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I. INTRODUCTION

HE modification of the spectral lines of an emitting
or absorbing particle due to collisions with other

particles as exhibited by broadening, shift, asymmetry,
and the occasional appearance of certain diffuse bands,
has opened up a new way to study the perturbations of
energy levels. The variation of interatomic and inter-
molecular forces as a function of interatomic distance
as determined from these effects has been increasingly
attracting the attention not only of theoretical and
experimental physicists but also of those who are work-
ing on certain basic problems of chemistry, genetics and
astrophysics.

The first review article on the causes of broadening
of spectral lines was written by Weisskopf' in 1933.
Margenau and Watson' made an extensive review of the
theories and experimental observations on the pressure
effects on spectral lines developed up to 1936. Schulz, '
Budini, 4 and Unsold' wrote corresponding reviews in
later years. There has been a very considerable amount
of work done within the past thirteen years, both
theoretical and experimental, and the need of another
review is quite obvious.



This review article is intended to constitute a sequel
to Margenau and Watson's article, to bring it up to
1956. To restrict the length of this paper, only pressure
eRects due to neutral particles are discussed. The effects
of electron and ion collisions, high-temperature broad-
ening, and, consequently, observations with shock
waves are postponed for consideration in a separate
review. The modi6cation of both atomic and molecular
spectral lines in the visible, ultraviolet, infrared, and
microwave regions is discussed. In Chapter III, the
materials of Secs. 8 and C are purposely given sepa-
rately from Sec. A for emphasis. During the course of
the preparation of this article, Sobel'man and Robin
and Robin' gave a review of the theories and a bib-
liography of the pressure broadening of atomic lines
respectively. The present article is an entirely inde-
pendent review covering also molecular lines and
includes a review of experimental observations.

II. THEORY

Since Lorentz presented his theoretical treatment' of
the problem of the broadening of spectral lines in 1906,
a number of different approaches have appeared. The
relations between them are sometimes difFicult to see
and it is not always clear whether they describe the
same eGect. It may be, therefore, of interest to review
these treatments. However, those appearing in the
review article published by Margenau and Watson'
are mainly excluded.

A. CAUSES PRODUCING BROADENING AND
SHIFT OF SPECTRAL LINES

Every inHuence on a radiating or absorbing atom (or
molecule) affects its spectral lines in one way or another.
The eGect of its own thermal motion, which broadens
the lines statistically, is known as the Doppler eGect."
In the case of emission or resonance absorption the
process of radiation damping, ' or a finite width of each
of the two energy levels associated with spectral lines,
is responsible for the natural width. " If the atom (or
molecule) is in a gas of the same or of different kind, the
spectral lines are broadened and sometimes are shifted
with asymmetry of the line shape. The line broadening
due to the first two effects is independent of pressure,
wlllle tllat dlle to the las't effect (pl'essllre effect) de-
pends on the density of the gas and is, under ordinary
experimental conditions where the pressure is more than
a few cm of Hg, much larger than the 6rst two eGects
in the visible down to the microwave region. Therefore,
the Doppler and radiation damping eGects on line

6 I. I. Sobel'man, Uspekhi Fiz. Nauk 54, 551 (1954); S. Robin
and J. Robin, J. phys. radium 17, 143 (1956).

7 H. A. Lorentz, Proc. Acad. Sci. Amsterdam 8, 591 (1906).
8 L. G. Henyey, Proc. Natl. Acad. Sci. 26, 50 (1940).' D. G. Kendall, Z. Astrophys. 16, 308 (1938).I V. Weisskopf and K. W. VVigner, Z. Physik 63, 54 (1930);

65, 18 (1931);F. Hoyt, Phys. Rev. 36, 860 (1931);L. Spitzer, Jr.,
Phys. Rev. SS, 361 (1939);Physica 7, 133 (1940); E. Arnous and
W. Heitler, Proc. Roy. Soc. (London) A220, 290 (1953).

shapes will be entirely neglected in this discussion, "
although for emission spectra in flames the Doppler
eGect should be added. "

The radiating or absorbing atom (or molecule) in a
gas is exposed to the interaction with surrounding atoms
(or molecules) which are moving under thermal motion.
The essential cause of line broadening lies in the 6nite
diGerence of interaction energies of the radiating atom
(or molecule), in the initial and Hnal states involved in
the radiation process, with a colliding atom (or mole-
cule). It is usually not easy to find the interaction
energy over the whole range of the distance, including
excited states. Thus, it is sometimes necessary to use
the approximate Lennard-Jones potential energy,

V= —nR '+PR ",
which has been found to be useful in the kinetic theory
of gases. When a more detailed discussion is required,
the potential energy of the classical electrostatic inter-
action between atoms or molecules is expanded in a
series in R '. This is equivalent to the procedure of
expanding the two charge distributions in terms of the
electric multipole moments in the expression of the
electrostatic interaction. However, in this expansion
care must be taken to determine whether or not the
two charges overlap. Otherwise, the resulting expansion
in series may diverge for all R.'3

Referring to the coordinate systems, x;, y;, s;, and
x;, y;, 2', parallel to each other with s; and s; in the
direction of R and with the origin at the nuclei of each
charge distribution i or j, V(R) is given by"

V(R)-—P e,e,L2s;s;—x,x,—y;y;]
R3 '1.

3 1
+——P e,e,[res, s,rP—

2E' s~

+ (2x,x;+2y;y; —3s;s;) (s;—s;)]

3 I
+——g e;e frjr' —5s,2r' —Sr's'

4R' '~

—15s,esca+2 (4s;s,+x;x;+y,yg)']+ (I)

for electrically neutral and tightly bound charge dis-
tributions at a large distance R(R) r,+r,). If the two
charges overlap, the integral over the charge distribu-
tion should be cut oG at the distance where the two
charges start to overlap, in order to obtain a convergent
potential for all E..

»However, in the microwave region at a low pressure the
Doppler effect will bother. Reduction of this effect, in observations
has been studied by M. W. P. Strandberg and H. Dreicer,
Phys. Rev. 94, 1393 (1954).

» S. S. Penner and R. W. Kavanagh, J. Opt. Soc. Am. 43, 385
(1953);L. Huldt and E. Knall, Z. Naturforsch. 9a, 663 (1954).

'3 F. C. Brooks, Phys. Rev. 86, 92 (1952).
'4 H. Margenau, Phys. Rev. 38, 747 {1931).
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The recently developed expansion" of V(R) has
made it possible to systematize and simplify the study
of the interaction of complex charge distributions even
when they overlap. The expansion of V(R) is in terms
of spherical harmonics Vqt'(0, &) corresponding to multi-
pole moments of the charge distributions. If one refers
to a spherical coordinate system with origin at the
center of mass and the polar coordinate in the direction
of R, the coordinates of charges e,, belonging to one
atom or molecule, are (r,,e,,&,) and those of charges e, ,
belonging to the other, are (r, ,e, ,&,). For no overlapping
of charge distributions, i.e., R&r,+r, , Carlson and
Rushbrooke" gave the following expansion:

poles, (ii) induction forces such as those between a
polarizable nonpolar molecule, and an electric dipole,
(iii) dispersion forces such as those between nonpolar
molecules, and (iv) resonance forces realized by ex-
changes of excitation energy between molecules of the
same kind. In the following paragraphs, however, the
types of forces discussed in the several cases are only
the more important ones.

1. Interaction between Atoms

a. Resoeaece leteracti oe betnreee Ideetica/ Atoms

This is characteristic of the case when the interacting
atoms, one of which is excited, are identical. Since they
are identical, they can exchange the excitation energy
(light quantum) with one another. ' " This resonance
introduces twofold degeneracy (symmetric' and anti-
symmetric) and a term,

Here PI, is the lesser of A. and X'. Buehler and Hirsch-
felder" have obtained the rather complicated expres-
sion for the case when the two charges overlap each
other, Since this type of mathematical approach in-

cludes every case of charge distributions in a convergent
form, it is of great value in the evaluation of Coulombic
integrals in the quantum-mechanical treatment of
short-range intermolecular forces.

The potential (1) or (1') is considered as a perturba-
tion upon the system and perturbation theory or the
variational method may be employed to evaluate the
resultant shift in energy levels, which is identified with
the potential energy of the intermolecular force. If
ions are not considered, " V starts with 1/R' as in

Eq. (1) in the approximation" of separate electronic,
nuclear, and molecular motions. At low pressures
(average E large), the predominant part of the inter-
action arises from the term of lowest power, and other
higher terms may be neglected. On the other hand, at
close distances interaction energies are quite compli-
cated and will not be discussed here, although they are
quite important.

In the discussion of long-range van der Waals' forces
it is customary to consider four types of forces: (i)
electrostatic forces such as those between electric di-

"C.Carlson and G. S. Rushbrooke, Proc. Cambridge Phil. Soc.
46, 626 (1950); R. J. Buehler and J. O. Hirschfelder, Phys. Rev.
83, 628 (1951);85, 149 (1952).

"Stark effect broadening of spectral lines clue to ions, and di-
pole and quadrupole gases are considered by H. Holtsmark,
reference 69; M. Born, Optic (Verlag Julius Springer, Berlin,
1933), p, 444; R. Rompe and P. Schultz, Z. Physik 119, 269
(1941); S. L. Mandelshtam and N. N. Sololev, J.Exptl. Theoret,
Phys. 20, 323 (1950); I. I. Sobel'man and L. A. Vainshtein,
Doklady, Akad. Nauk S.S.S.R. 90, No. 5, 757 (1953); and by E.
F. M. v.d. Held, Z. Physik 70, 508 (1931).Also see, for instance,
reference 94, and R. G. Breene, Jr., Revs. Modern Phys. 29, 96
(1957), Chap. n.

"Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases
and Liquids (John Wiley and Sons, Inc. , New York, 1954), p. 920.

1
V„., =y(e'A fo„j4mm,tdo)

R3'

in the interaction energy. The numerical factor y takes
the value —2 if the magnetic quantum number m of
the excited atom is 0, 1 if m=+1. fo„is the oscillator
strength corresponding to the transition from the
normal to the excited state e, coo the angular frequency
of the spectra line concerned, and m, the electronic
mass. This term is not additive ' ""which makes it
difiicult to calculate in the case of high pressure where
multiple interactions are involved, and has not been
treated rigorously, although various" attempts have
been made. However, according to the sum rule, the
average of the interaction energy over all states of
different m's is zero. The root mean square value over
magnetic quantum numbers m in the J representation
for a binary case was given by Foley" to show its
J dependence, but Eq. (2) will be in error for the case
when multiplet separation is comparable or less than
the perturbation energy.

It is easy to see how the resonance effect affects the
radiation process. "When an excited atom passes by
an unexcited atom of the same kind, there must be a
finite probability that the energy of excitation will be

transferred from the first to the second atom, without

the intervention of radiation. This results in a reduction

"G. W. King and J. H. Van Vleck, Phys. Rev. 55, 1165 (1939).
$ Only the symmetric states with respect to the exchange of the

atoms can combine optically with ground states.
"For information on the nonadditivity in first-order inter-

actions for three helium atoms, see P. Rosen, J. Chem. Phys. 21,
1007 (1953).

"H. Margenau, Revs. Modern Phys. 11, 1 (1939)."J.Holtsmark, Z. Physik 34, 722 (1925); J. Frenkel, Z. Physik
59, 198 (1930);L. Mensing, Z. Physik 61, 655 (1930).

~2 H. M. Foley and D. M. Dennison, Phys. Rev. 61, 386
(1942};H. M. Foley, Phys. Rev. 69, 616 (1946).

"W. Furssow and A. Wlassow, Physik. Z. Sowjetunion 10, 379
(1936);W. V. Houston, Phys. Rev. 54, 884 (1938).Also see R. G.
Breene, Jr. , Revs, Modern Phys. 29, 122 (1957), Chap. V.
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of the lifetime of the excited atom and a corresponding
broadening of the line emitted.

X
(&i —Ei) (Ri —&i)i +&i —&t—Ei)

+oI —
I

t 1~
~ R'J

where fi, ~ is the oscillator strength corresponding to
the transition hh' for the first atom, fii for the second.
The E's and Ii's are the energies of the various states
for the two atoms, respectively. It must be noted that
the calculation was done by neglecting the electron-
exchange effect, by assuming that atoms are non-
degenerate, that they are quite far away from one
another, and that their wave functions do not overlap.
This last assumption clearly allows the additiveness"
of the force. As will be seen easily, the value of Eq. (3)
is usually negative, and numerically much larger
for the excited state than for the ground state, except
for the highly excited states. The defect of Eq. (3) is,
however, that it requires a knowledge of every energy
level of the atoms concerned, which is hard to obtain.
The previous calculations were improved by Bucking-
ham"" who applied the variational method to the
ground states, made use of wave functions obtained by
the method, of self-consistent fields, and included the
effect of electron exchange, This result provides a
method for obtaining the dispersion energy from the
observed polarizabilities n~ and o.2 of the two atoms
with X~ and $2 electrons, respectively:

3 co~a Ay&2

Vg
2 R' (ni/1Vi)&+(ng/cV2)&

(4)

~4 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com-
pany, Inc. , New York, 1949), p. 158.

"Even though the wave functions do not overlap, the third-
order energy is not additive. See B. M. Axilrod and E. Teller,
J. Chem. Phys. 11,299 (1943);B.M. Axilrod, J. Chem. Phys. 17,
1349 (1949); 19, 719 (1951);19, 724 (1951)."R. A. Buckingham, Proc. Roy. Soc. (London) A160, 113
(1937); Proc. Roy. Irish Acad. 45, 31. (1938).

b D. isPersion Interaction

The charge distribution of atoms in the ground states
is usually nondegenerate with respect to parity, without
electric dipole moments. '4 Thus, the 6rst-order dipole-
dipole interaction vanishes as does the term 1/R' in
Eq. (1). This is true in the system ot identical atoms
in the ground states or of atoms of different kind. The
second order perturbation theory gives the asymptotic
potential energy" between two atoms in the states
k and)as,

ao is the radius of the first Bohr orbit. Massey and
Burshop calculated the van der Waals constants for
alkali metal-rare gas atom impact by this method and
found reasonable agreement with those obtained by
the molecular ray technique. "

The above formulas are not valid for degenerate
states, which are always involved in the optical transi-
tion, although Eq. (3) may be thought of as an average
over the degeneracy for such levels. Really, it is not
easy to obtain the van der Waals constant for excited
states and to compare the line broadening theory with
observations. Recently, the authors" have calculated
the van der Waals energy for the doublet P state and
found that 'P; levels split according to the magnetic
quantum number due to the electric quadrupole mo-
ment of the atom in the level. The ratio of magnitudes
of van der Waals energies for 'P I I=& 'P;I I=&, and
'P;~ I=l, interacting with a spherically symmetric atom
in the ground state, is 4:5:6. They claim that this
split of the 'Py level is responsible for one aspect of
fine structure pressure broadening.

Under ordinary experimental conditions, the reso-
nance interaction can be neglected in the line broaden-
ing due to foreign gases, because the number of foreign
atoms or molecules surrounding the optically active
atom is far greater than the number of neighbors of its
own kind.

c. Ertergy State of Atoms at High Pressure

There have been some calculations on the ground
state of atoms under high pressure using as a model an
atom enclosed in a box of a certain size which corre-
sponds uniquely to the pressure. "

The present authors" applied perturbation theory
to this model for the case of an alkali atom compressed
by rare gas atoms and obtained the energy correspond-
ing to the isolated nth state.

z=w„+(eIVI~)

+2' (~I vI j)(~I vI~)/(w„—w, ), (5)

where S' is the eigenvalue of the unperturbed nth
state. P, ' implies the exclusion of the term j= ri from
the summation. The matrix element is

(N, t,m, s
I
V

I

ri', t', m', s')

f
n R„i*(r)R„.i(r)r'dr, if t= t', m= m', s= s',

0, otherwise,

"N. S. W. Massey and R. H. S. Burshop, Electrorlic and Ionic
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 375.

"M. Takeo and S. Y. Ch'en, Phys. Rev. 93, 420 (1954).
"Michels, deBoer, and Bijl, Physica 4, 981 (1937); A. Som-

merfeld and H. Welker, Ann. Physik (5) 32, 56 (1938); S. R.
deGroot and G. A. tenSeldam, Physica 12, 669 (1946); 18, 891,
905, and 909 (1952); T. L. Cottrell, Trans. Faradary Soc. 47, 337
(1951).
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where n stands for the dimension: n= 1 in atomic units
of energy, decided upon by a comparison of the above
calculation with the exact calculated value" for hydro-
gen. R i(r) is the radial part of the wave function. ro
is the radius of the sphere. Thc energy increases with
decreasing ro. The energy change is greater for the
excited state than for the ground state at the same ro.
Since the pressure is given by p= —dE/(krro'dr), the
corresponding hydrostatic pressure on the atom is
cRslly calculated.

2. Intexaction between Molecules

In ordcl fol Rn lntclRctlon to bc elective for line
broadening, the perturbation must be diferent for two
levels in radiative transition. Any vibrational or rota-
tional levels belonging to a specified electronic level
have nearly the same second-order dispersion forces.
Thus, in molecular spectra, the CBect of dispersion
forces can be neglected in many cases. Furthermore, it
often happens that the separation of successive rota-
tional levels is smaller than the thermal energy. For
this reason, it must be noted that the ordinary second-
order perturbation theory cannot be used in some cases.

Since molecules have more internal degrees of free-
dom than atoms, the calculation of multiple interactions
is quite difFicult. The following discussion is restricted
to the binary interaction. Recently, however, Matossi"
calculated the multiple interaction of identical polar
molecules by considering the problem as the couphng
of oscillators with essentially the same eigenfrequency
~0 after the method of Holtsmark" for the atomic case.
Hc showed that thc Inultlplc interaction glvcs llse to R

splitting of the frequencies by an amount which de-

pends on the distance and the orientation of the
oscillating dipoles, thus resulting in distributed fre-
quencies which can be considered as equivalent to line

broadening. With a doubtful assumption that the fre-

quencies are distributed according to the Gaussian

error curve, he obtained a result that the half-width

at half-intensity of the distributed frequencies is

given by

a. Ieleraclioe bclvcccn Symmclrk TOP Molccllcs (1VH3,
PH3, CHgCl, CHF3, CH3F, PF3, CF3Cl, Cars etc ).
The intermolecular forces (electrostatic) between

symmetric top molecules carrying a permanent electric
dipole p along their 6gure axis can be easily obtained
by using the expansion (1).Assuming the two molecules
in the rotational states J (total angular momentum),
M (equatorial), K (symmetric top molecule quantum
number), and J', M', K', respectively, we find the
required matrix elements" are

(J, E, M
i
cosH

i J, E, M) =KM/[J(J+1) j,
(J, K, M~sinec+'~~ J, K, M&1)

= ~K/[J(J+1)] [(JISM+1)(J~M) jl. (6)

Then) tile formula (1) leads) 1n Its asymptotic form,

(J,E,M;J',K',M,'
~

V.,
~
J,K,M, ,J',K',M )

R' J(J+1)J'(J'+1)

)&[ 2M;M—b(M, ,M,)5(M,',M,')

+-',((J—M;+1)(J+M;) (J'—M )

'X(J'+M,'+1))'8(M;, M;—1)8(M,', M,'+1)

+-,'{(I+M~+1)(J—M,) (J'+M, ')

y(J' —M +1))'*8(M;,M;+1)b(M, ', M —1)j. (7)

Again, the sum rule shows that the average value over
i and j vanishes. The mean absolute value may be
approximated by its root-mean-square value, "
(V ')t(J K J'K')

l2) i KK' PP'
(g)

I, 3& [J(J+1)J'(J'+1)]-:Z

where ro is the molecular diameter, c the velocity of

light, m the reduced mass of the molecules, e, the e6'ec-

tive charge dehned as the ratio of dipole moment to
atomic distance, and E the number density of the
molecules. This QX dependence of half-width was

used to explain several experimental results, "especially

those for the infrared absorption of water. 32

F. Matossl, Phys. Rev. 76, 1845 (1948).
31 3.Trumpy, Z. Physik 84, 715 (1925);40, 594 (1927);Hosche,

Polanyi, and Vogt, Z. Physik 41, 587 (1927)."%.M. Elsasser, Harvard Meteorol. Stud. No. 6 (1942), p. 46;
F. Matossi and E. Rauscher, Z. Physik 125, 418 (1949).

This can be used for two molecules of the same or
diferent kind.

Since the selection rule for optical transition is
AJ=~1, a molecule in the rotational state J shows,
in addition to the above, a resonance interaction with

another identical molecule with J'= J&1, in whatever
vibrational states they may be. It must be noted that
both the initial and final levels of an optical transition

undergoes resonance if the above condition is satisfied.

The calculation of this interaction requires the matrix

elements, "
"R.De L. Kronig and I. Rabi, Phys. Rev. 29, 262 (1927).
3' H. Margenau and D. J. Warren, Phys. Rev. 51, 748 (1937}.



SH IFT OF SPECTRAL LI MES

(J, E, Mlcos8lJ+1, E, M)
=([(J+1)'—E'][(I+1)'—M']}«/

{(I+1)L(2J+1)(2J+3))'},
(J, E, Mlcosel J—1, E, M)

= —L(J'—E ) (J'—M')]'/
(J[2J—1) (2J+1)]«},

(J, E, Ml»»""l J+1,E, M~1)
=([(I+1)'—E'](JISM+1)(JISM+2)}«/

((I+1)L(2J+1)(2J+3))'}
(J, E, Mlsin8e+'&l J—1,E, M~1)

= ((J'—E') (JwM+1) (JwM) }«/

{J[(2J—1)(2J+1)]'}.
From Eq. (1) the resonance energy between the mole-
cule with J and J—1, respectively, is then given by

V...(J—+J—1)

((J'—E') (J'-E")}'
[((J—M+1) (J—M)

J'(2J—1)(2J+1)

X(J—M') (J'+1—M') }«8(M™1)
X~(M', M' —1)+((J'+M+1)(J+M)

X (J+M') (J'+1+M') }'8(M, M —1)

Xb(M', M'+1) —2[(J'—M') (J'—M") '*

X5(M,M)8(M', M')]. (10)

The average value vanishes. Its root-mean-square
value,

influential. Thus, in the inversion spectrum of ammonia,
which is emitted by the transition between the states
+ and —,denoting the symmetry of the wave function
with respect to inversion, the antisymmetrical inter-
action energy is most effective. 35

b. Interudioe between Lirlear Moleclles

(i) Linear Moleclles with Dipole Moment p. (X~O,
HCX, ICl, ClCE, Br', ICN, OCS, etc.).—The di-
agonal elements of the dipole interaction vanish because
the dipole is pictured as rotating about an axis perpen-
dicular to its electric moment. Other elements are

(JMJ'M'l V
l
Jmq™)

= (pp'/2R')(A(™)A (M')8(m, M—1)
Xh(m', M'+1)+A(M)A( M'—)8(m, M+1)
X8(m', M' 1)—2B—(M)B(M')

X8(m, M)5(m', M')}, (12)
where

(J™2)(JISM+1).'A(™= ~(j I+1)
(2J+3)(2J+1)

(JISM+1)(J~M) '
h(j, J-1),

(2J+1)(2J—1)
' (J+M+1)(J—M+1) '*

B(M) = 5(j, J'+1
(2J+3)(2J'+1)

(J+M)(J'—M) «

8(j, J—1.
(2J+1)(2J—1).

(V„,')**(J,E;J—1,E')'
t'2) «((J' E')(J' E")}'p'— —

, —
, (»)(3) J((2J—1)(2J+1)}' R'

may be used as the average value. The resonance inter-
action energy between the two molecules with J and
9+1 is obtained by replacing J by J+1 in these ex-
pressions.

Vibrational resonances may be neglected in micro-
wave spectra because few vibrationally excited mole-
cules are present. If second-order e6ects are negligible,
the interaction energy between symmetric tops may be
given, then, by the sum of the above three equations.
However, the distribution of the value of J depends on
the statistical energy distribution, approximately Max-
well-Boltzmann's, and molecules with J value of
maximum population will encounter most frequently
molecules of J&f. In some molecular lines specified
by J of small population, the resonance is less effective
than the nonresonance, Eq. (7). This is usually realized
in the infrared line broadening such as that of HCA.

In line broadening, only interactions relating to he
states which can optically combine with one another a."e

(2i '*

(13)
E3) {(2J—1)(2J+1)}«R'

For the case (JR+1),J is replaced by J+1 in this
expression. For nonresonating collision, London"" cal-
culated the second-order perturbation energy. Denoting
by I the moment of inertia of the molecule concerned,
one 6nds

2p4I J(J+1)+J'(J'+1)
3A'R' (J+J')(J+J'+2)(J—J'—1)(J'—J'+ 1)

"H. Margenau, Phys. Rev. 76, 1423 (1949)."F.London, Z. Physik 63) 245 (1930).

These are easily obtained from Eqs. (1) and (9) by
putting K=0.

Clearly, if the two molecules are of the same kind,
the interaction becomes first order or second order
according to whether there is rotational resonance or
not. When a linear molecule with value J encounters
another with J&1, the root-mean-square direction-
averaged energy is"
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The value of this energy is positive (repulsive) or nega-
tive (attractive) according to the J' of the colliding
molecule. Clearly, for J—J'= &1 (resonance), Eq. (14)
has no meaning.

