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I. INTRODUCTION

HE scattering of high-energy electrons by nuclei,
and the information it gives about nuclear charge

distributions has already been extensively reviewed. ' '
Electron scattering is the source of the most accurate
and detailed information about nuclear charge size, and
we wish to dwell on the assumptions and approxima-
tions made in the analysis of the experiments. Ke do
not list exhaustively the results obtained, but quote
from them to illustrate the rather difkrent approaches
adopted fol various 1eglons of the periodic table.

Apart from some early exploratory work' ' the experi-
ments used are entirely those of Hofstadter and his

colleagues at Stanford. ' The experimental methods are
not discussed; we consider only the end product, which

for elastic scattering is a differential cross section which

decreases very rapidly with increasing angle. From the
detailed shape of this curve information is extracted
about nuclear change distributions.

II. THEORY

In elastic scattering the electron interacts with the
static Coulomb Geld of the nuclear charge distribution.
The scattering can be calculated by the simple Born
approximation; this provides an easy understanding of
the salient features of the process, and when used
carefully it is a very helpful guide to more exact calcula-
tion. For the diGerential cross section this gives the
familiar result
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where q is the recoil wave number for the process, of
magnitude 2k sin —',8, where k is the electron wave

number and 0 is the scattering angle. The factor cos'-,'8
is the only manifestation of the electron spin. The
effect of 6nite size is contained in the factor ~F(q) ~'.

Here F(q) is the Fourier transform of the charge dis-

R. Hofstadter Revs. Modern Phys. 28, 214 (1956), gives a
compilation of result's obtained up to that time.

~ R. Hofstadter, Ann. Revs; Nuclear Sci. 7, 231 (1957},con-
tains a complete account of the. theory of electron scattering.

3 K. W. Ford and D. L. Hill, Ann. Revs. Nuclear Sci. 5, 25—72
(1955), deals with all methods for examining nuclear charge dis-
tributions, and includes a description of the earlier results of
electron scattering.

4 Lyman, Hanson, and Scott, Phys. Rev; 84, 626 (195'1).
5 Pidd, Hammer, and Raka, Phys. Rev. 92, 436 (1953).
6 See references 1 and 2 for a complete bibliography.

tl'ibutloii p(r),

F{q)= "d'rp(r)e'&',

in this case normalized to unity for zero q. It is com-
monly called the "form factor, "because of its similarity
to the corresponding quantity occurring in x-ray
diGra etio n.

As a function of angle the differential cross section
(1) has, close to the forward direction, the familiar
Rutherford sin '-,'0 behavior at large angles this rela-
tively slowly varying part is modified by F(q), which
in most cases of interest decreases rapidly with increas-
ing angle, the exact manner of the decrease depending
sensitively on p(r). The method used for extracting p(r)
from the experiments is essentially to compare the
experimental cross section with the theoretical cross
section for scattering from a point {i.e., with F= 1) and
to try to find forms for p, with over-all character sug-
gested by other knowledge of the particular nucleus
being examined, whose Fourier transforms reproduce
the observed reduction from point scattering.

The actual scattering process is not as simple as the
outline suggests. Even with the assumption that the
interaction between electrons and nuclei is entirely
electromagnetic, the fact that it is possible for the
electrons to excite the nucleus means that there are
other contributions to the scattering besides that
caused by the static Coulomb potential. In terms of an
optical model for elastic scattering, there is a con-
tribution to the real potential arising from virtual
excitation of the nucleus; Schi6's calculation of it' uses
sum rules to include all nuclear excitations, and in this
approximation he relates it to the (unknown) correla-
tion function for pairs of protons in the nucleus. He
finds an effect on the scattering of order e'/hc compared
with the main, Coulomb part. There must also be an
imaginary potential to describe the decrease in Qux of
elastically scattered electrons due to the inelastic
scattering. This is related to the total inelastic cross
section, and is therdore calculated separately. Valk'
finds that for hydrogen and deuterium the effect is
rather small (at most a few percent) and a similar con-

7 L. I. Schiff, Nuovo cimento 5, 1223 (1957), lists and discusses
the earlier work on this topic. A calculation which avoids the
use of the closure relation for the intermediate states has been
made for deuterium by H. S. Valk and B.J. Malenka, Phys. g.ev.
104, 800 (1956).

