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I. INTRODUCTION

HIS paper describes advances made in the theo-
retical study of nuclear reactions during the last

twenty years. We begin by surveying some of the main
achievements in approximately chronological order.

In 1937 Bethe' gave a quantitative discussion of
nuclear reactions in terms of the compound nucleus
mechanism suggested just previously by Bohr. ' The
following few years saw publication of further papers
by Weisskopf, ' Bethe and Placzek, 4 and Weisskopf and
Kwing, ' in which detailed consequerices of Bohr's sug-
gestion were thoroughly investigated. '

These early discussions were not based upon any
general and rigorous theory of reactions but were
constructed in an ad hoc fashion around the assumption
that reactions proceed by the compound nucleus
mechanism. When Bohr proposed this mechanism,
there was no mathematical framework in quantum
mechanics that could be adopted to give a quantitative
description of it. The only type of theory that seemed

' H. A. Bethe, Revs. Modern Phys. 9, 69 (1937).' N. Bohr, Nature 137, 344 (1936); Science 86, 161 (1937).' V. F. Weisskopf, Phys. Rev. 52, 295 (1937).
4 H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937).
5 V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940).6F. L. Friedman and V. F. Weisskopf, Eiels Bohr and the

esse]oPmsnt oj Physics (Pergamon Press, London, 1933),

at all relevant was the Weisskopf-Wigner theory' of
resonance absorption and subsequent emission of optical
radiation by an atomic system. This type of time-
dependent perturbation theory was adapted to the
treatment of nuclear reactions by Breit and Wigner
and resulted in the formula that bears their name.
Although nuclear forces can certainly not be realistically
treated as perturbations, the expressions for cross
sections derived by Breit and Wigner (and later by
Bethe' with time-independent perturbation theory)
were reasonable in forte, i.e., in their energy depend-
ence. For instance, the Breit-Wigner formula for cross
sections of reactions proceeding through an isolated
resonance gives excellent fits to observed cross sections.
Absurdities appear only when attempts are made to
interpret the values of the parameters (the matrix
elements) obtained from such 6tting. The reason for the
correctness of the form is that this only depends on the
condition that the reaction proceeds through an isolated
(i.e., long-lived) intermediate state. Such a condition is
satis6ed both for atomic reactions of the kind described
by the Weisskopf-Wigner theory and for nuclear reac-
tions proceeding through a compound nucleus. How-
ever there are important differences between the two
types of reaction. In the former case, the excitation
energy is concentrated on a single particle (electron)
and the long life is due to the weakness of the coupling
of this particle to the radiation field. In the latter case,
the strength of the nuclear forces leads to a sharing of
the available energy by all particles (nucleons) and the
long life is due to the small probability of the energy
being concentrated in a mode that corresponds to disin-
tegration by an "open" (i.e., energetically allowed)
channel.

The unsatisfactory reliance on perturbation theory
was removed by the presentation by Kapur and Peierls'
in 1938 of a rigorous theory of reactions which was not
dependent upon any particular physical picture (such
as the compound nucleus mechanism) or upon any
dubious mathematical approximations (such as per-
turbation theory). This theory and its subsequent
versions by other authors has provided a very satis-
factory framework for discussing nuclear reactions. Its
essential feature is the occurrence of a complete set of
formal states (of all particles) de6ned in a volume of
nuclear size by the imposition of some fixed boundary
condition on the surface of this volume. Although the
theory is rigorous and therefore capable of describing
all types of reaction mechanisms, it is especially easily
adapted for describing the compound nucleus mecha-
nism. This is done by identifying the formal states with
states of the compound nucleus. Neglect of mechanisms

7 V. H. Weisskopf and E. P. Wigner, Z. Physik 63, 54 (1930);
65, 18 (1930).

s G. Breit and E. P. Wigner, Phys. Rev. 49, 319 (1936);49, 642
(1936);G. Breit, ibid. 40, 127 (1932).' P. L. Kapur and R. K. Peierls, Proc. Roy. Soc. (London)
A166, 277 (1938); R, E, Pejerls, Proc, C@Inbrldge Phil. Soc. 44,
242 (1947),
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other than the compound nucleus one is achieved by
ignoring the presence of the formal states that are
far away in energy.

Since the paper by Kapur and Peierls appeared in
1938, both Breit" and Wigner" with co-workers have
written papers on the same problem of providing a
rigorous theory of nuclear reactions. Of course, the
various approaches must be equivalent if they are all
rigorous. They diGer, in fact, in details and emphasis
rather than in principle. Sreit, for example, was con-
cerned mainly with the formal problem of trying to
remove the occurrence in the cross-section expressions
of certain parameters (the interaction radii) whose
values cannot affect the cross sections. Wigner, " in
contrast, actually emphasized the occurrence of these
parameters in the theory and exploited the fact that
particular choices of these parameters have physical
significance and therefore enable one to introduce
physical information into the theory. This is especially
true of the "R-matrix" theory, first expounded by
Wigner and Eisenbud. "

The main achievement of Wigner's particular formu-
lation has been to make the energy dependence of all
expressions as explicit as possible. In contrast Kapur
and Peierls' were not so concerned with the questions
of detailed energy dependence and worked with
complete sets of states defined by energy-dependent
(and complex) boundary conditions. Almost all of the
quantities occurring in the Kapur-Peierls cross sections
are energy-dependent, either explicitly or implicitly. In
order to use their formulas, the energy dependences
must be made explicit, and this means referring to a
treatment such as Wigner's with energy-independent
boundary conditions. For instance, in the case of an
isolated resonance, the Kapur-Peierls resonance energy
is implicitly energy-dependent. This dependence may
be made explicit by referring to energy-independent
boundary conditions. It is found that the dependence
is just equivalent to the presence of the level shift factor
which occurs explicitly in the Wigner formulation from
the begiemeg. It is this sort of consideration which
persuaded us to base the present review upon the
R-matrix theory of Wigner and Eisenbud rather than
upon the theory of Kapur and Peierls. However we
emphasize again that the two formulations are abso-
lutely equivalent; the only particular merit of the
R-matrix theory is that is is more explicit.

The R-matrix theory is rigorous, and therefore its
application is not con6ned to reactions that proceed by
the compound nucleus mechanism; in principle, it can
be used to describe all types of reaction phenomena.
Since the theory was presented in 1947, a new type of
phenomenon has been established and has been 6tted
into the framework of the theory. This is the possibility

I G. Breit, Phys. Rev. 58, 506 (1940); Phys. Rev. 69, 472
(1946).

» E. P. Wigner, Phys. Rev. 70, 15 (1946); 70, 606 (1946)."E.P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947);
E. P. Wigner, J. Am. Phys. Soc. 17, 99 (1949).

that colliding nuclei can interpenetrate each other
without necessarily forming a compound nucleus. This
very significant fact was deduced by Feshbach, "Porter,
and Weisskopf in 1953 from the energy dependence of
total neutron cross sections. Previously it had been
assumed that any particle entering a nucleus must
inevitably lose energy and thereby cause the formation
of a compound nucleus. In the terminology invented by
Bethe, "this was expressed by saying that the nuclear
"sticking probability" is equal to unity. Most earlier
discussions of reactions were based upon this same
assumption. It was embodied in the papers by Weiss-
kopf and Ewing'' on the spectra of particles from
compound states, and also in the papers by Feshbach,
Peaslee, and Weisskopf" and by Feshbach and Weiss-
kopf" on total cross sections.

For the sake of preciseness, we retain the term
"model" for those phenomenological theories of nuclear
collisions that prescribe probabilities of compound
nucleus formation. The expression "strong absorption
model" is identi6ed with those theories in which the
chance of collision without compound nucleus formation
is very small; the expression "moderate absorption
model" labels those theories in which the chance is
appreciable. The R-matrix theory must be capable of
describing al/ such models whether of the "strong
absorption" or "moderate absorption" variety. Accord-
ing to Thomas, " each model implies a special energy
dependence of the so-called "strength function" which
is the central quantity in the R-matrix theory; the
moderate absorption model implies oscillatory de-
pendence; in contrast the strong absorption model
implies a smooth monotonic dependence. Recently,
it has been shown" that one may relate the form of the
strength function to general dynamical properties of
nuclear matter.

The validity of the moderate (as opposed to the
strong) absorption model opens up the possibility of an
entirely new class of nuclear reactions, namely "direct"
reactions in which nuclei interpenetrate without forming
a compound nucleus, and directly scatter each other
with or without a change in their internal structures.
Existence of such direct reactions was established by
Butler" in 1950 from the angular distributions of (d,p)
reactions. The loose structure of the deuteron makes
the chance of interaction without compound nucleus

formation especially high for this class of reactions.
Austern, Sutler, and McManus" later proposed a

"Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953);
96, 448 (1954).' H. A. Bethe, Phys. Rev. 57, 1125 (1940).

'5 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947)."H. Feshbach and V. F.Weisskopf, Phys. Rev. 76, 1550 (1949).
'7 R. G. Thomas, Phys. Rev. 97, 224 (1955)."C.Bloch, J. phys. radium 17, 510 (1956); Nuclear Phys. 3,

137 (1957);G. E. Brown and C. T. de Dominicis, Proc. Phys. Soc.
(London) A70, 668 (1957)."S.T. Butler, Phys. Rev. 80, 1095 (1950); Proc. Roy. Soc.
(London) A208, 559 (1951).

~ Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953).
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simHar interpretation for (ss,p) reactions. In both
treatments, direct processes were considered to occur
only when colliding nuclei graze each other, i.e., they
were considered to be "surface" phenomena. It has
since become apparent from the work of Hayakawa,
Kawai, and Kikuchi" and of Brown and Muirhead, ~'

that this vlewpotnt may~ at least ln the (rsvp) case~ be
too restrictive. Rather, it appears that direct reactions
may originate in the volume of the target nucleus as
well as at the edge. Although existence of direct mecha-
nisms for reactions has been established beyond doubt,
it seems that they account for only small fractions
of most total cross sections, except when peculiar cir-
cumstances exaggerate their contribution relative to
the compound nucleus one.

It is of considerable interest to see just how the
I-matrix theory can describe the direct reaction
mechanism; i.e., to see what particular assumptions
must be made in order to eliminate other mechanisms
such as the compound nucleus one. As mentioned above,
I-matrix theory is easily specialized to the description
of the compound nucleus Inechanism. The Ineans of
making the specialization to the direct mechanism are
not so evident. However it has recently been shown"
how this can be done; one introduces assumptions into
sections of just the "direct reaction" kind.

The present article is an account of only the existing
theory of nuclear reactions, and does not describe the
vast number of detailed applications that have been
made to experimental data. For summarized accounts
of such applications, the reader is referred to the book
of Blatt and Weisskopf, '4 a review by Peaslee, " and
especially to recent reviews by Kinsey" and Burcham. "

D. GENERAL DISCUSSION OF R-MATRIX THEORY

Although the essential basis of the R-matrix theory
is quite straightforward, the full development is lengthy
and involves considerable algebraic manipulation.
Unless one is made familiar in advance with the essen-
tial ideas and objectives, one tends to lose track of the
main arguments because of distraction by details. The
present section is devoted to sketching an outline of the
content and objectives of the theory.

I. Scheme of the Formal Theory

AIly theory thRt, CRn bc spcclRllzed to tlic dcscllptlon
of a nuclear reaction proceeding via formation of inter-
mediate states of the compound nucleus, is expected to

"Hayakawa, Kawai, and Kikuchi, Progr. Theoret. Phys. 13,
415 (1955).~ G. Brown and H. Muirhead, Phil. Mag. 2, Ser. 8, 473 (1957).

C. Bloch, Nuclear Phys. 4, 503 (1957); G. E. Brown and C.
T. de Dominicis, Proc. Phys. Soc. (London) A70, 686 (1957).

~4 J. M. Blatt and U. F. Weisskopf, Theoretica/ Reclean Physics
(John Wiley gr Sons, Inc. , New York, 1952)."D.C. Peaslee, Ann. Revs. Nudear Sci. 5, 99 (1955).~' B. B. Kinsey, Eecyclopaedia of Physics (Springer-Verlag,
Berlin, j.957), Vol. 40.» W. E. BIrrcham, Erccyciopoedio of Physics (Springer-Verlag,
Berlin, 1957), Vol. 40,

be formulated in terms of some set of states that can
be associated with those of the compound nucleus. The
R-matrix theory" is such a theory. In it, a sct of states
of all nucleons is defined and the cross sections can
ultimately be expressed in terms of these. In the general
formulation, however, the algebraic relations connecting
the cross section and the states are very complicated,
so lt is convenient to intI'oduce intelmediary quantltics,
one of which is the "collision matrix" and the others
"the I, A, and R matrices. "The general scheme is as
follows:

Cross sections 0„
~ ~

Elements U, , of the collision
matrix U I U depends on energy E,
but not on parameters u, or B,.j

"External" interaction as "Internal" interactions as
represented by the diag- represented by the nondi-
onal matrices I, and Q agonal matrix R—= (E.;).
with diagonal elements I., fR depends on energy E
and 0,. $I. and 0 depend and parameters a., J3,.j
on energy E and param-
ctcls c0) but not onparam- Sct of states labe]ed by y

defined in terms of param-
CtCIS Cc, Bg Rnd C11RIRC-

terized by energy eigen-
values Eq and reduced

~

width amplitudes y~, .

Here o„(E) is defined a.s the cross section for the pro-
duction of the pair of nuclei of type c' when the two
nuclei of the pair of type t," are bombarded against each
other with energy E. The element U, ,(E) of the
so-called collision matrix U is defined as the amplitude
of the outgoing waves of pair c' resulting from unit Qux
of bombardment with pair ~. It follows that the cross
section o.. must be proportional to ! U...!

'. The intro-
duction of U with its rather triviai relation to the
cross sections is, of course, not a peculiarity of the
R-matrix theory but ls thc usuRl 6rst step ln Rny
quantum-mechanical reaction theory. U is an especially
convenient quantity because two very general physical
principles, those of conservation of probability Aux and
time-reversibility, impose restrictions on any reaction
theory which, as first shown by Breit,"can be simply
stated in terms of the properties of U, namely, U must
be unitary and symmetric (Sec. UI).

The special features of the R-matrix theory lie in
the further steps, namely those in which U is expressed
in terms of the matrices I,, Q, and R. The erst two
matrices are diagonal and take account of any long-
range nonpolarizing interactions acting between any
separated nuclei. The R matrix is nondiagonal and takes
account of the CGects of all other interactions, i.e., those

"G.Breit, Phys. Rev. 58, 1068 (1940),
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operating inside nuclei, both inside the compound
nucleus and inside the nuclei of separated pairs. All
three matrices depend on certain parameters a., one for
each type of pair c. Given these parameters, the matrices
L and Q are fully determined. The unknown quantity
is then the R matrix. In addition to depending on E
and the u„ this matrix also depends on a set of boundary
condition parameters B„one for each type of pair c.
Even if all the parameters are speciGed, R is still
essentially unknown in general. In spite 'of this, Wigner
and Eisenbud" have, shown that the energy dependence
of any element of R is expressible in a surprisingly
simple form:

R„(E)=g
& E),—E

where X labels the members of a complete set of states
and the y~„y)„, and E~ are energy-independent quan-
tities depending on a„B,. The yp„are called "reduced
width amplitudes. "For each state X, one yq, is defined
for each pair c. The E& are the energy eigenvalues of
the states X.

Since few specific assumptions are made in the
R-matrix theory, which therefore has wide generality,
one might guess that the simplicity of the analytic form
of the elements of the R matrix is the consequence of
some third general physical principle in addition to
those of conservation of probability and time-reversi-
bility already mentioned. Following the initial sug-
gestion by Schuster and Tiomno, " (Sec. IV, 8), it has
been shown that, in the special case when only scatter-
ing of the initial pair is allowed to occur, this principle
is the one of causality. (Roughly speaking, the causality
principle says that the two nuclei cannot be scattered
before they interact. ) No proof has as yet been given in
the general case that causality leads to the analytical
form of R, but there is no reason to doubt that such a
proof could be given. Presumably the general form of the
results of R-matrix theory do not depend on special
information or assumptions contained in the quantum-
mechanical derivation of Wigner and Eisenbud but only
on certain general physical principles.

For our purposes it is desirable, not only to know the
analytic form of the R matrix, but also to be able to
interpret the parameters in this form such, as the yg, .
In the Wigner-Eisenbud derivation, these are given a
precise meaning as a certain type of matrix element.
This means that one can hope not merely to fit experi-
mental cross sections in terms of the parameters of
R-matrix theory, but also to predict the values and

properties of these parameters on the basis of some

theory of nuclear forces and nuclear structure. For this
reason, we do not base the present review on general
derivation of the R matrix from the causality principle,
but use the Wigner-Kisenbud derivation.

~%. Schuster B,nd J. Tiomno, Phys. Rev. 83, 249 {1951).

2. Assumptions of the Theory

Certain broad assumptions are at the basis of the
R-matrix theory.

(i) Appticability of nonrelativistic quantum mechanics
as implied in the assumption of the usual Hamiltonian
equation defined in all space:

where H is the sum of kinetic and potential energies.
This equation must embody the three general physical
principles (conservation of probability, time-reversi-
bility, and causality) already-mentioned. (For instance,
conservation of probability demands the Hermiticity of
the potential energy in B.) It follows that the collision
matrix derived under the present assumption must
automatically be unitary, symmetric, and have certain
analytic properties. (This is verified in Sec. VII.)

Neglect of relativistic e6ects is just as appropriate
in the usual R-matrix theory as in other theories in
low-energy nuclear physics. The justiGcation is that
nucleon kinetic energies inside nuclei are less than a
few percent of the rest mass energy. Goertzel" has
made an extension of the R-matrix theory to Dirac
particles, but we do not need to use his results.

(ii) Absence or unimportance of all process in which
more than two product nuclei are formed This a.

—ssump-
tion is the most restrive one. It implies that the theory
is not strictly applicable to reactions where the bom-
barding energy is high enough to make three-body
breakup energetically possible. However, we see later
(Sec. XIII, 2) that approximate treatment of many-
body decays can be given if these can be described as
a succession of two-body decays.

(iii) Absence or unimportance of all processes of
creation or destrlctioe. —The main e6ect of this assump-
tion is to exclude photons from discussion. We show
in Sec. XIII, 3 how this restriction can be removed
within the limits of a conventional perturbation treat-
ment of the coupling of nuclear particles to the electro-
magnetic field.

(io) The existence, for any pair of nuclei c, of some

finite radial distance of separation a„beyond which
neither nucleus experiences any potarizing potential field
from the other. We assume th—at, beyond separation a„
any potential acting between the pair c can be written
as a function of radial distance only. Given a value of
a, satisfying this assumption, any larger value will also
satisfy it so that, in the absence of further conditions,
the (a,) are largely arbitrary. In R-matrix theory no
such further condition is mentioned. For the formal
derivation, it is necessary only to be able to assume the
existence of a set, any set, of the a, that satisGes the
above assumption. The theory is then framed in terms
of this set. For instance the L, 0, and R matrices depend
explicitly and implicitly on the a,. The collision matrix
U itself does not depend on any set of formal param-

G. Goertzel, Phys. Rev. 73, 1463 (1948).
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eters such as the a„so the dependences of L, Q, and R
on a, must be complementary in such a way so as to
make U independent of the u, . It is clearly unsatisfac-
tory and artificial to retain such a set of arbitrary formal
parameters. For example, in order to analyze a cross-
section curve and extract values of the yq, and Eq,
one would have to assume a set of values of the a., so
that any extracted values would depend on the a,. Then
in making theoretical predictions about the yq. and E~,
one would have to assume the same set of values. The
whole comparison between experiment arid theory would
center around the set of a„a set of quite arbitrary
formal parameters.

The point is that one could not, in general, extract
values of yq, and Eq from the experimental cross
sections even if a set of the a, were assumed. There are
an infinite number of the pz, and Ez in the theory, so
it would never be possible to 6t them from a given ex-
perimental cross section no matter how accurately
measured. In order to be able to use R-matrix theory at
all, one must have some broad u priori knowledge of
the role of the y)„and Eg based on a physical picture.
Since the y~, and E~ depend on the a„ this picture must
be one in which one definite set of the a, has a special
physical sigriificance. The idea that nuclear reactions can
only occur when the closely packed colliding nuclei
actually enter each other's volume, provides the kind of
picture needed. It suggests choosing the u. to be equal to
the sum of the radii of the colliding nuclei, which is the
minimum value allowed by condition (4). In future,
we always understand the u. to .be dered as having
such minimum values and refer to them as "interaction
Iadll.

The idea that reactions can only originate at sepa-
ration distances (u, does not imply that a reaction
must take place if two nuclei approach closer than this.
The actual situation may be anywhere between two
following extremes.

(i) As two nuclei come together, there is sharp
transition between the point where neither nucleus ex-
periences any polarizing forces at all, and the point
where both nuclei interact so strongly as to lose com-
pletely their individual identities. If the a, are now
defined as having their minimum values under assump-
tion (4), they will be located fairly precisely in this
sharp transition distance. This situation is that implied
by the "strong absorption" model of compound nucleus
formation in which two nuclei fuse together as soon as
they touch. The ideal limit of an infinitely sharp
transition region corresponds to all reactions proceeding
via a compound nucleus and excludes the possibility
of other types of reaction process (Sec. II, 4).

(ii) Nuclei may interpenetrate each other freely
without appreciable disturbance of each other's internal
structures. Thus the distance u, marks the edge of a
potential field which is smooth and refractive in charac-
ter, and does not give rise to the violent interaction

needed to cause compound nucleus formation. Rather
it either merely scatters the colliding nuclei or, occa-
sionally, may cause a direct reaction. If this picture
were true, nearly all reactions would be of the "direct"
type not involving compound nucleus formation. The
actual situation with nuclei lies somewhere between (i)
and (ii). The evidence is that it is considerably closer to
(i) than (ii), because, although in certain special reac-
tions the direct process implied by (ii) predominates,
most reactions are mainly governed by compound
nucleus formation.

3. Specialization to the Compound
Nucleus Mechanism

The qualitative picture of the compound nucleus
enables one to guess the special properties that must be
assigned to the y)„and E), in order to specialize R-matrix
theory to the compouhd nucleus mechanism.

First we consider the energy region in the compound
nucleus just above the highest bound states, i.e., the
region in which resonance levels are found in nuclear
reactions. The strength of nuclear forces and the con-
sequent complexity and compact nature of nuclear
states leads us to believe that the spectrum of nuclear
states will persist, in some fashion, for some way
above the bound states. For instance, let us ensure such
a continuation in the nuclear spectrum by enclosing the
nucleus in a sphere of nuclear dimensions, and consider
a state that would normally be above the bound states.
On removing the sphere, the complexity of the state is
such that a long time passes before the state "realizes
that it is unbound" and disintegrates. Thus the state,
although free, maintains much of the character of a
bound state, the only diGerence being that it has a
nonzero width I' reQecting the fact that it does even-
tually disintegrate after a mean life h/I'. De6ning the
a, as we have done introduces an effective enclosing
sphere of nuclear dimensions, and this means that we
can associate the Ez, the formal energy eigenvalues of
the eigenstates in the enclosure, with the energies of the
physically observed quasi-bound "resonance" states.
In particular, it is natural, in applying R-matrix theory
to a reaction proceeding through a certain resonance
level, to drop all terms in the R-matrix sums over X

except one. This leads to the famous "one-level"
cross-section formula originally formulated by Breit
and Wigner' with a quite di6erent theory.

At higher energies, as resonance levels become closer
and broader, they overlap to form a continuum, so the
one-level formula is no longer valid or useful. Instead
we must use the many-level cross-section formula and
try to average it over many levels. Thomas" has shown,
following the earlier considerations by Bethe, ' that an
averaging is possible if the signs of the (real) level
amplitudes yq, can be assumed to be random (Sec.
XI, 2). The extent of the randomness in the signs
increases with the probability of 'compound nucleus
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formation. In the idealized "strong absorption" limit
when it is supposed that any interaction between two
nuclei immediately leads to their merging into a
compound nucleus, the randomness is expected to be
complete, With this assumption, the many-level formula
can be averaged to give the expected expressions for
cross sections from compound nucleus formation in the
continuum. As discussed in Sec. XI, 6, the idealized
limit is not attained for actual nuclei, so that, in prac-
tice, the signs are not completely random. In particular
there may be mild correlations in sign over large energy
intervals. Nevertheless the randomness is sufficient to
enable the averaging of the many-level formula to be
performed to a good approximation.

4. Direct Reaction Mechanisms in
8-Matrix Theory

Although several direct reaction mechanisms have
been identified experimentally, the compound nucleus
mechanism still accounts for the major part of the
observed reaction cross sections. Only when one ob-
serves special individual products of bombardments,
may one find that other mechanisms dominate. Ex-
perimentally a number of such special individual reac-
tions have been established where the compound
nucleus contribution is rivalled by those from other
types of mechanism. The other contributions are usually
incoherent with the compound nucleus contribution
and their origins are believed to be understood, at least
qualitatively. There are four main types of such reac-
tions.

(i) Eearrangernent reactions producing indiniduat toto-

lying states of the residual nuclei. —Reactions in which
"direct" contributions have been found are (¹4,Nts), st

(rr, p) and (p,rr), ss (p, t) and (p,He'), " and others, but
especially those involving deuterons like (d,p)" and

(p,d) reactions. The fact that deuteron reactions are
especially liable to these special eGects gives the clue
to their origin. This lies in the diffuseness of the sur-
faces of nuclei; for the loosely bound deuteron this is
especially pronounced. There is an appreciable prob-
ability of "partial" interaction between a deuteron and
a target nucleus in which only the neutron interacts
with the nucleus. The proton may be released in such
"grazing" or "stripping" reactions without interacting
with the target. Study" of individual proton groups
resulting from deuteron bombardment often shows that
this type of mechanism may completely dominate
other mechanisms. Only those deuterons that graze
the edge of the target nucleus can lead to this process.
Those deuterons with smaller impact parameters that
hit the target head-on will form compound nuclei in the
usual way. Consequently total deuteron cross sections

"H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956).
'2Eisberg, Igo, and Wegner, Phys. Rev. 100, 1309 {1955);

J. G. Likely and F. P. Brady, ibid. 104, 118 (1956)."B.L. Cohen and T. H. Handley, Phys. Rev. 93, 514 (1954);
J. G. Likely and F. P. Brady, Phys. Rev. 104, 118 {1956).

will not be seriously aGected by the existence of stripping
processes (except possibly at low energies where the
Coulomb repulsion prevents head-on collisions or when
the target nucleus is small, i.e., light).

(ii) Inelastic and charge ex-change scattering produ:ing
individual low-lyieg s/utes. —There is evidence for "di-
rect" contributions to (n,p), '4 (p,p')," (d,d')," and
(n,n')" reactions. These contributions show up espe-
cially well in high energy bombardments because the
compound nucleus cross sections are diminished as a
consequence of the smallness of the compound nucleus
competition factors. The origin of these eBects is found
partly in the surface diffuseness. An incident projectile
may graze the edge of a target nucleus and just interact
with a single nucleon in the surface. This may result
in an energy exchange and inelastic scattering. Another
source of the direct inelastic scattering is to be found in
the possibility of interpenetration of nuclei without com-
pound nucleus formation. This is especially possible in
nucleon bombardment. ""From the "moderate absorp-
tion" model, "one knows that a nucleon may occasion-
ally enter quite far into a nucleus without losing energy
or forming a compound nucleus. Eventually it may
interact with a single nucleon and lose energy, but there
is still a finite chance of either it or the struck nucleon
reaching the surface of the nucleus without further inter-
action. This possibility implies that the direct mecha-
nism for inelastic scattering is operative in the nuclear
volume as well as at the surface. Although low-lying
states tend to be produced by direct interaction, the
compound nucleus mechanism generally dominates for
all the higher states and so accounts for the majority
of processes.

(iii) Excitation of collective states (especially rotations)
by inelastic scattering. —This type of process has not
yet been confirmed experimentally, but it is a reasonable
theoretical expectation" that such processes can occur.
This is particularly so when the target nucleus is
appreciably nonspherical and has a rotational spectrum
of states. The bombarding particle may interact just
with the surface shape of the target and set it rotating,
without actually forming a compound nucleus. From
some points of view such events are more naturally
regarded as part of the shape-elastic scattering since
no change is induced in the internal state of the target
nucleus.

(ie) Inelastic scattering of charged particjes producing
individual excited states of the target nuclei. —Assumption
(4) is always, strictly speaking, violated when the
bombarding particles are charged. To represent the

'4 D. L. Allan, Proc. Phys. Soc. (London) A70, 195 (1957).
"W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955);

Beneviste, Finke, and Martinelli, Phys. Rev. 101, 655 (1956)."J.W. Haffner, Phys. Rev. 103, 1398 (1956)."H. J. Watters, Phys. Rev. 103, 1763 (1956)."D. M. Chase, Phys. Rev. 104, 838 (1956); Hayakawa and
Yoshida, Proc. Phys. Soc. (London) A68, 656 (1955); C. F.
Wandel, thesis, (Copenhagan, 1953), (unpublished); M. Moshin-
sky, Rev. mex. 6s. V, 1 (1956); D. M. Brink, Proc. Phys. Soc.
(London) A68, 994 (1955).
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Coulomb potential between the protons in the target
nucleus and those in the projectile by the single term
ZrZse /r, is only an approximation. There are additional
terms which, although smaller, can cause inelastic
scattering. Such scattering by Coulomb forces is called
"Coulomb excitation. " It is well understood theo-
retically" and its existence has been thoroughly con-
firmed experimentally. Clearly the ratio of the cross
section for excitation of a given level by Coulomb
excitation to that by the compound nucleus mechanism
may be increased to any desired amount by reducing the
bombarding energy far enough below the Coulomb
barrier. At these low energies, compound nucleus for-
mation is exceedingly small since almost no projectiles
penetrate the barrier and reach the target nucleus.
Since the Coulomb excitation process does not require
close collisions, it is not nearly as seriously inhibited by
the low energy. It diGers from the other three processes
that have been mentioned because, at low enough
energies, this special process will always account for a
large fraction of the total reaction cross section. Never-
theless in general the cross sections for reactions other
than inelastic scattering of charged particles will be
very lit-:tie influenced by Coulomb excitation. However
there are cases where the presence of excitation processes
(real and virtual) does affect other types of reaction.
For instance, it has lately been shown" that the
N'4(N'4, N")N" transfer reaction is affected by virtual
Coulomb excitation occurring before actual nuclear
interactions come into play.

The fact that the Coulomb excitation mechanism is
excluded by assumption (4) for any finite choice of a.
places this mechanism apart from the other three,
which are consistent with (4) provided the o, are taken
large enough. Since R-matrix theory is exact, if (4) is
satished, it must be possible to describe the three
mechanisms (i), (ii), and (iii) with R-matrix theory.
Although R-matrix theory must be capable of describ-
ing most reaction mechanisms, its most immediate appli-
cation is to the compound nucleus mechanism. This
follows from the fact that the theory is framed in terms
of a set of states of all particles which are naturally asso-
ciated with the compound states of the compound
nucleus mechanism. It is not so easy to spot how the
theory may be adapted to describe direct mechanisms.
Nevertheless, this adaption can be made, as shown by
Bloch" (and described in detail in Sec. XI, 6). The
essential point is that the only factor in R-matrix theory
that could possibly correspond to direct mechanisms are
the sums over the far-away levels. In the adaption to the
compound nucleus mechanism such sums are dropped as
a result of the random-sign approximation. This approxi-
mation eliminates the direct mechanisms. Consequently,
to describe these mechanisms one must not make the
random-sign approximation, but must retain the far-

"Alder, Bohr, Huus, Mottelson, and Vhnther, Revs. Modern
Phys. 28, 432 (1956).

4s 6, Breit and M. E. Ebel, Phys. Rev. 104, 1030 (1956).

away levels and perform the sums over them by using
closure relations (see Sec. XI, 6).

III. NUCLEAR CONFIGURATION SPACE AND
FORM OF THE WAVE FUNCTIONS

We now establish the basic framework of R-matrix
theory. First we discuss a number of concepts and
definitions and introduce the idea of nuclear configura-
tion space. Following this, we describe the various
types of wave function that occur.

The theory of nuclear reactions, like any contempor-
ary theories in physics, has been plagued by the use of
a variety of conventions of notation. This is especially
apparent on comparing the papers of Wigner"" and
co-workers with the theory in the book of Blatt and
Weisskopf. '4 (The symbol y' is the reduced width in the
former and the square root of the same quantity in the
latter!) We follow Wigner's notation as far as possible
with some minor changes. For instance, our reduced
width p' is equal to Wigner's reduced width divided by
the distance a, . Such a change seems necessary to make
the dimensions of p' such as to justify the term "width"
(i.e., to give y the dimension of energy, instead of the
confusing energy-times-length).

1. De6nitions and Notation

Two of the basic concepts of R-matrix theory of a
nuclear system are: (i) the total system being separated
into various pairs of nuclei (sometimes these pairs are
cp,lied "alternatives" ); (ii) the associated interaction
radii a,. These concepts and their interpretation in the
nuclear con6guration space are now examined.

The Separated pairs or "alternatives" o.—As yet we
have only loosely defined the symbol c as labeling pairs
of nuclei. Now we specify the precise features of a given
pair of nuclei that the symbol c implies. We consider a
total system of A nucleons separated into two groups
containing A~ and A2 nucleons. If these groups are
bound, they will be two definite nuclei in certain
quantum states, n& and ns (say) with spins I& and Is,
whose components in some specified direction are iI
and i2. We could label the pair of nuclei, including spin
orientations, by the set of quantities (n(ItIs)itis),
where 0. is written for the pair O, I0.2. In practice it is
convenient to use an alternative representation.
Instead of specifying ii and i2, we prescribe the so-called
"channel spin" s and its component v, so that a state
in the new representation is labeled by the set of quan-
tities {n(ItIs),sr ). This channel spin s is formed by
coupling I, and Is together: s=I~+Is, and can take
values between [Ir—Is~ and

~
It+Is~.

In the de6nition of c, it is convenient, not only to
include specihcation of the two nuclei themselves as
given in this channel spin representation, but also
features of their relative motion. For prescribing the
latter, as in any reaction theory, we have the choice
of two representations. One is the "angle representa-



tion" in which the states are plane waves, each with a
definite direction (usually specified by a wave-number
vector k) but containing all relative angular momenta.
This is the more useful representation for high bom-
barding energies when a large number of relative
angular momentum waves play a role in the reactions
which involve mainly a small range of angles about the
incident beam. The other representation is that in
which a state has a definite relative orbital angular
momentum / (and component rn), but contains com-

ponents of all angles. This representation is generally
useful at lower bombarding energies where only a
limited number of relative angular mom, enta can con-
tribute to a reaction. Thus it should be the more
suitable for discussing reactions through the compound
nucleus. We adopt it here, so that the symbol c implies
the total set of quantities {n(I&I2)si lrn}.

Occasionally we 6nd it useful to change this repre-
sentation somewhat and combine the channel spin s,
and the relative orbital angular momentum / into a
"total spin" quantum number J=s+I and its com-

ponent M. In this case, e implies the set {n(IiI2)s/, JM}.
The ieteractioe radii. —For a given pair c, the "inter-

action radius" u, is the minimum radial distance of

separation of the pair at which neither nucleus experi-
ences any polarizing force. from the other. Since this
definition implies a dependence only on n and not on

(svlrn), it is just as appropriate to write a instead of a,
and we shall sometimes do this. Many suggestions have
been made by various authors that u has a simple

dependence on the mass-numbers A» and A2. A com-

monly used prescription has been

u.= ro(A i'+A 2&), (1.1)

where ro is independent of A» and A2 and has a nu-

merical value between 1.40 and 1.50X10 " cm.
Configuration space and channels. It is useful to-

introduce the concept of the configuration space of all

A nucleons. Corresponding to the three spatial degrees

of freedom of each particle, this space has 3A dimen-

sions. If we include the extra two degrees of freedom

that each nucleon has by virtue of its intrinsic spin,
this makes 6A dimensions altogether. In this space,
there is a certain region, called the "internal region, "by
Wigner and Eisenbud, corresponding to all nucleons

being close together in a volume of nuclear dimensions

in physical space. Certain other regions, called channels

by Breit, '8 correspond to the nucleons being separated
into two groups, A» and A2, in physical space beyond
distances a . All the rest of configuration space cor-

responds to situations in physical space which occur with

negligible probability. The channel for each split
A = (A i,A 2) is separated from the others by such regions

of zero probability. This means that a given pair of
nuclei in their channel cannot change directly into
another pair (channel). Such a change can only take
place indirectly via the internal region. This internal re-

gion is bounded by the "channel surfaces" r =u, r be-

ing taken as the relative radial coordinate of the pair a.

As yet we have only defined channels for diferent
splits, (Ai, A2) of the total number of nucleons. To a
given split (Ai,A2), there corresponds in general many
pairs c which have the same region of con6guration
space for their channel. For instance, all those pairs c
that involve a definite pair of nuclei n but diferent
values of (f,rn) have the same channel in configuration
space. Furthermore, all pairs c corresponding to diferent
internal excitation states of the two nuclei in a given
split (Ai,A2) share the same channel. Nevertheless, it is
possible to speak as though any given pair c has its own
special channel that does not overlap any other channels
without any contradictions or paradoxes arising. The
reason is ultimately that, when the two members of a
pair c are in the external region, they cannot disturb
each other. In other words, the wave functions of the
pairs cannot mix with each other because, from the
definition of the interaction radii, there are no forces to
cause any mixing in the external region.

Not only do many diGerent pairs c share the same
configuration space channel, but, conversely, there are
several channels in con6guration space corresponding
to a given pair c. At least, this is true provided that we
do not distinguish, in a given pair c, particular indi-
vidual nucleons. If, for the pair c, the groups of A» and
A2 nucleons contain X» and E2 neutrons, Z» and Z2

E» Zj
protons, there are & Z

configuration space

channels corresponding to the pair c where E, Z are the
total numbers of neutrons and protons (1tIi+E2=III,
Zi+Zz= Z, E+Z= A). The indistinguishability of
nucleons which, as for all Fermi-Dirac particles, is repre-
sented by the need to antisymmetrize all wave functions,
makes it desirable rot to distinguish individual nucleons
in speaking of a pair c. Thus when we speak of the
"channel of pair c"we mean implicitly the sum over all

Z»
configuration space channels.

The channel surfaces g, .—The internal and external
regions of con6guration space are separated by the
totality of channel surfaces r =a . These surfaces
overlap but the regions of overlap correspond to physical
situations that occur with negligible probability. For
instance, consider two surfaces representing splits into
a neutron and a residual nucleus and a proton and a
residual nucleus. The overlap region between the
surfaces corresponds to both a neutron and a proton
being separated from the rest of the system. This
physical situation will be relatively very improbable if

the total energy of the system does not allow a real

separation of this type, or if for any other reason three-

body processes are unimportant. This is guaranteed by
assumption (2).

We define S, as the channel surface for the pair c.
All the channels (and so all the g,) of the various pairs

c arising from a given split (Ai, A&) actually coincide,

but we can think of the channels (and S,) as distinct
without contradictions arising. The totality of all



surfaces we write as g—=P, g, . Sachs" has suggested
that the surface 8 may be visualized as a polyhedron,
each hypersurface of which corresponds to a channel
entrance. ; the channels are then cylinders normal to
these planes. An element of the surface S, is

dSg= c~ d0~4g~, (1.2)

where dQ, is the element of solid angle of the relative
separation between the pair c and q represents the
internal coordinates of the pair 0..It is convenient not to
specify individual nucleons in a given pair c. Thus S,

Ej Z~&
is really a sum over & & ~

channel surfaces.Z j
As an illustrative example, consider the nuclear

reactions of I.i' with protons:
'Li'+ p (elastic scattering)
Li'*+p' (inelastic scattering)

~ lg Be'+n
Ll +p + Be ~ ~

L g+d
He4+He'

, Be'+photon, etc.
The bombardment Li~+p itself involves several
channels c. Since the spin of Li' is II= 2 and that of the
proton I2 ———,', the channel spin s is 1 or 2. Except at
very low energies, several incoming orbital angular
momentum waves 3 from an incident plane wave can
contribute to the reaction. Thus the reaction is initiated
by incident waves in several channels c, When the radial
distance of separation in these channels falls below u,
the proton enters the Li' nucleus. This "internal region"
of configuration space corresponds to the compound
nucleus, Be'*. Decay of this nucleus leads to outgoing
waves in all channels for which the relative energy of
motion is positive. For instance, if decay into Be +e
is energetically allowed, there will be outgoing waves in
the several channels that can give this pair. (Since there
are four neutrons that can be emitted, each of these
channels is really a sum over four channels, one for each
neutron. )

Finally we introduce the following additional channel
characterizations:

E,=—E, the energy of relative motion of the particles
of the pair c;

Mag3fn2
M,=—M =,the reduced mass;

M g+Mm

(2M. ]Z.
& ) &

k.—=k =
) ~, the wave number;

a~ )'
s.=e =hk /M, the relative velocity;

, the Coulomb 6eld parameter;
A

0,=—0 ~
——argF(1+1,+ig,), the Coulomb phase shift;

pc= pa = ~a~a
4' R. G. Sachs, Nuclear Theory (Addison-Wesley Press, Cam-

bridge, 1953).

3fag& Zaj and M~2, Z 2 are the mass, charge number of
the two particles of the pairn, respectively. Occasionally,
when no ambiguity can arise, these will be written M~,
Z&, 352, Z2. The E are positive for those channels
though which decay is energetically allowed and nega-
tive for those energetically forbidden; the latter
channels may also be referred to as "negative-energy"
or "virtual. "

where E is the total energy and H, the Hamiltonian
operator, is the sum of T, the kinetic energy operator
and V, the potential energy operator.

T has the form
A2

Qx;,
285 j,

where m; is the mass of particle i and

(8 8 8)
p~, =]

&ax ay as;)

X;= (x;,y;,s,) is the position vector of particlei referred
to a 6xed arbitrary origin 0. For any general system of A
particles, the dependence of T on the centroid vector
(R= (P, m, ) ' P, ting;) may be separated off by
making an orthogonal transformation (X;) —+ (R,q&),
where the g~ are a set of (3A —3) internal coordinates
depending only on thc relative positions of the particles.
(The requirement that the transformation be orthogonal
imposes the only restriction on the choice of q» that
concerns us here. ) Under this transformation, T becomes

Va'+T s2'
where the erst term is the kinetic energy of the motion
of the centroid (M being P, m;, the total mass) and
the second term is that of the internal motion. The latter
has the form

where the c» are coc%cients determined by the orthogonal
transformation. Making this type of transformation
separately on the kinetic energy operators of the sub-
systems 0.~ and n2 of the pair 0. leads to

T= Tag+ Tam

A

»P— »2'+ (T;.~)-i+ (T;.a)-2M y 2Ma2

where R~ and R2 arc the centroid position vectors of Q, L

2. Wave Functions for the External Region

Throughout the whole of configuration space, the
wave function of a given total system is assumed to
satisfy the Hamiltonian equation
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and n2. To obtain the final form of T suitable for a
channel involving the pair 0., it is necessary to make a
second transformation, namely one from (Rl,R2) to the
centroid position vector of the whole system R, and the
relative vector of n~ and n~, r:

Mal Rl+Ma2R2
R=

M 1+M 2

r.= R2- R~.

cracy with respect to these orientations. For this reason,
we may work with a basic set of channel wave functions
4 which are lizzear combizzations of Products (rather than
single products) of the wave functions of the internal
states of n~ and n2. tA'e will choose these combinations
so that each 4 has the previously defined channel spin
s as a quantum number. To be more precise, the "channel
spin wave function" tp ..of the pair 12 is constructed by
vector coupling the (normalized) wave functions of the
individual fragments 0,~ and n2.

This transformation leads to the kinetic energy:
41+'L2= V

(I1I2zlz2
l
»)ipalrlt'ltpazrztz. (2.1)

A2 A2

T VB Vva + (2 int)al+ (2 int)a2.
2M 2M

From the definition of the external region and the
channels, it follows that, in the channel c, U may be
decomposed into the form (V;nt) al+ (V;nt) a2+ V.(r ),
where the last term is composed of the Coulomb poten-
tial and any other long-range potential between e& and
n2. Thus, in a given channel c, the Hamiltonian may be
assumed to be the sum of four parts: tPasv isa's'v'tES 42rtZa ~ass, a's'v'

J
(2.2)

The coefficients (I1I2ili2 l ») are elements of the matrix
of the orthogonal transformation from the (Ilil, Izi2)
scheme to the (I1Iz,sv) scheme; they are called "vector-
addition" coefficients as discussed by, for instance,
Common and Shortley. 4'

The channel spin wave functions are mutually
orthogonal and normalized:

where:
H=H2+H. +H 1+H 2

A2

8 = — Vg'
2M

where the integral is taken over the totality of channel
surfaces S=P, S, and where

2M
V '+V.(r )

Hal (I int)al+ (Vint)al

Ha2 (Iint) a2+ (Vint) a2.

Correspondingly the wave function 4 in the channel c
may be taken as the product of four parts:

where
4=4 (R)y (r,)tpal (qal) fa2 (qa2)

HpC = eC, II,y= hg,

Half'a1 +ale'alv Ha2iPa2 —Fa2$a2.

The wave functions C, g, tP 1, and iP 2 describe respec-
tively the centroid motion, the relative motion of n&

and n2 and the internal states of n~ and Q2. ~ b Eey and
E'

2 are the associated energies.
From now on, we never need to mention the centroid

motion explicitly. For convenience, we assume that the
centroid is at rest, so that ~=0 and the total energy in a
given channel is then only a sum of three parts: E= 8
+F. 1+F. 2. We now give separate discussions of the
wave functions of the internal states (the "channel spin
wave functions") and the wave functions of relative
motion.

tz. Channel Spin Waive Fumcti o2zs

V, (r ) does not depend on the relative orientation of
the spins I~ and I2 of o,~ and u2, so that there is degen-

The orthornormality with respect to s and v is a con-
sequence of the unitary property of the vector addition
coefficients. %hen 0. and n signify two different divisions
of the total system, the orthonormality with respect to
o. is a consequence of the absence of spatial overlap
between each tP, whereas when they signify the same
division but into diferent states of excitation, it is a
consequence of the usual orthonormality of bound states
of a given system. These functions are real in the sense
that they have the time-reversal property

K4'(») = (—1)' tP(~ —1'), (2.3)

where we temporarily write tP(») for iP„„and where K
is the time-reversal operator. 4' This property follows
from (2.1) if tP(I»1) and tP(I2i2) have similar properties.
That is,

KiP(si )
=p (I1I22»2l SV)KQ(I» )Klp1(I» )2

~1~2

=2 (I1I»»2I»)(—1)" "+" *tf(I1 —zl)4(I2 —z2)
&l~Q

=2 (I1I2—»—zzl~ —~)(—1) '+"4(I1 —zl)4(I2 —22)
'b], 'b2

= (—1)'-"P(s —1'),

the third equality being a consequence of one of the
symmetry properties of the vector addition coefficients

~ E. U. Condon and G. H. Shortley, Theory of Atomzc Spectra
(Cambridge University Press, New York, 1953).
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and the fourth follows from (2.1) and the fact that
s—v is always an integer. As originally shown by
signer, 4' the operator E implies the transition to the
complex conjugate and multiplication with the spin
operators —~o-„of all elementary particles in the
nucleus. For more detailed accounts of E and the inter-
pretation of its eGect on wave functions the reader is
referred to the literature. ""4' The particular behavior
(2.3) was suggested by Biedenharn and Rose. '4

(i)4—( 1)mIr (i) (2.6)

As pointed out by Huby, 4~ it is convenient to work with
spherical harmonic functions with the additional factor
i because they satisfy the time-reversal condition of the
type (2.3), i.e.,

b. Wave Functions of Relative 31otion

The wave function of relative motion has the form

r 'u, —
i (r )(i'F„(')(0 )), (2.5)

where r and 0 denote the length and the direction of
the vector which goes from the particle 1 to particle 2.
The I" &'& are the usual normalized spherical harmonics
of Condon and Shortley" with the property

P.'G,—G.'P,= j., (2.12)

which holds for all values of p since Wronskians in
general are independent of p . These functions have
been extensively studied by Breit and his collaborators4'
and tables are available covering certain ranges of p, g,
and l (see Appendix). The relations between the two
sets of solutions are evidently

I,+= (G, iF.) exp—(io),),

0.+= (G,+iF.) exp( io),)—,

(2.13a)

(2.13b)

l

o),o=—) i o——i
..|r—() P——tan '(i) /n). (2.13c)

solutions are evidently complex conjugates of each
other. For applications it is more convenient to have
the formulas expressed in terms of two real, linearly
independent solutions. It is customary to use those
solutions which are regular (F) and irregular (G) at the
origin and whose asymptotic forms for large p are

F,—=F.i-sin(p. —
rt log2p —-,'lvr+o. i), (2.11a)

G.—=G~i cos(p —
rt log2p ——,'hr+o i). (2.11b)

The Wronskian of this pair is

It (i)Ir (i))—( 1) i—m(i)V (i)) (2.7)

and because the i ' factors which appear in plane-wave
expansions can be absorbed, thus simplifying the
formulas. The radial functions u, (r() are solutions to
the radial Schroedinger equation

d' l(l+1) 2M
(V.,i—Z.) u.,((r.) =0. (2.8)

r.2 A2

For the time being we consider only a Coulomb inter-
action V, i ——Z iZ ses/r in the external region, in
which case this equation is more conveniently put in
the dimensionless form

u-i" (p-) —D(l+1)p='+28-p='~1]u-i(p-) =o, (2 9)

wherein a prime denotes differentiation with respect to
p, the upper sign applies to positive-energy channels
and the lower to negative-energy ones.

For positive-energy channels, the two linearly inde-
pendent solutions to (2.9) that occur most naturally in
the theoretical development are those representing
incoming (I) and outgoing (0) waves. It is convenient
to work with solutions whose asymptotic forms for large

p are

Ig =I~i ~exp( s(—p~ rt~ log2P(g st+(r(gs) j~ (2.10a)

0,+=0 i+-ex—pLi(p g log2p.———s,hr+o s)j (2.10b)

where the superscripts + signify positive energy. These
~ E. P. signer, Gottingen Nachr. 31, 546 (1932).
~L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25,

729 (&953).
4' R. Huby, Proc. Phys. Soc. (London) A67, 1113 (1954).

0, =W(—rt, l+-,';2p ). (2.17)

In the absence of a Coulomb Geld, it is related to the
modified Bessel function of the second kind:

o. = (2P-/~)'*&(+1(p-) (2.1g)
46 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs.

Modern Phys. 25, 147 (1951).

In the absence of a Coulomb field (rt =0), the I and
0 functions are related to the Hankel functions ac-
cording to

I.+= —i(~p-/2)'IIi+~("(p-), (21«)
0'=i(~p-/2)'II~:") (p-) ' (2 14b)

and the relations between the F and G functions and
the J-type Sessel functions are

F. = (-p-/2)». &(p-), (2.» )

G.+= (—1) '(~P /2) *I-(~:)(P-) (2 15b)

For negative-energy channels, only the solution to
(2.9) which vanishes at infinity occurs in the usual
applications. We specify an 0-type solution to have the
asymptotic form

0, —=O, i exp( —p —
rt log2p ), (2.16)

so that, apart from a factor i, it is just the analytical
continuation from the positive real axis to the positive
imaginary axis in the complex wave-number (k) plane
of the 0+-type solution which is determined by (2.10b)
It is identical to the real, "exponentially decaying"
Whittaker function described in the appendix
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c. Comp/ete Channet Watte Functions

Complete channel wave functions can now be written
down for positive energies corresponding to iecomieg
and oN/going waves of unit Qux crossing any sphere
centered at the origin; in the (astern) channel scheme

they are:
I +

a.,t. += (i'V„'")
Sett fo

(2.19a)

0 +
+—(il Iv (it)

&a'~a
(2.19b)

The corresponding functions in the (ots/JM) scheme are

st„tJM+= p (slvnt
~
JM) tt, t,~+, (2.20a)

An I -type solution could similarly be taken as the
analytical continuation of the I+ function which is
determined by (2.10a). In view of its nonoccurence in
the usual applications, we need not be concerned with
the precise specification even though it appears in the
theoretical development.

are also mutually orthogonal and normalized on S:

I &past JM 'tp 'a sl' J' Md ss svalsJM; 'ast'J'M'
v (2 26)

as a consequence of (2.24) and the unitary property of
the vector addition coefficients. These respective func-
tions are assumed to form complete sets of surface
functions on S. For a detailed discussion of this assumed
completeness, the reader is referred to an account by
Sachs."

