ZCS—Differential in photon energy and angle.
Approximation (J), (N). Reference formula (7.2) in reference (n) ~

2Z'rpi dk dP
d r,e,= ——( (E,&+E ) (3+2r) —2EoE{1+4~2Pr)},

137 k Ep2
where

1 (ii (~i
—; .=)A; p=l

I

- I-2-f(z)+~I -
I1+u' k~ j i&)

l:q'—(~'/8) 3t (D-F(q)j dq;
"afg q' 2EpE

(y 100k )
Formula 2CS(a)—Complete screening

I

—=0, where y=

(111') (111Z &)
Formula 2CS with P=lnt

I
or F=lnt

I

—2—f(Z),
&200'&

where
f(Z) = 1.2021(Z/137)2 for low Z

=0.925(Z/137)' for high Z. See reference (k) for further discussion.

Formula 2CS (b)—Arbitrary screening.
Formula 2CS with the form factor, F(q}, as an arbitrary function.

Formula 2CS (c)—Intermediate screening.
Formula 2CS with F(B/g) given by

6Z~P
0.5 1.0 2.0 4.0 8.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 50.0 60.0 70.0 80.0 90.0 100.0 120.0

1216

—5'(8/$) 0.0145 0.0490 0.1400 0.3312 0.6758 1,126 1.367 1.564 1.731 1.875 2.001 2.114 2.216 2.393 2.545 2.676 2.793 2.897 3.078

Formula ZCN —Nonscreened case.
Formula 2CS with F=ln(1/5) —2 —f(Z)

Formula 3CS—Differential in photon energy.
Approximation (J). Reference Formula (1) in reference (1).

4Z'roo&k ( (E)''t 4u(v) (2 E& 4o(v)—
I 1+I —

I I
—:»z-f(z) -I ——

I
-S»z-f(z)

137 k i, (Eo) ) 4 t,3Eo) 4

Formula 3CS(a)—Complete screening (y=O or pi(y=O) =4 ln183, &2(y=O) =pi(7=0) —-', ).
Formula 3CS with y=O.

4Zoroodk (E is 2 E 1EI
1+I —

I

——[in(183Z &) —f(Z) j+-—.
137 k (Eo) 3 Eo 9 Eo

Formula 3CS(b)—Arbitrary screening.

4Z re dk (' (E)~) dq I"( dq
dos= —

I 1+I —
I I

I (q —s) (1—F(q}}~+ f(Z) —-', EoE
I

q' ——6iPqla +3s'q 4so I(-—F(q—))o—+o—f(Z)
137 k It, (Fop j J g qs Jot, ) q4

where
8=k/(2EoE).
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TAmE II.—(Contieged).

Formula 3CS (c)—Intermediate screening I (y &2).
Formula 3CS with pI(y) and pbbs(y) given in Fig. 1.

Formula 3CS (d)—Intermediate screening II (2 &y &15).
Formula 3CS with pI(y) =&2(y) = 19.19—4 lny —4c(y) with c(y) given in Fig. 2.

4Z'rp'dk (E )~ 2 E 2EpE

137 k EEp) 3 Ep k

—' —c(y) —f(Z)

Formula 3CN—Nonscreened case (y= ~ or c(y) =0).
Formula 3CS with y= ~.

4Z'rp'dk (E) ' 2 E 2EpE
+) —

~

——— » : f(z—) —.
137 k EEp) 3 Ep k

Formula 4CS—Total radiation cross section.
Approximation Q). Reference formula (45) in reference (k).

4Vrp' 1
ln{183Z &}+—f(Z)

137 18
Formula 4CN—Total radiation cross section.

Approximation (J). Reference formula (44) in reference (k).

4Z2r 2

+sa = Pln2Ep —
q
—f(Z)j

137

energies, the photon emission angle, and screening cor-
rections is presented in Figs. 3—10.These graphs provide
various types of theoretical intercomparisons primarily
for energies above 1 Mev. Such a detailed examination
of the predictions is useful only for the high-energy
region where the theories are reasonably accurate and
require much smaller corrections than in the low-energy
region. The high-energy intercomparisons rely heavily
on the extreme-relativistic predictions of SchiG" which
depend on the validity of the complete screening
approximation Lsee Sec. IIE (3)j. The Schiff formulas
are given in a relatively simple analytical form, and
have been used extensively for estimating the spectrum
shape from a high-energy accelerator even though other
more complicated formulas with intermediate-screening
approximations are believed to be more accurate (see
Table V).

(1) Dependence of the Bremsstrahlung Spectrum
on Electron Energy

Figure 3 shows the dependence of the bremsstrahlung
spectrum (integrated over the photon directions) on
various initial electron kinetic energies for a platinum
target (Z=78). The spectra for 0.05- and 0.5-Mev
electrons were calculated from Formula 3BN. The
spectra for 5-, 50-, and 500-Mev electrons were cal-
culated from Formula 3BS(e). Figure 4 compares
spectrum shapes predicted by Formula 3BS(e) for
various electron energies.

(3) Dependence of the Bremsstrahtung Spectrum
on Photon Angle

Figures 5(a)—(e) show the dependence of the spec-
trum shape on the reduced photon angle, E0, as ob-

'4 L. I. SchiG, Phys. Rev. 83, 252 {1951).

TABLE III.Approximations, conditions of validity, and references
for bremsstrahlung formulas of Tables I and II.

Approximation

A. Nonscreened
B. Nonscreened
C. Nonscreened
D. Complete screening
E. Complete screening
F. Complete screening
G. Approximate screening

potential:
H. Born approximation
I. Nonrelativistic
I. Extreme relativistic
K. Small angles
L. Large angles
M. Approximation in electron

angle integration. Result
not accurate for

N. Small angles

Condition of validity

60Z& (1+Pp'8') » (EpE/k)
137Z~&&(EpE/k)
Ep«137Z &

6OZ& (1+Po 8o )«(E~/k)
137Z-&&)(EpE/k}
Ep))137Z~
(Ze/r) exp (—r/a)

(27rZ/137Pp), (2m'Z/137P) «1
pp«1
Ep, E, k)&1
sin8=8
80»o
8,& (Zl/111E,)

-'.- &Pp8p&5

a H. Bethe and W. Heitler, Proc. Roy. Soc. (London) 4146, 83 (1934).
b H. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1933).
e W. Heitler, Quantum Theory of Radiation (Oxford University Press,

London, 1954), third edition, p. 244.
d F. Sauter, Ann. Physik 20, 404 (1934).' G. Racah, Nuovo cimento 11, 469 (1934).
g R. L. Gluckstern and M. H. Hull, Jr., Phys. Rev. 90, 1030 (1953).I A. Sommerfeld, Wellenmechanik (Frederick Ungar, New York, 1950),

Chap. 7.
h L. I. Schiff, Phys. Rev, 83, 252 (1951).
I P. V. C. Hough, Phys. Rev. 74, 80 (1948).
& E. Segre, BsperAnental Nuclear Physics (John Wiley & Sons, Inc. , New

York, 1953), p. 260.
l Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954).
I H. Olsen, Phys. Rev. 99, 133S (1955).
m Olsen, Maximon, and Wergeland, Phys. Rev. 106, 27 (1957).
n H. Olsen and L. C. Maxlmon, Phys. Rev. 114, 887 (1959).

tained from Formula 2BS. The 6gures show that as the
emission angle increases, the relative number of high-
frequency photons increases until the trend reverses at
the larger angles. For comparison, the spectrum shape
integrated over the emission angle is evaluated from
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i.O—

.8
I-

x
4JI-

.6

I-

LLI0'
.4

O.SI TO ~ 300 Mev

Z 78

over the photon angle), Formula 3BS (Bethe-Heitler's
formula integrated over the photon angle), and the
latter formula including the Davies, Bethe, Maximon
correction (Formula 3CS and Sec. IIE(1)].The three
curves that are integrated over photon angle are appre-
ciably different in shape. For example, the curves
labeled "Schiff" and "Davies, Bethe, Maximon" are
10% diGerent for an electron kinetic energy of 10 Mev
at a fractional photon energy of 0.7 with the normaliza-
tion used in this figure. For the sake of completeness,
the spectra corrected for multiple scattering are also
plotted in these figures. The multiple scattering cor-
rection as calculated by Hisdal" is discussed in Sec. IV.

