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crystals, no such splitting could be detected. If present, the
splitting must not be greater than 5 cm™ in the trichlorobenzene
and hexachlorobenzene and 3 cm™ in the durene crystal. In the
case of the hexachlorobenzene crystal, the energy of separation
between the two K =0 levels in the exciton band has been calcu-
lated to be 0.7 cm™.

Thus it appears that at least one of the low-lying excited elec-
tronic states of the pyrene crystal has the nature of exciton states,
though in the case of the 1,3,5-trichlorobenzene, hexachloroben-
zene, and durene crystals any such conclusion would be too hasty
in view of the paucity of experimental data.

Photoconductivity of orgamic crystals (Sec. 6).—In a recent
paper'?® Northrop and Simpson have published values of photo-
currents of pure hydrocarbon crystals. They observed that the
impurity molecules embedded in pure crystals which quench the
fluorescence of pure substance reduce the photocurrent in the same
ratio. Their other observations regarding dependence of photo-
current with light intensity, applied voltage, etc., are in agreement
with previous publications. From these observations they propose
that the interaction of two excitons is required to produce a single
ionized molecule. Thus the production of charge carriers is ex-
plained. Compton et al.'?¢ studied photocurrent of anthracene
crystals before and after neutron bombardment and concluded

125 . C. Northrop and O. Simpson, Proc. Roy. Soc. (London)
A244, 377 (1958).

126 Compton, Schneider, and Waddington, J. Chem. Phys. 28,
741 (1958).
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that conductivity was greatly reduced on bombardment. They
further observed that dependence of photocurrent on wavelength
and intensity of incident light remained unaltered after bombard-
ment. Before bombardment the photocurrent was markedly non-
ohmic, after bombardment it was ohmic up to a field of 25000
volts cm™. Before neutron bombardment the sample shows
change of photocurrent when polarity of electrode is reversed,
but this asymmetry disappears after irradiation. Kommandeur and
Schneider?” studied the photoconductivity in greater detail with
very pure specimens of anthracene crystals and obtained results
very different from previous ones. They observed that the maxi-
mum value of photocurrent corresponds to the minima of the
absorption spectra. They also observed that the intensity de-
pendence of photocurrent changes with wavelength, field direction,
and even with magnitude of the applied field. These authors finally
concluded that spectral response, voltage, and intensity depend-
ence of photocurrent depend on the source and treatment of the
crystals used, i.e., it depends on the density of imperfections of
the crystals.
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1. INTRODUCTION

HIS paper reviews and extends the theory of
irreversible thermodynamics. The irreversible
behavior of a system driven by externally applied
forces has been studied extensively, but attention has
been focused primarily on the first-order term in the
driven response. Here we also consider the higher-order
terms in the driven response and the random fluctua-
tions, or noise, occurring during an irreversible process.
In addition to the well-known relations between the
linear response and the equilibrium fluctuations, several
new relations are proved involving the nonlinear
response, the driven noise, and the equilibrium fluc-
tuations.
The method of analysis is statistical mechanical and
general, neither assuming a specific model nor postu-
lating Markoffian behavior. The purposes of the analysis

* This work was supported in part by the Office of Naval
Research.

t Now at Research Division, Raytheon Company, Waltham,
Massachusetts.

I Recipient of Philco Physics Fellowship, 1956-1958.

are thermodynamic; that is, to investigate interrelation-
ships among macroscopically observable characteristics
of systems undergoing irreversible processes. In this
sense the aim should be clearly differentiated from those
other approaches which might be characterized as
kinetic or statistical mechanical rather than thermo-
dynamic.

The most direct approach to the problem of irrever-
sibility is the kinetic approach, in which a specific
model is immediately introduced. The essential features
of the model may be expressed in terms of molecular
collision probabilities, giving rise to the Boltzmann
equation, or to some similarly detailed kinetic equation.
This is the standard method of “transport theory,” and
it is the method characteristic of the theory of the solid
state.

A considerably more general approach is one which
we term the irreversible statistical mechanical approach.
The purpose there is to develop a general formalism,
analogous to the partition sum algorithm of equilibrium
statistical mechanics, which would provide a systematic
recipe for the calculation of any macroscopically ob-
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servable characteristic of a system undergoing an irre-
versible process. No specific model is invoked ; the aim
is rather to provide a general formalism into which any
particular model could be substituted to obtain explicit
results. The irreversible statistical mechanical approach
has not been completely successful as yet, but one type
of partial result has been exploited widely. In this type
of result the driven response of a system is obtained as
a perturbation expansion in the applied forces. The
various order response terms are typically expectation
values of (multiple) commutators, taken with respect
to the equilibrium system. It is, of course, hoped that a
general algorithm for the computation of equilibrium
commutator forms then will be developed to complete
the general formalism.

The third approach is the thermodynamic approach
which we adopt here. Although the statistical mechan-
ical formalism is used to describe the motion, our
purpose is not to compute either the response functions
or the value of any quantities characterizing the
equilibrium system. Our purpose is rather to explore
the general interrelationships among different types of
response functions and the equilibrium fluctuations,
insisting, however, that the quantities so related each
be macroscopically observable. Thus, for example, the
equilibrium commutator forms in terms of which sta-
tistical mechanics expresses various response functions
are not true observables of the equilibrium system. In
order to give thermodynamic significance to statistical
mechanical results, it is therefore necessary to re-express
such quantities in terms of macroscopically observable
symmetrized equilibrium forms, or anticommutators.

Three general classes of irreversible thermodynamic
results have previously been obtained for first-order
processes: (a) relationships between off-diagonal ele-
ments of the admittance—these are the Onsager reci-
procity,!? and its extension to non-Markoffian systems?;
(b) the relationship between the first-order response and
the second correlation moments of the equilibrium
fluctuations—this is the so-called fluctuation-dissipation
theorem*5; (c) the relationship between the path dis-
tribution function for a driven system and the equi-
librium fluctuations.t8

The extensions of the theory which are developed
here, and the general structure of irreversible thermo-
dynamics, are summarized in the diagram in Fig. 1.
The quantities appearing at the vertices of the diagrams
denote the macroscopic observables, while the connect-
ing lines indicate the existence of thermodynamic rela-
tionships. The arrowheads refer to the direction in

1 L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931).

2 H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945).

3 Callen, Barasch, and Jackson, Phys. Rev. 88, 1382 (1952).

4 H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951).

5H. B. Callen and R. F. Greene, Phys. Rev. 86, 702 (1952);
88, 1387 (1952).

8L. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953);
S. Machlup and L. Onsager, 7bd. 91, 1512 (1953).

7 L. Tisza and I. Manning, Phys. Rev. 105, 1695 (1956).

8 H. B. Callen, Phys. Rev. 111, 367 (1958).
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which specific relationships are developed in this paper,
the numbers along the lines indicating the sections in
which the various proofs appear.

The nature of the observables of interest can be made
clear by the following considerations. Let {(¢(¢)) denote
the expectation value of the variable ¢ at time ¢ in a
system driven by externally applied forces; that is, the
driven response of the variable ¢q. Further, let (g(¢)) be
expanded in powers of the applied forces. Then we label
the first-order term in the response {g(¢))", the second-
order term {g(¢))®, etc. The zeroth-order term (g (¢))©®
=(g)©® is simply the average value of ¢ in the equi-
librium system. We similarly obtain a more detailed
description of the driven system by introducing the
expectation value (g({1)g(f2)) of the product of the
variable ¢ at time #; with its value at time #,; this is the
second correlation moment of the random fluctuations,
or noise, in the driven system. Again it is possible to
expand (g (t1)q(fs)) in powers of the applied forces. We
label the first-order term in the driven noise (g(f1)q(¢2))®,
the second-order term (g({1)q(¢2))®, and so on. The
zeroth-order term (g(t1)q(f2)) @ ={gq(to—11))® charac-
terizes the spontaneous fluctuations in the equilibrium
system. Similarly, it is possible to consider third- and
high-order driven correlation moments.

There exists a definite hierarchy of irreversible ther-
modynamic relationships. The left-hand diagram repre-
sents the fluctuation-dissipation theorem, between the
first-order response {(g(¢))® and the equilibrium second
moment {gg(£))®. The middle diagram indicates the
triplet of relationships which exists among the second-
order response {q(¢))®, the first-order term {g(¢1)q(t2))®
in the driven second moment (noise), and the third
moment {gq(¢1)g(t2))@ of the spontaneous equilibrium
fluctuations. The right-hand diagram indicates the
cycle of interrelationships which may be presumed to
exist among the next appropriate group of observables,
although we do not consider this case explicitly.

In Secs. 2 to 4 the general statistical mechanical
description of the time-evolution of a driven system is
briefly reviewed. Sections 5 to 8 are devoted to a
review of the existing first-order theory of irreversible
thermodynamics. In Secs. 9 to 14 the general theory of
irreversible thermodynamics is extended to the second-
order response and the driven noise. Sections 13 and 14
are devoted to the irreversible thermodynamics of
step-driven processes. In Secs. 15 and 16 the question
of path distribution functions is considered, which may
be regarded as the fundamental quantities of irreversible
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thermodynamics in the sense that all macroscopic
quantities are derivable therefrom.

2. THE TIME EVOLUTION OF DRIVEN OPERATORS

We consider a system, of which the unperturbed
Hamiltonian is H®, in interaction with a number of
external driving systems or signal generators. The
Hamiltonian of the composite system may typically be
represented by

H———H(O)"‘I—Z FI'Q£+Hsg, (1)

where Q;=Q.(g,p) is a function of the coordinates ¢
and momenta p of the system of interest, F;=F;(q’,p")
is a function of the coordinates ¢’ and momenta p’ of
the sth signal generator, and H,, denotes the Hamil-
tonians of the signal generators.

Whereas the dissipative system possesses a large
number of degrees of freedom and a quasi-continuous
spectrum of energy eigenvalues, the signal generators
have relatively few degrees of freedom and an extremely
high degree of excitation. Thus, the coordinates of the
signal generators, and consequently the F;(¢',p’), are
essentially classical functions of the time. Ignoring the
term H,, as being irrelevant to the system of interest,
the perturbed Hamiltonian assumes the form

H=H(°)+Z Fi()Q.. (2)

We adopt the interpretation that the Hermitian
operators Q;(g,p) correspond to thermodynamic exten-
sive parameters of the system of interest, while the
F,(f) represent the conjugate intensive parameters
imposed upon the system by the various signal genera-
tors. Thus, Q:(g,p) might be the operator corresponding
to the position of a movable piston (volume), the total
number of particles, or the magnetic moment of the
system. The respective imposed intensive parameter
would then be the pressure, the electrochemical poten-
tial, or the applied magnetic field.

If the system is in equilibrium, with the temperature
T, before the forces are applied, the expectation value
of an operator Q; at time ¢ is

(Q:(1))=Trace p©@Q:(1), )

where p® is the initial (unperturbed) canonical density
operator

p@=exp[—pH®]/Trexp[—BH®], B=1/kT, (4)
and where the Heisenberg operator Q;(¢) is defined by
Q:(O)=UT QU (). ®)

The unitary time-evolution operator U (f) satisfies the
Schrodinger equation

) 1 )
U)=—HO)U@)=—[HO+Y F)QIUQ). ()
ih ih i
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The differential equation (6) is equivalent to the
integral equation

H0)¢
U()=ex [—-i
P %

}[1’*‘12 ft dinF (1) Qi (1)
i i J_g

HOY
Xexp[i - ]U(ll)] (7

the correctness of which can be verified by differen-
tiation. Q;©® (¢) represents the unperturbed Heisenberg

operator
H©Oy H Oy

The iterative solution of Eq. (7) is

HO = 7 1\" ‘
U(t)=exp[—i JZ (——) > f dt
h n=0 1,h, ije.k

—00

tL th—1
Xf dlz"'f At Fi(t)Fj(ts)- - -

XEg(ta)Q:i@ (1) Q5D (22) - - - Q@ (2).  (9)

The perturbation expansion of Q;(f) follows from
Egs. (5) and (9). The zeroth-order term is simply the
unperturbed operator Q;®(f). The first-order term

Q:® () is
Q¢<1>(t)=—iZ f[ dnF i (6)[Q; 0 (1),Q: (B 1. (10)
th i J_o

The second-order term Q;® (¢) is

112 ¢
0: (1) = (_E ij[ —f dhF i(4)
X f dbaF i (82) Q5O (1) Qi (H)Qk @ (8)

+ f dtFi(t) f " dtsFr(t2)
XL (£2)Q5 (11)Q: @ (8)
+@M@@mmmmwm} (11)

In order to put the second-order term into a more
suitable form, we decompose the ¢, integral of the first
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term, so that

f ; dtFi(t) f_ ; dtsF 1 (82) Q59 (1) Qi 9 (£) Q1@ (22)
= f_ ; dtFi(t) f_; dtaFr(82)Q;0 (1) Q0 () Q1 (£2)
+f e, [ | UE0,9 100 (DO 1)
_ L e [ BP0 (1) 0 (D0 (1)

+f dtlF:’(ll)f ldt?l"\k(h)(?k(")(12)
XQ:O(HQ;(t).  (12)

In the last step we have inverted the order of inte-
gration in the second integral and interchanged the
dummy indices 4, j and the dummy times ¢, f,. Using
this result, Eq. (11) can be written in the form

0:() = (_;%)2 > f_ m d1F (1) f_ ; AR (1)

XLQe® (£2),[0; (4),0:@ () ]-1-. (13)

Examination of Egs. (10) and (13) clearly indicates
the general form of the nth-order term Q;(™(¢) in the
driven Heisenberg operator Q;(f). Thus, for example,
the third-order term is

183 ¢ a
0.9() = ( _g) > L d1,F (1) f_w d1aF (1)

X f 2 dtsF(85)[ Q19 (23)

XL (£2),[Q; (81),0: (111

This section follows the perturbation formulation
given by R. Kubo.! However, because we are later
concerned with Q operators which are intrinsically
time-dependent, we choose to examine the time evo-
lution of Q;(¢) rather than of p(¢).