3. Wave Functions for the Internal Region

In the internal region the total wave function 4' for
any particular excitation energy E is composed of
various wave functions 4J~ corresponding to definite
angular momenta J and components M. These wave
functions satisfy the wave equation,

(3 1)

and can formally be expanded in the internal region in
terms of certain mutually orthogonal eigenfunctions
XqJ~ of that region,

6.,lJM+= P (slvrn~ JM)e.,t, +. (2.20b) +JM E s4XJXXJMv (3.2)

The functions of the latter set behave under time-
these eigenfunctions being solutions to the wave equa-
tion at the real, energy eigenvalues E».'

KdastJM+= (—1) O, tJ M+, (2.21a)

K8 l JM ( 1) nasl J M—(2 21b)

because of (2.3) and the fact that K acts on the radial

parts of (2.19) as the complex-conjugation operator.
Solutions analogous to (2.19) and (2.20) may be intro-
duced for the negative-energy channels by simply
replacing I+, 0+ by I, 0 . Because the radial parts of
these solutions will be taken as real, the time-reversal

equations are

K&,t JM = (—1)J Md, tJ M s (2.22a)

Ke.,lJM =(—1)' &.,tJ M . (2.22b)

It is convenient to introduce the surface functions

(2.23)

for the terms in (2.5) which multiply the radial function
N, ~ to give the total channel wave function. These have
the property of being mutually orthogonal and nor-
malized on 5:

+XxJiv —ExJX) JM. (3.3)

We specify later (Sec. V, 2) how the Xt,JM are defined

by certain eigenvalue boundary conditions on the surface
$. The expansion coefficients A),J will in general be
functions of the excitation energy E and dependent on
the actual boundary conditions on S; in the absence of
a nonspherically symmetrical external field, such as a
magnetic field, they are independent of 3f. The eigen-
functions are assumed to be real in the sense of (2.3),

Kxt,JM= (—1) &iJ M. —(3.4)

4. Wave Furictions on the Boundary Surface 8

In the developments of Secs. U and UII, which
involve matching of the external and external functions
on S, expressions are needed for the values and deriva-
tives of the radial parts of the external and internal
functions on g that is, of the u, t(r ) of (2.5). For this
purpose it is convenient to introduce the calle bluet'ity,

tpaslvss gapa's' l'v'ss'dss nasl vvvs; a' s' t' v'av' (2 24)

V,= (It'/2M, a,) tu, (a,),

and the der& utile plurality

(4.1a)

SPas tJM = 2 (efVnt
I
~lid ) &Past~ (2.25)

The corresponding functions of the (otsU3l) scheme,
'

D,= (asI't2/2Ms) '(du, /dr, )v, =as,s. (4.1b)

The (dimensionless) ratio D./V, is also important and
referred to as the logarithmic derivative; it is actually
the radius u, times the logarithmic derivative of r,
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times the radial part of the external or internal function
on S. These quantities may be expressed as surface
lntcgrals~

V,= (h'/2M, a,)& q. M3, (4.2a)

D,= (ll'/2M. a.)&)"q.*grad (r.%')dS

= V,+(a,h'/2M, )&)t q,*grad„%"dS, (4.2b)

where 0' is the complete wave function of the system
and grad„ is the gradient normal to S. The expansions
on 3 for 0' and its normal gradient in terms of the
assumed complete set of surface functions q, are there-
fox'C

O'=Q (2M,e,/h')'V, q „ . (4.3a)

grad„(r.+)=P (2M.O./h')&D, q,

(4.3b)
grad„4'= P (2M./a, h') &(D.—V,) (p,.

u. Extereu/ Ii unc&ons

Since the u(r ) are expressed in tbe external region
as R llncRr coIQblQRtlon of I RQd 0 waves) lt ls useful
to have some symbols for the frequently occurring com-
binat)ons of thc sux'face values Rnd dcx'1VRtlvcs of these
waves. The logarlthmlc dcrlvat&ve of the 0-typc wave
fuQctloQ ls designated Rs

I.,= (p.0,'/0, ) ~, =a, —S.+iP„—— (4.4)

which ls not stx'lctly R surf Rcc quRntlty bccRusc its
value is independent of the position of S. For the
posltlvc-cnclgy channels

P+—I++

Q+—P+
mc+= 2g'

(4.7a)

(4 7b)

(4.7c)

b. IN$8FNcl I'NscHON$

The value and derivative quantities for the internal
eigenfunctions are usually denoted by

%cneed not be concerned with stating similar xelations
for the negative-energy channels,

There are four quantities involved. in the speciication
of the external functions on S:I, I', 0, 0' or P, j', 6,
G . Wltll spcclflcatlon of 'tile Wl'ollsklall valllc (4.9c) or
(2.12) for the positive-energy channels, only three
independent quantities are needed, For these we may
use S,+, P.+, and P,+. S,+ (as well as S, ) is referred to
as the shift fac/0r because it appears as a factor in the
level shift expression; P, is referred to as the peleiratioe
factor because it appears as a factor in the level width
expression; while —p.+ is called the hard-sphere scat
teriig phase shift because it is the phase shift induced by
an ininitely repulsive sphere of radius a„ i.e., it cor-
responds to a node in the wave function at r,=u, . The
vanishing of 8, is a reQection of the fact that the
negative-energy channels do not transmit any particle
Quxes. Some relations and approximations pertaining
to these three quantities, which are useful for appli-
cations) Rrc glvcxl ln thc appendix.

the real and imaginary parts of which are, according to
(2.13b), (2.12), and (2.17), respectively,

y1,—= V),.= (h'/2M. e,)& q.*X1J1rdS, (4.8a)

S.+= t p, (F.F.'+G.G.')j(F,'+G.'))r, =a„
S. = {p.W.'/W. )r. =n, ,

(4.4a)
4e D).=V———1.+ (oP'/2M, )~)"q.*gr«4X1~~&S (kgb)

P'= b./(F'+G') 3"="
(4.4b)

In the case of the positive-energy channels, the ratio

where c denotes eslJM. Important properties of these
quantities are that they are real and independent of M.
According to signer, 43 " these properties characterize
any surface scalar product of functions which .behaves
in the same way under time reversal.

is a unit-modulus complex number which is expressible
as

Qg:Q~l+= CXpl {Cdg (pe ),

"v' .lz~*x) z~~&= (q z~,xz—M) = {xzle,q z~}*

= (&&z~,I ps~) = ( 1)" 'I(xz lr, v z—je)--
@,+—=y 1+=tan '(F /G)

%C also introduce

and the %ronskian

w= (0,'I,—I,'0,)r, =~,

(4.5b)

(4.6a)

(4.6b)

(4.6c)

= (v&r ~,Xz ~)*. (4.9)

To obtain this result we have used (2.3) and the fact
that 2J—2M is always even. Since these scalar products
Rre independent of M, one can conclude that

(e z~,XJ~)= (~z jr,Xzls)*. (4.10)

These scalar products vanish if the J values of the two
functions diGer, or if their M values di8er.
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The squared quantities p&,' are referred to as the
reduced leveL widths; from the definition (4.7b) they
have the dimensions of energy. The unsquared quan-
tities are referred to as reduced-width amplitudes. The
ratio of the amplitudes

4./v~. .=P,./Vi =&. (4.11)

is a logarithmic derivative quantity which is involved
in the specification of the (real) boundary conditions to
be satis6ed by the X&zu on g (Sec. V, 2).

1. Derivation of the Cross-Section Formula

Since the interacting particles are assumed to be

spinless, the channel spin s and its component v are
zero; and since the incident plane wave beam has no

angular momentum about the beam direction, the com-

ponent m of the angular momentum quantum number

l is also zero if we choose this direction for the axis of
quantization. The channels symbols s, v, and m therefore
need not be used; there is also no need to use the
symbol n because reactions are supposed not to occur.
The quantum number / is then the only channel desig-

nation subscript that need be retained.

a. The E J unction

The derivation of the general R-matrix relation of
the next section is based on an application of a Green's

theorem relation. For elastic scattering this may readily
be obtained by manipulation of the Schroedinger

equations for the radial parts r 'ui(r) of the internal

wave function for a particular / value at the two energies

Eg and E2..

(d'ui/dr')+ (2M/5') (Ei—V)ui= 0,

(d'u /dr')+ (2M/It') (E —V)u =0

rv. zr,AsTre seATTERrNG oz sprNLzss pARTreLEs
BY A CENTRAL POTENTIAL

It is possible now to proceed directly with the com-

plete formal derivation of R-matrix theory. However,
as that includes considerations of spins, the possibility
of reactions, Coulomb fields, and the use of arbitrary
boundary conditions, the underlying physical principles
are apt to be concealed by the consequent complexities.
It is therefore desirable to begin with the simplest pos-
sible case which includes most of the principles. Such
is the elastic scattering of a spinless particle by another
spinless particle which results from a central force
interaction.

the channel radius a to obtain

The Grace's theorem relation is obtained by partial
integration (Green's theorem) of the first integral,

dui du2) 2M—u, ( + (E,—E,) ' u,u,dr=0, (1.3)
dr dr) „, O' Jv

the contribution from the origin vanishing because I
must vanish there if the radial part r 'u(r) is to remain
finite.

At certain real energies E~, the solutions n~ to the
Schroedinger equation (111.3.1) will have zero deriva-
tives at the surface:

(dug/dr), = 0 (1.4)

These energies are the energy eigeevalues and the cor-
responding solutions are the eigeefuu tions which satisfy
the boundary conditioes (1.4) at r= a By app. lying (1.31
to two eigenfunctions uq and N~ belonging to two dif-
ferent eigenvalues Ey and Eq, one immediately finds
that the eigenfunctions are orthogonal in the internal
region; they are also considered to be normalized:

0

The solution to (1.1) at aity energy E may now be
expanded in the internal region in terms of the'eg.

u~(r) =P A),u), (r), 0&r &a,

where

A&, =~~ uiuEdf

For the determination of the expansion coefFicients A~,
the Green's theorem relation may be used again:

—ug(a) (du@/dr), + (2M/tp) (Ei—E)jt u@ui,dr=0
0

ft' uy(a) t'du~q
I

2M E),, E(dr j, —

t" ( d2ui d2uq)

"0 & dr' dr')

2M C

+—(E,—E,), ' u,u,dr=0 (.1.2)
A2 ~0

uii(r) =G(r, a) (aduii/dr) „
1't' u), (r)ug(a)

G(r,~) =
2M' & Eg—E

One thereby obtains the relation
Here the interaction potential t/' includes the centrifugal .

"potential, "and the subscripts 1 and 2 attached to the

e refer to the energy rather than to the I, value. The
first of these is multiplied by N2 and the second by NI,

and the difference is then integrated from the origin to
(1.9)
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R= G(a,a) =Qg yg'/(» —E), (1.10)

is the Greeu's furtctiort which relates the value of the
wave function in the internal region to its derivative on
the surface. ' The R furtctiort is de6ned as

(1.10):
A =v~P/(»-&). (1.16)

One thereby obtains the one-level approximation to the
phase shift,

where

y),= (h'/2%a)&up(a) (1.10a) (1.17a)

is the reduced-width amplitude which was introduced
in (111.4.8a). According to (1.8) R is equal to the
reciprocal of u times the logarithmic derivative of
I ate:

where the /eve/ width

I'u= 2v), B'i (1.17b)

R= u g (a)/a(du g/dr), .

b. The Co//ision ENnction U

A general solution 4» may always be expressed in
the external region as a linear combination of the
linearly independent d~ and Oq waves of (2.19):

(1.12)

The coeKcient U» is thus the amplitude of the unit-Aux
outgoing wave 6» which is associated with a unit-Aux
incoming wave 8», it is called the co/fusion or scatterin
furtctiort

determines how fast the phase changes when E passes
through the resortartce energy E,q Eq~+A——q~, and the
level shift

(1.17c)

is the amount by which the resonance energy is shifted
from the eigenvalue position E),». The 6rst term on the
right side of (1.17a) is referred to as the resonance con-
tribution and the second as the potential scattering
contribution.

The extreme one-level approximation of (1.16) can
be relaxed to some extent without much complication
by retaining the contribution to R» from all the other
levels as a contribution E»'..

c. The Relation between the R J unction and the Co//fusion

Function

The collision function may be expressed in terms of
the E function by equating the logarithmic derivatives
of the internal and external wave functions at r= a:

A= RP+vxP/(6 i &). —

The phase shift may then be expressed as

ag
——tan-'i

&E~i+&~~'

(1.18)

(1.19)

( u( q (I) U(0))—
& pu( ) p(I) —UiOi')

It follows that:

Ul= —.
Ol j.—L»E»

(1.13)

(1.14)

where

2~)I, » ='yX» ~», ~) l = —'y) l @»,

P)'——Pg—tan 'C RPPg/(1 —RPS()j,
Sg' ——Psi(1 —RPSi) — RPPP j/ ,d, P,'= I',/d, ,
d) ——(1— PRS()'+ (RPE()'.

where I.l is the logarithmic derivative quantity of
(III.4.4). Since R~ is real, U~ may be expressed in terms
of a phase shift 8( as

U~ exp (2i8——~),

8(——tan-'(R(P(/(1 —RP()g —y(+(o(, (1.15a)

the quantities S~, E~, @~, &o~ being given by (III.4.4 and
5) and (III.2.13c). Since the Coulomb held is ignored,
~» is zero. In general there will be different yq»', Eq»,
E», 8» for each partial wave l that is effective. Evidently
the resonance contribution to b» from the first term
increases by m as E goes from level to level, and between
resonances where E»= 0, 8» is equal to —@», the so-called
hard sphere scatterilg phase shift, to within an integral.
multiple of m.

If the energy E is suSciently close to one of the level
positions Eq, it is justified to neglect all but the con-
tribution from that level in the E function expansion

If RP is chosen to make (1.18) exact, then (1.19) is also
exact like (1.15a). Although (1.19) has the same form
as (1.17a), the level width, I xt, the level sh1ft Dyg, and
the potential scattering phase P~' are now modified by
the contribution from the other levels. It is shown later
(Sec. XI, 4) that the contribution to @~' from the other
levels is of the same order of magnitude as the hard
sphere contribution P». Therefore, there is little jus-
tihcation to the interpretation of the observed potential
scattering as that caused by a hard sphere.

iv&h 'Q (21+1)&(st—Utet), (1.20)

d. The Relation between the Co//fusion FNnction and the
Cross Sec&'on

In order to obtain an expression for the differential
elastic scattering cross section in terms of the Ul, one
forms the following linear combinations of solutions to
the wave equation:
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( r dlqp

ENg
v & exp(iks)P=e &k 'P i'(21+1)r 'F4(p)P4(cos8)$

l

This wave function remains unchanged if we add to and logarithmic derivative, like
subtract from it the following wave function,

(2 1)

=i &k- g (21+1)&(s,-e,), (1.»)

which is the function representing a unit-Qux beam of
particles directed along the s axis; here P4(cos8) is the
Legendre polynomial and the sum over l is from /=0
to l= ~. One thereby obtains the solution

e & exp(iks)P+im'k 'P (21+1)&(1—Ui) 84, (1.22)

the asymptotic form of which is (noting that Vo&"
= (2l+ 1/kr) V'4)

so that

d'Q~ dig)
Ai=

I
sy N

2M( dr dr). (Z, —Z) (2.2)

A' ( dlx ) e~(r)Ni(a)
u, (r)=

I
o (2.3)

2M' 5 dr ) . & Eg —E

where B is a fixed (that is, independent of X) real
number. The orthonormalization condition (1.5) is
also valid with such a boundary condition, and the
other relations are modified as follows. For the ex-
pansion coeKcients of (1.6), one finds

exp(ikr)
n 'exp(iks)+—

A(8) P, (1.23)
Putting r=u in this equation and using the de6nition
(1.10) of the E function, we have

where E(B)=(f—B) ' (2.4)

A(8) =-', ik ' P (2l+1) (1—U4)P4(cos8)
l

is the complex scattering amplitlde. The solution (1.22)
is evidently the sum of a unit-Aux plane wave, which
represents the incident beam, and outgoing waves.
which represent the scattered particles. The differential
elastic scattering cross section per unit solid angle is
therefore

0 (8) = I
A (8) I'

where, following Feshbach, Peaslee, and Weisskopf, "
we have put

( r dN~)f=l-
&N~ dr ).

i.e., f is the logarithmic derivative quantity of the radial
wave function times a. Since f does not depend on B,
the relation between E(B) and the E function for zero
slope boundary condition, i.e., E(0), is

=4k 'Ig (2l+1)(1—Ui)Pi(cos8) I'. (1.24) BE(0)
BE(B)=

1—BE(0)
(2.5a)

By forming the absolute square of (1.24) and integrating
over all solid angles, one obtains the total cross-section Alternatively the dependence of E on 8 can be ex-

pressed as a differential equation:expression

~(8)«=~k-' P (»+1) I1—Uil' (1.25)
BE—=E.2.

BB
(2.5b)

S'=S—B. (2.6)

In the review article by Blatt and Biedenharn4' an The formulas from (1.13) through (1.19) are adapted
expansion is given for (1.24) as a series of Legendre to this boundary condition by simply replacing the
polynomials with real coefFicients. Further remarks shift factor S by S, where

concerning these expansions may be found there.

2. Dependence of the R Function on the Boundary
Condition and Interaction Radius

The derivation of the last subsection involved the
use of a particular boundary condition on the eigen-
functions, namely the zero-derivative condition (1.4).
As far as the formal theory is concerned one can just
as well use a more general boundary condition on the

7 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24,
258 (1952); Biedenharn, Blatt, and Rose, Revs. Modern Phyg,
24, 249 (1952).

Although the expression (1.15a) for the phase shift
would then contain a dependence on 8 through the
factor S', this dependence is compensated by the
dependence of E on 8, so the phase shift is actually
independent of 8, as it must be. Selection of the most
appropriate boundary condition is discussed in Sec.
XII.

From knowledge of the reduced widths and level
positions for a particular boundary condition, say 8=0,
one can in principle obtain the corresponding quantities
for any other boundary condition. From (2.5) it is
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apparent that the energies Ez(B) are the solutions to are somewhatmorecomplicated since, as expected, they
the equation involve the external potentials. For these equations, and

for the corresponding equations for the general many-
R(0) =-.

channel theory of the following sections, we refer to
Teichman's original work.

The reduced widths 7&s(B) may be determined by con-
sideration of the quantity R /(dR/dE). This quantity,
which we write as y'(E), is independent of the choice
of boundary condition B. /This can be seen from (2.4),
which shows that the quantity equals —(df/dE) ', and
the fact that f is independent of B.j Thus,

t
BR(B)q

-' )BE(0)q
-'

R'(B)
] [ =ps(E) =R'(0)

( [ . . (2.8)
BE ) ( BE )

3. Syecial Case of a Square Potential Well

The special case of a square well for the internal
interaction illustrates some of the properties of the
R-function expansion. In this case the interaction
potential U of (1.1) contains a constant contribution Vp

in the internal region where r ~u; there is also the
centrifugal potential contribution, l(l+ 1) (ass/2Mrs) for
angular momentum I,.

Taken with the choice of energy E=Ey(B), this equa-
tion gives, on using (2.7),

a. Zero Angular Mornenturn (l=0)

t'BR(0) )»'(B) =v'(E~(B)) = B'I
BE f E=Zg(2!)

(3 1)ue(r) = sinKr,

where

The solution to (1.1) for arbitrary energy E is in
the internal region

(2 9)

Just as the structure of the formal theory is the same
for any particular choice of boundary condition (i.e., of
B), so it is also the same for any particular choice of
interaction radius (i.e., of a), provided only that it is
taken greater than the minimum value allowed by
assumption (4) of Sec. II.2. In fact, as far as the formal
theory is concerned, a and 8 are just parameters. This
is not true in applications where, as will be seen later
(e.g., Sec. XII), one must use particular values of a
and 8 in order to derive most benefit from the theory.
At present, however, we are only considering formal
aspects of the theory.

The collision function and cross section cannot depend
on a and 8, of course. Consequently, in the expressions
for these quantities, although u and 8 occur, they
always occur in compensating fashion. For instance, we
have just seen how, in the case of 8, the combination
f= B+1/R(B) must be independent of B. In the case
of u, the compensation is somewhat more involved
because c occurs in both the "internal" function E and
the "external" functions I, 0, and I..

Teichmann" examined the formal dependence of the
quantities E& and p&' on choice of u and 8, and exhibited
this dependence in the form of simple first-order dif-
ferential equations. The dependence on 8 follows from
(2.5b) by considering the limit E~Eq. This gives

E= [2M (E—Vp)/Itsj&,

and according to (1.11) the R function for a zero
boundary condition is therefore

E=p, 'tang, (3.2)

where p, =Ea. The energy eigenvalues are those energies
at which (3.1) has zero derivative at the surface, that is,
at which

or
pg

——Ega= pr()I. ——,'), X= 1, 2, 3 (3.3a)

Eg Vp+ (pr'ts'/2Ma') ——(X—-',)'. (3.3b)

The reduced-width amplitudes may be obtained using
(1.10a); after noting that (3.1) needs to be normalized,
one obtains

»= (—1)"+'(t't'/Ma') i. (3.4)

The E-function expansion is then

'Yx 2
R=P

~ E~ E~=r ~'() —-',)—'—p'
(3.5)

which is recognized as the partial fraction expansion for
u ' tang of (3.2).

It is possible to derive a simple expression for the
contribution to (3.5) at a particular energy level Ez
from the other levels, that is for the quantity RP(E&)
of (1.18).It follows from (2.8) that

O'E.
~ dory

2

dy'/dE = 2R—R'
IdE' EdEJ

(3.6)

By substituting (1.18) into the above and evaluating
The corresponding equations for the dependence on a in t e imit = )„one o tains

T. Teichmann, Phys. Rev. 77, 506 (1950); thesis, Princeton
(unpublished, 1949).
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valid whether or not R' is treated as a constant. Ex-
pression (3.2) is then used to evaluate the right side
of (3.7), with the result that

The contribution from the other levels clearly dimin-

ishes as X increases. This tendency reQects the stronger
cancellation of positive and negative terms in the R'
function sum as X increases from X= 1 (where all terms
are positive) .

8p= (Ma'/h')y p

then, from (2.4) and (2.8):

(3.10)

Using the equation for F~(p)

Fg"+[1—l(l+1)p ']F)=0, (3.12)

it follows that

ter'= [(f~+l) (f~
—l—1)+u']/v'.

Now choosing

(3.13)

(3.14)

as the boundary condition, it is evident that e~
—'(E~) = 1.

From (2.9) it follows that e&)=1 and therefore the
reduced-width amplitude expression (3.4) holds for all

values of /. To find the energy eigenvalues E&&, one
determines the corresponding values p, ),~ for which the
right-hand side of (3.9) equals —1/l. Using the recursion
formula

F~'=F~, (l/p)F~, —

this equality becomes

Fi i(yu)=0.
so that

(3.15)

(3.16a)

F),( Vp+ (II,'/2%a') pgP, —— (3.16b)

where pq~ is the Xth root of (3.16a). The quantity 2t'.0(&&)

is determined as in the case of zero angular momentum.
Using (3.13) together with (3.6) and (3.7), one obtains

RP(Eg() = (2l+1)/2pgP. (3.17)

The eGect of the other levels thus becomes more
important as / increases.

4. De6nition of a Resonance Level

It is appropriate to discuss at this place our definition
of a resonance, or virtual, energy level. According to

b. Arbitrary Angular Momentlm

The solution to (1.1) for arbitrary angular momentum
is the function F~ of (III.2.15a) with p=lta. The F.
function for zero boundary condition

&~=f~ '=F~4)/uF~'(w) (3.9)

where the prime denotes diGerentiation with respect to
p, .It is convenient to introduce a dimensionless quantity

(1.17c), the resonance levels occur at those energies F.,
at which

K+&),(&,)—&,=0. (4.1)

5. Expansion of the Derivative of
the Wave Function

If one tries to obtain the derivative of u~(r) at r=u by dif-
ferentiating the individual terms of the sum for G(r,u) on the
right side of (1.8), one obtains a null result, because derivatives
of the individual terms are all zero according to (1.4). The ex-
planation for this paradox is that the derivative series thus
obtained is not uniformly convergent in the vicinity of the
surface. That it does converge, albeit nonuniformly, was shown

They are thus the energies at which the resonance con-
tribution to the phase shift formula [(1.17a), or, prefer-
ably, (1.19)] is equal to odd integral multiples of &sr.

This is the definition which is used throughout this
review. Since the level shift hq(E) is a bounded mono-
tonic function of the energy E, there will be a one-to-one
correspondence of the resonance levels and the energy
eigenvalues. As there is an infinite number of the latter,
there will also be an infinite number of the former.

The definition may seem unsatisfactory for several
reasons. First, the precise values that one obtains for
the E„depend upon which formula one uses for the
level shift in the interpretation of the resonance data,
that is, (1.17c) or the corresponding formula of (1.19).
There may also be a slight dependence on the boundary
condition when (1.19) is used for the potential scatter-
ing contribution to the phase shift. The main reason,
however, is that this definition implies that even in
field-free space, there will be an infinite spectrum of
resonance levels, as indicated by (3.3b) with Vo set
equal to zero. In this case the resonance and potential
scattering contributions to the phase shift are equal jn
magnitude but opposite in sign so that the phase shift
vanishes. This last reason is an extreme example of the
practical difhculty that one may encounter when trying
to separate the resonance from the potential scattering
contribution to the observed phase shift. For these
reasons resonance energies are sometimes defined in the
literature as those energies at which the phase shift
equals an odd-integral multiple of n./2. Although this
definition involves no ambiguities, there is then no
longer a one-to-one correspondence between the E„
and the E&, and indeed, a nuclear system could have
only a few or even no such resonance levels.

In spite of these difhculties, we adhere to the defini-
tion (4.1) to avoid confusion, and because of its ac-
ceptance for the interpretation of the type of "reso-
nance" data with which we are primarily concerned.
This problem of establishing the best definition of
resonance is a rather academic one. In practice, at a
sharp peak in a cross section most definitions give an
energy inside the width of the peak. Only for very
broad peaks do diGerent definitions give very diGerent
energies. When this occurs, it is a warning that the
interpretation in terms of a resonance is not a suitable
one.
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in the following way by Jackson4' for the case where the inter-
action potential is bounded.

The derivative series for (1.8) is

u'(r) =—Z u'(a),
u), '(r) uy(a),

(5.1)
2M ), E),—E

where a prime now denotes differentiation with respect to r. By
integrating the Schroedinger equation (1.1) for the u~(r) from r
to a and by noting the condition (1.4), one obtains

22),'(r) = {2M/ft2)f {E),—f(')2)2dr {5.2)

The derivative series can therefore be expressed as

u'{r)/u'(a) =Z uy(a) uydr
r

+Z(E), E) '—n), ((2)f (E V)n) dr. —(5.3)
r

According to Courant s minimax considerations, if V is bounded,
no E& divers from the corresponding E& for free space by more
than the bound, and consequently the second sum of (5.3) con-
verges in general and vanishes as r—+a, because the latter By 'A'

for large X as indicated by (3.3b). When r is near a, the first sum
is just the expansion of a function which is unity from r to a and
zero elsewhere, so that u'(r) —+u'(a) as r—+a.

It is not possible to develop a significant R-matrix theory in
terms of Xy which are zero on S (i.e. with 8= ~), because of
the above difhculty with regard to interchange of order of sum-
mation and differentiation. With such Xy one might presume that
the development of subsection 1 could be carried out in an analo-
gous manner to give a relation

corresponding to (1.11) but with the "R" function of the form

) Ex

where the bp2 are the quantities defined in (III.4.7b).
However, the above-mentioned difliculty of interchange is
encountered in the last step leading to this relation, namely
matching of internal and external normal gradients on S. Never-
theless, a procedure which is described in Sec. V. 3a and does
not involve this matching may be used to obtain an "R"function
of the form

"&"=E"+&) ~ (&+E)/(E),+A) 1~) 2/(E2 —E)

where d is an arbitrary constant energy and R" a real symmetrical
matrix. The constant energy 6 arises from the identity

(E,—E,) S+E, (S+B&)
(E —»)(E~—») (E)+A)(E2—E2) (E)+A)(E),—»)

which can be used instead of that of Sec. V. 3a. If 6 were infinite,
as in the ordinary R-matrix expansion, the above sum would in
general not converge because the by~ tend to increase with Eg,
rather than being essentially constant or decreasing, as in the
the case of the yy'. The Mittag-LefHer expansion for the logarith-
mic derivative of the square well wave function corresponds to
such an "R" function expansion with 6=0 and R"=—1.

6. Properties of R Functions

a. Genera/ Malhematica/ R Elections

The "physical" R function defined by {1.10) may be con-
sidered as belonging to the broader class of "mathematical" R
functions. The latter functions are defined as meromorphic

"J.L. Jackson, thesis, New York University (unpublished,
1950).

2 2

R=n 8+p+2 »»
g

(6.5)

mith n and»2 positive, p and E„real.—For the physical R
functions (6.1), a =0 and P =Zp yp~//Ep.

(v) The linear fractional function

Q= ((2)E+b()/((22R+b2) (6.6)

of an R function mith positive determinant {a~b2—a2b~)0) and real
coegcients is an E function Aspecia. —l case of this theorem has
already been encountered in the consideration of the change
induced in R by a change in 8 (subsection 2). A more significant
application of the theorem concerns (1..15a) where it shows that
if the quantities I' and S of (1.15a) can be treated as constants,
the linear fractional function

Q =RI'/(1 —RS) (6.6a)

of that equation is an R function because I' is always positive.
Therefore, Q has a series expansion of the form (6.5) and, more-
over, it can be shown that the absence of a linear term 0, g in the
R of (1.15a) entails the absence of a similar term in Q. Hence, the
phase shift can be expressed as

g 2
8=tan ' Qp+Z

p Hp E (6.7a)

n E. P. Wigner, Proc. Cambridge Phil. Soc. 47, 790 (1951)."E.P. Wigner, Ann. Math. 53, 36 (1951).
5~ E. P. Wigner, Ann. Math. SS, 7 (1952)."E.P. Wigner, Ann. Math. Monthly 59, 669 (1952).
22 E. P. Wigner and J. V. Neumann, Ann. Math. 59, 418 (1954).

functions of a complex variable, the imaginary parts of which
functions are non-negative in the upper half-plane and non-
positive in the lower half. The E of (1.10) is evidently such a
function when considered a,s a function of the complex variable
s=E+zF,

R(&) =&~ &~'/(E) —&), {6.1)

provided that the poles Ey are real and their residues —py' are
negative, as in physical applications. Although the theory, of
elastic scattering, just described, is only concerned with the evalu-
ation of R along the real axis where 8 is identified with the real
energy E of the nuclear system, later (Sec. XI) we show that,
when absorption is considered together with scattering, evalua-
tions are needed for complex energies, the imaginary parts of
which are one-half of the total absorption widths. The properties
of the mathematical R functions in general and certain types of
them of special physical interest in the resonance theory have
been studied extensively by Wigner. " "Some of his results which
have applications in physical problems are stated in the following.

(i) An R function is real on the real axis and assumes real values

only on the real axis.—It follows from this theorem and the
definition that

R(c*)=R(C)*. (6.2)

(ii) The derivative of an R function is positive at every regular
point of the real axis.—For the physical R functions given by (6.1)
this is obvious because

dR(E) Z, )0, (6.3)

except at the singularities Ep. This property is particularly
important and one of its consequences in scattering theory is
developed in the next section. Excepting again the Ey, all of the
odd derivatives of (6.1) are positive on the real axis, and all of
the derivatives satisfy there the inequality"

(E(n+m)/(n+rn) ()2(E(22+1)E(2m—1)/( 2n]+) ( l2n) 1) l. (6.4)

(iii) All poles of an R function must lie on the real axis, and they
are simple ones and have negative residues. —These properties are
manifest in the physical R functions of (6.1).

(iv) Every R function can be expanded in an absolutely convergent
Mi ttag-Leger series. —
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where the new constants Ir„and Qp are real, 8„2 positive, these
being related to the I', S, ~~, and Ey, although in a complicated
manner. In practice I' and S are not constants, and I' in particular
will have a rather violent energy dependence when there is a
strong Coulomb barrier in the external region. S, on the other
hand, can usually be well approximated over a fairly wide energy
range on the real axis by a linear function S=Sp+SiE with
Sr&~0. The linear fractional function R/[1 —R(Sp+Srg) j is also
an E. function if Si is positive, and the linear term of its series
(6.5) is again absent. It is therefore preferable to expand the
phase shift as

g9
8=tan-'8 Qp+Z (6.7b)

which involves no restriction on I' and allows S to vary in the
indicated manner; the constants here are not the same as those
of (6.7a}.

(vi) Every R function can be expressed as:—
R=b+a tang(g} (6.8)

ej4h any real b, positive a, and a convergent series representation for
g{8}of the form)

, 8—E, E„
g(8) =gs+Ep+Z tan —' "+tan-' —"

Kfr lCfs

m@h positive g, ~» and real Ep, E,. The constants q, Ep, E„, ff:, in
the expansion for a particular E. will depend on the choice of a
and b. Owing to the violent energy dependence and the discon-
tinuous nature of E functions, it is sometimes convenient when
interpreting experimental data to plot the function g(E) =tan 1

g (It'.—b/a), which is continuous, rather than R itself.
(vii) Every 2 function can be expanded in an ubsolutely con-

vergent product of the form,

~ ( )
xp 8 g 1 8jxp II 1 g/x lr

( )
Zp —8 f 1—8/Zy p 1—8/Z „'

the order of the numbers x» Z„being
~ ~ Z g&x 2&Z i&x 1&Zp&xp&Zy&xy. ~ ~ .

(viii) The solution E(r, 8) to Eiccati's equation

dR(r, g) /dr =RP+ 8, (r)R ()(r)+ g (6—.10)

mth theinitial condition R(0, } =Rp, arit real I'p, is an 2 function
of 8 for every value of r in the interval (O,a) where Rl(r) and
'U (r) are real eontpnppols funetpons With the .substitution
R= —(dpp/dr)/ps in (1.1), one obtains (6.10) with it=0,
'U = (2M/k'} t/'(r), 8=2ME/O'. Thus the negatives of the
logarithmic derivatives of Bessel functions and of many other
functions, including the F functions, are E. functions and permit
partial fraction and product representations of the form (6.5)
and (6.9), respectively. Although the physical R function is the
reciprocal of the logarithmic derivative of the wave function,
theorem (v) shows that the negative of this derivative is also an
R function.

b. Uniform R Functions

An R function is said to be uniform if it has both a pole density
p and a definite strength s, and if there is no linear term ~g in
its expansion {6.5). By "definite strength, " it is meant that for
every 8 there is an L(8) such that the sum of the residues of all
poles within any interval of length L&L(8) on the real axis is
between —(1—8}sL and —(1+g)sL with s&0. The term "pole
density" has a similar meaning. The utility of these functions will
be apparent after the statements of some theorems pertaining
to them and after the introduction below of a special class of the
uniform Il' functions called "statistical R functions. "

A trivial example of a uniform E function is ~s tan~pe. An
example of a nonuniform R function is {3.5), the reciprocal of the
logarithmic derivative of the square-well wave function.

(ix} If,an R function has u pole density, that density is invariunt
under the Linear Pactional transformation (6.6).—This theorem

shows that if the E in (1.15a) is uniform, then the transformation
E/(1 —RS) therein, S being considered as constant, will have the
same pole (or level) density.

(x) If un E function has a defi, nite strength s, and if there is no
Linear term o.8 in its expansion (6.5), lb@imaginary part of R mill
converge uniformly (in E) to xs as the imaginary part F of 8=E+iF
goes to inanity. —This property may be made evident by replacing
the sum over levels of a uniform R function of the form {6.1) by
an integration for the evaluation of the imaginary part when F
is large compared with the mean spacing. The above example has
this property since tani~ =i. A uniform 2 function also has the
property that its real part approaches a value which is inde-
pendent of E when F goes to infinity, provided that the con-
vergence of average strength to the asymptotic value is suKciently
rapid, specifically, that the L{8) which is involved in the defi-
nition of s satisfies the subsidiary condition L(8) &A/8", with
positive A and s, when 8&1.

Since the linear fractional transformation Q of (6.6) of a uniform
E. function which satisfies such a subsidiary condition will also
be uniform and satisfy that condition, one can obtain the
strength s@ and the corresponding real part Qp by evaluating the
right side of (6 6) at g p~. =For thetransformationQ~R/(1 —RS)
the result is that, just as E(8)~Rp+ivrsg, so Q(8)~Qp+im. sq as
F~E, where

Qp=Rp(1 —RpS)/[(1 —RpS)'+ (prssS)pg

sq =s~/D1 —EpS)'+ (ms gS}2j. (6.11)

Uniform R functions having definite distributions of spacings
and of strengths which are independent of the interval involved
in obtaining the distributions are called statistical E functions.
The condition for the existence of a distribution s(r) for strengths
is that for any positive 8(1 there is an L(8) such that for any
integral L&L(8) on the real axis the integral

f, ls(r) sr.(r)/Lld«g—
where sL, (r) is the number of residues which are smalle'r than —r
and belong to the poles of the interval L; the strength
s= J's(r)dr. The quantities sl, {r) and s(r) are monotonously
decreasing functiOns of their argument. A similar condition
applies to the distance D of subsequent poles from each other
which leads to the specification of a distribution function P(D)
for the number of distances larger than D; here the pole density
is p=P(0) =s(0). An example of a statistical R function is

R= tanl~ a+a-+Z tan 'jtanh{xl, ft&) tang A, (g—xi,)))j (6.j.2)

in which the sum over k is a finite one and all Greek symbols with
the exception of 6 are positive. Although signer" was able to
show that the distributions for spacing and strength of 8 functions
of the form (6.12) are invariant under an orthogonal fractional
transformation

C
aP+bi'=1, a2= —bi, b2= —ai, in {6.6)j, provided

that ) y, are incommensurable with q, only a plausibility argument
could be given for the invariance of the transformation of "inost"
statistical R functions.

The general linear fractional transformation (6.6) of a uniform
R function which satis6es the subsidiary condition ean be con-
sidered as a succession of three linear fractional transformations.

The last of these equations shows that the 8„~ of a series expansion
such as- that in {6.7a) for Q will have an average which will in
general differ from the average of the pe, in spite of the fact that
the level density will remain the same.

(xi) For every un~form E.function, the distance of Aw closest poles
never can exceed u defi'nite limit und there is an upper Limit for the
residue of uny. pole.—This follows immediately from the definition
of the strength and the corresponding definition of the pole
density.

c. Statistical E Elections
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TIM 6rst of thcsc ls just thc 11IleR1 olM,

R„=(R—Rc) /err, (6.13)

where Rc is the quantity defined after theorem (g). The R function
so obtained has thc property that R„(E+iC0) =i, and it is referred
to as a normalized uniform R function. The second is an "orthog-
onal" one (a~+V=1),

Q = (aR +6)/( bR—+a)
= (R~ co++sing)/( —Rn sin$+co&g

= (8„+tangt)/(1-E„ tang). (6.14)

The third is another hnear one,

Q=cQ-+c'. (6.15)

In the case of the transformation (6.6a) tan@=vsS/(1 —RS),
c=vs/9, c' =PRc(1—RcS)—(ss)'Sg/q, where g= ( svS)'+ (1—RcS)'.
The 6rst and third transformations do not change the positions
of the poles, and merely xnultiply all of the residues by the same
number. Hence they affect neither the distribution of the distances
of successive poles nor the statistics of the ratios of the residues.
The second does not affect the density of poles, and transforms
normalized E functions into nornlalized E. functions. However, it
may in6ucncc the frequency with which certain distances of poles
occuI' and Inay influence thc stRtlstlcs of tlM 1cslducs without
affecting the average value of either quantity.

To study the second transforxnation ti.e., (6.14)g, one repre-
sents both R and Q by expressions (6.8) with a=1, b=O;

R =tangs(g); Q =tango(g). (6.16)

In view of the oxthogonal nature of the transformation, it follows

that.

f)o Q /1+Q-—s=R /1+R s=ffs, (6.17)

where a dot denotes diRcrcntiation with respect to energy, so that
tlM dcr»vat»vc function

i)(g) =s+&.r./E~'+ (g R.)'j — (6.1g)

is the same for both representations and is for that reason referred
to as the "invariant derivative. "Both R„and Q„may therefore
bc expressed as

tanJ i)(g)d g (6.19)

but with different lower integration hmits c. Indeed, (6.14) reveals
that

g Q=. g&+4 (6.20)

where @=tan»(b/a). By looking at Fig. 1 where the invariant
derivative is plotted, one sees that starting at a particular pole,
say E», the next pole E~ is determined as the abscissa point at
which the area under j between. E» and E~ is just ~. By inserting
the series expansion (6;1) for R into (6.17), one 6nds that the
reduced widths are simply

~'= 1/d(Ex) (6.21)

Thc lcvcls Rnd cor1'cspondlng widths o'f Q can bc obtaixlcd f lorn

the same construction but starting, however, at a different
abscissa. Unless the ~„and E„of (6.18) have special values or
unless q=O, the chance of hitting on a dehnite value of g will be
ln the long Iun tlM sRmc no mattcI' Rt which Rbsc1ssa polxlt o»M

started originally. It therefore seems plausible that the distri-
butions for the widths and spacings of Q will be the same as
those for E, i.c. the ChsA@utioes of pole slreegfhs aed spacjegs
are ieeariaet Neer orfhogoeal Pactioeal traesformatjoes (6.14).
Since the sanle is true for the transforrnations (6.13) and (6.15),
it follows that the d~sA'~buboes are i')archae( ceder aey pactioeal
Sraesformat~oe (6.6).

%Vhcn applied to the transformation (2.5) corresponding to a
change in boundary condition 8, this tells us what we might
suspect on physical grounds, I)~s., the distributions of ~~ and B
do not depend on the choice of B. Another application is to the
transformation (6.6a). In this case, one can conclude that the
statistical distributions of the s„and B„of'(6.7a) are probably

Fto. 1. Construction of eigcnvalues E„and reduced widths y,m

from the invariant derivative j(E)of (6.18}.If the eigenvalue E»
is given, the position of E2 is found by the condition that the
integrated area under the curve between E» and E2 is equal to vr.
The positions of E3, E4 and all the other poles may be found
similarly. The 6gurc has been drawn for the situation qd«m„
a„&&h, where 6 is the mean spacing of the E„.This corresponds
to separated peaks and small background. The area under a
completely isolated peak equals 7f. So that, for isolated peaks
there is a one-one correspondence between the peaks and the E„,
In actuality the peaks are not isolated so that, if E» is near a
maximum of g, the succeeding E„are increasingly to the left to
the maxima and eventually begin to approach maxima from the
right. Thus, at least for ri&0, the values g(R, ), which are the
reciprocals of the reduced widths, wander through maxima and
minima and their distribution is independent of the position of E».

not affected by the interactions in the external region which are
responsible for the nonvanishing factor 5 in the transformation
(6.6a), provided this factor can be considered as essentially
constant and that the ff:„,E„,and q, of (6.18), do not have "special"
values.

Invariance of the distribution laws does not reveal anything
about the forms of the distribution laws themselves. To deduce
these forms requires considerable extra information such as
specif»cation of thc distributions of pole strengths Rnd spacings
of g(g) of (6.18). As an iBustrativc example, Wigner~' has shown
that if the E„of (6.18) are distributed at random and if the x,
have some arbitrary distribution, one can write down expressions
for the distributions of ~' and of differences of subsequent Ey.

As yet, wc have said nothing of the possibility of correlations
between the pole strengths and spacings of levels. Certainly thc
foregoing arguments about the invariance of distributions are
expected to apply to such correlations. Again, however, the
invariance of the correlations reveals nothing about their im-
portance or specihc forms.

If, for instance, the plot of j against energy consists of a series
of well-separated sharp spikes (i.c. if gf„&&pole sparing) then, since
the area under each spike is ~27, it follows that any correlation
between the values of ~~ and the spacings of subsequent Ey of
thc R function ls d11cctly determined by thc corrclRtlon (1f Rny)
between values of a„and spacings of subsequent E„of the j
function. On the other hand, if the function j is smoothed out,
there will emerge an additionil superposed, correlation between
thc vRlucs of yy' and spacings of subsequent Ey 8'., lRxgc widths
wiH bc assoc1Rtcd with la»gc spacings Rnd small widths with
small spacings. Such a correlation was first suggest:ed by Feshbach,
Peaslee, and Weisskopf'5 on the basis of more qualitative argu-
ments. It has also been suggested by Teichmann and Wigner55 on
the basis of Eq. (2.9). The trouble with these speculations is that
they are based on implicitly attributing qualitative properties to
functions that are really quite unknown. For instance, (2.9) in
itself gives no inf'orrnation about correlations t as can be scen by
considering B=O in which case (2.9) reduces to the identity:
vi,'(0}=pi, '(0)g. Thus, some ad hoc assumption must be made about
the behavior of the function vg'(8). The speculations" sc appear
to assume that widths have a fairly narrow distribution. The

"T.Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952).
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experimental evidence, however, is that the distribution is very
broad. s~

d. I'hysiggl g J"Indices

The "physicaV' R functions of nuclear reaction theory are not
"uniform" in the strict sense of the dehnition given. It is a well-
known experimental fact that the mean level width and the pole
strength function have long-range variations. Nevertheless one
can assert that the physical R functions are uniform in a restricted
sense, namely in restricted energy intervals. In other words, it is
possible to 6nd an interval I containing a large number of levels
wherein the pole strength function s(E} and level density p(E)
are well de6ned and do not vary signi6cantly from one end of the
interval to the other. (Of course it also follows that, if the dis-
tributio ns do not vary in the interval I, the physical R functions
are statistical R functions in the same restricted sense. ) Thus we
can write the actual (physical) R function as the sum of an R
function to be written R' which is uniform everymhe'e and a term
—Ro which will take into account the deviation of the actual R
function from uniformity outside of I

R(~) =R'(~) -R (~). (6.22)

The uniform Z function R' is constructed so that its poles in I
coincide with those of R, the respective residues being equal.
Outside of I the poles and residues of R' need be specified only to
the extent that the uniformity property is realized, and these
poles and residues will in general dier from those of R. As a
consequence, it is reasonable for the approximate evaluation of
Ro to replace the sums in the combination R' —R by an inte-
gration, whereupon one obtains for complex S=E+zE with
posltlve P:

(6.23a)R, (g) =—R' —R =f)rs(E)+8 ( g),

J s(E')dE'
E'—8

(6.23b)

the limit term being recognized as just the principal value of
J's(E')dB'/(E' —B). On the other hand, when the imaginary
part F is large compared with the level spacing, R'( 8) approaches
its(E) according to the property (x), and hence

R(e) B(c). (6.25)

As the transform R(G) is presumed to be only a slowly varying
function of E, the violent energy dependence or "resonance
structure" of R, which was manifest for real values of the energy
is no longer evident. This limiting property of R(g) plays an
important role in considerations of compound nucleus formation
in the region of overlapping levels (Sec. XI.2}.

7. Consideration of Bound States

Although R-matrix theory was developed for treatment of
nuclear reactions and scattering, it is of interest to apply it to
bound states.

In the case of simple two-body systems, bound states appear
at those energies at which the internal logarithmic derivative

&~ Q, E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (j.956),

is just the Stieltjes transform of s(E}.H a strength s(E) can be
defined and if it is slowly varying with respect to energy intervals
containing a large number of levels, then Ro is also slowly varying,
that is, it is essentially constant in an interval of type I.

The inverse of the transform (6.23b) is

j-
s(E)= lim —ImR(g) . (6.23c)

For evaluation of R on the real axis, one may therefore consider
the relation

R(E) =R'(E)+ lim Re E(g))

matches the external one for the wave function which vanishes
at infinity. The latter logarithmic derivative is the quantity S,
of (III, 4.4a) and the former one is, from (2.4), equal to (R—8) '.
Since, for uncharged particles, the quantity 5, is monotonic
increasing, as is the quantity R, there will be either a bound or a
resonant state associated with each of the levels E (although
shifted in energy from Ey).

The amplitude of the external wave function depends upon the
magnitude of the invariant quantity y' of (2.8) or its dimen-
sionless equivalent 8' of (3.10). When the complete wave function
is normalized to unity over the entire configuration space, internal
plus external,

u'dr+ u'dr = I.

The external part of this integral may be transformed by the
relati. on

(7.2)

which is derivable from a Green's theorem relation similar to
(1.3) but taken in the limit as El goes to E2 and with the inte-
gration from the channel radius to inanity. The amplitude of the
external wave function is expressed in terms of a normalization
constant Ã by which the 0-type wave function of (III, 2.18) is
to be multiplied to give the normalization (7.1)

()=~('—"}'(""')(.& ). ()3)

One finds that, from the definition of e in (3.10}and (1.10a):

E-l=i —2e~
88

(7.4)~ 6')
The quantity (BS/Sp'), is negative for bound channels; it is
tabulated in the appendix for a few values of the angular mo-
mentum. The amplitude factor is directly proportional to 8 for
small values of 8, as expected since 8 is just proportional to the
amplitude of the wave function at the surface, when the internal
function ls rior'rriallzed to unity.

8. Analytical Proyerttes of the Collision Function
in the Cotnylex Plane: the Causality Condition

Considerable attention has recently been y'ven to the restric-
tions that are imposed by the causality principle on the analytical
form of the collision function U(k) considered as a function of
wave-number k. In considerations of this sort it is convenient to
begin by establishing the analytic continuation of V(k) from the
positive real axis into the complex k plane. In particular we will
now describe some relations that hold between the functions
U(k), V(k*), and U'( —k) as a result of general physical principles
other than causality.

The collision function U(k) is defined as minus the coefIrcient
of the outgoing wave e'@" at infinity corresponding to incoming
wave e '~". In other words, the asymptotic form of the wave
function Pq is

&.(~)-e-'"—U(k) e". (8.1)
Here $1, is the solution of the equation BPI,=Ega where the

energy E is related to k by E= (A~km/2m). Assuming orlly the B
is self-adjoint, it follows that, for two solutions f&, P& corresponding
to energies El and Eq,

(Ei*—Es) tki*Adr (4))*—(r(ks) —(Ms)—(r|ki*) (g 2)8t' 4f
where r=u is any large sphere. On putting kl=k2 the left-hand
side vanishes and the insertion of (8.1) into the right-hand side
gives

L'(k)LU(k*) g'=1. (8.3)
This condition is the generalization for the complex plane of the
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usual unitary condition on the real positive k axis:

U(k) U*(k) —=
~
U(k) I'=1.

The relation between U(k) and U(—k) follows from putting
—k for k in (8.1) and multiplying by —U(k):

—U(k)r(P s(r)~[U(k)U( k)—]e '"" U—(k)e'"'.

Comparing with (8.1) and assuming that, for a given outgoing
wave, there is only one possible incoming wave it follows that

U(k) U( —k) =1. (8 4)

The specific form (1.14) for U from R function theory satisfies
the relations (8.3) and (8.4). (The fact the U(k) can be written
as exp[2(is(k)], where b(k) is a real odd function of k is sufficient
for this purpose. ) It is expected that (8.3) and (8.4) should hold
for forms of U derived from specific theories since these relations
are supposed to follow from general physical principles which
must be embodied in any specific theory. When taken on the real
axis, (8.3) is a consequence of the conservation condition ex-
pressed in the self-adjointness of H. According to Van Kampen, '7

the relation (8.4) on the real axis follows provided that the total
energy has a lower bound.

We turn to the causality condition. Van Kampen' has for-
mulated this condition quantitatively and has shown from it and
the conservation condition that U(k) is regular in the first
quadrant of the k plane (except for possible poles on the positive
imaginary axis) and can be assigned the analytic form:

1—k'/kys ~ s'k' —1U(k)=II, „*p (k '~f, , d ()),
where b is a non-negative constant and 0.(s) is a function of
bounded variation. On using the condition (8.4), it follows that
U(k) is regular in the second quadrant and, the form of U(k) can
be stated more specifically as

1—k/4 1+k/4* 1—k/»„
1—k/kg* 1+0/ky „1+k/iP„

where n is a constant &~ a, the inner radius of the field-free region,
and the iP„run over: all zeros of U on the imaginary axis.