E. Corrections for the Cross-Section Formulas

0
0 I.O.2 ,6 .e

k/To
FIG. 5(e)

Fjo. 5 (a) Dependence of the SchifF spectrum shape on the photon
emission angle, H0, for 10-Mev electrons and for Z= 78. The data
are obtained from Formula 2BS (solid lines) and from Formula
3BS(e) (dashed line). The values for the intensities (de6ned as pro-
portional to the product of the photon energy and number per unit
time) are normalized to unity at the zero photon energy. (b) De-
pendence of the Schiff spectrum shape on the photon emission
angle, H0, for 20-Mev electrons and for Z= 78. (c) Dependence of
the Schiff spectrum shape on the photon emission angle, H0, for
40-Mev electrons and for Z=78. (d) Dependence of the Schiff
spectrum shape on the photon emission angle, H0, for 90-Mev
electrons and for Z=78. (e) Dependence of the SchiG spectrum
shape on the photon emission angle, H0, for 300-Mev electrons.

(3) Screening sects and Coulomb Corrections

Figures 10(a)—(e) intercompare Formula 2BS (0'
Schiff), Formula 3BS(c) (Schiff's formula integrated

given energy that are included within the angular limits
from zero to ZOO; these curves are obtained by graphical
integration from Figs. 6(a), (c), and (e) for initial elec-
tron kinetic energies of 10, 40, and 300 Mev.

Figures 5—8 present some predictions of the Born-
approximation formulas given in Table I. For com-
parison, the spectrum shapes as a function of the photon
emission angle that are predicted by the more accurate
extreme-relativistic Formula 2CS(c) in Table II, are
shown in Figs. 9(a) through (e) with a normalization
of unity for zero photon energy. The spectra for elec-
tron kinetic energies of 10, 20, and 40 Mev, Figs. 9(a),
(b), and (c), are predicted with a zero Coulomb cor-
rection factor, f(Z)=0, in Formula 2CS(c), and the
spectra for electron kinetic energies of 90 and 300 Mev,
Figs. 9(d) and (e), include the Coulomb correction
factor for Z=78. A comparison of the spectral shapes
with and without the Coulomb correction factor shows
only small differences compared to the larger effects that
occur with different types of screening approximations.

Various corrections have been obtained for the for-
mulas given in Sec. IIC. These corrections may be
classified according to three types: (1) Coulomb cor-
rections, (2) high-frequency-limit corrections, and (3)
screening corrections. In each case, the correction is re-
stricted to a particular energy region, and is intended
to apply only to the formula for a particular differential
form of cross section as specified below.

Ppf 1—expL —(2prZ/137Pp)]}

P(1—expL —(2m Z/137P)]}
(II-6)

This factor is valid only if (Z/137) (P '—Pp ')«1. This
requirement forbids the use of the Klwert factor near
the high-frequency limit. In addition, the Klwert cor-
rection was derived on the basis of a comparison be-
tween the nonrelativistic Born-approximation and the
nonrelativistic Sommerfeld calculations. Therefore the
factor is restricted to nonrelativistic electron energies.
For higher electron energies (of the order of the electron
rest energy), the experimental results in Sec. IIF show
that the Elwert factor breaks down. As a rough guide,
the Klwert factor may be expected to give results that
are accurate to about 10% for electron energies below
about 0.1 Mev.

(b) Intermediate energies In the energy .—region from
roughly 0.1 to 2.0 Mev, Coulomb corrections to the
Born-approximation formulas are not available in
analytical form. Therefore these corrections must be
estimated empirically from experimental results (Sec.
IIF). For the cross-section formulas differential in
photon energy, do.h„such empirical corrections cannot

"E.Hisdal, Phys. Rev. 105, 1821 (1957)."G. Elwert, Ann. Physik 34, 178 (1939).

(I) Coulomb Corrections

(a) 1tlonrelatipistic energies In the.—nonrelativistic
region where To«1, Elwert" has estimated a multipli-
cative Coulomb correction factor for the cross-section
Formula 3BN(a). The Elwert factor, fE, can be
written as
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TABLE IV. Ratios of Thomas-Fermi to Hartree
atomic form factors.

(
Thomas-Fermi ) (Thomas-Fermi )

Hartree j carbon ( Hartree J mercury

0.1
0.2
0.3
0.4
0.5

1.11
2.50
3.67
4.10
4.63

0.802
1.00
1.07
1.15
1.26

2 R. McGinnies (private communication).

Oppenheim'4 for carbon and mercury. These differences
produce different estimates for the pair production
cross section: for example at 60 Mev, the cross section
for carbon with the Hartree form factor is increased by
~%%uo above the cross section calculated with the Thomas-
Fermi form factor."Comparable detailed information

is not available for the bremsstrahlung process. How-
ever, general conclusions are possible on the basis of a
comparison of the maximum impact parameters for
bremsstrahlung and pair production. The maximum
impact parameter for bremsstrahlung is (2EoE/k) and
the similar expression for pair production is (2E+E /k)
where E+ and E are the total energies of the positron
and electron. By varying the values of E and k for
fixed Eo in bremsstrahlung and the values of E+ and
E for fixed k in pair production, we find that the im-
portant impact parameters in bremsstrahlung are
larger on the average than those in pair production. This
fact explains why the screening effect is much larger on
p„dthan on p~„,for equal values of Eo and k (see, for
example, the total cross sections for the two processes
in reference 9, pp. 252 and 262). The larger screening
effect indicates that the use of the Hartree form factor
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in place of the Thomas-Fermi factor will have a greater
effect on p„gthan on p~„,.

The first detailed study of the inQuence of form
factors on screened bremsstrahlung cross sections was
made by Bethe."Bethe's calculations, which are surn-
marized in the formulas of Tables I and II, consider
four types of screening:

1, complete screening condition: y=0;
2, intermediate screening condition I:y &2;
3, intermediate screening condition II: 2 &y (15;
4, no screening condition: y»1.

2.2

2.0 —45

I8
C
O

ID

o~ I.6

I4

O

b
l2—

I.O—

I I I I I III

OAVIES, BETHE, MAXIMON

I I I I I llli I I I I I ill[

The Bethe'~ and Bethe-Heitler" screening calculations
with intermediate conditions I and II were performed
numerically using the tabulations of the atomic form
factor for the Thomas-Fermi model given by Bethe."

In the work of Schiff" analytical calculations were
made possible by the use of the complete screening
condition (y=0) and an approximate screened atom
potential, V, given by (Ze/r) exp( —r/a), where a
=(111/Z&). The atomic form factor, F,(q,Z), corre-
sponding to this potential is given by the quantity
L1+(aq)'j '. For many purposes the Schiff Formulas
2BS and 3BS(e) are suKciently accurate. SchiIP4 notes
that compared to the intermediate screening Formula
3BS, the complete-screening Formula 3BS(e), "is
larger than it should by by less than 2% for moderate
values of Z and is never more than 4% high in the worst
case of large Z and energies such that screening is
incomplete. "

A third procedure for including form factor effects
was developed by Moliere. ~ By approximating the
Thomas-Fermi potential with a simple analytical ex-
pression, he obtained the following relation:

.8
I.O

I lllll I ~r I

IO
PHOTON ENERGY, Mev

Fzo. 11.Dependence of the pair cross-section ratio, do~. (true)/
4r~;, (Born), on the photon energy. The solid curve is taken from
Grodstein~ and the dashed curve is taken from reference 13.