8 H. S. Valk, Nuovo cimento 6, 173 (1957).
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elusion can be reached for heavier nuclei. The relative
contributions of the various terms depend sensitively
on the appropriate form factors, however, and these
calculations are all too crude to give more than a rough
estimate of them. It would be desirable to have a de-
tailed calculation of these effects for a nucleus whose
dominant modes of excitation are relatively well under-
stood, so that we could be completely sure of their
unimportance in the analysis of the elastic scattering.
Such a calculation does not as yet exist. It is reassuring,
however, that if we neglect them entirely, and assume
only the Coulomb potential, we obtain a completely
consistent Gt with experiments at various energies
using the same (energy independent) p(r), so that
there is no strong evidence that they are present to any
appreciable extent in the experiments carried out up
to now.

The other, and by now well-known, defect of the
analysis as outlined is that the Born approximation as
it stands is not accurate enough for any except the
lightest nuclei. Although the ratio Vc(0)/E is never
more than about one-tenth for the situations in which
we are interested, this is not the correct criterion for
applicability of the Born approximation, because of the
long range of the potential. The practical remedy is very
simple, at least for charge distributions which are
spherically symmetric: one makes a (perforce nu-
merical) partial wave ana1ysis ot the Dirac equation, in
a manner that has been known for many years. ' There
are some rather thorny computational problems which
arise in doing this, all originating in the along-range
nature of the Coulomb Geld."But in practice the pro-
cedure can be reduced to that of simply feeding to a big
computer a given charge distribution, and waiting for a
short time until a differential cross-section emerges. "
The comforting aspect of this physically rather unsatis-
fying procedure is that there is complete quantitative
agreement among the various groups who have inde-
pendently made such computations: Hill and Ford';
Brenner, Brown, and Elton" Glassgold" and the
Stanford group. "

It is perhaps not entirely surprising that the dif-
ferential cross sections which follow from the partial-
wave analysis have many features in common with the
corresponding Born approximation results. Figure 1,
shows that, except for the first di8raction dip in heavy
nuclei the whole difference can be encompassed by a
Glling in of the zeros of the Born approximation, and a

'N. F. Mott and H. S. W. Massey, The Theory of Atomic
ColHsioes (Clarendon Press, Oxford, 1949), second edition, p. 78.

Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954).
"All of the numerical partial-wave calculations made by the

Stanford group, after those reported in reference 10, were per-
formed on the computer Univac at the University of California
Radiation Laboratory at Livermore. We wish to thank the
authorities of this Laboratory, and particularly Dr. Sidney
Fernbach, for making Univac available to us, and also the many
people at Livermore whose assistance has enabled us to use it.

"Brenner, Brown, and Klton, Phil. Mag. 45, 524 (1954); G. E.
]3rown and L. R. B. Elton, Phil. Mag. 46, 164 (1955).

"A. E. Glassgold, Phys. Rev. 98, 1360 (1955).
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Fzc. 1. Differential cross sections for scattering at 236 Mev by
a uniform charge distribution kR= 8 for gold (Z= 79) and titanium
(Z=23). This illustrates the apparent effects of the phase shift
analysis in filling in the zeros of the Born approximation cross
section and shifting them to smaller angles.

shifting of the diffraction structure to smaller angles.
The extent of these eBects increases with increasing Z.
These changes have been understood qualitatively for
a long time as being due to the distortion of the incident
electron wave in the slowly varying tail of the Coulomb
potential and the concomitant increase in the electron's
wave number. "This approach has now been carried to
the stage of giving quite accurate agreement with the
partial-wave answers for the elastic scattering. " The
Coulomb potential is divided into the potential of a
very smooth charge distribution p, (r) with the same
total charge, plus the remainder; the latter is now a
short range potential hV which contains all of the high
Fourier components of the original potential. The scat-
tering due to 6V is calculated by perturbation theory,

using an analytic approximation to the wave functions

~4 Yennie, Ravenhall, and Downs, Phys. Rev. 98, 277(A)
(1955).

~~ Yennie, Ravenhall, and Tiemann (paper in preparation). A
different approach has been adopted by Schi6, Phys. Rev. 103,
443 (1956),who sums the Born series analytically for the scatter-
ing amplitude, using a stationary phase approximation. The two
methods are very similar in many ways,
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q for scattering under the inhuence of p, (r). The scatter

ifzg due to p,.(r) decreases very rapidly with angle, so
that finally the only contribution to the scattering
amplitude is (3), where the functions p(r) are actually
the distorted waves just described. The answer is thus
very similar to that of the Born approximation, with
the modification previously mentioned. We can now
use the ideas of the Born approximation, for instance
the connection between scattering at large q and the
presence of the corresponding Fourier components of p,
if not with impunity, at least with some success.

