
REVIEWS OF MODERN PHYSICS VOLUME 30, NUMBER 2 APRIL, 1958

::soto]&e S.~i) t Stuc ies oI': '.5'uc. .ei
PzTzR BRrx, Institnt fitr Technische Kernphysih, Technische IIochschnle Darrnstadt, Germany

AND

HANs KQPPERMANN, Erstes Ihysi kali sches Institut, UniversiQt HeideLberg, Germany

1. SUMMARY OF EXPERIMENTAL RESULTS

'HE information about size and angular shape of
atomic nuclei that is available from isotope shifts

in the optical spectra of heavy elements can be con-
densed into one experimental number for each pair of
isotopes. This is due to the fact that the shifts at-
tributable to the field efI'ect of valence s electrons are-
within the theoretical framework and experimental
accuracy available at present —proportional to the
charge densities of these electrons at the nucleus. An
isotope shift constant' ' C,„,can be defined, therefore, as

C. o= hT./($, 2(0)saH'/Z), (1)

where hT, is the level shift due to an s electron, g, (0)
is the unrelativistic wave function of that electron at
the origin, aJI is the Bohr radius, and Z the atomic
number. The quantity PP(0) can be evaluated either
from the magnetic hyperfine structure due to the s
electron, or from the level scheme of the respective
atom or ion. For elements with more than two isotopes
it is usually convenient to measure C,„~ for one selected
pair, and relative isotope shifts for the others.

Isotope shift constants have so far been evaluated for
the region 36&Z&83 only. Figure 1 shows the data for
isotopic pairs with an even number of neutrons. Apart
from a factor P=1, considered later, the ordinate is the
ratio C,„~/Crh. Crh is the isotope shift constant calcu-
lated for a standard model of spherical, homogeneously
charged, incompressible nuclei with radius ro propor-
tional to A&, used only for the purpose of comparison.
The ratio C, ,/C&h shows how the quantity

(yms) Z—1 I y2updP' (2)

with
o'= 1—n'Z' (o.= e'/Ac), (3)

increases in going from mass number A ~ to A 2
=A &+8A,

compared with the change

8(r") ~= (2o/2o+3) (bA/A)ro2' (4)

for the standard model. For nuclei which are not
spherically symmetric, the nuclear charge density ep
will be a function of angle as well as radius.

The strong variations with neutron number of the
quantity plotted in Fig. 1 can be accounted for in

' P. Brix and H. Kopfermann, Z. Physik 126, 344 (1949).
2 P. Brix and H. Kopfermann, Festschr. Akad. Kiss. Gottingen,

Math. -Phys. Kl., 17 (1951).

terms of changes in nuclear deformations. The isotope
shifts, therefore, provide a sensitive measure of the
change of intrinsic quadrupole moments of nuclei. The
data show furthermore that addition of neutrons to a
nucleus changes the charge radius less than given by the
A& law. This can be understood by assuming a nuclear
compressibility.

Several recent reviews' ' exist of the theory and
interpretation of isotope shifts, to which the reader is
referred for a detailed discussion. A complete literature
survey up to July, 1956, is given by Mack and Arroe. '
The published compilation of experimental isotope shift
constants, however, is out of date now. Therefore, we
present in Table I the numerical values and the litera-
ture used in the preparation of Fig. 1.

With the gross features of nuclear electric radii now
reliably known from other sources, the isotope shifts
should provide the most sensitive measure available of
the change of nuclear charge distribution from one
isotope to another. There are, unfortunately, several
difhculties involved in obtaining the values of 8(r')
from the spectroscopic measurements.

(a) Uncertainties Attributable to C,~

Calculations should include sects of the intrinsic
magnetic moment of the electron and of a possible
polarization of nuclei by atomic electrons, as has been
pointed out by Breit' and co-workers.

(b) Uncertainties Attributable to C, ,
The reliable experimental determination of AT„

$,2(0), and of the mass dependent isotope shifts present
other problems, which Breit' was the 6rst to discuss,

In Sec. 2 we sketch how C, ~ has been derived in a
typical case. The element Gd is chosen both because
of its complex spectrum and its position in the interest-
ing region of strongly deformed nuclei.