This form (8.5) for U is equivalent to a dispersion-type relation,
namely:

U(k)e"~ 1s2 I ~ ImLU(k')s"~"'] 2b

k' v ~o k'(k" —k') E.'(R'.'+k')
dk' —Z

where O'E„'/2M = —E„are singularities associated with bound
states and the b„are corresponding residues.

The original motivation for these investigations into the ana-
lytical form of U(k) was provided by remarks made by Wigner
and the paper of Schuster and Tiomno. "These latter authors
suggested (although they were not able to give a rigorous proof)
that the analytical form of U(k) given by the R-function theory
is a consequence of the causality condition. Although it is not
evident from inspection of (8.5), it is possible to show" that this
form for U(k) is equivalent to the specific form (1.14) derived
from the R-function theory for a bounded interaction. In other
words, the form (8.5) for U(k) implies that the function R(E)
defined by

the causality condition alone does not distinguish between
"internal" interactions and "external" barriers. Only the more

specific derivation from the R-function theory can take account
of physical information of this type.

Q. Some Features of the Energy Dependence
of the Phase Shifts S~

In subsection 1, the phase shifts bi wave defined in terms of the
collision function U& by the relation (1.15):

Uq =exp (29~).

This implies the relation (1.15a) between B~ and the R function,

and the following relation between Bg and the cross section for the
1th partial wave:

4 (@+1)
0-~=—,(2l+1) sin'B~=,k'+ (k cotb~)'

(9.Q

b. Egectise Range Expansion

The work of Blatt and Jackson" and Bethe' has shown that,
in certain situations, it is useful to consider the quantity f(k) cotb&

as a function expanded in powers of k2. If f(k) is chosen appro-
priately, the power series can converge rapidly so that the energy
dependence of the cross section (9.1) is expressed in terms of only

'two or three parameters instead of the infinite number implied by
using the R function relation (1.15a).These parameters correspond
to the coefficients R& &=—R(E=O), R(»—= (dR/dE) g 0, ~ ~ in the
Taylor series expansion of R(E) about zero bombarding energy
E=O.

a. 5'igner's Limit" on the Energy DerieuHve

Wigner noticed that a consequence of the positive definite

nature of
v)P

), (E) E)2

is the existence of a lower limit on the values of (df((/dE) On.
differentiating (1.15a) with respect to E, the coefficient of dR(/dE
is P(P(1—R(S()'+ (R P()'(] ', which is positive. Thus omission of

the term in dR&/dE from the differentiated equation results in a
lower limit expression for db(/dE. As an example, consider the
case of s-wave neutrons where S=O, P=p, co=0, @=p:

db p dR R dp sin2 (b+p) dp

dz 1+(pR) dE 1+(pR) dE 2p dE

Given the value of 8 at any energy, this equation gives a lower

limit on the value of db/dE at that energy. For low energies
where p((i, db/dE must be positive. At very low energies,

(dp/dE))) (dR jdE) and so the inequality tends to an equality. In
this limit (9.2) only expresses the known fact that, at very low

energies, 8 is proportional to p.

Ug2ikn

ik Ue'~ +1' R(E) =R&»+ER&»+—R(»+"
2I

(9.3)

where E= (k~k2/2M) has the essential properties of our previously
established R function, i.e., R is real and meromorphic and
holomorphic in the upper half-energy plane.

Any angular momentum barrier or long-range potential is
allowed in the derivation from causality only if it is assumed to be
cut off and is treated as a part of the internal interactions. In
other words, as might be expected, the derivation of U(k) from

This correspondence shows that the useful application of the
effective range expansion is limited to energy regions in which R
is not strongly varying. For instance, it is not possible to treat
energy regions containing whole resonances Pi.e., infinities of

R(E)1. The condition that R varies slowly is, of course, well

satisfied in cases to which the effective range theory is normally

applied, such as nucleon-nucleon scattering. In cases where there

5' N. G. Van Kampen, Physica 20, 115 (1954).' N. G. Van Kampen, Phys. Rev. 91, 1267 (1953).
ss N. G. Van Kampen, Rev. mex. fis. 2, 233 (1953).

' E. P. Wigner, Phys. Rev. 98, 145 (1955).
6' J. M. Blatt and J. D. Jackson, Phys. Rev. 86, 18 (1949).
((s H. A. Bethe, Phys. Rev. 76, 38 (1949).
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"scattering length" =1/n =a—aR(')
cPG3 A2Qn2

"effective range" =r0=2 a —a'n+—— R(» .
3 2M

(9.6)

Since k cot8 cannot depend on the choice of a, neither can the
coeScients u, ro, etc. Therefore Eqs. (9.6) are really equations
for the dependence of R('), R&'), - - on the choice of u.

'

In terms of the logarithmic derivative f=R ', Eqs. (9.6) become

Lf)s,-r R(P) 1 1/P (9.'I)

v'(~=0) —=—— R&» A~ (1—P)2

dp — t&»'&r 2&p '(1—t&+-'t&' —,/2 )'
where p=au.

Some physical interpretation of the coefficients 1jo. and r& can
be obtained by considering the case of a square potential well of
radius u and depth V in the following situations:

Q2 R(1)
(i) resonance at E=O; R&')= ~, 2

~
«))2=1:

1/pp= ~, rp ——a.

(ii) "antiresonance" at E=O; R&p&=0

2a 3 A2
1/a=a, rp= —1——

3 8t/' Mu2

These relations illustrate the facts that the value of a depends
sensitively on the position of the nearest resonance to E=O,
whereas the value of ro depends much less on this and is always
near to the range of the well.

For s-wave protons, the effective range expansion can be
deduced from (9.4), (9.3) and expansions of Ii and G to be:

2vrg (k coty)
+gkg (g) = —n, +-',rp,k' —p~p, pk',

where
00

g(g) = —2 1ng+2g2 Z (9.9).-I ~(~2+n2)

The subscript c indicates that these quantities depend on the
presence of the Coulomb field. This is to be expected since the
addition of one potential to another potential changes the phase
shift in a nonsimple fashion in general. If the added potential is
smooth, we expect the value of the effective range ro should not
be much changed, even though the scattering length may be
appreciably altered. The extent to which the latter alters depends
on the magnitude of the added potential. In the case of the addi-
tion of an external Coulomb potential, Teichmann" determines
an approximation for the difference a,—n to be

o.,—n=2gkj ln2qc+yj, (9.10)

where y is Euler's constant and a is put equal to the radius of the

"T.Teichmann, Phys. Rev. 83, 141 (1951),

are enough nucleons to form many compound states, the con-
dition is not satisfied. Zn fact, there are only a few instances in
light nuclei where the effective range theory is of any possible
use. In other words, there is very little overlap between the
situations of practical applicability of the R-function expansion
and the effective range expansion. The relationship between the
two theories has been examined by Teichmann" whose analysis
begins with a rearranged form of (1.15a),

GL pol Rl
cot(Si —coi) =-

PI,—pF i'Ri

where F and G are the functions defined in Sec. III (evaluated at
r =a), and the prime represents d/dp

For s-wave neutrons, this can be immediately reduced to the
form of the standard effective range expansion,

k cotb = —n+-,'rok' —pro'k' ~ ~ (9.5)

with the following expressions for the coefficients:

short range (nuclear) interaction, i.e., essentially r0. Jackson and
Blatt'4 show that there should be an additional term —0.824 in
the square brackets when the Coulomb field also acts in the
internal region.

The importance of the difference is determined by the magni-
tude of 2gk relative to a. For proton-proton bombardment, 2gk
is only a few percent of 10" cm ' and so, except for anomalously
small 0,, the effect of the Coulomb field on n is small. For a general
nuclear bombardment, however, 2Tlk is much larger and there is
no simple relation between 0. and n, which may be quite different.

where H is the Hamiltonian operator. The first of these

is multiplied by 02* and the complex-conjugate of the
second by Cj, the difference between the resulting

equations is integrated over the internal region r.'

(Es—Et)

[(BV,)*@t—%*H+t]dr. (1.2)

The interaction term V in H is assumed to be self-

adjoint so that

) L(V%'s) kt —+s*V+t]dr=0,
T

(1,3)

and the kinetic energy terms which remain are inte-

grated by Green's theorem (in 3A-dimensional space)

"J.D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77
(1950).

V. THE R MATRIX IN THE GENERAL
(MANY-CHANNEL) CASE

The considerations in Sec. IV can be immediately
generalized to take account of the occurrence of spins
and reaction channels. We now establish the generalized
version of the fundamental R-matrix relation. This can
be derived in a number of ways. As in Sec. IV, we

emphasize the derivation using a Green's theorem
relation.

1. Use of Green's Theorem

The general derivation, which considers the possi-

bility of reactions as well as scattering, is based on an

application of the many-channel analog to the one-

channel Green's-theorem relation given by (IV, 1.3).
The derivation of the analog relation is similar to that
of (IV, 1.3), and, as one might expect, in the many-
channel case the "surface" term of (IV, 1.3) is replaced

by the sum of such terms for each of the participating
channels.

As in (IV, 1.1), the wave equation for a system of A

nucleons is written for general solutions at two energies,

++1 ~1+1) II+2 ~2+2
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to give

(E2—Ei) t %2 Pidr

(h'/2M, ) (+2*grad„@i—%i grad„+~*)d&
4 g =p.(V2.*Di.—Vi.D2.')

The last equality follows by substitution of the surface
representations (III, 4.2) for 4' and grad„N. One note-
worthy feature in (1.4) is the appearance of the reduced
channel mass M., a consequence of the form of the
kinetic energy operator at the channel surfaces (Sec.
III, 2). The surface contribution to (1.4) takes account
only of the possibility of the breakup of + into pairs of
fragments, breakup into triplets, quadruplets, etc.,
having been neglected; Therefore, the formula cannot
be applied to an (e,2e) reaction, for example, except
insofar as the emission of neutrons may be treated as a
succession of two processes (Sec. XIII, 2).

A useful special case of (1.4) occurs when%'i=@2=4
and Ej=E2=E; for this case, by taking the real and
imaginary parts of (1.4), we have:

Dxc| ~le)

V), ( yg, )
(2.1)

where the B.are independent of the X. (The labels JM
will be assumed understood and dropped. ) By applying
(1.4) to any two proper solutions Xi, Xi belonging to
energy values E~, E~, it is evident that the set of
proper solutions are mutually orthogonal with such
boundary conditions; they are normalized

(2.2)X), *X),dv =8),), .

A wave function 4 may be expanded in r in terms of
them,

f
( dV, )

i+i d.=P —2Im(f.)I i
V.

ei 4 dE)
(2.3)O'=Q A),X)„

the energy-dependent coefficients Az being given by

relation is used, to determine the collision matrix U just
as (IV, 1.10) was used to determine the collision function
U in the one-channel case. This relation may be derived
by means of the Green's-theorem relation (1.4).

By analogy with (IV, 2.1) for the one-channel case,
we now specify the general boundary conditions to be
satisfied by the complete set of states Xzz~ of (III, 3.3)

(1 4) on the surfaces 8,. These conditions are taken to have
the form:

and
O=Z

I
V, I' Im(f, ), (1.6)

——[Re(f.)ji V I' (1 5)
dE Ag=) X), Mr. (2.4)

f.=D./V. . (1.7)

where Re(f,) and Im(f, ) are defined as the real and

imaginary parts of the logarithmic derivatives

As before these coeKcients may be determined by
applying (1.4) to the solution%' of energy E and the X&,

of energy E&, the expansions (III.4.3) are used for
+ and grad + on S. One finds immediately that

A), ——(Ey—E) ' Q, D,oy)„

D,'= D,—8, t/',

(2.5)
A similar type of relation also holds for the overlap

integral in the volume between two surfaces S~ and S2

in a given channel c. Applying (1.4) to such a volume,
and the y&„are put for Vq, using definition (III, 4.8a).
Expansion (2.3) now becomes:

(E2—Ei) i 4'2'%idr
i

Vg *Di, Vi+2,* i . (—1.8)
~s, E

' ' '&s,
'

X)lpxc

c
(2 6)

Corresponding to (1.5), i.e., putting 4'i ——%2 ——4' and
Ej

d V,*)
i+i'dr= —2Im(f.) Imi V.

dE )431

This equation relates the value of 4 at any point in r
to its "derivatives" D.' on 5; it is the analog to the
relation (IV, 1.8), the quantity in the square bracket
of (2.6) being considered as the Green's function. By

"
g~ operating on (2.6) with J's &p,.*d3 and using (III, 4.8a),

——[Re(f,)]i V, i' . (1.9) one obtains the fundamental R-matrix relation
S,

2. The Fundamental R-Matrix Relation

The fundamental relation of the R-matrix theory is
the many-channel generalization of (IV, 1.10). Such a

where

V, =JR;,Do,

R;"=Z v~ "7x./(E, —E).

(2.7a)

(2.8a)
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Equations (2.7) and (2.8) are more conveniently
treated in matrix notation:

V= RD',

R=E (y~Xy~) j(E),—E).

(2.7b)

(2.8b)

V and D' are considered as column vectors, the com-
ponents of which are the V, and D,'. The matrix
(yqXy&, ) is the matrix square of the vector yq, the com-
ponents of which are the y)„. In addition to being
symmetrical, the R matrix is also real because the pz,
are real.

It is convenient at this stage to consider the so-called
"square integral" of the internal region which is a
measure of the probability of all particles being together
in a "compound system" (not necessarily a compound
nucleus) of nuclear dimensions. This is calculated from
(2.6) to be

=Q D,s (P„,)D, '*—. (2.9. a)
CC

This integral may be expressed in matrix notation as
the scalar product

(2.9b)

4~&2dv-
T

=PL&(»—E) 'v~.D.'*gt Z(K —Es) vx D2']

=(Dr )Rrs(Er, Es)99')

where:

(2.10)

R(E,) —R(E,) ygX yg
Rrs(Er, Es) =

Er—Es & (Ex—Er)(E),—Es)

With the aid of (2.7) we see that the expressions for the
two overlaps in (2.9) and (2.10) are equivalent to
those given previously, namely (1.5) and (1.4).

3. Alternative Derivations of the R Matrix
Three alternative derivations of the R-matrix relation (2.7)

have been given in the literature. The first two are fairly closely
related to the preceding derivation. The other one is diA'erent,

being based on the causality condition.

The notation (x,y) for the scalar product of two
column vectors x and y stands for the transpose of x
(from a column to a row) times y. (No complex con-

jugate of x is taken. ) The overlap integral for wave
functions +r(Er) and +s(Es) with surface derivative
quantities D&,' and D2.' may be expressed similarly:

R=R"+Z
), E),—E' (3.1)

where R is an arbitrary, real-symmetric matrix which is inde-
pendent of energy. The continuity requirement is thus equivalent
to the vanishing of R . This derivation of (3.1) is as follows.

If the expansions (2.6) for any two solutions+&, 4'& of energies
Ei, E2 are substituted into the Green's-theorem relation (1.4) one
obtains

(U gD P U D Pg)

= (E2—Ei) Z Z Dic' D2crr * (3.2)
(E) Ei) (E), E )

Assuming solutions of the form (2.7) for the Uq, * and Ui, of the
left side of (3.2), one has upon rearranging

(Z2„*—Zi„)
CCr

vxc Y)tc g p)tc jgtc D pD pg 0 (3 3)~ ~

g E) —E2 g E) Ei

By setting, first a particular Di.'=1 and a particular D2, '*=1,
all others being zero and, secondly, D&, =1, D2$*=1, all others
being zero, one observes that the solution for R is as given by
(3.1) with the properties specified there for R". A symmetric
constant R" may formally be replaced by a sum Zz(X&p, )/
(Ep —E) in which the Ep and g)I, are infinite in such a way as to
give a finite contribution.

b Derivat. ion from a Variatiorl Prilcipte

This type of derivation is discussed for the one-channel case.
Subsequent generalization to the many channel case is quite
straightforward. 6~

The usual variational principle for the energy of a bound state
is not suitable here. A related principle is needed which for a
given energy leads to a stationary value of the logarithmic deriva-
tive fE(a) of the wave function at some "external" point r=a.
Kohn" has written down such a principle, vis. ,

may"o uE(II —E)uzdr a d'u~
f~{a)= (3 4)

u~'(a) ug dr

For small variation in the function u~(r) about the exact wave
function, the right-hand side is stationary so Bfz=p. In the spirit
of the derivation of the R-function relation in IV, 1 and V, 2, we
consider a trial wave function of the form:

(3.5)

where the u), are members of an orthonormal complete set of
states that are exact solutions of

(3.6)

and satisfy the boundary condition up'(a) =0. For the present, it
is assumed that there are only a finite number of terms in the
trial function (3.5).

On putting (3.5) in {3.4) and using (3.6),

fr(a) =~) ~)'(E) —E)/(~ ~)v~)', (3.7)

where the yg are the reduced width amplitudes of (IV, 1.10a).

ss W. Kohn Phys. Rev. 74, 1763 (1948); J. L. Jackson, Phys.
Rev. 83, 301 1951).

c. 8'~goer's Origina/ Deri M,tioe

In Wigner's first paper" on R-matrix theory, the wave function
was not assumed to be continuous across S, as in the deduction
of (2.7) from (2.6). Instead, the Green's theorem relation (1.4)
was applied again to two solutions of the form (2.6) belonging to
different energies. The result of this procedure is that the R
matrix of (2.7) is given by
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From the stationary property off
Bf~/BA y =0,

it follows that
(3.8)

Ay(E), —E)/~ =Z„A„(E„—E)/Z„A»„= C(say) (3.9)

where C is independent of ). Insertion in (3.7) immediately gives 4(incident in c) =~,—P U, ,e, . (1.3)

An often-used special case of the general solution

(1.1) corresponds to incident waves in one channel

only. Suppose this channel is c and put y,= 1 for this
channel and zero for all others, then

f~(~) - ~~ E„E (3.&0)

On allowing the number of elements in the trial function expansion
(3.5) to go to infinity, this expression for fz becomes equivalent
to the R function relation (IV, l.10).

c. Deri patios from Causality Conditio+

In Sec. IV, 8, we described how, in the case of one channel with
the assumption of no channel barrier beyond some finite point
r =a, the analytic form of the E. function is a consequence of the
causality condition. This condition implies a certain analytic
form for the collision function U(k) which implies a definite
analytic form for R(E), that deduced from the R-function theory.
At present only a preliminary investigation has been made of the
problem of extending this result to the case of many channels. "

2. Some General Properties of U

As originally shown by Breit," the collision matrix
has certain general properties which do not depend on
specific reaction theories (such as R-matrix theory) but
only on broad physical principles. We now establish the
unitarity and symmetry of U.

a. Unitary Property (from Couseroatioe)

Consider two particular solutions like (1.3) for the
wave equation which asymptotically are of the form

VI. COLLISION MATRIX U
+lp Zc(~pc'Ic Ulcpelc)1

+2m Zc(~mc~2c U2cm'2c) ~

(2.1)

A precise definition of the U matrix will now be given
and some of its general properties listed. The unitarity
and symmetry properties were not brought out in Sec.
IV because, in the case of one channel (elastic scat-
tering), they are trivial.

1. Definition

4~„ is a solution at the energy E~ with an incoming
wave only in channel P, and 42 is a solution at E2
with an incoming wave only in channel m. By sub-
stituting these into the Green's-theorem relation
(V, 1.4) with the surface g taken to be very large, one
obtains

As mentioned in Sec. III, there are two possible
channel designation schemes (crslvm) and {nslJÃ).
Accordingly U canbe defined in either scheme. The form
of the definition is quite unchanged by the scheme we
choose.

I.et us consider a completely general solution to the
wave equation in the external region. Following the
de6nitions of incoming and outgoing waves in Sec.III, 2,
this may be written

~(general) =P, (x,8,+y, d„,). (1.1)

f
(El E2) +2m~lpdr

2 2 L(~mc02c U2cm I2c)(~pcIlc UlcpOlc)

(~pcIlc UlcpOlc)(8mc02c Ulcm I2c)]

2A(b~(02p'Il p Il-p'02„)—
+2 U2cm Ulcp(I2cOlc OlcI2c)

(2.2)

x, = —Q, U...y,

or, in matrix notation:

(1.2a)

The numbers y, are the amplitudes of the incoming
waves 8, in the various channels c, while the x, are the
amplitudes of the outgoing waves 8,. For a given total
system, when the y, are given, the numbers x, are
determined by the nature of the system. The role of
the collision matrix is simply to give an expression for
the x, in terms of the y, as follows:

—U2~*I2~ Ig„—Ug„„02„'Og~

+Uim, Oi '02m+U2~*Iip I2p)

(provided that the surface g is put far enough out so
that the contributions from the negative-energy
channels c can be ignored). If El Z2 the left side of——
(2.2) vanishes so that, with the Wronskian (III, 4.7c)
we have

Q U. *U.p=b„ (2.3a)

x= —Uy. (1.2b) or, in matrix notation,

A wave 8, or 8, in one scheme is simply transformed to
the other scheme by rearranging the vector coupling,
so it is easy to transform U in one scheme to U in the
other scheme (subsection 3).
"N. G. Van Kampen (private communication).

(P++)t(U~) —I (2.3b)

where t means "complex conjugate transpose" and the
superscript++ signifies that only elements for positive
energy channels are concerned. Equation (2.3b) is
equivalent to the statement that U++ is unitary. One
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can say that this property is a consequence of con-
servation of probability flux since it is this conservation
that is expressed in the Green's theorem relation (V,
1.4) that is the basis of the present proof.

Unlike the symmetry property discussed in the
following, the unitary property is established without
special reference to either-of the two-channel designation
schemes.

positive-energy submatrix U++ is symmetric:

U++= transpose (U~) . (2.9)

( 1)J'—M—lg U &I:+ (2.10)

The time-reversed solution of a solution of type+
can be expressed as a linear combination of solutions
having incident waves in various channels,

b. The Symmetry Property (from Tinte Reversal)

We consider again solutions which are asymptotically
of the form (2.1) in the {ns/JiV) channel designation
scheme:

The time-reversed solutions are therefore not inde-
pendent of the original set of solutions.

These considerations apply to the {ns/JM} channel
designation scheme. It is straightforward to show that
in the {use/nt} channel designation scheme

4 =g (t' .s.—U. e.)—g U. e„ (2.4) U ++ ( 1)~vU ++ U ++ (2.11)

the negative-energy channels being considered sepa-
rately. Since the time-reversal operator E of Sec. III, 2
commutes with the Hamiltonian, the following is also
a solution

( 1)J—MID@

=g(~ .e,.—U. *~,)—g U. „*e,
C+

=p (b,e.—U,„*e,)—g U,„*e„ (2.5)

+ Q U„*U„.,e„
c r+

=2 L Z (U,.*U.,e.)—U. *~.j
(2.6)

+ g U„*U.„e,.
c r+

The particular solutions (2.5) and (2.6) have identical
incoming waves, and hence the coeS.cients of the
outgoing waves must be the same in each channel:

Q U„"U.+,=8,+, (2.7a)

P U, *U.—,= —U, — (2.8a)

In matrix form these are expressed as

(U++) (U++) +—I (2.7b)

(U-+)(V~)*y(C-+)*=0. (2.gb)

Comparing (2.7b) with (2.3b), it is evident that the

because of the time-reversal properties of the 8, and 8,
and the fact that U is independent of M; a negative
sign preceding the channel subscript indicates that
the negative of the total angular momentum component
M is to be used. If 0, is a solution of the form (2.4)
with an incident wave in only channel r, then a linear
combination of such solutions is also a solution; in
particular, the following combination is a solution:

—PU, *4„
r+

= —p (6,.U„*a.—U, *U„e,)
c+r+

c. Ana/ytica/ Properties of U(k)

It is of formal interest to consider the collision
matrix as an analytical function of its channel wave
number variables k, . The present discussion is a close
parallel of Sec. IU, 8 which dealt with the special ease
of the collision function for elastic scattering. The only
special feature of the general (many-channel) case to
which attention need be drawn is the presence of
negative energy or bound channels. These ean be
included in the discussion just like positive energy
channels provided that the usual relation E,= k'kP /23II
is assumed to hold (i.e., the wave numbers k, are pure
imaginary for the bound channels), and provided that
ingoing and outgoing waves are chosen to have the
same Wronskian (III, 4.6c and 7c) as for positive energy
channels.

As in Sec. IV, 8, we 6rst establish the generalizations
for the complex plane of the usual unitarity and sym-
metry properties of U that apply on the positive real k
axes. From the asymptotic behaviors of the outgoing
and incoming wave functions of (III, 2.10), it is evident
that, if the Coulomb field is neglected or cut oG, the
following symmetry relations exist for their radial
parts:

0(k*)*=J(k), I(k*)*=0(k).
0(—k) =J(k), I(—k) =0(k). (2.12)

For the generalization of the unitarity property, we
assume the self-adjointness of the Hamiltonian as
expressed in the Green's-theorem relation (1.2). On

putting
4'g„——4'g„(k), +2 ——+2„(k*),

the difference of the energies on the left-hand side
vanisheg a,nd the right-hand side yields thy ma, tying

where (—1)" means (—1)' "+' and rd—esignates
channel r with all components reversed in direction.
These equalities are applicable to the {ns/JM) scheme
as well because in that scheme (—1)"+v=1, which
corresponds to the fact that U is independent of M.
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relation:
U(k) LU(k*)7t= I, (2.13)

which is to be compared with the unitary relation (2.3)
applying on the real energy axis. For the generalization
of the symmetry property (2.9), we follow the same
procedure of (2.5) and (2.6). The relation,

U(k) LU(k*)]*=I, (2.14)

follows if the quantities in (2.4) and (2.5) are considered
as functions of k* rather than k. Equations (2.13) and
(2.14) together give the symmetry property

'

U(k) =transpose U(k). (2.15)

A second symmetry property which involves U(—k)
(and therefore has no analog on the positive real axis)
is obtained by consideration of a wave function of the
form

0„(—k) =a, (—k) —P U.,(—k) 6.(—k)

(2.16)= (—i) o„(k)—p U,„(—k)(—i)s, (k).

3. Connection between the Collision Matrices
of the (eslJM) and (eslvm) Channel

Designation Schemes

The collision matrix that emerges from the theory of
Secs. V and VII refers to the (ns/JM) channel desig-
nation scheme. For the determination of the diBerential
cross sections in Sec. VIII, we need the collision matrix
referring to the (nslvre} scheme. To obtain the con-
nection between the two, we consider the solution
having an incoming wave in only the (ns/JM) channel.
In the external region, this has the form:

~ jM &ast' jjf ~a' s'l' ~ss's'l', ask Oa' ls' jM (3.1a)Jm

which, by substituting the expansions (III.2.20), may
also be written as

+j~—Q, ~ "(sh m
~
JM) d, ),- -—Q

XU;;) „s(jQ;„(s'1'v'm'~ JM)8;(;„(3..1b)

A linear combination of such solutions is also a solution,
and, in particular, the following combination is a
solution:

The factor (—i) of the second equality arises from the
normalization factor in the running waves. A linear
combination of solutions such as (2.16) is also a solution;
in particular the following combination is a solution:

O'„„=Qjjj(slvm~ JM)%'j~
—Q j~; (slum~ JM) (slv" m~ JM) S

Q jjja's'v'm'(slpm
~
JM)

X U. , ~. ..ij(s'l'u'm'i JM) 8;, );„. (3.2)

+,(k) = iP U-„„(k)%,(-k)
(2.17)

=P U„,(k) U.„(—k)e, (k) —P U„„(k)6„(k).

The outgoing waves of (2.17) are the same as those of
the standard expansion

By utilizing the unitary property

Q j~ (sllvm
~
JM) (sir"m"

~
JM) = bvm, ;.m",

this solution reduces to

+vm= 8aslvm P ' ssl' s' vUma' l'sv'm', asvlmea's'l'v'm' (3 3a)

where

%„(k)=a„(k)—P U„,(k) e(k), (2.18) Uss's' l' v'm', Ns l vm Q jM (&1&m
~
JM)

)& U;~, , ~
j(s'1"vm'~ JM) (3.3b)

so that the incoming waves must be the same, indicating
that

is the "ordinary" collision matrix for the (uslvm}
scheme.

U (—k) U (k) = 1. (2.19)
4. Generalized Collision Matrices

By comparing (2.19) with (2.14) one obtains

U( —k) = LU(k*) j*. (2.20)

By considering the R matrix expression for the col-
lision matrix U in the form (1.6) of the next section
with the external functions satisfying the symmetry
properties (2.12) and the associated Wronskian, it is
evident that this special form of U satisfies the above
symmetry properties (2.13), (2.15), and (2.20) in the
complex planes.

To make a complete parallel with the special case
of elastic scattering in Sec. IV, 8, one should describe
the analytic properties of U that are a .consequence of
causality. However, as far as we are aware, the only
attention that has been given to this matter consists in
certain unpublished observations by Van Kampen. "

The collision matrix of subsection 1 gives, by definition, the
coefFicients of the outgoing wave functions 8 in terms of the
coeScients of the incoming wave functions 8. These two types of
wave functions are independent as their Wronksian (III, 4.6c) is
not zero. The derivation of subsection 1 can be carried out using
any arbitrary pairs of independent wave functions, the Wronskians
of which are not zero. These wave functions will be referred to as
generalized incoming and outgoing waves, gt and 6~, respec-
tively. The matrix which gives the coefFicients of the 8t waves in
terms of the coeKcients of the 4ft waves is referred to as the
generalized collision matrix U". The radial parts If, Ot of the
generaHzed waves are related to the original ones by a set of four
quantities:

I, =g,I,+~,O., O. =g.I.+~.O.,t

and the generalized Wronskian is

~.t=O.~'I,~—I,t'O,t=2;(&g.—~.x.).
In the external region the particular solutions are then of the
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(g g 4 U' t g t) (4.3)

By replacing the daggered waves by the undaggered ones using the
relations (4.1), one finds that

~-=~.L(S.~-- U-'~.) ~.- (U-'~.-'~-) ~.j. (4.4)

Defining g, tt, ( as diagonal matrices with elements t„y„ t,
respectively, the linear combination:

ec——Z ((—(Ut)
=Z.(a,)8.—U, g 6.)

is also a solution, where

U = (gU —rt) ($—(U ) ' (4.5)

is the. relation between the generalized U~ and the U of subsection
1. From (4.5), one has the inverse relation

U"= (g+U() '(Up+st). (4.5a)

Although U is symmetrical with respect to channels having the
same Wronskian values, it is evident from the arguments of
subsection 2a that it is only unitary if the Wronskian (4.2) is
pure imaginary and the same for all channels.

a. The Q Matrix

An example of a generalized collision matrix is the Q matrix
(or "reactance matrix"), introduced by Teichmann and Wigner. ~~

The radial external wave functions associated with this matrix
are It=I' and 0"=—G so that the ~nantities of (4.1) and (4.2)
are P=-,'i, q= ——,'i, g= ——,', x= ——,', m =1.According to (4.5)

U= g+'g) (~-'@-I (4.6)

and by substituting F, —G, P', —G', 1 for I, 0, I', 0', m in (1.6a)
of the next section, one obtains

Q= —FG '+y&G '(1—RL') 'Ry&G '
= —&G+g '(G) 'E(&') '—Rj 'y '(G) ' (47)

where
L'= gG'G-'

the second equation is obtained by rearranging and applying the
Wronskian relation (III, 2.12) to the first; it is the formula which
was considered by Teichmann and. Wigner. The procedures of
Sec. IX can be used to obtain level expansions for the Q matrix;
the details and discussions are analogous to those of Sec. IX.
The Q matrix is evidently real and symmetric. In the one-channd
case (4.6) shows that Q=tanb where 8 is the phase shift of Sec.
IV, 9.

The Q matrix gives the coefTicients of the external functions
with radial parts equal to the irregular functions G in terms of
those with radial parts equal to the P functions which are regular
at the origin. Its components therefore provide a measure of the
extent to which the internal nuclear interactions generate the
irregular functions in the external region. In the absence of such
interactions, the Q matrix vanishes, as may be varified by sub-
stituting into (4.'/) the diagonal R matrix of Sec. IV, 3 (with
Vo ——0) which describes free space. The components of the Q
matrix are also related to the components of the interaction
matrix elements which generate the G functions in terms of the P,
in the familiar Green's function method.

b. Th8 R 3EIcfflx

The R matrix itself may be considered as a generalized collision
matrix. The appropriate transformation (4.1) has the coefFicients

(=5~(G+~~)p ',
q= ——,'s(G —gF)p &,

~= —~x~ (G'+iP') p
(48)

y =5~(G'—sP') p~,

the quantities of the external region being evaluated at the

surface S. The values and derivatives of the radial parts of the
8t and 6~ wave functions on S are therefore, from (4.1),

0 Jtr p$. Ot $ gt&

VII. RELATION BETWEEN THE R MATRIX
AND THE COLLISION MATRIX

Equations (V, 2.7) and (V, 2.8) give the connection
between the derivative and the value of the wave
function on the surface S which must hold if the wave
function is to be continuable into the internal region,
The connection between the R matrix and collision
matrix U will now be derived. Since the R matrix

specifies the form of the wave function on the surface
S and the U matrix specifies the form at infinity, the
connection between the two is established by joining
these regions. This process of joining introduces into
the theory reference to the "external" wave functions
like the F and G of Sec. III.

1. Derivation of the Relation

In the extereul region any solution 4 can be expressed
as a sum of the incoming and outgoing waves of (III,
2.19 and 20), the coeflicients of which are y. and x„
respectively, from (VI, 1.1):

+=P,(x.t),+y,S.).
For this expression the surface "value" and "derivative"
quantities of (III, 4.2) are

V,= ( h/ s2M. a)'(e, '*Or,x.+tt. &I.y,),
1.2a

D,= (p,sh'/2M, a,)'(n, *0,'x,+v, . &I,'y, ),

or
I'.= (s&)'(p. iO.x.+p. 'I.y.)
D.= (s&)'(p'O'x. +p:*I'y.)

(1.2b)

Since these must satisfy the fundamental R-matrix
relation (V, 2.'I), one finds, in matrix notation, that

(y—:Ox+yliy) =R[(y'*0'x+p&I'y) —$(t~-&Ox+y 'Iy) j
or

(p '0 —Ry'0")x= —(y &I—Ry&ie')y,

yO" = pO' —$0, yI"= yI' —SI.

The collision matrix U gives, by definition (VI, 1.2),
the outgoing wave coeS.cients in terms of the incoming

By substituting these into (1.6a) of the next section one finds that

U~ = —R. (4.10}

In other words, when 8~ and 8t are defined by (4.1) and (4.8),
the particular solutions having only a single 5 function are
then in the external region of the form

%' ~Z. (8, 8 t+It, 8.t).
By considering this equation and its derivative on the surface 8
and making use of (4.9} it is immediately evident that (4.11) is
consistent with the R-matrix relation (V, 2.7) and constitutes its
continuation into the external region.
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wave coefficients:

x,.= —Q, U, ,y,

or, in matrix notation,

x= —Uy. (1.4)

2. Verification of the Symmetry and Unitanty
Properties of the Collision Matrix

In Sec. VI, 2 we saw that, from very general physical
principles, the collision matrix U must be symmetric
and unitary. The specific form (1.5) satisfies these
requirements. Clearly the symmetry and unitarity
natures of % are equivalent to the same properties
of U.

From the symmetry of R and the fact that

R(l LoR)-i [1 R(L )

By comparing with (1.3), one obtains

Uz = (Op-*' —RzOo'y')-'(Iy-' —Rzio'y&)

=y&O '(1—R~Lo) '(1—R Iio)iy & (1.5)
= aw'a (say).

In these expressions 1 is written for the diagonal unit
matrix and the following three matrices have been
introduced:

L'=L—B; P=Q —B
Wz = @&(1—RzLo)-'(I —RzQo)

1+y &(1—RzLo)-'Rzg&w

=[I—0'(L') 'w3+[@'(L') 'j
X[(L')-'—R~P'[@&(P)-']w. (1.6b)

The matrix W~ is a new quantity. It is often more con-
venient to use than U~ itself. The components of the
"surface" diagonal matrices '@&, L, Q, Q, w were
specified in III, 4; 8 is the real, diagonal boundary
condition matrix whose components are given by
(V, 2.1). The dependence of U and R on total spin and
parity has been indicated in (1.5) and (1.6) by the
superscript J; this superscript will be omitted except
when relevant. Equations (1.5) and (V, 2.8) give the
collision matrix in terms of the real quantities pz„E)„
o.„&„S„I', . Although these quantities depend on the
parameters a, and B., the U matrix, which is a property
of the physical system, must itself be independent of
these parameters.

for the negative- as well as the positive-energy channels,
so that one can eliminate the quantities 9, completely
by replacing them by I.,*.For instance, (1.6a) becomes

W= P'(I —RL')-'(1 —RL'*) P &.

This matrix is of the form

(2 3)

W-+ 1
(2.4)

No signihcance is attached to the unit value of the %
components, which like the 8'+ components are of no
physical interest.

From (2.3) it is evident that

WW*=1. (2.5)

By substituting the "supermatrix" (2.4) into (2.5), one
finds that

W~(w~)*=1,
and that

(w-+) (w~)*+ (w-+)*=0.

(2.6)

Since W++ is symmetrical, (2.6) indicates that it is
also unitary; U++=—(QWQ)++ is also unitary because
the unitary diagonal matrix appears on each side of W:

(W++) (W++)t= (U~) (U++)t= I
Likewise (2.7) leads to

(2.8)

—U is the matrix that, multiplying the vector y which

is composed of the amplitudes of incoming waves, it
gives the corresponding vector x that represents out-
going waves. The U matrix gives the amplitudes of the
positive-energy outgoing wave functions 0.+ and, the
negative-energy exponentially decaying 0, in terms
of the incoming waves I,+ and the negative-energy
unbounded functions I, . As there are no physical
situations in which the I, occur, the components of
the submatrix W+ are not physically significant and
one might as well set them equal to zero as can be seen
from (1.6b). This may be accomplished without

affecting the components of W++ and W + by setting
the negative-energy components of the Wronskian
matrix equal to zero; w, =0. (This means that the
O. and I, are not linearly independent. ) Another con-
sequence is that

(2.2)

it follows that

transpose(W) =1+wg&(1 —RL') 'R@i. (2.1)

(U +)(U~)*+(U +)*=0

3. Two-Channel Collision Matrix

(2.9)

Therefore, W (and U) is symmetrical with respect to
channels having the same values of the Wronskians m, .
In particular, the submatrix %~ corresponding to
positive energy channels is symmetrical since, from
(III, 4.7c), w,+=2; for all such channels.

As to the unitarity of U, it is convenient to examine
the role of negative energy channels a little more closely.

Although the expressions (1.6b) give formally the
components of the collision matrix in terms of those of
the R matrix and the diagonal surface matrices, it is
unsuited for applications involving many channels
because of the difhculty of inverting the matrix
(1—RL'). This diKculty reflects the difficulty of solving
many equations in many unknowns that is implied in
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the fundamental R-matrix relation (V, 2.7). Conversion
of (1.6b) to more practical though equally general
forms is carried out in Secs. IX and X.

For only one or two participating channels, the
matrix inversion is easily eGected. In the one-channel
case the inversion is just ordinary division and (1.6b)
in conjunction with (1.5) gives after some rearranging
the collision function (IV, 1.14). In the case of two
positive-energy channels (1 and 2), the components of
the collision matrix are

%11=1+2ZPl[211 L2 (211822 812 )]8
~22 1+22+2[+22 +I (+11+22 +12 )j1f

~12 ~21 2&~1 ~12~2 d

where d is the determinant

(1 +11~1) (1 +22~2 ) +1 +12 L'2 ~

(3.1)

An exceptional feature of the reaction components 8'12
of (1.28) is that it vanishes between levels for which
the products y), iy), 2 have the same sign. The associated
cross section, being proportional to ~W12~2, also has
this feature. Wigner" has shown that (i) the elastic
scattering cross section does not vanish in general for
any value of the energy, except in the one-channel case;
and (ii) no reaction cross sections in the case of three
or more channels will vanish in general for any value
of the energy. These remark. s apply to the partial cross
section for an individual J value. Even in the two-
channel case the tota/ reaction cross section also does
not vanish in general for any value of the energy,
because the individual contributions would each have
to vanish for the same E and every J.

4. Inclusion of Nonpolarizing Potentials

It is possible to include in the formalism the presence of any
nonpolarizing potentials in the various channels. By assumption

(4) of Sec. II such potentials must not be capable of significantly
exciting or "polarizing" the two separated subsystems.

If there were no nuclear forces between the two systems, the
radial wave function of relative motion would just be the function
Ff defined by (III, 2.11). This function is regular at r=0 and
takes account of the phase shift induced by a Coulomb potential.
In the presence of an extra potential, let us assume that the radial
wave function is f~ corresponding to an extra phase shift 281 then:

ff,=F~ cos0~+G~ sin8~ =sin(p —g log2p —~4-+0.~+g~). (4.1)

The notation f has been selected in analogy with the use of F for
the regular solution in the absence of a nuclear potential. The
irregular solution g& is defined so that it has the asymptotic
behavior

collision matrix, analogous to U of (1.1) and (1.4), which refers
to the system of 0 and i waves; it may be expressed in terms of the
R matrix by means of (1.5b) and (1.6) by merely substituting f
and g for F and G, respectively. The actual collision&matrix'pU
may be found by multiplying the solution in the external region
of the form

~c~c —~c' +cc'oc' (4.4)

n=expi(ye-@),
@=tan '(f/g)
~=p(ff'+I')/(f'+g'),
P =p/(f'+g').

(4.6)

Thus the procedure for including the effect of the external poten-
tials is the same as that of including the Coulomb potential.

As to the evaluation of f and g, these can be determined by
solving the Schroedinger equation directly. When the external
potential is not too large, two integral equation methods may be
used.

The first method applies the Green's-theorem relation to the
functions g and G of the same energy and with the surface inte-
grations performed at the radii r and infinity. This relation is

(gG' —Gg')"= f„P("')g(r")G(r")«", (4 7)

where PPP/2M is the additiona] potential to which g is subject,
and the surface contribution at infinity vanishes because g and
G have the same asymptotic form; the prime denotes di8erenti-
ation with respect to r. Both sides of (4.7) are then divided by
G'(r') and integrated from r to infinity; by noting that

(gG' —Og') dr = —G d (g/O),

the following result is obtained:

d'
g(r) =G(r) 1+f, f PGsdr",

where
P= (g/G)P.

(4.8)

This result is used in Sec. XIII, 1 in the determination of the
behavior of cross sections near thresholds. It also applies to the
other three functions f, i, and o if the appropriate substitutions are
made.

The second method uses a Green's function, and although it
requires knowledge of both F and G for the determination of
either f or g, only a single integration is involved. For the determi-
nation of g the Green's theorem relation with surface integrations
at r and ~ is applied twice, once with the pair g, G and once with
the pair g, F. Considering that g=G and g'=G' at infinity, and
that F'G —O'F =k, these relations reduce to

—k —(Fg' gF'), =f P(r')g(r')—F(r')dr', (49)

by exp'. and comparing the result with (1.1) and (1.4) in which
only a single y.(=1) is nonvanishing: the result is, in matrix
notation, that

U= e+ue+. (4.5)

U is thus given by (1.5) and (1.6) with the f and g substitutions
and with the additional phase 8 in the potential scattering matrix
0:

g~ = —Fg sine~+G~ cosP~ =cos(p —g log2p —&l7f +0~+81). (4.2) —(Gg' gG'), fP—gGdr'= (4.10)

Similarly one can define incoming waves ig and outgoing waves of, ,
analogous to (III, 2.10) and (III, 2.13), which have radial parts

ig,= (G)—iF)) expLi(co& —0&)j=I& exp( —i0&),
(4 3)

o1= (G&+2F&) exp[ i(on 81))=01exp(fg1), — —
respectively. The Wronskians for the sets (f,g} and (i,o} are the
same as those of (F,O} and fI,O}, respectively. Let u denote the

'~ E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 32, 302 (1946).

The first equation is multiplied through by G(r) and the second

by F(r); the difference of the resulting equations is the integral
equation for g(r),

g(r) =G(r)+k ~f G(r,r')P(r')g(r')dr' (4.11)

with the Green's function

G(r,r') =G(r) F (r') —F(r)G(r').



In a similar manner, the integral equation for f(r) is found to bc According to Sclli6'~8 (see pp. 116—119), (1.5) is aII
alternative form of the function which is asymptoticallyI

VIII. RELATIONS BET'V/ZEN THE CROSS SECTIONS
AND THE ELEMENTS OF THE

COLLISION MATRIX

%e now complete the last link in the basic scheme of
the R-matrix theory as described in Sec. II, 1. In Sec.
V we obtained the relation between the I matrix and
the eigenstates I}.In Sec. VII we derived the collision
matrix U in terms of the R matrix and the matrices
I and 0 representing the external interactions. Now
we express the cross sections in terms of the elements
of the collision matrix.

1. Scattering Amylitudes

By substituting (VII, 1.4) into (VII, 1.1), the general
solution of the wave equation can be expressed in the
external region in terms of the unspecified coeScients
y, of the incoming waves:

ga
+asv I e *S/asv

ik (r —s )&

Xezpi(k Z, —lf 1Ogk, (r —Sa) —oeo}

C (8 ) expi(p rf —log2p +sr 0} (1.6)
r k

where

C (8 ) = (4r) '*ll cosec'( —
[ exp —2t'll„ log sin] —

[E2) (2)
This function represents an incident plane wave in the
2' direction of the type O.sv in a Coulomb 6eld, together
with a Coulomb scattered wave, the coeS.eient of
wlllcll Is Ca(8a). Wltll tile cllolcc (1.4)v flic sulll 011 'tllC

right side of (1.3) may also be evaluated, and the
asymptotic form of the particular solution is obtained:

%(geIICIal) ='Q (8ssv Ifs—Usv s Osv)ys.
ix&

(1 1) 4' (particular) 4',„'+—P (21+1)i
a'S'Pr 'm'

Consider now the wave function with the same y„ the
radial parts of which are proportional to the regular
function F, in each channel:

(1 2)

tja'ft'$'y'~', aft)~0 ~ a'll'E'n'sf'', aaluoyft 2$cga&)sk

CXp'l {pa~ rfa~ log 2pev—+0'ev p }
X 7'„«'I (0 .)lf .,„.. {1.'/)

&a' ~a'

Adding 0' to and subtracting it from the right side of
(1.1) gives

+(general) =4'+g (e'~ 8„—U, ,) 6, y„(1.3)

in which explicit reference to the incoming waves has
been eliminated. This solution is now particularized by
an appropriate choice of the y. so that 0" represents an
incident wave of particles of type o., channel spins and
component v, moving along the s axis and disturbed
ollly by tile Coulomb 6cM (If aIly), 't111s cllolcc ls

X lim f, , Ml/. . (1.8)
f'a &~00

The differential cross sections are then by definition
given by

IElrasv, e's'v' j s4 a's'v'asv(fle')
~, lffle' (1.9)

The amplitudes A ... „(0 ) of the outgoing waves
of type o.'s'v' at in6nity, which are associated with the
unit-Aux incident plane wave of type O.sv are defined by
the scalar product

getsvvv asv(Qawf) =raIQa& CXP$(Pav —rfav 1 ogP2e+vSarro}

im&

y =y l.c=—(2&+1)f,
k

(1 4) with the scattering and reaction amplitudes of (1.'/) as

ark

all Otllel's being ZCIO. FrolII file def1111tlons {III, 2 13) ~- "",- (~- )=—(—~- (8«')~- "".- +~ & (»+1)'
and (III, 2.19) and the fact that a

Fo&'& (0)= [(2/+ 1)/4ll]&P l (cos8)

it follows that

+,.'=tl &k„' Q P(23+1)
l

(~al'l
Xe' «~ ~PI(cos8 )ff,.(r,

X[~ '&a's' I' v'vs'as iso Ua,'s' I' v'sv', asl voj &vs (&a') }~

(1.10)
"L.I. Schiff, Qssasslsssss Mechssssics (McGraw-Hill Book Com-

pany, Ine. , New York, 1949).
t If the colliding particles are identical, then either the sym-

metric or antisymmetric "plane waves" of the form

exp~km+exp( —i') and exp /k') —exp( —~km)

must be used, depending upon the nature of the particles and the
symmetry of the P„,„.
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2. Differential Cross Sections

We omit discussion of cross sections involving either
polarized incident particles or measurement of polari-
zation in the reaction products. (For discussion of
polarization cross sections and references see Simon
and Welton" and Biedenharn and Rose~ and Satchler. "
For unpolarized incident and target particles, the cross
section (1;9) may be summed over the v' and averaged
with respect to the v to obtain the diGerential cross
sections for the processes ns—+n's',

do..„.. =(2s+1) '+~A. .. ,...(Q. )~'dQ. . (2.1)
vv'

Likewise, (2.1) may be summed over the s' and averaged
with respect to the s to obtain the differential cross
section for the processes n~'.
do ~ =[(2It+1)(2Is+1)j

X P ~~„...„..„(Q..)~ dQ. .. (2.2)
ss'vv'

where Il and I2 are the spins of the particles of the pair
Q.

To proceed further the representation of U will be
charged from the (nslvm} scheme to the (nslJM}
scheme. Substituting the transformation (VI, 3.3b)
into the amplitude expression (1.10) gives:

A.....,.,„(Q..) =—[—C..(8.)8....„.,.„
k

+i P (2l+1)&(slv0
~
JM) (s'l'v'm'

~
JM)

JM / l'm'

XT. . .sY &'&(Q;)], (2.3)
where

Ta's'l', asl & &a's'L', asl ~ a's'l', asl

In performing the absolute squaring operation, one
introduces the two sets of summing integers

(J Mtl l t'trm} rand (JsM l ls'ssm}s

for the single set of (2.3), and thereby obtains for (2.1)
k'

(2s+1) do.„., dQ. = (2s+1) iC. (8.) i'8. . ..,
+ Q (2it+1)l(2is+1)s(sitv0~ JtMt)

JiJ2M1M2
l1l2ll l2

VV ml m2'

X (sip v0
~
JsMs) (s'it'v'mt'

~
JtM t) (s'ls'v'ms'

~
JsMs)

X (T.s i. ..si, s'&m, ""'(Q.'))
X (T;,i; .,(,s F, &' '& (Q. ))*

(2l+1)&(slvo~ JM) (s'i'v'm'~ JM)
JM/lv
222'VV'

Xs ., „.. .„2Re[iT ~,~
sI„"'&( Q, ) C, (8 )$.

(2.4)
' A. Simon and T. A. Welton, Phys. Rev. 90, 1036 (1953)j 94s

943 (1954); A. Simon, ibid. 92, 1050 (1953).'" G. R. Satchler, Proc. Phys. Soc. (London) A68, 1041 (1955).

The first term may be identified as pure Coulomb scat-
tering, the second as the resonance scattering and reac-
tion, and the last as the interference term from the
first two. Sums in the resonance term may be evaluated
by the procedure described by Blatt and Biedenharn"
and sums in the interference terms by means of the
relation

P (slv0~ JM) (sl'vm'~ JM) =

The result is that

2J+1
ip , (2 5)

2l+1

k'
(2s+1) do. „,dQ. = (2s+1)

i
C .(8 ) i

'5

&~(n's', ns) =4(—)' "
J1J2lll2ll l2

Z(it Jrls Jp, sL)

XZ(l, 'Jtl, 'Js)s'L)(Tasi;, asl, ')(Tas);. as~s ')*. (2.7)

The Z coefficients are related to the Racah coeKcients
8' according to

Z(i~JtlsJp, sL) = (2lt+1)&(2ls+1)&(2Jr+1)&

X (2Js+ 1)'(it/s00
~
LO) W(ltJtipJs,sL) (2.8a)

and to the Z coefFicients of Blatt and Biedenharn,

Z(lt J~lsJs,sL) = s's 's Z(it Jtls JsvsL). (2.8b)

The present result for BI. thus diGers by a factor
'll-l2+ll'-l2'-2L from that of Blatt and Bjedenharn.
This is due to the diGerence of the time-reversal con-
ventions.