III. RESULTS

From the analysis of scattering from the proton'
we use only the conclusion that its charge distribution
is relatively smooth, with a root-mean-square radius of
about 0.8)&10 "cm.

not possible to fit the experimental results with any of
these static-potential models unless allowance is made
for the finite size of the proton; the assumption must
be made that ~pri(r) ~' describes the distribution in
space of the centers of mass of neutron and proton; the
actual charge distribution is larger than this because
the proton itself has a finite extension (and the neutron
has zero extension). "With the assumption of sizes as
for free nucleons, the agreement with the Schrodinger
theory is very good, as can be seen in Fig. 3.

Helium

At this stage, since there is not such a well-explored
model to utilize, and the analysis must therefore be a
little more experimental, a word should be said about
the 6tting procedure.

Deuterium
I.O

The model to be used is provided by the well-explored
Schrodinger equation for the relative motion of the
neutron and proton, with static potentials obtained by
fitting the low-energy properties of this system. ' The
eGects of the deuteron magnetic dipole and electric
quadrupole moments are appreciable only at the largest

q values attained, and are not very important even
there. "The theory as applied to electron scattering is
thus quite simple. The rather disappointing feature of
the results is that the quite wide variety of potential
shapes that have been tried (Yukawa, repulsive core,
etc.) give very similar electron-scattering differential
cross sections, so that it has not been possible to con-
clude very much about them. This is illustrated in

Fig. 2. The result that has proved useful is that it is
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FiG. 3. The same results as in Fig. 2, except that allowance has
been made for the 6nite proton size both in the theoretical curves,
and in obtaining the experimental points from the ratio of deu-
terium scattering to hydrogen scattering.
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FiG. 2. Experimental and theoretical results for deuterium,
expressed as

~
F(If) ~2 vs q2, assuming zero extension for the proton.

The points are experimental data obtained at various energies up
to 400 Mev, and the neutron-proton potentials used in deriving
the theoretical curves are chosen to give the correct low-energy
properties of the two-nucleon system.

' E. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454
(1956).

T V. Z. Jankus, Phys. Rev. 102, 1586 (1956).
"J.A. McIntyre and S. Dhar, Phys. Rev. 106, 1074 (1957).

It is customary to quote as the radial parameter the
root-mean-square (rms) radius, (r )x. It is significant
as being the first size-dependent parameter to enter in
an expansion of F in terms of q:

F«) =~-(~&6)~(")+ (4)

For given experimental conditions the amount of in-

formation obtained depends roughly on the maximum
value of q(r')I attained. Hence more information is
obtained by going to larger q, and for the same q one
obtains relatively more accurate radii for larger nuclei
(although the amount of detail seen will be the same).

The information given by the experiments is the
form factor F(q) for a range of values of q with both a
maximum and a minimum q value. It would be useful

to have a direct and unique measurement of (rs)l by
fitting to experiments in the region where q is small

enough that approximation (4) is adequate. For this
it would be necessary to k.now the absolute cross sec-

"See reference 18 and Yennie, Levy, and Ravenhall, pevs.
Modern Phys. 29, 144 (1957).
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tion accurately, and in the past it has not been possible
to measure it with anything like the accuracy of the
relative cross section at various angles. Even supposing
that the absolute cross section is available, one is with
this approach looking for the nuclear 6nite size where
it is a relatively small eRect, so that a given experi-
mental accuracy will not allow us to determine (r')'
with the same precision as is obtained in other radial
parameters by Qtting at larger q values. "Thus even at
the lower energies it has seemed a more prodtable pro-
cedure to assume a given form for p(r) (and usually
other knowledge of nuclei has been a reasonably close
guide in this choice) and to fit the shape of the resulting
form factor to the experimental results. Ke use any
experimental knowledge of absolute cross sections as
separate, subsidiary evidence. Ke are usually dealing
with large enough q values that a small change in the
radial parameters involved will produce considerable
changes in the magnitude or shape of the form factor,
so that the radial parameters can be determined quite
accurately. If a number of similar shapes are used, it is
usually found that (r') is not the same for all of them.
Kith this method of fitting, however, this is not sur-

prising, since (r') is then a derived quantity not directly
measured.

This method is open to the objection that knowledge
of the form factor over only a limited range of q does
not determine p(r) uniquely. Besides the pathological
cases, of which there may be many, there is always the
chance that different but physically reasonable ones
are missed. It is certainly n.ot always easy to see in
any detail what are the common features of the various
good fits to the data. Moreover, the high fourier com-
ponents of the types of charge distribution we usually
need to use are not always obviously related to their
prominent spatial features.