3K. W. Ford and D. L. Hill, Ann. Rev. Nuclear Sci. 5, 25
(1955).

4 A. R. Striganov and Yu. P. Dontsov, Uspekhi Fiz. Nauk 55,
315 (1955).' J. E. Mack and H. Arroe, Ann. Rev. Nuclear Sci. 6, 117
(1956).' H. Kopfermann, Eernmomente (Akademische Verlagsgesell-
schaft, Frankfurt, 1956);Nuclear Moments {Academic Press, Inc. ,
New York, 1958).

7 G. Breit, J. Opt. Soc. Am. 47, 446 (1957).
D. L. Hill, "Matter and Charge Distribution within Atomic

Nuclei, "Encyclopedha of I'hysics (Springer-Verlag, Berlin, 1957),
Vol. 39, p. 178.' G. Breit, Phys. Rev. 42, 348 (1932).
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FIG. 1. Ratio of observed isotope shift to standard shift for uniform density nuclei (r0=EOA&). Points are plotted eetsls neutron
number Ã, and are placed at the higher Ã value for each pair of isotopes. Full circles indicate that Z is odd. The values given for Sr and
Rb are rough estimates only.

2. TYPICAL EVALUATION OF C,„i, FOR A
COMPLEX SPECTRUM

The spectra of Gd x and Gd rr have been very care-
fully analyzed by Russell, "who assigned electron con-
6gurations to many levels of the neutral and singly
ionized atom. With samples of natural isotopic com-
position the isotope shifts are most easily measured
or the pair Gdiss Gdi60 The number of lines studied by

different authors" "amounts to about 120. From these
the shifts of about 50 Gd r levels and 35 Gd u levels
have been deduced. A discussion of per turbations
finally leads to the shifts of presumably unperturbed
configurations presented in Fig. 2.

All data of Fig. 2 can be described as follows: a shift
of about 74X10 ' cm ' is assigned to the 6s electron
in the configuration 4f'6s of Gd err. The other valence
electrons reduce this isotope shift by reducing the 6s
wave function at the nucleus; these screening eGects
amount to ~20% for a Sd or 6s electron and ~10%
for a 6P electron. A comparison with screening e6'ects

' H. N. Russell, J. Opt. Soc. Am. 40, 550 (1950)."P. Brix and H. D. Engler, Z. Physik 133, 362 (1952)."S. Suwa, J. Phys. Soc. Japan 8, 377 (1953}.
» P. Brix, Z. Physik 132, 579 (1952)."P.Brix and K. H. Iindenberger, Z. Physik 141, 1 (1955).

of the valence electrons in Hg, '" included in Fig. 2,
shows good numerical agreement. It is concluded that
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FrG. 2. Isotope shift of Gd"'—Gd' and screening effects. The
experimental shifts are given in the squares, with zero shifts
assigned to levels of 5d'6P and 5d6p, respectively, which are pre-
sumably unperturbed. Corrections for configuration interaction
have been made, if necessary. From the ratios of the shifts the
screening factors given at the ends of the connecting lines have
been obtained. The corresponding factors for Hg are shown in
brackets. The broken lines indicate an extrapolation for the
"unscreened" 6s electron in 4f'6s. The quantum numbers are
always Sd, 6s, and 6p.

~ J. Blaise, thesis, Paris (1957).



ISOTOPE SHIFT STUDIES

TAszz I. Isotope shift constants Cth (vrith r0=A&&1.20' R " cm), and pC p The factor p, explained in the text, is customarily
taken as unity. The PC„p values not given directly can be obtained from the relative shifts.