The ordinary linear molecule has a moment of in-
ertia, I, around 10 "

g cm'. Thus, from 5'J(J+1)/2I
=kT, J 20 is most common at room temperature.
The thermal energy is usually larger than the diGerence
of successive rotational levels, O'J/I, especially for
lower rotational levels. In this case, where second-order
perturbation theory cannot be used, London" applied
the variational method. Since lower rotational levels
are degenerate in the order of thermal energy, the first-
order dipole interaction must appear even in the non-
resonating case, such as the 6rst-order Stark effect in
the hydrogen atom. Hence the eigenvalue is propor-
tional to R ' instead of R ' as in Eq. (14). Keeping this
in mind and using the perturbation method, Mizu-
shima'~ took for simplicity the root mean square of the
matrix element (12) over M and M':

(JJ'I I
I
jj')

p2l '* PtJ'
{(»+1)(»+1)}-:—

&3) R'

X((J+1)-:&(j,I+1)+J-:&(j,J-1)}
X{(J'+1)'b(j' J'+1)+J"b(j' J'—1)} (13)

Since the rotational quantum number of most colliding
molecules is very large, Eq. (15) may be approxi-
mated by

(IJ'I ill jj') =3 *'(t t '/R') (2J+I) *'

X{(I+1)-:b(j,3+1)+J-:b(j,J—1)}
x(&(j', J'+1)+&(j',J' 1)}.(16)—

Hy neglecting energy differences among unperturbed
states to get the 6rst-order energy, and considering the
fact that the matrix (16) is finite since it is mostly
concerned with smaller J's, the energy di6erence in
the transition J—1—+J was taken as

0.2''/JR',
averaged over J'. But the neglect of the diagonal terms
might be very serious, especially for molecules with
very small I, in which case the spacing of rotational
levels would be rather large. This thermal e6ect, how-
ever, suggests that the R ' law, Eq. (14), goes over to
the R ' law, Eq. (17), for small R and, consequently,
produces large interactions in the lower rotational levels.

(ii) filortpolar Lirtear Molecules (O~, X~, C.O2, CS~,
etc.).—In the interaction between nonpolar molecues,
the quadrupole moment interaction may be important
in addition to the rotational resonance, if possible, and
London's dispersion. This term corresponds to the
third one in the expansion (1). The diagonal matrix

"M. Mizushima, Phys, Rev. 83, 94 {1951);84, 363 {1951).

where Q is the quadrupole moment.
If a mo ecule such as oxygen is considered, Eq. (18)

must be revised. Since the electronic ground state of the
oxygen molecule is 'P, it has three states, J=E'+1,
E, E—1, for each E except for K=0 and 1. Using the
wave function" for these states of oxygen, one obtains
the diagonal elements. The factor which comes from
one molecule is

E{(E+1)(E+2)—3M'}/
{(2K+1)(E+1)(2E+3)} for J=E+I, (19)

(E(K+1)—3}(K(K+1)—3M'}/
(K(K+1)(2K+3) (2E—1)} for J=K, (20)

(K+1){E (E—1)—3M'}/
{E(2K+1)(2E—1)} for J=E 1. (21)—

Again, this interaction is proportional to 8 . Since the
mean E is very large at room temperature, the above
three terms may be replaced by a single expressio~,

(E'—3M')/4E'. (22)

Equation (22) may be used for the colliding molecule
(primed). Thus, for instance, the energy difference of
the radiating molecule with E, M in the transition
E+1 +E, perturb—ed 'by a molecule with E', M', is

given by

6—QQ'{ (E"—M")/4E"} {Eq. (19)—Eq. (20)}. (23)
R'

The last factor in this formula gives the E dependence.
For the transition E—1~E, this factor is replaced by
{Eq. (21)-Eq. (20)}.

c. Irtteractiort of o Molecule 7oith a Polarisable Atom

This is a calculation of the induction force. Mar-
genau' calculated the interaction energy between a
polarizable molecule without p and a molecule with p
to be given classically without J dependence. Suppose
that an axial symmetric molecule has a dipole moment
in the direction of s and a quadrupole moment Q, and
a polarizable isotropic atom is at a distance E. from the
molecule, and in the direction 0 from the s axis. The
electrostatic potential at the atom is

1 t'3 cos'0 —1)
U = ——cos8+—

l

—
l Q, (24)

R' 2 4 R' )
"F,London, Z. physik. Chem. {8)11, 222 {1930)."E. U. Condon and G. H. Shortley, The Theory of Atomic

Spectra {Cambridge University Press, Neer York, 1935), p. 76.
4" H. Margenau, Phys. Rev. 49, 596 {1936).

element is"

6
VQQ

—QQ'L{E(E+1)—3M'}/(2K+3) (2K—1)7R'

[(E'(E'+1)—3M"}/(2E'+3) (2E' —1)7, (18)
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where the quadrupole moment is

Q=Q..-Q..= t' .("-*)d'
~ mole

(25)

I(kp)Ckp is proportional to the intensity at frequency
between kp and kd+dkp withdrawn from a light wave of
uniform color distribution as it passes an infinitely thin
sheet of absorbing molecules. The constant of propor-
tionality is given by the normalization condition,

The origin of coordinates must be chosen at the center
of rotation of the molecule. Then, since the field at the
polarizable atom is —AU', the interaction energy is
given by

I(pi) dko = 1. (29)

V = ,'o—k(—6U)', (26)

where n is the polarizability of the perturbing atom.
The energy change will be obtained by applying per-
turbation theory with the wave function of the mole-
cule. As stated before under Sec. a, for the inversion
spectra of ammonia the antisymmetrical interaction
term in Eq. (26),

6oktkQ/E—' COS'0 (27)

is the most effective for the pressure broadening of the
line. 4'

d. Dipole QNadrptp-ole Irtteractiort

The electrostatic potential energy for an interaction
between a molecule with a dipole moment p~ and a
colliding molecule with a quadrupole moment Qp is
given by

3 tk&Qp

Vpo= — Lcosei(1 —3 cos ep)
4 E.4

+2 cos8p sin8p sintti cos(kt i—pp)], (28)

B. IMPACT THEORY

1. Classical Collision Damping Theory

The shape of spectral lines may be expressed by an
intensity distribution function I(kp) as a function of
angular frequency co. However, in the line broadening
problem it is not interesting to find the absolute in-

tensity; rather, attention is paid to the half-width,
Ace~„ intensity maximum frequency, co, and asym-
metry of the function associated with a natural fre-
quency coo.

4' P. W. Anderson, Phys. Rev. 80, 511 (1950).
42 W. V. Smith and R. Howard, Phys. Rev. 79, 132 (1950).
4' Smith, Lackner, and Volkor, J. Chem. Phys. 23, 389 (1955).

where the angles are defined in the same way as in
Eq. (1'). With the above expression, Smith and
Howard~ have explained the pressure broadening of
the ammonia inversion spectra by foreign nonpolar
linear molecules, and determined reasonable values of
their quadrupole moments. Smith, I.ackner, and Volkor4'

introduced an interaction of this type in addition to the
dipole-dipole interaction of Sec. b.1 to explain the J
and T dependence of the self-pressure broadening of the
linear molecules OCS and BrCN.

(d x
m( +kpp'x

)
=eE coskpt,

(dt' ) (31)

with solution4'

eEe'"'
x=8. —+C e'" '+C e '"o'

m (kep' —kPP)

(32)

Suppose that a collision takes place at time 3—8. Then,
the amplitudes C& and C2 may be affected by the colli-
sion. If the collision takes place over an interval of time
which is short compared to the period of the oscillation
in the impressed field (adiabatic assumption), 4' the
transient amplitudes Cj and C2 come into play only
through their discontinuities at collision and may be
determined by the values of x and dx/dt just after the
collision. Furthermore, the collision may be assumed
to be so strong that the molecule has no memory regard-
ing its orientation or other distribution properties

44 J. H. Van Vleck and H. Margenau, Phys. Rev. 76, 1211
(1949).

45 J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys.
17, 227 (1945).

I(kd) is also proportional to the intensity of emission at
co by a thin layer of the molecules under similar condi-
tions. '44 The half-width Ace; is the entire frequency
range in which I(kp) is larger than or equal to half its
maximum. Thus, if I(kp) is symmetrical about its
maximum frequency co,

I(~-~p~~~) = pI(~-)

Experimentally, it is customary to express ~ in terms
of the shift, hkp= ~kp„—kpp~, of the maximum frequency
of the broadened line from its natural frequency coo.

The effect is referred to as a violet shift or red shift, '
depending upon the sign of co —coo.

In the case of absorption due to a thin sheet of mole-
cules, the quantity I(kp) is proportional to the absorp-
tion coefficient n at co and, in practice, the measurement
of the line contour I(kp) itself is the determination of
~=f(~)

In classical theory, the absorption process is rather
obvious. The active atom is replaced by a harmonic
oscillator of natural frequency coo. Denoting the angular
frequency of the incident light wave by M, we find the
equation of motion of the oscillating charge e with
mass m under the influence of an electric field E cos~t
to be
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27lS 8 (M )~= 4~+ ~ex "/e=
mc ~ cpp)

1/r 1/v.
x] + (35)

E (»—~)'+ (1/r') (~2+~)'+ (1/r') )

This is the absorption line shape. S is the number
density of absorbing oscillators with natural frequency
cop. Fol Qlp

—M((coo, the second term is negligibly small
under ordinary conditions, as in the case of atomic
spectra or of sharp lines, while in the microwave region,
where the width and the frequency are sometimes com-
parable in order of magnitude, it cannot be overlooked.
The Lorentz assumption gives the same formula except
for the sign of the second term. Therefore, it predicts
a zero effect at low frequency, while it is nearly the
same numerically as (35) for high frequencies. If the
frequency of oscillation is extremely high, the phase
may oscillate rapidly during a collision and thermal
equilibrium may not be created after collision. Then,
the Lorentz treatment may give a correct answer.

Recently, Bruin4' reconsidered the collision broaden-
ing theory in analogy with the network theory to repre-
sent spectral lines graphically in the complex plane.

Equation (35) can be transformed easily into a quan-
tum-mechanical expression if one makes use of the fact
that each transition i~j could be identified with a
virtual classical oscillator and applies the rule (see
Born,"p. 468) of multiplying a classical quantity e / 2m
by the oscillator strength

=p'
~

dS
H(t) = +-,'m(»x)2 ex—E coscpt, p=m —.

2m df

Then, according to Boltzmann statistics, the average
value of x after collision must be given by

x expL H(t —0)/kT—]dxdp
J—00 00

00 ~00

exp[ H(t —8)/kT—jdxdpJ„J„
2Ee coscp (t 0)—

(33a)
mCV p

(33b)@=0, at to= t—8.

x and p determine the values of C& and C&, and, finally,

give

eE expf icptj 1 t' cp )
(R 1——

( 1+—
I expLi(cpp —cp)0j

L m(cpp' —cp') 2 L cdp &

1t cpi eE exp[icp(t —0)j——
(

1——
) expt —i(cpp+cp)0] +

2 E cpp) 2mcop

before collision (strong collision). This assumption led as a function of cp:

Lorentz to assume, in addition, that the mean distri-
bution of the oscillators just after collision was not
polarized because of the random nature of collisions.

However, since the oscillators are imbedded in an
impressed radiation field, there must be an easy direc-
tion for them to orient to after collisions and their
mean distribution, given by Boltzmann statistics,
should be polarized. The Hamiltonian function for this
system is

X (expLicpp0]+ exp L
—icdp0])

This x must be averaged over 0. In the case of random
collisions, the probability that the last collision having
taken place before 3 lies in the time interval between
t 0 d0 and—t —0 is e "'d0/r, r—being the mean free
time. Averaging over this distribution of 9 from 0=0
to ~, we find x takes the form

Here p;, is the dipole moment matrix element related
with the radiation process i—+j; ~,, is the frequency of
the radiation. If the incident radiation is weak enough
to produce thermal equilibrium, the number densities
of the two levels, Ã; and S;, are determined by the
Boltzmann distribution law. Since Kq. (35) holds for
any possible transition, true absorption or induced
emission, and co;;= —co;;, one has

eE exp f icpt jx= (R
m(cpp2 —cp2)

o ~ cop

2L(1/r) —2(~o—~)]

eo —e m +per

2[(1/r)+i(»+~) 3—
(34)

42r(1V,'—1V,') ( cp ) '

3Ae ~cpc2 t

1/r 1/r
xi — +

( (cp . . cp)2+. (1/r2) (cp, .+ cp)2+ (1/r2) p

Writing the square-bracketed term of (35) in the form
Ee'"'(x' ix"), we obt—ain the absorption coeKcientcp c2

4~ J. A. Stratton, E/ectromagnetic Theory (McGraw-Hill Book
Company, Inc. , New York, 1941), p. 323.

where the superscripts imply thermal equilibrium, and

47 F. Bruin, thesis, Amsterdam (1956).
"Max Born, Optic (Verlag Julius Springer, Berlin, 1933), p.

44k.
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Ã —&V,'= )V,'L1 —exp( —fuu;;/k T)]
'AM»

N, for microwaves.
~» kT

for the visible region.

For plane polarized radiation, Eq. (36a) should be
multiplied by 3. The transition j—+i involved in Eq.
(36a) corresponds to stimulated emission.

Later, Van Vleck and Margenau~ showed explicitly
that the shape of spectral lines for a classical harmonic
oscillator and also a Debye slow rotator are the same
in absorption and spontaneous emission, " provided
the energy density obeys the Rayleigh-Jeans law. They
showed also that the Lorentz formula is obtained by
adding the work done on the molecule by the electro-
magnetic wave between collisions and at collision.
Karplus and Schwinger' have given a quantum-
mechanical derivation of the Van Vleck-Weisskopf
absorption formula (35) and extended it to higher power
levels of the exciting radiation, where transitions among
the molecular states are included at a rate that is not
negligible compared with the collision rate. This treat-
ment invalidates the assumption of thermal equilibrium,
although the conditions assumed hardly exist in the
visible region. ' They found that the broadening of the
absorption line at high power levels is not to be at-
tributed to any intrinsic modification of the line shape,
but rather to a frequency dependent alteration of the
populations of the two levels. The net rate of absorption
is the diGerence between the rates of true absorption
and stimulated emission, with the common transition
probability for the two processes possessing the char-
acteristic frequency dependence 1/[(co, ,—co)'+ (1/r')].
The frequency dependence of the population diGerence
may be written

1/r
pii = (p' pi )~

(1/r)+w
where

1 1/7
w= —

/
V;;f'

h2 (co,;—cv) 2+ (1/r2)

p;; is the mean density of the level i over the collision
time 0, and p is that of the isolated molecule at tem-
perature T. V,; is the matrix element of the energy in
the external radiation field. Denoting the electric field

by E cosset and the induced dipole moment by p, one
finds V;;=p,;,E. Then, the power absorbed per unit
volume is

P,= ,'co&(u(p, , p;;)S, -—
' About the line shape modified by self-absorption, if any, in

emission, see R. D. Cowan and G. H. Dieke, Revs. Modern Phys.
20, 418 (1948). Especially, in arc this effect should be taken into
consideration; see H. Edels and J. D. Craggs, Proc. Phys. Soc.
(London) A64, 562 (1951), or in Aame; see Huldt and Knoll
(reference 12).

~ R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948).
Also, see P. I. Richards and H. S. Snyder, Phys. Rev. 73, 269
(1948).

where the transition probability for absorption or
stimulated emission has been placed equal to (1/2)w,
since both processes contribute equally to the rate at
which radiative transitions tend to decrease the popula-
tion difference. If P denotes the radiation power in-
cident on the gas per unit time per unit area, P= E'c/gm,
c being the velocity of light. Hence,

4m)P

cA

(1/r) (1V,' 1V '—)
(36b)

This saturation effect, Eq. (36b), has been experimen-
tally confirmed with ammonia in the microwave
region. "

The half-width of the line shape may be given by

2
Ace =——2xp'vN (37)

for the case of resonance absorption in Eq. (35). In
this p is the optical collision diameter, related to the
force law at collision, 0, the rms velocity of impact, and
N the number of colliding atoms per unit volume. The
line shift, in this approximation, is obviously zero.
The linear dependence of the half-width on N is char-
acteristic of this treatment. The collision mechanism
replaced by the assumption of strong collision has lost
the chance to include the force law precisely in the
theory. However, the magnitude of the optical collision
diameter corresponds to that of the intermolecular
force concerned. The optical collision diameter" is
usually greater by a factor two or three, sometimes by a
factor one hundred, than the gas-kinetic one which is
related to momentum transfer. (See Table III.) This
discrepancy may be partly attributed to the inclusion
of excited states in optical collision diameters, but it
makes the theoretical treatment easier, since in such
cases the flying path of perturbers is approximated by a
straight line.

2. Classical Fourier Integral Theory

Assume a radiating classical oscillator with natural
frequency ~o. Although the frequency of the oscillator
would be coo again after completion of an adiabatic
collision, the change of the oscillation during collision
would be so appreciable that the phase would be quite

"T.A. Pond and W. F. Cannon, Phys. Rev. 72, 121 (1947);
B.Bleaney and R. P. Penrose, Proc. Phys. Soc. (London) 60, 83
(1948); R. L. Carter and W. V. Smith, Phys. Rev. 73, 1053
(1948); Townes, reference 179.

Thus, as P increases, the value of P, saturates. In the
limit of complete saturation one has

bc' A2~ ~. .N.e

P,= (N —X)~—
2v- 2v- kT
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different from what the oscillator would have if the
collision had not taken place. The phase shift of the
oscillator is given by

0= ~ Dca(r)dr, (38)

where t» r is the collision duration and t» ca(r) the differ-
ence between the frequencies between and at collisions.
Since an adiabatic collision and no change of amplitude
are assumed, it may aGect the radiation only through 0',
regardless of the manner by which it is produced. The
strong collision assumed in the previous section is
equivalent to the assumption that 0 is arbitrarily
large. But a number of small phases could add up to a
large phase shift and affect a spectral line. The main
purpose of the modified theory described here, however,
is to account for the magnitude of 2 ca(r) resulting from
disturbances at collision.

If the frequency of the oscillator changes with time
under the inhuence of colliding molecules, the oscilla-
tion may be expressed by

equipartition value for the statistical average of the
square of the amplitude of a harmonic oscillator. Since
there is no impressed field, the consideration of Boltz-
mann statistics is unnecessary.

The phase shift 0 may be supposed to operate only
as a temporary interrupter of the radiation process.
Although the distribution of the magnitude of 0 is
continuous, Lenz, " YVeisskopf, » and others" assumed
that the e8ective phase shift must be greater than some
critical value —unity in Weisskopf s treatment, or/2 or
1.1 in others. The Lorentz view requires that the line
intensity be lowered inversely proportionally to the
number of collisions per unit time; the improved view
does not mean the complete stoppage of the emission
of radiation, which agrees with many experiments.

Although, by critical values of effective phase shift,
early investigators determined theoretically the colli-
sion diameter, the cut-o8 distance of the radiation
process, there was no definite meaning attached to the
magnitude of the effective phase shift. Reinsberg,
Lindholm" and Foley" improved this point, including
every magnitude of phase shift. Rewriting the formula

(40), Foley obtained

x(t) =xp exp i jl ca(t')dt' .—
0

(39) eGO p f

I(ca) = xp' dtc dto
3' 0o

The Fourier analysis of this disturbed oscillation may
give information on l(ca). According to classical
mechanics, the power radiated by a charge e oscillating
in one direction is (2 /3)e'c '(d'x/dt')' Hence, . taking
Fourier components of the displacement (39) and
multiplying it by co' to obtain acceleration, the power
emitted in the spectral ca and ca+ceo is

e'co4

Xexp i —ca(t')Ct'+ica(t» —to) . (4&)
J

The substitution 3»—t2 ——7-, t~=tp leads to

2co~4»p oo

I(ca) = xo (R dr Cto
3mC ~p

Sp
3c t 0+x

Xexp i—ca(t')dt'+icar . (42)

This formula is what %eisskopf» obtained by the YVKB
method and later by many people in a more general
way 52» 53

To reduce the general formula (40) to a more com-

prehensive form approximations may be made. For
instance, if the Lorentz view is followed, the oscillation
stops completely at strong collision, and the wave train
emitted is finite in its length, say, from /= 0 to 0. Then,
the limits of integration are from 0 to 8. After averaging
I(ca) over the distribution of 0 as before, the formula

(35) is obtained, except for unimportant factors (see
Born, 4' p. 437). This is true also if the recalculation is
carried out by assuming the Rayleigh-Jeans law and the

52 P. W. Anderson, Phys. Rev. 76, 647 (1949).Furthermore, the
fact that most of the optical collisions take place without mo-
mentum transfer may allow this assumption.

"H. Margenau and R. Meyerott, Astrophys. J. 121, 194
(19SS).

hca(t') dt'+iAcar . (44)Xexp ij-
tu

This formula may be thought of as the Fourier ampli-

54 W. Lenz, Z. Physik 80, 423 (1933).
"H.Kallman and F.London, Z. physik. Chem. B2, 207 (1929);

H. Kuhn and F. London, Phil. Mag. (7) 18, 983 {1934);G. Burk-
hardt, Z. Physik 115, 592 (1940).

'6 C. Reinsberg, Z. Physik 111,95 (1938); E. Lindholm, Arkiv
Mat. Astron. Fys. 288, 1 (1942).

Denoting the natural frequency of the oscillator by ~p,
and putting

&~(t') =ca(t') —~o, &~=ca—~o, (43)

where Ace is measured from the unshifted line maximum,
we find the intensity distribution is given by

2e2m4

E(ca) = xo'(R dr dt p

3~c ~p
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f 0

y(~)= " dtoexp —~ ' Ccu(t')dt', (45)
J—oo to

which is the average value of the phase difference oc-
curring between the time to+ ad and to over the complete
interval of to, that is, the radiation process. Recently
the general formula (44) has been used to obtain a
line shape at ordinary pressures.

If we assume an adiabatic collision, only the phase
shift at collision is important. Since the collision dura-
tion ls infinitel short, each collision ls blQary aQd
independent. Therefore, the phase difference appearing
in the above integral is approximated by the sum of
such phase shifts taking place in the time interval.

The correlation function method, '"when one does not
assume a distribution of e, gives the same result as
above for Eq. (44).

According to Eq. (50), the intensity maximum occurs
at Cca=8/~0, so that if 8 is positive the line center
shifts to the blue, and, if negative, to the red. The half-
width is given by 2(1 A)—/ro with no assymmetry.
According to the definitions of A and 8, and noting that
the distribution function p(0) is normalized, we ob-
serve that the half-width and line shift are given by

Cku; =2 p(0) (1—cos0)d 0/ro,

Ccu =) p(0) sinOdO/ro.

This must be averaged over the distribution of e. If
the mean free time between random collisions is 7-0,

the probability that e collisions take place in the
interval 7 is (7/ro) "(e '"/e!). In this form of interpre-
tation of the above integral (45), the average over to

may be converted to a spatial average. If we consider
one oscillator for the complete interval lo we obtain the
same result as that found by considering a great num-
ber of oscillators in a short time interval. If the latter
view is followed, the average over lo may turn out to
be the average of O~; over its distribution. Two types of
averaging processes are involved, and the order in
which they are carried out does not a6ect the result. "
Denoting the probability of occurrence of a phase shift
O~ within an interval between O~ and O~+dO" by
p(0)dO", we can write the above integral (45) as

00 (g
—«&0 ) n

P (r/~())"
i ( Q dO;p(O;)e '8', (47)

n=o &e! j =»„
since the phase shift distribution from —~ to ~. The
p(O~) may be understood as the collision parameter
producing a phase shift , if we assume straight paths
for colliding molecules. Since the value of the integral
with respect to 0; is the same for any su%x ~, it may
be written A —iB.

Since sinO~ is an odd function, and if positive as well
as negative values of 0 are equally probable, the shift
of the maximum frequency is zero, as in the case of
resonance broadening. The function p(O)d(O)/ro can
be interpreted as the number of collisions per unit time
with phase shift between 0 and 0+dO. Thus, both
the width and shift are proportional to density, the
number of molecules per unit volume.

There are many cases where the molecular energy
under the influence of another molecule at a distance E.
is expressed by

(Eo+&y/R");,

where i refers to the initial as well as to the final state ~

of the radiative transition concerned. Hence,

Ay being the difference of the force constants for the
two states. H the path of a colliding molecule with
relative velocity v is straight, as is probable in the case
of no complete interruption of the radiation process, "
R=(p'+s9"): with impact parameter p and time &'.

With the help of Eq. (52) the phase shift, Eq. (38), is,
under the binary interaction, given by"'

0= cy/(p'+n't") &~'dt'

dOp(0) cosO, 8= dep(0) sinO.

Hence, (45) is reduced to
'

,
A —iB 7- '

y(r) =exp
70 70

Thus, the intensity formula turns out to be

The extension of integration limits to infinity may not
be inconsistent with the assumption of adiabatic
collision.

The number of collisions with relative velocity be-
tween v and v+dv and impact parameter between

p and p+dp can be obtained easily by the kinetic
theory of gases:

p (0)d 0/so ——8vr'(m/2k ') i exp (—nw'/2k T)m'dvpd per,(1—A)/rp
'6'D. B. Dettaan, SONvelles Tables d'Integrales I dfees I'P.

Engels, Libraire Editeur, Leide, 1867},p. N.

2co4

I(ceo) = (ceo)' (50)
3sc' ( (1 A)/so}'+ f8/ro —Cco}'—
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X I'(p —1)

p —3
Xsin ri

t
(~ Ay ~"'~'&)X (54a)2p-2" I

( m

)~~;&~v/I ~v ().
Ep—ij (54b)

In order that these expressions be convergent, p must:
be larger than 2. The bracket ( ) implies an average
over g. The value of (~ Ap~"'~") may be sometimes
approximated by the mean square value. For some
special values of p, the equation gives

hro;= 2s'(~ Ay
~
)S, for p= 3, (55)

Ace; = 13.4(kT/2m)"'(
i
hy i

"')X) for p =5) (56)

Aced= 12.9(kT/2m) (( 5y (
is)iver& for P = 6, (57)

respectively. I indholm" derived a formula essentially
equivalent to Eq. (57).

It is interesting to consider the range of values of
phase shifts 0 which affect the line shape the most.
Under the force law, Eq. (52), p(0)=CO' ""n in
Eq. (51). Then, when the sign of 0 is positive at all
collisions, the integrand of pro in Eq. (51) oscillates
between positive and negative with slowly varying
amplitude in the range of 0+&1. Hence, the integrand
in this range, corresponding to strong phase shifts,
averages nearly to zero and contributes very little to
the value of Ace . Therefore, the line shift should come
from the range of 0&1. This range is the one com-
pletely neglected, by Weisskopf' and others, ""as
ineffective on line shape. On the other hand, the greater
part of the value of As&; in Eq. (51) comes from the
range of 0~)1, since the integrand of des~ is always
positive. Thus the older view of Weisskopf' and
others'4" on line broadening using the idea of critical
effective phase shifts can be well understood. However,
the result, obtained here, that the strong phase shift
averages to zero, still leaves some ambiguity in the

~7 E. Lindholm, Arkiv Mat. Astron. Fys. 32A, 17 (1945).

where m is the reduced mass, and E the number of
molecules per unit volume. The term g refers to the fact
that the force law depends on the various states of
colliding molecules and is the probability of a molecule
being in a particular rotational state; it must be summed
over all states.