IOO
I (-C~l'

SAUTER- FANO
- CORRECTEO. SAUTER-FANO

F. Comparison of Theory and Experiment

Very few experimental determinations of the brems-
strahlung cross section are available for comparison
with the estimates given in Secs. IIC, D, and E. At
present, experimental data on cross sections have been
obtained for electron kinetic energies of 34 kev" by
Amrehn" and Ross," 50 kev by Motz and Placious, "
90 to 180 kev by Mausbeck" and Zeh, '4 0.5 and 1.0
Mev by Motz, " and 2.72, 4.54, and 9.66 Mev by

L1—F,(q Z)] 3 n;

q2 i I PP+q2

where a~=0.10, +2=0.55, 0.3=0.35,

(II-12)
a ltd

7s ~

~
7~ I3

p, =Z b;/121; bi=6 0, b2 1..20, b, =0.30——.

The Moliere function has been applied by Olsen and
Maximon to obtain intermediate screening formulas
that include Coulomb corrections.

The most accurate predictions of screening correc-
tions to bremsstrahlung cross sections for specific
target elements can be obtained by the use of the
Hartree form factors in the formulas that permit the
use of arbitrary form factors, e.g. , Formulas 3BS(b)
and 2CS(b). Unfortunately, the screening corrections
for these formulas must be evaluated numerically and
are not as convenient to use as the complete screening
formulas just discussed.

2~ H. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934).
2' H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83

(1934).
29 H. Bethe, Ann. Physik 5, 385 (2930).~ G. Moliere, Z. Naturforsch. 2a, 133 (1947).

l I l I I lilt I I I I IIII| I I I I I IIII I I I I IIII
.OI O. l IO 10 IOO

ELECTRON KINETIC ENERGY, M e v

FzG. 12. Dependence of the bremsstrahlung cross section at the
high-frequency limit, integrated over photon direction, on the
incident electron kinetic energy. These data are obtained from
reference 21, and the dashed curves are estimated to give the
most accurate values for the cross section.

"Most of the experimental data that is available in this low-
energy region has been produced by the pioneering work of
KulenkampG and co-workers. Their measurements give extensive
information about relative angular distributions and spectra from
thin targets, and show general agreement with the nonrelativistic
Sommerfeld theory. ' The details of their various results are not
included in this report which is primarily concerned with absolute
cross-section measurements and comparisons with the Born-
approximation theory.

» H. Amrehn, Z. Physik 144, 529 (1956); D. Riess, thesis, Uni-
versity of Wiirzburg (December, 1957)."J.W. Motz and R. C. Placious, Phys. Rev. 109, 235 (1958)."H. Mausbeck, thesis, University of Wiirzburg (2957); H. Zeh,
thesis, University of Wiirzburg (1957).

'5 J. W. Motz, Phys. Rev. 100, 1560 (1955).
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Starfelt and Koch." The important results of these
studies are combined and summarized below.

(I) Cross Section Dig-erentiat zn Photon
Energy and Angle

For electron kinetic energies that are small compared
with the electron rest energy, the experimental re-
sults" " show general agreement with the Sommerfeld
theory' except for certain minor discrepancies which
probably occur because the theory does not account
for relativistic and screening eGects. On the other hand,
the Born-approximation theory (Formula 2BN) is
seriously inadequate in this energy region and no
analytical correction factors for the Born-approxima-
tion formula are available in this differential form.
Furthermore, no quantitative studies are available on
the importance of screening.

For electron kinetic energies that are of the same
order of magnitude as the electron rest energy, the
Born-approximation theory (Formula 2BN) under-
estimates the experimental cross section'4 "as shown by
the comparison in Fig. 16. These data also show that
the di6erences between the theory and experiment in-
crease with (a) the photon energy, (b) the photon a.ngle,
and (c) the atomic number of the target.

For electron kinetic energies that are large compared
with the electron rest energy, the experimental results"

36+. Starfelt and H. W. Koch, Phys. Rev. 102, 1598 (1956).

agree within 10%with the Born-approximation theory.
For example, in Fig. 17, the experimental cross sections
for gold at 4.54 Mev" show general agreement with the
predictions of the screened, extreme-relativistic Schiff
Formula 2BS and of the unscreened Sauter Formula
2BN. There are differences in detail (generally less
than 10% in this energy region): (a) near the high-
frequency limit, the experimental cross sections are
greater than the Schiff cross sections which in turn are
greater than the Sauter cross sections; (b) in the low-
frequency region, the experimental cross sections show
good agreement with the Schi8 cross sections, but are
less than the unscreened Sauter cross sections. For low
Z targets, there is better agreement with the Sauter
formula.

(2) Cross Section DQferenti-al in Photon Energy

A comparison" of experimental and theoretical values
for the cross section differential in photon energy, do-I„
is given in Figs. 18—21 for electron energies of 0.05, 0.5,
1.0, and 4.5 Mev. Each of these figures gives the esti-
mates of (a) the Born-approximation cross sections
/Formulas 3BN or 3BN(a)); (b) the corrected Sauter-
Fano cross sections at the high-frequency limit LSec.
IIE(2)); (c) the Elwert-Born approximation cross sec-
tions LSec. IIE(1)]; and (d) the experimental results.
The solid lines show the cross sections computed from
Formula 3BN(a) for 0.05 Mev, and Formula 3BN for
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FIG. 14. Evaluation' of the atomic form factor, F (q,Z), for the Hartree self-consistent field model (solid lines) and for the
Thomas-Fermi model (dashed line), as a function of the nuclear momentum transfer, q.

0.5, 1, and 4.5 Mev. The dashed lines give the Born-
approximation cross sections corrected by the Elwert
factor defined in Formula (II-4). The comparison with
the experimental results shows that the Elwert correc-
tion gives the most accurate results at very low energies
(below 0.1 Mev). For electron kinetic energies of the
order of the electron rest energy, the cross sections ob-
tained with the Elwert correction factor are still less
than the experimental values (by as much as a factor
of two in the worst case). For very high energies, the
Born-approximation theory overestimates the actual
cross sections, and the Elwert factor is no longer valid,
although it gives good agreement with experiment in the
5-Mev cross-over region [see Sec. IIF(3)]. The cor-
rected Sauter-Fano cross sections at the high-frequency

limit show good agreement with the experimental re-
sults as noted previously in Fig. 12.

(3) Total Cross Section

The experimental values for the total cross section,
&t&„s (de6ned in Sec. IIC), are shown in Fig. 22 by the
closed and open circles for initial electron kinetic en-
ergies of 0.05 Mev, " 0.5 Mev, " and 1.0 Mev." The
theoretical values are shown by the solid lines, which
are predicted by Formulas 4BN(a) in the region where
To&0.5 and by Formula 4BN for no screening. The
curves that include screening corrections for 2= 13 and
79 are obtained by numerical integration of the inter-
mediate screening Formulas 3BS(c) and 3BS(d). For
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FIG. 18. Dependence of the bremsstrahlung cross section in-
tegrated over photon angle on the photon energy for 0.05-Mev
electrons. The Born-approximation cross sections shown by the
solid curves are calculated from Formula 3BN(a), and the Born-
Elwert cross sections shown by the dashed curves are obtained
from the product of Formula 3BN(a) and the Elwert factor,
Formula (II-4). The experimental values~ are shown by the open
and closed circles for gold and aluminum, respectively. The cor-
rected Sauter-Fano values at the high-frequency limit are esti-
mated in reference 21.
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FIG. 17. Dependence of the br emsstrahlung cross section
dirk, 8p,p for gold, on the photon energy and angle, 8p, for 4.54-Mev
electrons. The theoretical cross sections are given by the solid
curve (Schi6, Formula 2BS), and by the dashed curve (Sauter,
Formula 2BN). The experimental values'6 for gold are given by
the open circles.