In some applications4' it is desirable to separate from
U a diagonal part 9, leaving a generally nondiagonal
remainder I:

(2.8)

The formulas are especially simple if D, like C (8 ), is
not dependent upon J,

Then
Da's'l', asl nasl.J

Da's'l'v'm', ashvp sa's'v'vm', aslvpDasv

(2.9)

(2.10)

By defining a potential scattering quantity as

p, = i Q (2l+1)1(e""—& —D,)) I'p&'~(Q )
l

i(4r) & P—(2l+1)(e ' »' saD~)as~(Psco)s,—a(2.11)
l

the scattering and reaction amplitudes reduce to

&a's'v', asv(Qa') = ( (Ca'(8a')+p ' )&a's' aassvv

k„

+i P (2j+1)1X ~
~ ~„pF ~ '~(Q )}. (2.12)

+—P B (Ins', n)sP (Ico8s. )+(4)7—r&P (2J+1)
7r L Jl

X2 Re[iT„;v,„~sC (8, )P~(cos8. )j, (2.6)
where
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Evidently the differential cross sections of (2.6) are
modified by the substitutions

Cv C+p, T —+ —X.

3. Integrated and Total Cross Sections

(2.13)

Z(lrJrlsJs&s0) =8&rJr, lsJ's( —) ' '(2Jr+1)'* (3.1)

one obtains the well-known result

By the "integrated" cross section for the reactions
nba's', we mean the cross section obtained by inte-
grating the differential cross sections (2.6) over the
solid angle 0 . In this integration only the Bo con-
tribution is nonvanishing. Vsing the relation

one finds for the imaginary part

{I~aefs, aav {0))s, v

=—L(2Ir+1) (2Is+1)] '&v. &mAavv, avv(0)

=(4k ) 'Z 2gJ(1—Re(U', ~, ,i )).
Jel

(4.2)

By comparing (4.2) with {3.3), one obtains the expected relation

{ImA,„„,„(0)),, „=(k j421)0 (tot}. (4.3)

An inequality relating 0.~(tot) to the forward elastic differential
scattering cross section may be deduced from (4.3). This differ-
ential cross section is

~aaa(0)/~na=r(2Ir+1)(2Is+1)] '
XE&.,IA...,.„(0)l + & IA...,.„(0)1']. (4.4)

eI (+s)&

By means of Schwartz' inequality

N N

(Z alibi}'~& (Z uP)(Z bP)

2 (2J+1) I
&- "~,-~'I s (3 2a)

k '(2s+1) &«'

The infinite contribution to the integrated elastic scat-
tering from the Coulomb field has been omitted from
(3.2). The observed cross sections, which do not dis-
tinguish the various s' and which are obtained with
unpolarized incident and target nuclei, are obtained by
adding over s' and averaging over s:

with ei=Im(A, „, ,„{0))and bi=1, it follows that

t (2Ir+1)(2Is+1)] r Z,„(ImA,„,„(0))s
&~t (2Ir+1) '(2Is+1) ' Z., ImAa. .. ,.(0)]'.

It is evident then that

(4.5)

do. (0)/dn &~(k 0 (tot)/471-)'. (4.6)

This is sometimes referred to as %ick's inequality. ~' It is useful
for setting a lower limit to the forward differential elastic scat-
tering cross section from the known value of the total cross section
as it is usually dificult, if not impossible, to measure this dif-
ferential cross section.

&aa' 2 gz ~
2 a's'v, avt

2 J/l'ge'

where gJ is the spin statistical factor defined as

2J'+1
gz=

(2Ir+ 1)(2Is+ 1)

(3.2b)

(3.2c)

IX. FURTHER DEVELOPMENT OF THE RELATION
BETWEEN THE U AND R MATRICES:

EIGENVALUE EXPANSIONS FOR U

In practical applications of the theory, some approxi-
mations have to be made. These are not conveniently
introduced into the theory as it stands at present. For
this reason we outline some alternative presentations of
the theory.

The observed total cross section is obtained by summing
(3.2b) with respect to all possible n' (including n'=n).
From the unitary nature of U, this cross section is

o (tot) = P 2g~ P (1—Re(U, ), ,)s)). (3.3)

4. Relation between Total Cross Section and
Imaginary Part of the Forward

Scattering Amplitude

According to {3.3) the total cross section is related to a sum
of the diagonal components of the collision matrix and their com-
plex conjugates. Since a similar sum appears in the expression for
the imaginary part of the forward elastic scattering amplitude, a
relation between these quantities is expected when there is no
Coulomb field.

According to (2.3) the forward amplitude for Pere elastic
scattering (that is, s=s' as well as a=a.') is given by

A~,„,~,„(0)= ~~k~ ' ZJ~gis{2l+1)&(2l'+1)&
X (slv0~ JIvI) (sl'v0( JM)Ta, ~, a, ~

s (4 1)

since only the I'0(")(0) are nonvanishing, there are no spin-Hip
terms with v'/v. The average of this amplitude with respect to
s and v may readily be obtained by using (2.5) for the v sum, and

I. Real Eigenvalue Expansion for U

The expression for U so far derived, LEq. (VII, 1.5)]
involves inversion of the matrix (I—Ri, ) whose dimen-
sions equal the number of channels. Although this
inversion is trivial if there is only one channel (Sec.
IV, 1) and relatively easy in the two-channel case (Sec.
VII, 3), it is in general impossible to carry out unless
some assumptions are introduced. These inversion and
expansion difhculties reQect the difhculty of solving
many equations in many unknowns as required by the
fundamental matrix relation (V, 2.7). It is often con-
venient to replace the problem of inverting the matrix
(1—Ri,s) by the equivalent problem of inverting
another matrix. As a result of the special form of the
R matrix (V, 2.8), it is possible to transform the matrix
(VII, 1.6) for W from its present form involving the
inversion of a "channel" matrix, the components of
which refer to channels c, to one involving the inversion
of a "level" matrix, the components of which refer to
the proper levels X of the system. In the one-level

n ts, C. Wick, Phys. Rev. 75, 1459 (1949).
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case where only one level is explicitly considered, in-
version of the level matrix is trivial no matter how many
channels are involved. Even when many levels are
involved, some circumstances of practical interest
(Sec. XI) permit a diagonal level approximation to be
made, and the inversion is then trivial. In the absence
of such approximations the level form is not simpler
and may actually be more dificult.

a. Inversion of (1—RLo)

The problem is to transform the problem of inverting
the channel matrix (1—RL') in the expression (VII, 1.6)
for W:

W= 1+pl(1—RLo)-'R@&w

into that of inverting a level matrix. %e begin by
splitting the R matrix into two parts corresponding to
the division of the levels into two groups:

R= R'+R'.

The matrix product (1—RL') 'R becomes

(1—RL') 'R= (1—R'L') 'R'

+(1—R'L') '(1—R'L') 'R'(1 —L'R') ', (1.2)

where I.' is de6ned:

which is satished if for all X, v

(&~—&)A~.—Z. h.A..=~~. (1.10)

By introducing the level matrix A with components
Az„, the symmetrical matrix g, the real diagonal matrix,
e with components Ep„and the unit matrix 1 with con-
ponents 5z„, the set of Eqs. (1.10) may be expressed as
a single level matrix equation

A= (e—E-()-', (1.11)

where the matrix E is the energy E times the unit
matrix. The problem of inverting the channel matrix
(1—R'L') is thus that of inverting the level matrix
(e—~—0).

The quantity appearing in (1.2) to be evaluated is

column vectors: (xX y) (zX~) = (y,z) (x,~). According
to the theorem (Mx, Ny)=(x, (M, Ny)) where M, N
are matrices, the $z„are symmetric in the Xp because
the matrix L' is symmetrical. Eq. (1.7) may be rear-
ranged to read

boA"
g (y~x Ii,) — +»,—Z =0, (1.9)
Xv Eg—E I Eg—E

—RL 1R
L' Lo(l RoLo) (1.3)

The reason for making the split (1.1) is that it may be
. possible to invert (1—R'Lo) where Ro is a part of R.
Then from (1.2) the problem reduces to inverting
(1—R'L') where R' is the remaining part of R.

The inversion procedure is to assume an expansion

(1—R'L')- =1+&„„(~„xy„)A„„, (1.4)

where the vector

y„=L'~„=Lo(1—RoLo)

=[1++„,(~„xy,)A„,][+ (~ x~ )/(& —&)]

(~ x~ ) (~.x~.)&,.A.,
+Z (1.12)

pv) E),—E

By considering the symmetry of g and A, and applying
(1.10) to the v sum, (1.12) immediately reduces to the
desired result,

(1—R'L') 'R'=Q), „(yxxy„)Ax„. (1.13)

By substituting this into (1.2), and into (VII, 1.6), the
real eigenvalue expansion is obtained for the collision
matrix,

W= 1+/&[(l—R'L')-'R'+gg„(e), Xn„)A),„]'Qlw,

(1.14)(1 5)
where

(1—R'L') = 1—Qx(y~x Ii~)/(~), —E):

and the level quantities A„v are presumably to be
functions of the energy. If (1.4) is actually permissible,
the equations for the A„„can be found by multiplying
both sides by

obtaining

(y~X g~)
1—P [I++ (y„x&,)A„„]=1

Ey —E

~~=(l—R'L') 'v~=(L') '5~ (1 13)

It is convenient to separate the matrix g into real
and imaginary parts,

or
(y~x g),)+2 (~.xr.)A..
E),—E

(~~X y,)
h.A"=0

Xt v

(1.7)

(1.16)

the matrix 4 of the real part. being referred to as the
shift matrix and the F of the imaginary part as the
width matrix. They may be determined as follows:
According to (1.15),

where
6v (54Yw)

yg= (1—RoLo)ng,

is a scalar product with respect to channels. The fq„
originates through the application of the theorem for

and, since the y), are real,

(1 RoLo*)
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Therefore,

&.= (~,C.)= ((1-R'L'*) .*, L' .)
(e) e,Loco) —(RoLoee)e Loe )

= e),~, 'e„—e),*, '~ ' 'e„

using the theorem mentioned below (1.8) and the fact
that R' is symmetrical. The second term of (1.1/) is
real so, substituting L'= S'+iP of (III, 4.4) in the first
where Lo=L-S, S'= S—8, one has

e. Probability Integral for the ComPound System

With the expansion (1.4) it is possible to give a simple
expression for the absolute square integral (V, 2.9b)
of the wave function in the internal region when there
is a unit Aux incoming @rave in only a single channel.
If this channel is designated as e (for entrance), the
coeKcients of the derivative quantities of (VII, 1.2b)
which are involved in (V, 2.9b) are

(1.24)

21')„=(ei',pe.) =-', Z. r)„...
I Xp,, c=2~&)sc &pcp

hs„= (e1*, (Lo~RoLo—S')e„).

If R' is diagonal, these simplify to

(1.18a)

(1.18b)

(1.18c) V= —i(2h) s(l—RLo)-'Rst|sa, (1.25a)

D'= —i(2h) sLI+Lo(1 RLo)-iR/gs~ (1 25b)

By substituting these in (VII, 1.2b), and using the
collision matrix expression (VII, 1.6b) with so, =2i, one
obtains

VAth

with

kl'13= 2 Z. ri~,

I Xp, c 2~c QXcgtjtc

~X@,c ~c P) cga, cy

(1.19a)

(1.19b)

The V and Do quantities are now considered as matrices,
rather than as column vectors, with each column re-
ferring to a diferent entrance channel.

Upon substituting the expansions (1.2) and (1.4)
into (1.25b), the derivative matrix becomes

Do —i(2h) SL(l—LoRo)-i

+Q,„A,„(P„)&n„)jgtQ, (1.26)

where 5' and P' are defined by I.'=5'+iP'. Although
the total width matrix components of both (1.18a)
and (1.19a) are expressed as the sum of partial widths,
only in the case of diagonal R' of (1.19b) can the total
shift matrix components be expressed as the sum of
partial level shifts.

the identity [I+Lo(1 RoLo)-iRog (1 LoRo)-i havirig
been used. By considering (1.10) which is satis6ed by
the components of the A matrix and the matrix theorems
mentioned in subsection 1a, the scalar product of the
vector y), and the eth column of the derivative matrix
is found to be

(y)„D,o) = —i(2k) &(Es—E)Q„As„n„g,&Q, (1.2/).
b. One-, Tsoo-, and Three I.eve/ Expansio-ns

Inversion of (1.11) can be carried out without dif-
6culty by means of the usual procedures in the cases
where one, two, and three levels are assigned to the R'
matrix of (VII, 1.6). For this purpose, we introduce the
diagonal level matrix "~e.~sdr=k Tr(AA*r, )

(1.20)e=e—E—g+g',

In view of this relation and the symmetry of the A
matrix, and if we consider R' as energy independent,
the absolute square integral of (V, 2.9b) may be written
as the trace (Tr) of a level matrix,

where (' is the nondiagonal part of ( so that g—g' is
the diagonal part. The results are:

One level

=h Tr
(e+~—E)'+-'r'+-'ir(e+~) —-',i(e+ ~)r

(1.28)

Tsvo levels (1 and 2)

2 = 1/e.

Aii= os/D, Ass= ei/D,

+12 +21 512/D)

D clos $12 ~

Three levels (1, 2, and 3)

D/I 11=osos $23 &
etc—.

D& 12= —$1233—bstss,

&13233 31523 32513 est12 2(12513bs

(1.21)

(1.22)

(1.23)

the components of the level matrices I, d, and I,
being given by (1.18a), (1.18c), and, (1.18b), respec-
tively. For the one-level expansion, this integral is
particularly simple,

(+.~'dr=&1'31, ./HE1+~11 —E)'+sr) 1'j (1 29)

which is valid with the contribution R' from the other
levels included, provided it can be considered as
cons'tant.

An interesting consequence of (1.2'l) that will be
needed later is the expansion of the vrave function 0,
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e.= —i(2h)1 P (a,„n„.P,ill.)X,. (1.30) where

0),= (1—ROLo)-I~), =Z„r&„0.„. (2.6)

Since the L' are energy dependent, the T),„and Il
p, as well as the

6& will be energy dependent,
If the sum in (2.5) were a normal resonance sum, the imaginary

part of By, i.e., ——,'I'y, would be related to the quantities (2P)&@,
in the numerators by: —'oI'x=2, P, ~@,~

.oIt is of interest to see
what the actual relation is. From (2.1) it follows that

TeT"—T(Tt =HTTt, (2 7a)

the complex conjugate of which is

T*eTt —T'EoTt =H'T*T" . (2.7b)

The diagonal components of the first term on the left-hand and
the right-hand side of (2.7a} are, respectively,

(TeT')),x =&, &,12'~.I',

(IITT~*)u,= (~) —~sT'),)&),

If we set R'=0 so R'=R and o.„,=y„„ the expansion
becomes

i—(25)1 P (Ax„y„,P.IQ.)Xx

(1.31)= —ih'Qo Q (Ax„i'„oi)Xx.
)I p,

The corresponding elements of the collision matrix are
found by evaluating the scalar product of N, with f, at
infinity:

V..=—U„=e,fl, P a,„l„.Ir,.l. (1.32)
Xy

This agrees with (1.14). where

for unit incoming Aux in any given channel in the in obtains for the collision matrix the single sum expansion:

ternal region. From (V, 2.3 and 5) and (1.27) it follows (8qX8x)W=lg & (I—RoLo)-'Ro+Z "
&w (2.3)that

a. Indirect Derivation of the Kapur Peierls E-xpansion
from the Real Eigenvalle Expansion

It is we11 known that, if a symmetric matrix like (e—() has
no double characteristic values, the matrix T which transforms
it to diagonal form I is complex orthogonal, so that

H=F —~ro'I =T(e—()T '=T(e —$)Tt, (2.1)

where E and F are real diagonal matrices and where T~ is the
transpose of T. Therefore,

A= T~*(H—R)-IT (2.2)
and from (1.13):

(i—R L)- R =&),(~),X~~)f'(B~—E)
where

)i, c=~v T)l.v Yves

(2 3)

(2.4)

the co&, being complex. By substituting (2,3) into (1.2), and (1.2)
into (VII, 1.6b), using the theorem mentioned below (1.15), one

"A. J. F. Siegert, Phys. Rev. 56, 750 (1939)."J. Humblet, thesis, Roy. soc. des sci. de Liege Ser. 4, 7, No. 4
(1952).

2. Complex Eigenvalue Expansion for U

The expansion (1.14) for the collision matrix is formally ex-
pressed in terms of the real eigenvalues Eg, reduced width ampli-
tudes pz„and boundary conditions B„aswell as the real param-
eters S„P„@,characterizing the external functions on the
surface S. The expansion involves a double sum. It is also possible
to make a siwgle sum, level expansion of the collision matrix. The
Ez and ~, of this expansion are, however, no longer real quan-
tities, and this is the price that is paid for having a single sum
instead of a double one.

We now describe a procedure for the single sum expansion
which starts with the results involving the real Ey and yy, . Then
we describe a simpler and more direct derivation that introduces
at the outset the complex eigenvalues and complex eigenfunctions.
This procedure was adopted by Kapur and Peierls' who gave the
first rigorous derivation of the general resonance formulas. Both
of these derivations give a single sum eigenvalue expansion for U
with eigenvalues By and reduced width amplitudes coy, that
depend on energy E. This dependence is unfortunate from some
points of view and, in subsection 2c, we describe an expansion
with energy independent parameters that was. introduced by
Siegert7' and developed by Humblet. "

where
I'i &~ ~c I'),e, (2.14}

I'Xo = 2Po I eZo ['
Since the F&, are equal to the absolute squares of the vectors
(2P,)&g, of the numerators of (2.5) (the factor 2& arising from
the Wronskian), the above inequality asserts that the total widths
of the denominators are less than or equal to the sums of the
partial widths of the numerators.

b Direct Deri. vation of the Kapur Peierls Expansion-
These results actually constitute a generalization of the Kapur-

Peierls theory in the sense that an arbitrary part of the R matrix
(vis. R) is not transformed. To make a comparison with the
Kapur-Peierls results, we put R =0. This immediately implies
R'=R, L'=L', and u), =8g. The collision matrix of (2.5), then
becomes

W=l+'@& g "
Q&w. (2 15)

We now establish the plausible fact that the same expression for
the collision matrix results from carrying through the R-matrix
theory using complex eigenfunctions and eigenvalues from the
outset. This procedure is the one used by Kapur and Peierls. '
The or)„and Bg of (2.3) correspond to the reduced width ampli-
tudes pp, and eigenvalues Ep of and R-matrix theory with complex
states. Kapur and Peierls introduced complex Xy, Ey, and solu-
tions X),* (more precisely, the time reversed solutions EX),)
belonging to the eigenvalue E),*.These solutions have boundary
conditions 8, and 8,*, respectively, and their reduced widths
are complex. The Green's-theorem relation when applied to Xy

(2»)
By means of (1.17) and (2,6), the diagonal components of the
second term of the left-hand side of (2.7a) is found to be

(T)Tt) = ' Z, P, ~e, ~' (8 *, (—L'"R'L' —S')8 ), (2.11)

the sum over channels and the sca/ar product being both real.
The difference between (2.7a) and (2.7b) gives therefore

oi'~ =)tr~ ' &.P. I ex. I
', (2,12)

while the sum corresponds to

Px Ãx
—if' Z

~
Ty ~o+(8yo (LooRoLo So)8g)] (2 13)

Since
(TT~*}M=&. &) '=1,

and since T is in general complex, it is evident that Sy &~ 1. From
(2.12},it follows that the imaginary parts —,imp of the eigenvalues
Bg satisfy the inequalities
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and its complex conjugate gives then an orthonormality condition
which is J'Xy~Xxdr =syx~, rather than the condition fXg~*Xxdr
=byys of (V, 2.2). An application of a Green's-theorem relation
with %1=%2=% shows that the imaginary parts I'y of the By
satisfy a condition of the form (2.12), in which the @ are the
complex yx and with Xx= J'lXxl'dr Sin. ce J'lX xl'dr~& J'Xx'dr
the inequality (2.14) is satisfie.

Kapur and Peierls choose the complex boundary conditions
parameters 8, to be the energy-dependent logarithmic derivatives
I; corresponding to outgoing waves. As a result, the L {=L—I)
matrix of (1.2) and (1.4) vanishes identically and the double sum
of (1.4), as well as the P matrix of (1.11), also vanishes. The A
matrix is therefore diagonal and the collision matrix of (1.14)
reduces to

W= I+'@& g ~ ~ 'Q&w. (2.15')
-y Ey —E-

Comparison with (2.15) immediately confirms the expected inter-
pretation of the coy, and Hy as the reduced width amplitudes and
eigenvalues of an I-matrix theory with complex states.

Although the expansion (2.15') is much simpler than {1.14), the
dlfficulty of the matrix inversion of (1.11) or of (1.12) ls now
replaced by thc problem of handling the ~, and Ey with their
implicit energy dependence and their complex nature. Any
attempt to remove the energy dependences and make the yy,
and Ey real leads back to the real eigenvalue expansion and the
di6iculty of matrix i~version. For these reasons the real eigenvalue
expansion is preferred, and used as the basis of this review.

c. Expansion of Siegert and BnntNet

A feature of the expansion of Kapur and Peierls is that the
width amplitudes coy, and the eigenvalues Iry are energy de-
pendent, as seen by inspection of either of the direct (2b) or
indirect (2a) derivations. In the former case at a given energy E,
-the complete set of states Xy is defined as satisfying the boundary
conditions for outgoing waves in all channels at the energy E (not
at the state energies By). Thus at two different energies Ei and
E~, the sets of values ~y, and Hy are different. Except in certain
limiting physical situations such as that of discrete resonances,
the dependence of ~y, and Hy upon energy is not at all simple.
One way of avoiding this dependence is to use real energy-
independent boundary conditions (as done here following signer
and Kisenbud). "An other way was suggested by Siegertv' and
investigated by Humlet. v' According to Sicgert one should work
with a set of states Xy which have outgoing waves in all channels,
i.e., the boundary conditions are those of outgoing waves at the
state clergies By, not at some prescribed energy E. These are
usually called "radioactive states. "These states seem to combine
the best of two worlds that they lead to a single sum expansion
for U and, at the same time, the parameters ~, and Hy are energy-
independent. However, these states have certain disadvantages.
They are complex and so the coy, andH y are complex. Further-
more they are not orthogonal in thc internal region, and so the
usual R-'matrix method for deriving the U matrix is not applicabIe.
Nevertheless, one can use the fact that the energies By must be
poles of the collision matrix to develop a Mittag-LefGer series for
the latter. Alternatively we may start by using the results of the
subsection 1. Adopting the latter procedure, we assert that, in
the neighborhood of some real energy E of interest, the matrix
(j.—R'L') 'R' of (1.2} may be assumed to have an expansion of
the form

(1—R'L') 'R'=&&, (ro&, Xrox)/(Px-Z) (2.16)

in terms of complex eigenvalues By and complex "reduced widths"
my. By multiplying (2.16) on the left by the matrix {I—R"L),
it becomes

R'=&x((I—R'L')coxXesx)/(&x —&) (217)
At the complex poles Hy, thc left side is bounded so that the set
of linear homogeneous equations for the a~,

(I—R'(By) L')ay =0 (2.18)

will have nontrivial solutions, the By being the roots of the
associated determination equation

l1—R'(IIx)L'l 0. (2.19)
As the L' in {2.18) and (2.19) are generally energy-dependent,
they must be assumed to be analytically continuable from E to
the complex IIy where they are to be evaluated (this assumption
will be qualified in subsection 2f).

The evaluation of (2.18) in the case where R' has only one level
is of particular interest. By writing it as

L(Hx —Ex)+ (~Xgz)]rex=0, (2.20)

it is evident that it is satisfied with

'fr=y, (2.21a)

Her=Ex —(xx. (2.21b)

By expanding the determinant corresponding to (2.20} in descend-
ing powers of (Hy —Ex), the coefficients of which are the ascending
orders of the principal determinants of the rank-one matrix
(~X)&,), it is readily verified that (2.19) is also satisfied because
all of these determinants of order greater than one vanish.

d. Poles of the Siegert HNnsblet -Expansion

As described in Sec. IV, 8, the work of Schuster and Tiomno29
(and later Van Kampens™) has shown by imposition of a
"causality" condition that the poles of the (one channel) collision
function U(k), where k is thc complex wave number, must lie
either on the imaginary k axis or in the lower half-plane. Those on
the positive imaginary axis corrcspond to the bound states. In
view of the general symmetry condition U(k}=U(—k~)~ de-
scribed in Sec. IV, 8, those in the lower half-plane occur in pairs
symmetrically situated on each side of thc negative imaginary
axis; they correspond to the "resonance" or "radioactively
decaying" states of the system. In the many-channel case also
the po]es of the collision matrix of the R-matrix theory lie either
on the imaginary k axis or in the lower half-plane. This was first
demonstrated by Moshinsky. ~4

In discussing the analytical continuation of the collision feection
U(k} or U(E} it is necessary to consider that U(E) is a two-valued
function because in general U(k) /U( —k). Two energy planes,
or Riemannian sheets, are employed, the first corresponding to
the upper-half k plane and the second to the lower-half k plane.
In discussing the analytical properties of thc collision matrix there
is the additional complication that a separate k plane for each
channel is involved. For simplicity the channels may be enumer-
ated according to their binding energies b, and the energy scale
referred to that of the first channel. The relations between the
complex E and k variables are then

8= (ft'/2M &)krs = (ft'/2') k,'+b,
with 0=51(52+

To show that the poles of the collision matrix (i.e., the poles
By of the expansion (2.16}with R'=0, R'=R, L'=L') satisfy the
'"causality" requirement, one proceeds by forming the scalar
product of (L'ro&,)* with expression (2.18) for the homogeneous
system of equations satisfied by the my at Hy, obtaining

(~ g Lo+~ ) (~ g I0+RL0~ )
=&) (Ex—Ifx) 'l&c~xcLc'vx. l' (222)

Both sides of (2.22) are multiphed by the imaginary part of
Hy(ImHy} and the signs (Sgn} of the resulting equations are
considered. The sign of the right side of (2.22} is equal to
Sgn(ImBy) so that

Sgn(Ima'x) Sgn(Im(rex*, L'*rex)) = (Sgn(ImfIx))'=+. (2.23)

If the components IP ~=S,'—~I', of the Lo matrix are considered
as constants everywhere, then it is evident that Sgn(ImBy) =—

r' M. Moshinsky, Phys. Rev. 91, 984 (1953};Aced. Bras. de
cien 25, No. 4 (1953).
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Sgn (ImLO*) = —Sgn ImHy. (2.25)

The sign equation (2.23) is therefore not satisfied for Hp corre-
sponding to Imki&0 (and likewise to Imk, &0) with the ex-
ception of Bz corresponding to points on the positive imaginary
k~ axis where Imp=0. The poles are therefore confined to this
semiaxis (bound states) and to the lower-half k& plane (radio-
active states).

e. Reduced Widths of the Siegert HNrnblet E-xpansion

Still considering the case R'=0 (i.e, , R'=R, L'=L', we now
wish to give an interpretation of the quantities cog, to parallel that
given for the poles Bp. Equation (2.18) for the cop, does not
specify any normalization of the cop, . On multiplying both sides
of (2.17) on the left with (a~ Xay) L, we have

((o) Xo)),) [(L'R' —I)+Ij
=&„(~&X')((L'—L'R'L') ~„X~„)//(H„—E)

=Z„((L'—L'R'L')o))„(o„)((o),X(o„)/(H„E) (2.26)—

after using the theorems mentioned below (1.8) and (1.15), and
the symmetry property of R'. In the vicinity of Hp one can argue,
using (2.18), that

(~&Xx) (L'R'(B~) —j)= (~yX (R'(Hy) L' —1)~y) =0, (2.27)

and (2.26) therefore reduces to

1= (wy, (L' —L'R(Hy) L') m), )/(Hy —E). (2.28)

The normalization is thus obtained from the derivative of the
matrix in the numerator of (2.28):

1= wy, ——(L')+L'R'—(L')+—(L')R'L'+L' —{R')L' o)), .
dE dE dE dE

(2.29)

R', L', and {d/dE) (L') being evaluated at Hz. By applying (2.18)
once again, the above condition simplifies to

—(L')+L'—(R'(Hy))L' a~ =1.
dE dE

With this normalization condition on the co&, we may now
interpret these quantities. As mentioned in the last subsection,
the poles of the collision matrix correspond to radioactive states,
i.e., states + with outgoing waves in all channels. For such a
state, we have an equation like (V, 2.9b) but with 0" instead of
ig i' thus:

+'dr = D', —{R(H),))D'

where D,' are the quantities defined for (V, 2.6) as D,—B,V„V,
and D, being the value and derivative quantities for the state %.
Since L, is the logarithmic derivative for outgoing waves, it
equals D,/V, when evaluated at)the', ,pole energy P). It follows
that D,'=L,'V„so by putting V, =cop„ the above volume

or that Im(Hy) =0 since Sgn(P, ) =+ for positive energy channels
and P,=O for negative energy channels. In this approximation
the "causality" condition is satisfied, and the poles are either all
on the imaginary k& axis or all in the lower-half k& plane.

Proceeding without approximation, but neglecting the possi-
bility of a Coulomb field, the Green's-theorem relation (V, 1.4)
is applied to an outgoing wave O, (k,) for the complex k, corre-
sponding to an assumed pole at Hz and to the complex conjugate
of O, (k,),

[O*(dO/dr) O(dO—*/dr) j "+(ks k*—s)f ~
0

~

sdr =0. (2.24)

Since O,~expi(kr ——,le) when r is large, it is evident that if
Im k)0 then ~O(r) ~s—+0 and the integral converges as r &~—, in
which case

ImL'(o) = (&Ma/tt') ImfI), )O(o)
~
~f )(Otsdr

and

integral reduces to the second term of the normalization condition
(2.30). Ignoring the other term in (2.30) for the moment, we can
interpret the co&, as the surface values V~, (which are equal to
the reduced width amplitudes yy, ) for the wave function +. The
first term in (2.30) simply corresponds to extending the usual
normalization of states over the internal region to normalization
over all space including the channels. This is evident from the
special case of the Green's-theorem relation with squared, rather
than absolute-squared, wave functions. The integration is ex-
tended from the radius e to a large r, and there are consequently
two terms for (V, 1.5), one from the "surface" at u and the other
from r. -For positive-energy channels and wave functions of the
form O~G+iF, although the integral does not converge, it is
eA'ectively "cutoff" by the surface contribution at r. If the
Coulomb asymptotic phase p log2p of 0 is ignored and if q repre-
sents the remaining constant phase, then by adding and sub-
tracting

d kacy)P~2—(L,o) = {O2(r) g24(p+q ) jd&+L&pi0ca+tp)
dE O2(u)Bg

(2.31)

the convergence of which is evident since, as r~~, G+iF~
exp2i (p+ y}.

f Relatio. ns bettoeen the Expansions of Kapsir Peierl-s and
Siegert-IINmblet

By substituting (2.16) into (1.2), and (1.2) in turn into (VII,
1.6}, an expansion is obtained for the collision matrix which is
identical in form to the Kapur-Peierls expansion (2.5). These
respective expansions are, however, not the same because the ~g,
and Hg of (2.5) differ from those of (2.16). In the former case,
on account of the energy dependence of the matrix g in (2.1), it is
necessary to perform a diagonalization at every energy and, as a
result, the coy, of (2.4), and the By of (2.1) will be energy-de-
pendent. On the other hand, the Hy of (2.10) and coy, of (2.18)
are energy-independent, at least if the L' matrix is considered as
analytic. [Actually this matrix is not wholly analytic because of
the existence of branch points at the thresholds where the
negative-energy channels become positive-energy channels.
Nevertheless the expansion (2.16) should be valid over a limited
energy range where the L' can be considered as analytic; it is
certainly valid to the extent that the components of L' can be
considered as constants plus linear functions of the energy. g

If the dependence of L' on E in the expansion {2.16) is con-
sidered as a parametric one, rather than as a complex-variable
one, then the expansion parameters erg„Bg of (2.3) and (2.16)
must, of course, be the same. This parametric dependence on the
real energy E means that at each real energy E a separate deter-
mination is made of the co&„B&by means of (2.18), (2.19), (2.20),
and that the ~y„By are therefore functions of the real parameter
E. It is worthwhile to demonstrate this equivalence in detail and
to obtain an expression for the components of the complex-
orthogonal matrix T.

By comparing (2.18)

(o(( =R (H„)L'o)„=Z

with {2.4), it is evident that
(5.,o)~)

(2.32)E„—B„'
It is also evident that if. (d/dE) (L') =0, Eq. (2.26) can be written
as

(L'wp„(R(B„)—R(H j,))L'u„)
(~gX~y) =&(~yX~„) B„—Hy

=&lk(agXulk)& TZ T lk (2 33)

esi (sr +rp)dr~ [esi(sv+r—) eri(ka+v)j
a 2'

the individual channel contributions to (2.30) may be written as
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since

R(Z„)—R(Zg) = (Z„—Hg)Z

From this result the components given by (2.32) are those of a
coGlplex 01tllogonRl IQRtx'ix

TT~*=1. (2.34)

By forming the scalar product of (2.18) with g» one obtains

(g.,rex) —& f.s@
'

~ =0(gp, ro) )

Ol'

T(e—$)Tt'=H,
indicating that the matrix T with components given by (2.32)
does indeed diagonalize the level matrix (e—g) of (2.1).

X. CHANNEL ELIMINATION METHOD OF
TEICHMANN AND %IGNER

In the general theory, R.and U are square matrices
whose dimensions equal the total- number of channels,
whether of positive or negative energy. The only
restriction is that no channels corresponding to breakup
into three or more parts are included. It is assumed that
such breakups are not energetically possible, so explicit
reference to such processes can be eliminated by includ-
ing their channels in the "internal" region. The general
formulation is hardly of practical use as it stands, since
there may be hundreds or thousands of channels. This
implies a correspondingly large number of parameters,
i.e.„ the elements of R which are involved in the relation
between U and R, and most of which can never be
determined bccausc of limitations on thc acculacy of
data. Consequently one tries to reduce the numbex of
para, meters in the theory of the number that can be
reasonably determined from the data. Two examples are
the following.

(i) 3feaslrernent of alt cross sections in the energy
region gboNI, aN isoluted resonance. —Each single cross
section corresponds to a positive-energy channel so one
may extract all the widths for these. channels. However,
onc cannot hope to extract any infoxmation about the
negative-energy channels, (except possibly if the
threshold, for such a channel is near). Thus one tries to
remove explicit reference to such channels. The simplest
%'Ry to do this ls to include them 1D the lntcxI1al region~
i.e., to draw their channel surfaces at in6xlity so that
R =R+ = R +=0. Formally there is no objection to
this, An alternative method is that of Teichmann and
Vhgner55 in which one exploits the fact that, at a given
energy, the boundary conditions for negative-energy
channels are known. This latter method is preferable
when one is examining the energy range about the
-threshold of a given channel because it leads to a con-
tinuous treatment through the threshold region. (The
former method must be dropped at the threshold and
a switch made to regarding the channel as a normal free
channel with a finite channel surface. )

(ii) Measgrement of the total and the etastic scattering
cross sections at a fsxed energy for one given channel, ie.

gives c=—nsl.—These measurements can determine only
two parameters. In the 6rst instance, these are simply
the real and imaginary parts of U., As shown by
I'cshbach, Peaslee, and Wcisskopf these can bc trans-
lated into terms of the real and imaginary parts of thc
logarithmic derivative of the radial wave function at
the channel surface: r.=a.. The usual R matrix relates
the values and derivatives on u/l channel surfaces.
Therefore wc wish to 6nd a "reduced" R matrix thaI;
refers to only one channel. This can be done by using
the method of Teichmann and signer, i:.e., the so-called
"channel elimination" method. This enables one to
replace the actual R matrix by a suitable "reduced"
R matrix, whose dimensions are smaller and comparable
with thc number of parRIQctcI's ODc can hope to deter-
mine from any given data. The step of introducing the
reduced R matrix is one of convenience. It does not
introduce any new information in the theory. A
theoretical analysis of a set of empirical values of the
elements of the reduced R matrix, in terms of level
widths and energies p)„and Ez can only be made by
referring back to the actual R matrix. In other words„
"the channel elimination" referred to in the Tcich-
mann-signer method is not a complete elimination,
but only one made for convenience. It is clear that, in
the present example, the presence or absence of certain
open channels mill abject the data in general so that in
any complete theoretical interpretation of the data,
some reference must be made to such channels. Never-
theless, as we see in Sec.XI, 2, under the "random sign"
approximation the relation between the reduced R
matrix and the actual R matrix becomes very simple so
that a given reduced R matrix may be directly inter-
preted in texms of the corresponding yq, and Eq.

1. Reduced R Matrix (%)

a. Definition

Ke are given the general matrix relation (VII, 1.6)
between the collision matrix and the R matrix, and are
interested in a particular nondiagonal element U„of
the collision matrix. This element is conveniently
regarded as one element of the 2&2 matrix

&U„V„&~
gU'. . U, , )

and so, from the relation (VII, 1.6), we wish to extract
Rn expression for this little submatrix which refers only
to the two channels of interest, c and c'. If wc had been
interested in a diagonal clement U„, the corresponding
submatrix would be just U„ itself. It is possible, in a
folmRl ways to cxtx'Rct Rn cxpx'csslon directly fl om
(VII, 1.6), for a required submatrix. This direct pro-
cedure is less useful than an indirect one which intro-
duces a "reduced R matrix" having the same dimen-
sions as the submatrix of interest. The "reduced R
matrix (8) ls essentially lust a convenient ln ter-
mediary between the general relation (VII, 1.6) and
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the small submatrix. One can define its role in a purely
formal mathematical way Lsee below, where (1.5) is
the relation between % and the submatrix, and (1.4) is
the relation between % and R. Eliminating % between
these two leads back to the general relation (VII, 1.6)
for the elements of the submatrix]. However, it is pos-
sible to introduce the reduced R matrix in a more
physical wRy.

To be somewhat more general, suppose we are inter-
ested in an arbitrary number of channels, instead of
just one or two. These channels will be called "retained"
channels, labeled by r, in contrast to the other channels
which are to be eliminated and will be labeled by e. We
Ylow suppose thRt wc have R stR tc of RGalrs vGth
incoming wRvcs ln tlm r chRnnels but imnc ln thc 8
channels. (Note: This need not correspond to any
experimental situation. ) The e channels then contain
only outgoing waves, whereas the other channels
cot'n t es f co g d utgoig e.

With this separation the fundamental R-matrix rela-
tion (V, 2.7) reduces to two submatrix relations,

V,=R„D.'+R„D„0,
V,=R„,D,'+R„,D,'.

The subscripts e and r refer respectively to the groups
of e and r channels, and not to particular channels; the
R„,R„„,and R„are matrices, the last being in general
nonsquarc. Since the |, channels have only 8 waves,
their logarithmic derivatives at the surface S are
known to be those of the outgoing functions 0, so that

L,'= D,'V,—'= D.V —8,=L,—8,. (1.2)

By substltutlng (1.2) IIlto (1.1) Rnd solv111g 'the resulting
matrix expressions, one obtains

%„=R„+R„,L,'(1—R„L,')-'R„,
%„=(1—R.,L,')—'R,„.

(1.4)

%„, is the symmetrical reduced R matrix; it'is real,
only lf thc 8 group contains no posltlvc-cnelgy channels.

b. Relate om to Col&si on Matrix

By the procedure used to arrive at (VII, 1.6b), it is
possible to obtain directly from (1.1) the general
expressions for the collision submatrices; they are

W,„=I++,*'(1—%,„L,') I%„@,Iw„(1.5R)

W„=@,l%,„(1—L,"%,„)-I@„'*w„. (1.5b)

Although the positive-energy part %„,~ of %,„ is
symmetric, it is unitary only if there are no eliminated
posltlvc-energy cllanncls.

c. TraesformatI'oe of Reduced R 3fotrix to o I.eve/ Maori g

As in the deduction of (IX, 1.4), the inverse of the
channel matrix appearing in (1.4) can be expressed in

n),.——(1—R,.'L,') Iy),.
L„'=L,'(1—R.,'L.')-'.

As in Sec. Ix, 1, the components of the symmetrical
level matrix A are obtained from the matrix relation

A= (e—E—Q-I (1.7)

in which the components of the complex, symmetrical
level matrix g= —cL+2IiI are given by the scalar
products with respect to el&mnafed channels only,

6,= (y) .,L.,'y„) (1.8)

in contrast with (IX, 1.8) where. the t channels a,re
included as well. Again the components of the real,
diagonal matrix c are the proper values Eq and the
real, diagonal matrix E is the energy E times the unit
matrix. As in Sec. IX, 1, the defInition (1.8) can be
developed to give expressions like (IX, 1.18) for the
total width (F) and shift (4) matrices,

With the matrix R'=0, Eqs. (1.6) simplify to

%„=QI, (yI,Xy„)&)„,
%-=XI,(yI.Xy,.)&)„.

(1.9a)

(1.9b)

2. Elimination of Negative-Energy Channels

It is often desirable to eliminate explicit reference to
the negative-energy channels as there are apt to be
many of them and they usually have only a slight CGect
on the behavior of the reaction and scattering cross
sections. If this is done, and if there are no positive-
energy e channels, then the reduced R matrix of {1.4)
is real, as is the ordinary R matrix. However, it is in
a much more complicated form. If the components of
the logarithmic derivative matrix L. of (1.4) can be
replaced by constants or linear functions of E (the coef-
6cle11'ts of 'the E tel III belllg RlwRys posl'tive) Rnd
approximate %„„will be obtained which is expansible
in the form (V, 2.8), the yI, and E), of which are inde-
pendent of E though diferent in general from those
which occur in (V, 2.8). This assertion may be verified
by means of the expansion of (1.9a) and may readily
be interpreted in terms of a modification of the nor-
malization used for the yx of (V„2.8).

If the boundary conditions parameters 8, for the
negative-energy channels are chosen to be very close to
the S„sothat the L.'{=S.o= S.—8.) are very small, the
oif-diagonal part g' of the real matrix g of (1.7) (P,=o)
may be considered as small compared with the diagonal
part s= e—8—(+g' and all but the fIrst term of the

terms of the inverse of a level matrix:

%„„=R,„'+R„,'L„'R,„'++I„(MI„)(co„,)AI„(1.6)
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series expansion for (1.7) absorption: 0 (abs) =(T,(tot) —0 (el) = P 0,
n'{gn)

A= e '+e-'g'e '+ (2 1)

may be disregarded; (1.9a) reduces to the single sum

S„=Q),(yi.Xyi,)/(K+&) 1—E) (3 4)

where the 6),), are the diagonal components of the level
shift matrix for the e channels. When S.'=0, 6),),
vanishes and (1.11) reduces to the submatrix R„„of
(V, 2.8). However, the energy dependences of the S.
must be considered. By expanding the S, hnearly with
respect to energy about the energy E of interest, one
obt.alns

where gJ is the spin statistical factor:

(3.5)gs=
(2Ii+1)(2I1+1)

Of these cross sections, the total involves U„only, the
particular reaction involves U„only and the other
two involve, in general, both U„and U„.

(yi,'Xpi, ')

=—2 g~(1—
I
U-'I' — & I

U..'I') (3.3)
kryo «& {a'=rx}

s'l'{gsl}

(2.2) particular reaction: (r„.=—P gz ~
U„,~ ~',

Jslrr

u.

Elimination

of All Reaction(, Chalrsels
7Xr0=

(
dE&

According to results in the appendix and Sec. XII, 3
and 'thc dcanltlon of 'tile yi, , —dkii/dE gives 'tllc

volume integration of the negative-energy channel
wave functions of the external region which join on to
the Xi of the internal region. When ddt»/dE is —added
to the unity term in the denominator of (2.4), a modiaed
normalization of the y),. is obtained which is effective
with respect to the internal region plus the negative-
energy part of the external region. This could have been
inferred immediately from the derivation of Sec. V by
allowing the channel radii of the negative-energy
channels to approach infinity where the wave functions
are vanishingly small. (2.3) is correct to the extent that
the 5, can be approximated by linear functions of the
energy. This approximation, and likewise (2.3), is
therefore invalid through thresholds where 5, has
anomalous behavior (see appendix).

As noted by Feshbach, Peaslee, and Weisskopf, "the
diagonal element U„~ is uniquely determined by f,~, the

(2.4) logarithmic derivative at r,=o, of the wave function
in the channel c zehee there are iecomimg maples iI this
(:haneel only (whether this corresponds to an actual
experimental situation is irrelevant). By definition of
U,.~, the radial wave function is

3. Elimination of Reaction Channels

According to Eqs. (VIII, 3.2 and 3), the experimental
cross sections for bombardment by pairs of unpolarized
particles a are (with c=nsl, (,"=nYl'):

total: o. (tot) =—P 2gJ(1—Re(U„~))
J'8f,

elastic: a.(el) =—P gg
P 2zat

&&(11—U-'I'+ 2 I
U-'I') (3 2)

{a'=a)
sV{gsl)

with the consequence that

(3.6)

(3.7)

or, equivalently, using the formulas of Sec. III, 4,

U,J—(2»(&or.—4 ci
i (3.8)

+sr 2 7krjl » p7yr.
)(p,

(3.10)

Equation (3.9) establishes the connection between our
reduced R matrix and the f function of Feshbach,
Peaslee, and Weisskopf which was used in their dis-
cussion of total cross sections. In the special case when
there are no open reaction channels, A &,„—» (Ei—E) 'l»1„,
R~R and f becomes real.

b E/inmnation o.f Al/ Rea(tioe Channels blf Ore

I.et us denote a typical pair of such channels by c
and c'. Equation (3.6) is now replaced by the pair of

From the definition of f,~ and the definition of S„~
in (1.3) in the case when all reaction channels are
eliminated, it follows that

f J (Q J)-1+jP

From (1.6) with R'=0, 5,„ is the quadratic ex-
pression:
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equations corresponding to incoming waves in both
channels c and c':

N.~=&,—{U„~O,+U„.~O;),
(3.11)I, ~=I, (U—;,~O, +U;,~O,).

Clearly there is no longer the simple relation (3.7)
between U„~ and the logarithmic derivative f,~ in the
channel c. Rather one has the matrix relation (1.5a)
for U in terms of % where U and % are 2)&2 matrices
and % satisfies the value-derivative matrix relation
(1.3):V=SD'. From (1.5a) we have

W.,=1+2iP,LR„—L„'(%„%,, —5„')jd ',

W.;=2iP,&P;&R,;d ' (3.12)

d = (1—L.'R..) (1—L.'R. , )—L.OL N„'. (3.13)

If only the two channels c and c' are open, the Q
matrix is equal to the usual real R matrix and (3.12)
and (3.13) become equivalent to (VII, 3.1).

XI. THE R-MATRIX THEORY APPLIED TO TREAT-
MENT OF AVERAGE CROSS SECTIONS

The considerations so far have been of an exact and
formal nature. Now we begin to make approximations
that are relevant for treating various practical situa-
tions. It is a well-known experimental fact that, with
increasing excitation energy of the total (compound)
system, resonance levels become broader and 'closer

together. There is a continuous transition from sharp,
well-isolated levels in the region just above the lowest
threshold to the so-called "continuum" where levels
overlap so that no structure remains in the cross
sections. Both of the extreme situations of complete
isolation and complete overlap can be described within
the framework of R-matrix theory by appropriate
approximations. This section discusses average cross
sections, mith emphasis on the case of overlapping
levels; the next section discusses isolated levels. The
intermediate case of partial overlap of levels, will not
be discussed. Attention is drawn to certain formulas
(2.18) that appear to hold in both extreme situations
and can therefore may be plausibly assumed to hold in
the intermediate case.

Two types of approximation have been suggested for
treating large numbers of levels. Both lead to cross-
section expressions having the form of a product of two
factors, one for the bombarding channel, the other for
the breakup channel. Such expressions evidently imply
the property of independence of formation and decay
that is the essential feature of the Bohr picture of the
compound nucleus. The difkrence between the two
RpploxllllR'tloIls 18 'tllR't oIle (due to Newtoll Rnd

Teichmann) implies that this property holds at all
discrete energies whereas the other (due to Bethe)
implies that the property only holds oe the aerage
over energy intervals containing large numbers of levels,

The former approximation involves some very strong
correlations between elements of the R matrix, i.e.,
betmecn the y)„. For instance, if we think of a cross
section containing contributions from two isolated
levels represented by Breit-Wigner formulas, the
demand of independence of formation and decay at all
energies implies that the ratios of the widths for the
various channels must be the same for both levels. In
fact, the requirement of independence of formation and
decay at all energies is far too stringent and leads to
strange predictions.

The other approximation (due to Bethe) is based on
an assumption that is almost the opposite of Newton's.
Bethe's assumption is that the signs of the width am-
plitudes yq, are random. This assumption results in
formulas for average cross sections which exhibit
features expected of reactions proceeding by the Bohr
compound nucleus mechanism. The cross-section ex-
pression for R given reaction n—+n' proceeding through
states t.f given spin and parity has the form of a product
of two factors, actually the so-called "transmission
factors" one for n and one for o,', thereby expressing
independence of formation and decay. When one sums
over spins and parities, this independence no longer
applies, a point which does not appear to be generally
appreciated. The independence of formation and decay,
and also the isotropy of outgoing groups for many final
states, are only expected to be exhibited by observed
cross secti.ons if a very speci6c property of level densities
ls Rssumcd.

In subsection 3, we show that the "transmission
factors" are expressible in terms of the "strength
function" whose form is not given by R-matrix theory
and is, to that extent, arbitrary. There is a degree of
freedom in the cross-section formulas. As mentioned in
Sec. I, this freedom corresponds to the various "models"
for the probability of compound nucleus formation. In
most published applications of the theory, as reviewed
by Blatt and %eisskopf, "this freedom was not appre-
ciated and the transmission factors and strength func-
tion mere fixed as those of the "strong absorption"
model, This model is based on the assumption of inevi-
table compound nucleus formation in collisions and was
used without question until the exposure of its failings
by Feshbach, Porter, and WeisskopP who replaced it
by their "moderate absorption" model. This does not
RutomRticRlly mean thRt Rll RnRlyscs previously made
mith the strong coupling model are useless. This mould
indeed be a pity because of the great labor that has
gone into such work. For instance, all the fits of con-
tinuous spectra from reactions in terms of Maxwellian
distributions and nuclear temperatures presupposed the
strong absorption model. Fortunately it appears that
such its are not dhreclly impaired by the change to the
"moderate coupling" model because the main factor
in such fits is the level density law (as a function of
excitation energy), the transmission factors playing
only a secondary role. However, as is now well known,



R —MATRIX THEORY OF NUCLEAR REACTIONS 303

the fits to spectra may be seriously disturbed by the
presence of "direct reactions" in certain circumstances.
In subsection 6, we see that the direct reaction mechan-
ism owes its existence ultimately to the "moderate
absorption" model (which implies a mild breakdown in
the assumption of random signs for the yl„). To this
extent, we may say that the change to the moderate
absorption model may iedhrectly impair some of the
existing fits of spectra made with the strong absorption
model.

1. Consequences of Newton's Assumption"
of Strong Correlations between the y)„

If the R matrix is of low rank, say, one, two, or
three, Teichmann4' has shown that it is straightforward
to obtain the exact expressions for the collision matrix.
That the R matrix has a low rank means essentially
that it can be put in the form

R=P x;)&x;/t;,

where the sum extends to i = 1, 2, 3 if the rank is 1, 2, 3,
respectively. These forms are similar to those of the
1, 2, 3 level R-matrix expansions of Sec. IX, 1. The
collision matrices for the 1, 2, 3 level expansions of Sec.
IX, 1 give the collision matrix for (1.1) if the yq are
replaced by the x; and the (E—El,) by the t;. The forms
(1.1) also apply if the 7l„are factorizable into groups
of levels i in the manner

where
r=p r.
r.=2P,b,2.