Thus, in the case of the force law of inverse pth
power, the half-width and line shift are

g~)= 2s (n+s)/(&n-s)(k2'/2gg) (n-s)/O s)

theory. An analysis" shows that the statistical theory
in Section C is better for such collisions. Actually, the
Fourier integral theory is good for a line shape near its
center. '4

If the sign of Ay is common to all collisions, Eq. (54)
gives Foley's r'elation

aa;/~a~„j =2 cot]
& —1)

The above condition is valid for heavier atoms per-
turbed by foreign gases where van der Waals forces are
important. Although the observed values of line shifts
and widths in atomic lines perturbed by foreign gases
give widely distributed values for the ratio, Foley"
shows that p in (58) is nearly 6, assuming the pre-
dominance of only one type of force. (See Table III.)
However, in most cases of molecular spectra the above
condition does not hold and Eq. (58) cannot be used.

Since the interaction forces which are predominant
for molecules at low pressures are rather mell known, the
test of Eqs. (54a) and (54b) has been made with good
over-all agreement with observations. For atomic lines
the test can hardly be made directly, except for the
linearity relationship to E as well as the test of (58).
The tests for both microwave and atomic lines require
quite diRerent approaches, and may call for separate
experimental justifications.

3. Quantum-Mechanical Fourier Integral Theory

In the standard Fourier integral theory, as shown in
the previous section, the inclusion of all phase shifts at
collisions removed the ambiguous collision diameter
and gave rise to a line shift. However, its basic assump-
tion is that the collision is adiabatic and does not change
the amplitude of the oscillator in a particular direction.

If molecules have rotational levels whose spacing is
small in comparison with the thermal energy, transi-
tions between levels (reorientation of the molecule)
may be induced even by adiabatic collisions (infinitely
short collision duration) and the amplitude will change.
As has been considered by Spitzer, " Van Vleck and
Weisskopf, '~ Frohlich, " and later under more refined
assumptions for low frequency limiting cases by Gross, '
this e6ect places the results of the old Lorentz theory
in contradiction to the theory of dielectric relaxation
developed by Debye" and others, "as shown in Sec. 31.
The relaxation theory of dielectrics treats broadening
as the limiting case of a spectral line of zero frequency,

"T. Holstein, Phys. Rev. 79, 744 (1950).Also, see reference 37.' L. Spitzer, Jr., Phys. Rev. 58, 348 (1940)."H. Frohlich, Nature 157, 478 (1946); Theory of Dielectrics
{Oxford University Press, New York, 1949). This model for one
degree of freedom was extended to the case of two degrees of
freedom by R. Huby, Rept. Brit. Elect. Allied Industr. Research
Assoc. Lreference L/T 179 (1947)j."F.P. Gross, Phys. Rev. 97, 395 (1955).

2P. Debye, I'olur Moleclles (Chemical Catalog Company,
New York, 1929), Chap. V.

6' W. Kauzman, Revs. Modern Phys. 14, 12 (1942).
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in which case the standard Fourier integra) theory also
does not give any pressure eGect. Thus, it is necessary
to develop a generalized Fourier integral theory.

The starting point is given by the radiation theory of
quantum mechanics. This method was followed by
Lindhold, '7 Foley, ' Anderson "' Mizushima, ' Kar-
plus and Schwinger, " Leslje, " and Bloom and Mar-
genau. " It is customary to treat the intermolecular
motion classically. Since the range of the intermolecular
force, which is important to line broadening in the
valid range of the Fourier integral theory, is several
times larger than the wave packet associated with a
moving molecule, the packet may be considered as a
point without a large error, except for very light
molecules such as helium. The coordinates of a colliding
molecule are known functions of time, and the molecu-
lar interaction is expressed in terms of a definite time.
Thus, the following discussions are limited to the classi-
cal region well outside of an absorber. First a general
formula will be obtained, and then it will be applied to
the low-pressure case when multiple collisions can be
neglected.

The Hamiltonian of a molecule undergoing perturba-
tions C(t) due to collisions and F(t) due to light waves
will be

II(t) =II,+C(t)+F(t), (59)

where Ho is the Hamiltonian of an unperturbed mole-
cule in a stationary state denoted by p . This state is
usually highly degenerate, but has a discrete energy.
Thus one can know which spectral line is under con-
sideration. While Mizushima" solved the Schrodinger
equation with this II under the assumption of adiabatic
hypothesis (no transition between atomic states due to
collision) following Foley's method, Bloom and Mar-
genau" divided the transitions concerned into two
parts, one due to collisions and another due to the
radiation 6eld. They considered only the transitions
relating to the radiation process. The wave function
of the molecule perturbed by collisions will be expressed
in terms of q by

(60)

which satisfies the Schrodinger equation iABC,/Bt
= [IIq+C(t)]C';, with an initial condition C, (to) = &p, , i.e.
U(to)=1. Since this 4, forms a complete orthogonal
set at every instant, the solution of the Schrodinger
equation with the Hamiltonian H (59) can be expanded
as %=+;a,(t)C;(t). In this a;(t) is the probability
amplitude of the collision-smeared state C,. The density
of the ith level at t is p, (t) = a, (t)a;(t). This transition
probability amplitude is induced by the light wave
and is related to the radiation problem.

6 P. %. Anderson, dissertation, Harvard University, 1949
(unpublished).

'~ D. C. M. Leslie, Phil. Mag. 42, 37 (1951).
~' S. Bloom and H. Margenau, Phys. Rev. 90, 791 (1953).

The amplitudes are subject to the equation"

ihdaI, /dt=P Fa;a;, (6&)

with

FI,;= ~C g~FC;dw.

The increasing rate of the population in the kth level
due to absorption depends on the value of ~F~; ~' and
the population in the ith level. However, there must
be induced radiations, which are connected to the
transition k +i —leading to the decrease of pq(t) Thu. s,

p~(t) = pA, (to)+g p;(tp) (ih)-' Fp;dt

2

—g pp(tp) (ih) ' Fr, dt
dg 0

Bloom and Margenau" solved Eq. (61) rigorously and
obtained the pI, (t) up to second order in Fq;, which is
the same as above.

The F&; can be expressed in the stationary states
base q.

Fa'=Q U ~*U~' p *Fyidv

where

00 2

+ )~ dtpg;(t)e '"', (62)

Hence, the intensity distribution may be expressed by

2 00

dt, (t) '"' + ~ dt;(t) '"' (64)

where Io(co) represents the incident light beam. Equa-
tion (64) has been also obtained by the calculation of
work done by the light wave. ' This result suggests a
possible process of separation of I(co) into lines Iq, (&o).

' L. I. Schift, Quantum Mechanics (McGraw-Hill Book Com-
pany, Inc. , New York, 1949), pp. 190—193.

The explicit form of the field perturbation in the dipole
approximation is F(t) = —E p cos(a&t+a). When one
sets E @=EDcoso and averages over 8 and over the
random phase angle n, one obtains

E2 00

p (p;—pI) dtNI, ;(t)e'"
12k2 '
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When C(t) is absent, tip;(t) =hip, (0) exp(ipi&, t), where
pi&;= (Ep—E;)/fz. Therefore, one may take it as an
approximate solution in the case of the weak collision
perturbation. Hence, the first integrand in Eq. (64) has
approximately with exponential factor expi(pip, +pi)t,
the second the factor exp'(pip; pi)—t If E. p) 8; the second
of these produces resonance and the first can be neg-
lected; otherwise their role is reversed. In that case,

00 2

p;, t dhhzp, (t)e

represents absorption, and

Thus, (71) leads to

hip;(h) =tz„(tp)exp —zppp;t ——
ik

t t

XI I c»(t')dt' — t c;,(t')ct'
~

. (73)

The substitution from (73) into (65) gives the classical
Fourier integral formula (40) for absorption, if we
assume that p& (66) is negligibly small. In Eq. (73)
the term,

00 2

—p p " Chtzk, (h) e (66) C„„(t')dt'— I C;;(t')dt' i,
( (i tIt

represents induced emission.
The problem is reduced, then, to obtain the dipole

moment tip;(t). It is well known t:hat it is possible to
rewrite Eq. (63) in the vector form, "

is equivalent to the phase shift, Eq. (53), at a collision.
For a binary case, if one assumes a straight path for

a colliding molecule, Eq. (72) leads to

hz (t) = U '
(t)hz (tp) U (t)

where U(t) is unitary and satisfies the equations

(67) 00

T»(p) = exp i t Cp p (Pp'+—p't"]l)/Itdt', (74)
—QO

zMU/dt= (Hp+C(t)) U,

U(hp) = &.

(68)

The matrix element of C'(t) is given by

C '(t) =C(t) expL(E —E )h/z7z]. (70)
Then,

h „(t)=p (T(t),„-')exp( —z~„,t)h „,(tp) (2 (h) „).(7&)
ml

The diagonal elements of T(t) give the phase shifts of
hz(t) due to collision interaction C(t), while the off-
diagonal elements —or their squared absolute values—
gives the transition probabilities due to this interaction.

Because C(t) and Hp do not commute, C'(t) defined
above does not commute with itself at all times.
However, in cases where C(t) is either diagonal already,
or can be made so in a simple manner such as replacing
the so-called van der %aals forces, a second-order
phenomenon, by a first-order effective Hamiltonian,
Eq. (69) integrates easily.

pt
Tpp(t) =exp — ' Cpp(t')dt' . (72)

i7i

'8 M. Born and P. Jordan, Elementare QNunteemecItueik {Verlag
Julius Springer, Berlin, 1930), p. 327.

If one sets U(t) = exp(Hpt/ih) T(t), where T(t) is unitary,
the differential equations lead to

zMT/dt= C'(t) T(t), (69)
where

( Hpt) (Hpt)
C'(t) =exp' (C(t) exp(

za) E z7)

dT
ihA A-'= V;;5;,AT(t)A-'.

If dA/Ch is neglected by the adiabatic assumption (very
slow thermal motion), we obtain

P
T(t)=A —' exp— ~ V;,dt 8;,A.

ik ~
(76)

From Eqs. (65), (71), and (76), the intensity distribu-
tion can be obtained.

Sometimes the transformation A in Eq. (75) may be

where p is the impact parameter. Of course, T may be a
function of angles, in addition to p, required to specify
one type of the collision. However, because of the
random collision the effect of collisions may be isotropic,
so that a collision can be represented by p on the
average. Hence, Eq. (73) reduces Eq. (65) to the stand-
ard Fourier integral theory. From the interaction
Hamiltonian C(t), hy defined by Eq (52) c. an be ob-
tained. Thus Dpi*, or Ace can be evaluated by Eq. (54).
Since C(t) is generated by a classical thermal motion of
a perturber, it cannot be greater than the thermal
energy per particle of order kT. Thus any broadening,
such that @Aced&kT, is out of the present treatment.

This procedure is generalized to include nondiagonal
terms as follows. By a unitary transformation A, C'(t)
is diagonalized.

AC'(t)A '= V,,8;;.

Transforming by A, Eq. (69) becomes
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difFicult to obtain. In this case, by introducing higher
order terms into C(t) and ignoring the noncommuting
property of C'(t) with itself, the solution of Eq. (69)
will be approximated by Eq. (72) or, for independent
binary collisions, by Eq. (74). If the value of the
integral,

C'„((p'+v't")l)/Adt'= F„„(p), (77)

is small (weak collisions), Eq. (74) can be expanded as

T'- (I)=~- o&-—(~)+&- (p)/2 —" (78)

This gives a method of successive approximations. "
Since collisions are independent, T(p) operates inde-

pendently on the degenerate levels (ow, m', nz", m'")
belonging to the initial (k) and final (i) eigenvalues.
If e collisions have taken place during a time interval r,
from Eq. (67) p„o(8o)transforms to

I;.'(&o+v)=T' '(~.)2' '(~. ~)-
&2'' '(w)~'. '(&o)2'o(~~) "&oh-)

where p'=exp( —Hot/i7i)p exp(Hot/ih) It .is easy to
introduce the degeneracy into this expression:

with

'(--- ).Ion(~)=p') d«*' ""po'(v), (81)

o o,(v)=(Z uo *(to) I,o(4+~) ~ &J --~' (8»)
m'

Equation (45) and Eq. (81a) are equivalent. If an
elementary time interval dr is chosen long compared
to the duration of one collision which will be represented
by T(p), one has

u'o'(~o+ v) ~

= z &nT;-(.,)&
ml ~m~l ~ j.

Xm~, (,;)&.- . (79)

Because the effect of collisions is isotropic, p,o'(to+a)
and p p (/o) have exactly the same transformation
properties under rotation. Hence, this can be written as

I;o'(&o+v) ~ =~"(1o)- F(v) (8o)

with a scalar function F(v).
If we follow the same procedure as followed in the

derivation of Eq. (42), Eq. (65) can lead to

"ago;(v) =
q o;(r+dv) ool;(v)—= ( I o *(Io)..C&; '(p). - v -'o'«o). -.- 2'o(p).- —~. (&o)..j&F(.). (82)

m'm" fn/"

On the other hand, Eq. (80) gives

~o ~'(v) =(Z ~o''*(&o)- ~'~'(to) -)dF(v) (83)

Therefore, it follows that

Wo, '*(4) T; '(n) ~ -u;o'(&o) " - To(u)---
dF (v)

dr P ski (fo)mm'p~ o(fo)m'm'
m'

—1 IF(v)

The average over to is replaced by an average over p. The probability that a collision of the type p occurs in dr is
given by Evdr2xpdp, where E is the number density of perturbers and v the mean velocity. Therefore,

dF(r)/dr = NvdvF(v) I 2vp—dpS(p),

~.''*(&o)- T. '(~)- - V 'o'(~o)---- T'o(~)---
m'fn" mls'

Z ~. *(&o) p;o'(&o)

Hence the correlation function q ~; is given by

o o'(v) =Z ~o *(&o) ~,o'(&o) exp( —Nvav),

where 0 denotes the complex cross section defined by
the integral in Eq. (84). It is obvious from the discus-
sion in the previous section that the line shift in fre-
quency and the half-width follow from the imaginary
and the real parts of Nv(1 —a.), respectively.

The cross section 0 is given by the average of the
partial cross section a (Jo) due to the different state Jo
of perturbers labeled 2.

a =P B(Jo)o (Jo). (85)
J1l

B(Jo) is the Boltzmann distribution function for the
colliding molecule in the state J2. It has been assumed
in Eq. (85) that no transitions occurs in molecule (2)
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quantum numbers, except perhaps for the degenerate
ones, or that transitions in molecules (2) can occur only

simultaneously with those of molecule (1), so that
T; and T~ are stiH essentially diagonal in molecule (1)

and (2) (resonance cases). Since the interaction Hamil-
tonian C'(t) depends on J2, 0(J2) is averaged over the
degenerate substate M2 (possibly magnetic quantum
number) belonging to J2..

2 ~~''*(&o) & '(I) ~ '~n'(fo) - 7'~{a)-
M ~r~~r~sII

S(p,J2) =1— (86)
(2J2+1) Z pa *(&0) ~;~'(&0) ~

To evaluate this expression S, the expansion (78) may be used. It is found that the zeroth order in I'(p) of S
vanishes. The first-order terms are, after having averaged. over the degenerate index m, which will be denoted by
mI, and m; for the absorber in the state k andi, respectively.

(»~i, J2 kf 2l&l»~~ J2 ~2)
S&(p,J&) =i

(2J~+])(2J',+1) m, jr,
(87)

Since this is imaginary, 5& contributes to the line shift. On the other hand, the first term which gives a contribution
to the line breadth is one of the two possible second-order terms called by Anderson (S2)«~„."

(k,m„J,Pr, l

J"
l k,m, ,J,Pr, )

S~(~,J2)-i-= l
m„m, (2J~+])(2J,+1) (2J;+1)(2J2+1)

(88)

vs~ is the degenerate index of an absorber in the state k

and 2A+1 is the degeneracy of the state. Another second-
order term S2(p, J2)midaie, which arises from the cross
«rm, ~~''*(~o)- &' '(C)- --"~'~'(~o)---- ~~(C)-- -"
when Eq. (78) is introduced into Eq. (86), is quite com-
plex and difficult to evaluate. But, when the absorber
has a permanent electric dipole moment, S2(p,J2);ddi,
vanishes. When p is smail, Eq. (78) cannot be used.
In this strong collision, 5 has its maximum value of
S=1 (real).

A typical matrix element necessary to evaluate
Eqs. (87) and (88) is given by

(n l
J'l p) = (k,mi„J2,Mg

l

I'
l
k', mi, ',J2', M2')

00

=- " exp(~~.s~)(~l~(&) lp)«(89)

E(n) —E(p) E(k)+E(J2)—E(k') —E(J'2')

E(k) is the energy of the absorbing molecule in the
initial state. Clearly from Eq. (89) those (nl.Pl p)
where a& s=0 (resonant collision) make a signiTicant

contribution to 5.
C. STATISTICAL THEORY

I. Classical Statistical Theory

As will be discussed later, many experimental results
are inconsistent even with the linear dependence of half-
width on density obtained by the phase shift approxi-
mation. This discrepancy seems to be more prominent
at higher densities, where multiple interactions" may
dominate binary ones.

To a first approximation molecules can be regarded

hco=Q yR &U($) (90)

"H. HoltsInark, Ann. Physik 58, 5/7 (1919); Physik. Z. 20,1' (1919);25, 73 (1924).
70 L. Spitzer, Jr., Phys. Rev. 55, N9 (1939).
7'H. Kuhn, Phil. Mag. 18, 987 (1934); Phys. Rev. 52, 133

(1937).
"H. Margenau, Phys. Rev. 40, 387 (1932);48, 755 (1935).
7' H. Margenau, Phys. Rev. 82, 156 (1951).

as at rest, and the frequency emitted by an active
molecule at each position x is simply given by
(Vb (x) —V.(x))/ik, V& (x) and V, (x) being potential
energies of the molecule concerned in the initial and
final states respectively at a point x in configuration
space. The intensity within a certain frequency interval
d~ is, therefore, proportional to the probability of those
configurations of perturbers which yieM the value
V(x). This consideration was put into the treatment
first by Holtsmark" and others"" in connection with
the Stark effect in ionized or dipole gases and later by
Kuhn~' and Margenau. ' ~' "

The potential V(x) of the radiating molecule is the
sum of the energy in the isolated state Eo and perturba-
tion energies due to all other molecules, Thus, it is a
function of the position of all perturbing molecules.
If we assume additiveness of perturbation energies, we

find

V(x) =Eo+QAyR; &U(P;),
—

where E; is the distance of the ith perturber from the
radiating molecule, P, denotes a set of angle and spin
variables, and y is the force constant. As a rule the per-
turbation energies are much larger for excited states
than for normal states. The frequency diGerence Ace

from the natural frequency will not be given by Eq. (52),
but rather will be given approximately by
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shall have the value her. This probability is easily
calculated by the use of Markoff's method, ~4 or the
result may be obtained by the assumption that the
probability is proportional to the time interval during
which her is radiated. Since perturbers are considered
as at rest, the radiation may be expressed by

exp(i g 7R, &U((;)-t).
4=1

(91)

Then, the Fourier component with respect to t will give
the relative intensity as a function of Ace

r"
I(DM) = ~exp(i P—yR; &U(P;)t iD(ut)dt. —(92)

This has been analytically obtainedz' from Eq. (81) for
a limiting case consistent with the above assumption.
This must be averaged over the distribution of E;
and $;.

As Margenau" assumed, U($) leads very often only
to different numerical factors, —1 or +1 being equally
probable, according to values of f Thus, th. e prob-
ability densities with respect to R; and $, are given by

using only p's for excited states. The variation of
intensity with hen is determined by the probability
I(Izco) that, in the presence of zz perturbing molecules,
the potential energy

n

P ~R;—U(P,)

is symmetrical about the natural frequency. The in-

tensity at the center, where her=0, is

I(o)=
l
—11'I —

I (Ng, )"",(p) (pl
E37I.) E 31

which decreases with N z'tz in the normalized I(her).
It suggests that, in contrast to Eq. (54a), the half-
width increases roughly with X2'~'. For large values of
hs&, I(da&) becomes proportional to Dco ' z'". Hence,
the intensity at the wing of its distribution changes as
Ace ' 'I". If only binary interactions are considered,
this also leads to Ace ' 3t'&, as can be seen easily by
putting N=1 in Eq. (94). This is in agreement with

expectation, since the large interaction energies, corre-
sponding to very short interacting distances, are pre-
dominantly caused by single. impacts of the molecules.
According to Holstein's analysis, " for large values of
h~, the Fourier integral formula (40) can be trans-
formed to the statistical one. Thus a line shape at the
wing is approximated by the statistical theory rather
than by the phase shift approximation.

There are other types of forces which do not change
sign with t, as in the interaction between nonpolar
spherically symmetric molecules. Then. U($) =1 and
the intensity I(h&u) appears only on one side of the
natural frequency. Equation (93) leads to

OQ

I(her) =—
~ exp( Ng'tz'") cos—(Du&t+Ng"t"&)dt, (95)

p(R;)dR;=
M' dE. '

p(k*)dk'= zd5,
E-p

where
4m

g +zg =z~zlu p ztve'r&dp

where 4rRz'/3 is. the volume occupied by the gas. Then,

with

F00

I(ha) =— e '~"'A. (t)dt,
2x Qa

J
(93)

p l )B n

A„(t)= ~ p(p)dg p(R)dR exp[zqR ~U(g)tj ~ .j~,
The evaluation is rather straightforward and the final
result is

goo

I(h&g) =—,
, exp( Ng„t'») cosh'&t—dt, P) zz, (94)

7l p

For van der Waals forces, for which p=6, y(0 and
g=g )

lf AGO (0)0,

2zr ( 4zr
I(~~)= —

I v I'»~ ' exp
1

—le IN'/~~ I,)'
if Dao) 0,

(96)

as was derived by Margenau, ' "and the shift and half-
width changes as

h~„=—(3zr) ' 1 y 1

N', (red shift) (97)
where N is the number density of perturbers and

hcoz =0.822~z
1 y 1

N'. (98)

4zr ( 3) zr ( 3)

p) 2 & p)

It is easily seen that, because of the above assumption
as to U($), the intensity distribution given by (93)

~4 S. Chandrasekhar, Revs. Modern Phys. 15, 1 (j.943)."P.%. Anderson, Phys. Rev. 86, 809 (1952).

This yields a method for obtaining the van der Waals
coeKcient for excited states. Since Eq. (96) involves
the assumption that a force varying as E. ' is valid all
the way into the origin of R, Eq. (96) may be in error
for large Ace, which corresponds to close encounters.
But for large hen, Eq. (96) gives

I(her) Ace l.
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This is Kuhn's relation for the wing of the broadened
line, as supported by his observation" of the broadened
wing of Hg 2357 by A and Hg, and by the observations
of Ruhmkorf" using N2, O~, CO2, and A as perturbers
and of Minkowski77 with NaD lines perturbed by A.
This was also confirmed with D lines in an acetylene
Game by Huldt and Knall. "However, an experimental
line shape at the wing seems sometimes to be more
complicated. ""

The validity of Eq. (99) has been discussed by Lind-
holm, ' Holstein, '8 and Anderson. " The latter two
obtained for the wing,

4n-Ep3~~

pg~&+&Iu

for the interaction energy of the type d,~=&/8".
Thus Eq. (99) is valid when Geo))v»&~"y "'~".
On the other hand, the impact theory is good"
when Ace«n»o '&p "'~U (near the unperturbed line).
This condition for the validity of the statistical theory
may be rewritten, as obtained rather rigorously by
Margenau, " as Th~)&1, where T is about equal to
p/v, p being the impact parameter for the collision,
since d«o1 (statistical) pX»' y/p".

The recent experimental results" " at pressures of
several hundreds of atmospheres reveal the insuK-
ciency of the above theory. Equation (90) does not
predict the reversal of the direction of line shift at
high pressure which is found in some cases (see Fig. 3).
Bergeon, Robin, and Vodar" presented a qualitative
discussion suggesting that the repulsive force, which

would be dominant at high pressures, must be included
in the calculation of Margenau's formula (93), in addi-

tion to the long-range force given by Eq. (90). They
employed the Lennard-Jones formulas for the inter-
action energy and calculated the line shape numerically,
assuming the additiveness of the energy and its ap-
plicability to both normal and excited energy levels.

Though better broadened line contours than otherwise

76 H. Kuhn, Proc. Roy. Soc. (London) A158, 212 (1937)j 158&
230 (1937).

77 H. A. Ruhmkorf, Ann. Physik 31, 21 (1938); R. Minkowski,
Z. Physik 93, 731 (1935).

7' S. Y. Ch'en and C. S. Chang, Phys. Rev. 75, 81 (1949).
79 Ch'en, Bennett, and Jefimenko. J. Opt. Soc. Am. 45, 182

(1956).
'0 H. Margenau, RM-1670-AEC, April 3 (1956).
' S. Y. Ch'en, thesis, California Institute of Technology

(1940), p. 35.
"Robin, Robin, and Vodar, Compt. rend. 232, 1754 (1951)~

' S. Robin, thesis, Paris, (1951);J. chim. Phys. 49, 1 (1952)."J.Robin and S. Robin, Compt. rend. 233, 928 (1951).
'5 J. Robin and S. Robin, Compt. rend. 233, 1019 (1951);

J. Robin, thesis, Paris (1953)."(a) J. Robin, Compt. rend. 238, 1491 (1954); (b) A. Michel
and H. De Kluiver, Physica 22, 919 (1956}.

Bergeon, Robin, and Vodar, Compt. rend. 235, 360 (1952);R.
Bergeon, ibid. 238, 2507 (1954); R. Bergeon and B. Vodar, ibid.
240, 172 (1955).

were obtained, the forces at small distances are not
clear without detailed discussion. In any case, it is
likely that they are not additive. "However, potential
curves at very close distance have been devised" to
explain the absorption bands (see III.C) appearing on
the violet side of spectral lines.