2T For Z=13, the corrected values for energies above 50 Mev
have only small differences (less than one percent) with the values
shown by the solid line for Z=13.

extreme-relativistic energies, the triangles give the
most accurate theoretical cross-section values" for
Z=79, which are estimated by numerical integration
of the Coulomb-corrected Formula 3CS. The most
accurate values for @„~,which are estimated from the

above combined data, are shown by the dashed curve
for Z=13 and the dot-dashed curve for 2= 79.

Approximate correction factors for the Born-approxi-
mation p„~values with screening have been estimated
as a function of the initial electron kinetic energy from
the ratios of the cross-section values shown in Fig. 22
by the empirical (dashed and dot-dashed) curves and
by the Born-approximation curves with screening.
These estimated factors are given in Fig. 23, and show
that the ratios are equal to unity at the energy of
approximately 10 Mev for aluminum and 6 Mev for
gold. For energies larger than these crossover energies,
the Born-approximation formula overestimates the
cross section; for smaller energies, the reverse is true.
Even though the correction factor for P„dmay be close
to unity for a given electron energy, much larger (or
smaller) correction factors may be required for the
differential cross section, day„ in the high- or low-fre-

quency region because of a crossover efFect (see Fig. 39
in Bethe and Salpeter, reference 1), which is masked

by the integration of da&. It is interesting to observe in
Fig. 23, that the maximum correction factor for the
Born-approximation calculations occurs at electron
kinetic energies approximately equal to the electron
rest energy.
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are the same as the Born-approximation formulas in

Table I except for differences in the screening correc-
tions which are reviewed in Sec. IIE(3).

An estimate of the general accuracy with which the
formulas in Tables I and II predict the cross-section
values over the whole range of electron energies can be
obtained from a comparison of the theoretical and ex-
perimental predictions for @„qin Figs. 22 and 23.

For the cross-section differential in photon energy,
do.q, a summary of the corrected formulas for specified
energy ranges of the incident electron is given in Table
V. Conservative estimates of the accuracies of these

0
Z= I36—

l
'

l
'

l
'

I

I2—Z= 79
—BORN 05ITO I 0 Nlev

-----BOR N-ELWERT

IO—

I

0 G. I 0.2 0.3 0.4 0.5
PHOTON ENERGY, Me v

COR RECT EO
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FIG. 19. Dependence of the bremsstrahlung cross section inte-
grated over photon angle on the photon energy for 0.5-Mev elec-
trons. The Born-approximation cross sections shown by the solid
curves are calculated from Formula 3BN, and the Born-Elwert
cross sections shown by the dashed curves are obtained from the
product of Formula 3BN and the Elwert factor, Formula (II-4).
The experimental values" are shown by the open and closed
circles for gold and aluminum, respectively. The corrected Sauter-
Fano values at the high-frequency limit are estimated in refer-
ence 21.

E 2—
b

O

CORRECTED
~SAUTER- FANO

G. Summary

A survey of the foregoing data leads to some general
conclusions about the accuracy of the cross-section
values predicted by the various formulas and correction
factors. Also, suggestions can be made for selecting
formulas that give the best estimates for the cross sec-
tion or that can be easily evaluated to give reasonably
accurate results. These judgments are summarized in
the following.

In Table I, the screened formulas depend on the ex-
treme-relativistic approximation and therefore are valid
only in the energy region Tp&)i. For Tp&(1, only the
nonscreened formulas are applicable. '8 The nonscreened
formulas require relatively large correction factors ex-
cept in the region nea. r the crossover energy (see Fig.
22). At the extreme relativistic energies the nonscreened
formulas are less accurate than the screened formulas.

In Table II, the extreme-relativistic cross section
formulas for do-a, ep, y and do-I, are estimated to have an
accuracy that is given approximately by the factor
(Z/137)'(lnE/E). For f(Z) =0, the formulas in Table II

"A Born-approximation formula that includes screening effects
without the extreme-relativistic approximation, has been given by
Gluckstern and Hull, Phys. Rev. 90, 1030 (1953). This formula
applies mainly to the low-frequency region and has been found
to be inadequate" in the high-frequency region.

CORRECTED
i~SAUTER- FANO

0 0.2 0.4 0.6 0.8 I.O
PHOTON ENERGY, M e v

FIG. 20. Dependence of the bremsstrahlung cross section inte-
grated over photon angle on the photon energy for 1.0-Mev
electrons. The Born-approximation cross sections shown by the
solid curves are calculated from Formula 3BN, and the Born-
Elwert cross sections shown by the dashed curves are obtained
from the product of Formula 3BN and the Elwert factor, Formula
(II-4). The experimental values" are shown by the open and closed
circles for gold and aluminum, respectively. The corrected Sauter-
Fano values at the high-frequency limit are estimated in refer-
ence 21.

formulas have been made on the basis of the experi-
mental data assembled in this report. The greatest un-
certainties are in the energy range from 0.10 to 2.0
Mev. Because of the uncertainties of screening effects,
no corrected formulas are given for the energy region
below 0.1 Mev. These corrected formulas are tentative
and it can be expected that some will be replaced by
more accurate expressions as more data becomes
available.

For the cross-section formulas differential in photon
energy and angle, do.e, ep, p, no quantitative corrections
are available for low and intermediate energies because
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of insufficient data. For extreme relativistic energies,
the most accurate estimates (3%) for dot. , oo4 are given

by Formula 2CS.

I lllll I I I III

III. ELECTRON-ELECTRON BREMSSTRAHLUNG

The bremsstrahlung cross-section formulas for elec-
tron-nuclear interactions in Sec. IIC vary as Z'. For tar-
gets with high atomic numbers, the additional influence

of electron-electron bremsstrahlung can be included

approximately by replacing Z' by Z(Z+1). However
for very low Z elements such as hydrogen or beryllium,
the electron-electron bremsstrahlung contributions must
be included more accurately. Cross-section calculations
for this process are complicated because of the exchange
character of the interaction in which there is a large
energy and momentum transfer to the recoil electron,
in contrast to the electron-nuclear bremsstrahlung proc-

'4P I ) I
t

I
t

I
)

I
)

I

Zo78 P.5ITce 4.54 Mev

3.2

2.4

1.6

CORREGTEO
~SAU TFR-

FANP

p i t I .t I t I t

3.3 3.5 3.7 3.9 4.1

PHOTON ENERGY, Mev
45

FIG. 21. Dependence of the bremsstrahlung cross section inte-
grated over photon angle on the photon energy for 4.54-Mev
electrons. The Born-approximation cross sections shown by the
solid curve are calculated from Formula 3BN, and the Born-
Klwert cross sections shown by the dashed curve are obtained
from the product of Formula 3BN and the Elwert factor, Formula
(II-4). The experimental values" are shown by the open circles
for gold. The corrected Sauter-Fano values at the high-frequency
limit are estimated in reference 21.