Ele-
ment Z

Ct pCe»
N 10 lcm I

Literature
Rela- for relat.
tive for shifts, and

shift PCexp general
Ele-

ment Z
Ct pCe»

N 20~em '
Rela-
tive
shift

I iterature
for relat.

for shifts, and
pCexp general

Sr 38 84- 86
86- 88

48 32.5
$0 32.3

Rb 37 85- 87 50 30.1 a b,c

d b,d

Sm 62 148-250
150-152
152-154

88 147
90 246
92 145

1.14
1.6V
0.91

Ag 47

ed 48 106-208
108-110
110-122
112-114
114-116
112-114
114-126
116-118
118-120
120-122
122-124

Ru 44 96- 98
98-100

100-102
102-104

Pd 46 106-108
108-110

54 49.0
56 48 V

58 48.3
60 48.0

62 54.0
64 53.7

60 62.8
62 62.4
64 62.0
66 61.6
68 61.2
64 70.9
66 VO.S
68 70,0
70 69.5
72 69.1
74 68 V

34& 9
average

40+20
40+20
30~20
30~20
15&20
25~20

e c,f

1.0V i
1.00

0.93
0.67

b,c,i-l

g c

h b,c

Eu 63 151 153 90 156 450&50

Gd 64 152-154
154-156
156-158
1S8-260

90 167
92 166
94 165
96 164 125a20

Yb 70 170—172 102 242
172-174 104 241
174-176 106 240

Hf 72 2. 78-180 108 272

74 180-182 108 314
182-184 110 322
184-186 112 -311

110+20
99& 8
94+ 8

114+23

117+30

Os 76 186-188 112 357
188-190 114 3$S
190-192 116 354 130&20

Re 75 185-187 112 332 1SV+40

r b,c

300 s ctu
2.30
0.97
1

v b,c,w

x b,c

068 a b,c,y z
1
0.88

i b

1.3s i b,c,i
1.25
1

Xe 54 132-134
134-136

Ba S6 134-136
136-138

80 88
82 88

80 100
82 99

12+ 5
25& 5

n, a b,c,n, o

a b,c
25& 6 1

Pt 78 194-196 118 402
196-198 120 400

135+25

Ir V7 191-193 116 377 230a30

1 a
1.04

Ce 58 136-138
138-140
140-142

Nd 60 142-144
144-146
146-148
148-150

Sm 62 144-146
146-148

80 115
82 224
84 113

84 131
86 130
88 129
90 129

84 148
86 148

14V +30
18V &35

190+40(
average j

0.04 a b c
0.04
1

p b,c,q
0.97
1.08
1.53

a 'bc

Hg 80 196-198 118 462
198-200 120 460
200-202 122 458
202—204 124 456

Pb 82 204—206 124 524
206-208 226 522
208-210 128 520

2/0+30

315&35

074 a
0.90
1
0.99

b,c,i,bb-ff

089 a bcigg
1
1.74

The Cth values are those calculated by Humbach LZ. Physik 133, 589
(2952)g, modified for the differences in radius and, if necessary, In mass
numbers. In the second last column, only the latest determination of pCe»
has been mentioned. All other work, including the measurements of the
relative shifts, is cited in the last column mainly by reference to other
corn pllatlons.' See reference 2.

b P. Brix and H. Kopfermann, in Landolt-Bdrnstein, Zchlemm?cute u?Id
FeIt,khone?I (1951), sixth edition, Vol. I/5, p. 1.

e See reference S.
d R. H. Hughes, Phys. Rev. 105, 1260 (1957).

Kopfermann, Steudel, and Thulke, Z. Physik 138, 309 (1954),
f A. Steudel and H. Thulke, Z. Physik 139, 239 (1954).
I A. Steudel, Z. Physik 232, 429 (1952).
h Brix, Kopfermann, Martin, and Walcher, Z. Physik 130, 88 (1952).
& See reference 2S.
& W. M. Cloud, Phys. Rev. 99, 623 (1955).
Ir F. M. Kelly and J. B. Sutherland, Can. J. Phys. 34, 521 (1956).
1H. G. Kuhn and S. A. Ramsden, Proc. Roy. Soc. (London) A2N, 485

(19S6).
m W. R. Hindmarsh and H. Kuhn, Proc. Phys. Soc. (London) A68, 433

(1955).

n J. E. Mack (to be published}.
D. H. Jackson, Phys. Rev. 106, 948 (1957).