Furthermore, recent observations on certain steller
absorption line broadening" and on shock phenomena"
have made clear some insufEiciencies of the statistical
theory of Holtsmark" which attributes the broadening
to the Stark effect. The Debye-Hiickel effect was
introduced to account for the discrepancies, but this
resulted in corrections which are too small. ""Follow-
ing the suggestion of Baranger, 93 an extensive study
has been made quantum-mechanically on electron
impact line broadening, showing that for the Lyman o.

line, where there is a linear Stark e6ect, the ion broad-
ening is the dominant e8ect,"but that for the anoma-
lous 3d—+2p line of HeI, which has a small Stark shift,
the electrons can make important contributions. "

Generally speaking, pressure broadening changes
from collision type to statistical type with increasing
pressure. """However, as shown in Part III, the
transition from one type to the other is not clear. The
"modulation index, " which corresponds to the ratio of
the maximum frequency shift to the number of colli-
sions per second, has been proposed" to determine the
predominance of one type or the other under certain
conditions. Lindholm, "Holstein, ' and others worked
out the transition, as detailed in II.D, including the
line shape at the violet wing.

2. Quantum-Mechanical Justification
of Statistical Theory

Jablonski" has given a theory of the pressure-broad-
ened atomic line shape with a very close analogy to the
theory of intensity distribution in molecular spectra.
He calculated the stationary states of interatomic
motion under the inliuence of an interaction between a
radiating atom and a colliding one.

For simplicity, consider the wave function q of a
single pair of atoms consisting of a radiator and a per-
turber in a spherical box of radius Eo, with the radiator
at its center and with the boundary condition p(RO) =0.
In the Lorentz approximation, where molecular rotation

88 L. Jansen and Z. I. Slawsky, J. Chem. Phys. 22, 1701 (1954);
R. T. McGinnies and L. Jansen, Phys. Rev. 101, 1301 (1956).' H. Kuhn, Z. Physik 72, 462 (1931);and see reference 146, 147,
and 149.

~ A. B.Underhill, Astrophys. J. 116, 446 (1953); G. L. Odgers,
Astrophys. J. 116, 444 (1953).

"A. Kantrowitz, Phys. Rev. 90, 368 (1953).
'2 F. N. Edmonds, Astrophys. J. 123, 45 (1956).
"M. Baranger, Phys. Rev. 91, 436 (1953).
'4Kivel, Bloom, and Margenau, Phys. Rev. 98, 495 (1955);

H. Margenau and B. Kivel, Phys. Rev. 98, 1822 (1955).
5 B.Kivel, Phys, Rev. 98, 1055 (1955).

H. Margenau and S. Bloom, Phys. Rev. 79, 213 (1950).' G. N. Plass and D. Warner, Phys. Rev. 86, 138 (1952).
A. Jablonski, Acta Phys. Polon. 6, 371 (1.937); 7, 196 (1938);

Physica 8, 541 (1940); Phys. Rev. 68, 78 (1945},
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are required. m denotes the reduced mass of the pair,
W„ithe relative energy of the motion, and V(R) the
mutual potential energy.

It is easily shown that the two sets of rotational wave
functions for upper and lower states are orthogonal.
Hence, only transitions with l'=l" are allowed. If we
denote the atomic transition amplitude by 5K0, we
may write the total transition amplitude as

Dv'v" l ~0 pv'L 'pv' I~&. (102)

Here we have assumed the classical Franck-Condon
principle. "Clearly the matrix element D, ,"~ depends
on l through the solution p„t of (101). For large l's
in comparison with the difference of V'(R) and V"(R),
both sets p, ~ and p„"~become practically identical
and hence orthogonal. Therefore, no transitions v'—e"
with e'/e" will occur between states of suSciently
large l's, and there will be no appreciable change of
translational energy. Thus, this region of large l's
corresponds to Lorentz' impact parameters larger than
the critical optical collision diameter. However, for
smaller values of /, the dependence of D, „"~on I be-
comes very marked. Classically speaking, the effect
on spectral lines produced by collisions depends very
markedly on impact parameter. Thus, one is not justi-
Qed in assuming that all collisions with impact param-
eter smaller than a certain optical collision diameter are
equally e6'ective. ' '4 "

The solution of Eq. (101) with %KB approxima-
tion is

(2p(~))' 1 ('"
q, i= i

cos —
~

i p(x)dx+5, (103)
&Rpp(R) ) 5 & z,

where p(x) = [2m(W„i V(x) fi'—l(1+1)/x—')]& is the
"G. Herzberg, Molecular Spectra and Molecular Structure

(D. Van Nostand Company, Inc. , New York, 1951).

can be neglected, the relevant part of q is only the
radial wave function q„~, where v and l are a set of
radial and angular momentum quantum numbers for
the relative motion of the two atoms. Since the inter-
molecular forces are diferent for upper and lower
states, which are designated by

' and ", respectively,
the solutions of two different radial wave equations:

2' (
dy. i/dR+

i
W„p—V'(R)

O' E

P(l'+1) i
iq. i;=0, (101)2'' )

and
2m (

dq. "i-/dR+
~

W.-,-—V"(R)
O' E

radial component of relative momentum of the two
atoms. p(~), which is the value of p(x) at x= ~, to-
gether with Ro in Eq. (103), is determined by normaliza-
tion. The above solution is valid only for R&R~, where
Rf is the distance of classical turning point given by
p(R&) =0. 8 is a phase constant which is adjusted ac-
cording to the solution for R(Rl. The transition
amplitude is

o
t
"(p'( )p"( )~'

Ro "z, I p'(R)p"(R) )

( (' p'(x) —p" (x)
&&cosi ' dx+5' —8" idR. (104)

i~, Ii

3R '(1—V"(R.)/W„ i) &

I(ace) =
Ro'ikdA&u/dR

i
z =z,

(106)

where Aha&= U'(R.)—V"(R,). This can be rewritten as

I(ha))da&=CR 2dR. ,

where C is some constant. This is clearly an expression
of Kuhn's idea. "The relation, like Eq. (106), for emis-
sion is obtained by replacing "by '.

If e free perturbers exist in the box and the interaction
is additive, the total wave function q, ~' and the total
energy will be such that

e.i'=II e.i ', W i'=Z. W. i, ',

Obviously, the largest contribution to the value of this
integral comes from the region R~R, for which
p'(R)=p"(R). Thus, the relative momentum p(R) of
the nuclei of the two atoms does not change in the
transition e'~e", consistent with the classical conserva-
tion law of momentum. It may be interpreted, there-
fore, that the transition v'+-+v" occurs at R=R,. Then,
the energy change of nuclear motion involved in the
transition is given by the condition p'(R.)=p"(R,), i.e.,

W„.,—W„-,= V'(R.)—V"(R.). (105)

This energy must be transferred to the radiation, re-
sulting in the frequency shift A~. Thus, Ace may be
expressed as a function of R.. Then, if D„,& of Eq.
(104) is known as a function of R„the probability of
the frequency shift d~ will result.

To obtain the function D„„i(her), Jablonski first
expanded the integrand of Eq. (104) near R=R, and
took only the first nonvanishing two terms. This pro-
cedure depends primarily on the assumption that the
integrand of Eq. (104) slowly oscillates near R=R..
This assumption is clearly equivalent to the assumption
made by Kuhn and London. "

In the calculation of I(ha&) for absorption of a par-
ticular atomic line, the probability D, ,"g must be
averaged over all initial and final states, v"l and n'l.

Thus, after some reductions, the asymptotic form is
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'@

p( )=(exp —i A (R)df'
"0

(109)

'0 P. %'. Anderson and J. D. Talman, Bell Telephone Labora-
tories, Murray Hill, New Jersey (1956).

V'(R,) ' —V"(R.) '= Ar)).o). (107)

Again, ' designates the upper state. Then, since
rs=(4rr/3)RssE, where X is the number density of
perturbers, and since the energy is additive,

(1—V (R~)/Wy» i)
P(Ao)) =Q a;4rrS f'(ho)) (108)

s [Mho)/dR, [

where u; assures the diGerent probability arising from
the difFerent type of potential energy V(R), if any.
f(Ao)) is R. expressed as a function of ho) obtained from

Eq. {10'I).Strictly speaking, P(Ao)) must be averaged
over RH 8', ~ occurring in the gas under consideration,
but, since the factor in brackets constitutes a small

correction only, at least in a certain range of frequency,
it is permissible to put H/', ~= 23kT. Thus, the dependence
on temperature of P(Ae)) is very slight, as experimen-

tally observed, except for the part of the line arising
from transitions in the repulsive branches of the poten-
tial curves, particularly at the points at which V(R,)
=W, ). Apart from the above factor, Eq. (108) is

identical with the equation obtained from the statis-
tical theory. ' 72

Since the tA"KB method is valid when the potential
energy V(R) changes so slowly that the momentum of
the particle is sensibly constant over many wavelengths

of ip„),Eq. (108) cannot be used for light perturbers or
light radiators such as helium.

D. THEORY AT GENERAL PRESSURES

have been many attempts' ~~'8 ~~ 96 9~ to span
a bridge between the impact theory and the statistical

theory, especially to find a theory valid at intermediate

pressures, so that the broadening behavior, including

the line shape, over the whole range of pressures is
dcscI'lbcd. IQ plRctlcc, howcvcl, IQorc stI'css was put
on the line shape at the wings with conditions such as

in Eq. (100) because of the mathematical difficulties

involved.
Recently Anderson and Talnaa'" extended the use7'

of the general Fourier integral formula, {40), in a more

general way. Equation (40) was obtained under the

assumption of classical paths of perturbcrs and the

adiabatic assumption. It goes over to the expression in

either the impact theory or the statistical theory de-

pending on the additional assumptions made simply for
an easier mathematical treatment. One of these made

here is about the frequency perturbation: Ato= —(y/R)')
as in Eq. (90). Since this interaction energy is usually

addltlvc Rnd lf wc Rssunlc thRt thc Inotlons of pcI'-

turbers are independent, the correlation function (45)
can be rewritten.

e is the total number of perturbers. As in Eq. (46), the
average may be understood as over the coIdiguration
space. Since collisions are isotropic and independent,
we assume without loss of generality that all collisions
take place from the direction of x. Referring to general-
ized coordinates p, xo, the impact parameter and the
position on the trajectory at 3'=0 respectively, one
finds that the volume, V, of our system is represented by

pdp,
,

dxo.
J

If we assume, in addition, that the perturbers de-
scribe straight line paths and all travel with velocity 8;
R'= (xs+f)t')'+ p' Thus. ,

)p(r)= —
) dVexp s —ho)(R)dh

[1 |"
V 0

[
2rr

p8p dxo
VJ, J

X 1 —exp[ —s i
&o){L(xo+t)t')'+p']&)dt' [

V& (r) o

) SRy.
V

Then, by making V and e~~, while the number
density of perturber alt'= I/V is kept constant, we have

V'(r) = 4rr R'{1—expL —she)(R) rj)dR, (113)

noticing that p'+hos=R' and 2rrpdpdhs 4rrR'dR A—— .
simple calculation will show that Eq. (113) gives
Margenau's equation (93). Equation. (113) is valid not
only as v—4 but as ~0. If one refers to Eq. (112), it
becomes clear that when A' is large y(r) is only large
for small r so that the above is indeed also the high
pressure limit.

For large 8 and low density Eq. (112) should ap-
proach the impact theory. Putting I=xs+))r, one finds
that V'(r) becomes

V'(r) =2rr ~ pdp " dh))

xp+t)'r

X 1—exp i~—
XQ

)))o)((p'+I') &) dg-

q (r) = expL —(VV'(,)],
This ls thc bRslc folIQulR.

For small values of t), Eq. (112) yields the statistical
distribution which is exact if the perturbers are sta-
tionary. With t) =0 in Eq. (112), we obtain
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The integrand in the xp integration is small whenever
the exponent

)Xp+ V T

„-J.,
Aco((p'+u') &)du

with

=2rrvr pdp(1 —e 'e(p)),
Jp

0(p) =
ii hco((p'+u')i) —du.
—00 V

Referring to Eq. (53), we note that 0(p) is a phase
shift at a collision. It is clear now that Eq. (114), with

Kq. (112), gives Foley's expression (50).
Equations (113) and (114) are the two limits of U'

for large and small t. To study the intermediate region
we choose a dimensionless form. For the frequency per-
turbation hco= —y/R", we define Ro (y/8)" c" 'i. Wi——th
new variables such that p=Ror, x=Roz, E=h/Ro',
Aco=ad, co'/Ro, t=Rou/v and r=Roy/v, Eq. (112) be-
comes

with
~(R,y/v) = e "«», — (115)

iP(y) =2or
J

rdr dz(1 e'o)—
0 00—

(116)

is small, that is, when xp« —8r or xp))0, since the ap-
preciable values of this integral lie in the range of
—vr &xo &0.

l l
Hence, ,

00 ~P
U'(r) 2or J' pdp, dxoj0 —'P7

1

l

X 1—exp i —' hco((p'+u') &) —du, (114)
00 V

mation of replacing 0(y) by a straight line which cuts
the curve 0(y) at y=0 and large. Thus, Lindholm
obtained a result in agreement also with the statistical
theory in its extremities, which could, however, be
wrong in intermediate cases.

The problem of calculating a line shape has been
reduced to that of calculating the dimensionless func-
tion (116).However, itt(y) cannot be obtained explicitly
and is difficult to compute numerically. Anderson and
Talman used the method to calculate the behavior of
P(y) for very small values of y and for large values of y
and then to interpolate between the two.

They gave, for the case p=6, and small y

5x
iP(y) =i tts P(—s)yits+i its—P(s)yts/o (1]9)

18

and for large Y

2or (3or q
—st'

it (y) =~ "'l —
l p(l)y+1.91+2.6». (120)

5 t. gi
The asymptotic behaviors of the two match very well
so that these may be used to approximate ip(y). Equa-
tions (119) and (120) will give numerically a line shape
at any pressure for p=6, but no general analytic ex-
pression for the line shape can be obtained.

%e shall be interested in the asymptotic behavior of
I(co) for: (a) large positive Aco, (b) Dco near zero, and
(c) large negative Ace, when h is large. Cases (a) and
(b) cannot be properly treated by the statistical theory,
as discussed before. For large values of h, Eq. (118)
is large only for lyl small, since the real part of tt (y)
is a monotonically increasing function of lyl. Hence,
cp(y) may be replaced by its expansion near the origin.

0~(y) = [(z+u)'+r'7 ' 'du.
kp

Hence, from Kq. (44) or (81), we have

4 (» (»""
(117) 0(y)=—pl 1——

ll —.
l

p) &s)

(p-1)~ (» (yi'+"'"'

18 4 p) Eii
(121)

I(vhco'/Ro) =
I exp[iAco'y —Ic/(y)7dy, (118)

2orv

neglecting less important factors. I(Ic,cd') is determined

by one parameter only, h=SRo'=X(y/8)"cr ", and
hence it is the magnitude of this parameter which de-
termines the validity of the statistical or impact
theories. Lenz's" method is equivalent to the approxi-
mation in Kq. (117) of replacing 0" (y) by its tangent at
y=0 and is in disagreement with the statistical theory.
Here notice that y=vr/Ro. Lindholm's" method, which
was carried out for a perturbation proportional to 1/R'
with a simplified model of collisions during which the
frequency was constant, is equivalent to the approxi-

~~
This corresponds to the physical interpretation that only

those which pass by the absorber within the time 0(t'&r affect
the line shape.

(p —1)or ( 1~ (yq '+c'th)
+~-

18 & p) &s)
(123)

In case (a), Dco'))h. The function e p(i&xy)co
rapidly oscillating function and e& oscillates rapidly
except at points yo such that dP/dy=ihco Namely, th.e

This is a general expression for Eq. (119). Therefore,
we have

Rp
I(v&co'/Ro) =

~
expL&(hco', y)7dy, (122)

2m~
„

where

4or ( 3 ) (y) sir

3 ( p) Ei)



S. CH'EN AND M. TAKEO

18ph/d'

h(p —1)(2p+1)ir

( 1 ) —p/(@+I)

p)

To integrate Eq. (122) around this point, p may be
expanded into Taylor series

0 =0 (~~',yp)+ l4 "(~~',yp) (y
—yo)'+

neighborhoods of the points satisfying the equation,

4prh
/ 3q gyp' &'/ /-'

pi ( p)&i)
//' 1) h (p —1)s ( 1) (yp) '+ ' "

+I 2+- I- 1'I 1—II
—

I
=o (»4)

p)i 18 & p) Ei)
can contribute appreciably to the integral (122). When
p)3, this is satisfied by y/i a large positive number,
the third term being appreciable, or by y/i a small
negative number, the second term being appreciable.
From the branch cut of the integral (122), the first
choice must be made and

Thus, we have

Ep
I(Gap/ /Rp) expLQ(QQ) yp)]

27/ 0

expl —.&"(~~,yp) (y—yo)']dy

Eo=—(—2m.y")—leP. (126)

72pL1-(3/p)]
yo=z'

(P—1)(2P+ 1)1'L1 —(1/p)]

) 2~/~(u —&)

(127)

Hence, Eq. (126) gives

This, with Eq. (125), gives the asymptotic behavior of
I(hp/') How. ever, for Ap/'))h, the intensity will be so
low that it cannot be observed.

In case (b) (hp/' small), on the other hand, it is of
greater interest. The same method'" as above will be
applied. Since Dpi' 0, we have, from Eq. (124),

I(86p/'/R
t.16''her[1 (3/p—)]p —1)

((p—1)(2p+1)I'L1 —(1/p)]y i'-' /'i '»
xI

72F! 1—(3/p)] )

f p 1 & f 3'l ( 72"L1—(3/P)]
xexp —2h! !

—r! 1 ——
! I&2p+1) 3 ( p) ( (2p+1)(p —1)rC1—(1/p)])

, ( 721'L1—(3/P)]
xexp —Ap/'I

~(p-1) (2P+1)pL1-(1/p)»

(128)

Thus, at the position of the unperturbed frequency, the
intensity falls o6 exponentially with both increasing h

and increasing Ace. Both of these results disagree with
Lindholm's result" such as const. XAco " on this
(violet) wing. However, the difference is very smaliP'

within the range of validity of the statistical theory.
Actually, Huldt and Knall" observed that the intensity
at the violet wing falls oG as Ace ' "which is very close
to Lindholm's result.

For the red wing, Ace'«0, Anderson and Talman
obtained Eq. (100), the same result as obtained by
Holstein, for large h. They showed that it is also valid
for all h.

For hp/' and h both small, the integrand in Eq. (118)

is independent of her' for y(1 since expihco'y varies very
little in this range. Therefore, the line shape should come
from large y, say, Eq. (120) for p=6.

I(86/p'/R p) = I exp(imp/'y —ha.y
—hC) dy, (129)

2m'i/

where

2 ~3 q
—'/'

o.= p.pi "', o p
———

I
—

I
I'(xp),

5 (8)
C= 1.91+2.63i.

Thus, we have

O,h cos(n/5) cos2.63h —sin2. 63h[d p&' —o.ph sin(~/5)]
I(//ap/'/Rp) = e

—' ""—
LA p/' —a-ph sin (n./5) ]'+hPapP cos'(x/5)

(130)

101 This method js called the method of steepest descents. See G. N. Watson, Theory of Bessel I&'unctions {Cambridge University
press, New York, 1944), p. 235, or P. M. Morse and H. Feshbach, Method of Theoretical Physics {McGraw-Hill Book Company,
Inc. , New York, 1953), p. 440.
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Therefore, the impact theory is valid only if the asym-
metry term is small, namely, if A~' —ooh sin(m/5) is
small for small h, as obtained by Spitzer. '4 Hence, the
impact theory is applicable in the region near the peak.
However, the center of the line at moderate pressures
must be discussed by a numerical integration of Eq.
(118) using Eqs. (119) and (120) for P(y). Because of
the fact that the line shapes thus calculated are almost
indistinguishable from Lindholm s lines, for the central
portion of the line the small y may reasonably corre-
spond to the statistical theory and the large y to the
impact theory.

It may be noticed that the above theory is exact when
its basic assumptions about intermolecular forces are
correct. Thus, in view of the fact that the intermolecular
forces assumed above are not entirely realistic, al-
though they have been used widely in theories, recalcu-
lation must be made. In this sense, the results" might
be much improved-, especially on the violet wing, if
Eq. (118) is numerically integrated for the Lennard-
Jones potential.

E. FINE STRUCTURE PRESSURE BROADENING
AT ATOMIC LINES

Many experimental results have shown that the
pressure-broadening scheme is different for different
multiplet components. Half-widths, shifts, and asym-
metries are definitely dependent on J, the inner quan-
tum number.

1. Identical Atoms (See III B.a)

If Furssow and %lassow's vievP' on resonance broad-
ening (II. A. l.a) is followed, the problem is reduced
to the calculation of the dependence on J of the prob-
ability of energy transfer per collision between. excited
and. unexcited identical atoms. This transfer would
work as a radiation damping of the radiating atom and
gives a broadened line of the dispersion type. Following
Foley's calculation, 2' and making use of Eq. (55), we
find the result for half-width to be

Ae' ( 21+1i '
l fgg, (131)

m, hW&&. (2J'+1)
with

turn-mechanically the widths of Rb doublet components
with the result of the ratio 1.6.

2. Perturbation Due to Foreign Atoms"
(See III B.b)

If we assume the perturbers are spherically sym-
metric, we find the dispersion force is diGerent for
alkali atoms in the states J=

~ and 2 to the extent that
the levels for J=-', split, according as lml =2 and —',.
Therefore, the half-width for the 'P; component of the
alkali resonance doublet is larger than that for the 'P;
component. Using the value of dispersion energy given
in (II. A. 1.b) and Foley's relation (58) with p=6, we
find the half-width for the 'P; component is roughly 1..12
times larger than that of the 'P~ component. But since
the van der %aals force averaged over m for the two
states is the same, no appreciable diGerence in shift is
predicted. The diGerence of relative shift may come
from the repulsive part of the interaction energy. Since
the energy separation of the states'P l l=: and'P ~"l='
is dependent on the separation of the two atoms,
greater asymmetry results for the 'P; component.

If the foreign gas pressure is high, perturbers may
be arranged spherically symmetrically around the
radiating alkali atom. Then the quadrupole moment
of the atom in J=—', has no eRect on the van der Waals
force. Thus, the diGerence in half-width of the doublet
components decreases as pressure increases, although

, at the wing of the line contour the above eGect may still
take place.

However, at high pressure, the repulsive part of the
interaction energy may be predominant. Then, the
energy may be found from the expression (5).
wave function is

(132)

Starting from this wave function, one calculates the
spin orbit energy, neglecting the atomic core eGect,

if j=I+-'„

p 00 g2

Here A5'JJ is the diGerence of the energies in the
ground and excited states with inner quantum numbers
J and J', respectively. (J',m'lxl J,nz) is the matrix
element for dipole radiation, the square of which must
be summed over all magnetic quantum numbers m' at
the excited state for absorption. E is the number den-
sity of perturbers. For alkali doublets, the ratio of the
half-width of the J'=-', and J'=-,' component is ap-
proximately K2, when we neglect the difference of
AW JJ for the two. Lindholm'" calculated also quan-

"' E. LindholIn, Naturwissenschaften 30, 533 (1942).

where d„~,„~is the unperturbed t ~ and ro is given by the
pressure equation p= —dE/4vrrgdro with E from Eq.
(5). The separation of the doublet decreases at higher
pressure and one concludes that the shift of the 'P;
component is smaller than that of the 'P~„with no
appreciable diGerence in half-width and asymmetry.
At very high pressure, the relative magnitudes of the
shifts would be reversed because of the distortion of
the atomic core and its smaller screening eGect on the
nuclear charge. "
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hnes, for instance, mercury infrared line"' (10140A) or
neon (5852 A)'" are insensitive to the Stark broadening
at low current.

'I

I '. ll

FIG. 1. The red shift and broadening of the blue doublet of Cs
produced by argon (after Ch'en and Parker'0').

Upper spectrum: Argon pressure = 128 atmospheres
Temperature =262'C

Lower spectrum: Argon pressure =1.09 atmospheres
Temperature = 150'C.

III, EXPERIMENTAL OBSERVATIONS

A. PRESSURE SHIFT AND BROADENING
OF ATOMIC LINES

A review of the essentials of the experimenta, l obser-
varions published during the past twenty years on the
CGccts of foreign gases at high pressures on atomic lines
is given in the following five subsections. So far, except
for Hg and Ag, all observations have been made upon
the absorption lines of alkali atoms. The applied pres-
sures of foreign gases have been increased to thc order
of a thousand atmospheres. For illustration, Fig. 1 is
a picture showing the red shift and broadening of the
blue doublet of cesium produced by argon, Cs(2)/A$,
at 128 atmospheres (262'C). Figure 2 is a plot of the
linc contours of thc same doublet produced by argon
and helium respectively. '"

Customarily, the observations in absorption are
carried out with a light source of continuous spectrum,
as treated in the previous chapter. However, Kastha, ,

"'
using a, mercury lamp as a line source, observed how
the Hg 2537 A line shape was modi6cd after it has
passed through an absorption cell of mercury vapor
at about 100'C. He repeated the same observation with
the sodium D line from a sodium lamp through a
sodium vapor cell at 200—300'C. It was found that
every line appeared separated into two components.
Using the vapor pressure-temperature formula, one
observes that the separation is linearly proportional

thc pressure, and the two components extend to the
position at which there was originally no appreciable
intensity in the incident light. The change of frequency
of the transmitted line may be caused by the absorbing
and reemitting mechanism in the absorbing vapor. The
intensity diminished with increase in pressure.

Furthermore, thc broadening of certain lines caused

by pressures of neutral particles can be observed in
emission at electrical discharges, provided tha, t those

$ Cs(2)/A is a notation to indicate the "second" member of the
principal series of "cesium" under foreign gas pressure of "argon. "
This notation will be used very frequently hereafter,

'03 S. Y. Ch'en and W. J. Parker, J.Opt. Soc. Am. 45, 22 (1955).
&«G. S. Kastha, Indian J. Phys. 23, 247 (1949);27, 67 (1953).

