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repulsive core and the exchange repulsion. A conse-

quence is that the potential radius affecting an inter-
acting nucleon is increased by about —,')&10 "cm rela-
tive to the density radius, this being accompanied by
some change in the apparent surface depth. The finite
range of interaction also alters the potential-density
relationship, increasing the potential radius. Finally,
since the repulsion in the two-body interaction has a
range short compared to the attraction, the potential

surface has a more complicated structure than the
density surface.

The various sects just described must be incor-
porated into a realistic theory of the nuclear surface.
This has recently been done by Gammel, Weitzner, and
the author" and quantitative results will soon be avail-
able at the Los Alamos Scientific Laboratory.

'28rueckner, Gammel, and Weitzner, Phys. Rev. 110, 431
(1958).
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1. INTRODUCTION

'HE physical basis for the direct-interaction model
of nuclear reactions was given by Serber ten years

ago. ' In the intervening time we have seen its scope and
usefulness greatly extended. At the same time several
developments in technique of scattering theory have
made it possible to put this model into a quantitative
form. This quantitative form is the subject of this
discussion.

By "direct-interaction model" one means (essentially)
the attempt to describe the scattering of a particle by an
atomic nucleus in terms of collisions (one at a time) of
that particle with nuclear protons and neutrons. Fur-
thermore, such binary collisions are considered as re-
sulting from the same forces as cause scattering from a
free proton or neutron. At high energies the scattering
cross section from a bound nucleon is actually considered
to be the same as that from a free nucleon.

The fundamental requirement for the correctness of
the direct-interaction model is the condition that the
interaction energy of the given particle with the nucleus
be of the form

A

V=+ V;.

Here V; is the interaction energy of the particle with the
ith nucleon when that nucleon is removed from the
nucleus. Aside from the condition of Eq. (1), the prac-

* Work supported in part by the U. S. Atomic Energy Com-
mission and in part by the National Science Foundation.' R. Serber, Phys. Rev. 72, 114 (1957); Fernbach, Serber, and
Taylor, Phys. Rev. 75, 1352 (1949).

tical applicability of the direct-interaction (or Serber)
model depends upon the complexity of nuclear structure
and upon the energy of the scattered particle. Because of
this dependence on nuclear structure we can hope to
use it to learn something about nuclear properties. How
one does this is the second point that I should like to
describe. The third point is the possibility of using
nuclear interaction to learn something about the forces
between nucleons and "strange particles. "

The Serber model has been sufFiciently successful that
one can feel some confidence in at least the approximate
validity of Eq. (1).This makes it reasonable to assume
that Eq. (1) is strictly correct and then to develop the
model as completely as possible. As we shall argue, the
model is susceptible of a much more quantitative de-
velopment than has been made. Also, comparisons with
experiment seem often to have been less precise than is
justifiable. In other words, the limits on the accuracy
of the direct-interaction model raise quantitative ques-
tions to which we are only beginning to find some
answers.

The Serber model must be handled quite differently
in diferent energy ranges. It is much simpler at high
than at intermediate and low energies. The possible
applicability of the model at low energies has been dis-
cussed by Brueckner and his collaborators. ' Brueckner
has just described this work, t which incorporates the
physical basis of the direct-interaction model into a
dynamical description of nuclear structure.

~Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217
(1954); K. Srueckner, Phys. Rev. 100, 36 (1955).

f K. A. Srueckner, Revs. Modern Phys. 30, 561 (1958), pre-
ceding paper.



KENNETH M. WATSON

2. DIRECT-INTERACTION MODEL FOR HIGH-
ENERGV INTERACTIONS

Developments of technique' ' in the quantum-
mechanical theory of scattering are important for
handling the direct-interaction model. There are several
reasons for this: The concise notation has helped to
develop an intuitive feeling for physical processes that
might otherwise be lost in a mass of unessential detail.
Again, there are many problems in quantum mechanics
that are really simple but that are not easily handled
by conventional perturbation methods. In this connec-
tion one might mention the conservation of probability,
the description of a sequence of single events, and the
treatment of many problems for which classical me-
chanics is almost valid. Such phenomena are relatively
easily handled by the algebraic techniques of scattering
theory. '-'

Also important is the class of techniques introduced
by Wick' and Placzek' to handle sums over many states
of excitation of the scattering medium. ' This permits
one to express all quantities appearing in the scattering
cross section in terms of averages over the ground-state
nuclear wave function. Furthermore these averages
appear as quantities having a direct physical interpreta-
tion. The most important of such averages are:

p(x) =AP(x) = density of nucleons in nucleus';

P, (x,x') =—P (x)P (x') [1+G (x—x')j
= joint probability of finding one

nucleon at x and another at x',

6'(p) =momentum distribution of nucleons.