(14)

3. THE MACROSCOPIC RESPONSE AND DRIVEN
CORRELATION MOMENTS

The first-order term in the driven response (Q;(f)) of
the thermodynamic variable corresponding to the
operator Q; is

? R. Kubo, J. Phys. Soc. Japan 12, 570 (1957),
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() =T pQ.()
1 t
-3 f_ L (0)

X(LQ; (1), () ]y

where the bracket { )© denotes an expectation value
with respect to the equilibrium ensemble.
Similarly, the second-order term in the response is

(15)

1 2 t tl
<Qe(t)>‘”=(—;l) = [ anriw [k
X(COL (1,00, (1),0:0()]-TH®. (16)

The form of the higher-order terms is clear from Egs.
(15) and (16).

The spontaneous fluctuations in an equilibrium
ensemble are characterized by the second correlation
moments in time between each pair of variables, al-
though all higher moments are required as well for a
complete description. The second equilibrium corre-
lation moment is

¥, @ (1) =G0, () 1)@ 17

where the bracket [ , J]; denotes a symmetrized
operator product, or anticommutator.

A driven ensemble also exhibits fluctuations about
its average motion, which in general differ from the
equilibrium fluctuations. The fluctuations in a driven
ensemble are characterized by

(3[Q:(), Qi(t+7) 1 ="Tr p@3[Q:(8), Q;(t4+7)]s. (18)
Using the result (10) for Q;®(¢), the first-order term

GLO:(®), Qi¢t+7)1)® in the driven second moment
(18) becomes

GLO:(9), 0s(t+7) W
=[O (), Q:® (t+1)];
+|:Q‘(l)(;)’ Qj(") (H-T)]+) (0)

1 t+r
-—— g{ f_ AP0,
XEOAO (), 0,0 (14 7) 1]y
+ f IF (1) ([L0 (1),0:0 ()],
XQj‘°’(t+r)]+><“’}. (19)

Upon decomposition of the first integral according to

t+r1 t t+1
f dll = f dl1+ f dtl,
—® —% t



IRREVERSIBLE THERMODYNAMICS

Eq. (19) becomes
GLo:®), Qi+ 1w

- _—2—; %* f_; At Fi(6){[Ox ™ (1),
X[Q:@ (), Qi (t+7) 14 1)@
t+7
+f duF o (1)([Q: (1),

X[ (2), Qs (1) 110} (20)

The higher-order terms in the perturbation expansion
of the driven second moment can be written in anal-
ogous fashion, although the expressions involved become
rapidly more complicated. The second-order term is

GL0:D), 0,1+ 1))@

17 132 ‘ “
=§(_;§L-) %’f_@dtlpk(ll)j:m dtZFl(tZ)

XL (t2), [Qx (1),
X[Q: (), Q; 9 (t+7) 1+ -1

t t+r
+ f i Fi(ty) f dtsF (1)

X{[Ox@ (2, [Q:™ (1),

XL (%), Q; (t+7) -1 1)@ . (21)

The nth-order term in the driven response can be
written directly in terms of the (z—1)st-order term in
the driven commutator ([Q;(1),0:(f)]-) 0.

<Q.-(t)>""=£( —%)z}; S/ dnF (1)

X(LQ;(1),Q:() 1) .

For n=1 this expression is identical to Eq. (15). For
n=2 it can be obtained directly from Eq. (16) and the
commutator analog of Eq. (19). For any order it is a
direct consequence of the iterative nature of the per-
turbation expansion, and furnishes a clear picture of
the essential structure of the motion.

(22)

4. STEP-DRIVEN PROCESSES

The preceding two sections were concerned with the
motion of a driven system for which the forces are
arbitrary functions of the time. In order to illustrate

1021

the formalism in a simple manner, we also consider
step-driven processes in particular.

A step-driven process is defined as one for which the
generalized forces in the distant past have increased
slowly from zero to some constant value. This constant
force remains applied until ¢{=0, at which time it is
suddenly removed and the system is allowed to relax
into its equilibrium configuration. For a step-driven
process the first- and second-order responses reduce to

Qi) ®= —% ; F; f_: dif[Q; @ (1),Q:(H 1),

(23)
(i) ® = ( —%)2 > FiF f_ : i j: :dt2

X{LQ (22),[Q5 (11),Q:@ () ]-1-)©.

When the indicated time integrations are performed
in Egs. (23) and (24), the contributions from the infinite
time limits pose certain difficulties, which are related to
the approach to equilibrium. This matter is examined
in Appendix A. It is also possible to approach the
question of step-driven processes from the following
alternate point of view, which circumvents ‘these dif-
ficulties. We expect the applied forces F; to bring the
system to a new equilibrium configuration at ¢=0,
characterized by a density operator p(0) having the
generalized canonical form appropriate to an ensemble
in contact with a set of reservoirs with constant in-
tensive parameters F;.

p(0)=exp{—BLH®+2; F,0,1}/

Tr exp{ —B[HV+X; FQ;]}.
At ¢=0 the interaction with the external systems is
removed. Since for >0 the Hamiltonian is simply
H®, the response (Q:(#)) during a step-driven process is
given by
(0:())="Tr p(0)Q: (9)

=Tr exp{ —BLHV+3_; F,0;1}0:(1)/
Trexp{—B[HO+X; F,Q;]}.
In order to expand Eq. (26), we first perform the
well-known expansion of the operator
A(B) =exp{—pLHO+eHV]),

where H® denotes the perturbation Hamiltonian. 4 (8)

satisfies the integral equation

A(B)=exp[—BH®]

(24)

(25)

(26)

B
X{l-—e f d)\exp[)\H“’):]H(“A()\)}, @27
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the iterative solution of which is

0 B
AB)=exp[—BHO] Y. (=9 f DH®O (—ifn,)

n=0

A

X d)\gH“)(—ih)\z)- ..

0

An—1

X f ANHO(—ifN,)  (28)
0

where H® (—4h\;) = exp[A H O JH® exp[ —AH®].

Replacing eH® by the perturbation Hamiltonian
> iF;iQ; in Eq. (28) yields the quantity appearing in
the numerator of Eq. (26).

exp{—BLHV+2; F;0;]}

—exp[—BHO] L (—1)* ¥ FiFs - Fy
n=0 k...l

M

B
% f ;O (—itny) [ dNQe@ (—iting)- - -
0

0

An—1

X AN QIO (—iBN,).

0

(29)

The expansion of the denominator of Eq. (26) can
be simplified by employing a technique, due to
Nakajima,'® which reduces all multiple temperature
integrals by one order. Consider the trace of the
operator 4(B3) defined in the foregoing. Differentiating
Tr A(B)="Tr exp{ —B[H@+eHV]} with respect to e,
we obtain

3
—Tr 4 (8)=—B Tr exp{ —BLHO+eHOIH®.  (30)
€

We now expand the quantity exp{—g[H®+eH®]}
according to Eq. (27), integrate this expression with
respect to ¢, and substitute >_; F;Q; for eH® to obtain
the denominator of Eq. (25).

Tr exp{—B[H©4+2_; FQ;]}

o (—1)"
ZCXPE—BH“”]‘I-H?Z S. Fj---F:F,

n=1 n 7kl

8 An—2
Xf d\;- - f d)\”_le(O)(_ih)\l). .o
0 0

XQe O (=it p—)Qrp.  (31)

10S, Nakajima, Advances in Physics (Taylor and Francis, Ltd.,
London, 1955), Vol. 4, p. 363.
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We now substitute the expansions (29) and (31) into
Eq. (26) and collect terms corresponding to each order
in the perturbation. The results for the first few orders
in the expansion of Q;(#) are found to be

8
0=-£ £ [ aooimnem oo
—B(Qi)“)’(Qj)“’)], (32)

8 A
(Qi(l»(ﬁ)‘—‘z F;Fk[f d)\]_f dkz(Qj(o)(—ih)q)
X Q@ (—iN) Qi (1))
2 [ oo -magooei]
+B8 L FAQ)Q:())®, (33)

8 A1 A2
<Q.-<z>><3>=—>:F,~Fsz[ [ouf af o

7kl

X(Q ;40 (— kA1) Qi © (—i#Ns)

6 B A1
O (=itN) 0OV —— | | dn,
X QL (—iAQ. (1) 3fo f
X(Q (=)0 (=) 0) () |
B
+8% Fz‘(QD(“)(Qi(l))(”—E Zk FiFy

B
X [ Qs (=)0 Oy, (54

The classical forms of the foregoing equations are
easily obtained and constitute a series of thermody-
namic relationships. Letting ¢;(f) denote the time-
dependent classical variable corresponding to the
Heisenberg operator Q;(f) and replacing traces by
integrals SdI' over phase space, the classical step-
driven response is, from Eq. (26),

(@)= [aro(a.
~ [[ar exp(—61HO+ £ P00 /

xfdl‘ exp{ —B[HW+3; Fjq;1} (35)
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or

(g:(2))=(exp(—B 2; Fiq;)q:(£))®/
X(exp(—B 2, Fig))®.

Since all quantities appearing in Eq. (36) are now
classical functions, the perturbation expansion can be
carried out in a straightforward way. Thus, the first
few order terms in the classical step-driven response

(g:(2)) are
(g:()) D =—B % F,{{gig:(9) —(g: g ],

(36)

37
(g:(9)® =362 ,Zk FiF{giqrq:(0)®

—{9ign) Xg:)]+8 Z}J Fgd®™{g:(£))®, (38)
(g:(9)®=—36° %‘l FiFFi{giqxq19:(0)

—(giqxq) (g ]
—38 ij FiFgiq0) ©{q: (D)
+B8 L Filgn@{g:()®.  (39)

Equation (36) is the first truly thermodynamic rela-
tionship we have developed up to this point. It
expresses the step-driven response {g:(¢)) in terms of
the quantity (exp(—p 2 ; Fiq;)q:(t))®, which charac-
terizes the spontaneous equilibrium fluctuations in an
operationally significant way. In particular,

(exp(—B 2 i(Figi)g:(1))©®

represents the second equilibrium correlation moment
between the quantity exp(—g > ;Fjg;) at time zero
and the quantity ¢; at time ¢.

The first-order term (37) in the expansion of Eq.
(36) will be recognized as a classical form of the so-called
fluctuation-dissipation theorem,* which relates the first-
order response {g:(£))® to the equilibrium second corre-
lation moment (g;q:(1))® between the variables g;
and ¢;(f). We discuss the quantum-mechanical form
of the fluctuation-dissipation theorem in the following
three sections, considering the step-driven case specifi-
cally in Sec. 7.

Similarly, Eqgs. (38), (39), etc., relate the second-
and higher-order terms in the classical step-driven
response (g;(#)) to appropriate higher equilibrium fluc-
tuation moments. The quantum-mechanical form of
these relationships is presented in Sec. 13.

S. EQUILIBRIUM FLUCTUATIONS AND THE
FIRST-ORDER RESPONSE

The linear theory of irreversibility is reviewed in
this and the two following sections, following quite
closely the formulation of R. Kubo.® The pattern of
this development suggests the method of extension to
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nonlinear processes, and yields a relation between
commutators and anticommutators to which we make
frequent reference.

It is convenient to characterize the first-order
response by the aftereffect function ¢,;® (¢), which is
the response (Q;(#))® to a é-function force F; applied
at t=0. That is, by definition,

@OO=% [ aFos(—r). 0

Thus, writing the equilibrium commutator in Eq. (15)
in the equivalent form ((Q;, Q,;@ (¢(—#) 1)@, we identify

1
6: V() = —_<‘h (050, () 1. (41)
K2

The aftereffect function ¢,;V(¢) exhibits significant
symmetry properties with respect to reversal of the
time ¢ and of an applied magnetic vector potential A.
The classical quantities g; are assumed to be even
functions of the particle velocities; explicitly indicating
the dependence on A, the operators Q;(A) then satisfy
the relationship

Q:i(—A)=0:*(4). (42)
The unperturbed Hamiltonian H® (A) and its eigen-
functions also satisfy Eq. (42).
Because the response {Q;(¢))® must itself be real, it
follows that ¢;;®(¢) is real.
A second property of ¢;;® (¢) is
éiiV(—t)=—6;V(1). (43)

Introducing the transformation { — —¢ in Eq. (41), we
have

1
850(=0=~—([0, GO (=)L), (44)

The ¢ dependence can be transferred to the operator Q;
by performing a unitary transformation with

exp{=i[H®¢/%]}, proving Eq. (43).

¢:;9(2) is odd under reversal of time and magnetic
field.

$i; P (—t; —A)=—¢:;P(¢; A). (45)

According to Eq. (42) Q;@(—t¢; —A)=Q;0*(s; A),
similarly p©@(—A)=p©@*(A), so that ¢, (—1; —A)
=—¢i;V*(t; A). Invoking the reality of ¢,;®(f;A)
yields the property (45).

Properties (43) and (45) also imply

6:i; P (t; —A)=¢;V(¢; A). (46)

We now establish the fundamental relationship which
exists between the equilibrium commutator

6i; D () =— (1/i){[0:,0;* (1) 1)@,
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characterizing the first-order response, and the equi-
librium anticommutator ¥,;;® (£)=(G[0:,0;? ()1,
characterizing the spontaneous equilibrium fluctua-
tions. The motivation for so doing is that the latter
quantity is a true macroscopic observable of the
equilibrium system, while the former is not.

Consider the equilibrium second moment W;; ().
Since the analysis is carried out in the spectral repre-
sentation, it is convenient to define the operators Q;
such that ¥,;;®(f) has no constant component, thus
avoiding the attendant é-function singularity appearing
in its Fourier transform. As discussed in Appendix A,
the time-independent portion of ¥,;© (¢) is

lim ¥,; (£) =lim ([0:,0;© (1) 1)@
=(0) Q.

Consequently, we assume that the operators Q; are
defined such that (Q;)@=0.
V;;®(f) can be written

V50 ()=3Q:0, ()+0,2 (D)
= KO0, (0+0:® (— )0, ().