1. The Shift of Low Member Lines

A resume of data for the shift** of the prsl member
of the principal series (resonance lines) of a number of
alkalis produced by argoe is plotted in Fig. 3. The
results for the Xa—D lines were taken from Kleman
and I.indholm's observations'" and from Figs. 2 and 3
of Margenau and %atson's paper "' Their corrections
for "thermal transpiration" are omitted and the shifts
are converted into cm '. Hull's'" and Ch'en's"' results
are used for the K and Rb resonance lines„respectively.
Robin and Robin' s" results are not drawn on the same
scale but are attached as an insert, because (1) their
data cover such a wide range of relative density that
they could not be included in the figure without seriously
reducing the size of the curve as presented, and (2) the
precision of their results is rather low, the reciprocal
dispersion being 160 A/mm at 7800 A and the errors
of measurement being +5 to +25 A. For comparison,
two of their readings are listed for r.d.[)=100.

It is to be noted that for small values of r.d. , below
about 10, the shift increases approximately linearly
with r.d. {at a rate of —0.32 cm '/r. d.). This linear
dependence is predicted by the impact theory. For
values of r.d. above 19 the curve deviates from linearity
and then becomes linear again with about twice the

A, 4555

I4 I5 Its I7 l8 I9 20 2 I 22 25 24 25

I 0 Clsl

Fxo. 2. The broadening and shift of the blue Cs doublet pro-
duced by argon and helium. Vertical lines: Position for unper-
turbed doublet. Curve A: for Cs(2) jA, 8=127 atmos; T=536 K.
Curve 8: for Cs(2)/He, 8=54.1 atmos; T=519'K. Curve 8':
for Cs(2)/He, P=S4.1 atmos; T=519'K, plotted to the same
atomic absorption coe%cient scale as for Curve A. (After Ch'en
and Parker"').

"'R. Rompe and Schulz, Z. Physik 108, 654 (1938};110, 223
(1938);P. Schul2;, Physi . Z. 38, 899 (1938).

10~ K. Lang, Acta Phys. Austriaca 8, 376 (1951); Sitzber. IIa,
161, 65 (1952).

*~ The notation for the sign of shift will be adopted as follows:
If the shift is given in wavelength, "+"refers to red shift, and"—"refers to violet shift. H the shift is given in wave numbers,"+"refers to violet, and "—"refers to red shift. However, when
a comparison. of the amount of shift is described, its "absolute
value" is always implied.

'078. Iaeman and E. Lindholm, Arkiv Mat. Astron. Phys.
S28, No. 4, Paper 10 (1946).

108 H. Margenau and W. W. Watson, Phys. Rev. 44, 92 (1933).
m9 G. F. Hull Jr. Phys. Rev. go 1148 (1936).
"0 S. Y. Ch'en, Phys. Rev. 58, 1051 (1940).
))Relative density will be hereafter abbreviated as r.d., the

unit being the density of the same quantity of a foreign gas as that
used in the experiment but at O'C and 1 atmosphere.
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FIG. 3. The shift of the resonance lines of alkali metals produced by argon. Note: The ordinate for the

main curve is shift in cm, vrhile that for the insert is shift in A. The abscissas are the relative densities
of argon.

former slope (—0.71 cm '/r. d.) for r.d. above 25.
Since it is almost impossible at present to get a correct
ldeR of thc atomic lntcl action fol ccs for thc cxcltcd
states involved, a test of the theories as described in
Part II can hardly be made. But, according to Mar-
genaQ s rough. approximation, thc tlansition point ls
assumed to take place where the linear collision theory,
Eq. (57), would give the same value for Av as is given
by the quadratic statistical theory, Kq. (97), under the
dispersion interaction alone, namely

12 88 (kT i ""
i

l~l-"'
0.822~3 &2m&

y can be evaluated through Eq. (3). The transition
point N should be somewhere near 20 atmospheres for
these cases as observed, and should move toward
higher r.d. for smaller y.

However, the shift does not show a quadratic relation
ship with r.d. when the pressure is high. According to
the results of Robin and Robin the shift is essentially
]incar up to about r.d. 400 for RH observed lines except
the 'Eg component of Rb. In the latter case the shift
increases linearly for values of r.d. below 150, becomes
a maximum at r.d. about 260, and then decreases for
values of r.d. above this 6gure.

The shape of the shift es r.d. curve for Hg )2531
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FzG, 4. Curve II is a plot of the shift of the second doublet of the absorption series of alkali metals (Rb and Cs) produced by

argon; Curve I the corresponding curve for the first doublet plotted for comparison.

produced by argon is essentially the same as that for
the resonance lines of the alkalis, except that the shift
is about half as large in cm ', or twenty times smaller
in A. The shift is —0.127 cm '/r. d."' for r.d. &50
and —0.323 cm '/r. d." for 200(r.d. &300. This rela-
tively smaller shift for Hg A, 2537 may be attributed to

»'Fuchtbauer, Joos, and Dinkelacker, Ann. Physik 71, 204
(1923),

the small f value of the line in comparison with the

f value of the alkali resonance lines.
The shift of Ag 3280, 3382 is —0.284 cm '/r. d. for

r.d. (18.9 "2 and that of Pb 2833 is —0.5 cm '/r. d.
for r.d. &8."0

A similar set of results for the shift of the second
doublet of the absorption series of alkalis produced by

'"E. D. Clayton and S. Y. Ch'en, Phys. Rev. 85, 68 (1952).



SHIFT OF SPECTRAL LINES

TABLE I. The mean shift of various low member lines per unit relative density, r.d. , of various foreign gases
under difFerent ranges of r.d. values.

Absorption line/foreign gas
Mean shift/r. d. for low

r.d. range (hv')
Mean shift/r. d. for high r.d. range

(gpll)
Ratio

(b,v"/0 v') Reference

(1) Na, K, Rb/A (i) for resonance lines, {Av)1—0.32 cm l —0.71cm '
(for r.d. &10) (25 &r.d. &200)

(ii} for thesecond member of absorption series, (nvs)—2.81 cm ' —6.03 cm '
(for r.d. &70) (120&1.d. &300)

2.22

2.14

a
See Fig. 3

Fig. 4

Ratio(~v)2/(nv)&

(2) Hg 2537/A

Ag 3280/A
3382/A

Pb 2833/A

8.80

—0.149 cm '
(for r.d. &50)—0.28 cm '
(for r.d. &19)—0.5 cm '
(for r.d. &8)

—0.323 cm l
(200 &r.d. &300)

2.54

(3) Na, K, Rb/N2

K, Rb, Cs/N2

{i) for resonance lines, {b,v1)—0.27 cm ' —0.67 cm '
(for r.d. &15) (20&r.d. &50)

{ii) for the second member of absorption series, (Av.)—0.53 cm '
(for r.d. &8)

See Fig. 5

Ratio {av)2/(a~)1

Hg/N2

2.0
—0.124 cm '/r. d.
(for r.d. &50)

—0.139 cm ' (r.d. 100)

(4) Rb, Cs/He

Ratio(a~}~/(nv)g

(i) for Rb resonance lines, (Av)1
+0.24 cm l

(ming)
+0.13 cm l (2P~) (for r.d. &50)

(ii) for the second member of Rb, (Av2)
+1.3 cm-l (2Z&) +3.6(?) Cm ' (P$)
(for r.d. &12) (25 &r.d. &50)
+0.53 cm- (~Z&) +2.4 cm-l (~~&)
(for r.d. &12) (25 &r.d. &50)

5.4 ('P))
4.1&('Z&)

2.8(&) (mr&)

4.5(~a&)

See Fig. 6
e

(5) Hg 2537/He

(iii) for the second member of
+1.4cm ' (P)
(for V», r.d. &8)
+0.583 cm '
(for 2E~, r.d. &12)

+0.079 cm '
(r.d. =0 to 500)

Cs
+3.51 cm '
(for 2Pg, 9 &r.d. &40)
+4.65 (&) cm '
(for 'P~, 18 &r.d. &40)

2 5(-')

7.9(r)

a See references 82, 85, 107—110.
b See references 84, 111.
e See reference 112.

d See reference 110.
e See reference 113.

f See reference 103.
& See reference 86.

argon is shown in Fig. 4. The results are taken from
those of Ch'en and his associates. '""' The slope of the
curve is —2.81 cm '/r. d. Robin and Robin" observed
the shift of the second doublet of the principal series of
Rb perturbed by argon for r.d. up to 300 with somewhat
lower precision (&2 to &10A). The two components of
the doublet fused into a single band as a result of
broadening at pressures higher than r.d. 70. Their
curve for r.d. less than 70 agrees very well with Ch'en's
result. At r.d. about 90 the slope of the curve is practi-
cally doubled (—6.03 cm '/r. d. for 120(r.d. (300).

It is apparent at once that for the first two doublets
of the alkali absorption series, the shift (in cm ') is

»3 S. V. Ch'en and D. A. Kohler, Phys. Rev. 90, 1019 (1953).

chiefly dependent on the member of the series and on
the nature of the foreign gas but is essentially the same
for all alkalis (with exceptions at high] pressures,
r.d.&200, at which the anomaly for the 'I'; component
of the Rb resonance. ines is observed). As shown in
Table I, the slope of the curve for the second doublet
is about 8.6 times greater than that for the first doublet.
The curves for argon are very straight up to r.d. 10 and
70 for the first and second doubletsrespectively (and up
to r.d. 50 for Hg 2537). Above these respective r.d. the
curves reach slopes something more than double the
value for low r.d.

The experimental observations as described in the
previous paragraph indicate that the force laws for the
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Fio. 5. The shift of the resonance lines of alkali atoms produced by nitrogen,
plotted in the same way as in Fig. 3,

excited states of the two series lines are diferent.
Because of the fact that the shift of the second member
is greater than that of the 6rst member, the y value for
the excited state of the second member should be
greater. According to Eq. (134) the transition point for
the second member would be smaller if the same type
of dispersion forces are assumed for both members.

Quite plentiful data are also available for nitrogen
and helium. As shown in Fig. 5, N2 also produces a red
shift and the curve swings up slightly at r.d. around 20.
The shift for N~ is a little less than that for argon.
The points for the Na —D lines are taken from Mar-
genau and Watson"' and those for the K resonance
lines from Hull. "' The points in the figure for r.d. 50
were obtained by interpolation from Robin's result, '
which is again shown as an insert. It is not easy to
observe the pressure eGect of N2 or H2 when the pres-

sure is higher than 30 atmospheres because the alkali
will start to react with the gas."' Data for the second
member of the principal series can be obtained from

watson and Margenau's"4 result for K, from Ch'en
and Pao's"' result for Rb, and from Fiichtbauer and
Gossler's"' result for Cs. The shift of the second mem-

ber L
—0.60 and —0.45 cm '/r. d. for K(2)/N2 and

Rb(2)/N2, respectively) is twice that for the first

member of the principal series. All authors reported that
the shift of the third member is less than that of the
second member by about 40% for Na, 30% for K, and

60% for Cs. According to Robin's result, as shown in

the inserts of Fig. 5, as the pressure of N2 increases the
shorter wavelength ('P,*) component of the Rb reso-

' 4 W. W. Watson and H. Margenau, Phys. Rev. 44, 748 (1933)."'S. Y. Ch'en and C. S. Pao, Phys. Rev. SS, 1058 {1940)."'C. Fuchtbauer and F. Gossler, Z. Physik 87, 89 {1934).
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I+TO

is unfortunately opaque in the region of the absorption
line of argon A, 1048, preventing an otherwise interesting
observation of the effect of xenon pressure on argon
lines.

It is interesting to note that the ratio of shifts per
r.d. of the 6rst two member lines is nearly the same for
argon, whether at low or high r.d. , but the ratio is
different for other perturbing gases.

0 250 500
R ELATI VE DENSIT Y

FIG. 7. The displacement of the resonance lines of xenon due to the
presence of argon (after S. Robin and J. Romand'0'. .

Observations for neon were made on the second
doublet of the Rb principal series up to r.d. 8 by Ny and
Ch'en. "' The shift produced by Ne is very small. The
'P; component showed a weak shift toward violet
while the 'P; component shifted slightly toward red.

Hydrogen produces a red shift for the Na —D lines"" "'
and Hg 2537 at low pressures, "but a violet shift at 120
atmospheres. ""' It gives a violet shift for the 'P;
component and a red shift for the 'P; component of the
first two absorption doublets"' "' of Rb.

The effect of temperature on the broadening and shift
of the resonance lines of K in the presence of nitrogen
was studied by Hull. "' An increase in shift and half-
width due to increase in temperature was observed at
low pressures (r.d. (7). The effect decreased with
increased pressure, and is entirely negligible for r.d.
higher than 9, in agreement with Margenau's theory.
The last fact was also observed by Robin" with Na/A.

Robin and Romand'" observed the shift of Xe 1469
as a function of the r.d. of argon compressed from 1 to
800 kg/cm' (T=20'C). Except for indications of a
slight red shift at low pressures, the shift was about
—3 A (toward the violet) for r.d. 200, and then in-
creased rapidly as further pressure was added. The
results are shown in Fig. 7. It is particularly interesting
that argon produced ~iolet shifts and violet asymmetry
for Xe A, 1469 in contrast to all other observations with
argon. The different behavior in this case, in contrast
to the effects observed with alkali atoms, may be due
in part to the fact that both argon and xenon have
completed electron shells in the ground stat;es. Xenon

"7T. Z. Ny and S. Y. Ch'en, Phys. Rev. 52, 11.58 (1937).
"'This change in direction of shift was also observed by J.

Granier-Mayence and S. Robin, J. phys. radium 13, 494 (1952),
with the No band perturbed by A." Q. F. Hull, Jr., Phys, Rev. 51, 572 (1937).

' ' S. Robin and J. Romand, Compt. rend. 231, 1455 (1950).

2. Shift of the High Member Lines

The displacement of the high members of the prin-
cipal series of Rb produced by He, Xe, and A"' for
pressures up to relative density 6 and that of Na, Rb,
and Cs produced by H2 and N~'22 for pressures up to r.d.
5 were observed by Ny and Ch'en; that of K produced
by He and that of Rb produced by neon, up to r.d.
of about 20 were observed by Fiichtbauer, Heesen, and
Hansler. "' Their results are summarized in Fig. 8.

Fiichtbauer and Reimers"' also observed the effect
on the high terms of Cs of these gases and of parafFin
vapors, but did not vary the pressure. The displacement
was found to be proportional to the r.d. , dependent on
the nature of foreign gases but independent of the
nature of the absorbing atoms, in agreement with the
theoretical treatment by Fermi. "' To illustrate how the
shift/r. d. varies with various high member lines,
Fiichtbauer's'" data for K/He is chosen. The slopes of
the straight lines for the violet shift ~s r.d. plots are
5.25, 6.20, 5.75, 6.2, 6.2, 5.63, 5.60, 5.50 cm '/r. d. for
the 4thff. up to the 11th members, respectively. Other
gases that produced a violet shift, vis. , H2, Xe, and X2,
had curves of shape similar to those for He, the shifts
for Ne and X2 being very small. Gases that produced a
red shift are A, Kr, Xe, methane, ethane, and propane. "'
The shift of the high member lines of Xa displaced by
Cs vapor was alsome asured by Fiichtbauer and Hei-
mann"' and was found to follow the same trend in the
series as those produced by argon,

To summarize the results of observations, for gases
that produce a violet shift, the shift decreases with the
molecular weight (or polarizability) of the gas. The
shift first increases with the ordinal number of the lines
in the series, then attains a weak maximum at the 5th
to 8th members, and finally approaches a constant
value for lines higher than the 15th member up to the
limit of the series. '"'" For gases that produce a red
shift, the shift increases with the molecular weight
(or polarizability) of the gas. The shift vs series member
plots have the same shape as those in the erst case but
there is no such weak maximum around the 5th —8th

»1 T. Z. Ny and S. Y. Ch'en, Phys. Rev. 51, 567 (1937).
»2 T. Z. Ny and S. Y. Ch'en, Phys. Rev. 54, 1045 (1938)."' C. Fuchtbauer and W. V. Heesen, Z. Physik 113, (1939);

and reference 130.
»4 C. Fbchtbauer and H. J. Reimers, Z. Physik 97, 1 (1935)."'E. Fermi, Nuovo cimento 11, 157 (1934).
ff There might be something erroneous about their'~ data on

the shift of the 1s—5p line, as given on page 327 of that paper,
if the line was not shifted towards red for r.d. less than 2."' C. Fuchtbauer and G. Heimann, Z. Physik 110, 8 (1938).
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FIG. 8. The mean shift of the high members of the principal series of alkali atoms produced by various gases.

members. According to Fig. 8, the observed shift (in
cm '/r. d.) for A, N2, Ne, H2, and He are —9.7, +0.1,
+0.2, +4.7, and +5.9, respectively.

According to Fermi's theory)f the effective collision
cross section of single atoms of perturbing gases for
electrons at very low relative velocity can be deduced

f) Sampson and Margenau have adapted this theory to the
broadening of impurity levels in semiconductors, which arises from
collisions between a hole and the phonons. D. Sampson and H.
Margenau, Phys. Rev. 103, 879 (1956).

from observation of the constant shifts of the high
series lines of the alkalis at low pressure. The method
is to take the difference between the observed shift 6
and the shift, A„due to the polarization of the foreign
atoms in the field of the core of the alkali atom to ob-
tain 6, the shift caused by the perturbation of the
valence electron by the foreign atoms.

A, = 20t."(eo—1)E4t3/8mhcL p

0 000922(=so . 1)1V4"/Lo—cm ', (135)
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TABI.E II. The effective cross section of certain gases for electrons
of very low velocity as measured by different authors.

Gas

He
Ãe
A
H2
N2
Kr
Xe
Hg
CH4
CgH6
Cs on Na

By optical method,
cm2/cmg

11 7a 15 5 b 15 5e

0.23b 024
42a252b237e
12.3,' 14.0d
0.93 a 5 " 2.0d

121.3e
412'
35—37.2'
73g
120~
25.9&(10"'

By electrical method,
cm~/cm3 (kinetic energy

of electron)

15.3 (0.03 ev)'
3.13 (0.2 ev)
2.6 (0.03 ev)'

24.4~
10k
20 (0.6 ev)'
58 (0.2 ev)'
250—300 (1 ev)rn

1,1X103

a E. Amaldi and E. Segre, Nuovo cimento ll, 145 (1934).
b Fiichtbauer, Schultz, and Brandt, Z. Physik 90, 403 (1934).
& See reference 121.
& See reference 122.
e C. Fiichtbauer and H. J. Reimers, Z. Physik 95, 1 (1935).
& C. Fiichtbauer and F. Gossler, Z. Physik 93, 648 (1935).
& See reference 124.
h See reference 126.
' See reference 127a.
& See reference 127b.
1' See reference 114a.
1 See reference 127c.
m See reference 127d.
"See reference 127e.

where 1.0 is I oschmidt's number, eo the dielectric con-
stant of the foreign gas under normal conditions, and
Ã the number of atoms per cm'. 6, is related to the
effective cross section of a single atom of the perturbing
gas, 0-, by

6,= &hlVoi/47r'mc= &1.09X10 "So& cm '. (136)

The d, values (in cm ') for He, Ne, A, Kr, Xe, Hs, and
Ns were found to be +6.1, +0.7, —7.95, —17.2, —31.6,
+5.85, and +2.2, respectively. By multiplying o by
L,s/760=3. 54X10ts, the eifective cross section for all

atoms in 1 cm' at 1 mm pressure and O'C is obtained
as tabulated in the second column of Table II. The
values tabulated in the last column were obtained by
Wahlin and others"' using a direct electrical method
for the cross section at electron energies given in paren-
theses. The minimum energy of an electron attainable
in the measurement is that of the thermal motion per
electron (0.03 ev at room temperature).

Fermi's equations mere derived for spherically sym-
metrical molecules. An extension of his treatment to
axially symmetrical molecules as given by Reinsberg"'
showed that Fermi's equations can also be applied to
them without any appreciable correction. Furthermore,
Firsov"' repeated the calculation in a more general
way and found that Fermi's theory is good for shift.
In view of the strong dependence of the cross section on
electron velocity, Fermi's theory is satisfactory at

"'7 (a) H. B. Wahlin, Phys. Rev. 37, 260 (1931); (b) C. gor-
mand, ibid. 35, 1217 (1930); (c) C. Ramsauer and R. Kollath,
Ann. Physik 3, 536 (1929); 4, 91 (1930); (d} R. B. Brode, Proc.
Roy. Soc. (London) A109, 397 (1925); (e) R. B. Brode, Phys.
Rev. 33, 1069 (1929).

' 8 (a) C. Reinsberg, Z. Physik 93, 416 (1935); (b) C. Reins-
berg, Z. Physik 105, 460 (1937)."' O. B. Firsov, Doklady, Akad Nauk S.S.S.R. 61, 357 {1949};
Zhur. Eksptl. Theort. Fiz. 21, 627 and 634 (1951).

low pressures and provides the only values at present
available for the low-velocity limit of elastic collision
cross section of different atoms and molecules.

The results of all authors indicate that when the
relative density of the perturbing gas is high, namely
above 5, the shift 6 increases more rapidly than
linearly with r.d. Thus, this gives the upper limit in
pressure for the validity of Fermi s equations, as easily
deduced from the assumption he made in the derivation.
This validity can be clarified in another way. Namely,
according to Fermi's equation, the shift should pass
from violet to red with increasing relative density. This
phenomenon is not observed, even when the Ne pres-
sure is increased to a r.d. of 16, on the high series
members of Rb."'

The continuous absorption of Cs vapor beyond its
series limit was found to be reduced in intensity, and
the maximum absorption shifted toward violet in the
presence of all gases employed by Ditchburn and
Harding, '" vis. He, Xe, A, Kr, Xe, Ng, Hg, D2, and
C6H6.

3. The Broadening of the Low Member Lines

The broadening of the first and second doublets of
the principal series of a number of alkalis produced by
argon is given in Fig. 9. The curves are consistently
linear for the resonance lines of Na'" and Rb"'
with H2, A, X2, and He, A, respectively. For the reso-
nance lines of K'" the curve swings slightly upward
for high relative densities. The slopes of these curves
are given in the fourth column of Table III. These
values are accurate only when the r.d. is low. ~~ ~~

The
strictly linear curves are indicated by "L," in column 4.
Degrees of departure from linearity are indicated by l
or l-. Robin, Robin, and Vodar82 made a determination
of the half-widths of the Na-D lines broadened by argon
up to about 340 r.d. The half-widths, Av;, increase
linearly with r.d. up to about 80 and then the curve
swings upward gradually as shown in Fig. 10. The
broadening of Hg 2537 produced by H2 and He was
measured recently by Robin. "The 6p; (in cm ') es r.d.
curve for both gases are nearly the same, and have a
slope of 0.363 cm—'/r. d. up to r.d. 430, then swing
gradually upward.

The half-width es r.d. curves obtained so far for the
second member of the principal series of all alkalis are
linear for low r.d. , say up to 8, and for all gases. When
the r.d. is high, the curve for argon still follows the
linear relationship as before, while for helium the curve
indicates a de6.nite upward swing. '"'" In plotting
Curve II of Fig. 11, only readings for the 'P; component
mere used. The curve for the 'P; component was left

'3 C. Fuchtbauer and G. Hansler, Physik. Z. 41, 555 (1940)."' R. W. Ditchburn and J. Harding, Proc. Roy. Soc. (London)
A157, 66 (1936).

)~ ~~
When the r.d. was high, say above 10, the slopes were usually

higher (see reference 116 and 117 in comparison with references
103 and 113).
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FIG. 9. Pressure broadening of the first (Curve I) and the second (Curve II) doublets of the principal series of
alkali atoms produced by argon.

out because of its overlapping with the Rb —He
diBuse band appearing at the short wavelength side. '"
The d, vy vs r.d. plot for Hg (2537)/He is"h linear up to
r.d. 110 approximately.

The violet asymmetrical broadening of the resonance
lines of K under the vapor pressure of Rb (150 mm Hg)
was observed by Ch'en. '" There is no measurable shift.

The temperature e6ect on line widths is much com-

'"S. Y. Ch'en, Phys. Rev. 73, 1470 (1948).

plicated. Theoretically, it is given by Eq. (37) (Lorentz)
as QT or by (57) as T""'with X kept constant at low

pressures. However, experimentally, the confirmation
of either of them has not been established. Orthman'"
observed+Teffect with Hg 2537/H2, while Horodoniczy
and Jablonski, "4 very small T effect with Hg 2537/He

'"W. Orthman, Ann. Physik 78, 601 (1925).'"H. Horodnicsy and A. Jablonski, Nature 142, 1122 {1938);
144, 594 (1939).
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TABLE III. The shift I'5v ) and the broadening (Avp) of various absorption lines of alkali atoms produced by unit relative
density of foreign gases for low relative densities.

Gas I.ines
dvm

cm ~/r. d.
&~cps

cm ~/r. d.

Ave/Q

P
A Authors

A

Ng

Ng

Hg

Hp

Hg

Hg

He

He

He

He
He
He
He
He
He
He
He
He
He
CH4

CgH6

C3H8

Na-5896
¹5890
K-7699
K-7665
K-4047
K-4044

Rb-7947
Rb-7800
Rb-4216
Rb-4202
Cs-4593
Cs-4555
Cs-4555
Cs-3876

Na-5896
¹5890
K-7699
K-7665
K-4047
K-4044
K-3447
K-3446

Rb-4216
Rb-4202
Cs-4555
Cs-3876
K-4044
K-4047

Rb-4216
Rb-4202
Cs-4555
Cs-3876

Na-5896
Na-5890
K-4047
K-4044

Rb-7947
Rb-7800
Rb-4216
Rb-4202
K-4047
K-4044

Rb-7947
Rb-7800
Rb-4216
Rb-4202
Cs-4555
Cs-3876
Cs-3217
Cs-3102
Cs-3034
Cs-2992
Cs-2963
Cs-2943
Cs-2928
Cs-2917
K-4047
K-4044
K-4047
K-4044
K-4047
K-4044

—0.53
20 12

—0.214—0.223
—0.277,—0.261,

—0.360—0.300
—0.83,—1.02,
—0.57—0.62

—0,81—0.70

—0.52 ?—0.38 ?
—0.58—0.50
—0,16

+0.22—0.16
—0.11—0.33
—0.189—0.186
—0.23—0.33
+0.2 ?—0.2 ?
+0.45 ?—0.14 ?
Small

+0.228
+0.092
+0.93
+0.43
+0.39
+1.79
+5.25
+6.20
+5.75
+6.2
+6.2
+5.63
+5.60
+5.50
—1.02—1.40—1 ~ 16—1.61—1.25—1.27

—0.196, —0.248—0.213
—0.420—0.360
—0.92—0.83
—0.51 ?