D P2lEq
t =—tanI

L, Di
(1.5)

With this expression for t, the average cross sections
are easily found from (VIII, 3.2) to be

t 4r.rss~
& -&=—~ g I2 Jsls'l' i r2 )

This form of reaction cross section is unusual because it
vanishes between each pair of resonances where t(E)
becomes inanite. (As mentioned in Sec. VII, 3 Wigner
showed that when there are three or more open channels
no reaction cross section vanishes irl, genera/ for any
value of the energy. ) Moreover, the reaction cross
sections all have the same type of energy variation and
dier only in their relative amplitudes. Thus the relative
decay probabilities are independent of the energy and
of the formation mode; in fact, Newton" arrived at the
form (1.4a) by requiring that the cross sections have
this characteristic. Teichmann showed that these cross
sections may readily be averaged if u),'= 1 for all X and
if the levels are uniformly spaced by an amount D, in
which case

PX ic= G)2.itic. (1.2) 1+
42D) E 2DJ

In each group i the arrangement of the relative signs
and magnitudes of the various channels c is the same
for all levels X; of the group (to within an over-all factor
which is determined by the level factor a~~). The yl„.s
of one group are, however, not correlated in any way
with those of the other groups. Thus the lower the
rank of R, the more highly correlated are the pz, . With
this form, one has x;,=b;, and

)' E),—E
(1.3)

The cases of rank 2 and rank 3 and the corresponding
cross sections have been discussed by Teichmann. We
con6ne ourselves to the rank 1 case for which the col-
lision matrix has the one-level form,

(1 6)
(

t4r, r, y
&~-&=—Z gsI

P 2 J'sls'll 0 r2 j (1.7)

The total absorption cross section is obtained by sum-
ming over n'(&n):

where c=—esl, c'—=o.'s'l'. By choosing the 8, equal to 5,
evaluated at the particular energy of interest, the level
shift will vanish at that energy and will be negligible
in the vicinity of it. Therefore, in the region of over-
lapping levels where (2rr/2D)»1, (1.6) simplifies to

22(P:b XP:b)
%=1+ (1.4a)

t+6 1'——
2

and the reaction cross sections are proportional to

where we have dropped the term in (r,/r)' as small.
Let us now consider raising the bombarding energy to
the point where many partial l waves contribute. Since
the cutoff in l occurs at 1 ku))1, if we assume that
(I',/r) is independent of s, l and j

(tea)2+ 'r2-
7' T. D. Newton, Can. J. Phys. 30, 53 (i952).

(1 4b) t'4r. q
&~ (abs) &=~ll'I Er)
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If there are many channels for absorption so that
r&&r, the absorption cross section becomes much less
than the geometrical cross section ~a' found experi-
mentally and it does not seem likely that this is a con-
sequence of the special assumptions made in connection
with (1.5). For this reason the form (1.4) does not
provide an adequate description of the compound
nucleus even though it does satisfy the requirement of
independence of formation and decay. This tendency
for the absorptions to vanish is evidently due to de-
structive interference of the various contributing levels
caused by the extreme correlations of the signs of the
y)„. Such destructive interference is also evident in
the results obtained by Kalckar, Oppenheimer, and
Serber" as well as Bohr, Peierls, and Placzek. "In the
following subsection a more suitable form of the collision
matrix for the compound nucleus is derived. This does
not lead to destructive interference in the absorption
cross section, and implies independence of formation
and decay oe the average.

2. Consequences of Bethe's Assumption of
Random Signs of the y)„

a. R-3IIatrix Description of the Original Treatment

Bethe' and, later Bethe and Placzek' derived an ex-
pression for the averages of reaction cross sections
which is valid even if the levels overlap, provided that
each of the average partial level widths (Fi,) is smaller
than the mean spacing D. This derivation is based on
the assumption that the signs of matrix elements for
the formation and decay of the various intermediate
nuclear states are uncorrelated, and the result thereby
obtained shows that the excited nucleus decays on the
average with probabilities which are independent of the
formation mode, and that the average total absorption
cross sections will tend to be of the order of magnitude
of the nuclear area, in conformity with experiment.
Although the concept of a collision matrix had not been
introduced at the time of Bethe's work, the form of this
matrix can be inferred from his equations. The purpose
of this section is to derive Bethe s result using R-matrix
theory and to show that, in this theory, the signs of the
y)„ for the states of the compound nucleus must be
considered as uncorrelated.

The set of Kqs. (IX, 2.18) and (IX, 2.19) for the
determination of the parameters of the collision matrix
can be solved approximately in the case of uncorrelated
signs and overlapping levels by the standard pertur-
bation theory procedures such as those reviewed by
Morse and Feshbach. "However, for simplicity we use
a less rigorous procedure.

With the assumption of random signs for the y)„ the
nondiagonal components of the $ matrix given by

Kalckar, Oppenheimer, and Serber, Phys. Rev. 52, 273 (1937).
Bohr, Peierls, and Placzek, Nature 144, 200 (1939).

7' P. M. Morse and H. Feshbach 3Eethods of Theoretica/ I'byes
iMcGraw-Hill Book Company, Inc. , New York, 19531.

(IX, 1.8) will be smaller in absolute magnitude than the
diagonal components and one can make an expansion
of the matrix expression for A given by (IX, 1.11) in a
power series about the diagonal part a=e —E—(+('
whose components are ei=Ei+6, E —(i/2—) I'i where
(' is the nondiagonal part of g. Thus

A=a '+e '('e '+
and therefore from (IX, 1.7) with Re=0

(2.1)

the components of which are

L(I RI o)
—iR]

PXcPXc"

yacc"pic'

+i p P."Q j . (2.2b)
C" X Qy P (gX)

times the contribution from the first sum of (2.2b). Qy
replacing this p sum by an integration, it may readily
be estimated as

The contribution from the channel cmay be determined in
a similar manner. The magnitude of the contribution from
the c and c' channels together is thus (m/D)(I'i„+I'i, )
times that from the first sum of (2.2a) or (2.2b). In
the consideration of the contribution (2) from the
remaining channels, no two of the same y), appear
multiplied together. Since the signs of these are pre-
sumed to be uncorrelated, the most-probable value of
this contribution is zero; its root-mean-square mag-
nitude may be estimated as follows. The rms magnitude
of the contribution to the components of (' from the
remaining channels may be estimated as equal to ~r(I'z),

For simplicity we have set 8,=5, so that the level shift
matrix may (temporarily) be disregarded, and the
expressions given by (IX, 1.16) and (IX, 1.18) for the
resulting components of g' have been used to arrive at
(2.2b) and (2.2a). We now determine the conditions for
the validity of the approximation (2.3) below for the
collision matrix which is obtained by neglecting all but
the first term of (2.2a or b). The sum over the channels
c" of (2.2b) is considered in two parts: (1) the con-
tributions from the channels c and e'; (2) the contribu-
tions from the remaining channels. If the p='A terms
are added to the p sum of (2.2b), which is permissible
if the total level widths are much larger than the
spacings, the contribution from the channel c' is ob-
served to be

2+pc'
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the average magnitude of the diagonal components of (,
divided by the square root of the number of open
channels c"/c, c', this number being approximately
equal to (Fz)/(Fz, ), the average being with respect. to
both X and c".The magnitude of the contribution from
the p sum of 1/e„, individual terms having random
signs, may be estimated as (2~/D(F&, )) '*. The rms mag-
nitude of the contribution to the second sum of (2.2b)
from these channels is thus estimated as the channel
average of (m.(F&,")/D) i times the 6rst sum. A necessary
condition for the validity of the approximation

y),Xy)
W=l+2iP& P

z

&),-&--I')
2

(2.3)

is therefore that all of the ratios s(Fq, ")/2D must be
much less than unity, as imposed by the contribution
(1).The third and higher terms of the expansion (2.2b)
are proportional to the square and higher powers of
these ratios. If the level shifts 6), are included in the
denominators of (2.3), the ratios vr(hq;. )/D must also
be less than unity. Equation (2.3) is the many-level
approximation to the collision matrix which is valid
in general when the total level widths are much less
than their spacings. This result corresponds to the
equality condition of the relation (IX, 2.14).

With c=—esl, t,"'=—o, 's'1', the reaction cross sections
obtained from (2.3) are

0 au
k 2 Jsts'V

I c+Xc+Ittc Y) c'+pc'I c'
X

(
] E~—E—-F~ I( &,—~+-F.

/)&" 2")

(2.4)

the sums being restricted to levels within the interval
8 For each leve. l in the X sum there will be about (F&,)/D
levels contributing from the p sum and thus about
h(F&, )/D' pairs altogether. In view of the random nature
of the yq, signs, the contribution from the terms with
X~p will be proportional to the square root of this
number of pairs in contrast with the number 5/D of
contributions from the positive definite terms with
X=p, . The -e'ross-product ternis may. .therefore .be. ne-'

Following the procedure indicated by Bethe, ' averages
of these with respect to an energy interval 8, which is
large compared with the total widths, are found to be

kr
&a-)=—2 g~

$ ~ Js)s'l'

I cf c'vhc'Ypc'Pic'vpc'(Fx+Fjc)X- Z . . . (2.5)
(E —E„)'+-,'(F +I'„)'

glected so that

where

fT~T ~q

2 Zsls'l' (Q T~li~)
err

2~(F)„~)
g J—

(2.6)

(2.7)

When the bombarding energy is greater than the barrier
height, the penetration factors I'~ ka, and the strong-
coupling theory (see subsection 4) suggests that the
ratios ((y~.2)/D) (s.Ea) ' where It 1&&10 "cm is a
wave number characteristic of nucleon motion within
the nucleus. Under these conditions the transmission
factor is T,= (4h/E), which is o'f the order of magnitude
unity at moderate and high energies, and the summing
procedure leading to (1.8) indicates that the total
absorption is of the order of magnitude of the nuclear
area. However, when T, is of the order unity, the ratio
s(Fq, )/2D is also of this order, and the expansion (2.3)
is not valid. Transmission factors calculated from (2.6)
can exceed unity for high energies (that is if 4h exceeds
E) in violation of the requirement that the collision
matrix be unitary. Subsection 2b is devoted to an
alternative procedure which avoids these diKculties by
dealing with an expansion similar to (2.2b) except for
the nonappearance of the objectionable contributions
from the c and c' channels in the g' matrix. This avoid-
ance is accomplished by means of the channel elimina-
tion procedure of Sec. X. The result obtained is similar
to (2.6) though valid under the less restrictive condi-
tion, imposed by the channel contribution (2) above,
that the mean with respect to channels c of the (Fq,) be
less than D; the transmission factors that are obtained
cannot exceed unity and are of the form proposed by
Weisskopf. '4

b. Improved Treatrneut Using the Reduced R Matrix

If the signs of the yg,. are uncorrelated, the arguments
used to justify the approximation (2.3) may also be
used'7 to justify the approximation

Z

&),+
2

(2.9)

are quantities similar to Weisskopf's transmission
factors. " From the form of (2.6) the decay of the
compound nucleus is on the average independent of the
formation mode, for each pair given spin J and parity
(but not when summed over J).By summing over decay
channels n', the total absorption cross section is
obtained.

(2 g)
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to (X, 1.9a), the widths r),' and shifts t1q' of this ex-
pression being the diagonal components of the total
width and shift matrices for the eliminated channels.
However, (2.9) is valid under the less restrictive condi-
tion that the means with respect to X and c of the partial
level widths and shifts for the eliminated channels be
less than the spacings, because the contributions to the
second sum from the channels c, c' have been eliminated
in the expansion corresponding to (2.2b) for the com-
ponents of %„.

When the F), are much larger than the spacings D,
it is permissible to replace the individual widths and
shifts in (2.9) by suitable averages with respect to an
energy interval of size comparable to the (r),)

Both F and D are expected to be mildly energy-de-
pendent because of the presence of the energy-de-
pendent factors P and 5 in the individual contributing
terms and of possible systematic long-range variations
of the reduced widths of the eliminated channels. This
approximation is reasonable because it is not expected
that the individual level widths and shifts will deviate
significantly from one another, and the results obtained
are usually not sensitive to the actual values of F and A.
We also apply (2.10) in those circumstances where the
F), are narrow or comparable to D by allowing the F
and 6 to vary in an appropriate manner from level to
level.

Approximations (2.9) and (2.10) together lead to the
interesting result that the various components of the
reduced R matrix at the energy E can be obtained
approximately by simply evaluating the components
of the ordinary R matrix at the complex energy
h=E —S+ (i/2)r:

@-(E)=R-(&) (2.11)

This result is particularly useful because the latter
components are analytical functions of the complex
energy». As discussed in Sec. IV, 6 the diagonal com-
ponents of the R matrix are meromorphic functions,
the imaginary parts of which are non-negative on the
upper half-plane and nonpositive on the lower; their
poles Eq are con6ned to the real axis and have negative
residues —yq'. In this connection frequent reference is
made to the pole strength function s, for channel c,
defined as the sum of the p),.' per unit energy interval
of the E~, averaged- with respect to an interval of
appropriate length.

For the determination of a particular diagonal com-
ponent of the collision matrix, one eliminates explicit
reference to all but the channel referred to by that
component, while for the determination of a particular
nondiagonal component, one eliminates explicit refer-
ence to all but the two channels referred to by that
component.

Di agonal Contponents If there is only.—one r channel,

the collision matrix given by (X, 1.5a) becomes the
collision function (X, 3.8), which, on using (X, 3.9) has
the form

(1—%(E)I.'*)
U' —e2«(or g)

~

E 1—%(E)I.') (2.12)

By introduction of Wigner s statistical R function,
R' (see Sec. IV, 4)

R'(h) =P— (2.13)

it is possible to develop a useful representation for the
approximation (2.11) which is expected to be rather
accurate whether the level width is small or large
compared with the mean level spacing D. The E.'
function has the following property. In an energy
interval I containing the energy E of interest and of a
length such that D«I«s(ds/dE) ' where s(E) is the
strength of E in the vicinity of E, the poles Eq, and
residues —y),' of E.' are equal to those of R, whereas
outside of I they maintain the same statistical dis-
tributions as within and thus will in general di8er from
those of R which may evidence long-range fluctuations.
The strength s of E' is thus everywhere equal to the
strength s(E) of R at the energy E. It has therefore
the useful property of approaching Ars(E) when evalu-
ated at a complex energy whose imaginary part is large
compared with D, as is evident by replacing the sum
over levels in (2.13) by an integration for the evaluation.
It is convenient to introduce the "complex smoothed R
function, "denoted by R and dehned by

R(h) =R(h) —R'(8)+its(E). (2.14)

Since the terms X of E. and R' that occur inside I are
the same, only those terms from outside of I will con-
tribute to R. The sums over these outside terms can be
replaced by integrals:

to the last equation to obtain

s(E')dE' t s'(E')dE'
R(&)= " —

l~ + .(E).
) E —h

Since s'(E') is a constant, the second term equals

s(E') p s'(E')dE'
&(h) = dE' — ' +i~s(E)

( -r) &'—» r

where ( ~ I) denotes the r—ange of all energies exclud-
ing the interval I, and where s'(E') is the strength
function for E.' which, by the definition of R', is a
constant everywhere equal to s(E). From this last fact,
we may add

s(E')dE' p s'(E')dE'
=—0

«I E' g «I &r)
E' —b
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is the negative of the actual potential scattering phase
shift. For example, in the collisions of slow neutrons
with nuclei, the potential term appearing in elastic
scattering is found to be modified by a factor [1—R (E)j
by which the radius is multiplied.

For convenience, we list the various R functions and
their properties:

R fnnclion= R—(8) =P

mrs(E) and cancels the third so that

s(E')dE'
R(8)= i

J( )
g~ —b

(2.15a)

In other words, the complex smoothed R function R
is the Stieltjes transform of s; clearly we have that, in
the lunit when ~, F&&r {dr/dE) ', i.e., when

I
8—E

&(s (ds/dE)
r s(E')dE' jV~

Re[R(8)J Pr =R(E) (2 15b) R d d Rf Q(E) f {
Im[R(8)j~~~(E) (2.15c)

&(E)=Z
where "Pr" signi6es "principal part of." The R(E)
de6ned by (2.15b) is called the "real smoothed" R
function. Here R(E) is not equal to the limiting value
of R(8) when 8~E, but is only the real part of this
limit. We now apply this discussion to the special
situations F»D and F&&D.

(i) F»D. In this case, as mentioned above (2.14)
we may use the property of E' that, for F&&D:

R'(8) =its(E)

to deduce from (2.11) and (2.14) that

&(E)=R(8)=R(8)

4,+~~'—E—-F~'
2

and, from (2.11), when F)&D:

%(E)=R(8)=P
jv~ g

Statistical R function= R'(8)—is de6ned. to have the
same yy' and Ey as E inside an interval I, and to have
the same statistical distributions of y),' and S~ outside
I. R' has the property, for F»D:

R'(8) =burrs(E).

From (2.12), the collision function is then

(1—R(8)L'*q

&1-R(8)r.o) ' (2.16a)

Reduced statistical R flnction= 5'[E)—has the same
form as %(E) above, except that the terms X outside
the interval I are replaced by terms X' such that the
y), ' and E), have the same statistical distribution as
those of terms ) inside I.

the bar having been placed over U to indicate that
%(E) has been replaced by R(8) This funct. ion mani-
fests no resonances and is essentially constant in the
interval I.

(ii) F«D. In this case we have from (2.15c):
Im[R(8)j= ns(E), so from (2.14) R(8) = R(E)+R'{8),
the term R(E) representing the net contribution to
R{8) from the levels putside of I. If g' is de6ned as
having the same relation to % as R' has to R:

|1 g'(E)L, '@y

, I&1-R'(E)l. )
I.'=I.'(1 R(E)I.') '—

( R(E)P y

&1—R(E)S&

(2.16b)

then R(E)—%'(E)=R(8)—R'(8) =R(E), and the
collision function (2.12) for this case is conveniently
rewritten

Complex smoothed R fnnction= R(8) is de6n—ed as (2.14)

R(8)=R(8) R'(8)+k—rs(E),

and this can be shown to equal (2.15a):

s(E')dE'
R(8) =

"() E' 8—
Real smoothed RfUnction= R(E) is de—fined as

s(E')dE'

J,„, E E.
As yet we have assumed nothing about the relative
magnitudes of F and s(ds/dE) '. If we assume that
F(&s(ds/dE) ' (which is reasonable for most situations
since the latter magnitude is expected to be &1 Mev—see subsection 4), then we may use (2.15b) and
(2.15c) to deduce from (2.11) and (2.14) that

R(E) =R'(8)+R(E).

In the case (i) where F&)D, this becomes

$(E') =mrs(E)+B(E).
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1Vortdiagoital components .—For evaluation of the cc'

nondiagonal component of U, one can eliminate explicit
reference to all but the c and c' channels by introducing
the reduced R matrix with components Q.„R... %, .
into the expression (X, 1.5) for the collision matrix.
By inverting the two-channel matrix (1—Q„„l-„o)as in

(X, 3.12) one finds the nondiagonal component of the
8'„„matrix to be

where
W„.=2iP,*'R„.P, 'd ',

d = (1—&,'R..) (1—L.'R. .)—L.'S..'I-,';
(2 17)

the approximations (2.9) may be used for the various
g components, the Fi and t4 now including contri-
butions from the partial widths and shifts of all but
the c and c' channels.

(i) When F»D, we may use (2.11).It can be shown

by means of Rademacher's theorem that
I
R„ I'

averaged with respect to all possible choices of the
random signs of the yi, is equal to s.s. (2n.D/F), which

is negligible compared with the product

%,.%..=R.(h)R;(8)

by (2.19) except that the R,(h) of (2.19) is replaced by
R, (E). In fact, neither of these di8erences between
(2.18a) and (2.18b) is significant; clearly the replace-
ment of t'ai,

' and Fi' by hz and Fi in (2.18a) is allowed
by the condition F))D. Furthermore, the replacement
of the ai„of (2.18b) by those of (2.19) is permissible
since 1—1..'R. (h) 1 I..'R—.(E) when F«D. Thus we
conclude that (2.18b) with nz, given by (2.19) is valid
when F((D and when F))D. One would also presume
it to be reasonably accurate when F D although in
that case one may refer directly to (2.17).

From consideration of the term 1.R, (h) in ni„ it is
apparent that, as expected, (2.18) differs from (2.3)
when the magnitudes (I'i,.)/D and (hi, &/D approach
unity.

This form of the collision matrix may violate the
relation (IX, 2.14), although to order of the channel
mean of the ratios (Fi,&/D, which necessarily must be
small. This slight defect is readily amended by con-
sidering the partial widths and shifts which contribute
to the respective totals to be

(2.2O)

therefore may be replaced by

W„=2iP.& Q—

where

(2.18a)

rather than 2P,p)„' and —S,'&z,'. The equality alter-
native of (IX, 2.14) is then satisfied. Finally although
the nondiagonal components of 8" have been expressed
in the expansion form (IX, 2.5) the diagonal com-
ponents have not. No particular significance is attrib-
uted to this departure other than that it does appear to
make W unitary.

ai, ——(1—L.'R, (h))
—'y)„ (2.19)

%.,(R) = QXc+Xc

+R..(h)

ui, is defined by this equation like the ni, of (IX, 1.15)
except that R' in the latter is replaced here by R(8).

(ii) When F«D, at a given level X, we may put

3. Average Cross Sections

(a) Aoerage Total Cross Section

From (X, 3.1), the average total cross section fpr
bombardment with unpolarized particles n is (with
c=—est)

Bi+~i'—R—-F).'
2

(o (tot)) =—Q 2gs(1 —Re((U„s&)).
k 'J~&

(3 1)

(and similarly for%, , ) and

QXc YXc'
As in (X, 3.2 and 3), this cross section is composed pf

two parts, the experimental average elastic scattering
and absorption cross sections:

Ra+~i' —R—-Fi'
2

thereby assuming as in (i) that the contribution from
other levels to g„.is much smaller than the contribu-
tipn R„(h) to g„. Insertion of these expressions in

(2.17) gives, after a little rearrangement,

W„=2iP. '*Q

K+~~—R—-Fi
2

(2.18b)
(-( b)&=—Zg

k 2Jsl

s'l'{ gsl)
{a'=a)

where the 6), and F), now imctlde the contributions from Evidently the average total cross section is determined

channels c and c', and the 0.)„are the same as defined by the average of the diagonal elements of the collision
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matrix. In contrast, the averages of the experimental
elastic scattering and absorption cross sections (3.2)
and (3.3) involve other quantities like (I U I').

Feshbach, Porter, and Keisskopf" pointed out that
there are two ways of splitting the average total cross
section (3.1) into two parts. One is the spht correspond-
ing to experiment described by (3.2) and (3.3). The
second way is more meaningful theoretically and is the
split into the so-called "shape elastic" and "compound
nucleus formation" cross sections which are deprlod by

-(s e.)=—,2 asl1 —(U-') I' (3 4)

(3.5)

=—,2 gs(&I U-'I'&-
I &U-') I'+

k~2»1 ~'l'(/sl)
(3 P)

Freidman and %eisskopf' have discussed the inter-
pretation of (3.4) and (3.5) from the point of view of
the temporal development of a reaction. They point
out that (3.4) is just the cross section for the elastic
pulse that appears as soon as the incident pulse reaches
the target nucleus. The cross section (3.5) corresponds
to the delayed pulse arising from the d.ecay of the
compound nucleus. This latter cross section may contain
an elastic component, vis. o (c.e.) of (3.7), but this
is incoherent with the former cross section as a result
of the time delay.

Since all of the poles of the collision function are
situated. in the lower half of the complex energy plane,
with the exception of those on the real axis associated
with bound states, the path of integration involved in
the averaging of U may be displaced, without crossing
poles, far enough upward so that R' becomes essentially
equal to Ars(E), and therefore R=R according to
(2.14). If the average is with respect to an energy
interval I such that D«I«s(ds/dE) ', it may be
presumed that the contributions from the connecting
sides of the contour electively cancel and that 8 is
nearly constant on the displaced path, in which case

(3.g)

Clearly the sum of these two identically equals the
average total cross section:

o, (s.e.)+o (c.n.)=(o,(tot))=(o (el))+(o (abs)). (3.6)

The two splits are, in general, diferent and one speaks
of the diGerence between the average experimental
elastic and the shape elastic cross sections as the
"compound-elastic" cross section:

o (c.e.)

=(o (el))—o.(s.e.) =o (c.n.)—(o (abs))

the quantity U being given by (2.15a). The interval I
must also be small enough so that the external functions
5, E, and p may be considered as constants. It is then
evident that (o (tot)), (o. (s.e.)), and (a, (c.n.)& are
obtained by simply substituting U for (U) in (3.1),
(3.4), and (3.5).

No such simple result of a general nature can be ob-
tained for the quantity (I Ul') which also appears in
(3.2), (3.3), and (3.7), because its poles are situated in
both halves of the 8 plane. However, by assuming that
the y),' of R' are all equal and the levels Et, uniformly
spaced by an amount D so that

R'=~s tan(s. S/D), (3.9)

then it is not di6icult to include the residues of the
poles of

I
Ul' in the contour used to derive (3.8). The

result is that

(1—I&U&l') '=(1—&IUI')) '+(1—~ ') ' (3 1o)

I' being the total width for absorption. If we ignore the
nondiagonal terms in U, „it follows that

1—res
&o.(abs)) =—P gz I I (3.11a)

k ' s 1 E1—ros+rosT, s)

rosT, s
&~-( . .))=—Z g I I (3.«b)

k ' s«(1 ros+rosT, s]—
(3.12)

is the transmission factor in the form proposed by
%eisskopf. This result was obtained in a somewhat
dlGerent manner by Snowden and Whitehead.

According to (3.11) the relative probabilities of
compound elastic scattering and absorption are ~T and
(1—ro), respectively. The following interpretation of
these probabilities was suggested by Porter. "According
to Weisskopfsr a period (2xh/D) may be attributed to
the compound nucleus. Since the decay rate for absorp-
tion is (I'/Ir), the probability for absorption in this
period 18 (1—ro) willie tlla't of 110 absorpt1011 1s ro. At the
end of each period the system is presumed to be in a
con6guration for decay into the entrance channel from
which it was formed, and the probability for pene-
tration through this channel is the transmission factor
T, a quantity which by dednstxon cannot exceed un'. ty.
Therefore, the chance of the occurrence of compound.
elastic scattering in one period is roT. The periodic
motion of the compound nucleus is repeated until there
is decay either one way or the other.

79 S. C. Sno~den and %. D. Whitehead, Phys. Rev. 94, 2M7
(2954).

8~ C. E. Porter (private communication).
SI V. F. Weisskopf, Helv. Phys. Acta 23, 287 (2950); Science

113, 202 (2952).
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Both the detailed calculation by means of (3.9) and
the interpretation involving the attribution of a period
to the compound nucleus depend upon the assumption
of a uniform level spacing. This assumption may be
questioned because the alternative view that the be-
havior of the compound nucleus is "chaotic" would
imply that as in the familiar one-level resonance
formula the relative probabilities for these decays are F
for the entrance channel and the corresponding trans-
mission factor 2m.I'(D for absorption. In this case, the
probability for compound elastic scattering is relatively
larger than coT, especially when co&(1 or equivalently
2v.t'(D»1. This alternative view may correspond to
something like a random distribution for the level
spacings. Unfortunately there is scant experimental
information regarding this distribution, and the true
behavior may lie anywhere between these extremes.

(3.13)

where the transmission factors T,~ are defined by

2v-(I')„/)
&.~=—&a.i'= (3.14)

(b) Average Cross Sections for Particular Reactiorts

The average cross sections are obtained from (2.18)
in the same manner as (2.6) was obtained from (2.3).
+le have, from (2.18) with (2.20):

nucleus formation was 6rst shown by VVeisskopf3 on
the basis of the principle of detailed balance.

The evaluation of the transmission factors has been
surveyed by Blatt and Weisskopf'4 for the case when
the strength function s, is chosen in accord with the
"strong absorption" model (see subsection 4). For the
"moderate absorption" (complex potential) model,
some evaluations have been made by Oleska. "

We now discuss angular distributions. The cross
section (3.13) does Not exhibit independence of forma-
tion and decay. In other words, it is not simply a product
of two factors, one for the formation mode and one for
the decay mode. The presence of the sum over J
prevents one writing (3.13) as such a product, and this
reQects the fact that the compound nucleus cannot
quite lose memory of the formation mode, i.e., it must
"remember" the total spin J and parity. Of course, each
separate term of (3.13) does exhibit independence of
formation and decay.

In spite of this, there is a certain special situation
when (3.13) can be resolved into a product. Let us

suppose that the cross section cr ~ is averaged not
only over compound states but also over residual states
u corresponding to the energy of emission being in a
small region dE about E . Let us further suppose that
for all residual pairs n" one particle of the pairs o."
(say ni") has no excited states and is therefore always
in the ground state with spin I~~", in contrast the
nuc1ei n2", the "residual" nuclei, may be left in any of
a very large number of spin states I~2". This average
cross section may be written, from (3.13) as

and {I'q,) is determined from (2.20) as

(3.15)
2'..i'(Qr 2';g;esp (e. ))

It follows from the definition of the strength function
s, below (2.11) that the transmission factor T,/ may
be written

~//tt//g //)/l

~ q~//m

J' gll /
a~~g~~a~~(~~ p~" (e~")de~»

(3.18)

(3.16)

On using (2.15b) and (2.16a), it is apparent that this
factor is identical with the one defined above in (3.12).
In other words [(v/tt ')gs]T,/ is the contribution from

spin J and channel c to the compound nucleus forma-
tion cross section by unpolarized pairs n as defined by
(3.5): e +E +t/ =E* (3.19)

where we now understand n' and o." to label just the
residual nuclei and not particular states of them. The
spins I 2" and I~2' have been abbreviated to I" and

I, and the new quantities t. ", e ~ are excitation energies
of the residual nuclei n", o,'. For instance, e ' is such
that its sum with E, the emission kinetic energy, and
the binding energy b of the pair e' in the ground state,
makes the excitation E~ of the compund nucleus:

T./=
I
—g/ I o. (c/. )n 1t) The maximum value of e ~ is evidently achieved when

E =0.
where o../ denotes the part of (3.5) from spin J and
channel c. This simple but important result that the
factors T,/ occurring in the reaction cross section (3.13)
are proportional to the cross sections for compound

(3.20)

We now make a very specific assumption, that the

"S. Oleska, Phys. Rev. 101, 1034 (1956).
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dependence of the level density p„~"of residual nucleus
e" on I" is the following:

p- "(/--) = (2I"+1)p" (~--) (3 21)

where p (e ~ ), without the superscript I", is inde-
pendent of J".It is a pity that this assumption has to
be made to derive the results below because the various
theories of level densities suggest that this form is only
appropriate for low values of I". (In particular', a
number of authors have shown that the dependence onI" is of the form (2I"+1)expL —(I"+-',)'/2o'], where
r is a dispersion coeKcient. 8loch83 has shown that,
in a light nucleus, the second factor is significantly less
than unity for I"as low as 3 and excitations less than
12 Mev. ) Nevertheless it appears that (3.21) is essential
as can be seen on trying to perform the sum over I"
in the denominator of (3.18). For fixed I+i" and s" we
have

Q (2I"+1)= (2s"+1)(2I i"+1). (3.22)

Where the sum is over all I",that can satisfy the vector
relation: I"+I i"=s". For summands other than
(2I"+1) one cannot, in general, write the sum in a
closed algebraic form and this is why (3.21) is so vital.

Assuming that T -z „;i-/ is the same (say T z „i-/)
for all s" satisfying the vector relation s"+I"=J and
zero otherwise, we have

P (2s"+1)T.-z.."-i-/
s//

= T "z "i-/(2l"+1)(2J+1). (3.23)

This assumption is expected to be approximately correct
but not exactly. (For instance in the case of nucleon
channels, the known existence of a nucleon spin-orbit
force means that the strength function s. for such
channels depends on s and J to some extent. This
implies that the transmission factors also depend on s
and J.) With (3.23), Eq. (3.18) now reads

(o, )dE = Qg/—
k~2 Jal

(»- +1)T-. '(Z (»'+1)T-'z- i')p- ( -)
~ en/fPb

(2I~i"+1)(2l +1) Ta"za«l"p «(t «)d&««
//l//

XdE.'. (3.24)

When dealing with speci6c 6nal states n', the sums over
l and l' are not independent but rather are connected
by the need to preserve spin J and parity. In the present
case however, the fact that residual states of all spinsJ' and both parities are assumed to participate means
that the sum over l' is not restricted by 6xing l and J.
Thus, if the transmission factors are assumed not to
depend on J if J satisfies s+I= J, and to be zero other-

83 C. Bloch, Phys. Rev. 93, 1094 (1954).

wise, one can perform the sums over the values of J and
s allowed by s+l= J, I i+I 2= a:

2 2 g/=1 (3.25)

to obtain

(o..)dE. =o.(c.n.)

(2I i+1)o (c.n.)k 'p .(e )dEX—

P (2I i+1) o "(c.n.)k, 'p "(e -)dc-
a//

(3.26)

where o (c.n.) is the form taken on by (3.5) under the
assumption that is independent of s and J:

o.(c.n.)=—P (2l+1)T.i.
k ' l

(3.27)

The form (3.26) for the average reaction cross section
is often quoted in the literature. It has the form of a
product, and so implies independence of formation and
decay. However (3.26) is based on two assumptions,
one of which (transmission factors do not depend on
s, J) is only approximately true, while the other
(p'~ (2I+1)) may be badly violated in practice. The
previous form (3.18) is not based on these assumptions
so that it is desirable to use this in preference to (3.26)
if circumstances and information permit.

The general expression for the angular distribution
of the products of a nuclear reaction is given by Eq.
(VIII, 2.6):

where Br. is given by the expression (VIII, 2.7).
I'his expression contains a sum the individual terms

of which are proportional to the absolute squares of
components of the collision matrix, in addition to sums
of terms which are proportional to the real part of the
product of one component and the complex conjugate
of another, that is, cross-product terms. The random
sign approximation corresponds to the omission of all
but the sum of terms proportional to the absolute
squares of the collision matrix components. Thus, as
indicated by (2.18) in the statistical-theory approxima-
tion, the retained terms are proportional to factors such
as ~R:,/~' whereas the omitted ones are proportional
to factors such as Ec&c&' 1Ec2c2' 2* which are effectively
zero when averaged over an energy interval much
larger than the level spacing. In this situation 8~
becomes

I3 (n'E„s',ns) =-'(—)' "P Z(lJlJ, sL)

XZ(l'Jl'J, s'L)
j Ue z 8 lai/~' (3.29,).

d'o .=t k '(2Ii+1)(2I2+1)j—'

Br,(n E&&s &ns)P/(cosg&r)dE+idQ, i (3.28)
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The often-quoted result that the distributions of
reactions through the compound nucleus have back™
and-front symmetry is already apparent at this stage.
It is a consequence of the fact that the Z functions of
(3.29) vanish unless L is even (since, from (VIII, 2.8a),
the Z function contains the factor (//00

~
Lo) which has

this property).
To derive the result that the, distributions are iso-

troplc~ lt Rppcars necessary to make both of thc
assumptions made in connection with (3.26). As said
before, this is a pity because assumption (3.21) in
particular, ls not thought to have R olde 1ange of valldlty.
With (3.21) the differential cross section per unit
solid angle and unit interval of excitation energies 8 ~

IQRy bc cxprcssc(i Rs

d'~- =LA.'(2II+1)(2Is+1)j '

X P {PBi,(a'E;s'P, es/)I'I, (cos8 ))

From Eqs. (3.8) and (2.16a) with (2.15), the vital
quantity determining average total cross sections is the
pole strength function s. Similarly, from (3.16) and
(3.13) this quantity is also decisive for evaluating
RvcrRgc I'cRctlon cross scctlons.

Discussions of average total cross sections that have
been given in the literature are not framed in terms of
the pole strength function but, rather, are based on
certain phenomenological models. These theories give
prescriptions for an "effective" logarithmic derivative
(f, say) of the wave function at the nuclear surface as
R flliictioII of cIici'gy. This f is dcfiIied to bc slicli tliRt
its use in the relation (X, 3.8) gives the userags collision
function:

f(E)—J/=LE(h)j '. {4.2)

X(2I'+1)p (E.)dE i/Q . (3.30)
By coiiipRI'illg 'tliis cquRtioil with. (2.16R) Rnd lising the

Evaluation of the sums is performed as follows. For the re»tion (3 8) 't «llows th«
pI'oduct of tlM cocKcients, %'e Dlay Usc

Z(/J/JsL)Z(P JPJs'L) = (—) (2/+1) (2P+1) (2J+1)'

x (//00i I.o) (ppoo i I)p(z, +1)(—)-'-"-'

XW'(P JXs,s'/) W{//'/P, XL) (3.31).

The sum of the right side of (3.31) can be simplified if
it is assumed that

~
U. .~ ~' is independent of I' and s'.

Then wc CRn usc thc 1'clatlons

This ls Rn Important cquRtlon %hlch enables Us to
relate any phenomenological model to our E;matrix
(resonance level) theory on the basis of the condition
that the two give the same average total cross section.
From (2.15b and c) we deduce that, provided

I"&(s(ds/dE) '

(which is satisfied in most situations of interest):

Z (2I'+1)= {2J-I+1)(»'+1)

Q (2s'+1) (2/+1) W'(P JXs,s'/) = 1.

f(E) 8= {R(E—)+sirs(E) } '

so that the strength function is related to f by
3.33

(43)

Finally, on using
s(E)=—ImL f(E)—8j-' (4.4)

( )"(//00(00){P/00)00)=W(//// Xo) (3.34) d h l h d E f
'

l d f b

the sum over X may then be performed by multiplying
(3,31) by

(4 5)

1 = (—)'W(//'//', W)/(//00 i 00) (/'/'00
i
00) If a model is sufi'Iciently specific to predict f(E) as

Rn Rnalytlc function foI' Rll E, then such a fUnctlon must
obey, for Rny 8„ the relation:

g (2K+1)W(/P/P, )0)W(/P/P, XL) =/lie. (3.35)

It follows that I.=O and that the product distributions
are isotropic, as originally shovrn by Kolfcnstein and
by Hauser Rnd Feshbach~ for the case of inelastic
neutron scattering. The reaction cross section, vrhcn
integrated over angle, agrees with (3.26).

"W. Hauser and H. Feshhaeh, Phys, Rev. 87, 365 {19M);
L'. %olfenstcIa, , ibad'. .82, 690 (1951).

—ImL f(E') —8$-I

«Lf(E)—~j '=
i

dE' (4.6)

that is implied by the relation (2.15b) between R(E)
and s(E). Usually however a proposed model only
specifies f(E) is a limited energy range, in which case
{4.6) can be satisfied by assuming appropriate behavior
foI' f outside tile IRilge.
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a. The "Strong AbsorPtiorl" Mod@ of Feshbaeh,
Peaslee, and Weisshopf"

This phenomenological theory for average cross
sections is based on the idea that a/I incident particles
crossing the surface of a target nucleus lose energy in
collisions and are thereby absorbed. " If we suppose
that, just inside the target, the incident particles have
wave number E then for any given orbital angular
momentum /&Ee, we have, dropping subscripts l .

(4.7)

which ls the boundRry coDdltion for 1ncoming wRves.
Choosing 8=0, it follows from (4.4) and (4.5) that

(IIEa) ' —(E&—b)
(4.9)

0 (E&—b)

2ME'= (E+V).
k

(4.10)

Here V is a mean potential energy of order 30 Mev,
and E is the wave number corresponding to motion of
the incident particle in this potential. (This form
(4.9) evidently satisfies the Wigner-Teichmann rule":
XIVI. = co I e., J- "s(E)dE=~.) The Stieltjes trans-
form (2.15a), of (4.9) is

[f(E)] '=R(h)

s(E)=; R(E)=0.
%EC

(4 8)

( h' y x—iy [1 (1+x)'+y'—ln
&2Ma'J (V—b)& l2II (1—x)'+y'

The strong absorption model is applied to the energy
region 0&E 30 Mev where E signifies incident energy.
In other words, the relations (4.7) and (4.8) are only
to be applied in this limited energy region, and nothing
ls said of 'tllc foIIII of s(E) 111 tllc I'cgiolls E(0, E+30
Mev. This means that the expressions (4.8) for s and
R(E) can be quite consistent with the relation (2.15b).

Although the strong absorption model makes no
spccif'Ication about s(E) in the region E(0, one can
argue that s= (IIXa) ' in this region also from the fact
that s(E) is a function that is smooth and continuous
through the region E 0 (since the quantities {yI') and
D are not affected by the states X being bound or free).
Furthermore, if 5 is the binding energy of the ground
state of the compound nucleus, we can argue that s(E)
is zero beyond E&—b. If we accept these assertions,
Rnd provided from E ls- elthel constRnt or not vely
strongly energy dependent, it follows that, as a result
of (2.15b) we cannot consistently retain the relation
R{E)=0 in the region 0&E(30 Mev. For instance
near E=O, the contribution to the integral form of
Ro in (2.15b) from the range —b(E&0 is over-
compensated by that from the range 0&E&30 Mev,
leaving a net positive value for R(E). Whatever con-
tribution comes from the region E&30 Mev can only
make R(E) larger [since such a contribution must be
positive as a result of the positive dehnite nature of
s(E)].

Thus, although the relation (4.'7) is free from objec-
tion as long as it and {4.8) are only held to apply in a
restricted range, this is no longer true when one makes
plausible extrapolations of s(E). Consequently it is of
interest to enquire what form emerges for f if one
starts from a form for s{E) that is specified for most
energies.

1 t' y $ 1 (+i 1.——tan-Ij
)
—tan-I(

(1+*)
(-,'(V—b)y &

x=
~ ( [(EP+-I,rI)&+8]&
~a +-,'r')
f'-', (V—b) ~

&

I
[(R'+-'.r')' —&]'

Ea+-,Irs)
(4.11)

b. "Moderate Absorption" ("Comp/ex. Poterltial") Model
of Peshbach, Porter, arid WeisshoPf"

For the phenomenological treatment of average
nucleon cross sections, the strong absorption model has
been superceded by the more successful "moderate
absorption" or complex potential model. This is based

the inverse tangents being evaluated in the first quad-
rant. The absorption width I' is generally much less
than the characteristic potential energy V, so that the
above expression may be accurately approximated by

[f(E)] '= L R(&)

II&+ (V b)' i-
= (mÃa)-' log + . (4.12)

H& (V b)& Ea——

ID typlcRl cRses the reR1 Rnd imaglDaly pRlts of this
transform are of about the same magnitude. In this
theory the potential scattering is not given by the
hard-sphere formula but by that which is obtained from
the phase shift —p' of (2.16b). Just as the usual strong
coupling theory corresponds to a surface wave function
N~e "as IInpllcd by (4.7) ) so tllc I'cviscd tllcol'y col'I'c-

sponds to the form e e(~' '~&" with the damping co-
eScient of about the same magnitude as E.
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on the idea that incident particles inside a target
nucleus electively move in a complex potential well
—(V(r)+iW(r)) with V, W) 0. The real attractive
potential —V simply refracts incident nucleons while
the presence of the imaginary term —iS" implies
"absorption" of nucleons. According to the physical
interpretation of the model (which does not concern us
here so is not discussed in detail), the absorption is not
regarded as loss of Aux from the entrance channel, but
as absorption of the incident particle into a compound
nucleus, which may eventually re-emit the particle
into the entrance channel. Put otherwise, the absorp-
tion potential is not associated necessarily with the
reaction cross sections; in fact, one can still apply the
model, without modification, to the energy region where
only elastic scattering is energetically possible.

For simplicity, we consider that U and S' are rec-
tangular wells of equal radius a (but differe'nt depth).
The wave function inside such a square complex well is

where

l~q
e=P(E„) sin~ I „

2)

2M
It = (E+V+iW),

ji2

(4.13)

the approximation holding for /&Eu. The logarithmic
derivative corresponding to (4.13) is, setting a =J a

pF )'(lJ,) ( 4.)f= ~scot~ p—~.

P~(~) E 2 )
(4.14)

where the E„are the energies of single particle levels
of the real potential U that are determined by the
boundary condition 8= —t.

From (4.2) it follows that the corresponding B is

h'/3''
E(&)=Z —=Z, . , (4 16)

u E„—E—iW E„'—8—iS"

where E„'=E„+6,W'=W —I'/2 and, from (4.4) and
(4.5), we have

W'(5'/Ma')
»s(E) =Q

n (E~' E)'+W"—
(4.17)

(E„'—E) (h'/M a')
R(E)=P

(E,'—E)'+W"

Of course, 6 and F are small compared with the other
magnitudes like S" and so they can be put equal to
zero in (4.17) and (4.18), i.e., E~'=E„,W'= W.

From the discussion of Sec. IV, 3, this function can be
written, on replacing E by E+iW as

(k'/Ma')
(f+i) '=2 (4.15)

u E„—E—iS"

(f+i) '=Z
u E„—E—iW„

(4.1g)

where f, y„', E„,and W„all depend upon a. The differ-

ence between (4.15) and (4.18) is that, in the latter,
y~' and W„depend on p. In particular, if r =a is chosen
far enough outside the edge of the well, the values of
p„' for the lowest orbits p are very small, so these
orbits contribute very little to the sum. In this case, the

If V and W are constant, (4.15) expresses the loga-
rithmic derivative at the edge of the potential well for
all energies from —00 to ~. It is automatic that (2.15b)
and (4.6) are satis6ed since the function 8 of (4.16)
is an E function (ei» , t.hat of a potential well). Alterna-
tively, if Kqs. (4.14) to (4.17) are only to be applied in
a limited range like 0&E&30 Mev, there is also no
problem of consistency with (2.15b) even if V and W
are allowed to vary with energy because behavior
outside the range can be found to satisfy (2.15b).

A little study of (4.16) and (4.17a and b) shows that
these relations between the complex potential model
and R-matrix theory are not quite as satisfactory as they
at first appear. In fact, these relations are really not
valid, as exemplifmd by the fact that s(E), as given by
(4.17a) does not vanish for energies E( b. To u—nder-
stand this paradoxical situation, we must investigate
more carefully the connection between the function
(4.15) of the square potential well model and the R
function of R-matrix theory.

We consider the latter, and recall from Secs. II and
III that one of the basic assumptions of R-matrix
theory is that the surfaces S, at which the strength
functions are defined must be large enough so that
there is negligible overlap between the two separating
systems. For instance, in the case of a neutron channel,
when a neutron and the residual nucleus are separated

by distance r=a, there must be negligible probability
of any neutrons of the residual nucleus also being at
r=a; otherwise the basic orthogonality relation (III,
2.2) is not correct. Now let us suppose that the actual
nuclear system is describable as a system of neutrons
(and protons) moving in a square potential well. Since

many neutrons may be found simultaneously at the
edge of the well, it follows that the interaction radius
of the R-matrix theory must be taken some way outside
the edge of the dwell. In other words, it is not possible to
even define the strength function in terms of a surface
taken at the edge of the well. It can only be defined in
terms of a surface taken at least as far outside the well

edge as the reciprocal of the external wave number for
the lightest bound nucleons, i.e., the order of 1 to
2&10 "cm. Consequently, to relate the potential well

model to the strength function of R-matrix theory, we

must form the function (f+1) ', not at the edge of the
well as in (4.16), but further out. We may always
assume an expansion of (f+1 ') at any given radial
distance r =a:
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imaginary part of (4.18) drops essentially to zero for
energies less than E —b. This is, of course, just the
proper feature of the strength function. Thus in con-
trast to (4.16), the (f+1) function of (4.18) can sensibly
be identi6ed with the function R(B) characteristizing
the R-matrix (fine structure) approach.

The paradox associated with (4.16) and (4.17) would
not have appeared so strongly if the well had been
chosen to have sloping sides. If f is evaluated at the
edge of such a well, the y~' for the lower P orbits are
already small, as required, because of the exponential
attenuation of wave functions in the sloping region.

Finally we comment on the effect on the strength
function of including a spin-orbit coupling term U(r)1 e
with the potential —(V+iW). In the absence of such
a term, the strength function for any channel c=—nsl,
and total spin J is given by the s(Z) of (4.17) and is the
same for all s, J consistent with s+1= J. In the pres-
ence of a spin-orbit term, it is convenient to define new
reduced width amplitudes y) |, ;l,~~ in which the coup-
ling sequence: I i+I 2

——s, 1+a= J, is replaced by
I i+1= j, I 2+j= J (where we assume ni to be a
nucleon so that I i ——2e). With the aid of a little Racah
algebra, it can be shown that

its successes. One"" accepts the broad presumption of
the complex potential model that the nucleus aGects
incident particles like a classical optical sphere affects
light. Kith this presumption one can estimate values
for V and 8' in terms of observed properties of nucleon-
nucleon scattering, the essential relation being, for
V&&$', E:

2'
V+~W =hop —f(0))k„

(5.1)

where the average is over all relative wave numbers k„
of the incident nucleon and the target nucleons, and
f(0) is the forward scattering amplitude for nucleon-
nucleon scattering, v is the velocity of the incident par-
ticles inside the target and p is the density of target
nucleons. A second approach, due to Bloch," is alto-
gether more fundamental in that it does not use the
optical analogy. It begins with the fact that the em-
pirical success of the complex potential model provides
one with a certain empirical form for the smoothed 8
function, namely the form (4.16). Then it attempts to
derive this form from a theory of nuclear structure.

From (2.14), since R'(8) is s(E) when the imaginary
part of 8»D, it follows that, for such an h:

'Yi& .i&
= 2 U(21 2~182)»& ~1 d

j'-l+$
(4.19)

(5.2)
From the properties of the U function Lwhich is de-
fined as (2s+1)&(2j+1)1 times the W function) it
follows that, as expected,

2 bi(-t)'3'=2 L»~-Jr-.&'j' (4 20)

In the presence of a spin-orbit force, the strength
functions s;r, ~ in the (njI 2) scheme depend on j, but
are the same for all J consistent with I 2+j= J. The
strength function for the two j values, j=l&~, have
the same shape as (4.1/) but are split in energy.
Assuming that the yx(~;1, )~ have random signs, it
follows from (4.19) that

s, &

——p V'(-,'I &J/, sj)s~;r„.
i=~+k

(4.21)

This. shows that, in general, for given channel spin,
s,g~ depends on J, and vice versa.

Equation (4.20) shows that P,s, i~ may take one of
three values depending on whether J is consistent
with J=lam+) for

(i) j=l+-', but not for j=/ —-',

(ii) j=l—-,'but not for j=l+-',
(iii) both.

Now let us expand the states X) in terms of a complete
set of states of the form:

Xx 2 +i, cyxcy (5.4)

From the definition of reduced width amplitude in
(III, 4.'Ia), it follows that

(5.5)

Inserting this expansion in (5.2) gives

k2

B.,(h) =
~j

~ Q fi„(a,)~„(a,)

x,„=y,e„(rg)

where P.—=p, ~ are the channel wave functions defined
in (III, 2.25) and N„(r~) are the radial wave functions
of a set of single particle states of the Ath nucleon
defined for some real potential —V with the same
boundary condition as the X),. The expansion of Xz is

5. Theoretical Form of the Pole Strength
Function for Nucleon Channels

Two types of attack have been made upon the prob-
lem of accounting for the complex potential model and

5 M. Goldberger, Phys. Rev. 74, 1269 (1948); A. M. Lane and
C. F. Wandel, Phys. Rev. 98, 693 (1955); E. Clementel and C.
Villi, Nuovo cimento 10, 176 (1955); Morrison, Muirhead, and
Murdock, Phil. Mag. 46, 475 (1955).
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where we have used closure 'to sum over X and intro-
duced II, the total Hamiltonian operator. This equa-
tion is an important one. It relates the vital quantity
R($) that determines average cross sections to a set
of nuclear matrix elements involving only a particular
state of the target nucleus (the ground state in prac-
tice). All reference to the compound states X has been.
eliminated.

It may appear that the discussion so far is general
and exact. This is not true however because of the
rather subtle role of antisymmetrization. We have
implicitly assumed that the states X), have the same
symmetry as the X.„, which are antisymmetric in
particles 1. . . (A —1) but not in the Ath particle. We
now enquire what happens when X& is made anti-
symmetric in all nucleons. An expansion of the type
(5.4), where the X,„are rot antisymmetric in the Ath
particle, is still possible. (It is, in fact, a "fractional
parentage" expansion. ) The contribution of the channel
surface for the 2 th particle to the reduced width ampli-
tude then equals A '* times (5.5). Since Xq is anti-
symmetric in all nucleons, each channel surface must
contribute the same amount so the final reduced width
amplitude is A' times (5.5). Thus it might seem that
the effect of antisymmetrization upon (5.6) is to multi-

ply the right-hand side by a factor A. This is not correct
because, in deriving (6.6), a closure relation has been
assumed and this is now invalid. The essential point
is that, when X& is completely antisymmetric, the
expansion (5.4) is not reversible, since one can expand
a state in terms of states of lower symmetry (as in

(5.4)), but not vice versa. It follows that there is no
basis for the relation

are orthonormal. Accepting this point of view, when the
X,„and Xz are antisymmetric, (5.4), (5.5), and (5.6)
are still valid (without any factor of A'*), subject to
only a small correction from the lack of orthonormality
of the X,„.