A. Maximum Photon Energy

In the electron-electron bremsstrahlung process, the
maximum photon energy that is available in the
laboratory system at the laboratory angle tIIO is"

k, =F/(1 gF cos8o), —(III-1)

where F is equal to (Eo 1)/(Eo+1). Table —VI gives
some values of k at zero and 90 degrees obtained from
Formula (III-1) for various incident electron kinetic

"For a general review of the available theories on electron-
electron bremsstrahlung, see J. Joseph and F. Rohrlich, Revs.
Modern Phys. 30, 354 (1958).

ess in which the nucleus is assumed to be in6nitely
heavy. No complete calculations are available for pre-
dicting the detailed features of electron-electron brems-
strahlung. '9 A summary of pertinent results that have
been obtained is given in the following.

z 8—
0

1~ l3

\
EMPIRICAL

energies. From the very sparse experimental informa-
tion"" available on electron-electron bremsstrahlung,
some results" have shown reasonably good agreement
with the values of k, predicted by Formula (III-1).

B. Cross-Section Formulas for Free Electrons

(1) Xonrelatioistic Energies

In contrast to the electron-nucleus and electron-
positron systems, the electron-electron system has no

TABLE V. Corrected cross-section formulas for do.fe.

IGne tie energy
range for inci-
dent electron,

Mev
Corrected cross-
section formulaa Restrictions

Estimated
accuracyb

0.01—0.10
0.10—2.0
2.0-15

do. f, ——fEdo f,
3BN (a) k &0.01Tp ~5+0

dole= A fE&f, k )0.01Tp ~20Fo
do.f,

——Ado l,
3BN b

=Ado. f,
3BS(d) 2 &~&15 ~5%%u

=A do k3B S (c)

do ~
—do k3BN ~&15 b
=Ado' s(d) 2&p&15 ~3/
—A dfrIe3 8 (c)

do.~
—d~~3BN y &15 b
—do &3cs(a) 2 &y & 15 ~30/
—d~~3c s (b)

where fE is dehned in Formula (II-6), A is the
correction factor given in Fig. 23, p is equal to
the quantity 100k(EpEZ&) '.

15-50

50-500

a The superscripts for dtrg give the formula numbers defined in Sec. IIC.
b No estimated accuracy is given at photon energies near the high-

frequency limit of the spectrum. If better accuracy is desired in this region,
the cross section at the high-frequency limit can be obtained from the
dashed, curves in Fig. 12, and the spectrum shape may be adjusted by fitting
this end to the curves given by the formulas in column 2 above.

3 I I I IIIII I I I lllli I I I lllli I I I IIIII I I I I IIII
.Pl O. I I.O IO IOO opo

To

FzG. 22. Dependence of the total radiation cross section,
y~r = (1/Ep}J; Dkdogj, on the initial electron kinetic energy, Tp.
The solid lines are obtained from Formula 4BN for no screening,
and from the numerical integration of Formulas 3BS(c) and
3BS(d) with screening corrections for Z equal to 13 and 79. The
experimental points~" are shown by the open and closed circles
for a gold and aluminum target, respectively. The values shown by
the triangles are estimated by numerical integration of Formula
3CS for Z=79. On the basis of the experimental data at the low
energies and the theoretical values (triangles) predicted by the
exact theory at the extreme relativistic energies, the dashed
curves have been drawn as an estimate of the most accurate @ d
values for Z equal to 13 and 79.
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(2) Extreme Re-lativistic Energies

Several calculations" based on the extreme-relativistic
approximations give the following approximate formula
for the cross-section diGerential in photon energy:

4rpozdk ( t E~2 2 Ey—
I 1+I —

I
——

I
137 k ( I Ep) 3 Ep)

2EpE 3 ) EpE
X

~

» —
)
—,(III-4)

2) 9

which is similar in form to the electron-nuclear cross-
section Formula 3BN(b).

The total radiation cross section obtained from For-

I

oo
O. l I,O IO loo l000

TO

FIG. 23. Approximate correction factors for the Born-approxi-
mation p q values with screening shown in Fig. 22. These factors
have been estimated from the ratios of the empirical (dashed and
dot-dashed) curves to the Born-approximation curves with screen-
ing in Fig. 22.

28

26

dipole moment. Therefore the electron-electron brems-
strahlung cross section becomes zero for calculations
based only on the nonrelativistic dipole approximation.
Garibyan~ has made calculations beyond the dipole
approximation and has obtained the following non-
vanishing result for the cross-section differential in

photon energy:

rp'Z t'8 P dk) 3(Pp' —P')'
(
———

[
17-

137 &15 Po' k ) (Poo+P2)2

(Po'+P' Pop 24Po'P' )
+] +26

PP P 2+P2 (P 2+p2)2)

24

22

20

I8

0.5 I.O

IOOk

E Ez0

1.5

which for k —+ 0 becomes"

)Po+Pi
X ln

( ), (III-2)
L.p, —p)

FIG. 24. Screening factors, " &I and Itt2, for electron-electron
bremsstrahlung. The curve marked "Hydrogen atom" was calcu-
lated" with exact wave functions. For free electrons, $1 =Itt 2=1tt.

mula (III-4) is given as

ro'Z 32dk 1 ( 4Po' 17)
dao o'= ———

(
ln +—

( . (III-3)
137 5 k Pp'4 k 12)

4rp'Z
ItI„e'= Dn(2Ep) ——,

' j.
137

(III-5)

These results are only valid for T«(1.

TABLE VI. Maximum photon energy for electron-
electron bremsstrahlung.

TQ
&max

eo =Oo 8o =90

100
10
1.0
O.i
O.oi

99.
9.7
0.79
0.069
0.0054

0.98
0.83
0.33
0.048
0.0050

40 G. M. Garibyan, Zhur. Eksptl. i Teoret. Fiz. 24, 617 (1953}.

C. Cross-Section Formulas with
Binding Corrections

The influence of atomic binding on the electron-
electron bremsstrahlung cross section has been calcu-
lated only in the extreme-relativistic approximation.
With the Thomas-Fermi model, the corrected formula
for the cross-section difFerential in photon energy is"

4rp2Z dk- ( (E) 2)—
) 1+( —

) )(g,(.)—1—InZ&)
137 k. & (Ep) )

2 E———(g 2(o) —o
—lnz&), (III-6)

3Ep
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The total radiation cross section which is obtained
for the complete screening case from (III-7) is given by

p p' ——(4rp'Z/13'l) ln(530/Z'). (III-8)

A comparison of this Formula (III-8) with the electron-
nuclear bremsstrahlung cross-section Formula 4BS
shows that the Z electrons in an atom increase the
electron-nuclear cross section by the factor q so that
the total cross section becomes

' ——Z(Z+g)(y p' '/Z'). (III-9)

I0

0.8—

where p is equal to 100k(EpEZI) —', and f& a,nd Pp are
given4' by the data in Fig. 24. For complete screening
where e 0, the cross section becomes

4rp'Z dk f (E) ' 2 E) 530
(III-7)

137 k ( I Ep] 3 Epl ZI

total bremsstrahlung power, the shape of the brems-
strahlung spectrum from an x-ray tube, or the efficiency
of bremsstrahlung production can be calculated if
detailed data are available with regard to the brems-
strahlung and electron scattering (elastic and inelastic)
processes. However, any such analysis is necessarily a
complicated procedure, since the calculations for the
energy loss and scattering of the primary electrons and
the absorption of the x-rays in the target must be in-
cluded with the cross-section information of Sec. II.
Also, the analysis depends on the characteristics of a
given experimental situation. For these reasons, this
paper does not give a complete, systematic treatment
of thick-target bremsstrahlung production; instead it is
confined to the presentation of pertinent experimental
data as well as useful analytical results and procedures.
Also, emphasis is placed on thick-target results that
give absolute data on photon intensities and brems-
strahlung production eQiciencies.