The second term on the right has been obtained by
inserting exp[BH®] in front of Q; and cyclically
permuting the operators in the trace. That is,

(Q;()Q) O =Tr p©Q,;(t) exp[ £BHVQ;
=Tr p® exp[BH©Q: exp[ —BH® 10, (1),

and invoking the definition (8) for Q;® (—i#B) gives

Eq. (48). We decompose Eq. (48) into a double sum-

mation over matrix elements in the unperturbed energy
representation

;O =3 lZ p(E){1+exp[B(E;—En)]}

(47)
(48)

(49)

(Em_El)t
X(E1| Qi| Em)}{En|Q;| Er) eXP[i—h‘—] (50)

where p(E))=¢PE/3 e85 and (E;|Q:|En) is the
matrix element of Q; between the eigenstates of H©®
having the eigenvalues E; and E,. In virtue of the
quasi-continuous spectrum of energy eigenvalues, the
double summation appearing in Eq. (50) can be replaced
by a double integration over energy eigenvalues.

1 p °
500=— [ ai [ dEao(Edn(Ein(E

X{1+exp[B(E1— En) IE1| Qi| Em)

(E,,,—E,)z]

(Bl Q1 B exp[z' (51)

where 7(E;) is the energy density-of-states function.

W. BERNARD AND H. B.

CALLEN

We obtain the Fourier transform G;;® (w) of ¥;;® (1)
by introducing
Epn=E+ho.
Thus Eq. (51) becomes
¥, (0) =G0, (910
1
(2m)?}

(52)

f dwe'G;; 0 () (53)

where

Gi; (@)= G)%h[l-i-eXp(—hﬁw)] j: : dEp(E)

Xn(E)yn(E+hw)(E|Qi| E4#w)

X(E+#w|Q;|E); (54)
G:;® (w) is the spectrum of the spontaneous equilibrium
fluctuations.

We obtain the Fourier transform of the aftereffect
function ¢;;® (¢) in an analogous way. Equation (41)
can be rewritten

1
850() == —(00;0 ()= 0,7 ()0)®

1
= Q-0 =B D)®. (55)
1

Decomposing the equilibrium expectation value into a
double integral over matrix elements in the unper-
turbed energy representation and introducing the
transformation (52), we obtain the result

1 4
¢ij(1)(t)=_""_ f dweithij(l)(w)

o (56)

where

Liy® (@) = (2m) W[ 1—exp(— )] f dEp(E)n(E)

Xn(E+ho)(E|Q:| E+hwXE+7w| ;| E)  (5T)

is clearly the Fourier transform of ¢,;® (¢).
Comparison of Eqgs. (54) and (57) shows that the
Fourier transform G;;® (w) of the equilibrium second
moment ¥;;@(7) is related to the Fourier transform
L;;®(w) of the aftereffect function ¢;;® (¢) according to

1WG© (@) =E®(0; )Ly®(@)  (59)
where
Fuw Bo 1
E®(w; 8)=— coth— — —, (59)
2 2 60

The universal function E® (w; 8) is uniquely quantum-
mechanical in origin and corresponds to a slight
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smearing out of the microscopic contributions to the
macroscopic response at extremely high frequencies
(Z 102 cps at room temperature). In the classical limit
8— 0, E®(w;B) — (1/8) as indicated.

Equation (58) is the spectral statement of the funda-
mental relationship which exists between the first-order
response and the spontaneous equilibrium fluctuations.
It provides directly the basis for the fluctuation-dis-
sipation theorem, several alternate forms of which have
been developed.’#® We discuss these in the following
two sections.

The result (58) has also been obtained by Kubo®
using function-theoretical arguments rather than the
matrix approach employed here.

6. THE ADMITTANCE AND THE FLUCTUATION-
DISSIPATION THEOREM

We rephrase the results of the preceding section in
the familiar terms afforded by the admittance matrix.
We define a;(w) and v;(w) as the Fourier transforms of
the first-order “current” and force, respectively,

d W ={(0 ) 1 mdw iwt
LOO0=@00 = L eiota(w), (60)

00

1
Fi()=—— | dwe“yi(w). (61)
(27")} —o0
We further define the admittance matrix elements
Yij(w) by

aj(w) =2 v:(w)Vij(w) (62)
whence, from the definition (40), it follows that
Y is() = ico f dle—is1;0 (1), (63)
0

By Eq. (63) the symmetry properties appropriate to
V;j(w) follow immediately from the symmetry proper-
ties of ¢;;(#). The reality of ¢;;® (f) implies that the
real and imaginary parts of ¥;;(w) are even and odd,
respectively, under the transformation w — — w.

o[

—1m

(64)

The symmetry property (46) of ¢;;V(f) with respect
to reversal of the applied magnetic field implies a cor-
responding symmetry of ¥ ;;(w).

Vij(w; —A)=7:(w; A). (65)

Equation (65) represents the extension of the original
Onsager reciprocity!? to all frequency components of
the admittance matrix elements.

We now rewrite the spectral relationship between the
first order response and the equilibrium fluctuations in
terms of the V;(w) by decomposing Eq. (58) into its
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symmetric and antisymmetric parts with respect to the
indices 7j.

E®(w;6)

———3[LijV (@)= LiiM(w)] (66)

1w

O @G0 (w) =

where the superscripts (s) and (a) denote the sym-
metric and antisymmetric parts, respectively. However,
using the time-reversal symmetry property (43) of
¢:;V (9, it follows from Eq. (63) for V;;(w) and Eq.
(58) for L;;V(w) that these quantities are related
according to

21 Re®Y;i(w)
2m} o
Im®¥,;(w)
(2m)} W

3[Lij (@) +Li® (W) ]=—

» (67)

3LV (@) —Li®(w)]=

(68)

Re®V;;(w) is the real (symmetric) part of ¥;;(w) and
Im®Y,;;(w) the imaginary (antisymmetric part). We
note from Eq. (65) that Re®V;;(w) and Im® Y ;;(w)
are even and odd, respectively, with respect to reversal
of the vector potential A.

Substituting the relations (67) and (68) into Eq.
(66), we obtain the results

27} Re®¥,;(w)
©G ;O (w)=— (—) EM(w; ﬁ)—2——, (69)
I g w
2\ } Im®Y¥,;;i(w)
@GO (w) = —i(—) EW(w; B)——-—z_—- (70)
T w

Since G;;® (w) is the spectrum of the equilibrium second
moment (3[0;0;® (£)],)®, the Fourier transforms of
Eqgs. (69) and (70) are

©RL0:0, (D)

2 L Re(s)l’.;j(w)
=— f dw coswtEW (w; f)————, (71)
m vy w?
@(300:,0;9 ()@
2 = Im®Y;i(w)
=— f dw sinwtE® (w; f)————— (72)
m™ Yo (6

The symmetric part “}(3[Q;,Q,? (¢) 1)@ of the equi-
librium second moment with respect to i is even with
respect to reversal of the vector potential A, while the
antisymmetric part ®(3[0,0;9()])® is an odd
function of A. Further, ®X3[(0;,0,®(¢)],)® vanishes
in the absence of an applied magnetic field.

Equations (69) and (70) or (71) and (72) constitute
the familiar spectral statement of the fluctuation-dis-
sipation theorem.* In the classical limit 83— 0 [see
Eq. (59)], Egs. (70) and (71) reduce to the familiar
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Nyquist forms
2 ®© Re®Y,; (w)
0= [tk TS
™8 Jo ?

[5)

(73)

2 o Im®¥s;(w)
@){giq; (£)) O =— f dw sinwf——, (74)
B Vo 2

w

If we put =0 in the Nyquist relation (73), the left-
hand member represents the total noise intensity. It is
of interest to note that this form of the equation for
t=0 also follows from the Kramers-Kronig or dispersion
relations, together with the results of equilibrium fluc-
tuation theory. The Kramers-Kronig formulas relate
the real and imaginary parts of the admittance matrix
element V,;(w) in consequence of the general require-
ment of causality. In Appendix B we consider this con-
nection between the dispersion relations and the spectral
form of the fluctuation-dissipation theorem.

It is sometimes convenient to characterize the spon-
taneous equilibrium fluctuations in terms of a set of
hypothetical intensive quantities F; rather than the
extensive quantities Q;. These hypothetical forces are
associated with the fluctuating Q; in the same formal
way as real forces are associated with the average first-
order driven response. That is, by ar alogy with Eq.
(62), the fluctuating force is so defined that the product
of its Fourier transform with ¥ (w)/iw yields the Fourier
transform of the fluctuating extensive parameter.

Consider a one-dimensional system with a single
force F(t) and corresponding operator Q. The spectrum
G (w) of the second moment (FF(£))® of the equi-
librium force fluctuation is defined by

1 N iwt (0
(FF(t))<°>=a;; L, dwe GO (w).

Using Eq. (62), together with Eq. (69) for G® (w), we
obtain

WG (w) 2\ } Re YV (w)
SO == — (2} B (s f)————
© ¥ (w)]? (T) ( ¥ (w)]?

(73)

=~(E)*E‘”(w;ﬂ) ReZ(w) (76)

™

where Re Z(w)=Re YV (w)/| Y (w)|? is the real, or dis-
sipative, part of the complex impedance function. Thus,
(FF(1))© is given by

2 ]
(FF ()Y = —— f dw coswtE® (w; B)Re Z(w) (77)

which corresponds to the one-dimensional form of the
fluctuation-disspation theorem (71) for
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Similarly, it is shown that the symmetric and anti-
symmetric parts of the second moment (F;F;({))® of
the equilibrium force fluctuations for a multidimen-
sional system are given by

2 o
O(FF;(f))O=—— f dw coswtE® (w; B)
m™Yo

XRe®Z;;(w), (78)
2 0
W(FF ()0 = f do> SnGLE® (w; 6)
™
’ XIm®Z;(w). (79)

The symmetry properties of the elements Z;;(w) of the
complex impedance matrix are identical to those of
Y;,-(w).

The fluctuation-disspation theorem of Egs. (71) and
(72) or (78) and (79), which establishes a quantitative
relationship between a dissipative process and appro-
priate equilibrium fluctuations, can be given the fol-
lowing intuitive interpretation. A dissipative process
can be conveniently considered to involve the inter-
action between the dissipative system and a source
system or signal generator. As mentioned at the be-
ginning of Sec. 2, the dissipative system is characterized
by a large number of degrees of freedom and is capable
of absorbing energy when acted upon by an imposed
force. In equilibrium it exhibits random fluctuations of
its variables.

The source system, on the other hand, which provides
the imposed forces and delivers energy to the dis-
sipative system, is characterized by relatively few
degrees of freedom and a high degree of excitation.
Examples of such systems might be a classical pendulum
or polyatomic molecule. When isolated from the dis-
sipative system and given some internal energy, the
source system may be regarded as having a sort of
internal coherence.

If the source system is now connected to the dissi-
pative system, this internal coherence is destroyed, the
periodic motion vanishes, and ihe energy is sapped
away, until finally the source system is left with only
the random disordered energy 1/8 characteristic of
thermal equilibrium. This loss of coherence within the
source system may be regarded as being caused by the
random fluctuations generated by the dissipative
system and acting back upon the source system itself.
The disspation therefore appears as the macroscopic
consequence of the disordering effect of the random
equilibrium fluctuations, and, as such, is necessarily
quantitatively related to the fluctuations.

An interesting analogy is furnished by the historical
development of the theory of spontaneous radiation
from excited atoms. After the initial development of
quantum mechanics, it was found impossible to compute
the spontaneous transition probabilities for an isolated
excited atom, and this dissipative process appeared to
be outside the existing structure of dynamics. With the
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advent of quantum electrodynamics, however, the dis-
sipation could be computed, and it was found that the
spontaneous transitions could be consistently considered
to be induced by the random fluctuations of the elec-
tromagnetic field in the vacuum. In this case, the excited
atom plays the role of the source system, and the
vacuum plays the role of the dissipative system.

7. THE FIRST-ORDER RESPONSE—TEMPORAL
REPRESENTATION

A particularly useful temporal form of the fluctu-
ation-dissipation theorem, due to R. Kubo,® is obtained
by taking the Fourier transform of the basic spectral
relationship (58) between L;;®(w) and G;;® (w). Ac-
cording to Eq. (56) this yields the aftereffect function
;P (4) in the form

0

1
O dweit

100G ().
i) i (w)

E®(w;B) (50

Letting

1/E® (; ) = f die=T (i)
and noting from Eq. (53) that
Gy @@ =L/ [ de=i3{0,0,0 01,

Eq. (80) becomes

1 @ o0
¢£;‘(”(t)=—f dwf ar'r (')
27" —0 —®
X [ ara10,0,0 ) 1) 0er—. (a1)

Invoking the é-function property of

0
y t_t/_tll
f dwei! ),
—

we obtain the result

1
iV () = ——([0:,0; () 1) ®
ih

- f AT (I—)3L0:Q:0()]D©  (82)

where

1 p= 1
(0m [aa
27 EM(w;B)

—00

21 h"rlll 5(8). (83)
= th— — .
Th nee 278 ﬁ"')ﬂ ¢
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The evaluation of the function I'(£) has previously been
carried out by R. Kubo,® and is presented in Appendix
C.

Equation (82) constitutes the temporal statement of
the fluctuation-dissipation theorem. Although equiva-
lent to the spectral form of Eq. (58), it presents the
basic relationship between equilibrium commutators
and anticommutators in a more explicit fashion.

The result (82) can of course be substituted back
into Eq. (40) for (Q;(#))® to yield the first-order
response directly in terms of the equilibrium corre-
lation moment.

(Qj(t»(”:—Zf dtlFi(tl)fw ai'T (H—1)

XGLR:© (0),0;© ()10 ©@.  (84)

In obtaining (84) from (40) and (82), we have intro-
duced the transformation ¢;'=¢—¢' and made use of the
identity

(05 Qi@ (h—1)1)© == GLQ (1), () 1.

In the classical limit 3 — 0, Eq. (84), in virtue of the
é-function property of I'(¢), reduces to

@O0==8F [ P 0a0)o. (65

The first-order response during a step-driven process
can be obtained directly from Eq. (84) by introducing
the step-function forces defined in Sec. 4.