142—1.0
—2.69

0.742 L, 0.72 L
0.689 L
1.01 l

2.20 l
2.58 l
0.627 L
0.855 L
2.21 L
2.56 L
1.63 l
2.22 l
1.27 l
2.69
0.49 L
0.49 L
0,56 l-, 0.82 Z-

0.56 l-, 0.82 l-
1.65 L, 1.39 L
1.89 L

~ 4 ~

1.51 l-
1.01 l-
0.90 l
1.53 Z

0.82
0.71
1.30 L
0.73 L
0.47
0.91
0.82 L
0.82 L
2.39
2.88
0.65 ?
0.87 ?
1.87
2.86
1.45
2,02
0.595 L
0.735 L
2.77 L
1.88 L
1.28 l
2.88 Z

4.7? Z-

2.8 ? l
1.6 L-
1.6 L
1.5 L
1.5
1.5
1.6
1.77
1.96
1.53
1.80
1.35
1.72

3.79, 2.9
3.23
2.4
2.8
2.4
3.1
1.2
1.7
1.8
2.6
0.6

2.4
1.3
2.3
2.2
2.0, 2.3

2.0, 1.7
1.9, 2.0

~ ~ ~

2.9 ?
2.7 ?
1.6
3.1
5.1

5.9
4.5
4.3
2.8
4.3

10
8.5
3.5 ?

4.1 ?
20?

2.6
8.0
3.0
3.4
3.3
1.6
0.9
0.5
0.3
0.3
0.2
0.3
0.3
0.3
1.7
1.4
1.3
1.1
1.1
1.0

11.2

22.2

24.0

18.0
26.2

8.96

10.2, 12.3

17.5, 16.1

16.3

14.1
18.4

11.3

13.8

9.6
13.3

7.16

13.0

7.01 ?

12.3

7.8

].0.8
16.2
20.7?

13.7

16.2

Kleman and Lindholm'
Margenau and Watsonb

Hull'

Fiichtbauer and Reimersd

Ch'ene

Ny and Ch'enf

Ch'en and Parker&

Fiichtbauer and Gossler"

Margenau and Watson

Watson and Margenau, '
Hull'
Fiichtbauer and Reimers"
Watson and Margenau'
Watson and Margenau'

Ch'en and Paos

Fuchtbauer and Gosslerh

Fiichtbauer and Reimers

Ny and Ch'enf

Fiichtbauer and Gossler2'

Margenau and Watson&

Fiichtbauer and Reimers"

Ch'en'

Ch'en and Pao&

Puchtbauer and Reimersd

Ch ene

Ny and Ch'en'

Fiichtbauer and Heesen&

Piichtbauer and Reimersd

& See reference 107.
b See reference 108.' See reference 109.

& See reference 124.
& See reference 110.
' See reference 117.

g See reference 103.
h See reference 116.
i See reference 114.

j See reference 225.
k See reference 223.
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and A. On the other hand, Hull"" found very large T
efI'ect on the E resonance line perturbed by nitrogen,
about twenty times larger than what the theories
predict, at low pressures. Furthermore, Horodniczy and
Jablonski observed a reduction of asymmetry with
temperature, which has been confirmed by Gorod-
mchus"' with Hg/A

250

& 200

4. Broadening of the High Member Lines

The broadening of high member lines is found to be
linearly proportional to the r.d. as is the shift, inde-
pendent of the nature of absorbing atoms, but de-
pendent on the nature of the foreign gas. The broaden-
ing of the higher series lines of K produced by He, and
of Na produced by He, Ne, A, 82, and N2 were ob-
served by Fiichtbauer and Heesen"' and Schulz. "'

~ I50

I

~ l00

0 4
I I I

0 I 0 20 &0 q0
R E LATIVE OENSITY

50

Fio. l1. Half-width es relative density of He, as in Fig. 9.

The dependence of hv; on r.d. for various members is
shown in Fig. 14 for the case of K/He. The increase of
broadening with r.d. (i.e., the slope of the curve) for
the 4th and the 5th members of the K absorption series
is greater for low densities than for high densities.
The greater portions of the curve for the 6th and the
7th members become straight for higher densities. The
readings for the 8th up to the 11th members are crowded
together rather closely in some locations. The curves
are linear or slightly concave upwards for high r.d. 's.

It is interesting to note in Table III that the average

I I 0
0 IOO 200 300
RELATIYE DENSITY

&&G. 10. Half-width of sodium D lines vs relative density of argon
I'after Robin, Robin, and Vodar").

iO-
I

g 90-
V

They found that the half-width vs series member curve
had a broad maximum at the 3rd member for K/He
and at the 5th member for Na/A and Na/He. Then
the broadening turned back to a stationary value for
high series members, ~~a. from the 11th to 12th member
up for K/He (from the 9th or 10th member up for
high r.d.), and from the 16th member up for Na/A,
Na/He, Na/Na, Na/Ne, and Na/H2, as shown in
Figs. 12 and 13.The broadening of the series end of the
Na principal series in cm—'/r. d. for He, Ne, A, Kr, Xe,
H2 and N2 is 1.88, 1.42, 4.45, 8.12, 9.7, 6.16, and 6.16,
respectively. A very large broadening of the sodium
high member lines produced by Cs vapor was reported
by Fuchtbauer and Heimann. "'

VO-
4

\

$Q e

4

40 -.'
~ ~

Q
~ ~

gQ C:

X

&—"=—xA~~X~)(
I 1 & i t

6 7 3 &o

'3~ G. A. Gorodnichus, Izvest. Akad. Nauk. S.S.S.R. Ser. Fiz.
18, 255 (1954)."'C. Fuchtbauer and P. Schulz, Z. Physik 97, 699 I'1935).

FIG. 12. Half-width es members of the principal series of K for
relative densities 5, 10, 15, and 18 of helium.
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Shpgf
fO ~O 0O~
8 /Va/A/

Hot~-wiser
Lu ~ &~x—"x~

and E is proportional to Ã~ and e '. As a consequence,
the width of spectral lines, for very high e, does not
depend on e. His theoretical curves of the line width
vs e relationship lie lower than the experimental one
because the thermal motion of foreign gases is not taken
into account.

0 )

0 6-

I I I I I I I

+ $ g lo r2 14 16 I8» && &+ t+ ~~
g-" +g(f-w(dt's

Na/he

VO~O ~ C~
O

I
/

&x '

5. The Eva1uation of Some Physical Quantities

As described in Margenau and Watson's previous
review article' the oscillator strengths f and transition.
probabilities A can be computed from the measurement
of the amount of total absorption, Jp" (e&)dv, by
graphical integration of the line contours. eA, is the so-
called index of absorption defined by the relation

FIG. 13. Half-width and shift vs members of the principal
series lines of Na in the presence of argon and helium. (r.d. = I,
8=762'K) (after Fiichtbauer and Schulz"').

np logip/—i-, —
47rl

(137)

of the ratio of half-width to shift for argon is 2.2 and
that for N2 is 2.3, which is in good agreement with
Margenau's theoretical computation. "This ratio can
be found easily also from Eqs. (97) and (98) to be 2.77,
or from Eq. (58) to be 2.75, by taking p=6 for dis-
persion type interaction. Ne gave unexpectedly a rather
large value of 4.4. The corresponding values for H2, 4.1,
and He, should not be included when comparison with
theory is made.

Numerous cases have shown that for alkali atoms a
line which undergoes greater broadening also undergoes
a greater shift. But for certain lower member lines,
where a switch of red shift to violet shift takes place, a
small shift is usually accompanied by a large broaden-
ing. As an example, the broadening of K(2)/Np was
1.8 cm '/r. d. and that of K (2)/Hp was 2.64 cm '/r. d.
while the corresponding shifts were 0.93 cm ' and 0.28
cm ', respectively. In these cases, forces of different
signs are almost equally probable and as a limit no
shift takes place.

Figure 13 illustrates how the shift and the broadening
varies with the member of the series. For atoms other
than alkali atoms, such as Hg"' and Ag, the line broad-
ening is always much greater than the shift. Nearly all
lines are asymmetrically broadened. A red shift is
usually accompanied by a red asymmetry and vice
versa, with Cs 3876,'N2"' the only exception. The
asymmetry is, in general, larger for the doublet com-
ponent that gives the larger shift. The theory of line
breadth at the series limit has been discussed by
Reinsberg' "' with rather good agreement with experi-
mental observations. Firsov'" deduced an expression
for the shift and the width of an energy level with high
principal quantum number e in relation to the density
of the perturbing gas E surrounding the atom. The shift
is shown to be independent of the type of the atom and
of e provided n is large. The half-width for large n

"7 P. Schulz, Z. tech. Phys. 19, 585 (1938).

where / is the absorption path length. In practice, the
line contours are often plotted with 1ogqpip/i (or density)
as ordinate and the distance in mm from the central
maximum of the microphotometer curve as abscissa.
The area under the line contour is measured by a
planimeter in cm'. Then it follows that:

f
oo 2.303

Bpd p = '3 ' 10
I logyp(zp/z)8X

"p 47rlX ~p

2.303 8 10 '
3 10" a, (138)

4~0 GAD

4vm, p" 108 10'
f= I npdv= , .

,

I e&dv, (1.39)
Are' "p 22.75 XIV ~p

for 4nlm p/X((1 and the transition probability per unit
time, A,

4m

Ting, de =
cA"h "p

(140)

From such measurements Ch'en"p computed the f
values of the Rb resonance lines under diAerent pres-
sures of foreign gases up to r.d. 45.52 for helium and
46.44 for argon. The f values without the pressure of
foreign gases were found by extrapolating to zero den-
sity of foreign gas. The results (0.33 and 0.66 for the
'P*, and 'P~ components, respectively) are in agreement

where A. is taken as the wavelength of the central
maximum, a the area under the contour in cm', D the
density which corresponds to 1 cm in abscissa of the
plot, and 8/GM is the wavelength Q, (in A) which
corresponds to 1 cm in ordinate, M being the magni6ca-
tion ratio of the microphotometer trace, and G that on
the graph.

According to radiation theory the oscillator strength
of an atom is



with Fiichtbaucr and Hofmann's determination"' that
the total oscillator strength is nearly unity. Although
the precision of determination was not particularly
high, it seems that the total absorption decreases with
increasing r.d. , so that f values decrease when the line
is broadened. This was also true with Hg. '" By means
of exactly the same method, Michels and Kluiverseb

obtained the oscillator strength of Hg 2537 as 0.0255
from their observations with He.

The transition probabilities, 6.93&i0' and 3.53& i0'
for the Rb 'P; and the 'P~ components, respectively,
are in good accord with the results of the resonance
lines of other alkalis.

The optical collision diameters can be computed from
the observed half-widths, using the relation

p'= [sap~/2E(2~kT)~] [mM/(m+M)]'*, (141)

where m and 3f are the masses of the absorbing and of
the perturbing atoms, respectively. The accuracy of the
calculation depends greatly on that of the values of
half-widths per unit r.d. As the slopes of these curves
change with r.d. and are diferent for diGerent doublet
components, it is hard to assign a proper value. Al-

though the average values of the 4th column of Table
III mere used, the 6gures listed in the 6th column can

not be regarded as accurate. In spite o$ these limitations,
the values of p for a given member of the absorption
series and a given foreign gas are found to be very close
for different alkalis. The mean values of p (in A) for
the first member of the alkali absorption series in the
presence of A, N2, He, and H2 are 13, 10, 8, and 7,
respectively; and the mean values for the second
member of the series in the presence of A, N2, Ne, He,
H2, CH4, C2H6, and C3HS are, respectively, 2i, i6, i2,
i2, i2, i4, i6, and i8 A.

B. FINE STRUCTURE PRESSURE EFFECTS

I. Pressure Effects Due to Identical Atoms

By direct measurement of the contours of the line
wings, the broadening of the resonance lines of nearly
all alkali atoms in absorption under various pressures
of their own homogeneous vapor (resonance broaden-
ing) have been observed. "~'4' All observers reported
that when the pressure was low (below 1 mm Hg) the
line contouls could bc dcscrlbcd nicely by thc disper-
sion formula and the broadening was essentially
symmetrical. The half-width varied linearly with the
concentration of the vapor. All but the first, who used
K, found that the half-width of the transition from the
'P~ level was greater than that from 'P~ level by a factor
of about V2, quite in harmony with Foley's theoretical
result~ [see Eq. (131)j. Not only the ratios, but also
the absolute values of half-widths given by Eq. (131),
are found to be in accord with observations. However,
when the thermal energy per perturber is comparable
with the doublet separation, the theory will undergo
some revision due to the fact that the J represcntatioli
breaks down in such a case.'"

Ch'en"0 and Gregory'" observed also that indications
of a violet and red asymmetry were present at high
pressures for the 'P; and 'P; components, respectively,
and a de6nite band on the red side of the 'P; and on
the violet side of the 'P; component were observed.
This strong asymmetry was also observed with Xe'"
and Hg. ~'7~ Tomiser's observation shows that the
broadening of Zeeman components are not a linear
function of density.

This self-broadening has also been observed in a

20-

IO-

0
0 5 IO IS 20

R E LATIVE 0 ENSITY

Fro. 14. Relationship of half-width and the relative densities
of helium for high members of K principal series (after Fiichtbauer
and Heesen'"}.

'" C. Fuchtbauer and W. Hofmann, Ann. Physik 43, 96 (1914).

'"K: P. E. Lloyd and D. S. Hughes, Phys. Rev. 52, 1215
(1937),at pressures up to 20 mm Hg. Aug(J=-,')/hug(J= ~) =1.0.
J. Tomiser, Acta Phys. Austriaca 8, 325 (1954), observed up to
0.1 mm Hg with the result of ratio, 1.07—1.59 (mean: 1.41)
(theor. 1.42).

'~ Rb: S. V. Ch'en, Phys. Rev. 58, 844 (1940), at pressures up
to 152 mm Hg. Avg(J = -,')/Avg(J = ~~}=1.75. J. Tomiser, reference
139, 9, 18 (1954), up to 0.08 mm Hg with ratio 1.19—1.58 (mean:
1.26) (theor. 1.38).

"'Na: K. Watanabe, Phys. Rev. 59, 151 (1941},at pressures
up to 70 mm Hg. d ~~(J=-,')/hv~(J=-, ') =1.55. I, Tomiser, refer-
ence 139, 8, 198 and 276 (1954), up to 0.9 mm Hg with ratio
1.27—1.45 (mean 1.31) (theor. 1.42).'~ Cs: C. Gregory, Phys. Rev. 61, 465 (1942) at pressures up to
17.5 mm Hg. 2 pg(J =$)/ay)(J= ~}=1.72 (theor. 1.52).' 3 M. Takeo, Bull. Am. Phys. Soc. Ser. II, I, 245 (1956).'~ J. C. Madenann and R. Turnbu11, Proc. Roy. Soc. (London)
A129, 265 (1930);AD9, 683 (1933).
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discharge tube of mercury vapor on the lines Hg 10140A
(2"P~—2'So) and Hg 5770 A (2'P~ —3'D~). The broad-
ening of the former line is purely due to self-pressure,
while the latter was broadened proportionally to the
electric current. '" Thus, by extrapolating the latter
broadening to zero current, the self-broadening of the
line was obtained for each corresponding pressure. '4'

Thus, the two lines were found to behave according to
the impact theory with the same width. However, the
experimental absolute width was 60'%%uo larger than the
theoretical value.

2. Pressure Effects Due to Foreign Atoms

Thc dlGclcncc ln bchavlor of shift and broadening
of the doublet components of the principal series lines
of alkalis and of Ag was first emphasized by Ch'en

collaborators 110,112,113,117 For example the shif t
of the 6rst doublet of the Rb principal series produced
by helium"' was —6.88 A (+10.88 cm ') for the 'P;.
component and —2.68 A (+4.40 cm ) for the
component for r.d. 45.52 as determined by a 21-foot
grating. The corresponding 6gures for the half widths
were 16.9 A (27.8 cm ') and 20.2 A (33.2 cm '), re-
spectively. The ratio of shifts for the two components
is 2.5 and that of half-width is 0.84.

The shift-of the Rb second doublet"' produced by 43.9
r.d. of helium was —19.5 A (+110 cm ') for the 'P;
component and —12.2 A (+69.0 cm ') for the 'I';
component. The corresponding values for the half-
width were 48.7 A (277 cm ') and 63.4 A (361 cm '),
respectively. The ratios of shifts and half-widths are 1.60
and 0.766, respectively.

For argon, the difference of shifts of the two doublet
components of all alkalis is very small, but the broaden-
ing of the 'I'~ component is slightly greater than that
of the 'I'~ component by a factor of 1.12 on the average.

The line shift, as discussed in Sec. II.B.b, originates
in the smaller phase shift in the oscillation of an ab-
sorber at a collision. The phase shift produced at a
certain impact parameter depends strongly on the
shape of the interatomic potential curves for various
gases. For helium an impact parameter eRective for line
shift mill be larger than the optical diameter, and the
classical discussion of the shift may be adequate at
rather high temperature by the following reason.
Namely, for alkali resonance lines with helium as per-
tuI'bcrs, thc optical colllsloIl diameter happcIls lI1 many
cases to be nearly of the same order of magnitude as
the sum of the atomic diameter of helium (3.5 A) and
of the absorbing atom, both in the ground state. When
the absorber is excited, the overlap integral will be
appreriably larger than otherwise, alld a repu1sion will

dominate the seond-order dispersion energy at the dis-
tances for line shift impact parameters. Thus, a violet
shift with helium pressure may be expected. The shift
for higher members shouM be larger, not because of the

"'P. Gerthsen, Z. Physik 138, 515 (1954).

fact that the overlap integral is larger for higher states,
but rather because of the fact that the number of col-
lisions eRective in line shift increases for higher states.
However, this line shift is rel'ated to the shift of the
center of gravity of the doublet.

The diGerence of shifts for doublet components must
be found in the variation of the doublet separation,
which is determined by the change of the wave function
at the absorber's nucleus. The larger impact parameter,
eRective for higher-member line shift, is unlikely to
change the doublet separation more than otherwise.
Thus the ratio of shifts is smaller for higher members.
On the other hand, observation shows that for alkali
resonance lines with argon pressures the optical colli-
sion diameter is about 1.5 times larger than the sum of
atomic diameters concerned and lies well inside the
region dominated by dispersion forces. In this case, the
ratio of shifts for the doublet components will be con-
stant for diGerent members. The same kind of argument
may follow for the ratio of half-widths for doublets.
But the phase shift most CGcctive for broadening would
be larger than that produced at the optical collision
diameter. For helium, the impact paramerer lies inside
a quantum-mechanical region, although for argon the
classical picture is still applicable, using the result in
Sec. II.A.b, that the ratio of half-widths for doublet
components perturbed by argon should be nearly
constant for diRerent members.

Peterman and Fiichtbauer'24 noticed that the half-
width of K(2)/N~ and of K(2)/He was greater for the
'P,* component. Ch'en""" also observed that hydrogen
produced a violet shift on the 'I'; component and a red
shift on the 'I'; component for both the resonance and
the second doublets of the rubidium principal series.
More illustrations are given in Figs. 3, 5, 6, and 9.
It is also apparent in Fig. 15 that the separation between
the narrow peak and the broadened peak is diferent
for different doublet components. Kleman and Lind-
holm's precise measurement of the shift and half-
width of the Na —D lines produced by argon"' revealed
that the 'I', component had a smaller shift and a larger
half-width than the 'Eg component.

FIG. 15. (A) Microphotometer traces of the doublet components
of the second member of the Rb principal series broadened by
argon at pressures 0.1 atmos (narrow peaks) and 12.18 atmos
(broad peaks). {8) Corresponding traces for helium at pressures
of 0.12 and 10.92 atmos, respectively. Note the difference in shift
and broadening of the two components (after Ny and Ch'en"').
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Recent observations by Robin and Robin" showed
that the shift of the 'P~ component of Rb resonance
lines when perturbed by A, He, and N2 up to several
hundred r.d. was nearly linear with r.d. , while that of
the 'P; component. reversed its direction of shift for
r.d. equal to 180 for N2 and 260 for A. Because of the
fact that the 'P; component was broadened more
rapidly than the 'P~ component, the relative intensities
of the two lines varied very much with pressure. The
less intense 'P; component at low pressure became more
intense at high pressures.

From the results of observations obtained so far one
can make the following general empirical statements:

(1) The difference in shift (when expressed in cm ')
of the multiplet components depends on the member of
the series and the nature of foreign gases, but is inde-
pendent of the nature of the absorbing atom.

(2) For gases that produce a violet shift, the longer
wavelength component ('Pi) exhibits a greater violet
shift than the shorter wavelength component ('P~),
as predicted at the end of Sec. II.C.b, and the ratio for
the first doublet is larger than that for the second
doublet.

These two statements are supported by all available
data, such as Rb(1)/He, Rb(2)/He, Cs(2)/He, and
Ag(1)/He without exception. For Rb(2)/Ne, the 'P;
component produced a violet shift while the 'P~ com-
ponent produced a red shift. For a given r.d. of He,
the differences of shift (in cm ') of the doublet com-
ponents for the second member of Rb and Cs principal
series are the same within experimental error.

(3) The difference in shift of the double components
for gases that produce a red shift is usually small as
shown in Sec. II.C.b. There is no apparent indication
as to which component should show a stronger red shift.
For Rb(1)/A, Rb(2)/A, Cs(2)/A, K(1)/A, Ag(1)/A,
K(1)/N2 and K(2)/N2 the 'Pi component shows a
slightly stronger red shift; while for Na(1)/A Rb (2)/N&,
and Robin's high pressure observations of Rb(1)/A
and Rb (1)/N2 the 'P; component has a slightly stronger
red shift.

(4) The broadening of the short wavelength ('P;)
component is greater than that of the longer wave-
length ('P;) component. Observations confirming this
statement are Cs(2)/H2, K(2)/Hu, Rb(1)/He, Rb(2)/
He, Rb(1)/A, Rb(2)/A, and Ag(1)/A. Robin and
Robin" proved indirectly, from the variation with
pressure of the ratio of the optical densities of the
maxima of the resonance lines of K and Rb, that the
'P, is broadened more than the 'P'; component.

Exceptions to this are Na(1)/A, Rb(2)/Ne, and
Rb(2)/He only when the r.d. is low. As shown in
reference 113, when the r.d. of He is above 19, the half-
width of the short wavelength component becomes
greater than that of the longer wavelength one.

It is to be noted that in this and the following sections
there is demonstrated very strikingly the important

fact that there exists a conspicuous diGerence in the
interactions at close distances for the two fine structure
levels. There is no doubt that this phenomenon mill be
useful in interpreting certain detailed phenomena of
various basic observations.

Many research problems dealing with these efFects
can be suggested, such as the pressure effect on high
multiplicity components, the fine-structure pressure
sects of multiplet components in relation to different
couplings of the angular momenta of the optical elec-
trons, etc.

C. NARROW DIFFUSE BANDS OF VARIOUS METALS
PRODUCED BY CLOSE ENCOUNTERS WITH

FOREIGN PARTICLES

The most intense part of a broadened spectra line
should come from the majority of the perturbers and
corresponds to distant collisions. The shapes of the
wings, however, will depend on the phenomena occur-
ring close to the absorber where spectral lines are
affected most strongly. This phenomenon is manifested
as narrow diffuse bands which appear as faint wings
of the atomic lines if they are not resolved. They have
been observed very conspicuously as separate bands
or diffuse lines in the neighborhood of certain atomic
lines. These bands which are often called "satellites, "
are present at foreign gas pressures even as low as a
few milimeters of Hg.

l. Observations in Emission Spectra

This phenomenon was probably first observed by
Oldenberg, '" who obtained a narrow continuum of this
sort on both sides of Hg 2536.7 in fluorescence by the
irradiation of the mercury resonance line in a mixture
of mercury and a few cm pressure of helium. When
heavier rare gases were used one or two disuse in-
tensity maxima were found on the short wavelength
side, lying closer to the atomic line the greater the
atomic weight of the rare gas used. Kuhn and Olden-
berg'4' interpreted the bands as due to loosely bound
molecules or space quantization.

Krefft and Rompe'" observed similar diffuse bands
in the positive column of electric discharges in mixtures
of Tl, In, Zn, Na, K, Rb, and rare gases. The vapor
pressure of the metal was about 1 mm and the gas
pressure about 2—10 mm. They found that the charac-
teristics of the bands depend upon the rare gas used
and also upon the atomic levels of the metal. These
bands were classified according to visual judgment of
their shape, and a number of empirical relations were
suggested, such as the proportionality of the separation
of certain violet bands to 1/gM, 3f being the atomic
weight of the rare gas used.

Preston'" made an extensive study of these bands in

"'O. Oldenberg, Z. Physik 47, 184 (1928); 55, 1 (1929)." H. Kuhn and O. Oldenberg, Phys. Rev. 41, 72 (1932)." H. Kreft and R. Rompe, Z. Physik 73, 681 (1932).'"W. M. Preston, Phys. Rev. 51, 298 (1937).
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a simple capillary discharge tube of Hg, Cd, or Tl in
the presence of 10 cm of He or A. He used a Hilger
medium qual tz spec trogl aph and found that the
intensity of the band was of the order of a few hun-
dredths to two thousandths of the intensity of the
accompanying metal line. The Hg 2537 band at 2526.0 A
was not changed within a limit of error of about 0.3 A
for three diGerent temperatures, 55, 130, and 400'C.
Also, no observable shift was reported when argon
pressure was varied from 1 mm to 10 cm, although the
band may be visible, with much less intensity, even
with 0.1 mm of argon. He identified the collision-
induced spectra near 13 lines of the spectrum of Hg, 12
of Cd, and 6 of Tl. The majority of these spectra had
roughly dined edges at the shorter wavelength side
and no resolved maximum. Only three dehnite cases of
maxima on the short wavelength side of lines were
encountered, all lying fairly close to and dehnitely
associated with an atomic line. Several examples were
also found of maxima at varying distances on the long
wavelength side of lines, some at such great distances
that they could riot be dehnitely connected with any
particular line. He pointed out that the bands associated
with the lines of a particular spectral multiplet are
much more alike in form and width than those belonging
to unrelated lines.