With these limitations on the scope of the analysis in
mind, we consider the comparison between experiment
and theory for helium as shown in Fig. 4. The experi-
ments clearly rule out extreme shapes like uniform or
exponential, and are fitted quite well, both at 180 Mev
and at 400 Mev, by a Gaussian shape with (r')&=1.61
X10 " cm.' Because of the restricted values of q(r')&

it is not prohtable to consider more complicated shapes.
There are other experiments which give information

about the size of this nucleus; the bremsstrahlung-

weighted photodisintegration cross section measures a
mean radius directly, " and high-energy photodis-
integration gives a mean square momentum which can

ss Up to the term in q', F(q') —1—(1/6)q'(r')+(1/120)q'(r').
Because (r') is always greater than (r')~, the g' term in this ex-
pression is always greater than (3/10) L(1/6)q'(r'} O'. In order for
it to be less than 5% of the qm term, we must have (1/6) gm(r2) & 1/6,
so that

I F(qs) ~s, the experimentally measured quantity, must be
greater than 3/4. To determine (r') to within 6%, ~

F(q') Is must
therefore be measured to within 2%, and correspondingly for
better accuracy.

21 M. L. Rustgi and J. S. Levinger, Phys. Rev. 1D6, 530 (1957};
L, L, Foldy, Phys. Rev. 107, 1303 (1957).
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I io. 4. Experimental and theoretical results for helium at 400
Mev, expressed as F(q) I' ss scattering angle. The charge dis-
tribution used to obtain the theoretical curves are the simple
one-parameter shapes; uniform, exponential and Gaussian. The
rms radii indicated are in units of 10 '3 cm.

22 M. Q. Barton and J.H. Smith, Phys. Rev. (to be published);
and J. H. Smith (private communication).

2' J. Irving, Proc. Phys. Soc. (London} A66, 17 (1953); A. C.
Clark, Proc. Phys. Soc. (London) A67, 323 (1953).

also be related to it."These predict a radius significantly
smaller than the charge radius obtained above, but as
we expect from the analysis of scattering from the
deuteron, they are brought into complete agreement if
the finite proton size is unfolded from the charge
distribution.

These particular cases make it clear that in general,
electron scattering measures a charge distribution
which is somewhat larger than the distribution in space
of the centers of mass of the nucleons. It is the latter
quantity that is of interest for comparison with non-
relativistic nuclear theory, and with most other meas-
urements. The relative eRect is of course largest for the
lightest nuclei, but in all cases it should be allowed for.
It is easy to calculate in most cases. Of necessity, the
assumption is made that the nuclear binding does not
distort the free nucleon structure. With this assumption
there is good agreement between experiment and nu-
clear theory, although neither of them is accurate
enough to test it very stringently, as yet.

Ke have not mentioned any theory of the alpha par-
ticle structure. The usual type of variational calculation
with assumed two-body forces" gives too small a radius
by about 4)%,' the same conclusion, to a lesser extent,
holds for Hes and H', the radius in that case being in-
ferred from the Coulomb energy. It is very plausible
to suppose that this is due to neglect of repulsive cores
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FIG. 5. Differential cross sections for scattering by carbon at
187 Mev. The theoretical curves are calculated using the Born
approximation with a correction for the change in electron wave
number near the nucleus. They are not continued beyond 90
because the approximation is not reliable for larger angles. The
steeply falling curves are for elastic scattering, the others repre-
sent inelastic scattering associated with the excitation to the 4.43
Mev level. The three theoretical curves are calculated using the
nuclear shell model, and assuming a common potential well which
is square, parabolic (harmonic), or linear. The absolute scale on
the latter curves is for pure 1.—5 coupling, for which the cross
sections are a maximum.

for p(r), such as uniform and. exponential, and even the
gaussian, do not fit very well; the accuracy and angular
extent of the results now contains more information
than can be expressed in those terms. While a possible
approach is to introduce more complicated shapes,
with more adjustable parameters, an interesting alter-
native is to mak. e the analysis in terms of the nuclear
shell model, and to see to what extent the assumptions
made in it are consistent with the electron-scattering
results.