@o=-s [ an [ awre—w)

XGLQ: (1),0; ()] ®.  (86)

Integrating by parts and putting (Q,)® =0 gives
0 © Il (h—t)
@O=SFf an[
i —00 —0 atll

XG0 \),0,2 110 (87)
or, performing the #;-integration,
=== r:f are)

XGLO: (1,0, ()10 ©@.  (88)

In the classical limit 8— 0, it reduces to Eq. (37)
(with ()@ =0).

Throughout this and the preceding two sections we
have been explicitly concerned with the driven response
of standard thermodynamic variables such as volume,
number of particles, magnetic moment, etc. However,
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in the important case of transport processes one is
interested in driven generalized currents rather than in
conventional thermodynamic parameters. The special
considerations required to treat currents, and par-
ticularly to treat the steady state, have been carefully
discussed elsewhere.!! Before concluding the discussion
of the linear theory of irreversibility, we indicate briefly
the manner of formulation of the theory in terms of
driven currents.

We consider the case of electrical conduction, for
example, by assuming the specific Hamiltonian

HO)=HO+Y, 8:0)0=HO+e Y. 8:0) L xs (89)

1=l

where 8;(¢) is the applied electric field in the ¢th direc-
tion, and x;, is the 7th displacement component of uth
charged particle. The component J; of the current
operator J is simply the time derivative of the operator

Q..

Ji=Qi=eY T (90)

In our interpretation heretofore we would have
visualized the Hamiltonian (89) as applying to the
physical situation illustrated in Fig. 2. The field is
applied to the sample by condenser plates which are
not in physical contact with the sample. The state
asymptotically approached after imposition of a step-
function force is one with zero current. An alternative
interpretation arises if we formally impose periodic
boundary conditions on the particle wave functions in
the system. A step-function applied force then leads
asymptotically to a steady-state current. The formalism
is essentially unchanged, but the trace of any operator
implies a summation over an entirely different Hilbert
space than has been implied heretofore.

The first-order current response (J;({))® is given,
from Eq. (15), by

(Ji()Hw= —71;; 23: f_; dt8;(L)([Q: (1), T ;9 (1) ])©

N =1

1 3 ¢
=——2 dh8i(t)7¢i; P (t—1) (91)

ihi=1J_

11 See W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957).
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where the current after-effect function 7¢;;® (¢) is
1
T¢: V(D) = —;([nyf IRUONBI) ))
3

The fluctuation-dissipation theorem relating.e
first-order current response to the second moit
GT, ;9] of the spontaneous equilibn
current fluctuations is readily obtained using the 1-
niques employed previously in connection withe
extensive parameter displacements Q;. The resultn
the spectral and temporal representations, respectis,
are

OG0 1)@

2 00
=——f dw coswtED (w; 8) Re® V;j(w), 1)
0

™

WELT T ;O 1)@

2 =]
=—f do sinwlE® (w; ) Im® V;i(w), )
T Jo

J¢if‘”(l)=fw AT (1= )AELT T ;O ()]0 ®. )

—0

Equations (93) and (94) follow immediately froms.
(71) and (72), if we replace the operators Q; by ir
time derivatives J;, which simply removes the for
(1/w)? in the integrand. Similarly, Eq. (95) c-
sponds to Eq. (82) for ¢;;® ().

Finally, the above analysis of driven currents cae
justified by another consideration, which is pens
more physical than the artifice of periodic bouny
conditions applied to the system in Fig. 2. We conr
a time-dependent magnetic field 3€(f) imposed axy
through a toroidal conductor, as shown in Fig. 3.e
induced current in the toroid will be driven by a-
gential electric field &(¢)=—A(r), A(£) being the vir
potential associated with §¢(#). The Hamiltonian ap-
priate to this situation is

HH)=HO4+A(t)J )
where J is the operator corresponding to the electl

current around the toroid.

(1)

Fic. 3.
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The first-order response (J(£))®"’ to the perturbation
A )J is then

(J (l))“’=—,1—h f ‘dhA(tl)([f O (), J ()@, (97)

(J(£))® can be rewritten in terms of the induced electric
field &(¢) by integrating Eq. (97) by parts.

J@))y®v= -%A 0] j: ;dl:<[1 ©(),J O @) )™

1 ¢ t1
-, / 0)(7." 0) ©
7 .[w dhg(h)j_‘m AL WACIO N (98)

where we have let A ()= — &({y).

The term involving &(¢) is the physically interesting
one, the integrated term corresponding simply to the
accumulation of magnetic field required to sustain the
driving electric field. By ignoring the latter term, the
physical situation is precisely that which would obtain
if the process were driven by a battery placed in the
circuit rather than by the magnetic field 3¢(f). For this
case, {(J(¢))® reduces to

1 pt
J@))w= _Tf; f di 8(ty)

Xf | d/ ([T ('),7 ()] (99)

By Eq. (90) we identify

t1
f dty TO(4y).

—00

Qi ()= (100)

Therefore,
1 t

T@)0=—= [ s 00 w,s0010 01
hJ_y

which is identical with Eq. (91) for the case of one-
dimensional electrical conduction.

8. APPLICATIONS OF THE FIRST-ORDER THEORY

Several applications of the foregoing first-order
theory are now mentioned briefly.

In their original paper on the fluctuation-dissipation
theorem, Callen and Welton* discussed the relation of
that theorem to the energy density in an isotropic
radiation field. The impedance of a charged particle
driven by a periodic electric field exhibits a dissipative
term arising from the radiation damping force. Ac-
cording to the fluctuation-dissipation theorem (78),
this implies the existence of a random fluctuating elec-
tric field exerted by the vacuum on the free particle.
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The energy density of this fluctuating field is found to
be just the familiar Planck radiation density.

Van Vliet'? has recently employed the fluctuation-
dissipation theorem to discuss the equilibrium charge
carrier fluctuationsinsemiconducting materials. A simple
admittance matrix corresponding to a linear RC net-
work is introduced, the resistances being expressed in
terms of transition rates between different groups of
carrier levels. The fluctuation-dissipation theorem there-
by yields the second moments of the equilibrium carrier
fluctuations in terms of the thermal generation-recom-
bination process. The charge carrier fluctuations in
turn give rise to a contribution to the driven noise, to
which further reference is made in Sec. 12.

In addition to the fluctuation-dissipation theorem
and the spectral reciprocity, Kubo® points out that
general proofs of certain sum rules can be obtained from
irreversible thermodynamic considerations. Thus, for
the case of electrical conductivity in a system of inter-
acting particles in an applied magnetic field, he finds
that the frequency integrals of Re®V;;(w) and
o Im®Y;;(w) are given by

2 p° en,
z f do ROV ()= 5 (102)
m™ Yy T My
2 p* e’n,
- f do 0 IM® Y ;;(w) =3 —3C,. (103)
™Yy T mr?c

nr, My, and e, are the number, mass, and charge, respec-
tively, of the rth type of particle, and 3C, is the z-directed
applied magnetic field. Analogous sum rules can be
derived for the magnetic susceptibility matrix.

H. Mori’® has applied the fluctuation-disspation
theorem to the analysis of transport processes in fluids.
The coupling between the slow macroscopic relaxation
of the system and the rapid microscopic fluctuations
is shown to be responsible for the dissipation. Thus, the
coefficients of viscosity, thermal conductivity, and
diffusion can be computed in terms of the equilibrium
fluctuations of the thermodynamic fluxes.

9. THE SECOND-ORDER RESPONSE
IN A GENERAL PROCESS

In Secs. 5 through 8 the first-order theory of irre-
versible thermodynamics was reviewed, showing the
relationship of (Q:(£))® to the equilibrium fluctuations.
Sections 9 through 14 are devoted to an extension of
the fluctuation-dissipation concept to the driven second
moment (3[Q:(£), Q;(t+7)];) and to the second- and
higher-order terms in the driven response (Q;(f)). A
number of interrelationships among these quantities
and the equilibrium fluctuations are established.

2 K. M. Van Vliet, Phys. Rev. 110, 50 (1958).
13 H. Mori, Phys. Rev. 112, 1829 (1958).
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Consider the second-order response {Q:(¢))®. From
Eq. (16),

Qi()® ’—é(—%)z %{ ]_; duF (1) .[: At (1)

X(LOx@ (£2),[Q; (£2),0: () ]- 1)@
+ft th:(h)ftdl?Fk(lZXEQi(o)(tl),

x[Qk<°><tz),Qi<°><z>3_]_><°>} (104)

where we have inverted the order of integration in the
second term. The second-order after-effect function
i@ (£1,t2) is defined by rewriting Eq. (104) as

1 t t
mo=-x [ ) / K220
X ji® (b1—t2, t—11)

t t
—I—f dlle(h)f dtoF i (12)

Xjri® (ta— 11, 5“152)} (105)
whence

Giix® (t,t2)
1 2
=(‘7)¢@I@®MX@®&+@LLW%(w®
ih

@i @ (7, t—7) is the response (Qx(£))® at time ¢(>0)
to a é-function force F; applied at time zero, and a
d-function force F; applied at time 7(>0). Conse-
quently, the first term in Eq. (105) characterizes the
contribution to (Q;(t))® arising from the application
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of Fy(ty) prior to F;(¢1), while the second term charac-
terizes the contribution arising from the application of
Fy(t5) subsequent to F;(t).

Although Eq. (105) defines ¢;%® ({1,f2) only for
positive ¢ and ¢, we accept Eq. (106) as the formal
definition of ¢;jx® (t1,ts) for arbitrary values of ¢; and ..
The symmetry properties of ¢.x® (t1,/2) permit us to
evaluate this function for arbitrary times in terms of
its measured values for positive times.

We first observe that ¢;u® (f1,f2) is invariant with
respect to simultaneous reversal of all times and the
applied magnetic vector potential A, the argument
being identical to that given below Eq. (45).

din® (—t, —lo; —A) =@ (t,t2; A).  (107)

Further, ¢;;%® (t1,t2) can be written in either of the
following forms.

1 2
Biie® (1,t0) = (—z_h) {—(Q; (1),

X[0:©@ (1+t2), Q¢ J5)©@
+<[|:Q1, Q,;©@ (tl)]q:,
X QO (#1+12) J5)@}.

These forms follow by writing out all terms in the
double commutator of Eq. (106) and appropriately
regrouping. Consider the double commutator form of
Eq. (108), which states that

i ® (Fuyte) + i@ (ts, —ti—1s)
Féri; P (—li—1s, 11)=0. (109)

This cyclic relationship corresponds to Eq. (43) for
¢:; (D).

We now return to our observation that the sym-
metries (107) and (109) permit us to evaluate
&iir® (f1,12) for arbitrary times from its measured value
for positive times. Consider the ¢, plane shown in Fig.
4, which we have divided into sectors. The value of
¢t ® (t,t2; A) in sector I is obtained by direct meas-
urement.

The value in sector II (for which #>—£,>0) is
obtained by noting that

Giix® ((l2; A) = —ip @ (Ii+12; —la; A).

Sector III is determined by rewriting Eq. (109),
interchanging the indice 7% in the second term and
reversing the vector potential A in the third term.

Siik® (It A)—dja® (— 1, L1123 A)
+ ;@ (h+t, —t1; —A)=0. (110)

Then for #,>—#>0 the second and third terms are
measurable, thereby determining the value of the first
term in sector IV.

Equation (107) reflects the known values into the
remaining half-plane.

(108)
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We now discuss the relationship which exists between
¢iix® (t1,t2) and the equilibrium fluctuations. Consider
the form of Eq. (108), for ¢:x® (t1,t2), involving the
double anticommutators. This can be rewritten

1 2
@it ® (f1,82) =4(—;) (W45 (—ti—ts, 1)
1

=W, (ls, —t1—15)] (111)
where

Wi O (b1,t2) = 1[0, [Q5 (1), Qi@ (1r+22) T4 ] ©@.
(112)

Since W% @ (t,¢5) is the equilibrium expectation value
of a symmetrized product of the operators Q;, Q;® (¢,),
and Qi@ (t1+1s), it is a third correlation moment
among the equilibrium fluctuations of the variables cor-
responding to these operators.

However, referring back to Eq. (108) to identify the
two third equilibrium correlation moments in Eq. (111),
we see that each involve precisely the same operators
at precisely the same times, although the order of sym-
metrization is different! The two distinct third moments
correspond in principle to different ways of measuring
the correlation, as can be seen from the following general
considerations.

Since there is only one way of symmetrizing a product
of two non-commuting operators, it is possible to write
a unique quantum-mechanical expression for the second
equilibrium correlation moment [see Eq. (17)]. How-
ever, quantum mechanics furnishes no such unique
a priori prescription for symmetrizing a product of
three (or more) operators.’* Thus, for example, in Eq.
(112) we introduced the equilibrium symmetrized
quantity W;3© (f1,6,) containing four permutations of
the operator product Q.Q; (4)Q:© (1,t2), while we can
also construct the fully symmetrized form ¥,;© (t,t,)
containing all six permutations.

Wi ® (t1,t2)
=HQ:Q;® (1)@ (t1+12)
+0;@ ()0 ® (t1+22)Qs
+00 (00,0 (1)

+ (complex conjugate). (113)

Each possible symmetrized arrangement corresponds
to some particular experimental measurement. Con-
sider an experiment in which three detectors monitor
the variables Q;, Q;, and Qi, and feed their signals into
a counter. Appropriate time delay circuits are inserted
between the Q; and Q; detectors and the counter such
that the counter makes a single measurement of the
desired product. Since all three signals are handled in
a completely symmetrical fashion, this experiment

measures the fully symmetrized operator product
W6 @ (t1,82).

1 J. R. Shewell, Am. J. Phys. 27, 16 (1959).
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Alternately, suppose the Q signal and the delayed
Q; signal are fed into a multiplier, and the multiplied
signal is fed into the counter along with the delayed
Q; signal. The counter makes a simultaneous measure-
ment of the product of its two inputs. In this case Q;
and Qy are treated symmetrically, as are their product
and Q;, and the experiment measures the quantity
‘I’,‘jk«)) (tl,tz) of Eq (112)

In the classical limit (zero order in 8) the two cor-
relation moments become identical, as discussed later
in Sec. 13.