Returning to (5.6), we now introduce the so-called
"intermediate" assumption of Lane, Thomas, and
Wigner. "One argues that, in the reverse expansion to
(5 4):

(5.9)

the states X that account for most of the sum are
confined to a restricted energy band about the energy
of the state X,~ say E.„. (This is the sum of the energy
E, of the target state of the channel c and the energy
E~ of the single particle state. ) In other words (see
Fig. 2), the situation is intermediate between the case
when only one term contributes (i.e., no coupling at all

between an incident nucleon and the target nucleons)
and the case when terms from all energies contribute
(i.e., strong coupling in which the single particle states

p are completely spread out or "dissolved" ). The
implication of this picture for (5.5) and (5.6) is that,
for a given energy E, the sums are dominated by the
nearest single particle level p so that we may drop cross
terms p&p' and put

(5.10)

1
R„(h) =] I g e„'(a,)( x,„&,„[. (5.11)

(2M.a, & c
'

E H b—
Q CX, cy +X, c'y' ~cy, c'p' (5.7) We note three things in connection with these

equations:

or for the closure relation used in (5.6). To avoid this

difhculty one can now try to frame our discussion on a
new set X,„, namely a set which is completely anti-
symmetrized. This means that the states Xz and X.„
have the same degrees of symmetry. Unfortunately a
new snag appears. Although one can now expand the
X,„ in terms of the Xq (with the consequence that
closure is valid), the expansion (5.4) itself is no longer
correct and so (5.5) is not correct. The cause of this
breakdown in (5.4) is that the fully antisymmetric X,„
are no longer orthonormal, i.e.,

r
Xcy Xc'y =(Xcy ~Xc'y'')+~cy, c'y' (5.8)

However, it seems likely that they are approximately
orthonormal. According to the "intermediate model"
that we discuss below, the most important target states
in the sum (5.4) are bound states and the important
single particle states N„are free states. In this case,
since the particle states do not occur in the target
states, e„ is orthogonal to the target states and the X,„

(5 12)+ H' H'
IIo- @ IIo- & ao- @

' Lane, Thomas, and %igner, Phys. Rev. 98, 693 (1955).

(i) Since g&Cq, .„'=1 (5.10) demonstrates that the
to/u/ reduced width of the original single particle level

is preserved.
(ii) For a square well with boundary condition

8=—1, u„'(a) = (2/a) (see Sec. IV, 3).
(iii) The assumption of random signs for contribu-

tions of different P would also justify (5.10) and (5.11)
but this assumption is probably not correct (see the
following).

Bloch attempted the evaluation of the matrix ele-

ment in (5.11).For the Ath term in the antisymmetrized

x on the left, we make the expansion of 1/H 8 in-
powers of 8'=—H —IIo.
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In the split H= Ho+H', one has in mind that Ho should
be the sum of the Hamiltonian for the target and the
single particle Hamiltonian T+(—V), where —V is
a suitable mean potential for the ith particle. H' is the
difference between the actual potential Pp, ; felt by
the ith particle and the mean potential:

H'=P u, ,—(—V). (5.13)
I I I I I I I I I I I I I I I I I I I I II I IIIIIIIIIIIIIIIIklIUIUIIUIUIIUIUUllllllllll f ~

o..(@) "1
I
x„- x„ I= —P

H b) —n=o (h —E,„) h —E,„
=LE"—@+s "(h)3 '

where rp„($) is dehned as

I (cP IH'I "P') I'
o..(@)=E

"u' 8—E, ~

(5.14)

1
=I .p H' H'.p I. (s.ls)

8—H,

On changing the sum of (5.15) into an integral, and
then letting h —& E:

v.~(E)=~ s(E) iW.s(E)—(5.16)

r I(cPIH'Ic'P') I'
d„s(E)=Pr ~ p(E;;)dE;„ (5.17)

W..(E)= .,(E) "1(PIH'I"P') I'

)(8(E E;s )dE;~ (—5.18).

» evaluating (5.11), there will be a direct and an ex-
change term for each i. The exchange term will be ig-
nored so that the matrix element will now be equal to
that with nonantisymmetric X,„with a definite particle
(say, the Ath) in the single particle orbit p.

Although (5.12) has the form of a perturbation series,
Bloch does not evaluate it as such. Rather he assumes
that the matrix elements (cpl H'Ic'p') have random
signs. For any given term in the series (5.12), this en-
ables him to pick out a "leading part, "This is the part
corresponding to each alternate operation by II' leading
back to cP. Choosing V such that (cpl H'I cp) =0 then
gives the following form for the matrix element of (5.11):

/

I j
I I Ii -i+le I I II I, ilili IiI~ s„

~ ~ ~ m ~ ~ ~

I lliiill chili li,
FIG. 2. Schematic plots of y)t2 against E, each yy~ being denoted

by the height of the vertical line put at the corresponding energy
Ei. (a) Illustrates the situation when there is almost no coupling
between an incident particle and the target nucleons so that no
reactions are possible and only shape elastic scattering occurs.
In this ca,se each eigenstate ) is a simple product state of an inter-
nal wave function of the colliding particles and a wave function
of relative motion. The only appreciable values of pz' are those
at the states X corresponding to the colliding particles being in
their ground states and the energy being at single particle reso-
nances. Thus the plot of y),2 consists of isolated spikes y),~

(II'/Mo'). (c) illustrates the opposite extreme situation of very
strong coupling. In this case the single particle (i.e., the simple
product) states are entirely "dissolved" amongst the myriads of
6ne structure states. The broken line represents the strength
function s=(yi')/D which is smooth and monotonic in this
situation. (h) represents the intermediate situation where the
single particle states are dissolved amongst the Gne structure
states but the sharing is con6ned to restricted energy regions
around the single particle energy levels. The strength function
s is shown to have a corresponding oscillatory behavior. One
noteworthy feature of (b) and (c) is that the sharing should be
such as to conserve the total strength A'/Afar~ within the region of
each original single particle level, i.e., Zygo'(= J'sdE) = (0'/Ate~).

if h,„and W,„do not depend on p, it is evident from
comparison with the R-function expansion (IV, 1.10)
for the potential well (—V):

r4
r

1'I'—u, (a.) I

2 (~.a.')
(5.20)Rv(h) =2In the integral for 6, the principal value is to be taken.

By combining (5.16), (5.14) and (5.11) the final ex-
pression for B(8) is,

that R„(8) is simply the same thing evaluated at the
energy E—d,~

—E,—iR',„:8, ( As—'u, '(a.) I

2 & iV,u.')
(5.21)B„(h)=Rv (8 D.p E,+iW.„). — —

Put otherwise, E„is the 8 function for the potential
well —V,' equal to (—V) modified by the addition of
the complex part: E,+6,„iW,„Reme—mbering. that

This expression is very similar to the empirical form
(4.16) implied by the complex potential model. In fact,

B..(8)=P . (5.19)
~ E n+~ s(E) & iW.~(E)——
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—V has been previously defined to make (cplH'I cp)=0, it follows that the real part of the eRective potential—V.' is

Re(—v, ') =(cpl 2 v,;lcp)
7

I
I(cplv' I

"p')I'
+) — P(E"v )dE"v' (5 22)

jV,

There are corrections to (5.19) and (5.21) due to the
assumptions made in the derivation. Especially there is
the neglect of exchange terms, the selection of "leading
parts" to arrive at (5.14) and the neglect of cross terms
pWp' in passing from (5.6) to (5.11).Using the results
of the next subsection, the leading parts of the terms
pWp' can be summed to give a contribution to B.. of
(cueIH'I cuir) where uE is the single particle wave
function in the complex potential V,'.

One noteworthy feature of (5.17), (5.18), and (5.20)
is that, although the forms are very similar to familiar
expressions from second-order perturbation theory,
there is a detailed diRerence, namely that the expressions
are energy dependent as a consequence of the appear-
ance of E instead of E,.„.

Cini and Fubini" have used perturbation theory to
arrive at results similar to (5.1'/) and (5.18).They have
made numerical estimates of (5.18) on the basis of a
Fermi gas model for the target nucleus and conclude
that there is qualitative agreement with the empirical
values of 8'. In particular the strong increase of 8' with
8 is derived and found, as expected, "to result from the
action of the Pauli principle applied to the target. An
interesting point in connection with using a Fermi gas
to evaluate (5.18) is that this procedure can be shown
to be equivalent to the computation of 8' from the
optical formula (5.1), except that the latter contains
the observed total cross section Li.e., the imaginary part
of f(0)j, whereas the former involves the Born approxi-
mation to this same quantity.

Lane, Thomas, and Wigner" tried to estimate 8" as
the square root of the second moment of the distribution
of Ci, ,„' in (5.10):

3f 2 =+ (E v Ei)'Ci ..'= (cp I

H"
I cp). (5.23)

The trouble with this approach is that it gives too
much weight to the distant components with the con-
sequence that, if the distribution of C), ,„' has a long
tail, H/' will be badly overestimated. In fact, the
numerical value ( 20 Mev) obtained for Mq' when a
Fermi gas is used for the target nucleus is considerably
larger than the observed values for 8'. Some improve-
ment is found if correlations are introduced between
the incident nucleon and the target nucleons in the

Br M. Cini and S. Fubini, Nuovo cirnento 10, 75 (1955).

ff the distribution of matrix elements (cplH'Ic'p') is
assumed to be fairly smooth up to some cutoR energy
separation (E.„E;„)=—e, then

(W/M2'*) = (v.W/2e) '*. (5.25)

This equation corroborates our surmise above that if
the distribution of C)...„ is well spread out, i.e., e»8',
then 8'&(M2'.

Wigner" obtained very much the same results as
Bloch for the form of the strength function (i.e., v '
times the imaginary part of (5.19)) by making much
the same assumptions but using a quite diRerent mathe-
matical method. He starts from the Hamiltonian
equation in matrix form

(5.26)

where II is in the x,„representation and C), is a column
vector with components Cq, .„of (5.4). The problem of
finding the strength function s, near Ep is, from (5.10),
equivalent to determining (Ci.. .„')r/Dr, where Dr is
the mean spacing of eigenvalues in the interval I.
Thus the problem is reduced to a purely mathematical
one requiring considerable familiarity with matrix
algebra. Wigner makes the assumption that the non-
diagonal elements of II have random signs but equal
magnitudes as far as a certain number of terms oR the
diagonal. Beyond that point (corresponding to energy
e), the elements are supposed to be zero. The diagonal
elements are assumed to be equally spaced. With these
assumptions, in the case when

I
(cplH'Ic'p') I'P«e,

Wigner's result for the strength function agrees with
Bloch's.

6. Implications of a Partial Breakdown in the
Assumption of Random Signs

Let us consider the element of the collision matrix for
a particular inelastic scattering process c~c'. The
essential part, as given by (2.3) or (2.18) is the sum:

YXcghc'

X

&).+~&—&—-I"~
2

(6.1)

For the evaluation of the cross sections (i.e., essen-
tially the square of this quantity) in subsection 2

I
see

"E.Vogt, Phys. Rev. 101, 1792 (1956);E. Vogt and J.Lascoux,
ibid. 107, 1028 (1957).

A. M. Lane and L. Verlet, Phys. Rev. 100, 956 (1955).
90 E. P. Wigner, Ann. Math. 62, 548 (1955).

wave function x,„according to work by Vogts and by
Lane and Verlet. "

Bloch" pointed out that M2 of (5.23) may be written
as

f
I (cPI H'I c'P')

I p(E, „)dE, . (5.24)
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(2.4), (2.5), and (2.6)], we made the assumption that
the signs of the yq, and yq, are random. This implies
that the contributions from states X outside a certain
limited region about E can be ignored, and leads to the
conventional compound nucleus cross sections, (2.6) or
(3.13), exhibiting independence of formation and decay.
It is now of interest to examine the assumption of
random signs, and, in particular, to enquire how the
far-away terms contribute to (6.1) when the assumption
is not strictly valid.

With the strong coupling model discussed in sub-
section 4, the random sign approximation is expected to
be valid over almost arbitrarily large energy intervals
(except, ultimately, over the infinite energy range where
the Wigner-Teichmann rule" Pip&„yi, ——0 for chic'
imposes a mild restraint). We base this statement on
the usual idea of the "strong absorption" theory that
nuclear motion is completely chaotic, with no vestige of
any single particle or other coherent motion. Following
on from this notion, it is plausible that, in cases where
single particle motion exists, it should be associated
with a partial breakdown in the random sign approxi-
mation. This would not apply over abritrarily small
energy intervals, but would only be expected to appear
as a long-range correlation on summing over all levels
within single particle resonance (broadened by any
absorption potential W). Clearly if 8' is increased the
correlation should become more and more mild until
ultimately the strong-absorption situation is achieved.

We may arrive at the same conclusions by considering
the recently established existence of the so-called
"direct lntclactlon" ploccsscs wh1ch contllbutc to
nuclear cross sections, specially for inelastic scattering.
Experimentally these processes often dominate the
compound nucleus process in the cross sections for
producing definite low-lying states. They are clearly
distinguished by the strong forward peaking in the
angular distributions. From the discussion in subsec-
tion 3, 'absence of back-and-front symmetry in an
angular distribution implies a breakdown in the random
sign assumption. . The direct processes have been
subjected to theoretical analysis in terms of a phe-
nomenological model that is closely related to the
complex potential model. The basic physical idea is
that, as a consequence of the fairly long mean free path
against collision implied by the complex potential (with
small lF), it is possible for an incident nucleon to enter
a nucleus, exchange energy with a target nucleon, and
for one or the other particle to escape directly without
further energy loss or formation of a compound nucleus.
The success of this idea in applications means that the
breakdown in the random signs assumption is associated
with the existence of single particle motion —just as
deduced in the preceding paragraph. Also if 8" is con-
sidered to increase (i.e., the mean free path to decrease) '

then the single particle motion is eventually eliminated
so that no direct processes are possible, and the only
process is the compound nucleus one.

Now we put these ideas into more quantitative form.
The problem 1S that of showing that when a sum ls
made over many long-lived states, it is possible to have
certain correlations between the phases such that the
lifetime associated with the sum is a very short one.
We consider that the term E—Di+(i/2)1'i is inde-
pendent of X (which will be so effectively if levels are
overlapping or if the cross section if being averaged).
As in subsection 5, we denote this term by the complex
energy h and then apply closure ."o obtain

h'
E„(B)=

~ ~ Q u„(a,)u„(a,)
(2M,a,) nn'

x,.„. i. (6.2)
H —h

The remarks about antisymmetrization in the last sub-
section also apply here.

Bloch23 attempted the evaluation of (6.2) along just
the same lines that he used for the diagonal elements E„.
On making the expansion (5.12), neglecting the
exchange integrals, and selecting leading terms on the
basis of random signs for the (cp

~

H'
~

t,'p'), (6.2) can be
reduced, just like (5.11), to the form

(8)=(.
&2M.a,]

u (a,)u„(a,) (cp i
H'i c'p')

xQ (6.3)»' (E.. &+~..(E))—(E"; @+v";(E—))
where the quantities p,~ are defined in (5.15}.We can
now take the limit S~E and, by defining ug, (r) as

i'i' ) u„(a,)u„(r,)
uz. (r) =

( (P, (6.4}i 2M. .~ E.,+6,„E 'W.„——
it follows that

8 g =(cu@giH icu@ g). (6.5)

The definition (6.4) for us, is just the exact expansion
(IV, 1.8) of the eigenfunction us for the real potential
well —V at energy E except that (E,+h.~ E—iW,~)—
replaces —E. If h.„and W„do not depend on p then
clearly the function (6.4) is just wave-function solution
for the well —V,' introduced in subsection S. This
implies that the quantity, (6.5) corresponds precisely
to the matrix elements of the so-called "distorted wave"
theory that one would use to compute cross sections
with the phenomenological theory of direct processes;
i.e., matrix elements of the "perturbing" potential H
taken between wave functions each one of which is a
product of the appropriate target state wave function
and a distorted single particle wave function appro-
priate to scattering by the complex potential well. )

f For simplicity, we have ignored the factor (1—L.OR.) ' in
C,
'2. 18a). This =1 only at low energies in general. H it is included

in I'6.4), the normalization of uE, is that of 6xed incoming Aux,
i.e. , that required in the matrix elements of distorted wave theory.



320 A. M. LANE AND R. G. THOMAS

It is very satisfying to have the phenomenological
theory of direct processes related to I-matrix theory in
this simple way. It provides an explicit demonstration
of the fact that in I-matrix theory the direct processes
correspond to long-range correlations in the signs of the
y) .over the giant resonances.

In the course of the above developments of 8„,we
have "lost" the compound nucleus contribution. Since
the only essential approximation has been Bloch's
selection of leading terms in passing from (6.2) to (6.3),
we must conclude that this is the stage at which. the
compound nucleus contributions is implicitly dropped.
A deficiency of the present theory is that, in concen-
trating on the contribution from far away terms in

(6.1), we have lost the contribution from nearby terms.
Nevertheless one can accept on grounds of plausibility
the fact that a good approximation to (6.1) is

(Cgg~
~
H

~

C Q@1~~)+p
QXc+Xc'

(6.6)

where the sum in the last term is to be taken over an
energy region ))(P&,), but « the breadth of single
particle resonances. This last requirement implies that
the signs of the y)„can be regarded as random with the
consequence that, if we take the square modulus of
(6.6) and average over many levels to obtain the aver-

age cross section, all cross interference terms cancel,
and the final cross section is an incoherent sum of a
cross section for direct processes containing

plus a cross section of the type (3.13) from compound
nucleus formation.

Although we have dealt specifically with the case of
direct inelastic scattering, the same methods and

approach could be developed in order to treat other
types of direct reaction such as deuteron stripping.
Again one can argue that R-matrix theory is exact when

the interaction radius is taken large enough to include
all interaction. Since the familiar angular distributions
of stripping are not consistent with predictions of the
theory based on the random sign approximation, it
follows that stripping is describable in terms of
R-matrix theory by allowing for correlations in sign.
One detailed difference with the case of incident nu-

cleons is that, for these, one assumes that the absorp-
tion potential is fairly constant over the nucleus so that
single particle motion exists to the same extent over
the nucleus and direct processes may take place in the
volume as well as at the surface; in contrast, for incident
deuterons, one imagines that 8' is small for a certain
region just inside r,=a, but that. , inside the bulk of
the nucleus, 8" is very large. Thus the single particle
motion responsible for the correlation in phases is to be
found only at the edge of the nucleus. If one dered a

set of the y)„ for deuterons on an insets surface, one
would expect these to have random signs. Only when
the surface region right up to r,= a, is included do the
correlations between signs of yq. emerge.

XII. R-MATRIX THEORY APPLIED TO TREATMENT
OF ISOLATED LEVELS

The occurrence of sharp resonance peaks in the exci-
tation curves of low-energy nuclear reactions is one of
the most striking phenomena encountered in this field
of study. Since the time that the erst resonances were
found experimentally over twenty years ago, the
number of observed resonances has increased to the
order of thousands. Many of these levels have been
fitted with the famous Hreit-Wigner' one-level reso-
nance formula. The fits vary in quality from those in
which the experimental curve is duplicated completely
over the region of the peak to those in which the fit is
in only qualitative agreement with experiment.

For some years, the one-level formula was applied to
resonances more or less by analogy with similar appli-
cations in atomic radiation problems. Since the reso-
nance formula in these problems was derived on the
basis of a perturbation theory' which had no justifiable
counterpart in the nuclear case, this situation was
unsatisfactory. Amongst other things, it meant that
the interpretation of the widths (perturbation matrix
elements) obtained in fitting peaks was obscure, and
the determination of corrections to the one-level for-
mula was not possible in any quantitative fashion. With-
the advent of the rigorous general theory of nuclear
reactions of Kapur and Peierls' in 1938 and, later, the,
R-matrix theory, " these difficulties were largely re-
solved. In such theories, the widths are given explicit
quantitative form in terms of the nuclear wave func-
tions, and the corrections to the one-level formula ap-.
pear explicitly when the general theory is approximated
to the one-level case. The familiar condition for the va-
lidity of the one-level formula is that the level width I"

should be much less than the level spacings, B. In de-

ducing the one-level formula from the general reaction
theory, it can be seen that this condition will justify use
of the formula and this is not surprising. The advantage
of having R-matrix theory comes when the condition is
not well satisfied so that other levels may influence the
cross section near a peak. In such cases the R-matrix
theory can give explicit modifications to the one-level
formula in terms of parameters representing the presence
of the other levels. With these extra parameters, one
has more freedom in 6tting so that a poor fit obtained
with a one-level formula may be improved. For instance,
if the condition F((D fails because of the anomalous
proximity of just one other level, one can use the "two-
level formula" instead of the one-level formula.

Another advantage of the general R-matrix theory
arises from the fact that, even when only one level is
significant, the simplest type of one level formula may
still give poor fits on occasion. This is because not all
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1. The One-Level Approximation

Referring back to Sec. IX, it follows from (IX, 1.14)
that, if we make the split

R= R'+R'

with the particular choice:

(1.1a)

y) Xy)R'= (1.1b)

then the collision matrix is expressible as

of the energy dependence in the cross section may be
espressible in terms of a resonance denominator and
phase-space factors. In certain circumstances, the width
of a level and the resonance energy itself vary signifi-
cantly with energy through the width of the resonance.
When the one-level formula is derived from R-matrix
theory, these energy variations are given explicit form
in the penetration (P) and shift (S) factors. This type
of situation has been studied extensively by Breit" and
co-workers, especially for cases where the reduced
widths are large, i.e. the "one-body" or "single-par-
ticle" resonances.

In the first three of the following subsections, we
develop the general theory in a form suitable for
specialization to the one-level case and indicate various
approximations that can lead to a one-level formula.
We then discuss the physical significance and inter-
pretation of the one-level formula and finally we discuss
its applications in practice. In the last two subsections
the two-level formula is presented and remarks are
made on the manifestiations of level interference in the
regions between resonances.

For this purpose, it is convenient to write (1.2) in the
form

~) X&&
U= IJ'+2i (1 7)

where ~), and e~ are defined by

Z

ex= ~x+~x—&——I'x.
2

The form (1.7) satisfies the conditions:

IJO—IJst"

Im(e), ) = —(~g*,~),),

(1.8a)

(1.8b)

(1.8c)

(1.8d)

where t denotes the complex conjugate transpose.

It may be made plausible from more general considerations
than R-matrix theory that (1.7) has the natural form of a one-level
approximation and that the conditions (1.8) are expected to be
satisfied in general. The deduction proceeds from the expansion
of an c7-dimensional unitary symmetric matrix U in terms of its.
real orthonormal eigenvectors gy belonging to the unit-modulus
eigenvalues exp (2iby),

N
U= & e"~~(g),Xg),). (1.9)

From considerations of causality it has been shown in Sec. IV,
that in the one-channel case the collision function exp(2ib) may
be expanded in terms of its poles and zeros, and that in the
vicinity of a particular pole H (in the lower half of the energy
plane where Im(H) &0) this function has the form

e '~ =exp(2N')

=ex (2iÃ) 1+21Im(H)

IJ= Us+2&Q@ (1 2)

with the "background matrix" U' given by

IJo QLI+2ig'*(I RoLo)—tRo@&j~ (1 3a)

= DQ'(I —R'L') —'(1—R'L'")'@—'Q (1.3b)

and with the quantities ez, D&„and I'z given, from (IX,
1.18 and 20), by

ng = (1-R'L')-'Tg (1.4)

Before introducing the one-level approximation it is
of interest to consider some formal properties of (1.2).

O'Ofstrofsky, Breit, and 'Johnson, Phys. Rev. 49, 22 (1936);
B. E. Freeman and J. L. McHale, r'br'd 89, 223 (1953.); J. L.
Johnson and J. L. McHale ibid. 91, 8/ (1953);J. L. Johnson and
H. M. Jones, ibid. 93, 1286 (19S4).

The quantity exp(2ib') contains the singularities at the remain-
ing poles and other factors; if the assumption is made that the
individual eigenvalues of the many-channel expansion (1.9) also
have this form in the vicinity of a pole H and if the singularity
near E corresponds to the 6rst eigenvalue ) = 1, then it can be
written in the form (1.7) with

N

U'=exp(2ib10) (glX gl)+ & ~"~&(g) XCz)
)1,=2

41 L
—Im(HI) j& exp(i~1 ).gl.

The conditions (1.8) which are satisfied by the R-ms, trix expansion
are also satisfied by (1.9) . We note that the U of (1.9) also satisfies
the general condition U(E*)*U(E)=1 of the collision matrix
theory. Alternative derivations of (1.8) and additional discussions
have been given by Breit."

A number of special features of R-matrix theory not possessed
by the general theory should be noted. In the former theory the
nuclear system is assumed to have a rather well defined boundary
corresponding to the surface S. As a result of such an assumption
the partial widths Fy, are found to be proportional to the pene-
tration factors P, and the partial level shifts are proportional to
the shift factors S, ; both I', and 5, are calculable and their
dependences on energy are known. The levels E& may be asso-
ciated with eigenfunctions for certain boundary conditions B„
the shift hz of the actual resonances from the E„may be expressed
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in terms of the 5, and the reduced widths of the system. In some
cases it is also possible to make reasonably signihcant estimates
of the magnitude of the background matrix. Since the general
theory involves no assumption of a well-dehned region of inter-
action, it does not involve any of this information.

and a general element of the U matrix is, from (1.2)
and (1.10):

The various cross sections are given by the absolute
squares of the various components of U (see Sec.
VIII). The squares of the elements of the second matrix
of (1.2) represent the familiar "resonance" part of
scattering or reaction; the (co') component is

6——I'
2

(1.12)

(~~+~i—~)'+41'~'

Notice that a typical partial width I'i, of (1.6) contains
the penetration factor I', but also depends on energy
through the occurrence of the I ' matrix and of R'. The
elements of the matrix Uo give rise to what may be
called "potential" scattering or reaction. There also
occur in the total cross-section cross-product terms
which represent the interference between the "reso-
nance" and "potential" terms.

All expressions given so far are exact, but it is
apparent that they are not useful as such because,
amongst other things, the inversion of matrices is
implied. The usefulness of such expressions is restricted
to sltuatlons 1Q which apploxlmatloQS caQ be made
about the nature of the matrix R', which represents the
presence of levels other than the particular one X in
which interest centers. Notice that Ro occurs in com-
bination with the penetration matrix 'g or the L'
matrix. If at a given energy we choose appropriate
boundary conditions, the L' matrix electively becomes
the penetration matrix, so it is the magnitudes of the
combinations of R' with P that we are concerned with.
This implies that when P is very small, the one-level
formula is applicable no matter what the value of R'
as long as it is not ))1.We expect this situation because,
in the limit as P—+0, the states become bound and any
eGect of other states at a given state must fall to zero.

There are three types of approximation involving
ROL' that, broadly speaking, may be called. "one-level"
approximations.

U 0—~2s(coo—Qc)

and the widths and shifts are given by

I Xc 2~cd) c y

&i.= —&.Oyi'= —(5'.—&.)vi'

(1.10)

(1.11a)

(1.11b)

o. First Approximatioe: R'L'=0

This is the strongest approximation we can make in

trying to apply the general formulas, and it is the one
usually used in practice. The consequences of this
assumption are simple and can be read OG immediately
on specializing the general formulas (1.2) to (1.6). The
background matrix U' is diagonal with diagonal values

ls L's'

0 I =—gg
(K+~),—&)'+4pi'

where primed sums over ts, l's' are such that the rela-
tions 1+a= J, 1'+s'=I are satisfied and such that
parity is conserved. The corresponding formula for the
elastic scattering cross section (n =a') is

Q 4gg sin'y. —gg(Q'I'i. )
Jal sl

2 (Ei+Ai —8) sin2&, + pi (1—cos2tt, )
X

(~i+~i—&)'+-', I"i'

(2'I'i.) (2'I'~. )
sl sV

(1.14)

The last term is the so-called "resonance term" the
second is the "interference term" and the first is the
potential scattering term. Since p. the hard sphere
phase, does not depend on s or J, this potential scat-
tering term is simply

4x—P (2l+1) sin'y. ,

which is just the hard-sphere scattering cross section
from the definition of g ~ in Sec. III, 4. (If a long-range
Coulomb interaction is present, this term diverges. )

In (1.12), the last term signifies the order of the cor-
rection due to the effects of nearby levels (but not far-
away levels). This represents the presence of the R'L'
terms and, in the one-channel case, it is evident that
R'L' O((d —(i/2) I')/D) where ( ) signifies an average
taken over nearby levels.

As yet we have said nothing about the choice of the
boundary condition parameters 8„-. The criterion for

LThis could have been obtained from (IX, 1.14 and
20).j On inserting this expression in Eq. (VIII, 3.2),
we have the famous Breit-Wigner one-level formula for
a reaction cross section (n'Wn) proceeding through an
isolated resonance X of spin J and dednite parity:
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making the choice is that the one-level approximation
be as accurate as possible, i.e., that the error
O((h —(i/2)F)/D) be as small as possible. Now the
quantities (I') and D are relatively insensitive to the
choice of B„but 6, is very sensitive, as is evident from
(1.11b). Thus, the one-level approximation is most
accurate when 8, is such that (h)&(F), which is
equivalent to saying that 8 should be chosen so that
the eigenvalue Eq lies within the width of the observed
resonance. This is, of course, a very reasonable require-
ment. One can make the choice 8,=+S,(E„)where E„
is the energy at the center of the resonance. This makes
hz zero at the energy E„and so this choice certainly
satisfies the above criterion. There are other choices
that also satisfy the criterion, and these are no better
or worse than the particular choice 8,=+S,(E„).The
point here is that one can never reduce the error in the
one-level formula below the "intrinsic" error O((F)/2D)
and so, all choices of 8, that reduce O((h —(i/2)I')/D)
to this intrinsic error are equally suitable.

Use of a one-level formula (1.13) to fit an experi-
mental resonance curve implies that the boundary con-
ditions satisfy this criterion. Since the conditions do
not have to be specified explicitly at any stage in the
Gtting, there is no need to draw attention to any
speci6c boundary conditions in presenting the results
of such a fitting; However, it should be understood by
the reader of such results that the extracted values of
the parameters (reduced widths, eigenvalues) corre-
spond to boundary conditions that satisfy the above
criterion and are therefore approximately: 8,= +S,(E„).

We have not drawn at tention in the above discussion
to the fact that Az, is energy-dependent (through S,)
so that setting h~, =0 at the center of a resonance does
not imply that 6)„ is everywhere zero. In most cases,
one can neglect the energy dependence of 6&, through
the width of a resonance. This is fortunate because,
generally speaking, the problem of fitting an experi-
mental curve is made much more complicated if 6)„
is varying rapidly. As discussed in subsection 3 below,
one can probably represent the energy dependence of
D)„by a Taylor series expansion:

daric )'
hy, (E)=A)„(E,)+(E E,) ~ ( +— . (1.16)

E dE ) e=e„

With this expansion, the magnitude of dD&„/dE is the
important quantity in determining how sharply Ai, (E)
varies with energy. In the present approximation, we
have, from (1.11b):

dS,
'YXc

dE
(1.17)

b. Second Approximation: R'L' is Srnalt

This approximation is not especially useful but we
brieQy discuss it for the sake of completeness. It implies

that we can expand:

(1 RoLo)—i 1+RoLo+. (RoLo) o+. . . (1 18)

and take only two terms. On taking two terms, ex-
pressions (1.5) and (1.6) for the partial widths and
shifts become

—',Fi,——P,(y i o+2 P yi ji'.„'S,ops, } (1.19a)

~i.= —S'v~' —Z S'v~ A-'S. 'vt, "
+Q P,yi,R„'P;yi;. (1.19b)

Choosing the 8, to make S, vanish at resonance E=E„
the widths reduce to 2P.y),.' at resonance. Thus
rq, =2P,yq, ' is true at resonance to second order in
E.'P. With the same choice of 8„ the second term in
Ai, vanishes (besides the first), and the term it fosters
in ddt, /dE is second order in (E—E,) and so is
probably small compared to the contribution from the
first term. The third term in (1.19b) and its energy
derivative are more di%cult to estimate since the
signs of individual terms with @Wc' will fluctuate. The
contribution from terms with c=c' is given below in
(1.34) and (1.35) and it might be expected that the
sum of terms with c/c' is small compared to the sum
of terms with c=c'. If there are only two channels, the
contribution to the third term in (1.19b) from chic' is
roughly

1(F")(F.. )

2 D2

The background matrix U' is not diagonal in this
approximation so that it contributes to the reaction
cross sections.

c. Third Approximation: R'L' is Diagonal

From the theoretical and experimental study of
average total cross sections (see Secs. XI, 4 and 5), the
matrix R' has strong diagonal matrix elements so that,
unless the factor L' is small, it is not satisfactory to
use the first approximation above, vis. , R'L' is zero. A
natural extension of this approximation is to assume
that R'L' is diagonal so that matrix inversion becomes
simply ordinary division and we can write the above
formulas without any implied matrix inversion. This
assumption is not unreasonable because the individual
level contributions to the nondiagonal components of
R' can be positive as well as negative and so tend to
cancel, whereas the diagonal components are all pro-
portional to the positive reduced widths. With R'L'
diagonal, the widths and shifts become, from (1.5) and
(1.6):

2Pc'Y)tc
(1.20a)

P.(R..'P.) S,'(1 R.,'S.')— —
vt ' (1 20b)
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d, = (1—R. OS.')'+(R..'P,)', (1.21)

P,'=P.+ ar g(1 R, —OL,')

R„'P,
=y, —tan-']

I 1—R„oS,oJ
(1.23)

Kith the revised de6nitions of Fq„.hq„and U„', and
putting p, ' for P, the previous formulas (1.12), (1.13),
and (1.14) for the collision matrix elements and the

and the elements of the diagonal background matrix are
no%'

(1.22)

cross sections can be taken over as they stand. In the
case of only one channel, the present treatment is
exact. The above formulas are equivalent to those
previously considered for the one-channel case in Sec.
IV, 1. The present approximation has been used by
Krotkov" to analyze the resonance scattering and
capture of neutrons by Mn" for energies up to the
kilovolt region.

If R' and 6), are not very energy-dependent, they
can be regarded as constant in the vicinity of a single
resonance. If this is not so, the fitting of cross sections
becomes complicated and one tries to represent the
energy dependence of di. by (1.16). In the present
approximation, we have, from (1.20b),

(d~ie)

&dE&z,

dP. t' 1 q'dR„' d5,
(2x-2xy+4xy2) +(x2-3y2y2y'+2x2y+y4-x4)

~ ~
+(-1-4"y+~-Zy+3y'yy')—

dE &R'J dE dB

L(1—y)'+~j'
(1.24)

where x= (PR. 0)z =z„, y= (S OR..')z =z,.
The evaluation of ~i, and (ddt, /dE) depends on the

choice of boundary condition 8,. I"ollowing the same
reasoning as ln the discussIon of the 6rst appI'oxlInatlon
above, one chooses 8, to make the one-level approxi-
rna tion as good as possible. This implies making
hq, &I'q, inside the resonance. Ke mention tv' choices
of 8, that satisfy this requirement

(i) We may define B. to be such that

The level shifts in this case are, at resonance E=E„

Ay. =P,vi.' tan =y&P (S,—B,).
2

(1.31)

If x is small, both of the boundary conditions (i)
and (ii) reduce to y=0, and so are the same to first
order, as are the expressions for the widths and shifts.
To first order in x:

for each channel c.
Introducing an angle A, by the definition

(1.25) ddt, t' dP, dS. l
Yxc 2x ~

dE & dE dE)
(1.32)

A,
B,=S,(E,„)—P,(E,) tan —.

2

dI, dE,0 d5,
2x +P.2 -+—(x' —2y —1)

dE dE dE
(1.27)

2(p R 0) 2 (1 26)
To second order in x,

then the choice of B, implied by (1.25) is from (1.20b):
=Vlcc

dE

This choice of 8 implies that, at E=E„: 1—4y+2x'
(1.33)

I')„=2P,y)„2 sec'—.
2

With the first and second boundary conditions (y=x',
y=x'/2 to second order), this becomes, respectively,

(ii) An alternative choice of boundary condition
would be that rvhich makes d, = 1 at E.=E, so that, at
E=-R.

(1.29)
QXc

d5,—(R, OP,)'— (1+x')
& de

(1.34)

Such a condition can be stated in the form (1.29) with
an angle A, ' in place of A „@&here A, ' is given by

d~) c d5,
(R OP)2

dE dE dE
(1.35)

sinA, '= (E,R„"0)z =z,=x. , (1.30) R. Krotkov, Can. J. Phys. 33, 622 (1955).
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The magnitude of dS./dE is usually & (Ma2/l22) except
for 5-wave neutrons for which it is zero. In the latter
instance, we can estimate E.„' to be roughly constant
at (E'a) ' where IC 10" cm ' (see Sec. XI, 4) so that

The physical nature of the one-level approximation
is also evidenced in the evaluation of the overlap
integral

(1l/1') (g OP )2~ (~g2/$2) . (2/g+)~1(~g2/$2) l»2= ' 0'i*%'2d7 (2.2)

It thus appears that the quantity in brackets in (1.34)
or (1.35) is always (M@2/l12) since, in just those situ-
ations when the second term is smallest, the first term
is largest. Consequently ddt, /dE is only small (and the
Taylor series expansion of 6&,. only useful) when

q&.2«l22/Mo2.

for internal wave functions 0'» and 42 of two different
energies, E» and E~, but which both correspond to an
R matrix with one level X and a constant contribution
R' from the remaining levels. By means of the expres-
sions (V, 2.9 and 10) for the integrals in (2.2), one can
show that

2. Interpretation of the One-Level Approximation
12

Although the one-level theory furnishes formulas for
analysis of resonances along with expressions for cor-
rection terms, it is not readily associated with a physical
picture of a reaction. In particular, use of a stationary
treatment conceals the time-development of a reaction
and does not obviously complement the Bohr idea' of
a compound state decaying by various competing modes
of decay. In contrast, earlier theories of reactions
actually assumed aspects of the supposed physical
picture to begin with. This made them phenomeno-
logical and meant that they lacked rigor, although they
were more easily grasped in physical content. Now we
try to complete the present one-level theory by giving
it some physical color.

In Sec. IX, ic, we derived an expression for the
integral of the probability [4, [

over the internal region,
where the subscript e indicates that the internal wave
function 4, is formed with unit incoming (spherical
wave) flux in the channel e. Such an integral is naturally
interpreted as a measure of the probability that the
two nuclei in pair e penetrate into each other to form a
compound nucleus. From (IX, 1.29) the integral is

~f [0,['dr=
(Z,+~,—Z)2+-,'r, 2

(2 1)

This is not only true when R' of (1.1) is ignored, but
also when R' is included provided that it can be taken
as constant with energy. (From this point of view, the
most logical definition of the one-level approximation
would be that in which we assume only that R' is con-
stant. However, as seen in subsection 1, further assump-
tions usually have to be made in order to derive useful
expressions for cross sections. )

In connection with (2.1), if the function 4', arises
from a unit-Qux plane wave beam, the right side of
(V, 2.1) is to be multiplied by the actual flux intensity
2r/k, 2L(27+1)/(2s, +1)j. With this multiplying factor
the integral has the dimensions of area-times-time, and
the interpretation is again straightforward. By dividing
it by the resonance part of the total cross section one
obtains the expected value f2/I'1, as the mean lifetime
of the compound nucleus,

[(D1'", (y1,Xy1)D2') ['
= 1. (2.3)

(D1'*, (y1Xy1)D1')(D22*, (y1 Xy1,)D2')

By considering the Schwarz identity,

I
(f*,a) I'= (f*,f) (g*,g)

If(~)g(k) —f(~)C(~) [2d*dk, (2.4)

one can assert that in the internal region 4» is equal to
a constant, complex multiplicative factor times 42.
Notice that I»2 is independent of how the compound
systems described by +» and 0'2 are formed. Thus, the
shape of the internal wave function describing the
general one-level system as defined here is independent
of energy and of the channel by which it is formed; its
amplitude and phase may, however, depend upon them.
By starting with the assumption of this independence
of the shape, Wigner" gave the first derivation of the
generalized one-level formula with the energy-inde-
pendent R' included.

In the particular one-level approximation of assuming
the R' is zero, the observations of the last paragraph
are perhaps trivial because in that case + is assumed to
be expansible in terms of a single X~. This brings up the
matter of the physical signihcance of the R' matrix and
how it happens that in the restricted one-level approxi-
mation the actual 4 with running waves can be de-
scribed by a single standing-wave type function Xz.
The answer to the second question is that the Green's
theorem relation used in Sec. V serves as an approximate
means of integrating Xq in a manner which enables it
to join onto the external functions with their running
waves. This integration changes the slope of the wave
function at the surface but not its shape in the internal
region, as evidenced by applying the Green's-theorem
relation (V, 1.4) directly to 4 and I&, and assuming
that O'=Xq in the internal region. The e8ect of the
inclusion of the constant R' matrix is to change the
absolute value of the wave function on S. That is, the
integration by means of the Green's theorem relation
introduces on S a discontinuity in the value as well as
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the slope. We consider the ratio of the total probability
of finding all nucleons on a channel surface 8, (in which
case they will be formed into the pair t,.separated by the
interaction radiu's} to the total probabihty of finding all
nucleons inside the internal region (in which case they
are in the compound nucleus):

where we have included the time dependence Lnotice
that (2.9) implies (2.1)j. Let us superpose stationary
states of this type with some energy-dependent amph-
tude A (E) that is constant over the region of the reso-
nance and goes smoothly to zero on either side of the
resonance. We then have a wave packet

,

I /e, /'d8
dg,

[e,i'dr A (E)+,(E)dE

With (III, 4.3a) the surface integral can be expressed as
~A (E}exp(iEl/j'I)dE

=F1''5' exp'(Idg Qg)X1,

2Ma.

~g, h'
(2 6) E1+4—E—-Fx

2

the value quantities V, being given by (IX, 1.25a) for
a system formed from a particular channel e, By in-
serting the one-level expansion (1.1) in the matrix
(I—RL') ' of V, and using (2.1) for the volume integral,
our ratio (2.5) becomes

2&a, I',
~ {(I—R'L') 'R'}„c),+n1,n1,

~

'—(2.'/)
k2 I'y,

where n1 is given by (IX, 1.15) as

e1= (1-R'L') Iy), .

If R ls Rssumcd to be zclo, thcIl thc rRtlo becomes

23fa,

and is independent of the energy and of the formation
channel. However, if R' is not zero, even though perhaps
constant, no cancellation of the energy-dependent e},

of (2.7) with that of (2.1) occurs and as a result the ratio
is in general dependent on energy and of the formation
mode. The ratio given by (2.8) is recognized as that for
the eigcnfunction X~. Si,nce the shape of the one-level

wave function 4, in r is the same as that of Xy, the
departure of the ratio from (2.8) indicates that the
CGect of a constant Ro term is to change discontinuously
the value of 4, on S..

To conclude we make a few remarks about a time-

dependent interpretation of the one-level approxima-
tion. In general, to determine time-dependent features
of some process from knowledge of its stationary char-
acteristics, we construct wave packets by superposing
stationary wave functions of the various energies in

some energy range, and then examine the behavior of
these wave packets.

In the one-level approximation, from (IX, 1.31 and

21), the wave function in the internal region is given by

expi(a)~ —$,)F1,'fv
4', (E)= X1 exp(iE//h) (2.9)

Ex+~1—E—-FI,
2

F1,*'ll & expi (s), y,)—X1 expLi(EI, +I4)—F),]—. (2.10)

This wave packet can be seen to decay with lifetime
fI/F1 and can be said to represent the compound nucleus
and its time decay. The theories of Kapur-Peierls' and
Seigert-Humblet" "were formulated with wave-packet
states X},that decayed in time in just this manner. In
the Kapur-Peierls paper, instead of choosing real
boundary conditions to define the states Xq, the condi-
tion of outgoing waves in all channels was selected.
Such a condition directly complements the physical
notion of the decay of a compound nucleus in contrast
to the arbitrary real conditions used here. Although
basically the two types of formulation are quite equiva-
lent (Sec. IX, 2), the older one is more physically
suggestive.

As a more concrete illustration, let us consider the
simple example of a pure scattering process near an
isolated resonance. The following treatment is due to
Van Kampen. '3 Generally, at an energy E, wc have at
asymptotic distances:

0'(E,r, t) (e *'" Ue'"') e-xp(iEf/—II). (2.11}

Lct us for'IQ wave pRckcts from thcsc stationary states
as in the foregoing

O(r, i)-J A(E)%(E„r,i)dE,

t A(E)
(e """ Ue"") exp'(i—E1/k)dE, (2.12)

J

wllere A (E) val les slllootllly 111sIde SOIne suitably

chosen energy lcglon and goes to zero outsldc this

region. The method of stationary phase shows that the
iecomieg wave packet is localized at time t at. the point
r= t/v where e is the mean v—elocity By the s.ame

O' N. 6.van Kampen (private coInmgnication).
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method the outgoing wave packet is found where

(2.13)

where

dS.
1+~ „

dEJe, c dE

(3 3)

where U has been expressed as exp(2ib). Near an iso-
lated resonance:

V~'
8=((g—y)+tan —' F) —+R'

~j
If R' is ignored,

db (kv/2) I'g
+0(a).

dh (E—Eg)'+-,'I'g'

(2.14)

3. Practical Application of the One-Level
Approximation with R'L' =0

We now discuss problems associated with fitting ex-
perimental resonances with the one-level formula (1.13)
based on the neglect of R'. The only serious complica-
tion is that the energy dependences of the width and
shift factors P and S in (1.11aand b) must be considered
in some cases." ' There are two approximate procedures
for taking these dependences into account: the first is
to expand the shift linearly with respect to energy
while treating the widths exactly; the second procedure
is to expand the quantity ez of (1.7) linearly with re-
spect to energy while treating the widths in the nu-
merator of (1.13) exactly. There are cases, such as
resonances near thresholds, where it is undesirable to
make either approximation.

a. First Approximate Method: Linear Expansion of Aq

It is usually a good approximation'4 to treat A& as a
linear function of E over a fairly wide range of energies
that will often include the width of a resonance. It is
then convenient to rewrite Eq. (1.13) in terms of the
resonance energy E„which we will now define as the
solution to

so that
Eg+ 6),(E,) E„=0—

(
Eg+Ag E=(E E)~ 1

I
+'''

E dEp~,

(3.1)

Thus the time delay (2/v)(db/dh) of the packet is
2h/I' near the resonance, and is very much smaller

off resonance. If E.' is retained but taken as a constant,
this result is unchanged provided that PR' is not large.

(3.4)

The I'~,' may be interpreted as the "observed" partial
widths in contrast with the "formal" partial widths
F) „ the latter being dependent on the values chosen
for the channel radii. In the barrier region the penetra-
tion factors I', are very sensitive to the energy and no
approximate procedure for taking this fact into con-
sideration can be recommended. Let us define new
reduced widths in terms of the "observed" partial
widths by the usual relation,

then, from (3),
I'),'= 2F.b'~.)'; (3.5)

(70~ )2—
QXc

dS,
1++p),,'

c dE

(3 6)

The (p'z, )', which are obtained by dividing the observed

partial reduced widths by twice the penetration factors,
may be called the "observed" partial reduced widths.
From resonance data it is generally not possible to
measure the (y'q, )' for the negative-energy channels, It
is therefore convenient to separate the sum in the de-
nominator of (3.6) into two parts,

where

dS, d5,
Q vt' =&+2 v~..2

c dE c+

dS,
&=& v~.'

c

(3.7)

(3.8)

and the additional channel designation + or —indi-
cates whether the channel has positive or negative
energy of relative motion. By substituting into (3.6)
one finds that

v~,'/(v'~. )'=
d5,

1—2 7~'
c+ dE

(3.9)

In applications dS./dE has been found to be positive
so that this ratio) (1+%).Because the (yq, o)' are posi-
tive, the following inequality must be satisfied:

the higher order terms being neglected. Equation
(1.13) then becomes t dS, q

Z b'~.)'i
~+ EdE sz„ (3.10)

0'cc' = gZ
h,' (E—E„)'+(-,'F,')'

~ R. G. Thomas, Phys. Rev. Sl, 148 (1951).

(3 2) If the separation 3.7 had not been made, then X=0 and
the sums in (3.10) and in the denominator of (3.9)
would include negative as well as positive energy chan-
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nels. From results given in the appendix it can be shown
that S is the volume integral of the probability density
in the part of the external region with negative-energy
channels, that of the internal region being normalized
to unity. Except near a threshold for a new positive-
energy channel, E is expected to be small compared
with one; however, as an s-neutron threshold is ap-
proached, it becomes indefinitely large because the
external probability integral becomes indefinitely large.

A few qualitative remarks can be made concerning
the distinction between the observed I'q, ' and the formal
I'q, . According to (3.6) the distinction between these
quantities may be large when the yq, ' are large, in
which case the wave function in the c channel will be
large in the external region provided that it is not
attenuated too rapidly by the barrier. Since the rate of
attenuation of the external wave function is inversely
proportional to dS,/dE (see appendix), the distinction
re6ects the relative extent to which the nuclear wave
function extends into the external region and the conse-

quent uncertainty of the size of the actual nuclear
system. The distinction is expected to be large when

the barrier is weak although extending a large distance
from the nuclear surface. It is therefore expected to
increase with decreasing l, and to be most important
for weak Coulomb barriers. In the case of alpha-
particle decay, for example, the difference between I'&,'
and Fq, is small, less than a few percent, because the
wave function is attenuated very rapidly just beyond
the nuclear surface, thus making it possible to define

rather unambiguously an actual size for the nuclear
system. Further examples are given in papers by Breit
and co-workers. "There is an important exception which

must be made in the foregoing interpretation. The di6er-
ence would be expected to be most pronounced in the

case of an s-wave neutron channel in which the wave

function extends essentially unimpeded into the ex-

ternal region. However, for such channels dS,/dE=O
so that they do not contribute to making a diGerence

between I'~. and F)„', at least in the present approxima-
tion where the contributions from the other levels are
neglected. (See the remarks made in the discussion of
the "third approximation" in subsection 1.)

Finally the idea of a "dimensionless reduced width"

0&. will be introduced. This quantity is defined as the
ratio of the reduced width yi„' to (fi'/M, a.2):

(3.11)

From the discussion of Sec. XI, 4, the following rule is
implied for the 0&„'.

+ 8i 2 1 (3.13)

where the sum is over all levels X in any energy interval
equal to the spacing between single particle levels. The
rule (3.10) is, for comparison,

d5,
Q (8),,0)' (I.

dE M.a.'
(3.14)

The correction to a reduced width (summed over
channel spins) for a given channel arising from the
variation of the partial level shift for that chamuel only
is, from (3.6):

d5,

dE M,a,'
(3.15)

b. Secor' Approximate Method: Linear Expansion
oj' hg —(i/2) I'i,

The approximate result obtained after expanding the quantity
6&——,iF& in the denominator of the resonance amplitude linearly
with respect to energy has somewhat more physical signi6cance
than the previous approximation of simply expanding hy, although
it is probably somewhat less useful in applications. Although in
the barrier region a linear expansion of the width would appear
to be a very poor one, it is actually satisfactory in many appli-
cations because the width term in the denominator is effective
only in the immediate vicinity of the resonance; the partial
widths of the numerator should always be treated exactly.

The quantity ey of (1.7) is expanded linearly with respect to
energy about the real energy E0 which satisfres the equation

so that
E),+~) (Eo) —Eo=o, (3.16)

where

E),=E),—E—(),(Eo) —(E—Eo) (d(y/dE) E=Eo (3.17)

6,= —~) +-'iF) ~

The quantity (dS./dE) (fi'/M, a/). is of order unity or
less (see the appendix). For instance, in the case of
I-wave neutrons (I/O), the maximum value of this

quantity, which is equal to 2(dS./dp, ') for neutrons, is

2/(2l —1) and is achieved at zero energy. Taking
(2dS,/dp, 2) as unity, the fractional corrections to the
corrected reduced widths are equal to the uncorrected
values. Since other uncertainties usually prevent the
determination of reduced width values to better than
10% one may say that the correction is only significant
if the uncorrected value of P, (8&„')' is &0.1.