If the ground state of the nucleus is made up entirely
of the lowest conhguration (ls)A(lP)2s ' the sum of
~ll (r) ~' for the protons, which is what is needed for the
charge distribution, is independent of the mode of
coupling in the shell model, and depends only on the
shape of the common potential well. Many authors"
have pointed out that the charge distribution obtained
from the (infInite) harmonic well,

p(r) =p{0)Ll+ (Z—2)r2/3o'] exp( —r2/a2), (S)

can, with the appropriate choice of the adjustable
length parameter a associated with this well, give very
good agreement with experiment. Fig. 5 shows that
the agreement is signi6cantly better than is obtained
from the extreme well shapes such as the square or

in the assumed two-body force, but this belief has yet
to be substantiated by an actual calculation. "

lP-shell Nuclei

The most extensive experimental results, and conse-
quently the most elaborate analysis, have been obtained
for carbon- jZ and 0xygee-16. The experimental cross
section for carbon at 187 Mev" is similar in character
to those for helium, decreasing rapidly but smoothly
over a wide angular range. The simple analytic shapes
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FIG. 6. Charge distributions for the shell model, in carbon, for the
same three well shapes as in Pig. 5.

~4 A calculation of this kind has been made for He' and H' by
Kikuta, Morita, and Vamada, Progr. Theoret. Phys. (Kyoto) 15,
222 (1956), and they do obtain the correct Coulomb energy
difference.

'I' J. H. Fregeau, Phys. .Rev. 104, 225 (1956).
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FIG. 7. Differential ions sections for scattering by oxygen at 420
Mev. All of the theoretical curves are for the harmonic-well version
of the shell model, the dashed curve with no modifications. The
dotted curve contains the effect of the finite proton size, and both
this and the center-of-mass correction to the shell model are in-
cluded in the full. curve.

2' G. Morpurgo, Nuovo cimento 3, 430 (1956);R. A. Ferrel and
O'. M. Vischer, Phys. Rev. 104, 475 (1956); M. K. Pal and S.
Mukherjee, Phys, Rev. 106, 811 (1957).



NUCLEAR CHARGE FROM ELECTRON SCATTE RING

linear well."This wide variation in well shapes produces
much less variation in the wave functions, so that in
these three cases the actual charge distributions are
surprisingly similar (Fig. 6).

Some new experiments on carbon and oxygen, at
420 Mev,"extend to considerably larger q values, yet
they are still in remarkably good agreement with the
simple, harmonic-well version of the shell model. The
form factor for the charge distribution (5) is

F (q) = {1—[n/2 (2+3o.)]g'a') exp( —q'u'/4), (6)

where n is the factor (Z—2)/3 (proportional to the
number of protons in the 1p shell). The carbon results
have a pronounced diBraction minimum at the angle
predicted by (6), with the value of a deduced from the
187 Mev experiments. "To obtain the cross section in
this angular region accurately it is necessary to use the
partial wave analysis. The curve 6tting is now very
simple: for each nucleus there is only one free pa-
rameter, e, which is fixed by the position of the dif-
fraction minimum (as given approximately by (6)j.
The very good agreement with experiment over the
whole angular range, shown in Fig. 1', is then a signi6-
cant con6rmation of this model. There are two improve-
ments to be made to the simple theory; inclusion of the
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Fxo. 8. Dif'ferential cross sections for scattering by carbon at
420 Mev. The theoretical curves are for the same cases as in
Fig. 7.

2' See Sec. B of reference ZS."Hofstadter, Ehrenberg, Meyer-Burkhout, and Sobottka
(private communications); Ehrenberg, Meyer-Burkhout, Hof-
stadter, Ravenhall, and Sobottka, Bull. Am. Phys. Soc. Ser. II,
2, 390 (1957).
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FIG. 9. Charge distributions in oxygen and carbon, correspond-
ing to curves (3) of Figs. 7 and 8. (The carbon distribution differs
a little from that shown in Fig. 6 because the latter did not include
the sects of finite proton size and center-of-mass motion in the
shell model. )

finite proton size" (since the shell model presumably
predicts the distribution in space of the centers of mass
of the nucleons), and allowance for the fact that the
shell model describes a system without a fixed center of
mass. " In oxygen the curve which includes both of
these effects, and presumably therefore, the most
complete one, gives the best agreement with experiment.
For carbon (Fig. 8) this result is not so clear; the cross
section in the interesting region is about ten times
smaller than in the corresponding region in oxygen, and
so cannot be obtained as accurately. The length pa-
rameters for the two nuclei are signi6cantly diferent,
preliminary values being a&=1.60X10 " cm, up=1. 72
)(10 " cm. The parameter L(5/3)(r')]& is, however,
1.302'X10 " cm for both nuclei, very close to its
value for nuclei in the region of Ca". The charge dis-
tributions are illustrated in Fig. 9. It is difFicult to say
whether the dip in the center of the oxygen distribution
is real; with the shape (5), the behavior of p(r) in the
center is tied to its behavior in the outer region of the
nucleus, and it is mainly the latter parts which deter-
mine the scattering. This particular model has too few
adjustable parameters to investigate this point. "