Returning to Eq. (111), we see that this expression
constitutes a thermodynamic relationship between the
second-order response, characterized by the second-
order aftereffect function ¢;3® (4,t2), and the equi-
librium fluctuations, characterized by the difference
between the two operationally distinct third correlation
moments \I’kij(o)(_tl_"t2, tl) and \I,jk{(o) (t2, —tl—tg).

10. FIRST-ORDER NOISE IN A GENERAL PROCESS

In this section we consider the first-order term
([Q:®, Qi(t+7)11)® in the driven second moment,
establishing its relationship to the equilibrium fluctua-
tions. The relationship between the first-order driven
noise and the second-order response is also discussed.

The relationship of the first-order driven second
moment to the equilibrium fluctuations is conveniently
approached using Eq. (20) for (3[Q:(8), Q;(t+7) 1) ®.
The quantity

— (1/2m)([Q* (&), [Q:® (1), Q;© (t47) ] 1)@

appearing in the first term of Eq. (20) is the noise
response (3[Q:i(t), Q;(t+7)11+)® to an applied force
Fr(t)=08(t—11), ti<t<t+r. As such, it characterizes the
noise contribution arising from the application of Fy(t;)
prior to time ¢ This noise response function can be
readily symmetrized and is the quantity of primary
physical interest.
On the other hand, the quantity

= (1/2i)[Q:* (1), [Qx® (1), Qs (t47)1-11y©®

appearing in the second term of Eq. (20) is the noise
response to the force Fi.(f)=8(t—1t), t<t<i+r. As
such it characterizes the noise contribution arising from
the application of Fi(f1) in the time interval ¢ to ¢+,
during which the noise is being measured. We denote
this function by 84;® (f1—¢, {+7—1t). Thus,

056 M (t1,82)
1
= _ﬁ@“ [O;O (), Qe @ (1) ]1-]1)©@.  (114)

As we shall see, 6,4 ® (41,t2) is not of particular physical
interest; we discuss it briefly at the end of this section
in connection with the second-order response.

The first equilibrium expectation value appearing on
the right-hand side of Eq. (20) can be symmetrized by
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invoking the basic relationship (82) between com-
mutators and anticommutators. Replacing ¢ by (¢—#)
and introducing the transformation #,’=¢—1¢ gives Eq.
(82) in the form

1
—'_h<[Qk(0) (1),Q:@ (1)@

- "f °° T (= 1) B (1),0:@ () 10 ©@. (115)

If we replace the operator Q; by the anticommutator
110,09 ()], this becomes

1
——([0:@ (1), [Q:®(0), ;@ (¢4 7)1+ 1)@
2ih

- f ) /T (L~ 1) (A[Qx© (1),
T XI0@®0), 0,0 (411,10 ©.

The result (116) can be substituted directly into
Eq. (20), along with the definition (114) of ;™ (1,t),
to yield the first-order driven noise in the form

GLO:(®), Q;(t+7)T®

(116)

=—> f dlle(h)fm at'T (L—t")
XG0 (1), [Q:@ (1), Q@ (t4-7) ] 1) ©@
t+r
+> f dLF L (4)0:;V (h—t, t+7—1t).  (117)

As discussed in the preceding section, the symmetrized
equilibrium expectation value

(L@ (1), [Q: (1), 0 (t+ 7)1+ 1)@

is one macroscopically observable form of the third cor-
relation moment among the spontaneous equilibrium
fluctuations of the variables corresponding to the
operators Q@ (¢,), Q:@(¢), and Q;® (¢4 7).

A thermodynamic relationship between the intensity
of the first-order driven noise and the equilibrium
fluctuations follows immediately from Eq. (117).
Letting 7=0, the second term in Eq. (117) vanishes,
leaving

&[0:0,0:(0 1™
X f dnFx(t) f ’ di/'T(h—1')

X AR (1), [ (0,05 () 1 I .

Equation (118) expresses the first-order driven noise

(118)
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intensity (3[Q:(2),Q;(®)1+)® in terms of the equilibrium
third fluctuation moment

(O (1),[0: (1,07 () 1410,

Returning to the more general quantity
GLO:(), ;1) 10,

for most purposes one is interested in measuring this
driven noise only for processes in which the imposed
forces are slowly varying over the time interval during
which the noise is being measured. We therefore
assume that Fy({;)~constant=F) in the interval ¢ to
(t+7) although, of course, Fi(#1) is arbitrary for ¢ <t.
Further, we decompose Fi(f;) into two components
according to

Fy(t) =F+AF(ty). (119)

The contribution to (3[Q:(¥), Q;(¢t+7)])® arising
from the time-dependent force component AF(Z;) is

t 0
> f dLAF (1) f AT (h— 1)
b V_p —

XL (1), [0:© (), Q@ (t+7) 1+ 1)@

since the integral /3*+" dt;AFy(f1) vanishes. It is there-
fore directly expressible in terms of the equilibrium
fluctuations.

The contribution arising from the constant force
component Fy, on the other hand, is just the first-order
term in the perturbation expansion of the driven second
moment with respect to a constant applied force.
However, the application of a constant force F; implies
simply a change in the corresponding (equilibrium)
intensive parameter associated with the system. Hence,
this contribution can also be regarded as a macroscop-
ically observable characteristic of the equilibrium
system. We denote it by

(120)

7]
2 Fe—G0:0; (1) 1) ®
k dF,

where the derivative is evaluated at Fy=0.
Inserting the quantities (120) and (121) into Eq.
(117), we obtain the result

GLO:), Qit+nIn®

-=[-f

£

X(EQe@ (1), [Q:@ (), Qs (t+7) 1 J1) @

dLAFL(1) f AT (b= 121)

9
R GL0,0 01| (122)

Equation (122) constitutes a thermodynamic relation-
ship between (3[Q:(¢), Q;(t+7)]1)® and the indicated
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macroscopically observable characteristics of the equi-
librium fluctuations.

We further note that (8/9F,)3[0:,0;® (7)]4)® can
be re-expressed in terms of the nonlinear behavior of
the system by invoking the fluctuation-dissipation
theorem, Eqgs. (71) and (72). In order to keep the
notation simple, we consider explicitly the case of no
applied magnetic field, for which (3[Q;Q;® (7))@
reduces to

(30050, (n)1p©@
2 p* Re V;j(w
=—— f dw coswTEW (w; 6)6‘(2

™ w2

(123)

Just as 3[Q50;9(7)]1)@ is a function of the applied
forces Fy, V;;j(w) also in general depends upon F. Con-
sequently, Eq. (122) can be written as

GLo:«®), Q(t+7)1p©
=Z{ —ft dhAFk(h)fw an'T(h—14")

XL (1), [Q:® (), Q; 0 (t+7) T4 1)@
Y (w)

2 r* 1
——f dw coswtEM (w; 8)— Re . (129)
m™ vy w2

k

The physical significance of the derivative 0V;;(w)/dF;
can be regarded as arising from the nonlinearity of the
system in the following way. Most physical systems
are nonlinear. Nevertheless, for sufficiently small devi-
ations from a given “operating point” (corresponding to
a constant applied force Fy) the linear approximation is
adequate. As a consequence of the nonlinearity of the
system, however, the admittance matrix must in
general be a function of the “operating point.” The
quantity 9Y;;(w)/dF specifies the first-order contri-
bution to this dependence on F;.

Equation (124) is an alternate thermodynamic ex-
pression for (3[Q:(¢), Q;(t+7)]1)® to that given in
Eq. (122), expressing the first-order driven noise in
terms of the equilibrium third moment ([Q.©(¢,),
X[0:@(), Q;9@¢+7)1:]:)® and the second-order
response function 0V ;;(w)/dFy.

In the classical limit, Eqs. (122) and (124) reduce,
respectively, to

(qi(Dg;(t+7)®

=§I -8 f ALAF(6)(4x (1) g:(Dg;(t+ 1))@

ad
k ——(qig; (7)) ¢, 5
g () >} (125)
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(gi(D)g;(t+7))®
z%[ —'ﬁf dtlAI?k(tl)<qk(ll)qt(t)q](t+T)>(O)
e [ 1 oYy
_—ka dw coswt— Re @) (126)
3 0 w? oF,

We return finally to a brief discussion of the rela-
tionship of the noise response function 6;;® (t1,ts),
defined in Eq. (114), to the second-order response.
This relationship also stems from the basic relationship
between equilibrium commutators and anticommu-
tators given in Eq. (82). Replacing the operator Q; in
Eq. (82) by the commutator — (1/4%)[Q;,0:® (t2)]-
and noting Eqgs. (106) and (114) for ¢;#® (f,,¢,) and
0.1 @ (t1,12), respectively, we find that

® d
¢ijk(2)(tl,t2):f dtl'I’(tl—tl’)?&jk(”(tl’,la). (127)
—» 6t
The spectral form of Eq. (127) is found to be

1 0 @0
Gijk(l)(ll,lg)=— f dwlf dwgei‘““e"“’“?
2T —w —x

L;j5x® (w1,ws)
XE®(w; )———
7

(128)

where L;x® (w1,ws) is the double Fourier transforms of
@it ® (t1,t2) defined by

1 @« 0
¢1‘jk(2) (;1’12) = f dwlf dw2eiw1t16iwztz
2 -0 —%

™

XLi,-k(Z)(wl,wg). (129)

Equations (128) and (129) have the following formal
implications. Using Eq. (114) for 8;3® (t1,t2), Eq. (19)
for (3[Q:(9), Q;(t+7)])® can be written in the form

GLO:(), Q;(t+m)]pw
ZZlf A F e (1)0;1: D (L — 1~ T, t—1;)

t+r
+f dtle(tl)gikj(l)(tl—t, Hr—1) . (130)

Since Egs. (127) and (128) express the function
0:5%V (t1,t2) in terms of the macroscopically observable
second-order aftereffect function ¢, (t1,4,), Eq. (130)

permits us to compute (3[Q:(£), Q;(t+7)])® from
suitable measurements of the second-order response.

11. FLUCTUATION SYMMETRY

In the preceding two sections we have established the
basic interrelationship among the second-order response,
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the first-order second moment, and the equilibrium
third moment.

In order better to appreciate this basic interrela-
tionship, it is of interest to examine its consistency from
the point of view of symmetry. For this purpose it is
convenient to represent the response (Q:(¢)) to a set
of applied forces F;(¢) by the symbolic expansion

Qi) =X O4+3 FX::O+3 2 FFXe®+-- . (131)
7 ik

The response functions x are suitable combinations of
the aftereffect functions defined previously, while the
&; are integral operators, linear functionals of the forces
F;(t) acting on the X’s. X;© denotes the equilibrium
expectation value (Q;)©®. Similarly, the driven second
moment (3[Q:(¢), Q;(t+7)]+) can be represented by the
expansion

(¢L0:0), Qi(t+1) 1)

=£;0423 F1/ ki, V45 2 T F b+ -+ (132)
3 [y

where the £ are suitable noise response functions, and
the &' are appropriate integral operators.

The physical symmetry of many systems is such that
reversal of all forces simply reverses all responses
(0:(1))—(0:)@. For such systems only the odd terms in
Eq. (131), and only the even terms in Eq. (132) can
exist.

The physical symmetry referred to above also has
obvious implications for the equilibrium fluctuations.
Consider particularly the third equilibrium correlation
moment {q.q;(¢1)qk(t2))®. This moment is defined in
terms of an integral involving the equilibrium joint
probability distribution W5©® (g;; ¢j,t1; gk,t2). For many
systems the physical symmetry implies that this joint
probability distribution is unchanged if each of the ¢’s
is replaced by its negative. For such a ‘“fluctuation-
symmetric” system, all odd equilibrium correlation
moments vanish.

The relations which were proven among the second-
order response, the first-order noise, and the equi-
librium third moments indicate that the physical sym-
metries referred to in the two preceding paragraphs are
equivalent, as we might intuitively expect. A system
which is fluctuation-symmetric, with no odd equi-
librium moments, exhibits no second-order response,
and no first-order noise.

A homogeneous system, symmetric under spatial in-
version, is fluctuation-symmetric with respect to its
transport properties. In such systems, electron, phonon,
or other currents can exhibit no first-order noise.

With fluctuation-symmetric systems, it is necessary to
go to second order to obtain a contribution to the driven
noise. Such second-order driven noise can be appreciable
in magnitude, and, in fact, is easily observed in semi-
conductors. By analogy with Egs. (111), (124), and
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(127), the second-order noise may be presumed to
depend generally in some complicated way upon the
third-order response and the equilibrium fourth
moment. In Sec. 12, we give a limited discussion of one
contribution to second-order noise.

On the other hand, there are many systems which do
not obey fluctuation-symmetry and which therefore
may exhibit first-order driven noise. Rectifiers, for
example, because of their pronounced asymmetry with
respect to current flow, necessarily possess significant
equilibrium third moments.

Finally, it is possible for a system to be fluctuation-
symmetric with respect to some of its variables but not
with respect to others. Thus, for example, a p-» junction
is fluctuation-symmetric with respect to current in the
plane of the junction but fluctuation-asymmetric with
respect to current perpendicular to this plane. Another
example would be a bulk solid, which we have pre-
viously mentioned as being fluctuation-symmetric with
respect to its transport properties. Such a system would
not in general be fluctuation symmetric with respect to
its thermodynamic extensive variables such as energy,
volume, or the number of particles in the conduction
band.

12. SECOND-ORDER DRIVEN NOISE

Although we do not undertake a complete discussion
of the second-order noise in this paper, it is of interest
to indicate how the general theory would apply in a
specific physical situation. As an example, we consider
the steady-state thermal generation-recombination
noise in semiconductors.