It should be noted that t,he conditions for the ap-
pearance of the bands in emission, such as the presence
of ions, electron impacts, inhomogeneity in temperature
distribution and in concentration of emitting atoms,
etc. in the source, could hardly be neatly defined for
theoretical analysis.

nique, the bands appearing in the neighborhood of the
resonance lines and the third or higher members of the
rubidium principal series were also observed with a
number of other gases, " ~is. , A, Kr, and Xe. Most
recently Ch'en and Jefimenko"" 6rst confirmed that
the narrow bands exist simultaneously both on the red
and on the violet side of the 6rst few principal series
lines of Rb and Cs, with the red bands having a higher
intensity. In addition to the well-dehned series of rare
gases (also N~ and H2), fourteen different kinds of

paragon molecules, whose physical properties are very
well known, were employed as a series of perturbing
particles. Over two hundred more new bands of this
kind were obtained. "' For details one shouM refer to
these original papers.

Only with heavy foreign gases, such as xenon and

krypton, and saturated hydrocarbon vapors heavier
than propane, was the narrow disuse band resolved on
the red side of each component of the absorption doub-

lets of Na, Rb or Cs. Figure 16 is a set of sample spectra
for the Rb/Xe and Cs/Xe "red" bands. The red

'::::,:';."'-':-::;::';:::;:-:'::-'::::;":::.'- Ce/Xe

2. Observations in Absorption Syectra

u. Obsermtioes w6'h I.mv Foreign Gas I'ressmres

Although the appearance of a new band of Hg at
2528 A due to the presence of foreign gases was erst
known to Moore'" and Oldenberg'" systematic observa-
tions of the structureless alkali-foreign-gas absorption
bands were perhaps first started by Ch'en and col-

laborators ' ' '" ' " With the Bausch and Lomb
or the Hilger large Littrow spectrograph the band

appearing on the short wavelength side of the second
member of the principal series of rubidium in the
presence of foreign gases (H2, He, Ng, and Ne) was first
observed, and then the observation was extended to the
st;cond member of cesium and potassium, and the third
member of the sodium principal series. '" In the presence
of helium, bands were observed near the fourth through
the seventh member of the lithium principal series."
Recently, with infrared plates and more careful tech-

Ka

gj~lg
'I H. R. Moore, Science 66, 543 (192/).
'5' T. Z. Ny and S. Y. Ch'en, Nature 13', 1055 (1936);J. phys.

9, 169 (1938).
'~~ S. Y. Ch'en, Phys. Rev. 65, 338 (1944).
'5' (a) S. V. Ch'en and O. Je6menko, J. Chem. Phys. 26, 256

(1957) .(results for Rb). (b) 0. Je6menko and S. V. Ch'en, J.
Chem. Phys. (to be published) (Cs).

PIC. 16. (a) The red bands of Rb and Cs in the presence of
xenon (1) for the resonance lines, (2) for the second doublet, (3}
for the third doublet, and. (4) for the fourth doublet of the prin-
cipal series. The corresponding pictures for the 6fth 'doublet
shorved only some red asymmetry (after Ch'en and Je6menko"3' ").
(b) The red bands of Rb in the presence of various paragon
vapors (after Ch'en and Je6menko'53b}.
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TABLE IV. The Av (in cm ) values for alkali-foreign gas red bands for the various members of the principal series.

Arm
(1st member)

dVm
(2nd member)

»m
(3rd member)

»m
(4th member)

Na/Xe
Rb/Xe
Cs/Xe
Rb/e-octane
Cs/n-octane

2P)

—26.6' cm '
—17.4—11.7—64a
—47a

~ ~ ~

—333—31.4
76s
69a

—76cm '
—45.2—37.7—53.0—46.7

~ ~ ~

—43.5—52.7—46.5
—49

—47cm '
—34.4—29.3—21.9—19.8

~ ~ ~

—21.0—29.4—20.9—19.9

—16cm '
—10.7—6.1—10.5—8.2

~ ~ ~

—9.5
94—10.6—9.7

a The accuracy determination is loiv, because the absorption maxima could not be definitely established or resolved from the atomic line.

bands become perceptible when the vapor pressure of
Rb or Cs is of the order of 10 ' mm Hg or higher (tem-
perature of absorption tube=120 —150'C) and the
pressure of foreign gas is higher than 20 cm Hg. gtt
When the vapor pressure is increased (by increasing
the temperature of the absorption tube to 200-270'C)
the red bands and the absorption lines of Rb or Cs
overlap, and the bands are no longer resolved from the
broadened absorption line. Under these conditions the
violet bands become intense enough for observation.
When the temperature of the absorption tube is still
increased (400—500'C) a number of additional bands
are observed between the doublet components of the
resonance lines. Owing to the fact that the appearance
and the regularities of occurrence of these types of
bands are quite diGerent. They are described in separate
sections.

(i) The Red Bands As show.—n in Fig. 16 the red
bands appear in general close to the atomic line as a
single absorption maximum. No red bands are pro-
duced by light gases, I&, D2, He, Ne, and N&. Argon
and methane merely give a red asymmetry of the
atomic lines. A definitely resolved red band is observed
for each component of the first four doublets of the
principal series of Na, Rb, and Cs for all the other
heavier rare gases and saturated hydrocarbons em-

ployed.
Observations connected with the red bands associated

with the principal series lines of alkali atoms may be
summarized as follows: (1) The separation (in cm ')
between the band and the associated absorption line,
Av, varies strongly with the member of the principal
series. For Kr and Xe, the largest values of Av are
those associated with the second member of the series,
while for all paragon molecules the highest value of
5v falls on the 6rst member, and hv decreases rapidly
with the increase in the ordinal number of the member
of the series, as illustrated in Table IV. No bands
were resolved from the atomic lines of fifth and higher.
doublets of the series. (2) The values of Av„are differ-
ent for the two doublet components. For both rare-
gases and saturated hydrocarbons all values of hv
associated with the short wavelength ('P,*) component

ttg If the foreign gas pressure is much lower than this value, the
vapor pressure of Rb must be increased to make the band intense
enough for observation.

of the resonance lines are considerably greater than that
associated with the long wavelength ('P;) component.
For the second member of the Rb principal series the
foregoing statement holds for Kr, and light hydro-
carbons (propane and butane), but is reversed for Xe,
butane, and all heavier parafhn molecules. The differ-
ence becomes small for the third and the fourth member
of the Rb principal series. (3) Red bands are resolved
only for heavy gases. As shown in Figs. 17 (a) and (b)
for any given doublet, Av increases linearly with the
polarizability, n, of the gases (with possibly a satura-
tion for very large particles). The slopes of the curves
are almost the same for both Rb and Cs, ~is. , 0.31 and
0.27 in cm '/n (n being expressed in 10"cm') for the 'P;
and the 'Pg components of the second doublet, respec-
tively. The corresponding values for the third doublet
are both 0.11. (4) Although there are no sufficient data,
the values of hv for 'I'; component for a given foreign
gas appears to be a little higher for lighter alkalis. (5)
The positions of the maxima of the bands is not ap-
preciably changed by either a variation of pressure from
—,
' to 2 atmospheres, or a change of- temperature from
120' to 190'C. (6) The widths of bands decrease with
the ordinal member of the doublets and are roughly of
the same order of magnitude as those of the associated
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absorption line. (7) The intensity of the bands relative
to that of the associated atomic line is higher for bands
with smaller Av or smaller widths. When the pressure
of foreign gas is low, say below 3 cm of Hg, the inten-
sity depends strongly on both the concentration of the
absorbing atom and that of the foreign gas. (8) The red
bands are observed only for those gases which produce
a red shift in pressure effects.

(ii) The Violet Batsds The .v—iolet bands, i.e., the
bands on the short wavelength side of the absorption
doublet, appear usually when the temperature of the
absorption tube is appreciably higher than that at which
the red bands are 6rst perceptible. The behavior and
appearance of the violet bands are entirely different
from those of the red bands. Several points can also be
singled out with regard to observations of the violet
bands: (1') The violet bands are considerably fainter
than the red bands. Although no direct measurement
of the relative intensities of the red with respect to the
violet bands is made yet, one can make a rough estima-
tion, from the lowest vapor pressure at which the bands
are first perceptible, to be around 100. (2') Violet band
or bands are observed near the resonance lines of the
alkalis for all gases employed, while red bands are
observed only for heavy gases that produce a red shift.
(3') The bands are located at the short wavelength

side of the entire doublet. The values of hv given in
Table V are measurements from the short wavelength
component (sPt) of the doublets. (4') Several maxima

TAeLz V. The Ap (in cm ') values for various
alkali-foreign gas violet bands.

+Foreign
+gas

Alkali+ H2

Na(1} 1203
Na{2)
Na(3) 52

1200 1201 1086 1069 906 893
~ ~ 136 50 5 0 4 ~ ~ 4

50 55 ~ 4 ~ ~ ~ ~ ~ ~ ~

62 ~ ~ ~ ~ ~ ~ ~ ~

Rb(1)
Rb(2)
Rb (3)

Cs(1)
Cs(2)
Cs(3)

921 778 718 448 433 342 334
133 98 112 38 22

18 ~ ~ ~ ~ ~ 0 ~ ~ 0 ~ ~

428 356 408 231 213 151 134
78 64 60 29

12 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

may be observed near the resonance lines. The values
of hv for the violet bands near the resonance lines are
very much greater than those of the red bands, but
decrease much more rapidly towards higher members of
the principal series than in the case of the red bands.
For Rb, the values of Av„for the second member of the
series are decreased by 8, 12, and 20-fold relative to
those for the first member, for He, Ne, and A, respec-
tively. If one followed this trend of decrease, the values
of hv for the second member would be Ii and 8 cm '
for Kr and Xe, respectively, so, experimentally, the
band is never resolved. For the third member of the R.b
absorption series, the violet bands are never observed



FI;G. 18. The violet bands of Rb resonance lines in the presence of rare gases. The lines marked with K and Cs are the
respective potassium resonance lines and the shorter wavelength component of cesium resonance lines which appeared as
impurities (aiter Ch'en and Jefimenito'@').

for heavy gases; for light gases they are so close to the
atomic line that only violet asymmetry was observed.
(5') As shown in Table V, the values of d,v„for violet
bands (in contrast to red bands) decrease with increases
in the mass of the absorbing atom. As an illustration,
for a given foreign gas the d, l„values for Na(1) range
from 1.5 to 2.6 times greater than those for Rb(1);
the Al „values for Rb(1) are again twice those for Cs.
(6') The most profound difference between the violet
and the red bands manifests in the dependence of hv
on the type of colliding particles. In contrast to the red
bands, the Av„values decrease with increasing mass of
foreign gas particles, or remain essentially constant for
paragon series ones. This point is further detailed in
next paragraph. (7') The width of the bands is greater
fol' tllose with a gl'ea'tel' AP . (8 ) Tile posltlon of tile
bands is not appreciably changed by a smaller variation
of pressure from —,

' to 10 atmospheres, and point (7) for
red bands is also true for violet bands. The eGect at
very high pressures for (8') is discussed in the subse-
quent subsection.

As shown in Fig. 18, for a given absorbing alkali the
violet bands produced by various rare gases near the
resonance lines can be classi6ed into three groups ac-
cording to the magnitude of b, l„:(ul) the alkali (1)/He
band which is very broad and stretched very far from
the resonance lines, (bl) alkali(1)/Ne and alkali (1)/A
bands with two similar maxima: Av ~*** is much
closer to the atomic line concerned than that for the
case of (al) and hl l lies between them, and (cl)

***The subscript "1"in Av refers to the value of separation
for the intense maximum in the band; while subscript "2" to
the much fainter maximum in the same band.

alkali (1)/Kr and alkali (1)/Xe bands, in the same
manner, with two maxima. d, v~~ is still smaller than
that for case (bl). This effect may be correlated with
the electron density at the surface of a perturber. The
electrons having nearly the same energy associated
with the atomic surface are s' for He, s'p' for Ne and A,
and s'p'd" for Kr and Xe. Since their atomic radii are
nearly the same, Kr and Xe are most unlikely affected
at a close encounter by whether the alkali atom is in
the ground state or in the excited state.

Likewise, the violet alkali-paragon bands near the
resonance lines can be divided into three groups: (al)
the bands in the presence of methane. They are charac-
terized by a Av smaller than that for any other hydro-
carbons studied, and by hv 2 smaller than d, v ~. The
bands resemble very closely those of (bl)" in their
appearance and positions. (bl) the bands in the presence
of ethane and propane. These bands have only one
maximum with a Av ~ of apparently the same magni-
tude for both hydrocarbons. (cl) the bands due to
butane and heavier paragon series. These always have
two maxima, with essentially the same 5v ~. They
decrease slightly with the increase in the molecular
weight of hydrocarbons; however, Av 2 is greater than
d, v ~ and increases slowly with the increase in the
weight of the hydrocarbon. These bands resemble in
appearance the violet bands in the presence of N2. 79

A test of the dependence of the values of 2 v on the
mass of the foreign gas could only be made by employ-
ing H2 and D2. The positions and the appearance of the
Cs/Hl and Cs/Dl bands are identical, within experi-
mental errors, although the latter bands are somewhat
slightly sharper. '"b
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The appearance of new bands near the absorption
lines of alkali atoms due to collisions with its own vapor
were also observed. v' '" '"

b. Observations mich High ForeigrI, Gas I'resslres

Robin and Robin" ' observed a violet band near
Hg 253'? in the presence of argon, nitrogen, and helium.
The fusion of the band with the broadened line made
the points of maxima deviate, and rendered it impos-
sible to measure the broadening of the line. (A similar
situation occurred with the observation of the broaden-
ing of Rb 4201 by helium. '") The intensity of the band
increased rapidly with argon pressure and became
greater than that of the principal line at about 300
atmospheres. As the argon or nitrogen pressure was
increased, the maximum of the violet band of Hg first
displaced toward the red, then seemed to be very little
displaced between r.d. 250 and 400 for argon (with the
band located at 2530 A) or between r.d. 150 and 350
for nitrogen (with the band located at 2531&1 A),
and then displaced readily toward the violet. The
authors regard this change of the maximum position
as due to the change in polarizability of both ab-
sorbers and perturbers due to pressure. It has been
pointed out'" that for spherical nonpolar molecules the
polarizability increases first with pressure up to about
several hundreds atmospheres and then decreases. As
the pressure was increased to 5000 kg/cm' with Nu

and 6000 kg/cm' with argon (temperature 95'—160'C)
a second satellite band was observed by Robin and
Vodar"' at the short wavelength side of the erst satel-
lite. For helium as the pressure was increased the violet
band (which appeared at 250 kg/cm' and was located at
2522&1 A at 600 kg/cm') displaced toward the violet
(2516&1.5 A at 1400 kg/cm').

A faint (broad) violet band was also observed for
Xa at 5565&10A" when the pressure of argon was
very high (at 1000 atmos and 400'C). The Na(1)/A
band observed by Ch'en and Stauffer at low pressure
was at 5543.5&5 A, showing that the band was shifted
towards red at high pressures. Also, the Rb(1)/A band
was reported" as displaced toward the red (7575&10 A
to 7630&20 A) up to r.d. 120, then returned toward
blue (7480&30 A at r.d. 390). The Rb(1)/He band at
r.d. 100, displaced toward the blue (it was at 7250&30 A
at r.d. 300, 260'C). Two K(1)/A bands were observed
(7370 and 7670&30 A) at r.d. 300 and 280'C, the last
being only visible at high density.

So far the eBect of high foreign gas pressure on the
bands which appear on the violet side of the atomic line
can be outlined in four points: (1) For gases which
produce a red shift of the atomic line, the band will
displace first toward the red and then will gradually

'"H. Kuhn, Z. Physik 76, 782 (1932); Y. Z. Ny and W. P.
Wong, Compt. rend. 202, 1428; 203, 429 and 860 (1936); D. K.
Bhattacharyya and J. Murari, Indian J. Phys. 19, 20 (1945).

'65 L. Jansen and P. Mazur, Physica 21, 193 and 208 {1955)."'J. Robin and B.Vodar, Compt. rend. 242, 2330 (1956).

turn back to displace toward the violet as the pressure
is increased. (2) For gases which produce a violet shift,
the band will displace toward the violet when the
pressure is increased. (3) The intensity of the band
increases with increase in pressure. (4) For gases that
produce a red shift of spectral lines the intensity of the
violet band is much lower than that for gases that
produced a violet shift.

No observation has been made yet on the pressure
shift of the recently observed "red band" of the alkali
metals. "'" It is to be noted that the pressure shift of
the violet band as stated in points (1) and (2) of the
previous paragraph are in harmony with the observa-
tion of the pressure shift of spectral lines.

Interpretations of these effects have never advanced
beyond a qualitative level. A simple mechanism which
accounts roughly for the presence of both the red and
the violet bands can be formulated by means of the
very versatile potential curves following the ideas of
Kuhn "' Oldenberg "' and Preston "' These correspond
strictly to the statistical theory for the line edges
described in Sec. II.C. The frequency of the light ab-
sorbed is given by the difference between the inter-
atomic potentials for the upper and lower states con-
cerned, since it is assumed that the energy of thermal
motion of the system does not change during the elec-
tronic transition. Hence, the frequency of the absorbed
light observed should be confined within the region
defined by the minimum and the maximum appearing
in the potential difference curve. The potential diGer-
ence usually changes very slowly at the minimum and
the maximum, so that rather pronounced bands will

appear at the line edges corresponding to them. Thus,
the minimum of the potential difference gives rise to
the red band and the maximum to the violet band. If
there are several minima and maxima in the potential
diGerence curve related with an atomic line, several
such resolved bands could be expected.

Red bands are not observed for light gases, such as
He, H2, and Xe, because their polarizabilities are too
small to give rise to any striking minimum. Since the
maximum of the potential difference appears at small
interatomic distances and the radial distribution of
perturbers falls o6 rapidly with decreasing distances,
the intensity of the violet bands at low pressures are
usually very weak. However, it increases enormously
at high pressures, ~ probably because of the smaller
mean interatomic distances.

The difference of the values of Av of the red bands
for the two doublet components may correspond to the
conspicuous variation of doublet separations at the
intermediate (red band) distances of interaction ac-
cording to the state of the absorber. The observed
linear dependence of d v of the red bands with hydro-
carbons on their polarizabilities certainly deserves a
discussion. For a small region at intermediate dis-
tances, the R-dependent part of the potential difFerence
curve may be approximated by U((6/p —6)(Ro/R)"
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—(p/p —6)(RO/E)'} (as suggested by the Lennard-
Jones potential function), where U is the minimum
energy difference giving approximately the red band
maximum hv . p and Eo are adjustable parameters,
independent of the hv . If Eo, the position of the energy
minimum, is nearly the same for all perturbers, U will
be proportional to the polarizability and hv will vary
linearly with it. Also, the rapid decrease in Av„of the
red bands for higher member lines may be due to a
rapid increase of Eo with the total quantum number.
Thus, the relative intensity of the band to that of the
associated atomic line should increase with the ordinal
number of members. This has not yet been experi-
mentally verified.

The fact that the positions of the alkali-parafBn
violet bands are essentially the same for all parafFins
(Av (Rb(1)]~480—450 cm ') except for methane
(hv LRb(1)] 390 cm ') is considered to be due to the
effect of collisions localized at a colliding part of the
molecular surface, instead of with the whole molecule.
Considering that intermolecular repulsion comes from
electrostatic interaction between slightly bared nuclei
due to distortions of the electronic distribution, Av

may be roughly inversely proportional to the charge
density [roughly (2m+2)/e'] at the contour surface
and to the curvature (roughly 1/e'), where e is
the number of carbon atoms in the parafFin molecule.
Thus, Av„e/(2n+2), which predicts the smallest
he,

„
for methane. Although this calculation would

predict a larger Av„for large e, this effect is presumably
suppressed by the larger dispersion energy of the heavier
molecule. Actually, when molecules are approaching
each other, the valley of potential minimum may tend
to orient towards the colliding pair in spite of thermal
rotations. This effect would be also one of the reasons
for the same value of Dv with butene-2 as with those of
normal hydrocarbons.

Although Preston's idea could be used to account
for some observed phenomena as described above, one
should note that his picture is still far from complete.
Several bands associated with an atomic line require
several minima and maxima in the potential difference
curve, which is hardly to be expected, although the
potential curve at close distances must be very com-
plicated. The rapid decrease in Av of the red and the
violet bands for higher member lines and the usual
expectation of less steep repulsive potentials for higher
excited states may indicate that the potential difference
curves tend to have less and less pronounced minima
and maxima for higher members, resulting in a mono-
tone curve such as Eq. (52). Then, for highly excited
states the potential well may be deep and wide enough
for easier molecular formation, which is not observed.
Furthermore, the quantum number J may not be good
any more, since an angular momentum originated in
thermal motion of a perturber, including both transla-
tional and, in the case of hydrocarbons, rotational,
should be added. The intermolecular field deviates from

the spherically symmetric one at close distances when
an alkali atom is in the state 'P~, so that the angular
wave function for thermal motion in the ground and
excited states are not orthogonal to each other. The
angular momentum of thermal motion may be required
to change at an electronic transition although this is
not obvious without calculation. Red and violet bands
are modifications of atomic lines due to thermal motion
of perturbers. But why is it possible to broaden the
line several times larger in energy units than the energy
of the thermal motion per particle? Although generally
the statistical theory does not lead to large errors, even
when it is not obviously applicable, it has not been
considered quantum-mechanically for the case of close
encounters. The %KB method" loses its validity,
when the potential varies rapidly over the wavelength
for the motion of a perturber. Also the representation
of perturbers as points, instead of wave packets, used
in the impact theory becomes worse. The interatomic
region responsible for the red and violet bands may
be largely affected by quantum-mechanical effects due
to the noncommuting properties involved, including the
radial distribution function of perturbers at close dis-
tances, Thus, this region has been excluded, as a quan-
tum-mechanical region, in the discussion of II.B., C,
and D.

D. PRESSURE BROADENING OF MOLECULAR BANDS
IN THE INFRARED REGION

The effect of transparent foreign gases in increasing
the infrared absorption of a given amount of absorbing
gas has been known since 1889.""Beer's law, "' how-

ever, states that each molecule of a gas absorbs inde-
pendently and the absorption coefFicient is proportional
to the concentration of the absorbing gas molecules.
This discrepancy has been attributed to molecular
collisions in the gas mixture"' and, later, to collision
broadening of individual absorption lines. "'

A quantitative measurement of the effect of various
transparent gases on the intensity of the absorp-
tion maximum of N20 at 4.5 p and of CO at 4.66 @

(T=298'K) was made by Cross and Daniels'" with
instruments of medium resolution. The effective cross
sections of foreign gases for increasing infrared absorp-
tion thus found are linearly related to the gas kinetic
diameters. Likewise the effect was also studied for
methane at 7.65 p, CO2 at 4.3 p, and isobutylene at
14.8 p, by Coggeshall and Saier, '" as shown in Fig. 19.
They found that the pressure broadening effects of
certain gases on one absorber were characteristic of

'" K. Angstrom, Ofversigt af K. Vetensk. Akad. Forh. 46, 549
(1889); W. W. Watson, J. Phys. Chem. 41, 61 (1937)."»A. v. Beer, Pogg. Ann. 86, 78 (1852).

158 Eva v. Bahr, Ann. Physik 33, 585 (1910).'" C. Fuchtbauer, Physik. Z. 12, 722 (1911)."0 P. C. Cross and F. Daniels, J. Chem. Phys. 2, 6 (1934).' 'N. D. Coggeshall and E. L. Saier, J. Chem. Phys. 1S, 65
(1947).
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Q. I 50-

transmitted by absorption cell and spectrometer when
the cell is empty and I, is the intensity of the radiation
transmitted when the cell is filled with the absorbing
gas. If I„represents the energy distribution in the radia-
tion reaching the slit through the empty cell,

O.IOO-

0.050- T'=—=
IOs

I.exp( —k(v)/l) f(l v —v;I, a)dv
0

I„f(lv —v;I, a)dv
0

(142)

O IO 20 80 4'0 50 60
PRESSURE OF CO) IN CM OF HG where l is the absorption length and k(v) the absorption

FIG. 19. increase in optical density of constant pressure of coeKnent under colhsion damPing, which is given by a
methane as a function of foreign gas pressure (after Coggeshall generalexpressionsummingallsingle absorptionlines m,
and Saier'").

the nature of the absorber and the wavelength studied,
just as the pressure effects on atomic lines.

Usually the absorption coefficient is measured by
observing transmittance T;, when a spectrometer is set
to transmit radiation of a certain frequency v;. But it
actually transmits a frequency band of finite width given
by a spectrometer transmission function f(l v —v;I, a),
where a is the width of the entrance slit. T; is defined

by Ic/Io, , where Io, is the intensity of the radiation

(1q2'
k(v)=Q k„(v)=+u /2~'r (v —v„)'+I

I
. (143)

E2mv)

v is a center frequency of a single line and n is the
total absorption coeKcient of the line m.