Some of the analytical results for thick-target brems-
strahlung are most conveniently expressed in terms of
certain quantities which are defined in the following
discussion. When an electron traverses a target, the
average energy lost in the path length element dx by
radiation can be written as

0.4—
dEp .VEp(K—y„p*)——dx= KEpdt, (IV-1)

0.2—

For complete screening, q is given by

530 ( i83 i i+—i,ZI & ZI 184
(III-10)

which varies from 1.04 for magnesium to 0.88 for lead.
For most cases, a value of p equal to unity is sufficiently
accurate.

IV. THICK-TARGET BREMSSTRAHI UNG
PRODUCTION

Sremsstrahlung is produced in thick targets for most
practical cases. In this discussion, a target is defined to
be thick if the scattering and energy loss processes that
occur as the electrons traverse the target have an
appreciable influence on the bremsstrahlung production.
In principle, a complete description of the brems-
strahlung emitted from a given target can be obtained
from the cross sections for the pertinent elementary
processes. For example, the angular distribution of the

"J.A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939),
and 101, 1836 (1956).

I I I IIIII I I I I IIIII I I I I IIII
I.Q IO IOO IOOO

INITIAL ELECTRON KINETIC ENERGY, Mev

Fzo. 25. Dependence of the radiation probability correction
factor, E{=p~/p~*},on the initial electron kinetic energy and
the target atomic number.

where E is the number of target atoms per cm' and
E@ d* is equal to the cross section p„ddefined in Sec.
IIC. P„e*is equal to (4Z'rpP/137) ln(183Z I) cm', which
is approximately the same as the expression for p„&
at extreme-relativistic energies (see Formula 4BS). K
is defined as the radiation probability correction factor
and is plotted in Fig. 25 for various values of the target
atomic number and the electron kinetic energy. The
length t is given in units of the radiation length, to,
which is defined as

tp 1/1',~* c——m. (IV-2)

Values for tp in units of g/cm' as a function of the target
atomic number are plotted in Fig. 26.

A. Thick-Target Bremsstrahlung
Angular Distributions

(I) 1Vonrelatipistic and Intermediate L'nergies4'

For electron energies that are small or comparable
to the electron rest energy, no analytical or empirical
formulas have been derived for estimating the brems-
strahlung angular distribution from thick targets, and
only a few experimental results are available.

In contrast to the extreme-relativistic region, the
radiation intensity produced at these low energies is

~The results that are presented for the nonrelativistic and
intermediate energy region where T0&1 apply only to targets
that are thick enough to stop the electrons. For the relativistic
region where To))1, there is no such restriction on the target
thickness.
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(IV-5)aild
Rc =0~(Be)=10 4(V"0)" for beryllium.

earn. Then with the approximateincident electron beam. e
conversion factor of one o gr ent en e ual to
ergs cm or p o' f h tons with energies in the range rom
0.1 to 2 KIev, 44 we have

Ic = o~(A u) =0.5(K )0' watts/ma-steradian,

I 0~ (Be) =0.05 (To)'4 watts/ma-steradian.(a=p)

From these equations, the fraction, R of the total in-
cident electron kinetic energy t a ist at is radiated per
steradian at zero degrees is

R( =0~(Au) = 10 '(1'o)4 9 for gold,

0 1
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s er s uare centimeterFrG. 26. Radiation lengths in grams p q
for various materials.
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G. 27. An ular dependence of the thick-target bremsstrahlung
i t siy tgra o p 0

trons. These results were obtaine y uec n
d d t 43 and include corrections for theGraa6', Burrill, and per u o an

target.

200'

0& (Au) = 9.4(V',)"roentgens per minute per
ma at 1 meter for gold,

o&(Be)=0.92(V'o)'4 roentgens per mmute
per ma at 1 meter for beryllium,

m c' units forwhere V'p is the electron kinetic energy in mpc

the electrons incident on t-e g
~ ~

h tar et and e is the ang e
between t e p o onh h t direction and the direction o t e

4' Buechner, Van e raa,d G ff Burrill and Sperduto, Phys. Rev.
74, 1348 (1948).

4' W. V. Mayneord, Brit. J. Radiol. Suppl. N .o. 2 136 1950).
For photons ou si e ist d this energy range, the conversion actor has

st be wei hteda signi can energyt ergy dependence and the factor mus g
by the bremsstrahlung spectrum shape.

(Z) Relativistic Er4ergies

remsstrahlungAt high energies, estimates of the re g
angular distribution from thick targets have been made
ont e asiso
tions. irst, e i—. F' the thin-target spectrum integrate

re resenth an le (Formula, 3BS) is assumed to represenI

nd the intrinsiche s ectrum shape for any angle. Secon, e
(thin target) angular spread of the b e gbremsstrahlung

l 2BS) is neglected at large angles where
n))Ep ' but not at small angles where n

e an~les the hoton is assumed to have thethe san1e order fore, at large ang es e
tered

importan a
th l t o th t lt. l. However, same irection as eboth zero and ninety egrees. ox

he hl h t ns bfo t df he bremsstra ung p o.o
lowin ana ytica. .o ly' lh' 4V h h

'
- h

lt h b bt
'

d F l

lar distribution o t e 'j

n les wherep
~

'

l de e e t o rg . ts av
met in s ecific experimental situations. One o t. e Q p

few examples in which angu ar is ri
neral wa with corrections orpresented in a more genera y

the geometry and the targe p
'

net absor tion is to be oun
in the measurements of Buec,. e,hner Van de raa,

urrill and S erduto43 for initial electron kinetic

l s for ber ilium and gold targets are given in ig.resu ts or ery i

27. The curves show the angular epen
ra iation ind

' '
tensity integrated over p oton ener or

s ecified electron energies. These data indica e

and 3 for old at 1.5 iAIev, an
a roximately 40 for beryllium and 4 for gold at . 5
Mev. Also from these ata, we can

f r the power radiated at zeroempirical expressions or
degrees:
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kinetic energy that is radiated per steradian at the
angle, 0,, is given4' as

l00

R(a)QEp 1) =
—bp'O. 'EBp2

Ei
176(hr 1760t

(IV-6)
80

where Bp is the total energy in mac' units of the electron
incident on the target, and Ei is the exponential
integral4'

00 g
—g

—Ei(—y)=~ —dz, &0 for y&0. (IV-7)
p

For small angles where 0,&Ep ', Muirhead, Spicer, and
Lichtblau4~ have obtained the following expression for
the bremsstrahlung angular distribution

60
O

O
O

40

20

0
0 100 200

PRODUCT OF DEGREES AND Mev

E(a& Ep-1)

Ebp'

1760m

—Bp'e' ' —Sp'n'—Ei +Ei (IV-g)
1760t 7.15

FIG. 28. Theoretical bremsstrahlung angular distributions from
thick tungsten targets for relativistic energies. These data are
obtained from the National Bureau of Standards Handbook 55.
R is de6ned as the fraction of the total incident electron kinetic
energy that is radiated per steradian at the angle a.

This formula gives good agreement with experimental
data4' and can readily be evaluated at small angles by
keeping the erst term in the expansion of the ex-
ponential integrals which is

Ei(—zi) —Ei(—z2) ~ ln(zi/z~) for z&,z~ ~ 0. (IV-9)

Thus

Ehp'
In246t, for t))2 X 10 '. (IV-10)~ (a=p)

1760m-

45 J. D. Lawson, Nucleonics 10, No. 11, 61 (1952).
4'Exponential integral functions are tabulated in National

Bureau of Standards Tables of Sine, Cosine, and Exponential In-
tegrals (U. S. Government Printing Office, Washington, D. C.),
Vols. 1 and 2 (MT5 and MT6).

"Muirhead, Spicer, and Lichtblau, Proc. Phys. Soc. (London)
A65, 59 (1952).