We consider explicitly the second-order driven
current noise (3[J:(), J;(¢4+7)])®. In accordance
with the recipe developed in Sec. 3 for computing driven
second moments in terms of the equilibrium system, we
have that

CRAONACEIRE
=H(LO0, 75 (40O
HLTO 0, 7,0 (40O
HLID (), 7,0+ 1))

Although the first and third terms also contribute to
GLT:@), Ji(t+7)1)®, we focus attention on the term
GLT:® @), iV (+7)10@, which is subject to clear
physical interpretation.

The first-order driven current operator J;®(¢) is
obtained in accordance with the discussion at the end
of Sec. 7.

(133)

1 t
T ()= = > A& (t)[Qx @ (11),T, (1) 1. (134)
i k

—on

In the steady state, the electric field &,(¢) is constant,
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and Eq. (134) reduces to

1 H )y
JOH=——3Y & exp[i J
int 3

0 H©O)}¢
X f dh[Qr©@ (1), J - exp[—i .

| ass

where we have let {;=¢—{; and extracted the resulting
¢t dependence of the commutator as indicated.

We define the unperturbed Heisenberg operator
019 (¢) corresponding to the kith element of the con-
ductivity matrix by rewriting Eq. (135) as

]i(l)(t)”-:z 8k0’k,‘(0)<t) (136)
k
whence
1 HO¢
o @) =—— exp[i ]
* in A
0 HOy
x f dtl[ka)(t),],-]_exp[—i - ] (137)
Using Eq. (136) for J;V(¢), the contribution

GLT:D @), TP (@+7)10@ to the second-order steady-
state current noise becomes

GLI®, ;0 (1) 1)@
=%‘. 8x8(3Lokio1; @ (1) 1)@ (138)

where we have set /=0 in virtue of time stationarity.
The quantity (3[ 04,01, (7)11)©@ can be interpreted as
the second correlation moment between the spon-
taneous equilibrium fluctuations of the conductivity
matrix elements ox; and ¢, (7).

The correlation function (3[o,0@(£)]1)©@ is easily
calculated in the case of a simple semiconductor for
which the conductivity is given by o = ne?r,/m* !* where
n is the equilibrium carrier concentration, m* is the
effective mass, and 7, denotes a simple relaxation time
for the scattering mechanisms. Assuming that

n(t)=nee"t'"8

(139)

where 75 denotes a relaxation time associated with
thermal charge carrier generation and recombination,
the second-order term (JWJ® (£))©® in the steady-state
current noise (JJ (£)) is

eir?
<j(1)](1)(t)>(°)=—*—(nn(l)>(°)82
m*2

4

elr?

(n2> (0)g—tlTg £2 (140)

m*Z

which is a well-known result.!?

15 See for example W. Shockley, Holes and Electrons in Semi-
conductors (D. Van Nostrand Company, Inc., Princeton, New
Jersey, 1950).
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There exist in general other contributions to the
second-order steady-state noise, as can be seen from
Eq. (133). Here we have sought only to establish the
connection of the general formalism with the usual
model treatment of semiconductor noise.

13. HIGHER-ORDER STEP-DRIVEN RESPONSE

Whereas we have previously shown that the second-
order response in a general process is characterized by
the difference of two equilibrium third moments, the
classical result of Eq. (38) suggests the possibility of
establishing a more conventional quantum relationship
in the case of step-driven processes. Although measure-
ment of two distinct equilibrium third moments is still
required to determine the second-order step-driven
response, we shall find that for this simple class of
processes the relationship is in close formal analogy to
the first-order fluctuation-dissipation theorem. Further,
the uniquely quantum-mechanical effects are more
easily visualized in this case.

It is convenient to consider (Q;(£))® as given in the
form of Eq. (33). Rewriting this expression so as to
indicate explicitly both contributions from a given pair
of forces Fj, Fy, and assuming that (Q.,)@ =0,

B A1
Q:())®=1 T F.F, f i an
ik 0 0

X Q5@ (—ihN) Qe (— ihN2)Q:® () ©

H(Qe @ (—ihA)Q; (— ihN2)Q: @ (£)) .
(141)

Inserting exp[ +=8H @] in front of the operator Q;® (¢)
and permuting the operators cyclicly, the integrand of
the second term in Eq. (141) can be rewritten

(K (—iTN)Q;® (— A ()
= QO ()0 (—iliN+-ih8)Q,®
X (—iliA+ihB))®@.  (142)

Thus, inverting the order of integration, and making
the successive transformations \o'=8—X;, \)'=8—N\,,

8 A
f d\y f AN Qi@ (—1hN1) Q@ (—ihN2) Q:© (1)) ®

2] A1
:f d)\lf d)\g(Qi(O)([)Qk(o)(-f‘l.hAz)
LT X0 (i))®.  (143)

Inserting (143) into Eq. (141), we thereby obtain
(Q:(1)® in the form

M

Q) =} T FiF f Y f Do

X Qi@ (= i) Qi@ (—ilN2) Qs @ (1))@
FQC Q@ (GhN:)Q; @ (kM) @], (144)
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It is further convenient to define the second-order
step-response function ®;;® (¢) by rewriting Eq. (144)

as
Q:i)® =33 FiF @i ()
ik

whence

8 A1
‘I’jki(z)(t)=f d)\lf AN[{Q;® (—1hAy)

X Q@ (—ilNa) Qi@ (1)@ +(c.c.)]. (146)
The notation (c.c.) is used to indicate the complex
conjugate of the first term. &;;;®(f) represents the
second-order response to unit step-function forces F;
and F ke

We now proceed to analyze ®;;® () by decomposing
the equilibrium expectation values appearing in Eq.
(146) into appropriate summations over matrix ele-
ments in the unperturbed energy representation. This
technique is similar to that employed in Sec. 5 in
connection with ¢;;(¢), and yields

8 A
‘bjki(”(t):f d)\lf dkle P(ENE]Qj| En)

X{En|Qi| En)(En|Q:| Eryer (E1=Em)

(En—Et

X M2 (Em—En) exp[1 J—i— (c.c.) (147)

1

where (E;|Q;| En) is the matrix element of Q; between
the eigenstates of H©® having the energy eigenvalues
E;and E,, and p(E;)=¢#E/Y, e BEL,

Performing the indicated temperature integration,
and replacing the triple summation by a triple integral
over energy eigenvalues, this becomes

‘bfki(”(t):f dE,f dEmf AE.p(E)n(Ey)

m, Eﬂ
Xn(Eonin( )[(E,—En)(Ez—Em)

eB(Ei1—Em)

eB(E1—En)
- (Em— En) (El_Em) ; (Em'_ En) (El_ En):l
X(E1| Qi EmXEm|Qk| En)XEn|Qi| Ex)

E.—E,;
(——){]-I— (c.c.) (148)

Xexp[i

where #(E;) is the energy density-of-states function. In-
troducing the transformations

En=Eithw, E,=E+ho, (149)

and letting w1 — —wy, ws — —w; in the (c.c.) term, we
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finally obtain ®;;;® ({) in the form

1 0 oo
@jk,‘(”(t):——f dwlf dwzei"’”Njki(”(wl,wg) (150)

27 —o0 —0

where

Iij,'(z) (w1,w2)

[ 1 exp(—hBwr) exp(—hﬁwg)]
= + 4

T
wi(wi—ws)  walwe—wi)

wWiwa
1 exp(+hBwr)
ngki(wl,w2)+[ + 1
wws w1 (wi—ws)
exp(+%Bw;)
+“—"—w2]gjki*('“w1, —wy) (151)
we(we—wy)

and

it (w1,02)

= o (wae) =27 f dEp(E)n(Eyn(E-+ )

—0

Xn(E4-hwo){E|Q;| E+ hw)

X(EA+heor| Qx| E4-hon)E+he | Qs E). (152)

In order to relate the second-order step-driven
response to the equilibrium fluctuations, we undertake
a similar spectral analysis of the equilibrium correlation
moment of the variables corresponding to the operators
Qi, 0k (t1), and Q;® (#1+1.). However, as discussed at
the end of Sec. 9, there exist several equally valid,
operationally distinct quantum-mechanical expressions
for a given equilibrium third moment. Thus, the quan-
tity ¥;;;©® defined in Eq. (112) corresponds to one
particular set of experimental conditions, while the
fully symmetrized equilibrium form ¥;;;® defined in
Eq. (113) is appropriate to a different experimental
arrangement. We find, in fact, that measurement of
both Wz, (43,t2) and Vi@ (t1,t;) is required for a
complete experimental determination of &;;;® (1),
except in the classical limit.

Equation (113) for ¥, (4;,t:) is conveniently re-
written

i@ (t1,02) = $(Q,06 @ (1) Qi @ (t1+22)
FQ; O (—i8B)0: @ (1) Q:® (t1+12)
+Q; O (—itB)Qr® (ty—1ihB)
X Qi@ (ti412)) O+ (c.c.)  (153)

where we have inserted exp[+8H©] at suitable posi-
tions in the second and third terms and permuted the
operators cyclicly.

As in the case of &, (¢), the quantity ¥ ;5;® (,,1,)
can be decomposed into a triple integral over matrix
elements in the unperturbed energy representation. In-
troducing the transformations (149) and letting
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w1— —wy, w2 — —wy in the (c.c.) term, we obtain the
expression

1 © ©
\I’jki(O) (tl,tg) _— f dwlf dwzeiwltleiwztz
2r J_, —

X Giri @ (wws)  (154)
where

G i1 (w1,0)
h?
=6—{[1+e><p(—hﬂw1)+eXp(—hﬂw2)]

X giki(w1,ws) +[1+exp (+ABwr)
+exp(+#Bws) Jg i (— w1, —wa)},

giri(wi,ws) having been given previously in Eq. (152).
G2 (wi,w2) is the double Fourier transform of the
equilibrium third moment ¥z (t1,t2).

Similar analysis of the equilibrium third moment
W1 ® (h,t2) of Eq. (112) yields the result

(155)

1 £ 0
\Iljki(O)(tlth):_‘_f dwlf dw2eiwlt1eiwztz
—n —o0

2T
XG ki@ (wr,we)  (156)
where

Giri® (w1,w2)

h2
= Z{ [1+exp(— 1Bw:) Jgini(w,w2)

+1+exp(+hBwr) Jgin* (—wr, —w2)}.  (157)
We now discuss the relation of the second-order
step-driven response to the equilibrium fluctuations
using the spectral quantities V;z:® (w1,w2), Git: @ (w1,w2),
and Gx;® (w1,w2) obtained above. In order to indicate
the formal analogy of this relationship to the first-order
fluctuation-dissipation theorem, it is convenient to
define the functions 7;z;® (w1,w2) and fiz:© (w1,ws).

7k @ (w1,w2) = [ ! iexP(_ hﬁwl)_Lexp(— h6w2)]

1
wiwe wl(wl“wz) wz(wz-wl)

ngki(wlan)y (158)

f,-k,-(‘”(wl,wg)=§[1+exp(—thQ—i—exp(—hﬁm)]

Xgiri(wi,ws), (159)
in terms of which Eqgs. (159) and (155) can be rewritten
Njri® (w1,02) =73 ? (w1,09) + 75 D* (— w1, —w2), (160)
G ® (w1,00) = firs® (@r09) 4 fi1@* (— w1, —ws). (161)

Comparison of Eqs. (158) and (159) shows that
7iki® (w,we) and f;x:9 (w1,w2), which characterize the
second-order step-driven response and the equilibrium
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fluctuations, respectively, in the sense of Eqs. (160)
and (161), are related according to

e S —— A O Y 0T 2
7 5ki (wl,wz) E‘”(wl,wa;ﬁ)fjk (w1 w2) (16)
where
E® (wy,w2; B8)
i 1+4exp(—h +exp(— B 1
I tep(—igetep(<hge) 1
6 1 exp(—hﬁwl)Lexp(-—hﬂwz) B0 32

T T
wjw?2 wy (wx‘wz) w2(w2—'w1)

Equation (162) strongly suggests itself as a direct
extension to second-order processes of the fluctuation-
dissipation theorem of Eq. (58), which relates the
Fourier transform L;;® (w) of the first-order aftereffect
function ¢:;® (¢) to the Fourier transform G;;® (w) of
the equilibrium second fluctuation moment. The uni-
versal function E® (w;,w2; B) is the second-order analog
of EMW(w;B). It is uniquely quantum-mechanical in
origin, corresponding to a slight smearing out of the
microscopic contributions to the macroscopic response
at extremely high frequencies. In the classical limit,
E® (wy,wq; 8) — (1/8?) as indicated.

Whereas Eq. (58) constitutes a true thermodynamic
relationship, however, Eq. (162) does not. That is, the
function fj:©® (wi,ws) is not macroscopically observ-
able, although its sum with f;*©@(—wi, —ws) is, as
indicated by Eq. (161).

The specific way in which quantum-mechanical
effects enter the picture is evident by first considering
what happens in the classical limit. For this case, Eqgs.
(151), (155), and (157) reduce to

h22

Njri® (w1,02) = ?Egﬂci(wly"-&) F g (— w1, —ws) ]

=B2G 1 (w1,02) =B°G j1: @ (wr,002).

The functions Gjr;® (wiws) and G (wiws) have
become equivalent, and measurement of either com-
pletely determines N jz;® (w1,ws). The temporal form of
Eq. (164) is obtained immediately from Egs. (150),
(154), and (156).

B P (1) ﬂ_)»o 52<QijQé(t)>(")- (165)

Substitution of this result into Eq. (145) for (Q:(£))®
yields the classical result given previously in Eq. (38).

We decompose gj:(w1,w2) into its real and imaginary,
even and odd parts with respect to simultaneous
reversal of w; and w,.

(164)

giri(wi,we)
=ReMgri(wi,we)+1 ImMg i (w1,w2)
+Re g ii(wi,wa)+1 ImO g (wiws).  (166)

The superscripts (4) and (—) denote the even and
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odd part, respectively, under the transformation
w1 — —w;, ws— —ws. Using this decomposition, the
classical relationship (164) becomes

hz 2
N ji® (w1,09) = TERe Dgiuilwr,w2)

+4i Im g i (w1,02) ]=B2G j3:© (w1,2).