& G. Noldeke, Z. Physik 143, 2/4 (1955}.
q F. A. Korolev and Iu. I. Osipov, Doklady Akad. Nauk S.S.S.R. 110,

365 (1956).
r See reference 23.
s P. Brix and K. H. Lindenberger, Z. Physik 142, 1 (1955).
t K. Murakawa, Phys. Rev. 96, 1543 (2954}.
u See reference 22.
v K. Krebs and H. Nelkowski, Z. Physik 141, 254 (1955).~ K. Krebs and H. Nelkowski, Z. Physik 145, $43 {1956).
& E. Finckh and A. Steudel, Z. Physik 141, 29 (1955).
& K. Murakawa, J. Phys, Soc. Japan ll, 778 (1956).'%'. L. Barr and F. A. Jenkins, Bull. Am. Phys. Soc, Ser. II, l, 389

(1956).
'a W, v. Siemens, Ann. Physik (6), 13, 136 (1952).
bb K. Murakawa and S. Suwa, J. Phys. Soc. Japan 5, 429 (1953).«G. R. Fowles, J. Opt. Soc. Am. 44, 85 {1954).
dd F. A. Korlev and V. I. Odintsov, Optika i Spektroskopiya 1, 17 (2956).

J. Blaise and H. Chantrel, J. phys. radium 18, 193 (195V).
ff J. R. Holmes and F. McClung, J. Opt, Soc. Am. 4V, 297 (2957).«J. N. P. Hume and M. F. Crawford, Phys. Rev. 84, 486 (1951).

all observed Gd isotope shifts can be understood on the
basis of a nuclear field CGect and that, therefore, Kq.
(1) is applicable.

Only empirical methods" were available at first to
evaluate f,'(0) for the Sd'6s and the 5d6s configura-
tions. Witl1 tllcsc thc Isotope shift constants I34+10 3

cm ' and 120XIO ' cm ', respectively, were obtained
from the underlined values of Fig. 2. Recently the
magnetic hyperdne structure splitting constant a, of
Gd'~' for 58'6s, as well as the ratio of the magnetic

"P.Brix and H. Frank, Z. Physik 12?, 289 (1950}.

moments p(Gd"")/p(Eu'") have been measured. 'r'a
These data in connection with the isotope shift con-
stant of Eu give 108&IO ' cm ' as a third value, not
dependent upon an empirical evaluation of f,'(0) for
Gd, and in agreement with the formerly published
average

PC (Gd'"—Gd'") = (125+20)X10 ' cm '

The factor P indicates that a further uncertainty exists
due to a possible contribution to the isotope shift of

'? D. R. Speck, Phys. Rev. 101, 1725 (1956).
"W.Lour, Phys. Rev. 103, 1309 (1956).
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the inner closed shells of the Gd atom: the wave func-
tions of the is~, 2s', shells could possibly be
affected by changes in electron configuration of the
valence electrons. Crawford and Schawlow" and later
Humbach" have tried to calculate p and for Hg the
result seems to be p=1. For Gd rr the only estimate
available is from the isoelectronic Eu r spectrum, where
the isotope shift of 6P; electrons has been used" to
get the empirical estimate P=1.

Mass dependent effects have been neglected. They
are assumed to be unimportant for Gd for theoretical
reasons, but no quantitative values can be calculated
at present. The fact that the nonequidistant relative

~' M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310
(1949).

W. Humbach, Z. Physik 133, 589 (1952); 141, 59 (1955).

isotope shifts of Gd" " and other rare earth elements
are constant within experimental error is the most con-
clusive argument against appreciable mass eGects.

We believe that the error given above for pC,„, is
conservative and that pC, , can be assumed to give a
fair estimate of C, „with an accuracy of about &20%.
This uncertainty is typical for all isotope shift con-
stants and should not be overlooked. The relative
shifts, on the other hand, are usually much more
accurate, with uncertainties of a few percent or less in
favorable cases.

We are indebted to Dr. G. Noldeke for his help in
bringing Table I up to date.

"Kopfermann, Kruger, and Steudel, Ann. Physik (6), 20, 258
(1957).