Similarly, corresponding to the observed reduced width

(vt. ')'

(3.12)

Sy substituting (3.16) into (3.17) one eventually obtains

e), = t 1+(dP),/dE) z =z0)I E„—E—,iF),~g,

where

Im {d&),/dE)

t 1+Re(d&),/dE) g'+ t Im(dg), /dE) g'

(3.18)
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is the resonance energy, and

d'h &h '
Fy,t/Fg, =1+Re— 1+Re—+ Im—. (3.20)

dE dE dE

The resonance contribution to the cross sections may then be
considered proportional to

where

F
(g g)2+LF~t2s

&xc =2&c I &xcI,
V)i,c

(3 21)

c. esp/acernenfs in Mirror Levels

Some remarks concerning the positions of corre-
sponding levels in mirror nuclei are relevant here. It is
well known that various pairs of corresponding levels
show diferent displacements. If the spectra of two given
mirror nuclei like C" and N" are drawn along side each
other with the ground states on the same horizontal
line, some of the pairs of excited states are only dis-
placed by a kev or so, whereas others are displaced by
100's of kev. The maximum observed displacement is
that of the first excited states of C" and N" where it is
over 700 kev. Ehrman" and Thomas" show that this
displacement may be explained qualitatively in terms
of the di6erent boundary conditions at the channel
entrance for separation of C" into C"+n and N" into
C"+p. Referring back to (3.1) we have

{It+Re(A~/d~)]'+ Pm(dh/d~)]')'

&(ex ~i tan-1
1+Re(db/dE)

The total width Fyt in the denominator of (3.21) is in general less
than the sum of the partial widths Fy,~ of the numerator, in
accordance with the inequality (IX, 2.14). In many applications
Im(dp), id') is small and this difference is likewise small.

The results of this approximation differs from the previous one
by the inclusion of the effect of Im(diaz jdE) in the widths of (3.20)
and (3.21).The quantities co)„of (3.21) correspond to those of (IX,
2.4), and the "renormahsation" factor $1+(d@/dE) j & of (3.21)
corresponds to the contribution from the term dL/dE in the
normalized condition (IX, 2.30). As mentioned in Sec. IX, 2,
this contribution is proportional to the volume integral in the
external channels for the complex eigenfunctions with energy
&~=~.—k&F~~

equation is diferent for the two cases. Denoting the
neutron and proton cases by E and I', and choosing
the same value of 8 for the two cases:

E,rr E,r —= (E&.rr Err—)
+ (Sp(E p) Sx(E N))v&, ', (3 23)

where we have taken yq' to be the same for the two cases.
This will be correct if the two internal wave functions
X), may be assumed to be the same. The predicted
difference in the displacements of the erst excited states
and the ground states follows on taking the difference
between E„~—E„~evaluated for the two sets of states.
Assuming that the internal Coulomb energy difference
Eq~ —EyI is the same for the ground state and first
excited states the difference in displacements is pre-
dicted to equal the diGerence in the quantity

$S~(E,p) Sar(E—,x) jv~' (3.24)

when evaluated for the two pairs of states, ) =0 and 1.
Numerically the term for the excited states dominates

the other. This is because of the nature of the quantity
5, which varies most strongly with energy at energies
near threshold and 1 values near zero. (The excited
state energies in the first term are 2.5 Mev nearer
threshold than the ground state energies in the second;
and the excited states are l=0, whereas the ground
states are /=1.) Ehrman" and Thomas" found that
this first term in (3.24) was qualitatively equal to the
700 kev relative displacement. The main uncertainty
was due to lack of knowledge of the value of y),' to
better than a factor of 2.

4. The Two-Level Approximation

Occasionally one may 6nd experimental instances of
two levels (of the same spin and parity) occurring for-
tuitously close together in a region of normally well-
isolated levels. In such a case, the two levels should be
analyzed together as a single anomaly. For this purpose,
one may try to use the two-level formula that is the
counterpart of (1.13) for the one-level case. Such a
formula follows from Eqs. (IX, 1.14 and 22) and
(VIII, 3.2). For simplicity we will set R'=0, so that
the I matrix is considered to be

Eg+ (8—S(E))yg' —E=0, (3.22)

where we have assumed that the only contribution to
Ag that need be considered is that from the channel for
separation into C" (in the ground state) and a nucleon.
Since S(E) is different according to whether the nucleon
is a neutron or a proton, so the solution E=E„of this

y&X yy y2X ygR= +
Eg —E Eg—I (4 1)

A certain amount of algebraic manipulation leads to the
required formula,

g, [(E,—E)F,.~F,.-*'+(E,—E)F,.iF„.—:—S„(F,.:F,.'*~F,.'*F„.'*)j ~-,'PP 11.„.11,„.,j
C0

t (E,—E)(E,—E)+-,'(F»' —F,F,)—Z„j+-,'LF, (E,—E)+F,(E,—E)—2A„F„j
5 J. 3. Ehrman, Phys. Rev. Sl, 412 (1951).

9 R. G. Thomas, Phys. Rev. 88, 1109 (1952).

(4.2)
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where

~1 @1+~1

r12 2 2Pc"Ylc" Y2c" ~

(4.3)

Selecting the boundary condition B,=S, and provided that S, is reasonably constant in the energy range of in-
terest (so that 61=62 ——612——0), (4.2) simplifies somewhat to

7I gg &(E2-z)r„-:r„.-*+(z,-z)r„'*r„.-'*]'+-',[p n, ",rr. ..,.]'
Ctl

&.2,1, 1 ~(z,—z) (z,—z)+-,'(r„—r,r,)j'y-;pr, (z,—z)+r, (z,—z)]2
(4.4}

In the special case when there are only 2 channels,
the second term in the numerator is zero. From a study
of the remaining term it is clear that 0- ~ will vanish
between resonances if y~,y~, and y2,y2, have the same

sign, but not otherwise. In the general many-channel

case, the second term in the numerator means that
o. ~ never vanishes. These findings are in keeping with
those deduced from general arguments mentioned in
Sec. VII, 3.

5. Interference between Isolated Levels

a. Cross-Section Minima be/veen I.eeels

In the preceding subsection i.t was shown that the
one-level expansion provides a useful description of the
behavior of the cross section maxima when the ratio
r/D«1. Teichmann" has shown that, in the same

region, it is possible to make estimates of magnitudes

and behaviors of the cross-section minima between

resonances. Unlike the maxima, these minima may range
in magnitudes over several powers of r/D, and the
estimates therefore have only qualitative value.

The estimates are made by expanding in a power series

in the vicinity of the minima the matrix (1—RL') ', or

equivalently the matrix (L') 2(l—L'lRL''*) (L') &. A

sufficient condition for the permissibility of such an

expansion is that the norm

(5 &)
cc'

be smaller than one, and the usefulness of the expansion

will depend upon the norm being much less than one.

This condition is most likely to be satis6ed if the

boundary conditions parameters B„are set equal to the

shift factors, S„ in which case I.,=iP.. Now, in be-

tween the resonances, the order of magnitude of the

R components may be estimated as (y1,y1, )/D, al-

though it is quite possible that some of the nondiagonal

components as well as all of the diagonal components

may actually vanish there. (On the other hand, as

pointed out in Sec. XI, 6, there may be a cumulative

contribution to E„ from far-away levels. Following

IIL'-:~"II&(-/D) Z P.P .,:., '
CC

= (~r/2D) 2, (5.2)

where I" and D are appropriate mean total level width
and spacing. The following considerations are therefore
likely to be applicable when F&&D.

The power series expansions for the nondiagonal
reaction components of the collision matrix are

W,.=2iP, '*ER«+Z, R«L, 'R«+ .3P;l. (5.3)

In the consideration of this expansion it is necessary
to distinguish (Fig. 3) three possibilities. (1) R, has
an extremum between resonances but does not pass
through zero. (2) R„vanishes between resonances but
has no extremum. (3) R„goes through zero twice and
has an extremum between these zeros. In the third case,
which is somewhat unusual, the reaction cross section
has between resonances two minima and one maxima
which is itself not a resonance. For the first possibility
to occur between resonances at E&„E~+~ it is necessary
that the products y~.y), and y~+~, .y~+~, , have opposite
signs. Consideration of the 6rst term of the expansion
(5.3) then suffices for an estimate of the magnitude and

shape of the minimum. The third possibility is a special
case of the first and could occur if the contribution to
E„ from the totality of other levels on both sides is
the same sign as yq.yy. and of sufhcient magnitude to
annul the contribution from the levels E~ and E~+~.

Teichmann, " we ignore this possibility without real
justification. ) Thus, if the signs of the y1, are assumed
to be as likely positive as negative, their magnitudes
independent of X, and the levels uniformly spaced by
an amount D, the average of E„'with respect to all
possible choices of signs is found to be

(R."')g=Zn 1'V1"'/(&1—&)'=V1.'Vt (~/D)'.

Likewise, if the signs of the p),.p&, are alternately posi-
tive and negative, the same numerical factor of x is
arrived at for the magnitude of R„.In view of the
fact that some of the R,. components may vanish, it
seems reasonable to assert that
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and hence

Ilf - I'=~'P" (-/D) L1+-:(-/D) (E-E.;.) j (5.6)

The ratio of the cross-section minimum to the resonance
maximum is

, (min)/o, (max) (~p/2D) 2 (5.7)

If a width 8' of the minimum is defined as the interval
between the energies at which O„exceeds cr„& '"& by
a factor of four, then from (5.4)

5"=1.4D.

FIG. 3. Different types of behavior for cross sections in between
resonances. The origin of the three types is described in the text.

The extremum of R„,which occurs between the two
energies of annulment, leads to a cross-section minimum
with the same shape as the minimum which occurs
when R„WO. When I'/D is small, such an occurrence
probably requires an anomalously high value of p„.2 at
a nearby level, or a rather sudden decrease in the level

spacing. For the occurrence of the second possibility it
is generally necessary that the products p&,pz, and

yy+~, ,yy+i, . have the same sign. The behavior of the
cross-section minimum in this case will depend largely
upon the second term of the expansion (5.3).

The shape of the cross-section minimum is evidently
parabolic. As before it is estimated that (R,;)'=v)„2v), '
X (2r/D) . Similarly, for the second term, it is estimated
that

VXcVXc' Vpc7pc'A2

R, (min) (R,)—P
dE' E),—E (E —E)'

=vt..'v~.' Z), (E) -E) '

=V), 'V), '(32/D4) Q (2n+1) 4

=-',vt 'v~"'(~/D)' (5.5)

Mininta of Tyje (i)

If R„&0 in the vicinity of the minimum, the cc
component of the collision matrix may be considered
as approximately given by

Iw.. I'
4p p, LR, (min)+ (E E . )2(d2/dE2) (R, (min)) j2

4p p L(R, (min))2

+2R ™nl(E—E )'(d'/dE')(R )3 (54)

dR„I '
I
w...I2=4p.p..

I I (E—E,„)+(Q„,) (s.g)
& dE)

where

VXc Y'Ac" "fpc'"7Isc'
Q„=Q, R„P, R, , =Q;Q „ I' "—

Eg—E E —E

since the first term of (5.3) is real whereas the second
nonvanishing term is imaginary. The quantity Q„may
be estimated as follows: the sum over channels c is of
the order of or less than —,'F; as before, the magnitude of
the sum and the ti sum may be considered as (vt„)
X (2r/D) and (v„.) (2r/D), respectively; therefore, Q.,
&42(V),,2V)„2)1'(2r/D)2. By substituting this estimate
into (5.8), one obtains

Ilier- I'«Zi" ( /D)'L(E —E.;„)'+-,'r j. (5.9)

The ratio of the cross-section minimum to the reso-
nance maximum is evidently

, (min)/O, (max) (~p/2D) 4 (5.10)

which is two orders of (I'/D) smaller than the previous
one. The width of the parabolic minimum is

(5.11)

b. Collision Matrix for Regions Containing
Isolated I.eeels

J

When 1'/D«1, it is possible to obtain an approximate
expansion for U in terms of the levels of the system.
The form of this expansion was first deduced by Bethe'
and recently by Wigner" using the more rigorous pro-
cedure of R-matrix theory.

If the widths are small and good boundary conditions
employed, then the components of the matrix ( of
(IX, 1.9) are small and one can attempt to expand the

Minin2a of Type (ii)

When R„=O in the vicinity of the minimum, the
absolute square of the cc' component of the collision
matrix may be approximated by
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matrix A= (e—(') ' about the diagonal part s= e—E—g+(' whose components are eq= Eq —E——,'iF, where
g' is the nondiagonal part of (. Thus

The fission cross sections, in contrast, exhibit strong
level interference effects in keeping with the sugges-
tion ' that only 2 or 3 channels are involved.

A= e '+ e 'g'e '+ (5.12) XIII. SPECIAL TOPICS

and therefore, according to (IX, 1.13) The present section deals with miscellaneous special
topics. The discussion of three-body disintegration and

(I Ri 0)
—iR Pi, (y~X y~) ~~

' photon processes will partly remove restrictions hitherto++,( X )~, i+ (5 13) imposed on the theory.

the components of which are

L(I—RL')—'R],.=Q), (yg.yg. /e~)+i Q."P; Q».
X (y)„yi, /~z)Q, (w~) (y„,. y„, /e„). (5.13a)

(y), X y~)
W= I+2ipi Pg- P'. (5.14)

The components of
I $q„I &P. P. Iyq. y„, I

are less
than or of the order ~~V. If a particular X is near reso-
nance, then the terms of the p sum are not and the
magnitude of their sum may be estimated as (y„, )
X (~/D). On the other hand, if a p term is near reso-
nance, the terms of the X sum are not and the magnitude
of their sum is similarly (yz.)(m/D). Clearly then if
F/D«1, the second and higher terms of (5.13) may be
neglected, and the approximation to 8" is obtained by
retaining only the first sum of (5.13):

1. Cross Sections near Thresholds

Although the main results reviewed here on behavior
of cross sections near thresholds have been known since
the introduction of the Born approximation into nuclear
theory, not until recently was a derivation given by
Wigner" in which the rigor was such as to leave no
doubt as to the validity of these well-known results.
Wigner's derivation goes somewhat beyond the earlier
ones in that it shows that cusps can occur in reaction
and scattering cross sections at the thresholds. This
derivation does not make use of the one-level approxi-
mation but does require that the range of nuclear
excitation energies of the compound nucleus being
considered be much less than the distance to the next
level. It also requires that, in general, p«1 and, in
the case of charged particles, that in addition g))1.

From (VII, 1.6), a typical nondiagonal element of W
may be written

Although (5.14) has the form of the more exact ex-

pansion (IX, 2.5), its p&, are real and the imaginary
parts —,'F}, of the denominators satisfy the condition
(IX, 2.14) in the exceptional case of equality. If the
Fz are of the same order or larger than the energy
differences between resonances, (5.14) may become
grossly inaccurate. Nevertheless, it is shown in Sec.XI, 2
that if the signs of the p)„may be considered as likely
to be positive as negative, (13.14) is valid for any value
of F/D provided only that the individual ratios
(27rFq, /D) are all much less than unity.

The reactions cross sections corresponding to (5.14)
are, from (VIII, 3.3),

W..= 2iLP, '(L.') 'j(L (L') '—R] '}„I P, '(L, ')—'j.
(1 1)

Near the threshold for either channel c or c', the vital
quantities determining the energy dependence of the
cross section are P, IL,'I 'and P;IL

I
', respectively.

In terms of the Coulomb wave functions introduced in
Sec. III, we have, dropping subscripts c,

1P-i
I
LOI2=-(P2+ (g—5')~}

E

P'+G' ) p y
' ) PP'+GG'~ '

I I+I ~—~
(P2+G~ j g P2+G2 )

'lr

g~ Z
2 Jsls'l'

(5.15)
Z

K +~&—~——I'x
2

(1.2)

At energies near the threshold for a channel c with

l~o, F&&G, P&&G', G))1 and

where the sum over X is over levels of given spin J and
parity. For this formula, if the signs of y)„are random
with respect to c', the ini.erference terms will be very
small in cross sections that imply sums over large
numbers of channels. For this reason experimental slow

neutron capture cross sections (involving the hundreds
of photon channels) can be analyzed into superpositions
of Breit-signer resonance terms without interference.

1
P—iILOI2 LGP G]~

p
(1.3)

In the absence of a Coulomb barrier, we may use the
limiting forms for G and G' which are valid at very low

"E. P. Wigner, Phys. Rev. 73, 1002 (1948); also G. Breit, ibid.
107, 1612 (1957).
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energies (which, in this case, means for p«1),

so that

(2/ —1)!!
Gl= Gl'=

pl

—l(2l —1)!!
pl+1

(1.5)

When a Coulomb barrier is present, the limiting forms
for low energies are (see appendix),

where P=(8pi))& and the E's are modified Bessel
functions of the second kind. (We follow Wigner" and
use E's that are (—1)"+' times those defined by
Watson. ) The combination pi) does not depend on
energy so that P remains finite as E—&0. For this case,
from (1.3),

PIL'I '=7ip& ""[2p'*(&+))E2i+i(P)+p'&&2i(P)j (1 8)

The quantity [(L')—'—Rj in the expression (1.1)
for the collision matrix is essentially constant for the
nonthreshold channels in the range of energies near a
threshold. For the threshold channel the imaginary
part of (L') ' is very small and its real part is finite and
essentially constant. The quantity [(L') '—Rj ' may
thus be regarded as constant in first approximation and
the energy dependences of the reaction cross sections
are dominated by P,

~
L,'~ '. The cross section for the

production of a new particle type u' with a negative Q
will thus behave as

and

a~k "+' when q=0

O.~e—'~&~' when g&0.

If the Q of a reaction is positive, the cross section for
the reaction will depend on the energy of the bombard-
ing particle n for small values of E as

and

0. k "—' when q=0

0- k 'e ' & when r))0.

The first of the last two dependences gives the well-
known 1/v law for s-wave neutron capture. The second
gives the proper relation to use for extrapolating
charged-particle reaction cross sections to low bombard-
ing energies; in this case the eGect of the centrifugal

The case 1=0 is exceptional when there is no barrier;
since P= p, S=O, when l=0, Eq. (1.2) gives, for this
case,

(1.6)

fi@ld.is.completely washed out by the Coulomb field as
regards the asymptotic behavior, although the absolute
value of the cross section will depend to some extent
qn:the value of angular momentum. We also observe
t}ie well-known paradox that while the ratios of the
cross sections for various angular momenta remain
finite when there is a Coulomb field, they do not in the
absence of such a 6eld.

For reactions with negative Q's, the next approxi-
mation in the consideration of the threshold behavior
is to include the energy dependence of [(L') '—R].
If the new particle type is uncharged, then it will
emerge at threshold with zero angular momentum, the
bombarding particle bringing in the balance required to
conserve momentum, so that, for positive energy
channels: L,o= (ip, 8,) —and for negative energy
channels: L,'= p.—B..

Treating the two types of channels together:
L,'= (—2M,E,k '/fi')'* —8,. Considered as a complex
function of E, L' has a branch point at E=0, resulting
in the introduction of singular energy dependences (cusp
or "5-on-its-side") into the various cross sections. Such
branch points do not occur when there is a barrier for
the new particle type.

These results may be illustrated by the special case
where the cross section near the threshold is dominated
by a single resonance level, X. In this case, from Sec.
XII, 1a

(1 9)

The threshold energy dependences of (1.5) and (1.8).
are now contained in the widths of the numerator in the
form of the penetration factors P. Just above the
threshold for either c or c', the denominator may be
regarded as constant relative to the energy dependence
of the numerator. In the case when the energy passes
through the region of a third channel c" however, the
situation may be reversed. The numerator is essentially
constant but the denominator may vary sharply
because of the terms 6," and F),".This variation is
most pronounced for an s-wave channel without barrier.
In this case choosing B,=O, D~, .=p."yq, ', F)),,"=0
below threshold and F)„"=2p,"y), ', 6),"=0 above,
so there are actually discontinuities in the energy de-
rivatives of 6)„"and I'q, "when the threshold is crossed.
It is the resulting discontinuity in the slope of the
denominator (1.9) that produces the cusp or "S-on-
its-side" anomaly. For all other types of channels
there is no actual discontinuity in 6)„"or F)„"but they
may still vary sharply through the threshold region
when the l value or the channel barrier is small.

Results obtained for the behavior of cross sections
near thresholds for two-body decays can also be applied
to three-body decay thresholds if these decays can be
treated with sufhcient accuracy as two-stage processes
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as will be done in subsection 2. An important example
is the (e,2n) reaction in which the probability for the
emission of the first neutron with an energy E& is pro-
portional to E&&dE& and the probability for the emission
of the second neutron with an energy E~ is proportional
to E2& so that 0 (0,2e) (E~E2)~dE~. If the total energy
in excess of the threshold is E=E&+E2, then by
integrating over the neutron distribution one finds that
o(N, 2n) E'. These dependences were derived in a
complicated though more rigorous manner by Snow.
As emphasized by him, the energy range of their
validity is so limited that they are of no use for analyz-
ing any presently existing data. As a criterion for their
validity, Snow" gives the permissible range of E as the
smaller of Dg/2500 and D~+~/100 where D~ denotes
the mean energy spacing between levels of the bom-
barded nucleus A at the threshold excitation and D~+~
is the mean level spacing of the compound nucleus.
Since (e,2e) reactions generally take place at high
excitation energies, these ranges of E are usually of the
order of an electron volt which is much smaller than
any attainable beam resolution. On the other hand,
Weisskopf's statistical theory' '" gives an expression
for this energy dependence which is valid in the opposite
extreme where the ranges of energies E involved are
large compared to both level spacings. This expression is

the WEB integral be small. As an example, the pene-
tration of the magnetic moment barrier is considered.
In this case P~ (2M/k') (eh/2 Mc)'(@~pe/r') for which
the second integral is

e pqp2
P,= ~~ P(r)drdr'=

T 4' c'a

which is of the order 10 ' thus showing that the mag-
netic interaction should be without appreciable eGect
on slow neutron processes even though the height of
this barrier at the radius a may be several kev.

2. Three-Body Disintegration Treated as a Suc-
cession of Two Two-Body Disintegrations

Hitherto it has been assumed that the excitation
energy of the nuclear system was below the thresholds
for its disintegration into three or more bodies. We now
consider the possibility that one of the two bodies, ni
or e2, of the disintegration pair n may have sufficient
excitation energy to disintegrate in one or more dif-
ferent ways into additional pairs of bodies, resulting
in a three-body decay for the compound system. The
modifications of some of the formulas of previous
sections to include this possibility are given below, and
the validity and usefulness of the results are discussed.

We can best begin our discussion by reference back
to the relation (V, 1.4),

where T is the temperature of the bombarded nucleus
at the threshold excitation. Although this statistical
expression also indicates a 0- E' dependence when

E«T, this dependence is unrelated to that just obtained
from the resonance theory; there is no reason that these
two quadratic relations should join smoothly onto one
another in the intermediate ranges of energies E which
are comparable to the level spacings as their absolute
coefFicients are not expected to be the same.

signer" studied also the effect of perturbing poten-
tials on the asymptotic behaviors. His investigation
shows that if the small additional potential is twice
integrable to infinity, i.e., if it drops as fast as r "with
e&2, the asymptotic behavior is unaGected although
the magnitude of the barrier and the range of validity
of the asymptotic expressions will be affected. This
shows then that the centrifugal potential is just about
the weakest potential to change the asymptotic behavior

but that its e6ect can even be washed out by the more

influential Coulomb field. The condition that the poten-
tials be insignificant and do not aGect the region of

validity of the asymptotic laws is that the second

integral I'2 of the quantity E in the perturbing potential
O'P//2M be small compared with unity (see Sec. VII, 4).
In practice this is equivalent with the condition that

' G. Snow, thesis {Princeton University, 1950), {unpublished).

(& R))~+2*+—idr =Q (V2. D&. V&,D2.*). (2.1)—
C

)~P,*P.dS =4' a.'5.. (2.2)

The essentia1 complication introduced by the presence
of three-body decay is that, in general, one cannot
define corresponding channel surfaces S,. According to
definition, S, is equivalent to the spherical surface
r,=a, which is such that there is no polarizing inter-
action between the two members of c when separated
by a distance &a,. As long as both members of c are

The equation is the fundamental one in R-matrix
theory. The term on the right results from using Green's
theorem to transform the integral on the left over the
internal region into an integral over the surface S. In
the case when only two-body breakups are involved,
this surface S is defined to be drawn far enough out in
configuration space so that it is equivalent to a sum
over nonoverlapping channel surfaces S.—hence the
appearance of a sum over c on the right-hand side. A
further consequence of the definition of S is that, from
(III, 2.1), all the channel surface wave functions iP, are
orthogonal on 8,
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bound~ cg CRQ bc RsslglMd sornc 6nltc value. How'cvcx' lf
one (or both) of the members is unbound (i.e., its
wave function spreads over all space), then no f'mite

vRluc can, ln general) bc RsslglMd to thc 8,. It ls clcRr
from these remarks that the theory can be applied to
three body brea, kup only vrhen the unbound member
has a wave function that is small in all the unbound
channels so that u, may be chosen at a finite value
approximately in accordance vrith its usual de6nition.
This is equivalent to demanding that the unbound
member be long lived so that the three-body breakup
has the character of two successive two-body breakups.
Of course, if the a, are chosen large enough, these con-
ditions vrill be satis6ed by any type of three-body decay,
but the theory is no longer useful. Given such approxi-
mate channel surfaces for three-body decay, the only
modification of the R-matrix theory that are needed to
cope with three-body decay are those implied by the
occurrence of continuum vrave functions. These must
be chosen to satisfy the orthogonality condition (2.2),
and, once this is done, the three-body decay processes
may be included in the sum in (2.1) and the R-matrix
theory can be carried through in the usual vray.

The only matter to be settled is the enumeration of a
complete set of breakup states for three-body decay to
include in the sum of (2.1).For a given type of three-
body decay consisting, for definiteness, of a bound sys-
tem ng and an unbound system 0,2, we 6rst label states
by the kinetic energy T~ of n~. Fixing Ti 6xes the amount
of energy E2 left with thc unbound system o.2. For a
given E2 and spin I~ there vrill be several linearly inde-
pendent states of o2, the precise number being deter-
mined by the number of open channels of o2 (counting
channel spins a,nd l values as well as different breakup
modes). We can conveniently take these states to be
those with oltgoing waves in single channels Li.e., the
time-reversed versions of (VI, 1.3)j, Labeling open
channels by r,

from the de6nition of the 5 function. This implies that
the orthogonality condition (2.2) may be extended to
three-body decay,

~
fc(z2.)~f"(» r )d3=4nu, 28.;b„„b(E2 E2')—, (2.6)

where c (and likewise c') speci6es the composition of the
subsystems n1 and e~ along vrith their spins and the
channel spin s and the relative angular momentum l,
but not the energy E2 or thc state r of 0.2.

We may now carry through the R-matiix theory with
the simple modification that P, is everywhere replaced
by P.P „J'dE2, the first replacement being on the right-
hand side of (2,1). The collision matrix elements
U, ~~, „~,, for unbound channels c are de6ned such that
the tota, l a,syIQptotlc wRvc fUQctlons hRvc thc form

wlMI'c tlM 6I'st sum ls ovcI' two-body chaI1Qcls. This
definition gives U~~(a, ~q~), q 'the dimension (energy) ' and
leads to the follovring cross section for the initial two-
body breakup:

ATa, e'(E2'r ') vP

gg~ U'(z~" );~I,' (2.'I. )dE~ k ~ J &"&'

Thc cx'oss scctlon fox' ploduclQg three. dc6Qltc cnd
products, irrespective of their kinetic energies follows
oQ lntcglRtlng ovcI' E2 and summing over Rll t' con-
sistent with the three products, (i.e., over channel spins
and 1 values).

In the particular case of the one-level formula, (2.7)
becomes

=~--:L&.(E.)-Z U-*(E)~. (E)j, (2.3)
FxeFxc'(82'r ')

da ~ '(g2'~') =—p g- dE2', (2.8}4"t"~' (E.+»—E)'+-„'I'&'
vrhcre 6 and d are de6ned in Sec. III, 2. %c have in-
serted the factor h & so that the fzmr satisfy the usual
continuum normalization condition: where the quantity F~, N„~ is dimensionless and vrhere

the total width and shift in the denominator include
integrations of Fq, ~g, „~ over dE2' besides the usual
summations ovcx' discrete c .

The reduced vridths y~, ~~,~„~' for three-body decay
are unknown functions of Eq' so that (2.8) is generally
not as useful as the one-level formula for two-body
decay. Hovrever, if the continuum systems c'r' can also
be described over a range of the energies E~' by a one-
level formula, the follovring useful approximation can
be justi6ed:

where the volume integral is over all space and 6 is any
small number. LEquation (2.4) follows straightfor-
wardly on inserting (2.3) on the left-hand side and
integrating over all space, then over energy. j Put
otherwise (2.4) reads

b„ if ~Eg Eg'~ &6—
dE2 '

pzmr*fzm r d7= (2 4)
E2-5 0 othcrwlse
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in which the constant reduced width factor y)„(~ )' is
independent of r' and E2' but depends upon o;2' and
the energy level X' of the system a&'. The basis for this
factorization is (Sec. XII, 2), that in the one-level
approximation (even with a constant R' term included)
the shape of the internal wave function for a particular
o.2' is independent of both r' and E2',. the yq, (g,; )' is
expected to be proportional to the absolute square of
this wave function in the internal region r~~' of the
system e2' and thus also to the integral over ~ ~ of the
absolute square of this wave function. For the proba-
bility integral in (2.9) we can apply (XII, 2.1) obtaining

in which a factor k ' has been included as indicated by
(2.3) for the energy normalization. If I"x, and hi do
not vary with Ez' over the resonance X' (we could con-
sider hx as a linear function of E2'), Eq. (2.10) may be
integrated over the A.

' resonance with the result that

(2.11)

Finally, we may sum (2.11) over the various possible r'
with the result that

(212)

Thus we have obtained the result that the ordinary
one-level formula

is valid for the cross section for the production of a
given continuum state X' of e2' provided that this state
may be described as an isolated level. From (2.11) it
follows that the cross section for producing a definite
trio of end products is obtained by multiplying (2.13)
by the ratio (P, i'z, /I'&, ) where the sum over r' is
over all spins consistent with the three products.

These considerations provide some background for
the usual treatments of three-body disintegration given
in the literature. " Almost all of these are based on
assumption of successive two-body decays with the
consequence that the cross section for definite end
products becomes a product of two parts in the manner
just described. Although we have only discussed the
case of isolated levels, these considerations can be ex-
tended to the case where the (first) compound states
are overlapping by using the considerations of the
statistical picture described in Sec. XI, 3. In applica-
tions, this type of treatment based on successive decay
has been successful not only for three-body disintegra-

tions, but for reactions giving as many as seven simul-
taneous end products. "

3. Inclusion of Photon Channels

The derivation of the theory as given in previous
sections certainly does not apply to the electromagnetic
field particles or "photons" with their special properties.
These properties include the possibilities of production
and annihilation and the nonlocalizability of photons in
space which prevents their description by orthodox
spatial wave functions. We can extend the heavy par-
ticle theory to include photon processes, by exploiting
the fact that the coupling of nucleons to the electro-
magnetic Geld is relatively small, adopting the usual
perturbation approach to electromagnetic phenomena
and considering processes in which at most one photon,
virtual or real, exists in the system at any given time.
Because of the smallness of the coupling, the proba-
bility of two photons being simultaneously present is
much less than that for one photon and so the "one-
photon" theory should be quite adequate except in
those anomalous situations in which one-photon transi-
tions are forbidden by selection rules. (For example,
transitions between two states of spin zero. )

Although the treatment of photons is diGerent from
the treatment of heavy particles, the qualitative role
played by photons is similar in nuclear reactions to that
of heavy particles. This belief is manifested by the
fact that photon processes are usually included in
theories of nuclear reactions by alalogy mph particle
processes. '4 For example, the dispersion formula for
reactions through a compound nucleus state is extended
to photons by merely including a damping width for
photon processes in the total width. This is made
plausible by the Bohr picture of the compound nucleus
which decays by competition through the various
channels in a manner independent of the mode of
formation. On this picture, photon emission is just one
particular competing mode of decay so it is expected to
damp the formation of the compound state just like

any other mode.
For most nuclear reactions, the widths for photon

processes are so small compared with the particle
widths that their damping effect is quite negligible.
The well-known exception to this rule is provided by
thermal neutron reactions where photon widths may be
even a thousand times larger than the particle widths
and so damping must be taken into account.

a. One Photon Theory -without Damping

Ke denote wave functions with and without photon-
particle coupling by 4 and +, respectively, so that

H4=EC, where H= (H„,i+Hei„i)+ (H'+H'*), (3.1)

H%=&I, where H= H~.', +Hi, , i (3 2)

"J.D. Jackson, Can. J. Phys. 34, 767 (&956}.



where H' creates single photons and H'* absorbs them.
Consider the state C, corresponding to unit incoming

Aux in the channel c= e. Allowing for at most one photon
to be present we may write this state as

function has the form in the internal region,

+.(o) = i—kiQ, P (A),„F„,')X),
Xp

(3 &)

C =C ('+PA 4 ('

Superscripts signify the number of photons present.
4„"& has the form of a product of a nuclear wave
function and a state vector of a single photon, p, which,
for definiteness, we assume to be in the (k; ZSKsr)
representation (k=photon wave number, 2=angular
momentum, 5R= component, sr =parity) and normahzed
to one photon in a large volume V.

Substituting (3.3) in (3.1), and multiplying through
by 4, & '* and integrating over all coordinates

and corresponds to the collision matrix for particle
channels,

(3.8)U..=iQ,Q. Q Ax„F„.~F),.'.
') p,

Thus, assuming that the internal region is large enough
to include all significant contributions to the matrix
element in (3.6), we may assert that

U.„=iQ,Q„Q Ai„F„„'Fi„*', .
Xp,

(3.9)

where the product (Q„F),~') of the photon phase factor
and width amplitude is defined as

I C,(»*(II—E)e,o+P A„C,(»*H'*+„(»=0. (3.4)
Q F, := (2~p)i~i e &')*a'X, (3.10)

Multiplying by 4„"'~and integrating gives

(E E)A + I g (&)ojj@ «) —0 (3.5)

U.,=
I I

(E„-E)A„)
(2srp) *

& g )
t'2srp) i ('

o)agp@ (»
Ea) ~

Utilizing the well-known Dirac procedure, MO we assert
that the amplitude V,„of the actual outgoing photons
at large distances is

In fact, since the matrix element in (3.10) must be
real we may set 0„=1 without loss in generality. Com-
paring (3.9) and (3.8), the expressions for collision
matrix elements for particles and photons have almost
identical forms, suggesting that, once photon processes
are assigned widths in accordance with (3.10), they
may be treated on the same footing as particles. Un-
fortunately this is not quite correct because the A),„
occurring in (3.8) and (3.9) are for the unperturbed
problem, so that they involve no reference to photons
and are therefore not symmetrical in photon and par-
ticle widths. As an illustration, let us consider a particle-
photon cross section proceeding through an isolated
resonance. In this case, from (IX, 1.21), all A),„are
zero except

AM, =$E)+f) ) —E—(i/2) F),j (3.11)
where p is the energy density of photon states and
A"=E„expresses the energy balance for real photons.
(Notice that p' contains a factor V*' which compensates
the V

'*in the photon state vector. ) The amplitudes
U,o defined by (3.6) are elements of the collision matrix
appropriate for reactions involving photon states p.
Cross sections are related to collision matrix elements
in the same way as for particles (Sec. VIII). The only
difference is that, for the differential cross sections, the
photon wave (ZORsr) is not to be associated with the
angular function I"mc(~) (Q) but with the special photon
vector function Xs)r (~) (Q) that is defined in (3.40) below.

The discussion may now be specialized to the case of
the 6rst-order theory without damping by replacing
C, (') in (3.6) by +,(», the nuclear wave function in the
absence of photon coupling. From (IX, 1.31), this wave

"'P. A. M. Dirae, Priwcip/es of Qscor))re)N kIechor)ics (Oxford
University Press, New York, l947), third edition, pp. 188—204.

so, from (3.8) or (3.9), for both particle and photon
outgoing channels,

(3.12)

and, from (VIII, 3.3),

I A. P.I Xeo„=—P gg-
(E),+~x E)'+4F~'—(3.13)

The level shift h~ and width I'), in these three equations
only contain contributions from the particle channels.
In general, since photon widths are (( particle widths,
this lack of symmetry in the theory between photons
and particles is of no practical importance. However
there is the special case of slow neutron resonance
capture where often Q„F),~)&F),„, In such cases, Eq.
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(3.13) is known to be quite wrong if one does not in-
clude the photon contribution in the total width and
shift in the denominator. In other words, it is vital to
include the damping CGcct of photon production. This
means that for insertion in (3.6) one must 6nd a better
approximation to C,&o' than that given by 0', ~@ of (3.7) .
If photons are to occupy a similar role to particles,
this better approximation must be such that the co-
ef6clents Ayp of (3.7) are mOd16ed 'to lllclude photon
widths symmetrically with the particle widths. There
are two arguments to show that this modi6cation ought
to bc made.

by subtraction

thus satisfying. (3.16).
(ii) Derivation porn Proper Damping Theory. If—

(3.3) is substituted in (3.1), and the resulting equation
ls multlplled by X), and lntegratcdy wc haveq lnstcRd
of (3.4);

t Xg*(H—E)i,&'&++ A.„ t X),*H'*4'„&"=0. (3.17)

(i) P/ausibilk'y Derivation Based on the Unitariiy
Requirement. The q—uantities Aq„ in the U,„of (3.9)
are, at present, to be evaluated for the unperturbed

system, i.e., ignoring the presence of photon channels.

This means the U is not unitary, as is evident in the
special case of an isolated level (3.12). In this special
CRsc lnlposltlon of thc condltlon of unltRllty implies

that the photon width should be included in the total
width in the denominator of (3.12), which is equivalent
to its being included symmetrically in A qq. We will now

show that, in the general case the imaginary part of
the scalar product defining the (-matrix components,
which conlponcnts RI'c involved 1Q thc determination
of the A-matrix components of (3.9), must include an
additional contribution from the photon channels for
each component Ap, each of the two factors of this
contribution being speci6ed by (3.10). (The contribu-

tion to the real part of the ( components from the addi-

tional channel remains unspecified by this argument. )
To show ln detail thc condltloQ fol llnitarity, onc

evaluates the components of the matrix product

(3.18)

then (3.5) becomes

(E„E)A„+—Q A„) 4„&"~H'X„=O. (3.19)

Substituting A~ from (3.19) into (3.17) and remember-
lQg thc condltlon of outgoing wRvcs:

t X)~(H —E)C,'o&=Q Q —- +orb(E E~)—
x E—E„

X I

I
e~„o~*H'X„~~ ' Xg*H'*+„"' ~. (3.20)

t. (

On extracting from the summation over p the summa-
tion over E„and replacing it by an integration, we have

UU*= QL1+2i P),„(P&y),X P&y,)A)„j
X)1—2i P„„(P~q,X P1q„)A&„'la*. (3.14)

UU*= D(1+2iP& Q~„(y~Xy„}LA~,—A~„*
—P,„A,.(g.„—g.,*)A,„*jP-'*)a*, (3.15}

(3.22)

A —A' —A(g —P) A*=0. (3.16)

If A= (e—E—g) ', with the g components as in (3.15),
then A(e—E—()A*= A* and A(e —I—P)A*=A and

the scalar product including contributions from all

channels. One notes that only the imaginary part of
the ( components are involved in (3.15). In order that
U be unitary, it is necessary that

where I'g~' is dejned by (3.10).
Equation (3.21) is the basic one of the present con-

siderations. If C,&0) were replaced by 0,&'), the un-
perturbed state, the left-hand side would vanish as
demanded by the conservation theorem. It follows that
the right-hand side of (3.21) accounts for the leaking of
probability from the nucleon con6guration space due
to photon processes. Applying Green's theorem to the
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left-hand side of (3.21) gives

t X,a(8—E)C,(') = (Eg—E)A) +Q (V,D)„D.—V),.)

( 1
=Z~» (E) E)»—»+ 2

~
~)"—-1')"

I

e(»-'e) 4 2 )
+(V,D„D.V„—). (3.24)

Combining (3.21) and (3.24), the presence of photon
channels manifests itself in just the same way as all
other outgoing channels. Ke have

Z ~» (E) —E)4»+ E ) ~)».—-1'),. (
. I)s e(~e) k 2 )

c. Trorisitioes ie the Externo, / Eegiom

If the particle channel surfaces are chosen in the
normal way the external region of configuration space
may contribute to the electromagnetic transition
matrix elements. '" This possibility may be removed by
enlarging the internal region, or may be taken into
account by the method we now discuss. Usually the
contribution of the external region will be relatively
very small. For instance when the bombarding energy is
on a strong resonance, the external contribution can be
ignored. The situation in which the external contribu-
tion may be appreciable is a combination of rather
special circumstances that seems to be occasionally
realized in light nuclei.

The wave function of the final nuclear state, X„J~,
say, takes the following form in the channel c=ofsl':

(2~ & E (r)= V.D),. D.V),„—(3.25) X„s,s(, —)
~

—,
~
e„,~,l

( a,) '
r,

where the sum over c now includes photon channels.
Evaluating the wave function at the entrance channel
surface from inside and outside gives the relations

X ( Q (sl'v'm'
i
J'M'))Ie „(svY„('))) (3.3.0)

1'+m'=M'

Q A»y», = V„

D, V,i.=i—(2h) V'.&0„

so the right-hand side of (3.25) is

28v, ' I"
ill„'= 1++—

i
E,'(,)d, .

c ac ~ac
(3.31)

Here it is assumed that X„is a bound state, normalized
(3 2«) over all space and the normalizing factor f((v is defined

by
(3.26b)

s
V,D)„D,V)„=—Q A»~ 6—),»,——F),», ~

2 )

E.(v.)=o.(")I0.(o.) (3.32)
Defining the matrix A= Pl ),»] in the usual way,

Making the reasonable assumption that external
transitions are only significant in channels o. in which

incident waves, the external contribution to
on matrix U,v of (3.6) is

there are
the collisi

% =(E —E)4»+Z) ~)». 1'),» I
(32—8)-

e ( 2 ) U,vs(ext)

8„, is the dimensionless reduced width amplitude and
E,(r,) is the external radial wave function fixed by the
condition: E,(a,) = 1 so that, in terms of the 0 function
of Sec. III:

+i(2h)'*P, lQ,y)„. (3.27)

where the sum over c includes photon channels, we may
extract from (3.25) and (3.27) the solution for the
expansion coefficients A)„

(2sp) &

= iV'v
I i Q (sh m

i
JM) (sl'v'm'

i
5'M')

) e+e» =I

A), ———i(2is) V',&Q. P A),»y». . (3.29) y1(
XH,.I

—

[ (
i'Y„(') Hs(((a —)

&u.v. & & r,
Substituting (3.29) in (3.18) gives the expansion (3.7).
Continuing the solution (3.7) through the channel
surfaces to infinity gives the collision matrix elements
(3.8) for particle channels. Substituting (3.7) in (3.6)
gives (3.9) for the collision matrix elements for photon
channels. This completes the demonstration of the fact
that photon channels and particle channels occur com-

pletely symmetrically in the collision matrix when

damping is taken into account.

(I. U.,O,))—Xi'Y„(') ~, (3.33)

where e=esl, the entrance channel. This term must be
added to l1)v times the internal contribution (3.9) to
obtain the total collision matrix element. The operator
Hs)i(~ ) in (3.33) is the part of H' that remains after

'e' R. G. Thomas, Phys. Rev. S4, 1061 (1951}.
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X (1-1—11
I
l0) X (3.36b)

hnlt

for the electric multipole fields h; these fields are also
normalized to unit Aux. The respective incoming and

outgoing multipole fields are related according to( 4&rp ) *

U.,s(ext) = (—)"
I I

(JZMORI J'M')
& ha.o, )

the operation of creation of the photon (k; ZBRvr) for the magnetic multipole fields%, and
specified by p has been made (it only depends on the
nucleon coordinates). As is evident from (3.33), the ~~ceo&i

channel transitions are assumed to be electric multipole
in nature. (In fact, electric dipole transitions are the
only ones likely to ever have appreciable external con-

tributions. ) Using some Racah algebra (3.33) can be
developed a little to give

U(Zl J's, l'J)
XZ

(2l'+ 1)'

Ie Uee0e )x I
i"F&' '—IIH&'-& lls'F&'&

I (3 34))'

where the reduced matrix element has been introduced.

Qi~„——(k/2srh) lr 'I&(i'F„i'&) ei,

C&„„=(k/2z&&t)
—ir-'Oi(i'F ~t&) e„

(3.35)

which are similar to the functions (III, 2.25) for par-
ticle wave functions; they are normalized to unit flux

and the unit vectors et are

d. Widths for Photons

The procedure for determining the expressions for
the widths of the photon channels involves the

multipole expansions which have been described by
Blatt and Weisskopf, " Rose "' MacDonald, ' ' and

others.
In held-free space, one can consider incoming and

outgoing vector potentials of the form

k 'I vx( 3xzsrt& ~sos&i

Qxesrt] G semi'
(3.37)

We can deal with the fields (3.36) in the same way
as the channel functions of Sec. III.2 in (VIII,1.5).
The vector potential A for a unit-Qux plane wave of
wave vector k, polarization state e, may be expanded in

terms of these fields as

A(k, e) = ivr~k—2 -*' Qzmi(22+1) l

X[(~cps&i —6c~s&i)+ c(3xzs&t —Qxssrt)]DD&i, ' &,

(3.38)

where the quantities Dm'~) are the components of the
irreducible matrices representing the rotation from the
axis of quantization to the direction of k.

A semiclassical procedure for determining the colli-

sion matrix components U,„of the above outgoing
multipole fields is given in Appendix 3, Sec. 4, of Blatt
and Weisskopf. '4 In terms of the nucleon current
sources j,~ and magnetization sources M,„, one finds

from the Maxwell equations that, for magnetic and
electric 2-pole radiation, respectively,

U,„=—(2~hk) '(4~/c)

ei ———2-&(e,+ie„),
eo= e,

e i——2 *'(e,—ie„)

with the properties

(e~* ei)=~iv.

The vector potential multipole fields having a definite

total angular momentum 2, component BR, are linear

combinations of the form

X
~

"r 'Fe(ieXBK'e')* (j,p+cVXM, p)dV, (3.39a)

U.„=—(2vrhk) l(4n./c)

(k ' XVj,„+ckM,„)dV, (3.39b)

where the Xm'~' are the vector angular functions for
photons defined by Blatt and Weisskopf:

—2' Q ~(J-1r&stl ~~) (L1—»
I
1-0)

@acorn
Xs&i«& = [Z(@+1)]-'LFsic&'&, (3.40)

LOKI t
(336a) These functions are normalized:

29R1t

'2M. E. Rose, 2lfgltipole Fields (John Wiley 8z Sons, Inc. ,
New York, 1955).

' ' W. M. MacDonald, Phys. Rev. 98, 60 (1955).



L is the differential operator —irXV. These ampli-

tudes diBer from the corresponding amplitudes 0', e and

Cx of Blatt and Weisskopf in-the normalization and
the phase. In the case of a transition from an initial

state 0', to a final (bound) state X~, the quantum-
mechanical current and magnetization expressions are

(2m+1)!! ( a
hes)I =e d V .—(rje) (2Ys)I(e))*(X„*XI)

(2+1)ke " Br

M„=P {ekgiVe)~[X„"~e,$, (3.41b)

j.,=Z l[X,"(j+.)+ (jX.)*+.j, (3 4«)
+jg(ie Y,

sx(~))*X„*XI
( 8)+j,(i Y~( ))'X„I r—)X,
E ()r)

(3.46a)

y{j,(PYII«))'~ (X *(ry~)X,)}. (3.46b)

These cxplcsslons for the moments XCBR and h85R al'c
similar to those given by MacDonald. "' In the long
wavelength approximation which assumes that ku&&1,
on ains

(8Irky l I.r „'=
I )

dVjp(kr)(iexmI(~))*

e obt
jl,+e(V XM)„)

(3.42)
k '(~gjl )+ekM1

i —(ek )
2)((f f

'

dV
2+1 (2Mc) ~

where p indicates summation over all nucleons, j is ( ek ) (2&+1)!'. ('

the current operator for protons —~eAV, e is the Pauli 6'es)I = i
I
—

[ I(k d V
c

spin operator, and p is magnetic moment expressed in
units of the Bohr magneton.

From (3.9), (3.10), and (3.39), it follows that

where we have put the free space function je(kr) for
r 'Fg(kr) and where the source expressions in {are X(re(isYs(((~))*~ (X„*LX))} (3.47a)

(ek)
j~.=—[Xn*(jX1)+(jX.)*XIj (3 43a)

(2I!de) ~

pek)
MI„——

I ~II[X,*(IX),j,
&2M'&

(3.43b)
X {re(isYSX'~))*p'(X (rXI)} (3 47b)

bgs)I=e dV{r~(i~Ys)((e))*(X,*X),)}
the upper expression in {applies to magnetic radiation
and the lower to electric.

These width expressions can be put into more con-
venient forms for numerical evaluations by performing
a number of partial integrations. One thereby obtains
for the width amplitude of the photon channel p with

multipolarity 2:
(Sx)4~+t(x+ 1)~ X~~+X'e~

(3.«)
2'*(2Z+1)!! &s)I+ 8'emr,

(22+1)!!( ek q
X~s)(= —2i

(2+1)ke )(2Me) ~

x{je(ie Ys)I(~))*v (X,*LXI)} (3.45a)

{2a+1)!!( ek q
X 85K= —'b

(x+1)k~ (m.)

illk( e—k )h'es)I=
~ (

~I dV
g+]. ( 2~e) J

X(r'(i" Ys(I('))*V (X *(ry~)X,). (3.4gb)

These expressions are similar to those derived by Blatt
and %eisskopf.

The above width amplitudes I'),„& and associated
moment expressions actually refer to the emission of
a multipole ZSR in a transition from an initial nuclear
state X},g~ having a definite spin J and component M
to a final state X„g ~. having a dehnite spin J' and
component M'. Reduced matrix elements may be
introduced in the usual way:

&),„(xsam Ir zII)'= (&&'~~'~ J~)&),„(gz z)1. (3.49)

4. Alyha Decay

f8
X t dV —{rjg)(i~Ye)I(~))*p' (X,~(rX),)

lar

—jg(ieFs)I(e))*(X,*(r rX),) t (3.45b)

It is of interest to enquire to what extent we can
describe alpha decay within the framework of R-matrix
theory. First we treat the alpha-emitting state as a
I'esoIialicc level tlla't could 111 pl liiclple (hilt Iiot 111

practice) be excited by bombarding a daughter product



342 A. M. LANE AN D R. G. THO MAS

0', = —iAlQ, Q Ag„i'„,lXg
Xp

(4 1)

and the corresponding reaction elements of the col-
lision matrix are, from (IX, 1.32),

(4.2)

From the discussion of the one-level approximation in
(XII, 1a), we know that, if R'I' is put equal to zero
(where R'= R—[(A&X y~)/(Ez —E)], then

with alpha particles. This treatment gives expected
relations between widths, etc., but, being a time-inde-
pendent treatment, it does not mention the quantities
that are actually observed, namely the decay lifetimes.
One knows that the lifetime of an alpha-emitting state
(in a time-dependent description) is equal to ft/I', where
P is the width of the state (in the time-independent
description). This relation is based on the uncertainty
relation between energy and time and is almost self-
evident. Nevertheless it is instructive to investigate a
time-dependent description in detail and to see just
how the relation between width and lifetime enters, and
how an actual decaying state spreads out in time and
space.

a. Time Indepe-ndent Description

Following Thomas'~ (in whose paper further refer-
ences are given) the wave function in the internal
region corresponding to unit Aux in the entrance
channel e is, from (IX, 1.31),

barriers, the wave function decays very sharply inside
the barriers so that this difference is very small. In fact,
ddt/dE was estimated"' for alpha decay as &10 '.
Another consequence of the size of the barrier is that
S(E,) is very large so that the boundary condition
parameter 8 is very large.

From (4.1) and the ensuing discussion, we can
approximate the running wave 4, by the single standing
wave Xq when the channel barriers are large. If the
barriers. are imagined to increase without limit, then
I'—+0, Fq~0, and the relation 0, X), becomes exact.