Thus, in the classical limit we are concerned only with
Re(+)g,~k;(w1,w2) and Im(‘”gjki(wl,wg), both of which
are determined by experimental knowledge of the
complex quantity G—jki(o) (wl,wg) = ij.;(o) (w1,w2).

In the general quantum case, however, N jz;® (w1,w2)
depends upon all four components of ¢;z;(w1,w2) because
of the uniquely quantum-mechanical spreading intro-
duced by the quantities

[ 1 iexp(:i;hﬁwl)Lexp(:l:h[iw«z)J

L T
wws  wi(wi—wy)  wi(we—wr)

(167)

appearing in Eq. (151). For this case Gz (w1,w2) and
G i1 (w1,w9) are no longer equivalent, and Eq. (155)
and (157) constitute two independent complex ex-
pressions which can be solved for the four components
of gjri(wi,ws). Because of the quantum-mechanical
interference among the components of gji(wiws),
measurement of both equilibrium third moments
W@ (b1,t2) and W@ (41,t2) is necessary to determine
completely the function Nj;;®(w1,w:) and, consequently,
by Eq. (150), the second-order step-driven response,
D1 (2).

It may be presumed that an analogous quantum-
mechanical analysis of the third- and higher-order terms
in the step-driven response can be made, although we
do not attempt to carry out this laborious program
here. Instead we simply refer to the classical relation
between the step-driven response and the equilibrium
fluctuations, given previously in Egs. (36) through (39).

14. STEP-DRIVEN NOISE

For step-driven processes, the perturbation expansion
of the driven noise (3[Q:(¢),Q;(¢+7)];) simplifies con-
siderably, exhibiting a strong formal similarity to the
step-driven response (Q;(¢)). We can, therefore, use the
techniques employed previously for analyzing the step-
driven response to discuss the relationship between the
step-driven noise and the equilibrium fluctuations.

Consider Eq. (117) for the first-order driven noise
3[Q:(®), Qi(t+7)1)®. For step-function forces, the
unsymmetrized term vanishes, and Eq. (117) reduces,
upon integration, to

GL:®), Qi(t+7) 1w
=-—§ ka dtﬂ‘(tﬂ(%[@k(o) (tl),

X[Q:®(®), Qi (t47) 1 1)@, (168)
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Equation (168) can also be obtained from Eq. (88)
for the first-order step-driven response (Q:(f))® by
replacing the operator Q; by the anticommutator
1[040;9(r)]4. Equation (168) relates the first-order
step-driven noise (3[Q:(8), Q;(¢+7)]1)® to the third
equilibrium correlation moment

(L0 (), [0:© (), Q0 (7)1 T .

In the classical limit it reduces to

(g:()q;(t+7))P=—8 § Fgrq:i(0)g;(t+7)@.  (169)

The formal similarity between Eqgs. (88) and (168)
also carries over into the higher-order terms. Thus, in
the case of step-function forces, Eq. (21) for (3[Q:(t,)
Q;(t+7) 1)@ reduces to

GLO:(), 0;(t+7) 1)@

=(_$1,)2:£1 FkF¢f0 dtlf

—0 —

X[ (1), 3[0:@ (), 0, (t4+7) 1. 1- 1)@

which also follows from Eq. (24) for the second-order
step-driven response (Q:(£))®, if we replace Q; by
3[0,0;9(7)]+. Consequently, the analysis of the
previous section for the second-order step-driven
response can be applied directly to the second-order
step-driven noise. Similarly, it may be assumed that
the third- and higher-order terms can also be treated
on an equivalent basis.

The consequences of the above formal resemblance
can be most simply demonstrated in the classical limit.
Consider Eq. (36) for the full step-driven response
(g:(1)). Replacing the operator Q; by the anticommu-
tator 3[Q:,0;(7)]4, which corresponds to replacing
the classical variable ¢; by the product ¢.g;(7), Eq. (36)
becomes

(g:()q;(t+7))=(exp(—B Z;, Fiqi)qi(8)q;(t+7))@/

dt([ Qi (22),

(170)

(exp(—B Y Frqr))©®. (171)
*

Equation (171) expresses the step-driven noise
{g:(1)g;(t+ 7)) wholly in terms of the third correlation
moment (exp(—8 Xk Figi)q:(£)q;(t+ 7))@ of the spon-
taneous equilibrium fluctuations.

It is possible to summarize the results of this section
and the preceding one in the following intuitively
appealing way. We first differentiate Eq. (36) for
(g:(t)) with respect to F;, evaluating the result at Fj,
Fy, ---=0.

3
—(g:(2))=—B(gjq:(£))® (172)
oF ;

which is equivalent to Eq. (37).
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Taking the second derivative of (g:(¢)) with respect
to F; and F;, we obtain

62
———(q:(#))=6%giqrq:(1))® (173)
9F ;9F,

which is equivalent to Eq. (38).
On the other hand, differentiating Eq. (171) for
{gi(®)qi(¢+ 7)) with respect to Fi, we obtain

9
S GO )= =g, (g, )@ (174)

which is equivalent to Eq. (169). Letting =0 and
replacing 7 by ¢, this becomes

ad
—(q;9:())= —B(qrq:9:(£))®. (175)
oF;

Equations (173) and (175) can be combined in the
form

0]

)
i(0)=~B—a:9:(0)=Bg:0:0:(0)® (176
oFop, L= 8 e 0)=Faa: ) (176)

which constitutes a triple relationship among the
second-order response, the first-order noise, and the
equilibrium third moment for a step-driven process. It
is apparent that further differentiation of Egs. (36)
and (171) would yield a whole hierarchy of analogous
higher order thermodynamic relationships.

Although they apply literally only to step-driven
process, Egs. (172) and (176) exhibit most of the essen-
tial elements of the more general theory. Therefore, the
results presented above characterize the general struc-
ture of irreversible thermodynamics.

Finally, we compare our results for a step-driven
process with the results of time-independent equilibrium
fluctuation theory. Letting =0, Eqs. (172) and (176)
reduce to

d
—g) @ =—Blgigs)®, (177)

oF;

2

)
(g9 =8%q:g,9:) " = —B—gig)®. (178
SFoF, q (9:99x p Fk<q i) (178)

Equations (177) and (178) are precisely those which
can be derived for a generalized canonical ensemble
using standard equilibrium fluctuation theory.18

15. THE PATH DISTRIBUTION FUNCTION

Recently one of us has discussed the first-order term
in the nonequilibrium path distribution function
W1(g,t)®. This function specifies the probability that the

16 See for example R. I. Greene and H. B. Callen, Phys. Rev.
83, 1231 (1951).
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macroscopic variable corresponding to the operator Q
has the value ¢ in the driven ensemble at the time ¢. In
this section we review the theory of the path distribu-
tion function and its application to the first-order
problem discussed in Secs. 5 through 7. We also discuss
the path distribution function for a step-driven process.

In order to keep the notation simple, we restrict
ourselves initially to a one-dimensional process. The
distribution function W(g,t) can be expressed in terms
of its characteristic function K;(,?).

Wi(g,t) 261-); f: dve1K (v f) (179)
whence K;(»,t) is given by
1 w
Ki(v,0) =(—21—r5; f_w dge=W1(gq,t)
= (era)= Tr p@e—#Q  (180)
(2m)} (2m)?
where e=#Q) =t (t)e~#U(¢). Then
Wi(g,t)=Tr p@3(¢—Q1))=((g—Q(®))), (181)

where 8(¢—Q(#)) is the driven &-function operator
Ut(t)6(g—Q)U (¢), which selects from p© the appro-
priate contributions to W1(g,t).

Since Wi(g,t) is just the expectation of value of
8(¢g—Q) in the driven system at time ¢f, the theory
developed previously for the driven response (Q(¢)) can
be applied directly to the path distribution function.
Thus, for example, the first-order term W;®(q,f) is
obtained in symmetrized form from Eq. (88) for

(Q:())® by simply replacing Q; by §(¢g—Q).
t o
Wl(l)(q,t) = “‘f dtlF(tl)f dl]_lr (h—lll)

X GO (' —1),8(¢—Q)1n®, (182)

the ¢ dependence in the integrand has been transferred
to @ by performing a unitary transformation with
exp{==i[HOt/h].

The quantity G[Q© (4/'—1¢),8(g—Q) 1)@ is inter-
preted in the following way. Since the classical analog
of the operator 6(¢g—Q) is simply the & function §(g—¢’),
we can calculate the equilibrium correlation moment
of the variables corresponding to the operators
Q® (t,'—1t) and 8(¢— Q) according to

GBIt/ —1),8(¢—0) 1)@
= f dqia(q_ql)Wl(O) (ql)(Q'(o) (tll— f)>q'(°) (183)

where W,®(g) is the equilibrium probability distribu-
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tion, and (Q© (/' —1)),©® denotes the equilibrium ex-
pectation value of the variable corresponding to the
operator @ at time (¢ —¢) conditional on the variable
corresponding to Q having the value ¢ at time zero. The
¢’ integration can be performed immediately to yield

GLRO (' —1),8(¢— Q)1
=W1O@HQO (' —1),©. (184)

Substituting the result (184) back into Eq. (182) we
obtain

t
WiV (q,f)=—W,©® (q)f dnF (1)

Xfw /T (=0 QW (1~ 1)), ®.  (185)

The corresponding first-order term W,® (g1, - - ,qx; ¢)
in the path distribution function for an #-dimensional
process can be developed in a completely analogous way.
In place of the single operator §(¢—Q), we introduce a
symmetrized form of the product §(g1— Q1) * -6(gn— Q)
of 6-function operators. The result is

Wi® (g1, a3 1)
t

=—=W1O(qy, -+ ,gn)2 auF (1)

=1 v_,

Xf dh'T (=8 )Q;® (' = )Yar- -0, @.  (186)

W1®(qy,- - - ,¢a) is the simultaneous equilibrium prob-
ability distribution for the variables gi,---,gs, while
(Q;®(t//—1))qg1-- .qn denotes the equilibrium expec-
tation value of the variable corresponding to @; at time
(t//—1) conditional on the variables corresponding to
Qi+ +,Qn having the values gy, - - ¢, at time zero. In
the classical limit, Eq. (186) reduces to

Wl(l)(ql’. ©qn; t) ﬁ___?o _ﬁWl(O)(qh. . ',Qn)

¢

X2 dhFi(0)(G;(h— a1+ -aa . (187)

=1 J_,

Equation (186) constitutes a generalized statement
of the fluctuation-dissipation theorem, expressing
W1i®(gy, - ,gn;t) in terms of the equilibrium prob-
ability distribution W,® (g, - - ,¢.) and the equilibrium
conditional expectation value (Q;® (t,—1))e1---an®.
Since all of the previous theorems regarding the first-
order problem can be derived from Eq. (186), this form
can be considered the fundamental relationship for the
linear theory of irreversibility.

We now consider the full path distribution function
Wi(g1," - +,gn;t) for a classical step-driven process.
The step-driven response is written in terms of
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Wilgy,- - ,ga3 1) as

o= [ “dgr ]

—00 —%0

]

dgngWi(qr,- - ,qn; £).  (188)

According to Eq. (36), however, (g:(£)) can also be
written

<Qi(t)>=f dq1-~f dgngiW19 (g1, - * ,gn)

—20 —®

X(exp[—B X Figi(—D)ar---an®/
(exp(—=B X Fig,)®. (189)

The ¢ dependence of the time-stationary quantity
(exp(—B X; F49;)q:())@ has been translated into the
exponential exp(—8 X ; Fjq;).

(expL—B 25 Figi(— 1) Dar---aa®
denotes the equilibrium expectation value of
exp(—B8 25 F1q5)

at time —¢ conditional on all variables having the
values ¢, - *,¢n at time zero.

Since Egs. (188) and (189) must be identical, it
follows that the step-driven path distribution function
Wigs,: - *,gn; 8) is given, in the classical limit, by

Wilgy,- -+ ,gns 9)
=Wi9(qy,- - - ,gu){exp[—8 Z Fiqi(=)Da- 0./
?

(exp—B 2 Fjg;))®. (190)

Equation (190) expresses the path distribution function,
characterizing the time evolution of a step-driven
ensemble, in terms of the equilibrium probability dis-
tribution W1 (g1, * * ,¢x), together with the conditional
expectation value {exp[ —B2_; Fig;(—#))a1---an®.

The significance of this result for the path distribution
function can be made more apparent by rewriting Eq.
(36) for (g:(¢)) in the form

<qf(t)>=f gy~ f dg. W1 (g1, -+ ,qn)
Xexp(—8 Z Figi){gi(®))ar---an®/
(exp(—B Z Fig;))©. (191)

However, letting (=0 in Eq. (189), we find that the
initial perturbed equilibrium probability distribution
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Wi(qs,- - -,gn; 0) is given by
Wi(gy,"*+qn; 0)
=W, (g1, - ,qn) exp(—B Z Fig)/
7

X(exp(—B L Fig))©. (192)

Inserting this result in Eq. (191), we obtain

(g:() = f_ oo [ " dgWilgn 003 0)

—%

X{gi(D)ar---an . (193)

Equation (193) shows explicitly how the step-driven
response {g;(¢)) is built up from the regression of the
equilibrium fluctuations, characterized by the equi-
librium conditional expectation value {g:(£))a1---an®,
and weighted according to the initial perturbed dis-
tribution Wi(gy,- - -,gn;0). Although this result is
precisely that which we might intuitively expect, it has
often been pointed out in the literature*® that there is
no clear a priori justification for identifying the be-
havior of a system undergoing an irreversible process
with the spontaneous equilibrium fluctuations in this
way. The equilibrium fluctuations are microscopic in
nature and generally on an extremely small scale,
whereas the macroscopic response functions measured
in the laboratory are normally orders of magnitude
larger. Nevertheless, the proof of the assumption that
macroscopic processes follow the same laws of regression
as the equilibrium fluctuations is provided by Eq. (193).