Here P(x) is the probability of finding a nucleon at x.
The quantity G(x—x'), as defined above, is the so-
called "pair correlation function, " which provides a
measure of the amount of short-range order in nuclei.

One must also be able to handle multiple interactions
and the coherent interference of waves scattered from
diferent neutrons and protons. This is accomplished by
use of multiple-scattering theory. ' For systematic
evaluation of the quantities appearing in the multiple-
scattering description one uses the Placzek-Wick''
method. The application of this method within the
framework of multiple-scattering theory has recently
been discussed. "

We are now ready to piece together the direct-
interaction model at high energies. First, we describe

3 B.Lipman and J. Schwinger, Phys. Rev. 79, 469 (1950).
4 G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952).
~M. Gell-Mann and M. L. Goldberger, Phys Rev. 91, 398

(1953).' G. Vv'i=':, Phys. Rev. 94, 1228 (1954).' G. Placzek, Phys. Rev. 86, 377 (1952).' In our case the scattering medium is an atomic nucleus.
9 One may of course prefer to specify separately the neutron and

proton densities.' K. M. Watson, Phys. Rev. 105, 1388 (1957); Phys. Rev. 89,
575 (1953);N. Francis and K. Watson, Phys. Rev. 92, 291 (1953);
G. Takeda and K. Watson, Phys. Rev. 97, 1336 (1955)."K.M. Watson (to be published).

the scattering of the given particle by a bound neutron
or proton in terms of the scattering from a free neutron
or proton. At high energies one may actually use the
scattered amptitstde fi, (tt) for free protons and neutrons
even for bound nucleons. This has been called the
"impulse approximation" by Chew. 4""The criterion
for its validity may be written in the form' "'3

(VAv ffree l
fbeuevi = ftree &+

x

Here fbe„„e is the amplitude for scattering from a bound
nucleon with a binding potential energy VA„. 6p is the
energy of the scattered particle, and X is its de Broglie
wavelength.

It is important to be able to set fb, q= fi„„since
this means that we may use observed free-nucleon cross
sections in discussing nuclear scattering. When eo is
sufFiciently large, the impulse approximation is valid.

In order to use observable free-nucleon scattering
amplitudes we must also suppose the scattering mean
free path in nuclear matter to be significantly larger
than the particle wavelength X; that is,

=po)

where o. is the scattering cross section from a single
nucleon and p is the nuclear density. Condition (4)
assures that the scattering will be "on the energy shell. "

We henceforth assume that fi„, may be used for
scattering from a bound nucleon and drop the subscript
"free" on f. Then the elastic scattering by the nucleus is
described by the "optical model" potential. This
potential is most simply expressed in momentum
space"

2'
(q'I Vo

I q)=——f(qi' qi) [&+~3(2~)'
p

X (rp)e-"&'-&&'d'r. (5)

Here q and q' are the momentum variables of the
scattered particle and p, is the reduced mass for the
scattered particle and a nucleon. "We have written the
scattering amplitude. f as a function of the cosine of the
scattering angle 0. The quantity 6 is a correction term,
depending on nuclear structure, discussed below.

Equation (5) is usually approximated by setting
q'=q in f and transforming Vo to coordinate space. If
we also neglect the dependence of f and 6 on q, there
results

(6)

"G. F. Chew, Phys. Rpv. 80, 196 (1950)."G.F. Chew and G. Wick, Phys. Rev. 85, 636 (1952).
'4 When the scattered particle is relativistic, there are corrections

to Eq. (5). See Frank, Gammel, and Watson, Phys. Rev. 101, 891
(1956).
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Here e is the energy and E the kinetic energy operator
of the scattered particle. When this particle has a spin
there may also be a spin-orbit interaction in Vp.""The
amplitude f is f= (—1/A)[Zfp+(A Z)—f~] in terms of
the amplitudes for protons and neutrons (Z is the
atomic number of the nucleus).