Other two-parameter charge distributions, of the
type used in the analysis of the results for heavier
nuclei, are, when fitted to the oxygen results, very
similar in over-all shape to the harmonic well distribu-
tion, although none we have tried 6t the data so well
that shape does. The process of including more adjust-
able parameters so as to obtain closer fits to experiment
can be carried further and rapidly becomes very in-

"This can be done by using the relation I' h g Ii . , )(Pp
With the assumption of a Gaussian shape for the proton, Ii,h,g,
differs from (6) only by having a', replaced by a Q. .+a p Qf in
the exponent, so that computationally the problem is as simple
with F,h,g, as with (6).~ C. Schwartz (private communication). The main e6ect is to
insert in the exponent of (6) a factor 1—(1/A), so that the com-
putation is just as simple as with (6}."D.L. Hill reported at the Stanford Conference that he and
K. Ford have analyzed the carbon experiments using a three-
parameter charge distribution, and find the best fit to have no
dip in the center.
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volved. Guidance from nuclear theory as to the signifi-
cant features to look for is very desirable.

Inelastic Scattering

The measurements on carbon, and on a series of light
nuclei, have included differential cross sections for
inelastically scattered electrons, corresponding to ex-
citation of the nucleus to its low-lying levels. ""
The angular distribution in this case is another indica-
tion of nuclear size and shape. "

The process is Coulomb excitation, with some simpli-

fying features. The differential cross section in Born
approximation is almost identical with the expression
for elastic scattering; the difI'crence is that the form
factor is now the Fourier transform of the IrunsiHon

charge density. Thus for a transition of known multi-

polarity, one can learn from electron scattering the
strength of the transition Lcorresponding to F,(0)j and
the radial dependence of the transition density. From
the latter we can. extract the radial character of the
excited state. For example, as illustrated in Fig, 5, from
the cross section associated with excitation of the 4.43-
Mev level in carbon, an E(2) transition, it is possible to
verify the conclusion obtained from elastic scattering
that the well is close to harmonic, although the strength
is rather difFicult to 6t."

For such measurements to be possible it is usually
necessary to have resolvable levels, and this is a rather
stringent restriction on the nuclei that can be examined,
A useful exception is scattering from distorted nuclei,
which with present resolution includes elastic scattering
and inelastic scattering corresponding to excitation of
the rotational levels. A sum rule for these processes
allows the scattering to be expressed simply in terms
of the intrinsic deformation of the nucleus. "It is then
possible to learn something about the radial character

of this deformation, as well as to measure the distortion
parameter. '4

Both types of inelastic scattering require calculations
more accurate than the simple Born approximation.
The partial wave analysis works only for spherically
symmetric charge distributions, so that some approxi-
mate methods must be used. The modified Born
approximation described in Sec. II can probably be
made accurate enough to do this.

Larger Nuclei"

Thc carly results on nuclei from Ca to Bi have
not been added to recently.

The nuclei examined are believed to be spherically
symmetric. The difkrential cross sections show di8rac-
tion structure characteristic of charge distributions
which are roughly uniform, with a smoothed edge; this
is also about all that current nuclear theory can say,
so that we can get no further guidance from it. The
more numerous experimental results on Au"~ were
examined closely to find the amount of detail detectable
in the shape of the surface, and to investigate a possible
smooth variation of charge density in the inner region.
The results are best expressed pictorially. Figure 10
shows three diferent surface shapes, one with an ex-
ponential tail (Fermi shape), one with a gaussian tail,
and one with no tail at all, all of which fit the experi-
ments equally well, and so are not cHstinguishable. The
allowable variation in central density is illustrated in.

Fig. 11, and it is rather wide. The conclusion drawn
was that variation in central density was too one a
feature to be detectable in those experiments, and that
the only property of the surface that could be measured
was its thickness (best characterized by t, the 90% to
10%distance) and not its detailed shape. Consequently,

while for convenience the results on the other nuclei

were analyzed in terms of the Fermi shape
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Au the only significant quantities determined were the

radius and the surface thickness I. The radial parameter

c, the distance to the point where p has dropped to
half of its central value on this model, varies closely

as A& for all of the nuclei, and t is effectively constant:

c= (1.0'7&0.02)A&X10 "cm charge

t = (2.4&0.3)X10-"cm distribution.