16. THE JOINT PATH DISTRIBUTION FUNCTION

Just as a more detailed description of the equilibrium
behavior can be obtained by introducing joint prob-
ability distributions containing two or more times, it is
possible to describe in greater detail the evolution of a
driven ensemble by introducing joint path distribution
functions. In this final section we extend the theory of
the previous section to include the joint path distribu-
tion Wa(g,t; ¢',¢'), which specifies the probability that
the variable corresponding to the operator Q has the
value ¢ at time ¢ and the value ¢’ at time ¢ in a driven
ensemble. We consider explicitly the case of a single
variable, although the extension of the theory to multi-
dimensional processes is quite straightforward.

Wa(g,t; ¢',t') can be expressed in terms of its charac-
teristic function K (»,t; v',t’).

Walgpt; ¢',t)
1 00 0
=— | d f dv'ee ' Ky(vt; v 1) (194)

2rd_, Y,

where Ks(v,t;v',t’) is given by
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K?(”)t ) V,:ll)

1 0
= f dqf dg e ="' ' W,(q,t; ¢,
2r —0 »

=—(g~alDgir'alt)),
2T

(195)

According to the discussion of Sec. 3, the quantum-
mechanical form of the driven second moment
Kao(v,t; v'\t') is

1
Ky(vt; v 1)) =—(3[ee®,e=#"@UN] )@ (196)
2T

so that Eq. (194) for Wa(q,t; ¢’,t') becomes

Wagt; q',t')

1 ©
=(2 )2f d,,f dv'(3[e» @] ¢iv’ [=Q()H] ], }(0)
7)?J

—0

=(@[8(g—0(), 8(¢' = Q) 1.

Equation (197) states  that Wa(g,t; ¢',¥') is just the
driven correlation moment between the é-function
operators 8(g—Q(#)) and 8(¢'—Q(¢)). Therefore, the
treatment of driven second moments developed
throughout the preceding sections of this paper is
immediately applicable to the joint path distribution
function.

We limit ourselves here to a discussion of the joint
path distribution function for a classical step-driven
process. The driven second moment {g(£)q(#')) can be
written in terms of Wa(g,t; ¢',t') as

(197)

wan= [ ao [ e witasian). (199

On the other hand, according to Eq. (171), {q(¢)q(¢))
can be computed according to

(ghg(t))= f dq f dq'qqd' W (q; ¢, 1—1")

(ePFa=t) g emey @

(e_ﬂF(]> 0)

(199)

where W2©(g; ¢/, t—1¢') is the (time-stationary) equi-
librium joint probability distribution and
(ePFa=t)) )@ denotes the equilibrium expecta-
tion value of e#¥¢ at time —# conditional on g at time
zero and ¢ at time (¢—?').

From Egs. (198) and (199) it follows that the step-
driven joint path distribution function is given, in the
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classical limit, by
Walgt; ¢ ) =W (q; ¢, t—1)

(e BFI=) iy ©

(e=BFa)©

(200)

Thus, Wa(g,t; ¢',t') is related in a particularly simple
way to the equilibrium joint probability W:® (¢;¢’,t—1")
and the equilibrium conditional expectation value
(eBFI= o iy ©.

Finally, we rewrite Eq. (171) for (g(t)¢(#)) so as to
further emphasize the relationship of this quantity to
the regression of equilibrium fluctuations.

. (Da(t))e®
(e = f P T LCL UL

(e~BFa)©®

{g(H)q (")) denotes the second equilibrium correlation
moment between ¢(f) and ¢(¢), conditional on the
value ¢ at time zero. However, according to Eq. (192)
W19 (q)ePFa/(¢~FF2)® is just the initial (¢=0) per-
turbed equilibrium distribution function W(g,0).
Hence, Eq. (200) becomes

(g(Dq ()= f dgW1(g,0){g(D)q(t)).  (202)

This result shows explicitly how the step-driven second
moment {g(£)g(¢')) is built up from the regression of
the equilibrium fluctuations, characterized by the con-
ditional equilibrium second moment {g(£)q(#));> and
weighted according to the initial perturbed distribution
Wl(q,o)

APPENDIX A

In this appendix we compare a system driven from
t— — o by the step-function forces defined in Sec. 4
to the subsequent motion of a system characterized at
t=0 by the generalized canonical density operator p(0)
of Eq. (25).

Consider the first-order term (Q;())® in the response
during a step-driven process, as given by Eq. (23). The
equilibrium expectation value appearing in this ex-
pression can be written

([Q;©(1),Q:@ () ])©@
=(Q;© (t)Q: (1)
—Q;O(t) exp[EBH®]Q;® (4,))©

={(Q;® (¢,)Q: @ (£) —exp[BH®]Q;©(¢,)
Xexp[—BH®]Q;© (£))©

where we have inserted exp[BH®] in the second
term as indicated and permuted the operators cyclicly.

(A-1)
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This form can be further rewritten as follows.

(01,00 ()1
—— [ B0, )
Xexp[—AH @10 ())®
[ oo, 00 i) 1 00 0)®. (4

Noting that [H©®, Q;© (4, —ikN) ]=— ihQ;© (ty—ihXy),
we have

{[0;® (),Q:@ (H)]-)©®
8
= zhf AANLQ;© (1, —ihN)Q: @ (1))@, (A-3)

Inserting the result (A-3) into Eq. (23) and performing
the time integration, we obtain

B
)=~ F; [ ML (=in)Q: (0
] 0

— lim (0,0 (i=iM)Q: ()@ (A-4)

The contribution to (A-4) from the {; — — o limit
is evaluated by taking

B

lim AN{Q; @ (11— 1hN1) Q™ (£))©
0

t]—>—00

1 pp o7
= lim —f d)\lf dl](Qj(O)(tl—ih)\l)Q,;w)(t))(O).
0 0

T——» T
(A-5)

Because of the factor 1/7, the oscillatory part of the
integrand gives no contribution, and we are left with

8
tlim f AN (Q; O (11 —1hN1) Q) (2))©
1——20
0

8
= f ANQ:0) O =(Q:0)® (A-6)

where (; denotes the diagonal portion of the operator
Q. with respect to the unperturbed Hamiltonian H®©.

Using the result (A-6), Eq. (A-4) for (Q.(t))®
becomes

8
@Oy =-5F| [ a0 imago 0)

0

—ﬁ<@@><°>]. (A7)



IRREVERSIBLE THERMODYNAMICS

The paradoxical contrast between Eq. (A-7) and
Eq. (32) for {(Q:(£))® has been discussed by R. Kubo,®
who suggests that the former equation refers to an
adiabatic system, whereas the latter refers to an iso-
thermal system, so that the two need not be equal.

However, the same difficulty is found to arise even
in an equilibrium isothermal system. Thus, in the limit
t— oo, the equilibrium correlation moment

(305021010

becomes

lim (3[40 ()11) @ =(0:Q)® (A-8)

where the limit is evaluated as in Eq. (A-6). In order
for the ensemble to be ergodic, however, in the sense
that as t— « the quantities involved become com-
pletely uncorrelated, we require

lim(3[050, () 1)@ =2 Q). (A-9)

We believe that the resolution of this problem lies in
the following interpretation. Throughout the discussion
we consider an ensemble in continual interaction with
a temperature reservoir. This should be contrasted with
the interpretation adopted by Kubo, which is that the
interaction with the temperature reservoir is removed
at the moment of imposition of the applied forces, the
ensemble thereafter being adiabatic. In our interpre-
tation the Hamiltonian H® therefore contains a term
corresponding to the interaction with a temperature
reservoir, which we have not indicated explicitly for
reasons to be explained momentarily. The additional
interaction term induces incoherent transitions among
the states of the system such that the ensemble
“forgets” the details of its previous behavior after a
sufficiently long time. This insures that the ensemble
satisfies the ergodic requirement states in Eq. (A-9).

The justification for not indicating the interaction
term explicitly in calculating the driven response is as
follows. It is always possible to choose the term of
interaction with the temperature reservoir to be so
small that, for times comparable to those in which we
are interested, the disordering effects arising from this
source are negligible. Since Eq. (32) gives the first-
order response (Q;(#))® corresponding to an ensemble
chosen so as to be in (generalized) canonical equilib-
rium up to =0, it must therefore yield the appropriate
evolution of {(Q:(£))® for any finite time ¢>0.

However, in the limit ¢ — oo, the effects of the con-
tinued temperature interaction manifest themselves,
regardless of the strength of the interaction. In this
limit Eq. (32) reduces to

(Qi(l))“":: — X FB00)© =800 ]. (A-10)

Here it is necessary to take explicit account of the
interaction with the temperature reservoir. This can be
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accomplished, according to a comparison of Egs. (A-8)
and (A-9), by replacing the quantity J; by the average
value (Q:;)©@. The foregoing arguments apply as well
to the time evolution of the full step-driven response
{Q:(t)) given in Eq. (26), in the expansion of which Eq.
(32) is the first-order term.

In order to make Eq. (A-7) consistent with our inter-
pretation, we recall that the quantity Q; appearing in
it arose from the evaluation of a { — o limit. Again we
take explicit account of the temperature interaction in
this limit by replacing Q; by (Q:)®. Thus, Eq. (A-7)
becomes identical to Eq. (32). If we evaluate Eq. (24),
for (Q:(¢))® and the corresponding higher-order terms
in the response (Q:(¢)) during a step-driven process,
replacing quantities of the type J; by (Q:)® whenever
they appear, we obtain expressions identical to Egs.
(33), (34), etc. The technique for accomplishing this is
essentially an iteration of that employed in putting Eq.
(23) into the form (A-7).

APPENDIX B

The causal nature of a linear process finds expression
in the well-known Kramers-Krénig dispersion formulas
relating the real and imaginary parts of the complex
admittance matrix elements.

We first indicate the proof of these relations. Con-
sider the Fourier transform of Eq. (63) for ¥;;(w).

) . Y'_J_(w) ] 0 .
f dweiet = f do f dt'eiet=t¢;; (1)
— 'iw —00 0

—or f As(i— )b (). (B-1)
0

Therefore,

i i \W T ;j(l) f
f Y'( )=[2 di;V(f) fort>0 (B-2)

dweiot——
w 0 for t<0
whence it follows that ¥;;(w)/iw can have poles only in
the upper half of the complex w plane.

For a function Y;;(w)/% which is everywhere analytic
in the lower half of the w plane, Cauchy’s integral
theorem states that

Vij(w)
(J)/*——'

1w (0 —w)

Y.-j(w)_ P

1w i

where the complex integration is taken around the
contour shown in Fig. 5, and P denotes a Cauchy
principal value. Decomposing V;;(w) into its real and
imaginary parts Y;j(w)=Re ¥;;(w)+7Im ¥V;;j(w) and
equating the real and imaginary parts of Eq. (B-3), we
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Imw w -plane
G‘/ Re w
Fre. 5.
obtain
Re Yl Im Y‘L (OJ)
T f T (B
o (0 —w)
Im Yi -(w P Re Y,' -(w )
J ) 7 (B-S)
W T vV_gp o (0 —w)

Equations (B-4) and (B-5) are the Kramers-Kronig
dispersion relations.

We use Eq. (B-5), together with the results of equi-
librium fluctuation theory, to derive the ¢t=0 form of
the fluctuation-dissipation theorem, Eq. (73). Letting
w=0, the quantity [Im ¥;;(w)/w] becomes simply the
capacitance [d(¢q;)®/0F;], so that Eq. (B-5) assumes
the form

( R Y., 2]
6<q> ’__f e ( Re V(@) (B-6)

However, for a generalized canonical ensemble in
contact with a series of reservoirs with constant inten-
sive parameters - - -, F;, F;, - - - the equilibrium second
moment {g.q;)® is given by!®

0)
(qign = 1o .

(B-7)
B OF;

Substitution of Eq. (B-7) into Eq. (B-6) yields the
result

P p~ ReVijw)
@) O=—— | do—— (B-8)
by — w”

which is identical to Eq. (73) with ¢ set=0.

APPENDIX C

In this Appendix, following Kubo,® we evaluate the
universal function I'(¢), defined in Eq. (83). For >0,
this can be calculated by performing a contour inte-
gration around the upper half of the complex w plane,
while for #<0, the integration is taken around the
lower half-plane. We consider explicitly the case >0,
since the ¢<0 calculation proceeds in an identical way.

Letting a=#Bw, Eq. (83) can be rewritten as a
contour integral in the complex « plane.

—e‘“a
)= do ex . C-
0= rzf ¢ p( hﬂ) (H—e—“) (1)

BERNARD AND H. B.
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Im a a-plone

F16. 6.

¢ 3ir

) Re a

The integral is to be taken along the contour shown in
Fig. 6. The integrand has simple poles at a;= (2l+1)im,
1=0, %1, . The residue of the integrand at the
pole is obtained by letting @=a;+ Ae, multiplying the
integrand by Aq, and taking the limit as Aa — 0. Thus

residue at a;

A [ (@tda) 1 1

= lim —
Ryt Tk exp

I-l — g~ (ait+ba)
3 _l(a1+Aa)ll+e_(“l+A")]

2 exp[— (2l14+-1)xt/hG] Aa
Toh (2D P rm—v
2 exp[— (2l41)7t/ k5]

(C-2)
w2h(2041)1
Equation (C-1) Is now evaluated by taking
T'()=2m: Y (residue at ay)
1=0
4 = exp[— (2141)mt/hB]
=3 . (C3)

1rh =0

(2141)

It is convenient to take the time derivative of Eq. (C-3)
before performing the summation.

Ty__ ¢ [— Qi+1)mt/h,
—_— t
@ ws £ expl— 21+ 1)m1/05]
4 t/hy 2
A Sl o L RO
7’8 1—exp(—2xt/hB) kB kB

In performing the summation in Eq. (C-4) we have
made use of the expansion >_; 2'=[1/(1—x)]. We now
integrate Eq. (C-4) with respect to ¢, which yields
finally the desired result,

2 wt
I'({)=—In coth—. (C-5)

wh 2h3
The corresponding result for /<0 is identical to Eq.
(C-5), except that ¢ is replaced by —¢. Thus, for all ¢,
we can write that

(C-6)

2 e
I'(f) =—1In coth ——.
wh 2hB3