The importantpoint inconnection with Eqs. (5) and

(6) is that (when 6 is negligible) one may obtain the
potential Vp directly from observable cross sections
from free nucleons. "

Asalsodiscussedbyothers, thedensityp(r) asdeduced
from nucleon and pion scattering (in the energy range
fromzero toafew hundred Mev) doesnot seem toagree
very well with that obtained from electron scattering. If
this discrepancy is real, this presents a very serious difB-

culty for the direct interaction model. In attempting to
resolve this discrepancy, however, one must use the
exact Eq. (5) rather than the approximate Eq. (6).
When transformed to coordinate space, Eq. (5) is
nonlocal, giving a potential of the form (r'~ Vp~r). These
nonlocal e8ects tend to "smear out" the nuclear
boundary, which is in the direction of removing the
discrepancy with the electron scattering. Unfortunately,
no quantitative study of this point has been made.

In 6rst approximation the quantity 6 is"

3

2

QO

f(1) G(r)dr
~lp

harp'

where G(r) isthe "pair correlationfunction" of Eqs. (2),
and rp is defined by the condition

(4m/3)rp'A=nuclear volume.

For a degenerate Fermi gas model of the nucleus we
expect

G(r)dr 4rp—
0

In this case we expect 6 to give a rather small contribu-
tion to Vp for nucleons of energy e&100 Mev. For
x mesons the values of 6 are plotted in Fig. 1. Again
fairly small corrections are found. Actually, very little
is known concerning G. It may be calculated, for
example, within the framework of Brueckner's' theory
of nuclear structure. '7 This value would not seem to
greatly alter the above conclusions concerning the
importance of A.

"W. Riesenfeld and K. Watson, Phys. Rev. 102, 1157 (1956).' To obtain f experimentally usually involves rather elaborate
experiments with polarized beams of particles."R.Karplus and K. M. Watson, Phys. Rev. 107, 1205 (1957).

The appropriate Schrodinger equation for obtaining the
elastic nuclear scattering is finally

[E+Vp]/=ed.
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Fro. 1. Therealandimaginarypartsofa [Kq. (8)gare shown
for pions. The function G used is that appropriate for a degenerate
Fermi gas.

Using the impulse approximation, we may relate the
differential cross section o p(e) for scattering from a
bound nucleon to that from a free nucleon, or(8). The
relation is"

o p(g) =ay(e) 1+p~I G(r)e'as'dsr ~t P(r)e'as'dsr

1SZEA, (1 m EA VA

+ — +-~l ——
I (9)

3M ep L3M eps

Here hq is the momentum transferred to the scattered
particle and p is the density of nucleons in the nucleus,
m is the mass of the scattered particle, M is the nucleon
mass. EA, and VA„are the respective average kinetic and
potential energies of the bound nucleon in the nucleus.
(These quantitiesareexpected tobe about 30Mev. ) As
before, 60 is the energy of the particle to be scattered.
The last two terms are Placzek-Wick' ' corrections. The
second term represents a contribution caused by
interference of waves scattered from neighboring
nucleons. Experimental observation of the e6ect of this
term would provide information concerning the pair-
correlation function.

With the cross section from Eq. (9) one may use
Goldberger's transport theory" to calculate the inelastic
scattering (at high energies) from nuclei. Goldberger's
theory has recently been derived directly from a
quantum mechanical theory. " Quantum mechanical
corrections to the classical Goldberger description are
of relative order ~ [see Eq. (8)] when the condition
of Eq. (4) is satisfied.

We have shown how to obtain a consistent, precise
description of nuclear reactions at high energies, if the
direct-interaction model is accepted. This includes both
elastic and inelastic scattering. Also, first-order correc-
tions to the most simple form of the theory are given.
These corrections would seem to be rather small for
ep) 100Mev, unless nuclear structure effects [G(r), for
example] are much more important than we think
they are.