For t=0.1 and Bp=3, this formula agrees reasonably
well with the result predicted by the low-energy For-
mula (IV-5). For thin targets, this "on-axis" intensity
becomes4'

R( =0) ——Etio'/kr, for t«2X 10 '. (IV-11)

Estimates of the ratio R /Rt 0& for tungsten (Z=74)
are given in Fig. 28 for three target thicknesses.

Several conclusions for high-energy angular distribu-
tions can be drawn from the form of the Formulas
(IV-S), (IV-10), and (IV-11). The logarithmic form of
Formula (IV-10) shows that most of the radiation comes
from the front part of the target. Also, since the frac-
tional energy radiated depends on 8p', the total energy
radiated at zero degrees will depend on Sp'. Two addi-
tional e6'ects influence the dependence on Sp of the
total radiated energy. The factor E, according to Fig.
25, increases slightly with hp, and for very thick targets
the effective t in Formula (IV-10) will increase loga-

rithmically with hp. Therefore, the total energy radiated
on the axis of the bremsstrahlung beam will depend on
at least a 3.2 exponent for a thin target and on a
slightly higher exponent for a thick target. The specihc
exponent to be used will depend on the energy range
of interest, the eGective target thickness, and the ex-
perimental geometry.

B. Thick-Target Bremsstrahlung Spectra

(f) Xonrelatieistie and Intermediate Energies4'

In this low-energy region the radiation has a broad
angular distribution (see IVA), and the dependence of
the spectrum shape on photon angle is important. 4 No
general analytical expressions which accurately predict
the spectrum as a function of angle for any experimental
situation are available at these energies. Part of the difh-
culty has been the inadequacy of the Born-approxima-
tion cross-section differential in photon energy and
angle (Formula 2BN). Nevertheless it has been possible
to obtain reasonable agreement between theoretical and
experimental thick-target spectrum shapes shown in
Fig. 29 for a particular application" with an initial
electron kinetic energy of 1.4 Mev, photon angles of
zero and ninety degrees, and a tungsten target. In this
example, the experimental results conhrm the theo-
retical dependence of the spectrum shape on photon
angle after distortions due to photon absorption in the
target and surrounding materials are eliminated. The
results also show that the relative number of photons
in the high-frequency region increases as the emission
angle becomes smaller. This trend is just opposite to
the behavior observed for thin-target spectra. "

4'One of the earliest experimental indications of this depend-
ence was found by C. E. Wagner, Physik. Z. 21, 621 (1920).

4' Miller, Motz, and Cialella, Phys. Rev. 96, 1344 (1954).
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FgG. 29. Relative spectral intensities at 0' and 90' for 1.4-Mev
electrons incident on a thick-tungsten target. "The solid curves
are obtained from theoretical estimates that include electron
scattering effects and photon absorption in the materials sur-
rounding the target. The experimental values have been normal-
ized and are shown by the open (zero degrees) and closed (90
degrees) circles. To obtain absolute spectral intensities in Mev per
steradian per Mev per incident electron, the ordinate should be
multiplied by 10 ' for the theoretical curves and by 2.1)&10 ' for
the experimental points.

With regard to estimates of the shape of the spectrum
integrated over the photon direction, Kramers" ob-
tained the following simple, analytical expression:

Ip
——AZ(kp —k), (IV-12)

5' H. A. Kramers, Phil. Mag. 46, 836 (1923).
"For estimates of the thick-target characteristic radiation in-

tensities that are superimposed on the continuous spectrum, see
A. H. Compton and S. K. Allison, X-Rays in Theory and Practice
(D. Van Nostrand Company, Inc. , Princeton, New Jersey, 1949),
pp. 69—89.

I'A detailed summary of such comparisons is given in Natl.
Bur. Standards (U.S.) Handbook 62, 20-24 (1957).

where II, is the energy radiated in all directions in the
energy interval, (k, k+dk), A is a proportionality con-
stant, and kp is the photon energy at the high-frequency
limit. This result was derived on the basis of a nonrela-
tivistic, semiclassical calculation, in which electron
scattering effects (including backscattering) were neg-
ected and only the electron energy loss was considered.

In spite of these limitations and because of its simplicity,
the Kramers Formula (IV-12) has been used extensively
to estimate the thick-target spectrum (not including the
characteristic radiation") at a given angle for various
experimental cases, with corrections included for the
photon absorption in the target and surrounding ma-
terials. Results obtained for various electron energies
in this low-energy region have shown general qualitative
agreement between the theoretical (Kramers) and ex-
perimental spectrum shapes, " and indicate that For-
mula (IV-12) is satisfactory, at least for order of mag-
nitude estimates.

(Z) Relativistic Earner gi
es4'

Two complementary procedures for calculating thick-
target spectra at high energies which include effects of
electron scattering in the target are given by Penfold"
and Hisdal. ~ The Penfold calculations estimate the
thick-target efFects primarily in the high-frequency
region and give the spectrum integrated over photon
directions up to a maximum angle, F, with respect to
the direction of the incident electron beam. The Hisdal
calculations estimate the thick-target efFects on the
over-all spectrum shape in the forward direction and
should not be applied to the high-frequency region.

The Penfold methodl" assumes that (a) the Schiff
Formula 3BS(e) describes the intrinsic spectrum at all

angles; (b) the electron energy loss rather than electron
scattering in the target produces the predominant
efFect on the shape of the spectrum for large values of
I', (c) no electron radiates more than one photon; and
(d) the photon absorption in the target is negligible.
With these approximations, Penfold obtained the fol-
lowing formula for the thick-target spectrum integrated
over photon direction to a maximum angle 1 deter-
mined by the detector:

pGQ

Pp=nlVp~~ S(Sp,Ep I' xp)dapdEp (IV-13)
@+1

where I'I, is the number of photons in the energy interval
k to k+dk, Xp is the number of target atoms per cms,
n is the number of electrons incident on the target, Bp
is the total energy of the incident electron in ntpc' units,
xp is the target thickness in g/cm', and do& is given by
Formula 3BS (e) for electrons with energy Ep. The func-
tion S represents the probability that radiation pro-
duced by the electrons reaches the detector, and can
be written as

S(hp, Ep,r,xp)

Jp
B (go,Eo,P,x)B (F,Eo,x)B,(xo,x)dx, (IV-14)

where the function B3 gives the fraction of the radiation
emitted by electrons with energy Ep at the target depth
z, B4 is the fraction of electrons that penetrate beyond
the thickness x, and B~ accounts for path length
straggling. These B functions require involved nu-
merical evaluations, and the results are described in
detail in the Penfold report. ~ Motz, Miller, and
WyckoG" have estimated the thick-target spectrum for
a particular experimental situation in which the brems-

gl A. Penfold, University of Illinois Report (unpublished).~ E. Hisdal, Phys. Rev. 105, 1821 (1957); E. Hisdal, Arch. for
Math. Naturvidenskab 54, No. 3, 1 (195/)."A similar but less general method has been used by R. Wilson,
Proc. Phys. Soc. (London) A66, 638 (1953).Wilson's calculations
did not include electron scattering e6ects in the target and his
results give a spectrum shape averaged over the photon directions.