0
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FIG. 10. Three two-parameter charge distributions in gold.
Each is the best 6t to the 183 Mev experiments of a particular
functional form for IG(r). Reference 35 gives de6nitions and
parameters.

» R. Helm, Phys. Rev. 104, 1466 (19M).
~ I . I. Schi6, Phys. Rev. 96, 765 (1954).

"Downs, Ravenhall, and Yennie, Phys. Rev. 106, 1285 (1957).
"The results described are those of Hahn, Ravenhall, and

Hofstadter, Phys. Rev. 101, 1131 (1956).Analyses of the experi-
ments on gold have been made also by Hill, Freeman, and Ford
(reference 3) and Brown and Elton (reference 12). To the extent
that the results of the various groups overlap there is substantial
agreement, although Hill, Freeman, and Ford 6nd certainly no
appreciable central dip in the gold distribution. Since all of the
groups are analyzing Hofstadter's data, their somewhat different
conclusions on this point from Hahn ef al. may be due to slightly
different criteria for least-squares 6tting.
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FIG. 11. The best fit to the gold experiments using a three-
parameter charge distribution which has an exponential tail and
a variable central density. Also shown are the allowable variation
in central density, and the Fermi two-parameter best 6t of Fig. 10
(labeled m=0).

due to its definition —for a shape with an extended
surface it is clearly smaller than E—and to the fact
that other measurements of nuclear radii, which do not
distinguish anything but a radius, generally measure E
rather than c.

The present results give only a radius and a surface
thickness. They cannot say whether densities in the
interior of the nucleus are constant, nor whether the
tail of the distribution falls off in any particular way.
The limitation on the conclusions is entirely due to
experimental uncertainty and limitation on q values
investigated. An improvement in either of these, such
as is now possible, can surely improve this situation.
This is demonstrated by calculations of the cross section
for Au"' at 240 Mev" shown in Fig. 12. Some of the
charge distributions that are indistinguishable with the
present results, which covered the region through the
second de'raction dip, have measurably different cross
sections in the next diGraction peak. We shall soon
be able to decide on points like the shape of the sur-
face and the central dip, but the number of diGerent
ways that even these features can be introduced is very
great, so that the results become somewhat arbitrary.
It would be useful to have guidance from nuclear theory
on such points.

As a complement to the above investigation of the
over-all variation of nuclear parameters for a wide range

The analysis of less detailed experiments on lighter
nuclei (Mg, Si, S) using a corrected Born approxima-
tion" gives radii in agreement with this value. We must
remember that the distribution in space of the centers
of mass of the protons is slightly different from the
charge distribution because of the finite proton size.
For these large nuclei the eGect on the radius is small,
but on the surface thickness it is quite appreciable":

c= (1.08&0.02)AiX10 " cm center of mass

t= (2.2+0.3)X10 "cm distribution.

The often-quoted radial parameter R= L(5/3)(r') j'*

(the radius of the uniform distribution having the same
rms radius) does not vary exactly as A'; it decreases
from 1.32A&)(10 " cm for Ca" to 1.20A&X10 " cm
for Bi'~.

The apparent, although now familiar, smallness of c
compared with previous knowledge of nuclear size is
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"These results were quoted in footnote 44 of reference 19.
They can be obtained either by evaluating the folding integral
pchcrge =J d r pc m(r )ppr to (~ r—ro'~c), or by ,using the corre-
sponding relation among the Fourier transforms. LThe Fourier
transform of the Fermi function has been given by R. Blanken-
becler, Am. J. Phys. 25, 279 (1957).g Using the former method,
it is easy to show that, in terms of the parameter s, the rms surface
thickness, s charge=s c.m. + (4/3)(r )yrotons Ls = —4J'(r —c) p'(r)
Xdr/p(0); see D. G. Ravenhall and D. R. lennie, Phys. Rev.
96, 239 (1954), and reference 35j. Present uncertainties in knowl-
edge ef the shape of the surface make it sufFicient to use the
approximation that p,h„g, and p, have the same shape, but
slightly different parameters. The results, which are insensitive
to the particular features of the two distributions which are used
to obtain them, are that t,h,«,—1.13to.m. , and c,h„g,—ce.m.——0.13A &)&10 "cm.