For simplicity, if lines are assumed to appear quite
isolated and when the frequency interval transmitted
is so narrow that I„may be considered to be constant
over this interval, Eq. (142) leads to

exp{—u„l/2x'r[(v —v )'+(1/2mr)']) f(l v —v„l,a)dv
0

f(l v —v'I, a)dv

(144)

For further calculation, a detailed knowledge of the
function. f(l v —v, l, a) is required. L'andenberg and
Reiche"' took f(l v —v, l, a) to be constant in the fre-
quency interval v, —a, v,+a and zero outside. Den-
nison'" used a Gaussian function of the form,
exp[ —2.77(v —v~)'/a']. Nielsen, Thornton, and Dale"4
assumed a triangular form, with maximum at v=v;
and extending from v, —a to vc+a. With one of these
assumptions, expansion of the exponentional function
in Eq. (144) and integration term by term give, at
v= v;, when (1/r')«(ul/r) &2(~a)',

(u„l/2n r) &

T =1—2 +
exp[ —2(u l/2m-r)l/a], (145)

for a rectangular form and

T„=exp[ —1 879( 1/27r ).&/a j, (146)

insensitive to the form of the transmission function.
These expressions have been successfully used to ac-
count for measurements on individual strong lines. But
to get over-all dependence on n, r, t, and u of T,
Eq. (144) must be numerically integrated. "4

In infrared bands of polyatomic molecules, the indi-

vidual lines generally lie so close together that a con-
siderable number of them have their centers in the
narrow frequency range transmitted by the spectrom-
eter. The idealized case of an absorption band consist-

ing of an infinite sequence of equidistant identical
absorption lines, of which many fall in the frequency
band transmitted by the spectrometer, has been treated
by W. M. Elsasser. "~ Starting from Eqs. (142) and

(143) with u„=const (u) and v„=md because v„dis-
tributes with equal spacing d in frequency, he obtained,
for small values of 1/dr (low pressure),

for a Gaussian form. Thus, the result is essentially

" R. Landenburg and F. Reiche, Ann. Physik 42, 181 (1913).
16' D. M. Dennison, Phys. Rev. 40, 81 (1932).

Nielsen, Thornton, and Dale, Revs. Modern Phys, 16, 307
(1944).

t
(ul/2r)'y

2'=1 —c
I )

"~%.M. Elsasser, Phys. Rev. 54, 126 (1938).

(147)
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FIG. 20. The half-width values of the absorption lines of the
0—3 band of HCN in relation to the rotational quantum number J
of the I' and R branch for diferent pressures of the absorption gas
(after Kortum and Verleger"'). 1:p=550 mm; 2: p=450 mm;3:p=300 mm 4: p=150 mm' 5: p=75 mm.

'"Matossi, Mayer, and Raucher, Phys. Rev. 76, 760 (1949)."7 G. Herzberg and J. W. T. Spinks, Proc. Roy. Soc. (London)
A147, 434 (1934); S. D. Cornell, Phys. Rev. 51, 739 (1937); K.
Lindholm, Z. Physik 109, 223 (1938); 113, 596 (1939)." G. Kortum and H. Verleger, Proc. Phys. Soc. {London) 63,
462 (1950).

C is the probability integral. For large values of 1/d7.
(high pressure),

n/ 1 t' (nl/d) tanh(1/dr) )T=exp ——tanh —J'oj i i. (148)
d d7. & cosh(1/dr) )

Jp is the Bessel function of zeroth order.
The above calculations are only for limiting cases and

actual lines are neither quite isolated nor equally
spaced in an infinite sequence, but rather are between
them. Extensions to more general types of vibration-
rotation bands have been given by Matossi and col-
laborators. '" However, the above results for idealized
cases lead to the correct functional relations between
absorption, pressure, and optical density.

The discussion above has been limited to the case of
Lorentz broadening. With strongly polar or reactive
gases, larger deviation from a simple absorption ex-
pressed by Eqs. (147) and (148) may be expected.

When instruments of high resolving power are used,
the half-widths of the individual rotational lines can be
measured instead of the total band absorption. Herz-
berg and others'" investigated the self-broadening of
the rotational lines in HCN. The same problem was
studied by Kortum and Verleger'" for both self-
broadening and pressure broadening due to the addi-
tion ofdifferent foreign gases. The line widths of both
the I' and the R branch of the 0—3 vibration-rotation
band of HCN at 1.0380@ were measured. The self-
broadening of the HCN band over the pressure range
75 to 550 mm Hg is shown in Fig. 20. It is to be noted
that the half-widths for both branches reach a maxi-
mum at the density maximum of the band (J 8),
and decrease with both decreasing and increasing J's.

The broadened lines of linear polar molecules are
somewhat less well understood because of the difficult
calculation of the interaction energy involved. One
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FIG. 21. The half-width values of the absorption lines of the

0-3 band of HCN in relation to the J's of E and R branches when
various foreign gases are added (after Kortum and Verleger"').

1: HCN/HCN 5: HCN/(CH, ),0
2: HCN/DCN 6: HCN/H2S
3: HCN/C2HGCl 7: HCN/N20
4 HCN/S02 8: HCN/N2

should expect at least two types of interactions between
HCN molecules, rotational and dipole-dipole, although
the rotating dipoles should not have any permanent di-
pole moment on the average. As described in Sec. II. A.
2.b.i, the dipole-dipole interaction for lower rotational
levels must obey the E—' law, since the interaction
between molecules due to the thermal motion is easily
larger than the level spacing O'J/I for such levels, I
being the moment of inertia. Thus, a permanent dipole
moment may appear. Under these considerations, the
interaction energy difference in the transition J—1—+J,
will be 0.2 pp'/JR', as given in Eq. (17), for lower
rotational levels. Hence, through Eq. (55), a larger
half-width is expected for lines with smaller J values.
In addition, for self-pressure, the two interacting mole-
cules, with 6J=&1 either before or after absorption,
undergo resonance, according to Eq. (13), either before
or after absorption respectively. This resonance causes
another half-width which depends on J' through Eq. (13)
and on its statistical population, giving a maximum
around J=S. The total half-width will be given ap-
proximately by combining the effects due to rotational
resonance and dipole-dipole interaction.

The rate of decrease in half-width for increasing J
is greater for higher pressures, and the absolute value
of half-width for the E. branch is smaller than those for
the I' branch, as theoretically predicted by Lindholm'"
through London's formula. " The average half-width
values for all band lines were strictly proportional to
the pressure for the pressure range studied. The slope
was about 9.1 10 ' cm '/mm Hg.

Figure 21 gives the half-width values of the absorp-
tion lines of the 0—3 band of HCN in relation to J of the
I' and R branches when various foreign gases were
added. The HCN partial pressure was kept at 75 mm
and the total pressure at 550 mm. It is to be noted
that, under the pressure of foreign gases, the half-
widths were not greatest at the intensity maximum of
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Pro. 22. Mean values of the half-width values of all the rota-
tional lines of the HCN 0-3 band in relation to the dipole
moment of the added gas (after Kortuln and Verleger"').

the band, but reached a maximum for lines which re-
sulted from transitions between energy states of low J
values. This is to be expected from Eq. (17) and the
discussion in the previous paragraph, since no resonance
energy is assigned in this case. The effect that the
broadening decreases in both branches for increasing J
was particularly apparent for ethyl chloride. The effect
that the half-width due to DCN (with the largest
dipole moment of all) is smaller than that due to ethyl
chloride was considered possibly due to the fact that
the hydrogen bonds had a strong amenity for chain
association. In particular, the resonance effect pre-
dominant for the HCN case should be reduced for
DCN, because of the different magnitudes of moments
of inertia. Figure 22 is a plot of the average half-width
of all the lines of a band es pp', where y is the dipole
moments of the added gases and p,

' that of HCX. It
follows from the curve that the half-widths 6rst
changed slowly for small p and then the variation was
amost linear with pp' when p& 0.75.

The rotational lines of the near infrared band of HCl,
H20 and CO2 were broadened to about the same extent
and the line width could be accounted for by Lorentz
theory, cia'. , approximate proportionality between the
width and the pressure and with intensity distributions
of the dispersion form.

Coulon'" ' ' examined the perturbati. on of the infra-
red fundamental bands of HCl (3000 cm ') by N2, A,
He, H2 and 02 and of the 2100 cm 'band of CO by Ng

and A compressed up to 1000 atmospheres, using a
Perkin-Elmer spectrometer with LiF prism. With He,
H2, or argon the rotational structure was still visible

for the I' branch of HC1 at r.d. 350. The two maxima

for the P and the E branches were obvious even when

the argon r.d. was 450, the highest attained. Kith
nitrogen the Iotatlonal s'tructure disappeared around

r.d. 170. The perturbation grew stronger in the order

He, H2, A, O2, N2. An absorption maximum very close
to the forbidden Q branch of HCI was observed as

Coulon, Oksengorn, and Robin, Compt. rend. 236, 1481
(1953).

~~OCoulon, Galatry, Oskengorn, Robin, and Vodar, J. phys.
radium 15, 58 (1954).

induced by the nitrogen pressure. The intensity of this
Q maximum increased rapidly with pressure. As is
characteristic of collision-induced absorption '" "~ the
total intensity of the band, I=J'n(v)dv, increased
linearly with the density of the gases beyond 50 r.d.
(but more rapidly with N2 than with a spherical atom
A). For CO (with a smaller dipole moment than that
of HCl) the changes in intensity are smaller than
for HCl.

In the case of the vibration-rotation bands of some
other polystomic molecules such as NH3, no J de-
pendence of this line broadening could be established,
although there was a dehnite increase in line width with
pressure. Other molecules such as CH4 gave sharp lines
under slmllar con(4tlons.

When the rotational half-width of molecules were
very small, so small that the direct measurement of the
line shape was beyond the resolving power attainable
with most spectrographic instruments, it could be
estimated indirectly by studying the dependence of
apparent absorption on total pressure. ' ' From Eq. (147)
T-1—2 (nl/2T) l/d or —dT/d(p)'*= 2 (el/2r0) &/d where
1/~=(1/~, )p, p being a total pressure and 1/To a
number of optical collision per unit time at a unit
pressure. Thus, the last expression, i.e. the slope of a
T vs p& plot can be used to determine half-width 1/27rr~
at unit pressure. Thus, Penner and Weber showed that
the rotational half-width of the fundamental line of CO
in the presence of H2 or A was 0.077 cm—' per atmos-
phere or 0.040 cm ' per atmosphere, respectively.
Similarly for H2 the first overtone of CO showed a half-
width of 0.063 cm ' per atmosphere. These results are
somewhat smaller than the values 0.10 crn ' atmos '
and 0.12 cm ' atmos ' for the fundamental and first
overtone line with air. '7'

The pressure broadening of individual pure rotational
lines, vis. , the J=2—+3 line of the HCl band at 3.4 p,

and the J=4—+5 line of the CH4 band at 3.25p, , was
studied by Benesch and Elder'~6 using a matching
method to establish a comparison between line widths.
An absorption line was broadened by the same amount
for each broadening (foreign) gas. The quantity of
broadening gas necessary to produce this predetermined
line width for a 6xed number of absorbers was an
inverse measure of the relative eKciencies for broaden-

ing by these gases. The experimentally determined
information on broadening ability was used to compute
the relative optical collision diameters obtained from
pressure broadening of an infrared line of HCl against
the values of absolute collision diameters obtained from

' ' Crawford, Welsch, and Locke, Phys. Rev. 75, 1607 (1949);
M. Mizushima, Phys. Rev. 76, 1268 (1949); 77, 149 (1950).

KiyaIna) MinoIQUI'R Rnd OZRwa PI'oc. JRpRn Acad. 30, 758
(1954).'"H. Verleger, Physik. Z. 38, 83 (1.937).

'74 For instance, A. M. Thorndike, J. Chem. Phys. 16, 211
(1948); S. S. Penner and D. Weber, ibid. 19, 1351 (1951).

'7' L. A. Matheson, Phys. Rev. 40, 813 (1932).
"'%'. Benesch and T. Elder, Phys. Rev. 91, 308 (1953).



SHIFT OF SPF CTRAL LINES

pressure broadening of a microwave absorption line of
NHs (by Smith and Howard4' and Hill and Smith"7)
using the same foreign gases, as shown in Fig. 23. The
correlation indicated in the figure emphasizes the
fundamental similarity of pressure broadening results
in the two distinct spectral regions. In this particular
case, not only the frequency (3000:1) was enormously
different (leading to a corresponding disparity between
the duration of collision and the period of the absorbed
radiation) but the dipole moments were di6'erent, and,
furthermore, one line (HCl line) originated in molecular
vibration-rotation and the other (NHs line) resulted
from the inversion of the ammonia molecule.

To show the effect of a dipole moment in the ab-
sorbing molecule Benesch and Elder'" also used non-
polar CH4 as absorber. The relative collision diameters
obtained for HCl absorption were plotted against
those for CH4 absorption as shown in Fig. 24. The
points fall nearly along two straight lines, except for
HCl which displayed a higher collision cross section
due to resonance interaction. The lower lines belong to
points for molecules with a high degree of symmetry,
vis. , the five rare gases and SF6. This line, like that of
Fig. 23, nearly passes through the origin, showing that
the interaction is probably dependent on the polarizabil-
ity of the perturbing molecules. The strength of inter-
action was not constantly enhanced by the dipole
moment in the absorbing molecule.

The much greater slope of the upper line indicates
that the ratio of the interaction strength between the
same molecules and CH4 is much greater, due to the
inQuence of the dipole moment of HCl. So additional
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FIG. 23. Optical collision diameters obtained from broadening
of a microwave absorption line of NH3 compared with relative
optical collision diameters obtained from broadening of an infra-
red line of HCl (after Benesch and Elder" ).
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FIG. 24. Relative optical collision diameters obtained by pres-
sure broadening of an HCl infrared absorption line compared with
those obtained by pressure broadening of a CH4 infrared absorp-
tion line with the same gases |,'after Benesch and Elder'7').

interaction strength due to this dipole moment was
added to the common value shown in the lower line.
This investigation pointed out the source of diQiculty
inherent in previous interpretations of experimental
data. While a single type of long range interaction
between dipole moment, induced dipole moment and
quadrupole moment of the absorber and the perturber
may be capable of explaining the behavior of one par-
ticular group of molecules, at least two diferent types
of interactions were involved in the pressure broaden-
ing of a dipole absorber when a variety of perturbers
was used.

E. PRESSURE BROADENING OF LINES
IN THE MICROWAVE REGION

More accurate measurements of the absorption in-
tensities can be made in the centimeter wave region
than in the optical or the infrared regions. Thus, the
shape of the spectral lines and the variation of their
widths have been studied over a range of pressures
from atmospheric down to 0.01 mm Hg or less. For low

pressures, effects due to multiple encounters can be
neglected and the Van Vleck-Weisskopf expression
(36a) will be applicable, but the theoretical analysis is
not yet refined well enough to give a complete inter-
pretation of experimental data.

Considerable work has been done on self-broaden-
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where X 21jsE/kvsc, vs being the unperturbed fre-
quency of the inversion line. p is the permanent dipole
moment, and X the number of molecules per cc. For
X))1, vp equals substantially zero and the absorption
should change from the resonant absorption to that
of the Debye type.

The experimental confirmation of Eq. (149) may be
attributed to the work by Birnbaum and Maryott. ' 5

The completely deuterated ammonia ND3 is expected
to behave in the same manner as NH3 under pressure.
However, since the resonance frequency vp of the ND3
inversion line is near 1600 Mc/sec"'and 14.8 times less
than that of NH3, the shift in the inversion frequency
should occur at pressures about 15-fold lower than in
the case of NHs according to Eq. (149).They observed
this relationship with a good agreement using the
results for NH3 by Bleaney and Loubser. '" At higher
pressures (above 6 cm Hg) the resonance frequency of
ND3 drops to zero more rapidly than predicted by
Eq. (149).

Measurement of the half-widths of 14 resolved mag-
netic absorption" lines in the 5-mm wavelength region
for oxygen'were made by Anderson, Smith and Gordy'"
and others. '". Line-breadth parameterstt't obtained
ranged from 0.0319 to 0.0516 cm '/atmos with a
population weighted mean of 0.0475 cm '/atmos. On
the other hand, the half-width for the rotational transi-
tion at 2.5 mm wavelength was found by Hill and
Gordy'" as hvt'=0. 064 cm '/atmos at T=300'K and
0.09 cm '/atmos at 195'K.

The difference between these half-width parameters
can be understood as caused by the temperature
difference. In this case, Av;, in units of cm ' atmos ',
will vary approximately as T ' according to their
measurement, although Bcringer and Castle'" ob-
served that it varied as T—' to T '. Equation (56)
predicts its variation as T & for constant Ay, since E is
proportional to pressure divided by T. But since the
populations of rotational levels J of perturbers change
with temperature, hy changes its value with T. Hence,
this temperature dependence is extremely complex
when rotational levels are involved. However, its
observation oGers one of the important methods of
6nding the nature of interaction forces. The tempera-
ture dependence of the optical collision diameters, T

8' G. Birnbaum and A. A. Maryott, Phys. Rev. 89, 895 (1953);
92, 270 (1953)."'Nuckolls, Rueger, and Lyons, Phys. Rev. 89, 1101 (1953)." Oxygen molecule has no electric dipole moment, but it does
have a magnetic moment of two Bohr magneton and gives rise
to magnetic absorption. R. Schlapp, Phys. Rev. 51, 342 (1937).'"Anderson, Smith, and Gordy, Phys. Rev. 87, 561 (1952).'"B.V. Gokhale and M. W. P. Strandberg, Phys. Rev. 84, 844
(1951).

ttt Line-breadth parameter is defined as the half-width meas-
ured at half-intensity (the half-intensity half-miCth), and will be
indicated as d v'y. The half-width, Ave (without a prime) as used
in Sec. III(1) is half-intensity midth, and is, iherefore, twice larger.

»0 R. M. Hill and W. Gordy, (unpublished)."'R. Beringer and J. G. Castle, Jr., Phys. Rev. 81, 82 (1951}.

for QCS"' and T "for BrCN, '" has been theoretically
analyzed by Smith, Lackner, and Volker. "They 6nd
that the T dependence requires the introduction of a
quadrupole-dipole interaction in addition to the first-
order dipole-dipole, and have determined the quad-
rupole moment of BrCN as Q/e=5. 7&&10 " cm'. For
ammonia, Bleaney and Penrose' '"' obtained the T—'
law. Then, with Eq. (35), the absorption at wings is
proportional to T ', which has been confirmed experi-
mentally by Birnbaum and Maryott. "'

Because of the special origin of a spectral line (mag-
netic absorption), oxygen, like ammonia"4 (inversion
spectra), is one of the rare cases which has microwave
spectral lines in the significantly populated rotational
states E. Since Eqs. (23) and (56) give"

ivi=1.33)&10"Q(1/E'& ssIt')& cm ' for

8rr l»rrl vo'+err

3k' p~

cm—', (150)

" Feeney, Lackner, Moser, and Smith, J. Chem. Phys. 22, 79
(1954).

»'Trambarulo, Lackner, Moser, and Feeny, Phys. Rev. 95,
622 (A) (1954}.

»4B. Bleaney and R. P. Penrose, Proc. Phys. Soc. (London)
60, 540 (1948)."'G. Birnbaum and A. A. Maryott, J. Chem. Phys. 21, 1774
(1953).

for high E values and the dispersion force gives the
same type of E dependence, " the variation of the ob-
served line width as a function of E may reveal again a
rotational resonance interaction, with its maximum at
the largest population predicted by the Boltzmann
statistics, as mentioned before for the infrared lines of
HCN (Fig. 20). This indication of resonance inter-
ation might be checked by changing the temperature of
the gas, since the change in E value for maxi'mum
population thus resulting could cause the shift of the
E value corresponding to the maximum half-width.

Pressure broadening due to foreign gases in the
microwave region has been studied experimentally with
ammonia, water and oxygen. Bleaney and Penrose'"
and, later, Smith and Howard4' and Hill and Smith'7~
measured the collision cross sections of the (J,E)= (3,3)
line at 0.796 cm ' of the inversion spectrum of ammonia
for binary mixtures of seventeen different nonpolar and
polar gases. The results are tabulated in Table VI,
showing larger collision cross sections for polar gases
than otherwise. The ammonia partial pressure was
between 0.2 to 3 mm Hg (0.02 to 0.04 mm Hg for
Howard and Smith" ) and the concentration of foreign
gas to ammonia was about 10:1.The collision cross
section was computed from the measurement of the
absorption coeKcient o. at the center of the line, which
is related to half-width Av; by Eq. (36a), neglecting
effects' s of saturation"" given by Eq. (36b) and
collisions with the walls. With v= vs, Eq. (36a) leads to
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TABLE VI. Optical collision diameters for mixtures of various gases in the microwave region.

Absorber and
line Perturber

(
—„)a

Debye

Molecular
weight of
perturber

Optical collision
diameter A

Exp,
'

Theor b

Kinetic
collision

diameters' Reference

NH3
(3 3)

HCN(2. 59)~
ClCN( —)
CH.Cl(4.S6)
SO (3.72)
CH2C12 {6.48)

NH3 (2.26)

CHC13 (8.23)
OCS{—)

N,.o(3.oo)
CS2(8.74)

CO2(2.65)
ccl, (1o.s)

o,(1.«)
N, (1.76)
H2{0.79)
A(1.63)
He(0.22)

2.96(0)
2.80(0)
1.87 (0.47)
1.6(o)
1.s9(o)

1.44(0.78)

0.95 (0.57)
0.71(0)

o.25(o)
0(0)

0(0)
o{o)

o(o)
o(o)
o(o)
0(0)
0(0)

27.0
61.5
50.5,
64.1
85.0

17.0

119.0
60.1

44.0
76.1

44.0
154.0

32.0
28.0
2.0

39.9
4.0

9.95
11.9
11.3
10.4
10.3

13 8e

13.7
7.54

7.32
7.5—7.72

7.59
7.20

4.85-3.86
6.4-5.54
3.50—2.95
4.6—3.73
2.35—2.00

14.0'

3.35
3.39
2.57
3.42
2.15

4.43

4.35

4.51

4.02
3.4
3.58 ~

4.04
3.20

1

g, h

g, h

HgO
(s=s, 6,)
Og
(J=8—+9)

Air
H20 (1.5)

NH3 (2.26)
N o(3.oo}
O, (1.6O)
N, (1.76)
A(1.63)

0(0)
1.94

1.44(0.78)
0.25 (0)
o{o}
o(o)
o(o)

18.0

17.0
44.0
32.0
28.0
39.9

5.4
10.0

4.3
44
3.5—5
2.8—4.5
3.6

10.2 )
4.02'
4.15
3.61 ~

3.68
3.63

JM, . Static dipole moment of a perturber. p.
'. Weighted average of dipole moment over population of rotational levels.

b See reference 41.
e E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book Company, Inc. , New York, 1938).
d polarizability (in cm»(10 '4) averaged over three directions See Landolt-Bornstein (Springer-Verlag, 1951), I. Band, 3. Teil, p. 511.' For low pressure (7.7 A for pressures more than 4 atmos),
& See reference 52. I See reference 177.
g See reference 176. & See reference 181b.
h See reference 194. "See reference 188.

for relatively sharp lines as are commonly observed
in the microwave region. Here,

~ p~rr ~
'= square of dipole moment associated with the

line (J,K).
so= wave number of the line in cm—'.

SJ~=number of ammonia molecules per cc in
rotational level (JE).

Ave= the half-width in crn '= fq2/~c, f being the
collision frequency between the foreign gas
and an ammonia molecule in state (3,3);
c, velocity of light.

(2&T) * ( &

+
EMg Mg

E~ being the number of foreign gas molecules, M& and

M2 the molecular weights, and 512 the cross sections
for ammonia-foreign gas collisions, which is equal to
xp1p~ where p~2 is the collision diameter. Since $12 is

proportional to f~2, which is in turn proportional to
he~, f/). S~q is also a measure of the eAect ot collision

f/) The relation between Ave and collision diameters is Ave
=VZny8ipP+n28»p&P where n& is the molecular density (no. of

broadening of the (3,3) line produced by various gases.
If the order of efFiciencies for broadening by these foreign
gases is that shown in Fig. 23, the result is in perfect
agreement with that obtained with infrared spectra.
No shifts of absorption line frequency were observed.
These results show that the impact theory is a good
approximation under low pressures, as seen in Table
VI. However, it might be noticed here that although
the idea of the collision diameters is very often useful,
for instance, for the determination of the force law,
the force laws in many cases are so complicated that
the collision diameters are hardly meaningful without
detailed discussion.

Becker and Autler'" made accurate measurements
on the broadening of the water vapor line at 0.742 cm '
for mixtures of water vapor and air at 45'C. The half-
width Av =0.087&0.001 cm ' for zero concentration
of water in air and, Av~'=0. 107+0.001 cm ' at a con-
centration of 50 g/m' of water. The values of collision
diameter are shown in Table VI. The value of the half-
width is much smaller than for NH3 because a water

absorbers per cc) Sj.~= (ep+v2')&, the root-mean-square velocity
of the perturbing molecule with respect to the ammonia molecules,
and p~~ the collision diameter of the perturbing gas,
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molecule is an asymmetrical top. Its dipole moment will
have a fairly small steady component in the two rota-
tional levels between which the transition takes place.

Beringer and others'" measured the integrated high
pressure absorption band of oxygen at 2 cm ' mixed
with nitrogen and showed that the half-width at
atmospheric pressure should be around 0.04 cm ',
giving a collision diameter 3.8 A.

The e8ect of various concentrations of foreign gases
on the width of the oxygen absorption lines was studied
by Anderson, Smith and Gordy'" by measuring the
half-widths of the rotational line (J=8~9) at a
fixed oxygen partial pressure (1.5 mm Hg) and variable
total pressure of the mixtures of gases, as shown in
I'ig. 27. The chosen foreign gases NH3, N20, N2, and A,
represent, respectively, large dipole moment, small
dipole moment, large quadrupole moment and elec-
trical inactivity. Since the half-width in Mc of 02 with
02 is larger than that with N2, whose quadrupole
moment is expected to be three times larger than that
of 02, the nonresonant quadrupole-quadrupole moment
seems to be relatively ineffective in broadening spectral
lines.

In general, since the strong long-range forces give
an optical collision diameter larger than a kinetic col-
lision diameter with momentum transfer for the corre-
sponding system, we may conclude that collisions take
place at most without deQections of Qying path. The
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FxG. 2'7. The broadening of an oxygen line by various foreign
gases. J=8—+9. The partial pressure of 02 is 1.5 mm Hg (after
Anderson, Smith, and Gordy' ).

theory seems to be satisfactory for the system under
interactions of such forces. The relations have been used
to obtain force constants or quadrupole moments" "as
stated in Sec. II. A.2.d.
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