'6 Motz, Miller, and Wycko6, Phys. Rev. 89, 968 (1953).
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strahlung is produced with an 11.3 Mev (kinetic energy)
electron beam incident on a tungsten target (approxi-
mately 0.010-inch thick), and is measured on the beam
axis with a small detector (I' 0). They used the fol-

lowing simplified, analytical form for the thick-target
generating function:

Ch

O
Z l2—
O
X
Q 10—

1 (o )'
S=1—exp

51(8o—Eo) &Eo~
(IV-15)
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FIG. 30. Bremsstrahlung intensity spectrum in the forward
direction for 11-Mev electrons incident on a thick-tungsten
target. '6 The thin-target Born spectrum, modified by the photon
absorption in the materials surrounding the target, is shown by the
solid curve. The dashed curves show the spectra expected for a
10-mil and a 20-mil target, and the experimental values are given
by, the open circles.

and, as shown in Fig. 30, have obtained good agreement
with experimental results. For the more general calcu-

lations, Penfold used Formulas (IU-13) and (IV-14) to
estimate the thick-target spectrum shapes for an inci-

dent electron kinetic energy of 15 Mev, a 0.020-inch

platinum target, and for two detectors which subtend
different angles on the electron beam axis, (I'=10
degrees, I'))10degrees). A comparison is made in Fig. 31
of these two Penfold results (curves C and D) with the
spectrum shape predicted by Formula 3BS (e) (curve A)
and with the shape resulting from the application of the
S function in Formula (IV-15) (curve B). The curves
show that Formulas 3BS(e) and (IV-15) give a greater
number of photons in the high-frequency region relative
to the total number in the spectrum compared with the
more accurate spectral shape predicted by the Penfold
procedure. For certain cases, the spectrum shape pre-
dicted by the simplified Formula (IV-15) may be
su%ciently accurate.

PHOTON ENERGY, Mev

Fro. 31. Comparison of the spectrum shapes predicted by the
thick target Penfold calculations~ and by Schi6's thin target
Formula 3BS(e) for 15-Mev electrons. The SchiG curve A shows
the spectrum integrated over photon angle. Curve B is the spec-
trum shape predicted by Formula (IV-13) with the simplified 5
function given by Formula (IV-15).Curve C is the spectrum shape
predicted by the Penfold calculations I Formulas (IV-13) and
(IV-14)j for a 0.020-in. platinum target and a detector which
subtends an angle, F, of 10 degrees. Curve D gives the Penfold
spectrum for 1»10 degrees.

The Hisdal method" assumes that (a) the spectrum
variation with angle as given by the SchiG Formula
2BS has the dominant eGect on the thick-target spec-
trum shape; (b) the energy loss of electrons in the
target is negligible; (c) no electron radiates more than
one photon; and (d) the photon absorption in the
target is negligible. With these approximations, Hisdal
has calculated tables for estimating the spectrum shape
to be expected in a small detector placed on the electron
beam-target axis. Hisdal's results are given in terms
of a correction factor which multiplies Formula 3BS(e)
for a given value of k to obtain the corrected spec-
trum for a particular target thickness. Examples of
spectra calculated by Hisdal's method are given in
Figs. 32(a)—(e) for 10-, 20-, 40-, 90-, and 300-Mev
electrons, and are compared with the Schi6 spectra
integrated over photon direction LFormula 3BS(e)].
When the detector subtends a large solid angle at the
target, the measured spectrum shape is given by the
cross section integrated over the photon direction.
Figures 7 and 8 give data for the spectrum shape in-
cluded within a given detector angle. If this shape for
a given experimental arrangement is estimated to be
similar to the zero degree spectrum, then the Hisdal
correction will be important; if this shape is estimated
to be more similar to the spectrum integrated over all
angles, then Hisdal's correction will be unimportant.

C. EfBciency for Bremsstrahlung Production
The bremsstrahlung production efficiency for a given

electron kinetic energy and target material is defined
5' Similar calculations that apply only to a specific target ma-

terial and electron energy have been made by A. Sirlin, Phys.
Rev. 106, 637 (1957). While the Hisdal calculations include only
the Schi6' complete screening approximations, Sirlin examined the
e6ects of both the intermediate and complete screening approxi-
mations on the spectrum shape,
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FIG. 32. Comparison of bremsstrahlung spectrum shapes
predicted by the thick-target calculations of Hisdal" and
by the thin-target calculations of Schiff" for (a) 10-Mev
electrons, (b) 20-Mev electrons, (c) 40-Mev electrons,
(d) 90-Mev electrons, and (e) 300-Mev electrons. The
SchiR' spectrum is integrated over the photon direction,
Formula 3BS(e), and the Hisdal curve gives the spectrum
in the forward direction, j. =0, after corrections have been
made for multiple scattering in the target (see Sec. IVB).
The values of the intensity (defined as proportional to the
product of the photon energy and number per unit time)
are normalized to unity for zero photon energies.
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as the ratio of the total bremsstrahlung power radiated
when an electron current is incident on a target to the
total power in the incident electron beam. The results
of various theoretical and experimental determinations
of the efficiency are given in the following.

(I) ItIonrelatioistic and Intermediate Energies

The efficiency results for this energy region apply
only to the cases in which the electrons expend all of
their kinetic energy in the target. Experimental deter-
minations are complicated by (a) the large photon
absorption in the target and (b) the large electron back-
scattering from the target. In the available measure-
ments of the efficiency, corrections have been made for
effect (a) but not for effect (b). Therefore, these experi-
mental efficiencies are less than the values that would
be obtained if all of the electrons were completely
stopped in the target.

In this low-energy region, most experimental and
theoretical results" are in agreement within a factor
of two with an efficiency, e, given by the following
formula:

'I'ABLE VII. Approximate percentage efficiencies
for x-ray production.

+0 o

Carbon
Aluminum
Iron
Lead

2 4

0.36 0.72
0.77 1.54
1.54 3.0
4.7 9.0

10

1.77
3.75
7.2

19.7

20

3.47
7.2

13.5
33

50 000

83 52
16.3 70
28.1 82
55 94

written as

dh'p (pZ )——= —
i

—
i
(6+3.5 X 10 '8oZ), (IV-18)

dx EA)

Xp- ln(1+6X10 4Zho) (IV-19)
3.6X 10—'pZ'

where p is the density and A the atomic weight of the
target material, and where the first term is the collision
loss and the second term is the radiation loss. Integra-
tion from the initial energy bp to 1 gives the following
distance, xp, traveled by an electron in losing all of its
energy:

t. =SX10 4ZV'p. (IV-16)
Then the efficiency becomes

(Z) Relativistic Energies

(a) Intermediate thickness targets. A target i—s de-
fined to have an intermediate thickness if the incident
electrons do not expend all of their energy as they
traverse the target. This condition usually exists in
high-energy electron accelerators.

The efficiency of bremsstrahlung production for
targets having an intermediate or small («tp) thickness
can be estimated from the expression

(IU-17)

where (d8p)a is the energy loss by radiation, t is the
target thickness in units of the radiation length t p

[Formula (IV-2)j and K is the radiation probability
correction factor given in Fig. 25.

(b) Thick targets. For thick targ—ets, the incident
electrons lose all of their energy in the target. Formula
(IV-16) obviously does not apply at high energies for
which the efficiency must remain less than one. An
approximate relation for the efficiency in this high
energy region has been derived" by assuming that the
total electron energy loss per unit path length can be

5 These results are summarized by H. Kulenkamp8, "Physics
of the Electron Shells, " Fiat Rev. Ger. Sci. 1939—1946, 95; R. D.
Evans, The Atomic Nucleus (McGraw-Hill Book Company, Inc. ,
New York, 1955), p. 616; and by S. T. Stephenson (reference 1).

5' H. W. Koch and J. W. Wyckoff, IRE Trans. on Nuclear Sci.
NS—5, No. 3 (1958).

e=1—
collision loss

ho

6pZ xp=1—

3X10 4Z~o
(IV-20)

1+3X10 4ZVo

This procedure does not account for the large fluctua-
tions in the radiation loss process and, therefore, pro-
vides only a rough estimate of the efficiency. At low
energies, Formula (IV-20) reduces to 3X10 'Z9"o, which
agrees roughly with Formula (IV-16). Some representa-
tive values of the efficiency obtained from Formula
(IV-20) are given in Table VII. These values do not
include corrections for the x-ray absorption in the
target, which cannot be neglected for most situations.
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