IO+I

IO 40 60 80 IOO l20 l40
SCATTERING ANGLE (degrees)

FIG. 12. Differential cross sections for scattering by gold at
236 Mev. The charge distributions are (2) the Fermi shape of
Fig. 10, and (3) a three-parameter shape of the kind illustrated
in Fig. 11, for m=1.20. The experiments at 183 Mev were not
able to distinguish between these two shapes. For comparison,
curve (1) is for the uniform distribution kR=8.
"D. G. Ravenhall and D. R. Yennie, Proc. Phys. Soc. (London)

A70, 857 (1957).
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of A, a method exists for looking at the fine variation
of these parameters from one nucleus to the next.
For nuclei which can be made up into targets of very
similar chemical constitution, it is always possible to
measure ratios of scattering cross sections more accur-
ately than their absolute values, because it is possible
to count the electrons coming from each target while
keeping all other conditions identical. Because of the
di8raction structure in the cross sections for heavier
nuclei these ratios depend sensitively on small varia-
tions in radii. For instance, experiment clearly shows
up" a 1.2'Pz difference in radius between Ni" and Ni60.

This method has not been exploited very much as yet.

"Hahn, Hofstadter, and Ravenhall, Phys. Rev. 105, 1353
(1957).

IV. CONCLUSION

For each region of the periodic table, the appro-
priate approximation to nuclear theory suggests shapes
that it is interesting to examine. Detailed comparison
with the electron scattering experiments then allows
accurate determination of some of the relevant param-
eters. This procedure avoids the arbitrariness of ad hoc
inclusion of a large number of adjustable parameters,
but it is limited by the specificity of the nuclear model

being used. In all of the regions, hints from nuclear
theory as to some of the finer features of nuclear shape,
such as the form of the extreme tail of the charge dis-

tribution, would be invaluable in the extraction of more

detailed information from future experiments.
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1. INTRODUCTION: PROPERTIES OF THE p MESON

'HE history of p-mesonic atoms stretches over
almost a decade, with but little recent experi-

mental work. The beginnings of the study of the p-
mesonic atom occurred in 1949, when Chang' noted
that electromagnetic radiation accompanied the decay
of negative p mesons in matter. This was interpreted
by Wheeler' as being due to p rays both before and after
capture of the meson, in about equal proportion.
Wheeler made a careful analysis of the p-mesonic atom
and pointed out the usefulness of more refined measure-
ments. This led to the experiments of Fitch and
Rainwater, ' which gave the first clear-cut evidence of
the small radius of the proton distribution in the
nucleus.

The p meson in many ways is an ideal test particle
of the nuclear charge distribution. Such a test particle
should have no internal structure and its interaction
with the nucleus should be fully understood. These
requirements are almost completely satisfied by the p
meson, The main force between the p meson and the
nucleus is an electrostatic one, the nature of which is

well known. Although a careful study of nonelectro-

magnetic forces has not yet been carried out, indications
are that these are very weak. There continue to be
debates on the anomalous large-angle scatterings of

'%. Y. Chang, Revs. Modern Phys. 21, 166 (1949),.
~ J.A. Wheeler, Revs. Modern Phys. 21, 133 (1949).

V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953).

cosmic-ray p mesons with nuclei, 4 but interpretation of
these experiments is still not clear. Experiments per-
formed here, at Stanford, by Masek and Panofsky' on
the production of p-meson pairs by high-energy elec-
trons are dificult to reconcile with such scatterings for
low-energy p mesons (i.e., momentum transfer (200
Mev/c). I shall consider evidence for a relatively
strong specific nuclear interaction of bound p mesons
as nonexistent, and I believe that this is not contrary
to general experimental findings. ' The only specific
interactions are then that which produces the p meson
from the m and that responsible for the absorption of
the p, meson by nucleons; these forces are 10 "of the
electromagnetic one in strength.

When the experiments of Fitch and Rainwater' were
carried out in 1952, the other properties of the p meson
were not nearly as well known as they are now. Thus,
the mass of the p, meson was thought to be 210ns, in
1952. More accurate measurements, some of which
actually make use of x-rays from m-- and p-mesonic

atoms and of the photoelectric E-absorption edge,
have since bracketed the mass between'

206.77&0.04 and 207.1+O.I im„

4 For experimental work and discussion, see G. Masek and
W. K. H. Panofsky, Phys. Rev. 101, 1094 (1956).

5 The momenta of the bound p, mesons are of the same order
of magnitude as those involved in the experiment of Masek and
Panofsky.

6Koslov, Fitch, and Rainwater, Phys. Rev. 95, 291, 625
(1954); Cohen, Crowe, and DuMond, Phys. Rev. 104, 266 (1956),