» M. L. Goldberger, Phys. Rev. 74, 1269 (1948).
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FIG. 2. The negative of the real well depth for elastic scattering
of nucleons is shown as a function of energy. The two dashed
curves represent "limits" on the experimentally determined value.
The solid curve is obtained from Eq. (6) by use of the Feshbach-
Lomon phase shifts (Phys. Rev. 102, 89t it956l j.

3. INTERMEDIATE-ENERGY REACTIONS

At intermediate energies (that is, at energies com-

parable to nuclear binding energies) the importance of

simple direct-interaction elects is evidently a dificult
question and at present poorly understood. "One sees
here aspects of both the compound- (and statistical-)
nucleus model and the direct-interaction model. For
example, it appears that direct-interaction effects ap-

pear in both the energy and angular distribution of
reaction products. Indeed, in a careful study of the
reaction for C"(p,p') C", Levinson and Banerjee" have

obtained rather strong evidence for the applicability of

a simple version of the Serber model even at inter-

mediate energies.

4. COMPARISON WITH EXPERIMENT AT
HIGH ENERGIES

The most detailed study of inelastic scattering at high

energies seems to be that by Bernardini, Booth, and

"A review of this question is given in the Proceedings of the
Brookhaven Conference on "Statistical Aspects of the Nucleus. "

'0 C. Levinson and M. Banerjee (to be published).

There are several reasons for a careful study of the
direct-interaction model at high energies. First, it can
provide information concerning the correctness of the
basic assumption of Eq. (1). We may then hope to use

the model to determine experimentally such quantities
as p(r), G(r), (P(p), etc. As mentioned previously,
it also provides a means for studying strange-particle
interactions.

I indenbaum, who scattered protons of 300 to 400 Mev
energy in emulsions. " The distribution in number,
angle, and energy of the nucleons emitted from these
reactions was studied and the result compared with the
Goldberger transport theory. " The agreement with
theory was very good and gives strong support for the
usefulness of the Serber model.

More recently, there have been a-number of interest-
ing experiments2' of a type that will undoubtedly prove
to be quite important in connection with applications
of the direct-interaction model to the study of nuclear
structure. In these experiments inelastic cross sections
associated with the excitation of specihc nuclear levels
have been measured.

The optical-model potential has been evaluated from
Eq. (6) for s mesons, by use of the dispersion relations
of Goldberger. ""The result seems to be in agreement
with the rather sparse experimental information con-

cerning this. ' There is possibly an experimental dis-

crepancy for 1-Bev pions, however. "
Equation (6) may be used to obtain the optical-model

potential for elastically scattered nucleons if one accepts
a set of nucleon-nucleon scattering phase shifts. This
was done by Riesenfeld and Watson" and by Bethe."
In Fig. 2 we compare the real part of the potential with

existing experimental knowledge of this quantity. "
Our survey has of necessity been rather hurried and

far from exhaustive. The purpose has been, however, to
argue 6rst that there is very good experimental evidence

for the usefulness of the Seber model. We then assert

that the model is susceptible of a precise dynamical

formulation which puts it on a quantitative basis.

Finally, existing comparisons with experiment seem to
be less precise than the model seems to warrant.

2~Bernardini, Booth, and Lindenbaum, Phys. Rev. SS, 826
(1952); 88, 1017 {1952). See also J. Hadley and H. F. York„
Phys. Rev. 80, 345 {1950);B. Moyer and H. Vhlcox, Phys. Rev.
99, 875 (1955).

~ K. Strauch and I'. Titus, Phys. Rev. 1M) 200 (1956); Marls
and Tyren, Nuclear Phys. 3, 52 (1957); J. Fregeau, Phys. Rev.
104, 225 (1956).

23 R. Sternheimer, Phys. Rev. 101, 384 (1956).
"The most extensive study at present seems to be that by

Ignatenka, Mukhin, Ozerov, and Pontecorvo, Zhur. Eksptl. i.
Teoret. Piz. 5, 93 (1957).

~5 Cool, Cronin, and Abersham, Phys. Rev. 107, 1121 (1957).
~6 H. A. Bethe (to be published).
» I am indebted to Drs. A. Glassgold and S. Fernbach for pro-

viding me with the "experimental" curve in Fig. 2.