This is about as far as we can go towards giving a
picture of the alpha-decay process by restriction to a
time-independent theory with real energies.

b Time. Depen-dent Description

In the consideration of alpha-particle decay, one
needs to know the relation between the decay rate and
the resonance parameters. Sy a continuation of the
solutions VI.3, 1a into the complex wave-number plane
solutions with only outgoing waves occur at the poles
of U. All of these poles lie in the lower halves of the
k planes with the exception of those on the positive
imaginary axis which correspond to the bound states
of the system (Sec. IV, 8). If the Xth pole in the lower-

half of one of the k, planes lies at kg, =A.),=Eq,—iG~„
it lies in the energy plane at E=Hg= J ~

——,'il g where
Fy= (5'/2M, ) (Kg,' Gg,')+b—„-,'I'g= (5'/M. )IC)„Gy„
and b, is the binding energy for channel c. At such a
pole the time-dependent solutions are therefore asymp-
totically of the form

Aw, =
i

Eg+Ag E I'———
2

(43)
4'(r, t) g. U, (Hq) expiLkq, r —Bytes 'j

=Q, U, (Hq) expiCE'q, r,—Fath 'j
&(exp(—-', X),t) exp(Gg, r,), (4.5)

and all other Aq„=0. In the case when the entrance
channel is one of incident alphas bombarding the
daughter product of an alpha-decay process, R'L' may
certainly be made very small by appropriate choice of
boundary condition. By choosing B=S(E,), where E,
is the energy at the center of resonance, I-'(E)
=(E Er)(dS/dE)z=z—,+iP(E) which is very small
within the width of the resonance because of the huge
channel barriers. This same choice sets E~=E„
hq(E„)=0 so (4.3) is

Au '= (E~—E)(1—d&g/dE) —-I'g
2

=(1—da, /dE)i E„—E————
2 1—d&q/dE)

As discussed in Sec. XII, 3, the term hq essentially
renormalizes the wave function Xq to unity within the
classical turning points of the channel barriers (instead
of in the internal region). Because of the size of the

R. G. Thomas, Progr. Theoret. Phys. 12, 253 (1954).

where c labels the various alpha-particle channels and

Xg ——I'g/A. (4.6)

The absolute square of such solutions exhibit the
familar exponential time decay characteristic of radio-
active states; (4.6) gives then the desired relation
between the decay constant A.~ for the Xth level and the
resonance width I'q. This solution also exhibits the
expected exponential increase with radius of the ampli-
tude at a particular time. Thus, the second exponential
of (4.5) can be rewritten exp(-', Xqr,/vq, ) where nq,

=ATE&,/M, is the velocity of em'ission corresponding to
+Ac.

Although (4.5) may give accurately the asymptotic
form of a decaying system with a long lifetime, it is

subject to the objection of being the solution of a system
with complex energy, which actually does not exist. In
other words, (4.5) represents only part of an actual
solution which consists of a superposition, or wave

packet, of time-dependent solutions with real energies.
It is possible to show that a term of the form (4.5)
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appears in a wave packet, representing the emission from
a nucleus of a particle whose energy lies in the neigh-
borhood of the real energy Pq of one of the poles. It is
proportional to the residue of the pole U, (H1) which
contributes when it is permissible to displace the wave
pRckct lntcgI'RtloQ pRth Rcloss thc pole to R pRth Rt
infinity in the lower half k plane. In the following con-
siderations suggested by N. G. Van Kampcn"' the
subscripts are omitted and the analysis is con6ned
to the one-channel case and to the 3=0 interaction.

In the one-channel, s-wave case the time-dependent
solutions Rrc of thc gcncral form

np(r, i) =)t A(k)Lexp( —1'kr}—U(k) exp(ikr) j
)&exp( —ihk't/2M) dk

++A cxp( —E r} exp( —ihE„9/2M), (4.7)

when r&e, the nuclear radius; the sum is over the
bound levels rl with energies A'E„'/2M while the inte-
gration is over the continuum levels with energies
A'k'/2M; the A, A (k) are arbitrary square integrable
amplitudes. A wave packet is now constructed with
Rmplltudcs

a „=1/(iE.+~)U'( r'E.), —

expL —i(b+ka) j exp'(6+ku) j
t2{k)=—— +—

k+4

g exp( —i8); (4.8)

A=X—~G is the wave number of a pole of U in the
fourth quadrant (E)0, G&0) and A.* is the corre-
sponding zero of U in the Grst quadrant; iX are the
poles of U on 'thc posltlvc imaginary Rxls RssoclRtcd
with bound states and —iE„are the corresponding zeros
of U; b(k) is the real phase shift of the collision function
U(k)=exp(2r'8); and a prime denotes differentiation
with respect to k. By means of the symmetry property
U(k)U( —k) =1, the wave function (4.7), with the
amplitudes (4.8) may be written as

term of the integration of (4.9) can be displaced
upwards into the complex k plane where the integrand
eventually vanishes vecausc r&u. For the evaluation
of the erst term the path of integration is displaced
downwards; the residue of each zero of U(k) at iE—
colltl'lbll'tcs R tcl'111 to thc sulll of (4.9), Rlld according
to Van KRIllpcn thc pRth at in6nity docs not coQtllbutc.
The sum term of (4.9) can be disregarded henceforth
because it tends to vanish when ~ is su%ciently large
and does not give rise to any emission.

By evaluating the integrals of (4.9) after a long tiine
and at a large distance, it can also be shown that this
packet describes a particle whose energy lies in the
neighborhood of the real part F), of the pole at 8=B),.
The outgoing part of the integrand of (4.9) may be
lntcgI'a, tcd RpploxlIDRtcly by thc Incthod of stRtlonRly
phase. The exponential is expressed as expif(k) where
f(k) =k(r—a) —(Ak'i/2M) and f(k) is expanded about
its stationary value ke= (M/A) (r—u) &Iwhere f'(ko) =0:
f(k) =f(k&) ——,'(k —ke)'(Af/M). With this approxima-
tion to f(k) and assuming that (k—A) is constant, the
1Qtcglatlon ls lIQIncdlRtcly found to give

—i(M/2 A/)&e &' {ko-A) '
&& exp jLke(r —o)—(Ake t/2M) j. '(4.10)

At. cRch polll't (P,f) ollc observes R wRvc wl'tll R vcloclty
ve= Ake/M= (r—s)$ . llldlcRtlllg tllat 3 ls so lsl'gc 'tllRt
all Fourier components in the original packet are
separated owing to their different velocities. Indeed the
condition for the validity of this method is found to bc
(A/M)K'))1 by requiring that the second derivative
of the argument of expl —aIr'(k —ke)'(At/m)j be large
compared with that of

(k—A) =
L (k—E)'+G'j& exp/i cot-'(k —E/G) j.

Introducing a "velocity-uncertainty" u =AG/M corre-
sponding to the imaginary part 6 of A, similar to the
velocity S=AE/M for the real part, this condition
111Ry be pllt Illol'c pcl'splcllously Rs (wf)G))1 lndlcat1ng
that the distance spread mt must be large compared
with the wavelength 1/G. The particle density corre-
sponding 'to (4.10) ls

dk
np(r, i) =—'

2Ir" (k—h.)U(k) exp(iku)

(ht/2aM)

((r—a) —ei)'+ (Ioi)'
(4.11)

XLexp( —1k.}-U(k) explkrj exp- (hkei/2M)

exp( —E„r—ihE„2i/2M)

(i K„r+A)U'( —iE„)
(4.9)

It is now shown that f(r,0)=0 when r +@,so that f(r&t)
represents the emission of R particle by the nucleus.
Thus, when t=o, the path of integration for the second

@' N, G. Van Kampen (private communication).

which is concentrated about the point r=a+s& with R

spread wt. The incoming part of thc integration of
(4.10) may similarly be evaluated about its stationary
point kl= —(M/Ai){r —a)= —ke. One 6nds it to be

i(M/2Irht) te-&' expL —I'ke(r —a) —ikerht/2M j
)(L(—ke —A) U(—ke)j ', (4.12)

which is always small compared with (4.10) because the
magnitude of (ke+A) is always large compared with G.

A diferent path of integration gives information
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about the shape of the wave packet at distances which
are not so great that the packet is decomposed into its
Fourier components. For this purpose a new complex
variable f=g+irt=k kp —is introduced, in terms of
which the incoming part of the integrand of (4.10) is

i iM(r —a)' I"exp( ik—g'/2M)df——exp (4.»)
2v 2kt ~ kp —A+1

The path of integration is now turned clockwise in the

f plane onto the imaginary axis. It is essential that it
be turned in this direction because in the erst and
third quadrant the exponential factor becomes infinitely
large at in6nity; it is possible to show that the con-
tributions from the arcs at infinity in the second and
fourth quadrants vanish. By the stationary phase method
one finds that the contribution to the integral of (4.13)
from the integration along the imaginary axis is

one obtains

2U. (kp) (2prkt/M) l exp( 4ir—r)-

(r—a)+vt —irvt
(4.18)

—
expLi (M/2ht) (r—a)']

2'
exp( —-,'it/)dg

X ) (ki K—+iG+$) U (ki+$)

exp (-,'itrt') idrt
(4.17)

~ p (k, E+—iG+irt) U ( ki+—irt)
where

U.=exp(2ika) U.

Both integrals can again be evaluated by means of the
stationary phase method with the same condition
(4.15), yielding together

(2rrkt/M) l exp(-,'i7r)

((r—a) —vt)+iG
(4.14) which is always small compared with (4.14), even in

the head of the packet, and it does not aGect the
over-all shape of the packet.

The condition for the validity of this method is now that

((r—a) —vt) '))(vt/E); (4.15)
S. Isotopic Spin Selection Rule for Reactions

with Light Nuclei

in other words, the difference (r—a) —vt must be large
compared with the geometric mean of zt and the particle
wavelength 1/E, indicating that (4.14) gives only the
tail of the wave packet which is centered about ~t.

However, if vt)r a, the integr—and of (4.13) has a
pole at 1 =A—kp in the fourth qudarant; the contri-
bution from the residue, which is to be added to (4.14),
is then

—exp/ —i(M/2At) (r—a)'] expLiA(r —a)]
Xexp ( iA'At/—M) (4.16.)

This term is the one that is usually considered as
representing the emitted wave of a radioactive state.
The second and third exponentials of (4.16) correspond
to those of (4.5), and considering the discussion in con-
nection with (14.1), the real part of the arguments of
these may combine to s()/v)L(r —a) —vt]. Since the
pole appears in the fourth quadrant only when
vt) r —a, it is apparent that the magnitude of (4.16) is
always less than unity.

The result is that at a large distance behind the
wave front at r—a= ~1 the wave packet is determined

by an asymptotic expansion whose first terms are (4.14)
and (4.16). At large distances before the front the first
nonvanishing term is (4.14). However, there is also the
incoming part of (4.10) to be considered. For this part
it is not possible to move the integration path through
the second quadrant so that only one-half is moved
into the lower half-plane. Putting

k= k,+f.= f (r—a)/(At/M)—

Several authors"' '" have proposed and discussed a
selection rule for nuclear reactions which can forbid
certain reactions involving deuterons and alphas as
bombarding particles on self-conjugate nuclei. This
selection rule is the so-called "isotopic spin selection
rule" which says that "total isotopic spin is conserved
in nuclear reactions. " If, in particular, the two initial
nuclei in a reaction have pure isotopic spins T» and T2
and the two 6nal nuclei have pure isotopic spins T»' and
T2', then, according to the rule, the reaction is for-
bidden unless the isotopic spins satisfy the vector
equation:

I»+~2 ~1 +T2 ~ (5 1)

If the bombarding and emitted particles are alphas or
deuterons (which have 7=0), the rule forbids reactions
to all those residual states with isotopic spin different
from that of the target nucleus. Although the rule has
had considerable experimental corroboration, it does
not have an exact theoretical basis, even where the
separated initial and final nuclei have a high degree of
isotopic spin purity. For example, let us imagine a
reaction proceeding through a compound nucleus with
an appreciable time delay. If the excitation of the
compound nucleus is to a region where states are
closely spaced, the Coulomb forces acting between
protons, although relatively much weaker than nuclear
forces, may easily be strong enough to mix the isotopic
spins of neighboring states. Then although the initial

"'R. K. Adair, Phys. Rev. 86, 155 (1952)."'R. F. Christy, Phys. Rev. 89, 839 (1955).
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separated system may have isotopic spin purity, this
purity can be destroyed in the compound system with
the result that isotopic spin need rot be conserved in
the reaction.

There is recent experimental evidence that under
certain circumstances, isotopic spin need not be con-
served in nuclear reactions. We now try to formulate
the theoretical conditions under which we expect iso-
topic spin to be conserved, for reactions proceeding
through a compound nucleus and for those "direct"
reactions that do not proceed in this way.

a. Cond&'ti ons for Conservati on of Isotopic Spin for Reac
tions Proceeding through a Compound nucleus

Whether isotopic spin is conserved in a given
compound nucleus reaction depends on the structure
of the compound nucleus. It depends on the relative
magnitudes of the three following quantities that
characterize the compound nucleus:

(1) the average level spacing Ds between levels of
the same spin, J, and parity

(2) the average total width (I's) of such states
(3) the average matrix element (H, ) of the Coulomb

forces taken between such states. Presumably, in
contrast to D and (I'), this is not especially
dependent on J and parity.

The most familiar criterion for conservation of iso-
topic spin for states of given J and parity is:

(H,)«Ds. ("static" criterion) (5.2)

This says that the Coulomb forces are so weak that
they are not able to mix appreciably the isotopic spins
of neighboring states. Thus the states of the compound
nucleus have pure isotopic spin, so isotopic spin must
be conserved in reactions via the compound nucleus.
We call this the "static criterion" because it is usually
applied to estimate the isotopic spin purity of bound
stationary states. A second criterion ensures conser-
vation of isotopic spin in reactions has no relevance for
bound states, and we call it the "dynamic criterion. "It
arises from the fact that there is a time t't/(H, )
associated with the action of the Coulomb forces."' If
the width of the compound state is large enough so
that the state decays before the Coulomb forces have
time to act, the isotopic spin purity of the initial
separated system will be preserved. Since the lifetime
of a typical compound state is A/(I' s), the dynamic
criterion can be written as

(Aced'Ac'

(5.4)

This was derived by the assumption of random signs for
the reduced width amplitudes y),„and leads to inde-
pendence of formation and decay processes expected for
reactions through the compound nucleus.

As suggested by C. Schwartz, '"we consider the usual
set of states I), of the total system, and also another
set X„z' which are defined similarly except for the fact
that Coulomb forces are ignored so that isotopic spin T
is a good quantum number. We can make the expansion,

X~=+ a&„X,r' (5.5)

and its dual
X„r'——P ag„*Xg, (5.6)

where

CgpSQIIr Vpy& (5.7)

(5.8)

of the order of or greater than both the width and level
spacing can conservation be violated.

Let us now consider the two criteria in more detail
for the situations (I's)(DJ, and (I's))Ds (we drop
the superscript J from now on and consider it as
understood) .

(I') &D.—This condition implies that only one iso-
lated resonance can be excited for a given bombarding
energy. The weaker of conditions (5.2) and (5.3) is

(H, )«D. This, along with (F)&D, certainly ensures
conservation of isotopic spin because the isotopic spin
of an isolated compound state must be a good quantum
number under these conditions. Thus the stronger con-
dition (H.)«(1') automatically ensures isotopic spin
conservation.

(F))D.—This condition implies that many com-
pound states are excited by a given bombarding energy.
The weaker of the two conditions (5.1) and (5.2) is now
(H)«(1') and so we want to see in detail why isotopic
spin should be conserved under the combined conditions
(I')))(H), (I'))D. From Sec. XI, 2, we have the result
that the cross section 0-„ for a reaction through
compound states X in the continuum is determined
essentially by the absolute square of the expression:

(H,)«(1's). ("dynamic" criterion) (5 3) From the first expansion, we have the relations

Considering both criteria, it follows that if the mean
Coulomb matrix element is less than either the mean
level spacing or the mean width, then isotopic spin
should be conserved. Only when the matrix element is

» H. Morinaga, Phys. Rev. 97, 444 (1954).

Qxc ~ ~xttPpc )
0

Vxa' Q a&»Y»c' &

' ' C. Schwartz (private communication).

(5.9)

(5.10)
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where y„, and y„,' are reduced width amplitudes de-
fined for the states X„To. From (5.5), (5.7), (5.9), and
(5.10) it follows that

7)l.CV)l, C' ~ +Pc Pp, c' ~
0 0

'A

(5.11)

p yi„yi„.——(factor) XbT,T;. (5.12)

I.et us assume that the isotopic spins of the channels
c and c' are T„T,. Since the states p have pure isotopic
spin T, p„„and p„, contain 8r r, and b r r, respectively,
so that

conservation of total isotopic spin implies conservation
of target isotopic spin. For nucleon projectiles" the
situation is diGerent. An example, a T=O target can
be raised to a T'= 1 state by a nucleon collision without
changing the to/a/ isotopic spin of —,'. Whether the target
isotopic spin changes depends on:

(1) whether the outgoing nucleon is the incident

nucleon or a target nucleon; that is, whether it is

a direct or an exchange nucleon.

(2) the existence of charge exchange forces

The states in the sum over A may be restricted to
those within an energy distance ioi&((F) but ))(H,) of a
given energy. By the condition (H, )&((F) and the fact
that a state X only contains appreciable components of
states ti from within a distance (H), it follows that
the states X or p within such a distance ~A form a
complete set to a good approximation. Thus the above
expansions and, in particular, Eq. (5.11) are still valid
when the states in the sums are restricted this way.

From the condition (F))D, we can say that for
groups of states li in (5.4) within energy intervals 6,
the denominator in (5.4) can be approximately replaced
by a constant outside the sum. From (5.12) it follows
that expression (5.4) contains a factor bT, T;, so the
validity .of the isotopic spin selection rule under the
conditions (F))D, (F))&(H,) follows.

b Conserva. tion of Isotopic Spin in
Other Types of Reaction

For completeness we mention a few aspects of iso-

topic spin conservation in certain "direct" types of
reaction. In inelastic scattering processes that proceed
by the mechanism known as Coulomb excitation, "the
essential part of the theoretical cross sections is the
electromagnetic matrix element between initial and
final states of the target nucleus. In general this element
is nonzero between pairs of target states such that the
change in the target isotopic spin hT is —1,0 or +1.
A well-known special selection rule'"'" occurs for
electric dipole transitions which are zero in self-con-

jugate nuclei when hT= 0.
There are also the direct reactions such as (nn') (dd')

(pp') (pn) that are caused by bombarding particles with

large impact parameters interacting with nucleons on
the edge of the target nucleus. Since such reactions
involve no time delay, the Coulomb forces between the
target and bombarding particle have no time to
operate so we expect total isotopic spin to be conserved
in such reactions. This does not always imply that the
isotopic spin of the target nucleus cannot be changed.
Clearly, for alpha and deuteron bombardment, it cannot
change because these projectiles have T=O so that

'" M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 {1953);
L. A. Radicati, ibid. 87, 52j. (1952).

where e( does not depend on isotopic spin.
Ke can assume a parentage expansion of the initial

target state

(nTMi =P(oTi }niTins)
X (niTiMi j (ns-', ntoi ~(TioMirns

i
TM) (5.16)

(and a similar one for the final state), where the coef-
6cient of fractional parentage is taken to include the
vector coupling of mechanical angular momenta up to
total J;and where O, ~T~3f~ and n2~m2 label parent states
and states of the nth nucleon. Upon insertion in (5.13),
corresponding to forms (5.14), (5.15), we have:

tiTMm, T'M'm' P (isP
~

v
~

n'P')», ei~

~l

M=s 2 (&Tos, T sc +(—)
~1

X (1-,'(rn rn') rn'
~ ,'n—s) (1T'(M—M')M'

~

T—M)
(5.17)

acting between the incident nucleon and the
target nucleons.

When the outgoing nucleon is an exchange nucleon,
the isotopic spin of the target can change in general, so
there is no selection rule on the target isotopic spin.
When the outgoing nucleon is the direct (incident)
nucleon, the isotopic spin of the target can only be
changed by action of charge exchange forces.

Consider the isotopic spin matrix elements in the
direct and exchange amplitudes.

Direct: M= (aTM, tl —,'rn
~
V« l u'T'M', P'-,'rn') (5.13)

where ATM, il-', nt are the initial states of the target
nucleus and projectile respectively labeled by isotopic
spin and component and with n, P accounting for all

other quantum numbers. The final states are labeled
with primes. V,„ is the interaction of the incident
nucleon (0, say) with a target nucleon (n, say) and
has one of the following two forms:

j. ordinary (5.14)
i on vow(ron)

si L1+ (~o ~„)] charge exchange (5.15)
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where we define the matrix element (apI sI a'p')rt, ar as:

(aT
I
)atTtas)(a T

I }at Tras )

)r (aP I.,„Ia.'p'). ;, .(5.»)
As expected, an ordinary force cannot change the
isotopic spin but a charge exchange force can. For the
latter force, the matrix element is zero when the target
and residual states are in the same self-conjugate
nucleus and T= T'. This is on aeeount of the vanishing
of the vector coupling coeKcient (T'100ITO) when
T=T'.

Exchcege: When the outgoing nucleon is the target
nucleon and the incident nucleon is left behind in the
residual nucleus, instead of the direct matrix elements
(5.1"I) we have the exchange ones

M=+ (Tr~Mrm'I TM)(T ,'MrsrsI T—'M')

x(apI so„Ia'p')rt, e.

M=brss r ss Q (apIus Ia'p')rt,

The chal'ge exchange fox'ce has zero exchange Inatrlx
element when m= —m'. This is expected since this
force exchanges charge and so any target (exchange)
nucleon ejected by this force must have the charge of
the incident nucleon, i.e., m= m'.

It thus seems very doubtful that the surface nucleus-
nucleon reactions will reveal any selection rule on the
isotopic spin of the 6naI nucleus. In general, all four
types of reaction amplitudes should contribute to (pp')
and (ssn') reactions, and two of them should contribute
to (ssp) and (pl) reactions. Even if the nucleon-nucleon
interactions contain no charge exchange force, there are
still two and one contributing amplitudes respectively.
Furthermore, since the angular distributions of the
four amplitudes should be qualitatively similar (forward
peaks for medium-high incident energies), there is
probably no possibility of separating out the various
amplitudes from the observed angular distributions in
order to study each one individually.

e. Discssssiors of fhe ZsePer&rselfal Siflrsfion

The experimental material has been reviewed by Burcham. "'
First let us consid, er the reactions (O,e'), (dd'), (ad) and (do.).The
last two types are presumably compound nucleus reactions since
a severe rearrangement of nucleons is implied. The 6rst two can
proceed by the surface or compound nucleus mechanisms with
probably the former predominating in general for the production
of de6nite 6nal states. Since surface reactions should conserve
1sotoplc spin bl cakdown of thc selection 1ulc can only arise
through the compound nucleus contribution. For (O.d) and (do.)
reactions, the ratio of the intensity of a forbidden group. to those
of allowed groups should provide. a measure of the breakdown in
the rule for t'he compoged nlckees mwhuriisrpt:. For (Oglt') and (dd')
reactions such a ratio may underestimate this breakdown in view
of thc possibly lar'gc surface rcRctlon conti'lbutlons to thc allowed

"' W, E Surcham, Progress srs P. fgefeor &hysfes (Pergamon Press,
London, 1955).

groups, Angular distribution measurements would reveal whether
these contI'lbutions Rrc 1IQpoI'tant.

Any detailed theoretical analysis of data is inhibited by the
fact that states of difkrent spin and parity may have completely
diferent isotopic spin characteristics. For instance, in a given
nucleus at a given excitation, one can imagine that states of low
spin are dense with B&&(Lt,) but broad with (I')&&(H,), whereas
states of high spin are rare and sharp ((P)«D«(ff, )). In both
cases the selection rule should work but for opposite reasons
[criterion (53) for the low spin states, (5.2) for the high spin
statesj. Breakdown of the rule may only occur for states of inter-
mediate spin, but these states usually constitute only a fraction of
those excited so that, in general, the rule should appear to work
experimentally,

Now consider states of a given spin at di8erent excitations. At
low excitations the rule should work by (5.2). At high excitations
it should also work, but by (5.3). A breakdown will occur if the
two regions do not overlap, i.e., if with increasing excitation,
D falls below (ff.), before (P) increases above (H.). Such an
intermediate region can occur in practice, at least in one special
case (see "Mass 14" below).

Detailed analysis of data is also rendered dificult by the sporadic
nature of the existing data. Often measurements are made at a
6xed bombarding energy and a 6xed angle of observation. It is
signi6cant that one of the first attempts to observe a reaction
over energy and angular ranges discovered the. most serious
breakdown of the isotopic spin selection rule yet found (see
"Mass 18"below).

We now discuss the existing experimental data from nuclear
reactions that is signihcant from the point of view of isotopic spill
conservation according to the compound nuclei involved. We
do not mention inelastic and charge exchange nucleon-nucleon
reactions because they are not expected to reveal any selection
rules on isotopic spin. However, wc note that there is a curious
experimental absence of a proton group to the 6rst excited 7=1
state at 2.31 Mev in I"from the I"(p,p') reaction at bombarding
energies of 9.5"~ ag.d 1/ Mev. '"This is in contrast to the ¹4(p,e)-
O'4(E„=17 Mev) reaction, "'which seems to yield the correspond-
ing isobaric state easily enough. The N'4(l, p)C'4 reaction has
been examined only at low energies. A similar situation exists in
Li' where the T= 1 state at 3.6 Mev is only weakly excited in the
Lie(pp') reaction at bombarding energies of 15 and 19 Mev. »' In
the case of the ¹4(p,p') reaction, the absence of the group has
been recently interpreted in a convincing way by Levinson and
Bannerjee"6 who have shown that the same fortuitous cancellation
in matrix element that gives C" its long life against P decay also
operates to reduce the cross section for production of the group.

Where no references are cited, in the following they may be
found in the published compilations of data. "'

2gass 8.—The reaction Li'(dd')Li'* at Es 7.4 Mev and 8=90'
does not reveal the first T=1 state at 3.57 Mcv in Li'* although
the 2.19 (T=0) state is readily excited. The excitation of the
compound nucleus, Bes, is 28 Mev, where levels of low spins would
seem to be broad, dense, and overlapping if one extrapolates from
the sltUatlon as obscI'vcd ncRr 20 Mcv.

Mass lo.—The reaction Lie(ee')Lio* at E~=30 Mev and all
angles excites the 2.19 (T=O) ~tate but not the 3.57 (T=I) one.
The 4.52 (T=0) state is found as well, and an upper limit of 5%"
can be put on the relative intensity of a group to the 3.57 state.
Thc angular distributions of the observed groups are strongly

~" Preemantle, Prowse, and Rotblat, Phys. Rev. 96, 1268 (1954).'" R. Sherr (private communication).
"4F. Ajzenbcrg and %. Franzen, Phys. Rev. 94, 409 (1954)."~ Sherr, Hornyak, and Voshiki, Bull. Am. Phys. Soc. Ser. II,

1, 251 (1956);Levinson, Banerjee, Albright, and Toboeman, fMd.
Ser. II, I, 194 (1956).

"'i C. Levinson and M. K. Banerjee (to be published).
"~ F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321

(1952);27, 'I"I (1955);P. M. Endt and J. C. Kluyver, fbsd, 26, 95
(1954),
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peaked forward showing that these reactions are mainly surface
ones. Since such reactions cannot produce a T= 1 state, the
observed limit on the relative intensity is not a sound guide for
estimating a possible breakdown of isotopic spin conservation
for the compound nucleus contribution. The excitation of the
compound nucleus 8" is about 22 Mev where, from the observed
situation at 7 Mev, levels of low spins are dense and broad.

Muss 1Z.—The reaction 8' (dd')8' * has been observed at 6, 7,
7.6, and 14 Mev. States of T=O at 0.72, 2.15, and 3.58 Mev
excitation are found in the first three cases at special angles,
with the 1.74 state unobserved. An upper limit to the relative
intensity of a group to the 1.74 state compared to those observed
is about 2 jq. At 14 Mev, however, a group to the 1.74-Mev state
is observed with a relative intensity of 5 jz, "For the reasons
we have mentioned above, this can be regarded as a lower limit
on the relative intensity of the compound nucleus contributions
to the groups, which is probably several times larger. Since the
excitation of the compound nucleus, C", is about 37 Mev where
most important spin states should satisfy criterion (5.3), such a
breakdown is surprising. It is conceivable that in general in a
situation like this some process akin to Coulomb excitation con-
tributes to the forbidden group. However, this would be hard to
maintain in the present case because the transition must be
M3 which implies a very small cross section. Theoretical inves-
tigation of such processes for above-barrier energies would be
interesting.

Mass 14.—Although the reaction 8"(o.n')8"~ has not been
used to look for the 1.74 (T=1) state in 8", the 8'+o. reactions
have revealed a very interesting fact about the isotopic spin situ-
ation in the compound nucleus N" at excitations ~13 Mev, The
reactions 8' (np)C", 8"(o,n)N" have been studied for a number
of isolated resonances and the results have been analyzed with
one level resonance formulas. "' If isotopic spin were a good
quantum number for the compound nuclear states, the reduced
widths for neutron and proton emission from any given state
should be equal. However, it is found that these widths for the
12.69 (3—) and 12./9 (4+) states diff'er by a factor of five or so,
and this cannot be accounted for by any variation of the nuclear
interaction radii. So resumably isotopic spin is not a good
quantum number. A second 44 state is observed at 12.92 indi-
cating that the level spacing of states of the same spin and parity
is of the order of hundreds of kev. (The levels widths are of the
order of tens of kev. ) Coulomb mixing matrix elements of the
order of hundreds of kev would thus be sufficient to give rise to
strong mixing of states of different isotopic spins. From estimates
that have been made in special cases, such values are quite
reasonable. "' '" It seems clear then that for states of spin 3—
and 4+ in¹'near 13 Mev, there exists a region which is inter-
mediate between those regions satisfying criteria (5.2) and (5.3).

Muss 16.—The reactions N'4(dd')¹'~ have been studied at a
bombarding energy of 6.98 Mev. The 3.95 (T=0) state has been
seen, but the 2.31 (T=1) state has not. The upper limit on the
relative intensity of a possible deuteron group to the 2.31 state
is about 5% of the observed group to the 3.95 state. The excitation
of the compund nucleus 0" is about 27 Mev where one imagines
all low spin states to satisfy criterion (5,3).

Mass 18.—The reactions 0"(dn)N" have been studied at
bombarding energies between 6 and 7.5 Mev and at several

angles. ' The reactions have also been studied at 19 Mev over all

angles greater than 15'."' In the latter case, the 2.31 (T=1) state
in N'4 is not observed and an upper limit of about 4 jq on the
corresponding intensity relative to the intensity of the observed

group to the ground state can be imposed. At the lower energies, '~
in contrast, an alpha group is observed to the 2.31 state with an

" J. M. McGruer (private communication).'" Shire, Wormald, Lindsay-Jones, Lunden, and Stanley, Phil.
Mag. 44, 1197 (1953);E.S. Shire and R. Edge, ibid. 46, 640 (1955).

no C. P. Browne, Phys. Rev. 100, 1252(A) (1955).
'"Freemantle, Gibson, Prowse, and Rotblat, Phys. Rev. 92,

1268 (1953).

intensity of the order of 5 to 10% of the groups to the 3.95 (1'=0)
and ground states. The energy dependence of the yield of the
2.31 state shows resonance-like anomalies at 6.2, 6./, and 7.0 Mev
with widths of the order of 0.25 Mev. At the 7.0-Mev peak, the
intensity at 30' is about one-half of that for the production of
the 1.95 state and one-seventh of that for the ground state; the
excitation curve for yielding the ground state group also exhibits
peaks but not at the same energies as the group to the 2.31-Mev
state.

The excitation of the compound nucleus for the bombarding
energies 19 and 6.5 Mev are about 24 and 13 Mev, respectively.
Although the former excitation should be in the region when the
most important states satisfy (5.3), the latter is not. According
to the observed spectrum of F", many levels are still fairly well
resolved at 11 Mev or so, although dense. It thus seems to be
quite possible that, at 13 Mev, the situation is much like the
situation at the same energy in N'4 that we have discussed, namely
intermediate between the regions where (5,2) and (5,3) are
satisfied. If this is correct, the observed breakdown in isotopic
spin conservation is quite understandable, Because of the shape
of the excitation curve for the "forbidden" group, isolated reso-
nances are presumably mainly responsible.

The reaction N" (nn') N' has been observed at E =21.2 Mev'~'
and an angle of 35'. The 2.31 (T=1) excited state is not observed,
and neither are the believed 7= 1 states at 8.06 and 8,70 Mev.
However the state at 9.17 Mev is found although its strong Ei
radiation to the ground state suggests that it is T=1. (Possibly
two levels are involved. )'~""Most other states, presumably T=0,
are found, and so, on the whole, isotopic spin appears to be con-
served. The excitation of the compound nucleus is ~21 Mev. The
same reaction has been studied at E„=31Mev and at all angles
out to 70'. An upper limit of 5% can be placed on the intensity
of a group to the 2.31 state relative to the observed groups. '" '"

Mass ZZ.—The reaction Ne~(d, cy)F'8 for Ed ——7.8 Mev has been
observed to go to ten states in F".An interesting feature of the
a spectrum is that the strongest group is centered on an energy
corresponding to the first T=1 state in F"at 1.05 Mev excitation.

There are two possible explanations (1) the group corresponds
to T=0.8 states (those at 0.94 and 1.25 Mev perhaps) (2) isotopic
spin conservation breaks down very seriously. It may indeed
happen that the latter is correct because the situation is quite
like that in the previous 0' (d,)N"r eaction where we have seen
that isotopic spin conservation fails badly. The excitation energy
of the compound nucleus, Na" is about 18 Mev which is rather
higher than the 13 Mev in the 0"(d,a)N" reaction. Although the
level spectrum of Na" is little known, one can infer that at 18 Mev,
level densities will be higher than in the previous reaction because
of the extra energy and larger number of nucleons.

Muss Z6.—The reaction Mg'4(d, a)Na" has been examined at
bombarding energies of 5, 6, and 7 Mev and at an angle of 90'."'
A group is observed going to the 0.59 state in Na" which has been
established in the F"(n,ey) reaction"' and has about the right
energy to be the first T= 1"' state. At E&=6 Mev, the yield to
this state is about the same as that to the ground state and a
breakdown in isotopic spin conservation may be implied. The
excitation of the compound nucleus AP' is about 17 Mev.

Muss 30.—The Si"(d,n)AP' reaction has been investigated at
Eq=7 Mev and 8~=90'." The first excited state in Al" at 0.22

'~ Carmichael, Sampson, and Johnson, Phys. Rev. 91, 473(A)
(1953); Miller, Gupta, Rasmussen, and Sampson, Phys. Rev. 98,
1184(A) (1955); Miller, Carmichael, Gupta, Rasmussen, and
Sampson, Phys. Rev. 101, 740 (1956).

'~ V. K. Rasmussen (private communication).
"4 H. Watters (private communication).
'~5 C, P. Browne and W. C. Cobb, Phys. Rev. 99, 644(A) (1955)." N. P. Heydenberg and G. M. Temmer, Phys. Rev. 94, 1252

(1954)." S. A. Moszkowski and D. C. Peaslee, Phys. Rev. 93, 455
(1954); P. Stahelin, Helv. Phys. Acta 26, 691 (1953);Phys. Rev.
92, 1076 (L) (1953).

'ss C, P. Browne, Phys. Rev. 95, 860 (1954),
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Mev is not observed and neither is a state at 2.074 Mev. The
excitation of the compound nucleus P~ is about 19 Mev. The
states at 0.22 and 2.074 have been established in the Mg" (p,y) Al2'

reaction"' and the 0.22 state has about the right energy to be the
first T=1 state. It seems then that conservation of isotopic spin
holds in the Si"(d,a)Al' reaction at Eq=7 Mev and 8=90'.
However a more thorough investigation'N' carried out over energies
from 5.5 to 7.5 Mev and angles from 15' to 130' has revealed the
presence of an alpha group leading to the 0.22-Mev state. The
intensity of this group varies by a factor of about 10. Relative to
the ground state group, it varies from 0.65 to 2. At 7.03 Mev the
ratio of intensities decreases from 0.62 at 15' to 0.12 at 60', and
the group is not seen at larger angles. This accounts for its
absence in the previous investigation.

kIass 34.—The S"(d,a)P30 reaction has been examined at
bombarding energies between 1.6 to 2.9 Mev, corresponding to an
excitation of the compound nucleus of about 13.6 Mev. "' ob-
servations at 63' and 90' found that the levels at 0.71 Mev in
P" is excited just as strongly as the ground state but that the
level at 0.69 Mev is only weakly excited. From a study of the
Si"(p,y)P'0 reaction"' it has been suggested that the 0.69-Mev
state is the lowest T=1 state of P".Consideration of the Coulomb
energy displacement"' puts the state rather lower at ~0.33 Mev.
If the 0.69 state is T=1, and the 0.71 Mev state has T=O, the
(d,o,) results imply isotopic spin conservation.

APPENDIX. COULOMB WAVE FUNCTIONS AND
NEUTRON WAVE FUNCTIONS

This Appendix is concerned with the solutions of the
equation (III, 2.9):

I"(p) —[l(i+1)p '+2' '+1]tt(p) =0, (A.1)

where the prime denotes di6'erentiation with respect
to p, the upper and lower signs apply to positive and
negative energy channels, respectively. p and p are
dehned by

p=kr,

Z)Z2e'3f

h'k

where k is the channel wave number defined in terms
of the channel energy of relative motion by:

where ot is the phase argI'(1+l+irt) .For the case
g=0 (neutron channels), F& and G& become simply
related to spherical Bessel functions of half-integral
order,

trvrp) &

&~=
l

—
I ~~:(p) =pl~(p) (A.3a)

(m'p )
*

Gt= (—)'I —
I ~-t~+', )(p) = ( )'pj-~(p) (A 3b)

E. 2 i

For the case q=0 (neutron channels), W becomes
simply related to a modified Bessel function of the
second kind:

(2p) '
W(0, l+-', , 2p) =

i
—

i Et„;(p).) (A.6)

a. Genera/ Formulas

The quantities involving F, G, and 8' that occur in
R-matrix theory are S, P, and P. It is often convenient
in computation to work directly with these quantities-
or, at least, closely related ones, namely the so-called
amplitude A and phase @. For positive energies

(ii) negative energies Th.—e only physically signifi-
cant solution is the exponentially decaying one,

Nt= W( —g, l+-', , 2p)

with the asymptotic form

W exp( —p —g log2p). (A.4)

This 8' function is the "Whittaker function" which has
the integral representation

W( —g, l+-', , 2p)

e p( ——&log2 ) t'"
t'+~e '~ 1+—

~
dt. (A.S)

I'(1+1+g) ~ () E 2p &

u=
tm[z]~:

lt'

F=A sing, G=A cosp

~ =+(F'+G'):= (plP):

(A.7)

(A.8)

M is the redlced channel mass and Z~, Z2 are the charges
on the two fragments. r is the radial distance of separa-
tion of the fragments.

Convenient solutions of (A.1) are

(i) Positive ertergies ~,=F~, G~, the solutions4'
that are regular and irregular at r=D with asymptotic
forms

F~ sin(p —g log2p —2lir+0. ~), (A.2a)

G~ sin(p —q log2p ', is+a t), —-(A.2b)
" Sherr, Kavanagh, and Mills, Phys. Rev. 98, 1185 (1954)."0C. P. Browne, Bull. Am. Phys. Soc. Ser. II, 1, 212 (1956)."'L. L. Lee and F. P. Mooring, Phys, Rev. 104, 1342 (1956).'"Broude, Green, Singh, and Wilmott, Phys. Rev. 101, 1052

(1956).

pA'
=5 (A.9)

For negative energies, the only relevant quantity is S:

(A. 10)

The description of the F and G functions in terms of a
phase p and amplitude A forms the basis of the so-
called phase-amplitude methods, which are useful for
obtaining numerical evaluations when the argument p is
large. According to (A.8) the penetration factor P is
inversely proportional to A' and the shift factor S is



A. M. LANE AND R. G. THOMAS

p times the logarithmic derivative of A. In terms of 2
and P, the Wronskian (III, 2.12) is

32&'= 1. (A.11)

at= p'+(pn/l)',

bi= l+ (pn/1).

Since the negative-energy Whittaker function is ob-
tained to within a constant factor by making the sub-
stitutions p~ip, q~ —~g in the expressions for the
positive-energy 0 function, the recursion formula
(A.13) for 5 holds in this case if p' in the expression for
aI, is replaced by —p'. Errors will accumulate from the
repeated use of (A.14) in the barrier region where p
and I' are small. In this region G))F and the
approximation

FtGi= p/[(21+1)'+x']1 (A.15)

may be valid, so that as an alternative to .(A.14) one

may use the approximation

yt =Fi/Gt =Fi/[(21+1)'+x']1,
where

x= (Spq)l.

The above formulas and considerations also apply in
the absence of a Coulomb field, when g=0.

The quantity I' is always &0 and ~0 as p&&2g

(energy E&(barrier height B) and ~ p when p))2rt
(i.e., E&)B).

In contrast, the quantity 5 is always &0 and —+ 0
at p))2' (i.e., E&)B) but remains finite at p(&2il (see
(A.24) below). It is not evident that 5 is always &0
but one of us (R.G.T.) has proved this by using the
relation,

1 F'+G' r"
dse p*Q(s),

2I 2p

Q(s)=exp(2' tan 's)(1+s')'&
&&sFi(l+1+ig, 1+irt, 1; ——s').

This leads to,

i F'+G'i
5

I i

=FF'+GG'= — se "*Q'(s)ds.
p 0

The negative nature of 5 follows from the positive
nature of Q'(s) which can be seen from tile power
series in s2 of the 2J ~ function. '

'"J. L. Powell, 72, 626 (1947),

From Powell's recursion formulas"3 for F and G and
their derivatives, one of us (R.G.T.) has obtained re-
cursion formulas for 5, F, and p. They are:

I

Fi——aiPt i/[(bi —5t i)'+Et i'], (A.12)

St+bi=at(bt —Si i)/[(bt —St-i)'+Ft-i'] (A13)

@i——yt i—tan-'P't, /(bt —5(,)], (A.14)

We have not been able to prove that dS/dE is
always positive or zero, but this appears to be true in
most cases of practical interest [see (A.30) below]. In
particular, it is true for negative energy channels
[see (A.27)].

Fi=p/Gts= 1 i exp( —2Ci), (A.17)

(Ls+ 1xs ps)1. L 1+.1

(n p)-
C i =rt —+slil

'

2 2 I.2
Lfi+L'+ sx'

1 i+L—log
(n + )'- .("+L'):

he sin. ' lies between ——,'~ and —,'x The Langer modi-
fication of "4 replacing l by 1+s has been used. The
corresponding shift factor is given by

Si=p«'/«= 1 i+sf—r '(sx'+L'), (A 1g)

and its rate of change with respect to energy can be
obtained from

, I=(»/~").
t' BSq

t
h'

~BE] i 2Ma )
= sf i '(1 i'+ s*'+L') (A 19)

In alpha-particle decay applications, the second term
on the right side of (A.18) is small compared with the
6rst so that

Si= —1't. (A.20)

Our penetration factor Ft differs by the factor 1 t from
Bethe's' barrier penetrability Ft, as given by his Eq.
(632a). The JWKB approximations to the phase pt
and to the product FtGt are given by (A.16) and (A.15),
respectively, with the denominators in each case re-
placed by 2ft If the cond. itions for the validity of the
JWKB approximation are satisfied, these distinctions
are, of course, neghgible, and (A.15) and (A.16) may
themselves be considered as the JWKB formulas.

c. Expansions of Coulomb Functions in Terms of Bessel
Functions of Imaginary Argument

The expansions of the Coulomb functions in terms
of the Bessel functions of imaginary argument are useful

for applications in light nuclei at low energies. "~' Such
expansions converge rapidly if the parameter q is large
compared with both unity and the parameter x. We list
here only a few special cases of these expansions whkh

'34 R. E. La,nger, Phys. Rev. 51, 6N (&93T).
ass J. G. Beckerjey, Phys. Rev. 67, 11 (1945).

b. The JWKB Approximation for Coulomb Functionsin
vari the Barrier Eegioe

In the barrier region the JWKB approximation may
be considered, provided that the quantity [-i~'x+l(l+1)]
is large compared with both p' and 1. It has been found
to be very accurate in alpha™particle decay applica-
tions. The JWKB penetratioii factor is given by
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TABLE A. 1. Quantities characterizing positive energy neutron wave functions in terms of the argument s'= p'.

Ulp& P']pl-1 Als& AlSis~
dS fi& dS

(Als&)2—= (Als&)2

1
3—s

15—6s

0
1
3

15—s

1
1+s

9+3s+s'
225+45s+6s~+s'

0—1—3(6+z')—3 (225+30z+2s')

0
1

3(s~+12s+9)
3(2s4+ 60s'+ 765s2+ 1800s+3375)

where

G,= —xBt (it) Co-'E, i~i (x)Qt (x,it), (A.21)

&i= L1+n 'PjL1+n '(l —1)'7 I:1+~ '3'

=1+—,
'

rt 'l(l+1)(2l+1)+

are useful in the consideration of nuclear reactions near
thresholds.

The irregular function G is expansible as

and the leading term in the expansion for the product
(FG) is the approximation (A.15), where I„ is the
"regular" Bessel function of imaginary argument, as
defined by Watson.

d. geutroe FNectioms

For neutrons, the positive energy solutions F and G
reduce to Bessel functions as exhibited by (A.3a, b).
It is convenient to write E and G as

Co=
I 2irrt/(exp(2irit) —1)7l,

(x~ '
rt
—2

Q (x,.) =1+I,— I

& 2 & 24(l+1)

E,i+3(x) (2 ) '
X 1—2I —

I l(l+1) —1 +
E,t„i(x) E xI

(A.22)
p F~= U~ sinp —pV~ cosp

p 'Gi= Ui cosp+pVi cosp,
(A.27)

where Ut and Vt are polynomials in p'(=s, say). In
Table A.1, we list the quantities U, V, A&s', A&a'S&, and
(Ate')'(dS&/ds) —all of which are polynomials in s. The
phase gt of (A.7) is such that

so that in the barrier region where G&)Ii, the penetra-
tion factor is

Pi= p/Gt'= (-'s) exp( —2+it)/

E2tpi(x)'Bt (rt) 'Qt (x,it) '. (A.23)

One can also obtain for Si= (pGi'/Gi),

tan(p —pi) = Ut/Ui. (A.28)

In Table A.2, the quantities W, S, and Lds/d(p')] are
listed for negative energies. The. expressions for S in
Table A.2 are obtainable by substituting p ~ip in the
expressions for L=S+iP taken from Table A.1.

From Tables A.1 and A.2, one sees that dS/dE is dis-
continuous at E=O in the case l=0 but not otherwise.

x E2i(x)
lim„„„(pGt'/Gt) = ——

2 E2t+i(x)
(A.24)

e. Ertergy Derivative of S, the Shift Factor

as well as the correction term for nonzero energies,
which we list only for k=0,

(a(pa'/G) ) 1 (x) '
lim„

Br 2 l 24(2)

Eg (x)—3Ei (x)——,'xEo (x)

Ei(x)

Let us first consider negative energy channels for
which, by (A.10), S=pW'/W. From the special case
(V, 1.5) of the Green's theorem relation we have

(BS) ( h' q (BS q

&BE) .&2Ma'3 &ct(p')J, „

1 00

=-LW(o)j ' '

I
W(t') j'do' (A.29)

p

(A 25) where we have abbreviated W(—rt, l+-', , 2p) to W(p).
exp E3(x)EO(x)

E2 & Ei(x)' It follows from this and the definitions (III, 4.7a) of
reduced width y' and (IV, 1.17c) of level shift 6 that:

E„(x) is the "irregular" Bessel function of imaginary .

argument, as defined by Watson. "' The leading term ~~ (dS)
in the regular function expansion is dE (dF& g

Fi (~x) & exp( —nit)I2t+——i(P), (A.26)
"'G. N. Watson, The Theory of Bessel PNectioes (Cambridge

University Press, New York, 1948).

f ctS
=+282I

(B(p')J,„ I

4 I'dr (A.30)



352 A. M. LANE AN D R. G. THOMAS

TABLE A. 2. Quantities characterizing the negative-energy wave functions in terms of the argument p = kr.

w(0, &+-,', zp)

e

dS A~ dS

d(p~) 2Ma~ dP-

(1+1/p)e
—

&

(1+3/p+3/p') e '

(1+6/p+»/ '+»/ ')e-"

1+p

3p+6
p

p +3p+3

6p'+30p+45
p

p'+6p'+ 15p+ 15

2+p

2(1+p)2

p'+ 6p2+ 12p+ 6

2("+3.+3)'

p +12p +60p +150p +180p+90

2 (p'+6p'+15p+15)'

i.e., —(dA/dE) is the square integral in the bound
channel of the wave function 0 that is normalized to
unity in the internal region. Consequently if I' is any
quantity depending upon the square of the wave
function that is normalized in the internal region,
r$1 —(dh/dE) j ' is equal to the corresponding quan-
tity defined for a "renormalized" wave function whose
normalization region is extended to include the bound
channel.

On grounds of continuity, we expect that the same
result is approximately true for positive energies and
large channel barriers where the channel integral is
extended to the classical turning-point. This may be
seen by applying Green's theorem (V, 1.9) to the
solution (G+iF)

p P2 1( BS)
(G'+F')dp= ——

I
E

L FE, BE)

p= ka= 0.219543f&E:a

p'= 0.048196MEa'

g= ZgZge'M/kk =0.158052ZgZgM'*E *,

2m' =0.99307ZgZg3f 'E:,
x'= Spy =4g'= 0.069396MZgZ2a,

8 Z/Zge'/a= 1.43987Z~Z~a ' Mev,

Z=E/B= (p'/2prl) =0.69451EaZg 'Zg '

k'-=4. 8196ME (barns) ',

(4m/k') =2.6073M 'E ' barns,

5=0.65817X10 "Mev sec,

(2Ma'/h) =3.17216X 10 "Ma' sec,

(h'/2Ma') = 20.748(Ma') ' Mev

where

E is the energy in Mev of relative motion in the
gravicentric system,

a is the channel radius in units of 10 "cm
M=MqM~/M~+Mq is the reduced mass in units of

the proton mass,
8 is the Coulomb barrier height.

2I' ( 8G ) ( 8F)——F] E
)
—G] E—(. (A.31)—

p E BE) E BE) pg

Fairly extensive tables and graphs of Coulomb func-
tions have been compiled. The ones that are most
useful for nuclear reaction studies include:

On choosing p& somewhat beyond the turning point po,
and using the fact that, as F and G become sinusoidal,
the first term on the right —+0, and the second term
-+ p, we find

O' BS 1
G'(p') dp',

2Ma'BE pG'(p)~„
(A.32) 61Rpl1S

where we have used the fact that F«1«G for p«po. It
follows that the quantity 1—(dA/dE), where 6 is for
an open channel with a barrier, changes the normaliza-
tion to the extent of including the channel (as far as
the turning point) in the normalization volume.

f. Numerical Formulas and References lo

Graphs and Tables

The following numerical formulas are useful for the
consideration of channel functions:

(1) R. F. Christy and R. Latter, Revs. Modern Phys.
20, 185 (1948).

These graphs are for proton bombardment of in-
dividual nuclei and plot a quantity I' which we write

F~~, this is such that

( h'
r„.=F]—

(2Ma')

) h' q-' r (Ma'q l (M~ar)
(

=0.0549
(Ma) r,.&8h ) ( r,.i
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where I' is the observed partial width of a level in Mev
and u, M are as in the foregoing.

(2) Sharp, Gove, and Paul, Chalk River Report,
TPI—70 (1953) unpublished.

These graphs are of the functions A~, g~, and other
functions in terms of p and q.

from unity down to the point where the JWKB
approximation becomes usable.

(2) National Bureau of Standards Tables of Coulomb
Wave Functions, Vol. 1. Applied Mathematics Series,
No. 17 (1952).
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'T has been pointed out by Mr. J. Bro-Jgrgensen that the
- ~ estimates of the cross sections for double excitation in Sec. II
D.3 contain a numerical error which has led to an overestimate
of these cross sections.

Thus, the coefBcient in (II D.18) should be reduced from 0.240
to 0.0218, while the coeKcient in the third term of, (II D,20)
should read 0.12 instead of 0.4. As. a consequence of these changes,
the numerical factor in (II D.19) is reduced from 2.1 to 0.19, and
the cross section quoted in the third line of the first column of
page 532 is reduced from 50 to 5 mb.

The qualitative estimate (II D.17) now considerably exceeds
that obtained by quantitative evaluation, but the difference can
be understood in terms of the dependence of the excitation proba-
bility on the scattering angle, which was neglected in the order of
magnitude estimate {IID.17).

We also wish to point out that in the last column of Table II.11,
the factors 1/(1+6') in the A4(2) coefficients should be replaced

by Sm/(1+9).


